DSpace Institution

DSpace Repository http://dspace.org
Mathematics Thesis and Dissertations
2019-10-09

Almost Boolean Fuzzy Rings

Mequanint, Sharew

http://hdl.handle.net/123456789/9812
Downloaded from DSpace Repository, DSpace Institution's institutional repository



Wisdomm at: the: sounce: of the: Blue: Nile

BAHIR DAR UNIVERSITY
OFFICE OF GRADUATE STUDIES

DEPARTMENT OF MATHEMATICS

A Project on
Almost Boolean Fuzzy Rings

by

Meqguanint Sharew

September, 2019

Bahir Dar



Bahir Dar University
College of Science

Department of Mathematics

A Project on
Almost Boolean Fuzzy Rings

A Project Submitted to the Department of Mathematics in Partial Fulfillment

of the Requirements for the Degree of “Master of Science in Mathematics *’.
By

Mequanint Sharew Tiruneh

Advisor :Yohannes Gedamu ( PhD )

September, 2019

Bahir Dar



Bahir Dar University
College of Science
Department of Mathematics

| hereby certify that | have supervised, read and evaluated this project
entitled “ Almost Boolean Fuzzy Rings >’ by Mequanint Sharew prepared

under my guidance. | recommend that the project is submitted for oral

defense.

Advisor name: Yohannes Gedamu ( PhD )

Signature
Date




Bahir Dar University
College of Science

Department of Mathematics

We hereby certify that we have examined this project entitled “ Almost
Boolean Fuzzy Rings *> by Mequanint Sharew . We recommend that Mr.

Mequanint Sharew is approved for the degree of “Master of Science in

Mathematics ’.

Board of Examiners

Name Sign Date

External examiner:

Internal examiner I:

External examiner II:




Acknowledgement

First I would like to express my special appreciation and thanks to my advisor, Yohannes
Gedamu (PhD) for his guidance, encouragement and constructive comments until the last
submission of the paper. Next I would like to thank my friends, my classmates, and
everyone around me who were there for me. Finally | would like express appreciation to

my wife Tigist Gebru and children (Hanna and Mahilet).



Abstract

In this project we discuss the concept of Almost Distributive Lattice and Almost Boolean
Ring and the concept of fuzzy set and fuzzy partial order relations, fuzzy lattices.In this
project we also study the class of Relatively Complemented Almost Distributive Fuzzy
Lattice in detail. We study the concept of an Almost Boolean Fuzzy Rings as a
generalization of a Boolean Fuzzy Rings. We also study a one to one correspondence
between Relatively Complemented Almost Distributive Fuzzy Lattice and Almost
Boolean Fuzzy Rings.
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Chapter One
Introduction and Preliminaries

1.1. Introduction
The concept of an Almost Distributive Lattice (ADL) was introduced by Swamy,

U.M. and Rao, G.C. [9] as a common abstraction of almost all the existing ring
generalizations of a Boolean Algebra. Again the concept of relatively complemented
ADLs and an Almost Boolean Rings are introduced by Rao, G.C. [7]. A relatively
complemented ADL is an ADL in which every interval is a complemented lattice. An
Almost Boolean Ring is a triple (R ,+, . ,0) satisfying all the properties of a Boolean
Ring except possibly the associativity of +. On the other hand the concept of a fuzzy
set was first introduced by Zadeh, L.A. [10] and this concept was adapted by Goguen,
J.A. [6] and Sanchez ,E. [8] to define a fuzzy lattice and study fuzzy relations. In
1994, Ajmal, N. and Thomas, K.V. [1] defined a fuzzy lattice as a fuzzy algebra and
characterized fuzzy sub lattices. In 2009, Chon, I. [5] considering the notion of fuzzy
order of Zadeh, L.A. [10] introduced a new notion fuzzy lattice and studied the level
set of fuzzy lattice. In this project we study a new mathematical notion relatively
complemented Almost Distributive Fuzzy Lattice and an Almost Boolean Fuzzy Ring
and characterized some properties of them using the fuzzy partial order relations and
fuzzy lattice defined by Chon, I. and establish the process of obtaining an Almost
Boolean Fuzzy Rings from a given relatively complemented Almost Distributive
Fuzzy Lattice and the process of obtaining a relatively complemented Almost

Distributive Fuzzy Lattice from a given Almost Boolean Fuzzy Ring.



1.2. Preliminaries
This section is consisting of some definitions and results that will be used in the next

chapter. We simply list these in the form of lemma and theorems and no proofs are

included.

1.2.1. Possets, Lattice, and Distributive Lattices
The definitions and results mentioned in this section are taken from Birkhoff , G. and

Gratzer,G.[4].

Definition 1.2.1.1 Let P be a non-empty set. Then a binary relation <on P is called a

partial order on P if it satisfies the following properties;

(1) Reflexive:a<a

(2) Antisymmetric: a<band b < aimply that a = b.

(3) Transitive:a<bandb <cimplythata<cforalla,b,ceP.
In this case (P, <) is called a partially order set or simply a poset.
Inaposet (P, <),ifa<banda=b,then we writea <b.

Definition 1.2.1.2 Let (P ,<) be a poset and a , b € P.Then we say that a and b are

comparable if either a < b or b < a. Otherwise we say that a and b are incomparable.

Definition 1.2.1.3 An algebra (R, v, A) of type (2, 2) is called a lattice if it satisfies

the following identities:

(1) Idempotency: ana=a and ava=a.

(2) Commutativity: aAb=bAa and avb=bva.
(3) Absorption: aAn(avb)=aand av(aAb)=a.

(4) Associativity: (aAb)Ac=aA(bAac)and(avb)vc=av(bvec).



In any lattice (R, v, A), the following identities are equivalent:
caA(bvc)=(aAb)v(anc)
e(avb)Aac=(aAc)Vv(bAc)
eaV(bAc)=(avb)Aa(avec)
e(anb)vc=(avc)Aa(bvec).

Definition1.2.1.4 A lattice (R, v, A) satisfying any one of the above four identities is

called a Distributive Lattice.

If (R, Vv, A)is a lattice ,then an element a of R is called zero element or least element
of RifaAx=a,vxeR,thenitis unique and it is denoted by 0.Similarly an element a
of R is called one element or greatest element of Rif aAx=x,vxeR. IfR hasa

greatest element , then it is unique and it is denoted by 1.

1.2. 2.Almost Distributive Lattice

In this section we recall the definition of an Almost Distributive Lattice ( ADL ) and an
Almost Boolean Ring ( ABR ) taken from Swamy ,U.M. and Rao, G.C.[9] and
Rao,G.C.[7].

Definition1.2.2.1 An algebra (R, v, A, 0 ) of type (2, 2, 0) is called Almost

Distributive Lattice if it satisfies the following axioms:
(L)av0=a
(L2) 0Aa=0
(L3)(avb)Aac=(anc)Vv(bAc)
(L4) an(bvc)=(aAb)v(anac)
(L5)av(bAc)=(avb)Aa(avec)

(L6) (avb)Ab=bva,b,ceR.



It can be seen directly that every distributive lattice is an ADL.
Theoreml.2.2.2 Foranya, b, c,d e R ,we have
()an0=0andOva=a

(2)ana=a=ava

B (anb)vb=b,av(baa)=aandan(avb)=a
4anb=ae=avb=bandaAnb=beavb=a
(5)anb=bAaandavb=bvawhenevera<b
(6)anb<banda<avb

(7) A is associative in R

(8 anbAac=bAaAc

9 (avb)Aac=(bva)Aac

(10)av(bva)=avh

(1) (@avb)va=avb

(12)av(bva)=(avb)va

@3){av(bvc)}ad={(avb)vc}ad

Definition1.2.2.3 An ADL (R, Vv, A) is said to be a relatively complemented ADL if for

any a, b e Rwitha < b theinterval [ a, b ] is a complemented lattice.

Lemmal.2.2.4 An ADL (R, Vv, A, 0) is relatively complemented if and only if, given a

, b € R there exists, x e Rsuchthat avb=aVv xandaA x =0 and in this case, x is

unique which we denote by a®.

Lemma 1.2.2.5 If R is relatively complemented and a, b € R, then a? < b.

4



Lemmal.2.2.6 If R is a relatively complemented ADL, then foranya,b,c €R, we

havethe following:

(1) a®* =0=a’and 0%=a
(2) b®A a = b®
(3)a’Aa=0

4)a‘=(a Nc)°

(5) (aVb)°=a‘Abe
(6) (a Ab)=avVb®
(7) (a Ac)® 1) =qabac
(8) (cAa)c D) =cpaqb
9 asbeb*=0
(10)aAb=0=a’=band b*=a
(11) a? v b* = b%v a?
(12) a® Ab* =b*AaP

Next we introduce the concept of Almost Boolean Rings as a generalization of that of
Boolean Rings.
Definition 1.2.2.7 An algebra (R, +,.,0) of type (2, 2, 0) is called a Boolean ring if it

satisfies the following axioms:
(RI)(x+y)+tz=x+(y+2z)
(R2)x+0=x

(R3)x+x=0



(R4)(xy)z=x(yz)

(R5) x% =x

(RE)Xx(y+z)=xy+xz
(R7)(x+y)z=xz+yz,VX,y,Z€R.
Lemma 1.2.2.8 If R is a Boolean Ring, then

i. X+x=0

ii. x.y=y.xforallx,y€eR.

Definition 1.2.2.9 An algebra (R, +,.,0 ) of type (2, 2, 0) is called an Almost
Boolean Ring if it satisfies the following axioms:

(R1) x +0=x
(R2) x +x =0
(R3) x2 = x

(R4) (xy)z=x(yz)
(RS)X (y+2Z)=Xy+XxZ
(R6) (X +Yy)z=x2Z+yz

RN{(x+y)+z}t={x+(y+z)}t,vx,y.z,teR.
Remark: An Almost Boolean Ring is atriple (R, +, ., 0) satisfying all the properties of
a Boolean Ring except possibly the associativity of +.

In the rest of this section by R we meanan ABR (R, +,.,0).

1.2.3 Fuzzy Partial Order Relations and Fuzzy Lattices
Here we give some properties and definitions of Fuzzy Partial Order Relations, Fuzzy

Lattices and Distributive Fuzzy Lattices from Chon, I.[5] and [3].
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Definition 1.2.3.1 Let X be a non empty set.
(DA function A: Xx X —>[0,1]is

called a fuzzy relation in X.

(2) The fuzzy relation A in X is:

* Reflexive ifand only if A(x,x)=1VxeX

o Antisymmetry ifand only if A (x,y)>0and A(y, x) > 0impliesx =y.

oTransitive if and only if A (X, Z) = supyex min (A(Xx,y),A(y, z))and
(3) A fuzzy relation A is fuzzy partial order relation if A is reflexive, antisymmetry and

transitive.

(4) A fuzzy partial order relation is a fuzzy total order relation if and only if A (x,y) >
OQor A(y,x)>0,VXx,yeR.

(5) If A is a fuzzy partial order relation in a set X , then ( X , A ) is called a fuzzy
partially ordered set or a fuzzy poset.

(6) If B is a fuzzy total order relation in a set X, then ( X, B ) is called a fuzzy totally

ordered set or a fuzzy chain.

Definition 1.2.3.2 Let ( X, A) be a fuzzy poset. ( X, A ) is a fuzzy lattice if and only if

X Vyandx Ay exists forall x ,y € X.

Proposition 1.2.3.4 Let ( X, A) be a fuzzy lattice and let x , y,z € X .Then
(L)XVX=X,XAX=X

(2)XVY=YVX,XAY=YyAX
(3)(xvy)vz=xVv(yVvz),(XAYy)AzZ=XA(YAZ)

(4) (XVY)AX=X,(XAYy)VX =X



Definition 1.2.3.5 Let ( X, A) be a fuzzy lattice. ( X, A) is distributive fuzzy lattice if
andonly if XA(yvz)=(XAy)V(xAz)and (XVY)A(XVzZz)=XV(YAZ).

Definition 1.2.3.6 Let (R, Vv, A, 0) be an algebra of type (2,2,0)and (R, A) be a
fuzzy poset. Then we call (R, A) is an Almost Distributive Fuzzy Lattice ( ADFL) if the

following axioms are satisfied:

(1)A(a,av0)=A(av0,a)=1

(2)A(0,0Aa)=A(0Aa,0)=1
(3)A(avb)ac,(anc)v(bac)=A((anc)v(bac),(avb)ac)=1
@ A(an(bvc),(anb)v(anc)=A((aab)v(anc)an(bvc))=1
(G)A(av(bac),(avb)a(avc)=A((avb)a(avec),av(bac))=1
(6)A((avb)Aab,b)=A(b,(avb)Ab)=1va,b,ceR.

Definition 1.2.3.7 Let (R, A) be an ADFL. Then foranya, b € R, a < b if and only if
A(a,b)>0.



Chapter Two
Almost Boolean Fuzzy Rings (ABFRS)

In the first section we have seen the concept of relatively complemented Almost
Distributive Fuzzy Lattices and in the next section we study the concept of an Almost
Boolean Fuzzy Rings ( ABFR) as a generalization of Boolean Fuzzy Rings(BFR) and
give an example of ABFR which is not BFR. We establish the process of obtaining an
ABFR from the given relatively complemented Almost Distributive Fuzzy Lattice and

the process of obtaining a relatively complemented ADFL from a given ABFR.

2.1 Relatively Complemented ADFL
In this section we introduce a new mathematical notion relatively complemented ADFLs

and we investigate and prove some results.

Definition2.1.1 An ADFL (R, A) is said to be relatively complemented if every interval

in R is a Boolean Algebra.

Definition 2.1.2 Let (R, A) bean ADFL. Fora,beRwithA(a,b)>0,andx€[a.
b],thenyisthe complementof xin[a,b]ifandonlyif A(xAy,a)>0andA (b, X

v y) > 0 where a is the least element and b is the greatest element.

Lemma 2.1.3 An ADFL (R, A) is said to be relatively complemented if and only if for
anya,beR,thereexistsx € R,suchthat A(avx,avb)=A(avb,avx)=1and

A (aAx,0)>0, inthiscase, X is unique which we denote by a®.
Proof
(=) Suppose an ADFL is relatively complemented .

Claim: For any a, b € R, there exists a unique x e R, suchthat A(avx,avb)=A(a

vb,avx)=landA(aanx,0)>0.



Now, an ADFL (R, A) is relatively complemented if every interval in R is a Boolean

algebra.
Hence [ 0, a] is a Boolean algebra.
Which implies [ 0, a ] is complemented lattice.

Leta,beR,suchthat A (a,b)>0.Thentheinterval [0, aV b]iscomplemented and
ae[0,avDb].

If x is the complementofain[0,avb],thenA(avb,avx)>0andA(anx,0
)>0,as avx<aVb A(avx,avb)>0.......ciiiiiiiiiiiiiiii, (1)

To show uniqueness , fory e R, lety e [0, a v b ] satisfying

A(avb,avy)>0and A(any,0)>0,asavy<avb,A(avy,avb)>

Claim: A (x,y)=A(y,x)=L1
A(X,yAXx)=A((avVX)AX,yAX)
=A((aVy)AX,yAX).....[from(i)and (ii),avx=avy=avb]
=A((aAX)V(yAX),yAXx)
=A(OV(YAX),YAX)ernnn. [A(aAx,0)>0,A(0,aAx)>0]
=A(YAX,YyAX)
=1
A(XxAy,y)=A(xAy),(avy)Ay)
=A(XAY, (AVX)AY)eeeooieeeeiin, [from (i) and (ii) above ]
=A(XAy,(any)V(xAy))

10



=A(XAY,0OV(XAY)).o....... [A(aAny,0)>0,A(0,any)>0]

=A(XAY,XAY)

=1
Since both x,ye[0,avb]and[0,aV b]isaBoolean algebra, thenx Ay =y A X
=A(yAx,y)=1
Now, A (X,y) = sup.eg min(A(Xx,c),A(c,y))

>min (A(X,YAX),A(YAX,Y))

=min(1,1)

=1
Hence , A(x,y) =1 SimilarlyA(y,x)=1.
Therefore A(Xx,y)=A(y, Xx) =1. Hence the complement is unique
Conversely suppose for any a, b € R , there exists a unique X in R such that
A(avx,avb)=A(avb,avx)=1landA(aAx,0)>0.
Claim : An ADFL (R, A) is relatively complemented.
WTS: The interval [ a, b ] in R is a Boolean algebra.

Since every interval in an ADL is bounded distributive lattice , it suffices to show the

interval is complemented lattice.

Now, leta,beRsuchthat A(a,b)>0andxe[a,b].
Then by hypothesis there exists a unique y € R, such that
A(xvy,b)=A(b,xvy)=landA(xAy,0)>0.

11



Sincex<b,thenXVy=XVD=b.....coooiiiii [1ii]

Now , from ADL we have yA (yV x) =Y. Then

y<yVXx

=XVYy

Sl PO OTT ST STPTTO [iv]
Hence, A(y,b)>0............ooonia [Since by Definition1.2.3.7.i.e,a<b ifand

onlyif A(a,b)>0foreachaandbinR]..................cooiiii, [v]

Now, we prove the elementaVv ye[a,b]anditisthe complementofxin[a,b].
FIOMA (Y, D) > 0., [Since from (v) above ]
= A(avy,avb)>0

Hence , A(avy,b)>0asA(a,b)>0,wehaveavb=b.Thena<avy<h.
Thereforeavye[a,b].

Now,A(xA(avy),a)=A((xAa)V(xAy),a)

SA(AV0,a) i [A(a,x)>0
andA(xAy,0)>0, A(0,xAy)>0]

=A(a,a)
=1
Hence , A(xA(avy),a)>0and

A(b,xv(avy))=A(b,(XV(aVy)AD) ..o [avy<b=
xv(avy)sxvb<b(x<b)]

12



=A(b,(xv(avy))A(xVy))...[ Since from ( iii) above , i .e,
X Vy=h]

=A(b,xv((avy)Ay))
:A(b,va)
=A(b,b)>0

On the other handasx v (aVvy) <b,wehave A(xV(aVvy),b)>0.Therefore, A (X
v(avy),b)=A(b,xv(avy))=1.

Hence , a v y is complement of x. Therefore, the interval [a, b ] in R is a Boolean

algebra.

Lemma 2.1.4 If an ADFL (R, A) is relatively complemented and a, b € R, then
A(abvb® b*vab)=1.

Proof :Suppose (R, A)isan ADFLanda, b eR.
A(a’Ab?,0)=A(a’Ab*Aa,0).......c...cce...... [Since b%A a= b ]
=A(b%\a’Aa,0)
=A(b%A0,0)
=A(0,0)
=1
Similarly , A (0, a?A b%) = 1. Hence , we have (a®?A b%) =0.
Therefore, A (a’v b®, b*va?) =1.

Lemma 2.1.5 If an ADFL (R, A) is relatively complemented and a, b € R, then A ( a?
,b) >0.

Proof: Suppose an ADFL (R, A) is relatively complemented and a, b € R.
13



Now, A (a?Ab,a?)=A(0V (a®Ab),a’)
=A((aPra)Vv (aPAb),al)........... [Since a’Aa=0]
=A(a’A(avb),a?)
=A(a’A(alva),al).................. [ Since a’va=avb]
=A(a?,ab)
=1

Similarly , A (a? ,a’A b)=1.

Hence , A (a’Ab,a?)=A(a? a’A b)=1.

Then we have a? < b.

Therefore, A (a® ,b) > 0.

2.2 Almost Boolean Fuzzy Rings

In this section we study the concept of Almost Boolean Fuzzy Rings as a generalization
of Boolean Fuzzy Rings and we also observe an example of Almost Boolean Fuzzy Ring

which is not Boolean Fuzzy Ring.

Definition 2.2.1 Let (R, +,.,0) be an algebra of type (2,2 ,0)and (R, A) be a

fuzzy poset. Then (R, A ) is a Fuzzy Ring if it satisfies the following axioms :
(1)A((a+b)+c,a+(b+c)=A(a+(b+c),(a+b)+c)=1
(2)A(a+0,a)=A(a,a+0)=1
(3)A(a+(-a),0)=A(0,a+(-a))=1
(4)A(a+b,b+a)=A(b+a,a+b)=1
(5)A((ab)c,a(bc))=A(a(bc),(ab)c)=1

14



(6)A(a(b+c),ab+ac)=A(ab+ac,a(b+c))=1
(7)A((b+c)a,ba+tca)=A(ba+ca,(b+c)a)=1va,b,c,-aeR.

Definition 2.2.2 Let (R, A) be a fuzzy ring. Then (R, A) is a Boolean Fuzzy Ring (
BFR)ifandonlyif A(a?,a)=A(a,a?)=1VaeR.

Definition 2.2.3 Let (R, +,.,0) be an algebra of type (2,2,0)and (R, A) bea
fuzzy poset.Then we call ( R, A) is an Almost Boolean Fuzzy Rings ( ABFRs ) if the

following axioms are satisfied:
(RF1)A(a+0,a)=A(a,a+0)=1
(RF2)A(a+a,0)=A(0,a+a)=1
(RF3)A((ab)c,a(bc))=A(a(bc),(ab)c)=1
(RF4)A(a?,a)=A(a,a?)=1

(RF5)A (a(b+c),ab+ac)=A(ab+ac,a(b+c))=1
(RF6)A((a+b)c,ac+bc)=A(ac+bc,(a+h)c)=1

(RF7)A({a+(b+tc)}d, {(a+tb)+c}d)=A({(a+b)+c}d, {a+(b+c)}
d)=1va,b,c,deR.

Remark: Almost Boolean Fuzzy Ring is a generalization of Boolean Fuzzy Ring that
satisfies all the properties of a Boolean Fuzzy Rings except possibly the associativity of

_"_ ”.

15



Example 2.2.4Let R = {0, a, b, ¢, d } and define two binary operations + and . in R as

follows.

+ |0 |a|b |c |d And 0 |a |b |c |d
0 [0 |a|b |c |d 0O [0 |0 |O [0 |O
a |a |00 |0 |O a |0 |a b |c |d
b |[b |00 |0 |O b |0 |a |b |c |d
c |c |0[0 |0 |O c |0 |a |b |c |d
d |d |00 |0 |O d |0 |a |b |c |d

Define a fuzzy relation :

A:RXR—[0,1]as follows;
A(0,0)=A(a,a)=A(b,b)=A(c,c)=1,
A(a,0)=A(b,0)=A(c,0)=A(b,a)=A(b,c)=A(c,a)=0,
A(0,a)=04,A(0,b)=05,A(0,c)=07,A(a,b)=09,A(a,c)=0.1and
A(c,b)=03.

Since (R, A) is a fuzzy poset,
(RF1)A(a+0,a)=A(a,a)=1,andA(a,a+0)=A(a,a)=1,
Hence, A (a+0,a)=A(a,a+0)=1.
(RF2)A(a+a,0)=A(0,0)=1,andA(0,a+a)=(0,0)=1,
Hence, A (a+a,0)=A(0,a+a)=1
(RF3)A((ab)c,a(bc))=A(bc,ac)=A(c,c)=1,and
A(a(bc),(ab)c)=A(ac,bc)=A(c,c)=1;

16



Hence , A((ab)c,a(bc)=A(a(bc),(ab)c)=1
(RF4) A (a?,a)=A(a,a)=1,and
A(a,a®)=A(a,a)=1,
Hence, A (a?,a)=A(a,a?)=1,
(RF5)A(a(b+c),ab+ac)=A(a0,b+c)=A(0,0)=1,and
A(ab+ac,a(b+c)=A(b+c,a0)=A(0,0)=1,
Hence, A (a(b+c),ab+ac)=A(ab+ac,a(b+c)=1.
(RF6) A ((a+b)c,ac+bc)=A(0c,c+c)=A(0,0)=1,and
A(ac+bc,(a+b)c)=A(c+c,0¢)=A(0,0)=1,
Hence, A ((a+b)c,ac+bc)=A(ac+bc),(a+b)c)=1.
(RFT)A ({a+(b+c)}d, {(a+b)+c}d)=A({a+0}d,{0+c}d)
=A(ad,cd)
=A(d,d)
=1, and

A({(a+b)+c}d,{a+(b+c)}d)=A({0+c}d,{a+0}d)

=A(cd,ad)
=A(d,d)
=1,

Hence , A({a+(b+c)}d,{(a+b)+c}d)=A({(a+b)+c}d,{a+(b+cC)
}d)=1.

17



Therefore ,( R, A)isan ABFR, but (R, A)isnotBFR,[sinceA(a+(b+c),(a+b
)+c)=A(a+0,0+c)=A(a,c)=01landA((a+b)+c,a+(b+c))=A(0+
c,a+0)=A(c,a)=0,Hence,A(a+(b+c),(a+b)+c)+A((atb)+c,a+
(b+c))+#1]

Therefore ABFR is a generalized BFR except possibly the associativity of “+ .
Lemma2.25Let (R, A)bean ABFR. Foranya, b, c € R, we have
(1)A(a0,0)=1

(2)A(0,0a)=1

(3)A(a0,0a)=1.

Proof: Suppose (R,A)isan ABFRanda,b,ceR.

(1)A(a0,0)=A(a(a+a),0)- ------—--[ Sincea+ a=0in ABR]
=A(a%?+a?,0)
=A(a+a,0)---mmmmmmeeeee --[Since a? =ain ABR ]
=A(0,0)
=1

Hence, A (a0,0)=1.
(2)A(0,0a)=A(0,(a+a)a)
=A(0,a%+a?)
=A(0,a+a)
=A(0,0)
=1
Hence, A (0,0a)=1.

Therefore A(0,0a)=1.
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(3)A(a0,0a)=Sup,eg min(A(a0l,c),A(c,0a)
> min (A (a0,0),A(0,0a)
>min(A(0,0),A(0,0))
=min(1,1)
=1

Hence ,A(a0,0a)=1.

Theorem 2.2.6 Let ( R, A ) be a relatively complemented ADFL. Define a binary
operations+ onRbya+b=a”v b®.Then (R, A)isan ABFR.

Proof: Suppose (R, A) is relatively complemented ADFL.
Claim: (R, A)is ABFR , where a+b=a’v be.
(1)A(a+0,a)=A(a’v0%,a)

=A(Ova,a)

=A(a,a)

=1, similarlyA(a,a+0)=1.
Therefore, A(a+0,a)=A(a,a+0)=1.
(2)A(a+a,0)=A(a%a“*,0)

=A(0v0,0)--—--- [ since a® = 0 in relatively complemented ADFL]

=A(0,0)

=lsimilarly A(0,a+a)=1,
Therefore, A(a+a,0)=A(0,a+a)=1
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(3)A((anb)Aac,an(bAac))=A(an(bAac),an(bac))=1

Similarly , A(aA(bAc),(aAb)Aac)=1.

Therefore, A((aAb)Ac,an(bAc))=A(aAn(bAac),(aAb)Aac)=1

(4)A(ara,a)=A(a,a)=1=A(a,ana).

(5)A(an(b+c), (aAnb)+(anc))=A(an(bvc’), (anb)+(anc))

=A((anb)v(anc’),(anb)+(anc))

=A((anb)?* v (a Ac)*"P, (aAnb)+(aAc))

[Since,(a Ab)3 ¢ =anband (a Ac)* P =aAc?bylemmal.2.2.6.]
=A((anb)+(anc),(anb)+(anc)
=1

Similarly , A ((aAb)+(aAc),an(b+c))=1.

Therefore, A(an(b+c),(aAnb)+(anc))=A((anb)+(aAnc),an(b+c))
=1

(6)A((a+b)ac,(anc)+(bac))=A((a’vb¥)Ac,(anc)+(bAac))
=A((a’Ac)Vv (b c),(anc)+(bAc))
=A((a Ac)’ v (b Ac)* e (anc)+(bAc))
=A((anc)+(bac),(anc)+(bAc))
=1
Similarly , A ((aAc)+(bAc),(a+b)Aac)=1.

Therefore, A((a+b)Ac,(aAnc)+(bAac))=A((anc)+(bac),(a+tb)Ac)
=1.
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(TYA({a+(b+c)}Ad,{(a+b)+cIrnd)=A{a+dVc)IAd,{(a+b)+
cYd) =A ({a*VV (b ver)eIad, {(a+b)+c}Ad)

=A({a*VAdIV{(bV P2} Ad, {(a+b)+c} Ad)
=A((and)+ {(b° Vv cP)Aad},{(a+b)+c}Ad)
=A((a Ad)LOVEINayr(pey PYyadYard) f(a+b)+c}Ad)
=A((and)+{(bAd)V(cPAd)}, {(a+b)+c}Ad)
=A((and)+[(bAd)" "4V (cAd)"e],{(a+b)+c}Ad)
=A((and)+[(bad)+(cad)],{(a+b)+c}Ad)
=A([(and)+(bAd)]+(cAd),{(a+b)+c}Ad)
=A([(a Ad) v (b Ad)E 4]+ (cAd), {(a+b)+Cc}Ad)
=A({(a’Ad)V(b®Ad)}+(cAd),{(a+b)+c}Ad)
=A(({a®VvbIAad)+(cad),{(a+b)+c}Ad)
=A{(a’ Vv b* Ad} Ay (c Ad)(@VDDral rasp)+c} ad)
=A([((a? v b¥) Ad]V[c®VPAd], {(a+b)+c}Ad)
=A([(a® v b)ev(c® VD) ]Ad, {(a+b)+c}Ad)
=A([(a+b)Vc**PIad,{(a+b)+c}Ad)
=A({(a+b)+c}IAad,{(a+b)+c}nAd)
= 1.

Similarly, A ({(a+b)+c}Ad,{a+(b+c)}d)=1.
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SA{a+(b+c)iad, {(a+b)+cInd)=A{(a+b)+c}Ad,{a+(b+c)}

Ad)=1Hence, (R, A)isan ABFR.

Theorem 2.2.7 Let (R, A) be an ABFR. Define the operation vonRbyavb=a+ (b
+ab),then (R, A) is relatively complemented ADFL.

Proof: Let (R,A)bean ABFRandavb=a+(b+ab).

Claim: (R, A) is relatively complemented ADFL.

First we need to show (R, A) is ADFL.
(1)A(av0,a)=A(a+(0+a0),a).......... [sinceavO=a+(0+a0)]

=A(a+ 0+0 ,a)

=A(a+ 0 ,a)
=A(a,a)
=1.

Similarly,A(a,av0)=1

Therefore, A(av0,a)=A(a,av0)=1

(2)A(0a,0)=A(0,0)=1

Similarly, A(0,0a)=1.

Therefore, A(0a,0)=A(0,0a)=1.

(3)A((avb)c,acvbc)=A((at+(b+ab))c,acvbc)
=A(ac+(b+ab)c,acvbc)
=A(ac+(bc+abc),acvbc)
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=A(ac+(bc+abc?),acvbec)
=A(ac+(bc+ acbc),acvbc)
=A(acvbc,acvbc)
=1.
Similarly, A(acvbc,(avb)c)=1
Therefore, A((avb)c,acvbc)=A(acvbc,(avb)c)=1.
(4)A(a(bvc),abvac)=A(a(b+(c+bc)),abvac)
=A(ab+a(c+bc),abvac)
=A(ab+(ac+abc),abvac)
=A(ab+(ac+a?bc),abvac)
=A(ab+(act+tabac),abvac)
=A(abvac,abvac)=1.
Similarly, A(abvac,a(bvc))=1
Therefore, A(a(bvc),abvac)=A(abvac,a(bvc))=1
(5)A(av(bc),(avb)(avc))=A(av(bc),(atb+ab)(a+c+ac))
=A(av(bc),a(at+c+ac)+b(atc+ac)+ab(a+c+ac))
= A(av(bc),a?+ac+a?c+ba+bc+bac+aba+abc+abac)
=A(av(bc),a+ac+ac+ba+bc+abc+a’b+abc+a?bc)
=A(av(bc),atac+ac+ba+bc+abc+ab+abc+abc)
=A(av(bc),at0O+ba+ab+bc+abc+abc+abc)
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=A(av(bc),atab+ab+bc +0+abc)
=A(av(bc),a+0+bc+abc)
=A(av(bc),a+tbc+abc)
=A(av(bc),av(bc))o.... [since,avb=a+b+abc]

=1.
Similarly, A((avb)(avc),av(bc))=1.

Therefore,A(av (bc),(avb)(avc))=A((avb)(avc),av(bc))=1.
(6)A((avb)b,b)=A((a+b+ab)b,b)....... [Sinceavb=a+b+ab]

=A(ab+b?+ab?,b)

=A(ab+b+ab,b)

=A(ab+ab+b,b)

=A(0+b,b)

=A(b,b)

=1
Similarly , A (b,(avb)b)=1.
Therefore, A((avb)b,b)=A(b,(avb)b)=1
Hence, (R, A)isan ADFL.
To show (R, A) is relatively complemented ADFL.
Leta,beR,thenA(a(b+ab),0)=A(ab+a%b,0)

=A(ab+ab,0)
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=A(0,0)
=1>0,and
A(av(b+ab),avb)=A(a+((b+ab)+a(b+ab)),avb)
=A(a+b+ab+a?,avb)
=A(a+b+0+ab,avh)
=A(atb+ab,avb)
=A(avb,avb)
=1.

Similarly, A(avb,av(b+ab))=1.Hence,A(av(b+ab),avb)=A(avbh,
av(b+ab))=1therefore, by lemma2.1.3............ [ An ADFL (R, A) is relatively
complemented if and only if foranya, b € R ,thereexistx e R, suchthat A(av x,aVv
b)=A(avb,avx)=1landA(aAx,0)>0],(R,A)isrelatively complemented
ADFL in which foranya,beR,a?=b+ab.
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Conclusion

In this project by using properties of Almost Boolean Ring we characterize Almost
Boolean Fuzzy Ring as a Boolean Fuzzy Ring that is an Almost Boolean Fuzzy Ring is
an algebra (R, +,.,0) of type (2, 2, 0) satisfying all the properties of a Boolean
Fuzzy Rings except possibly the associativity of “ + *’. Again I have seen the difference
and similarity between a relatively complemented Almost Distributive Fuzzy Lattice and

an Almost Boolean Fuzzy Ring .
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