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Abstract

This project focused on 6-filters in ADL and characterize it in terms of almost distributive lattice
congruence. A 6-Prime filters are also characterized in terms of prime filters, 6-filters and prime
-6 filers in ADL. Some properties of 6-filters and 8-primes are also discussed. Furthermore

a class of @-filters be can made in to bounded distributive lattice.



SYMBOLS AND ACRONIUM

0

(P; =)
Toset

L =)
(LiAv)
ADL

(L, A, v, 0)

Fe
6

Binary relation
Partially ordered set or poset
Totally ordered set
Order lattice
Algebraic lattice
Almost distributive lattice

Almost distributive lattice with zero
Family of filters

Congruence relation

Congruence class containing a
Set of Congruence class of 8

Set of g-filters
Family of chain of 6-filters
Identity or diagonal relation read as delta L.

Universal relation read as nabla L.
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Chapter one
Introduction and Preliminary
1.1. Introduction
After Boole’saxiomatization of two valued propositional calculus as a Boolean algebra, a
number of generalizations both ring theoretically and lattice theoretically have come into being.
The concept of an Almost Distributive Lattice (ADL) was introduced by Swamy and Rao [4] as a

common abstraction of many existing ring theoretic generalizations of a Boolean algebra on one

hand and the class of distributive lattices on the other.

The notion of 8- filter in an Almost Distributive Lattices was introduced by N. Rafi, G.C. Rao
and Ravi Kumar Bandaru [3] in 2013 and study some properties, and to gives some
characterization of 8-filters. The usual lattice theoretic duality principle doesn’t hold in ADLSs.
For example, inan ADL L, A is right distributive over v but Vv is not right distributive over A.
Any one of this converts ADL in to distributive lattice. In this project we discuss some properties
of 6-filters in ADL, @-prime and prime 6-filters in ADL. We will also characterize 8-prime

filters in terms of 6-filter and prime 6-filters in ADL.

This project consists two chapters. In the first chapter we will deals with the basic concepts on
lattice and ADL and in the second chapter we will look at 6 — filter in ADL and some

property of 8 — filter in ADL. Finally, we will conclude the results.
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1.2. Preliminary

In this section, we recall some basic definitions and results from [1, 3, 4, 5, 6] that lays the
foundation for the second chapter.

Definition 1.2.1[6]: A binary relation ¢ defined on a non-empty set P is called an ordering

relation or partial ordering relation on a set P if, for all a, b, ¢ € P, it satisfies the following

axioms:
(1) (@,a) €0 (reflexivity)
(2) (a,b) epand (b,a) € pimplya =b (anti-symmetry)
(3) (a,b) epand (b,c) € g imply(a,c) € p. (transitivity)

A nonempty set P equipped with an ordering relation is called partially ordered set or simply a

poset for short and denoted by(P; o).

Note: If P is a poset and if for every a,b € P eithera < b or b < a, then (P; <) is called a

totally ordered set (Toset) or a chain.

Definition 1.2.2[1]: If (P; <) is a poset, then > can also be regarded as a binary relation on P
defined by a > b iff b < a and satisfies the axioms (1) — (3). Then (P; =) is also a poset and is
called the dual of the poset (P; <). More precisely, if @is a statement about posets and if in

@ we replace all occurrences of < by > we get the dual of @.

Definition 1.2.3[6]:-Let P be a poset. Then we define the following:
I.  Anelement m of P is called a minimal element of P if P has no element x for which
x < mholds, and m is called the least (minimum) element of P if m < x forall x € P.

Q) Dually maximal and greatest (maximum) elements of P can be defined.

Note: A poset P may have no, one, or many minimal (or maximal) elements. However; any
poset possess at most one greatest element (which is maximal) and at most one least element
(which is minimal). Minimal and maximal elements of poset are respectively the “top” and the

“bottom” elements in the diagram. The greatest and least elements, when they exist are unique.
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Example 1.2.1: Consider the non-empty set P = {2, 4, 5, 10, 12, 20, 25} with integer division as
the partial ordering relation. Then maximal and minimal elements of the poset (P, |) are given in

following diagram below:

- Maximal
T-Elements

25 ™,

Elements

Fig 1.1

Definition 1.2.4[6]: Let R be a subset of a poset P.
Q) An element u in P is an upper bound for R if r < u for every r € R.
(i)  An elementw in P is called the least upper bound of R if u is an upper bound of R
and u is the least from all upper bounds of R.

(iii) ~ Dually lower bound and greatest lower bound of R can be defined.
Least upper bound of R is also called supremum and can be denoted by sup (R).
Greatest lower bound of R is also called infimum and can be denoted by inf(R).

Zorn’s lemma 1.2.5[6]: If every sub-chain of a non-empty partly ordered set P has an upper

bound, then P contains a maximal element.

Definition 1.2.6[1]: An algebra (L; v, A) of type (2,2) is called a lattice if for any a,b,c € L, it

satisfies the following properties:

(1) anb = baa and avb = bva (commutative law)
(2) an(bac) = (anb)ac and av(bvc) = (avb)vc (associative law)
(3) an(avb) = aand av(anb) = a (absorption law)
(4) ana =aand ava = a (Idempotent law)

Example 1.2.2: Let L be a collection of sets closed under intersection and union.

Then (L; U, n)forms a lattice.
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Definition 1.2.7[6]: (Duality principle for lattices): Let ®@ be a statement about lattices expressed
in terms of v and A. The dual of @ is the statement @° we get from ® by interchanging V and A.

If @ is true for all lattices, then @ is also true for all lattices.

Definition 1.2.8 [6]: We define a partial order < on a lattice L by a < b ifavb = b or anb = a.
An alternative way we can also define a lattice as a poset as follow.
Definition 1.2.9[6]: An order lattice is a poset (L; <) inwhich a A b = inf (a, b) and

aV b = sup(a, b) exist for any pair of elements a and b in L.

For example, any totally ordered set(C; <) is a lattice. Since inf (a, b) = min {a,b } and
sup(a, b) = max {a, b} foranya,b € C.
Definition 1.2.10[6]: Let L and K be a lattice and define A and v on LxK by
(ao, bo)v(ay, by) = ((agvay), (bovby))
(a0, bo)n(ay, by) = ((aonray), (boAby))
For any a,, b, € L and a,, b, € K this makes LxK in to lattice called product lattice.
Definition 1.2.11[1]: A lattice L is called distributive if, for all a, b, c € L, it satisfies either of the
following conditions:
(1) an(bvc) = (anb)v(anc)
(2) av(bac) = (avb)a(avc).

Otherwise, L is called non-distributive.

Note that by the principle of duality the condition (1) holds if and only if (2) holds.
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Examplesl1.2.3: The lattices show in the fig 1.2 and fig 1.3 below are distributive and non-

distributive lattices, respectively.

-]o,

Fig 1.2 Fig 1.3

Definition 1.2.12[6]: Let (L; v, A) be a lattice and it has an element 0 and 1 such that for any x €
L it satisfies the inequality 0 < x and x< 1.i. e 0Ax = 0 and xv1 = 1, then 0 and 1 are the least
and greatest element of the lattice respectively, and are called bounded elements. Such types of
lattices are called bounded lattices, denoted by (L; v, A, 0, 1).

Example 1.2.4: Let L = {a,, a,, ..., a,} be a finite lattice. Then a,Aa;, ... ra, and

a;va,v ...va, are the least and greatestelements of L respectively. Hence L is a bounded lattice.
Definition 1.2 13: An algebra (L; v, A, 0) of type (2, 2, 0) is called an Almost

Distributive Lattice (abbreviated as ADL), if it satisfies the following axioms for all a, b, c € L.
(L1) avO=a

(L2) 0Aa=0

(L3) (avb)ac=(aanc)v(bac)

(L4) an(bvc)=(@aab)v(@anac)

(L5) av(bAac)=(@vb)a(avhb)

(L6) (avb)Ab=bh

Note: An Almost distributive lattice is an Algebra (L; v, A) of type (2, 2) satisfying the all

axioms of distributive lattice except the following properties.
(C;A)  Commutativity of the operation “meets”

(C;v) Commutativity of the operation “joins”
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(RD; v) Right distributive of the operation “join” over “meet”
(A;v) Associativety of the operation “join”

Any one of these properties make an ADL to a distributive lattice.
Note: Every distributive lattice is an ADL, but converse need not be true.
Definition 1.2.14[5]: Let L be a non-empty set. Fix x, € L. Forany X,y € L, define x Ay =,
XVY=XIfX# x5, x0ANY =%y and xovVy =Y. Then (L; Vv, A, x,) isan ADL and it is called a
Discrete ADL with x,as its zero elements.
Alternatively, Discrete ADL is defined as an ADL in which every non-zero element is maximal
in the poset (L; <).
Theorem 1.2.15[4]: Let L be an almost distributive lattice with zero. Then for any element
a, b, ¢ € L, we the following have:

(1) ava=aand ara=a

(2) anbac=branc

(3) (anb)ac=an(bac)

(4) av(bac)=(avb)A(avc)
Notation: Throughout this project, L stands for an ADL with zero unless otherwise mentioned.
Definitions 1.2.16[4]: A non-empty subset I of L is called an ideal of L if avb € I and aax € 1
Forany x € Landa, b € 1. Anideal | of L is said to be the proper ideal if | # L.

Definitions 1.2.17[4]: A non-empty subset F of L is called a filter of L if asb € F and avx € F
whenever a, b € F and x € L. A filter F is called proper if F # L.

Lemma 1.2.18[4]: If L has maximal element, then the set of all maximal elements of L forms a
filter.

Theorem 1.2.19[5]. For any sub set S of L the smallest ideal containing S is given by
(S1={(Vi_;s)) Ax|xeL,s;eSandne N}

If S = {a}, then we write (a] instead of writing ({a}], we call (a], the principal ideal of L
generated by a.

Theorem 1.2.20[5]: Let S be anon-empty sub set of L then [S) = {x v (Aj=;$);) X € L,
s € §;for 1< i < nand n is positive integer} is the smallest filter of L containing S.

If S = {a}, then we write [a) instead of writing [{a}), we call [a), the principal filter of L

generated by a.
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Example 1.2.5: In the lattice L described in fig 1.4 below, (c] = {0, a, c} is a proper and principal
ideal of L. Also, [b) = {b, d, 1} is a proper and principal filter of L.
Theorem 1. 2.21[5]: For any X, y in L the following are equivalent:
1. x1< (vl
2). Y AX =X
3).yvw=y
4).Iy) =[x
Theorem 1.2.22[5]: For any a, b € L, we have the following:
1. [aN[b)=[avb)=[bVva)
2. ae[b)=a=avb
Definition 1.2. 23 [1]. A proper ideal | of L is called a prime ideal if foranya,beL,aanb el
impliesaelorbel.
Definition 1.2.24 [1]: A proper filter P of L is called a prime filter if foranya,beL,avbeP
impliesae Porb eP.
Definition 1.2.25[4]: An ideal of L said to be maximal ideal of L if I is proper and if there exists
no proper ideal J of L such that I —J.
Definition 1.2.26[4]: An filter F of L said to be maximal filter of L if F is proper and if there

exists no proper ideal P of L such that F — P.

Examplel.2.6: Consider the lattice L = {0, a, b, c,d, 1} depicted in fig 1.4 below.
LetI = {0,a,b,c,d}and F = {a, c,d, 1}. Here I is a prime and maximal ideal of L. On the other

hand F is a prime filter of L.

1
d
c
b
a
(0]
Fig 1.4
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Definition 1.2.27 [6]: A binary relation 6 on a non-empty set L is called an equivalence relation

on L if, forany a, b, cin L, if it satisfies:

(1) (a,a) e 6 (reflexivity)
(2) (a, b) € 8 implies (b,a) € B (symmetry)
(3) (a,b)e B and (b,c) € 8 imply (a,c) € 6 (transitivity).

Definition1.2.28 [4]: An equivalence relation 6 on L is called a congruence relation on L if
(anc, b ad), (ave, bvd) €6, forall (a, b), (c, d) € 6.

Note: The smallest concurrence relation on a non-empty set L is the identity or the diagonal
relation AL = {(a, a)| a € L}, read as delta L. The largest congruence relation is universal relation
VL = LXL read as nabla L.

Definition 1.2.29[4]: For any congruence relation 6 on L and a € L, we define

[aJe ={b € L | (a, b) € 6 } and it is called the congruence class containing a.

Remark: For any congruence relation 6 on L, we denote the congruence class containing x € L
by [X]e and the set of all congruence classes of L is denoted by L/H' The set L/H is an ADL,
under the binary operations A and V defined by [x]o V [Y]e = [X V y]o and [X]Je A [y]e = [X A y]e for
all [x]o and [y]o € L/,

Theorem 1.2.30[4]: An equivalence relation 6 on Lis a congruence relation if and only if for any

(a, b) € 6, x € L, (arx, bax), (xaa, xAb), (avx, bvx), (xva, xvb) are all in 6.
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Chapter two

O-filters in Almost Distributive Lattice

In this section, we discuss some definitions and results of 6-filtersin ADL, proper 6-filters and
characterization of smallest congruence relation in terms of 8-filters in ADL [3]. Also we
discuss 6-prime filters in ADL and characterizations of 8-prime filters in terms of prime
filters,0-filters and prime-6@filters.We further discuss the class of 8 -filter of an ADL can be mad
in to bounded distributive lattice.

First let as recall the definition of 6-filters in ADL as follows:

Definition 2.1: Let 6 be a congruence relation on L. A filter F of L is called aé&filter of L, if for
anyae F=[ale cF.

Example 2.1: Let D = {0, a’} be a discrete ADL and R = (0, a, b, ¢, 1) be a distributive lattice
whose Hasse diagram is given in the figure 1.5 below. Then L = DxR = {(0', 0), (0', a), (0", b),
0, ¢),(0,1),(a,0), (@, a), (a, b), (@, c), (@, 1)}. Clearly L is an ADL.

a

Figurel.5
Take 6 = {((0', 0), (0", 0)), (0", a), (0", &)), (0", b), (0", b)), (0", c), (0", ¢)), (0", 1), (0", 1)), ((@,
0), (@, 0)), (@, a), (&, a)), (@, b), (@, b)), (&, ¢), (& ¢c)) (@, 1), @, 1)), (0", c), (0, 1)), (0", 1),
(0', ) ,((0, 0),(0", @)), ((0", a),(0", 0)), ((0", &) ,(0",b)) ,((0", b),(0", &)),((0", 0),(0", b)), ((0", b)
,(0",0)), ((a', 0), (@', @), ((@', a), (@', 0))}. Clearly @ is congruence relation on L.
Define [(0,c)]g ={(0",¢), (0,1 )}, [(0",a@)]e =[(0", b)]e = [(0',0)]¢ ={(0",a), (0", 0),
(07b)}, [(a', D]e ={(a’, 1)}, [(a’, D)]e ={(a’,b)}.[(a’,)]e ={(a’, )}, [(a’,a)]e =[(a’,0)]¢
={(a’,a),(a’, 0)}, [(0", 1)]6={(0".1)}
Consider the filter F = {(a', ¢), (a', 1)}. Clearly F is filter of L.
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Now (a,¢c) € F=[(a’,c)]g ={(a',c)}cFand (a, 1) € F=[(a’,1)]s = {(@' 1)} F.

Therefore F is a 8 -filter of L.

Consider F1 = {(@’, a), (@', b), (@, ¢), (a’, 1)}

Clearly Fuis filter of L. Now (@', b) € Fi= [(a', b)]g={(a’.b)} c F1
@,c)eFi=[@@,c)]g={(a,c)}cF.

(a',a) eFi=[(a’,a)]g ={(a’,a),(a’,0)} z Fysince

(@,0) e [(a’,a)]gand (a,0) ¢ Fi.

Hence F1is not a 6 — filter of L.

Note: Form the above example we understood that that every o-filters be cams a filter but the
converse is not true. For any congruence relation 6 on L with maximal element mthe filter {m}is
a O-filter if and only if [m]e = {m}.

Definition 2.2: Let 0 be a congruence relation on L with maximal element m. A 0-filter F of L is
called proper &-filter of L if F # L and if F contains m then F = {m}.

Example 2.2: In the lattice L depicted in the above example 2.1, consider the filter F = {(a, c),
(@, D}yand F1 ={(@, a), (@, b), (&', 0),(@, c), (a’, 1)} are proper O-filters of L.

Lemma 2.3: Let L be a lattice with a maximal element m and 6 be congruence relation on L. For
any filter F of L, the following holds:

1. {m}is a &filter if and only if [m]o < {m}

2.1f Fis a &-filter, then [m]oc F

3.If Fis a proper éfilter, then FN[0]o= ¢

Proof: 1. Assume that {m} is & — filter and m be maximal elements of L.

Let m € [m]o since [m]e ={m}, then m € {m}. Thus {m} is 6-filter of L.

Conversely suppose that [m]o ={m} holds:

Claim: To show that {m} is 9-filter

By the lemmal.2.17{m} is filter of L. Let a € [m]o < {m}. Then we get a e{m}.

Since 6 reflexive a € [a]g so that [m]ec [a]e. *)

Again 6 is symmetric, (a, m) € 6, then we have m € [a]q and hence 8 also reflexive we get

m € [m]e.Thus[a]e<[m]e **)

Then from (*) and (**)[a]g = [m]e < {m}. This implies that [a]y < {m}.

Therefore {m} is 6-filter of L.
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2. Suppose that F is a éfilter of L. We have always that [m]e < F for any m € F by definition.

3. Let F be a proper éfilter of L such that Fn[0]o= ¢.

Suppose that F[0]e = .

Let x € F[0]o then x € [0]¢ and xe F. So that (0, x) € 68.This implies that (x, 0) € 6 since 6 is
symmetric.

Now(x, 0) € 8 implies that O€ [x]q.Then O€ [x]y < F since F is@-filter. We get0 € F.

So that 0 € F [0]g which is contradiction. Therefore Fn [0]g = ¢.m

Theorem 2.4: Let 6 be a congruence relation on L. Then for any filter F of L, the following
conditions are equivalent:

1.Fis a &filter

2.Foranyx,yel,(x,y)ebandxe F=>yeF

3. F = Uxerlx]o

Proof: (1) = (2): Assume that F is a 06-filter of L.

Let for any (X, y) €6 and x € F. This implies y € [X]ec F, since F is 6-filter. So thaty € F.

(2)= (3): Assume that (2) holds. Let a € F.Then a € [x]ofor all x € F.

Thus we get F < Uyer[x]o (*)

Let a € Uyer[x]g, then a € [y]g, for some y € F. This implies that (a, y) € 6. By our assumption
we geta € F. Thus Uyer[x]g = F (**)

Therefore from (*) and (**) F = Uer[X]6-

(3) = (1): Assume that F =U,.r[x]e holds.

Leta € F. Then a € [y]e, for some y € F. We prove that[a]o c F. Let t € [a]e.

Then (a, t) €6 and hence (t, y) € 8 by transitivity of 8. This implies that t € [y]loec F.
Therefore[a]o < F. Hence F is &-filter of L.m

Theorem 2.5: If 6 is the smallest congruence relation on L, then every filter of L is a 0-filter.
Proof: Suppose that F be any filter of L and 6 is the smallest congruence relation on L.

Let a € F. Since 0 is the smallest congruence relation on L we get {a} = [a]g. Then {a}< F. This

implies that [a]y = {a}< F. Thus for any a € F = [a]g < F. Thus every filter of L is 6-filter. m
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Theorem 2.6[2]: Let 6 be congruence on a lattice L. Then the following conditions are
equivalent:
(1) 0 is the smallest congruence on L.
(2) Every filter of L is a O-filter.
(3) Every principal filter of L is a 0-filter.
Proof: (1) = (2) hold by Theorem 2.5.
(2) = (3). Assume that (2) holds. Let [x) be principal filter of L such that [x) is the smallest filter
of L containing of x. Then by our assumption we get that [x) is a 0-filter of L.
(3) = (1) Assume that every principal filter is a 0-filter of L. Let x, y € L such that (X, y) € 6.
Then [X]o = [y]o. Since [y) is a 0-filter of L, we get x € [x]o = [y]o E [y).

=X €[y)

=X =Xxvy (Theoreml .2.20(2))

= y<X 1)
Similarly since [x) is a 0-filter of L, we have y&€ [y]g= [x]s < [X)

=Yy E|[X)

= y=yvx (Theorem 1.2.20(2))

= X<y 2
From (1) and (2) x = y. Hence 6 is the smallest congruence on L.m

Now we discuss 0-Prime filters in ADL and we characterize it in terms of prime filters 0-filters
and prime O-filters in ADL. First of all let as define 6-Prime filters in ADL.

Definition 2.7: Let 0 be a congruence relation on an L with any maximal element m. Proper &
filter P of L is called a 6-prime filter of L if for any a, b € L with avb € [m]e implies either
aePorbeP.

Example 2.8: In the example 2.1 above, the filter F = {(a', 0), (@', a), (@', b), (a', ¢), (@', 1)} is 6-
prime filter. Analogously F is also maximal 6-filter.

Lemma2.9:If 6 is the smallest congruence relation on L with maximal elements, then every
prime filter of L is a &-prime filter of L.

Proof: Let L be an almost distributive lattice with maximal element m and 6 be the smallest
congruence relation on L.

Suppose that P is a prime filter of L. Then by the theorem 2.5 P is a 6-filter of L. Leta, b € L
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with avb € [m]g, where m is maximal element of L. Then[m]y = [avb]g. Since 0is the smallest
congruence relationon Lavb=meP. Wegetavbh€eP = a € Por b € P.

Therefore P is 8 —prime filter of L.m

Definition 2.10: Let 6 be a congruence relation on L. A proper 6-filter P of L is called a prime
Gfilter of L, if foranya,b e L,avbheP =a€P,orbeP.

Example 2.2: In example 2.1 above, consider the filter F1 = {(a', 0), (@', a), (a', b), (@', ¢), (a,
1)}and F = {(a", c), (&', 1)}. Here F1 is prime 6-filter and 8-prime filter of L but F is not 8-prime
filter and a prime 6-filter of L. To verify this let (0', ¢), (@, b) € L, then (a’, b) v (0',c) €
[(a’,1)]gimplies (@', b) ¢ Fand (0’, ¢) ¢ F. Thus F is neither a 8-prime filter nor a prime 6-filter
of L.

Lemma 2.11: Let 6 be a congruence relation on L with maximal elements. Then every prime 0 -
filter of L is a 6 -prime filter of L.

Proof: Suppose that P be a prime 6 -filter and 6 be a congruence relation on L with maximal
element m. Let x, y € L, with xvy € [m]g, where m is any maximal element of L, since m € P
and P is O-filter of L by theorem 2.5, we get[m]y < P and hence x vy € P, this implies either

X e Pory e P. Thus P is a0 -prime filter of L.m

Theorem 2.12: Let 6 be a congruence relation on L with maximal element m and P be

f-filter of L, if [a]g = [m]g = (a] < [m]efor all a € L Then the following conditions are
equivalent:

1. P is a 0-prime filter of L

2. For any filters I, Jof Lwith InJc [m]g = 1cPorJcP

3.Foranyab € L,[a]gVv[b]g = [m]g=ceitherac Porb e P

Proof: (1) = (2): Assume that P is a 0-prime filter of L. Let | and J be any filters of L with
InJc [m]y.Letae landb € J. Thena vb € | "] < [m]q. This implies that a vb € [m]gby
our assumption, we have either a € P or b € P. This implies either lc PorJc P.

(2) = (3): Assume that for any filters I, Jof LwithInJc [m]g = 1cPorJcP.

Leta, b € L, with [a]gV[b]g = [m]g. Then we prove that [avb]e= [a]gV[b]g-

To show[avb]g = [a]gV[b]g it is enough to show that [avb]ge = [m]g. Since P is 8-prime filter

we have avb € [m]g and hence avb € [avb]g since 6 equivalence relation.
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Thus[m]s c[avb]s. (*)

Again since 8 is equivalence relation on L (avh, m) € 6, this implies that m € [avb]y and

m € [m]y. Sothat [avb]y < [m]g. (**)
Therefore from (*) and (**) we get [avb]g = [m]g =[alg Vv [b]g. Then [avb]g = [Mm]g.

This implies that (avb] < [m]e and by theorem 1.2.19 we get that [avb) < [m]gand hence
[a)N[b) < [m]g since by theorem 1.2.20(1). Then by our assumption we get either [a) — P or
[b) cP. ThusaePorb eP.

(3) = (1): Assume that condition (3). Leta v b € [m]g. Then [avb]g= [algVv[b]e = [Mm]g DY
our assumption we have [a]g =P or [b]g = P. This implies thata P or b € P. Hence P is a 6-
prime filter of L. m

Lemma 2.13: Let 8 be a congruence relation on L. Then every minimal prime filter disjoint
from[0], is a O-filter of L.

Proof: Suppose that M be a minimal prime filter of L and Mn[0]g # ¢.

Let X, ye L, with (x,y) € 6 and x € M. We need to show that y € M.
Assume that thaty ¢ M .Then M v [y) = L. Then any =0, for some a € M. Since a € M and for
any (X, y) € 8 we have (anx, any) € 8. Then we have (anx, 0) €6 since aany = 0. This implies
anx € [0]g and anx € M, since M is a filter for any x € L and a € M, anx € M.

Thus anx € M N [0] Which is a contradiction.

Therefore y € M and M n[0]¢= ¢. Hence M is a O-filter of L.m

Now we have the following definition.

Definition 2.14: Let 0 be a congruence relation on L. For any filter F of L, define the set F? as
given by FO ={x e L| (x, a) € 0, for some a € F}.

Lemma 2.15: Let 8 be a congruence relation on L. Then For any filter F of L the set F% is a
filter of L.

Proof: F? #¢since F# ¢.Letx,y € F®. Then (x,a) € 8 and (y, b) € 6 for some a, b € F. This
implies that (xAy, aab) € 0 and asb e F, since 6 is congruence relation. Therefore x Ay € F?.
Letx € Fandr € L. Then (x, a) € 6 for some a € F. Then (rvx, rva) € 6 and

rva e Fsince Fis a filter of L. Hence rvx € F?. Thus F®is afilter of L.m
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Lemma 2.16: Let 8 be a congruence relation on L. For any two filters I, J of L we have the
following.
1L Icl1®
2. Ificdthen 19 ]°
3. (INDP=1°n]°
4. (199=1°
Proof: (1) Leta € I . We have (a, a) € 8 and hence a € 9. Therefore | = I°.
(2) Suppose that I c J. Let x € I°. Then (x, a) € 6 for some a € 1. Since | = J we get (X, a) < 0
anda e J. Thus x € J9. Therefore I9< J°.
(3) Letx e (In))?. Then (x, a) e 6 for some a e InJ. This implies (x,a) e 6anda e |, a e J.
Therefore x € 19~ ]9 Thus (1)< 191 9. *)
Let x € 19~ J9. This implies (x, a) € 8 and (x, b)e 0, for some a € I and b < J. Since 8 is
congruence relation(x, avb) € 6and avb € In J.
This implies that x € (I)?. Thus I ))? <19 J° (**)
Therefore from (*) and (**) we get that (I))?=19~J°
(4) Letx e (I%?. Then (x, a) € 0 for some a € I?. Since a e 19 we have (a, b) < 0 for some
b e I. This implies (x, b) € ® and b e 1 and hence x < I°.
Therefore(1%)°c 1°. (1)
Letx € I9 then (x, a) € 6 for some a € I. Since a < |, we have a € I9since | c I°.
This implies that (x, a) € 6 for some a e I°. Thus x e (19)°
Therefore 19 < (19)°. (2)
Hence from (1) and (2) we get that(/1%)°= 1°.m
Lemma 2.17: Let 6 be a congruence relation on L {F, }a € A be the indexed family of filters of
L. Then we have the following:
(Naea Fo)® = Nae(F)?
Proof: Let x € (Ngea Fy)?. Then there exists a € N4ep F, such that (x, a) € 8. This implies that
(x, a) € 6 and a € F, for each a € A. Therefore x € (F,)?, forall « € A. Hence x € Nge(F,)°.

Thus(Ngea Fo)? < Nee(F)°. (*)
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Conversely: Let x € N4e(F,)?. Then x € (F,)? for all a € A. Since x € (F,)? there exists an
element a € {F,}such that (x, a) € 6. This implies (x, a) € 8 and a € Nyea(Fo)-

Thus X € Nge(Fy)?. Therefore Nye(Fy)?< (Ngea Ey)? (**)

Hence from (*) and (**) we get that (Ngea Fy)? = Nge(F,)0.m

Proposition 2.18: Let 6 be a congruence relation on a lattice L. For any filters F of L. F€ is the
smallest 8-filter of L such that F < F.

Proof: By lemma 2.15 F? is a filter of L and F< F? by lemma 2.16(1). Let x € F®then (x, a) < 0
for some a e F. We need prove that[x], = F°. Let te [x]o. Then (t, X) 6. Since (x, a) < 6 and

a e F, we get (t, a) e 0, since 6 is congruence relation and hence t e F?.Therefore F? is o-filter
of L containing F. Let K be any 6- filter containing of F. Now we prove that F®c K.

Let xe F9. Then (x, a) € 0, for some a e F. Since F c K, we have a e K. Since K is -filter of L
we get x e K. Therefore F€ is the smallest 0-filter of L such that F c F’.m

Notation: The set of all 8-filtets of L is denoted by Jg(L).

Remark: Let F and G be two arbitrary filters of L. Then for any congruence 0 on L, we define
the set(FvG)®={a€ L | [a]o = [x A y]o for some x € F, y € G}.

Theorem 2.19: Let 8 be congruence relation on L. Then the set 34 (L) of all of all 8- filters of L
forms bounded distributive lattice under the set inclusion in which the glb and lub of any F,G in
Jg(L)are given by:

FA G =FNG and (FvG)®=FuUG

Proof: Let F, G € Jg4(L), since F and G are 6-filters of L. Then FNG is non-empty set and
clearly FNG is filter of L.

Claim1: The poset (3,(L), <) islattice

Sub-claim 1: FNG is B-filter of L.

Letae FA G =FNG

—a€Fanda€G

= [a]g < F and G since F, G are -filters of L.

= [a]lg < FNG=FAG

Hence FA G is a 6- filter of L.
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Sub-claim 2: FNG is glb of Fand G in (J3,(L); <)

Since FNG < F and FNG < G, then FNG is lower bound of F and G. Assume that H is lower
bound of F and G. Then H < F and H c G this implies H ¢ FNG. Therefore FNG is the greatest
lower bound of F and G in (3,(L); ).

Sub-claim 3: (FvG)? is #-filter of L

Cleary (FvG)? is nonempty and by the lemma 2.15 is (FvG)? filter of L and hence by the
proposition 2.18 above (FvG)? is @-filter of L.

Sub-claim 4: (FvG)? is lub of F and G in (Jp(L); ©)

Since F, G cFVG, then F, G — (FvG)? and (FvG)? is upper bound of F and G. Assume that

a @ — filter H of L be upper bound of F and G. Now we need to show (FvG)?c H.

Let a € (FvG)?, then [a]y= [xAy], for some x € F and y € G by the above remark since F, G
H, then X, y € H.This implies xAy € H. Since H is 8-filter of L [xAy]g < H. Then we geta € H.
Thus (FvG)?c H.

Hence (FvG)? is lub of Fand G in (J4(L); ©). )

From (1) and (2) the poset (J4(L); <) is a lattice under the binary operations LI and N defined

onit.

Claim2:(Jg(L), U, n) is distributive lattice

Let F, G and H be any three 6-filters inJ,. Then to show (J4(L), U, N) is distributive lattice it is
enough to show that FA(GUH) = (FAG) U (FAH).

Clearly (FNG) U (FNH) c FN(GUH) ,since FNG c Fand FNH c H < (6vH)? = GUH.

Then H ¢ GUH

Let a € FA(GVH)? =Fn (GvH)?

—a € F and a€ (GvH)®

=a € F and [a]g = [xAY]g,fOr some X € Gandy € H by the remark above
=X, yEF,XEGandy €H

=[x]e, [y]o<F, [x]e = G and [y]g < H, since F, G and H are 6-filters of L
=[xl cFNGand[ylgcFNH

=[alg = [x1yle= [x]o~ [¥]o < ((FAG)V(FAH))® = (F N G) U (FNH),
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for some [xAy]g < F N G and [xAylg < FNH

= a € (F nG)U(FnH), for some[xay]lgc F and [xylg < G

— FN(GUH) < (FNG)U (FNH)

Hence FA(GVvH)®=FN(GU H) = (FNG) U (FNH)

Therefore(3,(L); U, n) is distributive lattice.

Clearly {0} and L are the bounds of the poset (3, (L); <).

Thus the lattice(J,(L); U, N) is bounded distributive lattice. m

Theorem 2.20: Let 6 be a congruence relation on a lattice L with a maximal elements. For any
proper O-filter F of L we haveF = N{P|P is0-prime filter and F c P}.

Proof: Take Fy, = N{P|P is 0-prime filterand F c P}. Fc F, since Fc P. Leta ¢ F.
Consider 3 ={J|J is a 6-filter, Fc Jand a ¢ F}. Clearly Fe 3. Let {J,}4<a b€ a chain of 6-
filters in3. Since {J,}qea < I foreach a € A. Then Uy cpJo< 3. This implies Uy ca /1S @ 6-
filter of Lsuchthat F c Ugea /o @nd @ €U gcato- Since {Jotaca S Ugeatar then {J,}aea has

upper bound U, <4 /- Hence by the Zorn’s lemma, 3 has a maximal element M. That is M is 0-
filter,
FcManda g M. Let x,y € L with xvy € [m]g, where m is any maximal element of L.
Suppose x ¢ Mandy ¢ M. ThenM c M v [x) and M v [x) < (M v[x))? by lemma 2.16(1) and
similarly M c M v [y) and by lemma 2.16(1) Mv [y) = (M \[y))?. By the maximalty of M, we
getthat a e( MV[x))? » (M V[y))?= (M [x)) n (MV[y)))? (Lemma 2.16(3))

= ((Mv[x) N [y))? (Theorem 1.2.15(4))

= (Mv[xvy))? (Theorem 1.2.20(1))
Since xvy e [m]g < M, so that x v y € M since M is 8-filter of L. Thena € (Mv[xvy))?
implies that a € ( M)? = M. This implies a € M. This is contradiction. Hence M is 6-prime filter
of L. Therefore for any a ¢ F there exists a 6-prime filter M of L such that Fc M and a ¢ M.
Thusa ¢ F,. Hence Fyc F. Therefore F, = F.m
Theorem 2.21: Let L be a lattice with a maximal element m and 6 be a congruence relation on
L. Suppose that F is O-filter and | is an ideal of L such that F nl = ¢.Then exists a 6-prime filter
P of L such that F — P and F\P = ¢.
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Proof: Let F be a 0-filter and | be an ideal of L with InF = ¢. Consider 3 = {J|J is a 6-filter, F <
Jand Jnl = ¢. Since F < J, then Fe 3. Let {J,}4 4 be a chain of 6-filters inJ. Since {J,}qcns I
foreacha € A. Then Uyca ), < 3, SO that Uy o4 /41 a O-filter of L such that F c U, 4/, and a
(Ugeata) N 1=96. Then {J,},ca has upper bound Uy .4 /- Hence by the Zorn’s lemma,3J has a
maximal element M.

Now we prove that M is 8-prime filter. Let X, y € L with Xxvy € [m]q. To show that M is 6-
prime filter it is enough to show that x € M ory € M. Suppose thatx ¢ Mandy ¢ M.

ThenM cM v [x) € (M v[x))?and M c M v [y) € (M v[y))? by lemma 2.16(1).

By the maximality of M, we get that (M\[x))? A F # gand (M \[y))?~F # ¢ since
Mv[x))?, (Mv[y))? and F are nonempty sets. Leta € (M [{x))?Fand b e (M [x))?~F.

Since Fis a filter L avb € F and

avh e (MV[x))? » (M y))?= ((MVx)) N (Mv[y)))® (Lemma 2.16(3))
= ((Mv[x) N [y))? (Theorem 1.2.15(4))
= (Mv[xvy))? (Theorem 1.2.20(1))

Since xvy e [m]g, where m is maximal element of L, then m € M such that [m]g< M. we get
that xvy € M. Then avbh € ( M)? = M.Thus avb € M. Since a vb € F, M we get that avhe MAF,

which is contradiction. Therefore M is 8-prime filter of L. m
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Conclusion

In this project, we observes that 6-filters are defined in terms of filters in an almost distributive
lattice and almost distributive lattice congruence. Some properties like proper 6 -filters and
prime @-filters are also defined in terms -filters in ADL. We described that if 6 is the smallest
congruence relation on ADL, every filter is 6-filter and every principal 8-filter is 6-filter of
ADL. We also discussed that the set of all 6-filters in ADL forms bounded distributive lattice.
We also observed that the intersection and union of any arbitrary 6-filter is also 6-filter of ADL.
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