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Abstract

In this project let H be a real Hilbert space and K a nonempty closed convex subset of H.
Suppose T:K — CB(K) is a multi-valued Lipschitzian pseudocontractive mapping such
that F(T) # @. An Ishikawa-type iterative algorithm was constructed and it was shown that, for
the corresponding sequence {x,}, under appropriate conditions on the iteration parameters,

liminf d(x, ,Tx,) = 0 holds. Finally, convergence theorems were proved under approximate
n—-oo

additional conditions. Djitte and Sene Theorems were significant improvement on important

recent results of Panyanak and Sastry and Babu.
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Chapter 1

Introduction

1.1 General Introduction

One of the most important instruments to treat nonlinear problems with the aid of functional
analytic methods is the fixed point approach. This approach is an important part of nonlinear

functional-analysis and is deeply connected to geometric methods of topology.

The theory itself is a beautiful combination of analysis (pure and applied), topology and
geometry. Over the last fifty years or so, the theory of fixed points has been revealed as a major,

powerful and important tool in the study of nonlinear phenomena.

Fixed Point Theory has been applied in such diverse fields as Differential Equations, Topology,
Economics, Biology, Chemistry, Engineering, Game Theory, Physics, Dynamics, Optimal
Control, and Functional Analysis. Recent rapid development of efficient techniques for
computing fixed points has enormously increased the usefulness of the theory of fixed points for
applications. Fixed points are of interest in themselves but they also provide a way to establish
the existence of a solution to a set of equations.

Existence theorems for fixed point of multi-valued contractions and nonexpansive mappings
using the Hausdorff metric have been proved by several authors Lim (1974); Markin (1973) &
Nadler (1969). Later an interesting and rich fixed point theory for such maps and more general
maps was developed which has application on Control theory, Convex Optimization, Differential

inclusion, and Economics Gorniewicz (1999).

Several theorems have been proved on the approximation of fixed points of multi-valued
nonexpansive mappings and their generalization. The Mann and Ishikawa iteration schemes of
multi-valued mapping T with fixed point p converge to a fixed point of T under certain

conditions.

The Mann iteration process and an Ishikawa iteration processes were introduced by Sastry and
Babu (2005). They proved in Sastry and Babu that the Mann and Ishikawa iteration
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schemes for a multi-valued map T with fixed point P converges to a fixed point of T under
certain conditions. However, Panyanak (2007) extended the result of Sastry and Babu to
uniformly convex real Banach spaces. Panyanak (2007) also modified the iteration schemes of
Sastry and Babu (2005). In Addition to this Song and Wang (2007 & 2008) modified the
iteration process of Panyanak (2007) and improved the results.

Moreover, Shahzad and Zegeye (2009) extended and improved the results of Sastry and Babu
(2005); Panyanak (2007) and Song and Wang (2007 & 2008) to multi-valued quasi-
nonexpansive mapping. Also, in an attempt to remove the restriction Tp = {p} Vp € F(T), they
introduced a new iteration. Browder and Petryshyn (1967) introduced and studied the class of
strictly pseudocontractive mappings as an important generalization of the class of nonexpansive
mappings. It is trivial to see that every nonexpansive mapping is strictly pseudocontractive.
Motivated by Browder and Petryshyn (1967), Chidume et al. (2013) introduced the class of

multi-valued strictly pseudocontractive mappings defined on a real Hilbert space H.
1.2 Basic Notions and Definitions

Definition 1.2.1: A norm on a real or complex vector space X is a real-valued function on
X whose value at an x € X is defined by ||x|| which has the properties

(Ny) x|l = 0,

(Ny) |lx]| = 0 ifand only if x =0,

(N3) llax|l = lalllxll,

(N llx + yll < x|l + |lyll, forall x,y € X and scalar a.

A normed space X is a vector space with a norm defined on it. A Banach space is a complete

normed space (Kreyszing, 1978).

Definition 1.2.2: A mapping (,) : X X X — K is an inner product space in X if for any x,y,z €
X and scalar  in the scalar field K the following conditions are satisfied

(@) (x +y,2) = (x,2) +(y,2),

(i) {ax,y) = aly, x),

(iii) (x,y) = (7, x),
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(iv) (x,x) = 0and (x,x) = 0 if and only if x = 0.
An inner product space is a vector space X with an inner product defined on X.
An inner product space is called Pre-Hilbert space. Every inner product space is also normed

vector space, with norm given by ||x|| = (x, x) (Kreyszing, 1978).
Definition 1.2.3: A complete inner product space H is called a Hilbert space (Kreyszing, 1978).

Definition 1.2.4: A mapping T on an inner product space X into itself is said to have a fixed
point if there exists x € X such that Tx = x (Siddiqi, 2003).

Definition 1.2.5: Let X and Y be nonempty sets. T is said to be a multi-valued or set-valued
mapping from X to Y if T is a function from X to the power set of Y. We denote a multi-valued
map by T:X — 2Y. A point x € X is said to be a fixed point of the multi-valued mapping T if
x € Tx. The set F(T) = {x € D(T):x € Tx} is the fixed point set of T. A point x € D(T) is
called a strict fixed point of T if Tx = {x} (Maria and Ramganesh, 2013).

Definition 1.2.6: Let E be a normed space. A multi-valued mapping T: D(T) € E — 2F is said
to be
(@) Lipschitzian mapping, if there exists L > 0 such that
H(Tx,Ty) < Lllx =yl , forall x,y € D(T). (1)
(b) Contraction mapping, if thereis 0 < L < 1 such that
H(Tx,Ty) < L||lx — y|| , forall x,y € D(T).
(c) Non-expansive mapping, if
H(Tx,Ty) < ||lx — yl| , forall x,y € D(T) (Djitte and Sene, 2014).

Also Aunyarat and Suthep (2012) defined Quasi-Nonexpansive Mapping as follows:
A multi-valued mapping T:D(T) € E — 2E is said to be

(d) Quasi-Nonexpansive Mapping, if F(T) = {x € D(T):x € Tx} # @ and
H(Tx,Tp) < ||x — pl|, forall p € F(T).

Definition 1.2.7: Let K be a nonempty subset of a Normed space E. The set K is called

proximinal if for each x € E there exists u € K such that

d(x,u) = inf{llx —yll:y € K}
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=d(x,K) 2)
where d(x,y) = ||x — y|| Vx,y € E (Djitte and sene, 2014).

It is known that every nonempty closed convex subset of a real Hilbert space is proximinal.

Definition 1.2.8: The Hausdorff distance is the greatest of all the distances from a point in one
set to the closest point in the other set. Let CB(K) and P(K) denote the families of nonempty

closed bounded subsets and nonempty proximinal bounded subset of K, respectively.

The Hausdorff metric on CB(K) is defined by

H(A, B) = max {szpedga,B) , supbdéb,BA)} 3)

for all A,B € CB(K). where d(a,B) = inf{d(a,b): b € B} is the distance from the point a to

the set B. In general the Hausdorff metric is a metric (Djitte and Sene, 2014).

Example 1.2.8.1: Let A = {1,3}, and B = {2, 6} be two sets. Then, determine the Hausdorff
distance from A to B (Hausdorff, 1914).
Solution: Leta € A ={1,3}and b € B = {2,6}.

supd(a,B) , sup d(b,A)

Then H(A,B) = max{ } But d(a, B) = inf {d(a,b):b € B}.

a€A beB
So that
d(1,B) =inf {d(1,b):b € B} =inf {1,5} =1
and
d(3,B) =inf {d(3,b):b € B} = inf {1,3} = 1.
Then

supd(a,B) = sup {1,1} = 1.

a€eA

And also d(b,A) = inf {d(b,a):a € A}.

So that

d(2,A4) =inf {d(2,a):a € A} =inf {1,1} =1
and

d(6,4) =inf {d(6,a):a € A} = inf {5,3} = 3.
Then

supd(b,A) = sup {1,3} = 3.

bEB
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supd(a,B) , supd(b,A)

Therefore, H(A,B) = max{ a€A beB

}=max {1,3} =3.

Example 1.2.8.2: Determine the distance between A and B, where
(a) INnR?: A =[0,1] x [0,1], and B = {0} x [0,3] (Hausdorff, 1914).

Solution: Since d(0,B) =inf {d(0,b):b € B} =inf {0,3} = 0and d(1,B) =inf{1,2} = 1.
Then
supd(a,B) = sup {0,1} = 1.

a€eA

Similarly
supd(b,A) = sup {0,2} = 2.
beB

Therefore

supd(a,B), supd(b,A)

H(A’B)=max{aeA beB

}=max (1,2} = 2.

(b) OnR: A = {0}, and B = {—10,10} (Hausdorff, 1914).

Solution: Since d(0,B) = inf {d(0,b):b € B} = inf {10,10} = 10.

Then
supd(a,B) = sup {10,10} = 10.
a€eA
Similarly
d(b,A) = inf {d({—10,10},{0})} = inf {10,10} = 10.
Then
supd(b,A) = 10.
beEB
Therefore,

supd(a,B), supd(b,A)

H(A,B)=max{aeA e }:max (10,10} = 10.

(c)On R:A={1,2,7},and B = {6,100} (Hausdorff, 1914).

Solution: d(a,B) = inf {d(a,b):b € B}
Then
d(1,B) =inf {5,99} =5; d(2,B) = inf {4,98} = 4 and d(7,B) = inf {1,93} = 1.
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Thus
supd(a,B) = sup {5,4,1} = 5.

acA
Again d(b,A) = inf {d(b,a):a € A};
This implies that

d(6,A) =inf {d(6,a):a € A} =inf {5,4,1} =1

and
d(100,4) = inf {d(100,a):a € A} = inf {99,98,93} =93.
Then
supd(b,A) = sup {1,93} = 93.
beEB
Therefore

supd(a, B), sup d(b,A)

H(A,B)zmax{aeA e }=max (5,93} = 93.

Definition 1.2.9: A Banach space X is said to be uniformly convex if for any ¢,0 < € < 2, the

inequalities ||x|| < 1,|lyll <1 and ||x — y|| = ¢ imply there exists a § = §(&) > 0 such that

@” < 1 — 6. This says that if x and y are in the closed unit ball B, := {x € X:||x|| < 1}

with ||x — y|| = € > 0, the midpoint of x and y lies inside the unit ball B, at a distance of at least
6 from the unit sphere S, (Agarwal et al., 2009).

Example 1.2.9.1: Every Hilbert space H is uniformly convex space. In fact, the parallelogram
low gives us

lx + ylI? = 2(lIx]1* + llylI*) = llx — y||* forall x,y € H.
Suppose x,y € By with x # y and ||x — y|| = . Then ||x + y||? < 4 — €2, so it follows that

”(x;—y)” <1-05(e), where 5(e) =1- 1/1 - 82/4-

Therefore, H is uniformly convex (Agarwal et al., 2009).

Definition 1.2.10: A sequence {x,,} in a normed space X is said to be strongly convergent if

there is an x € X such that lim ||x,, — x|| = 0.
n—-oo

This is written

lim x,, = x orsimply x, — x.

n—-oo
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The element x is called the strong limit of {x,,}, and we say that {x,,} converges strongly to x
(Kreyszing, 1978).

Weak convergence is defined in terms of bounded linear functional as follows.

Definition 1.2.11: A sequence {x,} in a normed space X is said to be weakly convergent if there
IS x € X such that for every f € X',

lim f(xn) = f(x).

This is written as x,, % x. The element x is called weak limit of {x,}, and we say that {x,}

converges weakly to x (Kreyszing, 1978).

Now let us see the relation of strong convergence and weak convergence as follows:

Theorem 1.2.12: Let {x,,} be a sequence in a normed space X. Then strong convergence implies

weak convergence with the same limit (Kreyszing, 1978).

Proof: By definition, x,, —» x means ||x,, — x|| = 0 and implies that for every f € X'

|f Gen) = FOON = |f (e = 2)]
< lIf1lllxy = x[[ = 0.

This shows that x,, = x ]
But, the converse of this theorem is not true.

Theorem 1.2.13:
In a finite dimensional normed space X, any subset M c X is compact if and only if M is closed
and bounded (Kreyszing, 1978).

Bahir Dar University Department of Mathematics Page 7



Chapter 2

Fixed Point Iterative Methods

In 1930, R.Caccioppoli remarked on Banach contraction principle that the contraction
condition may be replaced by the assumption of the convergence of the sequence of iterates,
which lead to open another direction of studying fixed point theory, known as approximation of
fixed point of an operator. So, to speak on iterative sequence, Picard iteration scheme has a wide
range of applications in different branches of sciences; nevertheless, it has found to have some
crucial drawback that the iterative sequence obtained by this method may not always converge,
which was modified by Mann (1953) by introducing a new type of iteration scheme, called the
Mann iterative process, formed by certain regular type of infinite matrices, with which he proved
some theorems on approximation of fixed point for continuous mapping. Consequently, the

Ishikawa iteration scheme was introduced.
2.1 Iteration Process

In recent years, several works have been done on the approximation of fixed points of multi-
valued nonexpansive mappings by many authors. Different iterative schemes have been
introduced by several authors to approximate the fixed points of nonexpansive mappings (see for
example Sastry and Babu (2005); Panyanak (2007); and Song and Wang (2007 & 2008)).
Among the iterative schemes, Sastry and Babu (2005) introduced Mann and Ishikawa iteration as

follows:

2.1.1 Mann lteration Process

Let E be a normed space, K be nonempty, closed and convex subset of E and T:E — P(E) be a
multi-valued mapping and let p be a fixed point of T. The sequence of Mann iterates is given for
Xo € K by
Xne1 = (1 — ap)x, + apy, ,Vn =0, Yn € Txy,
Iy, —pll = d(p, Txy ), (4)
where a,, is a real sequence in (0,1) satisfying the following conditions:

(D) Ygeqay = 00; (ii)lima, = 0.
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2.1.2 Ishikawa lteration Process

Let E be a normed space, K be nonempty, closed and convex subset of E. Let T:E — P(E) be a
multi-valued mapping and let p be a fixed point of T. The sequence of Ishikawa iterates is given
for x, € K by
Yn =0 =B)xn+ Pnzn,  zn €TXy,
Iz —pll = d(p, Txy),
Xne1 = (1 —ap)xn + @py,  Up € Typ, ()

lu, —pll = d(p, Ty, ),

where {a,}, {B,} are real sequences satisfying the following conditions:

(@D 0<a, B,<1; (i) lim B, =0; and (iii) Ypeq Apfr = 0.
n—->00

2.2 Basic Concepts and Lemmas

In this section we will see some basic lemmas, which are used to prove the following theorems

which are presented on chapter three.

Lemma 2.2.1: Let {a,} and {B,,} be two real sequences such that (i)0<a, B,<1;
(ii) B, » 0asn —» oo and (iii) Y, a,, B, = oo. Let {«,,} be a non-negative real sequence such that
Y anfn (1 — Br) vy is bounded. Then {y,} has a subsequence which converges to zero (Sastry
and Babu, 2005).

Proof: Since limp, =0 and } a,B, =, then Y a,B,(1—B,) = . we shall show
n

that lim, inf y, = 0. Suppose not, i.e. there exists € > 0 and N € N such that y,, > ¢ for all

n > N. This implies

£ Zﬁ:N anﬁn(l - ﬁn) < Z?i:N anﬁn(l - .Bn) Yn < 0o,
which is a contradiction, and hence the conclusion follows. ]

Kreyszing (1978) defined compactness in a normed space as follows:

Let X and Y be normed spaces and T: X — Y a linear operator. Then T is compact if and only if
it maps every bounded sequence {x,} in X onto a sequence {x,} in Y which has a convergent

subsequence.
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Lemma 2.2.2: Let X be a Banach space. Then X is uniformly convex if and only if for any given
number p > 0, the square norm ||. ||? of X is uniformly convex on B, the closed ball centered at
the origin with radius p; namely, there exists a continuous strictly increasing function
@:[0,0) — [0,0) with ¢(0) = 0 such that

llax + (1 — a)yll? < allx|l* + (1 — DIyl — a(1 — )(lx -y,

forall x,y € B, a € [0,1] (Xu, 1991).

Lemma 2.2.3: Let H be a real Hilbert space. Then
1Ax + (1 = Dyll? = Allxll* + (1 = Dllyll* = 21 = Dllx = ylI? (6)
forall x,y € H, and A € [0,1] (Djitte and Sene, 2014).
Proof: |[Ax + (1 —Dy|l? = {Ax+ (1 — Dy, x + (1 — D)y)
= (Ax, Ax) + (Ax, (1 = Dy) + (1 = Dy, Ax) + (1 = Dy, (1 = Dy)
= 2%(x,x) + A(1 = D{x,y) + (1 = DAy, x) + (1 = D(1 = )y, y)
=A% x,x) + A(1 = D{x,¥) + (1 = DAx,y) + (1 = Dy, y) — 21 = D)y, )
=[1-(1-DJAx,x) + 221 - D{x,y) + (1 = Dy, y) — A1 - D)y, y)
= Mx,x) — A(1 — D(x, x) + 2A4(1 — D{x, y) — AL = D)(y, y) + (1 — Dy, y)
= Mx,x) — A1 = D[{x, x) — 2{x, y) + (v, )] + (1 = Dy, y)
= Mx,x) = A1 = D[(x, x) = (x,y) = (x, ) + (v, 9] + (1 = D)(y,»)
= Mx,x) = A1 = D[(x, %) — (x,y) = (¥, x) + (., ¥)] + (1 = D)(y,»)
=Ux,x) —AA - D[(x —y,x =)+ (A - Dy, y)
= Alxll? =21 = Dllx = ylI> + 1 = Dlyll>. n
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Chapter 3

Iterative Methods for Multi-valued Self Mapping

Sastry and Babu (2005) called the process defined by equation (4) Mann iteration process and
the process defined by equation (5) where the iteration parameters «,,, [, satisfy conditions
(i), (i) and (iii) an Ishikawa iteration process. They proved that the Mann and Ishikawa
iteration schemes for a multi-valued map with fixed point converge to a fixed point of T under
certain conditions. More precisely, they proved the following result for a multi-valued

nonexpansive map with compact domain.

Theorem 3.1: Let H be real Hilbert space, K be a nonempty compact convex subset of H,
and T: K — P(K) a multi-valued nonexpansive map with a fixed point p. Assume that (i) 0 <
an, Bn <1; (ii) B, — 0; and (iii) ), a,B, = . Then, the sequence defined by equation (5)
converges strongly to a fixed point of T (Sastry and Babu, 2005).

Proof: By using Lemma 2.2.3, we have
xns1 = Pl = I(1 = an)xn + auu, — plI?
= (1= apllx, — plI? + ayllun — plI* — an(1 — an)llx, — u,ll?
< (1 - apllxn = plI? + anH?(Tyn, Tp) — an(1 — ap)llxn, — unll?
< (1= a)llxy —plI? + anllyn — plI? — an (1 — an)llxn — uall?, ()
lyn =2l = 11 = Br)xn + Buzn — pII?
< (1= Bllxn — plI? + Bullze — pII* = Bu(1 = B llxn — 2,7
< (1= Bllxn — P> + BrH? (T2, TD) — B (1 = B llxn — Zu I
< (1= B)llxn — 1> + Bullxy — pII? = Br(1 = B)llxy — 2, l?
= llxn = plI* = Bn(1 = Bo)llxy — 2 ll*. (8)
From (7) and (8), we have
lxne1 — 212 < (1 = a)lixn — plI* + anllxn, — plI? — @nfn(1 = B llxn — z,ll?
—an(1 — a)llxn, — uull%.
Therefore,
anBr(1 = B)llxn = Zpll? + an (1 — @) llxn — unll® < llxn — plI? = llxnes — plI%

This implies
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Y=t @nBn(1 = B)llxn — z, 11> < llxy — plI? < 0.
Hence, by Lemma 2.2.1, there exists a subsequence
{xn, — zn,} Of {x,, — z,} such that ||x,,, — z,,|| > 0as I - .

Since zy, € Txp, d(Txn, Xn,) < ||%n, — 2n,|| > 0asl > wand {x,,} € K, K being compact,
without loss of generality, we may assume that x,,, - q as [ - o. Now

d(Txn, q) < d(Txp, %y,) + ||xn, — q|| > 0asl - oo.
Also H(d(Txy,,Tq)) = 0 as | — co. Hence

d(q,Tq) < d(q,Tx,,) + H(Txn, Tq) > 0asl - oo,

This show that g € Tq. Hence, the theorem follows. |

Panyanak (2007) extended the above result of Sastry and Babu (2005) to uniformly convex real

Banach spaces. He proved the following result.

Theorem 3.2: Let E be a uniformly convex real Banach space, K a nonempty compact convex
subset of E, and T: K — P(K) a multi-valued nonexpansive map with a fixed point p. Assume
that (i) 0 < ap, Bn <1; (ii) B, — 0; and (iii) ) @, B, = 0. Then, the sequence defined by
equation (5) converges strongly to a fixed point of T (Song and Wang, 2008).

Proof: By using Lemma 2.2.2, we have
lxns1 — pII? = I1(1 = an)xn + anun — plI?

< (1= anllxy —plI? + anlluy — plI? — an (1 = )@ llxn — uall)

< (1= allxn = plI? + anH?(Tyn, Tp) — an(1 — an)@(llxy — unll)

< (A= a)llxy —plI* + anlly, — plI> — 22 (1 — @)@ llxn — ualD, 9)
lyn = pII? = II(1 = B)xn + Bnzn — pII?

< (1= Bllxn — 1> + Bullze — pII* — Bu(1 = B (llxy — 2z, D)

< (1= Bllxn = plI* + BrH?(Txn, Tp) — Bn(1 = B)@(llxn — znll)

< (1= Bllxn — 12 + Bullxn = plI> = Br(1 = B)@(llxn — znll)

= ”xn - p”2 - ﬁn(l - ﬁn)(p(”xn - Zn”)- (10)
From (9) and (10), we get
xns1 = plI? < 2ty — PII? — @B (1 — Br)@(llxn — ZplD). (11)

Therefore,
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anfn(1 = B lxn — zpll) < llxn — plI? = 041 — pII%
This implies

Yr=1 @nBn(1 = B (lxn — zall) < llxy — plI? < oo.
Hence, by Lemma 2.2.1, there exist a subsequence {x,,, — zy, } of {x, — z,} such that
@(||xn, — zn,||) > 0 ask » oo and hence ||x,, —z,,|| = 0, by the continuity and strictly
increasing nature of ¢. By the compactness of K, we may assume that x, — q for some q € K.
Thus,

d(q,Tq) < ||lg — xu, || + d (3, Txn,,) + H(Txp,, Tq)
< |la = x|l + llxn, — 2ng || + |0, — || = 0 s k - 0.

Hence q is a fixed point of T. Now on taking g in place of p, we get that {||x, —qll} is a

decreasing sequence by equation (11). Since ||x,, — g|| = 0 as k — oo, it follows that

{||xn, — q]|} decreases to 0, so that the conclusion of the theorem follows. n

Panyanak (2007) also modified the iteration schemes of Sastry and Babu (2005). Let K be a
nonempty closed convex subset of a real Banach space and let T: K — P(K) be a multi-valued

nonexpansive map with F(T) a nonempty proximinal subset of K.

The sequence of Mann iteration is defined by x, € K,
Xnt1 = (1 — ap)xy + apyn,
an, €la,b], 0<a<b<l1l n=0, (12)
where y,, € Tx,, such that ||y, — u,|l = d(u,, Tx,,) and u,, € F(T) such that
”xn - un” = d(xn; F(T))-
The sequence of Ishikawa iteration is defined by x, € K,
Yn = (1- ﬁn)xn + Bnzn (13)
Bn€lab]l, 0<a<b<l1l n=0
where z,, € Tx,, such that ||z, — u,|| = d(u,, Tx,) and u, € F(T) such that
”xn - un” = d(xn; F(T))-
Consider

Xnt+1 = (1 - an)xn + anzn, ’
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a, €la,b], 0<a<b<1l n=0, (14)
where z,," € Ty,, suchthat ||z, — v,|| = d(v,, Ty,) and v, € F(T) such that

“yn - Un” = d(yn, F(T))
Before we state Panyanak theorem (2007), we need the following definition.

Definition 3.3: A mapping T: K — CB(K) is said to satisfy condition (I) if there exists a strictly
increasing function f: [0, ) — [0, ) with f(0) =0, f(r) > 0 forall r € (0, %) such that

d(x,T(x)) = f (d(x,F(T))) ,Vx € D(T) (Senter and Dotson, 1974). (15)

Theorem 3.4: Let E be a uniformly convex real Banach space, K a nonempty closed bounded
convex subset of E, and T:K — P(K) be a multi-valued nonexpansive map that satisfies
condition (). Assume that (i) 0 < a,, < 1 and (ii) ), a@,, = 0. Suppose that F(T) is a nonempty
proximinal subset of K. Then, the sequence {x,,} defined by equation (12) converges strongly to
a fixed point of T (Panyanak, 2007).

Proof: The generalization of Theorem 3.2.

Lemma 3.5 Let A,B € CB(X) and a € A. For every y > 0, there exists b € B such that
d(a,b) < H(A, B) + y (Nadler, 1969) (16).

Song and Wang (2007 & 2008) modified the iteration process by Panyanak (2007) and improved
the results therein. They made the important observation that generating the Mann and Ishikawa
sequence in Panyanak (2007) and is in some sense dependent on the knowledge of fixed point.

They gave their iteration scheme as follows:

Let K be a nonempty closed, convex subset of a real Banach space and let T: K — CB(K) be a

multi-valued map. Let a,,, B, € [0,1] and y,, € (0, ) such that lim y,, = 0. Choosing x, € K,
n—-oo

Yn = (1 - .Bn)xn + .ann'
Xnt+1 = (1 - an)xn + aplUy, (17)
where z,, € Tx,,, u, € Ty, such that
”Zn - un” < H(Txn; Tyn) + Yno
and
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”Zn+1 - un” < H(Txn+lr Tyn) + Yn. (18)
Then they prove the following result.

Theorem 3.6: Let K be a nonempty compact, convex subset of a uniformly convex real Banach
space E. Let T: K —» CB(K) be a multi-valued nonexpansive mapping with F(T) # @ satisfying
T(p) = {p}forall p € F(T). Assume that (i) 0 < a,, S, < 1; (ii) B, = 0; and (iii) Y ap,fn =
co. Then, the sequence defined by equation (17) converges strongly to a fixed point of T (Song
and Wang, 2007).

Proof: Take p € F(T),that is T(p) = {p}, and ||z, — p|| = d(z,, Tp). Using a similar proof of
Theorem 3.2, we have
%11 — 2II? < (1 — ap)llxg — plI? + anllun, — plI? — an(1 — an)o(llx, — unl)

< (1 - allx, — plI* + an(H(Tyn, Tp))?

< (1 - ap)llxy — plI* + aglly, — pll?

< (1 - apllxn = plI? + an[(1 = Bllxn — plI? + Brllz, — plI?

—Bn(1 = B)(llxn — znlD]

< llxn = plI? = @nfn(1 = e (llx, — z, D)

Therefore,
X041 — 2l < llxn — plI?
and
anfBn(1 = B)olxn — zpll) < llx — plI? = ll2p41 — pII? (19)

Then {||x,, — pl|} is a decreasing sequence and rllii?ollx” — p|| exists for each p € F(T). It

follows from (19) that

Y anBn(1 = B)o(llxn — zalD) < llxy — plI%.
The remainder proof is the same as that of Theorem 3.4. [ ]

Shahzad and Zegeye (2009) extended and improved the results of Sastry and Babu (2005);
Panyanak (2007); and Song and Wang (2007 & 2008) to multi-valued quasi-nonexpansive
mappings. Also in attempt to remove the restriction T(p) = {p} for all p € F(T) in Song and
Wang theorem (2007 & 2008), they introduced a new iteration scheme as follows.
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Let K be a nonempty closed convex subset of a real Banach space, T:K — P(K) be a multi-
valued map, and Prx = {y € Tx:|[x — y|| = d(x,Tx)}. Leta,, B,, € [0,1]. Choose x, € K and
define {x,} as follows:

Yo = (1 = Bn)xn + Bnzn,

Xn+1 = (1 — an)xn + anup, (20)

where z, € Prxn, U, € Prv,. Then they prove the following result.

Theorem 3.7: Let X be a uniformly convex real Banach space, K a nonempty convex subset of
X, and let T: K - P(K) be a multi-valued map with F(T) # @ such that P is nonexpansive.
Let {x,} be the Ishikawa iterates defined by equation (20). Assume that T satisfies condition (1)
and a,,, B, € [a,b] c (0,1). Then {x,} converges strongly to a fixed point of T (Shahzad and
Zegeye, 2009).

Proof: Letp € F(T).Then p € pr(p) = {p} and thus, we obtain
lyn = pll = I(X = Br)xn + Bnzn — Pl
< (1 = B)lixn — pll +Bnllzn — pll
< (1 = Bllxn = pll + Bnd(zn, pr(p))
< (1= Bllxn = pll + BuH (pr(xn), pr(p))
< (1= Bllxn —pll + Bullxn — pll
< llxy —pll.
And
IXn+1 —pll = I(1 = an)x, + anu, —pll
< (1 = apllxy — pll + anllu, — pll
< (1 - ap)llxn — pll + and(un, T(p))
< (1 - apllxn — pll + anH(@r(n), prp))
< (1 - allxn —pll + anlly, —pli
< (A = allxn, — pll + anllx, —pll
< |lxn = plI-
Consequently, the sequence {||x,, — p|l} is decreasing and bounded below and thus

lim ||x,, — p|| exists for any p € F(T).
n—>oo

Applying Lemma 2.2.2, we have
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%41 — 2lI2 = I(1 — an)xy + anu, — plI?
< (1= a)llxn, = plI*> + aplluy — plI> — 2 (1 — @)@ (llxn, — unll)
< (1= ap)llxn, = plI* + an(Hpr ), pr@))? — an(1 — an)o(llx, — unll)
< (1 - a)llxy, = plI* + aylly, — plI%
From Lemma 2.2.2, it follows that
lyn = plI? = 11 = Br)xn + Bnzn — pII?
< (1= Bllxp = plI? +B,llzn — plI* = Ba(1 = B)@(llxn — z,l)
< (1= B)llxy = plI? + Bn(H(pr (), pr(0))? — Brn(1 = B)@(llxn — zu D)
< (1 = Bllxn = plI? + Bullxn — plI?> = B (1 = B (llxn — 2,
< llxn = plI? = Ba(1 = B)@(llxn — 2nl).
So
%041 =PI < (1 = a)llxy — plI* + anllx, — plI> — @B (1 = B @ (llx, — 2z, D).
This implies that
a’(1 = b)o(llxn = ¥ulD) < @nBn(1 = B lx, — 2,1
< llxn = plI> = x4 — pII%.
And so
Yn=16*(1 = b)p(|lxn, — ypll) < oo
Thus, 111_{210 @(|lx, — z,Il) = 0. Since ¢ is continuous at 0 and strictly increasing, we have
Ai_r)ElO”xn — zy|l = 0. Also d(x,, T(x,)) < llx, — z,|l > 0as n - oo. Since T satisfies condition

(1), we have lim d(x,, F(T)) = 0. Thus, there is a subsequence {x,, } of {x,} such that
n—->00

||%n,, — k|| < zik for some {p,} c F(T) and all k. And {p,} is a Cauchy sequence in K and

thus, convergesto g € K.
Since d(px, T(q)) < d(pr, pr(@)) < H(pr(pi), pr(q)) < llp — qll and py » g ask - oo,
it follows that d(q,T(q)) =0 and so q € F(T) and {x,,} converges strongly to g. Since

lim ||x,, — q|| exists, it follows that {x,,} converges strongly to g. This completes the proof. m
n—>oo

Remark: In recursion formula (4), the authors take y,, € Tx,, such that ||y, —pll = d(p, Tx,,).

The existence of y, satisfying this condition is guaranteed by the assumption that Tx, is
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proximinal. In general such a y, is extremely difficult to pick. If Tx, is proximinal, it is not
difficult to prove that it is closed. If in addition, it is a convex subset of a real Hilbert space,
then 1y, is unique and is characterized by

(P= Y Yn—Un) =0 Vu, €Txy,. (21)
One can see from this inequality that it is not easy to pick y, € Tx, satisfying

lyn — pll = d(p, Txy) (22)
at every step of the iteration process. So, recursion formula (4) is not convenient to use in any
possible application. Also, the recursion formulas defined in (13) and (14) are not convenient in
any possible application. The sequences {z,} and {z,'} are not known precisely. The restrictions

Zn € Txn, 12 — upll = d(uy, Txn) , uy € F(T),
and
Zp' € Tyn, 127" — vpll = d(vp, Tyn) , va € F(T).

make them difficult to use. These restrictions on z, and z,,’ depend on F(T), the fixed points set.

So, the recursions formula (13) and (14) are not easily usable.

Definition 3.8: Let K be a nonempty subset of a real Hilbert space H. A map T:K — H is
called k-strictly pseudocontractive if there exists k € (0,1) such that

ITx = Tyll? < llx — ylI> + kllx —y — (Tx — TY)|I* Vx,y € K. (23)
If k=1in(23),themap T is said to be pseudocontractive (Djitte and sene, 2014).

Browder and Petryshyn (1967) introduced and studied the class of strictly pseudocontractive
maps as an important generalization of the class of nonexpansive maps. A mapping T: K — K is
said to be nonexpansive mapping satisfies ||[Tx — Ty|| < ||lx — y|| Vx,y € K. It is trivial to see

that every nonexpansive map is strictly pseudocontractive.

Motivated by Browder and Petryshyn (1967); Chidume et al. (2013) introduced the class of

multi-valued strictly pseudocontractive maps defined on a real Hilbert space H as follows.

Definition 3.9: A multi-valued map T: D(T) € H — 2¥ is called k-strictly pseudocontractive if

there exists k € (0,1) such that for all x,y € D(T),
2
(H(Tx,Ty))" < llx = ylI* + kllx —y = (u = v)||? (24)
Vu € Tx,v ETy.
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If K=11in(24),then T issaid to be pseudocontractive (Djitte and sene, 2014).

Example 3.9.1: Let T: [0,1] - 2% be the multi-valued map defined by
Tx = {{2} ifx=20 (25)

{0,x} ifx # 0.

Then,

(i) T Satisfies forall x,y € D(T),

(HTxTY)" < lx = yI? + klx —u - (v = )2, (26)
Vu eTx,vEeTy.

(ii) T is not nonexpansive (Djitte and sene, 2014).

Proof of (i):

Inequality (26) is obvious for x = y = 0. Now for (x,y) # (0, 0), we proceed as follows.
Casel. Assume that x, y € (0,1]. In this case, Tx = {0,x} and Ty = {0, y}.Therefore, we have

supd(a,{0,x}), supd(b,{0,y}) }

H(Tx,Ty) = max {a €Ty b e Tx

= max{min{x, |x - y[}, min{y, | - y1}}

_ [max{lx = y|, min{y, |x — yI}}, if x>y
=lx —yl. (27)

Hence, for all x,y € (0,1], we have
(HTxT) <l —yP+lx—u—(y-v), (28)
Vu € Tx,v € Ty.
Case2. Assume that x € (0,1] and y = 0. In this case, we have Tx = {0,x} and Ty = T0 = {2}.

supd(a,{0,x}), supd(|2 —b|) }
a € {2} b € {0, x}

Therefore, H(Tx,Ty) = max{
= SUppefo|2 — bl
= sup{2,—x + 2} (29)
=2
On the other hand, let u € Tx = {0,x} and v € Ty = {2}.
(i) if u =0, then
|(x —w) = (v —v)|? = (x + 2)? (30)
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> (H(Tx, Ty))?.
(ii) if u = x, we have
|(x —w) — (v —v)I> = 4 = (H(Tx, Ty))*. (31)
Therefore,
(HTxTy)" < lx =y +1(x—w) = (y = )% (32)
VueTx,veTy.
This completes the proof of (i).
Proof of (ii)
If x € (0,1] andy = 0, we have that H(Tx,Ty) = 2 and |x — y| = x. S0,
H(Tx,Ty) > |x — yl. (33)
This proves that T is not nonexpansive. |

We see from equation (24) that every nonexpansive mapping is strict pseudocontractive and
hence the class of pseudocontractive mappings is a more general class of mappings. Then, they
prove strong convergence theorems for this class of mappings. The recursion formula used is of
the Krasnosel’ski (1955).

Theorem 3.10: Let K be a nonempty closed, convex subset of a real Hilbert space H. Suppose
that T: K —» CB(K) is a multi-valued k-strictly pseudocontractive mapping such that F(T) # @.
Assume that T (p) = {p} forall p € F(T). Let {x,} be the sequence defined by x, € K,

Xpt1 = (1 —Dxp, + Ay, n=0, (34)
where y,, € Tx, and 1 € (0,1 — k). Then, Al_r)‘ilo d(x,, Tx,) = 0 (Chidume et al., 2013).

Proof: Letp € F(T), we have the following known identity:

12 + (1 = Dyll* = AlxlI? + (1 = Dlyll* — A4 = Dllx — ylI?, (35)
which holds for all x,y € H and for all 1 € [0,1]. Using inequality (20) and the assumption that
T(p) = {p} for all p € F(T), we obtain the following estimates:

%1 — 217 = 11 = Dy + Ay, — plI?
=1 =D (xn —p) + 200 —DII?
= (1= Dlixn = plI* + Alyn = plI> = 21 = Dllxy, — ynll?
< (1= Dllxy = plI? + AH(Tx,, TP))? = A1 = Dllxn — yll? (36)
< (1= Dlixn = plI? + Al = plI* + kllxn, — yal1?) = 21 = Dllx, — yull?
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= |lxy = plI* = Allxy = plI* + Allxy = plI* + Akllxy = yull* = 21 = DIy, — yull?
= ”xn - p”2 + Ak”xn - ynllz - 1(1 - /’D”xn - ynllz
= llxn —plI* + 2k — (1 = D)2, — ynll?

= ”xn_pllz _A(l_k_l)”xn_ynllz (37)
It then follows that
A1 =k = D) Tl — yall® < llxo — plI2 < oo (38)
which implies that
Z?f:l”xn - ynllz < o, (39)
Hence, lim ||x,, — y,|| = 0. Since y,, € Tx,, we have that lim d(x,,Tx,) = 0. ]
n—-oo n—-oo

Definition 3.11: A mapping T: K — CB(K) is called hemicompact if, for any sequence {x,} in
K such that d(x,,Tx,) - 0 as n - oo, there exists a subsequence {xnk} of {x,} such that
{xnk} — p € K. we note that if K is compact, then every multi-valued mapping T: K — CB(K) is
hemicompact (Aunyarat and Suthep, 2012).

Example 3.11.1: The real line is Hemi-compact.

Theorem 3.12: Let K be a nonempty compact convex subset of a real Hilbert space H and let
T:K — CB(K) be a multi-valued k-strictly pseudocontractive mapping with F(T) # @ such that
T(p) = {p},Vp € F(T). Suppose that T is continuous. Let {x,,} be the sequence defined by x, €
K,

Xnt1 = (1 — Dx, + Ay, n >0, (40)
where y,, € Tx,, and A € (0,1 — k). Then, the sequence {x,,} converges strongly to a fixed point
of T (Chidume et al., 2013).

Proof: Observing that if K is compact, every mapping T: K = CB(K) is hemicompact. So the

proof becomes as follows: From Theorem 3.10, we have that lim d(x,,Tx,) = 0. Since T is
n—oo

hemicompact, there exists a subsequence {x,, } of {x,} such that {x,, } - q as k - o for some

q € K. Since T is continuous, we also have d(xnk,Txnk) — d(q,Tq) as k — o. Therefore,

d(q,Tq) =0and so q € F(T). Setting p = q in the proof theorem 3.10, it follows from
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inequality (37) that lim |[x,, — q|| exists. So, {x,,} converges strongly to q. This completes the
n—-oo

proof. ]

We see that, for the more general situation of approximating a fixed point of a multi-valued
Lipschitz pseudocontractive map in a real Hilbert space, an example of Chidume and
Mutangadura (2001) shows that, even in the single-valued case, the Mann iteration method does

not always converge in the setting of Theorem 3.12.

Djitte and sene (2014) proved strong convergence theorems for the class of multi-valued
Lipschitz pseudocontractive maps in real Hilbert spaces. They use the recursion formula (17),
dispending with the second restriction on the sequences {z,} and {u,}:

”Zn+1 - un—l” < H(Txn+1'Tyn) + Yn. = 1.

This class of maps is much larger than that of multi-valued nonexpansive maps used in theorem
Song and Wang (2007 & 2008). So, in the setting of real Hilbert spaces, a result of Djitte and
Sene (2014) improves and extends the result of Song and Wang (2007 & 2008).

Lemma 3.13: (Daffer and Kaneko, 1995).
Let {a,} and {y,,} be sequences of nonnegative real numbers satisfying the following relation:
A1 < Ay + Yy vn = n,, (41)

where n, is a nonnegative integer. If ), y,, < oo, then lim a,, exists.
n—-oo

Proof: Forn,m > 1, we have

Apt+m+1 < Aptm + Yn+m

n+m
< an + j=n Yj-
Hence, lim,, a,, < a, + X723 y;, which implies that lim,, a,, < lim, a,.

This completes the proof. ]
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3.1 Main Result

Djitte and Sene (2014) use the following iteration scheme.
Let K be a nonempty closed convex subset of a real Hilbert space H and «,, 5, and y, real
sequences in (0,1]. Let {x,,} be the sequence defined from arbitrary x; € K by
Yo =1 =Bxn + Pnttn, n2=1,
Xpy1 = (L —ap)x, +a,w, n=1, (42)
Where u,, € Tx,, and w,, € Ty, are such that
lun —wall < H(Txn, Tyn) + ¥a- (43)
Then Djitte and Sene (2014) first prove the following Theorem.

Theorem 3.14: Let K be a nonempty closed convex subset of a real Hilbert space H and T: K —
CB(K) a multi-valued L-lipschitz pseudocontractive mapping with F(T) # @ and Tp =
{p} Vp € F(T). let {x,} be the sequence defined by equation (42) and (43). Assume
that (i) 0 < a,, Bo <1 Vn=0; (i)limpB, =0; (iii)Y a,B, = wand Yy, < o.

Then lim inf,, . d(x,, Tx,) = 0 (Djitte and sene, 2014).

Proof: Let p € F(T). Using Lemma 2.2.3, the fact that T is pseudocontractive, and the
assumption Tp = {p} Vp € F(T), we have
xns1 — PII? =11 — an)x, + aqwy, — plI?
= (1= apllx, = plI* + aullwy — plI* — an(1 — ap)llx, — wyll?
< (1 = ap)llxn = plI? + an(H(Tyn, )" = an(1 = a1y, — w2 (44)
< (1= a)llxn = plI> + an(llyn — pII? + llyn = wall?) — @ (1 — ap)llxn, — wyll?
= (1 — allxn = plI?> + anllyn — pII* + anllyn — wall? — an (1 — ap)llxn, — wyll?
Observing that
lyn = wnll? = I(1 = Br)xn + Battn — wyll?
= (1= B)llxn = will® + Bullun = wyll? = Bn(1 = B)llxn — unll® (45)
Then, from inequality (44) and identity (45), we have that
1 —2I? < (A = allxn — plI? + aullyn — plI? + an((1 = B llxn — wylI?
+hullun = wall? = Br(1 = B)llxn — unll®) — an(1 — an)llx, — wyll?. (46)
Using again Lemma 2.2.3, the fact that T is pseudocontractive, and the assumption

Tp = {p},Vp € F(T), we obtain the following estimates:
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lyn = plI? = 11 = Br)xn + Brun — plI?
= (1 = Bllxn — plI? + Bullun — 217 = B (1 = B llxn — unll?
< (1= Bllxn — plI? + B (H(Txy, Tp))? — Bn(1 = Brdllxn — unll? (47)
< (1= Bllxn = plI? + Balllxn = plI? + llug — 2, 117) = Ba(1 = B llxn — uylI?
= |lxn — Pl + Bl — unll®.
Therefore, inequalities (46) and (47) and condition (1) imply that
%1 = PI? < (1 = a)llxn = pII? + an(I1xn =PI + Bl — unll?) +
an((1 = By — wull?+Bpllun — will? — B (1 = B)llxn — unll®) —
an(1 = ap)llx, — wyll?
< Nt = Pl + @nB’l1xn — wpll? + (1 = B llxn — W ll? + anBlltt, — wy 2
—nfn(1 = B)llxn — unll? — an(1 — ap)llx, — wylI?
= llxn = plI* = anfn(1 = 2B)lxn — unll® = @n (B — ) llxn — wyll?
+ apfpllun — wyll?
< llxn = plI? = @nBn(1 = 2B)lIxn — unll® + anBnlluy — wyll*. (48)
Using inequality (43), the fact that T is L-Lipschitzian, and the recursion formula (42), we have
ltn = Wall* < 28,° L2112 = unll* + 27,2 (49)
Therefore, from inequalities (48) and (49), we obtain
%41 =PI < Ny = PP @nBn(1 = 28 = 2L28,7) X llx — unll® + 2152 (50)
Observing that condition (ii) yields that B, + Lzﬁnz < 1/4, for all n > N for some N, it then
follows that
~ 3 @B 1 — wnll? < llxy = PIZ + 2 T3y va? < o0, (51)
which implies, by condition (iii), that “ﬂg‘f”xn —u,|| = 0. Since u, € Tx,, it follows that

d(xp, Tx,) < ||x, — u,ll. Therefore, liminfd(x,, Tx,) = 0. ]
n—-oo

Example 3.14.1: LetT:[—1,1] - CB[—1,1] be the multi-valued map defined by

Ty — {{O}, if x € [—1,0]
T U-x01 ifxefo1]
Then T satisfies for all x,y € D(T),
H(Tx,Ty) < |lx =yl

and (52)
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2
(HTxTy) < llx=ylI> + lI(x —w) = (7 —=wll%,
Vu €Tx,Vw € Ty.

Proof: Inequality (52) is obvious for x = y = 0. Now, we proceed as follows.

Case 1: Assume that x,y € [0,1]. Inthis case Tx = [—x,0] and Ty = [—y, 0].
Therefore, we have
H(Tx,Ty) = max{sup d(a,Ty), sup d(b, Tx)}
a€Tx bETY

= max{|x — yl|,[x — yl}

= |x -yl

< [lx =yl
Hence, for all x,y € [0,1], we have

(HT%TY))" < llx = yI2 + G —w) = & = w2,
Vu € Tx,Vw € Ty.

Case 2: Assume that x,y € [—1,0]. In this case, we have Tx = {0} and Ty = {0}.
Therefore, we have
H(Tx,Ty) =0 < [[x = yll.

Hence, for all x,y € [—1,0], we have

2
(H(Tx,Ty)) <llx—ylI? +I(x —w) — (y —w)lI%,
Yu € Tx,Vw € Ty.

Case 3: Assume that x € [0,1] and y € [—1,0]. In this case, we have
Tx = [—x,0] and Ty = {0}.
Therefore, we have
H(Tx,Ty) = H(Tx,0) = max {sup d(a,Tx), sup d(|0 — bl)}
ae{0} beTx

= sup|b|

bETX
= sup|x, 0|
= |x|

< llx = yll.
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Hence, for x € [0,1] and y € [—1,0], we have

(H(Tx,Ty))" < llx = yIP? + G —w) = & = w)I%
Vu € Tx,Vw € Ty. [ |
Therefore, from three cases: If T is nonexpansive, then it is Lipschitzian and Pseudocontractive.
Now let us continue the iteration process for the above example.
Letx, = 05. Take o= (n+1) 72, ap=(m+1)"72 and y, = (n+1) 72
Stepl:Forn=1
y1 = (1 —B1)x; + PBiuy, Where u, € Tx; =T(0.5) = [-0.5,0].
= (1-5) (05) + = (-0.4), u, = —0.4.
= 0.146447 — 0.282843

= —0.136396,
x; =1 —ay)x; + a;w;, where wy € Ty, = T(—0.136396) = 0.
= (1-%) (05) + 5 (0), w; = 0.
= 0.146447
such that ||lu; — wql|l < H(Tx1,Ty,) + v1.
This implies that ||u; — wy|| = ||—0.4 — 0| = 0.4,
H(Tx;,Ty,) = H(Tx4,0)
< g — y4ll
=]|0.5 + 0.136396||
= 0.636396

and

1
=—=10.707107.
V1 \/E

Therefore, 0.4 < 0.636396 + 0.707107 = 1.343503.
Step 2: For n = 2, x3 = 0.061319

Step 3: For n =3, x, = 0.028660

Step 4: For n =4, xg = 0.013607

Step 5: For n =5, xg = 0.007236

Step 6: For n =6, x; = 0.003367

Step7: For n =7, xg = 0.00200
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Step 8: For n =8, x9 — 0.001300

Step9: For n =9, x;0 = 0.000699

Step 10: For n =10, x;; — 0.000398
Step 11: For n =11, x;, — 0.000254
Step 12: For n =12, x;3 = 0.000181
Step 13: For n =13, x;, = 0.000130
Step 14: For n = 14, x;5 — 0.000075

Proceeding in similar way, it converges to zero.
We now prove the following corollaries of Theorem 3.14.

Corollary 3.15: Let K be a nonempty closed convex subset of a real Hilbert space H and
T:K — CB(K) a multi-valued Lipschitz pseudocontractive mapping with F(T) = @ and Tp =
{p} vp e F(T). Let {x,} be the sequence defined by (42) and (43). Assume that T is
hemicompact, and ()0<a, <B,<1Vvn=0; (i) limB,=0; and (iii) ) a, By = o;
and (iv) Y y,% < «. Then, { x,,} converges strongly to a fixed point of T (Djitte and Sene,
2014).

Proof: From Theorem 3.14, we have that lim inf d(x,, Tx,) = 0. So there exists a subsequence

n-co
{xn,} of {x,} such that the lim inf d (xy,, Txy,) = 0. Using the fact that T is hemicompact, the
sequence {xnk} has a subsequence denoted again by {xnk} that converges strongly to some q €
K. Since T is continuous, we have d(xnk, Txnk) — d(q,Tq). Therefore, d(q,Tq) = 0 and so
q € F(T). Now setting p = q in inequality (50) and using condition (ii) we have that

xns1 — qll? < llxn — qll* + 27%, (53)
for all n > N for some N > 1. Therefore, lemma 3.13 implies that lim [|x,, — q|| exists. Since
,{ijﬂlo”xnk —q|| = 0, it then follows that {x,} converges strongly to q € F(T), completing the
proof. |
We can easily observe that if T is nonexpansive, then it is Lipschitzian and pseudocontractive.

Therefore, the following corollary generalizes Song and Wang theorem (2007 & 2008) in the

setting of Hilbert spaces.
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Corollary 3.16: Let K be a nonempty compact convex subset of a real Hilbert space H and
T:K — CB(K) a Multi-valued Lipschitz Pseudocontractive mapping with F(T) #= @ and Tp =
{p} Vp € F(T). Let {x,} be the sequence defined by (42) and (43). Assume that (i) 0 < a,, <
fn<1V¥n=0; (ii)limB, =0; and (iii) Y a, B, = ; and (iv) Y y,% < o. Then, {x,}
converges strongly to a fixed point of T (Djitte and Sene, 2014).

Proof: Since K is compact, it follows that T is hemicompact. So, the proof follows from

corollary 3.15.

Corollary 3.17: Let K be a nonempty compact convex subset of a real Hilbert space H and
T:K — CB(K) a Multi-valued Lipschitz Pseudocontractive mapping with F(T) # @ and Tp =
{p} Vp € F(T). Let {x,} be the sequence defined by (42) and (43). Assume that T satisfies
condition (I) and ()0<a,<B,<1Vvn=0; (ii)limB,=0; and (iii) ) a, fn = o;
and (iv) Y y,% < o. Then, the sequence {x,} converges strongly to a fixed point of T (Djitte
and Sene, 2014).

Proof: From Theorem 3.14, we have that li,rfl,glfd(xn' Tx,) =0. So there exists a
subsequence {xnk} of {x,} such that liﬂglfd(xnk'Txnk) = 0. Since T satisfies condition (I)
we have liminfd(xy,, F(T)) = 0.Thus there exists a subsequence of {%n,} denoted again by
{xn, } and a sequence {p,} c F(T) such that
len, = pill < 3 ke (54)
By setting p = py ininequality (47) and using condition (ii), we have
s = Pell” < e, = 2l + 20,2
< 2+ 20,7 (55)

Forall k > k, for some k, > 1.

We now show that {p, } is a Cauchy sequence in K. Notice that, for k > k,
2 2
|lDK+1 — Pk”2 < 2||pk+1 - xnk+1” + 2||xnk+1 - Pk”

1 1
<2 (s + 35+ 20, 7) (56)

1 2
<2 <2k_1 + 2y, >
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From condition (iv), it follows that {p,} is a Cauchy sequence in K and thus converges strongly
to some q € K. Using the fact that T is L-Lipschitzian and p; — g, we have

d(pr, Tq) < H(Tpy, Tq) < Llipx — qll, (57)
So that d(q,Tq) = 0 and thus q € Tq. Therefore, q € F(T) and {xnk} converges strongly to q.
Now setting p = q in inequality (50) and using condition (ii) we have that

%41 = qlI? < llxn = qlI* + 2%, (58)
for all n > N for some N > 1. Therefore, Lemma 3.13 implies that ,lflﬁ‘o”xn — q|| exists. Since

lim ||x,, — g|| = 0. It then follows that the sequence {x,} converges strongly to g € F(T),

k—oo

completing the proof. [

Remark: The result of Djitte and Sene (2014) theorem and corollaries improve convergence
theorems for multi-valued nonexpansive mappings in Sastry and Babu (2005); Panyanak (2007);
Song and Wang (2007 & 2008); Daffer and Kaneko (1995) and Shahzad and Zegeye (2009) in
the following sense.

(i) In Djitte and Sene algorithm, u, € Tx,, w, € Ty, do not have to satisfy the restrictive
conditions |lu, —pll = d(p, Tx,) and ||lw,, — p|| = d(p, Ty,) in the recursion formula (5) and
similar restrictions in the recursion formulas (13) and (14). These restrictions on u,, and w,
depend on p, a fixed point that is being approximated or the fixed points set F(T). Also in our

algorithm, the second restriction on the sequences

{Zn} and {un}: ”Zn+1 - un—l” < H(Txn+1' Tyn) + V1 =1,

in the recursion formula (17) is removed.

(ii) Djitte and Sene theorems and corollaries are proved for the class of multi-valued Lipschitz
pseudocontractive mapping which is much more general than that of multi-valued nonexpansive

mappings.

(iii) Corollary (3.16) is an extension of the theorem of Ishikawa (1974) from single-valued to
multi-valued Lipschitz pseudocontractive mappings. And also Real sequences that satisfy the

hypothesis of Theorems 3.14 are

0, =m+1) 2, B,=(n+1)"72, and y, = (m+1) /2,n>0.
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3.2 Summery

In this project Sastry and Babu introduced the Mann and Ishikawa iteration schemes for a multi-
valued map T with a fixed point p converge to a fixed point T under certain conditions. More

precisely, they proved their result for a multi-valued nonexpansive map with compact domain.

However, Panyanak (2007) extended the result of Sastry and Babu (2005) to a uniformly convex
real Banach spaces and modified the iteration schemes. In addition Song and Wang (2007 &

2008) modified the iteration process by Panyanak (2007) and improved the results therein.

Moreover, Shahzad and Zegeye (2009) extended and improved the results of Sastry and Babu,
Panyanak and Song and Wang to a multi-valued quasi-nonexpansive mappings. All these authors

which mentioned above has been done for a multi-valued nonexpansive mappings.

Browder and Petryshyn (1967) introduced and studied the class of strictly pseudocontractive
maps as an important generalization of the class of nonexpansive maps. Motivated by Browder
and Petryshyn, Chidume et al. (2013) introduced the class of multi-valued strictly

pseudocontractive maps on a real Hilbert space.

The most important conclusion from this project work is to prove strong convergence theorems
for the class of multi-valued Lipschitz pseudocontractive mappings in Hilbert spaces by Djitte

and Sene (2014). This class of maps is much larger than that of multi-valued nonexpansive maps.
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