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Abstract

In this project, using the fuzzy ideal and fuzzy filters of fuzzy lattice, defined by Mezzomo
[9], we define ox— level set of fuzzy set, and we prove some results based on Mezzomo’s
definition, and we evaluate the necessity of those definitions based on general algebraic

context of the notion of Lattice Theory.
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Symbols

x — Universal set

W — Membership function

(P,<) — partial order set (poset)

(L,<) — Order Lattice

X — Fuzzy set

A— Fuzzy relation

£ = (X,A)— Fuzzy lattice

Fp(X)— Family of proper filters of a fuzzy lattice
Ip(X)— Family of proper ideals of a fuzzy lattice
Ip(£)— Family of proper fuzzy ideals of a fuzzy lattice
Fp(£)— Family of proper fuzzy filters of a fuzzy lattice
F (£)— Family of fuzzy filters of a fuzzy lattice

I(£)— Family of fuzzy ideals of a fuzzy lattice



Chapter 1

Introduction and Preliminary concepts

1.1 Itroduction

The development of lattice theory was started around the 1930’s. Thereafter it was
strengthened by Birkhoff [3], and he attempted on the one hand to introduce the most
important concepts and most generally used simple methods of lattice theory, and on the
other hand to point out the connections of lattice theory with other branches of Math-
ematics. Zadeh [12] was the first mathematician who introduced the concepts of fuzzy
set to define and study fuzzy relation, and this concepts was adapted by Goguen [5] and
Sanchaz [10] to define and study fuzzy relation. The concepts of fuzzy sub lattices and
fuzzy ideals of a lattice was introduced by Yaua and Wu [11] . Fuzzy lattice was defined
as a fuzzy algebra by Ajmal and Thomas [1] and they characterized fuzzy sub lattices a
first time. In 2000, fuzzy ideals and fuzzy filters of a lattice was defined and character-
ized in terms of meet and join operation by Attallah [2]. In 2009 fuzzy partial ordering
relation was characterized in terms of its level set by Chon [4]. Chon in the same paper
defined a fuzzy lattice as a fuzzy relation and he developed basic properties and charac-
terized a fuzzy lattice by its level set. As a continuation of these study in 2012 Mezzomo
et al.[6] and [7] defined an ideals and filters of fuzzy lattice and more recently, Mezzomo

[9] defined fuzzy ideals and fuzzy filters of a fuzzy lattice as in the sens of Chon [4] as a
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crisp subset ¥ C X endowed with the fuzzy order A|y «y. As a continuation of Mezzomo’s
work, we observed that, the definitions of some terms and its consequent propositions are
found in tract forms in the Mezzomo [9], paper. This motivated us to do a project on the
fuzzy ideals and fuzzy filters of a fuzzy lattice. So based on this idea in this project we
define a— level set of a fuzzy set on a nonempty set X, and we prove some results based
on Mezzomo’s definition. As a result of this we have a paper which is accepted for a
publication.

This project consists two chapters. The first chapter deals about the introductory and the
preliminary concepts, of fuzzy ideals and fuzzy filters of a fuzzy lattice, and the second
chapter deals about the definitions of fuzzy ideals and fuzzy filters of a fuzzy lattice, and
set of equivalent conditions which will be characterize fuzzy ideals (filters) of a fuzzy

lattice.

1.2 Preliminary

In this section, we recall some basic definitions, and results from [4, 6, 8, 9] and [12] that
will be required in the main results of this project and readers who are familiar with these

basic concepts may wish to proceed to the next section.

Definition 1.2.1. [9] A relation R between two nonempty sets X and Y are the mapping R

: X XY — {0, 1} meaning that:
1. If the value of relation is R(x, y) = I for some x € X and y € Y, then x and y are
related.
2. Otherwise R(x, y) = 0, we say that x and y are unrelated.

And its characteristic membership function is a mapping Ug : X x Y — {0, 1} which

is defined by s



1.2. Preliminary 3

Definition 1.2.2. [4] A partially ordered set (poset) is a pair (P, <) where P is a non

empty set and < is a binary relation on P that satisfies the following axioms:

(a) x <xforallx e P (reflexive);
(b) If x <yandy < x, then x =Yy for all x,y € P (anti-symmetry);
(c) If x<yandy <z thenx <zforall x,y,z € P (transitive).

Definition 1.2.3. [4] Let (P, < ) be a poset and let Y C P. An element u € P is said to be
an upper bound for a subset Y if and only if b< u for all b € Y. An upper bound ug for Y is
the least upper bound of Y if and only if uy < u for every upper bound u of Y. An element
v € P is said to be a lower bound for a subset Y if and only if v < b for all b € Y. A lower
bound v for Y is the greatest lower bound of Y if and only if v < vq for every lower bound
vofY.

Definition 1.2.4. [9] Let L be nonempty set and (L,<) be a poset, if x\V'y and x \'y exist

Vx,y € L, then L is called a lattice .

Definition 1.2.5. /8] Let L be a nonempty set and (L, <) be a lattice. A nonempty subset
I of L is called an ideal of a lattice if it satisfies the following conditions:

(i)Ifyel, xeLand x <Yy, thenx €l;

(ii) If x,y € I implies x\V 'y € I.

On the other hand a nonempty subset F' of L is called filter of a lattice if it satisfies

the following conditions:
I. fyeF,xeLandy <x,thenx € F,
2. Ifx,ye Fimpliesx\y e F.

An ideal and a filter is called proper if it does not coincide with L. A proper ideal I of
L is prime iff x,y € L and x Ay € I implies that either x € l or y € I. Dually if xVy e[l

implies that either x € [ or y € I, then I is called a proper filter of a lattice.
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Definition 1.2.6. [12] A fuzzy set X in x is characterized by a membership function Lz
maps the elements of the domain, space or universal set X to the unit interval [0, 1], that
is,

Mg o x —[0,1]

where [0,1] means a real number between 0 and 1 including them and a set X is a univer-

sal set it includes all possible elements related with the given problem.

The fuzzy set X in  is represented as a set of order pairs of an element x € y and its

grade of membership, i.e, X = {(x, g (x)) : x € x}.

Definition 1.2.7. [9] Let X and Y be two nonempty sets. A fuzzy relation A is a mapping
Jfrom the cartesian product X XY to the interval [0, 1], i.e, A: X XY —[0, 1]. If X =Y,

then we say that A is a binary fuzzy relation on X.

The strength of the relation between ordered pairs of two universes is not measured
with the characteristic function, but rather with a membership function expressing various
degrees of strength of relation on the unit interval [0, 1].

N.B For the simplicity we use A(x, y) instead of 4 (x,y).

Remark 1.2.1. ( [9] Remark 2.2.1 ) The o« — level set of a fuzzy relation A : X X Y — [0,
1] is defined as:

Ag ={(x,y) eX XY :A(x,y) > a} forallxe X,y €Y and o € (0,1].
In the same way, we define the support of a fuzzy relation A as:
S(A) ={(x,y) e X xY : A(x,y) > 0}
Definition 1.2.8. /8] Let X be a non-empty set. A binary fuzzy relation A in X is:
1. fuzzy reflexive if A(x,x) = 1, for all x € X,

2. fuzzy anti-symmetric if A(x,y) > 0 and A(y,x) > 0 implies x =y, for all x,y € X,
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3. fuzzy transitive if A(x,z) > sup,cx min{A(x,y),A(y,2) }, for all x,y,z € X.

Definition 1.2.9. [9] A fuzzy relation A on a nonempty set X is a fuzzy partial order

relation if:
1. A is fuzzy reflexive;
2. Ais fuzzy anti-symmetric and
3. A is fuzzy transitive for all x,y,z € X.

If A is a fuzzy partial order relation on a set X, then (X, A) is called a fuzzy partial
ordered set or a fuzzy poset.

According to the ( [9] Definition 3.1.1) Let (X, A) be a fuzzy poset and let 0 # B C X.
Then an element u € X is said to be an upper bound for a subset B if A(b,u) > 0 for all
b € B. An upper bound ¢ for B is the least upper bound of B if A(t,u) > 0 for every upper
bounds u of B. Dually an element a € X is said to be a lower bound for a subset B if
A(a,b) > 0 for all b € B and a lower bound y for B is the said to be greatest lower bound
of B if A(a,y) > 0 for every lower bounds a of B. We denote the least upper bound of the

set {x,y} by xVy and denote the greatest lower bound of the set {x, y} by x A y.

Definition 1.2.10. (/4] Definition 3.2) A fuzzy poset (X, A) on the fuzzy relation A is a
fuzzy lattice if and only if it satisfies the following axioms for all x, y € X.

(i) x\y (inf{x,y}) is exist and;

(i) x\Vy (sup{x,y}) is also exist.

Where N\ and N/ are meet and join operator on the set X respectively.

Example 1.2.1. (/8] Example 2.1) Let X = {x,y,z,w} and let A : X x X — [0,1] be a
fuzzy relation such that A(x, x) = A(y, y) = A(z, z) = A(w, w) = 1.0, A(x, y) = A(x, 2) = A(x,
w)=A(y, z) =A(y, w) =A(z, w) = 0.0, A(y, x) =0.3, A(z, x) = 0.5, A(w, x)= 0.8, A(z, y) =
0.2, A(w,y) =04 and A(w, z) = 0.1 . Then (X, A) is fuzzy poset and also x V' y = x, x V
=x,xVw=x,yVz=yyVw=yzVw=zandx \Ny=yxANz2=2xXAwW=w,yAZ

=z yAw=wandz \w=wis exist then (X, A) is a fuzzy lattice.
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Proposition 1.2.2. [9] Let A : X x X — [0, 1] be a fuzzy relation. If A is fuzzy partial
ordering relation on X, then for each a € (0,1] the a-level set Ay is a partial order

relation on X.

Proof. Let A be a fuzzy partial ordering relation on X and & € (0, 1]. Since A(x, x) = 1 for
all x € X, (x, X) € Ay for all @ € (0, 1], and hence A, is reflexive. Suppose (x, y) and (y,
x)isin Ay. Then A(x,y) > o > 0 and A(y, x) > o > 0 this implies that, A(x, y) > 0 and
A(y, x) > 0 since A is fuzzy anti-symmetric, X = y. Again suppose that (x, y) and (y, z)
is in A, then A(x, y) > o and A(y, z) > a. Since A(X, z) > supyexmin{A(x,y),A(y,2)},
then A(x, z) > min{A(x,y),A(y,2)} > &

= AKX, z) >« (by transitivity property).

= (X, z) € Ay, and hence Ay, is partial ordering relation on X. ]

Proposition 1.2.3. [9] Let A: X x X — [0,1] be a fuzzy relation. If A is fuzzy partial

order relation on X, then S(A) is a partial order relation on X.

Proof. Let A be fuzzy partial order relation on X. Since A(x,x) =1 > 0 Vx € X, implies
that (x,x) € S(A). Suppose (x,y), (y,x) € S(A) then A(x,y) > 0 and A(y,x) > 0, because
A is fuzzy anti-symmetric we have x = y. Again suppose (x,y),(y,z) € S(A). Then,
A(x,y) > 0and A(y,z) > 0. Since

A(x,z) > supmin{A(x,y),A(y,z)} > 0.
yeX

Implies that (x,z) € S(A), hence S(A) is partial order relation on X. O

Proposition 1.2.4. [9] Let L = (X,A) be a fuzzy poset, then x\'y and x N\ 'y coincides with
xVyandx Nyin (X, S(A)).

Lemma 1.2.5. [9] Let (X, A) be a fuzzy poset. (X, A) is a fuzzy lattice iff (X, S(A)) is a

lattice.

Proof. (=) suppose (X,A) is a fuzzy lattice, then A is fuzzy partial relation on X. Hence

by the proposition 1.2.3 S(A) is partial order relation on X. Therefore (X,S(A)) is poset.
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And thus by proposition 1.2.4 (X,S(A)) is a lattice.

(<) Straightforward from the proposition 1.2.4. 0

Definition 1.2.11. ( /9] ) Let £ = (X, A) be a fuzzy lattice. Then £ is said to bounded
fuzzy lattice, if there exist least or (L) and the greatest or (T) elements in X such that

A(L,x)>0and A(x,T) >0 forallx € X.

Definition 1.2.12. (/6] Definition 3.1) Let £ = (X, A) be a fuzzy lattice and ¢ #Y C X.
ThenY is said to be ideal of £ if it satisfies the following conditions:

(i)IfxeX,yeY and A(x,y) >0, thenx €Y;

(ii) If x,y €Y, thenxVyeY.
On the other hand, Y is filter of £ if:

1. xeX,yeY and A(y,x) >0, thenx €Y,
2. x,yeY, thenxN\yeY.

In both cases, if Y # X, then Y is called proper ideal (proper filter) of £.

Notation: The class of all proper ideals (filters) of £ are denoted by I,(F),)(X).

Example 1.2.6. Let X = {0, a, b, ¢} and define two binary operations \/ and N\ in X as

follows:

and

o o & Ol >
SO OO0
o o o OC
o o0 o Ol0

oo oOl«
oo oo
c o o olo
o oo oo
oo O

O o o o e

Again define a fuzzy relation A : X x X — [0, 1] as follows: A(0,0) =A(a,a) =A(b,b) =
A(c,c) =1, A(a,0) = A(b,0) = A(c,0) = A(b,a) = A(b,c) = A(c,a) =0, A(0,a) = 0.3,
A(0,b) = 0.5, A(0,c) = 0.8, A(a,b) = 0.2, A(c,b) = 0.1, and A(a,c) = 0.4. Now let
£ =(X,A). A fuzzy relation A in this example on nonempty set X is a fuzzy partial order
relation and hence £ is a fuzzy poset, and easily we can show that from above tables both

sup and inf are exist for each pair of elements in X, then £ is a fuzzy lattice.
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Now let us consider I = {0,a} and F = {a,b,c}. I and F are two non empty subsets of
X. It is a simple task to show I and F satisfy all the axioms of ideals and filters of a fuzzy

lattice respectively and hence, I is an ideal of L and F is a filter of L.

Definition 1.2.13. (/9] Definition 5.2.1) Let Y be a proper ideal (filter) of a fuzzy lattice £
= (X, A). Then Y is said to be a prime ideal (prime filter) of £ if for all x,y € X and z € Y,

A(xAy,z) > 0 implies either x €Y ory €Y (A(xVy,z) > 0 implies either x €Y ory € Y).



Chapter 2

Fuzzy Ideals and Fuzzy Filters of a
Fuzzy Lattice

In this chapter, we recall some definitions and basic results from Mezzomo [9], and we
evaluate the necessity of those definitions based on general algebraic context of the notion

of Lattice Theory.

2.1 Definitions of Fuzzy Ideals and Fuzzy Filters of a Fuzzy
Lattice

In this section, we recall the definitions of fuzzy ideals and fuzzy filters of a fuzzy lattice,
and we redefine the definition of ot— level set of a fuzzy set, and in addition to this we
investigate some basic properties that coincides with the properties of the usual ideals and
filters of a lattice.

First, let us recall the definitions of the fuzzy ideals and fuzzy filters of a fuzzy lattice,

from [Mezzomo [9] Definition 6.1.1 and 6.1.2] respectively.

Definition 2.1.1. [9] Let £ = (X, A) be a fuzzy lattice and I be a fuzzy set on X. Then I is

said to be a fuzzy ideal of £ if it satisfies the following axioms for all x, y € X.

L. If w(y) > 0 and A(x,y) > 0, then p(x) > 0;
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2. If ur(x) > 0and py(y) > 0, then pr(xVy) >0

Similarly, at the Definition 6.1.2 Mezzomo defined the notion of fuzzy filters of fuzzy

lattice as follows:

Definition 2.1.2. [9] Let F be a fuzzy set on the set X. Then F is said to be fuzzy filters of

fuzzy lattice (X, A) if it satisfies the following conditions for all x, y € X.
L. If up(y) > 0 and A(y,x) > 0, then up(x) > 0;
2. If urp(x) > 0 and up(y) > 0O, then up(xAy) > 0.

Example 2.1.1. Let £ = (X, A) be a fuzzy lattice defined at Examplel.2.]1. Consider a
fuzzy sets I = {(x,0.0),(y,0.2),(z,0.4), (w,0.7)} and F = {(x,0.2), (»,0.5),(z,0.4), (w,0.0) }
on X. Then I and F satisfies the conditions of fuzzy ideals and fuzzy filters of fuzzy lattice

respectively. So 1 is fuzzy ideal of £ and F is fuzzy filter of £.

Notation: We denote the family of fuzzy ideals (filters) of a fuzzy lattice by I(£)(F (£))
respectively.

Here in the above definition, we can understand that, the definitions of fuzzy ideals
and fuzzy filters of a fuzzy lattice is analogous to the definitions of ideals and filters of
a fuzzy lattice respectively. In the definitions of ideals and filters of a fuzzy lattice, the
conditions of a given nonempty subset Y of X to be an ideal (filter) of a fuzzy lattice (X,
A) are formulated based on the memberships of elements of X in Y. On the other hand,
the definitions of fuzzy ideals and fuzzy filters of a fuzzy lattice, the conditions of a given
fuzzy set I on X to be fuzzy ideal (filter) of a fuzzy lattice (X, A) are formulated based on
the degree of memberships of elements of X in a fuzzy set I rather than being a members
of a given set only.

Now, let us recall the definition of support sets of a given fuzzy set I on a set X.
In [9] Mezzomo, defined a support set of a fuzzy set I on a set X denoted by S(I) by

S(I) ={x € X : w(x) > 0}. Consequently, we can easily verify that a fuzzy set I on a set
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X is nonempty iff () is a non empty subset of a set X. From the definition of the support
set of a fuzzy set I, and the definitions of fuzzy ideal (filter) of a fuzzy set I (F) on X, we
can verify that an element x of X is in the support set S(I) iff y;(x) > 0. Since the support
set S(A) of a fuzzy relation A on a set X is a crisp relation, and the support set S(/) of a
fuzzy set I on X is a subset of a set X, we can characterize a fuzzy ideal (filter) of a fuzzy
lattice (X, A) via a support set S(/) in a lattice (X, S(A)). Mezzomo in [9], characterizes

a fuzzy ideal (filter) of a fuzzy lattice as follows.

Proposition 2.1.2. [9] A fuzzy set I on X is a fuzzy ideal of a fuzzy lattice (X, A) iff the
support set S(I) of I is an ideal of a lattice (X, S(A)).

Proof. (=) Let1be a fuzzy ideal of (X, A).

Claim1: S(7) is an ideal of (X, S(A)).

(i) If y € S(I) and (x,y) € S(A), then y;(y) > 0 and A(x, y) > 0. So by hypothesis I is
a fuzzy ideal of (X, A), then by Definition 2.1.1 (1) p;(x) > 0 and hence x € S(I). This
implies that x Ay = x € S(I).

(ii) Suppose x,y € S(I), then py(x) > 0 and p;(y) > 0. Since [ is fuzzy ideal of (X, A),
then by Definition 2.1.1 (2), t;(xVy) > 0. This implies that xVy € S(I). Therefore, from
(i) and (ii) S(7) is an ideal of (X, S(A)).

(<) Suppose that S(I) is an ideal of (X, S(A)) and let x, y € X.

Claim2: I is a fuzzy ideal of (X, A).

(i) If w7 (y) > 0 and A(x,y) > 0, theny € S(I) and (x, y) € S(A). Since S(I) is an ideal of
(X, S(A)) then by definition of classical ideal, x € S(I) and hence p;(x) > 0.

(ii) Suppose py(x) > 0 and p;(y) > 0, then x € S(I) and y € S(I). Since S(I) is ideal of (X,
S(A)), then by the definition of classical ideal x\Vy € S(I). Thus, p;(xVy) > 0 and hence
Iis a fuzzy ideal of (X, A). L]

Dually also we have the following proposition for the fuzzy filter.

Proposition 2.1.3. [9] Let F be a fuzzy set on X. F is fuzzy filter of a fuzzy lattice (X, A)
iff S(F) is a filter of (X, S(A)).
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Proof. (=) Let F be a fuzzy filter of (X, A).

Claim1: S(F) is a filter of (X, S(A)).

(i) Ify € S(F) and (y, x) € S(A), then ur(y) > 0 and A(y, x) > 0. So by hypothesis F is a
fuzzy filter of (X, A), then by Definition 2.1.2 (1) ur(x) > 0 and hence xVy = x € S(F).
(ii) Suppose x,y € S(F), then up(x) > 0 and ur(y) > 0. Since F is fuzzy filter of (X, A),
then by Definition 2.1.2 (2), ur(xAy) > 0. This implies that x Ay € S(F).

Therefore, S(F) is a filters of (X,S(A)).

(<) Suppose that S(F) is an ideal of (X, S(A)) and let x,y € X.

Claim?2: F is fuzzy filters of a fuzzy lattice (X, A).

(i) If ur(y) > 0 and A(y,x) > 0, then y € S(F) and (y,x) € S(A). Since S(F) is a filter of
(X, S(A)) then by the definition of classical filter, x € S(F) and hence g (x) > 0.

(ii) Suppose pr(x) > 0and ur(y) > 0, thenx € S(F) and y € S(F). Since S(F) is ideal of
(X, S(A)) then by the definition of classical filter x Ay € S(F). Thus, ur(xAy) >0 and
hence F is a fuzzy filters of (X, A). ]

In [9], Mezzomo defined a subset I (Fy) of a fuzzy set I (F) on X, where a € (0, 1] as
follows:

Let Ay be the o — level set where Ay = {(x,y) € X X X :A(x, y)> o} forall o € (0, 1]
and let I, = {x € : A(x, y) > a for some y € I} be an ideal of (X, Ay), and Fy = {x €
F : A(y,x) > o for some y € F} be a filter of (X, Ay). As a results of these definition,

Mezzomo in [9], state and prove the following propositions:

1. Let I be a fuzzy set on X. I is a fuzzy ideal of fuzzy lattice £ = (X, A) iff for each

o € (0,1], Iy is an ideal of (X, Agy).

2. Let F be a fuzzy set on X. F is a fuzzy filter of fuzzy lattice £ = (X, A) iff for each

o € (0,1], Fy is afilter of (X, Ag).

Now, if we look at the way Mezzomo [9] defined the notions of Iy (Fy), and the state-

ments of the above consequent propositions, there is a confusion between them. From
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the notions of Iy(Fy), Io(Fy) is defined in terms of a given fuzzy relation A, and it is
guaranteed that I, (Fy) is not arbitrary subset rather a subset which is dependent on the
degree of relation of an order pair (x, y) € I x I. On the other hand, when we look at the
above two consequent propositions, the statement started by letting a fuzzy set I (F) on X
without expressing what kinds of a fuzzy set is it, and its relation with I, (Fy ), and a given
fuzzy relation A. In this sense, one may take any arbitrary fuzzy set I (F), and generate
Iy (Fy) in terms of A. Thus, definitions of Iy (Fy,) given above is not clearly stated whether
a fuzzy set I (F) on X is defined by I4(Fy) in terms of a fuzzy relation A, or Iy(Fy) is
defined for any fuzzy set I (F) in terms of a fuzzy relation A.

To make it more clear, let us consider two distinct cases according to the above Ex-
planation.

Casel: Assume a fuzzy set I (F) is defined by I, (Fy) in terms of a fuzzy relation A.
In this case, I (F) can not be any arbitrary fuzzy set on a set X rather a fuzzy set on
X defined by Iy (Fy) in terms of a fuzzy relation A, and it is clear that the degree of
memberships of x € X in a fuzzy set I (F) is depend on the degree of relations of (X, y)
((y, x)) e X x X.

Now, let us consider the above propositions. If it is so, the statements of the proposi-

tion could be stated as follows.

1. LetIbe a fuzzy set on X such that Iy = {x € I : A(x,y) > o for some y € [}. lis a
fuzzy ideal of fuzzy lattice £ = (X, A) iff for each a € (0, 1], Iy is an ideal of (X,
Ag).

2. Let F be a fuzzy set on X such that Fo, = {x € F : A(y,x) > o for some y € F}. Fis
a fuzzy filter of fuzzy lattice £ = (X, A) iff for each a € (0, 1], Fy, is a filter of (X,
Ag).

Because of these statements, one can understand that the assumed fuzzy set I (F) is gener-

ated by Iy (Fy) in terms of a fuzzy relation A. Based on our assumption and the modified
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statements of the two propositions, I (F) is defined by I (Fy), and for any o € (0, 1],
A(x, y) (A(y, x)) > o for some y € I(F). Here also, when we look at the definitions of
Io(Fy), it says y € I(F) such that A(x,y) > a. But I (F) is a fuzzy set, and it does not
contain an element of X , rather it contains an ordered pair in the form of (x, u;(x))((x,
Ur(x))), where x € X. Thus, definition of I (Fy) is not clearly stated. Now, based on the

Mezzomo’s definition of I, and Fy, we have the following corollaries.

Corollary 2.1.4. Let (X, A) be a fuzzy lattice, and I be a fuzzy set on X such that Iy, =
{x€Il:A(x,y) > o for somey € I}, where o € (0,1]. Then I, =1 for all € (0,1].

Proof. Let o € (0,1], and I be a fuzzy set such that I, = {x € I : A(x,y) > «a for some
y € I}, and x be an arbitrary element in I, then A(x,x) = 1> «;
= A(X, X) > o this implies that x € I. Thus I C I,. And from the definition of 1, we

can understand that I, is nonempty subset of I, and hence I, = I, for all a € (0, 1]. [

Analogously, we have the following corollary.

Corollary 2.1.5. Let (X, A) be a fuzzy lattice, and F be a fuzzy set on X such that Fo =
{x € F:A(y,x) > a for some y € F}, where a € (0,1]. Then Fy = F for all o € (0,1].

Proof. Let o € (0,1], and I be a fuzzy set such that Fy = {x € [ : A(y,x) > a for some
y € I}, and x be an arbitrary element in F , then A(x,x) = 1> a;
= A(X, X) > «, this implies that x € Fy. Thus F C Fy. And from the definition of Fy, we

can understand that Fy, is nonempty subset of F, and hence Fy, = F, forall @ € (0,1]. [

From the above two corollary’s, we proved that, I = I and Fy, = F, for all o € (0, 1]
respectively. Therefore, according to our first Case, the definitions of I, and Fy are not
necessary.

Thus, the significance of the definitions of I, and Fy, and there consequent proposi-
tions are not clear.

Casell: Assume I (F) is any arbitrary fuzzy set on a set X, and its subset I (Fy) is

defined in terms of a fuzzy relation A, and a given fuzzy set I(F).
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In this case, we can take any arbitrary fuzzy set I(F) on a set X, and we can define Iy (Fy)
in terms of a fuzzy relation A on X, and a fuzzy set I(F). But according to our assumption,
we have arbitrary fuzzy set I(F) on X and a newly defined fuzzy set ! (F /) in terms of a
fuzzy relation A. As we have seen here, the two fuzzy sets I(F) and / / (F /) are independent
of each other. As a result, based on Mezzomo’s definition in [9], we may have two
different degree of membership values for each elements x of X. One value in terms of
the arbitrary fuzzy set I (F) and second value in terms of the newly defined fuzzy set ! (F /)
which is defined in terms of a fuzzy relation A. To make this more clear, let us justify it

by Example.

Example 2.1.6. Let X = {a,b,c,d} and let A : X x X — [0, 1] be a fuzzy relation such
that A(a, a) = A(b, b) = A(c, ¢) = A(d, d) = 1.0, A(b, a) = A(c, a) = A(d, a) = A(c, b) =
A(d, b) =A(d, c)=0.0, A(c,d) = 0.3, A(b, d) = 0.5, A(a, d) = 0.8, A(b, c) = 0.2, A(a, c)
= 0.4 and A(a, b) = 0.1. One can easily show that (X, A) is a fuzzy lattice.

Now, let us consider a fuzzy set I = {(a, 0.7), (b, 0.4), (¢, 0.2), (d, 0.0)}. As we have
seen here, the degree of memberships of all elements of X in I is not expressed in terms of
the degree of relations of all elements of X X X in A. If we define 1, based on the notions
of Iy stated in [9], the degree of relation of an element is different from their degree of
memberships in 1. Hence we can generalize that, the notions of Io(Fy,) stated above dose

not holds true.

Without lose of generality, let us modify the definitions of Iy (Fy) by taking element y

from X such that (y, w;(y))((y, ur(y))) € I(F) as follows:

Definition 2.1.3. Let I be a fuzzy set on X, then oc— level set of I denoted by 1, is defined

as.!

Io ={x€X :A(x,y) > a for some (y,u(y)) €I}
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2.2 Proper Fuzzy Ideals and Proper Fuzzy Filters of a
Fuzzy Lattice

In this section, we recall definitions of proper fuzzy ideals and proper fuzzy filters of a
fuzzy lattice, from Mezzomo [9], which is closed under the fuzzy intersection and it lays

the foundation for the next section.

Definition 2.2.1. (/9] Definition 6.2.4) Let £ = (X, A) be a fuzzy lattice. A nonempty fuzzy
set Z on X is called proper fuzzy set if uz(x) = 0 for at least one x € X. A fuzzy set Z is
called improper if uz(x) # 0 Vx € X. Fuzzy ideals (filters) Z of £ are proper (improper)
fuzzy ideals (filters) of £, if Z is proper (improper) fuzzy set on X.

Example 2.2.1. Let £ = (X, A) be the fuzzy lattice defined in the Example 1.2.6. Then the
proper fuzzy set I = {(0, 0), (a, 0), (b, 0.2), (¢, 0.5)} is a proper fuzzy ideal of L.

Proposition 2.2.2. (/9] Proposition 6.2.21) Let I be fuzzy ideals of a bounded fuzzy lattice
(X, A). Then I is a proper fuzzy ideal iff u(T) = 0.

Proof. (=) Let I be a proper fuzzy ideal of (X, A).
Claim: y;(T) =0.
By Definition 2.2.1, there exists at least one x € X such that y;(x) = 0. Since (X, A) is a
bounded fuzzy lattice, then by Definition 1.2.11 there exist a greatest element T € X such
that A(x, T) > 0. Suppose u;(T) > 0. Then by the Definition 2.1.1 (1) py(x) > 0 which
is contradiction to the hypothesis of u;(x) = 0.
) w(T)=0.

(<) Let y;(T) = 0 implies that there exists at least one T € X such that y;(T) = 0.

Thus, I is a proper fuzzy ideal. [

Proposition 2.2.3. [9] Let F be a fuzzy filter of bounded fuzzy lattice (X, A). Then F is
proper fuzzy filter iff up(L) = 0.

Proof. (=) Let F be proper fuzzy filter of bounded fuzzy lattice (X, A).
Claim: up(L)=0.
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By Definition 2.2.1, there exist at least one x € X such that ur(x) = 0. Since (X, A) is a
bounded fuzzy lattice, then by Definition 1.2.11, there exists an element L € X such that
A(L,x) > 0. Assume that up(L) > 0. Then by Definition 2.1.2 (1), we have pug(x) >0
which is contradiction to the hypothesis tr(x) = 0. Thus, ur(L) = 0.

( <) Straightforward from the definition of proper fuzzy filters. [

Notation: We denote the family of proper fuzzy ideals of a fuzzy lattice by 7,(£) and

family of proper fuzzy filters of a fuzzy lattice by F),(£) .
~ S -
Proposition 2.2.4. ([9] Proposition 6.2.23) Let Z C 1,(£) and X € I(£). Then ~Z # X.

Proof. Since I,,(L) be a family of a proper fuzzy ideals then by Proposition 2.2.1, Hi, (T)=
S -
0. Then uS,(T) = sup{uz,(T) : Zj € Z} = sup{0} = 0. Therefore, ~ Z # X. O

This proposition also holds for proper fuzzy filters of a fuzzy lattice.

Remark 2.2.1. ([9]) The union and intersections of a proper fuzzy ideals and a proper

fuzzy filters of a fuzzy lattice are a proper fuzzy ideal and proper fuzzy filter of fuzzy lattice.
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2.3 Prime Fuzzy Ideals and Prime Fuzzy Filters of a Fuzzy

Lattice

In this section, we recall the definitions of a prime fuzzy ideals (filters) of a fuzzy lattice,
which agrees with a prime ideals and prime filters of a lattice, and in addition, we inves-
tigate and prove some basic properties analogous to the properties of prime ideals(filters)

of a lattice and we correct some proposition from Mezzomo’s [9] result.
Definition 2.3.1. [9] A proper fuzzy ideal I of (X, A) is called prime fuzzy ideal:

if uy(xAy) >0, then either py(x) > 0 or py(y) >0, forall x, y € X.

Definition 2.3.2. [9] A proper fuzzy filter F of (X, A) is called prime fuzzy filter:
if uy(xVy) >0, then either up(x) > 0 or up(y) >0, forall x, y € X.

Example 2.3.1. Let X = {v, x, y, z, w} be a set and (X, A) be a fuzzy lattice such that A(v,
V)=A(x, x) = Ay, y) = A(z, 2) = A(w, w) = 1.0, A(v, x)=A(v, y) = A(v, 2) = A(v, w) = A(x,
y)=A(x, 7)) =A(x, w) =A(y, 2) =A(z, y) =A(y, w) = A(z, w) = 0.0, A(x, v) = 0.2, A(y, v)
=04, A(z, v) = 0.7, A(w, v) = 0.9, A(y, x) = 0.3, A(z, x) = 0.5, A(w, x) = 0.8, A(w, y) =
0.4 and A(w, z) = 0.1.

Consider the proper fuzzy ideal I = {(v, 0.0), (x, 0.3), (y, 0.7), (z, 0.6), (w, 1.0)} on
(X, A) and hence 1 is fuzzy ideal of (X, A). But I is not a fuzzy filter since y;(x) = 0.3
and A(x, v) = 0.2 > 0 but y;(v) = 0.0. Then let us cheek is it prime fuzzy ideal or not.
ur(vAx) = ur(x) =0.3 >0, yy(v) = 0.0 and p;(x) = 0.3;
w(vAy) = w(y)=0.7>0,u(v) = 0.0 and py(y) = 0.7;
w(vAz)=p(z) =0.6 > 0,;(v) =0.0 and w(z) = 0.6;
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ur(vAw) = pr(w) =1.0>0,u;(v) = 0.0 and py(w) = 1.0;
ur(xAy) = ur(y) =0.7 > 0, u7(x) = 0.3 and py(y) = 0.7;
ur(xAz) = p(z) =0.6 >0, u(x) =0.3 and py(z) = 0.6;

(
(
pr(x Aw) = pr(w) =1.0> 0, u7(x) = 0.3 and py(z) = 1.0;
ur(yAz) = mr(w)=1.0>0,(y) =0.7 and w;(z) = 0.6;

w(y Aw) = pr(w) =1.0> 0, u(y) = 0.7 and py(w) = 1.0;
(

ur(zAw) = pr(w) =1.0> 0, u;(z) = 0.6 and p(w) = 1.0;
Therefore, I is a prime fuzzy ideal of (X, A). Consequently, I is not a proper fuzzy

filter because py(w) = py(L) # 0 and therefore, I is not a prime fuzzy filter.

Proposition 2.3.2. [9] The intersection of a family of any prime fuzzy ideals are not prime

fuzzy ideal.

Proof. Let I and J be an arbitrary prime fuzzy ideals and x, y € X with x Ay =w. If
ins(x Ay) = tyns(w) > 0, then we do not conclude that either pyny(x) > 0 or wny(y) >0
since both of them may be equal to zero. In this case it falls the definition of a prime fuzzy
ideals.

Let us clarify it by example. Let X = {x, y, z, w} be a set and (X, A) be a fuzzy lattice
such that A(x, x) = A(y, y) = A(z, z) = A(w, w) = 1.0, A(X, y) = A(X, z) = A(x, w) = 0.0
Ay, x) = 0.3, A(z, x) = 0.5, A(w, x) = 0.8, A(w, y) = 0.4 and A(w, z) = 0.2. Consider
an arbitrary prime fuzzy ideals I = {(x, 0.0), (y, 0.5), (z, 0.0), (w, 1.0)} and J = {(x, 0.0),
(y, 0.0), (z, 0.3), (w, 1.0)} on (X, A). The fuzzy intersection INJ = {(x, 0.0), (y, 0.0),
(z,0.0), (w, 1.0)} is a fuzzy ideal. So pns(y Az) = wns(w) = 1.0 but yny(y) = 0.0 and
Wins(z) = 0.0. Therefore, I NJ is not prime fuzzy ideal. Thus, I and J are an arbitrary so

it holds for a family of prime fuzzy ideals. [

Dually, we can show that the intersection of a prime fuzzy filters of a fuzzy lattice is

not a prime fuzzy filter.
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The following proposition was transcribed from Mezzomo’s [9] Proposition 6.2.24,
but the statement of the proposition and its proof is not agree since the statement of the

proposition is not correct. Then the following proposition corrects it as:

Proposition 2.3.3. Let I be a fuzzy set on X. I is a prime fuzzy ideal of a fuzzy lattice (X,
A) iff S(I) is a prime ideal of (X, S(A)).

Proof. (=) Let I be a prime fuzzy ideal of (X, A) and x, y € X. Then we claim that, S(I)
is a prime ideal of (X, S(A)).

By hypothesis I is prime fuzzy ideal of (X, A), then by Definition 2.3.1, if y;(x Ay) > 0,
then either uy(x) > 0 or u;(y) > 0, this implies that if x Ay € S(I), then either x € S(I) or
y € S(I).

Therefore, S(I) is a prime ideal of (X, S(A)).

(<) suppose that S(I) is a prime ideal of (X, S(A)).

Again we claim that I is a fuzzy prime ideal of (X, A). Since by hypothesis S(I) is a prime
ideal then by definition of classical prime ideal we have if x Ay € S(I) then either x € S(I)
ory € S(I), this implies that if t;(x Ay) > 0, then either p;(x) > 0 or py(y) > 0 from this

we can conclude that I is a prime fuzzy ideal of (X, A). O

Dually in the same fashion we have the following proposition for the prime fuzzy

filters of the fuzzy lattice.

Proposition 2.3.4. Let F be a fuzzy set on X. F is a prime fuzzy filter of a fuzzy lattice (X,
A) iff S(F) is a prime filter of (X, S(A)).

Proof. (=) Let F be a prime fuzzy filter of (X, A) and x,y € X. Then we claim that S(F)
is a prime filter of (X, S(A)).

By hypothesis F is prime fuzzy filter of (X, A), then by Definition 2.3.2, if up(xVy) > 0,
then either pp(X) > 0 or up(y) > 0, this implies that if x\Vy € S(F), then either x € S(F)
ory e S(F).

Therefore, S(F) is a prime filter of (X, S(A)).

(<=) suppose that S(F) is a prime filter of (X, S(A)). Then we claim that F is a prime fuzzy
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filter of (X, A). Since by hypothesis S(F) is a prime filter, then by definition of classical
prime filter we have, if x\Vy € S(F) then either x € S(F) or y € S(F), this implies that if
Ur(xVy) > 0, then either ur(x) > 0 or ur(y) > 0 from this we can conclude that F is a
prime fuzzy filter of (X, A). ]



22 Chapter 2. Fuzzy Ideals and Fuzzy Filters of a Fuzzy Lattice

Conclusion

The definitions of fuzzy ideal and fuzzy filter of a fuzzy lattice is analogous to the defini-
tions of ideal and filter of a fuzzy lattice respectively. In the definitions of ideals and filters
of fuzzy lattice, the conditions of a given nonempty subset Y of X to be an ideal (filter)
of a fuzzy lattice (X, A) are formulated based on the memberships of elements of X in Y.
On the other hand, the definitions of fuzzy ideals and fuzzy filters of a fuzzy lattice, the
conditions of a given fuzzy set I on X to be fuzzy ideal (filter) of fuzzy lattice (X, A) are
formulated based on the degree of memberships of elements of X in a fuzzy set I rather
than being a members of a given set only.
Fuzzy ideals and fuzzy filters of fuzzy lattice is characterized via its support set.
The union and intersections of proper fuzzy ideals and proper fuzzy filters of a fuzzy lat-
tice are a proper fuzzy ideal and proper fuzzy filter of a fuzzy lattice.
In [9], Mezzomo defined a subset I (Fy) of a fuzzy set I (F) on X, where a € (0, 1] as:

o Letly ={xel:A(x,y) > a forsomey € I} be an ideal of (X,Aq), and Fp = {x €

F :A(y,x) > a for some y € F'} be a filter of (X,Aq) for all & € (0,1].

From this one can understand that there is an element which is contained in I (F). But I
(F) is a fuzzy set, and it does not contains a single element, rather it contains an ordered
pair in the form of (x, 7 (x))((x, ur(x))), where x € X. And also, if we take an arbitrary
x € I we have, A(x,x) = 1 > « for all o € (0, 1], this implies that I C I, and from its
definition, Iy is nonempty subset of I. From this we can conclude that I = /.

By this result we conclude that, according to the Mezzomo’s, definition, the definition of

I, 1s not necessary and also not correctly defined.
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