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[bookmark: _Toc524283037]Abstract
This project gives the discussion of Hamilton’s principle in relation to the calculus of variations. The principle states that “The motion of the system from time  to time  is such that the time integral of the Lagrangian is zero or Of all the possible paths along which a dynamical system can move from one point to another within a specific time interval, the actual path followed is that which minimizes the time integral of the difference between the kinetic and potential energies.” Hamilton’s principle is equivalent to Lagrange’s equation and Hamilton’s principle (least action principle) is also equivalent to Hamilton’s equations. The principle uses independent generalized coordinates,  to drive equations of motion of a system. These equations of motion are either ordinary differential equations or partial differential equations.In the 3rd chapter of this project, application example of deriving partial differential equation of a system using Hamilton’s principle is given and an example of deriving ordinary differential equations of a system is also given.  
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[bookmark: _Toc524283040]CHAPTER 1
[bookmark: _Toc524283041]INTRODUCTION AND PRELIMINARIES
1.1. [bookmark: _Toc524283042]Introduction
In two papers published in 1834 and 1835, Hamilton announced a dynamical principle upon which it is possible to base all of classical mechanics, and much of classical physics. Hamilton was seeking a theory of optics when he developed Hamilton’s Principle and the field of Hamiltonian mechanics both of which play a crucial role in classical mechanics and modern physics.
Newton’s equation of motion are equivalent to minimizing the action integral, , which is Hamilton’s Principle. Hamilton’s Principle underlies many aspects of physics and now it is usedas the starting point for developing classical mechanics. Hamilton’ Principle was postulated 46 years afterLagrange introduced Lagrangianmechanics [3].
The equations of motion of classical mechanics are embodied in a variational principle, called Hamilton’s principle [2]. 
Hamilton’s principle states that the motion of a system is such that the action functional

is an extremum[1, 2, 3, 9, 12], i.e, the motion is such that the variation of the line integral  for fixed  is zero, :  

Here, is a complete set of generalizedcoordinates for our mechanical system,  is variation, and L = T – Vis the Lagrangian, where T is the kinetic energy and Vis the potential energy. 
This formulation is most useful for holonomic system where in a Lagrangian of independent coordinates can be set up [1].
Hamilton [1834] realized that Lagrange's equations of motion were equivalent to a variational principle [16].
This project focused on Hamilton’s principle with its application and consists of three chapters. Chapter 1 consisted of introduction and preliminaries that are necessary to do (write) this project. Chapter 2 consisted of discussion of relevant ideas, the statement of Hamilton’s principle, derivation of Hamilton’s principle from Lagrange’s equation, derivation ofLagrange’s equation from Hamilton’s principle, and derivation of Hamilton’s equation from the principle. Chapter 3 consisted of application of Hamilton’s principle with selected examples.
1.2. [bookmark: _Toc524283043]Preliminaries
[bookmark: _Toc524283044]1.2.1 Mechanics and Dynamics
Term mechanics, in its narrow sense, means deriving the equations of motion of point-like particles and their systems(including solids and fluids), solution of these equations, and interpretation of the results [11]. 
Dynamics is the science of how things move. A complete solution to the motion of a systemmeans that we know the coordinates of all its constituent particles as functions of time.For a single point particle moving in three-dimensional space, this means we want to knowits position vector  as a function of time. If there are many particles, the motion isdescribed by a set of functions , where labels which particle we are talking about. Sogenerally speaking, solving for the motion means being able to predict where a particle willbe at any given instant of time. Of course, knowing the function means we can takeits derivative and obtain the velocity at any time as well [2].
[bookmark: _Toc524283045]1.2.2 Dynamical systems
Mathematically, a continuous-time dynamical system is defined to be a systemof first order differential equations

whereis known as the vector field and R is the set of real numbers. Thespace in which the set of time-dependent variables z is defined is called phasespace [15]. 
Lagrange’s equations do not form a dynamical system, because they implicitlycontain second-order derivatives, . However, there is a standard way toobtain a system of first-order equations from a second-order system, whichis to double the size of the space of time-dependent variables by treatingthe generalized velocities  as independent of the generalized coordinates, sothat the dynamical system is . Then the phase spaceis of dimension 2n. This trick is used very frequently in numerical problems,because the standard numerical integrators require the problem to be posedin terms of systems of first-order differential equations.
1.2.3 [bookmark: _Toc524283046]Generalized coordinates
Suppose that the system is subject to geometrical constraintsonly. Then the position vectors  of particles are dependent variables, but are related to each other by these constraints. A possible ‘position’ of such a system is called a configuration. More precisely, a set of values for the position vectors  that is consistent with the geometrical constraints is a configuration of the system. 
The trick is to select new ‘coordinates’ that are independent of each other but are still sufficient to specify the configuration of the system. These new coordinates are called generalized coordinates and their official definition is as follows:
Definition 1.1 (Generalized coordinates)If the configuration of a system  is determined by the values of a set of independent variables , then  is said to be a set of generalized coordinates for .
This definition deserves some explanation.
(i) When we say the generalized coordinates must be independent variables, we mean that there must be no functional relation connecting them. If there were, one of the coordinates could be removed and the remaining  coordinates would still determine the configuration of the system. The set of generalized coordinates must not be reducible in this way.
(ii) When we say the generalized coordinates determine the configuration of the system , we mean that, when the values of the coordinates  are given, the position of every particle of  is determined. In other words, the position vectors  of the particles must be known functions of the independent variables , that is,

Abstract though this concept may seem, generalized coordinates are remarkably easy to use. In practice, they are chosen to be displacements or angles that appear naturally in the problem [13]. This is illustrated by the following example.

Example 1.1Choosing generalized coordinates
Let  be the system shown in Figure 1.1 which consists of two particles  and  connected by a light rigid rod of length . The particle  is constrained to move along a fixed horizontal rail and the system moves in the vertical plane through the rail. Select generalized coordinates for this system and obtain expressions for the position vectors  in terms of these coordinates.
[image: ]
[bookmark: _Toc523553852][bookmark: _Toc524282693]Fig.1.1 The variables  are a set of generalized coordinates for the system.
Solution
Consider the variables  shown. These are certainly independent variables (they are not connected by any functional relation) and, when they are given, the configuration of  is determined. Thus  is a set of generalized coordinates for the system .
In terms of the coordinates and , the position of the particles  and  are given by 


In three-dimensional space we need three coordinates to specify the positionof a single particle. For a system consisting of two particles, we need six coordinates.A system of N particles requires 3N coordinates. In Cartesian coordinates,the positions of two particles might be described by the set, . For N particles the positions of all the particles are.
To avoid being specific about thecoordinate system we are using, we shall denote the coordinates by andthe corresponding velocities by  . We callthe “generalized coordinates.
It is often convenient to denote all the Cartesian Coordinates by the letter x.Thus, for a single particle, is written and, for N particles,is expressed as , where n = 3N.
The generalized coordinates are usually assumed to be linearly independent,and thus form a minimal set of coordinates to describe a problem.
When we are actually solving a problem [12], you will use Cartesian Coordinatesor cylindrical coordinates(r, θ, φ), or whatever coordinate system is most convenient for the particular problem. But for theoretical work one nearly always expresses the problem in terms of the generalized coordinates .
Example 1.2Consider an elastic pendulum (a mass on the end of a spring). The position ofthe mass at any point in time may be expressed in Cartesian coordinates  or interms of the angle of the pendulum and the stretch of the spring . Of course, thesetwo coordinate systems are related [8]. 
[image: ]
[bookmark: _Toc523553853][bookmark: _Toc524282694]Fig. 1.2The variables  and  are generalized coordinates for the system.
For Cartesian coordinates centered at the pivot point,
                                                 (1)
,                                                 (2)
wherelis the un-stretched length of the spring. Using (1) and (2) let’s define
                                          (3)
and
              (4)
so that r(t) is a function of q(t).
The potential energy, V, may be expressed in terms of r or in terms of q.
In Cartesian coordinates, the velocities are
                            (5)
So, in general, Cartesian velocities (t) can be a function of both the velocity and position ofsome other coordinates ((t) and q(t)). Such coordinates q are called generalized coordinates.The kinetic energy, T, may be expressed in terms of either or, more generally, in terms ofand q.
Small changes (or variations) in the rectangular coordinates, consistent with alldisplacement constraints, can be found from variations in the generalized coordinates .
                      (6)
                      (7)
Configuration space
Specifying the position of all the constituent particles of a system specifies the configuration of the system. The set of all configurations of the system that can be assumed is called the configuration space of the system.
The dimension of the configuration space is the smallest number of parameters that haveto be given to completely specify a configuration. The dimension of the configuration space is also called the number of degrees offreedom of the system.
For a single unconstrained particle it takes three parameters to specify the configuration. Thus the configuration space of a pointparticle is three dimensional. If we are dealing with a system withmore than one point particle, the configuration space is more complicated. If there are k separate particles we need 3k parameters to describe the possible configurations. If there are constraintsamong the parts of a system the configuration is restricted to alower-dimensional space [5]. 
For example, a system consisting of twopoint particles constrained to move in three dimensions so that thedistance between the particles remains fixed has a five-dimensional configuration space.
Holonomic systems
We say that is a set of generalized co-ordinates for a given system if the position of every particle in the system is a function of these variables, and perhaps also explicitly of time:

If it is possible to solve the constraint equations, and eliminate some of the co-ordinates, leaving a set equal in number to the number of degrees of freedom, the system is called holonomic. If this elimination introduces explicit functions of time, the system is said to be forced; on the other hand, if all the constraints are purely algebraic, so that tdoes not appear explicitly in (1.5), the system is natural.
There do exist non-holonomic systems, for which the constraint equations cannot be solved to eliminate some of the co-ordinates [17].

Holonomic constraints
A constraint is called holonomicif the equations ofconstraint can be expressed in the form of an algebraic equation that directly and unambiguously specifiesthe shape of the surface of constraint. A non-holonomic constraint does not provide an algebraic relationbetween the correlated coordinates [3]. 
Geometric constraints can be expressed in the form of algebraic relations that directly specify the shape ofthe surface of constraint in coordinate space

where . There can be such equations of constraint where . 
An example of such ageometric constraint is when the motion is confined to the surface of a sphere of radius in coordinate spacewhich can be written in the form 

[bookmark: _Toc524283047]1.2.4 Action
Definition 1.2Among all curves with prescribed endpoints, the curve that satisfies the laws of motion are the extrema of a quantity called the action [14].
1.2.5 [bookmark: _Toc524283048]The Lagrangian
Lagrangian is a function of position  and velocity , which are functions of time  defined as [7, 8]the difference between kinetic energy and potential energy. That is, 

Since the potential energy  depends only the positions, , and not on the velocities, , Lagrange’s equations may be written in terms of Lagrangian as:

where
Example 1.3Find Lagrange’s equation of motion of an elastic pendulum (a mass swinging on the end of a spring) shown in fig. 1.2. 
Solution:
Kinetic energy  of the system:


Potential energy of the system:


The Lagrangian, , becomes

Now let’s find Lagrange’s equation of motion:

For we have  and for , we have . Then, from (III), we get that




Substituting the derivatives in (V) and (VI) into (IV) Lagrange’s equation for , gives

Substituting the derivatives in (VII) and (VIII) into (IV) Lagrange’s equation for , gives

Therefore, (IX) and (X) are the two Lagrange’s equation determined by the two independent generalized coordinates and , respectively.



















[bookmark: _Toc524283049]CHAPTER 2
[bookmark: _Toc524283050]HAMILTON’S PRIMCIPLE
[bookmark: _Toc524283051]2.1 The Calculus of variation
The calculus of variations underlies a powerful alternative approachto classical mechanics that is based on identifying the path that minimizes an integral quantity.
Euler, the preeminent Swiss mathematician of the 18thcentury and a student of Bernoulli, developed thecalculus of variations with full mathematical rigor. Lagrange (1736-1813),a student of Euler, culminated thedevelopment of the Lagrangianvariational approach to classical mechanics.
The Euler-Lagrangian approach to classical mechanics stems from a deep philosophical belief that thelaws of nature are based on a principle of economy.That is, the physical universe follows paths through spaceand time that are based on extrema principles. The standardLagrangianis defined as the differencebetween the kinetic and potential energy, that is

This chapterwill show that the laws of classical mechanics can be expressed in terms of Hamilton’svariational principle which states that the motion of the system between the initial time and final timefollows a path that minimizes the scalar action integral defined as the time integral of the Lagrangian.

The calculus of variations provides the mathematics required to determine the path that minimizes theaction integral [3]. This variational approach is both elegant and beautiful, and has withstood the rigorsof experimental confirmation. In fact, not only is it an exceedingly powerful alternative approach to theintuitive Newtonian approach to mechanics, but Hamilton’s variational principle now is recognized to bemore fundamental than Newton’s Laws of Motion. 
[bookmark: _Toc524283052]2.2 Euler’s differential equation
The calculus of variations, presented here, underlie the powerful variational approaches that were developedfor classical mechanics. Variational calculus now is applied to many other disciplines in science, engineering,economics, and medicine [3].
For the special case of one dimension, the calculus of variations reduces to varying the function such that the scalar functional 

is an extremum, that is, it is a maximum or minimum. Here is the independent variable, the dependentvariable, and its first derivative . The quantity has some given dependence on . The calculus of variations involves varying the functionuntil a stationary value of is found,which is presumed to be an extremum. This means that if a function gives a minimum value for thescalar functional , then any neighboring function, no matter how close to  must increase . For allpaths, the integral is taken between two fixed points, and . Possible paths between the initialand final points are illustrated in figure 2.1. Relative to any neighboring path, the functional must havea stationary value which is presumed to be the correct extremum path.
Define a neighboring function using a parametric representation such that 
is the function that yields the extremum for . Assume that an infinitesimally small fraction of theneighboring function is added to the extremumpath. That is, assume


where it is assumed that the extremum function  and the auxiliary function are well behaved functions of with continuous first derivatives, and where vanishes at  and because for all possible paths the function must be identical with at the end points of the path, i.e. .The situation is depicted in figure 2.1.
It is possible to express any such parametric family of curves  as a function of 

The condition that the integral has a stationary (extremum) value is that  be independent of  to firstorder along the path giving the extremumvalue. That is

for all functions This is illustrated on the right side of figure 2.1.
Applying condition (2.6) to equation (2.5), and since  is independent of , then

Since the limits of integration are fixed, the differential operation affects only the integrand. From equations(2.4),

and

Consider the second term in the integrand

[image: ]
[bookmark: _Toc523553854][bookmark: _Toc524282695]Fig.2.1The left shows the extremumand neighboring paths between and that minimizes the function. The right shows the dependence ofas a function of the admixture coefficient for a maximum (upper) or a minimum (lower) at .
Integratingthe left hand side of (2.10) by partsgives

Note that the first term on the right-hand side is zero since by definitionat and . Thus,

Thus equation 2.7 reduces to

The functionwill be an extremum if it is stationary at . That is,

This integral now appears to be independent of . However, the functions  and occurring in the derivativesare functions of . Sincemust vanish for a stationary value, and because is an arbitrary functionsubject to the conditions stated, then the above integrand must be zero. This derivation that the integrandmust be zero leads to Euler’s differential equation

where and are the original functions, independent of . The basis of the calculus of variations is that thefunction that satisfies Euler’s equation is a stationary function. Note that the stationary value couldbe either a maximum or a minimum value. When Euler’s equation is applied to mechanical systems usingtheLagrangian as the functional, then Euler’s differential equation is called the Euler-Lagrange equation.
The above discussion has focussed on systems having only a single function such that the functional is anextremum. It is more common to have a functional that is dependent upon several independent variableswhich can be written as

where
By analogy with the one dimensional problem, define neighboring functions for each variable. Then,


whereare independent functions of that vanish at and . Using equations 2.11and 2.16leads tothe requirements for an extremum value to be

If the variables are independent, then the are independent. Sincethe are independent,then evaluating the above equation at implies that each term in the bracket must vanish independently.That is, Euler’s differential equation becomes a set of equations for theindependent variables

where.Thus, each of the equations can be solved independently when thevariables areindependent. Note that Euler’s equation involves partial derivatives for the dependent variables andthe total derivative for the independent variable .
In general, substituting the variables  by the independent generalized coordinates , where , replacing by the Lagrangian and we will get the Lagrange’s equation which can be expressed as:

[bookmark: _Toc524283053]2.3 Hamilton’s principle
In 1834 and 1835 Hamilton announced the dynamicalprinciple upon which it is possible to base all of mechanics and, indeed,most of classical physics. Hamilton's principle [6] reads:
Of all the possible paths along which a dynamical system can move fromone point to another within a specific time interval, the actual pathfollowed is that which minimizes the time integral of the differencebetween the kinetic and potential energies.
It is possible to obtain Lagrange’s equations from a principle that considers the entire motion of the system between times and , and small virtual variations of this motion from the actual motion. A principle of this nature is known as “integral principle.”
Before presenting the integral principle, the meaning attached to the phrase “motion of the system between times and ” must first be stated in more precise language. The instantaneous configuration of a system is described by the values of the  generalized coordinates , and corresponding to a particular point in a Cartesian hyperspace where the  form the n-coordinate axes. This n-dimensional space is therefore known as configuration space. As time goes on, the state of the system changes and the system point moves in configuration space tracing out a curve, described as “the path of motion of the system.” The “motion of the system,” as used above, then refers to the motion of the system point along this path in configuration space. Time can be considered formally as a parameter of the curve; to each point on the path there is associated one or more values of the time.The path of motion in configuration space has no resemblance to the path in space of any actual particle; each point in the path represents the entire system configuration at some given instant of time.
The integral Hamilton’s principle describes the motion of those mechanical systems for which all forces (except the forces of constraint) are derivable from a generalized scalar potential that may be a function of the coordinates, velocities, and time. Such systems will be denoted as monogenic. Where the potential is an explicit function of position coordinates only, then a monogenic system is also conservative.
For monogenic systems, Hamilton’s principle can be stated as:
The motion of the system from time  to time  is such that the time integral (called the action or the action integral),

where , has stationary value for the actual path of the motion.
That is, out of all possible path by which the system point could travel from its position at time  to its position at time  it will actually travel along that path for which the value of the integral (2.20) is stationary. By the term “stationary value” for a line integral, we mean that the line integral along the given path has the same value to within first-order infinitesimals as that along all neighboring paths (i.e., those that differ from it by infinitesimal displacements). See figure 2.2. 
[image: ]
[bookmark: _Toc523553855][bookmark: _Toc524282696]Fig. 2.2Path of the system point in configuration space.
The notation of a stationary value for a line integral thus corresponds in an ordinary function theory to the vanishing of the first derivative.
We can summarize Hamilton’s principle by saying that the motion is such that the variation of the line integral  for fixed  and  is zero:

where the system constraints are holonomic, Hamilton’s principle, Eq. (2.21), is both a necessary and sufficient condition for Lagrange’s equations, Eqn. (2.19). Thus, it can be shown that Hamilton’s principle follows directly from Lagrange’s equations and that Lagrange’s equations follows from Hamilton’s principle, as being the more important theorem. That Hamilton’s principle a sufficient condition for deriving the equations of motion enables us to construct the mechanics of monogenic systems from Hamilton’s principle as the basic postulate rather than Newton’s Laws of motion [7]. 
In order to see the equivalence of Hamilton’s principle and Lagrange’s equation, let us see the derivation of Hamilton’s principle from Lagrange’s equation and the derivation of Lagrange’s equation from the Hamilton’s principle one by one.
[bookmark: _Toc524283054]2.3.1 Derivation of Hamilton's Principle from Lagrange’s equation
Let a system move under conservative forces from its configuration at the time  to its configuration at the time . We have

where , the Lagrangian function, is equal to  (The difference between kinetic energy T and potential energy V).
Suppose that the system had been made to move from the first to the second configuration so that the particles traced slightly different paths with slightly different velocities, but so that at any time every coordinate differed from its value in the actual motion by an infinitesimal amount, and so that every velocity differed from its value in the actual motion by an infinitesimal amount, or (using the notation of the calculus of variations)so that  and  were infinitesimal; and suppose it had reached the second configuration at the time  Then, if at the time  the difference between the value of in the hypothetical motion and its value in the actual motion is 

Now, at the time

and




Therefore, by (2.23),

and

Since the terminal configurations are the same in the actualmotion and in the hypothetical motion and the time of transitis the same,  when and when and

But (2.24) is the necessary condition that should be either amaximum or a minimum and is sometimes stated as follows:When a system is moving under conservative forces, the time integralof the difference between the kinetic energy and the potentialenergy of the, system isstationaryin the actual motion. Thisis known as Hamilton's principle.
[bookmark: _Toc524283055]2.3.2 Lagrange’s equations in terms of Hamilton’s principle
Define a Lagrangian of kinetic and potential energies

and define an action potential functional

with end points  and . Consider the true path of  from  to  and a variation  such that and .
By Hamilton’s principle,the solution  is an extreme of the action potential 


Substituting the Lagrangian into Hamilton’s principle,

We wish to factor out the independent variations , however the first term contains the variation of the derivative, . If the conditions for admissible variations in position  fully specify the conditions for admissible variations in velocity , the variation and the differentiation can be transposed, 

and we can integrate the first term by parts,

Since  and 

The variations  must be arbitrary, so the term within the square brackets must be zero for all .

Since, kinetic energy , is a function of , and the potential energy is a function of ,  can be written as, where  is the Lagrangian, the above equation can be written as:

which is Lagrange’s equation derived from Hamilton’s principle [8, 9].
[bookmark: _Toc524283056]2.3.3 Hamilton's Equations from the Principle of Least Action (Hamilton’s principle)
 We need to get Hamilton's equations [10] directly byassigning an action  to any path 
and setting . Note: we don'timpose any relation between and . The relation will follow from 
Let  be the space of paths in the phase space and define the action

where . More precisely, write our path  as and let

We write instead of to emphasize that we mean the time derivative rather than acoordinate in phase space.
Let's show if and only ifHamilton's equations.


Then, integrating the second term in the integrand (2.28) by parts, we have

Since and, the first term of the left hand side vanishes.
Thus, substituting (2.29) into (2.28), we get that  



This vanishesif and only if Hamilton's equations

where,is conjugate momenta.
We have seen two principles of least action:
1. For paths in configuration space, if and onlyif Euler-Lagrange equations.
2. For paths in phase space, if and only ifHamilton's equations.














[bookmark: _Toc524283057]CHAPTER 3
[bookmark: _Toc524283058]APPLICATION OF HAMILTON’S PRINCIPLE
[bookmark: _Toc524283059]3.1 Introduction
In physics, Hamilton’s principle is William Rowan Hamilton’s formulation of the principle of stationary action. It states that the dynamics of a physical system is determined by a variational problem for a functional based on a single function, the Lagrangian, which contains all physical information concerning the system and the forces acting on it. The variational problem is equivalent to and allows for derivation of the differential equations of motion of the physical system. Although formulated originally for classical mechanics, Hamilton’s principle also applies to classical fields such as the electromagnetic and gravitational fields, and plays an important role in quantum mechanics, quantum field theory and criticality theories.
Hamilton's Principle does not lead to any particular advantage in the setting up of the equations of motion, since it is equivalent in suchapplications to the use of Lagrange's equations. Hamilton's Principle does have importantengineering applications, however, in the setting up of the partialdifferential equations of motion describing infinite degree of freedomsystems. In such problems as the vibrations of beams, Hamilton'sPrinciple plays the same role in establishing the equations of motionthat was played by Lagrange's equations for the finite degree offreedom systems [4]. Typical examples of this use of Hamilton'sPrinciple are given below in Example 3.1.
Example3.1 A straight uniform beam having a length, a massper unit length , a cross-sectional moment of inertia , and amodulus of elasticity  is pinned at each end as shown in Fig. 3.1.The beam performs small transverse bending oscillations in thehorizontal plane. Using Hamilton's Principle, find the differentialequation of motion of the system.
[image: ]
[bookmark: _Toc523553856][bookmark: _Toc524282697]Fig. 3.1 A straight uniform beam having length l.

Solution:
From the theory of strength of materialsthe potential energy of bending of the beam is:

where is the bending moment in the beam, and
The kinetic energy of the beam is 

Hamilton's Principle then-becomes:

Instead of applying Euler's differential equation to this problem, weshall go through the steps which lead to Euler's equation. In manyproblems this procedure will be more suitable than a direct substitutioninto Euler's equation.
Performing the variation as indicated, we obtain:

Writing  and  we have:

Integrate the first term by parts, as follows:

Since by the definition of the varied path,at the two endpointsand, the first part disappears.
We next integrate the second term in the integral by parts twice,as follows:


In this expression, the first term is zero, since at both 0 and thebending moment in the beam, which is proportional to , is zero,because the beam is supported by frictionless pins at the ends.The second term is zero since is zero at the two ends of the beam.
Thus, the variational equation becomes:

Sinceis arbitrary, and can be taken as different from zero, thecondition that the integral should vanish requires that the term inthe parentheses should be zero. This gives the required partialdifferential equation of vibration of the beam:

Note that the above variational procedure are not only developed differential equation, but that the boundary conditions as well were automatically involved.
Example 3.2Consider the double pendulum shown in fig. 3.2. Using Hamilton’s Principle find the equation of motion of the system.
[image: ]
[bookmark: _Toc524282698]Fig. 3.2 The double pendulum, with generalized coordinates and . All motion is confined to a single plane.



Solution:
For the given system  are generalized coordinates.
Since Hamilton’s principle is equivalent to Lagrange’s equation, using Hamilton’s principle means finding Lagrange’s equations of motion.
Cartesian coordinates in terms of generalized coordinates:


Kinetic energy and potential energies in terms of Cartesian coordinates:


Kinetic energy and potential energy in terms of generalized coordinates:


The Lagrangian:

Lagrange’s equation:

For , we have



Then, the equation of motion becomes:

For , we have


Then, the equation of motion becomes:

Therefore, the above equations for  and  are the two equations of motion of the given system.  
[bookmark: _Toc524283060]3.2 Conclusion
The calculus of variations underlies a powerful alternative approachto classical mechanics that is based on identifying the path that minimizes an integral quantity. Hamilton’s Principle is one of the variational Principles. This principle states that “Of all the possible paths along which a dynamical system can move from one point to another within a specific time interval, the actual path followed is that which minimizes the time integral of the difference between the kinetic and potential energies.”In this project we present the proof of Hamilton’s Principle is equivalent to Lagrange’s equation as well as it is equivalent to Hamilton’s equations. It is applicable to derive equations of motions. If there are n-independent generalized coordinates of a system that set up that Lagrangian, n – number of Lagrange’s equation can be obtained and 2n- number of Hamilton’s equation can be obtained. It does have engineering applications to determine differential equation of a system. Depending on the nature of the system, the differential equations are either ordinary or partial differential equations. It is also applicable in industries for modeling purpose. 
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