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                                       ABSTRACT 

In this paper, we introduce the concept of Pseudo - Supplemented Almost Distributive 

Lattice (PSADL) as a generalization of Pseudo - Supplemented lattice in the class of 

ADLs. We drive many fundamental properties of a PSADL. We give different 

characterizations of a PSADL. 
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CHAPTER - 0 
INTRODUCTION 

In the first half of the nineteen century, George Boole’s attempt to formalizepropositional 

logic led to the concept of Boolean algebras. While investigating the axiomatic of 

Boolean algebra at the end of the nineteenth century, Charles S.Peirce and Ernst Schr der 

found it useful to introduce the lattice concept. The further development of the subject 

matter can best be followed by comparing the first, second and third editions of 

G.Birkhoff[1940], [1948] and [1967]. 

A Boolean algebra (or Boolean logic) is a logical calculus of truth values, developed by 

Goerge Boole in 1840s. The class of distributive lattices has occupied a major part of the 

present lattice theory since lattices were abstracted from Boolean algebras through the 

class distribution lattices and the class of distributive lattices has many interesting 

properties which lattices, in general, do not have. Later many authors worked on the idea 

of weaking the distributivity. In this direction, C.S.Hoo and K.P.Shum [1,2] studied 

weakly distributive semi-lattices and 0- distributive semi-lattices. In another direction the 

concept of an Almost Distributive Lattice (ADL)[8] was introduced by U.M. Swamy and 

G.C.Rao. They observed that the class of ADLs include most of the existing ring 

theoretic generalizations of a Boolean algebra on one hand and the class of distributive 

lattices on the other and they proved that the set of all principal ideals (filters) of an ADL 

forms a distributive lattice through which many concepts were extended from the class of 

distributive lattices to the class of ADLs like pseudo-complementation in an ADL[9], 

Stone ADL[10], Normal ADL[4]. The concepts of a pseudo-supplemented lattice was 

developed by G.Epstein [5].In this paper, we define the concept of pseudo-supplemented 

Almost Distributive Lattice(PSADL) as a generalization of pseudo-supplemented lattice. 

We derive a number of important properties of pseudo-supplemented ADL. 

 

 

............ 
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CHAPTER-1  
PRELIMINARY CONCEPTS 
The following definitions, remarks and basic results are very  important and essential 
things for further discussion of the next chapter. 
Definition 1.1 
APartially ordered set or Poset is a non empty set  together with a binary operation  

satisfying the following axioms for . 

:  .............................................. Reflexive. 

: If ........ Antisymmetric. 

: If ...... Transitive. 

Definition 1.2 

Let (A,≤) be a poset, H ⊆A and x ∈A. Then 

(i)xis called a lower bound of H if x ≤ h for all h ∈H. 

(ii)xis called an upper bound of H if h ≤ x for all h ∈H. 

(iii)xis called the greatest lower bound or g.l.b or infimum of H if x is a lower bound of 

H and for any lower bound y of H, we have y ≤ x. In this case, we write x = g.l.b H 

orx = inf H. 

(iv) xis called the least upper bound or l.u.b or supremum of H if x is an upper bound of 

H and for any upper bound y of H, we have x ≤ y. In this case, we write x = l.u.b H 

orx = sup H. 

Definition 1.3 

a. A meet semi – lattice is a poset , in which every two elements  have  

which is denoted by  

b. Dually a join semi – lattice is a poset , in which every two elements  

have  which is denoted by  
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x and is denoted by x', and a lattice (A,  is called relatively complemented if 

for every x, y  such that x  y,  

the bounded lattice [x ,y] ={z  │x  z y} is complemented. 

 

 

 

 

 

Definition 1.8.[8] 

An algebra  of type  is called an Almost Distributive Lattice 

(ADL) with 0 if it satisfies the following axioms: 

1.  

2.  

3.  

4.  

5. ). 

6. . 

Remark 1.9 

If  is an ADL, for any , define , if and only if , 

and then  is a partial ordering on .Throughout this paper we select  stands for 

an ADL  unless  otherwise  specified. 

Definition 1.10.[8] 

Let  be a non-empty set. Fix . For any , define 

 Then 

is an ADL with  and it is called a discrete ADL. 

Alternatively, a discrete ADL is an ADL in which every nonzero element is 

maximal. 

Theorem 1.11.[8] 
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For any non empty set , we have the following 

conditions: 

1.  

2.  

3. whenever  

4. are associative. 

5.  

6.  

7.  

8.   and  

9.   and  

10. If , and then . 

Definition 1.12 

An element  is called maximal if it is a maximal element in the partial 

ordered set  

Theorem1.13[8] 

Let  be a maximal element in an ADL , and then the following are 

equivalent: 

1. is a maximal element of . 

2.  

3.  

4.  

5. is a maximal for all . 

6.  

Note: 

As in distributive lattice , a nonempty set of an ADL  is called an ideal 

of  if The principal ideal of  

generated by  is denoted by(a] and with this notation wehave the following: 
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Theorem 1.14.[8] 

For any a , b A. 

1. 

a] = {a x : x  A }. 

2. a  (b]  = a  (a]  (b]. 

3. (a  ] = (b a]. 

4. (a] (b] = (a ] = (b ]. 

5. (a]  = (a ] = (b  

The setPI(A) all principal ideals of A is distributive lattice under the 

operations  defined by (a]  (b] = (a  b] and (a] b] = (a b]  in which (0] 

is the least element.  

If A has a maximal element m, then (m] is the greatest element of PI(A]. 

 

 

It can be observed that an ADL A satisfies almost all the properties of a 

distributive lattice except the right distributivityof   over ,cmmutativityof 

,commutativity of . Any one of these properties converts an ADL A in to a 

distributive lattice. That is: 

Theorem1.15.[8] 

Let be an ADL with 0.Then the following are equivalent: 

1. is a distributive lattice. 

2. is directed above. 

3.  

4.  

5.  a, b and c  

6. is antisymmetric. 
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CHAPTER - 2 
PSEUDO-SUPPLEMENTED ADLs 

The concept of pseudo-complementation in an ADL was introduced by Swamy, Rao and 

NanajiRao [9] and they observed that unlike in distributive lattices, an ADL can have a 

number of different pseudo-complementaions. Infact, they proved that there is a one- to- 

one correspondence between the set of all pseudo-complementations in an ADL A and 

the set of all maximal elements of A. It was observed in [8] that the dual of an ADL is not 

an ADL in general. For this reason, in this paper, we define the concept of pseudo-

supplement of an element in an ADL A and derive many important properties of a 

pseudo-supplemented ADL. 

Definition 2.1. [11] 

 Let A be an ADL with a maximal element m and B(A)={a ∈A│a  b=0 and a  b is  

maximal for some b ∈ A}. Then (B(A), , ) is a relatively complemented ADL and it is 

called the Birkhoff center of A. We use the symbol B instead of B(A) when there is no 

ambiguity. 

It can be observed that, for any b ∈ B, b  m is a complemented element in the 

distributive lattice [0,m] whose complement will be denoted by (b  m)′. 

Throughout this section A represents on ADL with a maximal element and B, its Birkhoff 

center. 

Theorem 2.2 

For anya ∈	A,a ∈	B if and only ifa ∧	x ∈	B([0, x]) for each x ∈A. 

Proof: 

Let a ∈B be arbitraryand x ∈A. Then there exists c ∈A such that a ∧c = 0 and a ∨c is 

maximal. 

Now, c ∧x ∈[0, x] and (a ∧x) ∧(c ∧x) = a ∧ x c ∧x .......Associativity 

= a ∧c ∧ x  x..........by Theorem 1.11.(5). = a∧c ∧x 

= 0 ∧x...................... (since a∧c = 0) 
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= 0. 

And (a ∧x) ∨(c ∧x) = (a ∨c) ∧x 

= x( sincea ∨c is maximal).  

Hence a ∧x ∈B([0, x]). 

Conversely, suppose a ∈A is arbitraryand for each x ∈A, a ∧x ∈B([0, x]). 

In particular, a ∧mis a complemented element of [0,m]. Let b be the complement of 

a∧	m in [0, m].  

Thena ∧	m∧	b = 0 and (a ∧	m) ∨	b = m. 

So that a ∧	b = 0 and (a ∨	b) ∧	m = (a ∧	m) ∨	(b∧	m)............RD∧ over ∨ 

= (a ∧	m) ∨	b......................(sinceb ∈	[0, m]) 

= m. 

Hence a ∨	b is maximal by Theorem 1.13,Thusa∈	B. 

In the above theorem, if x ∈B, we have the following. 

Theorem 2.3 

For anyx ∈	B, B([0, x]) ⊆	B and hence B([0, x]) = {a ∧	x | a ∈B}. 

Proof: 

Let b ∈	B([0, x]). Then there exists c ∈	[0, x] such that b ∧	c = 0 and b ∨	c = x. 

Also, since x ∈	B, there exists a ∈	A such that x ∧	a = 0 and x ∨	a is a maximal element 

ofA. 

Now,b ∧	(c ∨	a) = (b ∧	c) ∨	(b ∧	a).........LD∧ over ∨ 

 = (0)∨	(b ∧	a)..............(sinceb ∧	c = 0) 

= b ∧	x ∧	a.................... (sinceb ∈	B([0, x])) 

 = b ∧	0.........................(sincex ∧	a = 0) 

= 0. 

Also (b ∨	(c ∨	a)) ∧	(x ∨	a) = ((b∨	c) ∨	a) ∧	(x ∨	a).....Associativity 

= (x ∨	a) ∧	(x ∨	a)..............Idempotency 

= x ∨	a. 

Since x ∨	a is a maximal element of A, by Theorem 1.13,we get that b ∨	(c ∨	a) is also 

maximal element of A. Thus b ∈	B and B([0, x]) ⊆	B. 
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On the other hand, let a B([0,x]) then there exists c∈[0,x] such 

that(a Also, since x ∈	B,	there exists a∈	A	such	that x ∧	a =  0 and x ∨	a	is	maximal	element	of A.   Now, (a ∧	x 	∧	ȃc∨	a) = ((a ∧	x ) ∨ ((a ∧	x  ∧	a ......LD∧	�ve�	∨ =  (0)∨	ȃa	∧	x	∧	a)..........................(since(a  =  a ∧	x	∧	a..................................... (since a ∧	x ∈	B([0,x]) 

= a∧	0 

= 0. 

Also ((a ∧	x  ∨	(c ∨	a)) ∧	ȃx	∨	a 	ൌȃȃa ∧	x )∨	ȃȃa	∧	x 	∨	a) (x ∨	a .....LD∨	�ve�∧                            =  (x ∨	ȃ0	∨	a  (x ∨	a)..........(since (a ∧	x                                                               =  (x ∨	a (x ∨	a)....................Idempotency =  x ∨	a. 

Since x ∨ a maximal of A by Theorem1.13, we get (a∧ x) ∨ (c ∨a) is also maximal 

element of A. 

Thus a ∧ x ∈B([0,x]) for all a∈B. 

If A is an ADL with a maximal element m, then the set PI(A) of all principal idealsof A 

forms a bounded distributive lattice. In the following theorem, we characterizethe 

Birkhoff center B(PI(A)) of the lattice PI(A). 

Theorem 2.4 

B(PI(A)) = {(b] | b ∈	B}. 

Proof: 

Suppose x ∈	A is arbitrarysuch that (x] ∈	B(PI(A)). Then there exists (y]∈	PI(A) such 

that (x] ∩ (y] = (x ∧	y=Ǥ....................................by Theorem 1.14                          =  (0]. 

 And (x] ∨	(y] = (x ∨	y=	...................................by Theorem 1.14 

 = A. 

Therefore x ∧	y = 0.Now A= (x] ∨	(y] = (x ∨	y]and hence x ∨	y is maximal.Thus x ∈	B. 

Conversely, suppose b ∈	B. Then there existsan element c ∈	A such that b ∧	c = 0  
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andb ∨	c is maximal.  

Now, (b] ∩ (c] = (b ∧	c]..................................by Theorem 1.14 

 = (0]. 

And (b] ∨	(c] = (b ∨	c]....by Theorem1.14 

= A(since b ∨	c is maximal). 

 Hence (b] ∈	B(PI(A)). 

And hence completes the proof. 

Now, we prove the following. 

Theorem 2.5 

Ifx, y ∈	A such that (x] = (y]. Then x ∈	B if and only ify∈	B. 

Proof: 

Let x, y ∈	A such that (x] = (y]. Then y ∧	x = x and x ∧	y = y. Suppose x ∈	B. 

Then there exists d ∈	A such that x ∧	d = 0 and x∨	d is a maximal element of A. 

Since y ∧	d = x ∧	y ∧	d......... (since x∨	y	ൌ	y  
= y ∧	x ∧	d..........by Theorem 1.11(5) 

= y ∧ 0.................(sincex ∧	d = 0) 

 = 0. 

 And(y ∨	d) ∧	(x∨	d) = ((y ∨	d) ∧	x)∨((y ∨	d) ∧	d).....LD∧	�ve�	∨ 

= ((y ∨	d) ∧	x) ∨	d........................Absorption law 

= ((y ∧	x) ∨	(d ∧	x)) ∨	d ...............RD∧	�ve�	∨ 

= (x ∨	(d ∧	x)) ∨	d 

 = ((x ∨d) ∧ (x ∨ x))∨	d............ LD ∨	�ve�	∧  =  ((x ∨	d ∧ x)∨	d 
= x ∨	d. 

Since x ∨	d is maximal, by Theorem1.13,y ∨	d is maximal.Thereforey∈	B. 

On the other hand letx, y ∈	A such that (x] = (y]. Then y∧	x = x and x ∧	y = y Suppose 

y∈	B. Then there exists d∈	A such that y∧	d = 0 and y ∨	d is maximal element of A. Since x ∧	d = y∧	x ∧	d............ (since y∧	x	ൌ	x  
= x ∧	y ∧	d............by Theorem 1.11(5) 

= 0. 

 And(x ∨	d 	∧(y ∨	d 	ൌ	ȃ(x ∨	d 	∧	y) ∨	ȃȃx	∨	d 	∧	d).....LD∧	�ve�	∨ 
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= ((x ∨	d) ∧	y ) ∨	d........................Absorption law =  ((x∧	y) ∨	ȃd	∧	y)) ∨	d...............RD∧	�ve�	∨ = (y ∨	ȃd∧	y)) ∨	d 

                                       = y∨	d. Since y∨	d is maximal byTheorem 1.13,x ∨	d	is	maximal	Ǥ�he�ef��e		x	∈	B. 

Hence completes the proof. 

The concept of a pseudo-supplemented lattice was introduced by G. Epstein and A. 

Horn as follows. 

Definition 2.6 

 Let A be a distributive lattice with 0,1 and Birkhoff center B. If, for each x ∈	A, there 

exists a greatest element b ∈	B such that b ≤ x, then A is called a pseudo-supplemented 

lattice. The element b is denoted by x! and it is called the pseudo-supplement ofx. 

Now we extend this definition to the class of an ADL as follows. 

Definition 2.7 

Let A be an ADL with a maximal element m and Birkhoff  center B. A is called a 

Pseudo-Supplemented Almost Distributive Lattice(PSADL) if, to each x ∈ A, there exists 

b ∈ B such that 

P1 : x b = b 

P2 : If c ∈ B and x  c = c, then b  c = c. 

In this case b m is uniquely determined by x and it is denoted by x!. 

Thus x! ∈B([o,m]) by Theorem 2.2, we call x! is the pseudo-supplement of x. 

Definition 2.8 

 If A is a PSADL, c ∈ B and x c = c, then x!  c = c. 

In the following lemma, we state some important fundamental properties of x! which can 

be directly obtained from Definition 2.7. 

Lemma 2.9 

Let A be a PSADL with a maximal element m and Birkhoff center B. 

Then, for any x, y ∈	A and b ∈	B, we have the following: 

1. x x ∨	x! = x. 

2. 0! = 0. 



Pseudo - Supplemented Almost Distributive Lattices (PSADL) Page 13 
 

3. x∧	m = m x! = m. 

4. m1! = m for any maximal element m1of A. 

5. If b ∈	B, then b! = b ∧	m. 

6. x! = x!!. 

7. If y ∧	x = x, then y! ∧	x! = x!. 

 

 

Proof: 

Let x, y ∈	A and b ∈	B. 

Let x ∈	Abe arbitrary. Then, by Definition 2.7, there exists b ∈	B satisfying P1and P2. 

Thenx! = b ∧	m. 

(1) x∧	x! = x ∧	b ∧	m...... (sincex! = b ∧	m)  

= b ∧	m 

= x! (byP1of the Definition 2.7). 

Sincex ∧x! = x!,andbyTheorem 1.11 (1), we get x ∨x! = x. 

(2)From (1) above, we get 0 = 0 ∨0! = 0!. 

(3)Suppose x ∧	m= m. Since m∈B, by Definition2.8, we getx!∧m = m 

and hencex! = m. Conversely, if x! = m, then x ∧m = x ∧x! = x! = m. 

(4) Suppose m1∧	m = m. Since m ∈	B, by Definition 2.8, we getm1!∧	m = m 

and hence m1! = m. 

(5)Let b ∈B. Then, by Definition2.8, b ∧b! = b!.Also since b ∧b = b, we get from 

Definition2.8, b! ∧b = b. 

Now b ∧m = b! ∧b∧	m.........(since b = b! ∧	b) 

= b ∧b! ∧m.........by Theorem 1.11(1) 

= b! ∧m 

= b!. 

(6)Sincex! ∈B, by (5) above, x! ∧	x!! =x!!. Also sincex! ∧	x! =x!, we get from (5) above, 

x!!∧	x! = x!. 

Now, x! ∧	m = x!!∧	x!∧	m.......(sincex!!∧	x! = x!) 

                     = x!∧x!!∧	m.........byTheorem 1.11(1) 

                     = x!!∧	m 
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=x!! 

x!= x!!. 

(7)Suppose y ∧x = x. Then y ∧x! = y ∧x ∧x! 

= x ∧x! 

= x!. 

Since x! ∈B, by Definition2.8, we get y! ∧x! = x!. 

In the following theorem, we give some more important properties of a pseudo-

supplement. 

Theorem 2.10 

Let A be a PSADL with a maximal element m and Birkhoff center B. 

Then, for any x, y ∈A, we have the following: 

(i) (x∧y)! = x! ∧y!. 

(ii) (x∧y)! = (y ∧x)!. 

(iii) x! ∨y! ≤ (x ∨y)!. 

(iv) (x∨y)! = (y ∨x)!. 

Proof: 

Let x, y ∈A. 

(i) Let x, y ∈A, we have x! ∧y! ∈B. 

Andx∧y ∧(x!∧y!) = x ∧	y	∧x!∧y!..................... Associativity 

 = x∧x!∧	y∧	y!......................by Theorem1.11(5) 

 = (x ∧x!) ∧(y ∧y!)............... Associativity 

= x! ∧y! 

(x∧	y)∧	(x!∧y!) =x! ∧y!. 

Hence,by Definition2.8, we get (x ∧y)! ∧x! ∧y! = x! ∧y!. 

Thus x! ∧y! ≤ (x ∧y)!. 

On the other hand sincex∧	(x ∧	y) = x ∧	y, again by Definition 2.8, 

we getx! ∧(x ∧y)! = (x ∧y)! and hence (x ∧y)! ≤ x!.  

Similarly, since y∧	ȃ	x∧	y) = x ∧y again by Definition 2.8, 

we get y! ∧ȋx ∧	y)! = (x ∧	y)! and hence (x ∧	y)! y! . 

Therefore(x ∧	y)! x! ∧	y! and hence (x ∧	y)! = x! ∧	y!. 
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(ii) (x∧y)! = x! ∧y! 

 = x! ∧y! ∧m.........(since m is maximal) 

= y! ∧x! ∧m.........by Theorem 1.11(5), 

= y! ∧x! 

= (y ∧x)!.................by(i) 

 

 

(iii) We have x! ∨y! ∈B and 

(x∨y) ∧(x!∨y!) = ((x ∨y) ∧x!) ∨((x ∨y) ∧y!)........................LD∧�ve�	∨ 

= ((x ∧x!) ∨(y ∧x!))∨((x ∧y!)∨(y ∧y!)).....RD∧	�ve�∨ 

= (x! ∨(y ∧x!))∨((x ∧y!)∨y!) 

                             = ((x!∨	y)∧ (x!∨x!))∨ (y!)...........................LD∨	�ve�	∧ 

                             = ((x! ∨	y) ∧x!)∨y! 

                             = ((y ∨	x!)∧x!)∨y! 

= x! ∨y!........................................................Absorption law 

Then, by Definition 2.8, we get (x ∨y)! ∧(x!∨y!) = x! ∨y! and hencex! ∨y! ≤(x∨y)!. 

(iv)Since (x ∨y) ∧(y ∨x)! = (y∨x) ∧(y ∨x)! 

= (y ∨x)! and (y ∨x)! ∈B, by Definition2.8, 

we get (x ∨y)! ∧(y ∨x)! = (y ∨x)!. 

Hence (y ∨ x)! ≤ (x ∨y)!. 

Similarly,(y ∨	x)∧	( x∨	y)! = (x ∨	y)∧	ȃ	x∨	y)! 

= (x ∨	y)!and ( x ∨	y)!∈B  by Definition 2.8, 

weget (x ∨y)!∧	ȃ	y∨	x)! = ( x∨	y)!.  

Hence ( x∨y)! ≤ (y ∨	x)!. 

 And hence(x ∨	y)! = (y ∨	x)!. 

It can be observed that the uniqueness of x! depends on the maximal element m 

we have taken into consideration. 

Theorem 2.11 

Let A be an ADL with a maximal element m and Birkhoff center B. 

Then A is a PSADL if and only if [0, m] is a pseudo-supplemented lattice. 

Proof: 
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Suppose A is a PSADL. Let x ∈[0,m]. Then there exists an element b ∈B 

satisfyingP1and P2of the Definition 2.7. That is x ∧b = b and if c ∈B such that 

x∧c = c, then b ∧c = c. Define x! = b ∧m. Then x! ∈B([0,m]) . 

 Nowx∧x! = x ∧b ∧m......(sincex! = b ∧	m) 

= b ∧m 

= x!. 

Let c ∈B([0,m]) such that x ∧c = c. 

Then, c ∈B and hence b∧c = c. 

Now x!∧c = b ∧m ∧c.....(since x! = b ∧	m) 

= b ∧c...... (since m is maximal) 

= c. 

Therefore [0,m] is apseudo-supplemented lattice. 

Conversely, suppose [0, m] is a pseudo-supplemented latticein which the pseudo-

supplement of x is denoted by x!.Let x ∈A. Then x ∧m ∈[0,m]. 

Write b = (x∧m)!.Then b ∈B([0,m]) and hence  we get b ∈B. 

Now,x∧b = x ∧m ∧b ....... (since m is maximal) 

= (x ∧m) ∧(x ∧m)! 

= (x ∧m)! 

= b. 

Let c∈B such that x ∧c = c.Then, by Theorem 2.2, c ∧m ∈B([0,m]) and 

x∧c ∧m = c ∧m. Then c ∧m ≤ x ∧mand hence c∧m ≤ (x ∧m)! = b. 

Thus,b∧c = b ∧c ∧c.............Idempotency 

= b ∧c ∧m ∧c.....(since m is maximal) 

= c ∧m ∧c 

  =c∧	c∧	m.............by Theorem 1.11(5) 

                                              = c∧	m 

= c. 

Hence A is a PSADL. 

Note: 

Ifb ∈B([0,m]), then b = c ∧m for some c ∈B. By Theorem 2.3, b ∈B 

and hence by Lemma 2.9 (5),b! = b ∧m = c ∧m = b. Thus B([0,m]) = {x! | x ∈A}. 
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A PSADL becomes a pseudo-supplemented lattice once it becomes a lattice. Therefore 

We get a number of equivalent conditions for a PSADL to become a pseudo- 

supplementedlattice as a consequence of Theorem 1.15.These conditions are stated in the 

followingtheorem. 

 

 

 

Theorem 2.12 

Let (A,∨,∧,!,0,m) be a PSADL with Birkhoff center B. Then the 

following are equivalent : 

(1) A is a pseudo-supplemented lattice. 

(2)A is a distributive lattice. 

(3)(A, ≤) is directed above. 

(4)∨is commutative. 

(5)∧is commutative. 

(6)∨is right distributive over ∧. 

(7) The relation θ = {(a, b) ∈A × A | b∧a= a} on A is antisymmetric. 

Proof: 

Let be a PSADL with Birkhoff center B. 

(1 2): 

 Suppose A is a pseudo - supplemented lattice, then  A is a distributive lattice. Since A is 

a PSADL. 

(2 3): 

If A is a distributivelattice and by the definition of PSADL, we will get immediately 
 is directed above. 

(3 4): 

 Suppose (A,  ) is directed above, then by definition of lattice and definition of PSADL, 

 

(4 5): 
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 Suppose  and A is 

PSADL  

(5 6): 

Suppose is commutative, then by definition of lattice and PSADL is right distributive 

over . 

(6 7): 

Suppose  

Given that . 

To prove that  is antisymmetric 

Sinceif  is a PSADL, , by the Definition 2.8 and 

alsoby the Definition  2.7,  is anti symmetric otherwise we will get contradiction for 

definition of PSADL. 
(7 1): 

Suppose A is a PSADL and the relation  = {(a, b)  A  A│ b  = a} on A is 

antisymmetric. 

It will again obtain by the definition of PSADL, and then by the proof of (1) we will getit 
is a PSADL thenA is a pseudo-supplemented lattice. 
Hence, completes the proof. 

Finally, we conclude this section with the following. 

Theorem 2.13 

Let A be an ADL with a maximal element m and Birkhoff center B. 

Then A is a PSADL if and only if PI(A) is a pseudo-supplemented lattice. 

Proof: 

Suppose A is a PSADL. For any x ∈A, define (x]! = (x!]. Since x! ∈B, by 

Theorem 2.4, we get (x!] ∈B(PI(A)) and (x] ∩ (x]! = (x] ∩ (x!] 

= (x!] 

= (x]! 

and hence(x]!⊆(x]. 

Let (b] ∈B(PI(A)) such that (b] ⊆(x]. Then, by Theorem 2.4, b ∈B andx∧b = b.So that x! ∧b = b and (x!] ∩ (b] = (x!∧	b].........by Theorem 1.14 

 = (b]. 
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Hence PI(A) is a pseudo-supplemented lattice. 

Conversely, suppose PI(A) is a pseudo- supplemented lattice. 

For any x ∈A, (x]!∈(PI(A)) and hence (x]! = (b] for some b ∈B. Then (b] ⊆(x] so that 

b∈(x] and hencex∧b = b. Let c ∈B such that x ∧c = c. 

Now (c] ∈B(PI(A)), (x] ∩ (c] = (x ∧c] by Theorem 1.14 

 = (c]. 

That is (c] ⊆(x] and hence (c] ⊆(x]! = (b].  

Thus b ∧c = c.And hence A is a PSADL. 
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