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Abstract

The purpose of this project is to discuss the concept of "Properties of Stone Almost Distributive
lattice™ in terms of its dense element and its center. we define different set of axioms which
characterize the class of “Properties of Stone Almost Distributive Lattice™ and proved that, this
axioms independent, in addition to this, we gave a few more necessary and sufficient condition
for ADL to be a Stone ADL in terms of principal ideals generated by the semi-complement of an
element of a lattice.




CHAPTER ONE
1.INTRODUCTION AND PRELIMINARY

1.1 Introduction

In 1962 G.Grather [2] proved a representation theorem for stone lattices, that is” Every stone
lattice is isomorphic to a sub lattice of the lattice ot all ideals_of a complete and atomic Boolean
algebra.” For proving the above theorem., G. Grazer[2] in his paper listed some important
properties of stone lattices such as a* = a**, a is of the form b* if and only if a = a**, an
element a has a complement if and only if there exists an element b such that a = b* and so on
for a, b elements of a lattice L. The concept of almost distributive lattice (ADL) was introduced
by Swamy U.M and G. C Rao[3] as a common abstraction of existing lattice theoretic and ring

theoretic generalization of Boolean algebra.

The class of ADL with pseado-complementaion was introduced in [4] and it was observed that
an ADL can have more than one pseado-complementation .

In 2000 Swamy Rao and Nanajiin[4] define the concept of a stone ADL L is a stone ADL with
one pseado-complementation, Then L becomes a stone ADL with pseado-complementation on it.

In this paper we make an extensive study of properties of stone ADL in terms of its dense
element and its center we define the concept of semi complement of an element a in an ADL
and derive the necessary and sufficient for an ADL to be a stone ADL in terms of principal ideals
generated by the semi compliments of L.



1.2. Preliminaries
In this paper we give some important definitions and results, that are more frequently used

Definition 1.2.1 Analgebra (L, A, V ) of type (2. 2, 0) is called Lattice, if it satisfies the
following axioms: forall x,y,z € L.

() xvy=yVx. and AP = VA Xmmorspnssinsses commutative
2) (xvy)vz=xVvV(y Vz). and (xAY) Az=XA(YAZ)rrcrerune. Assocativity
B) Vxr=x and A = s e Idempotent
4) xVy) Ay=y. and CH VIV smsmmmssmonemnoss Absorbation

NOTE In any lattice (L, V, A) the following are equivalent.
XA(yV z)=(xAy)V(xAZz).
VY INZ = (XN Z2))VN(VA Z).
xV(yAz)=(xVy )A(x V z2).

Definition 1.2.2 A Distributive lattice is a lattice which satisfies either of the distributive
law.

Dl AV Z Y=(2NY IV X N Z).
D2: xV(yAz)=(xVYy)A (xV2z).

If (L,v, A)is a Lattice, then an element 0 of L is called zero element or least element of L,
thus 0ANa =0 foralla€ L and an element | of L is called one element or greater element we
haveaVv 1 =1 foralla€ L.

If L hasOand I, then L is a bounded Lattice.
A bounded Lattice L is saide to be complemented, if for all a € L there exists b € L such that
avb=1and aAb=0.

A Lattice L is Said to be relatively complement, if for any x, y € L such thatx < y. the
bounded lattice. [x .,y ] ={z€L; x < z < y} isacomplemented lattice.

Definition 1.2.3 A stone lattice (A: e, . . .. €,.;) of oreder n is an L algebra A in which there
existsachain 0=¢; < e; < ...< ¢, = 1 such that ;1 is the smallest dense element of [e;:

1.




Definition 1.2.4 An algebra ( L, v, A,0) of type (2, 2, 0) is called an almost distributive
lattice (ADL) if the following conditions hold:

(I) an(bv c)=(aAb)Vv(aAc).
(2) (avb)Ac=(aAc)V(bAc).
(3) (avb)Aa=a.

(4) (avb)Ab=h.

(5) av(aAb)=a.

(6) OAna=0.

Lemma 1.2.5 Let (L. v, A) be an ADL with 0. Forany a, b. ¢ € L we have the following;
() avb=a< aAb=b.

(2) avb=beaAb=a.

(3) A is associative.

(4) aAbAc=bAaAc.

(5) (avb)Ac=(bVva)Ac.

(6) aAb=0=bAa=0.

(7) av(bAc)=(avb)A(aV c).

8) an(avb)=a,(aAb)vb=bandaVv (bAa)=a.
(99 aNa=a and ava=a.

(10 avO=a=0 vaandaA 0=0.

Definition 1.2.6 Let (L, vV, A) be an ADL with 0. Forany a, b € L, define a < b if and only
ifaAb=a orequivalently,aV b=b. Then “<” is a partial ordering on L .

Lemma 1.2.7 Let L be an ADL with 0, and m € L. Then the following are equivalent:

(1) m is maximal with respect to the partial ordering <.
(2) mva=m, forall a€ L.
(3) mAa=a, forevery a€ L.




Definition 1.2.8 Let (L, Vv, A, 0) be an ADL with 0. Then a unary operation a — a* on L is
called a pseudo-complementation on L if,

(1) ana*=0;
(2) aAb=0= a*Ab = b;
(3) (avb)*=a*Ab* foralla,belL.

Here, the unary operation * is called a pseudo- complementation on L and a* is called a pseudo-
compliment of a in L. Now, we list some results of pseudo-complementation.

Lemma 1.2.9 LetL bean ADL with 0 and * be a pseudo-complementation on L. Then for
a, b € L, the following conditions hold:
(1) 0* is maximal.

(2) Ifais maximal, then a* = 0.

(3) O**=0.

(4) a**Aa = a.

(5) a*=0 < a** is maximal.

(6) a* < 0*.

(7) a*A b* =Db*A a*.

(8) a< b =b*< a*

(9) a* < (aAb)*and b*< (a A b)*.
(10) a*= bwe b¥r< g**

(1) a=0 e a**=0.

Definition 1.2.10 A homomorphism between ADLs L, and L, is a mapping f : L — L-
satisfying the following conditions:

I. f(avb)=f(a)V f(b);
2. f(aAnb)=f(a)A f(b):
3. F(0)=0.

Definition 1.2.11 Let (L, vV, A.0) be an ADL with 0. A non empty subset I of L is an ideal
of Lif xVy el and x Aael whenever x, yel andaelL.




CHAPTER TWO

PROPERTIES OF STONE ALMOST DISTRIBUTIVE
LATTICE.,

In[2], Grazer proved a representation theorem for stone Lattices, and for this he listed some
important properties of stone lattices and, Grazer and Schmidt give some definitions of Stone
lattices and proved related results. In these section we discuss these properties to Stone almost
distributive lattice(Stone ADLs). We also characterize a Stone ADL L in terms ot the semi-
complements of an element of L. We give the following definition of Stone ADLs taken from{4]

Definition 2.1. Let (L, vV, A, * 0) be an ADL with 0 and * be a pseudo-compiementation
on L. Then L is called a stone ADL if, for any ae L, a* v a** = 0*.

Lemma 2.2. Let(L, V,A, *0)be astone ADL and a, b € L. Then the foliowing conditions
hold:

(1) 0*Aa=a and 0* va=0*

(2) a***=ag* and 0**=0.

(3) (aAnb)*=a* Vv b*.

(4) (aAb)** =a* *A b¥*.

(5) Anelementa € [0, 0*%] is a complimented if and only if a = b* for some b e L.
Proof. Let L be an Stone ADL and a,be L.

(1) Since 0 A a = 0 by the definition 1.2.3. we get 0* A a = a and hence 0* v.a = 0%,
(2) From lemma 1.2.9(4) we have a**A a = a, so that a** v a= a** and hence,
a**® = (gF*y a)* =gk A gk =g% -
(3) Letx=(aAb)*. Then
=aAbAx=aAbA(aAb)*=0
= a*AbAx=bAx.
= a**AbAx=a**Aa*AbAx=0.
= bAa**Ax =0.
= b*A a**A x = a**A x.
=b*V (a®**A x) =b*.
Now,
a* vV b* = a* v [b*V (a**A x )] = a* V [(b*Va**) A (b*V x)].
= [a*V (b*V a**)] A [a*V (b*V x)] = 0% A [a* V (b*V x)].
= a*V (b*V x).
Thus, (a* V b*)A x =[a*V (b*V x)] A X = x.



Now, (a A b)* = (a*V b*) A (a A b)* =[a*A (a A b)*] V [b*A (a A b)*].
=laVv(aAb)]*V[bV(aAb)]*=a*Vb*
Hence, (a A b)* = a* v b*.
4 . (aAb)** = (a**Ab**). by (3)above.
=a**A b** = (a*V b*)*,
=a**A b** by (3) above.
5. Suppose a € [0, 0*] is a complemented element of L. Then , there exists b € L.
suchthataA b=0and aVv b=0* SincebAa=0,we get b*Aa=a.
Now b*=(bVv0)*=b* A0*=Db*A(aV b)=Db*Aa=a.

Conversely, assume that a = b* for some b € L. Then, aA b** =a A a* =0, and aV b**= b*V
b**= 0*. There fore, b** is the complement of a in [0, 0*].

Definition 2.3. If L is an ADL with a maximal element, then the element a€ L is called
complemented element, if there exists an element b € L such thata A b =0 and a Vv b is maximal
element of L . Here b is called the complement of a.

Unlike in the distributive lattice, a complemented element in an ADL L not have a unique
complement. If a is a complemented element in L, then we denote the set of all complements of
a by C(a), and it can be easily observed that C(a) is a sub-ADL of L.

Definition 2.4. Let L be an ADL with 0 and a maximal element. The center of L is defined
as the set of all complemented elements of L and it is denoted by B(L) or simply, B.

Lemma 2.5. If (L ,V, A0) is an ADL with a maximal element and a is a complemented
element in L then B(a) is a sub ADL of L.

Proof. Let (L,V,A,0) be an ADL with a maximal element and ¢, d € B(a).ThenaAc =
0,and=0,aVc and a Vv d are maximal element of L.

Nowa AcAd=0Ad=0andaV(cAd)=(aVec) A(a Vd)= a Vdwich is maximal .thus
¢ Adis acomplement of aand hencecAd€ B(a).

Again, aA(cvd)=(anc)Vv(and)=0.

Now . We show that a V (¢ V d) is maximal.

Letx €L, thenlavV(cvd)]Ax=[(avc)vd]Ax



=[(ave)Ax] vV (dAx).
=xV (d Ax),sinceaVc is maximal.
= X.

Thus ¢ vV d isacomplement of aand hence ¢V d € B(a).

There fore B(a) is a sub ADL of L.

Lemma 2.6. Let L be a pseudo-complemented ADL with center Band a € L.Then a € B if
and only if a v a* is maximal.

Proof. Suppose a € B. then there exists an elementbh € L such that aAb=0and aV b is
maximal.

Since aAb =0 we get a*Ab =b and hence (aV a*) A (aV b) =a Vv (a¥*Ab) = a Vb, which is
maximal. Thus a vV a* is maximal.

Conversely suppose a V a* is maximal. But a Aa* = 0.
Hence a € B.

Now We prove the following results.

Theorem 2.7. Let L be a stone ADL. Then the center B( L) coincides with the center of the
distributive lattice[0, 0*] and hence (B(L), V, A)is Boolean algebra.

Proof. Let B(L) = B. Suppose a€ B. then there exists b € L such thataAb=0and aVb is
maximal element of L .

Now,aAb=0 = a*Ab=b.
= a**Ab=a**Aa*Ab=0=>bAa**=0.
Since L is a stone ADL, we have a** v a* = 0*. Now, a** = (aV b) A a**=(a A a**) V (b A a*%*)
=aV 0 =a. There fore, a Va* = a* v a=a* v a** = 0*. Hence the result follows.
The following result follows directly from the above theorem and previous results.

Corollary 2.8. Let L be a stone ADL with center B. ThenB={a*: a€L}={a €L:a=a*

Proof. Let L be astone ADL with center Band C = {a € L:a = a **}.

Let a € B. Then from the proof of the above lemma 2.7 , a=a**.Hencea € C .Sothat B € C.




Let a€ C.Then a = b* for some b€ L. Now, aA a* = 0 and a V a* = b* vV b**= 0*and henc
a€E B,

So that C € B. There fore B = C. Since a*** = a* we get C={a € L:a = a **}.
Corollary 2.9.1f L is astone ADL and a € L is complemented, then B(a) = {a }.

Proof. Letabeacomplemented element of L. Then a € B and hence a = b* for some b € L.
Now, a A a*= 0 and a V a* = b*V b** = 0* hence a*€ B(a).
Let ¢c € B(a).then a*, ¢ € so that a*A ¢ =0 and a V ¢ is maximal.
Hence. ¢ = 0*Ac= (aVa*)Ac = (aAc)V(a*Ac)= a*Ac= cAa*
= (ana*)V(cAa*)= (aVc)Aa*= a*
There fore B(a) = a¥*.

Definition 2.10.. An ADL (L, Vv, A) is siad to be relative complement if the interval [a, b] is
a complemented lattice for any a, b in L witha <b.

Theorem 2.11. Let L be a complete relatively complemented ADL with a maximal element
m. Then the following conditions hold.

(1) The set of all Ideals I(L) of L is a stone lattice.
(2) The center of I(L) = PI(L).

Proof. (1) Let I(L) be the set of all ideals of L. Clearly I(L) is a complete lattice. for I € I(L)
defineI* = {a € L:aAx =0, forevery x € I}. Then clearly I nI*= (0]. Let J € I(L) such
ThatI NnJ = (0]. Now Let y € ]. Then for every x €I, x Ay € INnJ and Hence x Ay = 0.
Thus J € I*. Hence I(L) is pseudo-complemented lattice. Finally, let I € I(L). Since L is a
complete ADL, PI(L) is a complete lattice. Hence V€ (y] = (t], for some t € L.Let s be a
complement of t in [0, tVO0*]. ThentAs=0andtVvs =tV 0* If y € [* then y € y(t] and
Hence tAy =y. Now,y As=tAyAs=0.There fore,s € [**. Again since t € (t] = V€= (y].
there exists ¥y | ¥2 ...,yn € [*suchthatt € V', (v ]= Vi's1 yi] = (Vi'-1 vy i) At =t. Now,
forany x e I, Vi1 y ) Ax= (V21 yiAx)= O; and hencex At = xA (Vi1 y ) At =0.
Thust € I* . Thus,

tv 0* =t Vv s €I*v[** Hence, I*V [**. = L. There fore I(L) is a stone lattice.

(2) Let I be complemented ideal of L. Then there exists an ideal J such That/ AJ = (0] and
I'v] = L. Since meL we get m=xVy,for some x €l and y € /. Now for any t € [.
t=mAt=(xVy)At=xAt € (x], wegetl=(x]. Conversely suppose x € L. Let y be the




complement of x in [0,x Vm]. Thenx Ay=0andxVy =xVvm. NowxAy=0=(x]N(y]=
(x Ay] = (0]. More over ,x Vm =xVy € (x] V(y] and x Vm is maximal. Therefore (x] Vv
(y] =L and hence I = (x] is a complemented ideal of L.

Lemma 2.12. Let Lbean ADLanda€ L. ThenL,={aAx: x € L} isa sub-ADL of L.
Proof. Let L bean ADL and fora€ L let L,={aAx:x € L}

Suppose t,s € Lythent=aAxands =a Ay for some x,y € L.

Now ,tAs=aAxAaA y=aAxAy € L,and

tvs=(aAx)V(aAy)=aA(xVy) € L,

thus (L, VvV, A)isasub-ADL of L.

Theorem 2.13. Let L be astone ADL and a € L, then the map ¥ : L — L, x L,+ defined
byyp(x) = (aAx, a* Ax)forall x € L isan isomorphism if and only if a is the center of L .

Proof. Suppose the map v is an isomorphism. Now,
Y(a) =(aAa, a*Aa) =(a,0)and P(a**)=(a A a**, a* Aa**)=(q,0).
Thus , Y(a) =Y (a**) implies a = a** and Hence a is in the center B(L).
Conversely, assume that a is in B(L). We want to show that 1 is an isomorphism.
Now, p(x Ay) = (aAx Ay, a* AxAYy).
=(a@Ax a*Ax) A (ANV, TNV
=P A YH).
similarly Y (xVy)=(aA(xVYy), a*A(xVYy))
=(anx, a*ANx)V(aAy, a*A\y)
=y VvV p().
Hence 1) is a homomorphism.
Let x, y €L and YP(x) = Y(y). Then,x= 0*Ax=(aVa*)Ax =(aAx)V (a*Ax)
=(any)Vv(@*ry)=(aVv a*) Ay = 0*Ay=y.

Hence 1 is one- to- one




Finally suppose (a A x,a*Ay) € L,x L, for some x,y € L.
Writez=(aAx)V (a*Ay).
Then, Y(z) = (a A z, a*A z).
=(an[(anx) V(@a*Ay),a*AN[(aAx)V (a*Ay)]).
=((anx)Vv0,0V(a*Ay)).
=(aAx, a*Ay).
There fore , Y is an Isomorphism.

Definition 2.14. Let L be an ADL with 0. An element bin L is saide to be a semi-

complement of the elementa in L ifaA b= 0. We denote the set of all semi-complement of a by
S(a).

The following result can be verified easily.

Lemma 2.15. Let L be an ADL and a € L.Then S(a) is a S(a)n ideal of L and S(a) = (a*].

Proof. Let L be an ADL whith pseudo-Complementation and let S(a) be the set of all semi
complements of a€ L. Let t € S(a). ThenaAt =0 and hence a*At =t, so that t € (a*]. On
the other hand, if t € (a*], then a*At =t. Now a At =aAa*At=0. Thus t € S(a). Hence
S(a) = (a*]. So S(a) is an Ideal of L.

Let us recall that an ideal [ in an ADL L is called a direct factor if there exists an ideal ] of L
such that I N J ={0} and I Vv J=L.Now We prove the following theorem.

Theorem 2.16. Let L be pseudo complimented ADL. Then L is a stone ADL if and only if,
forany a € L, The ideal S(a) is a direct factor of L.

Proof. Suppose L is a Stone ADL and a € L.Then by the above lemma S(a) = (a*]. Since L is
a stone ADL, we have a*A a** = 0 and and a*va** = 0* Hence (a*] A (a**] = 0 and (a*] Vv
(a **] = L.There fore (a*] is a direct factor of L.

Conversely, assume that S(a) is a direct factor of L, for all a € L. Then there exists an ideal J in L
such that S(a) NJ={0}and S(a) VJ = L. Write 0* =b V (a *A x) for some x € L, b € ] and
hence b V a * is maximal. Also since (a*A b) € S(a) NJ. 1 geta*Ab = 0. So that a** Ab=b
and a** = a** v b.

Now , (a* Vv a**) A 0% = (a* vV a** V b) A 0*.
= (a** vV a*V b) A 0%

= (a**A 0%) V [(a*V b) AO*]
10




= (a**A 0%) V [(bva*) A 0%] = 0%

Hence we get, 0* = (a*A 0*) Vv (a** A 0%)

(av0)*v(a*v 0)*
= a* Va**,
There fore L is a stone ADL.

Definition 2.17. An ADL L is saide to be a dense ADL if a, b € L and a A b = 0 implies
eithera=0 orb=0.

The following result relates Stone ADL to dense ADL.

Lemma 2.18. If L is a stone ADL. then it is either a dense ADL or there exists an element
a€ Lwith0 <a<0*anda*# 0.

Proof. Let L be a Stone ADL, and assume that L is not dense. Then there exists a, b € L - {0}
such that a A b = 0. Hence b € (a*] and b # 0, so that a*+ 0.

Lemma 2.19. Let L be a stone ADL . Then every principal ideal of L is a stone lattice.

Proof. Let L be a Stone ADL and a € L. If I = (a], then clearly (I ,V,A ) is a bounded
distributive lattice. For each x € I, define x* = a A x* Then we have the following..

(i) x Axt =xAaA x*=0.
(ii) Suppose y € land x Ay = 0.Then, x*Ay =yandhence x* Ay=aAx*Ay=any=y.
(i) (xvy): =anxvy*

=aAx¥Ay*

=aAx*AaAny*

=xt Ayt

for every x,y € I. There fore, L is pseudo-complementation on/ = (a]. more over, x*+ =
(x*Aa)t = (x* Aa)*Aa = (x**va*) Aa = x** Aa. Hence x1 Vxtt = (x*A a) V (x**Aa)
=(x*Vx**)A a=0* A a=a, where a is a greatest element in /. There fore [ = (a] is a stone
lattice.

Theorem 2.20. Every dense ADL with a maximal element m is a stone ADL.

Proof. Let L be dese ADL with a maximal element m. Fora€ L,a*=0if a= 0 and a* =m
ifa=0.

11




(i) Leta € L. Then by the definition, eithera=0or a* =0 ifa% 0 and a* =m ifa= 0.
Hence, aAa*=0.

(ii) Let a, b € L and a A b=0. Then either a= 0 or b=0.

Suppose a= 0. thena*Ab=m A b = b,and If a# O then b = 0 and hencea* Ab=0=hb.
There for, in any case, a*A b = b.

(iii) Leta.,b € L ,and assume thataVb=0.Thena=0 and b=0,Thes(aVb)*=m=mAm=
a*Ab*. Ifavb= 0.Then (avb)* =0nowaVvb =0, impliecsa # 0 or b # 0 and hence a* = 0
or b* = 0. in either cases a* A b* = (a V b)* = 0.

(iv) Finally, leta € L. Suppose a# 0. Then a* = 0, a** = m and hence a* Va**=0v m = m.
assume that a= 0. then a* = m and a** = 0. Hencea* Va** =mvVv 0 =m.

Therefore for any a € L, a* vV a** = m = 0* and hence L is a stone ADL.

Definition 2.21. Let L be An ADL. An element 0 # a € Lis called an atom in L if (a] is an
atom in the lattice PI(L).

Lemma 2.22. Let L be an ADL and 0 # a€ L. Then a is an atom in L if and only if 0 #
x € Landanx= ximpliesxAa = a.

Proof. Let L be an ADL and 0 # a € L. Suppose a is an atom in L . Then (a] is an atom in
PI(L). Let 0 # x € L and a A x = x. Then (a] A (x]= (x]. That is (x] € (a] Since (x] # (0] we get
(x] = (a]. Thus, a € (x] and we have x Aa = a.

Conversely, suppose the condition holds to show that a is an atom , that is (a ] an atom in
PI(L). Let 0 # x € L such that (x] < (al. Then x € (a]. Sothata A x = x and hence x A a =a.

There fore (a] € (x]. Thus (x] = (a] and hence (a] is an atom in PI(L).

Definition 2.23. Let L be an ADL. The element a, b € L are said to be equivalent (Written
asa~b) i f (a] = (b] orequivalentlyaAb=b,andb Aa=a.

Theorem 2.24. A finite dense ADL has an atom which is unique up to equivalence .

Proof. Let L be a finite dense ADL and L — {0} = {al,a2,a3,...,an}. Writea=a; A a, A ..
.ANa, Then a## 0.Now letx € Lsuchthat 0<x <a.Sincex<a=aAaA...ANaA...A
a, We get x=a; forsome i (1 <i<n).Henceai = x <a < ai. There fore x = a, so that a
isanatomin L. If a; A a, # 0.Thensince 0 <al A a2 < a2and a2 isanatom .we geta; A a,
- ay . Similarly, we get a> A a; = a; There fore (a;] = (az], and hence a; ~ a,,
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Finally, We prove that the characterization Theorem finite stone ADL. But before that, we need
the following result.

Lemma 2.25. If L and L- are two stone ADLs, then the direct product L; X L, is also a stone
ADL under point wise operations, defined by ( a;,b;) A (ay by) =(ajAay) . by Abs). (an.b)V(
ax.by) =(ajvay).b; v by) and (a.b)* = (a*,b*) forevery (a;, b)), (a, by) €L X L.

Proof. Let Liand L, are two stone ADLs. We know that L, X L> is an ADL under the point
wise operation .

Let (a,b)€ L, X L,
() (a,b)A(a b)*= (a.b)A(a b)*

= (aAa* ,bA b¥).
= (0.0).

(ii) Suppose (x,¥y) €Ly X Ly and(a,b)A(x,y)=(0,0).
Then.,(aAx)=0 and (bAy)=0.Thusa* A x=x and b* A y=y, so that
(a b)*A(x,y)=@* b)HA(x,y)=@*Ax.b*Ay)=(x,y).
(i) [(a,b)V (c,d)]*=(avc,bvd)*=(aVvc)*.bVd)*)=(a* A c* b*A d*)
=(@* b*) Alc*. d*)=(a.b)*A(c.d)*
There for L X L, is pseudo-complemented.
(iv) (a,b)* Vv (a,b)** =(a*b*) Vv (a**b**) = (a* v a**), (b* vV b**) = ( 0*,0%)
Hence, L X L> is a stone ADL.

Lemma 2.26. Let L be astone ADL and a € L. Write La ={a A x : x € L }. Define a unary
operation * on L, by (aA x)* =aA x* forevery x €L. Then.(L,;V, A,*.0.aAm)isa
stone ADL

Proof . Clearly (L,;V, A)lsan ADL .Let x,y € L. Then . we have the following:
() (aNh x)AN(aN x)*=aA x AaA x*=0.

(i1) Suppose (a A x)A(aA y)=0.Then, x AaA y=0.Sothat (aA x)* A\aA y=aA x*A
aNy=x*ANah y=aAly.
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(iii) [(aA x)V (aA Y]F=[aA (xVy))*=aA x*\ y*=(aA x)* A(aA y)*. Thus
L is pseudo-complementation.
(iv) (ah x)* V(@A x)**=(aA x)*V(anA xH*=(@An x*)V(an x**)
=@A (VX)) =a AD*= (an 0)y* =0*.
There fore. (L,; V, A.*, 0,aAm)isastone ADL.

Lemma 2.27. Let L be a stone ADL and a € L.Then . the map f: L — L,x X Ly**_defined

by f(x) = (a*A x, a** A x) is an isomorphism, where L, and L,** are defined as in the above
lemma.

Proof . Let x,y € L.

() f(xAy) =(@*AxAy.a** AxAy)= (a*Ax,a**AxX)A (@a*Ay, a**Ay)
= fCIAFQ).

Similarly, f(x Vy) = f(x) Vv f(y), and hence f is a homomorphism.

(ii) Suppose f(x) = f(y) Then, (a*A x, a**A x) = (a*A vy, a** A y) so that a*Ax = a*Ay
and a**A x=a**A y. Thus,x=@*va**) Ax=(@*va**)Ay =y,

and hence f is one-to-one.
(iii) Let (x,¥) € Lyx X Ly»»_and z = (a*Ax) V (a**Ay ). Then

a*ANz=a*N[(a*Ax)V (a**ANy) =a* A x =xand a**Az= a**A[(a*Ax)V (a**A y )|
= a**Ay =y.

Hence. f(z) = (a*A z,a**A z )= (X,y). so that f is on to. There fore, f is an Isomorphism.

Theorem 2.28. A finite ADL is a Stone ADL if and only if it is a direct product of dens
ADLs .

Proof. Suppose L is a finite Stone ADL. Then by Lemma 2.15 L is either a dense ADL or there
exists or an element a € L with 0 <a < 0* such that a*# 0. If L is a dense ADL, there is
nothing to prove. Thus we assume the second condition. Since L is finite L, assume that|L| =n

.for some positive Integer n . and | prove by induction .If |L|= 1. then L= {0} and hence L is
adense ADL. Suppose the result is true for all ADLs L such that |[L|[< n. Let L «=f{aAx:x € L}
and L, = {a **A x: x € L } .Where a is defined as above Clearly .a** is not in L, and a* is not L»
Then |L,|< n and|L>|< n. and hence by Induction hypothesis L, and L are direct product of dens
ADLs. Hence by lemma2.26 L is Isomorphic to L, X L> so that L is a direct product of dens
ADLs.
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Conversely, assume that L is a direct product of dens ADLs,L;,L> ... L, Then by
Theorem 2.20 ,each dense ADL. L,,L; ... L, is a Stone ADL. Thus, L; X L, X ... X L, is a Stone
ADL, by lemma 2.25 and Hence L is a Stone ADL.

Corollary 2.29. Every finite Stone ADL with more than one element is a direct product of
finite stone ADLs, of which each has an atom and is unique up to equivalence.

Proof. Let L be a finite Stone ADLs L whith more than one element. Then by lemma 2.28

every finite dens ADL has an atom which is unique up to equivalence and hence the result
follows Theorem 2.20.
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