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Abstract

Nonlinear problems, including variational inequality problems and �xed point

problems, are pervasive in various �elds like physics, optimization, and economics.

These problems often lack closed form solutions and pose signi�cant challenges for

direct analytical methods. As a result, iterative methods are widely used for approx-

imating their solutions.

In this dissertation, we study split equality problems involving common variational

inequality and �xed point problems in both real Hilbert and real Banach spaces. The

problems we consider are de�ned under weaker conditions on the associated operators

and the norm, spectral radius and Lipschitz constant of these operators are not part

of our conditions. We use strong convergent projection iterative methods to approxi-

mate the solutions of the problems. The methods combine inertial steps with Tseng's

extragradient method, both of which are recognized for enhancing the performance

of iterative methods.

First, we propose inertial-like Tseng's extragradient and subgradient extragradient

iterative algorithms for solving split equality common variational inequality and �xed

point problems in real Hilbert spaces. The underlying operators associated with the

variational inequality problems are quasi-monotone and uniformly continuous and

those with the �xed point problems are quasi-nonexpansive operators. Under some

mild conditions, we prove strong convergence of our methods to a solution of the prob-

lem and numerical examples are presented to illustrate the e�ciency of the methods.

Second, we introduce and study a new split equality problem with common varia-

tional inequality and �xed point problems associated with �nite families of operators

in the setting of real Hilbert spaces. We propose an inertial Tseng's extragradient

iterative method with viscosity technique and prove its strong convergence to a solu-

tion under some suitable conditions. We also present some numerical experiments to
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illustrate and show the e�ciency of the proposed method.

Thirdly, we study a split equality problem involving common Minty variational in-

equality and �xed point problems in real re�exive Banach spaces. Unlike the existing

results on Minty variational inequality problems, we consider the operators to be

both quasi-monotone and uniformly continuous. Under some suitable conditions, we

establish a strong convergence of the proposed method to a solution of the problem.

Finally, we present some numerical experiments to illustrate and show the e�ciency

of the method.

These �ndings provide a scalable and theoretically robust framework for solving com-

plex problems such as convex and nonconvex optimization problems, game-theory,

engineering and economics.

Keywords: Variational inequality problem. Minty variational inequality problem.

Fixed point problem. Quasi-monotone operator. Uniformly continuous operator.

Quasi-pseudocontractive operator. Inertial step. Tseng's extragradient method. Breg-

man projection. Quasi-nonexpansive operator. Bregman relatively nonexpansive op-

erator.
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this di�culty in projection iterative methods for solving VIPs, the Tseng's extragra-

dient method became most preferable as it uses only one projection operator in each

iterative step (see, e.g., [159, 129, 161]).

Over the years, researchers have made e�orts to speed up the rate of convergence

of iterative algorithms. One of such techniques is using inertial steps in their al-

gorithms. This was derived from an implicit time discretizations of a second-order

dynamical system, called heavy ball with friction by Polyak [136].

Many authors applied the inertial method in their iterative schemes, which is per-

formed by combining the extrapolation point �n(xn � x n�1 ) with Halpern, Kranosel-

skij, Mann, etc. methods ( see, e.g., [186, 129, 161, 73, 154]). Since inertial-like algo-

rithms do not rely on one initial vector, it has been widely used by many researchers

to approximate solutions to various convex optimization problems (see, e.g., [74, 72,

161, 2, 153, 1, 59, 73, 152, 41, 127]).

In addition, the viscosity method is another technique which is essential in improving

the convergence characteristics of an iterative algorithm (see, e.g., [99, 149, 164, 187,

194, 169, 2, 108, 153]). One of the advantages of viscosity-type algorithm is to ensure

strong convergence result in an iterative algorithm. It is also an improved version

of the Halpern method in the sense that it avoids the possible dependence of the

e�ciency of the iterative method on a �xed vector in the algorithm.

The Bregman distance, which was introduced by Bregman [28], became applicable in

the process of designing and analyzing feasibility and optimization algorithms. Re-

cently, there is a growing interest in applying Bregman distance techniques in various

ways in order to design and analyze iterative algorithms for solving VIPs and FPPs

(see, e.g., [160, 8, 195, 184]).

The rest of the dissertation is organized as follows.

1) In Chapter 1, Section 1.2, we provide a brief overview of preliminary con-

cepts, lemmas and de�nitions related to geometric properties of Banach spaces,

Gâteaux and Fréchet di�erentiability, the projection operator, Bregman Dis-

tance and some Nonlinear Operators in Banach Spaces; in Section 1.3, we dis-

cuss the research problem and motivations; in Section 1.4, we raise the research

questions; in Section 1.5, we describe the general and speci�c objectives of the
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study and in Section 1.6, we clarify the scope of our study.

2) In Chapter 2, we give a review of some existing related works that are relevant

to this study. We discuss some notable results on the approximation of solutions

of problems involving FPPs and VIPs in Section 2.1 and on the solutions of

problems involving a system of FPPs and VIPs in Section 2.2.

3) In Chapter 3, we begin with one of our main results. This chapter presents split

equality Minty variational inequality and �xed point problems in real Hilbert

spaces. In Section 3.1 we give some preliminaries; in Section 3.2, we present the

proposed iterative method; in Section 3.3, we discuss the convergence analysis

of our methods; in Section 3.4, we discuss some applications of the main results

in this chapter and in Section 3.5, we give some numerical examples.

4) In Chapter 4, we study the split equality problem involving CVIPs and CFPPs

in real Hilbert spaces. We present inertial Tseng's extragradient scheme with

viscosity and obtain a strong convergence result of our method. In Section 4.1,

we provide some preliminaries; in Section 4.2, we propose an iterative method

for solving the problem; in Section 4.3, we discuss the convergence analysis of

our methods; in Section 4.4, we discuss some applications of our main result

and in Section 4.5, we give some numerical examples.

5) In Chapter 5, we investigate SECMVFPP involving MVIPs with non-Lipschitz

and non-monotone operators and FPPs with Bregman relatively nonexpansive

operators in real re�exive Banach spaces. We introduce inertial-like Halpern

Tseng's extragradient iterative algorithm and prove for a strong convergence re-

sult. In Section 5.1, we state a preliminary result; in Section 5.2, we present the

proposed iterative methods; in Section 5.3, we discuss the convergence analysis

of our methods; and in Section 5.4, we give some numerical examples.

6) Chapter 6 serves as the �nal and concluding part of the dissertation. It summa-

rizes key �ndings, highlights the signi�cance and contributions of our research

to the existing body of literature, and outlines potential research directions for

future studies.

1.2 Preliminaries

In this section, we introduce some fundamental concepts and results that will be

essential to establish the main results.
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1.2.1. Some Geometric Properties of Banach Spaces

The geometry of Banach spaces plays a crucial role in determining their structure

and properties and its norm in�uences the geometry, shaping properties like convexity,

smoothness, duality, and compactness (see, e.g., [45, 57, 48]). A Banach space E is

said to be strictly convex if jjx+yjj
2 < 1 for all x, y 2 S E = fz 2 E : jjzjj= 1g with

x 6= y. The modulus of convexity �E of E is de�ned by

� E (�) = inf

(

1 �
jjx + yjj

2
: x, y 2 SE , jjx � yjj� �

)

for all � 2 [0, 2]. If � E (�) > 0 for all 0 < � � 2, then E is said to be uniformly convex.

It is known that if a Banach space is uniformly convex, then it is strictly convex.

For p > 1, E is said to be p-uniformly convex if there is a constant c > 0 such that

� E (�) � c� p.

A Banach space E is said to be smooth if, at any x 6= 0 in E, lim
t!0

kx + tyk�kxk
t

exists, for all y 2 E. The modulus of smoothness of E is the operator �E : [0, +1) !

[0, +1) de�ned by

� E (t) = sup

(
1
2

(jjx + yjj+jjx � yjj) � 1 : x 2 S E , jjyjj� t

)

. (1.1)

If � E (t)/t ! 0 as t ! 0, then the Banach space E is said to be uniformly smooth. For

q > 1, E is said to be q-uniformly smooth if there exists a constant c > 0 such that

� E (t) � ct q. It can be shown that a p-uniformly convex (respectively, q-uniformly

smooth) Banach space is uniformly convex (respectively, uniformly smooth).

Hilbert spaces have some nice properties, like the parallelogram law, which come

out of the inner product de�ned on it. Analogous to the inner product, Alber [8] in-

troduced a relation between elements of a Banach space and its dual. This pairing is

called a duality pairing and was motivated by the Hahn-Banach theorem [150] which

states that, for a given x in a Banach space E, there exists at least one j in the dual

space of E� of E, such that the duality pairing hx, ji = kxk.kjk holds.

A Banach space E is said to be re�exive if the natural embedding operator � : E !

E �� de�ned by �(x) = f x is onto, where fx : E � ! R such that f x (x � ) = hx � , xi is a

bounded linear operator and E�� is the bidual of E. Uniformly convex and uniformly

7



smooth Banach spaces are re�exive. Speci�cally, Hilbert spaces, the Lp space and

the `p space (1 < p < +1) are re�exive Banach spaces, but the Banach spaces L1,

`1, L1 and `1 are not re�exive (see, e.g., [3]).

A gauge function is a continuous and strictly increasing function on the set of all

nonnegative real numbers de�ned as, � : R+ [ f0g ! R + [ f0g such that �(0) = 0

and lim
t!1

�(t) = 1. Now, let E be a normed space and � a gauge function. Then the

operator J� : E ! 2 E �
de�ned by

J� (x) = fj 2 E � : hx, ji = kxkkjk; kjk= �(kxk)g

is called the duality operator with gauge function �.

If it is single valued, then the operator J� can be written as J� : E ! E � . Moreover,

if �(t) = t p�1 , p > 1, then J� is called the generalized duality operator, denoted by

Jp and given by

Jp(x) = fj 2 E � : hx, ji = kxkkjk; kjk= kxk p�1 g. (1.2)

In addition, if p = 2, then we write J p = J 2 = J and from (1.2), we have

J (x) = fj 2 E � : hx, ji = kxk 2= kjk 2g (1.3)

which is called the normalized duality operator. For a Hilbert space H, J is the

identity operator in which case we simply write J (x) = x for each x 2 H and the

duality pairing becomes the inner product on H.

The following lemmas are important in the proof of our main results.

Lemma 1.1. ([190, 59, 115]) Let H be a real Hilbert space. Then the following

results hold:

(1) kx + yk 2= kxk 2+2hx, yi + kyk 2, 8x, y 2 H.

(2) kx + yk 2� kxk 2+2hy, x + yi, 8x, y 2 H.

(3) k
P k

i=1 
 i zi k
2 �

P k
i=1 
 i kzi k2�

P k
i,j=1 
 i 
 j kzi � z j k2, 8z1, � � � , zk 2 H,

where 
1, � � � , 
 k 2 [0, 1] with
P k

i=1 
 i = 1.

(4)
q

kx + yk 2+kp + qk 2 �
q

kxk2+kpk 2 +
q

kyk2+kqk2, 8x, y, p, q 2 H.

8



Lemma 1.2. ([3]) If E 1 and E2 are re�exive real Banach spaces, then the Cartesian

product E = E 1 � E 2 is also a re�exive real Banach space with dual E� = E �
1 � E �

2

and duality pairing

h(x2, y2), (x 1, y1)i = hx 2, x1i + hy 2, y1i,

8(x1, y1) 2 E, (x 2, y2) 2 E � . Furthermore, (xn , yn) * (x, y) implies x n * x in E

and yn * y in E � .

1.2.2. Some Nonlinear Operators in Banach Spaces

When solving FPPs and VIPs, properties such as monotonicity and continuity of

the corresponding nonlinear operators are required. One of the basic advantages of

assuming monotonicity of the operator T for �nding a solution of a VIP in T is that

it can weaken or eliminate the need for the constraint set to be bounded.

To de�ne some classes of monotone operators, let C be a nonempty, closed and

convex subset of a real Banach space E. Then an operator T : C ! E� is said to be:

(1) monotone if hTx � Ty, x � yi � 0, 8x, y 2 C.

(2) strictly monotone if hTx � Ty, x � yi > 0, 8x 6= y 2 C.

(3) pseudomonotone if hTx, y � xi � 0 implies that hTy, y � xi � 0, 8x, y 2 C.

(4) c-strongly monotone if there exists c > 0 such that

hTx � Ty, x � yi � ckx � yk 2, 8x, y 2 C.

(5) �-inverse strongly monotone (�-ism) if there exists � > 0 such that

hTx � Ty, x � yi � �kTx � Tyk 2, 8x, y 2 C.

(6) quasi-monotone if hTx, y � xi > 0 implies that hTy, x � yi � 0, 8x, y 2 C.

(7) sequentially weakly continuous, if for each sequence fxng,we have that fxng

converges weakly to x implies that fTxng converges weakly to Tx.

It follows that monotone operators are pseudomonotone and pseudomonotone oper-

ators are quasi-monotone. Moreover, both strongly monotone and strictly monotone

operators are monotone operators. However, the converses of the above statements

are generally not true. For example, a quasi-monotone operator may not be pseu-

domonotone.
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Example 1.1. Let S : H = R ! R be de�ned by S(x) = x 2. Then it is easy

to see that S is quasi-monotone. But if we take, for example, x = 0 and y = �2,

then we get hS(x), y � xi = �2S(0) = 0 and hS(y), y � xi = �2S(�2) = �8 < 0

which shows that S is not pseudomonotone. Thus, S is an example of a continuous

and quasi-monotone operator on the Hilbert space H. For more on di�erent types of

monotonicity one may refer [98].

Let C be a nonempty, closed and convex subset of E and U : C ! E� be a nonlinear

operator. Then a point x� 2 C is said to be an asymptotic �xed point of U if C

contains a sequence fxng with x n * x � such that lim
n!1

kxn � Ux nk! 0. We denote

the set of all asymptotic �xed points of U by ˆF ix(U ). It is clear that the set of all

�xed points of U is a subset of ˆF ix(U ) (see, e.g., [71]). The operator I � U, where I

represents the identity operator on C, is said to be demiclosed at zero if x0 is a �xed

point of U whenever a sequence fxng � C is such that x n * x 0 and jjxn � Ux n jj! 0.

Let C be a nonempty, closed and convex subset of a real Banach space E. Then

an operator U : C ! E � is said to be

(1) L-Lipschitz continuous if there exists a number L > 0 such that kUx � Uyk�

Lkx � yk, 8x, y 2 C. If L 2 (0, 1), then U is called contraction. If L = 1, then

U is called nonexpansive.

(2) uniformly continuous if for every number � > 0, there exists � = �(�) > 0 such

that kUx � Uyk< �, whenever kx � yk< �, 8x, y 2 C.

It is known that, uniform continuity is a weaker notion than Lipschitz continuity.

In addition, we have the following types of nonlinear operators. Let H be a real

Hilbert space. Then an operator U : H ! H is called

(1) �rmly nonexpansive if kUx � Uyk 2� hUx � Uy, x � yi, 8x, y 2 H.

(2) quasi-nonexpansive if F ix(U ) 6= ; and kUx � pk� kx � pk, 8x 2 H, p 2

F ix(U ).

(3) ��demicontractive operator if there exists � 2 [0, 1) and F ix(U ) 6= ; such that

kUx � pk 2� kx � pk 2+�kx � Uxk 2, 8x 2 H, p 2 F ix(U ).

10



(4) �-strictly pseudocontractive if and only if � 2 [0, 1) such that

kUx � Uyk 2� kx � yk 2+�k(I � U )x � (I � U )yk 2, 8x, y 2 H.

(5) pseudocontractive if

kUx � Uyk 2� kx � yk 2+k(I � U )x � (I � U )yk 2, 8x, y 2 H.

(6) quasi-pseudocontractive if

kUx � pk 2� kx � pk 2+kx � Uxk 2, 8x 2 H, p 2 F ix(U ).

The class of quasi-nonexpansive operators is bigger than that of nonexpansive oper-

ators with a nonempty �xed point set. In addition, the class of pseudocontractive

operators includes classes of strictly pseudocontractive and nonexpansive operators.

Furthermore, the class of quasi-pseudocontractive operators includes the class of pseu-

docontractive operators with a nonempty �xed point set, which is more general than

the class of demicontractive operators. It is also known that the class of demicontrac-

tive operators in turn contains quasi-nonexpansive and �-strictly pseudocontractive

operators with nonempty �xed point sets. However, the converse of each of these

statements is not true in general. For details on monotone operators, one may refer

to, for example, [71].

1.2.3. The Projection Operator

Identifying the nearest point(s) to a subset of a Banach space is of great impor-

tance. A systematic study on �nding these points in a metric space is done using

an operator from the space onto the set, called metric projection. For a real Hilbert

space, it is de�ned as follows.

Let C be a nonempty subset of a Hilbert space H. Then the metric projection

(or nearest point projection) operator PC : C ! H is de�ned by

PCx = inf fkx � yk: y 2 Cg. (1.4)

The following are some examples of metric projections in the Euclidean space Rn .
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Let x = (x 1 � � � , x n), w = (w 1, � � � , wn), v = (v 1 � � � , vn) 2 R n and b and r be scalars.

Then

(1) PCx = x �
hv, ui � b

kvk2 v for the half-space C = fu 2 R n : hv, ui � bg.

(2) PCx = v +
r

kx � vk
(x � v) for the ball C = fu 2 R n : ku � vk� rg.

(3) PCx = (minfmaxfx 1, w1g, v1g, � � � , minfmaxfx n , wng, vng) for the box C =

fu 2 R n : w � u � vg.

The projection operator has properties that make it a powerful tool useful in op-

timization, approximation theory, inverse problems, variational inequalities, image

processing, neural networks, machine learning, and others. From the de�nition of

metric projection, one can see that for a nonempty, closed and convex subset C of H,

kPCx � yk� kx � yk, 8y 2 C.

Assuming that C is a nonempty, closed and convex subset of a Hilbert space H,

we obtain the following additional properties of metric projections.

(a) PC is single valued.

(b) For every x 2 C, PCx = x.

(c) PC (PCx + c(x � P Cx)) = P Cx, 8x 2 H, c > 0.

(d) PC is �rmly nonexpansive.

(e) hx � P Cx, PCx � yi � 0, 8y 2 C, x 2 H.

(f) kPCx � yk 2� kx � yk 2�kP Cx � xk 2, 8y 2 C, x 2 H, called the Pythagorean

identity.

Throughout this study, the set C is assumed to be nonempty, closed and convex

subset of the underlying spaces. The need for closedness of C here is to ensure the

existence and convexity is needed for the uniqueness of projection of each element of

the domain onto C.

Lemma 1.3. ([56]) Let C be a nonempty, closed and convex subset of real Hilbert

space H and A : H ! H be an operator. Then, the following inequality hold for all

u 2 H and � � � > 0:

ku�P C (u��Au)
� k � k u�P C (u��Au)

� k.
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Lemma 1.4. ([26]) Let H = H 1 � H 2, where H1 and H2 are real Hilbert spaces. If

C is nonempty, closed and convex subset of H, (u, v) 2 H and (u� , v� ) = P C (u, v),
then we have

h(u, v) � (u � , v� ), (x, y) � (u � , v� )i � 0, 8(x, y) 2 C.

1.2.4. Gâteaux and Fréchet Di�erentiability

Let E be a real Banach space. Then we call the function f : E ! R a con-

vex function, if f (tx + (1 � t)y) � tf (x) + (1 � t)f (y), 8x, y 2 E, t 2 [0, 1]. If

strict inequality holds for all x, y 2 E with x 6= y, then f is called strictly convex.

The domain of f is given by domf = fx 2 E : f (x) < +1g and is called proper

if domf is not empty. f is said to be lower semicontinuous if for every sequence

fx ng � domf with x n ! x, f (x) � lim inf
n!1

f (x n) (see, e.g.,[43]). In the rest of this

section, f : E ! (�1, +1] stands for a proper, convex, and lower semicontinuous

function.

Given x 2 int(domf ) and y 2 E, the directional derivative of f at x in the direction

of y is given by

f o(x, y) = lim
t!0 +

f (x + ty) � f (x)
t

. (1.5)

If the limit as t ! 0 in (1.5) exists for any y 2 E, then we say f is Gâteaux dif-

ferentiable at x and the gradient of f at x 2 E, denoted by 5f (x), is the linear

function de�ned by f o(x, y) = hy, 5f (x)i. f is said to be Fréchet di�erentiable at

x, if this limit is attained uniformly for any y 2 int(domf ) with kyk= 1 and is said

to be uniformly Fréchet di�erentiable on a subset C of E, if it is attained uniformly

for any kyk= 1 and x 2 C. We say that f is Gâteaux ( Fréchet) di�erentiable when

it is Gâteaux (Fréchet) di�erentiable at each point x 2 int(domf ). It is known that

if f is uniformly Fréchet di�erentiable and bounded on bounded subsets of E, then

5f is norm-to-norm uniformly continuous on bounded subsets of E and hence both

f and 5f are bounded on bounded subset of E. Moreover, we say that f is strongly

coercive if lim
kxk!1

f (x)
kxk

= 1.
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The subdi�erential of f at x 2 E, is de�ned by

@f (x) = fx � 2 E � : f (y) � f (x) + hx � , y � xi, 8y 2 Eg. (1.6)

If @f (x) 6= ;, then we say f is subdi�erentiable at x. It is known that if f is Fréchet

di�erentiable at x, then f is subdi�erentiable at x. Let E be a re�exive Banach space.

Then the conjugate f� of f is de�ned by

f � (x � ) = sup
x2E

fhx, x � i � f (x)g.

The Fenchel-Young inequality is de�ned as

f (x) + f � (�) � hx, �i, 8(x, �) 2 E � E � , (1.7)

and equality holds if and only if � 2 @f (x).

The function f is called Legendre if and only if the following conditions hold.

(L1) f is Fréchet di�erentible, int(domf ) 6= ; and dom(5f ) = int(domf ) and

(L2) f � is Fréchet di�erentiable, int(domf � ) 6= ; and dom(5f � ) = int(domf � ).

As a result of these two conditions, f and f� become di�erentiable and strictly convex

in their respective domains. Furthermore, if f is a Legendre function, then 5f

is bijection and 5f � = (5f ) �1 (see, [142, 17] for the details). Thus, conditions

(L1) and (L2) reduce to ran(5f ) = dom(5f � ) = int(domf � ) and ran(5f � ) =

dom(5f ) = int(domf ). We can also see that f � is a Legendre function on E� if and

only if f is a Legendre function on E (see, e.g., [18]). The function f is said to be

strongly convex with constant � > 0 if

h5f (x) � 5f (y), x � yi � �kx � yk 2, 8x, y 2 domf, (1.8)

which implies that

f (y) � f (x) + h5f (x), y � xi +
�
2

kx � yk 2, 8x, y 2 domf.

If E is a strictly convex and smooth Banach space, then the function de�ned by

f (x) = 1
pkxkp, p > 1, is proper, lower semicontinuous Legendre function with

Fenchel conjugate f� (x � ) = 1
qkx � kq, q > 1, where 1

p + 1
q = 1 (see, e.g., [18]). In this
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case, we have rf = J p.

Now, for the sake of broader applications, we may be interested in more general

functions beyond convexity. Let C be a nonempty, closed and convex subset of a real

Banach space E. A function f : C ! R [ f+1g is said to be quasi-convex [76] if

f (�x + (1 � �)y) � maxff (x), f (y)g, 8x, y 2 C, � 2 [0, 1].

It is well known that f is quasi-convex if and only if @f is quasi-monotone, (see, [107]

for details).

Let E be a Banach space and let Br = fz 2 E : kzk� rg for some r > 0. Then

a function g : E ! R is said to be uniformly convex on bounded subsets of E if

� r (t) > 0, for all r, t > 0, where � r : [0, +1) ! [0, 1] is de�ned by

� r (t) = inf
x,y2B r , kx�yk=t, �2(0,1)

�g(x) + (1 � �)g(y) � g(�x + (1 � �)y)
�(1 � �)

,

for all t � 0 [124]. The function � r here is called the gauge of uniform convexity of

g. It is important to see that � r is nonnegative and that �r (t) ! 0 if the distance

between x and y (and hence t) goes to zero.

Lemma 1.5. ([124]) Let E be a re�exive Banach space and let f : E ! R be

a continuous and convex function which is strongly coercive. Then the following

assertions are equivalent:

(1) f is bounded and uniformly smooth on bounded subsets of E;

(2) f � is Fréchet di�erentiable and 5f � is uniformly norm-to-norm continuous on

bounded subsets of E;

(3) domf � = E � , f � is strongly coercive and uniformly convex on bounded subsets

of E.

Lemma 1.6. ([124]) Let E be a Banach space, r > 0 a constant and f : E ! R be

a continuous, convex and uniformly convex function on bounded subsets of E. Then

f (
1X

n=0
� nxn) �

1X

k=0
� k f (x k) � � i � j � r (kx i � y j k), (1.9)
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8i, j 2 N [ f0g, x n 2 B r , � n 2 (0, 1) and
1X

n=1
� n = 1, where � r is the gauge of

uniform convexity of f .

1.2.5. Bregman Distance

In 1967, Bregman [28] introduced a distance function based on di�erentiable con-

vex functions called the Bregman distance.

Let E be a real Banach space and f : E ! (�1, +1] be Gâteaux di�eren-

tiable. Then the Bregman distance with respect to f is the function Df : domf �

int(domf ) ! [0, 1) de�ned by (see [39]):

D f (x, y) = f (x) � f (y) � h5f (y), x � yi. (1.10)

D f (x, y) measures the deviation of x from the tangent plane of f at y. It can be shown

that D f (x, y) � 0, 8x 2 domf, y 2 int(domf ) and equality holds when x = y. In

general Df is not symmetric and does not satisfy the triangle inequality.

Example 1.2. ([28]) Let x = (x 1, � � � , x n) and y = (y 1, � � � , yn) be in Rn . Then we

have the following well-known examples of Bregman distances and their applications.

(1) The Kullback�Leibler divergence Df is de�ned as:

D f (x, y) =
nX

i=1
(x i ln

x i

yi
+ y i � x i ),

generated by

f (x) =
nX

i=1
x i lnx i ,

with its domain given by

domf = fx 2 R n : xi > 0, i = 1, 2, : : : , ng.

The gradient of f (x) is,

rf (x) = (1 + ln(x 1), 1 + ln(x 2), � � � , 1 + ln(x n)).

In statistics, the Kullback�Leibler divergence is used to measure the di�erence

between two probability distributions.
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(2) The Itakura�Saito divergence Dg is de�ned as

Dg(x, y) =
nX

i=1
(
x i

yi
� ln

x i

yi
� 1), y i > 0, 8i = 1, � � � , n

generated by the function

g(x) = �
nX

i=1
ln x i ,

with its domain given by

dom g = fx 2 R n : xi > 0, i = 1, 2, : : : , ng

and gradient,

rg(x) = (�
1
x1

, �
1
x2

, � � � , �
1

xn
).

In signal processing, the Itakura�Saito divergence is used to measure the di�er-

ence between the original spectrum and the approximation of that spectrum.

(3) The squared Euclidean divergence Dh is de�ned as Dh(x, y) = 1
2kx � yk 2 gen-

erated by the function h(x) = 1
2kxk2 with its domain given by Dom h = R n

and gradient, rh(x) = x.

These examples illustrate that Bregman distance extends the concept of Euclidean

distance and �nds applications across various �elds.

The Bregman distance (1.10), can equivalently be restated as

D f (x, y) = f (x) + f � (5f (y)) � h5f (y), xi. (1.11)

If f (x) = kxk 2, then 5f (x) = 2Jx and D f (x, y) reduces to �(x, y) = kxk 2�2hx, Jyi +
kyk2, 8x, y 2 E, which is the Lyapunov function, introduced by Alber [8].

The following are some important identities containing Bregman distances (see, e.g.,

[140]).

(i) Two point identity

D f (x, y) + D f (y, x) = h5f (x) � 5f (y), x � yi, 8x, y 2 int(domf ). (1.12)
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(ii) Three point identity

D f (x, y) + D f (y, z) � D f (x, z) = h5f (y) � 5f (z), y � xi, (1.13)

8x 2 domf, y, z 2 int(domf ).

(iii) Four point identity

D f (x, y) � D f (x, z) � D f (w, y) + D f (w, z) = hx � w, 5f (z) � 5f (y)i, (1.14)

8x, w 2 domf, y, z 2 int(domf ).

We also require the function Vf = E � E � ! [0, +1) associated with a Legendre

function f , which is de�ned by (see, e.g., [8])

Vf (x, y) = f (x) � hx, yi + f � (y), 8x 2 E, y 2 E � . (1.15)

It is known that Vf is nonnegative and

Vf (x, y) = D f (x, 5f � (y)), 8x 2 E, y 2 E � . (1.16)

Using the subdi�erential inequality, one can also show that

Vf (x, y) + hz, 5f � (y) � xi � V f (x, z + y), 8x 2 E, y, z 2 E � . (1.17)

Let E be a real Banach space and f : E ! (�1, 1] be a Gâteaux di�erentiable and

convex function. Let C � int(Dom f ) be nonempty, convex and closed. Then the

Bregman projection of x 2 int(Dom f ) onto C is the unique vector Pf
Cx 2 C with

the property (see [54]),

D f (P f
Cx, x) = minfD f (y, x) : y 2 Cg. (1.18)

The modulus of total convexity of f , vf : domf � [0, 1) ! [0, 1] is given by

vf (x, t) = inf
y2E, ky�xk=t

fD f (x, y)g.

The function f is called totally convex at x 2 Domf if v f (x, t) > 0, 8t > 0.

Lemma 1.7. ([54]) Let C be a nonempty, closed and convex subset of E. Let

f : E ! R be a Gâteaux di�erentiable and totally convex function and x 2 E. Then
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the following statements hold:

(1) z = P f
Cx if and only if h5f (x) � 5f (z), y � zi � 0, 8y 2 C.

(2) D f (y, P f
Cx) + D f (P f

Cx, x) � D f (y, x), 8y 2 C.

Alber [8] de�ned the operator � : E � E ! R by

�(x, y) = kyk 2�2hy, Jxi + kxk 2, 8x, y 2 E. (1.19)

He also de�ned the generalized projection operator �C : E ! C by

�(x, � Cx) = inff�(x, y), y 2 Cg, (1.20)

which is a special case of the Bregman projection when E is smooth and f (x) =12kxk2.

Another special case of the Bregman projection is the metric projection, PC , which

is obtained when E is a Hilbert space and f (x) = 1
2kxk2.

Let U : C ! E be an operator, where C is a nonempty, closed and convex sub-

set of the real Banach space E. Then U is said to be

(1) Bregman nonexpansive if

D f (Ux, Uy) � D f (x, y), 8x, y 2 C.

(2) Bregman relatively nonexpansive if F ix(U ) 6= ;, F ix(U ) = ˆF ix(U ) and

D f (p, Uy) � D f (p, y), 8y 2 C, p 2 F ix(U ).

It is known that the class of Bregman relatively nonexpansive operators include that

of Bregman nonexpansive operators with nonempty �xed point set.

Lemma 1.8. ([21]) Let C be a subset of a real re�exive Banach space E and T : C !

E � be any operator. Let f : E ! (�1, +1] be a strongly convex function with

constant � and has Lipschitz continuous gradient with constant L such that L � �.

Then, for � � � > 0, the following inequalities hold.








x � P f
C 5 f � (5f (x) � �Tx)

�






 �








x � P f
C 5 f � (5f (x) � �Tx)

�






. (1.21)
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Lemma 1.9. ([168]) Let f be a strongly convex function with constant � > 0. Then

D f (x, y) �
�
2

kx � yk 2, 8x 2 domf, y 2 int(domf ).

Lemma 1.10. ([131]) Let E be a real Banach space and E� be the dual of E. If

f : E ! (�1, +1] is a proper, lower semi-continuous and convex function, then

f � : E � ! (�1, +1] is a proper, weak � lower semi-continuous and convex function.

Thus, for all z 2 E, we have

D f

0

B
@z, 5f �

0

@
NX

i=1
t i 5 f (x i )

1

A

1

C
A �

NX

i=1
t i D f (z, x i ), (1.22)

where fx i g � E and ft i g � (0, 1) with
NX

i=1
t i = 1.

Lemma 1.11. ([114]) Let E be a Banach space and f : E ! R be a Fréchet

di�erentiable and totally convex function. Suppose that x 2 E and fxng is a sequence

in E. If fD f (x, x n)g is bounded, then the sequence fxng is bounded.

Let E1 and E2 be real re�exive Banach spaces and C be a nonempty, closed and convex

subset of E = E1 � E 2. Assume f : E1 ! (�1, +1] and g : E 2 ! (�1, +1] are

convex and Gâteaux di�erentiable functions. Then, for any (x, y) 2 E such that

(x � , y� ) = P h
C (x, y),

h5h(x, y) � 5h(x � , y� ), (u, v) � (x � , y� )i � 0, 8(x, y) 2 C, (1.23)

where h : E ! (�1, +1] is de�ned by h(x, y) = f (x) + f (y) and 5h(x, y) =

(5f (x), 5g(y)) (see, e.g., [20]).

Lemma 1.12. ([31]) Let E be a real Banach space and f : E ! R be a Fréchet

di�erentiable function which is uniformly convex on bounded subsets of E. Suppose

that fx ng and fyng are two sequences in E. Then lim
n!1

D f (xn , yn) = 0 if and only if

lim
n!1

kxn � y nk= 0.

1.3 Research Problems and Motivation

In this section, we state the research problems and motivation of our study.
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Let C be a nonempty, closed and convex subset of a real Banach space E with

dual E � and T : E ! E � be an operator. Then a variational inequality problem

associated with T (commonly called the cost operator) and C (called the feasible set)

is a problem of �nding

x � 2 C such that hTx� , x � x � i � 0, 8x 2 C. (1.24)

We denote the solution set of VIP (1.24) by VI(C,T).

Sometimes, problems of the form (1.24) are called Stampacchia variational inequal-

ity problems. This terminology is used to separate VIPs from other variational-like

problems. One of such a problem is the MVIP which is de�ned as �nding

x � 2 C such that hTx, x � x � i � 0, 8x 2 C, (1.25)

where T and C satisfy the same conditions as in the de�nition of VIP (1.24). We de-

note the solution set of a Minty variational inequality problem associated with a set C

and an operator T by MVI(C,T). In solving MVIP (1.25), the vector Tx is computed

and used in hTx, x � x � i � 0 at every x 2 C, giving it a more global character. If, for

instance, x� 2 MV I(C, 5f ), then x � is a global minimizer of a Fréchet di�erentiable

function f : C ! R over C. For more on relations between minimization problems,

VIPs and MVIPs, the reader may refer [70, 102, 67].

The study of MVIP goes back to Minty [117], who studied the relationships be-

tween VIP and MVIP in the case when T is a monotone operator. If T is con-

tinuous and C is convex, then MV I(C, T ) � V I(C, T ) (see, e.g., [199]) and if T

is both pseudomonotone and continuous, then using the de�nition of pseudomono-

tonicity, it is not hard to see that MV I(C, T ) = V I(C, T ). However, the inclu-

sion VI(C,T) � MVI(C,T) is not necessarily true when T is continuous and quasi-

monotone operator. In fact, V I(C, T )Nt � MV I(C, T ), where V I(C, T ) Nt is the set

of nontrivial solutions of the VIP given by V I(C, T )Nt = V I(C, T ) n V I(C, T ) T r for

which V I(C, T )T r = fx � 2 C : hTx� , x � x � i = 0, 8x 2 Cg, the set of trivial solutions

of VIP (see, e.g., [180]). In most recent studies, approximation methods for solutions

of MVIPs became an active area of research (see, e.g., [181, 91]).

As a consequence of Proposition 2.1 of Ye et al. [180], originally stated in Rn , an

existence result of a solution of an MVIP in Banach spaces was restated by many
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author as follows (see, e.g., [199]).

Proposition 1.1. Let C be a nonempty, closed and convex subset of a real Banach

space E with dual E� and T : E ! E � be a map. Then MV I(C, T ) is nonempty if

either of the following conditions hold.

(i) T is pseudomonotone on C and V I(C, T ) 6= ;.

(ii) T is the gradient of g, where g is a di�erentiable quasi-convex function on an

open set K � C and attains its global minimum on C.

(iii) T is quasi-monotone on C, T 6= 0 on C and C is bounded.

(iv) T is quasi-monotone on C, T 6= 0 on C and there exists a positive number r

such that, for every x 2 C with kxk� r, there exists y 2 C such that kyk� r

and hTx, y � xi � 0.

(v) T is quasi-monotone on C, int(C) 6= ; and there exists x� 2 V I(C, T ) such

that Tx � 6= 0 hold.

Another problem of interest is the �xed point problem. A �xed point of an operator

U : C ! E is a solution of the equation

x = Ux,

where C is a nonempty, closed and convex subset of the Banach space E. We denote

the set of all �xed points of U by Fix(U).

The literature concerning FPPs is notably broad (see, e.g., [78, 89, 121, 113] and

the references therein). It includes existence, uniqueness and approximation of �xed

points. One of the most fundamental results in topology and mathematical analysis

is Browder's �xed point theorem [29]. It is stated as follows.

Theorem 1.2. Let C be a nonempty, closed, bounded and convex subset of Rn .

Then a continuous function g : C ! C has a �xed point.

This was later extended to nonempty, convex and compact subsets of more general

topological vector spaces. In 1930, Schauder [141] introduced the following theorem.

Theorem 1.3. A compact operator U : C ! C has at least one �xed point when C

is a bounded, closed, convex and nonempty subset of a Banach space over the �eld F

of real or complex numbers.
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The metric �xed point theory came into practice by Banach [16] in 1922 in his out-

standing result called the Banach contraction principle. In Banach spaces, the Banach

contraction principle is stated as follows.

Theorem 1.4. Let E be a Banach space and U : E ! E be a contraction operator.

Then U has a unique �xed point.

As in the case of VIPs, existence, uniqueness and approximation of �xed points con-

stitute three signi�cant aspects in the metric �xed point theory. These three aspects

of �xed points of an operator U depends on the geometry of the underlying space and

the nature of U. In particular, Browder's and Schauder's �xed point theorems guar-

antee the existence of �xed points, while the Banach contraction principle provides

both existence and uniqueness of the �xed point.

Under the standard existence assumptions, the study of approximation methods for

solutions of FPPs represents both a rich historical and a vibrant contemporary re-

search �eld. This enduring area of study continues to generate signi�cant theoretical

advances and practical computational methods in multiple mathematical disciplines.

The Picard iteration [133] is one of the oldest and simplest such methods, which can

be used to approximate the unique �xed point in the Banach contraction principle.

Since then, several authors have used di�erent iterative methods for approximating

solutions of FPPs involving di�erent classes of operators (see, e.g.,[138, 69, 49, 35,

78, 30]).

In 1994, Censor and Elfving [36] introduced an essential type of problem called split

feasibility problem (SFP) which is de�ned as follows. Let C and D be nonempty,

closed and convex subsets of real Banach spaces E1 and E2, respectively. Then the

split feasibility problem is the problem of �nding

x � 2 C such that y� = Ax � 2 D, (1.26)

where A : E1 ! E 2 is a bounded linear operator with adjoint A� . Although it is not

an easy form to work with, SFP (1.26) can be written as �nding x� 2 C \ A �1 (D).
This alternative form of SFP indicates that SFP is applicable in di�erent inverse

problems such as medical image reconstruction, phase retrieval and signal processing,

among others. (see, e.g., [84, 145]).

In 2014, Mouda� [123] introduced another type of problem called split equality fea-
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sibility problem (SEFP). If C and D are nonempty, closed and convex subsets of the

Banach spaces E1 and E2, respectively, then SEFP is a problem of �nding

x � 2 C, y � 2 D such that Ax � = By � , (1.27)

where A : E1 ! E 3 and B : E2 ! E 3 are two bounded linear operators and E3 is

also a Banach space. In particular, if E2 = E 3 and B is the identity operator, then

SEFP (1.27) becomes SFP (1.26), making SEFP a more general type of problem.

The SEFP (1.27) is originated from the study on alternating minimization algorithms

with cost-to-move by Attouch et al. [14]. In their later studies (see [12, 13]), Attouch

et al. studied a particular case where C and D are sets of minimizers of two functions.

More formally, this is called a split equality minimization problem.

Both split equality feasibility and split feasibility problems involving VIPs and FPPs

are recognized as highly signi�cant across various �elds and have so many essential

special cases. Such problems are obtained by replacing C and D by the solution

sets of VIPs and/or FPPs in the de�nitions of SEFPs and SFPs, respectively. For

instance, if C and D are replaced by VI(C,T) and VI(D,S), respectively, then the

problem becomes a problem of �nding

x � 2 V I(C, T ), y � 2 V I(D, S) such that Ax � = By � , (1.28)

where T and S are operators on real Banach spaces E1 and E2, respectively. This

problem is called the split equality variational inequality problem. Similarly, we can

formulate problems like the split equality �xed point problem (SEFPP), split equal-

ity variational inequality and �xed point problem (SEVFPP) and the split equality

minty variational inequality problem on Banach spaces.

On the other hand, a convex feasibility problem is a problem of �nding

x � 2 C \ D, (1.29)

where C and D are nonempty, closed and convex subsets of Banach spaces E1 and

E2, respectively and C \ D 6= ;. The CFP is also used in constructing di�erent

related problems (see, e.g.,[186, 183, 188, 161, 104, 95]). The idea of CFP arises in

guessing a feasible starting point in constrained convex optimization problems. For
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example, in the simplex method of solving a mathematical programming problem, the

feasible set is de�ned in terms of a �nite number of half spaces de�ned by inequali-

ties. The CFP became essential in many real world inversion or estimation problems

in di�erent �elds like statistics, image reconstruction, and engineering (see, e.g., [50]).

In 1950, Neumann [125] introduced a successive orthogonal projection method and

proved a strong convergence result for solving CFP. This method lacks e�ciency

since it uses 2n projections to �nd the nth iterate. In 1954, Agmon, et al. [4, 119]

introduced a systematic iterative method without projection for solving CFP on the

Euclidean space.

One type of a CFP is the common variational inequality and �xed point problem

(CVFPP), which is a problem of �nding a common solution of VIP and FPP. The

CVFPP with VIP involving Lipschitz continuous operator and FPP involving non-

expansive operators was studied by Yin et al. [87, 177]. Moreover, common Minty

variational inequality and �xed point problems (CMVFPP) with MVIP involving Lip-

schitz continuous operator and FPP involving pseudocontractive operator has been

studied by Yin et al. in [182].

In 2013, Mouda� and Al-Shemas [120] introduced the split equality �xed point prob-

lem which is also applicable in di�erent �elds. In 2023 Peter et al. [130] studied a

type of problem called the split common Minty variational inequality and �xed point

problem which is de�ned by �nding (x � , u� ) 2 C � D such that

x � 2 MV I(C, T ) \ F ix(U ) such that Ax � 2 MV I(D, S), (1.30)

where C and D are nonempty, closed and convex subsets of real Hilbert spaces H1 and

H2, respectively, T and U are operators on H1, S an operator on H2 and A : H1 ! H 2

is a bounded linear operator. Assuming that T and S are Lipschitz continuous, they

obtained a strongly convergent iterative method to approximate a solution of the

problem.

In 2022, Kwelegano et al.[105] proposed a strongly convergent projection iterative

algorithm for solving SEVIP with pseudomonotone and uniformly continuous cost

operators in real Hilbert spaces.
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Based on the ongoing studies in this direction, it is natural to introduce a more general

split equality problem with MVIPs involving uniformly continuous and quasi-monotone

operators and FPPs involving quasi-nonexpansive operators and obtain strong conver-

gence results of the algorithms in the setting of real Hilbert spaces.

Researchers have been showing growing interest in the study of problems involving

CVIPs and CFPPs (see, e.g., [160, 193, 10]). In 2012 Zegeye and Shahzad [193] stud-

ied the problem of �nding common solutions of a �nite family of VIPs with inverse

strongly monotone cost operators and two FPPs. They proposed an iterative method

and obtained a strong convergence result under some suitable conditions. In 2016,

Zhanga and Yuanb [198] have used a viscosity method for approximating solutions of

common �nite families of VIPs associated with inverse strongly monotone operators

and an FPP with nonexpansive operator.

Later in 2023, Gupta et al. [77] studied a split equality problem involving common

solutions of �nite families of FPPs with quasi-pseudocontractive operators. They

proposed an iterative method with both inertial and viscosity techniques and proved

a strong convergence result.

Inspired by the preceding results, it is natural to de�ne a more general split equal-

ity problem involving the intersections of common variational inequality and common

�xed point problems and propose an e�cient iterative method for approximating its

solutions.

Many researchers have also introduced iterative methods for solving FPPs, VIPs

and related problems in Banach spaces (see, e.g., [143, 26, 97, 129, 166, 52, 30, 44,

187]). In 2015, Tufa and Zegeye [160] studied an iterative algorithm for approximating

common solutions of two Lipschitz continuous and monotone VIPs and a relatively

nonexpansive FPP in 2-uniformly convex and uniformly smooth Banach spaces.

Moreover, in 2021, Boikanyo and Zegeye [26] proposed a novel algorithm to approx-

imate solutions of SEVIP for uniformly continuous pseudomonotone operators that

are sequentially weakly continuous in uniformly convex Banach spaces. Their study

achieved strong convergence results.

In 2023, Belay et al. [21] studied split equality problem involving CVFPPs where the
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cost operator is pseudomonotone and a year later, Belay et al. [19] studied SEMVIP

for Lipschitz continuous operator in the setting of real re�exive Banach spaces.

However, the SECMVIP has not been studied in the setting of Banach spaces more

general than Hilbert spaces. In addition, MVIPs involving uniformly continuous and

quasi-monotone mappings have not been studied in the setting of Banach spaces.

1.4 Research Questions

From the gaps indicated above, we raise the following fundamental research ques-

tions.

1. How can some new essential generalized problems involving both (Minty) vari-

ational inequality and �xed point problems be formulated in both real Hilbert

and Banach spaces?

2. How can we introduce inertial steps and Tseng's extragradient method and

obtain a strongly convergent result for solving split equality common Minty

variational inequality and �xed point problems in both real Hilbert and Banach

spaces?

3. How a strongly convergent inertial Tseng's extragradient viscosity method can

be constructed for solving split equality problem involving systems of �nite

number of VIPs and of FPPs in real Hilbert spaces?

4. How a strongly convergent Tseng's extragradient algorithm with Bregman pro-

jection and inertial steps for solving split equality common Minty variational

inequality and �xed point problems associated with more general operators in

real re�exive Banach spaces be introduced?

1.5 Objective of the Study

1.5.1. General Objective

This study primarily aims to develop and analyze projective iterative approxima-

tion methods for solving split equality problems that involve �xed point problems and

(Minty) variational inequality problems associated with broader classes of operators

in both real Hilbert and Banach spaces.
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1.5.2. Speci�c Objectives

The speci�c objectives of this study are:

(1) to de�ne more general split equality problems involving common Minty vari-

ational inequality and �xed point problems in both real Hilbert and Banach

spaces.

(2) to introduce an inertial Tseng's extragradient method for solving split equal-

ity common �xed point problem and common variational inequality problem

involving �nite family of uniformly continuous and quasi-pseudocontractive op-

erators, respectively and prove a strong convergence theorem in real Hilbert

spaces.

(3) to propose an inertial-like subgradient extragradient method for solving split

equality Minty variational inequality problems involving quasi-monotone and

uniformly continuous operators and �xed point problems involving quasi-nonexpansive

operators and prove strong convergence to a solution in real Hilbert spaces.

(4) to propose an inertial-like Tseng's extragradient method with Bregman projec-

tion for solving split equality Minty variational inequality problem involving

quasi-monotone and uniformly continuous operators and �xed point problems

involving Bregman relatively nonexpansive operators and obtain a strong con-

vergence result in the setting of real re�exive Banach spaces.

1.6 Scope of the Study

This dissertation focuses on the development and analysis of iterative methods

for solving split equality problems involving (Minty) variational inequality problems

and �xed point problems in real Hilbert and Banach spaces. The study will primarily

investigate the convergence behavior of proposed iterative schemes to solutions of the

problems.

The problems and the sollution methods involve operators with weaker conditions

under which strong convergence results is obtained. Numerical examples of each re-

sult shown the performances of the methods.

This study is limited to approximating solutions of:
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1) split equality problem involving Minty variational inequality problems with

quasi-monotone and uniformly continuous operators and �xed point problems

with Lipschitz quasi-nonexpansive operators.

2) split equality problem involving of �nite FPPs with quasi-pseudocontractive

operators and �nite VIPs with pseudomonotone and uniformly continuous op-

erators in real Hilbert spaces.

3) split equality common Minty variational inequality and �xed point problems in

real re�exive Banach spaces.
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Chapter 2

Literature Review

2.1 Approximating Solutions of Split Equality Com-

mon Minty Variational Inequality and Fixed

Point Problems

The existence and uniqueness of the solutions of VIP (1.24) is ensured if T is L-

Lipschitz continuous and �-strongly monotone. Under the common assumption that

a solution already exists, so many iterative methods have been introduced to approxi-

mate the solutions of VIPs and MVIPs (see, e.g., [75, 103, 159, 163, 162, 34, 143, 116,

94, 90, 170, 37, 110, 106, 157, 6]). An essential approach for determining approximate

solutions to di�erent VIPs is through projection iterative methods. The main idea

in a projection iterative method is to establish the equivalence between a VIP and

an FPP by using the concept of projection. In order to solve VIP (1.24) associated

with various types of operators, di�erent projection iterative approaches were devised.

In 1964, Goldstein [75] proposed the earliest and most basic method, the projection

gradient method (PGM), which is given by

8
>><

>>:

x0 2 C,

xn+1 = P C (xn � �Tx n), 8n � 0,
(2.1)

where � is a step size parameter, C is a nonempty, closed and convex subset of a real

Hilbert space H and T : H ! H is L-Lipschitz continuous and �-strongly mono-

tone. Under an additional assumption that � 2 (0, 2�
L 2 ), it is easy to get a strong
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convergence result of the PGM to the unique solution of VIP (1.24). It is also pos-

sible to show that VIP (1.24) is equivalent to the problem of �nding �xed points of

PC (I � �T ), where I is the identity operator on H which enables us to use the �xed

point method to obtain PGM (2.1). However, the need for the Lipschitz constant

of the cost operator and the strict requirement that the operator should be strongly

monotone make the PGM less powerful.

In 1976, Korpelevich [103] proposed a two-step projection iterative method called

the extrgradient method (EGM), which is given by

8
>>>>><

>>>>>:

x0 2 C,

yn = P C (xn � �Tx n),

xn+1 = P C (xn � �Ty n), 8n � 0,

(2.2)

where C is a nonempty, close and convex subset of a Hilbert space H, T : H ! H is

monotone L-Lipschitz continuous and � 2 (0, 1
L ) is a step size parameter. The strong

monotonicity condition on the operator T in the PGM is weakened to monotone op-

erator in the EGM and it is a source of several extensions. However, the need to

estimate the Lipschitz constant, the weak convergence results in in�nite dimensional

Hilbert spaces, and less economical computational e�ciency due to greater number

of projection operators in the method are some of the limitations of EGM.

To improve the e�ciency of EGM, Censor et al. [37] developed the subgradient

extragradient method (SEGM) which is given by

8
>>>>>>>>><

>>>>>>>>>:

x0 2 H,

yn = P C (xn � �Tx n),

Cn = fx 2 H : hx n � �Tx n � y n , x � y n i � 0g,

xn+1 = P Cn (xn � �Ty n), 8n � 0,

(2.3)

where � 2 (0, 1
L ) and C is a nonempty, closed and convex subset of a real Hilbert

space H. Assuming that T : H ! H is monotone and L-Lipschitz continuous, the

author obtained that the sequence generated by (2.3) converges weakly to an element

of VI(C,T). The SEGM improves the computational e�ciency of the EGM by replac-

ing the second projection onto the feasible set C by a projection onto a half-space
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Cn , which is easier to compute.

In 2000, Tseng [159] introduced a method called Tseng's extragradient method (TEM),

which performs better than both EGM and SEGM since it requires only one projec-

tion onto the feasible set at each iteration. It is given by

8
>>>>><

>>>>>:

x0 2 H,

yn = P C (xn � �Tx n),

xn+1 = y n � � (Ty n � Tx n), 8n � 0,

(2.4)

where T : H ! H monotone and L-Lipschitz continuous, � 2 (0, 1
L ) and C is a

nonempty, closed and convex subset of real Hilbert space. Under suitable conditions,

he proved weak convergence of fxng to a solution of VIP (1.24). Many authors com-

bined TEM with other methods to improve performance, avoiding constant step size,

removing the requirement of the Lipschitz constant and improving convergence char-

acteristics to solve di�erent problems.

In 2022, Cai et al. [34] proposed the following Tseng's extragradient iterative al-

gorithm with inertial steps for solving VIP (1.24) in a real Hilbert space H, when the

underlying operator T : H ! H is pseudomonotone and uniformly continuous. It is

given by

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

x0, x1 2 H,

wn = x n + � n(xn � x n�1 ),

yn = P C (wn � � n(Twn � Ty n)),

zn = y n � � n(Twn � Ty n),

xn+1 = � n f (x n) + (1 � � n)zn ; n � 1

(2.5)

where C is a nonempty, closed and convex subset of H, �n is a step size which is

updated using the Armijo line search rule, f : H ! H is a contraction mapping and

� n is step size for the inertial step. Under some mild conditions, the authors proved

that the sequence generated by (2.5) converges strongly to a solution of VIP (1.24).

Later in 2023, Uzor et al. [162] introduced the following inertial Tseng's extragra-

dient method for solving MVIP with quasi-monotone and Lipschitz continuous cost
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operator on a real Hilbert space H.

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

x0, x1 2 H,

wn = x n + � n(xn � x n�1 ),

yn = P C (wn � �Tw n),

dn = w n � y n � � n(Twn � Ty n),

zn = w n � `� ndn ,

xn+1 = (1 � � n)� nwn + � nzn ; n � 1.

(2.6)

Under some suitable assumptions on the real sequences �n , � n , � n , � n and �n , the

parameter `, and the operator T , they obtained a weak convergence result to a solu-

tion of the MVIP associated with T and a nonempty, closed and convex subset C of H.

However, solving Minty Variational Inequality Problems involving cost operators that

are both quasi-monotone and uniformly continuous have not been investigated.

On the other hand, the study of various iterative methods for approximating so-

lutions of FPPs is an increasingly active area of research. For instance, the unique

�xed point of a contraction operator U on a Banach space E which is guaranteed by

the Banach contraction principle can be approximated by the Picard iteration [133],

which is given by

8
>><

>>:

x0 2 E,

xn+1 = Ux n , 8n � 0.
(2.7)

The Picard iteration was developed by Picard [132] in 1890 for solving ordinary di�er-

ential equations and it ensures a strong convergence result whenever U is a contraction

operator on a nonempty, closed and convex subset of a Banach space E.

However, the Picard iteration may not converge to a �xed point of a nonexpansive

operator. To resolve this drawback, Mann [111] introduced the following iterative

method.
8
>><

>>:

x0 2 E,

xn+1 = (1 � � n)xn + � nUxn , 8n � 0,
(2.8)
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where U is a nonexpansive operator on a Banach space E and f�ng � (0, 1) satisfy

some suitable conditions. It became a very essential tool for approximating �xed

point of operators more general than contraction operators and an essential source of

many extensions. Reich [139] also proved a weak convergence result of (2.8) to a �xed

point of U assuming that, the underlying space is a uniformly convex Banach space

with Fréchet di�erentiable norm; the operator U is nonexpansive and the sequence

f� ng � (0, 1) is such that
1X

n=1
(1 � � n)� n = 1.

Note that, strong convergence results of iterative methods are more applicable than

weak convergence results. To ensure strong convergence, Halpern [78] introduced the

following scheme, called the Halpern iteration, and proved a strong convergence result

to a �xed point of a nonexpansive operator U : C ! H.

8
>><

>>:

x0 2 C,

xn+1 = � nu + (1 � � n)Uxn , 8n � 0,
(2.9)

where C is a nonempty, closed and convex subset of a real Hilbert space H and

f� ng � (0, 1) such that lim
n!1

� n = 0 and u is an arbitrary vector in C.

However, the e�ciency of the Halpern iterative method is a�ected by the use of

a constant vector u in the scheme. To avoid this drawback, Mouda� [121] introduced

the following viscosity iterative method for FPPs.

8
>><

>>:

x0 2 C,

xn+1 = � n f (x n) + (1 � � n)Uxn , 8n � 0,
(2.10)

where f and U are contraction and nonexpansive operators on a nonempty, closed

and convex subset C of a real Hilbert space H, respectively and f�ng � (0, 1) satis�es

certain conditions. He proved that (2.10) converges strongly to a �xed point of U.

This iterative method also solves the VIP given by

h(I � f )x � , x � x � i � 0, 8x 2 F ix(U ),

where I is the identity operator on H. Later in 2004, Xu [164] extended the viscosity

method to Banach space settings. Subsequently, this method has been utilized in var-

ious types of problems and more general operators (see, e.g., [187, 186, 194, 169, 5, 2]).
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In 2005, Marino and Hu [113] introduced the iterative method

8
>><

>>:

x0 2 H,

xn+1 = � n 
f (x n) + (I � � nF )Txn , 8n � 0
(2.11)

and proved that it converges strongly to a �xed point x� of U, where U, F and f

are nonexpansive, strongly positive and contraction operators on a Hilbert space H,

respectively, f� ng � (0, 1) and 
 2 (0, 1). They also described x � as the unique

solution of the VIP h(F � 
f )x � , x � x � i � 0, 8x 2 F ix(U ) which is known to be the

optimal condition of the minimization problem min
x2F ix(U )

 
1
2

hFx, xi � h(x)
!

, where h

is a potential function of 
f .

In 2010, Chidume and M ru³ter [46] studied iterative methods for approximations

of �xed points and examine some convergence properties of Mann-type scheme for

demicontractive operators.

Interest in applications to more general problems motivated studies on FPPs involv-

ing operators of larger classes, like pseudocontractive operators. In 1974, Ishikawa

[89] introduced the following iterative scheme:

8
>>>>><

>>>>>:

x0 2 C,

yn = (1 � � n)xn + � nUxn ,

xn+1 = (1 � � n)xn + � nUyn , 8n � 0,

(2.12)

where C is a nonempty, compact and convex subset of a real Hilbert space H and

U : C ! C is Lipschitz pseudocontractive operator, f� ng � (0, 1), 0 � � n � � n � 1,

limn!1 � n = 0 and
P 1

n=1 � n � n = 1. Then the Ishikawa iterative scheme (2.12)

converges strongly to a �xed point of U.

Recently, problems arising from multiple convex optimization problems have remained

a key area of interest. Such problems may be formulated in di�erent ways with dif-

ferent types and number of problems. There are many essential types of problems

that are formulated as a combination of VIPs and FPPs. For example, such problems

involving VIPs have received substantial attention (see, e.g., [112, 26, 161, 104]).
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Several authors have also applied iterative methods for solving VIPs and FPPs in

combined form (see, e.g., [186, 73, 105, 185, 130, 120, 77, 151, 177, 196, 95]).

The solutions of di�erent problems in the form of CFPs have been considered by

several authors. Such problems may be common �xed point problems (CFPP) [153,

191, 72, 1, 86], common variational inequality problems (CVIP) [60, 175, 189], com-

mon variational inequality and �xed point problem [104, 156, 95], and the like.

In particular, the motivation for studying CVFPP is its applicability in mathemat-

ical models whose constraints can be expressed as FPPs and/or VIPs. This arises

in practical problems like signal processing, network resource allocation, and image

recovery (see, e.g., [87, 108]).

In 2003, Takahashi and Toyoda [151] proposed the following algorithm for approx-

imating solutions of CVFPP, where U is nonexpansive and T is monotone and L-

Lipschitz continuous operators.

8
>><

>>:

x0 2 C,

xn+1 = � nxn + (1 � � n)UPC (xn � � nTxn), n � 0,
(2.13)

where f� ng � [a, b] for some a, b 2 (0, 1
L ) and f� ng � (0, 1). They proved that

the sequence fxng generated by (2.13) converges weakly to a point x� 2 V I(C, T ) \

F ix(U ).

In 2006, Yao et al. [177] introduced the following iterative algorithm. Let C be

a nonempty, closed and convex subset of real Hilbert space H. Let T : C ! H be a

monotone and L�Lipschitz continuous operator and U : C ! C be a nonexpansive

operator such that V I(C, T ) \ F ix(U ) 6= ;. Suppose fx ng be given by

8
>>>>><

>>>>>:

x0 2 C,

yn = P C (xn � � nTxn),

xn+1 = � nu + � nxn + 
 nUPC (yn � � nTyn), n � 0,

(2.14)

where f� ng, f� ng, f
 ng � (0, 1) and lim
n!1

� n = 0. Under some parameters controlling

conditions, they proved that the sequence fxng converges strongly to an element of

V I(C, T ) \ F ix(U ).
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In 2006, Zeng and Yao [196] proposed the following extragradient method for solving

CVFPP involving a VI(C,T) associated with a monotone and L-Lipschitz continuous

operator T and a FPP with a nonexpansive operator U on a nonempty, closed and

convex subset C of a real Hilbert space H and V I(C, T ) \ F ix(U ) 6= ;.

8
>>>>>>>>><

>>>>>>>>>:

x0 2 C,

yn = P C (xn � � nTxn),

zn = P C (xn � � nTyn),

xn+1 = � nx0 + (1 � � n)Uzn , n � 0,

where

(a) fL� ng � (0, 1 � �) for some � 2 (0, 1) and

(b) f� ng � (0, 1),
1X

n=1
� n = 1 and lim

n!1
� n = 0,

Under these conditions, they proved that the sequence converges strongly to an ele-

ment of V I(C, T ) \ F ix(U ).

Furthermore, in 2020, Jalaoso [95] introduced the following viscosity method and

line search technique under the following assumptions.

(1) Let T : H ! H be a pseudomonotone and L-Lipschitz continuous operator,

and U : H ! H be a �-demicontractive operator with constant � 2 [0, 1) and

demiclosed at zero.

(2) Let V I(C, T ) \ F ix(U ) 6= ;, where C is a nonempty, closed and convex subset

of H.

(3) Let B : H ! H be a k-Lipschitz continuous and �-strongly monotone operator,

and f : H ! H be a L-Lipschitz operator.

(4) Let 0 < � < 2�
k2 and 0 < �L < � , where � = 1

2�(2� � �k 2).

(5) Let f� ng and f
 ng be sequences in (0, 1) and parameters �, 
 2 (0, 1) and

� 2 (0, 2).
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Then they de�ned the following algorithm:

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

x0 2 C,

yn = P C (xn � � nTxn),

d(xn , yn) = x n � y n � � n(Txn � Ty n),

wn = x n � �� nd(xn , yn),

xn+1 = � n �f (x n) + (I � � n �B)(
 nUwn + (1 � 
 n)wn)

where �n = 
l n , and ln is the smallest nonnegative integer satisfying

� nkT (xn) � T (y n)k� �kx n � y nk.

and

� n =

8
>><

>>:

hxn �y n ,d(x n ,yn )i
kd(x n ,yn )k2 , if d(x n , yn) 6= 0,

0, if d(xn , yn) = 0.

To establish the convergence of the the resulting sequence, they used the following

additional assumptions:

(a) lim
n!1

� n = 0 and
1X

n=0
� n = 1;

(b) lim inf
n!1

� n > 0 and

(c) lim inf
n!1

(
 n � �)
 n > 0.

Under all these assumptions, they obtained a strong convergence result to a solution

x � 2 V I(C, T ) \ F ix(U ).

The literature contains only a limited number of studies on common Minty variational

inequality and �xed point problem. Some of the results in this direction include [182,

130, 2, 116]. In 2022, Yin et al. [182] proposed the following scheme for solving a

CMVFPP.
8
>>>>>>>>>>>><

>>>>>>>>>>>>:

x0 2 C,

wn = (1 � � n)xn + � nUxn ,

yn = (1 � � n)xn + � nUwn ,

zn = P C (yn � � nTyn),

xn+1 = (1 � � n)yn + � nzn + � n 
 n(Tyn � Tz n), n � 0,
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where


 n+1 =

8
>>><

>>>:

min

(


 n ,
�kz n � y nk

kTzn � Ty nk

)

, if Tzn 6= Tyn


 n else.

Under suitable conditions, they proved for a weak convergence result to a solution of

the problem in the settings of real Hilbert spaces.

On the other hand, in 2010, Xu and Hong-Kun [172] proved that if SFP (1.26) has a

solution x� , then x� 2 C solves (1.26) if and only if it solves the �xed-point equation

x = P C (I � 
A � (I � P D )A)x such that x 2 C, (2.15)

where 
 2 (0,
1

kAk2 ), C and D are nonempty closed and convex subsets of the real

Hilbert spaces H1 and H2, respectively and A� is the adjoint of the bounded linear

operator A : H1 ! H 2. This alternative �xed point equation together with �xed

point methods led Byrne [32] to propose the following method for solving (1.26),

called the CQ algorithm, in the �nite Euclidean spaces. It is given by

8
>><

>>:

x0 2 C,

xn+1 = P C (I � �A � (I � P D )A)x n , n � 0,
(2.16)

where � 2 (0, 2

 A

) and 
 A is the spectral radius of the operator A� A. The CQ algo-

rithm converges to a solution of the SFP, for any starting vector x0, whenever it has

a solution.

In 2014, Mouda� [123] introduced the following alternating CQ algorithm for solving

the SEFP (1.27):

8
>>>>><

>>>>>:

x0 2 H 1, y0 2 H 2,

xn+1 = P C (xn � 
 kA � (Ax n � By n)),

yn+1 = P Q(yn + � nB � (Ax n+1 � By n)), n � 0,

(2.17)

where 
n , � n 2 (�, min
n

1

 A

, 1

 B

o
� �) for small enough � > 0 and each n; 
 A and 
 B

are the spectral radii of A� A and B � B, respectively. Algorithm (2.17) is exactly the
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CQ algorithm proposed by Byrne in (2.16) when B = I, �n = 1 for each n. In his

later study, Byrne [122] also studied the following relaxed alternating CQ Algorithm.

8
>>>>><

>>>>>:

x0 2 H 1, y0 2 H 2,

xn+1 = P Cn

�
xn � 
A � (Ax n � By n)

�
,

yn+1 = P Qn

�
yn + 
B � (Ax n+1 � By n)

�
, n � 0,

(2.18)

where 
 > 0, Cn =
n
x 2 H 1 : c(xn) + � n , x � x n � 0

o
and

Qn =
n
y 2 H 2 : hq(yn) + � n , y � y n i � 0

o
, provided that c : H1 ! R and q :

H2 ! R are two convex functions which are subdi�erentiable and their subdi�er-

entials are bounded on bounded subsets of C and D, respectively with (�n , � n) 2

f(@c(xn), @q(yn))g. One can see that Cn and Qn are half spaces so that the projec-

tions in (2.18) have closed form expression and contain C and D, respectively.

The methods (2.17) and (2.18) above result in weak convergence to solutions of the

SEFP. In addition, since the rate of convergence of an iterative algorithm and its

overall e�ectiveness heavily depend on its step size, the constant step sizes and step

sizes with operator norm and spectral radius make the methods less e�cient and

sometimes impractical.

In this regard, Don et al. [61] introduced a new choice of the step sequence f
kg

given by


 k = � k min

8
<

:
kAx k � By kk2

kA � (Ax k � By k)k2 ,
kAx k � By kk2

kB � (Ax k � By k)k2

9
=

;
,

where f� kg � (0, 1) for a projection iterative methods of solving SEFP (1.27) which

does not require norm and spectral radius of operators.

In 2017, Dong et al. [59] used this step size rule to solve a SEFP. Given the ini-

tial guesses (x0, u0) and (x1, u1), they found the following scheme.
8
>>>>>>>><

>>>>>>>>:

wn = x n + � n (x n � x n�1 ),

vn = u n + � n (un � u n�1 ),

xn+1 = P C (wn � 
 nA � (Aw n � Bv n )),

un+1 = P D (vn + 
 nB � (Aw n � Bv n )), n � 1,

where �n 2 (0, 1). Under some suitable conditions, they proved that the resulting
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sequence converges strongly to a solution of the problem in the real Hilbert space.

Recently, Mouda� and Al-Shemas [120] introduced a split equality �xed point prob-

lem which is de�ned as follows. Let H1, H2 and H3 be real Hilbert spaces. Let

U1 : H1 ! H 1, U2 : H2 ! H 2 be two nonlinear operators and A : H1 ! H 3,

B : H 2 ! H 3 be bounded linear operators. Then SEFPP is de�ned as a problem of

�nding

x � 2 F ix(U 1), y � 2 F ix(U 2) such that Ax � = By � . (2.19)

They proposed the scheme,

8
>>>>><

>>>>>:

(x0, y0) 2 H 1 � H 2,

xn+1 = U1(xn � � nA � (Ax n � By n)),

yn+1 = U2(yn + � nB � (Ax n � By n)), n � 0

to a solution of (2.19), where f�ng is a positive real sequence such that �n 2

(�, 2

 A +
+B � �) (� small enough) and U 1, U2, A and B are as in the de�nition of

the SEFPP above such that U1 and U2 are �rmly nonexpansive operators. Under

some additional conditions, they proved a weak convergence result of the sequence

f(x n , yn)g to a solution of the problem.

In 2015, Che and Li [42] proposed the following algorithms for �nding the solution of

SEFPP (2.19) for strictly pseudocontractive operators.

8
>>>>><

>>>>>:

(x0, y0) 2 H 1 � H 2,

xn+1 = � nxn + U 1(xn � � nA � (Ax n � By n)),

yn+1 = � nxn + U 2(yn + � nB � (Ax n � By n)), n � 0,

Under some appropriate conditions, they proved weak convergence of the sequence

generated by the algorithm to a solution of (2.19). Since then, several iterative algo-

rithms for solving (2.19) have been presented and analyzed, (see, e.g., [123, 179, 176]

and the references therein).

On the other hand, in 2022, Kwelegano et al.[105] proposed the following projection

iterative algorithm for solving SEVIP (1.28) with pseudomonotone and uniformly
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continuous cost operators in real Hilbert spaces.

Let ` 2 (0, 1), � > 0, � 2 (0,
1
�

). Choose (x0, u0) 2 C � D arbitrarily and com-

pute in parallel,

8
>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>:

zn = P C (xn � �Tx n),

yn = x n � � n(xn � z n),

vn = P D (vn � �Su n),

sn = u n � � n(un � v n),

dn = P C [xn � 
 nA � (Ax n � Bv n)],

xn+1 = � n f (x n) + (1 � � n)[anPCn xn + (1 � a n)dn ],

tn = P D [un � 
 nB � (Bu n � Ax n)],

un+1 = � ng(un) + (1 � � n)[anPD n un + (1 � a n)t n ], n � 0,

(2.20)

where �n = ` j n and �n = ` kn and jn and kn are the smallest nonnegative integers j

and k, respectively, such that

hTxn � T (x n � ` j (xn � z n)), x n � z n i � �kx n � z nk2,

hSun � S(u n � ` k(un � v n)), un � v n i � �ku n � v nk2,
(2.21)

Cn = fx 2 C : hTy n , x � y n i � 0g, D n = fu 2 D : hSs n , v � s n i � 0g,

f and g are contraction operators on C and D, respectively and the positive real

sequences f
ng, f� ng and fang are such that f� ng � (0, 1) with
1X

n=1
� n < 1 and

lim
n!1

� n = 0, fa ng � [�, �] � (0, 1) and

0 < � � 
 n �
kAwn � Bv nk2

kA � (Awn � Bv n)k2+kB � (kAwn � Bv n)k2 for n 2 
 and 
 n = 
 > 0

otherwise, where 
 = fn 2 N : Aw n � Bv n 6= 0g. Under some additional mild

conditions, they proved a strong convergence result to a solution of the problem.

Moreover, several researchers have developed and studied more broad and applicable

split equality problems by replacing C and D in (1.27) with the solution set of various

convex optimization problems (see, e.g., [25, 19, 21]).

In the same year, Yin et al. [182] introduced an iterative algorithm for solving vari-

ational inequality problem with quasi-monotone and Lipschitz continuous operator
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and �xed point problem and proved a weak convergence result in real Hilbert spaces.

Motivated by the results discussed above, one of the goals of this dissertation is to

construct and study inertial-like Tseng's extragradient iterative algorithms for solving

a split equality common Minty variational inequality and �xed point problem, where

the cost operators of the MVIPs are both quasi-monotone and uniformly continuous.

Recently, several authors have been interested in solving VIPs in Banach spaces (see,

e.g., [100, 90, 173, 129, 188]).

In 1993, assuming that the cost operator T : E ! E of the VIP is both uniformly

monotone, that is,

(x � y, Tx � Ty) �  (kx � yk) 8x, y 2 E,

where  (t) is a continuous, strictly increasing function for all t � 0 with  (0) = 0

and has '�arbitrary growth, that is,

hTy, y � zi � '(ky � zk) 8y 2 E, where fzg = VI(C, T ),

and '(t) is a continuous, nondecreasing function with '(0) � 0, Alber [8] proposed

the method:

xn+1 = � CJ �1 (Jx n � � nTxn), n � 0, (2.22)

where � C is the generalized projection from the uniformly convex, uniformly smooth

Banach space E onto C, J is the normalizes duality mapping, a point x0 2 E is given

and f� ng � (0, 1) with
1X

n=1
� n < 1 and lim

n!1
� n = 0. Under all these assumptions,

he obtained a weak convergence of the resulting sequence to a unique x� 2 V I(C, T ).

In 2021, Boikanyo and Zegeye [27] proposed and studied the following algorithm

for solving SEVIPs involving pseudomonotone operators in uniformly smooth and

uniformly convex real Banach spaces under the assumptions below.

(1) Let E 1 and E2 be uniformly smooth and uniformly convex real Banach spaces

with dual spaces E�
1 and E�

2, respectively, and let E3 be a real Banach space

with dual space E�
3.
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(2) Let A : E 1 ! E 3 and B : E2 ! E 3 be bounded linear mappings with adjoints

A � : E �
3 ! E �

1 and B� : E �
3 ! E �

2, respectively.

(3) Let C � E 1 and D � E 2 be nonempty, closed and convex subsets.

(4) Let T : E1 ! E �
1 and S : E2 ! E �

2 be uniformly continuous pseudomonotone

operators that are sequentially weakly continuous on bounded subsets of C and

D, respectively.

(5) Let 
 =
�
(p, q) 2 C � D : (p, q) 2 V I(T , C) � V I(D, S) such that Ap = Bq

	
6= ;.

(6) Let � = minf� 1, � 2g, where �i is a constant satisfying hx � y, J E i x � J E i yi � � i kx �

yk2, 8x, y 2 E i and for each i 2 f1, 2g.

(7) Let l 2 (0, 1), � > 0, and � 2
�
0, �

�

�
.

(8) Let f� ng � (0, "] � (0, 1), for some constant " > 0 such that lim
n!1

� n = 0 and
1X

n=1

� n = 1.

(9) Let 0 < � � � n � �kAx n �By n k2

2(kA � JE 3 (Ax n �By n )k2+kB � JE 3 (Ax n �By n )k2)
for n 2 ¯� = fm 2 N : Aw m � Bv m 6= 0g, otherwise �n = �, for some � > 0.

Their iterative method was stated as follows.
8
>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(x0, u0), (x 1, u1) 2 C � D,

un = � CJ �1
E1

�
JE1xn � � nA � JE3(Ax n � By n)

�
, r1(xn , un) = x n � u n ,

vn = � D J �1
E2

�
JE2yn + � nB � JE3(Ax n � By n)

�
, s1(yn , vn) = y n � v n ,

zn = � CJ �1
E1

�
JE1un � �Tu n

�
, r2(un , zn) = u n � z n ,

wn = � D J �1
E2

�
JE2vn � �Sv n

�
, s2(vn , wn) = v n � w n ,

f n = u n � � nr2(un , zn), � n = l j n ,

gn = v n � � ns2(vn , wn), � n = l hn ,

xn+1 = J �1
E1

�
� nJE1u + (1 � � n)JE1PCn un

�
,

yn+1 = J �1
E2

�
� nJE2v + (1 � � n)JE2PD n vn

�
,

where jn is the smallest non-negative integer j satisfying

hr2(un , zn), Tun � T (u n � l j r2(un , zn))i � �kr 2(un , zn)k2;
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hn is the smallest non-negative integer h satisfying

hs2(vn , wn), Svn � S(v n � l hs2(vn , wn))i � �ks 2(vn , wn)k2;

Cn =
�
x 2 C : hx � f n , T f n i � 0

	
;

and

Dn =
�
y 2 D : hy � g n , Sgn i � 0

	
.

Under some more suitable assumptions, the authors proved a strong convergence re-

sult to a solution of the problem.

More recently, Belay et al. [19] proposed the following inertial iterative scheme with

Bregman projection for solving a split equality feasibility Minty variational inequal-

ity problem with quasi-monotone and Lipschitz continuous operators in real re�exive

Banach spaces.

Conditions:

(1) Let E 1 and E2 be re�exive real Banach spaces with duals E�1 and E�
2, respec-

tively, and let C and D be nonempty, closed and convex subsets of E1 and E2,

respectively;

(2) Let f : E 1 ! (�1, +1] and g : E 2 ! (�1, +1] be strongly coercive,

strongly convex, bounded and uniformly Fréchet di�erentiable Legendre func-

tions which are bounded on bounded subsets of E1 and E2, respectively, with

conjugates f� and g� . Let the strong convexity constants of f and g be �1 and

� 2, respectively, and let � = minf� 1, � 2g.

(3) Let F : E1 ! E �
1 and G : E2 ! E �

2 be Lipschitz continuous and quasi-monotone

mappings with Lipschitz constants L1 and L2, respectively, and satisfying the

conditions

kFx � k� lim inf
n!1

kFxnk and kGy� k� lim inf
n!1

kGynk,

whenever fxng � E 1 and fyng � E 2 such that xn * x � and yn * y � ;

(4) Let A : E 1 ! E 3 and B : E2 ! E 3 be bounded linear mappings with adjoints

A � and B� , respectively, where E3 is another re�exive real Banach space;
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(5) Let � = f(x � , y� ) 2 MV I(C, F ) � MV I(D, G) : Ax � = By � g 6= ;;

(6) Let f� ng � (0, 1) be such that lim n!1 � n = 0 and
P 1

n=1 � n = 1;

(7) Let f� ng be a sequence of positive numbers such that �n 2
�
0, �

2

i
for all n � 0

and � n
� n

! 0 as n ! 1.

Algorithm 2.1.

Initialization: Let x 0, x1 2 E 1, y0, y1 2 E 2, � 2 [0, 1), �, � 2 (0, �), � 1 > 0, � 1 > 0.

Let f� ng, f� ng � [0, 1) be such that
P 1

n=1 � n < 1,
P 1

n=1 � n < 1. Set n := 1. For

arbitrary points x̂ 2 E 1, ŷ 2 E 2, compute fxng and fyng as follows:

Step 1: Given the iterates xn�1 , xn 2 E 1 and yn�1 , yn 2 E 2, choose �n such that

0 � � n � " n , where

"n =

8
>><

>>:

min
n
�, � n

� n

o
, if � n 6= 0,

�, otherwise.

Step 2: Compute

an = rf �
�
rfx n + � n(rfx n � rfx n�1 )

�
, bn = rg �

�
rgy n + � n(rgy n � rgy n�1 )

�
.

Step 3: Compute

pn = rf �
�
rfa n � � nA � JE3(Aan � Bb n)

�
,

qn = rg �
�
rgb n � � nB � JE3(Bbn � Aa n)

�
,

where 0 < � � � n � � n with

� n = min

8
><

>:
� + 1,

�kAa n � Bb nk2

2
�
kA � JE3(Aan � Bb n)k2+kB � JE3(Bbn � Aa n)k2

�

9
>=

>;
,

for n 2 M = fm 2 N : Aa m � Bb m 6= 0g, otherwise �n = �.

Step 4: Compute

un = P f
C

�
rf � (rfp n � � nFpn)

�
, vn = P g

D

�
rg � (rgq n � � nGqn)

�
.

Step 5: Compute

wn = rf � (rfu n � � n(Fun � Fp n)), zn = rg � (rgv n � � n(Gvn � Gq n)).
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Step 6: Compute

xn+1 = rf �
�
� nrf x̂ + (1 � � n)rfw n

�
, yn+1 = rg �

�
� nrgŷ + (1 � � n)rgz n

�
.

Update �n and � n as follows:

� n+1 =

8
>><

>>:

min
�

� n + � n , � kun �p n k
kF un �F p n k

�

, if Fun 6= Fpn ,

� n + � n , otherwise,

� n+1 =

8
>><

>>:

min
�

� n + � n , � kvn �q n k
kGvn �Gq n k

�

, if Gvn 6= Gqn ,

� n + � n , otherwise.

They obtained strong convergence result of the algorithm to a solution of split equal-

ity feasibility Minty variational inequality problem under the conditions 1-7.

Motivated by the �ndings discussed earlier, one of the key objectives of this dissertation

is to develop an approximation iterative method involving Bregman projection for solv-

ing split equality common Minty variational inequality problems with quasi-monotone

and uniformly continuous operators and �xed point problems involving Bregman rel-

atively nonexpansive operators in real re�exive Banach spaces.

2.2 Solutions of System of Multiple-sets Split Equal-

ity Common Fixed Point Problems.

Many authors have proposed and studied methods for approximating solutions of

di�erent problems involving �nite families of VIPs and/or FPPs (see, e.g., [96, 100,

134, 197]). Let C be a nonempty, closed and convex subset of a Hilbert space H and

Ti : C ! H be an operator for each i = 1, � � � , N. Then it is important to �nd a

solution of a system of VIPs associated with each Ti and C, which is equivalent to

�nding x � 2
N\

i=1
V I(C, T i ).

In 2012, Alghamdi et al. [10] introduced the following iterative scheme for solving
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this system of VIPs assuming that Ti is Li -Lipschitz continuous.

8
>>>>>>><

>>>>>>>:

x0 2 C,

yn,i = P C (xn � � nTi xn),

xn+1 = � n f (x n) + (1 � � n)(bn,0xn +
NX

i=1
bn,i PC (xn � � nTi yn,i )), n � 0,

(2.23)

where f : C ! C is a contraction mapping, � n � [a, b] �
�
0, 1

L

�
, for

L = max fL i : i = 1, � � � , Ng, fb n,i g � [e, 1) � (0, 1), such that
NX

i=0
bn,i = 1, f� ng �

(0, c] � (0, 1), 8n � 0 satis�es lim
n!1

� n = 0 and
NX

i=1
� n = 1. Under these assump-

tions, they proved that the resulting sequence fxng generated by the scheme converges

strongly to a unique solution of the problem.

In 2015, Tufa and Zegeye [160], proposed an iterative method for �nding common

solutions of an FPP with a relatively nonexpansive operator and two VIPs with

monotone and Lipschitz continuous cost operators and obtained a strong convergence

result to a solution of the problem. In 2016, Zhanga and Yuanb [198] studied the

problem of �nding

x � 2
N\

i=1
V I(C, T i ) \ F ix(U ),

where C is a nonempty, closed and convex subset of a real Hilbert space such that

Ti : C ! H is � i -inverse strongly monotone for each i = 1, 2, � � � , N and U : C ! C

is nonexpansive. They proposed the following viscosity method and proved a strong

convergence result to a solution of the problem.

8
>>>>>>>><

>>>>>>>>:

x0 2 C,

yn,i � P C (xn � � i Ti xn),

xn+1 = � n f (x n) + 
 nxn + � nU

0

@
NX

i=1
� i yn,i

1

A , n � 0,

(2.24)

where the approximate computation of yn,i satis�es

kyn,i � P C (xn � � i Ti xn)k� � n,i ,
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with

lim
n!1

� n,i = 0 for each 1 � i � r.

and the control sequences satisfy the following conditions:

(a) � n + 
 n + � n = 1 and
NX

i=1
� i = 1 for all n � 1;

(b) 1 > lim sup
n!1


 n � lim inf
n!1


 n > 0;

(c) lim
n!1

� n = 0,
1X

n=1
� n = +1.

They have also shown that the resulting solution x� is also the unique solution to the

variational inequality hf (x � ) � x � , x� � xi � 0, 8x 2
N\

i=1
V I(C, T i ) \ F ix(U ).

In 2023, Gupta et al. [77] studied the problem de�ned by a problem of �nding

(x � , u� ) 2 H 1 � H 2 such that

(x � , u� ) 2
M\

j=1
F ix(U j ) �

M\

j=1
F ix(V j ) and Ax � = Bu � , (2.25)

where A : H1 ! H 3 and B : H2 ! H 3 are bounded linear operators provided that H3
is also a real Hilbert space under an assumption that Uj and Vj are demicontractive

maps on H1 and H2, respectively. The authors used a viscosity method and inertial

steps to obtain a strongly convergent algorithm.

Inspired by the works in [160] ,[198] and [77] discussed above, one of the goals of

this dissertation is to propose an inertial Tseng's extragradient algorithm which ap-

proximates a solution of more general split equality problem which involves systems

of VIPs and that of FPPs.
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Chapter 3

Algorithms for Split Equality

Variational Inequality and Fixed

Point Problems

In this chapter, we propose and study iterative algorithms for solving the split

equality common Minty variational inequality and �xed point problem de�ned as

�nding (x � , u� ) 2 C � D such that

(x � , u� ) 2
�
MV I(C, T ) \ F ix(K)

�
�

�
MV I(D, S) \ F ix(G)

�

such that Ax� = Bx � , (3.1)

where C and D are nonempty, closed and convex subset of real Hilbert spaces H1 and

H2, respectively and T , S, K and G are operators satisfying some conditions, which

will be speci�ed later.

3.1 Preliminaries

We need the following additional lemmas for the convergence analysis of the se-

quence generated by the proposed algorithm.

Lemma 3.1. ([51]) Let C be a nonempty, closed and convex subset of a real Hilbert

space H. Let A : C ! H be a continuous, pseudomonotone operator and z 2 C.

Then z 2 V I(C, A) if and only if hAx, x � zi � 0, 8x 2 C.

Lemma 3.2. ([109]) Let fa ng be a sequence of nonnegative real numbers, f�ng be

a sequence in (0, 1) with the conditions:
1X

n=1
� n = 1 and fb ng be a sequence of real
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numbers. Assume that an+1 � (1 � � n)an + � nbn , 8n � 1. If lim sup
n!1

bn � 0, then

lim
n!1

an = 0.

Lemma 3.3. ([171]) Let fa ng be a sequence of nonnegative real numbers, such that

there exists a subsequence fan j g of fang such that an j < a n j +1 8j 2 N. Then there

exists a nondecreasing sequence flkg of N such that lim sup
k!1

lk = 1 and

maxfa lk , akg � a lk +1 .

Now, to present our method, we make the following assumptions:

(C1-1). Let the sets C and D be nonempty, closed convex subsets of the real Hilbert

spaces H1 and H2, respectively.

(C1-2). Let T : H1 ! H 1 and S : H2 ! H 2 be quasi-monotone, uniformly continuous

and sequentially weakly continuous;

(C1-3). Let K : H 1 ! H 1 and G : H2 ! H 2 be quasi-nonexpansive mappings such that

I � K and I � G are demiclosed at zero;

(C1-4). Let A : H1 ! H 3 and B : H2 ! H 3 be bounded linear operators with adjoints

A � and B� , respectively, where H3 is also a real Hilbert space.

(C1-5). Let � = f(p, q) 2
�
MV I(C, T ) \ F ix(K)

�
�

�
MV I(D, S) \ F ix(G)

�
g 6= ;.

(C1-6). Let f� ng, f� ng, f� ng and fang be real sequences satisfying
P 1

n=1 � n < 1,

lim
n!1

� n

� n
= 0, where f� ng � (0, 1) with

P 1
n=1 � n = 1 and lim

n!1
� n = 0,

f� ng, fang, f� ng � [a, b] � (0, 1), for some a and b such that 0 < a < b < 1.

3.2 Proposed Methods

In this section, we propose inertial-like subgradient extragradient algorithm and

inertial-like Tseng's extragradient algorithm for approximating solutions of SECMVFPP

(3.1) under conditions (C1-1) to( C1-6) in real Hilbert spaces.

3.2.1. Inertial-like Subgradient Extragradient Al-

gorithm

Algorithm 3.1.

Initialization: Let x, x0, x1 2 C, u, u0, u1 2 D, 0 � � < 1, �, �, �, `, ! 2 (0, 1). Set
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n = 1.

Iterative steps:

Step 1. Given the iterates (xn�1 , un�1 ) and (xn , un) in C � D, choose � n such that

0 � � n � �̄ n , where

�̄ n =

8
>><

>>:

min f�,
� n

kxn � x n�1 k
,

� n

kun � u n�1 k
g, if x n 6= xn�1 and un 6= un�1

�, otherwise.
(3.2)

Step 2. Set

8
>><

>>:

wn = x n + � n(xn�1 � x n),

vn = u n + � n(un�1 � u n).
(3.3)

Step 3. Compute

8
>>>>>>>>><

>>>>>>>>>:

yn = P C (wn � � nTwn),

zn = P Tn (wn � � nTyn),

sn = P D (vn � ' nSvn),

tn = P Sn (vn � ' nSsn),

(3.4)

where

Tn = fx 2 C : hw n � � nTwn � y n , x � y n i � 0g and

Sn = fu 2 D : hv n � ' nSvn � s n , u � s n i � 0g,

� n = �! j m and jm the smallest nonnegative integer j satisfying

�! j kTwn � Ty nk� �kw n � y nk, (3.5)

and ' n = �` ki and ki the smallest nonnegative integer k satisfying

�` kkSvn � Ss nk� �kv n � s nk. (3.6)
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Step 4. Compute

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

dn = P C (wn � 
 nA � (Awn � Bv n)),

hn = P C (� ndn + (1 � � n)Kd n),

xn+1 = � nx + (1 � � n)
h
(1 � � n)wn + � n(anzn + (1 � a n)hn)

i
,

en = P D (vn + 
 nB � (Awn � Bv n)),

rn = P D (� nen + (1 � � n)Gen),

un+1 = � nu + (1 � � n)
h
(1 � � n)vn + � n(an tn + (1 � a n)r n)

i
,

(3.7)

where 0 < 
 � 
 n � ˆ� n with

ˆ� n = min

8
<

:

 + 1,

jjAw n � Bv n jj2

jjA � (Awn � Bv n)jj 2+jjB � (Bvn � Aw n)jj 2

9
=

;
, (3.8)

for n 2 ¯� = fm 2 N : Aw m � Bv m 6= 0g, otherwise 
n = 
, for some 
 > 0.

Step 5. Set n := n + 1 and go to Step 1.

3.2.2. Inertial-like Tseng's Extragradient Algorithm

The method we present in this subsection is inertial-like Tseng's extragradient

algorithm for SECMVFPP (3.1).

Algorithm 3.2.

Initialization: Choose f� ng, f� ng, fang, f� ng and f� ng satisfying assumption (C1-

1) to (C1-6). Let x, x0, x1 2 C, u, u0, u1 2 D, 0 � � < 1 and �, �, �, `, ! 2 (0, 1). Set

n = 1.

Step 1. Provided that �n is updated by (3.2), compute

8
>><

>>:

wn = x n + � n(xn�1 � x n),

vn = u n + � n(un�1 � u n).
(3.9)
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Step 2. Compute

8
>>>>>>>>><

>>>>>>>>>:

yn = P C (wn � � nTwn),

zn = y n � � n(Tyn � Tw n),

sn = P D (vn � ' nSvn),

tn = s n � ' n(Ssn � Sv n),

(3.10)

where �n and ' n are de�ned by (3.5) and (3.6), respectively.

Step 3. Compute

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

dn = P C (wn � 
 nA � (Awn � Bv n)),

hn = � ndn + (1 � � n)Kd n ,

xn+1 = � nx + (1 � � n)
h
(1 � � n)wn + � n(anzn + (1 � a n)hn)

i
,

en = P D (vn + 
 nB � (Awn � Bv n)),

rn = � nen + (1 � � n)Gen ,

un+1 = � nu + (1 � � n)
h
(1 � � n)vn + � n(an tn + (1 � a n)r n)

i
,

(3.11)

where 
n is updated by (3.8).

Step 4. Set n := n + 1 and go to step 1.

Remark 3.1. Note that from (3.2) and condition (C1-6), we have � nkxn � x n�1 k� � n

for all n � 1 and
� n

� n
! 0 as n ! 1, which implies that

lim
n!1

� n

� n
kxn � x n�1 k= 0,

and

lim
n!1

� nkxn � x n�1 k= lim
n!1

� n

"
� n

� n
kxn � x n�1 k

#

= 0.

Similarly, we get lim
n!1

� n

� n
kun � u n�1 k= 0 and lim

n!1
� nkun � u n�1 k2= 0.

Remark 3.2. Assume that conditions (C1-1)-(C1-6) are satis�ed. Then the line

search rule (3.5) and (3.6) are well de�ned.

Proof. If we consider the case when wn 2 V I(C, T ), then w n = P C (wn � � nTwn).
Thus, we have wn = y n and hence (3.5) is satis�ed for j = 0. Let wn /2 V I(C, T )
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and assume on the contrary that

�! j kTwn � Ty nk> �kw n � y nk, 8j � 0.

That is,

1
�

kTwn � TP C (wn � �! j Twn)k>
1

�! j kwn � P C (wn � �! j Twn)k, 8j � 0. (3.12)

Since PC is continuous, we have

lim
j!1

kPC (wn � �! j wn) � w nk= 0, (3.13)

which implies by the uniform continuity of T on C that

lim
j!1

kTPC (wn � �! j wn) � Tw nk= 0. (3.14)

Thus, we have from (3.12) and (3.14) that

lim
j!1

1
�! j kwn � P C (wn � �! j Twn)k= 0. (3.15)

Now, put hj = P C (wn � �! j Twn). Then we have by the projection property that

hwn � �! j Twn � h j , x � h j i � 0, 8x 2 C, (3.16)

which implies that

*
wn � h j

�! j , x � h j

+

+ hTwn , hj � w n i � hTw n , x � w n i, 8x 2 C.

Taking the limit as j ! 1 of (3.17) and making use of (3.13) and (3.15), we obtain

that hTwn , x � w n i � 0, 8x 2 C, which is a contradiction to our assumption that

wn /2 V I(C, T ). Thus, there exists a non-negative integer j which satis�es (3.5).

Thus, (3.5) is well de�ned. The proof concerning line search rule (3.6) is similar and

hence the proof is complete.

3.3 Convergence Analysis

We �rst prove the following lemma.
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Lemma 3.4. Suppose that conditions (C1-1)-(C1-6) hold. Let Tx 6= 0, 8x 2 C and

Su 6= 0, 8u 2 D. Let fwng, fy ng, fv ng and fsng be sequences generated by Algorithm

3.1. Let f(w nk , vnk )g be a subsequence of f(wn , vn)g such that kwnk � y nk k! 0,

kvnk � s nk k! 0 and (w nk , vnk ) * (z, v). Then (z, v) 2 MV I(C, T ) � MV I(D, S).

Proof. The fact that kynk � w nk k! 0 and w nk * z imply that z 2 C as C is closed

and convex. Now, let pnk = P C

�
wnk � � nk ! �1 Twnk

�
. Then we have by Lemma 1.3

that

jjwnk � p nk jj�
1
!

�
�
�
�
�
�wnk � y nk

�
�
�
�
�
� ! 0, as k ! 1. (3.17)

Thus, we get that pnk * z and hence the sequence
n
pnk

o
is bounded. Since T is

uniformly continuous, we have from (3.17) that

lim
k!1

jjTwnk � Tp nk jj= 0. (3.18)

We also have by (3.5) that

� nk ! �1 jjTpnk � Tw nk jj> �jjw nk � p nk jj, (3.19)

that is,

1
�

�
�
�
�
�
�Tpnk � Tw nk

�
�
�
�
�
� >

1
� nk ! �1

�
�
�
�
�
�wnk � p nk

�
�
�
�
�
�. (3.20)

From (3.18) and (3.20), we obtain that

lim
n!1

1
� nk ! �1

�
�
�
�
�
�wnk � p nk

�
�
�
�
�
� = 0.

By the de�nition of p nk and the property of the projection, we have

hwnk � � nk ! �1 Twnk � p nk , x � p nk i � 0, 8x 2 C,

or equivalently,

1
� nk ! �1

D
wnk � p nk , x � p nk

E
� hTw nk , x � w nk + w nk � p nk i, 8x 2 C,
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and thus

1
� nk ! �1

D
wnk � p nk , x � p nk

E
+ hTwnk , pnk � w nk i � hTw nk , x � w nk i, 8x 2 C. (3.21)

From (3.21) and the fact that
n
pnk

o
and fTwnk g are bounded, and jjwnk � p nk jj! 0

as k ! 1, we obtain

lim sup
k!1

hTwnk , x � w nk i � lim inf
k!1

hTwnk , x � w nk i � 0, 8x 2 C. (3.22)

Next, we consider two possible cases.

Case 1. If for any x 2 C, lim sup
k!1

hTwnk , x � w nk i > 0, then there exists a subsequence

fw nkj
g of fwnk g such that lim

j!1
hTwnkj

, x � w nkj
i > 0. That is, there exits N 0 such

that hTwnkj
, x � w nkj

i > 0, for all j > N 0. The quasi-monotonicity of T implies that

hTx, x � w nkj
i � 0, for all j > N 0 and hence hTx, x � zi � 0, that is, z 2 MV I(C, T ).

Case 2. If lim sup
k!1

hTwnk , x � w nk i = 0, then from (3.22), we get lim
k!1

hTwnk , x �

wnk i = 0. Let � k = jhTwnk , x � w nk ij+ 1
k+1 , k = 1, 2, � � �. Then, we obtain that,

hTwnk , x � w nk i + � k > 0, 8k � 1. (3.23)

Since Tx 6= 0, 8x 2 C, we have Twnk 6= 0, 8k 2 N. Now, set  nk =
T wn k

jjT w n k jj 2 . Thus,

we have

hTwnk ,  nk i = 1. (3.24)

Now, from (3.23) and (3.24) , it follows that

hTwnk , x � w nk i + � khTwnk ,  nk i > 0 and hence hTwnk , x + � k  nk � w nk i > 0,

which implies by the quasi-monotonicity of T that

hT (x + � k  nk ), x + � k  nk � w nk i � 0, (3.25)

or equivalently

hT (x), x � w nk i + hT (x + � k  nk ) � Tx, x � w nk i + hT (x + � k  nk ), � k  nk i

� 0, 8k � 1. (3.26)
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We now show that lim
k!1

� k  nk = 0. In fact, since wnk * z and by (C1-2) we have

Twnk * Tz and hence by the property of weak convergence and the fact that Tz 6= 0 (as

z 2 C), we have

0 < jjTzjj� lim inf
k!1

jjTwnk jj. (3.27)

Therefore, we obtain

0 � lim sup
k!1

jj� k  nk jj= lim sup
k!1

(
� k

jjTwnk jj
) �

lim sup
k!1

� k

lim inf
k!1

jjTwnk jj
�

0
jjTzjj

= 0.

Consequently, we get lim
k!1

� k  nk = 0. So, taking the limit on both sides of (3.26) as k ! 1,

we get hTx, x � zi � 0 for all x 2 C and hence z 2 MV I(C, T ). Similarly, we can show

that v 2 MV I(D, S) and hence the proof is complete.

Theorem 3.1. Suppose conditions (C1-1)-(C1-6) are satis�ed. Then the sequences

fx ng and fung generated by Algorithm 3.1 are bounded.

Proof. Let (p, q) 2 �. Let

bn = (1 � � n)wn + � n(anzn + (1 � a n)hn);

cn = (1 � � n)vn + � n(an tn + (1 � a n)r n). (3.28)

Then we obtain

kbn � pk 2� (1 � � n)kwn � pk 2+� nankzn � pk 2+� n(1 � a n)khn � pk 2 (3.29)

and

kcn � qk 2� (1 � � n)kvn � qk 2+� nanktn � qk 2+� n(1 � a n)kr n � qk 2. (3.30)

From (3.7), (3.28) and Lemma 1.1, we have

kxn+1 � pk 2 = k� nx + (1 � � n)bn � pk 2

= k� n(x � p) � (1 � � n)(bn � p)k 2

� � nkx � pk 2+(1 � � n)kbn � pk 2. (3.31)

Similarly, we have

kun+1 � qk 2� � nku � qk 2+(1 � � n)kcn � qk 2. (3.32)
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Combining (3.31) and (3.32), we get

kxn+1 � pk 2+ku n+1 � qk 2 � � n(kx � pk 2+k u � qk 2)

+(1 � � n)(kbn � pk 2+kc n � qk 2). (3.33)

Using (3.29) and (3.30) in (3.33), we get

kxn+1 � pk 2+ku n+1 � qk 2 � � n(kx � pk 2+k u � qk 2)

+(1 � � n)[(1 � � n)(kwn � pk 2+kv n � qk 2)

+� nan(kzn � pk 2+kt n � qk 2)

+� n(1 � a n)(kh n � pk 2+kr n � qk 2)]. (3.34)

Moreover, from Lemma 1.1 and the quasi-nonexpansive property of K we have the

following.

jjhn � pjj 2 = jj� ndn + (1 � � n)Kd n � pjj 2

= jj� n(dn � p) + (1 � � n)(Kd n � p)jj 2

= � n jjdn � pjj 2+(1 � � n)jjKd n � pjj 2�� n(1 � � n)jjKd n � d n jj2

� jjd n � pjj 2�� n(1 � � n)jjKd n � d n jj2. (3.35)

Similarly, we obtain

jjr n � qjj 2� jje n � qjj 2�� n(1 � � n)jjGen � e n jj2.

Substituting (3.35) into (3.29), we obtain

kbn � pk 2 � (1 � � n)kwn � pk 2+� nankzn � pk 2+� n(1 � a n)jjd n � pjj 2

�� n � n(1 � a n)(1 � � n)jjKd n � d n jj2. (3.36)

Similarly, we obtain

kcn � qk 2 � (1 � � n)kvn � qk 2+� nanktn � qk 2+� n(1 � a n)jjen � qjj 2

�� n � n(1 � a n)(1 � � n)jjGen � e n jj2. (3.37)
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Combining (3.36) and (3.37), we obtain

kbn � pk 2+kc n � qk 2 � (1 � � n)(kwn � pk 2+kv n � qk 2) + � nan(kzn � pk 2

+kt n � qk 2) + � n(1 � a n)(jjd n � pjj 2+jje n � qjj 2)

�� n � n(1 � a n)(1 � � n)(jjKd n � d n jj2+jjGe n � e n jj2).(3.38)

Since p 2 Tn , using the de�nition of zn in (3.4), �rmly nonexpansive property of

metric projection and Lemma 1.1, we have

kzn � pk 2 = kP Tn (wn � � nTyn) � pk 2

= kP Tn (wn � � nTyn) � P Tn pk2

� hz n � p, w n � � nTyn � pi

=
1
2

[kzn � pk 2+kw n � � nTyn � pk 2�kz n � w n + � nTynk2]

=
1
2

[kzn � pk 2+kw n � pk 2+� 2
n kTynk2�kz n � w nk2�� 2

n kTynk2

�2hw n � p, � nTyn i � 2hz n � w n , � nTyn i]

=
1
2

[kzn � pk 2+kw n � pk 2�kz n � w nk2+2hp � z n , � nTyn i]. (3.39)

Multiplying both sides by 2 and subtracting kzn � pk 2 from both sides of the inequality

(3.39), we have

kzn � pk 2� kw n � pk 2�kz n � w nk2+2hp � z n , � nTyn i. (3.40)

Since p 2 MV I(C, T ), we have hTx, x � pi � 0, 8x 2 C. Taking x = y n 2 C and

rearranging, we get hTyn , p � y n i � 0.

Hence,

hp � z n , � nTyn i = � nhTyn , p � y n i + � nhTyn , yn � z n i

� � nhTyn , yn � z n i.
(3.41)

Using (3.40) and (3.41) and applying Lemma 1.1,

kzn � pk 2 � kw n � pk 2�kz n � w nk2+2� nhTyn , yn � z n i

= kw n � pk 2�kz n � y nk2�ky n � w nk2

�2hz n � y n , yn � w n i + 2� nhTyn , yn � z n i

= kw n � pk 2�ky n � z nk2�kw n � y nk2
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+2hwn � � nTyn � y n , zn � y n i. (3.42)

Since zn 2 Tn by the de�nition of z n , we obtain hwn � � nTwn � y n , zn � y n i � 0.

This together with the de�nition of � n , the Schwartz inequality and the fact that

2ab � a 2 + b2 for any two real numbers a and b give us,

2hwn � � nTyn � y n , zn � y n i = 2hwn � � nTwn � y n , zn � y n i

+2� nhTwn � Ty n , zn � y n i

� 2� nhTwn � Ty n , zn � y n i

� 2� nkTwn � Ty nkkyn � z nk

� 2�kw n � y nkkyn � z nk

� �[kw n � y nk2+ky n � z nk2]. (3.43)

Combining (3.42) and (3.43),

kzn � pk 2� kw n � pk 2�(1 � �)[ky n � w nk2+kz n � y nk2]. (3.44)

Similarly, we get,

ktn � qk 2� kv n � qk 2�(1 � �)[ks n � v nk2+kt n � s nk2]. (3.45)

Adding (3.44) and (3.45), we get

kzn � pk 2+kt n � qk 2 � kw n � pk 2+kv n � qk 2

�(1 � �)[ky n � w nk2+kz n � y nk2]

�(1 � �)[ks n � v nk2+kt n � s nk2]. (3.46)

Now, using the de�nition of dn in (3.7) and nonexpansive property of PC , we have

kdn � pk 2 = kP C (wn � 
 nA � (Awn � Bv n)) � pk 2

� kw n � 
 nA � (Awn � Bv n) � pk 2

�kd n � (w n � 
 nA � (Awn � Bv n))k2

= kw n � pk 2+k
 nA � (Awn � Bv n)k2

�2
 nhwn � p, A � (Awn � Bv n)i

�kd n � (w n � 
 nA � (Awn � Bv n))k2

= kw n � pk 2+
 2
nkA � (Awn � Bv n)k2
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�2
 nhAwn � Ap, Aw n � Bv n i

�kd n � (w n � 
 nA � (Awn � Bv n))k2. (3.47)

Similarly,

ken � qk 2 � kv n � qk 2+
 2
nkB � (Awn � Bv n)k2+2
 nhBvn � Bq, Aw n � Bv n i

�ke n � (v n + 
 nB � (Awn � Bv n))k2. (3.48)

Adding (3.47) and (3.51) and using (3.8) for the case Awn 6= Bvn , we have

kdn � pk 2+ken � qk 2 � kw n � pk 2+kv n � qk 2

+
 2
n [kA � (Awn � Bv n)k2+kB � (Awn � Bv n)k2]

�2
 nhAwn � Ap � Bv n + Bq, Aw n � Bv n i

�kd n � (w n � 
 nA � (Awn � Bv n))k2

�ke n � (v n + 
 nB � (Awn � Bv n))k2

� kw n � pk 2+kv n � qk 2+
 nkAwn � Bv nk2�2
 nkAwn � Bv nk2

�kd n � (w n � 
 nA � (Awn � Bv n))k2

�ke n � (v n + 
 nB � (Awn � Bv n))k2

� kw n � pk 2+kv n � qk 2�
 nkAwn � Bv nk2

�kd n � (w n � 
 nA � (Awn � Bv n))k2

�ke n � (v n + 
 nB � (Awn � Bv n))k2. (3.49)

For the case Awn = Bv n in (3.8), we can easily show that (3.49) holds.

Using the de�nitions of wn and vn given in (3.3) and applying Lemma 1.1, we have

kwn � pk 2 = kx n + � n(xn�1 � x n) � pk 2

= k(1 � � n)(x n � p) + � n(xn�1 � p)k 2

� (1 � � n)kxn � pk 2+� nkxn�1 � pk 2,

and

kvn � qk 2� (1 � � n)kun � qk 2+� nkun�1 � qk 2,
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which imply that

kwn � pk 2+kv n � qk 2 � (1 � � n)[kxn � pk 2+ku n � qk 2]

+� n [kxn�1 � pk 2+ku n�1 � qk 2]. (3.50)

From (3.46), (3.49) and (3.50), we obtain

kxn+1 � pk 2+ku n+1 � qk 2 � � n(kx � pk 2+k u � qk 2)

+(1 � � n)(1 � � n)(kwn � pk 2+kv n � qk 2)

+(1 � � n)� nan(kwn � pk 2+kv n � qk 2

�(1 � �)[ky n � w nk2+kz n � y nk2]

�(1 � �)[ks n � v nk2+kt n � s nk2])

+(1 � � n)� n(1 � a n)(kwn � pk 2

+kv n � qk 2�
 nkAwn � Bv nk2

�kd n � (w n � 
 nA � (Awn � Bv n))k2

�ke n � (v n + 
 nB � (Awn � Bv n))k2)

�(1 � � n)� n � n(1 � a n)(1 � � n)jjKd n � d n jj2

�(1 � � n)� n � n(1 � a n)(1 � � n)jjGen � e n jj2,(3.51)

and hence

kxn+1 � pk 2+ku n+1 � qk 2 � � n(kx � pk 2+k u � qk 2)

+(1 � � n)(kwn � pk 2+kv n � qk 2)

�(1 � � n)� nan((1 � �)[ky n � w nk2+kz n � y nk2]

�(1 � �)[ks n � v nk2+kt n � s nk2])

�(1 � � n)� n(1 � a n)(
 nkAwn � Bv nk2

+kd n � (w n � 
 nA � (Awn � Bv n))k2

+ken � (v n + 
 nB � (Awn � Bv n))k2)

�(1 � � n)� n � n(1 � a n)(1 � � n)jjKd n � d n jj2

�(1 � � n)� n � n(1 � a n)(1 � � n)jjGen � e n jj2.(3.52)

Substituting (3.50) into (3.52) and taking the properties of �, � n , � n , � n and an into
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account, we obtain

kxn+1 � pk 2+ku n+1 � qk 2 � � n(kx � pk 2+k u � qk 2)

+(1 � � n)((1 � � n)[kxn � pk 2+ku n � qk 2]

+� n [kxn�1 � pk 2+ku n�1 � qk 2])

�(1 � � n)� nan((1 � �)[ky n � w nk2+kz n � y nk2]

�(1 � �)[ks n � v nk2+kt n � s nk2])

�(1 � � n)� n(1 � a n)(
 nkAwn � Bv nk2

+kd n � (w n � 
 nA � (Awn � Bv n))k2

+ken � (v n + 
 nB � (Awn � Bv n))k2)

�(1 � � n)� n � n(1 � a n)(1 � � n)jjKd n � d n jj2

�(1 � � n)� n � n(1 � a n)(1 � � n)jjGen � e n jj2

� � n(kx � pk 2+k u � qk 2)

+(1 � � n)((1 � � n)[kxn � pk 2+ku n � qk 2]

+� n [kxn�1 � pk 2+ku n�1 � qk 2]), (3.53)

which can be written as

Gn+1 (p, q) � (1 � � n )
�
(1 � � n )Gn (p, q) + � n Gn�1 (p, q)

�
+ � n (kx � pk 2+k u � qk 2), (3.54)

where Gn (p, q) = kx n � pk 2+ku n � qk 2.

Using (3.54) and property of convex combinations of real numbers, we get

Gn+1 (p, q) � max fk x � pk 2+k u � qk 2, max fGn (p, q), Gn�1 (p, q)gg. (3.55)

But,

maxfGn (p, q), Gn�1 (p, q)g

� maxff(1 � � n�1 )
�
(1 � � n�1 )Gn�1 (p, q) + � n�1 Gn�2 (p, q)

�

+� n�1 (kx � pk 2+k u � qk 2), Gn�1 (p, q)gg

� max fmax fk x � pk 2+k u � qk 2, max fGn�1 (p, q), Gn�2 (p, q)gg, Gn�1 (p, q)g

= max fk x � pk 2+k u � qk 2, max fGn�1 (p, q), Gn�2 (p, q)gg. (3.56)

Substituting (3.56) into (3.55) and repeating the process n � 2 times, we get

Gn+1 (p, q) � max fk x � pk 2+k u � qk 2, max fG2(p, q), G1(p, q)gg,
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which implies that fG n (p, q)g is bounded. Therefore, fxng and fu ng are also bounded and

hence fwng, fv ng fAw ng and fBv ng are bounded too.

Theorem 3.2. Suppose conditions (C1-1)-(C1-6) hold. Let Tx 6= 0, 8x 2 C and

Sy 6= 0, 8y 2 D. Then the sequence f(xn , un)g generated by Algorithm 3.1 converges

strongly to an element (p� , q� ) 2 � such that (p � , q� ) = P � (x, u).

Proof. Let (p� , q� ) = P � (x, u). From the de�nitions of x n+1 and un+1 , (3.28) and

Lemma 1.1 we have,

kxn+1 � p � k2+ku n+1 � q � k2 = k� n(x � p � ) + (1 � � n)(bn � p � )k2

+k� n(u � q � ) + (1 � � n)(cn � q � )k2

� (1 � � n)2kbn � p � k2+2� nhx � p � , xn+1 � p � i

+(1 � � n)2kcn � q � k2+2� nhu � q � , un+1 � q � i

� (1 � � n)2(kbn � p � k2+kc n � q � k2)

+2� n [hx � p � , xn+1 � p � i + h u � q � , un+1 � q � i].

If we let Gn(p� , q� ) = kx n � p � k2+ku n � qk 2, this together with (3.38) yield,

Gn+1 (p� , q� ) � (1 � � n)(1 � � n)
h
kwn � p � k2+jjv n � q � jj2

i

+(1 � � n)� nan

h
kzn � p � k2+jjt n � q � jj2

i

+(1 � � n)� n(1 � a n)
h
jjdn � p � jj2+jje n � q � jj2

i

�(1 � � n)� n � n(1 � a n)(1 � � n)
h
jjKd n � d n jj2+jjGe n � e n jj2

i

+2� nh(x, u) � (p � , q� ), (x n+1 , un+1 ) � (p � , q� )i. (3.57)

But (3.46) and (3.49) imply that kzn � p � k2+kt n � q � k2� kw n � p � k2+kv n � q � k2

and

kdn � p � k2+ken � q � k2� kw n � p � k2+kv n � q � k2, respectively.

Combining these two inequalities and (3.57), we obtain

Gn+1 (p� , q� ) � (1 � � n)[kwn � p � k2+kv n � q � k2]

+2� nh(x, u) � (p � , q� ), (x n+1 , un+1 ) � (p � , q� )i. (3.58)

Using Remark 3.1, both f�nkxn � x n�1 kg and f� nkun � u n�1 kg are bounded. This

together with the boundedness of fxng and fung, give us

kwn � p � k2 = kx n � p � + � n(xn�1 � x n)k2
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= kx n � p � k2+� 2
nkxn � x n�1 k2+2� nkxn � p � kkxn � x n�1 k

� kx n � p � k2+M 1� nkxn � x n�1 k, (3.59)

and similarly,

kvn � q � k2� ku n � q � k2+M 2� nkun � u n�1 k, (3.60)

for some M1, M2 � 0.

From (3.59) and (3.60), we obtain

kwn � p � k2+kv n � q � k2 � kx n � p � k2+ku n � q � k2

+M 3� n [kxn � x n�1 k+ku n � u n�1 k], (3.61)

for some M3 � M 1, M2.

Therefore, combining (3.61) and (3.58) we get

Gn+1 (p� , q� ) � (1 � � n)[kxn � p � k2+ku n � q � k2]

+� n [M3
� n

� n
(kxn � x n�1 k+ku n � u n�1 k)

+2h(x, u) � (p � , q� ), (x n+1 , un+1 ) � (p � , q� )i

+k x � p � k2+k u � p � k2], (3.62)

which could be written as

Gn+1 (p� , q� ) � (1 � � n)Gn(p� , q� ) + � n ! n , (3.63)

where !n = M 3
� n

� n
(kxn � x n�1 k+ku n � u n�1 k) + 2h(x, u) � (p � , q� ), (x n+1 , un+1 ) �

(p� , q� )i.

We obtain from (3.52) and (3.61) that

(1 � � n)� nan((1 � �)[ky n � w nk2+kz n � y nk2]

+(1 � �)[ks n � v nk2+kt n � s nk2])

+(1 � � n)� n(1 � a n)(
 nkAwn � Bv nk2

+kd n � (w n � 
 nA � (Awn � Bv n))k2+ken � (v n + 
 nB � (Awn � Bv n))k2)

+(1 � � n)� n � n(1 � a n)(1 � � n)jjKd n � d n jj2
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+(1 � � n)� n � n(1 � a n)(1 � � n)jjGen � e n jj2

� G n(p� , q� ) � G n+1 (p� , q� ) � � nGn(p� , q� )

+(1 � � n)M 3� n [kxn � x n�1 k+ku n � u n�1 k]

+� n(jjx̄ � p � jj2+jjū � q � jj2)

� G n(p� , q� ) � G n+1 (p� , q� ) + � n(M3
� n

� n
[kxn � x n�1 k+ku n � u n�1 k] � G n(p� , q� ))

+� n(jjx̄ � p � jj2+jjū � q � jj2). (3.64)

The rest of the proof can be done in two cases.

Case 1. Let Gn+1 (p� , q� ) � G n(p� , q� ) 8n � N 2 N.

Since it is bounded, limn!1 Gn(p� , q� ) exists. Then, taking the limit on both sides

of (3.64) as n ! 1 and taking the conditions on the parameters a n , �, � n , � n , � n into

account, we obtain

kyn � w nk! 0 and kz n � y nk! 0, and hence kz n � w nk! 0, as n ! 1, (3.65)

In the same way, we also get

ksn � v nk! 0 and kt n � s nk! 0, and hence kt n � v nk! 0. (3.66)

Furthermore, we have,

kAwn � Bv nk! 0, kd n � (w n � 
 nA � (Awn � Bv n))k! 0, (3.67)

and

ken + (v n � 
 nB � (Awn � Bv n))k! 0, jjKd n � d n jj! 0, jjGe n � e n jj! 0 as n ! 1.

(3.68)

By the de�nition of d n in (3.7) and the Pythagorean identity of metric projection, we

have

kdn � (w n � 
 nA � (Awn � Bv n))k2+kd n � w nk2� k
 nA � (Awn � Bv n)k2. (3.69)

Thus, combining (3.67) and (3.69), we get

kdn � w nk! 0 and also ke n � v nk! 0. (3.70)
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We also have from (3.68) that

jjhn � d n jj= (1 � � n)jjKd n � d n jj! 0 as n ! 1. (3.71)

By the boundedness of f(xn , un)g and Theorem 3.1, there is a subsequence f(xnk , unk )g
of f(x n , un)g with f(x nk , unk )g * (z, v) and

lim sup
n!1

[h(x, u) � (p � , q� ), (x n , yn) � (p � , q� )i]

= lim k!1 [h(x, u) � (p � , q� ), (x nk , unk ) � (p � , q� )i]. (3.72)

Hence, from (3.65) and (3.66), we get

lim
k!1

kynk � w nk k= 0 and lim
k!1

ksnk � v nk k= 0. (3.73)

Now , from remark 3.1, we get that jjwnk � x nk jj! 0 and jjv nk � u nk jj! 0 as k ! 1

and hence wnk * z and v nk * v. Using (3.73) and Lemma 3.4, we obtain

(z, v) 2 MV I(C, T ) � MV I(D, S). Moreover, from (3.70), we obtain

jjdnk � x nk jj� jjd nk � w nk jj+jjw nk � x nk jj! 0 as k ! 1. (3.74)

Thus, we have from (3.74) that dnk * z, which together with (3.68) and the demi-

closedness of (I � K) gives that z 2 F ix(K). Similarly, we obtain that v 2 F ix(G).
Hence, we obtain

(z, v) 2 (MV I(C, T ) \ F ix(K)) � (MV I(D, S) \ F ix(G)).

Then, using Lemma 1.1, we get

kAz � Bvk 2 = kAw nk � Bv nk + Az � Aw nk + Bv nk � Bvk 2

� kAw nk � Bv nk k2+2hAz � Aw nk + Bv nk � Bv, Az � Bvi. (3.75)

Since A is a bounded linear mapping, we get Awnk ! Az, and similarly we have

Bvnk ! Bv. Then, taking limsup on both sides of (3.75) and using (3.67), we obtain

kAz � Bvk= 0. Thus, we obtain Az = Bv and hence (z, v) 2 �. In addition, since

(p� , q� ) = P � (x, u), equation (3.72) and Lemma 1.4 gives

lim sup
n!1

[h(x, u) � (p � , q� ), (x n , un) � (p � , q� )i]

= lim k!1 [h(x, u) � (p � , q� ), (x nk , unk ) � (p � , q� )i]
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= h(x, u) � (p � , q� ), (z, v) � (p � , q� )i � 0. (3.76)

From (3.7), we have

kxn+1 � x nk � kx n+1 � w nk+kw n � x nk

= k� n(x � w n) + (1 � � n)[� n(an(zn � w n) + (1 � a n)(h n � w n))k ]

+kw n � x nk

� � nkx � w nk+(1 � � n)� n [ankzn � w nk

+(1 � a n)khn � w nk] + kw n � x nk (3.77)

From (3.70) and (3.71), we have that

jjhn � w n jj� jjh n � d n jj+jjd n � w n jj! 0 as n ! 1. (3.78)

Using the assumptions on �n , an and � n , since fwng is bounded, Remark 3.1, (3.65)

and (3.78) imply that the limit of the right hand side of the last inequality in (3.77)

is zero.

Thus, we get

kxn+1 � x nk! 0. (3.79)

Similarly we can get

kun+1 � u nk! 0. (3.80)

Using (3.79) and (3.80) together with (3.76), we have

lim sup
n!1

h(x, u) � (p � , q� ), (x n+1 , un+1 ) � (p � , q� )i � 0. (3.81)

Hence, combining the assumption on �n , Remark 3.1 and (3.81), we obtain,

lim sup
n!1

! n � 0. Therefore, from (3.63) and Lemma 3.2, we get Gn(p� , q� ) ! 0 which

implies that xn ! p � and un ! q � as n ! 1.

Case 2. Assume that there is a subsequence fGn j (p� , q� )g of fGn(p� , q� )g such that

Gn j (p� , q� ) < Gn j +1 (p� , q� ), 8j 2 N. In this instance, a nondecreasing sequence flkg

of N exists, as indicated by Lemma 3.3, such that limk!1 lk = 1 and the following
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inequality holds for k 2 N:

maxfGlk (p� , q� ), Gk(p� , q� )g � G lk +1 (p� , q� ). (3.82)

From (3.63) we have

Glk +1 (p� , q� ) � (1 � � lk )Glk (p� , q� ) + � lk ! lk . (3.83)

Combining (3.82) and (3.83) we obtain

Glk +1 (p� , q� ) � (1 � � lk )Glk +1 (p� , q� ) + � lk ! lk and hence Gk(p� , q� ) � ! lk .

This yields that

lim sup
k!1

Gk(p� , q� ) � lim sup
k!1

! lk .

Similar reasoning to that of Case 1 leads us to the conclusion that lim sup
k!1

! lk � 0

which implies that limk!1 Gk(p� , q� ) = 0, that is, (x k , uk) ! (p � , q� ) as n ! 1.

Next, we prove a strong convergence result in the alternative Tseng's extragradient

method.

Theorem 3.3. Suppose conditions (C1-1)-(C1-6) hold. Let Tx 6= 0, 8x 2 C and

Sy 6= 0, 8y 2 D. Then the sequence f(xn , un)g generated by Algorithm 3.2 converges

strongly to an element (p� , q� ) of � such that (p � , q� ) = P � (x, u).

Proof. Let (p� , q� ) 2 � such that (p � , q� ) = P � (x, u). For the proof, let us show �rst

that

kzn � pk 2+kt n � qk 2 � kw n � pk 2+kv n � qk 2�(1 � � 2)kwn � y nk2

�(1 � � 2)kvn � t nk2. (3.84)

As a direct consequence of the de�nitions of zn , sn , � n and ' n , we �nd

kzn � y nk� �kw n � y nk and

ksn � t nk� �kv n � t nk. (3.85)

Now, since (p, q) 2 �, then using the de�nition of z n and Lemma 1.1,

kzn � pk 2 = ky n � � n(Tyn � Tw n) � pk 2
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= ky n � pk 2+� 2
n kTyn � Tw nk2�2� nhyn � p, Ty n � Tw n i

= kw n � pk 2+ky n � w nk2+2hyn � w n , wn � pi

+� 2
n kTyn � Tw nk2�2� nhyn � p, Ty n � Tw n i

= kw n � pk 2+ky n � w nk2�2hy n � w n , yn � w n i

+2hyn � w n , yn � pi + � 2
n kTyn � Tw nk2

�2� nhyn � p, Ty n � Tw n i

= kw n � pk 2�ky n � w nk2+2hyn � w n , yn � pi

+� 2
n kTyn � Tw nk2�2� nhyn � p, Ty n � Tw n i. (3.86)

Since yn = P C (wn � � nTwn) and p 2 C,

hyn � (w n � � nTwn), yn � pi � 0,

which implies that

hyn � w n , yn � pi � �� nhTwn , yn � pi. (3.87)

Furthermore, using the de�nition of � n , we have

� nkTwn � Ty nk� �kw n � y nk. (3.88)

Combining (3.86), (3.87) and (3.88), we get

kzn � pk 2� kw n � pk 2�(1 � � 2)kwn � y nk2�2� nhTyn , yn � pi. (3.89)

But p 2 MV I(C, T ), y n 2 C and quasi-monotonicity of T imply that

hTyn , yn � pi � 0.

Therefore,

kzn � pk 2� kw n � pk 2�(1 � � 2)kwn � y nk2. (3.90)

Similarly we get

ktn � qk 2� kv n � qk 2�(1 � � 2)kvn � s nk2. (3.91)
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Combining (3.90) and (3.91), we get

kzn � pk 2+kt n � qk 2 � kw n � pk 2+kv n � qk 2�(1 � � 2)kwn � y nk2

�(1 � � 2)kvn � s nk2. (3.92)

Using the result (3.92) instead of (3.46) and replacing (p, q) with (p� , q� ) and following

the methods in the proof of Theorem 3.2, we obtain the required result.

If u = 0 and x = 0 in Theorems 3.2 and 3.3, then we get the following corollary.

Corollary 3.4. Suppose conditions (C1-1)-(C1-6) hold. Then, the sequence f(xn , un)g
produced by Algorithms 3.1 and 3.2 withu = 0 and x = 0, converges strongly to the

minimum norm solution (p� , q� ) = P � (0, 0).

In Theorems 3.2 and 3.3, if T and S are uniformly continuous on bounded subsets of

H1 and H2, respectively, and pseudomonotone mappings on H1 and H2, respectively,

then we know MV I(C, T ) = V I(C, T ). The requirement that T and S are nonzero

on C and D, respectively, is not needed. Indeed, below is the outcome.

Corollary 3.5. Suppose conditions (C1-1), (C1-3), (C1-4) and (C1-6) hold. Let

T : H1 ! H 1 and S : H2 ! H 2 be pseudomonotone and uniformly continuous and

let Txn * Tx and Su n * Su, whenever fx ng and fung are sequences in C and

D, respectively, such that xn * x and u n * u. Let the solution set 
 =
n
(p, q) 2

�
V I(C, T ) \ F ix(K)

�
�

�
V I(D, S) \ F ix(G)

�
such that Ap = Bq

o
6= ;. Then the

sequence f(xn , un)g produced by Algorithms 3.1 and 3.2 converges strongly to a point

(p� , q� ) = P 
 (x, u).

Remark 3.3. In Corollary 3.5, if we assume that H1 = H 2 = H 3 = H, A = B = I,

T = S : H ! H, C = D and K = G = I, then our algorithms become algorithms for

solving the VIP in C and T .

3.4 Applications

The problem we considered has got so many others as special cases like, the FPP,

VIP, split (equality) VIP [37, 26, 105], split (equality) FPP [11, 25, 185], CVFPP

[161, 104, 95], CMVFPP [182], and split CMVFPP and MVIP [120] are some well

known special cases of the SECMVFPP.

In this section, we present some applications of Theorems 3.2 and 3.3 to see applica-

bility of our methods. In particular, assume that G and K are identity operators.
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3.4.1. Split Equality Null Point Problem

Let H 1, H2, H3 be real Hilbert spaces. Let T : H1 ! H 1 and S : H2 ! H 2 be

operators, A : H1 ! H 3 and B : H2 ! H 3 be bounded linear operators with adjoints

A � and B� , respectively. The split equality null point problem (SENPP) is to �nd

x 2 C and u 2 D such that

x 2 T �1 (0), u 2 S �1 (0) and Ax = Bu, (3.93)

where the sets of null points of T and S are given by

T �1 (0) = fx 2 H 1 : 0 2 T (x)g and S�1 (0) = fu 2 H 2 : 0 2 S(u)g, respectively.

If in Algorithms 3.1 and 3.2, we assume that C = H1 and D = H 2, then we ob-

tain the following corollary for the approximation of the solutions of SENPP.

Corollary 3.6. Suppose conditions (C1-1) and (C1-3) to (C1-5) hold. Let T : H1 !

H1 and S : H2 ! H 2 be pseudomonotone, uniformly continuous and Txn * Tx and

Syn * Sy, whenever fx ng and fyng are sequences in C and D, respectively, such

that x n * x and y n * y. Assume that � = fp 2 T �1 (0), q 2 S�1 (0) and Ap = Bqg

is nonempty. Then the sequence f(xn , un)g generated by Algorithms 3.1 and 3.2 with

C = H 1 and D = H 2 converge strongly to an element (x� , u� ) = P � (x, u).

Proof. Note that if C = H 1, D = H 2 and T , S are pseudomonotone, one can eas-

ily show that MV I(C, T ) = V I(C, T ) = T �1 (0) and MV I(D, S) = V I(D, S) =

S�1 (0). Hence the conclusion follows from Corollary 3.5.

3.4.2. Split Equality Feasibility Problem

Let PC and PD be metric projection operators onto the nonempty, closed and

convex subsets C and D of the real Hilbert spaces H1 and H2, respectively. Then, if

in Theorems 3.2 and 3.3, we replace T = I � PC and S = I � P D , then we obtain the

following corollary to approximate a solution of the SEFP.

Corollary 3.7. Suppose that condition (C1-1) and (C1-3) to (C1-5) hold. Assume

that 
 = f(x, u) 2 C � D : Ax = Bug is nonempty. Then the sequence f(x n , un)g
generated by Algorithms 3.1 and 3.2 with T = I � P C and S = I � P D converge

strongly to an element (p� , q� ) = P 
 (x, u).

Proof. If T = I � P C and S = I � P D , then clearly T and S are pseudomonotone, uni-

formly continuous and sequentially weakly continuous operators, which implies that
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it satis�es condition (C1-2). Furthermore, T�1 (0) = C and S �1 (0) = D. Therefore,

the conclusion follows from Corollary 3.6.

3.4.3. Split Variational Inequality Problem

Let C and D be nonempty, closed and convex subsets of real Hilbert spaces H1

and H2, respectively. Let T : H1 ! H 1 and S : H2 ! H 2 be two nonlinear operators.

Let A : H 1 ! H 2 be a bounded linear operator with adjoint A� . The split variational

inequality problem (SVIP) is to �nd x � 2 H 1 and y� 2 H 2 such that:

x � 2 V I(C, T ), y � 2 V I(D, S) such that y � = Ax � . (3.94)

The SVIP was introduced by Censor et al. [38] in 2012 and is known to have wide

range applications in phase retrieval, image and signal processing, data compression,

among others (see, e.g., [174]).

If in Algorithms 3.1 and 3.2, we assume that H2 = H 3 and B = I, the identity

operator on H2, then we obtain the following corollary for approximating a solution

of the SVIP.

Corollary 3.8. Suppose condition (C1-1)-(C1-3) and (C1-5) hold with H2 = H 3 and

B = I, the identity operator on H 2 and A is as it de�ned in (C1-4). Let Tx 6= 0, 8x 2

C and Sy 6= 0, 8y 2 D. Assume that �0 = f(p, q) 2 MV I(C, T ) � MV I(D, S) :

Ap = qg is nonempty. Then the sequence f(xn , un)g generated by Algorithms 3.1

and 3.2 converge strongly to an element (p� , q� ) = P � 0(x, u).

Proof. Taking H2 = H 3 and B = I, the conclusion follows from Theorems 3.2 and

3.3.

3.5 Numerical Examples

This section contains some numerical examples that show how our methods work.

Example 3.1. Let H 1 = H 2 = R 2 with norm kyk=
q

y2
1 + y 2

2 and inner product

hy, zi = h(y1, y2), (z1, z2)i = y 1z1 + y 2z2, for y = (y 1, y2), z = (z 1, z2) 2 R 2. Let

C = [1, 2] � [�1, 1] and D = [�1, 2] � [1, 2] which are closed, convex and nonempty
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subsets of R2. We de�ne T and S on R2 by:

T (y1, y2) =

0

@0,
y2

2

1 + y 2
2

1

A and S(y1, y2) =

0

@ y2
1

1 + y 2
1

, 0

1

A .

We see that both T and S are quasi-monotone and uniformly continuous on R2. If we

also de�ne A : R2 ! R 2 and B : R2 ! R 2 by A(y1, y2) = (2y 1, 3y2) and B(y1, y2) =

(1.5y2, 3y1), respectively, then A and B are both bounded linear mappings with

adjoint mappings A� and B� given by A� y = (2y 1, 3y2)) and B � x = (1.5y 2, 3y1)),
respectively. Let K, G : R2 ! R 2 given by K(y1, y2) = (y 1, �1) and G(y 1, y2) =

(�1, y 2). Take � = 0.5, � = 0.1, ! = 1
2 = `, � = 0.7, � = 0.2, � = 0.3, � n =

1
n2 ,

� n =
1
n

, � n = 0.75, an = 0.5, � n = 0.8 and � n =
1

n1.1 with given point (x, u) =

(1.2, �0.2), (�0.2, 1.6)) 2 C � D and initial points (x 0, u0) = ((1.5, 0.5), (1.2, 0.5))
and (x1, u1) = ((1.5, 1.5), (0.1, 1.5)). Then conditions (C1-1)-(C1-6) are satis�ed.

Using MATLAB, we get the �gure below which shows that the sequences generated

by both Algorithm 3.1 (Alg. 2) and Algorithm 3.2 (Alg. 3) converge strongly to the

solution (p� , q� ), where (p� , q� ) = ((1.2, �1), (�1, 1.6)).

Figure 3.1: Convergence of f(xn , un)g with tolerance Dn < 10�4 .
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Example 3.2. Let H = H 1 = H 2 = H 3 = L 2([0, 1]) endowed with norm jjxjj=
� � 1

0 jx(t)j 2dt
� 1

2 for all x 2 H and inner product hx, yi =
� 1

0 x(t)y(t)dt for all x, y 2 H.

Consider C =
�
x 2 H : jjxjj� 1

	
and D =

�
x 2 H : jjxjj� 4

	
. Then C and D are

convex and closed subsets of H. Let T , S : H ! H be de�ned by

Tx(t) =

8
><

>:

j2x(t) � 4j, if jjxjj> 1,

x2(t) + 1, if jjxjj� 1,

and

Sy(t) =

8
><

>:

j3y(t) � 12j, if jjyjj> 4,

y2(t) + 2, if jjyjj� 4.

Then it can be shown that T and S are quasi-monotone and uniformly continuous

mappings on H which are not pseudomonotone. In fact, if we take x(t) = 2 and

y(t) = �1, then hTx(t), y(t) � x(t)i = 0, but hTy(t), y(t) � x(t)i = h4, �1 � 2i < 0,

showing that T is not pseudomonotone. In the same way, we can also show that S

is not pseudomonotone. In addition, one can show that MV I(C, T ) = f�1g and

MV I(D, S) = f�2g. De�ne the mappings K, G: H ! H by

Kx(t) =

8
>><

>>:

x(t) � 1
2

, if x 2 C,

�1, if x /2 C,

and

Gy(t) =

8
>><

>>:

2y(t) � 2
3

, if y 2 D,

�2, if y /2 D.

One can easily show that F ix(K) = f�1g and F ix(G) = f�2g and thus MV I(C, T ) \

F ix(K) = f�1g and MV I(D, S) \ F ix(G) = f�2g

Moreover, we have

kKx(t) � K(�1)k=












x(t) � 1
2

� (�1)











=
1
2

kx(t) + 1k� kx(t) + 1k.

Thus, K is quasi-nonexpansive. Similarly, one can show that G is quasi-nonexpansive.

We also note that the mappings I � K and I � G are demiclosed at zero.

De�ne A, B : H ! H by Ax(t) = 4x(t) and By(t) = 2y(t). Then A and B are

bounded linear mappings and A� x(t) = 4x(t) and B � y(t) = 2y(t). Moreover, we
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have that A(�1) = �4 = B(�2) and hence (�1, �2) 2 �. Taking � = 0.4, � = 0.4,

! = 0.7 = `, � = 0.7, � = 0.9, � n =
1

n2 + 5
, � n =

1
n + 3

, � n = 0.75, an = 0.5

and � n = 0.8, the conditions (C1-1)-(C1-6) are satis�ed. Using MATLAB, we get

the �gures below which show the convergence of the error term En � (x � , u� ), where

En =
n
(xn , un)

o
, for the sequence generated by both Algorithm 3.1 (Alg. 2) and

Algorithm 3.2 (Alg. 3) for di�erent initial points.

Figure 3.2: Comparison of rate of convergence for the chosen initial vectors.
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Figure 3.3: Convergence rates of the sequences generated by Alg. 2 and Alg. 3.

Remark 3.4. From Figures 3.2 and 3.3, we can see that the error term sequence

fE n � (x � , u� )g converges to zero as n ! 1 for di�erent values of the initial point

(x1, u1). Thus, the sequence
n
(xn , un)

o
produced by Algorithm 3.1 (Alg. 2) and

Algorithm 3.2 (Alg. 3) strongly converges to the solution (x� , u� ) = (�1, �2) 2 �.

Furthermore, Figure 3.3 reveals that the convergence rate of the sequence generated

by inertial-like Tseng's extragradient algorithm is relatively faster than that of the

inertial-like subgradient extragradient algorithm.
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Chapter 4

Inertial Tseng's Extragradient

Algorithm for Solving Split

Equality Common Variational

Inequality and Fixed Point

Problems

In this chapter, we study another more general split equality problem, which we

have de�ned it as a problem of �nding (x� , u� ) 2 C � D such that

(x � , u� ) 2

0

B
@

N\

i=1
V I(C, T i ) \

M\

j=1
F ix(U j )

1

C
A �

0

B
@

N\

l=1
V I(D, S l ) \

M\

m=1
F ix(V m )

1

C
A

such that Ax� = Bu � , (4.1)

where C and D are nonempty, closed and convex subsets of real Hilbert spaces H1

and H2, respectively, A : H1 ! H 3 and B : H2 ! H 3 are bounded linear operators,

where H3 is also a real Hilbert space and Ti , Uj : H1 ! H 1 and Sl , Vm : H2 ! H 2 are

operators for i = 1, � � � , N, j = 1, � � � , M, l = 1, � � � , N and m = 1, � � � , M.

One can easily observe that (4.1) is a generalization of several important problems

including the (split) VIP, the (split) FPP, the (split) common variational inequality

and FPPs, the split equality common VIP, the split equality common FPP and split

equality common variational, CVFPP, and the FPP.
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Our main purpose in this chapter is to propose an inertial Tseng's extragradient

iterative method with viscosity for solving (4.1) and study its convergence properties

under some suitable conditions.

4.1 Preliminaries

In order to construct the algorithm with broader applications, we need a type of

operator called a strongly positive operator.

De�nition 4.1. [147] Let H be a real Hilbert space. A bounded linear operator

A : H ! H is said to be strongly positive if there exists a constant � > 0 such that

kAxk� �kxk 2, 8x 2 H.

Lemma 4.1. ([92]) Assume that F is a strongly positive bounded linear operator on a

real Hilbert space H with coe�cient � > 0 and 0 < a <
1

kFk
. Then kI � aFk� 1 � �a.

Lemma 4.2. ([25]) Let H be a real Hilbert space and U : H ! H be L-Lipschitz

operator with L � 1. Let G = (1 � �)I + �U (�I + (1 � �)U ),

where 0 < � < � <
1

1 +
p

1 + L 2
. Then the following hold.

(a) F ix(U ) = F ix(U ((1 � �)I + �U )) = F ix(G).

(b) If U is demiclosed at zero, then G is also demiclosed at zero.

(c) If U is quasi-pseudocontractive and F ix(U ) 6= ;, then the operator G is quasi-

nonexpansive. More precisely,

kGx � pk 2� kx � pk 2���(1 � 2� � L 2� 2)k(I � U )xk 2.

Now, to present our method, we make the following assumptions:

(C2-1). Let C and D be nonempty, closed and convex subsets of real Hilbert spaces H1

and H2, respectively.

(C2-2). Let i = 1, 2, � � � , N and l = 1, 2, � � � , N for some N,N 2 N and let T i : H1 ! H 1

and Sl : H2 ! H 2 be uniformly continuous and pseudomonotone operators with

kTi x � k� lim inf
n!1

kTi xnk and kSlu� k� lim inf
n!1

kSlunk, for each i and l, whenever

fx ng and fung are sequences in C and D, respectively, such that xn * x � and

un * u � .
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(C2-3). Let j = 1, 2, � � � , M and m = 1, 2, � � � , M for some M,M 2 N and let U j :

H1 ! H 1 and Vm : H2 ! H 2 be Lipschitz quasi-pseudocontractive operators

with Lipschitz constant L j , � m � 1, respectively and I � U j and I � V m are

both demiclosed at zero.

(C2-4). Let s = 1, 2, � � � , R for some R 2 N and Es : H1 ! H 1 and Fs : H2 ! H 2 be

$ s and &s-strongly positive bounded linear operators, respectively, with norms

less than one.

(C2-5). Let f : H 1 ! H 1 and g : H2 ! H 2 be � 1 and � 2-contraction operators,

respectively.

(C2-6). Let A : H1 ! H 3 and B : H2 ! H 3 be bounded linear operators, where H3 is

also a real Hilbert space.

(C2-7). Let � = f(x � , u� ) 2

0

@
N\

i=1

V I(C, T i ) \
M\

j=1

F ix(U j )

1

A �

0

B
@

N\

l=1

V I(D, S l ) \
M\

m=1

F ix(V m )

1

C
A

: Ax � = Bu � g 6= ;.

(C2-8). Let

(i) f� ng be a real sequence such that lim
n!1

� n

� n
= 0, where f� ng � (0, 1) with

1X

n=1

� n = 1 and lim
n!1

� n = 0.

(ii) f� ng, f ng, f� n,j g, f� n,m g � [a, b] � (0, 1) for each j = 0, 1, , � � � , M and m =

0, 1, � � � ,M such that

(a)
MX

j=0

� n,j =
MX

m=0

� n,m = 1 and

(b) 0 < 1 � � n,0 < � n <
1

1 +
p

L 2 + 1
and 0 < 1 � � n,0 <  n <

1

1 +
p

� 2 + 1
,

where L = maxfL j , j = 1, 2, � � � , Mg and � = maxf� m , m = 1, 2, � � � , Mg

and L j and � m are as in condition (C2-3) above.

(iii). � i , � i , � l , " l 2 (0, 1) for each i and l and � i , � l 2 (0, 1] such that
NX

i=1

� i =
NX

l=1

� l =

1.

4.2 Proposed Method

Now we propose an inertial Tseng's extragradient algorithm for solving the split

equality �nite families of variational inequality and �xed point problem (4.1) under
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the above conditions.

Algorithm 4.1.

Initialization: Choose 
 > 0 and �, �, � 2 (0, 1). Select initial data (x 0, u0), (x 1, u1) 2

H1 � H 2 and set n = 1.

Iterative steps:

Step 1. Given the current iterates (xn�1 , un�1 ) and (xn , un), choose �n such that 0 �

� n � � n , where

� n =

8
>>>>>>><

>>>>>>>:

min

(

�,
� n

(kxn � x n�1 k2+ku n � u n�1 k2)1/2

)

,

if x n 6= xn�1 or un 6= un�1 ,

�, otherwise.

(4.2)

Step 2. Set

8
>><

>>:

wn = x n + � n(xn � x n�1 ),

vn = u n + � n(un � u n�1 ).
(4.3)

Step 3. Compute

8
>><

>>:

dn = P C (wn � 
 nA � (Awn � Bv n)),

en = P D (vn + 
 nB � (Awn � Bv n)),
(4.4)

where 
n is chosen in such a way that

0 < 
 � 
 n �
kAwn � Bv nk2

kA � (Awn � Bv n)k2+kB � (Awn � Bv n)k2 if Awn 6= Bvn

and 
 n = 
, otherwise. (4.5)

Step 4. For each i and l, compute

8
>>>>>>>>><

>>>>>>>>>:

yi
n = P C (dn � � n,i Ti dn),

zi
n = y i

n � � n,i (Ti yi
n � T i dn),

sl
n = P D (en � ' n,l Slen),

t l
n = s l

n � ' n,l (Slsl
n � S len),

(4.6)
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where �n,i = �� � �
i and � � the smallest nonnegative integer � satisfying

�� �
i kTi dn � T i PC (dn � �� �

i Ti dn)k� � i kdn � P C (dn � �� �
i Ti dn)k (4.7)

and ' n,l = �" � &
l and � & the smallest nonnegative integer � satisfying

�" �
l kSi en � S l (PD (en � �" �

l Slen)k� � lken � P D (en � �" �
l Slen)k. (4.8)

Step 5. Compute
8
>>>>>><

>>>>>>:

pn = � n,0

NX

i=1

� i zi
n +

MX

j=1

� n,j Uj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�
,

qn = � n,0

NX

l=1

� l t l
n +

MX

m=1

� n,m Vm

�
 n

NX

l=1

� l t l
n + (1 �  n )Vm

NX

l=1

� l t l
n

�
.

(4.9)

Step 6. Compute

8
>>>>>><

>>>>>>:

xn+1 = � n �f (w n) + (I � � n

RX

s=1

1
R

Es)pn ,

un+1 = � n �g(v n) + (I � � n

RX

s=1

1
R

Fs)qn ,
(4.10)

where 0 < � <
minf$ s, &sg
maxf� 1, � 2g

provided that $ s, &s, � 1 and � 2 are as described in

conditions (C2-4) and (C2-5).

Step 6. Set n := n + 1 and go to step 1.

Remark 4.1. From assumption (4.2) and (C2-8), using a similar step as in Remark

3.1, we get

lim
n!1

� n

� n
kxn � x n�1 k= 0

and

lim
n!1

� nkxn � x n�1 k= 0.

Similarly, lim
n!1

� n

� n
kun � u n�1 k= 0 and lim

n!1
� nkun � u n�1 k= 0.

Lemma 4.3. Assume that conditions (C2-1), (C2-2) and (C2-8) are satis�ed. Then

the line search rules (4.7) and (4.8) are well de�ned.
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Proof. If dn 2 V I(C, T i ) for any i 2 f1, 2, � � � , Ng, then d n = P C (dn � � n,i Ti dn).
Thus, we have dn = y i

n and hence (4.7) is satis�ed for � = 0. Now, let dn /2 V I(C, T i ).
Assume on the contrary that

1
� i

kTi dn � T i PC (dn � �� �
i Ti dn)k>

1

�� �
i

kdn � P C (dn � �� �
i Ti dn)k, 8� � 0. (4.11)

Since dn 2 C and PC is continuous, we have

lim
�!1

kPC (dn � �� �
i Ti dn) � d nk= 0, (4.12)

which implies by the uniform continuity of Ti on C that

lim
�!1

kTi PC (dn � �� �
i Ti dn) � T i dnk= 0. (4.13)

Thus, we have from (4.11) and (4.13) that

lim
�!1

1

�� �
i

kdn � P C (dn � �� �
i Ti dn)k= 0. (4.14)

Now, if we let b� = P C (dn � �� �
i Ti dn), then by the property of PC , we have

hdn � �� �
i Ti dn � b � , x � b � i � 0, 8x 2 C,

which implies that

*
dn � b �

�� �
i

, x � b �

+

+ hTi dn , b� � d n i � hT i dn , x � d n i, 8x 2 C. (4.15)

Taking the limit as � ! 1 on both sides of (4.15) and using (4.12) and (4.14), we

get hTi dn , x � d n i � 0, 8x 2 C, which is a contradiction to our assumption that

dn /2 V I(C, T i ). Thus, there exists a non-negative integer � which satis�es (4.7) for

each i. Thus, (4.7) is well de�ned. The proof concerning line search rule (4.8) is

similar and hence the proof is complete.

4.3 Convergence Analysis

Using the method of the proof of Lemma 3.12 of [155], we obtain the following lemma.

Lemma 4.4. Suppose that conditions (C2-1), (C2-2), (C2-3), (C2-7) and (C2-8)
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hold. Let f(d n , yi
n)g and f(en , sl

n)g be sequences generated by Algorithm 4.1. Let

f(d nk , yi
nk

)g and f(enk , sl
nk

)g be subsequences of f(dn , yi
n)g and f(en , sl

n)g, respec-

tively such that

kyi
nk

� d nk k! 0, ks l
nk

� e nk k! 0, for each i = 1, � � � , N and l = 1, � � � , N, and

(dnk , enk ) * (z, v) as k ! 1. Then (z, v) 2
N\

i=1
V I(C, T i ) �

N\

l=1
V I(D, S l ).

Proof. Let i 2 f1, � � � , Ng and c i
nk

= P C (dnk � � nk ,i � �1
i Ti dnk ). Then, by Lemma 1.3,

we have that

kdnk � c i
nk

k� � �1
i kdnk � y i

nk
k! 0 as k ! 1, (4.16)

which implies that ci
nk

* z as k ! 1 and hence fc i
nk

g is bounded. Since Ti is

uniformly continuous, we get from (4.16) that

lim
k!1

kTi dnk � T i ci
nk

k= 0. (4.17)

Also from (4.7), we have

� nk ,i � �1
i kTi dnk � T i ci

nk
k> � i kdnk � c i

nk
k. (4.18)

Then, from (4.17) and (4.18), we get

lim
k!1

1
� nk ,i � �1 kdnk � c i

nk
k= 0. (4.19)

By the de�nition of c i
nk

and property of projection, we have

hdnk � � nk ,i � �1 Ti dnk � c i
nk

, x � c i
nk

i � 0, 8x 2 C,

which is equivalent to

hdnk � c i
nk

, x � c i
nk

i � � nk ,i � �1 hTi dnk , x � c i
nk

i, 8x 2 C.

Thus,

1
� nk ,i � �1 hdnk � c i

nk
, x � c i

nk
i + hT i dnk , ci

nk
� d nk i � hT i dnk , x � d nk i, 8 x 2 C. (4.20)

From the fact that fd nk g and fci
nk

g are bounded and Ti is uniformly continuous on

H1, we have fTi dnk g and fTi ci
nk

g are bounded. Taking the liminf on both sides of
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(4.20) as k ! 1, we get

0 � lim inf
k!1

hTi dnk , x � d nk i, 8x 2 C. (4.21)

Now, we choose a sequence f�k,i g of positive numbers such that �k+1,i � � k,i , 8k � 1

and � k,i ! 0 as k ! 1. Then for each � k,i , we denote by mk the smallest positive

integer such that

hTi dnr , x � d nr i + � k,i � 0, for each i , 8r � m k and 8x 2 C, (4.22)

where the existence of mk follows from (4.21). Since f�k,i g is decreasing, the sequence

fm kg is increasing. Now, if there exists N0 such that Ti dnm k
= 0, 8k � N 0, then

hTi (z), x � zi = lim
k!1

hTi dnm k
, x � d nm k

i = 0, (4.23)

which implies that z 2 (V IC, T i ). On the other hand, if there exists a subsequence

fm kj g of fm kg, again denoted by fmkg such that Ti (dnm k
) 6= 0, 8k, consider

#i
nm k

=
Ti (dnm k

)
kTi (dnm k

)k
. Then it follows that hTi (dnm k

), # i
nm k

i = 1, 8k. Hence, from

(4.22), we have

hTi dnm k
, x + � k,i #

i
nm k

� d nm k
i � 0.

Since Ti is pseudomonotone, we can get

hTi (x + � k,i #
i
nm k

), x + � k,i #
i
nm k

� d nm k
i � 0. (4.24)

Using (4.24), we have

hTi x, x � d nm k
i = hT i x � T i (x + � k,i #

i
nm k

), x + � k,i #
i
nm k

� d nm k
i

+hTi (x + � k,i #
i
nm k

), x + � k,i #
i
nm k

� d nm k
i � � k,i hTi x, # i

nm k
i

� hT i x � T i (x + � k,i #
i
nm k

), x + � k,i #
i
nm k

� d nm k
i

�� k,i hTi x, # i
nm k

i. (4.25)

Next, if Ti z = 0, then it is easy to see that z 2 V I(C, Ti ). If T i z 6= 0, then by

condition (C2-2), we have

0 < kT i zk� lim inf
k!1

kTi dnk k.
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This together with the fact that fd nm k
g � fd nk g imply that

0 � lim sup
k!1

k� k,i #
i
nm k

k= lim sup
k!1

0

@ � k,i

kTi dnm k
k

1

A �
lim sup

k!1
� k,i

lim inf
k!1

kTi dnm k
k

= 0.

Hence, lim
k!1

� k,i #
i
nm k

= 0.

Taking liminf as k ! 1 of both sides of inequality (4.25), we get

lim inf
k!1

hTi x, x � d nm k
i � 0.

Thus, 8x 2 C,

hTi x, x � zi = lim
k!1

hTi x, x � d nm k
i = lim inf

k!1
hTi x, x � d nm k

i � 0.

This implies by Lemma 3.1 that z 2 V I(C, Ti ). Since i 2 f1, 2, � � � , Ng is arbitrary,

we obtain z 2
N\

i=1
V I(C, T i ).

Similarly, one can show that v 2
N\

l=1
V I(D, S l ) for each l 2 f1, 2, � � � , N̄g. Thus, the

required result follows.

Theorem 4.1. Suppose that conditions (C2-1)-(C2-8) are satis�ed. Then the se-

quences fxng and fung generated by Algorithm 4.1 are bounded.

Proof. Let (p, q) 2 �. Let $ = minf$ k , &kg, � = maxf� 1, � 2g and

Gn(p, q) = kx n � pk 2+ku n � qk 2. Then from (4.10), condition (C2-4) and Lemma

4.1, we have

�
Gn+1 (p, q)

� 1/2
=

�
kxn+1 � pk 2+ku n+1 � qk 2

� 1/2

=
h
k� n �f (w n) + (I � � n

RX

s=1

1
R

Es)pn � pk 2

+k� n �g(v n) + (I � � n

RX

s=1

1
R

Fs)qn � qk 2
i 1/2

�
h�

k� n(�f (w n) �
RX

s=1

1
R

Esp)k+k(I � � n

RX

s=1

1
R

Es)(pn � p)k
� 2

+
�
k� n(�g(v n) �

RX

s=1

1
R

Fsq)k+k(I � � n

RX

s=1

1
R

Fs)(qn � q)k
� 2i 1/2
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=
h�

k� n(�f (w n) �
RX

s=1

1
R

Esp)k+k
1
R

RX

s=1
(I � � nEs)(pn � p)k

� 2

+
�
k� n(�g(v n) �

RX

s=1

1
R

Fsq)k+k
1
R

RX

s=1
(I � � nFs)(qn � q)k

� 2i 1/2

�
h�

k� n(�f (w n) �
RX

s=1

1
R

Esp)k+
1
R

RX

s=1
(1 � � n$ s)kpn � pk

� 2

+
�
k� n(�g(v n) �

RX

s=1

1
R

Fsq)k+
1
R

RX

s=1
(1 � � n&s)kqn � qk

� 2i 1/2

�
h�

k� n(�f (w n) �
RX

s=1

1
R

Esp)k+
1
R

RX

s=1
(1 � � n$)kp n � pk

� 2

+
�
k� n(�g(v n) �

RX

s=1

1
R

Fsq)k+
1
R

RX

s=1
(1 � � n$)kq n � qk

� 2i 1/2

=
h�

� nk�f (w n) �
RX

s=1

1
R

Espk+
1
R

R(1 � � n$)kp n � pk
� 2

+
�
� nk�g(v n) �

RX

s=1

1
R

Fsqk+
1
R

R(1 � � n$)kq n � qk
� 2i 1/2

.(4.26)

Now, from (4.26) and Lemma 1.1, we get that

�
Gn+1 (p, q)

� 1/2
�

h�
� nk�f (w n) �

RX

s=1

1
R

Espk+(1 � � n$)kp n � pk
� 2

+
�
� nk�g(v n) �

RX

s=1

1
R

Fsqk+(1 � � n$)kq n � qk
� 2i 1/2

� � n

0

@k�f (w n) �
RX

s=1

1
R

Espk2+k�g(v n) �
RX

s=1

1
R

Fsqk2

1

A

1/2

+(1 � � n$)
�
kpn � pk 2+kqn � qk 2

� 1/2
. (4.27)

But, from condition (C2-5) and Lemma 1.1, we have

0

@k�f (w n) �
RX

s=1

1
R

Espk2+k�g(v n) �
RX

s=1

1
R

Fsqk2

1

A

1/2

� [

0

@(k�f (w n) � �f (p)k+k�f (p) �
RX

s=1

1
R

Espk

1

A

2

+

0

@k�g(v n) � �g(q)k+k�g(q) �
RX

s=1

1
R

Fsqk

1

A

2

]1/2
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�
�
k�(f (w n) � f (p))k 2+k�(g(v n) � g(q))k 2

� 1/2

+

0

@k�f (p) �
RX

s=1

1
R

Espk2+k�g(q) �
RX

s=1

1
R

Fsqk2

1

A

1/2

� ��
�
kwn � pk 2+kv n � qk 2

� 1/2
+ �K 1,

where K1 =

0

@kf (p) �
RX

s=1
(R�) �1 Espk2+kg(q) �

RX

s=1
(R�) �1 Fsqk2

1

A

1/2

which is a

constant.

Hence,

�
Gn+1 (p, q)

� 1/2
� � n

 

��
�
kwn � pk 2+kv n � qk 2

� 1/2
+ �K 1

!

+(1 � � n$)
�
kpn � pk 2+kqn � qk 2

� 1/2
(4.28)

Next, we prove the following two claims.

Claim 1: kp n � pk 2+kqn � qk 2� kd n � pk 2+ken � qk 2.

Letting � n,j =
� n,j

1 � � n,0
for each j 2 f1, 2, � � � , Mg, we have

(1 � � n,0)
MX

j=1
� n,j =

MX

j=1
� n,j and

MX

j=1
� n,j = 1.

Thus, using the de�nition of pn , Lemma 1.1, Lemma 4.2 and condition (C2-8), we
have

kpn � pk 2

= k� n,0

NX

i=1

� i zi
n +

MX

j=1

� n,j Uj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�
� pk 2

=







MX

j=1

� n,j

� �
� n,0

NX

i=1

� i zi
n + (1 � � n,0 )Uj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

��
� p

� 






2

�
MX

j=1

� n,j






 � n,0

NX

i=1

� i zi
n + (1 � � n,0 )Uj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�
� p








2

�







NX

i=1

� i (z i
n � p)








2
� (1 � � n,0 )� n (1 � 2� n � L 2

j � 2
n )






 Uj

NX

i=1

� i zi
n �

NX

i=1

� i zi
n








2

�







NX

i=1

� i (z i
n � p)








2
� (1 � 2� n � L 2� 2

n )� n (1 � � n,0 )
MX

j=1

� n,j






 Uj

NX

i=1

� i zi
n �

NX

i=1

� i zi
n








2
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=







NX

i=1

� i (z i
n � p)








2
� (1 � 2� n � L 2� 2

n )� n

MX

j=1

� n,j






 Uj

NX

i=1

� i zi
n �

NX

i=1

� i zi
n








2
. (4.29)

Now, using the de�nition of zi
n and Lemma 1.1, we have

kzi
n � pk 2 = ky i

n � � n,i (Ti yi
n � T i dn) � pk 2

= ky i
n � pk 2+� 2

n,i kTi yi
n � T i dnk2�2� n,i hyi

n � p, T i yi
n � T i dn i

= kd n � pk 2+ky i
n � d nk2+2hyi

n � d n , dn � pi

+� 2
n,i kTi yi

n � T i dnk2�2� n,i hyi
n � p, T i yi

n � T i dn i

= kd n � pk 2+ky i
n � d nk2�2hy i

n � d n , yi
n � d n i + 2hy i

n � d n , yi
n � pi

+� 2
n,i kTi yi

n � T i dnk2�2� n,i hyi
n � p, T i yi

n � T i dn i

= kd n � pk 2�ky i
n � d nk2+2hyi

n � d n , yi
n � pi

+� 2
n,i kTi yi

n � T i dnk2�2� n,i hyi
n � p, T i yi

n � T i dn i. (4.30)

Since yin = P C (dn � � n,i Ti dn) and p 2 C,

hyi
n � (d n � � n,i Ti dn), y i

n � pi � 0, (4.31)

which implies that

hyi
n � d n , yi

n � pi � �� n,i hTi dn , yi
n � pi. (4.32)

Using (4.32) in (4.30), we get

kzi
n � pk 2 � kd n � pk 2�ky i

n � d nk2+� 2
n,i kTi yi

n � T i dnk2

�2� n,i hTi yi
n , yi

n � pi (4.33)

and from (4.7), we also get

� 2
n,i kTi dn � T i yi

nk2� � 2
i kdn � y i

nk2. (4.34)

Hence, combining (4.33) and (4.34), we have

kzi
n � pk 2� kd n � pk 2�(1 � � 2

i )kdn � y i
nk2�2� n,i hTi yi

n , yi
n � pi. (4.35)

Furthermore, since p 2 V I(C, Ti ) and yi
n 2 C, we have hTi p, yi

n � pi � 0, which
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implies by pseudomonotonicity of Ti that

hTi yi
n , yi

n � pi � 0. (4.36)

Now, combining (4.35) and (4.36), we obtain

kzi
n � pk 2� kd n � pk 2�(1 � � 2

i )kdn � y i
nk2 for each i. (4.37)

Since
NX

i=1
� i = 1, from (4.37) and condition (C2-8), we immediately obtain

NX

i=1
� i kzi

n � pk 2� kd n � pk 2�
NX

i=1
� i (1 � � 2

i )kdn � y i
nk2. (4.38)

Therefore, substituting (4.38) into (4.29), we get

kpn � pk 2 � kd n � pk 2�
NX

i=1
� i (1 � � 2

i )kdn � y i
nk2

� (1 � 2� n � L 2� 2
n)� n

MX

j=1
� n,j






U j

NX

i=1
� i zi

n �
NX

i=1
� i zi

n








2
. (4.39)

Similarly, we can obtain

kqn � qk 2 � ke n � qk 2�
NX

l=1
� l (1 � � 2

l )ken � s l
nk2

� (1 � 2 n � � 2 2
n) n

MX

m=1
� n,m






V m

NX

l=1
� l t

l
n �

NX

l=1
� l t

l
n








2
. (4.40)

Combining inequalities (4.39) and (4.40) and rearranging, we get

kpn � pk 2+kqn � qk 2 � kd n � pk 2+ken � qk 2

�
NX

i=1

� i (1 � � 2
i )kdn � y i

nk2�
NX

l=1

� l (1 � � 2
l )ken � s l

nk2

� (1 � 2� n � L 2� 2
n )� n

MX

j=1

� n,j






 Uj

NX

i=1

� i zi
n �

NX

i=1

� i zi
n








2

� (1 � 2 n � � 2 2
n ) n

MX

m=1

� n,m






 Vm

NX

l=1

� l t l
n �

NX

l=1

� l t l
n








2
.(4.41)
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The assumptions that 0 < � n <
1

1 +
p

L 2 + 1
and 0 <  n <

1

1 +
p

� 2 + 1
in (C2-8) imply

that 1 � 2� n � L 2� 2
n and 1 � 2 n � � 2 2

n are positive. Thus, the proof of Claim 1 is complete

by the assumptions in (C2-8).

Claim 2: kd n � pk 2+ken � qk 2� kw n � pk 2+kv n � qk 2.

Using the de�nition of d n , property of projection and Lemma 1.1, we have

kdn � pk 2 = kP C (wn � 
 nA � (Aw n � Bv n )) � pk 2

� kw n � 
 nA � (Aw n � Bv n ) � pk 2�kd n � (w n � 
 nA � (Aw n � Bv n ))k2

= kw n � pk 2+k
 nA � (Aw n � Bv n )k2�2
 nhwn � p, A � (Aw n � Bv n )i

�kd n � (w n � 
 nA � (Aw n � Bv n ))k2

= kw n � pk 2+
 2
nkA � (Aw n � Bv n )k2�2
 nhAwn � Ap, Aw n � Bv n i

�kd n � (w n � 
 nA � (Aw n � Bv n ))k2. (4.42)

Similarly,

ken � qk 2 � kv n � qk 2+
 2
nkB � (Aw n � Bv n )k2+2
 nhBvn � Bq, Aw n � Bv n i

�ke n � (v n + 
 nB � (Aw n � Bv n ))k2. (4.43)

If Aw n = Bv n , the required result follows trivially from (4.42) and (4.43). For Aw n 6= Bvn ,

adding (4.42) and (4.43) and using (4.5), we have

kdn � pk 2+ken � qk 2 � kw n � pk 2+kv n � qk 2

+
 2
n [kA � (Aw n � Bv n )k2+kB � (Aw n � Bv n )k2]

�2
 nhAwn � Ap � Bv n + Bq, Aw n � Bv n i

�kd n � (w n � 
 nA � (Aw n � Bv n ))k2

�ke n � (v n + 
 nB � (Aw n � Bv n ))k2

� kw n � pk 2+kv n � qk 2+
 nkAwn � Bv nk2�2
 nkAwn � Bv nk2

�kd n � (w n � 
 nA � (Aw n � Bv n ))k2

�ke n � (v n + 
 nB � (Aw n � Bv n ))k2

� kw n � pk 2+kv n � qk 2�
 nkAwn � Bv nk2

�kd n � (w n � 
 nA � (Aw n � Bv n ))k2

�ke n � (v n + 
 nB � (Aw n � Bv n ))k2.

This completes the proof of claim 2.
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Now, from Claim 1 and Claim 2, we have

�
kpn � pk 2+kqn � qk) 2

� 1/2
�

�
kwn � pk 2+kv n � qk 2

� 1/2
. (4.44)

Hence, from (4.28), (4.44), (C2-5), Lemma 1.1 and Remark 4.1, we get

�
Gn+1 (p, q)

� 1/2 � � n ��
�
kwn � pk 2+kv n � qk 2

� 1/2
+ (1 � � n$) (kwn � pk 2

+kv n � qk 2)1/2 + � n �K 1

= (1 � � n ($ � ��))
�
kwn � pk 2+kv n � qk 2

� 1/2
+ � n �K 1

� (1 � � n ($ � ��)) ((kx n � pk+� nkxn � x n�1 k)2

+(ku n � qk+� nkun � u n�1 k)2)1/2 + � n �K 1

� (1 � � n ($ � ��)) [
�
kxn � pk 2+ku n � qk 2

� 1/2

+� n
� n

� n

�
kxn � x n�1 k2+ku n � u n�1 k2

� 1/2
] + � n �K 1

� (1 � � n ($ � ��))
�
Gn (p, q)

� 1/2 + � n (1 � � n ($ � ��))M 4

+� n �K 1

= (1 � � n ($ � ��))
�
Gn (p, q)

� 1/2

+� n [(1 � � n ($ � ��))M 4 + �K 1]

� (1 � � n ($ � ��))
�
Gn (p, q)

� 1/2 + � nL 0

� maxf
�
Gn (p, q)

� 1/2 ,
1

$ � ��
L 0g

� maxf
�
G0(p, q)

� 1/2 ,
1

$ � ��
L 0g, (4.45)

where M4 �
� n

� n

�
kxn � x n�1 k2+ku n � u n�1 k2

� 1/2
, 8n � 1 and L 0 = (1 � � n ($ � ��))M 4 +

�K 1 which is a constant. Since $ � �� 6= 0, from (4.45), we conclude that fG n (p, q)g is

bounded. Consequently, fxng and fu ng are bounded. Moreover, fwng, fv ng,fd ng, feng

fy i
ng, fs I

ng, fz i
ng and ft I

ng are bounded for each i and l.

Theorem 4.2. Suppose that conditions (C2-1)-(C2-8) hold. Then the sequence

f(x n , un)g generated by Algorithm 4.1 converges strongly to a point (p, q) 2 �, where

(p, q) = P �

 

(I �
P R

s=1
1
R

Es + �f )(p), (I �
P R

s=1
1
R

Fs + �g)(q)
!

is a solution of the

variational inequality

h((
RX

s=1

1
R

Es � �f )(p), (
RX

s=1

1
R

Fs � �g)(q)), (p, q) � (x, y)i � 0, 8(x, y) 2 �.
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Proof. Let (p, q) = P �

 

(I �
P R

s=1
1
R

Es + �f )(p), (I �
P R

s=1
1
R

Fs + �g)(q)
!

. By

the de�nition of x n+1 , Lemma 1.1 and Lemma 4.1, we have

kxn+1 � pk 2 = k� n �f (w n) + (I � � n

RX

s=1

1
R

Es)pn � pk 2

= k� n(�f (w n) �
RX

s=1

1
R

Esp) + (I � � n

RX

s=1

1
R

Es)(pn � p)k 2

� k(I � � n

RX

s=1

1
R

Es)(pn � p)k 2

+2� nh�f (w n) �
RX

s=1

1
R

Esp, xn+1 � pi

� (1 � � n$) 2kpn � pk 2+2� nh�f (w n) �
RX

s=1

1
R

Esp, xn+1 � pi

� (1 � � n$) 2kpn � pk 2+2� n �hf (w n) � f (p), x n+1 � pi

+2� nh�f (p) �
RX

s=1

1
R

Esp, xn+1 � pi. (4.46)

Since

2hf (wn) � f (p), x n+1 � pi � 2kf (w n) � f (p)kkx n+1 � pk

� 2� 1kwn � pkkx n+1 � pk

� � 1[kwn � pk 2+kx n+1 � pk 2],

it follows from (4.46), that

kxn+1 � pk 2 � (1 � � n$) 2kpn � pk 2+� n �� 1

h
kwn � pk 2+kx n+1 � pk 2

i

+2� nh�f (p) �
RX

s=1

1
R

Esp, xn+1 � pi. (4.47)

Using (4.47) and the assumption that � = maxf� 1, � 2g, we have

kxn+1 � pk 2 �
(1 � � n$) 2

1 � � 1�� n
kpn � pk 2+

� 1�� n

1 � � 1�� n
kwn � pk 2

+
2� n

1 � � 1�� n

D
�f (p) �

RX

s=1

1
R

Esp, xn+1 � p
E

�
(1 � � n$) 2

1 � ��� n
kpn � pk 2+

��� n

1 � ��� n
kwn � pk 2

94



+
2� n

1 � ��� n

D
�f (p) �

RX

s=1

1
R

Esp, xn+1 � p
E
. (4.48)

Similarly, we have

kun+1 � qk 2 �
(1 � � n$) 2

1 � ��� n
kqn � pk 2+

��� n

1 � ��� n
kvn � qk 2

+
2� n

1 � ��� n
h�g(q) �

RX

s=1

1
R

Fsq, un+1 � qi. (4.49)

Thus, from (4.48) and (4.49), we have

Gn+1 (p, q) �
(1 � � n$) 2

1 � ��� n
[kpn � pk 2+kqn � qk 2]

+
��� n

1 � ��� n
[kwn � pk 2+kv n � qk 2]

+
2� n

1 � ��� n

D
(�f (p) �

RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq),

(xn+1 , un+1 ) � (p, q)
E
. (4.50)

Using (4.41) and (4.44), we obtain

kpn � pk 2+kqn � qk 2 � [kw n � pk 2+kv n � qk 2]

�
NX

i=1
� i (1 � � 2

i )kwn � y i
nk2

�
NX

l=1
� l (1 � � 2

l )kvn � s l
nk2

� (1 � 2� n � L 2� 2
n)� n

MX

j=1
� n,j






U j

NX

i=1
� i zi

n �
NX

i=1
� i zi

n








2

� (1 � 2 n � � 2 2
n) n

MX

m=1
� n,m






V m

NX

l=1
� l t

l
n �

NX

l=1
� l t

l
n








2

�
 nkAwn � Bv nk2�kd n � (w n � 
 nA � (Awn � Bv n))k2

�ke n � (v n + 
 nB � (Awn � Bv n))k2. (4.51)

Combining (4.50) and (4.51), we get

Gn+1 (p, q) �
(1 � � n$) 2 + ��� n

1 � ��� n
[kwn � pk 2+kv n � qk 2]
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+
2� n

1 � ��� n

D
(�f (p) �

RX

s=1

1
R

Esp,

�g(q) �
RX

s=1

1
R

Fsq), (xn+1 , un+1 ) � (p, q)
E

�
(1 � � n$) 2

1 � ��� n

h NX

i=1
� i (1 � � 2

i )kdn � y i
nk2+

NX

l=1
� l (1 � � 2

l )ken � s l
nk2

+ (1 � 2� n � L 2� 2
n)� n

MX

j=1
� n,j






U j

NX

i=1
� i zi

n �
NX

i=1
� i zi

n








2

+ (1 � 2 n � � 2 2
n) n

MX

m=1
� n,m






V m

NX

l=1
� l t

l
n �

NX

l=1
� l t

l
n








2

+
 nkAwn � Bv nk2+kd n � (w n � 
 nA � (Awn � Bv n))k2

+ken � (v n + 
 nB � (Awn � Bv n))k2
i
. (4.52)

From the de�nition of w n , the boundedness of fxng and Lemma 1.1, we have

kwn � pk 2 � kx n � pk 2+� 2
nkxn � x n�1 k2+2� nkxn � pkkx n � x n�1 k

= kx n � pk 2+� nkxn � x n�1 k(� nkxn � x n�1 k+2kx n � pk )

� kx n � pk 2+M 1� nkxn � x n�1 k, (4.53)

for some M1 > 0. Similarly, we have

kvn � qk 2� ku n � qk 2+M 2� nkun � u n�1 k, (4.54)

for some M2 > 0. Now, for some M3 � maxfM 1, M2g, combining (4.53) and (4.54),

we get

kwn � pk 2+kv n � qk 2� G n(p, q) + M 3� n [kxn � x n�1 k+ku n � u n�1 k]. (4.55)

Using (4.55) in (4.52) and rearranging, we get

Gn+1 (p, q) �
(1 � � n$) 2 + ��� n

1 � ��� n
Gn(p, q)

+M 3� n
(1 � � n$) 2 + ��� n

1 � ��� n
[kxn � x n�1 k+ku n � u n�1 k]

+
2� n

1 � ��� n

D
(�f (p) �

RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq),

(xn+1 , un+1 ) � (p, q)
E
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�
(1 � � n$) 2

1 � ��� n

h NX

i=1
� i (1 � � 2

i )kdn � y i
nk2+

NX

l=1
� l (1 � � 2

l )ken � s l
nk2

+ (1 � 2� n � L 2� 2
n)� n

MX

j=1
� n,j






U j

NX

i=1
� i zi

n �
NX

i=1
� i zi

n








2

+ (1 � 2 n � � 2 2
n) n

MX

m=1
� n,m






V m

NX

l=1
� l t

l
n �

NX

l=1
� l t

l
n








2

+
 nkAwn � Bv nk2+kd n � (w n � 
 nA � (Awn � Bv n))k2

+ken � (v n + 
 nB � (Awn � Bv n))k2
i
, (4.56)

which implies that

Gn+1 (p, q) �
(1 � � n$) 2 + ��� n

1 � ��� n
Gn(p, q)

+M 3� n
(1 � � n$) 2 + ��� n

1 � ��� n
[kxn � x n�1 k+ku n � u n�1 k]

+
2� n

1 � ��� n

D
0

@�f (p) �
RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq

1

A ,

(xn+1 , un+1 ) � (p, q)
E

=

 

1 �
2� n($ � ��)

1 � ��� n

!

Gn(p, q) +

0

@ � 2
n$ 2

1 � ��� n

1

A Gn(p, q)

+M 3� n
(1 � � n$) 2 + ��� n

1 � ��� n
[kxn � x n�1 k+ku n � u n�1 k]

+
2� n

1 � ��� n

D
0

@�f (p) �
RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq

1

A ,

(xn+1 , un+1 ) � (p, q)
E

=

 

1 �
2� n($ � ��)

1 � ��� n

!

Gn(p, q)

+
2� n($ � ��)

1 � ��� n

h
0

@ � 2
n$ 2

2� n($ � ��)

1

A Gn(p, q)

+M 3� n
(1 � � n$) 2 + ��� n

2� n($ � ��)
[kxn � x n�1 k+ku n � u n�1 k]

+
2� n

2� n($ � ��)

D
0

@�f (p) �
RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq

1

A ,

(xn+1 , un+1 ) � (p, q)
Ei
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�

 

1 �
2� n($ � ��)

1 � ��� n

!

Gn(p, q) +
2� n($ � ��)

1 � ��� n

h
0

@ N3� n$ 2

2($ � ��)

1

A

+M 3
(1 � � n$) 2 + ��� n

2($ � ��)

 
� n

� n
kxn � x n�1 k+

� n

� n
kun � u n�1 k

!

+
1

$ � ��

D
0

@�f (p) �
RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq

1

A ,

(xn+1 , un+1 ) � (p, q)
Ei

, (4.57)

for some N3 � 0.

To complete the proof, we consider two possible cases.

Case 1: Gn+1 (p, q) � G n(p, q), 8n � N, for some N 2 N.

Since it is also bounded, lim
n!1

Gn(p, q) exists.

Combining (4.56) and (4.57) and rearranging, we get

(1 � � n$) 2

1 � ��� n

h NX

i=1
� i (1 � � 2

i )kdn � y i
nk2+

NX

l=1
� l (1 � � 2

l )ken � s l
nk2

+ (1 � 2� n,0 � L 2� 2
n,0)� n,0

MX

j=1
� n,j






U j

NX

i=1
� i zi

n �
NX

i=1
� i zi

n








2

+ (1 � 2 n,0 � � 2 2
n,0) n,0

MX

m=1
� n,m






V m

NX

l=1
� l t

l
n �

NX

l=1
� l t

l
n








2

+
 nkAwn � Bv nk2+kd n � (w n � 
 nA � (Awn � Bv n))k2

+ken � (v n + 
 nB � (Awn � Bv n))k2
i

�

 

1 �
2� n($ � ��)

1 � ��� n

!

Gn(p, q) � G n+1 (p, q) +
2� n($ � ��)

1 � ��� n

h
0

@ N3� n$ 2

2($ � ��)

1

A

+M 3
(1 � � n$) 2 + ��� n

2($ � ��)

 
� n

� n
kxn � x n�1 k+

� n

� n
kun � u n�1 k

!

+
1

$ � ��

D
(�f (p) �

RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq), (xn+1 , un+1 ) � (p, q)
Ei

.

(4.58)

Now, since lim
n!1

Gn(p, q) exists, lim
n!1

� n = 0 and f(x n , un)g is bounded, the limit of

the right hand side of inequality in (4.58) as n ! 1 is zero. Also, we observe that all

the terms on the left hand side are nonnegative. Hence, limit of each term as n ! 1

is zero.
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Thus, taking limit as n ! 1 on both sides of (4.58), we obtain

kdn � y i
nk! 0 and ke n � s l

nk! 0, for each i. (4.59)

Hence, from the de�nition of yi
n in (4.6), (4.59), the boundedness of f�n,i g and the

uniform continuity of T i , we have

kzi
n � y i

nk= � n,i kTi dn � T i yi
nk! 0 as n ! 1. (4.60)

Similarly, we can obtain

kt l
n � s l

nk= ' n,l kSlen � S ls
l
nk! 0 as n ! 1. (4.61)

Again from (4.58), we have

kUj

NX

i=1
� i zi

n �
NX

i=1
� i zi

nk! 0 and kV m

NX

l=1
� l t

l
n �

NX

l=1
� l t

l
nk! 0 as n ! 1, (4.62)

kdn � (w n � 
 nA � (Awn � Bv n))k! 0 (4.63)

and

ken � (v n + 
 nB � (Awn � Bv n))k! 0. (4.64)

Moreover, we get


 nkAwn � Bv nk! 0

which implies by condition (C2-6) that

k
 nA � (Awn � Bv n)k� kA � kk
 n(Awn � Bv n)k! 0. (4.65)

Therefore, from (4.63) and (4.65), we have

kdn � w nk � kd n � (w n � 
 nA � (Awn � Bv n))k

+k
 nA � (Awn � Bv nk! 0 as n ! 1. (4.66)
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Similarly, we have

ken � v nk! 0 as n ! 1. (4.67)

From (4.2) and Remark 4.1, we have

kwn � x nk= � nkxn � x n�1 k! 0 and kv n � u nk= � nkun � u n�1 k! 0 as n ! 1.

(4.68)

Hence, from (4.68) and (4.66), we get

kdn � x nk� kd n � w nk+kw n � x nk! 0 as n ! 1. (4.69)

Similarly,

ken � u nk! 0 as n ! 1. (4.70)

From (4.59) and (4.60), we have

kzi
n � d nk� kz i

n � y i
nk+ky i

n � d nk! 0 as n ! 1. (4.71)

We can also obtain

kt l
n � d nk! 0 as n ! 1. (4.72)

Consequently, from (4.62) and (4.71), we get

kUj

NX

i=1
� i zi

n � d nk � kU j

NX

i=1
� i zi

n �
NX

i=1
� i zi

nk+k
NX

i=1
� i zi

n � d nk

= kU j

NX

i=1
� i zi

n �
NX

i=1
� i zi

nk+
NX

i=1
� i kzi

n � d nk! 0

as n ! 1. (4.73)

By similar argument, we obtain

kVm

NX

l=1
� l t

l
n � v nk! 0 as n ! 1. (4.74)

Again from the de�nition of x n+1 , the boundedness of ff (wn)g and fE spng and the
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assumption that � n ! 0, we have

kxn+1 � p nk = k� n �f (w n) + (I � � n

RX

s=1

1
R

Es)pn � p nk

= � nk�f (w n) �
RX

s=1

1
R

Espnk! 0 as n ! 1. (4.75)

Similarly, we get

kun+1 � q nk! 0 as n ! 1. (4.76)

Using the de�nition of pn , and Lj -Lipschitz continuity of Uj , we have

kpn � d nk = k� n,0

NX

i=1

� i zi
n +

MX

j=1

� n,j Uj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�
� d nk

= k� n,0 (
NX

i=1

� i zi
n � d n ) +

MX

j=1

� n,j [Uj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�
� d n ]k

� � n,0k
NX

i=1

� i zi
n � d nk+

MX

j=1

� n,j kUj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�
� d nk

� � n,0k
NX

i=1

� i (z i
n � d n )k+

MX

j=1

� n,j kUj

�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�

�U j

NX

i=1

� i zi
nk+

MX

j=1

� n,j kUj

NX

i=1

� i zi
n � d nk

� � n,0k
NX

i=1

� i (z i
n � d n )k+

MX

j=1

� n,j L j k
�
� n

NX

i=1

� i zi
n + (1 � � n )Uj

NX

i=1

� i zi
n

�

�
NX

i=1

� i zi
nk+

MX

j=1

� n,j kUj

NX

i=1

� i zi
n � d nk

� � n,0k
NX

i=1

� i (z i
n � d n )k

+(1 � � n )
MX

j=1

� n,j L j kUj

NX

i=1

� i zi
n �

NX

i=1

� i zi
nk+

MX

j=1

� n,j kUj

NX

i=1

� i zi
n � d nk

which implies together with (4.62), (4.71) and (4.73) that

kpn � d nk! 0. (4.77)

101



Therefore, from (4.69), (4.75) and (4.77), we obtain

kxn+1 � x nk� kx n+1 � p nk+kp n � d nk+kd n � x nk! 0. (4.78)

Similarly, we get

kun+1 � u nk! 0. (4.79)

Now, since fxng and fung are bounded, there exists a subsequence f(xnk , unk )g of

f(x n , un)g such that f(x nk , unk )g * (z, v) as k ! 1 and

lim sup
n!1

D�
(�f �

RX

s=1

1
R

Es)(p), (�g �
RX

s=1

1
R

Fs)(q)
�
, (xn , un) � (p, q)

E

= lim
k!1

hD
((�f �

RX

s=1

1
R

Es)(p), (�g �
RX

s=1

1
R

Fs)(q)), (x nk , unk ) � (p, q)
Ei

.

(4.80)

From (4.59), (4.60) and (4.69), kxnk � z i
nk

k! 0 as k ! 1, which implies that

zi
nk

* z, for each i. By the assumption on f� i g, this in turn implies that
NX

i=1
� i zi

nk
*

z as k ! 1. This together with (4.62) and the demiclosedness of I � U j at zero imply

that z 2 F ix(U j ) for each j. Similar arguments yield, v 2 F ix(Vm ) for each m.

Moreover, from (4.59) and Lemma 4.4 it follows that z 2 V I(C, Ti ), for each i.

A similar argument provides that v 2 V I(D, S l ), for each l. Hence, we have

(z, v) 2

0

B
@

N\

i=1
V I(C, T i ) \

M\

j=1
F ix(U j )

1

C
A �

0

B
@

N\

I=1
V I(D, S l ) \

M\

J=1
F ix(V m )

1

C
A . (4.81)

Then, from Lemma 1.1, we have

kAz � Bvk 2 = kAw nk � Bv nk + Az � Aw nk + Bv nk � Bvk 2

� kAw nk � Bv nk k2

+2hAz � Aw nk + Bv nk � Bv, Az � Bvi. (4.82)

Since wnk * z and A is a bounded linear operator, Awnk * Az. Moreover, since

vnk * v and B is also a bounded linear operator, Bvnk * Bv. Taking limsup on both

sides of (4.82) as k ! 1 and using (4.65), we have kAz � Bvk= 0, which suggests,
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along with (4.81), that (z, v) 2 �.

By assumption, we have

(p, q) = P � ((I �
RX

s=1

1
R

Es + �f )(p), (I �
RX

s=1

1
R

Fs + �g)(q)). (4.83)

From Lemma 1.4, we have

h((I �
RX

s=1

1
R

Es + �f )(p), (I �
RX

s=1

1
R

Fs + �g)(q)) � (p, q), (x, y) � (p, q)i

= h((�f �
RX

s=1

1
R

Es)(p), (�g �
RX

s=1

1
R

Fs)(q)), (x, y) � (p, q)i � 0, 8(x, y) 2 �.

(4.84)

Hence, from (4.80) and (4.84), it follows that

lim sup
n!1

D�
(�f �

RX

s=1

1
R

Es)(p), (�g �
RX

s=1

1
R

Fs)(q)
�
, (xn , un) � (p, q)

E

= lim
k!1

hD
((�f �

RX

s=1

1
R

Es)(p), (�g �
RX

s=1

1
R

Fs)(q)), (x nk , unk ) � (p, q)
Ei

=
D
(�f �

RX

s=1

1
R

Es)(p), (�g �
RX

s=1

1
R

Fs)(q)), (z, v) � (p, q)
E

� 0. (4.85)

This together with (4.78) and (4.79) give us

lim sup
n!1

D
(�f (p) � E sp, �g(q) � F sq), (xn+1 , un+1 ) � (p, q)

E
� 0. (4.86)

One may rewrite (4.57) as follows:

Gn+1 (p, q) �

 

1 �
2� n($ � ��)

1 � ��� n

!

Gn(p, q) +
2� n($ � ��)

1 � ��� n
rn , (4.87)

where

rn =

0

@ N3� n$ 2

2($ � ��)

1

A + M 3
(1 � � n$) 2 + ��� n

2($ � ��)

 
� n

� n
kxn � x n�1 k+

� n

� n
kun � u n�1 k

!

+
1

$ � ��

hD
(�f (p) �

RX

s=1

1
R

Esp, �g(q) �
RX

s=1

1
R

Fsq), (xn+1 , un+1 ) � (p, q)
Ei

.

(4.88)
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From Remark 4.1, (4.86) and the assumption that lim
n!1

� n = 0, we obtain lim
n!1

rn � 0.

Since in addition
1X

n=1

2� n($ � ��)
1 � ��� n

= 1 and lim
n!1

2� n($ � ��)
1 � ��� n

= 0, using Lemma

3.2, we obtain that lim
n!1

Gn+1 (p, q) = 0 and hence xn ! p and u n ! q.

Case 2: Suppose that there exists a subsequence fGn i (p, q)g of fGn(p, q) such that

Gn i (p, q)g < Gn i +1 (p, q), 8i 2 N.

It follows from Lemma 3.3 that there exists a nondecreasing sequence fjkg of N such

that lim
k!1

j k = 1 and

maxfGj k (p, q), Gk(p, q)g � G j k +1 (p, q), k 2 N. (4.89)

Then, from (4.87) and (4.89), we have

Gj k +1 (p, q) �

 

1 �
2� j k ($ � ��)

1 � ��� j k

!

Gj k +1 (p, q) +
2� j k ($ � ��)

1 � ��� j k

r j k ,

which implies that

Gj k +1 (p, q) � r j k . (4.90)

Now, (4.89) and (4.90) implies that Gk(p, q) � r j k , for each k and hence, we have

lim sup
k!1

Gk(p, q) � lim sup
k!1

r j k .

Using a similar argument as in Case 1, we have lim sup
k!1

r j k � 0, which implies that

lim
k!1

Gk(p, q) = 0 as k ! 1, that is, (x k , uk) ! (p, q) as k ! 1. Therefore, from

the two cases, we can conclude that

(xn , un) ! (p, q) = P �

0

@(I �
RX

s=1

1
R

Es + �f )(p), (I �
RX

s=1

1
R

Fs + �g)(q)

1

A .

4.4 Applications

In this section, we consider some applications of our main results in this chapter

to other problems in the setting of Hilbert spaces.

104



4.4.1. Split Equality Common Variational Inequal-

ity and Fixed Point Problem

In problem (4.1), if M = N = M = N = 1, then (4.1) reduces to the split equality

common variational inequality and �xed point problem (SECVFPP) which is de�ned

as a problem of �nding (x� , u� ) 2 C � D such that

(x � , u� ) 2 V I(C, T ) \ F ix(U ) � V I(D, S) \ F ix(V ) such that Ax � = Bu � . (4.91)

Consequently, we obtain the following corollary.

Corollary 4.3. Suppose that conditions (C2-1)-(C2-6) and (C2-8) hold with M =

N = M = N = 1. Assume that G� = f(p, q) 2 V I(C, T ) \ F ix(U ) � V I(D, S) \

F ix(V ) : Ax � = Bu � g 6= ;. Then the sequence f(xn , un)g generated by Algorithm

4.1 converges strongly to some (p, q) 2 G� .

Proof. Taking M = N = M = N = 1, the conclusion follows from Theorem 4.2.

In 2024, Yao et al. [178] studied split common VIP involving Lipschiz continuous

and pseudomonotone and FPP involving Lipschiz continuous and pseudocontractive,

which is a special case of problem (4.1) when H2 = H 3 and B = I.

4.4.2. Split Equality Common Variational Inequal-

ity Problem

If Uj and Vm are identity mappings for each j and m, then problem (4.1) reduces

to the split equality common variational inequality problem (SECVIP) which is a

problem of �nding (x � , u� ) 2 C � D such that

(x � , u� ) 2
N\

i=1
V I(C, T i ) �

N\

l=1
V I(D, S l ) such that Ax � = Bu � . (4.92)

Hence, we obtain the following result.

Corollary 4.4. Let U j and Vm be the identity mappings on H1 and H2, respectively

for each j and m. Assume that conditions (C2-1)-(C2-2), (C2-4)-(C2-6) and (C2-8)

are satis�ed and suppose that
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 = f(x � , u� ) 2
N\

i=1
V I(C, T i ) �

N\

l=1
V I(D, S l ) : Ax � = Bu � g 6= ;. Then the sequence

f(x n , un)g generated by Algorithm 4.1 converges strongly to some (p� , q� ) 2 
.

Proof. The fact that Uj and Vm are identity mappings, the solution set in condition

(C2-7) reduces to 
 = f(x � , u� ) 2
N\

i=1
V I(C, T i ) �

N\

I=1
V I(D, S l ) : Ax � = Bu � g 6= ;.

Thus, the conclusion follows from Theorem 4.2.

4.4.3. Common Variational Inequality and Fixed

Point Problem

If H 1 = H 2 = H 3 = H, T i = S l : H ! H for each i, l 2 f1, � � � , N = Ng,

A = B = I : H ! H, where I is identity mapping, U j = Vm : H ! H for each

j, m 2 f1, � � � , M = Mg and C = D, then (4.1) reduces to the problem of �nding

x � 2 C such that

x � 2
N\

i=1
V I(C, T i ) \

M\

j=1
F ix(U j ). (4.93)

This problem is called Common variational inequality and �xed point problem and

was studied by Jalauso et al. [95] in 2020.

Corollary 4.5. Suppose that conditions (C1)-(C6) and (C8) hold for H 1 = H 2 =

H3 = H, T i = S l : H ! H for each i = l 2 f1, � � � , N = Ng, Uj = Vm : H ! H for

each j = m 2 f1, � � � , M = Mg and A = B = I. Assume G = fx � 2
N\

i=1
V I(C, T i ) \

M\

j=1
F ix(U j )g 6= ;. Then the sequence generated by Algorithm 4.1 converge to an

element p� 2 G.

Proof. If we assume H1 = H 2 = H 3 = H, T i = S l : H ! H for each i = l 2

f1, � � � , N = Ng and Uj = Vm : H ! H for each j = m 2 f1, � � � , M = Mg, then the

assertion follows from Theorem 4.2.
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4.4.4. Split Equality Common Variational Inequal-

ity and Common Fixed Point Problem

The method of the proof of Theorem 4.2 also provides the following result for

�nding the solution of split equality common variational inequality and common �xed

point problem (SECVCFPP).

Corollary 4.6. Suppose that conditions (C2-1)-(C2-6) and (C2-8) hold for Uj being

the identity mapping for each j 2 f1, � � � , Mg and S l the zero mapping for each

l 2 f1, � � � , Ng. Let C be a nonempty closed convex subset of H1 and 
 = f(x � , u� ) 2
N\

i=1
V I(C, T i ) �

M\

m=1
F ix(V m ) : Ax � = By � g 6= ;. Then the sequence generated by

Algorithm 4.1 converge to an element (p� , q� ) 2 
.

Proof. If we assume that Uj is the identity mapping on H1 for each j 2 f1, � � � , Mg

and Sl is the zero mapping on H2 for each l 2 f1, � � � , Ng, the conclusion follows from

Theorem 4.2.

4.5 Numerical Examples

Here, we present some numerical examples and compare our proposed method

with some of the existing methods in the literature.

Example 4.1. Let H 1 = H 2 = H 3 = ` 2(R) endowed with norm kxk=
� 1X

i=1
x2

i

� 1
2

and inner product hx, yi =
1X

i=1
x i yi , 8x, y 2 ` 2(R). Let i = j = 1, � � � , N = M;

l = m = 1, � � � , N = M and for each i, l, j and m, de�ne Ti , Sl , Uj and Vm on `2(R)

by Ti x =
2i

2i + kxk
x, Slx =

3l
3l + kxk

x, Uj x = �(1 + 10 �2j )x and Vmx = �(1 +

11�2m )x. Then Ti and Sl are uniformly continuous and pseudomonotone mappings

for each i and each l. In fact, if fxng and fyng are arbitrary sequences in2̀(R) with

kxn � y nk! 0, then for each i = 1, � � � , N, we have

kTi xn � T i ynk =









2i
2i + kx nk

xn �
2i

2i + ky nk
yn










=









2i
2i + kx nk

xn �
2i

2i + ky nk
xn +

2i
2i + ky nk

xn �
2i

2i + ky nk
yn










=









 
2i

2i + kx nk
�

2i
2i + ky nk

!

xn +
2i

2i + ky nk
(xn � y n)
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�

�
�
�
�
�

2i
2i + kx nk

�
2i

2i + ky nk

�
�
�
�
�
kxnk+

2i
2i + ky nk

kxn � y nk

= 2i

�
�
�
�
�

kynk�kx nk
(2i + kx nk)(2i + ky nk)

�
�
�
�
�
kxnk+

2i
2i + ky nk

kxn � y nk

�
2ikxnk

(2i + kx nk)(2i + ky nk)
kxn � y nk+

2i
2i + ky nk

kxn � y nk. (4.94)

Note that both
�

2ikx n k
(2i+kx n k)(2i+ky n k)

�

and
�

2i
2i+ky n k

�

are bounded and hence from

(4.94), we get

kTi xn � T i ynk! 0 as n ! 1.

Therefore, Ti is uniformly continuous for each i. Similarly, one can show that Sl is

uniformly continuous for each l. To show that Ti is pseudomonotone, assume that

hTi y, x � yi � 0, 8x, y 2 ` 2(R). Then using the de�nition of T i and simplifying, we

obtain hy, x � yi � 0, 8x, y 2 ` 2(R). Now, we have

hTx, x � yi =
2i

2i + kxk
hx, x � yi

=
2i

2i + kxk
[hx � y, x � yi + hy, x � yi]

� 0, 8x, y 2 ` 2(R). (4.95)

Hence, Ti is pseudomonotone for each i. Similar arguments provide that Sl is pseu-

domonotone for each l. On the other hand if fxng is a sequence in C such that

xn * x � , then for any bounded linear operator A on 2̀(R), we have kAxn � Ax � k! 0.

Now, for each i, we have

kA(T i xn) � A(T i x � )k = kA(
2i

2i + kx nk
xn) � A(

2i
2i + kx � k

x � )k

= k
2i

2i + kx nk
Ax n �

2i
2i + kx � k

Ax � k

�

�
�
�
�
�

2i
2i + kAx nk

�
2i

2i + kAx � k

�
�
�
�
�
kAx nk

+
2i

2i + kAx � k
kAx n � Ax � k

=
2ikAx nk

(2i + kAx nk)(2i + kAx � k)
qkAxn � Ax � k

+
2i

2i + kAx � k
kAx n � Ax � k

� 4ikAx n � Ax � k. (4.96)
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This implies that kA(T i xn) � A(T i x � )k! 0, which in turn implies that

Ti xn * T i x � as n ! 1. Then by weak lower semicontinuity of norm, it follows that

kTi x � k� lim inf
n!1

kTi xnk for each i. Similarly, for each l, we have kSlu� k� lim inf
n!1

kSlunk

for any sequence fung in D with u n * u � . Hence, condition (C2-2) of our assump-

tions is satis�ed.

Furthermore, we can easily see that the operators Uj and Vm are Lipschitz continuous

with Lipschitz constants 1 + 10�2j and 1 + 11�2m , respectively and F ix(Uj ) = f0g =

F ix(V m ) for each j and each m. Also for x 2 H1 and for each j, we have

kUj x � 0k 2 = (1 + 10 �2j )2kxk2

� kxk 2+(2 + 10 �2j )2kxk2

= kx � 0k 2+k(I � U j )xk2. (4.97)

This implies that Uj is quasi-pseudocontractive mapping for each j. Similarly, we can

verify that Vm is quasi-pseudocontractive mapping for each m.

We also consider Esx =
1
2

x and Fsx = Fx =
1
4

x for each s, f (x) =
1
2

x, g(x) =
1
4

x,

Ax = 1.2x and Bx = �2x. Then it follows that E s and Fs are 1
2 and 1

4 strongly pos-

itive bounded linear operators for each s and f and g are12 and 1
4 contraction map-

pings, respectively. Now, let C = fx = (x (1) , x(2) , � � � , x (i) , � � �) 2 ` 2(R) : kxk� 1g

and D = fx 2 ` 2(R) : kxk� 2g. Then we observe that

� =
�

(x � , u� ) 2

0

B
@

N\

i=1
V I(C, T i ) \

M\

j=1
F ix(U j )

1

C
A �

0

B
@

N\

l=1
V I(D, S l ) \

M\

m=1
F ix(V m )

1

C
A :

Ax � = Bu �
�

= f0g.

Choosing � = 0.2, � = 0.7, 
 = 0.01, � = 0.1 and � = 0.2 and taking � n =
1
n2 , � n =

1
n

,

� i = 0.1, � l = 0.2, � i = 0.8, � l = 0.2,� i =
1
N

and � l =
1
N

� n =  n =
41n � 20

100n
,

� n,0 = � n,0 =
3n + 1

5n
, we conducted some numerical experiments to demonstrate the

convergence of our algorithm for initial guesses

(x0, u0) = ((1, 0, 2, 0, 0, 0, � � �), (�2, �2, �2, �2, 0, 0, � � �)),
(x1, u1) = ((2, 2, 2, 2, 0, 0, � � �), (�2, �2, �2, �2, 0, 0, � � �)), and with stopping criteria

Dn = k(x n , un) � (p � , q� )k� 10 �4 . Consequently, we obtain the following �gures for
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di�erent choices of the number of mappings associated with the individual VIPs and

FPPs.

Figure 4.1: Convergence for N = M = 1 andN = M = 3 with � n,1 = 1 � � n,0 and

(� n,1, � n,2, � n,3) = (� n,1, � n,2, � n,3) =

 
n + 1
100n

,
2n � 1

20n
,
29n � 16

100n

!

.

Figure 4.2: Convergence for N = M = 3 andN = M = 3 with � n,1 = 1 � � n,0 and

(� n,1, � n,2, � n,3) =

 
n + 1
100n

,
2n � 1

20n
,
29n � 16

100n

!

.
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Remark 4.2. We observe from Figures 4.1 and 4.2 that, our algorithm converges

to the solution for di�erent choices of parameters and di�erent choices of number of

operators.

Example 4.2. Let H 1 = H 2 = H 3 = H = R 4 with the usual Euclidean norm and

inner product. Let M = M = N = N = R = 1 and let T 1, S1 : H ! H de�ned

by T1x = S 1x = Tx = 5x
6 . Then clearly T is 5

6-Lipschitz and hence it is uniformly

continuous. It is also easily to observe that T is weakly sequentially continuous and

monotone. Also, if we de�ne U1 and V1 on R4 by U1x = V 1x = Ux = x, then

U is 1-Lipschitz, quasi-pseudocontractive mapping and I � U is demiclosed at zero.

Let � n =
1

n + 1
. For our Algorithm 4.1 (Alg 4), choose E1x = F 1x = Ex = x/5,

g(x) = f (x) = x/4, � = 0.8, � = 0.1, � = 0.2, � 1 = 1 , � 1 = 0.5, � = 0.5, � n =
1
n2 ,

� n =
4n � 1

67n
, � n,0 =

66n � 1
67n

, Ax = Bx = x and � n,1 = 1 � � n,0 . For Theorem

3.1 in [196] (ZENGAlg), choose � = 0.05 and �n =
n + 5
66n

and Algorithm 3.1 in [95]

(JOLAlg), choose � = 0.01, � = 0.1, � = 0.2, 
 = 0.5 and � n =
4n � 1

67n
. Then

the conditions of the Algorithms are satis�ed and we obtain (0, 0, 0, 0) = p� 2 G� =

fx � 2 C : x � 2 V I(C, T ) \ F ix(U )g. Taking C = D = fx 2 R 4 : kxk� 1g and the

tolerance, D = kxn+1 � x nk� 10 �4 as a stopping criteria, we get the following �gures

for di�erent initial guesses.

(i)) If (x 0, x1) = ((10, �10, 20, �20), (10, �11, 20, 11)) for Alg. 4 and x 0 = (10, �10, 20, �20)
for JAOLAlg and ZENGAlg, we obtain the following �gure.
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Figure 4.3: Numerical comparison of Algorithm 4.1 with Algorithm 3.1 in [95] and
Theorem 3.1 in [196].

(ii)) If (x 0, x1) = ((10, �1, 1, 10), (�0.1, 0.2, 0, 0.01)) for Alg. 4 and x 0 = (10, �1, 1, 10)
for JAOLAlg and ZENGAlg, we get the following.
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Figure 4.4: Numerical comparison of Algorithm 4.1 with Algorithm 3.1 in [95] and
Theorem 3.1 in [196].

Remark 4.3. This example is for a common variational inequality and �xed point

problem, CVFPP, which is a special case of (4.1). Figures 4.3 and 4.4 reveal that our

algorithm performs better than some related methods in the literature, for di�erent

choices of initial data.
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Chapter 5

A Halpern Inertial-like Tseng's

Extragradient Algorithm for

Solving Split Equality Common

Minty Variational Inequality and

Fixed Point Problems in Banach

Spaces

In this chapter, we propose an inertial-like Tseng's extragradient algorithm with

Bregman projection for solving split equality feasibility problem involving common

Minty variational inequality and �xed point problems in real re�exive Banach spaces.

We also prove the strong convergence of the sequence generated by the algorithm to

a solution of the problem.

Let C and D be nonempty, closed and convex subsets of real Banach spaces E1

and E2, respectively, T and U be operators on E1 and S and V be operators on E2.

Let A : E 1 ! E 3 and B : E2 ! E 3 be bounded linear operators, where E3 is also a

real Banach space. Then the split equality common Minty variational inequality and

�xed point problem is de�ned as a problem of �nding (x� , u� ) 2 C � D such that

(x � , u� ) 2 MV I(C, T ) \ F ix(U ) � MV I(D, S) \ F ix(V ) such that Ax � = Bu � . (5.1)
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5.1 Preliminaries

The following lemma is used in the convergence analysis.

Lemma 5.1. ([41]) Let fa ng, f ng, f� ng and f� ng be sequences of nonnegative real

numbers such that  n 2 [0,
1
2

], lim sup
n!1

� n � 0,
1X

n=0
� n < 1,

1X

n=0
� n = 1 and for each

n > n 0 (where n0 is a positive integer)

an+1 � (1 � � n �  n)an +  nan�1 + � n � n + � n .

Then lim
n!1

an = 0.

We make use of the following assumptions to state our method.

Condition A.

(C3-1) Let E1, E2 and E3 be re�exive real Banach spaces and let C and D be nonempty,

closed and convex subsets of E1 and E2, respectively.

(C3-2) Let T : E1 ! E �
1 and S : E2 ! E �

2 be uniformly continuous and quasi-monotone

operators with kTx� k� lim inf
n!1

kTxnk and

kSu� k� lim inf
n!1

kSunk, whenever fxng and fung are sequences in C and D,

respectively, such that xn * x � and un * u � as n ! 1.

(C3-3) Let K and G be Bregman relatively nonexpansive operators on C and D, re-

spectively, such that I � K and I � G are demiclosed at zero.

(C3-4) Let A : E1 ! E 3 and B : E2 ! E 3 be bounded linear operators with adjoints

A � : E �
3 ! E �

1 and B� : E �
3 ! E �

2, respectively.

(C3-5) Let � =
n
(x, u) 2

�
MV I(C, T ) \ F ix(K)

�
�

�
MV I(D, S) \ F ix(G)

�
:

Ax = Bu
o

6= ;.

(C3-6) Let f� ng, f� ng, f� ng � [a, b] � (0, 1) such that � n + � n + � n = 1, f� ng,

f' ng � [a, b] � (0, 1) and let f� ng be a real sequence satisfying
1X

n=1
� n < 1 and

lim
n!1

� n

� n
= 0, where f� ng � (0, 1) with

1X

n=1
� n = 1 and lim

n!1
� n = 0.
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Condition B.

Let the functions f : E 1 ! (�1, +1], g : E 2 ! (�1, +1] and h : E 3 !

(�1, +1] be proper, lower semi-continuous, uniformly Fréchet di�erentiable, uni-

formly convex, totally convex, strongly convex with strong convexity constants �1, � 2

and �3, respectively, strongly coercive, Legendre and bounded on bounded subsets of

their respective domains. Suppose f and g have Lipschitz continuous gradients such

that the strong convexity constants �1 and �2 of f and g are greater than or equal to

the Lipschitz constant of 5f and 5g, respectively.

5.2 Proposed Method

In what follows, we present our algorithm.

Algorithm 5.1.

Initialization: Choose � 2
�

0,
1
2

�

; �, %, 
, ', �, ` 2 (0, 1) and let the sequences

f� ng, f� ng, f� ng, f� ng, f� ng, f' ng and f� ng satisfying condition (C3-6). Choose

the initial data x̂, x 0, x1 2 E 1 and û, u0, u1 2 E 2. Then we de�ne an iterative sequence

f(x n , un)g in E1 � E 2 as follows:

Step 1. Given the current iterates (xn�1 , xn) and (un�1 , un), choose �n such that 0 �

� n � � n , where

� n =

8
>>>>>>><

>>>>>>>:

min

(

�,
� n

k5f (x n) � 5f (x n�1 )k+k5g(u n) � 5g(u n�1 )k

)

,

if 5 f (x n) 6= 5f (x n�1 ) or 5 g(u n) 6= 5g(un�1

�, otherwise.

(5.2)

Step 2. Set

8
>><

>>:

wn = 5f � (5f (x n) + � n(5f (x n�1 ) � 5f (x n))),

vn = 5g � (5g(u n) + � n(5g(u n�1 ) � 5g(u n))).
(5.3)

Step 3. Compute

8
>><

>>:

yn = P f
C 5 f � (5f (w n) � � nTwn),

sn = P g
D 5 g � (5g(v n) � � nSvn),

(5.4)
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where �n = �� j n and jn the smallest nonnegative integer j satisfying

�� j kTwn � Ty nk� 
kw n � y nk (5.5)

and � n = % k̀n and kn the smallest nonnegative integer k satisfying

%k̀kSvn � Ss nk� 'kv n � s nk. (5.6)

Step 4. Compute

8
>><

>>:

zn = 5f � (5f (y n) � � n(Tyn � Tw n)),

tn = 5g � (5g(s n) � � n(Ssn � Sv n)).
(5.7)

Step 5. Let � = minf� 1, � 2, � 3g. Compute

8
>>>>>>>>><

>>>>>>>>>:

dn = P f
C 5 f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))),

hn = 5f � ( n 5 f (d n) + (1 � � n) 5 f (Kd n)),

en = P g
D 5 g � (5g(v n) + 
 nB � (5h(Aw n) � 5h(Bv n))),

rn = 5g � (' n 5 g(e n) + (1 � ' n) 5 g(Ge n)).

(5.8)

where 0 < � � 
 n � 
 n with


 n = min

(

� + 1,
� 2jjAw n � Bv n jj2

2[jjA � (5h(Aw n ) � 5h(Bv n ))jj 2+jjB � (5h(Aw n ) � 5h(Bv n ))jj 2]

)

, (5.9)

for n 2 
̄ = fm 2 N : Aw m � Bv m 6= 0g, otherwise
 n = �.

Step 6. Compute
8
><

>:

xn+1 = 5f � (� n 5 f (x̂) + (1 � � n )(� n 5 f (w n ) + � n 5 f (z n ) + � n 5 f (h n ))),

un+1 = 5g � (� n 5 g(û) + (1 � � n )(� n 5 g(v n ) + � n 5 g(t n ) + � n 5 g(r n ))).
(5.10)

Step 7. Set n := n + 1 and go to step 1.

Lemma 5.2. Assume that conditions (C3-1),(C3-2), (C3-6) and condition B are

satis�ed. Then the line search rules (5.5) and (5.6) are well de�ned.

Proof. If wn 2 V I(C, T ) for all n � 1, then combining the de�nition of VIP and

a property of projection, we obtain wn = P f
C 5 f � (5f (w n) � � nTwn). Thus, from

117



(5.4), wn = y n and hence (5.5) is satis�ed for j = 0. If wn /2 V I(C, T ) and we assume

on the contrary that

�� j kTwn � Ty nk> 
kw n � y nk, 8j � 0,

or equivalently,

1



kTwn � TP f
C 5 f � ((5f (w n ) � �� j Twn ))k

>
1

�� j kwn � P f
C 5 f � ((5f (w n ) � �� j Twn ))k, 8j � 0, (5.11)

then we consider the following two cases to complete the proof.

Case 1: Let wn 2 C. Then, since Pf
C is continuous, we have

lim
j!1

kP f
C 5 f � ((5f (w n) � �� j Twn)) � w nk= 0, (5.12)

which implies by the uniform continuity of T on C that

lim
j!1

kTP f
C 5 f � ((5f (w n) � �� j Twn)) � Tw nk= 0. (5.13)

Thus, we have from (5.11) and (5.13) that

lim
j!1

1
�� j kwn � P f

C 5 f � ((5f (w n) � �� j Twn))k= 0. (5.14)

Since f is uniformly Fréchet di�erentiable, 5f is norm-to-norm continuous on C.

Thus, from (5.14), we obtain

lim
j!1

1
�� j k5f (w n) � 5f (P f

C 5 f � ((5f (w n) � �� j Twn)))k= 0. (5.15)

Now, if we let pj = P f
C 5 f � ((5f (w n) � �� j Twn)), then by Lemma 1.7, we have

h5f (w n) � �� j Twn � 5f (p j ), x � p j i � 0, 8x 2 C,

which implies that

*
5f (w n ) � 5f (p j )

�� j , x � p j

+

+ hTwn , pj � w n i � hTw n , x � w n i, 8x 2 C. (5.16)

Taking the limit as j ! 1 on both sides of (5.16) and using (5.12) and (5.15), we
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get hTwn , x � w n i � 0, 8x 2 C, which is a contradiction since w n /2 V I(C, T ) and

hence inequality (5.5) holds true.

Case 2: Let wn /2 C. Then

lim
j!1

kwn � P f
C 5 f � ((5f (w n) � �� j Twn))k= kw n � P f

Cwnk> 0,

which contradicts inequality (5.11). Hence, there exists a non-negative integer j satis-

fying (5.5). Therefore, (5.5) is well de�ned. Similar arguments lead to the conclusion

that (5.6) is also well de�ned.

5.3 Convergence Analysis

We are now in a position to rigorously prove the strong convergence of our scheme

to a solution of the SECMVFPP.

Lemma 5.3. Assume that condition A and condition B are satis�ed.

Let bn = 5f � [� n 5 f (w n) + � n 5 f (z n) + � n 5 f (h n)], cn = 5g � [� n 5 g(v n) +
� n 5 g(t n) + � n 5 g(r n)], pn = 5f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))) and

qn = 5g � (5g(v n) + 
 nB � (5h(Aw n) � 5h(Bv n))). Then, for any (p, q) 2 �, we

have

D f (p, bn) + D g(q, cn) � D f (p, wn) + D g(q, vn)

� (1 � �)� n [D f (zn , yn) + D g(t n , sn)

+ D f (yn , wn) + D g(sn , vn)]

� � n

h
D f (pn , wn) + D g(qn , vn) + D f (dn , pn)

+ D g(en , qn) +
�
2


 nkAwn � Bv nk2

+ � n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

+ ' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k)

i
,

where � = max
� 


� 1
,

'
� 2

�

and � �
r and � �

t are the gauges of uniform convexity of f�

and g� , respectively.

Proof. By the de�nition of Bregman distance and the de�nition of zn , we have

D f (p, zn) = D f (p, 5f � (5f (y n) � � n(Tyn � Tw n)))
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= f (p) � hp � z n , 5f (y n) � � n(Tyn � Tw n)i � f (z n)

= f (p) + hz n � p, 5f (y n)i + hp � z n , � n(Tyn � Tw n)i � f (z n)

= f (p) + hz n � p, 5f (y n)i � hy n � p, � n(Tyn � Tw n)i

�hz n � y n , � n(Tyn � Tw n)i � f (z n). (5.17)

Again from the de�nition of Bregman distance, it follows that

D f (p, wn) � D f (zn , yn) � D f (yn , wn)

�h5f (w n), yn � pi � h5f (y n), zn � y n i � f (p) + f (z n) = 0.

Adding this term to the last equation of (5.17) and rearranging, we get

D f (p, zn) = D f (p, wn) � D f (zn , yn) � D f (yn , wn) � hz n � y n , � n(Tyn � Tw n)i

�hy n � p, � n(Tyn � Tw n) + 5f (w n) � 5f (y n)i. (5.18)

From the de�nition of y n and Lemma 1.7, we have

h5f (w n) � � nTwn � 5f (y n), yn � pi � 0. (5.19)

Moreover, since p 2 MV I(C, T ) and yn 2 C, we have

hTyn , yn � pi � 0. (5.20)

Thus, from (5.19) and (5.20), we obtain

h�n(Tyn � Tw n) + 5f (w n) � 5f (y n), yn � pi � 0. (5.21)

Now, using (5.21) in (5.18), we get

D f (p, zn) � D f (p, wn) � D f (zn , yn) � D f (yn , wn)

�hz n � y n , � n(Tyn � Tw n)i. (5.22)

Using Lemma 1.9, (5.5) and Schwartz inequality in (5.22), we have

D f (p, zn) � D f (p, wn) � D f (zn , yn) � D f (yn , wn) + hyn � z n , � n(Tyn � Tw n)i

� D f (p, wn) � D f (zn , yn) � D f (yn , wn) + � nkyn � z nkkTyn � Tw nk

� D f (p, wn) � D f (zn , yn) � D f (yn , wn) + 
ky n � z nkkyn � w nk
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� D f (p, wn) � D f (zn , yn) � D f (yn , wn) +


2

[kyn � z nk2+ky n � w nk2]

� D f (p, wn) � D f (zn , yn) � D f (yn , wn) +


� 1

[D f (zn , yn) + D f (yn , wn)]

= D f (p, wn) �
�

1 �


� 1

�

D f (zn , yn) �
�

1 �


� 1

�

D f (yn , wn). (5.23)

Similarly, we get

Dg(q, tn) � D g(q, vn) �
�

1 �
'
� 2

�

Dg(t n , sn) �
�

1 �
'
� 2

�

Dg(sn , vn). (5.24)

Since� = max
� 


� 1
,

'
� 2

�

, adding inequalities (5.23) and (5.24), we obtain

D f (p, zn) + D g(q, tn) � D f (p, wn) + D g(q, vn)

�(1 � �)(D f (zn , yn) + D g(t n , sn))

�(1 � �)(D f (yn , wn) + D g(sn , vn)). (5.25)

Also, from the de�nition of dn and Lemma 1.7, we have

D f (p, dn) = D f (p, P f
C 5 f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))))

� D f (p, 5f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))))

�D f (dn , 5f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n)))).

(5.26)

Now, since pn = 5f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))), we have

D f (p, pn) = D f (p, 5f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))))

= f (p) � hp � p n , 5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))i � f (p n)

= f (p) � hp � p n , 5f (w n)i + hp � p n , 
 nA � (5h(Aw n) � 5h(Bv n))i

�f (p n)

= f (p) � hp � w n , 5f (w n)i � f (w n) � f (p n) + hpn � w n , 5f (w n)i

+f (w n) + hp � p n , 
 nA � (5h(Aw n) � 5h(Bv n))i

= D f (p, wn) � D f (pn , wn)

+
 nhAp � Ap n , 5h(Aw n) � 5h(Bv n)i. (5.27)
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Combining (5.26) and (5.27), we get

D f (p, dn) = D f (p, wn) � D f (pn , wn) � D f (dn , pn)

+
 nhAp � Ap n , 5h(Aw n) � 5h(Bv n)i. (5.28)

Similarly, since qn = 5g � (5g(v n) + 
 nB � (5h(Aw n) � 5h(Bv n))), we obtain

Dg(q, en) = D g(q, vn) � D g(qn , vn) � D g(en , qn)

�
 nhBq � Bq n , 5h(Aw n) � 5h(Bv n))i. (5.29)

Adding (5.28) and (5.29), we have

D f (p, dn) + D g(q, en) = D f (p, wn) + D g(q, vn)

�D f (pn , wn) � D g(qn , vn) � D f (dn , pn) � D g(en , qn)

�
 nhApn � Ap + Bq � Bq n , 5h(Aw n) � 5h(Bv n))i

= D f (p, wn) + D g(q, vn) � D f (pn , wn)

�D g(qn , vn) � D f (dn , pn) � D g(en , qn)

�
 nhApn � Bq n , 5h(Aw n) � 5h(Bv n))i. (5.30)

But, using (1.8), we have

�hAp n � Bq n , 5h(Aw n) � 5h(Bv n)) = �hAw n � Bv n , 5h(Aw n) � 5h(Bv n))i

� hAp n � Aw n , 5h(Aw n) � 5h(Bv n))i

� hBv n � Bq n , 5h(Aw n) � 5h(Bv n))i

� �� 3kAwn � Bv nk2

+ kp n � w nkkA � (5h(Aw n) � 5h(Bv n))k

+ kqn � v nkkB � (5h(Aw n) � 5h(Bv n))k.

Again, using strong convexity of f , we have

� 1kpn � w nk2 � hp n � w n , �
 nA � (5h(Aw n) � 5h(Bv n))i

� 
 nkpn � w nkkA � (5h(Aw n) � 5h(Bv n)k.

Then, since � = minf� 1, � 2, � 3g, for pn 6= wn we have

kpn � w nk � � �1
1 
 nkA � (5h(Aw n) � 5h(Bv n))k
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� � �1 
 nkA � (5h(Aw n) � 5h(Bv n))k, (5.31)

which is also true for pn = w n . Similarly, one can obtain

kqn � v nk� � �1 
 nkB � (5h(Aw n) � 5h(Bv n))k. (5.32)

Now, using (5.31), (5.31),(5.32) and condition B, we get

�
 nhApn � Bq n , 5h(Aw n) � 5h(Bv n))i � �� 3
 nkAwn � Bv nk2

+� �1 
 2
n

�

kA � (5h(Aw n)

� 5 h(Bv n))k2

+kB � (5h(Aw n) � 5h(Bv n))k2
�

� ��
 nkAwn � Bv nk2

+� �1 
 2
n

�

kA � (5h(Aw n) � 5h(Bv n))k2

+kB � (5h(Aw n) � 5h(Bv n))k2
�

.(5.33)

For the case where Awn 6= Bvn , using (5.33) and condition (5.9), we have

�
 nhApn � Bq n , 5h(Aw n) � 5h(Bv n))i � ��
 nkAwn � Bv nk2+
�
2


 nkAwn � Bv nk2

= �
�
2


 nkAwn � Bv nk2. (5.34)

For the case when Awn = Bv n , inequality (5.34) holds trivially. Combining (5.30)

and (5.34), we get

D f (p, dn) + D g(q, en) � D f (p, wn) + D g(q, vn) � D f (pn , wn) � D g(qn , vn)

�D f (dn , pn) � D g(en , qn) �
�
2


 nkAwn � Bv nk2.(5.35)

Using the de�nition of hn , (1.15), (1.16), Lemma 1.5, Lemma 1.6, Lemma 1.7 and

Bregman relatively nonexpansive assumption on K, we have

D f (p, hn) = D f (p, 5f � (� n 5 f (d n) + (1 � � n) 5 f (Kd n)) )

= V f (p, � n 5 f (d n) + (1 � � n) 5 f (Kd n))

= f (p) � hp, � n 5 f (d n)

+(1 � � n) 5 f (Kd n)i + f � (� n 5 f (d n) + (1 � � n) 5 f (Kd n))
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= f (p) � � nhp, 5f (d n)i � (1 � � n)hp, 5f (Kd n)i + � n f � (5f (d n))

�� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k) + (1 � � n)f � (5f (Kd n))

= � nVf (p, 5f (d n)) + (1 � � n)Vf (p, 5f (Kd n))

�� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

= � nD f (p, dn) + (1 � � n)D f (p, Kdn)

�� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

� � nD f (p, dn) + (1 � � n)D f (p, dn)

�� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

= D f (p, dn) � � n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k). (5.36)

With similar steps, we get

Dg(q, rn) � D g(q, en) � ' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k). (5.37)

Combining (5.36) and (5.37), we obtain

D f (p, hn) + D g(q, rn) � D f (p, dn) + D g(q, en)

�� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

�' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k). (5.38)

Since, bn = 5f � [� n 5 f (w n) + � n 5 f (z n) + � n 5 f (h n)] and

cn = 5g � [� n 5 g(v n) + � n 5 g(t n) + � n 5 g(r n)], from Lemma 1.10, we have

D f (p, bn) + D g(q, cn) � � n(D f (p, wn) + D g(q, vn))

+� n(D f (p, zn) + D g(q, tn)) + � n(D f (p, hn) + D g(q, rn)).

Using this together with (5.25), (5.35) and (5.38), we have

D f (p, bn) + D g(q, cn) � � n [D f (p, wn) + D g(q, vn)] + � n [D f (p, wn) + D g(q, vn)

�(1 � �)(D f (zn , yn) + D g(t n , sn))

�(1 � �)(D f (yn , wn) + D g(sn , vn)) ]

+� n

�

D f (p, dn) + D g(q, en)

�� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

�' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k)

�
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� � n [D f (p, wn) + D g(q, vn)] + � n

�

D f (p, wn) + D g(q, vn)

�(1 � �)(D f (zn , yn) + D g(t n , sn))

�(1 � �)(D f (yn , wn) + D g(sn , vn))
�

+� n

h
D f (p, wn) + D g(q, vn) � D f (pn , wn)

�D g(qn , vn) � D f (dn , pn) � D g(en , qn)

�
�
2


 nkAwn � Bv nk2

�� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

�' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k)

i

� D f (p, wn) + D g(q, vn) � (1 � �)� n [D f (zn , yn)

+D g(t n , sn) + D f (yn , wn) + D g(sn , vn)]

�� n

h
D f (pn , wn) + D g(qn , vn) + D f (dn , pn) + D g(en , qn)

+
�
2


 nkAwn � Bv nk2+� n(1 � � n)� �
r (k5f (d n)

� 5 f (Kd n)k) + ' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k)

i
.

The proof is complete.

Lemma 5.4. Suppose that conditions A and B are satis�ed. Then the sequences

fx ng and fung generated by Algorithm 5.1 are bounded.

Proof. Let (p, q) 2 �. Then from (5.17), we obtain

D f (p, bn) + D g(q, cn) � D f (p, wn) + D g(q, vn). (5.39)

Moreover, from the de�nitions of wn , vn and Lemma 1.10, we have,

D f (p, wn) + D g(q, vn) � (1 � � n)(D f (p, xn) + D g(q, un))

+� n(D f (p, xn�1 ) + D g(q, un�1 )). (5.40)

Again using Lemma 1.10, (5.10), (5.39) and (5.40), we have

D f (p, xn+1 ) + D g(q, un+1 ) = D f (p, 5f � (� n 5 f (x̂) + (1 � � n) 5 f (b n)))

+D g(q, 5g � (� n 5 g(û) + (1 � � n) 5 g(c n)))

� � n(D f (p, x̂) + D g(q, û))

+(1 � � n)(D f (p, bn) + D g(q, cn))
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� � n(D f (p, x̂) + D g(q, û))

+(1 � � n)(D f (p, wn) + D g(q, vn))

� � n(D f (p, x̂) + D g(q, û))

+(1 � � n)[(1 � � n)(D f (p, xn)

+D g(q, un)) + � n(D f (p, xn�1 ) + D g(q, un�1 ))]

� maxfD f (p, x̂) + D g(q, û), D f (p, xn)

+D g(q, un), D f (p, xn�1 ) + D g(q, un�1 )g.

Similarly, we have

D f (p, xn) + D g(q, un) � maxfD f (p, x̂) + D g(q, û), D f (p, xn�1 )

+D g(q, un�1 ), D f (p, xn�2 ) + D g(q, un�2 )g.

Substituting this into the preceding inequality and simplifying, we obtain

D f (p, xn+1 ) + D g(q, un+1 ) � maxfD f (p, x̂) + D g(q, û),

D f (p, xn�1 ) + D g(q, un�1 ), D f (p, xn�2 ) + D g(q, un�2 )g.

Repeating this process n-times yields

D f (p, xn+1 ) + D g(q, un+1 ) � maxfD f (p, x̂) + D g(q, û), D f (p, x1)

+D g(q, u1), D f (p, x0) + D g(q, u0)g.

This shows that the sequence fDf (p, xn+1 ) + D g(q, un+1 )g is bounded and hence

fkp � x n+1 kg and fkq � u n+1 kg are also bounded. This implies fxng and fung and

hence fwng, fv ng, fy ng and fsng are bounded.

Lemma 5.5. Let the conditions A and B hold. Let f(w n , vn)g and f(y n , sn)g
be sequences generated by Algorithm 5.1. Assume that there exist subsequences

f(w nk , vnk )g and f(y nk , snk )g of f(w n , vn)g and f(y n , sn)g, respectively, such that

(wnk , vnk ) * (p, q), kw nk � y nk k! 0 and kv nk � s nk k! 0. Assume that (Ty, Sz) 6=

(0, 0), 8(y, z) 2 C � D. Then (p, q) 2 MV I(C, T ) � MV I(D, S).

Proof. Since ynk = P f
C 5 f � (5f (w nk ) � � nk Twnk ), it follows from Lemma 1.7 that

h5f (w nk ) � � nk Twnk � 5f (y nk ), x � y nk i � 0, 8x 2 C.
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Hence,

1
� nk

h5f (w nk ) � 5f (y nk ), x � y nk i � hTw nk , x � y nk i, 8x 2 C. (5.41)

Adding hTwnk , ynk � w nk i on both sides of (5.41), we have

1
� nk

h5f (w nk ) � 5f (y nk ), x � y nk i + hTw nk , ynk � w nk i

� hTw nk , x � w nk i, 8x 2 C. (5.42)

Next, we show that lim inf
n!1

hTwnk , x � w nk i � 0. To this end, we consider two possible

cases.

Case 1: Assume that lim inf
k!1

� nk > 0.

Since kwnk � y nk k! 0, by the Lipschitz continuity of 5f , we have

k5f (w nk ) � 5f (y nk )k! 0 as k ! 1. (5.43)

Moreover, the fact that fwnk g is bounded and T is uniformly continuous imply that

fTw nk g is bounded. Therefore, taking liminf on both sides of (5.42) as k ! 1 and

using (5.43), we get

lim inf
k!1

hTwnk , x � w nk i � 0. (5.44)

Case 2: Assume that lim inf
k!1

� nk = 0. Let qk = P f
C 5 f � (5f (w nk ) � � nk � �1 Twnk ).

Since �nk � �1 > � nk , by Lemma 1.8, we have

kwnk � q kk� � �1 kwnk � y nk k! 0 as k ! 1. (5.45)

Since T is uniformly continuous, we get from (5.45) that

lim
k!1

kTwnk � Tq kk= 0. (5.46)

Again from (5.5), we have �nk � �1 kTwnk � Tq kk> 
kw nk � q kk or equivalently,

1



kTwnk � Tq kk>
1

� nk � �1 kwnk � q kk. (5.47)
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Combining (5.46) and (5.47), we get

lim
k!1

1
� nk � �1 kwnk � q kk= 0. (5.48)

By the de�nition of q k , we have

h5f (w nk ) � � nk � �1 Twnk � 5f (q k), x � q k i � 0, 8x 2 C

or equivalently,

h5f (w nk ) � 5f (q k), x � q k i � � nk � �1 hTwnk , x � q k i, 8x 2 C.

This implies that

1
� nk � �1 h5f (w nk ) � 5f (q k ), x � q k i + hTw nk , qk � w nk i � hTw nk , x � w nk i, 8 x 2 C. (5.49)

Since kqk � w nk k! 0, from (5.45) and boundedness of fwnk g, we have qnk * p as

k ! 1 so that fq kg is also bounded. Hence, fTwnk g and fTqkg are also bounded.

Taking the liminf on both sides of (5.49) as k ! 1, we get

0 � lim inf
k!1

hTwnk , x � w nk i, 8x 2 C.

Thus, in both cases, we have

lim inf
k!1

hTwnk , x � w nk i � 0, 8x 2 C. (5.50)

Taking liminf as k ! 1 on both sides of

hTynk , x � y nk i = hTynk � Tw nk , x � y nk i + hTw nk , x � w nk ii + hTw nk , wnk � y nk i

and using (5.50), we get

lim inf
k!1

hTynk , x � y nk i � 0, 8x 2 C. (5.51)

Now, if lim sup
k!1

hTynk , x � y nk i > 0, 8x 2 C, then there exists a subsequence fynkj
g of

fy nk g such that

lim inf
k!1

hTynkj
, x � y nkj

i > 0, 8x 2 C. (5.52)

That is hTynkj
, x � y nkj

i > 0, 8j > N 0, for some N0 > 0. Since T is quasi-monotone,
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it follows that,

hTx, x � y nkj
i � 0, 8j > N 0. (5.53)

Consequently, by letting j ! 1, we obtain hTx, x � pi � 0, 8x 2 C. Thus p 2

MV I(C, T ). If lim sup
k!1

hTynk , x � y nk i = 0, 8x 2 C, then using (5.51), we get

lim
k!1

hTynk , x � y nk i = 0, 8x 2 C.

Hence, we can consider a decreasing sequence f�kg � (0, 1) such that lim
k!1

� k = 0

and there is a smallest positive integer Nk such that

hTynk , x � y nk i + � k > 0, 8k � N k . (5.54)

If lim sup
k!1

kTynk k= 0, then lim
k!1

kTynk k= 0. By condition (C3-2),

0 � kTpk� lim inf
k!1

kTynk k= 0, which implies that Tp = 0. This contradicts the

assumption that Ty 6= 0, 8y 2 C. Hence, lim sup
k!1

kTynk k> 0. Then we can �nd a

subsequence of fTynk g, which can still be denoted by fTynk g such that

lim
k!1

kTynk k> 0.

Thus, there is some positive integer N0 such that kTynk k> 0 for all k > N 0. Now, let

N = maxfN k , N 0g and set !k =
Tynk

kTynk k2 . Then hTynk , ! k i = 1, 8k � N. Then, it

follows from (5.54) that

hTynk , x + � k ! k � y nk i > 0, 8k � N. (5.55)

By quasi-monotonicity of T and (5.55), we obtain hT (x + �k ! k), x + � k ! k � y nk i �

0, 8k � N, which implies that

hTx, x � y nk i � hTx � T (x + � nk ! k), x + � k ! k � y nk i � � khTx, ! k i, 8k > N. (5.56)

Now, since Tp 6= 0, it follows from condition (C3-2) that 0 < kTpk� lim inf
k!1

kTynk k.

Hence, we have

0 � lim sup
k!1

k� k ! kk= lim sup
k!1

� k

kTynk k
�

lim sup
k!1

� k

lim inf
k!1

kTynk k
�

0
kTpk

= 0.

This implies that lim
k!1

� k ! k = 0. Using this in (5.56), we obtain hTx, x � pi � 0
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which implies that p 2 MV I(C, T ). Similarly, one can show that q 2 MV I(D, S).
This completes the proof.

Theorem 5.1. Suppose that conditions A and B are satis�ed. Let (Ty, Sz) 6= (0, 0),
8(y, z) 2 C � D. Then the sequence f(x n , un)g generated by Algorithm 5.1 converges

strongly to a point (x, u) 2 �, where (x, u) = P `
� (x̂, û) with ` : E 1 � E 2 ! (�1, 1]

de�ned by `(y, z) = f (y) + g(z).

Proof. Let ` : E 1 � E 2 ! (�1, 1] be de�ned by `(y, z) = f (y) + g(z). Let (x, u) 2

� be such that (x, u) = P `
� (x̂, û). Let Gn(x, u) = D f (x, x n) + D g(u, un). Then using

(1.16), (1.17), Lemma 1.10 and the de�nition of xn+1 , we have

D f (x, x n+1 ) = D f (x, 5f � (� n 5 f (x̂) + (1 � � n) 5 f (b n)))

= V f (x, � n 5 f (x̂) + (1 � � n) 5 f (b n))

� V f (x, � n 5 f (x̂) + (1 � � n) 5 f (b n) � � n(5f (x̂) � 5f (x)))

+� nh5f (x̂) � 5f (x), x n+1 � xi

= V f (x, � n 5 f (x) + (1 � � n) 5 f (b n))

+� nh5f (x̂) � 5f (x), x n+1 � xi

� � nD f (x, x) + (1 � � n)D f (x, bn)

+� nh5f (x̂) � 5f (x), x n+1 � xi)

= (1 � � n)D f (x, bn) + � nh5f (x̂) � 5f (x), x n+1 � xi). (5.57)

Similarly, we have

Dg(u, un+1 ) � (1 � � n)D g(u, cn) + � nh5g(û) � 5g(u), u n+1 � ui. (5.58)

Hence, from (5.57) and (5.58), we get

Gn+1 (x, u) � (1 � � n)(D f (x, bn) + D g(u, cn))

+� nh(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n+1 , un+1 ) � (x, u)i.

Using this, (5.17) and (5.40), we have

Gn+1 (x, u) � (1 � � n)(D f (x, wn) + D g(u, vn))

+� nh(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n+1 , un+1 ) � (x, u)i

� (1 � � n)[(1 � � n)(D f (x, x n) + D g(u, un))

+� n(D f (x, x n�1 ) + D g(u, un�1 )) ]
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+� nh(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n+1 , un+1 ) � (x, u)i

= (1 � � n � (1 � � n)� n)Gn(x, u) + (1 � � n)� nGn�1 (x, u)

+� nh(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n+1 , un+1 ) � (x, u)i.

Therefore,

Gn+1 (x, u) � (1 � � n � $ n)Gn(x, u) + $ nGn�1 (x, u) + � n � n , (5.59)

where �n = h(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n+1 , un+1 ) � (x, u)i and

$ n = � n(1 � � n).
On the other hand, Lemma 1.10 implies that,

Gn+1 (x, u) � � n(D f (x, x̂) + D g(u, û)) + (1 � � n)(D f (x, bn) + D g(u, cn)).

This together with (5.17) and Lemma 1.10 imply that

Gn+1 (x, u) � � n(D f (x, x̂) + D g(u, û))

+(1 � � n)
h
D f (x, wn) + D g(u, vn)

�(1 � �)� n [D f (zn , yn) + D g(t n , sn) + D f (yn , wn) + D g(sn , vn)]

�� n [D f (5f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))), w n)

+D g(5g � (5g(v n) + 
 nB � (5h(Aw n) � 5h(Bv n))), v n)

+D f (dn , 5f � (5f (w n) � 
 nA � (5h(Aw n) � 5h(Bv n))))

+D g(en , 5g � (5g(v n) + 
 nB � (5h(Aw n) � 5h(Bv n))))

+
�
2


 nkAwn � Bv nk2+� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

+' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k)]

i

� � n(D f (x, x̂) + D g(u, û)) + (1 � � n)
h
(1 � � n)(D f (x, x n)

+D g(u, un)) + � n(D f (x, x n�1 ) + D g(u, un�1 ))

�(1 � �)� n [D f (zn , yn) + D g(t n , sn) + D f (yn , wn) + D g(sn , vn)]

�� n

h
D f (pn , wn) + D g(qn , vn) + D f (dn , pn)

+D g(en , qn) +
�
2


 nkAwn � Bv nk2

+� n(1 � � n)� �
r (k5f (d n) � 5f (Kd n)k)

+' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k)

ii
. (5.60)
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Rearranging (5.60), we get

(1 � �)� n(D f (zn , yn) + D g(t n , sn) + D f (yn , wn) + D g(sn , vn))

+� n(D f (pn , wn) + D g(qn , vn)) +
�
2


 n � nkAwn � Bv nk2+� nD f (dn , pn)

+� nDg(en , qn) + � n � n(1 � � n)� �
r (k5f (d n)

� 5 f (Kd n)k) + � n ' n(1 � ' n)� �
t (k5g(e n) � 5g(Ge n)k)

� G n(x, u) � G n+1 (x, u) + (1 � � n)� n(Gn�1 (x, u) � G n(x, u))

+� n(D f (x, x̂) + D g(u, û) � G n(x, u)). (5.61)

The rest of the proof is carried out in two cases.

Case 1: Assume that fGn(x, u)g is decreasing. Since it is also bounded, fGn(x, u)g
is convergent. Using the assumption that lim

n!1
� n = 0, the right hand side of (5.61)

converges to zero. Therefore, from the assumptions on�, �, 
 n , � n , � n , � n , � n

and ' n , each term in the left hand side converges to zero as n ! 1. That is

D f (zn , yn) ! 0 and D g(t n , sn) ! 0 as n ! 1, which imply that

kzn � y nk! 0 and kt n � s nk! 0. (5.62)

Also, Df (yn , wn) ! 0 and D g(sn , vn) ! 0 as n ! 1, which imply that

kyn � w nk! 0 and ks n � v nk! 0. (5.63)

From (5.2), we have

� nk5f (x n) � 5f (x n�1 )k� � n ! 0 and

k5f (w n) � 5f (x n)k= � nk5f (x n) � 5f (x n�1 )k! 0 as n ! 1.

By norm-to-norm continuity of 5f � , we have

kwn � x nk! 0. (5.64)

In the same way, we obtain

kvn � u nk! 0. (5.65)
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Now, since fxng and fung are bounded, there exist subsequences fxnk g of fx ng and

fu nk g of fu ng such that (xnk , unk ) * (x � , u� ) and

lim sup
n!1

h5`(x̂, û) � 5`(x, u), (x n , un) � (x, u)i

= lim
k!1

h5`(x̂, û) � 5`(x, u), (x nk , unk ) � (x, u)i. (5.66)

As a consequence of (5.64) and (5.65), we have jjwnk � x nk jj! 0 and

jjvnk � u nk jj! 0 as k ! 1 so that (w nk , vnk ) * (x � , u� ). This together with kyn �

wnk! 0, ks n � v nk! 0 as n ! 1 and Lemma 5.5 yield (x � , u� ) 2 MV I(C, T ) �

MV I(D, S). Again, from (5.61), we have

� �
r (k5f (d n) � 5f (Kd n)k) ! 0 and � �

t (k5g(e n) � 5g(Ge n)k) ! 0. (5.67)

Using this and the properties of ��r and � �
t in (5.67), we have

k5f (d n) � 5f (Kd n)k! 0 and k5g(e n) � 5g(Ge n)k! 0, (5.68)

which imply by norm-to-norm continuity of 5f � and 5g � that

kdn � Kd nk! 0 and ke n � Ge nk! 0. (5.69)

In addition, we have Df (pn , wn) ! 0 and D f (dn , pn) ! 0, which imply that

kpn � w nk! 0 and kd n � p nk! 0. (5.70)

Hence, from (5.70), we get

kdn � w nk � kd n � p nk+kp n � w nk! 0. (5.71)

Moreover, using (5.64) and (5.71), we have

kdn � x nk� kd n � w nk+kw n � x nk! 0. (5.72)

Similarly, one can obtain

ken � u nk! 0. (5.73)

From (5.72) and (5.73) and the assumption that (xnk , unk ) * (x � , u� ), we get
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(dnk , enk ) * (x � , u� ). Thus, the demiclosedness assumptions on I � K and I � G

at zero together with (5.69) imply that (x� , u� ) 2 F ix(K) � F ix(G). Therefore,

(x � , u� ) 2 MV I(C, T ) \ F ix(K) � MV I(D, S) \ F ix(G).
In addition, using strong convexity of h, we get

kAx � � Bu � k2 � � �1
3 [hAx� � Bu � , 5h(Ax � ) � 5h(Bu � )i

= � �1
3 [hAx� � Ax nk + Bu nk � Bu � , 5h(Ax � ) � 5h(Bu � )i

+hAx nk � Bu nk , 5h(Ax � ) � 5h(Bu � )i ]. (5.74)

Since A and B are bounded linear operators and (xnk , unk ) * (x � , u� ) as k ! 1,

we have (Axnk , Bunk ) * (Ax � , Bu � ) as k ! 1. In addition, from (5.61), it follows

that kAx nk � Bw nk k! 0 as k ! 1. Thus, taking the limit on both sides of (5.74)

as k ! 1, we obtain Ax � = Bu � . Consequently, (x� , u� ) 2 �.

From (5.66), we have

lim sup
n!1

h(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n , un) � (x, u)i

= lim sup
n!1

h5`(x̂, û) � 5`(x, u), (x n , un) � (x, u)i

= h5`(x̂, û) � 5`(x, u), (x � , u� ) � (x, u)i. (5.75)

Since (x, u) = P `
� (x̂, û), from Lemma 1.7, we get h5`(x̂, û) � 5`(x, u), (x � , u� ) �

(x, u)i � 0, which implies together with (5.75) that

lim sup
n!1

h(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n , un) � (x, u)i � 0. (5.76)

From (5.62), (5.63) and (5.64), we get

kzn � x nk! 0. (5.77)

Similarly, we obtain

ktn � u nk! 0. (5.78)

In addition, from (5.69) and (5.72), we have

kxn � Kd nk� kx n � d nk+kd n � Kd nk! 0 (5.79)
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D f (xn , xn+1 ) � � nD f (xn , x̂) + (1 � � n)[� nD f (xn , wn)

+� nD f (xn , zn) + � nD f (xn , hn)]

� � nD f (xn , x̂) + (1 � � n)[� nD f (xn , wn) + � nD f (xn , zn)

+� n [� nD f (xn , dn) + (1 � � n)D f (dn , Kdn)]]. (5.80)

Assumptions on �n and Lemma 1.12 together with (5.64), (5.72), (5.77) and (5.79)

in (5.80) we obtain

D f (xn , xn+1 ) ! 0,

which implies using Lemma 1.12 that

kxn+1 � x nk! 0. (5.81)

Similarly, we have

kun+1 � u nk! 0. (5.82)

Thus, using (5.76), (5.81) and (5.82), we have

lim sup
n!1

� n = lim sup
n!1

h(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n+1 , un+1 ) � (x, u)i

= lim sup
n!1

[h(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n+1 � x n , un+1 � u n)i

+h(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n , un) � (x, u)i]

� lim sup
n!1

h(5f (x̂), 5g(û)) � (5f (x), 5g(u)), (x n , un) � (x, u)i

� 0 (5.83)

and since � 2 (0, 1/2], we have

$ n = � n(1 � � n) 2 (0, 1/2]. (5.84)

Therefore, using (5.59), (5.83) and (5.84) in Lemma 5.1, we obtain Gn(x, u) ! 0 as

n ! 1, which implies that (x n , un) ! (x, u) as n ! 1.

Case 2: Suppose there is a subsequence fGn j (x, u)g of fGn(x, u)g such that

Gn j (x, u) < G n j +1 (x, u), 8j 2 N. In this case, it follows from Lemma 3.3 that there

exists a nondecreasing sequence flkg of N such that lim
k!1

lk = 1 and the following

135



inequality holds for k 2 N:

maxfGlk (x, u), Gk(x, u)g � G lk +1 (x, u). (5.85)

Applying (5.85) in (5.59), we have

Glk +1 (x, u) � (1 � � lk � $ lk )Glk (x, u) + $ lk Glk �1 (x, u) + � lk � lk

� (1 � � lk � $ lk )Glk (x, u) + $ lk Glk (x, u) + � lk � lk

= (1 � � lk )Glk (x, u) + � lk � lk

� (1 � � lk )Glk +1 (x, u) + � lk � lk ,

which implies that

Glk +1 (x, u) � � lk . (5.86)

Again, using (5.85) in (5.86), we obtain Gk(x, u) � � lk and hence we have

lim sup
k!1

Gk(x, u) � lim sup
k!1

� lk .

Using similar arguments as in Case 1, we get that lim sup
k!1

� lk � 0 which implies that

lim
k!1

Gk(x, u) = 0, that is, lim
k!1

(x k , uk) = (x, u). This completes the proof.

We can get a number of special cases of the split equality common Minty variational

inequality and �xed point problem by changing the types or classes of associated op-

erators or the underlying spaces. One of such special cases is the split equality Minty

variational inequality problem (SEMVIP), which is obtained by replacing the oper-

ators K and G by their respective identity operators and an extension of Algorithm

2.1 (Alg. 1).

Corollary 5.2. Let Conditions (C3-1)-(C3-4), (C3-6) and B be satis�ed. Let K and

G be the identity operators. Let Tx 6= 0, 8x 2 C and Sy 6= 0, 8y 2 D. Assume that

� 0 = f(p, q) 2 MV I(C, T ) � MV I(D, S) : Ap = Bqg 6= ;. Then the sequence

f(x n , un)g generated by Algorithm 5.1 converges strongly to a solution

(p� , q� ) = P � 0(x, u) of the SEMVIP.

Proof. Taking K = I and G = I, the conclusion follows from Theorems 5.1.

If E 3 = E 2 and B = I, an identity operator on E 2, then the SEMVFPP (5.1) reduces

to the split feasibility Minty VIP (SFMVIP) which is a problem of �nding x � 2 C
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such that

x � 2 MV I(C, T ) and Ax � 2 MV I(D, S). (5.87)

Corollary 5.3. In corollary 5.2 above, if E 2 = E 3 and B = I, then the sequence

generated by Algorithm 5.1, converges to a solution of SFMVIP (5.87)

If in Theorem 5.1, we assume that the cost operators T and S are pseudomonotone

operators on E1 and E2, respectively, and uniformly continuous on bounded subsets

of E1 and E2, respectively, then we get MV I(C, T ) = V I(C, T ) and

MV I(D, S) = V I(D, S). Moreover, the condition T and S are nonzero on C and

D, respectively is not required. In this case, our problem reduces to a split equality

variational inequality and �xed point problem. We have the following corollary for

approximating the solution of this problem.

Corollary 5.4. Suppose conditions (C3-1)-(C3-4), (C3-6) and B hold. Let S and T

be pseudomonotone operators and the set

� =
n
(p, q) 2

�
V I(C, T ) \ F ix(K)

�
�

�
V I(D, S) \ F ix(G)

�
: Ap = Bq

o
6= ;.

Then the sequence f(xn , un)g generated by Algorithm 5.1 converges strongly to a

solution (p� , q� ) = P � (x, u) of the split equality variational inequality and �xed

point problem.

5.4 Numerical Examples

In both of the following examples, we may take the functions f , g and h in

Condition B given by x 7!
1
2

kxk2.

Example 5.1. Let E 1 = E 2 = E 3 = R 2, with the usual Euclidean norm. Let

C = [1, 2] � [�1, 1] and D = fx = (x 1, x2) 2 R 2 : kx � (0.45, 0)k� 0.25g. Let

T : R2 ! R 2 be de�ned by Tx = (0,
x2

1

x2
1 + x 2

2 + 1
). Then T is quai-monotone, but

not pseudomonotone mapping. Indeed, if x, y 2 R2 such that hTy, x � yi > 0, then

x2 � y 2 > 0 which implies that hTx, x � yi =
x2

1

x2
1 + x 2

2 + 1
(x2 � y 2) � 0. However, if

we take x = (1, 2) and y = (0, 3), then hTy, x � yi = 0, but hTy, x � yi = �
1
6

< 0.

Hence T is not pseudomonotone mapping. It can also be shown that T is uniformly

continuous.
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Now, let S : R2 ! R 2 be de�ned by Sx = (�x 1ex2 , x2). Then S is both quasi-

monotone and uniformly continuous mapping (see, [105]). Also let K and G be

operators on R2 such that K(x) = 2x � (0, 1) and G(x) = (x 1, 2x2). In addition,

let A and B be bounded linear operators de�ned on R2 by Ax = (�2x 2, 0) and

Bx = �10x. Choose the parameters, � = 0.001, � = 0.6, � = 0.4, 
 = 0.1, ' = 0.4,

� = 0.1, ` = 0.2, % = 0.3, � n = 1/n, � n = (n + 1)/8n, � n = (n + 3)/8n, � n =

(3n � 2)




















































