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Abstract

This dissertation presents a theoretical investigation of magnetohydrodynamic (MHD)
flow of non-Newtonian nanofluids over stretching surfaces, with particular focus on the
combined effects of Hall currents and ion slip under strong magnetic fields. The study
employs the Buongiorno nanofluid model to analyze four distinct non-Newtonian fluid
types—Williamson, Casson, tangent hyperbolic, and Jeffrey fluids—incorporating key
physical phenomena such as nonlinear thermal radiation, viscous dissipation, Joule
heating, chemical reaction, and heat generation/absorption subject to porous medium.
Using appropriate similarity transformations, the governing partial differential
equations are converted into a system of nonlinear ordinary differential equations.
These equations are solved numerically using a fifth-order and sixth-order
Runge—Kutta method combined with the shooting technique, implemented in the
Python programming language. To ensure the reliability of numerical solutions, the
results are validated by comparing them with standard previously published studies
under specific limiting conditions. The excellent agreement confirms the accuracy and
robustness of the computational methods employed. The results are presented through
detailed graphs and tables that illustrate the influence of various physical parameters
on the velocity, temperature, and concentration profiles. In addition, important
engineering quantities such as the skin friction coefficient, the Nusselt number, and the
Sherwood number are evaluated and interpreted. The impact of each parameter is
analyzed to provide a clear physical insight into how it affects the behavior of the fluid
within the boundary layer. Among the various outcomes, the findings reveal that for all
the considered fluid models, the Hall and ion slip parameters consistently enhance the
principal (streamwise) velocity profiles within the boundary layer, indicating a
reduction in the Lorentz-force resistance due to the modified current density. In
contrast, these parameters exert a suppressive effect on both the temperature and the
nanoparticle concentration distributions, leading to thinner thermal and concentration
boundary layers. Furthermore, the nonlinear thermal radiation parameter demonstrates
a positive influence by significantly increasing the fluid temperature and nanoparticle
concentration, thereby intensifying the thermal transport and diffusion processes.
Overall, the dissertation provides valuable contributions to the theoretical
understanding of MHD non-Newtonian nanofluid flows and provides practical insight
for engineering applications.

Keywords: Hall current; ion slip; porous medium; Runge-Kutta method; shooting technique;
viscous dissipation; Joule heating; nonlinear thermal radiation.
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Chapter 1

Introduction

1.1 Background

Fluids, which are substances that continuously change shape when subjected to shear
stress, are fundamental to both natural processes and technological applications. They
encompass liquids, gasses, and even plasmas and are ubiquitous in our everyday life.
Common examples include water flowing from a faucet (valve), air circulating in a
room, blood circulating in the human body, fuel injected into engines, or the transfer
of coolants in industrial heat exchangers. The behavior of fluids governs a wide range
of practical systems, such as weather patterns, aircraft aerodynamics, chemical mixing
processes, and biomedical transport phenomena. These real-world applications
highlight the importance of understanding the mechanics of fluids in diverse settings.
Despite their widespread presence, the complex nature of fluid interactions, especially
under the influence of various physical forces and boundary conditions, still poses
significant challenges. Traditional experimental techniques, while insightful, are often
limited by high costs and practical constraints and fail to capture intricate behaviors
under extreme or coupled physical effects, which necessitates the application of
mathematical modeling and computational simulations for a deeper analysis.

The need for robust and realistic modeling becomes even more pronounced when
dealing with complex fluids exhibiting non-Newtonian behavior, nanofluid
characteristics, or interactions with electromagnetic fields. Non-Newtonian fluids,
such as polymer solutions, blood, paints and slurries, deviate from Newton’s law of
viscosity and require more advanced constitutive models to describe their flow

behavior.  Nanofluids, engineered by dispersing nanoparticles in base fluids,
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demonstrate enhanced thermal conductivity and are widely investigated in fields such
as microfluidics, energy systems, and medical diagnostics. When such fluids interact
with magnetic fields, their flow becomes governed by additional electromagnetic
forces. This is especially relevant in systems such as magnetic drug targeting, nuclear
cooling processes, and electromechanical devices. Moreover, the study of fluid flow
over stretching sheets arises in the extrusion, metal spinning, and polymer processing
industries, where the control of surface stretching affects product quality. The
complexities increase further when considering porous media, which model real-world
environments like biological tissues or filtration systems. Phenomena such as Joule
heating, nonlinear thermal radiation, Hall effects, and ion slip introduce new layers of
coupled behavior between thermal, chemical, and electromagnetic variables. Each of
these aspects reveals a research gap capturing non-linear thermal transport, or
quantifying surface forces, which current literature often treats in isolation or under
simplifying assumptions.

Given these challenges and research opportunities, the present study focuses on a
comprehensive mathematical and numerical analysis of MHD non-Newtonian
nanofluid flows over stretching surfaces, with special emphasis on the Hall and ion slip
effects. This work addresses several coupled physical mechanisms by incorporating
realistic thermophysical models and exploring the non-linear interactions among fluid
velocity, temperature, and nanoparticle concentration in porous media. Particular
attention is paid to the influence of nonlinear thermal radiation, heat generation or
absorption, chemical reactions, and viscous dissipation on flow characteristics. By
employing appropriate similarity transformations and advanced numerical methods
(notably higher-order Runge—Kutta methods with shooting techniques), the
dissertation offers insight into how these parameters affect skin friction, Nusselt
number, and Sherwood number. Through the detailed examination of four distinct
non-Newtonian models of Williamson, Casson, tangent hyperbolic, and Jeffrey fluids,
this study provides a broad yet deep understanding of the fluid behavior under diverse
and realistic engineering conditions, ultimately contributing to both theoretical

advancements and applied engineering practices.

1.2 Basic Concepts

1.2.1 The Idea of Continuum Hypothesis

The continuum hypothesis is a foundational concept in fluid mechanics that enables

the mathematical treatment of fluids as continuous media, rather than discrete
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collections of molecules. This assumption posits that properties such as density,
velocity, pressure, and temperature are continuous smooth functions of space and time,
allowing the application of differential calculus to derive governing equations, such as
the Navier—Stokes equations, to describe fluid motion [8,9].

The validity of the continuum hypothesis is governed by the Knudsen number
(Kn), defined as the ratio of the molecular mean free path to a characteristic physical
length scale of the flow [10]. The hypothesis is generally considered applicable for
Kn < 0.01, a condition satisfied in most engineering applications where the flow scale
(e.g., a boundary layer) is vastly larger than the molecular scale [11, 12]. Despite its
widespread use, the continuum hypothesis has limitations. For example, in micro- and
nanoscale flows, such as gas flows in microchannels, the molecular effects become
significant, and continuum models break down [13]. Similarly, in cases where the
Knudsen number approaches unity or greater (Kn > 1), such as in rarefied gas flows,
the continuum hypothesis breaks down. Under such circumstances, molecular
dynamics or kinetic theory approaches, including the Boltzmann equation, become
necessary [14]. However, for most engineering and physical applications involving
liquids and dense gases, the continuum hypothesis remains robust and forms the
backbone of fluid mechanics. For non-Newtonian nanofluid flows considered in this
dissertation, the continuum hypothesis remains applicable because the working scale
is sufficiently larger than the molecular scale, despite the addition of nanoparticles. All
analyses presented in this dissertation are based on the continuum hypothesis. The
governing equations, which are systems of non-linear partial differential equations, are
formulated under this assumption, enabling the study of field variables such as

velocity, temperature, and concentration distributions across the boundary layer.

1.2.2 Incompressible and Compressible Fluid Flow

Fluids are often classified as incompressible or compressible depending on whether
changes in density are considered significant in the analysis. An incompressible fluid
is one in which the density is assumed constant, regardless of changes in pressure or
temperature. This assumption is appropriate for most liquids, as their densities vary
negligibly with pressure and temperature under ordinary conditions [15].

Mathematically, for an incompressible flow, the substantial derivative of the density is

Dp _
Dt

famous continuity equation for incompressible flow [16]. In contrast, a compressible

0. This simplifies to the divergence-free velocity field V - V' = 0, which is the

fluid experiences significant density changes as a result of variations in pressure [17].
The compressibility is quantified by the Mach number (M), the ratio of the flow speed
to the speed of sound in that fluid. @ When the Mach number exceeds 0.3,
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compressibility effects cannot be ignored. In such cases, the governing equations must
account for variations in density, and phenomena such as shock waves, expansion fans,
and acoustic waves are prevalent [18]. The incompressibility assumption greatly
simplifies the governing equations, making the analysis feasible for a wide range of
engineering applications. For example, most water flow problems in hydraulics and
civil engineering are modeled as incompressible flows.

In particular, the incompressible—compressible classification is not strictly related
to the physical nature of the fluid, but rather to the assumptions made in modeling. For
example, air is inherently compressible, but at low velocities (M < 0.3), it can be
treated as incompressible without significant loss of accuracy. Thus, the choice
between incompressible and compressible models depends on the flow regime and the
requirements of the problem [19].

This study mainly considers incompressible fluids, as density variations are
assumed to be negligible for the flow problems investigated. Both the base fluid and
the nanofluid are treated as incompressible within the boundary layer approximations.
This assumption simplifies the governing equations and aligns with the fact that most
liquid-based nanofluids (e.g., water and ethylene glycol) exhibit minimal density

variations under moderate pressure and temperature changes.

1.2.3 Viscous and Inviscid Fluid Flow

Viscosity is the property of a fluid that resists deformation due to shear stress, and it
plays a fundamental role in distinguishing between viscous and inviscid flows. Viscous
flows account for internal frictional forces caused by molecular interactions and are
mathematically governed by the Navier—Stokes equations, which include viscous stress
terms [20]. Such effects become particularly important in regions near solid boundaries,
where velocity gradients are steep and shear stresses are significant. In contrast, inviscid
flow assumes negligible viscosity, leading to a simplification of the governing equations
into the Euler equations [12].

The Reynolds number, defined as the ratio of inertial to viscous forces, provides a
fundamental criterion to distinguish between viscous and inviscid dominated regimes.
Low Reynolds number flows are strongly influenced by viscous effects, while high
Reynolds number flows can often be approximated as inviscid, except near solid
boundaries, where shear stresses remain significant [21].

For non-Newtonian and nanofluid systems, the viscosity exhibits complex,
non-linear behavior that cannot be ignored. Rheological models such as the
Williamson, Casson, tangent hyperbolic, and Jeffrey fluid models are commonly

employed to capture these variations. In such cases, the governing equations explicitly
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retain viscous terms along with additional resistive forces, including those arising
from MHD effects. In this dissertation, viscous fluid flow is considered, rather than
inviscid flow, because the influence of viscosity is central to the formulation of
boundary layer equations. The viscous shear stresses play a significant role in the
velocity profiles near the stretching sheet. Ignoring viscosity would eliminate the

concept boundary layer itself, which is the basis of this study.

1.2.4 Laminar and Turbulent Flow

Laminar and turbulent flows represent two distinct regimes of fluid motion. Laminar
flow is characterized by a smooth, ordered, and layered motion of fluid particles, with
minimal mixing between adjacent layers. It occurs when viscous forces dominate over
inertial forces, typically at low Reynolds numbers. In laminar flow, the velocity,
temperature, and concentration profiles remain well-structured and predictable.
Examples include blood flow in capillaries and oil flow in narrow pipes. Turbulent
flow, on the contrary, exhibits chaotic and irregular motion, characterized by eddies,
vortices, and intense mixing. It occurs at high Reynolds numbers, where inertial forces
overwhelm the viscous damping [21].

The transition between laminar and turbulent flow is not abrupt but depends on
both the Reynolds number and external disturbances. For example, in pipe flow,
laminar flow persists for Reynolds numbers below approximately 2300, while
turbulence dominates above 4000, with a transition region in between [21]. Boundary
layer theory also highlights that surface roughness and pressure gradients significantly
influence the onset of turbulence. In flow over a flat plate, laminar behavior is
generally sustained for Re < 5 x 10°, while higher values typically lead to a transition
into turbulence [22].

Understanding the laminar—turbulent distinction is essential in fluid mechanics, as
it determines the choice of governing equations, modeling techniques, and numerical
methods. Laminar flows can be well described by deterministic equations, whereas
turbulent flows need further modeling. The study of turbulence remains one of the
most challenging problems in classical physics [23]. The laminar flow regime is
considered throughout this dissertation. Since the mathematical models are formulated
within the boundary layer framework and the solutions are obtained under assumptions
valid for laminar conditions, turbulence is excluded. This assumption is supported by
the parameter ranges of magnetic field, non-Newtonian and other parameter effects,

which are selected to ensure that the flows remain laminar and stable.
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1.2.5 Eulerian and Lagrangian Approaches

The analysis of fluid motion is fundamentally described by two distinct frameworks:
the Eulerian and Lagrangian approaches. In the Eulerian description, the flow field is
analyzed by defining fluid properties such as velocity, pressure, and temperature at
fixed points in space as functions of time. This perspective is highly effective for
continuum-level modeling, naturally aligns with experimental measurement
techniques, and is the predominant framework for deriving and solving the governing
partial differential equations, such as the Navier-Stokes equations [24]. In contrast, the
Lagrangian description tracks the history of individual fluid particles as they move
through space and time [25]. Although this approach provides direct insight into
particle trajectories and residence times, making it invaluable for studies of dispersion
or particle-laden flows, it is often computationally prohibitive for analyzing entire flow
fields at the continuum scale [26,27].

The choice between these mathematically related yet conceptually different
approaches is dictated by the specific problem. The Eulerian method is
overwhelmingly preferred for analyzing flows in boundary layer and flow through fixed
control volumes, such as channels or around airfoils, as it allows for a straightforward
application of boundary conditions at fixed spatial locations [28]. In contrast, the
Lagrangian method excels in applications where tracking discrete elements is
paramount, such as in molecular dynamics, pollutant dispersion, or the simulation of
droplet dynamics in multiphase flows [25, 29]. To take advantage of both, hybrid
Eulerian-Lagrangian schemes are frequently employed in complex simulations like
combustion or sediment transport, where a continuous phase is modeled Eulerially and
discrete particles are tracked in a Lagrangian frame [30].

In this dissertation, the entire analysis is conducted within the Eulerian framework,
where fluid properties are described at fixed spatial locations relative to the stretching
sheet, making this approach appropriate for boundary layer analysis. Although the
Lagrangian perspective is useful for particle tracking, the focus of this study lies on
field distributions of velocity, temperature, and nanoparticle concentration rather than

individual particle paths.

1.3 Review of Related Literature

In recent years, the study of fluid flow problems involving non-Newtonian nanofluids
under MHD influences has attracted considerable attention. Key motivations include
enhanced heat and mass transfer properties, wide industrial and engineering

applications such as cooling systems, materials processing, energy devices, etc., and
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the complex physics introduced by effects such as Hall currents, ion slip, nonlinear
thermal radiation, viscous dissipation, chemical reactions, and rotation. The inclusion
of these effects with different non-Newtonian fluid models (such as Williamson,
Casson, tangent hyperbolic, Jeffrey) over stretching or permeable surfaces in porous
media or with permeable boundaries has been a rich field of investigation.

This review surveys the theoretical and numerical findings of non-newtonian
fluids, nanofluids, MHD and Lorentz forces, Hall and ion slip effects, flows over
stretching surfaces, porous media, rotating flows, permeable surface flows, and
relevant physical phenomena (like viscous dissipation, Joule heating, chemical
reaction, thermal radiation). The aim is to see what has been done, what gaps remain,

and how the four fluid models fit and extend the existing literature.

1.3.1 Introduction to Non-Newtonian Fluids

Viscosity, a property of fluids that resists the relative motion of fluid layers, plays a
critical role in the behavior of fluids under stress. In fluid dynamics, the behavior of
fluids is classified on the basis of how they respond to shear stress, either following or
deviating from Newton’s law of viscosity. Newton’s law of viscosity states that the shear
stress between two fluid layers is directly proportional to the velocity gradient between

those layers [31], expressed as follows.

d
T=,u(d—;t), (1.1)

where 7 represents the shear stress, ¢ the dynamic viscosity, and Z—;‘ is the velocity
gradient perpendicular to the flow direction. Fluids that obey this law are termed
Newtonian fluids, while those that do not are categorized as non-Newtonian fluids.
Newtonian fluids, such as water, air, motor oil, common gases, and simple liquids,
exhibit constant viscosity regardless of the shear rate. Their predictable behavior and
linear response to shear make them easier to model and analyze using the
Navier-Stokes equations. However, non-Newtonian fluids do not follow this linear
stress-strain relationship. Common examples include blood, ketchup, toothpaste, and
polymer solutions. The mathematical treatment of these fluids involves modifying the
stress tensor in the momentum equations to reflect non-linear behavior.
Non-Newtonian fluids [32], as opposed to Newtonian fluids, exhibit a more
complex relationship between shear stress and shear rate. In these fluids, the viscosity
is not constant, and it may vary depending on factors such as shear rate, time, or
applied stress. This unique behavior makes non-Newtonian fluids a significant area of

study, particularly in industries where complex fluids, such as polymer melts, slurries,
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and biological fluids, are involved. The flow of non-Newtonian fluids is commonly
classified into several categories based on their rheological properties [33]. These
categories include shear-thinning (pseudoplastic), shear-thickening (dilatant),
viscoelastic (showing elastic memory effects), and viscoplastic fluids [34].
Shear-thinning fluids, such as blood and paints, become less viscous as the shear rate
increases, making them easier to flow under high shear conditions. In contrast,
shear-thickening fluids become more viscous as the shear rate increases [35], often
resulting in the fluid becoming solid-like under rapid deformation. Viscoelastic fluids
exhibit both viscous and elastic characteristics, which means that they behave like
solids under certain conditions and like liquids under others. On the other hand,
certain fluids may start to flow only if the external stress exceeds a certain threshold
value [36]; such fluids are called viscoplastic fluids. For this type of behavior, there is
a minimum stress threshold, called yield stress, that must be exceeded for the fluid to
flow or deform. The study of non-Newtonian fluids involves developing constitutive
equations that model these complex behaviors, providing insight into how the fluids
will react to various flow and external conditions, such as temperature, pressure,

magnetic fields, and particle concentrations.

The study of fluids encompasses a wide array of applications in science,
engineering, and manufacturing processes. In recent years, the study of
non-Newtonian fluids has attracted significant attention because of their unique
rheological characteristics and relevance in practical applications. Researching the
flow characteristics of non-Newtonian fluids and their uses in several industrial
domains has garnered significant attention in the past few years. A wide range of
mathematical models, such as the Carreau-Yasuda, Williamson, Casson, K-L, Cross,
generalized power-law, tangent hyperbolic, Prandtl-Eyring, Powell-Eyring, Ellis,
Maxwell, and Jeffery models, have been developed to capture the complex rheological
behavior of non-Newtonian fluids, as reported in the literature [37,38]. These models
have been successfully applied in numerous studies to investigate the flow
characteristics of non-Newtonian fluids under various geometric configurations and

boundary conditions.

In the context of this dissertation, non-Newtonian fluid models, including the
Williamson, Casson, tangent hyperbolic and Jeffrey fluid models, are employed to
better understand the effects of magnetic fields, thermal gradients, and nanoparticle
dispersion in nanofluid flows. The behavior of these complex fluids under the
influence of such external factors is a key to optimizing industrial processes such as
heat exchangers, drug delivery systems, and lubrication mechanisms. By examining

the properties of these fluids through the lens of MHD and boundary layer theory, this
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work contributes valuable insights into the flow characteristics, heat transfer, and mass

transfer phenomena that arise in applications involving non-Newtonian fluids.

1.3.2 Nanofluids and their Importance

Nanofluids represent a class of fluids consisting of a base fluid, typically water, oil, or
ethylene glycol, with suspended nanoparticles. Metallic solids like copper(Cu),
silver(Ag), gold(Au,); metallic oxides like alumina (A, O3), CuO, nonmetallic solids
such as titanium oxide (Ti0,), silica (Si0,), etc.; and metallic liquids like sodium
(Na) are used as nanoparticles [39, 40]. The inclusion of nanoparticles in the base
fluid significantly enhances its thermal conductivity and heat transfer capabilities.
Nanofluids have emerged as promising candidates for various applications, including
heat exchangers, cooling systems, and microfluidics. The investigation of nanofluids
offers opportunities to explore novel fluid flow phenomena and optimize heat transfer
processes. The use of nanoparticles to improve the thermal conductivity of fluids was
presented by Choi and Eastman.

The importance of nanofluids stems from their remarkable thermo-physical
properties, which make them highly attractive for a multitude of engineering
applications. They offer a notable improvement in the cooling performance of systems
such as automotive radiators, nuclear reactors, heat exchangers, and electronic cooling
devices, where efficient heat removal is critical for performance and safety [41].
Beyond enhanced thermal conductivity, nanofluids can improve the convective heat
transfer coefficient, boiling critical heat flux, and overall energy efficiency of thermal
systems.  This has profound implications for energy conservation, equipment
miniaturization, and the development of new technologies in biomedicine (e.g., drug
delivery, hyperthermia) and material processing [42].

Many writers have also suggested models and techniques for studying convective
fluxes of nanofluid, including the most well-liked models put forth by Buongiorno [43]
and Tiwari and Das [44]. A comparison of the relative velocities of the nanoparticles
and the base fluid was explained in detail by Buongiorno [43] using seven different slip
mechanisms. These include the Magnus effect, fluid drainage, inertia, Brownian
diffusion, thermophoresis, diffusiophoresis, and gravity. The investigation led to the
conclusion that the only significant slip mechanisms are thermophoresis and Brownian
diffusion. Brownian diffusion accounts for the random motion of nanoparticles due to
collisions with base fluid molecules, whereas thermophoresis describes the migration
of particles from hotter to cooler regions under temperature gradients. These
mechanisms significantly influence the distribution of the nanoparticles and,

consequently, the thermal conductivity and convective heat-transfer behavior of
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nanofluids. The model is widely regarded for its ability to capture essential microscale
effects in heat and mass transfer, particularly under external forces or complex
boundary conditions. Its efficacy has been demonstrated in various configurations,
notably by Hayat et al. [45], who applied it to three-dimensional boundary layer flows
and showed that thermophoretic forces dominate nanoparticle migration at high

temperature gradients.

1.3.3 Magnetohydrodynamics and the Lorentz Force

MHD refers to the dynamics of electrically conducting fluids in the presence of
magnetic fields. In most boundary layer MHD flow problems, the external magnetic
field (often uniform) induces currents in the fluid, which interact with the magnetic
field to produce Lorentz force, usually opposing motion (i.e. acting as a drag). In
non-Newtonian fluids, this force is coupled with the rheological stress relations,
leading to modified momentum equations.  Sometimes a magnetic parameter
(Hartmann number), or magnetic field parameter appears, scaling the Lorentz force.
Ohmic heating also arises when there is finite electrical conductivity. MHD has been a
vibrant area of research for several decades, with applications across various scientific
and engineering domains. The foundational work on MHD dates back to when Hannes
Alfvén developed the basic theory of magnetohydrodynamics and introduced the
concept of Alfvén waves [46]. In the more recent decades, MHD research has
expanded to encompass a wide range of applications, including MHD power
generation, plasma confinement in fusion reactors, liquid metal cooling for nuclear
reactors, and MHD propulsion for spacecraft [47,48].

The fluid equations in the MHD model incorporate the Lorentz force term in
addition to the Maxwell equations. So, the inclusion of MHD can significantly
influence the flow behavior and heat transfer characteristics of the fluid. Furthermore,
the behavior of nanofluids also becomes increasingly intricate and demanding to
analyze when they are subjected to an external magnetic field, owing to the complex
interplay between the applied magnetic field and the interactions of the suspended
nanoparticles within the fluid. Farzin et al. [49] studied that magnetic nanoparticles
have been developed for localized drug delivery for patients with cancers. These are
directed to the tumor, by acting as a carrier of the drug. Once the drug has reached the
patient’s bloodstream, a magnetic field is applied to retain the particles in the targeted
site of the tumor. Besides, magnetic nanoparticles can control nanoparticle delivery
where nanoparticle hyperthermia is used for confined cancer tumors.

The application of a transverse magnetic field to a non-Newtonian nanofluid flow

over a stretching sheet typically results in a resistive Lorentz force that decelerates the
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flow in the primary direction. This retarding effect enhances the apparent viscosity and
leads to a rise in temperature and concentration within the boundary layer due to the
conversion of the kinetic energy into Joule heating [50]. Numerous studies, including
those on Williamson, Casson, tangent hyperbolic, and Jeffrey fluids by Raza et al. [51],
Mohamed et al. [52], Ashraf et al. [53] and Abdullah et al. [54], have consistently shown
that an increasing magnetic parameter leads to a decrease in primary velocity and an
increase in temperature. Some pertinent and creative concerns about MHD conducted

under various circumstances are discussed by several authors [52,55-57].

1.3.4 Flow over Stretching Surfaces

Flow over a stretching sheet is a classical problem in fluid mechanics that is of great
significance in numerous industrial processes. The analysis of flow over a stretching
sheet is particularly important for understanding the behavior of fluids near solid
surfaces, which significantly influences heat transfer and flow characteristics. The idea
of boundary layer flow across a continuously stretching surface was proposed by
Sakiadis [58]. Following Sakiadis, numerous fluid dynamics researchers, including
Nadeem et al. [59], Ullah et al. [60], and others, have conducted research on fluid
motions in the context of stretching surfaces.

The study of heat transfer over a stretching sheet has numerous applications, as
discussed by Igbal et al. [61] and Muzara and Shateyi [62]. Surfaces with stretching
properties find significant applications in areas such as metallurgical processes,
polymer extrusion, plastic films, metal spinning, paper manufacturing, wire drawing,
hot rolling, and fiber production [63]. The flow over stretching surfaces has been
investigated by researchers, considering factors such as magnetic fields, nanofluids,
chemical reactions, and convective boundary conditions, as discussed by Kumar et
al. [64] and Irshad et al. [65]. The comprehensive understanding of boundary layer
flow across stretched sheets is a subject of intense interest for a large number of

researchers driven by its extensive applications in various industrial sectors.

1.3.5 Flow through Porous Medium

Fluid flow through porous media is a critical phenomenon in both natural and
engineered systems, occurring in materials such as soil, biological tissues, and
filtration systems. The presence of a porous medium introduces additional complexity
to the flow behavior, as it creates resistance to fluid motion and alters the heat and
mass transfer characteristics. Understanding these dynamics is essential for optimizing

applications in groundwater hydrology, petroleum engineering, oil recovery,
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geothermal energy extraction, and chemical processes [66].

Darcy’s law provides a fundamental description of flow through porous media,
stating that the flow rate is proportional to the pressure gradient. Recent studies have
explored the behavior of non-Newtonian nanofluids in porous media, particularly
under MHD effects. For example, research by Razi et al. [67] examined the impact of
wall thickness, slip parameters, and velocity power index on the MHD boundary layer
flow of the Williamson nanofluid over a stretched sheet in porous media. Similarly,
Kebede et al. [68] conducted an analytical study on heat and mass transfer in
time-dependent Williamson nanofluid flow over a permeable stretching sheet
embedded in a porous medium. A nonlinear stretching sheet embedded in a porous
medium was studied by Abbas et al. [69] to investigate the behavior of
magnetohydrodynamic Williamson nanofluid flow and heat transfer. Abdal et al. [70]
also studied the transport of MHD Casson nanofluid to an extending cylinder through
porous media. Further investigations by Abbas et al. [69] highlighted how porous
media influence the flow and heat transfer characteristics, particularly for tangent
hyperbolic nanofluids. Additional contributions from [71-77] have expanded the
understanding of fluid dynamics in porous media, emphasizing its importance in

industrial applications such as filtration, catalysis, and energy systems.

1.3.6 Physical Flow Properties

In real-world scenarios, several physical phenomena influence fluid flow (momentum
transfer), heat transfer, and mass transfer processes. Factors such as viscous
dissipation, Ohmic heating, thermal radiation, heat generation/absorption, and
chemical reactions significantly affect the overall behavior of the system. Viscous
dissipation refers to the energy loss due to internal friction or viscosity within a fluid.
Ohmic heating, or Joule heating, arises from the passage of an electric current through
a conducting fluid, generating heat due to the resistance of the fluid. Heat
generation/absorption accounts for the production or consumption of heat within the
fluid, alters the thermal boundary conditions, while chemical reactions impact the
concentration distribution and overall fluid properties. Tarakaramu et al. [78], Ibrahim
and Anbessa [79], Bouslimi et al. [2], Abbas et al. [69], Taj and Salahuddin [80],
Walelign et al. [81], Hunegnaw [82], Khan et al. [83], Qamar [84], Shahzad et al. [85],
Sohail et al. [86], Muduly et al. [87], Waqas et al. [88], Nandi and Kumbhakar [89],
Nagaraja et al. [90], Tarakaramu et al. [91] Younas and Sagheer [92] extensively
studied these phenomena, providing a comprehensive understanding of how each
factor influences fluid flow and heat and mass transfer.

Thermal radiation, which is essential to the processes of conveying heat in
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high-temperature systems, follows linear models like the Stefan-Boltzmann law for
small temperature differences, but as these differences increase, the thermal radiation
becomes nonlinear, exhibiting a more complex, exponential dependence on
temperature that cannot be captured by simple linear models. Therefore, the effects of
nonlinear thermal radiation have to be incorporated in the study to accurately model
the heat transfer processes in such systems. Researchers from several studies,
including Archana et al. [93], Ghadikolaei et al. [94], Akaje and Olajuwon [95],
Shamshuddin et al. [96], Li et al. [97], have conducted research on the effects of
nonlinear thermal radiation in various fluid flow scenarios. The findings of these
studies highlight the need to account for this phenomenon when analyzing and
modeling heat transfer in different fluid flow situations.

1.3.7 Rotating Flow

Rotational flows, which are prevalent in geophysical processes and rotating machinery,
generate Coriolis forces that substantially alter velocity distributions, induce secondary
flows, and influence overall flow stability. These effects extend beyond purely
mechanical alterations, as they directly impact heat and mass transfer processes,
mixing efficiency, and boundary layer development. Previous investigations, such as
the foundational work of Hayat et al. [98] on rotating Jeffrey fluids, have provided
governing frameworks, which were later extended to nanofluids by Veera Krishna [99]
and Krishna and Chamkha [100], who incorporated Hall currents and ion slip effects.
These studies demonstrated that Coriolis forces not only amplify electromagnetic
interactions but also significantly reshape thermal and concentration profiles through
modifications of thermal boundary layers.

More recent contributions reinforce these findings in broader physical contexts.
Anand Kumar et al. [101] and Preetham and Kumbinarasaiah [102] examined the
combined influence of rotation and magnetic fields, while Hani and Ali [103]
highlighted how the Coriolis effect alters boundary layer characteristics, driving
natural convective heat transfer in MHD flows. Similarly, Vaddemani et al. [104]
explored rotational impacts on non-Newtonian fluids, uncovering critical changes in
flow patterns and thermal behavior. Collectively, these studies emphasize that
rotational dynamics through the coupling of Coriolis forces with Hall current, ion slip,
and electromagnetic effects are indispensable in accurately modeling non-Newtonian

nanofluids.
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1.3.8 Flow over Permeable Surface

The suction velocity of fluid through a permeable surface can significantly alter the
boundary layer thickness, velocity profiles, and rates of heat and mass transfer.
Research by Ishak et al. [105] demonstrated that suction can stabilize the boundary
layer, while injection tends to destabilize it. These effects are utilized in various
engineering applications, such as boundary layer control in aerodynamics and cooling
of electronic devices. More recent studies, such as those by Shahzad et al. [106] and
Alkaoud et al. [107], have further investigated the effects of suction and injection in
different flow configurations and their practical implications. Amer et al. [108] proved
that the suction parameter (—V,,) critically controls the boundary layer and has a
significant impact on profiles of nanofluid velocity. These works underscore the role of

medium permeability in altering momentum and energy transport.

1.3.9 Hall and lon slip Effects

The investigation of Hall and ion slip effects in MHD flows has gained attention
because of their significant influence on flow behavior. These phenomena are also
important in the design of devices such as Hall sensors, magnetic accelerators, and
centrifugal pumps, as they influence the flow behavior of conducting fluids in the
presence of strong magnetic fields. The Hall effect refers to the interaction between
charged particles and magnetic fields, resulting in the development of electric fields
perpendicular to the current and magnetic field directions. The ion slip effect accounts
for the relative motion between the charged particles and the neutral fluid. These
effects can alter flow characteristics, heat transfer rates, and mass transfer rates; this
requires investigation of these effects to understand and optimize MHD flows. When
the magnetic field is large, the strong electromagnetic force causes Hall current and
ion-slip phenomena to be more pronounced. Hall current and ion slip effects are being
studied by numerous researchers. The effects of ion-slip and Hall currents on the
steady magneto-micropolar of an electrically conducting viscous incompressible fluid
were examined by Seddeek [109]. Taking into account the impacts of Hall and ion-slip
currents, Su [110] analyzed the problem of unsteady MHD mixed convective flow of a
Cu-water nanofluid across a vertical convectively heated plate. Opanuga et al. [111]
examined the effects of suction/injection and Hall current on a third-grade fluid that
was steady, viscous, incompressible, and electrically conducting as it passed a
semi-infinite plate with entropy generation. Ibrahim and Anbessa [112] have
addressed the Hall and ion-slip effects on a mixed convection flow of an electrically

conducting nanofluid over a stretching sheet in a permeable medium. Krishna [99]
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investigated the effects of thermal radiation, Hall, and ion slip on the unsteady
MHD-free convective rotating flow of Jeffrey fluid through an infinite vertical porous
plate with a ramped wall temperature. In a semi-infinite vertical moving permeable
surface, Krishna et al. [100] theoretically investigated the effects of Hall and ion slip
on an unsteady laminar MHD convective rotating flow of heat-generating or absorbing
second-grade fluid.

The literature strongly supports the idea that incorporation of Hall and ion slip effects
adds significant depth to MHD boundary layer studies. These effects are pronounced
in ionized fluids and plasma environments, where the conductivity of the fluid changes
due to the presence of electric and magnetic fields. Hall current alters the Lorentz force
direction, affecting the velocity components, while ion slip accounts for ion inertia,
which modifies the current density and electric field behavior. Together, they influence

the thickness of the boundary layer, the heat transfer rate, and the flow stability.

1.3.10 Conclusion

In summary, recent investigations have significantly advanced the understanding of
MHD Non-Newtonian nanofluid flows by incorporating various physical mechanisms
and rheological models. Krishna and Kumar [114] analyzed unsteady MHD Jeffreys
nanofluid flow over a stretching sheet with velocity slip, nonlinear radiation, and
chemical reaction, while neglecting Hall and ion slip effects, viscous dissipation,
porosity, and Joule heating. Abbas et al. [115] investigated chemically reactive
Williamson nanofluid flow with nonlinear radiation and variable thermal conductivity
over stretching and shrinking surfaces, revealing dual solution behavior, yet Hall and
ion slip mechanisms were not incorporated. Kumari et al. [116] studied MHD Jeffrey
nanofluid flow over an inclined porous stretching sheet and demonstrated the
suppressing role of magnetic fields on velocity and the enhancing effect of thermal
radiation on heat transfer, while Brownian motion and thermophoresis influenced
thermal and concentration boundary layers; however, Hall and ion slip effects were
excluded. Mingliang et al. [117] explored electrically conducting tangent hyperbolic
nanofluid flow and reported strong sensitivity of flow resistance and heat and mass
transfer to rheological and nanoparticle parameters, but nonlinear thermal radiation
and Hall and ion slip effects were not considered. Khalil et al. [118] analyzed slip
effects on MHD Casson nanofluid flow over a vertical stretching surface and found that
buoyancy and magnetic forces enhance heat and mass transfer while velocity slip
reduces wall shear stress, although Hall and ion slip mechanisms were omitted.
Ahmad et al. [119] investigated unsteady MHD Williamson nanofluid flow between

rotating disks, providing insights into shear-thinning behavior and transport
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characteristics, but without accounting for Hall and ion slip effects. Collectively, these
studies demonstrate substantial progress in modeling MHD Non-Newtonian nanofluid
flows; nevertheless, they consistently overlook the combined influence of Hall and ion
slip currents, particularly in conjunction with nonlinear thermal radiation, viscous
dissipation, Joule heating, chemical reaction, porous media, and multiple
non-Newtonian fluid models. This clearly identified gap motivates the present
dissertation, which aims to develop a unified and comprehensive framework that
systematically incorporates these neglected electromagnetic and thermophysical
mechanisms to enhance the physical realism and applicability of MHD nanofluid flow

models.

1.4 Statement of the Problem

The analysis of MHD flows involving Non-Newtonian nanofluids over stretching
surfaces constitutes a fundamental research area with profound implications for
advanced engineering applications, including polymer extrusion, electromagnetic
materials processing, thermal management of high-power electronic and nuclear
systems, and targeted drug delivery. Numerous industrially and biologically relevant
fluids—such as polymer solutions, biological fluids, lubricants, and colloidal
suspensions—exhibit intrinsically non-Newtonian rheological characteristics,
including shear-thinning, shear-thickening, yield stress, and viscoelastic behaviors.
The interaction of such complex fluids with applied magnetic fields introduces
intricate multiphysical couplings among electromagnetic, thermal, species transport,
and rheological phenomena.

A critical examination of existing literature reveals that contemporary
investigations on non-Newtonian nanofluid flows frequently employ simplifying
assumptions that limit their physical realism, particularly under strong magnetic field
conditions. Specifically, the Hall and ion-slip effects are routinely neglected despite
their dominance in regimes characterized by high magnetic intensity or low fluid
density. Furthermore, prevailing studies typically examine isolated non-Newtonian
models under simplified thermal and chemical boundary conditions, thereby
precluding systematic cross-rheological comparisons and hindering the identification
of universal magneto-rheological transport principles. The synergistic interplay of
these electromagnetic slip mechanisms with other relevant phenomena—including
nonlinear thermal radiation, porous media resistance, viscous dissipation, chemical
reaction, and convective transport of nanoparticles—remains markedly underexplored

for multi-class non-Newtonian systems.
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Consequently, while individual physical effects have been studied in isolation, the
integrated response of different non-Newtonian nanofluid families to concurrent
electromagnetic, thermal, and chemical stimuli remains largely uncharted. The present
research is formulated to systematically investigate and quantify the combined
influence of Hall and ion-slip currents, nonlinear radiation, porous media, chemical
reaction, and nanoparticle transport on the MHD flow and heat/mass transfer
characteristics of four prominent non-Newtonian models: Casson, Williamson,
Tangent Hyperbolic, and Jeffrey nanofluids.

Accordingly, this study seeks to answer the following research questions:

1. How can mathematical models for MHD flow of non-Newtonian nanofluids past

a stretching sheet be formulated?

2. How do the embedded physical parameters affect the velocity, temperature, and

nanoparticle concentration profiles?

3. How do non-Newtonian parameters, nonlinear thermal radiation, viscous
dissipation, rotation, chemical reaction, suction, magnetic field, Hall currents,
and ion-slip affect flow characteristics? What are the physical interpretations of

such factors?

4. How are skin friction, Nusselt number, and Sherwood number affected due to the

presence of physical parameters?

5. How can the momentum, thermal, and concentration boundary layer problems be

solved by using the higher-order Runge-Kutta method with shooting?

1.5 Objectives of the Study

The primary objective of this study is to investigate and analyze the effects of Hall and
ion slip currents on the flow behavior, heat transfer, and mass transfer characteristics of
MHD Non-Newtonian nanofluids over a stretching sheet under the influence of relevant
physical parameters.

The study also has the following specific objectives:

1. Analyze the influence of Hall current, ion slip, viscous dissipation, and nonlinear
thermal radiation on the boundary layer flow of MHD Williamson nanofluid past

a stretching sheet.
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2.

Examine the mixed convection flow of MHD Casson nanofluid over a vertically
stretching sheet embedded in a porous medium, accounting for the combined

effects of Hall and ion slip, nonlinear thermal radiation, and Ohmic heating.

. Investigate the rotating flow behavior of MHD tangent hyperbolic nanofluid over

a stretching permeable sheet, with special attention to the impacts of suction

velocity, Hall current, ion slip, and nonlinear thermal radiation.

Conduct numerical simulations on the three-dimensional rotating flow of MHD
Jeffrey nanofluid over a permeable stretching surface, accounting for the influence
of Hall/ion slip currents, viscous dissipation, and nonlinear thermal radiation on

the thermo-physical properties of the flow.

1.6 Significance of the Study

The significance of this study lies in its theoretical, practical, and applied contributions

to the understanding of MHD Non-Newtonian nanofluid flows over stretching surfaces.

Specifically, the study makes the following important contributions:

i

ii.

iii.

iv.

vi.

Enhances fundamental understanding of MHD non-Newtonian nanofluid flows

with Hall/ion slip effects, offering a more realistic model of transport phenomena.

Fills a gap by systematically analyzing coupled Hall/ion slip effects on

momentum, heat, and mass transfer in non-Newtonian nanofluids.

Applicable to electronics cooling, polymer processing, metallurgical operations,

energy systems, and MHD flow control technologies.

Guides engineers in optimizing thermal/mass transfer processes, improving

efficiency and reducing operational costs.

Serves as a reference for advanced fluid models, numerical simulations, and future

studies.

Improves predictive capabilities for complex nanofluid systems and supports

development of advanced heat/mass transfer technologies.

1.7 Scope of the Study

The scope of this dissertation is defined as follows:
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e The study is restricted to steady, laminar, viscous, homogeneous, and
incompressible MHD flows of non-Newtonian nanofluids (Williamson, Casson,
tangent hyperbolic, and Jeffrey) past a stretching sheet embedded in a porous

medium.

* A strong magnetic field is applied perpendicular to the sheet, inducing Hall and

ion-slip effects that result in a three-dimensional force acting on the fluid.

* The Buongiorno nanofluid model is employed to describe the dynamics of

nanoparticles in the base fluid.

* The study incorporates the effects of Joule heating (Ohmic heating), viscous
dissipation, nonlinear thermal radiation, rotation, suction,  heat

generation/absorption, and chemical reactions.

* Excluded from the study: Turbulent flows, compressible effects, variable fluid
properties, non-uniform magnetic fields, and surface slip effects are not

considered.

1.8 Outlines of the Dissertation

This dissertation investigates MHD non-Newtonian nanofluid flows over a stretching
sheet, incorporating the Hall current, ion-slip effects, and influences of other pertinent
flow parameters. The research combines theoretical derivations, numerical simulations,
and parametric analyses to explore heat and mass transfer characteristics in four distinct
non-Newtonian fluid models. The structure of the dissertation is organized as follows.

Chapter 1 presents the research problem and provides a contextual background.
The chapter includes subsections on the background, basic concepts, review of related
literature, problem statement, research objectives, significance, scope, and
organization of the dissertation.

Chapter 2 incorporates constitutive equations of non-Newtonian fluids, with
particular focus on the mathematical descriptions of Williamson, Casson, tangent
hyperbolic, and Jeffrey fluid models. Boundary layer assumptions and the coupling of
heat- and mass-transfer phenomena are also discussed. Furthermore, it also presents
the fundamental governing equations of fluid flow, including the continuity equation
(mass conservation), the momentum equations (Newton’s second law), the energy
equation (first law of thermodynamics), and the concentration equation.

The third chapter details the numerical approach adopted in the study, including a

review of related numerical methods, a detailed explanation of the shooting technique,
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and the implementation of higher-order Runge—Kutta methods (fifth and sixth order
variants). It also covers the simulation setup, software tools (Python), validation
techniques, and step-by-step numerical procedures adopted to obtain accurate
solutions.

Chapter 4 examines the effects of Hall current, ion slip, viscous dissipation, and
nonlinear thermal radiation on the flow of the MHD Williamson nanofluid through a
stretching sheet. This study, the most important findings published in the International
Journal of Thermofluids (2024, DOI: 10.1016/1.ijft.2024.100646) [120], highlights
how prominent parameters influence the velocity, temperature, and nanoparticle
concentration profiles, with implications for industrial cooling technologies and
energy systems. The effects of various physical parameters on the skin friction
coeflicient, the local Nusselt number, and the Sherwood number are also investigated.

Chapter 5 analyzes the mixed convection flow of MHD Casson nanofluid over a
vertically stretching sheet, emphasizing Hall, ion-slip, and non-linear thermal radiation
effects.  Published in the International Journal of Thermofluids (2024, DOI:
10.1016/;.1j11.2024.100762) [121], this chapter explores the role of porous media,
chemical reactions, and other physical phenomena in heat and mass transfer, offering
insights for biomedical and geothermal applications.

Chapter 6 investigates the rotating flow of MHD tangent hyperbolic nanofluid over
a permeable stretching sheet, focusing on suction, Hall current, and ion-slip effects.
Published in the Journal of Nanofluids (2024, DOI: 10.1166/jon.2024.2208) [122], this
study demonstrates how rotation and suction alter flow dynamics, with relevance for
aerospace and coating technologies. Detailed graphical and numerical discussions on
flow fields, surface drag, and heat and mass transfer rates are provided.

Chapter 7 presents a comprehensive numerical investigation into the
three-dimensional rotating flow of an electrically conducting Jeffrey nanofluid on a
permeable stretching surface. The study incorporates the combined effects of Hall and
ion slip currents, viscous dissipation, Joule heating, nonlinear thermal radiation, and
chemical reaction, while employing the Buongiorno model for nanoparticle transport.
The results of this chapter are published in the International Journal of Thermofluids
(2025, DOI: 10.1016/.1jft.2025.101517) [123]. A detailed discussion of the graphical
profiles for the velocity, temperature, and nanoparticle concentration distributions
under the influence of various dimensionless parameters, complemented by tabulated
data for key engineering quantities such as the skin friction coefficients and the local
Nusselt and Sherwood numbers, are incorporated.

Chapter 8 concludes the dissertation by summarizing the major contributions and

proposing future research directions in MHD nanofluid dynamics.


https://www.sciencedirect.com/science/article/pii/S2666202724000880
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https://www.ingentaconnect.com/contentone/asp/jon/2024/00000013/00000006/art00006
https://www.sciencedirect.com/science/article/pii/S2666202725004628

Chapter 2

Mathematical Descriptions of Non-Newtonian Fluids,
Heat and Mass Transfer, Boundary Layer Flows, and

Basic Governing Laws

2.1 Mathematical Descriptions of Non-Newtonian
Fluids and MHD

2.1.1 Constitutive Equations of some Non-Newtonian Fluids

Constitutive equations define the dependence of stress on the rate of strain. Although
Newtonian fluids have a linear relationship between shear stress and shear rate (governed
by a constant viscosity), Non-Newtonian fluids exhibit more complex behavior. Because
of these deviations from classical Newtonian behavior, different fluid models are used,
each with their own constitutive equations, to accurately describe Non-Newtonian flows.
These equations are crucial for understanding the behavior of industrial, biological, and
engineering fluids such as polymer melts, blood, and paints, especially when combined
with external effects such as magnetic fields and nanoparticle suspensions.

In MHD nanofluid flows involving Non-Newtonian fluids over stretching sheets,
accurate constitutive modeling is essential. = The four non-Newtonian models
considered in this dissertation, Williamson, Casson, tangent hyperbolic and Jeffrey,
each capture unique rheological characteristics. In particular, the Williamson model
describes shear-thinning behavior typical of pseudoplastic fluids without yield stress,

while the Casson model describes a shear-thinning fluid that is considered to have a
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very high viscosity when no shear is applied, does not flow until a certain yield stress
is exceeded, and exhibits negligible viscosity at extremely high shear rates [124]. The
tangent hyperbolic fluid model is a pseudoplastic fluid model, characterized by a
mathematical formulation that uses the hyperbolic tangent function to describe the
relationship between shear stress and shear rate. The Jeffrey fluid model, on the other
hand, belongs to the class of rate-type fluid models that account for the effects of
relaxation and retardation times. It exhibits linear viscoelastic properties, making it
widely applicable in the polymer industry, and is regarded as one of the simplest and
most common non-Newtonian models, distinguished by the presence of a time

derivative rather than a convective derivative in its constitutive equation [125].

These models alter the structure of the stress tensor in the momentum equations and
therefore have a direct impact on the velocity distributions, shear stress, and skin friction
coeflicients. The application of these models in conjunction with MHD and nanofluid
physics provides a more realistic and nuanced view of how advanced fluids behave under

simultaneous thermal, mass, and electromagnetic forces.

2.1.1.1 Constitutive Equation of Williamson Fluid Model
The Cauchy stress tensor 7 for a Williamson fluid is given as follows.
T:—PI+T,']', (21)

where P is its normal component, usually called the pressure (which prevents volume

shrinking), 3 is the deviatoric extra stress tensor, and I is the unit tensor.
The constitutive equation for the deviatoric extra stress tensor is given by

Ho — Heo
o= [, + ELTER A 2.2
Tij (/'t + 1 —Fy ) 1 ( )

where () is limiting viscosity at zero shear rate, and ., is the limiting viscosity at infinite
shear rates, I" > 0 is a relaxation time constant, and A is the first Rivlin-Ericksen tensor

(rate of strain tensor), and y is the shear rate.

The first Rivlin-Ericksen tensor is given by:
A =VV +(VV), (2.3)

with VV denoting the gradient of the velocity vector (a tensor quantity) and 7" denoting

the transpose operator.
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The shear rate is also defined as

I1
) == 2.4
4 ok (2.4)
where II is the second invariant of strain tensor given by
1 2
I1= 3 tr(A7). (2.5)

It is considered the case for pseudo-plastic fluids y., = O; thus, Eq. (2.2) reduced to

Ho
i = A 2.6
o (1 - ry‘) | =0
Using the Taylor series expansion of first-order term, Eq. (2.6) can be approximated
for Iy < 1 as follow.
Ty ~ /.10(1 + F’)/)Al (27)

In three-dimensional Cartesian coordinates (x, y, z), the velocity field is V(u, v, w) and

the velocity gradient tensor is

ox Oy 0z

| o a
VV = ox dy 0z (28)

w o ow  ow

ox  dy dz

Then, the component form of the first Rivlin-Ericksen tensor becomes

23_” 6_u+@ @_I_[)_W

ox ay ox 0z ox
- T _fou, o o v ow
A =VV+ (V) =& 2 o 2y o (2.9)
ou ow Oy ow ow
6z+6x 6z+6y 262'

Squaring A and taking the sum of the diagonal elements as the trace of A2, computing

the trace explicitly as

- %2 @2 ﬁ_wz
i =((3) +(5) -5

, ) ) (2.10)
+2 % + @ + ﬁ_u + a_w + (9_\} + a_w
dy Ox 0z Ox 0z 0Oy) )
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1 2’ ou\ (ov\ [(ow)
=g =2 (3] (5 + (7))

(P, Y (Ou, owY (v awY’
dy Ox 0z  Ox 0z  dy]

Thus,

(2.11)

Consequently, the shear rate can be obtained as follows:

Va— @24_ @24_ 8_W2+1 @_}_@24_ @+6_W2+ @_Fa_wz
7= \\ox dy 0z 21\dy Ox 0z  Ox oz dy) |

(2.12)
The full deviatoric stress tensor can thus be written as
du du . v Qu 4 dw
Tex Txy Txg 2(’)x dy + ox 0z + Ox
_ . ou ov dv ov ow
Tij =T Ty Ty |[Tpo(l+IY) |+ 25 F+ 5 (2.13)
ou ow v ow ow
T Tzy 2TZZ a2 + e Ty 26_2

This concludes the three-dimensional tensor formulation of the Williamson fluid model.

2.1.1.2 Constitutive Equation of Casson Fluid Model

The constitutive equation describing the Cauchy stress tensor for a Casson fluid is given
by [126]
T =T+ My, (2.14)

where 7 is the shear stress, 7 is the Casson yield stress, u is the dynamic viscosity, and

v is the shear rate. Equivalently,

To
2(:“3 + _) €ij, T > T,
;= VTZH (2.15)
2up + —=\ei;, 7<me
(uB VZHC) ’

where 7;; is the (i, j)-th component of the stress tensor, 7y denotes the yield stress of
fluid, m = e;;e;; is the product of the components of the deformation rate tensor with
itself, e;; is the (i, j)-th component of the deformation rate tensor, 7. denotes a critical
value of this product based on the non-Newtonian fluid model, and ujp is the plastic

dynamic viscosity of the non-Newtonian fluid.

The yield stress of the fluid, denoted by 7, is given by

,UB‘/E
5

(2.16)

To =
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where 8 denotes the Casson fluid parameter.

When a shear stress lower than the yield stress is applied to the fluid, it behaves like
an elastic solid (plug flow), exhibiting no flow. Once the applied shear stress exceeds the
yield stress threshold, the fluid begins to deform and flow. This characteristic behavior
is a defining feature of yield stress fluids. Furthermore, certain non-Newtonian fluids,
known as rheopectic fluids, require a progressively increasing shear stress to maintain
a constant strain rate over time. In the context of Casson fluid flow, particularly when
the deformation rate parameter 7 exceeds its critical value n. (i.e., when © > x.), the
effective viscosity can be expressed as

=g+ 2.17)
\2r
By utilizing Eq. (2.16) and (2.17), the kinematic viscosity of the Casson fluid can

be expressed as

U== 1+ =
P P p B

where v is the kinematic viscosity, p is the fluid density, and S is a parameter related to

To
Hp + ——=
YV 1
'“:—2”:"2( ) (2.18)

the Casson fluid behavior.

The Casson parameter can also be derived from Eq. (2.16) and is defined by

8= Ha V21T (2.19)

7o

In the limit as 8 — oo (i.e., 7p — 0), the Casson model reduces to the Newtonian form
with constant viscosity.

So, a Casson fluid is a type of non-Newtonian, shear-thinning liquid that exhibits
infinite viscosity at zero shear rate, possesses a finite yield stress below which no
deformation occurs, and approaches zero viscosity as the shear rate tends toward
infinity.

Furthermore, the components of the shear stress tensor in the Casson fluid model

are expressed as follows, where the three-dimensional rate of deformation tensor e;; is

defined as L (8 5
_ L[ow  ou;
e = 5 (6xj + (9xl-)' (2.20)

Explicitly in Cartesian coordinates (x, y, z):

ou L(ouw | v\ Lfou , ow
dx 2(6y+0x) 2((31 + [)x)
1o, ou av Loy, ow
€ij 2 (ax + ﬁy) ay 2 (6Z + 6y) (221)
1 {ow ou 1 {ow v ow
2(ax+6z) z(ay +az) o
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The stress tensor for Casson fluid has two regimes.
* Yielded Regime (7 > 7,)
70
T =2\up + —) e (2.22)
* Unyielding Regime (7 < 7, )
70
T =2 + ——|e;;. (2.23)
The complete stress tensor components in 3D are
To \Ou To \ OV
TX)C:2’IJB+ )_, T :2(NB+ )_7
( Varr) ox” 211/ 9y
2( LT )6w ( LT )(0u+8v) (2.24)
= T Txy = Tyx = . T a ) .
4 MB \/ﬁ 82 y y HB \/ﬁ ay 8)6

Ty = Tyx = + 0 0_u+(9_w Ty, = Ty = T @+6—W
xz = Tzx = |MUB \/ﬁ 9z x|’ vz = Tzy = |MB \/ﬁ 92 ay .

Finally, the stress tensor components in Eq. (2.24) can be rewritten as follows.

7”22“3(”%)2_1’ T},y:2u3(1+%)3—; 2y3(1+ﬁ) ((?ZV’
1\{Ou Ov
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!
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+

(2.25)
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2.1.1.3 Constitutive Equation of Tangent Hyperbolic Fluid

The rheological equation of Tangent hyperbolic fluid can be written as [7]
Tij = [Heo + (o + peo) tanh(Ty)'] Ay, (2.26)

where I' is the time constant, n is the power law index, 7;; = is extra stress tensor, (g zero
shear rate viscosity, ., =infinite shear rate viscosity and A, is the first Rivlin-Ericksen

tensor. Also, y is described as

V= \/é 2 Z Wi = \/;H (2.27)

where 11 is the second invariant of the strain rate tensor and is given by

1 1 2
= Etr(A]Z) = Ju (VV + (VV)T) . (2.28)

Since the analysis at infinite shear rate viscosity is not feasible, we adopt assumption
U = 0, which is appropriate with our focus on shear-thinning behavior and then Eq.
(2.26) is reduced to

7i; = [potanh(T'y)"| A,. (2.29)

We consider the case where I'y < 1, in which the hyperbolic tangent function can be

expanded as

Ty)’ N 2(Cyy  17@y) N 62(Iy)”
3 15 315 2835

tanh(I'y) = T'y — (2.30)

Taking the first-order term of the tangent hyperbolic function series expansion, Eq.

(2.29) can be approximated for I'y < 1 as follows.

T = o [(TY)"] Ay (2.31)

Rewriting Eq. (2.31), and based on the tangent line approximation the stress tensor 7;;

will be reduced to:
717 = uolMY)"A; = uol(1 +Ty — D"A; ~ po [1 + nTy — D] Ay (2.32)

Finally, we have
75 = fo [1 + n(Ty — D]A,. (2.33)
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In three-dimensional Cartesian coordinates (x, y, z), the stress tensor is

u u v du ow
Txx Txy Ty 298 wto a7t

ox ay ox 0z ox
_ _ sy o o v, w
Tij = [Tyx Tyy Tyz | = Ho [1 + n(Fy 1)] dy + ox 26)’ oz + dy (234)
ou ow v ow ow
Tox Ty 21y, e tox ot dy 2az

This non-Newtonian model, tangent hyperbolic fluid, will be reduced to the Newtonian

whenever ' = 0 and n = 0.

2.1.1.4 Constitutive Equations of the Jeffrey Fluid Model

The Cauchy stress tensor 7 for a Jeffrey fluid is given by
T=-PI+1, (2.35)

where P is the pressure (preventing volume shrinkage), 7;; is the deviatoric extra stress
tensor, and I is the unit tensor.

The constitutive equation for the deviatoric extra stress tensor is written as [127]

T = fﬂl (A1 + Az%) , (2.36)
where yu is the dynamic viscosity, A; is the ratio of relaxation to retardation times, A, is
the retardation time, A, is the first Rivlin—Ericksen tensor defined in Eq. (2.3), and %
denotes the material derivative. For steady flow, the material derivative reduces to the
convective derivative

i:V-V=M—+v—+w—. (2.37)

In three-dimensional Cartesian coordinates (x,y,z), the velocity field is
V = (u,v,w), and A, has the component form as (defined in Eq. (2.9))

Ju du v du ow

Zﬁx dy + ox 0z + Ox

v, ou v v ow
A= o T Gy 2ay =+l (2.38)
ow 4 du  dw y Ov ow
ox + dz Oy + 0z 261
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Applying Eq. (2.36) to each component of A, for steady flow yields

ou 0 (.0u 0 (.0u 0 (.0u
o = 1511 »25 + (ua— (28x) vy (25) 4w (2—))]
ov 0 (.0v 0 (.0v
ey el Pa) s 5 )|
ow o0 (.0w o0 (.0w
o e P () )
u |ou Ov 0 (Ou Ov au
Ty = Tyx T A, a_y+a_x”2(”a_x(5+a_x)+ ( )
o (ou o
"oz (0y " ébc))]’ (2.39)
u [ov  ow o (dv ow 0 (dv Jw
Ty, = Ty = Tr 0 &*5”%“5(&*5)”5(&*5)
22
oz\oz ayl]|
u |ou ow 0 (Ou OJow 0 (Ou ow
Ty = Top = Tr 0 6—Z+a+ﬂz(ua(a—z+$)+v5(a—z+a)
25
0z\o0z ox]))|
The full deviatoric stress tensor is therefore
Tex Txy Txz
Tij = |Tye Ty Ty (2.40)
Ty Ty Tz

This concludes the three-dimensional tensor formulation of the Jeftrey fluid model.

2.1.2 Magnetohydrodynamics

MHD concerns the behavior of electrically conducting fluids such as plasmas, liquid

metals, and nanofluids in the presence of magnetic fields. In MHD, the fluid motion

and magnetic field are dynamically coupled through the Lorentz force, which arises

due to the interaction between the fluid’s electric current and the magnetic field. The

governing equations of MHD combine the principles of fluid dynamics with Maxwell’s

equations of electromagnetism. These include the modified Navier-Stokes equations

incorporating electromagnetic body forces and the magnetic induction equation, which

describes how the magnetic field evolves with fluid motion. The Lorentz force, denoted

as J x B, where J is the current density and B is the magnetic field, acts as a resistance
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to fluid motion and is particularly significant in high-conductivity fluids.

Ohm’s law provides the starting point for describing the current density in a moving
conducting fluid.
j=0F, (2.41)

where o is electric conductivity and E’ is the electric field experienced by the fluid
element in its rest frame. When the plasma is moving with respect to the external
magnetic field at the velocity V, applying the Lorentz transformation, we obtain the
equation:

E'=E+V xB. (2.42)

Substituting into Eq. (2.41) yields:
1.
—J=E+VXB. (2.43)
o
For the ideal MHD case of perfect conductivity (oo — o0), this simplifies to:
E =-V xB. (2.44)

Taking the curl of the electric field in Eq. (2.44) and applying Faraday’s law:

0B

VXE=—-——, 2.45
a (2.45)
We derive the magnetic induction equation:
0B
= =V x(VXB). (2.46)

The current density j can be related to the magnetic field through Ampere’s law:

1 0E
VXB=uyj+——. 2.47
HoJ + 3= (2.47)
From Ohm’s law, we had E = V X B. Consequently, we can estimate the electric field
as E ~ VB, where V) is a characteristic speed of the process. Neglecting %—f term in
Eq. (2.47):
VxB=puj, (2.48)

or

J= 1 (VXB). (2.49)
Ho

In addition, the magnetic field B must satisfy the condition V.B. Thus, the closed set of

MHD equations is as follows.
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0B
— =V X (VXB), (2.50)
ot

is the equation for magnetic induction. Finally, in the momentum equation,

electromagnetic force F is expressed as follows.
F=JXxB=0c(EXB)XB (2.51)

In the scope of this dissertation, MHD is crucial to analyze nanofluid flows over
stretching sheets under the influence of strong magnetic fields. Hall current and ion
slip, which become significant at low densities or high magnetic field intensities,
modify the classical Ohm’s law and introduce cross-flow currents. These additional
currents influence the secondary velocity field. The extended MHD model used in
these analyses incorporates modified expressions for current density and additional
terms in the momentum and energy equations to fully capture the impact of
electromagnetic interactions on heat and mass transfer behaviors in non-Newtonian

nanofluids.

2.2 Heat and Mass Transfer

In many real-world engineering and industrial processes, there are often substantial
temperature and concentration gradients between the surface of a heated body and the
surrounding fluid stream [128]. The phenomena of heat and mass transfer resulting
from these gradients are essential to the design and operation of many thermal
systems. Consequently, the study of heat and mass transport has become crucial for
numerous engineering applications, including thermal management of electronic
components, heat exchangers, solar energy collectors, and nuclear reactor cooling
systems. Moreover, electrically conducting fluids under the influence of convective
forces and chemical reactions and interaction between heat and mass transfer in
non-Newtonian fluids have also been the focus of numerous studies. These flows are of
particular importance in applications such as plasma engineering, liquid metal cooling

in nuclear systems, and other processes involving electromagnetic fields [129, 130].

2.2.1 Heat Transfer

In thermodynamics, heat transfer refers to the transmission of thermal energy from a
region of higher temperature to a region of lower temperature [131]. This process
occurs naturally when an object or fluid is at a different temperature than its

surroundings or another body. Heat continues to flow until thermal equilibrium is
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achieved, that is, when both bodies reach the same temperature. According to the
second law of thermodynamics, "heat transfer cannot be completely stopped when a
temperature difference exists; it can only be reduced." This principle emphasizes that
heat, or the movement of energy caused by a temperature difference, always happens
spontaneously from hot to cold. The study of heat transfer involves understanding the
rate at which this energy exchange occurs, which is fundamental to the design of
thermal systems in mechanical, chemical, and environmental engineering.

There are three modes of heat transfer: conduction, convection, and radiation. All
three modes require a temperature difference and involve the movement of thermal
energy from a higher to a lower temperature region. However, each mode is governed

by distinct physical mechanisms and laws.

2.2.1.1 Conduction

Conduction is the transfer of heat through a solid or stationary fluid as a result of a
temperature gradient. According to Fourier’s law, the rate of heat transfer g, through a
material is proportional to the negative temperature gradient and the thermal

conductivity k of the material [132].

oTr
= —kA—, 2.52
where g, is the heat-transfer rate and g—; is the temperature gradient in the direction of
heat flow. The constant k is the thermal conductivity of the material, and the negative
sign ensures that the heat flows from higher to lower temperatures. Thus, the local heat
flux per unit area, ¢g”, is given by:
oT
q =-k—| . (2.53)
(9)7 wall
Conduction examples include heat transferred from a hot iron to clothes during ironing,
melting of an ice cube in one’s hand due to body heat, and the sensation of hot sand on
beaches due to heat conducted from the surface.
Thermal diffusivity is another important property in heat conduction analysis,

defined as follows. L

a=— (2.54)
pCp

where k represents thermal conductivity, p is density, and C), is the is specific heat
capacity. Thermal diffusivity quantifies the speed with which heat diffuses through a
material. A high thermal diffusivity indicates rapid heat propagation, whereas a low

value suggests that heat is primarily absorbed rather than conducted.
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2.2.1.2 Convection

Convection involves the transfer of heat between a solid surface and a moving fluid or
within the fluids themselves. It includes both forced convection, where external forces
like fans or pumps move the fluid, and natural convection, driven by density differences
due to temperature gradients [133]. The rate of convective heat transfer is described by

Newton’s law of cooling [134].
q" =nT, - T), (2.55)

where ¢ is the heat-transfer rate, 4 is the convection heat-transfer coefficient and 7, and
T, are the wall and fluid temperatures respectively. Examples of convection include the
boiling of water, where warmer, less dense molecules rise and cooler ones sink, creating
a circular motion; ocean currents moving warm water from the equator to the poles; and

blood circulation in warm-blooded animals that helps regulate body temperature.

2.2.1.3 Radiation

Unlike conduction and convection, radiation does not require a medium for energy
transfer. Radiation is the energy emitted by matter in the form of electromagnetic
waves due to changes in the electronic configurations of atoms or molecules. All
matter above absolute zero emits thermal radiation in the form of electromagnetic
waves owing to molecular and atomic activity. The Stefan-Boltzmann law quantifies
the power radiated by a blackbody. Thus, the radiative heat flux is given by [135,136]

4o* OT*
3% ay

qr = (2.56)
where o is the Stefan-Boltzmann constant and k* is mean absorption coefficient. This
relationship underscores the unique nature of radiation as a mode of heat transfer,
independent of physical contact.

If the difference between the fluid temperature 7 and the ambient temperature 7,
is very small, then the term 7% in Eq. (2.56) can be linearized using a Taylor series
expansion about T, by neglecting the third and higher-order terms as follows.

T =T + %(T ~Ty) + 12;5" (T — To)* + 243{"" (T - T) + %(T — Ty + -
~ T +4T3 (T - T,) =4T3T - 3T

(2.57)

and becomes:
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oT* 0 oT
—— = — (4737 - 3T%) =471 —. (2.58)
dy Oy dy

Numerous studies have been conducted to explore the impact of thermal radiation
by utilizing the linearized form of the Rosseland flow. However, it is important to note
that the linearized version of the Rosseland assumption is only suitable for cases
involving small temperature differences [136]. Consequently, when dealing with
higher temperature differences, the linear radiation approach becomes inadequate. In
such instances, it is more appropriate to employ nonlinear Rosseland diffusion, which
remains valid for both small and significant temperature disparities between the
surface and the surrounding fluid. = Using the nonlinear Rosseland diffusion

approximation, the radiative heat flux g, can be written as follows [2].

40t 0T 160" 7307
3k dy 3k Oy’

qr = (2.59)
This dissertation considers the effects of nonlinear thermal radiation throughout all

of the investigations.

2.2.2 Mass Transfer

Mass transfer refers to the movement of particles from one region to another because
of a concentration gradient within a system comprising one or more components. This
transport arises naturally, driven by the tendency of molecules to move from areas of
higher concentration to those of lower concentration in an effort to achieve
equilibrium [137]. As long as a concentration difference exists in a system, mass
transfer will continue to occur. It is a fundamental phenomenon in various engineering
and natural processes. Examples of industrially important mass transfer processes
include liquid ammonia evaporation in hydrogen-filled Electrolux refrigerators, air
humidification in cooling towers, and the removal of environmental pollutants through
absorption. Other notable instances are the diffusion of neutrons in nuclear reactors,
carburizing processes in steel treatment, and evaporation in internal combustion
engine carburetors.

In daily life, mass transfer is equally prevalent and observable [138]. Common
examples include the dissolution of sugar added to a cup of coffee, the diffusion of
smoke through tall chimneys, and the evaporation of water or other liquids into the
surrounding air. Perfumes diffusing into the ambient space to create a pleasant
fragrance and the separation of components in mixtures via distillation or absorption

are also mass transfer-driven processes. These examples reinforce the omnipresence
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and significance of mass transfer in both engineered and natural systems.
Understanding its mechanisms is essential for designing efficient systems for chemical,
environmental, and mechanical engineering applications.

The mechanism of mass transfer is influenced by the dynamics of the system and
can occur in three primary modes: diffusion, convection, and phase change [139, 140].
In mass transfer by diffusion, particles move on a microscopic scale from high to low
concentration within a stagnant fluid medium. This can occur due to gradients in
concentration, pressure, or temperature. In gases, molecular diffusion results from
random molecular motion. When the fluid is turbulent, eddy diffusion dominates,
enhancing the rate of mass transfer, as observed in the rapid dissipation of smoke from
chimneys. Convective mass transfer, on the other hand, occurs between moving fluids
and surfaces or between two immiscible moving fluids. This type depends heavily on
the fluid flow characteristics (laminar or turbulent) and is evident in the evaporation of
volatile substances like ether [128]. Lastly, mass transfer by change of phase involves
phase transitions, such as the transition from liquid to vapor, and is governed by both
diffusion and convection. Classic examples include boiling, evaporation from water
bodies, and the rise of hot gases that diffuse into the atmosphere.

The theoretical framework for understanding diffusion processes is provided by
Fick’s Law of Diffusion. When the composition of a mixture varies spatially, a
concentration gradient is established that drives diffusion. Fick’s first law relates the
diffusional mass flux of a species to the gradient of its concentration. It is
mathematically expressed as:

Ji = ~pDinVmi, (2.60)

where fi is the mass flux, p is the fluid density, D, is the diffusion coefficient, and Vm;

is the gradient of the mass fraction. In one-dimensional flow, this simplifies to:

dC
Ja=-Dag—=, (2.61)

dz
where D,p is the diffusivity of species A in species B, and d{% is the concentration
gradient in the z-direction. This law is analogous to Fourier’s law in heat transfer and

is essential in predicting diffusion rates in both simple and complex systems.

2.2.3 Coupled Heat and Mass Transfer

In scientific research and diverse engineering domains, such as condensation,
evaporation, and chemical processing, transport mechanisms are frequently influenced

by the combined effects of buoyancy forces resulting from both thermal and mass
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diffusion. The coupled behavior of heat and mass transfer has been widely studied due
to its vital role in various applications, including chemical processing equipment,
ocean circulation, emergency cooling systems in advanced nuclear reactors, plastic
sheet cooling, fog formation and dissipation, food processing and dehydration,
temperature and moisture control in agricultural fields, and polymer production [141].
In many fluid flow problems, especially in the study of nanofluids and non-Newtonian
fluids, heat and mass transfer processes are inherently coupled [142]. This coupling
refers to the simultaneous transfer of heat and mass in a system, where the movement
of fluid due to thermal gradients influences the concentration distribution and vice
versa. In such systems, heat transfer and mass transfer mechanisms cannot be
considered independently, as velocity profiles, temperature, and concentration fields
all interact and affect one another. The coupling becomes particularly significant in
MHD flows, where external magnetic fields further complicate the interaction between

these phenomena.

For example, when nanoparticles are suspended in a base fluid, their thermal
conductivity generally enhances heat transfer. However, the concentration of these
nanoparticles in the fluid also influences mass transfer, as they may adsorb or react
with chemical species in the fluid. Furthermore, in the presence of external forces,
such as the Lorentz force, which is induced by an external magnetic field, both
temperature and concentration gradients are modified, thereby affecting the overall
heat and mass transfer characteristics. In MHD flows, this interplay is further
influenced by ion slip effects, Hall currents, and other physical phenomena, which can
either enhance or suppress the transfer processes depending on the specific parameters

of the system.

Mathematically, coupled heat and mass transfer is described by a set of partial
differential equations that govern the temperature and concentration fields, which are
typically solved simultaneously. The energy equation governs heat transfer, while the
concentration equation governs mass transfer. In the presence of a magnetic field,
these equations also account for the effects of the electromagnetic field, which
modifies both the temperature and concentration profiles. Coupled heat and mass
transfer also plays a vital role in various engineering applications, including heat
exchangers, cooling systems, and chemical reactors. In these systems, efficient heat
and mass transfer is crucial to ensuring optimal performance. The understanding of
how these processes are coupled, especially in non-Newtonian fluids and nanofluid
systems, is essential for designing systems that maximize heat and mass transfer while
minimizing energy losses. The study of these coupled effects also helps in the

development of advanced materials and fluid systems with enhanced thermal and mass
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transport properties, making it an important area of research in both fundamental and

applied fluid dynamics.

2.2.4 Brownian Diffusion and Thermophoresis

In the study of nanofluids, the inclusion of nanoparticles significantly alters the
behavior of heat and mass transport within the fluid medium. Among the various
mechanisms responsible for this altered behavior, Brownian diffusion and
thermophoresis are considered to be particularly influential. These mechanisms are
essential in understanding the enhanced mass and heat transfer characteristics of
nanofluids, particularly in the context of magnetohydrodynamic (MHD)
non-Newtonian flows over stretching surfaces. One of the most prominent
contributions in this area came from Buongiorno [43] in 2006, who proposed a
comprehensive slip model identifying seven critical slip mechanisms: inertia,
Brownian diffusion, thermophoresis, diffusiophoresis, the Magnus effect, fluid
drainage, and gravity settling. After rigorous examination, it was concluded that
Brownian motion and thermophoretic diffusion are the dominant phenomena
responsible for the abnormal increase in thermal dispersion and convective heat
transfer in nanofluids. These mechanisms originate from the relative slip between the
nanoparticles and the base fluid, resulting in increased thermal conductivity and
altered mass transport dynamics.

Brownian diffusion is the random, thermally induced movement of nanoparticles
suspended in a fluid, driven by collisions with surrounding molecules. This movement
facilitates the transport of nanoparticles from regions of higher concentration to regions
of lower concentration, promoting uniform particle distribution. The extent of Brownian

diffusion is quantified using the dimensionless Brownian motion parameter N,, defined

as follows. ADA(C. - C
= B( w 00), (262)
v
where A = ((ﬁg—”;j is the ratio of effective heat capacities of the nanoparticle to the base
P/,

fluid, Djp is the Brownian diffusion coefficient, C,, is the nanoparticle concentration
near the surface, C, is the ambient concentration, and v is the kinematic viscosity of
the nanofluid. A higher value of the Brownian motion parameter N, intensifies the
chaotic motion of nanoparticles, which improves their kinetic energy and leads to
reduced viscosity in the flow region. Numerous theoretical and experimental
investigations have demonstrated that increasing N, promotes nanoparticle dispersion,
thereby affecting both mass and thermal transport processes.

Thermophoresis is a phenomenon in which nanoparticles are transported from
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regions of higher temperature to lower temperature. This movement is driven by the
thermophoretic force, which acts opposite to the temperature gradient, causing the
particles to be repelled from the hot surface and attracted toward cooler regions. This
mechanism is particularly relevant in applications involving aerosol technology, silicon
thin film deposition, and nuclear reactor safety simulations. The thermophoresis
parameter N,, characterizes this effect and is given by the following mathematical

formula.
_ TDT (Tw - oo)

vT

where D7 is the thermophoretic diffusion coefficient, T, is the surface temperature, and

(2.63)

t

T, denotes the ambient fluid temperature. An increased value of the thermophoresis
parameter &N, implies stronger thermophoretic forces, leading to greater displacement
of nanoparticles from the hot surface to the colder ambient environment.

The combined effects of Brownian diffusion and thermophoresis have significant
implications in the mass transfer behavior of nanofluids. While Brownian motion aids
in enhancing mixing and reducing concentration gradients, thermophoresis modifies
the distribution of nanoparticles in response to thermal gradients, often resulting in
enhanced temperature and concentration profiles near boundary layers. In particular,
an increase in N, may also impose resistance to the natural diffusion of mass,
indicating a complex interplay between the mechanisms of heat and mass transport.
Sheremet et al. [143] have simulated the transport of nanofluids inside the cavity using
the two-phase nanofluid model, which incorporates Brownian diffusion and
thermophoresis effects. Ullah et al. [144] examined how thermophoresis and Brownian
diffusion affect the electrically conducting mixed convection flow of the Casson fluid
caused by a moving wedge. Khan et al. [145] found that the temperature field increases
with higher values of thermophoresis and Brownian motion parameters, while the
mass concentration rises with increasing thermophoresis parameter but decreases with
a larger Brownian motion parameter. By combining Brownian motion and
thermophoretic diffusion, Waqas et al. [146] examined the behavior of nanofluids and
found that a higher Brownian motion parameter improves the temperature profile while
decreasing the volumetric concentration profile. Numerous researchers [147-149]

investigated Brownian motion and thermophoresis in different scenarios.

In boundary layer studies involving nanofluid flows, such as those presented in the
current dissertation, the roles of the inclusion of NV, and N, in the governing equations
ensure a more accurate representation of the physical processes and offer a deeper insight
into the behavior of non-Newtonian nanofluids under MHD effects with Hall and ion slip

phenomena.
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2.3 Boundary Layer Flow and Some Prominent
Dimensionless Prameters

2.3.1 The Concept of Boundary Layer Theory

The boundary layer theory was first introduced by Ludwig Prandtl in 1904,
revolutionizing the analysis of viscous flows by demonstrating that the effects of
viscosity are significant only within a thin layer adjacent to the surface, whereas their
influence diminishes far from the surface. This thin layer is known as the boundary
layer. Within this boundary layer, three distinct regions are recognized: the momentum
(hydrodynamic) boundary layer, the thermal boundary layer, and the concentration
(species) boundary layer.

The momentum boundary layer deals with the variation of the fluid velocity from
zero at the surface (due to the no-slip condition) to the free-stream velocity away from
the wall. The wall shear stress, denoted by 7,,, quantifies the tangential force exerted
by the fluid on the surface. The thickness of the momentum boundary layer is
determined by the balance between inertial forces and viscous forces in the fluid. In
typical scenarios, the boundary layer is very thin near the surface and thickens as the
distance from the leading edge of the surface increases. A sharp velocity gradient
exists near the wall and the nature of this gradient, laminar or turbulent, significantly
affects heat and mass transfer characteristics. Boundary layers can be either laminar,
exhibiting smooth, orderly flow with momentum exchange occurring only at a
microscopic level (governed by molecular viscosity u) at low Reynolds numbers, or
turbulent, marked by chaotic eddies and large-scale mixing of mass, momentum, and
energy at higher Reynolds numbers, where molecular viscosity alone cannot account
for the flow dynamics.

The thermal boundary layer represents the region of the fluid adjacent to the
surface where the temperature gradient is most pronounced. Within this layer, heat
transfer occurs due to the interaction between the surface and the fluid, influenced by
the thermal conductivity and the heat transfer mechanisms within the fluid. As the
fluid moves away from the surface, the temperature gradually approaches the
free-stream temperature. The thickness of the thermal boundary layer depends on
various factors, including thermal conductivity of the fluid, flow conditions, and any
external influences, such as temperature gradients, magnetic fields, and heat
generation or absorption.

Similarly, the concentration boundary layer refers to the thin region near a surface

where the concentration of a specific species, such as nanoparticles, solutes, or
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chemicals, changes significantly from zero (or a reference concentration) at the surface
to the ambient concentration in the freestream. This layer is critical in processes
involving mass transfer, such as chemical reactions, diffusion, and biological transport.
In the concentration boundary layer, the rate of mass transfer is influenced by various
factors, including molecular diffusion, convection, and the presence of external forces

such as magnetic fields or chemical reactions.

The simultaneous occurrence of velocity, temperature, and concentration gradients
near the surface requires an analysis that accounts for the coupling of momentum,
heat, and mass transfer. The interrelated nature of these transfers is more effectively
understood through the use of dimensionless numbers. The Prandtl number (Pr),
Schmidt number (Sc), and Lewis number (Le) are dimensionless numbers that
characterize the relative importance of momentum, heat and mass transfer in a fluid
flow. These numbers play a significant role in the analysis of boundary layer flows,
particularly in the study of heat and mass transfer in both Newtonian and

non-Newtonian fluids.

The Prandtl number (Pr) is defined as the ratio of momentum diffusivity (kinematic

viscosity) to thermal diffusivity, expressed as:

pr’ momentum diffusivity
r=—=

@  thermal diffusivity (2.64)
where v is the kinematic viscosity and « is the thermal diffusivity. The Prandtl number
helps to describe the relative thickness of the velocity boundary layer to the thermal
boundary layer. For example, in fluids with a low Prandtl number (Pr < 1), such as
liquid metals, heat diffuses faster than momentum, leading to a thicker thermal boundary
layer. Conversely, for fluids with a high Prandtl number (Pr > 1), such as oils, the
momentum boundary layer is thicker than the thermal boundary layer.

The Schmidt number (Sc) represents the ratio of momentum diffusivity to mass

diffusivity and is given by:
v

Se= 2. (2.65)

where D is the mass diffusivity. The Schmidt number indicates the relative thickness

of the momentum boundary layer compared to the concentration boundary layer. For

fluids with a low Schmidt number (Sc¢ < 1), mass diffusion dominates, resulting in a

thicker concentration boundary layer. In contrast, a higher Schmidt number (Sc > 1)

indicates that momentum diffusion is more dominant, leading to a thinner concentration

boundary layer.

The Lewis number (Le) is a dimensionless number that is the ratio of thermal
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diffusivity to mass diffusivity.

Le = —. 2.
e D (2.66)

The Lewis number provides insights into the relationship between heat and mass
transfer in a fluid. If the Lewis number is greater than unity (Le > 1), it suggests that
thermal diffusion is slower than mass diffusion, resulting in a greater thickness of the
thermal boundary layer relative to the concentration boundary layer. Conversely, a
Lewis number less than unity (Le < 1) implies that mass diffusion dominates over
thermal diffusion, leading to a thinner thermal boundary layer compared to the
concentration boundary layer.

Understanding the influence of these dimensionless numbers is essential for
designing systems involving heat and mass transfer, particularly in nanofluids and
non-Newtonian fluid flow, where these parameters impact the efficiency of heat

exchangers, chemical reactors, and other applications.

2.3.2 Skin Friction Coefficients

The skin friction coefficient is a fundamental parameter in fluid dynamics that
quantifies the resistance exerted by a fluid flow against a solid surface due to viscous
forces. It plays a crucial role in the study of boundary layer flows, especially in
applications involving heat and mass transfer, as well as the movement of
non-Newtonian fluids, including nanofluids. = Mathematically, the skin friction
coeflicient (Cy) is expressed as the dimensionless ratio of the shear stress at the surface

to the dynamic pressure of the fluid flow.

T
Cr=—

SYSLL 2.67
U3 267

where 7, is the wall shear stress, p is the fluid density, and U,, is the velocity of the
stretching surface. The wall shear stress itself is related to the velocity gradient at the
surface, and in the case of non-Newtonian fluids, this relationship depends on the
specific constitutive model used to describe the fluid’s behavior.

Understanding and calculating the skin friction coefficient is essential for the design
of systems such as heat exchangers, pumps, and turbines, where reducing drag is crucial
for improving efficiency. It is also a key parameter in the analysis of lubrication systems
and the study of fluid-structure interactions in biomedical applications, where the flow

resistance at surfaces has direct implications for device performance and fluid dynamics.
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2.3.3 Nusselt Number

The Nusselt number (Nu) is a fundamental dimensionless parameter in heat transfer
that quantifies the enhancement of heat transfer through a fluid as a result of
convection relative to conduction. It serves as a measure of the efficiency of
convective heat transfer occurring at a surface in contact with a flowing fluid. In the
context of boundary layer theory and magnetohydrodynamic (MHD) non-Newtonian
nanofluid flows, the Nusselt number plays a vital role in characterizing the thermal
behavior of the system and is crucial for analyzing how effectively heat is transported
from a surface into the surrounding fluid.

The Nusselt number is defined as:

XGw

Nu, = ———,
= (T, — T

(2.68)

where ¢,, = —(k + q,)

oT
— is the local convective heat transfer coefficient, x is the
y=0

0
characteristic length, k is t)llle thermal conductivity of the fluid, 7, is the wall temperature
and T, is the ambient temperature.

Accurate estimation of the Nusselt number is critical for engineering systems that
rely on efficient thermal management, including electronics cooling, energy systems,
and industrial processes. In research involving nanofluid and MHD flows, the Nusselt
number provides a key metric for validating computational models and comparing

different flow configurations and parameter effects.

2.3.4 Sherwood Number

The Sherwood number (Sh) is the mass transfer analog of the Nusselt number and
represents the ratio of convective mass transfer to diffusive mass transport at a surface.
In the study of boundary layer flows involving nanofluids and non-Newtonian fluids,
particularly under the influence of magnetohydrodynamic (MHD) effects, the
Sherwood number serves as a critical parameter for characterizing the efficiency of
species (such as nanoparticles or solutes) being transferred from a surface into the
surrounding fluid medium.

Mathematically, the Sherwood number is expressed as

Xqm

Shy = ————,
D(C, - Cs)

(2.69)

where ¢, = — [DB (—)] is the convective mass transfer coeflicient, D is the mass
y=0
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diffusivity, C,, and C,, are the wall and the ambient concentrations, respectively.

The Sherwood number is particularly important in engineering applications where
mass transfer processes are vital, such as in chemical reactors, biomedical devices
(e.g., drug delivery or dialysis), filtration systems, and environmental modeling (e.g.,
pollutant dispersion). Accurate prediction and control of the Sherwood number allow
engineers and researchers to optimize system performance, enhance mixing and
reaction rates, and ensure effective operation of devices involving complex fluid
systems.

The study of boundary layer theory plays a crucial role in numerous engineering
applications, including the design of airfoils, wings, wind tunnels, control surfaces,
missiles, ships, submarines, automobiles, and civil structures such as buildings and
bridges, making it indispensable for optimizing fluid flow behavior and improving
aerodynamic and hydrodynamic performance. In the case of MHD flows, the
dynamics of the boundary layer are significantly influenced by the presence of an
external magnetic field. The Lorentz force, which arises from the interaction between
the magnetic field and the electric current of the fluid, can modify the characteristics
of the boundary layer. Additionally, the presence of nanoparticles in nanofluids adds
complexity to the flow behavior because the interaction between the particles and the
fluid influences the overall flow and heat transfer characteristics. Understanding these
effects is vital for optimizing heat and mass transfer rates in MHD nanofluid

applications, particularly in high-performance cooling systems.

2.4 Governing Equations and Conservation Laws

This section aims to introduce the basic governing equations that describe fluid flow
and transport processes, which are derived from fundamental conservation laws and
essential thermophysical principles. The so-called governing equations are the
mathematical expressions of these laws. These equations are presented in a Cartesian
coordinate system using vector notation. These governing equations include the
continuity equation, which is based on the conservation of mass; the Navier-Stokes
equations, which originate from Newton’s second law of motion and represent the
conservation of momentum; the energy equation, derived from the first law of
thermodynamics; and the concentration equation, which enforces the conservation of

species within the flow.
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2.4.1 Continuity Equation

The continuity equation is derived from conservation of mass for a system, stating that

"the rate at which mass enters a control volume minus the rate at which mass leaves the

control volume is equal to the rate of accumulation of mass within the control volume."

The mathematical equation of the law of conservation of mass to a flow is written as
dp

o V.(oV) =0 (2.70)

where p is the density of the fluid and V is the velocity of the fluid. For an incompressible
fluid, Eq. (2.70) could be reduced to:

VV =0 .71)

2.4.2 Momentum Equation

The conservation of momentum is rooted in Newton’s second law of motion, which
states that the rate of change of momentum in a fluid element is equal to the sum of
forces acting on it. For incompressible flows, this principle is expressed in the form
of the Navier-Stokes equations. These equations represent the balance between inertial
forces, pressure gradients, viscous forces, and any external body forces. The general
form of the momentum equation for an incompressible fluid is given by the following.
p% =p (%—Y + (V- V)V) = V.t + pFp. 2.72)

The Cauchy stress tensor 7 can be decoposed as follows.
T=-Pl+ Tij» (273)

where P is its normal component, usually called the pressure , 7;; the deviatoric or
viscous stress tensor, and I is the identity matrix or unit tensor. So, Eq. (2.72) can be

written in the form
ov
P\ 5 +(V-V)V|=-Vp+ V.1 + pFp, (2.74)
where Fg denotes the body force.
In the consideration of MHD nanofluid flow in a porous medium, these body forces

typically may include , external magnetic force B, resistance by the porous medium

(Darcy resistance), and buoyancy force (buoyancy due to temperature and concentration
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gradients). This leads to an augmented form of the momentum equation:

ov
p(E +(V- V)V) = —VP+V~TU+JXB+pgﬁT(T—Too)+pgﬁC(C_Coo)_%V (2.75)

where k is the permeability of the porous medium, '%V is the Darcy resistance term, and
J X B is the mechanical Lorentz force generated by the motion of the fluid interacting
with the external magnetic field. g is the acceleration due to gravity, 57 and ¢ are the

thermal and concentration expansion coefficients, respectively.

In addition, if the fluid flow problem is considered in a rotating frame of reference, it
is necessary to account for the forces generated by the frame’s rigid body rotation. And
then the two terms, the Coriolis force term, 202XV and the centrifugal acceleration term
Q X (Q x r) will be introduced to the momentum equation and it is modified to have the

following form.

) a—V+(V-V)V+(2Q><v)+Q><(Q><r)
ot (2.76)

:—VP+V-T,-.,~+J><B+pg[ﬁT(T—Too)+ﬁc(C—Cm)]—%V

where (Q is the angular velocity of the rotating reference frame and r is position vector.
Gravitational and centrifugal forces depend on position rather than velocity and can
therefore be incorporated into a modified pressure term, allowing them to be disregarded
as distinct forces unless specified in the boundary conditions; in contrast, Coriolis forces

must be explicitly considered.

2.4.3 Energy Equation

The energy equation describes the conservation of thermal energy in a fluid and is
derived from the first law of thermodynamics. It accounts for the changes in internal
energy caused by conduction, convection, viscous dissipation, Ohmic heating, thermal
radiation, and internal heat generation or absorption. For incompressible flow, the

general form of the energy equation is given by

oT )
(pc,,)f = (V-V)T] = kV’T + (1, : V)V
DgVC - VT + % (VT -VT) (2.77)

(o)

+ (pC P)p

+5(J'J)_vqr+QO(T_Too),
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where (pCp)f and (pCp)p are specific heat capacities of the nanofluid and the
nanoparticles, respectively, and 7 is the temperature. « denotes the thermal
conductivity of the fluid; Dg and Dy represent the diffusion coefficients for Brownian
and thermophoresis, respectively. T, signifies the ambient temperature, g, is the
radiative heat flux, and the coefficient Q, stands for heat absorption (Qy < 0) and

generation (Qy > 0).

2.4.4 Concentration Equation

It states that the total species concentration of the system under consideration is always
constant. ~ The concentration equation governs the distribution of species or
nanoparticles within a fluid and is based on the law of conservation of mass for
suspended particles. It accounts for various modes of mass transfer, including
convection, Brownian motion, and thermophoresis (movement of particles due to
temperature gradients). The general form of the concentration equation for an

incompressible fluid, incorporating both Brownian diffusion and thermophoretic

effects, is:
L . vT
J=Jr+Jjg=—-pDpVC —PDTT—- (2.78)
The equation for mass transfer in the absence of chemical reaction is generally presented
as follows. Jc |
— =-=V.J. 2.79
=V 2.79)

The conservation of nanoparticle concentration equation for a homogeneous

chemical reaction is

0C D

— +(V-V)C=DV’C+ =V’T - K, (C - C.), (2.80)
ot T

where C is the nanoparticle concentration near the surface, C. is the ambient

concentration, and K, denotes the chemical reaction constant.



Chapter 3

Research Methodology

3.1 Introduction

This chapter outlines the methodology employed to solve the coupled continuity,
momentum, energy, and concentration equations for four distinct non-Newtonian
fluids, namely Williamson, Casson, Tangent Hyperbolic, and Jeffrey nanofluids, under
various physical constraints. The highly non-linear nature of the governing partial
differential equations (PDEs), which arise from conservation laws of mass,
momentum, energy, and nanoparticle concentration, necessitates the application of
numerical techniques for their solution. By applying appropriate similarity
transformations, the PDEs are reduced to a system of nonlinear ordinary differential
equations (ODEs). These ODEs are solved numerically using the shooting technique
in conjunction with higher-order Runge-Kutta methods (fifth- and sixth-order),

implemented via Python programming.

3.2 Review of Related Numerical Methods

The solution of non-linear differential equations that govern fluid flow, heat transfer, and
mass transfer has been a subject of extensive research. Due to the strong non-linearity
of the governing equations, obtaining closed-form analytical solutions is challenging.
Various methodologies of analytical, semi-analytical, and numerical methods have been
developed to solve boundary layer problems involving non-Newtonian fluids, each with
its own strengths and limitations.

Perturbation methods, for instance, are effective for weakly nonlinear problems.
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Thamaraikannan et al. [150] applied the perturbation technique to solve the governing
flow equations of the magnetohydrodynamic Casson nanofluid flow through a porous
channel with periodic body acceleration. The tangent hyperbolic nanofluid for the
tapered asymmetric channel was investigated by Kothandapani and Prakash [151] and
they solved the problem analytically using the regular perturbation method. Hussain et
al. [152] have also implemented the regular perturbation method during their
investigation on the Couette flow of Casson nanofluid with variable viscosity and
porous medium inside a vertical channel. There are also other researchers who have
used perturbation methods. However, perturbation theory encompasses a range of
techniques used to find approximate solutions to problems involving a small
parameter. These methods are especially useful when the problem includes a term that
is small in magnitude or when one physical effect is much less significant than another
dominant one. Although widely implemented using software such as MATLAB, these
methods are limited to small parameter values and yield approximate solutions valid

only in restricted regimes.

The Homotopy Analysis Method (HAM), developed by Shijun Liao in 1992, is a
powerful semi-analytical approach designed to solve nonlinear ordinary and partial
differential equations, and it has been used extensively with symbolic computing
platforms like Mathematica. Unlike many traditional perturbation techniques, HAM
does not rely on small or large physical parameters, making it applicable to a wide
range of nonlinear problems. Over the years, numerous researchers have applied HAM
to various problems in applied mathematics and engineering, and it has proven to be
highly effective in producing approximate analytic solutions for nonlinear systems. For
example, Kohilavani et al. [153] used the homotopy analysis method (HAM) with an
evolutionary algorithm to solve the ODE transformed from the governing equations of
a non-Newtonian Casson base fluid flowing over a linearly stretchable surface
problem. Walelign et al. [81] also conducted an analytical study on heat and mass
transfer in unsteady MHD radiant flow of Williamson nanofluid over a stretching sheet
using the homotopy analysis method. Using this method, Prajapati and Meher [154]
explored the MHD tangent hyperbolic hybrid nanofluid flow over a porous stretched
sheet with various base fluids. Liao [155] modified it and presented the optimal
homotopy analysis method (OHAM), which is a more effective technique. Numerous
research scholars have implemented the modified OHAM. The study on thermal and
mass transport in the Williamson model flow through the optimal homotopic method
conducted by Akbar et al. [156] is one of them. One of the unique features of HAM is
the inclusion of a convergence control parameter (CCP), which allows the user to

regulate the convergence behavior of the solution series. However, it is
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computationally intensive and requires careful selection of the CCP to ensure accurate
results.

Numerical methods such as finite element methods (as evidenced by much
literature [157-161]) and finite difference methods are also widely used to investigate
fluid flow problems, but they require mesh generation, and their setup is
computationally expensive. A finite difference scheme, the Keller Box Method,
developed by Herbert B. Keller in the 1970s [162], is a highly stable and eflicient
numerical technique for solving two-point boundary value problems (BVPs),
particularly those involving nonlinear ordinary differential equations (ODEs). As an
implicit finite-difference scheme, it reduces higher-order ODEs to first-order systems,
employs central difference approximations at midpoints (the "box" concept), and
linearizes the system using Newton’s method. The resulting equations are solved via a
block tridiagonal matrix algorithm, ensuring both computational efficiency and
accuracy. This method is especially effective for stiff, nonlinear systems and boundary
layer problems, making it indispensable for modeling complex phenomena like MHD
flows, non-Newtonian fluids, and coupled heat and mass transfer processes. Its
adaptability extends to time-dependent and multidimensional problems, cementing its
utility in computational fluid dynamics and applied mathematical modeling [163—165].

As a simpler alternative, the shooting method combined with Runge-Kutta
integration provides an effective approach to solving boundary value problems in fluid
dynamics. Although it may not match the stability of the Keller Box method for stiff
systems, it remains widely used due to its conceptual simplicity and ease of
implementation. This approach has been successfully applied to a range of complex
phenomena, including MHD flows and nanofluid systems, making it a practical choice

when computational efficiency and straightforward coding are prioritized.

3.3 Shooting Technique

The shooting technique is a numerical method to solve BVPs by transforming them
into IVPs. This approach is particularly advantageous for systems of ODEs derived
from similarity transformations of PDEs, as encountered in boundary layer flows. The
core idea involves guessing missing initial conditions, solving the resulting IVP, and
iteratively adjusting the guesses until the boundary conditions are satisfied. The first
step in applying the shooting method is to reduce the governing PDEs to a system of
ODEs using appropriate similarity variables. For instance, in the case of MHD
nanofluid flow over a stretching sheet, the continuity, momentum, energy, and

concentration equations are transformed into a set of coupled nonlinear ODEs. These
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ODEs are then expressed as a system of first-order equations to facilitate numerical
integration. The computed solution at the far-field boundary is compared with the
prescribed boundary conditions. If the discrepancy exceeds a predefined tolerance, the
initial guesses are adjusted using the Newton-Raphson method. This iterative process
continues until the boundary conditions are satisfied within an acceptable error
margin. Despite its advantages, the shooting method has limitations. It may struggle
with problems exhibiting multiple solutions or extreme sensitivity to initial conditions.
However, for the class of problems considered in this study, the method has proven
stable and reliable, especially when combined with the higher-order Runge-Kutta
integration [166—172].

3.4 Higher Order Runge-Kutta Method

Runge-Kutta (RK) methods are a family of iterative techniques used to solve ordinary
differential equations (ODEs), known for their accuracy and stability. Higher-order RK
methods, such as the fifth- and sixth-order variants, are particularly effective for stiff
systems where lower-order methods may fail or require excessively small step sizes.
The general form of an RK method involves evaluating the derivative at several points
within each time step and combining these evaluations to approximate the solution.
The number of function evaluations (stages) and the weighting coefficients determine
the method’s order, which reflects its truncation error. Higher-order methods achieve
greater accuracy per step but incur a higher computational cost per evaluation. In this
study, fifth- and sixth-order RK methods were employed to balance accuracy and
computational efficiency. The fifth-order method provides a good compromise
between precision and cost. It uses six function evaluations per step and includes
embedded error estimation for adaptive step-size control. The sixth-order RK method
offers even higher accuracy by employing seven stages per step. The additional stages
allow for better resolution of solution features, reducing the need for excessively fine
discretization. A critical aspect of RK methods is their stability, which determines how
errors propagate over successive steps. Higher-order methods generally exhibit better
stability properties, allowing for larger step sizes without compromising accuracy.
This is particularly important in boundary layer problems, where resolving thin layers

near the wall requires careful selection of step-sizes.
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3.4.1 Fifth Order Runge-Kutta Method

The fifth-order Runge-Kutta (RKS5) method is a widely used numerical technique to
solve ODEs with high accuracy [173]. The RKS method typically involves six function
evaluations per step, with carefully chosen weighting coefficients to minimize
truncation error. One of the key advantages of RKS is its computational efficiency. For
problems where the behavior of the solution is well-behaved and moderately nonlinear,
RKS provides a sweet spot between accuracy and cost [174]. This was evident in
Williamson fluid simulations, where RK5 delivered reliable results without excessive
computational overhead.
The formula for RKS to solve the system of ODEs [174] of the form

y'(x) = fx,y), y(Xo) = Yo, (3.1
is given by
Tky + 32ks + 12ky + 32ks + Tk
Yivr = Yyi t+ 1 il 904 M AL (3.2)

where y; and y;,; represent the computed values of y corresponding to the mesh points

x; and x;,1, respectively. & denotes the uniform step size of the grid, and

ki = hf(xi, ), (3.3)
ky = hf xi+g,yi+%), 3.4
o= (i By o 3"11;"2), (3.5)
k= hf xi+§,yi+%), (3.6)
ks = hf xi+¥,yi+_3k2+16§3+9k4), 3.7)
P +4k2+6k;— 12k4+8k5) 48)

3.4.2 Sixth Order Runge-Kutta Method

The sixth-order Runge-Kutta method (RK6) represents a higher level of numerical
precision, employing seven function evaluations per step to achieve superior
accuracy [175]. This method is particularly advantageous for solving stiff and highly
non-linear ODEs, where lower-order methods require prohibitively small step sizes.
The applied RK6 method is a version developed by Butcher, characterized by its

seven-stage evaluation and carefully optimized coeflicients. The detailed derivation is
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discussed by Trikkaliotis and Gousidou-Koutita [175]. The high order of this method
ensures that truncation errors are minimized, enabling accurate integration even over
large intervals. One of the notable benefits of RK6 is its stability, which allows larger
step sizes compared to lower-order methods while retaining accuracy. This property is
especially valuable in parametric studies, where multiple simulations are required to
explore the influence of various physical parameters.

The implemented formula for RK6 to solve the initial value problem:

Yo fwn, ew =y (3.9)

is written as
Viel = Vi + % (Tky + 32k3 + 12k4 + 16ks + 16kq + Tk7) (3.10)
where the step size be h = === and define discrete points x; = xo+ihfori =0,1,...,n.

The intermediate stage Values are computed as follows:

ki = hf(x, y) (3.11)
ko = h f(xi + 30, y; + thy) (3.12)
ks = hf(xi+ 30, yi + §(k + k) (3.13)
= hf(xi + 3h, yi = 2ka + $hs) (3.14)
= f(xi + 3h, yi + 3hy + o + k) (3.15)
= f(xi + 3h, yi + 3ky + ey — Sha + 1s) (3.16)
= hf(x +hy yi+ Sk = 2y + s + k) (3.17)

3.5 Numerical Simulation

The numerical simulations are based on solving the reduced system of ODEs using the

shooting method and higher-order Runge-Kutta solvers. The procedure is as follows:

1. Apply similarity transformations to reduce the governing PDEs to a system of

nonlinear ODE:s.
2. Transform the higher-order ODEs into a first-order system.

3. Guess the unknown initial conditions and solve the initial value problem using the

Runge-Kutta method.
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4. Use an iterative algorithm to adjust the guesses until the boundary conditions are

satisfied to a predefined tolerance.

5. Plot the resulting profiles (velocity, temperature, concentration) and compute
physical quantities such as skin friction coefficient, Nusselt number, and

Sherwood number.

Each model in the dissertation is validated by comparing the results obtained with those
of the existing literature. The accuracy and convergence of the methods were confirmed

through such comparisons.

3.6 Implementation

All simulations are performed using Python, taking advantage of its numerical and
visualization capabilities. The code is modularly structured, allowing reuse and
modification across different models and parameter ranges. The core modules are

included as follows.
* Definition of governing equations and similarity transformations.
* Conversion to first-order systems.
* Implementation of the shooting algorithm and iterative correction.
* Execution of fifth- and sixth-order Runge-Kutta solvers.
* Graphical analysis of the results using Python’s plotting libraries.

The output consists of plots showing the variation of velocity, temperature, and
nanoparticle concentration with respect to key dimensionless parameters, as well as
tables summarizing critical values of skin friction, the Nusselt number, and the

Sherwood number.

3.7 Used Software

The choice of software tools played a pivotal role in the success of this dissertation.
Python emerged as the platform of choice because of its open source nature and
extensive scientific libraries. The Python ecosystem provided all necessary tools for
numerical computation, visualization, and data analysis. NumPy served as the
foundation for numerical operations and offers efficient array manipulations [176].

SciPy built upon this with advanced functionality for integration, optimization, and
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sparse matrix operations [177]. For ODE solving, ‘fsolve‘ is the workhorse, providing
robust implementations. When higher-order methods are needed, custom solvers are
developed using NumPy for the core computations. These solvers are carefully
optimized to balance accuracy and performance. Matplotlib is used for visualization,
making it possible to generate professional quality plots [178]. Its object-oriented
approach provided detailed control over all elements of the figures, including axis
labels and color schemes. For interactive exploration of results, Jupyter notebooks are

employed, combining code execution with rich text documentation.

3.8 Validation

Validation is an integral part of the simulation process. The numerical results are
compared with the previously published literature to ensure consistency. Excellent
agreement is observed in all cases, affirming the reliability of the numerical framework
developed in this study. The methodology is then applied to investigate the effects of
various physical parameters on velocity, temperature, and concentration profiles, as
well as on key engineering quantities such as skin friction, the Nusselt number, and the
Sherwood number. Physically realistic results offer additional support for the validity
of the selected approach.

A comprehensive mesh independence study was carried out to ensure that all
numerical solutions reported in this dissertation are independent of discretization
parameters. Following established computational fluid dynamics practices, the step
size Anp was systematically varied across three levels of refinement, and the
corresponding effects on key physical quantities were carefully examined. The
complete mesh independence analysis, including detailed numerical tables and
convergence plots, is provided in Appendix A.

The governing equations are defined over a semi-infinite physical domain,
n € [0, ), which necessitates appropriate truncation for numerical implementation.
The suitability of the truncated computational domain was rigorously assessed by
comparing solutions obtained with n,,x = 5,7,10. A detailed account of the domain

truncation validation is presented in Appendix B.

3.9 Numerical Solution Procedure

The overall numerical modeling procedure is represented by the following flow chart.
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Figure 3.1: Research framework




Chapter 4

Effects of Hall, Ion Slip, Viscous Dissipation
and Nonlinear Thermal Radiation on MHD

Williamson Nanofluid Flow Past a Stretching Sheet

4.1 Introduction

One of the non-Newtonian fluids that has gained prominence in the study of fluid
dynamics is the Williamson fluid, which was discovered by Williamson in 1929. The
Williamson fluid model is widely utilized to capture the shear-thinning behavior
observed in many practical systems. It describes the relationship between shear stress
and the shear rate in these fluids, which is responsible for the reduction in viscosity as
the shear rate increases. The two-dimensional flow of the Williamson fluid model over
a stretching sheet has been studied by Nadeem et al. [59]. Vajravelu et al. [179]
analyzed the peristaltic flow of a Williamson fluid in asymmetric channels with
permeable walls. The flow of Williamson fluid with pressure-dependent viscosity in
an inclined channel was considered by Zehra et al. [180].

The current study aims to comprehensively analyze the effects of Hall, ion slip,
viscous dissipation, and nonlinear thermal radiation on the MHD Williamson
nanofluid flow past a stretching sheet. By combining these factors, the study addresses
a research gap and provides a novel investigation of the combined effects. To solve the
governing equations involved in studying the combined effects of these phenomena,
numerical methods are employed. Using appropriate similarity transformation
equations, the highly non-linear partial differential equations are reduced to a system
of ODE’s and solved numerically. The fifth-order Runge-Kutta (RKS5) scheme
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combined with the shooting technique allows for the determination of solutions to the
governing equations. Using graphs and tables, the findings are discussed for a few
relevant and interesting parameters. Furthermore, the validity of the method was
verified by comparing the numerical findings with published works, and the results

indicate a wonderful agreement.

4.2 Mathematical Formulation
4.2.1 Model Assumptions

y.v

MomentuymBoundary Layer

oncentration Boundary
Layer

Williamson Nanofluid
"Micrascopic view)

W

By

Figure 4.1: A schematic of the physical model

A steady, laminar, viscous, incompressible, electrically conducting MHD Williamson
nanofluid flow over a porous medium with no slip effect stretching linearly with
velocity U,,(x) = bx, where b is the stretching rate, along the x-axis with the additional
effects of viscous dissipation has been considered. A strong constant magnetic field of
intensity By is supplied in the direction along the y-axis. Due to this strong magnetic
field strength, the electrically conducting fluid has the Hall and ion-slip effects, which
give rise to a force on the fluid in the z-direction, and hence the flow becomes three

dimensional. The flow in the region y > 0 is taken into account, as indicated in Fig.



4. EFrects oF HALL, IoN SLip, Viscous DissiPATION AND NONLINEAR THERMAL
RapiaTioNn oN MHD WiLLiaAMSON NANOFLUID FLow PAST A STRETCHING SHEET 58

4.1. In addition, the effects of Joule (ohmic) heating, heat generation/absorption,

nonlinear thermal radiation, and (homogeneous) chemical reaction are considered.

4.2.2 Conservation Equations

The balance of mass, momentum, energy, and nanoparticles concentration are given by
the conservation equations in vector form as follows:

4.2.2.1 Continuity Equation

The continuity equation for conservation of mass becomes
V-V =0, 4.1

where V and V denote the Del (nabla) operator and the flow velocity vector, respectively.
In three-dimensional Cartesian coordinates (x, y, z), the corresponding velocity field is

V(u,v,w) and the continuity equation Eq. (4.1) is also written as follows.

ou Jv ow B

L4220 4.2
6x+8y+(9z ’ 4.2)

4.2.2.2 Conservation of Momentum Equation

The balance of linear momentum is given by

Pr

(’;—‘;+(V-V)V]:—VP+V-T,-J~+(J><B)—%V, (4.3)
where p; is the density of the nanofluid, ¢ is the time variable, P is the fluid pressure,
7;; is the Cauchy stress tensor, B is external magnetic field, J = (J,, J,, J;) is current
density, E represents the electric field and y is coefficient of dynamic viscosity, (J X B)
is the mechanical Lorentz force generated by the motion of the fluid interacted with the
external magnetic field and K is the porosity of the medium.

In this formulation, the pressure field is assumed to be isotropic, i.e. it acts
uniformly in all directions and does not contribute any streamwise variation within the
boundary-layer region under consideration. Physically, this corresponds to neglecting
any externally imposed pressure gradient and assuming that the pressure inside the
thin fluid layer equals the ambient free-stream pressure, which remains constant.
Under this assumption, the pressure term in the momentum equations, —V p, reduces to
a uniform isotropic contribution that can be absorbed into the thermodynamic

pressure. Consequently, no explicit pressure-gradient term appears in the reduced
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governing equations. The resulting momentum equation then balances the inertial and
convective accelerations with the non-Newtonian viscous stresses, Lorentz force due
to the applied magnetic field, and the resistance by the porosity of the medium.

Now, the three-dimensional momentum equations in terms of the stress tensor

become p 5 p 5 5 p
u u u Txx Txy Txz
o, %, o FB,, 4.4
pf(”a +v8y+wt?z) ax Oy i 0z i )
ov v av\ Oty Oty 07y,
— +v— —|= -+ FB,, 4.5
pf(u8x+v0y+waz) ax Jy i 0z TS 4)
ow  ow ow\ oOr, Ot OJr,
ow Ly e FB., 4.6
pf(u(9 +Vay+waz) 6x+8y+6z+ . 4.6)

where FB = (F By, F By, FB,) represents the two considered body forces of the Lorentz
force due to the applied magnetic field and the resistance by the porosity of the medium.

Substituting the stress components from Eq. (2.13) into Eqgs. (4.4)-(4.6) and
computing the partial derivatives of the components of the stress tensor, we apply the
boundary layer approximations.  This process yields the following simplified

momentum equations:

ou  Ou ou ou\ 0%u
v == = r— + FB,, 4.7
pf(uax+vay+waz) ( +V2 )6y 4.7
ow ow ow ow\ 0*w
Py (ua + Vg + Wa—z) Mo (1 + \/_F ) ay FBZ, (48)

where 1 is limiting viscosity at zero shear rate and I' > 0 is a time constant.
For a strong constant magnetic field of intensity By supplied in the direction along

the y-axis, the Lorentz force J x B can be decomposed as follows.

i j k
IxB=\|J, J, J|=-BoJi+ ByJk. (4.9)
0 By O

Hall and ion slip currents cannot be disregarded because it is assumed that the electron-
atom collision frequency is quite high. As a result, the z-direction velocity is produced
by the Hall and ion slip currents. The modified generalized Ohm’s law formula, which
considers the Hall and ion slip effects at very large magnetic field strengths, is shown
in [181].

J =0(E+(VXB))— dd e(J X B) +

EB"’B’((J X B) X B)

(4.10)

—O'(E+(V><B))—&(JXB)+ﬁ;ﬁl((JXB)XB)

0
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where o denoting the electric conductivity of the fluid, 8. = w,7. is Hall parameter and
Bi = w,7; represents the ion slip parameter. The thermoelectric effects and the gradient
of electron pressure are disregarded, and this results in the electric field £ = 0 [181].

Following these assumptions, Eq. (4.10) can be simplified as follows.

i j k
c(E+(VxB)=c(VXB) =clu v w|=0c(-Bwi+ Byuk), 4.11)
0 By 0
and
i j Kk
(JXB)XB=|-ByJ, 0 ByJ|=-BiJi-BJk=-BXJi+Jk. (412
0 By O

Consequently, Eq. (4.10) is reduced to
J = (I Jy, J.) = 0 (=Bowi + Bouk) — Bo(=BoJ A + BoJ k) — BBi(J.d + J.k). (4.13)

Additionally, Eq. (4.13) can also be written as the system of equations as follows.

{Jx_—O'BOW +ﬂe~]z_ﬁeﬂi~]x (414)
JZ = U'BOM _ﬁeJx _,Beﬁi']z
or
{(1 + BB~ Pel. =~ Bow (4.15)
(1 +B.B8:)J, + B.J = o Byu

Solving this system of equations Eq. (4.15) simultaneously, we obtain J, and J, as:

0By (Beu— (1 +B.B)w)

x = ) 4.16
! (1 +B.B) + B2 1o
j = 7B *+ Bl +pew) @17

(1+B:B)" + 2

Finally, using Eqns. (4.9), (4.16), and (4.17) the reduced form the Lorentz force, in this

particular study, is

J X B = —ByJ.1+ ByJ.k
OB +poutpov).  oBy (B (4B (4.18)
A1BBY+5 (L+BBY+B
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4.2.2.3 Conservation of Energy equation

The conservation of thermal energy is given by

(pc,,)f aa—f +(V-V) T] = kV’T + (1, : V)V

D
DzVC - VT + T—T (VT - VT) (4.19)

(o)

),

F D) Vg (T - T,

where (pCp)f and (pCp)p are specific heat capacities of the nanofluid and the
nanoparticles, respectively, and 7 is the temperature. « denotes the thermal
conductivity of the fluid; Dg and Dy represent the diffusion coefficients for Brownian
and thermophoresis, respectively. T, signifies the ambient temperature, g, is the
radiative heat flux, and the coefficient Q, represents heat absorption (Q, < 0) and

generation (Qy > 0).
Using the expression for current density from Eqgs. (4.10), (4.16) and (4.17), the

ohmic (Joule) heating term (; (J - J)) can now be expressed as follows.

1 1

= J-b == [(J+,0,7) - (J1, 0,J)]
o’B; (u2 + w2)
(1+ BB + 2
oB; (u2 + wz)

T HBB) B

1

o

(4.20)

By employing the non linear Rosseland diffusion approximation, the radiative heat

flux g, can be written as [2]:

40" OT* _ 160°* 73 oT

L= — = —_—, 4.21
U= "3 8y 3k dy (4.21)
and therefore;
1 8( ) 1 0( 40'*0T4)
— 7 Gr) = —= 75
C,0 C,0 3k* 0
pLpoy pLp oy Y (4.22)
_ 160" o4 T36—T
B 3k*pC, dy dy )’

where o* is the Stefan-Boltzmann constant and k* is the mean absorption coefficient.

From Eq. (4.19), the term Qg (T — T) is the heat source term. In addition, using

the boundary layer approximation in three-dimensional Cartesian coordinates, the
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viscous dissipation term can also be obtained from (ﬁ, : V) V., and after simplification
9 aw)?
GGG e
\f dy ady

4.2.2.4 Conservation of Nanoparticle Concentration Equation

it becomes:

o="211
C,

Conservation of nanoparticle concentration equation for a homogeneous chemical
reaction is 5C

a—+(V V)C = DBV2C+T—V2T Ry (C - Cy,), (4.24)
where C is the nanoparticle concentration near the surface, C. is the ambient

concentration and R, denotes chemical reaction constant.

4.2.3 Coupled Governing Equations and Boundary Conditions

By incorporating the simplified equations above and using the boundary layer
approximation in Cartesian coordinates, we rewrite the governing equations for the

flow as follows [2]:

du B dw
ox 0dy 0z
2 32 l ePi e

u@+v6—u+wa—u—v( \/_Fau)a 7 O[( +ﬁﬁ)u+ﬁw] _E
a)oyt  pla+ppr+p| K

ow  dw  Ow ( aw)a2 o Bj [Bert — (1 +BeBIW] v
U— +v— +w— =v|1+V2I + - —w
W)yt pla+ppr+p] K

=0, (4.25)

0x ay 0z

4.27)
ua_T_l_va_T_Fwa_T—ai_i_ [ a_Ca_T+&(a_T)Zl+£2(T38_T)
Ox oy 0z 0y? 5 oy dy Tw \0y 3k (pC ) 0 dy
1 + — ou\’ 8_w
ay (9y
0'82 u + w 0
+ + (T - Too) s
(Cp), [ +BBY +B2]  (pCs),
(4.28)
2 D 2

u(?_C + va—C + W(?_C = 88 € Dot Ry (C - Cw), (4.29)

3 T TLon
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where v = £ represents the momentum diffusivity, @ = . represents the thermal
P (p Cp)f
)
diffusivity and A = is the effective heat capacity ratio of the nanoparticle
material to the effective heat capacity of the fluid.
The boundary conditions for the problem are given by
0C DroT
u=U,x)=bx, v=0, w=0, T=T,, DB—+—T—:O, at y=0,

dy Ts Oy

u—-0, w—>0, T->T,, C—>Cy, as y— oo,

(4.30)
where U, (x) = bx represents the stretching surface velocity in which & > 0 is the

stretching rate.

4.2.4 Similarity Transformation

We consider coupled non-linear PDEs (4.25)- (4.29), whose closed-form solutions are
challenging to find. Hence, the following transformation equations are introduced to

simplify the analysis by reducing the governing equations into a system of ODE:s.

b
n= \Ey, v = Nbuxf(), w = U, (x)h(p) = bxh(n),

e g = S
W= ey

4.31
oo = T (4.31)

DT oy
where 77 is the new similitude variable, f(7) is the dimensionless stream function, /(1)
is the dimensionless cross flow velocity, 6(n) is dimensionless temperature

distribution, ¢(n) is the nondimensional nanoparticles concentration and i is the flow
o
ox’

Based on the assumption, the flow is considered in the x— and z— directions only.

function defined by u = c?_w and v =
y

So, we need to compute the necessary partial derivatives of # and w using the above

similarity transformations.

ou

= = by,

0x f

ou b ou

— =bxf" . -, B O, 4.32
dy xf v 0z (4.32)
0*u b

-7 b " -,

0y? xf v



4. EFrects oF HALL, IoN SLip, Viscous DissiPATION AND NONLINEAR THERMAL

RapiaTioNn oN MHD WiLLiaAMSON NANOFLUID FLow PAST A STRETCHING SHEET 64
ow
— = bh,
ox
ow b Ow
- = bxh’ -, e — O, 4.33
dy v 0z (4.39)
0w b
—— = bxh”
0y? v

The continuity equation (4.25) is identically satisfied when the aforementioned
similarity transformations are used. Now the remaining Egs. (4.26)—(4.29) can also be
transformed into their dimensionless ODE through applications of the similarity

transformations.

Substituting Eq. (4.32) on the left-hand side (LHS) of Eq. (4.26), we have

W20, 0 bxf'-bf' —Nbuf - bxf"” bio= Pxf? - bixffr.  (4.34)
ox Oy 0z v

Similarly, the right-hand side (RHS) of Eq. (4.26) becomes

81/1 62u O-Bz [(1 +,Be,8i)u +ﬁew] v
1 \/Er—) — - -z
”( )T, |a+ppy+p2| K

2 N £
I+ \/Efbxf" . é bxf”' . é _ O-Bobx [(1 +ﬁeﬁt)f +ﬂeh] B vbx
Y p |1+ BB +B2] K

1%
2 N £
[f/// + \/Erbx . \/Ef//f///] _ O-BO [(1 +ﬁ€ﬁl).]; +ﬁeh] _ Lf/ .
v b1 +pB)+p2] K

=v

' (4.35)

= b’x

Dividing the entire equation by b*x, we obtain the dimensionless ODE form of x—

momentum Eq. (4.26) as:

2 N £
f" =2+ "+ N2Tbx \/Ef"f”’ OB+ BB 4B v,
v pb|(1L+p.8) +p2] K

(4.36)

We now extend the similarity transformations to the z-momentum equation.
Substituting Eq. (4.33) into the left-hand side (LHS) of Eq. (4.27) yields:

0 0 0 b
w2 v 2wl b bh— Vbuf - bxh’\/j+ 0=0xf'h—-b*xfi (4.37)
0x ay 0z v

And the right-hand side (RHS) of Eq.(4.27) can also be transformed as follows.
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( ﬁﬁw)az L OB [Ben = (L +Bfw] v

wloE " plasppreg] K
_ , b, ., b Gszx[ﬁf’—a + BB v
_v(l + V2I'bxh \/7 ] bk - = + Y Y — 2 bxh (4.38)

=b’x

pb[(L+BB)* +B]  bK

2 ’r_ )
[h” ¥ \/El“bx\/gh’h”] TB B A+ BBIM _ v,

Dividing by b*x, the dimensionless ODE form of the z-momentum equation Eq. (4.27)

becomes:

OBy [B.f = (1 +BBDR] v
' & - —h= 4.3
— f'h+ fh + \/_Fbx\/7h h [T B+ ] 5 h=0. (4.39)

To transform the energy equation to its dimensionless form using the similarity
transformations (4.31), we compute the following necessary partial derivatives in
addition to Eq (4.32) and (4.33).

oT oT b 0T
Z20, =T, -Tu)+/- =—=0,
ox Oy ( ) \/; 0z

0T
0y?

ocC b
5= (- cw>¢’\ﬁ
y v

The transformation of each term in the energy equation is now carried out as follows.

=T, - TOO)H”E, (4.40)
v

To transform LHS (convection term) of Eq. (4.28), we have

2L 0T wa—T—0+( Vbuf)(T,, — Tes )6\/7+0——b(T —T)f0. (4.41)
0x ay 0z

The dimensionless form of the thermal diffusion term can be expressed as follows.

o*T b
a— =a(T, — Ts)0"—. (4.42)
0y? v
The dimensionless form of Nanoparticle diffusion (Brownian and thermophoresis

diffusion) can also be transformed as follows.

T 4C Dy (9T\'\_ Ab Dy(T,y — T.o)?
ADso- S+ A (T = T)(C,y - Coygr gt + 2T T = T) o
dy ay 8y v To
(4.43)
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To transform the nonlinear thermal radiation term 22 —2 (T”i), define the
3k*(pCp)y By dy

temperature ratio parameter:
6,=—— = T=T,[6-10+1]. (4.44)

Consequently,

30T 5(dT dn\ 5 3 _,\/E
Tay_T(dn dy)_(Tm((H, 1)9+1))(T00(9, 16 v)

(4.45)
=T506, - D (6, - Do+ 1)’ 9’\/2
v
and differentiating w.r.t. y
i T36_T = i T30_T . @
dy\ dy) dn\ dy] dy
=TL6, - 1) g 30 - Do+ 1@, - 1)o”
(4.46)

+ (6, -1 +1)° 9"]
=TT - mg 36, - Do+ 1) 6, ~ 1o”

+ (6, - 1o+ 1) 9"].

So, substituting Eq.(4.46) into the radiation term, we obtain:

160" T\ 160°T%(T, - Te
Li(ﬁa_): 7T )9[3((9,—1)9“)2(9,—1)9'2
3k (pCp)y 0y " dy 3k (pCp)y v (4.47)

+(6, - Do+ 1) 9"].

Transforming the heat source term using the similarity transformation, we have:

QT -Tw) _ Qo
(Pcp)f (Pcp)f

(T, — Tw)6. (4.48)

The dimensionless form of the Joule heating (magnetic dissipation) term can also be
derived as follows.

cBE+w)  oBibx?|f?+ i
ECp)r [(L+ BB+ B2~ (pCp)y [(1+BBi)* +B2]

(4.49)
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The dimensionless form of the viscous dissipation term is transformed using the

given similarity transformations as follows.

1+ 5 \/(a_) ’ (6w)2 [(6_) ’ (awﬂ
V2 Y\ 9y dy oy dy
r b)Y b b)Y b)Y
= Cip 1+ @J [beH\/;) + [b.Xh,\/;] |:(be,,\/;) + [th,\/;) ] (450)
b3x2 I b 2 N2 " ’
- [1 + —\/ibx\/;w/(f”) + (W) ][(f )+ ().

By combining Eqs. (4.41)—(4.43), (4.47)—(4.50), and then dividing the result by

a(T,, — T+)% , the energy equation in its non-dimensional form becomes:
v

v
CP

ADg(C,, — Ca AD(T,, — Ts
Efg/ + 0// + B( )9/¢/ + T( )0/2
a @ als
¥ 1607 T [3 0, — DO+ 126, — DO+ (6, — Do+ 1) 9"]
3k*(pC,) e ’ ’ ’
Q()U O'ngXZV [f/Z + hZ] (451)

0
T PCorab " (0Cy) Ty —To) [(1+ BB + 5]

2.2
bxv 1y, %bx\/g,/( 2+ (WY

1\2 ~n2|
+ T () + )| = 0.

The non-dimensionalization of the nanoparticle concentration equation using the

similarity transformations in Eq. (4.31) requires applying the following partial

derivatives.
?)—i = Z—gg—i =(C, - Cw)g—f =0 (since ¢ = ¢(n), n is independent of x)
aoC 0o
— =(C,, —Cs)— =0, -
7 ( )aZ (4.52)
9*C b
— =(C, — Co)9" —.

By substituting the partial derivatives from Egs. (4.32), (4.33), (4.40), and (4.52) into
Eq. (4.29), the left-hand side transforms as follows.

aCc  aC  aC b
U— +v— +w— =0 - Vbuf(C, — cm)qs'\ﬁ +0=-b(C, - C)fd, (4.53)
0x ay 0z v
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while the right-hand side becomes:

0’C Dy &1 b
D+ 7 gy = Rol€ = C) = Dy(Cy = Cl”
D
T v
- RO(CW - CDO)¢

Combining Egs. (4.53) and (4.54) and then dividing by w, the dimensionless

ODE form of the nanoparticle concentration becomes

v Dy(T,, —T,) Rov

¢ :_D_Bf¢ DBTOO(CW—COO) " bDy

07 . (4.55)

The boundary conditions can be simplified using the previously introduced
similarity transformations. From the definition of the similarity variable in Eq. (4.31),
n= y\/g, it follows that = 0 when y = 0, and 7 — o0 as y — oo. This relationship
allows the boundary conditions to be expressed in terms of the dimensionless variable
n, thereby facilitating the conversion of the governing PDEs into ODEs.

Aty = 0 we have n = 0 and transformations for the boundary conditions (velocity,

temperature, concentration) are summarized below.

u=bxf'(n) = u(0) = bxf'(0) = bx = f'(0) =1,
v ==Vbuf(n) = v(0) = 0 = —Vbuf(0) = £(0) =
w = bxh(n) = h(0) =0

(4.56)
o) = LT -1,
TW_TOQ TW_TOO
0C DrdT
Dyt 75y = 0= Nt/ (0) + N&'(0) = 0.

Also, as y — oo, 7 — oo and consequently we have the following transformations.

u—0= f'(n) -0,
w— 0= hn) =
Teo — Too 4.57)
() — T T. =0,
Co, — Co
() — ﬁ =0.

The transformed dimensionless governing equations for momentum Egs. (4.36) and
(4.39), energy Eq. (4.51), and nanoparticle concentration Eq. (4.55) are simplified using

the introduced non-dimensional parameters in Table 4.1.
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This yields the following system of coupled nonlinear ordinary differential equations:

M [(1 +ﬁeﬁi)f, +:Beh]

e pr2 1’7 " _D /:O
7=+ Wef'f B+ 52 af’ =0, (4.58)
17 1100 ’ ’ M [186.]“ - (1 +ﬂ€ﬂi)h]
W - fh — Dah =0, .
W +Wel'h” + fh' — f'h + Q1 BE 1 B a (4.59)
17 4 MEC (f’z + h2) 1 17 /. % 17 /7
0 +Pr[Qh9+0f+ T p a7 1B +Ec(1 + EWe(f 2 +h2) )(f 2 +h2)
+Ny§'¢ + N, (9')2] +R, [9" (1 + 6, — 1)) + 306, — ) (1 + (8, — D)O)> 9’2] =0,
(4.60)
¢ +Scfd + &9" — ScC,¢ = 0. (4.61)
Ny
Rearranging equations (4.58)—(4.61), we have
lf’z - [+ M [(1 +BB)f" + Beh] + Daf’]
v (1+B.B) + B2 (4.62)
F = [1+Wef”] ’
—fW + f'h— " — (1 + B.B)h] + Dah
h,,_[ et (1 +B.B:) + 2 [Bef” = (L + Bebih] + a] (4.63)
Bl [1+ Wel'] ’
_ MEc(f?*+ h?
g’ = ! [Pr(Qhe +60'f+ C(f 5 )
[1 +R,(1+(6, - 1)0)3] (1 +B.B:)" + g2
1 17 7 % 17 /. /7 ’/ 4 (4'64)
+Ec(1 + EWe(f 2+h2) )(f 2+h2)+Nb9¢ +N, (6 )2)
+R[30, - (1 + (@ - DOy 9'2]],
N;
¢ =-Scf¢’ +ScC,¢p — —0". (4.65)
Ny

The transformed boundary conditions are

f'O=1, f0)=0, h0)=0, 60)=1, N¢'(0)+N6(0)=0,at n=0,
ff—=0, h—0, 60, ¢—0 asn— oo

(4.66)

The dimensionless parameters existing in Equations (4.58)— (4.61) can be described

as follows.
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Table 4.1: Dimensionless parameters and their definitions

Symbol & Formula  Description

(TBS )
M = 0 Magnetic field parameter
ol

b
We = \/il"bx\/j Williamson fluid parameter
v

160°T3, . .
S e Nonlinear thermal radiation parameter
K
T, :
6, = T_ Ratio temperature parameter
Pr = v Prandtl number
a
Sc = z Schmidt number
Dg
Ry . .
C, = 5 Scaled chemical reaction parameter
O, = A Heat generation (Q;, > 0) or absorption parameter (Q;, < 0)
(’0 Cp) { b
U, (x)
Ec=—ir——F— Eckert number
Cp (Tw - TOO)
Da = bLK Darcy number
ADg(C,y = Ceo (vC»)
Ny = 5 ) Brownian motion parameter (A = i )
v (eC2)
ADr (T, — Ts) !
N, = ! Tw =~ Thermophoretic parameter
Ul

4.2.5 Engineering Relevant Quantities in Boundary Layer

In the study of boundary layer flows, particularly in the context of the non-Newtonian
Williamson fluid, certain physical quantities are of prime practical importance. These
include the local skin friction coefficient (Cy), the local Nusselt number (Nu,), and the
local Sherwood number (S4,). These quantities respectively measure the momentum
transfer, heat transfer, and mass transfer at the fluid—solid interface, and are essential in

characterizing the efficiency of thermal and solutal transport in engineering systems.
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4.2.5.1 Skin Friction Coefficients

The local skin friction coefficient quantifies the tangential shear force exerted by the
fluid on the surface per unit dynamic pressure. Because of the three-dimensional nature

of the flow, the surface drag is described by two distinct components of skin friction.

(4.67)

where 7, and 7,, represent the wall shear stresses in the x— and z— directions,
respectively. For the Williamson fluid model, these incorporate shear-thinning effects

via the relaxation time I" and shear rate .

From the constitutive equation Eq. (2.7) and (2.13), the deviatoric stress tensor

components at the wall (y = 0) are:

Ou @), Tyz:uo<1+ry'>(2—2+a—w), (4.68)

Tyx = Ho (1 + r’)/) (@ + Ox ay

where i is the reference dynamic viscosity of the fluid and I is the Williamson fluid

parameter (related to the time constant of the fluid).

Under boundary layer assumptions (v = 0 at y = 0, dv/dx ~ 0, dv/0z ~ 0), and
using the shear rate definition Eq. (2.12), v simplifies to:

o1
yr—
V2

Thus, the wall shear stresses reduce to:

ou T (ou) ow T [ow)
Tux = 1 —+—(—)l , T =H l—+—(—)l : (4.70)
O[a-y va\ay) |, ey Tvaley) |,

Using similarity transformations Eq. (4.31):

ou

dy

(for TWX)’

1 ‘8w'
~ — |—| (for7,,). (4.69)
4 V2 | 9y

b
n= y\/;, u=>bxf'(n), w=bxhn), 4.71)

the velocity gradients at y = 0 (n = 0) are as follows.

= bxf ”(0)\/E,
)7:0 v

= bxh'(O)\/E.
y:O v

ou

(4.72)

dy
ow
dy
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Substituting Eq. (4.72) into Eq. (4.70):

. 2
b T b
Twx = Ho bxf”(())\/; + - (bxf”(())\/; ,uobx\/7[ "(0) + —bx[f”(O) ]
. .
Tywz = Mo bxh’(O)\/g + % [bxh’(O)\/g] = uobx\/g [h’(O) + %bx\/gh’(Of] .

(4.73)
Consequently, the skin friction coefficients Eq. (4.67) can be non-dimentionalized as

follows.
Cfx VRex = (b )2 lu() f”(O) + _bx[fll(o) }
= [0+ —bx\/jf "(0)?%,
V2 U
(4.74)
VRex b r b
CryRe, = ——— - pgbxr| = | (0) + —=bxy| =H'(0)?
reVRe p(bx)z'uoxv{() \/zx\/:()}
r b
= 1'(0) + —bx\/jh’(O)z,
V2 v
where Rex = —~ = % is local Reynolds number and U,, is the wall stretching velocity.

v

Defining the Weissenberg number (Williamson parameter) We = \/ﬁ‘bx\/% ,Eq. (4.74)
simplifies to:

44 We 144
CVRex = f7(0) + R 0))°,
(4.75)
’ We ’ 2
Cr.yRe, = h'(0) + > (H'(0))”.

4.2.5.2 Local Nusselt Number

The local Nusselt number is a dimensionless measure of convective heat transfer relative

to conductive heat transfer across the thermal boundary layer. It is defined by:

Xqw

Nuy = ——
! K(TW_TOO)

(4.76)
where g, is the local surface heat flux and « is the thermal conductivity of the fluid.
For the radiation-enhanced heat transfer case, the total heat flux at the wall incorporates

both conduction and radiation effects, and is given by:

“4.77)

qw=—(k+ 167 T3)6—T

3k* dy

y=0
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Substituting Eq. (4.77) into Eq. (4.76):

- 160°T3\ 0T
Nuy = —— T “w) (4.78)
T, — Tw 3kk* ] 0y ly=o
Using the similarity transformation of Eq. (4.31) for temperature:
T-T. T \/Z
on)=—-——, — =T,-T —-6'(0), 4.79
() To—To' dyhe ( o) 5(O) (4.79)

Eq. (4.78) becomes:

Ny oo % 1+160'*T3 . )\[9(0) \[ 160 T3 6'(0)
=TT T 3k o T3kk '

(4.80)
. . T, . 160°T3,
With the temperature ratio 6, = T and radiation parameter R, = EpE we
o K
obtain:
o, 0L (4.81)
WO ks T '
Thus,
b
Nu, = —x\/j (1+R,6])6'(0). (4.82)
v
Finally, the dimensionless form the Nusselt number is:
Nu
= =—(1+R,6)6(0). 4.83)
= )6'(©0) (

4.2.5.3 Local Sherwood Number

The local Sherwood number represents the dimensionless mass transfer rate at the wall

and is defined as:
Xqm

Shy=—— 4.84
DB(CW - Coo) ( )
where g,, is the mass flux at the surface.
The wall mass flux follows Fick’s law:
oC
qm = —Dp— (4.85)
Ay ly= 0
Substituting Eq. (4.85) into Eq. (4.84), we obtain:
- oC
Sh, = ——~ % (4.86)
CW - Cy 6y y=0
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Using the similarity transformation for concentration:

“Ce € :<CW—Coo>\/§¢’<0>, (4.87)
y=0 v

m=L=Cx €
Y= By

Eq. (4.86) simplifies to:

X b, _ __|b,
Sh, = T (C, - CW)\/;¢ (0) = x\/: ¢’ (0). (4.88)

The dimensionless form of the Sherwood number is:

Sh, ,
= —¢/(0). 4.89
VRe. #'(0) (4.89)

4.3 Method of Solution

In this study, the shooting technique in conjunction with the fifth-order Runge-Kutta
(RKS) method is utilized to solve the governing equations of the MHD Williamson
nanofluid flow over a stretching sheet by considering the effects of pertinent physical
parameters. The numerical computations are performed using an open-access Python
programming tool. The higher-order differential equations are converted into a system
of first-order ordinary differential equations (ODEs) using auxiliary variables. The
initial values and boundary conditions are specified, and the RKS method is employed
to integrate the ODEs numerically. We adjust the initial guess for the unknown
boundary conditions iteratively based on the residual. Once the desired accuracy is
achieved, we obtain the final solution by determining the values of the variables
throughout the domain. The numerical solutions are found with a step size of 0.1 and
an error tolerance of 1077. The Python programming tool facilitates the
implementation and analysis of the numerical method, allowing for efficient
computation and visualization of the results.

Accordingly, in order to apply the shooting technique, the system of non-linear
ODEs expressed in equations (4.62)-(4.65) subject to the boundary conditions (4.66)
are reduced into a system of first order through  substituting
V15 Y2 Y32 Y4 V55 V6 ¥7. V8. ¥0) = (f5 f/, f" h,IW,0,0',¢,¢'), which is written as the
following system of ODE’s
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’

N,
V4 = =Scyiyo + ScC,ys — —,
Ny

with corresponding initial conditions

y1(0) =0,
»(0) =1,
y3(0) = &,
y4(0) = 0,
ys(0) = &,
y6(0) =1,
y1(0) = &,
y8(0) = &4,
Npyo(0) + Niy7(0) = 0,

in which &, &, & and &, are the missing initial conditions.

4.4 Results and Discussion

Yi=»n
yé =)3
M
2 - + 1 + BBy + Beys] + Da ]
. [y2 vt Y [(1 + BeBi)y2 + Beyal V2
Y3 [1+ Weys]
Vi =Ys
M
—Y1Ys + Y2Ya — [Bey2 — (1 + BefBi)ya] + Day4]
- [ (1+B.B) +2
Y5 [1+ Weys]
yg =y
V7 = [P”(Qh)% +yy1 + 3+
! [1 +R,(1+(8, - 1)y6)3] (1+ BB + B2 ( 2 +33)
1 1
+ Ec(l + EWe (y% + yg)z) (y% + y?) + Npy7y9
# Npd )+ Ry [30, = 1)1+ 0, = Do |
Y§ = Yo

(4.90)

4.91)

In this section, we present the numerical results obtained for the problem considering

various physical effects. The governing equations, given by Eqgs. (4.58)-(4.61), along

with the corresponding boundary conditions (4.66), were solved numerically using the
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Runge-Kutta (RK) method with Shooting technique.

We conducted a comprehensive investigation by varying the physical parameters
involved in the problem. Numerical computations were carried out to determine the
values of various physical quantities of interest, including velocity, temperature,
nanoparticle concentration, skin friction coefficient, Nusselt number, and Sherwood
number. These quantities were evaluated over a wide range of parameter values,
enabling a detailed examination of the influence of each parameter on the flow, heat
transfer, and mass transfer characteristics. =~ The obtained results are presented
graphically in the form of figures, with each figure illustrating the variation of a
specific physical quantity with respect to the corresponding parameter. These
graphical representations provide valuable insights into the behavior of the system
under consideration and clearly demonstrate the effects of different parameters on the
velocity and temperature profiles, as well as on the distribution of nanoparticle

concentration.

4.4.1 Validation of the Numerical Method

We conducted a comparative analysis between our numerical findings and the results
reported in previous studies. The purpose of this comparison was to validate the
accuracy of our numerical solution and assess the agreement with existing literature.
Tables 4.2 summarizes the comparison between our results and those obtained from
previous investigations. The results of the comparison indicate a generally excellent
agreement between our findings and the results reported in earlier studies. The
minimal discrepancies observed can be attributed to differences in numerical methods,
discretization schemes, and boundary conditions employed in the various
investigations. Overall, the close agreement between our numerical results and the

existing literature validates the accuracy and reliability of our computational approach.

Table 4.2: Comparison of —6’(0) values with Khan and Pop [1], Bouslimi et
al. [2] and the current investigation for Pr = Sc¢ = 10, and in the absence of M,
Da, Ec,C,, O, R,,, 6,, We, B;, and 3.

N, =0.1 N, =02
N Khan and | Bouslimi | Present | Khanand | Bouslimi | Present
! Pop [1] et al. [2] Study Pop [1] et al. [2] Study
0.1 0.9524 0.9501 0.952181 0.5056 0.5065 0.505906
0.2 0.6932 0.6910 | 0.693212 0.3654 0.3646 | 0.365712
0.3 0.5201 0.5237 | 0.520229 0.2731 0.2735 0.273434
0.4 0.4026 0.4083 0.402775 0.2110 0.2124 | 0.211289
0.5 0.3211 0.3270 | 0.328232 0.1681 0.1710 | 0.171994
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4.4.2 Profiles of Velocity, Temperature and Nanoparticle
concentration with Prominent Flow Parameters

The influence of Hall currents (83,), ion slip (5;), Williamson parameter (We),
non-linear thermal radiation parameter (R,), and Eckert number (Ec) on the
non-dimensional velocities f” and A, temperature (6), and concentration (¢) are shown
graphically in Figs. 4.2-4.18. The remaining physical parameters are kept constant
throughout the study, with the following corresponding values: Sc¢ = 2, Pr = 5,
C, =06,N, =N, =Da=M=05R, =12, Ec =04,6, =12, We = 0.2,
Qn = -0.1, B. = 2 and B; = 1, unless otherwise specified in the plots. The ranges of
parameters used in the study are as follows: 2 < 5, < 10,1 <5, <2,0.1 <R, <2,
01 <We<0501<Ec<151<C(C <£50<M<201c<6 <15, and
0<Dacx<?2.

Figs. 4.2—-4.5 display that as the Hall parameter increases, the secondary velocity,
temperature and concentration profiles decrease, while the principal velocity of the
MHD Williamson nanofluid flow increase. Physically, this can be attributed to the
Lorentz force induced by the magnetic field, which acts perpendicular to the flow
direction. The Lorentz force restrains the fluid motion, resulting in a reduction in the
principal velocity. But this resistive force is decreased when the Hall parameter is
included since it lowers effective conductivity. Consequently, increasing the Hall
parameter facilitates the fluid flow and also limits the rise in temperature and

concentration profiles within the nanofluid.

1.0
0-81 . 0.20 (Be=2,4,6,8,10)
>
'
0.6 -
< 0.18 -
ﬁ‘ T T T
0.4 7 1.20 1.25 1.30
n
0.2 -
0.0 T T T 1 1 1 1 1
0 1 2 3 4 5 6 7 8
n

Figure 4.2: The principal velocity profile f’(r7) with Hall parameter j3,.
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Figure 4.4: Temperature profile 6(r7) with Hall parameter j3,.
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—0.10 A

—0.15 -

—0.20 A
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Figure 4.5: Concentration profile ¢(n7) with Hall parameter j3,.

The ion slip effect produces similar results to the Hall parameter as presented in
Figs 4.6—4.9, with increasing principal velocity profile and decreasing secondary
velocity, temperature and concentration profiles. Physically, the ion slip effect refers to
the relative motion between ions and the fluid in an electrically conducting flow. The
ion slip effect influences the flow dynamics by altering the velocity distribution and
reducing the transport of heat and particles in the nanofluid, causing a decrease in the

temperature and concentration profiles.

1.0
0.8 - 0.19

<

w 0.18 -~
0.6 -

s 0.17 -
047 1.25 1.30
n

0.2 - (Bi=1,12,1.5138,2)
O-O T T T T T T T :

Figure 4.6: The principal velocity profile f’(r7) with ion slip parameter f3;.
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Figure 4.7: The secondary velocity profile 4(n) with ion slip parameter ;.
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Figure 4.8: Temperature profile 6(7) with ion slip parameter £3;.
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Figure 4.9: Concentration profile ¢(n) with ion slip parameter 3;.

As depicted in Figs.4.10 and 4.11, with an increase in nonlinear thermal radiation
parameter, the temperature and concentration profiles are enhanced. This is due to the
fact that, as the nonlinear thermal radiation effect increases, more energy is transferred
through radiation, leading to enhanced temperature and concentration profiles. This
is because the thermal radiation provides an additional heat source, resulting in higher
local temperatures and increased concentration gradients as well as the boundary layer’s

thickness.

1.0
0.8 A

0.6
5
D

0.4 A [Rn=0.1,0.5,0.9,1.3, 2]

0.2 -

0.0 T T I I I I I
0 1 2 3 4 5 6 7 8

Figure 4.10: Temperature profile 6() with nonlinear thermal radiation
parameter R,,.
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[Rn=0.1,0.5,0.9,1.3,2]

Figure 4.11: Concentration profile ¢(n) with nonlinear thermal radiation
parameter R,,.

As illustrated in Figs.4.12—4.15, increasing the Williamson parameter,
characterized by the Weissenberg number (We), leads to a decrease in the velocity
profiles, while the temperature and concentration profiles increase. The Williamson
parameter represents the viscoelastic behavior of the fluid flow. When the Williamson
parameter (We) increases, it indicates a higher degree of elasticity and viscoelastic
effects in the flow. As a consequence, the flow experiences stronger resistance to
deformation and exhibits more pronounced viscoelastic behavior. The viscoelastic
effects cause the fluid to exhibit more elasticity, leading to a reduction in the fluid’s
ability to deform under the influence of external forces. Consequently, the flow
velocity decreases. On the other hand, the viscoelastic effects introduce additional
mechanisms for heat and mass transport, such as elongational flow and stretching of
fluid elements, which promote higher temperature and concentration gradients within
the flow field.
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Figure 4.12: The principal velocity profile f’(n) with Williamson parameter
We.
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Figure 4.13: The secodary velocity profile 4(n) with Williamson parameter
We.
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Figure 4.14: Temperature profile 6(n) with Williamson parameter We.
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Figure 4.15: Concentration profile ¢(r7) with Williamson parameter We.

Figs.4.16 and 4.17 show that as the Eckert number increases, the temperature and
concentration profiles increase due to enhanced viscous dissipation effects. Viscous
dissipation refers to the energy conversion that occurs due to the internal friction
within the fluid. As the Eckert number increases, the flow experiences higher kinetic
energy, leading to stronger fluid friction and subsequent energy dissipation. This
dissipated energy contributes to an increase in temperature within the flow field.

Additionally, the concentration of nanoparticles also increases, indicating a higher
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deposition of nanoparticles near the surface. It is important to note that the impact of
the Eckert number on temperature and concentration profiles is primarily driven by
viscous dissipation effects in this context.

1.0
0.8 1
= 0.6
3 (Ec=0.1,04,0.7,1,1.5)
0.4
0.2 1
0.0 T T T I I I I I
0 1 2 3 4 5 6 7 8
n
Figure 4.16: Temperature profile 6(7) with Eckert number, Ec.
0.1 Ec=0.1,0.4,0.7,1,1.5]
0.0
5
s —0.1 4

Figure 4.17: Concentration profile ¢(n7) with Eckert number, Ec.

As depicted in Fig. 4.18, the chemical reaction parameter, C,, has negative influence
on concentration distribution. The chemical reaction parameter represents the presence

of chemical reactions in the fluid. When this parameter increases, it indicates a higher
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reaction rate. The negative influence on concentration distribution suggests that the

chemical reactions tend to reduce the concentration of nanoparticles near the surface.

{ nY

(Cr=1,2,3,4,5]

0.05 A

0.00
—0.05 -
S —0.10 -

—0.15 -

—-0.20

Figure 4.18: Impact of the chemical reaction parameter, C,, on the
distribution of concentration (nanoparticles volume fraction), ¢(n)

4.4.3 Effects of Pertinent Flow Parameters on Skin Friction
Coefficients, Nusselt Number and Sherwood Number

The investigation of the combined effects of the Hall current and the ion slip parameter
on the primary and secondary skin friction coefficients, Nusselt number, and
Sherwood number reveals important flow characteristics. ~As depicted in Figs.
4.19-4.22, an increase in both the Hall and the ion slip parameter leads to an increase
in the Nusselt number. This behavior can be attributed to the augmented heat transfer
rate near the stretching surface due to the presence of Hall and ion slip effects.
However, these effects cause a decrease in the skin friction coefficients and Sherwood
number. The reduction in the skin friction coefficients can be explained by the
alteration of the flow structure and boundary layer development resulting from the
combined action of Hall and ion slip effects. Similarly, the decrease in the Sherwood
number can be attributed to the reduced rate of mass transfer near the surface due to

the Hall and ion slip effects.
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Figure 4.20: Influences of B, and 3; on #’'(0) + %h’z(O)
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Figure 4.22: Influences of 8, and 3; on —¢’(0)

Furthermore, the simultaneous influence of the Eckert number and the nonlinear
thermal radiation parameter on the Nusselt number and Sherwood number are illustrated
in Figs. 4.23—4.24. The increase in the Eckert number leads to a decrease in the Nusselt

number, indicating a reduction in convective heat transfer near the surface. On the other
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hand, an increase in the nonlinear thermal radiation parameter results in a decrease in the
Sherwood number, suggesting a reduction in the rate of mass transfer near the stretching
sheet. These findings emphasize the significant role of non linear thermal radiation and

the Eckert number in the heat and mass transfer characteristics of the nanofluid flow.
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Figure 4.23: Influences of R, and Ec on — (1 + Rné’f) 0’(0)
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Figure 4.24: Influences of R, and Ec on —¢’(0)
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Table 4.3 presents the numerical values of the primary skin friction coefficient
(=C¢xVRe, the secondary skin friction coefficient (C;,VRe), the reduced Nusselt

Nu Sh

number ( Rx ) and Sherwood number ( Rx ) for specific parameter values. The
€y €x

primary skin friction coefficient increases with an increase in the Williamson

parameter, magnetic parameter, and Darcy number. Conversely, it decreases with an
increase in the Hall and ion slip parameters. These observations indicate that the flow
resistance near the stretching sheet is influenced by these parameters. In contrast, the
secondary skin friction coefficient decreases for all the considered parameters,
suggesting a decrease in the flow resistance in the secondary flow direction. These
findings highlight the significance of these parameters in determining the skin friction
characteristics of the nanofluid flow.

The Nusselt number, which represents the rate of heat transfer near the surface,
exhibits a decreasing trend with an increase in the magnetic field parameter,
Williamson parameter, Eckert number, chemical reaction parameter, and Darcy
number. Conversely, it shows an increasing trend with an increase in the Hall
parameter, ion slip parameter, nonlinear thermal radiation parameter and the ratio
temperature parameter. These results indicate that the rate of heat transfer near the
surface is significantly influenced by magnetic forces, ion slip effects, thermal
radiation, and other flow parameters.

To provide a physical explanation for these observations, we consider the
combined effects of these parameters on the flow behavior. The Hall parameter and ion
slip parameter, for instance, introduce a resistance to the additional electromagnetic
forces, which disrupt the flow and reduce the rate of heat transfer near the surface.
Consequently, the rate of heat transfer will be enhanced by the Hall and ion slip
parameters. Similarly, an increase in the Williamson parameter, magnetic field
parameter, Eckert number, chemical reaction parameter, and Darcy number leads to
increased thermal resistance and reduced heat transfer efficiency. On the other hand,
an increase in the nonlinear thermal radiation parameter and the ratio temperature
parameter intensify the temperature gradient, promoting heat transfer rate from the
surface.

In contrast to the Nusselt number, the Sherwood number, which represents rate of
mass transfer, exhibits an opposite trend for all the considered parameters. It increases
with an increase in the magnetic field parameter, Williamson parameter, Eckert number,
chemical reaction parameter, and Darcy number, while decreasing with an increase in
the Hall parameter, ion slip parameter, nonlinear thermal radiation parameter and the

ratio temperature parameter.
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The results obtained provide valuable insights into the complex behavior of the
MHD Williamson nanofluid flow through a stretching sheet. The observed trends and
variations in the skin friction coefficients, Nusselt number, and Sherwood number can
be attributed to the interplay between different physical phenomena. These findings
improve our understanding of the heat and mass transfer characteristics in such

systems.

Table 4.3: Numerical values of the skin friction coefficients, Nusselt number
and Sherwood number of some values of parameters for Pr = 5, C, = 0.6,
Np,=N;=Da=05,5=2,R,=6,=12,Ec =04, We =0.2, 0, = -0.1,

Bi=02,6,=1
B Bi We M R, Ec 6 C, Da -CpVRe  CipVRe \1/\7;_; 512_;
2 1.2085590 0.0333222 0.9290173 -0.3022571
1.1888279 0.0216316 0.9857799 -0.3207248
1.1815557 0.0157889 1.0046618 -0.3268681
1 1.2085590 0.0333222  0.9290173 -0.3022571
1.2 1.2062538  0.0279136 0.9379111 -0.3051507
1.5 1.2028406 0.0218028 0.9495227 -0.3089285
0.1 1.0647266 0.0339215 1.0508967 -0.3419111
0.2 1.1096698  0.0333773  0.9290173 -0.3022571
0.3 1.1707887 0.0327505 0.7779836 -0.2531180
0 1.1663426  9.29¢195  1.0393836 -0.3381649
0.5 1.2085590 0.0333222  0.9290173 -0.3022571
1 1.2497520 0.0635891 0.8190082 -0.2664654
0.1 1.2085590 0.0333222  0.6975202 -0.2729807
0.5 1.2085590 0.0333222 0.7865141 -0.3078092
0.9 1.2085590 0.0333222 0.7874484 -0.3081748
0.1 1.2085590 0.0333222 1.8579145 -0.6044750
0.4 1.2085590 0.0333222  0.9290173 -0.3022571
0.7 1.2085590 0.0333222  0.0061376 -0.0019969
0.1 1.2085590 0.0333222 0.4219929 -0.3351277
0.3 1.2085590 0.0333222  0.4606319 -0.3658132
0.6 1.2085590 0.0333222  0.4909955 -0.3899266
1.2085590 0.0333222 0.8878232 -0.2888545
2 1.2085590 0.0333222 0.8228791 -0.2677248
3 1.2085590 0.0333222  0.8019688 -0.2609217

0 1.0132588 0.0436357 1.3117381 -0.4267758
0.5 1.2085590 0.0333222 0.9290173 -0.3022571
1 13721544 0.0279613 0.5888488 -0.1915828




4. EFrects oF HALL, IoN SLip, Viscous DissiPATION AND NONLINEAR THERMAL
RapiaTioNn oN MHD WiLLiaAMSON NANOFLUID FLow PAST A STRETCHING SHEET 92

4.5 Conclusion

In this study, the effects of the Hall and ion slip, viscous dissipation, and nonlinear
thermal radiation of MHD Williamson nanofluid flow over a stretching sheet is
investigated, taking into account Joule (ohmic) heating, heat generation/absorption,
and chemical reaction effects by incorporating the magnetic field parameter (M), the
Williamson fluid parameter (We), the nonlinear thermal radiation parameter (R,), the
Prandtl number (Pr), the Schmidt number (Sc), the chemical reaction parameter (C,),
the heat generation (Q;, > 0) or absorption parameter (Q, < 0), the Eckert number
(Ec), the Darcy number (Da), the Brownian motion parameter (N,) and the
thermophoretic parameter (N;). By numerically solving the governing equations using
the fifth order Runge-Kutta method with shooting, we obtained valuable insights into
the flow, heat and mass transfer characteristics of the system.

The numerical results provided a comprehensive understanding of the influence of
various physical parameters on the velocity, temperature, nanoparticle concentration,
skin friction coefficient, Nusselt number and Sherwood number. The graphical
representations of these results allowed us to observe the trends and variations of these
quantities with respect to the relevant parameters. The obtained data serves as a
valuable resource for researchers and engineers working on similar problems.

The comprehensive analysis conducted in this study improves our understanding of
the flow, heat and mass transfer phenomena occurring in MHD Williamson nanofluid
flow over a stretching sheet. The consideration of multiple physical effects and the
inclusion of Hall and ion slip effects provide a more realistic representation of the
system’s behavior. The results obtained can help in the design and optimization of
various engineering processes involving nanofluid flow, heat and mass transfer.

As a result, the following findings were reached:

* When the Hall parameter increases, the principal velocity profile rise but the

secondary velocity, temperature and concentration profiles decline.

* The ion slip effect produce similar results to the Hall parameter with increasing
principal velocity profile and decreasing secondary velocity, temperature and

concentration profiles.

* The temperature and concentration profiles also rise with the enhancement of

nonlinear thermal radiation parameter and Eckert number.

¢ Furthermore, it was illustrated that elevated values of the Williamson fluid

parameter correspond to a progressive advancement in the distribution of



93

4.5 CONCLUSION

temperature and concentration, accompanied by a concomitant decrease in

velocity profiles.

The primary skin friction coefficient is accelerated by raising the magnetic field
parameter, Williamson parameter, or Darcy number but decelerated with

increment of Hall and ion slip parameters.

The secondary skin friction coefficient declines under Hall parameter, ion slip,
Williamson parameter, or Darcy number, in contrast it is enhanced with an

increase in magnetic field parameter.

The local Nusselt number was reduced under the effects of magnetic field
parameter, Williamson parameter, Eckert number, chemical reaction parameter
and Darcy number but it increases with an increase in the Hall parameter, ion

slip parameter, non linear thermal radiation, and the ratio temperature parameter.

There appears to be an inverse relationship between mass transfer and heat
transfer characteristics, since the Sherwood number shows a tendency opposite

to the Nusselt number for all the factors taken into consideration.

In conclusion, this study contributes to existing knowledge by providing a detailed

numerical investigation of the Hall and ion slip effects of the MHD Williamson

nanofluid flow over a stretching sheet. The results obtained, along with comparison

with previous studies, confirm the validity of our numerical approach and offer

valuable information on the momentum, heat, and mass transfer characteristics of the

system.



Chapter 5

Mixed Convection Flow of MHD Casson Nanofluid
over a Vertically Extending Sheet with Effects of

Hall, Ion Slip and Nonlinear Thermal Radiation

5.1 Introduction

Mixed convection flow, which arises due to the combined influence of buoyancy-driven
and externally induced flow, is encountered in numerous practical situations, including
cooling systems, heat exchangers, and chemical processes. While dealing with mixed
convection flow, the vertical flow has to be considered. "Flow over a vertically stretching
sheet is of practical interest in manufacturing processes like hot rolling, drawing of wire,
continuous casting, production of glass fiber, and fabrication of paper, where the quality
of the final products depends on the flow and heat transfer characteristics" Ali and Al-
Yousef [182]. When the buoyancy forces either assist or impede the flow, Ali and Al-
Yousef [182] investigated the boundary layer flow over a vertically moving surface with
either suction or injection. The effect of temperature-reliant viscosity on the laminar
mixed convection boundary layer flow over a continuously vertically moving surface
was investigated by the work of Ali [183]. The mixed convection boundary layer flow
in various scenarios was also examined by researchers [184—187]. Therefore, mixed
convection flows involve the simultaneous occurrence of forced convection and natural
convection (buoyancy-driven) effects in a fluid flow. These flows are encountered in
various practical applications, including industrial processes and engineering systems.
In particular, in the case of the natural convection flow, thermal expansions and / or

density differences are the main causes of vertical flow.
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Casson fluid model, introduced by Casson in 1959 [188], is commonly used to
describe the flow behavior of various fluids, such as suspensions, emulsions, and
biological fluids (the flow of human blood). It has found widespread applications
across a diverse range of industries, such as food processing, pharmaceuticals,
cosmetics, and oil drilling. And it is also helpful when predicting the flow of human
blood in small blood vessels with low shear rates. Researchers focus on the analysis of
Casson fluid in various flow scenarios; a few of these studies are included as follows.
Mukhopadhyay et al. [189] employed the Casson fluid model to investigate the
unsteady, two-dimensional flow of a non-Newtonian fluid over a stretching surface
with a specific surface temperature. Whereas, Nandeppanavar et al. [190] investigated
the steady, two-dimensional flow of Casson nanofluid over an exponential stretching
sheet. They also found that the fluid’s velocity drops with an increasing Casson
parameter. The effects of mass transfer and heat on the MHD flow of Casson fluid
through a porous medium with a shrinking wall were examined by Awais et al. [191].
Additional research on the phenomenon of Casson nanofluid flow is provided
in [81,192-195].

To the best of our knowledge, the use of the shooting technique integrated with the
6th-order Runge-Kutta method, implemented in Python, and a comprehensive
investigation on the mixed convection flow of a magnetohydrodynamic (MHD) Casson
nanofluid over a vertically stretching sheet within a porous medium, considering the
combined effects of nonlinear thermal radiation, viscous dissipation, Ohmic heating,
Hall, ion slip, heat generation/absorption, and chemical reaction, represents a novel
contribution to the field. Utilizing an open-source Python tool, this numerical
approach discretizes the governing equations and solves them iteratively to produce
accurate solutions. The objectives of this study are to analyze the effects of the
aforementioned pertinent physical parameters on the concentration, temperature, and
velocity profiles and also to investigate the rates of mass, heat, and momentum transfer
near the surface under varying parameter influences. Thus, this study aims to fill a gap
in the existing literature and provide valuable insights for the design and optimization

of advanced flow scenarios.

5.2 Mathematical Formulation

5.2.1 Model Assumptions

The study examines a three-dimensional steady, laminar, viscous, homogeneous,

incompressible, and mixed convection flow of MHD Casson nanofluid within a porous
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medium without any slip effect. The sheet stretches vertically along the x-axis with a
velocity U, (x) = ax, where a > 0 denotes the stretching rate. Figure 5.1 demonstrates
how the flow in the region y > 0 is utilized and taken into account, with the y — axis
being normal to the sheet. In the event of buoyancy force, the Boussinesq
approximation is considered. It is assumed that the nanoparticle and the base fluid are
in thermal equilibrium. The investigation also looks at the impacts of Joule heating,
viscous dissipation, and nonlinear thermal radiation. The impacts of heat generation
and chemical reactions are also considered. The y-axis is subjected to an intense By
strong constant magnetic field. This massive magnetic field intensity induces the Hall
and ion-slip phenomena in the electrically conducting fluid, which exert force on the

fluid in the z-direction and make the flow 3-D.

g
H -4I—?-"Cnncentratinn Boundary Layer

—=Momentum Boundary Layer

Casson MNanofluid

NM icroscopic view)
x

)‘}r,v

Figure 5.1: Physical model

5.2.2 Conservation Equations

5.2.2.1 Conservation of Mass

The equation for conservation of mass of incompressible flow is given by

V.-V =0, (5.1)
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where V and V denote the Del (nabla) operator and the flow velocity vector, respectively.
In three-dimensional Cartesian coordinates (x, y, z), the corresponding velocity field is

V(u,v,w) and the equation for conservation of mass Eq. (5.1) is written as follows.

ou Jv ow a

—+—+—=0, 5.2
8x+6y+(9z (5-2)

5.2.2.2 Conservation of Momentum Equation

By employing the Boussinesq approximation, the governing momentum equation for

the considered flow problem can be expressed as

av
—+(V-V)V]:—VP+V-Tij+(J><B)—%V

Py ot

(5.3)
+pgBr (T = Tw) + Bc (C = Cu)],

where ¢ is the time variable, P is the fluid pressure, 7;; is the Cauchy stress tensor,
B = (0, By, 0) is external magnetic field, J = (J,J,,J;) is current density, and u is
coeflicient of dynamic viscosity, (J X B) is the mechanical Lorentz force generated by
the motion of the fluid interacted with the external magnetic field. The constants By,
pss Br, Pe, K, g T, Tw, C, and C,, represent the external magnetic field, nanofluid
density, coeflicient of the thermal expansion, coefficient of concentration expansion,
porosity of the medium, acceleration due to gravity, temperature, ambient temperature,
nanoparticle concentration and ambient concentration.

The three-dimensional momentum equations for steady-state flow without a pressure

gradient, expressed in terms of the stress tensor, are given by

u% + va—u + w% S + 0Ty + B +FB (5.4)
Pr\"ex "oy "o )T Tax Tay T T '
ov  Ov ov\ Oty Oty 01y
Nu— — —| = FB 5.5
pf(uax+vay+waz) I + Iy + e + FB,, (5.5)
ow  Ow ow\ oOr, Oty 0t
— — —| = FB .
pf(”ax”ay+waz) ox "oy Tar TP (5.6)

where FB,, FBy, FB; are the body force components in the x, y, and z directions,
respectively, which include the Lorentz force, the resistance due to porosity, and
buoyancy forces.

The application of boundary layer approximations to the momentum equations, after
substituting the stress components from Eq. (2.25) and computing the stress gradients,

leads to the following simplified forms:
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ou  Ou ou 1\ 6%u

v s w ) = w1+ 2| == + FB,, 5.7

pf(uax V@y w@z) ,UB( ﬁ)@yz (5.7
ow ow ow 1\ *w

N LN CALGALR IR § R ALY )3 5.8

P (ué?x vﬁy Wﬁz) 'UB( ,8) 0y? : ©-8)

where up denotes the plastic dynamic viscosity of the fluid.
Following [196], the modified generalized formula for Ohm’s law is given, which
takes into consideration the influences of Hall and ion slip at very high magnetic field

strengths:

J=o(E+(V xB) - 2 x By + TP (1 x By x B). (5.9)
By Bj

where o is the electric conductivity of the fluid, E represents the electric field, w,

represents the cyclotron frequency, and 7, represents the electrical collision time. By

applying simplifications as from Eqgs. (4.9) to (4.18), Eq. (5.9) is reduced to:

OBy Bau = (1 +Bp)w)
' (1 +BB)* + 2
By ((1+B.B)u+Bow)
T (BB B

(5.10)

Z

where, §;, and S8, = w,7, represent the ion slip and Hall parameters respectively. Finally,

the reduced form of the Lorentz force is
J X B = —ByJ i + ByJ.k

O'Bg ((1 +B.Bu + Bw), . O'B(Z) (Beu — (1 +,86,8,~)w)ﬁ (5.11)
_ : '
(1 +B.Bi)* + B2 (1 + BB + B2

5.2.2.3 Conservation of Energy equation
The energy equation is given by

oT > :
E+(V-V)T]:KV T+ (i;: V)V

(Pcp)f

D
DzVC - VT + T—T (VT - VT) (5.12)

[Se]

1
+;(J'J)_VCIr+QO(T_TOO)a

+ (pC ,,)p

where (pCp)f and (pCp)p are specific heat capacities of the nanofluid and the

nanoparticles, respectively, and 7 is the temperature. « denotes the thermal
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conductivity of the fluid; Dg and Dy represent the diffusion coefficients for Brownian
and thermophoresis, respectively. T signifies the ambient temperature, g, is the
radiative heat flux, and the coefficient Q, represents heat absorption (Qy < 0) and
generation (Qg > 0).

Substituting the current density expressions from Eqs. (5.9) and (5.10), the ohmic

1
(Joule) heating term (—, J-J ) can be reformulated as
o

1 oB; (u2 + w2)
— T =— [0,/ - (J,0, /)] = (5.13)

1
o (1+B.B) + B2

Assuming a sufficiently large temperature change, according to Shamshuddin et al.

[96], the radiative heating flux g, is computed and expressed as follows:

40t 0T 160" 7307
3k 9y  3k* Ty’

g = (5.14)

where k* and o* are the mean absorption coefficient and Stefan-Boltzmann constant

respectively. And therefore, the thermal radiation term can be expressed as:

1 160" T
0 60 (9(T36 ), (5.15)

oGy o P = e, oy ay

From Eq. (5.12), the term Q¢ (T — T,) is the heat source term. Moreover, within
the framework of the boundary layer approximation in three-dimensional Cartesian

,
coordinates, the viscous dissipation term expressed as (T}’j : V) V reduces to

v 1 ou 2 ow 2
*e c—p(1 *5) [(a—y) ' (a—y) ] 610

5.2.2.4 Conservation of Nanoparticle Concentration Equation

Conservation of nanoparticle concentration for a homogeneous chemical reaction is

o0C D

E+(V-V)C:DBV2C+T—TV2T—R0(C—CDO), (5.17)
where C is the nanoparticle concentration near the surface, C. is the ambient
concentration and R, denotes chemical reaction constant. Dp and Dy represent the

Brownian motion coefficient, thermophoresis coefficient respectively.
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5.2.3 Coupled Governing Equations and Boundary Conditions

The governing equations, comprising continuity, momentum, energy, and
concentration equations, are stated by combining previously reduced equations and

applying the boundary layer approximation, as per the cited references [4, 197]:

ou dv ow
— —_— — .1
6x+8y+(9z 0, (5.18)
IO P LT (e TR
ox "y oz Bloy:  pla+pp+p K (5.19)

+ gIBT (T - Too) + gﬁC (C - Coo)a

u@_w + V@_w + W@_w = U(l + l) = + 7By [P~ (0 +fpiv] ~Zw 5.20
ox "oy "o Blay " plavpprep] K O
Ox dy 9z 0y? 5 oy 0y T \ 0y
N 6o 4 (T38_T)
3k (pC,), 0¥\ O
21
O'B(Z) [u2 + Wz] Qo ©21)
+ > + (T - Too)
(oCy), [ +B87 48] (0C,),
v ( 1) (8u)2 (awﬂ
+—11+=|ll=] +|=—] |,
c,\"  BJ[\oy Ay
oc  oC ocC 9*C Dr 0*T
U— +v—+w— = k — Ry (C - Cx), (5.22)

—_— + [ —
ax dy 9z Payr T 0y
where (u,v,w) denotes the fluid velocity components in the x, y, and z directions,

C
respectively; v = E, a = L, and A = (p p)p represent the momentum
p (pCp)f (pCp)f

diffusivity, the thermal diffusivity and the effective heat capacity ratio of the

nanoparticle to the effective heat capacity of the nanofluid respectively.

The following are the problem’s specified boundary conditions:

(5.23)

u=U,x)=ax, v=0=w, T=T,, C=C, at y=0,
u—-0, w—>0, T>T,, C—-Cy, as y— oo,

where T, and C, represent the fluid’s constant surface temperature and the

concentration of nanoparticles at the surface respectively.
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5.2.4 Similarity Transformation

Recognizing the inherent challenges in obtaining exact analytical solutions for the
system of coupled, nonlinear partial differential equations described by Egs.
(5.18)—(5.22), the researchers have adopted a pragmatic approach to simplify the
analysis by transforming the governing equations into a more tractable system of
ordinary differential equations (ODEs). This strategic reduction, facilitated through
the application of the specified transformation equations, enables a more manageable

and insightful investigation of the complex phenomena.

n= \/gy, ¥ = Vavxf(n), w = U,(x)h(n) = axh(n),

e g = S
V= —cy

(5.24)

T

0(n) = ,
) T _T.
where 7 is the new similitude variable, and define dimensionless variables including
the stream function f”(n), the cross flow velocity h(n), the temperature distribution (1)

and the nanoparticles concentration ¢(r7). The flow function i relates to the partial

0
derivatives of the velocity components as v = —a—l// and u = 6_¢I
X Y

Considering the stated assumption, the flow is analyzed solely along the x— and
z—axes, which necessitates computing the partial derivatives of u and w through the

aforementioned similarity transformations.

ou ,
ox =
ou a ou
el " R e 07 .
9y axf » B2 (5.25)
0*u 0
o -y
g—w = ah,
X
ow a ow
—=axh'\[—, — =0 .
9y ax \/; oz (5.26)
0w a
, — h//_
0y? R

The continuity equation (5.18) is automatically satisfied under the application of
the prescribed similarity transformations. Consequently, the governing equations
(5.19)—(5.22) can likewise be reduced to their corresponding dimensionless ODEs

through the same transformations.
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Substituting Eq. (5.25) into the left-hand side (LHS) of Eq. (5.19) yields:

0 0 0
ua—z +v0—;l +w6—Z =axf’ -af —avf - axf” g+0 =a’xf? - a’xff"’ 5.27)

:azx( ’2—ff").

Analogously, the right-hand side (RHS) of Eq. (5.19) can be expressed as:

Sy P - = T-T. C-Ca
*3) 52 o[+ 557 5 Ut 8br( )+ 8B ( )

( 1) a] o Blax [(1+BB)f +B.h]  vax ,
1+ —=Jaxf” - —|- 5 - f
v p|(+pB) + B2 k
+ gﬁTe (TW —Tw) + gIBC¢ (Cw - Co)
( 1) OB +BBI B v

v(l 1)6‘2u oB3[(1+BBu+Bw] v

= azx

1+ = -
) pb|(1L 4.8+ K

+ gBTH (Tw - Too) + gBC¢ (Cw - COO) .

(5.28)
Combining Eq. (5.27) with Eq. (5.28) and dividing throughout by a*x, the x—-momentum

equation (5.19) is transformed into its dimensionless ODE form:

o Bg [(1+BB)f + Behl R

(1+l)f///_f12+ffn_

B a1 +pB)+p| oK (5.29)
+ gﬁT (TVZV - Too)g + gﬁc (Cvzv - C°°)¢ — 0
a‘x asx

Applying the similarity transformations to the z—momentum equation, and
substituting Eq. (5.26) into its left-hand side (LHS) of (5.20), we obtain:

0 0 0
Al axf'ah — \/azvfaxh’\/E +0=a’xf'h—a’xfi
0x ay 0z v

=a’x(f'h—fK).

(5.30)

And the right-hand side (RHS) can also be transformed as follows.

1+ =
"Blay T pla+ppy+p] K

U( 1)02w OB [Beu — (1 +BBiw] v
B

2 ’r_ )
= v(l + l)axh” N oByax|fef =~ (1 +pfh] LA (5.3D)
B v p (1 +B8)* +pB:] K
( 1) ) O-B(z) [IBEf/ - (1 +ﬁeﬁi)h] v h]

B Tl pBY +paK

= azx
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Dividing by a*x, the dimensionless ODE form of the z-momentum equation Eq. (5.20)

becomes

O-B(Z) [ﬂef, - (1 +:8e18i)h] _ L
pal(L+BB)* +pB7]  aK

(1 N é)h” Fh i+ h=0. (532)

For the transformation of the energy equation into its non-dimensional form via the
similarity transformations (5.24), the following additional partial derivatives are
evaluated alongside Eqgs. (5.25) and (5.26).

o or oT
o, Lo - Tm)e'\/g, or _,

ax dy 0z

2
T (-1, (5.33)
0y? v

 -- cw)qs'\ﬁ
y v

The LHS of Eq. (5.21) can be transformed as follows.

or  oT or

U— +v—+w— = 0+ (=Vav )T, - TM)G/\/E +0=—-a(T, - To)f0. (5.34)
0x ay 0z v

To transform the thermal diffusion term, we have:
T
a2l =T, - T.)e" L. (5.35)
v

The Brownian and thermophoresis diffusion can also be transformed as follows.

2
ay v

Dp(T,, = Too)(C,, — C)8' ¢
5 T [ W(T = T )o's

(5.36)
D _ 2
T

Using Eq.(4.46), the thermal radiation term is converted to:

160" 8 ( 0T\ 160 T3 (T, — Te
*_“_( 3_): il j( )a 3((6, - DO+ 12 (6, — 1)0”
3k*(pCp)pdy \ Ay 3k (pCp)p v (5.37)

(6, - DO+ 1) 9"].

The heat source term can also be translated using the similarity transformation as

follows.

Oo(T - Ts) _ Qo
PCp)s ©Cp)y
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The Joule (ohmic) heating term is derived as follows.

o By (u? + w?) _ o B} (ax)? []”2 + hz]

= . 5.39
WC, [+ BBY B~ (Cy), [0+ BB + ] -39

The viscous dissipation term is transformed using the given similarity transformations
as follows.

el G- o) B

2
= c,, ( ﬁ)[(f”) + (Y.

Combining Egs. (5.34)—(5.36), (5.37)—(5.40), and dividing by a(T,,— Tm)g , the energy
v

equation in its non-dimensional form becomes:

AD —Co Dr(T, - Ts) .,
9//:_2‘](9/_ B(CW C )9/¢/_p T( )92
a @ aTs
160*T3,
3k*(pc)ra
Oov oBjax*y [f’2 + hz]
_ 0 —
©Cpraa  (pC,)ra(T,, — Te) [(1 +B.B:)* + 2]

a2X2U

1 11N\2 "2
_Eﬁﬁf?i5@+ﬁnq)_wh”'

306, - DO+ 1’ (6, - DO + (6, — Do+ 1) 0" |
(5.41)

The transformation of the nanoparticle concentration equation Eq. (5.22) into its
dimensionless form, using the similarity relations of Eq. (5.24), necessitates the

computation of the following partial derivatives.

ocC 3 ocC (9(]5 B B ¢

ox 0¢ 8 =Gy = Ca)- =0,

€ _c, co<>)—‘9"> _ (5.42)
6z

62 //

g~ Cem W

Applying Egs. (5.25), (5.26), (5.33), and (5.42), Eq. (5.22) transforms as follows.

o-V&Um@—cng%+o

(5.43)
n a Dr , a
= DB(CW - Cm)‘p : ; + T (Tw - TOO)G : ; - RO(CW - C00)¢
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Dividing by Dg(C,, — Cw)g, the dimensionless ODE form of the nanoparticle
v

concentration becomes

DT(TW - Too) ’ R()U
9" + . 5.44
DaT(Co—Co)? Fap,? (544)

/I__L I_
¢ =519

The similarity transformations Eq. (5.24) are applied to non-dimensionalize the
boundary conditions Eq. (5.23). Since n = 0 at the surface (y = 0) and  — oo in
the free stream (y — o0), allows the conditions to be stated exclusively in terms of 7,
thereby facilitating the reduction of the governing PDEs to ODE:s.

Aty =0,

u(0) = axf’'(0) =ax = f'(0) =1,
v(0) = —Vavf(0) = 0 = f(0) =0,
w(0) = axh(0) = h(0) =0,

TO0)-Te T, -T (543)
9 — 0o — w— 4o — 1’
© T, - T T, —Ts
cC0)-C, C,-Cs
O = = = 1
90) C,—Cs C,—Cs
As y — oo, we have the following transformations.
u—0= f'(n) -0,
w—=0=h(n) =0,
0 — =0,
() — T —T.
Coo — Co
—F— =0.
¢(n) — c _C.

Egs. (5.19)-(5.22) are reduced to become the following system of coupled ODEs.

[(1 +ﬂeﬁi)f, +ﬂeh]

(1 + %)f"' _f'2 + ff” — Daf’ — M + 4,0 +A.¢0=0, (547)

(1 +B.8:)° + B2
1 17 ’ ’ M [ﬂef/ - (1 +ﬁ€ﬁi)h]

1+ —|h" - f'h+ fK — Dah =0, :

( +ﬁ) e it Dah+ S B (5.48)
7’ 4 ! g’ 4 1 144 ’ MEC (f’z + hz)
0 +Pr[f9 +N,0'¢’ + N, (6 )2+Ec(1 +5)(f 2 H?)+ TR +Qh0]

2 3
+R,|36, - 1)(9(9, D+ 1) 07 + (e(er D+ 1) 9"] _o,
(5.49)

§'+ S+ Sef§ ~ SeCp=0. (5.50)
b
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Consequently, the boundary conditions of the problem have been transformed as follows.

ffa=1, fap=0, h(p)=0, 6 =1, ¢ =1, at n=0, (5.51)
f >0, h—>0, 6§50, ¢—>0 asn— . '
Equations (5.47)—(5.50) can be rearranged to yield
[f’z - ff” + Daf’ + M [((11 :ﬁeﬁ.,-))sz ?h] —- 4,0 - /lc¢]
f/l/ — ’ieﬁl ﬁe , (5'52)
1+
B
M [ﬁef’ - (1 +,Beﬁi)h]
[f’h—fh’+Dah— = ]
h// — 1(1 +ﬁ€ﬁl)2 +ﬁe , (553)
1+
B
0" = ! [Pr( £’ + NyO'$ + N, (0
(1 R, (1+ (6, — 1)9)3)
1
+ Ec (1 + ’[—3) (f”2 + h’z) + 0,0 5.5
MEc(f? +1?)
+
(1 +B.Bi)> +ﬁ£)
+ Rn(3(6, — 1), - DO+ 1) 9'2)],
N;
¢" =-Scfp’ — —0" + ScC,¢. (5.55)
N,

The relevant dimensionless parameters present in Equations (5.47)-(5.50) are

described in detail as follows.
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Table 5.1: Dimensionless parameters and their definitions

Symbol & Formula Description
v
Da = — Darcy number,
akK
160*T3, . .
ey nonlinear thermal radiation parameter,
K *
T, :
0, = T ratio of temperature parameter,
Pr = v Prandtl number,
a
Sc = v Schmidt number,
Dg
ADg(C,, - Car) o (vC),
p = Brownian motion parameter | A =
v (p Cp) f
ADr (T, - Tw) :
N, = T Thermophoretic parameter
Ul
oB; _
= — magnetic field parameter,
pra
2,2
Ec = _ax Eckert number,
Cp (Tw - Too)
O, = & heat generation / absorption parameter,
(p Cl’) f a
R
C, = =0 scaled chemical reaction parameter,
a

@ _ gﬁT(Tw - Too)

A = = mixed convection parameters (thermal expansion parameter),
Re? a’x
G m Cw - Coo : . . - :
A, = er = 8pc( > ) modified mixed convection parameters (due to density difference)
ez a’x
T-T,
Gr, = g'BT(—z) Grashof number (thermal),
v
C-Cs
Gr,, = ,30(—2) Grashof number (mass ) and
v
Uy
Re, = *U(x) local Reynolds number.
U

5.2.5 Engineering Relevant Quantities in Boundary Layer

Boundary layer theory provides critical tools for quantifying momentum, thermal, and

nanoparticle transport rates in fluid systems. These transfer rates are characterized by

three fundamental dimensionless parameters: the local skin friction coeflicient for
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momentum transfer, the Nusselt number for heat transfer, and the Sherwood number

for mass transfer. Their rigorous mathematical formulation is presented below.

5.2.5.1 Skin Friction Coefficients

The primary and secondary skin friction coeflicients C, and C, in the x and z directions
are defined as follows:
TW.X TWZ

= (5.56)

Cx:_’ C__’
Tpur TR pUR

where 1, and 7,, represent the wall shear stresses in the x— and z— directions,
respectively.
From the constitutive equation of Casson fluid Eq. (2.25), the stress tensor

components at the wall (y = 0) are:

1\[ou Ov 1\[ov Ow
X: 1 - - - | = 1 - ~ - 1. 5.57
hi “B( +ﬁ)(ay+ax) o “B( +ﬁ)(5Z+0y) &7

where up is the dynamic viscosity of the Casson fluid. Under boundary layer

assumptions (v = 0 at y = 0, dv/dx = 0, 9v/0z ~ 0), the wall shear stresses reduce to:

s, el )G, e
ﬁ ay yzoa wz = MB ﬁ ay ),:0‘ .

Using similarity transformations Eq. (5.24), the velocity gradients aty = 0 (7 = 0)

Twx = UB

are:
0
== axf (0=,
ay y=0 (5.59)
w , a
a— o = axh (0) ;
Substituting Eq. (5.59) into Eq. (5.58):
(12 3o )| =man 5|1+ 5}
Tux = Mg (|1 + = |{axf"(0)y /= || = upaxy[—|[1 + < | f7(O0)],
f v v f (5.60)
Ty = Up (1 + B) (axh'(O)\/g)] = /,tBax\/g (1 + ,E) h'(O)].

Thus, the dimensionless form of the skin friction coefficients of Eq. (5.56) are as follows.

Cp iR, = YReX ,uBax\/g [(1 + é) f”(O)], (5.61)

~ plax)?

QIR

Cr.\Re, = ﬂ -,uBax\/7 (1 + %) h’(O)] , (5.62)

~ plax)?
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Uy,
where Rex = o % is local Reynolds number. Egs. (5.61) and (5.62) can be
v

simplified to

CrVRex = (1 + é)f”(O), (5.63)
Cr.VRe, = (1 + é)h'(O). (5.64)

5.2.5.2 Local Nusselt Number

The Nusselt number characterizes convective heat transfer efficiency relative to

conduction and is defined by:

Xqw

Nuy = ——————,
! K(Tw - TOO)

(5.65)

where g, is the total wall heat flux, combining molecular conduction and radiative

transfer:

160" oT
w=—|k = . 5.66
1 ( * 3k* )ay y=0 ( )
Substituting Eq. (5.66) into Eq. (5.65):
- 160°T3\ 6T
Nug= —— 1+ 27 2w) 200 (5.67)
T, — T 3kk* ) 0y ly=o
Using the similarity transformation of Eq. (5.24) for temperature:
oo =~ N -7 >f #(0) (5.68)
— —_— = —_ (o] — .
n TW - Too ’ ay y:O v v ’
Eq. (5.67) becomes:
Nu =% (1 10T )\/59/(0)
e = T, — T 3kk* Y “Nu
a 160*T3
=—x./—[1 16’0 5.69
xv(+3kk*)() 09
a 3 ’
I (1 +Rn0r)9 (0).
v
Finally, the dimensionless Nusselt number is:
Nu,
"~ = (1+R.6)60). (5.70)

VRe,
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5.2.5.3 Local Sherwood Number

The Sherwood number describes convective-diffusive mass transfer efficiency.

XQqm
Shy = ————, 5.71
DB(CW - Coo) ( )
with ¢g,, defined by Fick’s law for wall mass flux:
oC
qm = —Dp—| . (5.72)
Ay ly=o
This reduces to the concentration gradient expression as follows.
-x 0C
Shy = ———| . 5.73
CW - Coo 6y y=0 ( )
Using the similarity transformation for concentration:
C-Cys ocC a
=— —| =(,-C —¢'(0), 5.74
o(1) C=Co dyheo ( 00)\/:¢ ) (5.74)

Eq. (5.73) simplifies to:

X a ’ — g ’
Shy = C-C. (o Cm)\/;qb 0) = x\/;ﬁ (0). (5.75)

The dimensionless form of the Sherwood number is:

Sh,
= —¢'(0). 5.76
JRe ¢'(0) (5.76)

5.3 Method of Solutions

The present problem is numerically solved using the shooting technique with a
sixth-order Runge-Kutta (RK6) procedure. For approximating solutions to ODEs, the
Runge-Kutta method with high-order accuracy serves as an efficient tool. As a first
step, Eqgs. (5.52)—(5.55) in addition to the boundary conditions Eq. (5.51) are
transformed into a system of first-order ODEs. This transformation is achieved by
introducing the substitution (f = fi1, f'=/f,, f'=f3, h=fi, h=Ff, 0=
fe» 0 = f1, ¢ = fs, ¢ = fo), which simplifies the equations to the following
initial value problems (IVPs).
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fi=r £(0) =0,
L= L0) =1,
M 1 ePi e
[_f1f3 +f3 + Dafy + (El :2?;{2:[5 fo) _ Acfe — /lcfS]
fi = T f3(0) = 1.
[5)
B
fi=1s f4(0) =0,
M e - (1 ePi
[_f]fS + fofs + Dafy — (,?1]3,8 ;;fgz)ﬁ)]
fi= T f5(0) = 62,
-3
B
.= fs0) =1,
-1
£ = S| Pr(Cus + it + Nufofo + N
(1+ R, (1+6, - D))
+ Ec(l + l)(f32 +f52)
h £0) = 53,
MEc(f} + f2)
+
(1+mﬁv+ﬁ9
# R [36, = D01+ 0= 1fer 7|
fi=rf £0) =1,
5 = =Scfifs = L+ SeC.y £5(0) = 6,
(5.77)

where 6, 0>, 03 and 0,4 are the missing initial conditions.

Eq. (5.77) is then computed numerically using RK6 method. This is accomplished
by guessing appropriate initial values for the missing initial conditions, ¢;, ¢,, 43 and
04. The shooting technique helps in adjusting these initial guesses based on the
convergence behavior of the computed solutions. This process of iteration persists
until the targeted level of accuracy is attained. In order to guarantee precise and
reliable outcomes, a step size of 0.1 and an error tolerance of 107 are employed for all
calculations. We employ an open-sourced Python programming language that makes
the numerical method easier to develop and analyze. The specific Python libraries and
packages, such as NumPy for numerical computations, SciPy (fsolve) for solving
differential equations, and Matplotlib for plotting graphs, are used. This tool facilitates
a rapid computation and display of the results, which helps to an in-depth

understanding of the phenomena under study.
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5.4 Results and Discussion

This study examines the effects of viscous dissipation, ion slip, Hall currents, Ohmic
(Joule) heating, nonlinear thermal radiation and chemical reactions on the mixed
convection flow of an MHD Casson nanofluid across a vertically extending sheet. The
numerical results obtained by applying the shooting method in combination with the
sixth-order Runge-Kutta (RK6) technique to solve the governing equations of the

problem are also discussed.

5.4.1 Validation of the Numerical Method

To verify the accuracy of numerical results, a comparative analysis was conducted with
the existing literature. Evaluating the values of —(1 + é) /" (0) against M for specific
parameter values is summarized in Table 5.2. Similarly, Table 5.3 provides a comparison
of the numerical solution of the previously published findings with the present study by
calculating the values of —6’(0) and —¢’(0) under specific conditions. The comparison
results validate the accuracy as well as reliability of our computational approach by

demonstrating excellent agreement with earlier studies.

Table 5.2: The numerical value comparison of Nadeem et al. [3], Sahoo
and Nandkeolyar [4] and the current findings by analyzing the values of
—(1+ é) f(0) against M for 8 = 1, Pr = 10, Nb = Nt = 0.1 and the absence
of Da, Ec, Cy, S, Ry, 6,, Sc, Bi, Be, 4;, and A,.

-(1+5)
M Nadeem et al. | Sahoo and Nandkeolyar | Present Study
0 1.4142 1.4142 1.415193
10 4.6904 4.6904 4.690416
100 14.2127 14.2127 14.212670

Table 5.3: A comparison of results of Khan and Pop [1], Sahoo and
Nandkeolyar [4] and current study by examining the values of —8’(0) and —¢’(0)
under the conditions Pr = Sc¢ = 10,8 — oo, Nb = 0.1 and M = Da = Ec =
Cr:Qh:Rn: r:SCZﬁi:ﬁe:/lt:/lczo-

-6'(0) -¢'(0)

N Khan and Sahoo and Present | Khan and Sahoo and Present
! Pop [1] Nandkeolyar [4] Study Pop [1] Nandkeolyar [4] Study
0.1 0.9524 0.9524 0.952372 2.1294 2.1294 2.129355
0.2 0.6932 0.6932 0.693173 2.2740 2.2740 2.273956
0.3 0.5201 0.5201 0.520081 2.5286 2.5286 2.528542
04 0.4026 0.4026 0.402584 2.7952 2.7952 2.795049
0.5 0.3211 0.3211 0.321059 | 3.03511 3.03511 3.034979
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5.4.2 Profiles of Velocity, Temperature and Nanoparticle
Concentration with Prominent Flow Parameters

Physical phenomenon, such as temperature, velocity, nanoparticle concentration, skin
friction coeflicients, Nusselt number (rate of heat transfer), and Sherwood number
(rate of mass transfer), were evaluated in the computations. These analyses were
carried out over a wide variety of values of parameter in order to investigate their
influence on the properties of mass, momentum, and heat transfer. Thus, several
parameters, including the Hall currents (8,), ion slip (5;), Casson fluid parameter (53),
mixed convection parameters due to temperature difference (4,), modified mixed
convection parameters due to density difference (4.), nonlinear thermal radiation (R,)
parameter, magnetic field parameter (M), the temperature ratio parameter (6,), Prandtl
number (Pr), Schmidt number (Sc), Eckert number (Ec), Darcy number (Da),
chemical reaction (C,), Brownian diffusion (&,), heat generation (Q;), and
thermophoretic parameter (N,), are considered in numerical computations while some
of the important parameters effect on temperature distributions, velocity profiles,
nanoparticle concentrations, profiles of Nussult number, skin friction and Sherwood
number are investigated and plotted graphically from a physical point of view in order
to explore and illustrate their effects on the flow field. It is crucial to recognize that,
default values were utilized for the parameters as: 8 = 0.5, 8, = 2,6, = 1,6, = 1,
Ec=01=N,=0,,R,=05=C, =Da=21 =A,Pr=6M ="7,N, =02,

Sc = 1.5, unless explicitly indicated otherwise in the plots.

Both the principal (x-direction), f’(n7), and secondary (z-direction), h(n) velocity
profiles and their reliance on relevant parameters in particular are analyzed. Figs.
5.2-5.6 provide graphical representations of the effects of different prominent
parameters on the principal velocity profiles. These parameters include Hall currents
(B.), ion slip (B;), Casson parameter (), mixed convection (4,), and modified mixed

convection (A4.) parameters.

Firstly, raising the magnitude of the Hall current, ion slip, mixed convection, and
modified mixed convection parameters causes an amplification of the principal
velocity profile f’(n) within the boundary layer. The application of a transverse
magnetic field perpendicular to the fluid flow generates a resisting Lorentz force that
opposes and decelerates the fluid motion within the boundary layer. However,
incorporating the Hall parameter (8.) decreases the effective electrical conductivity,
which in turn reduces the magnitude of the magnetic resistive Lorentz force.
Consequently, this allows for enhanced fluid motion, resulting in an increased profile

of principal velocity f’(n), as shown in Figure 5.2.
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As illustrated in Fig. 5.3, the ion slip parameter (8;) exhibits a similar effect.
Specifically, as the value of the ion slip parameter f; increases, the damping or
retarding force decreases. This reduction in the damping force then leads to an
increase in the principal velocity profile f'(n).

Additionally, both Figs. 5.5 and 5.6 demonstrate that the mixed convection
parameters and the modified mixed convection parameters contribute to the
buoyancy-driven flow. Consequently, the fluid experiences further acceleration in the
x-direction (streamwise direction) within the boundary layer region.

In contrast, when the Casson parameter rises, the principal velocity profile
experiences a decline as dipited in Fig. 5.4. The Casson parameter describes how the
Casson nanofluid behaves rheologically, and when its value increases, it leads to a
decrease in the velocity component in the x-direction. This occurrence can be
explained by the fact that the Casson fluid exhibits shear-thinning behavior, where an
increase in viscosity impedes the fluid’s movement, ultimately causing a decrease in
the principal velocity profile f'(n). Asifa et al. [198] also observed that "the flow of
nanofluid decelerates with increasing Casson parameter values due to the dominant
plasticity effects, which lead to a reduction in the boundary layer." Their observation is
consistent with our findings, and this correlation underscores the consistency and

reliability of our results with established literature.

1.0

0.8 -

0.6 1

f(n)

0.4 -

[Be =2,4,6,8, 10]

0.2 -

0-0 I I I I I I
0 1 2 3 4 5 6 7

Figure 5.2: Effects of Hall parameter 3, on the principal velocity f’(n).
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f(n)

f(n)

1.0

0.8 1

0.6 1

0.4 -

0.2 1

Bi=1,2,3,4,5]

0.0

Figure 5.3: Effects of Ion slip parameter 3; on the principal velocity f’(1).
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Figure 5.4: Effects of g (Casson parameter) on the principal velocity f”(n).
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Figure 5.5: Effects of A, (mixed convection parameter) on the principal
velocity f/(n).
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Figure 5.6: Effects of 1. (modified mixed convection parameter) on the
principal velocity f/().
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Moving on to the minor (secondary) velocity profiles h(n), Figs. 5.7-5.11
demonstrate the impacts of Hall currents, ion slip, Casson, mixed convection, and
modified mixed convection parameters. The secondary velocity profile is influenced
by the imposition of a powerful magnetic field, resulting in the generation of Hall
currents and ion slip. Figs. 5.7 and 5.8 depict that elevating the values of both the Hall
current and ion slip parameters leads to a reduction in the secondary velocity.

Notably, as visualized in Fig. 5.9, increasing the Casson parameter exhibits a dual
nature of the secondary velocity profile (h(n7)). Specifically, as the Casson parameter
rises, the secondary velocity undergoes a rapid growth near the sheet, followed by a
gradual decline away from the sheet within the boundary layer. The observed
phenomenon can be ascribed to the combined impact of the rheological characteristics
of the Casson fluid and the behavior of the nanofluid in close proximity to the
boundary. The elevated Casson parameter results in an enhanced fluid viscosity and a
tendency for shear-thinning near the sheet, thereby causing a rapid escalation in the
secondary velocity. However, as we traverse away from the sheet, the velocity of the
fluid gradually diminishes due to the influence of other parameters.

On the other hand, the minor (secondary) velocity profile A(7) is considerably
increased when the mixed convection parameters and modified mixed convection
parameters are increased, as displayed in Figs. 5.10 and 5.11. This behavior can be
elucidated by considering the combined influence of buoyancy force and density

difference, which augment the fluid motion within the boundary layer.

0.07

0.06

0.05 1

~ 0.04 1

Be=2,4,6,8,10]

h(n

0.03

0.02 A

0.01 A1

©
o
o

Figure 5.7: Effects of 8, (Hall parameter) on the secondary velocity &(n).
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Figure 5.8: Effects of 8; (Ion slip) on the secondary velocity A(n).
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Figure 5.9: Effects of g (Casson parameter) on the secondary velocity A(n).
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Figure 5.10: Effects of A, on the secondary velocity a(z).
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Figure 5.11: Effects of A, on the secondary velocity a(n).
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Figs. 5.12-5.18 present the outcomes of the investigation, focusing on the
temperature profiles. Figs. 5.12 and 5.13 illustrate the impact of two parameters,
namely Hall currents (8,) and ion slip (83;), on the distribution of temperature (6(77))
respectively. It is evident that augmenting the values of the Hall currents (8,) cause a
reduction in the temperature distribution. A similar trend is observed as the ion slip
(8;) parameter is increased. Physically, in an electrically conducting fluid, the presence
of Hall currents and ion slip effects introduce additional dissipative mechanisms,

ultimately leading to a lowering of fluid temperature within the boundary layer.

The temperature distributions shown in Fig. 5.14 illustrates the profiles associated
with different values of the Casson parameter (8). The graph demonstrates that as the
Casson parameter (8) increases, the temperature of the fluid within the boundary layer
decreases. The Casson parameter characterizes the non-Newtonian behavior of the
nanofluid, and a higher value of g indicates an intensified resistance to flow. As a
consequence of this heightened resistance, the fluid experiences diminished thermal

transport, and hence the fluid temperature drops.

Fig. 5.15 portrays the temperature profiles corresponding to varying values of the
mixed convection parameter (4,). It is clear that an increase in the mixed convection
parameters causes a decline in the temperature profile. This phenomenon can be
attributed to the influence of higher temperature differences, which generate stronger
buoyancy forces. The intensified buoyancy forces enhance the convective heat transfer,

leading to a reduction in the fluid temperature near the stretching sheet.

The impact of nonlinear thermal radiation parameter (R,) on the fluid temperature
profile (6(n)) is demonstrated in Fig. 5.16. The findings indicate that an escalation in
the nonlinear thermal radiation parameter results in a substantial increase in the
temperature profile. Nonlinear thermal radiation pertains to the radiation heat transfer
that deviates from the linear Stefan-Boltzmann law. The parameter R, represents the
relative importance of nonlinear radiation, and its increase enhances the radiative heat

transfer, thus elevating the fluid temperature.

Likewise, Fig. 5.17 presents the impact of the temperature ratio parameter (6,) on the
distribution of temperature. It is evident that an augmentation in the temperature ratio
parameter causes an elevation in the fluid temperature. The temperature ratio parameter
is a measure of the relationship between the temperature at the surface and the ambient
temperature. As this ratio increases, it suggests a greater temperature difference between
the surface and the surrounding environment. This higher temperature gradient near the

surface leads to an elevated temperature of the fluid within the boundary layer.

Lastly, Fig. 5.18 portrays the influence of the Eckert number (Ec) on the
temperature profile (6(n)). The findings demonstrate that augmenting the values of the
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Eckert number enhances the temperature profile across the entire boundary layer.
Specifically, as the Eckert number increases, a prominent bulge is observed near the
sheet, while the temperature gradually approaches the ambient temperature as one
moves away from the sheet. Ec represents the ratio of the fluid’s kinetic energy to its
internal energy, and an increase in this parameter indicates a greater conversion of
kinetic energy into thermal energy. Consequently, this intensifies the heating effect,

resulting in an elevated temperature profile.
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Figure 5.12: Impacts of Hall parameter 8, on temperature 6().
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Figure 5.13: Impacts of ion slip parameter 3; on ().
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Figure 5.14: Impacts of Casson parameter 8 on 6(n).
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Figure 5.15: Impacts of A, on 6(n).
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Figure 5.16: Impacts of nonlinear thermal radiation Rn on temperature profile
0(n).
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Figure 5.17: Impacts of 6, on temperature profile 6(z).
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Figure 5.18: Impacts of Ec on temperature profile 6(n).

Fig. 5.19 displays the concentration profile for various values of the Casson
parameter . It is noticed that higher values of S function as an aiding factor in the
distribution of nanoparticle concentration within the boundary layer region. This
occurrence can be explained by the association between higher values of S and
increased fluid viscosity, which impedes the movement of nanoparticles.
Consequently, nanoparticles tend to accumulate near the sheet. Therefore, an elevation
in the value of 8 amplifies the distribution of concentration.

Influences of the modified mixed convection parameter, A., on the nanoparticle
concentration ¢(n) is exhibited in Fig. 5.20. It is observed that A, has no significant
effect on the distribution of nanoparticle concentration. However, a slight reduction in
¢(n) is visualized with increasing values of A.. This can be explained by considering
that the modified mixed convection parameter influences the fluid flow characteristics,
but its effect on nanoparticle concentration is relatively weak.

Fig. 5.21 illustrates the dual nature of the nanoparticle concentration profile, ¢(1),
with respect to the Eckert number (Ec). As Ec increases, the distribution of
nanoparticle concentration decreases rapidly near the sheet. This indicates that the
presence of higher thermal energy at the surface reduces the nanoparticle
concentration in that region. However, further away from the sheet, the nanoparticle
concentration starts to increase within the boundary layer.

Fig. 5.22 highlights the concentration profile for different values of the chemical
reaction parameter (Cr). It is noticed that an augmentation in Cr results in a decline in

the distribution of nanoparticle concentration ¢(77). This can be clarified by considering
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that elevated values of Cr align with more vigorous chemical reactions, leading to the
depletion of nanoparticles. Consequently, the concentration of nanoparticles within the
boundary layer decreases.

Similarly, Fig. 5.23 demonstrates the impact of the Schmidt number (Sc) on the
distribution of nanoparticle concentration ¢(r7). It is found that the distribution of
nanoparticle concentration in the boundary layer diminishes with increasing Sc. From
the definition of a Schmidt number, an increase in Sc indicates a higher momentum
diffusivity compared to mass diffusivity, resulting in a reduction in the distribution of

nanoparticle concentration.
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Figure 5.19: Influences of 8 on nanoparticle concentration ¢(1).
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Figure 5.20: Influences of modified mixed convection parameter 1. on ¢(1).
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Figure 5.21: Influences of Eckert number Ec on nanoparticle concentration

é(n).
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Figure 5.22: Influences of Cr on nanoparticle concentration ¢(n).
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Figure 5.23: Influences of Schmidt number Sc¢ on nanoparticle concentration

¢(n).

5.4.3 Effects of Pertinent Flow Parameters on Skin Friction
Coefficients, Nusselt Number and Sherwood Number

In this section, we disclose the findings from our study regarding the influence of varying
values of relevant parameters on physical properties, such as skin friction coefficients,
Nusselt number, and Sherwood number. Tables 5.4 and 5.5 provide a summary of the
numerical values obtained for these quantities.

The skin friction coeflicients quantify the resistance to the flow along the stretching
sheet; the primary in the x-direction and the secondary in the z-direction with the
effects of some prominent parameters on these coefficients are summarized in Table
5.4. Observations revealed that the primary skin friction coefficient which quantifies
the frictional forces acting in the x-direction exhibits a decreasing trend with respect to
the Hall (8.), ion slip (8;), mixed convection (4,), and modified mixed convection (4.)
parameters.  Physically, the Hall current parameter and ion slip influence the
interaction between the magnetic field and fluid flow, resulting in changes to the
characteristics of the primary skin friction. As these parameters increase, the impact
of electromagnetic forces and ion concentration near the stretching sheet intensifies,
leading to a reduction in primary skin friction. Similarly, 4, and A, affect the flow

behavior, leading to a reduction in skin friction.
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On the other hand, the primary skin friction coefficient exhibits an upward trend
when considering the Casson (8), magnetic field (M), and Darcy (Da) parameters.
From a physical standpoint, the Casson parameter affects both the flow behavior and
viscosity of the Casson nanofluid, consequently impacting the primary skin friction.
When the Casson parameter takes higher values, it leads to an increase in viscosity and
elevated flow resistance, resulting in an upward trend in primary skin friction.
Similarly, the magnetic field parameter (M) and Darcy parameter (Da) have analogous
effects, as higher values of these parameters contribute to enhanced flow resistance

and consequently lead to an increase in the primary skin friction.

The secondary skin friction coeflicient represents the frictional forces acting in the
z-direction. It has been observed that variations in certain parameters have an impact
on the magnitude of this coefficient. Specifically, an increase in the Casson parameter
(8), magnetic field parameter (M), mixed convection parameter (A,), and modified
mixed convection parameter (A.) leads to a increase in the magnitude of the secondary
skin friction coeflicient. On the other hand, the Hall (8,), ion slip (5;), and Darcy (Da)
parameters exhibit a decreasing trend with respect to the secondary skin friction

coeflicient.

Table 5.4: Numerical values of the primary —(1 + %) /"’ (0) and secondary

—(1+ é)h’(O) skin friction coefficients of some values of parameters for N, =
02, Ny =Ec=0,=01,Sc=15,Da =4 =1, =8 =Rn=Cr =0.5,

Pr=6M=17,p =6 =1andf, = 2.

Da M B B A A B —(1+3)f0) (1+5)r©O)
0 239549252 0.64170791
0.5 2.64446937  0.58513186
1.5 3.09942260  0.50428594
1 1.79620920  0.11979878

4 224635868  0.38924969

7 2.64446937  0.58513186

2 264446937  0.58513186

4 221486441  0.43781735

6 203772027 0.34235079

1 2.64446937  0.58513186

2 2.39267500  0.28791870

3 222712078 0.16842638

0 2.87598040  0.56985464

1 241850077 0.59964113

3 1.55437744  0.65231974

0 2.87153728  0.56593522

0.5 2.64446937  0.58513186

0.7 255423724 0.59255985

0.1 146500249  0.29113601

03 224216775  0.47995759

05 264446937  0.58513186
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Table 5.5 outlines the impact of various relevant parameters on both the Nusselt
number (— (1 + R,ﬁf) 9’(0)), which quantifies the rate of heat transfer, and the Sherwood
number (—¢’(0)), which represents the rate of mass transfer from the stretching sheet to
the surrounding fluid. Flow parameters such as the Hall parameter (3,), ion slip (5),
Casson parameter (), mixed convection parameter (4,), modified mixed convection
parameter (A.) and nonlinear thermal radiation R, tend to augment the magnitude of
the heat transfer rate. From a physical perspective, the Hall and ion slip parameters
enhance the influence of electromagnetic forces and ion concentration, which results in
an amplified rate of heat transfer. Similarly, the Casson parameter, mixed convection
parameter, and modified mixed convection parameter impact the flow behavior and heat
transfer characteristics, leading to an augmentation in the rate of heat transfer. The
nonlinear thermal radiation parameter specifically influences radiative heat transfer, and

an increase in this parameter further enhances the convective heat transfer rates.

Conversely, a contrasting (decreasing) trend is observed for the magnetic field
parameter, Eckert number, Darcy number , temperature ratio parameter, chemical
reaction parameter and Schmidt number regarding the magnitude of heat transfer rate.
Considering the physical aspect, the magnetic field parameter M acts as a suppressor
of convective heat transfer, leading to a decrease in the rate of heat transfer. The Eckert
number (Ec) indicates a higher dominance of kinetic energy over heat transfer,
resulting in a reduction of the heat transfer rate. The Darcy parameter (Da) influences
flow resistance in porous media, leading to decreased heat transfer rates. The
temperature ratio parameter (6,) affects the distribution of temperature and thermal
gradients, causing a decrease in the rate of heat transfer. Additionally, higher values of
the chemical reaction parameter (Cr) and Schmidt number (Sc) tend to decrease the
rate of heat transfer by affecting reaction rates and the diffusion of species,

respectively.

In terms of the rate of mass transfer, it is observed that certain parameters,
including the magnetic field parameter (M), Eckert number (Ec), Darcy number (Da),
chemical reaction parameter (Cr), and Schmidt number (Sc), contribute to an
enhancement in magnitude. Conversely, other parameters, such as Hall parameter (83,),
ion slip (8;), Casso parameter (), mixed convection parameter (A,), modified mixed
convection parameter (A.), temperature ratio parameter (6,), and nonlinear thermal
radiation (R,) tend to retard the rate of mass transfer in magnitude. In reality, the
magnetic field parameter, Eckert number, Darcy parameter, chemical reaction
parameter, and Schmidt number affect the mass transfer rates and diffusion processes.
Higher values of these parameters promote enhanced mass transfer, resulting in an

increased rate of mass transfer. On the other hand, the Hall parameter, ion slip, Casson
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parameter, mixed convection parameters, temperature ratio parameter, and nonlinear
thermal radiation parameter influence the flow behavior, temperature distribution, and

convective heat transfer characteristics, leading to a retardation of the mass transfer

rates.
Table 5.5: The Nusselt number and Sherwood number corresponding to
specific parameter values for N, = 0.2, N, = Ec = Q5 = 0.1, Sc = 1.5,
Da==A=f=Rn=Cr=05Pr=6M=7p8 =6 =1andg, =2.
Be Bi B A A Da M Rn 6, Ec Cr Sc —(1+R6)00) 40
2 0.48890950 1.23523060
4 0.70373436 1.19408547
6 0.78092632 1.18105029
1 0.48890950 1.23523060
2 0.64387730 1.20381316
3 0.72088605 1.18987049
0.1 0.28732888 1.33831850
0.3 0.44601572 1.26405874
0.5 0.48890950 1.23523060
0 0.42757910 1.24548294
1 0.54372446 1.22648575
3 0.71295744 1.20342371
0 0.42085166 1.24588014
0.5 0.48890950 1.23523060
0.7 0.51424734 1.23139450
0 0.55726843 1.22560176
0.5 0.48890950 1.23523060
1.5 0.35251914 1.25697942
1 0.85996194 1.17101756
4 0.66862667 1.20261887
7 0.48890950 1.23523060
0.5 0.81484916 1.23523060
1 0.87832835 1.21041808
1.5 0.88755490 1.19806324
1 1.62969832 1.23523060
1.5 1.50999663 1.22585191
2 1.24529532 1.22558459
0.1 0.48890950 1.23523060
0.3 -0.69763728 1.56358034
0.5 -1.86401294 1.88567405
0.5 0.48890950 1.23523060
1 0.43520938 1.57549089
2 0.38154524 2.07108269
1 0.56785674 0.96256563
1.5 0.48890950 1.23523060
2 0.44017411 1.45671914




131 5.5 CONCLUSION

5.5 Conclusion

This study examined the combined impact of various factors, including nonlinear
thermal radiation, viscous dissipation, Joule heating, Hall currents, and ion slip, on the
mixed convection flow of an MHD Casson nanofluid through a porous medium. The
investigation also considered the effects of chemical reactions and heat
generation/absorption. To facilitate the numerical analysis, the governing boundary
layer equations, which initially comprised nonlinear coupled partial differential
equations, were transformed into ordinary differential equations using similarity
transformation variables. The methodology employed, involving the sixth-order
Runge-Kutta (RK6) method combined with the shooting technique, has proven to be
effective for solving the resulting highly nonlinear coupled ordinary differential
equations. Numerical simulations were conducted using the open-source Python
programming language. The study displayed the concentration, temperature, and
velocity profiles under varying parameter influences. The results are presented through
comprehensive graphs and tables. Additionally, numerical simulations of the skin
friction coefficient, Nusselt number, and Sherwood number are expressed in tabular
form to analyze the behavior of shear stress and the heat and mass transfer capabilities
of the considered flow scenario. The important conclusions of the study are compactly

summarized as follows:

* The velocity profiles in the x-direction were found to be strongly influenced by
Hall currents, ion slip, mixed convection parameter, and modified mixed
convection parameter. Increasing these parameters led to an enhancement of the
principal velocity component within the boundary layer, except for the Casson

parameter, which had the opposite effect.

* The Casson parameter displayed a dual behavior in the secondary velocity profile.
Initially, it increased near the sheet and subsequently decreased away from the
sheet within the boundary layer. Hall currents and ion slip contributed to the
reduction of the secondary velocity, whereas the mixed convection and modified

mixed convection parameters had an augmenting impact.

* An increase in the fluid temperature was observed when nonlinear thermal
radiation, temperature ratio parameter, and Eckert number were augmented.
Conversely, a decline in the fluid temperature was resulted when the values of
the Casson parameter, Hall currents, ion slip, and mixed convection parameter

were increased.
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* The nanoparticle concentration profiles were influenced by various parameters.
The Casson parameter played a supportive role, while the modified mixed
convection parameter had a slight decreasing effect. A higher Eckert number
caused a concentration profile with a unique pattern: a rapid decrease near the
sheet followed by an increase away from the sheet. On the other hand, the
chemical reaction parameter and Schmidt number were found to reduce the

nanoparticle concentration within the boundary layer.

* The primary skin friction coefficient exhibited a decremental trend with the
augmentation of the Hall parameter, ion slip parameter, mixed convection
parameter, and modified mixed convection parameter. Conversely, an opposing
effect was observed on the primary skin friction coefficient as a result of
increasing the Casson parameter, magnetic field parameter, and Darcy

parameter, leading to its amplification.

* The Nusselt number, which signifies the heat transfer rate, was enhanced by
increasing the values of the Hall parameter, Casson parameter, mixed convection
parameter, ion slip parameter, modified mixed convection parameter, and
nonlinear thermal radiation parameter. Conversely, the magnetic field parameter,
Darcy parameter, Eckert number, temperature ratio parameter, chemical reaction
parameter, and Schmidt number had a contrary impact, causing a decrease in the

Nusselt number.

e The Sherwood number, which quantifies the mass transfer rate, exhibited a
diminution when the Hall parameter, Casson parameter, mixed convection
parameter, ion slip parameter, modified mixed convection parameter,
temperature ratio parameter, and nonlinear thermal radiation parameter were
augmented. This decline signified a reduction in the mass transfer rate.
Conversely, the magnetic field parameter, Eckert number, Darcy parameter,
chemical reaction parameter, and Schmidt number demonstrated an opposing

influence, amplifying the Sherwood number.



Chapter 6

Investigation on Rotating Flow of MHD Tangent
Hyperbolic Nanofluid over a Stretching Permeable

Sheet: Impacts of Hall, Ion Slip and Suction velocity

6.1 Introduction

Tangent hyperbolic fluid, a subclass of non-Newtonian fluids, is first introduced by Pop
and Ingham [199] in 2001. Tangent hyperbolic fluid reveals shear-thinning behavior
where viscosity declines with augmentation of shear rate. The tangent hyperbolic fluid
model is an effective tool for modeling complex fluids that exhibit both shear-thinning
and yield stress behaviors, making it highly relevant in the study of industrial
processes involving such fluids. The behavior of tangent hyperbolic non-Newtonian
fluids has been extensively studied in various flow scenarios. For instance, Naseer et
al. [200] explored the boundary layer flow of a tangent hyperbolic fluid through a
vertical stretching sheet, highlighting the impact of some fluid parameters on the flow
characteristics. The extension of this model to include nanoparticles also has been
studied by several researchers.

The study of MHD flows of tangent hyperbolic nanofluids is crucial in several
engineering and industrial processes, including magnetic drug targeting, magnetic
resonance imaging (MRI), and cooling of electronic devices. The interaction of
magnetic fields with tangent hyperbolic nanofluids introduces additional complexities
but also opportunities for controlling and enhancing processes of heat and mass
transfer. Ibrahim [6] and Atif et al. [7] examined the MHD flow of a tangent

hyperbolic nanofluid through a stretching sheet, showing how the magnetic field
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influences the profiles of velocity, concentration, and temperature. Oyelakin et
al. [201], Das et al. [202], Amjad et al. [203], Ramasekhar et al. [204], Ali et al. [205]
and Alhefthi et al. [206] are among numerous studies conducted on MHD tangent

hyperbolic nanofluids.

This study presents a novel investigation into the rotating flow of MHD tangent
hyperbolic nanofluid over a permeable stretching sheet, specifically addressing the
integration of Hall and ion slip effects alongside other physical phenomena such as
viscous dissipation, heat generation/absorption, Ohmic heating, nonlinear thermal
radiation, suction velocity, and chemical reactions. While existing research has
explored various aspects of MHD flows and nanofluids, significant gaps remain
regarding the simultaneous impact of these combined effects, particularly in the
context of cooling technologies. By employing advanced numerical methods and
considering a comprehensive range of physical influences, the research not only
provides valuable insights but also establishes a foundation for future inquiries into
optimizing thermal systems in diverse industrial applications. This investigation
highlights the need for further exploration of the interplay between these factors,
thereby contributing to the advancement of fluid dynamics and heat and mass transfer

research.

6.2 Mathematical Formulation

6.2.1 Model Assumptions

The study considers an incompressible, steady, laminar, viscous, homogeneous and
electricaly conducting Tangent hyperbolic nanofluid flow through a permeable surface
with noslip effect incorporating a strong magnetic constant B, perpendicular to the
sheet, in the y-axis. The intense magnetic field induces the electrically conductive
fluid to undergo Hall and ion-slip phenomena, creating a force in the z-direction that
transforms the flow into a three-dimensional pattern. The fluid also flows through a
porous medium with stretching velocity U,,(x) = bx, where b > 0 is the stretching rate.
The model is represented by Figure 6.1 in which the suction velocity is taken into
account. The study also looks at the influences of ohmic heating, heat
generation/absorption, viscous dissipation, chemical reactions and nonlinear thermal
radiation. In addition, the Buongiorno model is considered and also the Tangent

hyperbolic nanofluid rotates with the angular velocity Q = (0, Q, 0).
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Figure 6.1: Physical model

6.2.2 Conservation Equations

6.2.2.1 Conservation of Mass

For incompressible flow, the mass conservation principle is represented by the equation:
V-V =0, (6.1)

where V denote the flow velocity vector. In three-dimensional coordinates, the
corresponding velocity field is V(u,v,w) and the equation for conservation of mass

Eq. (6.1) is written as follows.

ou Ov ow
4 = 2
(9x+6y+az 0 ©.2)
6.2.2.2 Conservation of Momentum Equation

In a rotating frame of reference, the governing momentum equation for the fluid flow is

expressed as:

P (?9_:]+(V'V)V+(2Q><V)+Q><(Q><F) =—VP+V'TU+J><B‘%V 6.3)
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where 1 is the time variable, P is the fluid pressure, 7;; is the Cauchy stress tensor,
B = (0, By, 0) is external magnetic field, J = (J,, J,, J;) is current density. The constants
By, p, K, represent the external magnetic field, nanofluid density, and porosity of the
medium, respectively. Q is the angular velocity of the rotating reference frame and r is
position vector. 2Q X V is the Coriolis force term, and Q X (Q X r) is the centrifugal
acceleration term. Considering the Coriolis forces, the governing momentum equation
Eq. (6.3) can be modified as follows.
oV

p5+(VV)V+(2QXV) :—VP+V'TU+JXB_%V 6.4)

The rotation (Corriolis effect) is mathematically derived as follows.

i j k
20xV =210 Q 0|=20wi-2Quk. (6.5)
u v w

Upon substituting the stress components of Eq. (2.34) into the momentum
equations and performing the necessary differentiation, the application of boundary

layer approximations yields the following simplified system:

ou  Ou ou oul 0*u
of (ua—x Hyg Wt ZQw) = 1o [(1 —n)+ n\/ira] s FB,, (6.6)

ow  ow  Ow ow | 6*w
— 4+ v—+w— —2Qu| = 1 —n) +nV2r— —+ FB_, 6.7
Pf(”ax Vay r u) llo[( n)+n (9y](9y2 2 (6.7)
where g is zero shear rate viscosity, n is the power law index and I' > 0 is a time
constant. FB,, FB, are the body force components in the x, and z directions,
respectively, which include the Lorentz force and the resistance due to porosity. The
pressure is approximately constant across the boundary layer, allowing it to be

eliminated from the momentum equations.

Considering the Hall current and ion slip effects at extremely high magnetic field
strengths, the modified generalized expression for Ohm’s law is presented in the

simplified form in Eq. (5.11).

By ((1+BeBu +:Bew)'i\ N o By (Beu— (1 +:8618i)w)ﬁ

JXB=
(1+BB)* + 2 (1+ BB + 2

(6.8)
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where the current density vector is represented by J = (Jy, J,,J,). Be, pi, and By

denote the Hall current, ion slip parameter and constant magnetic field, respectively.

6.2.2.3 Conservation of Energy equation

The energy equation is given by

(pc,,)f ‘Z—T +(V-V) T] = kV’T + (1, : V)V

D
DzVC - VT + T—T (VT - VT) (6.9)

[ee)

1
+;(J'J)_VQr+QO(T_TOO)a

H(ec),

where (pCp)f and (pC P)p are specific heat capacities of the nanofluid and the
nanoparticles, respectively, and 7T is the temperature. « denotes the thermal
conductivity of the fluid; Dg and Dy represent the diffusion coefficients for Brownian
and thermophoresis, respectively. T, signifies the ambient temperature, g, is the
radiative heat flux, and the coefficient Q, represents heat absorption (Qy < 0) and
generation (Qp > 0).

In line with the formulations for Williamson and Casson fluid models presented in
the preceding chapters, the energy equation for the tangent hyperbolic model
incorporates the same fundamental contributions from Joule heating, non-linear
thermal radiation, and the presence of a heat source. However, the formulation of the
viscous dissipation term is inherently dependent on the non-Newtonian constitutive

nature of the fluid; for the tangent hyperbolic nanofluid, it is simplified as follows:
U ((ou\’ (ow\|[(0u) (0w’

(1-n)+ = (—”) +(—W) {(—”) +(—W) . (6.10)
V2 Y\ 9y dy ) |[\9y Ay

6.2.2.4 Conservation of Nanoparticle Concentration Equation

o=
CP

For a homogeneous chemical reaction, the nanoparticle concentration equation is given
as:

D
66_(;+(V.V)C:DBV2C+T—TV2T—R0(C—COO), (6.11)

(o]
where the terms represent the rate of change, convective mass transfer, Brownian
diffusion, thermophoretic diffusion, and chemical reaction, respectively. C and C,, are
the near-surface and ambient concentrations, R, is the reaction rate constant, and Dpg

and Dy are the Brownian and thermophoretic coefficients.
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6.2.3 Coupled Governing Equations and Boundary Conditions

Based on the aforementioned assumptions, the conservation laws that dictate the flow
phenomena are articulated through the continuity, momentum, energy, and

concentration equations, presented as follows [7, 108]:

ou Ov aw
— =0 6.12
Ox "oy 8y bz (©-12)
ou ou ou ould*u v
u£+v@+wa—z+29w—v[(l—n)+n\/_l“ ]m—Eu o)
OB} (1 +BBu + o] '
P (1 +BB)* + 2]
ow ow ow ow|Pw v
ua+v5+ 8—Z—2£2u—v[(1—n)+n\/_F ]F—Ew o1
, OB B = +ppow] '
P (1 +BB)* +B2]
ua_T+v‘9_T+W‘9_T_Q£+ 9CoT Dy (0T’
O0x dy 0z 0y? B dy dy T \dy

N loc* 4 (T38_T)
3k*(pCp)y Oy \ 9y
Oo(T = Tx) .\ o B (u? + w?)

©Cp)r (PCp)r [(1 + BB + 2]

& [rm sl -l ()

6.15)
oC, 9C  9C _ FC DT

o —Ry(C = Cs, 6.16
ax Ty TWar TP Tl gy Rl ) (6.16)

where n represents the power law index, k* and o are representing mean absorption

coeflicient and the constant of Stefan-Boltzmann respectively. |v = 'l—l, a=
Y (pC p)f

i}

Cp

P is the effective heat

represent the momentum and thermal diffusivity, and A = ( )
PCp
f

capacity ratio.

The problem’s boundary conditions are provided as follows:

(6.17)

u=U,x)=bx, v=-V,, w=0, T=T,, C=C,, at y=0,
u—0, w—>0, T->Ty,, C—>Cy, as y— oo,
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6.2.4 Similarity Transformation

We examine a set of coupled non-linear PDEs (6.12)—(6.16), which are difficult to solve
in closed form. To facilitate the analysis, we introduce the following transformation
equations, which convert the governing equations into a system of ordinary differential
equations (ODEs).

n;M?WHWMmuﬁW@v:%mewmm
C-Cs
C,-C’

(6.18)

T-T.
00 = 7——F— o =

where 1 represents the new similarity variable, f(n7), h(n), 6(n) and ¢(n) are the
dimensionless stream function, cross flow velocity, temperature distribution and
nanoparticles concentration respectively. ¢ is the function of flow defined by
o o
U=z and v =—-7".
The two momentum equations for the x— and z—directions require the following

partial derivatives of # and w, which are found using the previously stated similarity

transformations. u i
o= b
ggzb&w.v%; %Z:O’ (6.19)
giyb; =bxf" - g
Z—V: = bh,
%%:hm'f} %gza (6.20)
(;2722 = bxh" i

The continuity equation (6.12) automatically satisfied when the previously
mentioned similarity transformations are applied.
By applying Eq. (6.19), the x-direction momentum equation given in Eq. (6.13)

becomes:

bxf'-bf —Nbuf - bxf” S + 2Qbxh =v [((1 —n) + nV2Ibxf" - g]bxf”’ : g}

_ TBbx[(1+BB)F + Bl vbx
| +pB + B2 K

[
(6.21)
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By dividing the equation by b’x, the dimensionless ODE for the x-momentum is

obtained as follows.

(1 _ n)f/// _ f/2 ffu ]’l + n\/—lﬂb\/if”f'"

_ O-B(% [(1 +ﬁe:3i)f/ +ﬁe ] _ _f
pb[(L+pp) +p2 DK

(6.22)

Using Eq. (6.20) the z—direction momentum equation given in Eq. (6.14) becomes

b b b
bxf'bh — Vbu fbxh’\/; —20bxf =v [(1 +n) + nx/irbxh'\/;] bxh"=

v

oBbx [B.f = (L+B.B)h] v

N _v
p (1 +B.6)? + 2] K

(6.23)
bxh.

The simplified z— momentum equation is obtained by dividing Eq. (6.23) by b%x.

(1—n)h" - f'h+ fh + % f+ n\/il“bx\/gh’h”
+ O-B(z) [ﬁef’ - (1 +ﬁeﬁi)h] (%

Y R

(6.24)

To transform the energy and concentration equations into dimensionless form using

Eq. (6.18), it is necessary to consider the following partial derivatives.

oT oT b
— =0, — =T, —T)0'+|—,
0x ay ( ) \/;
ofr _, (6.25)
0z
0*T b
— = (T, - T.)0" =
0y? ( ) v
aC _ aC ¢ o
ox 0 Ox = (€ = Co) x‘o’
ac ,
= (CW - COO)¢ \/j’
(6.26)
0C =, -C )— =0
(9z « B
0*C b
— =(C, = CL)¢" - —
9y ( )P »
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The energy equation in Eq. (6.15) is rewritten as

(~Vbu )T, — Tm)e'\/% = a(T, — TOO)G"S
DT(Tw - TOO)Z 0/2:|

[

b
- DB(TW - Too)(cw - COO)H,(D, +

160*T> > (T, _Too)b
3k(pC,); v
BZ b 2 72 h2

o1, 1. )04 — 20 - v
(Pcp)f OCp)r [(1 + BBi)* + 2]

e o o]

(6.27)

36, - DO+ 1> (@, — DO*+ (6, - DO+ 1)° 9"]

where 6, = ;—” the temperature ratio parameter.

To simplify Eq. (6.27), divide the entire equation by a(T,, — Too)g.

ADy(C,, — Co, AD(T,, — Ts
Ef@/ + 0// + B( )9/¢/ + T( )0/2
(04

a al

160°* T3
3k*(pC,,)f

Oov , Uszxzv [f’2 +h2] (6.28)
T OC b (pCy Ty — To) [(L+ BB + 52

2.2
by (1+n)+—bx\/7\/f”) + () ](f”) NGIE

C a(T,, — oo)
The nanoparticle concentration equation given in Eq. (6.16) can be transformed

[3 0, — DO+ 126, — DO+ (6, — D+ 1) 9"]

using the previous partial derivatives.

~Vbuf(C, - Coo)¢'\/% =Dg(Cy, - Coo)¢"§

D b
+ =L(T\y = To)8" = = Ro(C,, — C)b.
T v

(6.29)

The dimensionless form of the nanoparticle concentration equation can be simplified by

multiplying Eq. (6.29) by m and becomes
v Dy (T, — Ts) Rov
"+ —fo + 0" - =0. 6.30
P, Y prca -’ T wp” (030

The boundary conditions can also be expressed in terms of the dimensionless
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variable 1 using the previously introduced similarity transformations. Aty = 0 we

have n = 0 and the boundary conditions are transformed below.

u=>bxf'(n) = u0) =bxf'(0)=bx= f'(0)=1,

v = —Vbuf(n) = v(0) = ~V, = —Vbuf(0) = f(0) = \/V%
w = bxh(n) = h(0) = 0, 6.31)
8(0) = TO)-T, _ T, —Ts 1,

TW_TOO TW_TOO

c0-C, C,-Cs
= = = 1
40 C,—Cs C,—Cs

Also, transformations as y — oo,  — oo are summarized as follows.

u—0= f'(n) -0,
w—0=h(n) =0,

Too - Too _ (632)
o) > == =0,

Co —Co

—F =0.
¢ — c _C.

Therefore, Eqs. (6.13)-(6.16) are simplified to the following:

_ M [(1 +ﬁe,8i)f, +ﬁeh]

(1 _n)f///+nWef//f///_f/2+ff//_Daf/_wh

(1+B.B)* + 2 ’
o o]
” 110 ’ ’ / M e " - + PePi
(1 =n)h"” + nWelh'h” — f'h + fh' — Dah + wf’ + (BB + 2 =0, (6.34)
Y24 ’/ MEL (f/z + h2) n 144 /7 % 17 7
0 +Pr[Qh9+f9 + T +Ec((1 —n)+ 5We(f 2+ 1) )(f 2+ 17)
+Ny0'¢ + N, (9')2] +R, |07 (1 + (6, - 1O +3(6, - ) (1 + (6, - DO 6| =0,
(6.35)
¢+ S.fd — S.Coop + Nigr — 0. (6.36)
N,

The boundaries conditions that have been transformed are:

V
‘0=1, fO=—7==V,, h0)=0, 60)=1, ¢0) =1, =0
J') f0) Ve Vo () () ¢(0) ar i

ff—-0, h—-0, 650, >0 at n— oo,

(6.37)
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Rearranging the equations (6.33)-(6.36)), we obtain

2~ 17+ Da + wh

[(1 +Beﬁi)f/ +Beh]] (638)

M
+

L (1 +B€ﬁi)2 +ﬁg
fr= [(1 —n) + nWef"]

’

M !
,32 [ﬁef - (1 +ﬁeﬁi)h]] (639)

'h— fI + Dah — wf' -
A A C

W= [(1—n) +nWek'] .
. -1 ) MEc(f’2+h2)
o= [1 +R,(1+ (6, - 1)9)3] [Pr(Qhe vor (1+ BB + B2
+ Ec ((1 —n)+ gWe (£ + h'z)é) (f72+1%) + Ny’ + N, (9/)2) (6.49)
+R, [3(@ — D (1 + (6, — 1)0)> 9'2]],
¢’ = —Scf¢ + ScCop — Nigr. 6.41)
Ny

A detailed description of the pertinent dimensionless parameters found in Egs.

(6.33)-(6.36) is provided below.

Table 6.1: Definitions of Dimensionless Parameters

Symbol & Definition Description

o B2
= _bo Hartmann number (magnetic parameter)
P
2T b2
e= u Weissenberg number
Vu
2Q )
w = > Rotational parameter
D, = % Porous parameter (Darcy number)
V Yw Suction velocity factor
0= u Vv y
Vbu
pr=2 Prandtl number
a
160°T3, . .
R, = P Nonlinear thermal radiation parameter
K *

T
6, = T—W Temperature ratio parameter
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1% .
Sc=— Schmidt number
Dg
Ry . .
C,=— Scaled chemical reaction parameter
b
0, = % Heat generation (Q; > 0) or absorption parameter (Q; < 0)
Cp)rb
U2
Ec= ——"— Eckert number
C,(T,-Ty)
ADy(C,, - Cu (vCy)
Ny = i ) Brownian motion parameter (A = i )
v C
ADy (T, — Ts) (p p)f
= —1 Tw =~ Thermophoretic parameter
Ul

6.2.5 Engineering Relevant Quantities in Boundary Layer

The key physical quantities of interest include local skin friction coefficients (surface
drag force coeflicient), local Nusselt number (heat transfer rate), and local Sherwood

number (mass transfer rate) are written in the dimensionless variables as follows.

6.2.5.1 Skin Friction Coefficients

The primary and secondary skin friction coeflicients C, and C, in the x and z directions
are defined as follows:
TWX TWZ
Crv=—5, Cr=—3, (6.42)
pU}, pU;,
where 1, and 7,, represent the wall shear stresses in the x— and z— directions,

respectively.

From the constitutive equation of tangent hyperbolic fluid Eq. (2.34), the stress

tensor components at the wall (y = 0) are

ou dv
Tyx = Mo [1 + n(r"y - 1)] (5 + a) >
. o ow (6.43)
Tyz :u0[1+n(Fy— 1)] a—z'i‘a—y .

where y is the reference dynamic viscosity of the fluid and I' is the time constant.

Under boundary layer assumptions and using the shear rate definition, the wall shear

stresses Eq. (6.43) reduce to
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1 ou ou ou nl (du)
e 1+"(r@$_1)](5):”"[(1_”}5+\_@(5)l’

1 ow ow ow  nl (ow\
R RER IR

(6.44)

Twz = Mo

Using similarity transformations in Eq. (6.18), the velocity gradientsaty = 0 (7 = 0)

= bxf”(O)\/E, owl - _ bxh’(O)\/E (6.45)
¥=0 v 0yly=o v

Applying Eq. (6.45), Eq. (6.44) simplifies to

o = by [a 0770+ [ <f"<0>>2] ,
v V2 v

are as follows.

ou

dy

(6.46)
Ty = ,uobx\/g [(1 -n)I'0) + f/—gbx\/g (h’(O))2] .
The skin friction coefficients are then calculated as follows.
Tyx ,uobx b nl b b
Cyx = = \/j[(l -n) f7(0) + —bx\/j(f"(o)) ]
2 b2y2
pow pr Y V2ot (6.47)
_ L _ 77 E é 7 2
=4/ o [(1 n) f7(0) + \/be\/;(f 0)) ]
Tz Uobx [b nl’ b )
Ci, = = \/j[(l -n)h'0) + —bx\/j (' (0)) ]
U2 b2 2
Pow PR v Vv (6.48)
Y T POV S L
s [(1 n) K (0) + @bx\ﬁ () }
The skin friction coefficients are reduced to
CsxVRex = (1 —n) f”(0) + nTWe (f”(O))z, (6.49)
CrARe, = (1 =) K (0) + ”—Z/e (W (0))*, (6.50)

b Uy

where We = \/il"bx\/j is the Weissenberg number and Rex = v % is the local
v v

Reynolds number.



6. INVESTIGATION ON ROTATING FLow oF MHD TaNGENT HYPERBOLIC NANOFLUID OVER
A STRETCHING PERMEABLE SHEET: IMPACTS OF HALL, IoN SLIP AND SUCTION VELOCITY 146

6.2.5.2 Local Nusselt Number

The Nusselt number is represented by the following equation.

Xqw

—X
Nu, = = 1+
o T —Tw) T, —T. ( 3k*

160*T3\ 6T
7 W) (6.51)

ay

y=0

where g, is the total wall heat flux, combining conduction and radiative transfer. Using
the similarity transformation of Eq. (6.18) for temperature, the dimensionless Nusselt

number is simplified to
Nu,

VRe,

=—(1+R,6)0(0). (6.52)

6.2.5.3 Local Sherwood Number

The Sherwood number can also be defined as

Xqm -x 0C

Sh, = = — .
DB(Cw - Cw) Cw - Coo 6)’ y=0

(6.53)

with g,, is wall mass flux defined by Fick’s law. Using the similarity transformation in

Eq. (6.18) for concentration, the dimensionless Sherwood number becomes

Shy
= —¢'(0). 6.54
JRe ¢'(0) (6.54)

6.3 Method of Solutions

The lack of closed form and/or analytical solution in our existing physical model
results from the high degree of nonlinearity present in Eqs. (6.38)-(6.41) with the
boundary conditions Eq. (6.37). Nevertheless, by applying the shooting method, the
boundary value problems (BVPs) outlined in these equations are transformed into
initial value problems (IVPs). Utilizing substitutions (f = fi, f" = f», [f” =
f h=fia, W=fs, 06=f, 6 =f ¢é=7Ff, ¢ = f),thenonlinear ODEs
are reformulated into a system of first-order format.
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fi=r f1(0) =V,
f=1 £0) =1,
[fzz - fifs+Dafy + wfs + Mld +’88’8i){2 +ﬁ6f4]]
r. (1 +B.Bi)" + 2 AO) = ¢
3T [(1=n) + nWefs] I T AL
fi=1s f4(0) =0,
[f2f4 — fifs + Dafy — wf> — Mg~ (1 :'Béﬁi)ﬂ]]
e (1 +B.8)" + 2 £0) = ¢
> [(1 = n)+nWefs] SN T o2
fo =1 f6(0) =1, (6.55)
; = [pr{fosi + MEC(f2 +17)
= r
! [1 +R,(1+(6, - 1)f6)3] U+ B
+ Ec(l + %We (£ +f§)5)(f32 +£7)
+ Onfo + Niofrfo + Ntf72)
+R[30, - DA+ - D £ £0) = &,
fs =Fo f(0) =1,
£ = =Schify - %f{ +ScC,fi £50) = .

where {1, {», 5 and ¢, denote the initial conditions that are not provided.

Then, using the Runge-Kutta method of the sixth-order (RK6) approach, Eq.
(6.55) is numerically computed. As seeking to approximate solutions to ODEs, the
high-order accuracy of the Runge-Kutta method proves to be a highly effective
technique. To address this issue, it is essential to adjust the problem by guessing
suitable initial values for the four unknowns ¢;, &, {3 and ;. We iteratively update the
initial guess for those unknown initial conditions using the residual. After achieving
the required accuracy, we derive the final solution by calculating the values of the
variable across the domain.

In all calculations, a step size of 0.1 and an error tolerance of 107° are used to
produce accurate and reliable results. The Python programming language, which is

freely available, is used to construct and analyze our numerical method.
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6.4 Results and Discussion

6.4.1 Validation of the Numerical Method

In this study, we used the Runge-Kutta sixth order method combined with the shooting
technique to solve the provided governing equations (6.33)-(6.36) with corresponding
boundary conditions (6.37). To ensure the reliability of our numerical results, we
validated the method against previously published work in the literature as
summarized in Table 6.2. The comparison was made with the findings of Fathizadeh et
al. [5], Ibrahim [6] and Atif et al. [7]. Our numerical results demonstrated excellent

agreement, confirming the accuracy and robustness of the numerical approach.

Table 6.2: Numerical value comparison between Fathizadeh et al. [5], Ibrahim
[6], Atif et al. [7] and the findings of our study by evaluating the values of
—f"(0) against M for Pr = 1, Nb = 0.0001, Nt = 0.0 and the absence of
Da, Ec, Cr, Qp, R, 6,, Sc, Vo, We, n, Bi, B, and w.

—f"(0)
M | Fathizadeh et al. [S] | Ibrahim [6] | Atifetal.[7] | Present Study
1 1.41421 1.4142 1.41421 1.41421643
5 2.44948 2.4495 2.44949 2.44948974
10 3.31662 3.3166 3.31662 3.31662479
50 7.14142 7.1414 7.14142 7.14142843

6.4.2 Profiles of Velocity, Temperature and Nanoparticle
Concentration with Prominent Flow Parameters

Several parameters, including Hall (5,), ion slip (8;), power law index (n), Weissenberg
number(We), suction velocity (V,), rotation parameter (w), magnetic field parameter
(M), nonlinear thermal radiation parameter (R,), the ratio temperature parameter (6,),
Prandtl number (Pr), Schmidt number (Sc), heat generation (Q;), chemical reaction
parameter (Cr), Eckert number (Ec), porous parameter (Darcy number) (Da),
Brownian motion parameter (V,), and thermophoretic parameter (N,), are considered
in numerical computations while some of the effects of Key parameters were
systematically varied to assess their impact on velocity profiles (f'(n), h(n)),
temperature distributions (6(n7)), nanoparticle concentration (¢(7)), skin friction
coeflicients (surface drag force coefficients), rate of heat transfer and rate of mass
transfer. ~ The results are illustrated graphically to provide a comprehensive
understanding of how these parameters influence the flow dynamics and thermal
behavior of the fluid.
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To perform the numerical simulations, we establish the non-dimensional parameters
at fixed values: Pr =3, M =5, Sc=1.5, We=0.2, 8. =2,n=0.3, Vo =0.7, B; =
w=86=1, Ec =01, R, =Cr =N, =N, = D, = Q, = 0.5. Throughout the
study, these parameters will remain unchanged, except for the parameter that varies and
is illustrated in the corresponding figure.

The effects of Hall currents on the principal (leading) velocity profiles (x-direction
velocity, denoted as f’(n)), secondary (auxiliary) velocity (z-direction velocity,
denoted as h(n)), temperature (6(r7)) and nanoparticle concentration (¢(n)) profiles are
depicted in Figs. 6.2—6.5. Fig. 6.2 clearly shows that increasing the Hall current
parameter (8.) enhances the principal velocity (f’(r7)) within the boundary layer. This
increase can be attributed to the enhanced electromagnetic interactions within the
nanofluid, which facilitate better momentum transfer. The Hall currents generate a
transverse electric field that influences the flow dynamics, thereby accelerating the
fluid particles in the x-direction. As shown in Fig. 6.3, increasing the Hall current (5,)
boosts the secondary velocity. The Hall effect alters the lateral flow by modifying the
Lorentz force distribution and enhancing the secondary velocity. Fig. 6.4 shows that as
the Hall current parameter increases, a notable decrease in the temperature distribution
0(n) is observed. Physically, the reduction in temperature with increased Hall current
can be attributed to enhanced momentum transfer and the resultant increase in the
convective heat transport within the fluid. This indicates that the electromagnetic
interaction effectively dissipates thermal energy, thereby cooling the fluid. Fig. 6.5
portrays that augmenting the Hall parameter (8,) enhances nanoparticle concentration
(¢(n7)) near the sheet, followed by a decrease away from it.

Figs. 6.6—6.9 display the principal velocity (f"(n7)), secondary (auxiliary) velocity
(h(n)), temperature (6(n7)) and nanoparticle concentration (¢(n)) profiles for varying
values of ion slip parameter (5;). Similarly to Hall currents, increasing the ion slip
parameter S3; boosts the principal velocity as illustrated in Fig. 6.6. Ion slip effects
arise from the disparity in ion and electron movement, which modifies the current
density and, subsequently, the velocity. Fig. 6.7 shows a dual nature of the secondary
velocity. Initially, i(n7) decreases near the sheet but increases farther away, indicating
complex interactions between the ion slip and the electric field of the boundary layer.
Figs. 6.8 and 6.9 reflect the influence of ion slip (8;) on the temperature and
nanoparticle concentration profiles and align with the behavior observed for Hall

currents.
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Figure 6.2: Profiles of principal velocity f”(n) with Hall parameter 3,.
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Figure 6.3: Profiles of secondary velocity A(n) with S,.
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Figure 6.4: Profiles of Temperature 6(n) with S3,.
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Figure 6.5: Profiles of nanoparicle concentration ¢(n) with 3,.
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Figure 6.6: Profiles of principal velocity f’(n) with ion slip parameter ;.
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Figure 6.7: Profiles of secondary velocity h(n) with j;.
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Figure 6.8: Profiles of Temperature 8(n) with f3;.
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Figure 6.9: Profiles of nanoparicle concentration ¢(n) with S3;.

Figs. 6.10—6.13 illustrate how the Power law index (n) influences the profiles of
principal velocity, secondary velocity, temperature and nanoparticle concentration. As
portrayed in fig. 6.10, it is shown that an increase in the Power law index (n) results in

a reduction in the principal velocity. Similarly, the secondary velocity also declines as



6. INVESTIGATION ON ROTATING FLow oF MHD TaNGENT HYPERBOLIC NANOFLUID OVER
A STRETCHING PERMEABLE SHEET: IMPACTS OF HALL, IoN SLIP AND SUCTION VELOCITY 154

the values of the Power law index (n) increase, as witnessed by Fig. 6.11. The power
law index, indicative of the fluid’s non-Newtonian behavior, suggests that as the fluid
becomes more viscous, the resistance to flow increases, leading to lower velocities. In
contrast, increasing the power law index (n) tends to elevate the fluid temperature as
displayed in Fig. 6.12. In fact, an elevation in the power law index (a rise in the liquid’s
viscosity) typically enhances the non-Newtonian characteristics of the fluid, leading to

improved thermal conductivity. Fig. 6.13 demonstrates a dual nature in (¢(77)).

Similarly to the power law index (n), the Weissenberg number (We) contributes to
the reduction of both the principal and secondary velocities but to the amplification of
the temperature profile as presented in Figs. 6.14, 6.15, and 6.16, respectively. The
Weissenberg number, representing the ratio of relaxation time (the time it takes for a
fluid to relax after being deformed) to processing time (the time scale of the flow or
deformation process), suggests that higher values can also enhance the relaxation time
and hence dampen fluid motion, whereas the fluid temperature is enhanced. Fig. 6.17
depicts the dual nature in the concentration profile ¢(n7) as we vary Weissenberg number
We).

Alhefthi et al. [206] also found that "an increase in both the power law index n and the
Weissenberg number We results in a decrease in the tangent hyperbolic nanofluid flow
velocity field." This observation aligns with our findings, reinforcing the consistency

and reliability of our results in relation to the existing literature.
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0.0 T
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Figure 6.10: Profiles of principal velocity f’(n) with power index parameter
n.
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Figure 6.11: Profiles of secondary velocity i() with n.
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Figure 6.12: Profiles of Temperature 6(7) with n.
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Figure 6.13: Profiles of nanoparicle concentration ¢(1) with n.
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Figure 6.14: Profiles of principal velocity f’(n7) with Weissenberg number
(We).
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Figure 6.15: Profiles of secondary velocity h() with We.
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Figure 6.16: Profiles of Temperature 6(r7) with We.
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Figure 6.17: Profiles of nanoparicle concentration ¢(r7) with We.

Figs. 6.18-6.21 explore the impacts of the suction factor on the profiles of
velocities, temperature, and nanoparticle concentration. As sketched in Figs. 6.18,
6.19, and 6.20, enhanced suction reduces the principal and secondary velocities, as
well as the fluid temperature, respectively. The suction factor (V;) exerts a negative
influence, as enhanced suction removes fluid from the boundary layer, thus decreasing
both fluid velocities. The increase in suction effectively removes warmer fluid from the
boundary layer, promoting cooler fluid inflow from the surroundings. This process not
only decreases the temperature but also enhances the stability of the thermal boundary
layer, promoting efficient heat removal from the surface. Figure 6.21 reveals trends
similar to Hall currents and ion slip.

The significance of the rotation parameter on the velocities, and temperature
profiles are presented in Figs. 6.22—6.24. As indicated in Fig. 6.22, increasing (w)
diminishes the principal velocity. Physically, the Coriolis force, resulting from
rotation, adds an apparent force that opposes the flow direction. Interestingly, the
rotation parameter (w) exhibits a positive influence on the auxiliary velocity, as
illustrated in Fig. 6.23, which means that rotation generates a centrifugal effect that
enhances lateral flow, thus increasing h(n). Fig. 6.24 indicates that increasing the
rotation parameter (w) tends to elevate the fluid temperature. Physically, the rotation

parameter influences the centrifugal forces in the fluid, promoting heat retention.
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Figure 6.18: Profiles of principal velocity f’(n) with Suction Velocity
parameter (V).
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Figure 6.19: Profiles of secondary velocity () with Vj.
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Figure 6.21: Profiles of nanoparicle concentration ¢(r) with Vj.
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Figure 6.22: Profiles of leading velocity f”(n) with rotation parameter (w).
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Figure 6.23: Profiles of auxiliary velocity h(n) with w.
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Figure 6.24: Profiles of Temperature 6(n) with w.

Figs. 6.25 and 6.27 illustrate the effects of the nonlinear thermal radiation
parameter (R,) and the temperature ratio parameter (6,) on the temperature
distribution. The results show a significant rise in temperature with increasing R, and
6,. Physically, nonlinear thermal radiation contributes to heat transfer by allowing the
fluid to absorb more radiant energy, thereby elevating its temperature. The temperature
ratio parameter, which compares the temperature of the fluid at the surface to that
outside the boundary layer, underscores the importance of surface conditions in
dictating thermal behavior. A higher ratio indicates an effective heat transfer from the
surface, resulting in increased fluid temperatures.

Figs. 6.26 and 6.28 indicate variations in nanoparticle concentration profile due to
the effects of nonlinear thermal radiation and the temperature ratio parameters. For each
of these parameters, an increase leads to a rapid decline in concentration of nanoparticle

near the wall, followed by growth as we move away from it.
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Figure 6.25: Profiles of Temperature 6(n) with nonlinear thermal radiation
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Figure 6.26: Profiles of nanoparicle concentration ¢(n) with R;.
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Figure 6.28: Profiles of nanoparicle concentration ¢(r) with 6,.

Fig. 6.29 examines the impact of varying Eckert number (Ec) on the temperature
profile 6(n7). An increase in the Eckert number enhances the temperature throughout the
boundary layer, with a distinct hump observed near the sheet.

Fig. 6.30 shows that escalating the chemical reaction parameter (C,) leads to a

decrease in the temperature distribution, as chemical reactions often absorb heat,
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leading to a cooling effect in the fluid. Fig. 6.31 demonstrates that higher C, levels
diminish nanoparticle concentration in the boundary layer, as chemical reactions may
deplete reactants or generate by-products that influence the overall presence of

nanoparticles.
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Figure 6.29: Profiles of Temperature 6(n) with Eckert number Ec.
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Figure 6.30: Profiles of Temperature 6(n) with chemical reaction parameter
Cr.
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Figure 6.31: Profiles of nanoparicle concentration ¢(7) with Cr.

6.4.3 Effects of Pertinent Flow Parameters on Skin Friction
Coefficients, Nusselt Number and Sherwood Number

The skin friction coeflicients are indispensable measures of the resistance to flow over
the stretching sheet. This study emphasizes them in both the x and z directions. Table
6.3 presents the numerical results for the surface drag force in these directions across
varying estimates of evolving parameters, including the Hall parameter S,, ion slip 5;,
power law index n, suction factor V, rotation parameter w, Weissenberg number We,
porous parameter Da, and magnetic field parameter M. The table make it evident that
all these parameters exert a significant influence.

Table 6.3 reveals that the skin friction coefficient in the x-direction diminishes as
the Hall parameter S, and the ion slip §; rise. In contrast, the parameters of the power
law index n, the suction factor V), the rotation w, the Weissenberg number We, the
porous Da, and the magnetic field M display an opposite trend. Tangibly, the Hall
effect introduces a cross-coupling between the magnetic field and fluid velocity,
thereby reducing the effective Lorentz force in the x-direction and diminishing flow
resistance. Similarly, the ion slip effects enhance the fluid’s mobility, consequently
reducing the resistance encountered along the x-direction. Conversely, the power law
index which enhances the primary skin friction indicates a more viscous fluid, which
increases resistance to motion in the x-direction due to shear-thinning effects.
Moreover, the suction factor also influences the surface drag force positively; suction

removes fluid from the boundary layer, thereby increasing the velocity gradient on the
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surface and enhancing the drag force coefficient. The rotation parameter also
contributes to this increase in —C fx\/ﬁ by introducing centrifugal forces that elevate
the effective viscosity of the fluid, further increasing resistance along the x-direction.
In addition, as Weissenberg number reflects elasticity of the fluid; elevated values
indicate that elastic effects become more pronounced, which raises flow resistance.
Finally, as the increased porosity allows more fluid to permeate the medium,
heightening interaction with the surface, and hence increasing skin friction. Similarly,
elevating the magnetic parameter leads to a higher —C ,cx\/R_e, as the magnetic field

generates a Lorentz force that opposes fluid motion, augmenting resistance.

Table 6.3: Numerical values of the skin friction coefficients of some values
of parameters for Pr =3, M =5, Sc =1.5, We=0.2, 8. =2, n=0.3, Vy =

07, Bi=w=6,=1,Ec=0.1, R, =Cr=N, =N, =D, =0, =05.

B. Bi n Vo w We Da

—Cfx\/le_e

Cr.VRe

1.76931554
1.63667663
1.56529749
1.76931554
1.68253705
1.62783050
1.44122438
1.57590975
1.76931554
1.76931554
1.82962675
1.89145046
1.74128020
1.76931554
1.80208827
1.57586265
1.64454726
1.73556603
1.66719567
1.76931554
1.86663545
1.52353956
1.65293036
1.76931554

0.42768365
0.40415767
0.38123469
0.42768365
0.35060734
0.32592104
0.39671089
0.41244172
0.42768365
0.42768365
0.42268887
0.41731040
0.31447923
0.42768365
0.53323836
0.44655056
0.43300770
0.41885580
0.46687169
0.42768365
0.39581414
0.35065873
0.39118528
0.42768365

In Table 6.3, it is observed that the coeflicient of skin friction in the z-direction
C.VRe increases under the power law index n, rotation parameter w, and the magnetic
field parameter M, and conversely, the Hall parameter 3, ion slip parameter 3;, suction
factor V,,, Weissenberg number We, and porous parameter Da all exert a decreasing
influence on the secondary skin friction coefficient, C ;. VRe.

The values and trends of the rate of heat transfer (Nusselt number) under some key

parameters are presented in Table 6.4. The table clearly demonstrates that elevated
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values of ion slip (8;), Hall current (8,), and suction factor (V) result in a significant
increase in the rate of heat transfer, whereas higher values of power low index (n),
rotation (w), Weissenberg number (We), magnetic field (M), Eckert number (Ec),
temperature ratio (6,), and nonlinear thermal radiation (R,) lead to a notable decrease

in the rate of heat transfer.

From a physical point of view, increased ion slip allows for a more efficient energy
distribution within the fluid, enhancing thermal conductivity, and thus the heat transfer
rate amplifies. The Hall parameter has a trend similar to the ion slip, significantly
amplifying the rate of heat transfer. Enhanced suction at the permeable surface
removes warmer fluid layers near the surface, replacing them with cooler fluid. This
process promotes a higher rate of heat transfer from the sheet to the fluid. In contrast,
increasing the power law index (n) makes the fluid more viscous, reducing its ability to
facilitate heat transfer. The rotation parameter also negatively impacts the transfer rate
since increased rotation leads to a centrifugal effect that can suppress fluid motion near
the surface, reducing the convective heat transfer efficiency. Furthermore, an increase
in Weissenberg number (We) can lead to a decrease in the rate of heat transfer, as the
fluid’s elastic properties dominate, impeding the flow, and thus the heat transfer.
Increasing the magnetic field parameter (M) also functions as a dampener of
convective heat transfer, yielding a reduction in the rate of heat transfer. Furthermore,
as the Eckert number (Ec) increases, viscous heating decreases the temperature
gradient required for efficient heat transfer, which in turn diminishes the rate of heat
transfer. An increase in the temperature ratio (6,) lowers the rate of heat transfer, as the
reduced temperature gradient weakens the driving force of heat transfer. The effect of
nonlinear thermal radiation (R,) on the rate of heat transfer also has a similar trend to

the ratio temperature (6,).

Contrary to the rate of heat transfer, the rate of mass transfer (Sherwood number)
exhibits an opposing trend across all parameters considered, as summarized in Table 6.4.
It is observed that rate of mass transfer increases with rising values of power law index,
rotation parameter, Weissenberg number, magnetic field parameter, Eckert number, ratio
temperature, and nonlinear thermal radiation, while it decreases as ion slip, Hall current,

and suction parameter increase.

Realistically, the ion slip effect attenuates the mobility of ions, resulting in a
dampened mass transfer rate. An increase in the Hall parameter reduces the Sherwood
number, indicating less mass transfer. Increased suction at the surface tends to draw
fluid away from the sheet, thereby reducing the mass transfer rate. In contrast, a higher
power law index value indicates a more pronounced non-Newtonian behavior, which

can enhance the transport characteristics of the fluid, facilitating greater mass transfer.
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The rotation parameter also boosts the Sherwood number by enhancing the mixing in
the boundary layer through centrifugal forces, resulting in improved mass transfer rates
as the fluid is drawn away from the surface. A higher Weissenberg number suggests
that the elastic properties of the fluid contribute to better flow characteristics,
promoting mass transfer. An increase in the magnetic field parameter generally
enhances the Sherwood number, likely as a result of the induced secondary flows that
improve mass transfer. Higher Eckert number values indicate that increased viscous
heating contributes to the overall energy of the fluid, enhancing the mass transport

capabilities.

Table 6.4: Numerical values of the rate of heat transfer and rate of mass
transfer of some parameters values for Pr = 3, M = 5, Sc = 1.5, We =
02,68,=2,n=03,Vyp=07,8=w=6,=1, Ec=0.1, R, =Cr =N, =
N, =Dy =0y =05.

Be

Bi

n Vo w We M Rn 6, Ec

Nu,

VRe,

Sh,
VRe,

~N B~

—

0.1
0.2
0.3
0.7
0.8
0.9
0.5

L5
0.1
0.2
0.3

04

0.5

0.6
0.1
0.6

0.1
0.3
0.5

—-0.50206225
-0.25617688
—-0.1514496
—-0.50206225
—0.28988801
—-0.20134570
—0.13278852
—-0.25744973
—-0.50206225
—-0.50206225
0.00233426
0.27997285
—-0.36950463
—-0.50206225
—-0.74559799
—-0.40583900
—-0.50206225
—-0.63889258
—-0.09300313
-0.27620507
-0.50206225
—-0.40275687
—-0.53553306
-0.82757099
—-0.34407570
—-0.39291494
—-0.50206225
—-0.50206225
-1.29342177
—2.18119335

2.29643951
2.17199040
2.12085948
2.29643951
2.18856094
2.14483946
2.12384919
2.17895162
2.29643951
2.29643951
2.13485823
2.08698216
2.22921386
2.29643951
2.42273411
2.24643736
2.29643951
2.36814451
2.09352279
2.18251274
2.29643951
2.23913777
2.29643951
2.43194560
2.25419714
226758128
2.29643951
2.29643951
2.78369099
3.32455083
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6.5 Conclusion

In this investigation, the 3D flow of MHD Tangent hyperbolic nanofluid has been
investigated on a stretching sheet through a permeable surface considering factors such
as Hall (8,), ion slip (8;), power law index (n), Weissenberg number(We), suction
factor (Vj), rotation parameter (w), magnetic field parameter (M), nonlinear thermal
radiation (R,), the ratio temperature (6,), Prandtl number (Pr), Schmidt number (Sc),
Brownian diffusion parameter (N,), chemical reaction parameter (Cr), heat generation
(Qn), Eckert number (Ec), porous parameter (Darcy number) (Da), and
thermophoretic parameter (N,) on the profiles of leading and auxiliary velocities
(f'(m), h(n;)), temperature (6(r7)), nanparticle concentration (¢(77)), surface drag force
coefficients along the two (x&z) directions, heat and mass transfers; utilizing the
Runge-Kutta sixth-order method (RK6) along with shooting scheme, the systems of
nonlinear ODEs were solved in which simulations were conducted using Python

programming. The key conclusions of the study are succinctly summarized as follows:

* The principal velocity in the x-direction was positively influenced by the ion slip
(8;) and Hall (B,) parameters, while it was reduced by the power law index (n),

Weissenberg number (We), suction velocity (V)), and rotation parameter (w).

* The ion slip parameter resulted in a dual behavior in the secondary velocity
profile. Initially, it decreased near the sheet and then decreased away from the
sheet. The Hall parameter contributed to the enhancement of the secondary
velocity (h(n)), while the parameters power law index, suction factor, rotation

parameter and Weissenberg number had a reducing impact.

* The fluid temperature was intensified with the elevation of the power law index,
rotation parameter, Weissenberg number, nonlinear thermal radiation, ratio
temperature, and Eckert number, but a decline was caused due to parameter

values of ion slip, Hall current, suction factor, and chemical reaction.

* A growth in the chemical reaction parameter C, reduced the concentration of the
nanoparticles while a dual nature was observed for the remaining parameters
considered with different patterns such that a reduction near the sheet followed
by rising away from the sheet was recorded by the power law index, rotation
parameter, Weissenberg number, nonlinear thermal radiation, ratio temperature
parameter and Eckert number, and vice versa by the increment of the ion slip,

Hall current, and suction factor.
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* The coeflicient of surface drag force (skin friction coefficient) in the x direction
was negatively affected by the augmentation of Hall and ion slip parameters.
However, an opposing effect was noted by increasing the power-law index,
suction factor, rotation parameter, Weissenberg number, Darcy number, and

magnetic field parameters.

¢ Unlike rate of heat transfer, the rate of mass transfer exhibited an incremental
growth with rising values of the power law index, rotation parameter, Weissenberg
number, magnetic field, ratio temperature and nonlinear thermal radiation, while

it was declined by the increment of ion slip, Hall, and suction factor.



Chapter 7

Python-Based Simulation of Rotating MHD Jeflrey
Nanofluid Flow over a Permeable Stretching
Surface Subject to Hall and Ion Slip Effects

7.1 Introduction

In real-world applications such as polymer processing, biological systems, and
lubrication technologies, many fluids exhibit non-Newtonian behavior, meaning that
their viscosity depends on shear rate or time rather than remaining constant as in
Newtonian fluids. Accurately modeling such fluids requires sophisticated constitutive
relationships to capture their complex stress-strain behavior, especially when
combined with nanoparticle transport in nanofluids. Among the various rheological
models developed to describe non-Newtonian behavior, the Jeffrey fluid model stands
out for its effectiveness in capturing both relaxation and retardation effects, making it a
valuable tool in simulating the dynamic behavior of non-Newtonian nanofluids. This
fluid has received considerable attention due to its ability to simulate real-world
materials like polymers and biological fluids. Hayat et al. [207] conducted a
comprehensive study of Jeffrey fluid flow in three-dimensional boundary layers.
El-Zahar et al. [208] also studied Jeffrey nanofluid in different flow scenarios.
Combining the physics of magnetohydrodynamics (MHD) with Jeffrey nanofluids
introduces additional complexity and practical relevance. The presence of magnetic
fields significantly alters the transport characteristics of conducting fluids, which is
vital in numerous applications, including electromagnetic pumping, metallurgical

processing, and magnetic drug targeting. Notably, Shehzad et al. [127, 209],
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Prasannakumara et al. [210], Biswas et al. [211], Shahzad et al. [125] and Ur Rasheed
et al. [212] have extensively studied MHD Jeffrey nanofluid flows incorporating
various thermal and mass transfer mechanisms. Recent studies by Dawar et al. [213],
Krishna and Kumar [114] and Moltot et al. [214] further demonstrated how Lorentz
forces modify the dynamics boundary layer, with applications in industry.These
investigations have highlighted the critical influence of magnetic field strength, fluid
elasticity, and boundary interactions on heat and mass transport.

Although extensive research has been conducted on MHD Jeffrey nanofluid flows
considering individual or limited coupled physical effects, a unified investigation
addressing the simultaneous interplay of multiple transport and electromagnetic
mechanisms over a permeable surface remains largely unexplored. The present work
introduces a novel computational framework for analyzing the three-dimensional
rotating flow of an MHD Jeffrey nanofluid, wherein the combined influences of
nonlinear thermal radiation, viscous dissipation, Joule heating, and internal heat
generation/absorption are incorporated to capture realistic energy transport dynamics.
The model further accounts for the effects of Hall and ion slip currents induced by
strong magnetic fields, which significantly modify both the momentum and
electromagnetic field distributions. In addition, the influence of chemical reactions on
nanoparticle mass transfer and the role of Coriolis forces arising from system rotation
are examined. The flow is considered through a porous medium in contact with a
permeable stretching surface, enabling suction control for boundary layer regulation.
The governing equations are solved using a high accuracy sixth-order, seven-stage
Runge—Kutta method (RK6,7) with the shooting technique, implemented in the Python
programming language, ensuring stable and precise solutions for this highly coupled,
nonlinear system.  The study offers new insights into the coupled thermal
hydrodynamic—electromagnetic behavior of non-Newtonian nanofluids under complex

multiphysics conditions.

7.2 Mathematical Formulation

7.2.1 Model Assumptions

The present study considers a steady, laminar, incompressible, and electrically
conducting flow of a Jeffrey nanofluid over a linearly stretching permeable surface
embedded in a porous medium. The stretching surface moves along the x-axis with a
velocity U,,(x) = a;x, where a; > 0 denotes the stretching rate. A uniform and strong

magnetic field of intensity B, is applied perpendicular to the surface, along the
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y-direction. The induced magnetic field is neglected under the assumption of a low
magnetic Reynolds number. A schematic of the physical model is shown in Figure 7.1.
The interaction of the magnetic field with the electrically conducting nanofluid
generates Hall and ion slip currents, resulting in a three-dimensional flow structure due
to the development of an additional force component along the z-axis. The fluid is
assumed to rotate uniformly with constant angular velocity Q = (0, Q,0) about the
y-axis, introducing Coriolis forces that further influence the spanwise motion. A
first-order homogeneous chemical reaction is also considered, affecting the
nanoparticle concentration. = Furthermore, the Buongiorno nanofluid model is
employed to account for Brownian motion and thermophoresis effects in nanoparticle
diffusion. The surface is assumed to be subject to suction, characterized by a constant
normal velocity V,, < 0, which helps control the boundary layer thickness and stabilize
the flow. The no-slip boundary condition is assumed at the surface for both velocity
and temperature fields. The porous medium is modeled using Darcy’s resistance law,

contributing an additional drag force proportional to the velocity.
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Figure 7.1: A schematic of the physical model
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7.2.2 Conservation Equations

7.2.2.1 Conservation of Mass
The continuity equation for incompressible flow can be written as

ou Jv ow 3

—+—+— =0, 7.1
8x+6y+0z (.1

7.2.2.2 Conservation of Momentum Equation

The governing momentum equation for fluid flow in a rotating frame, when Coriolis

forces are taken into account, can be written as

ov
P15+ (V-VIV+QxV) :—VP+V-T,.,+J><B—%V (7.2)
where 1 is the time variable, P is the fluid pressure, 7;; is the Cauchy stress tensor, B
is external magnetic field, J is current density. The constants p and K, represent the
nanofluid density, and porosity of the medium, respectively. Q is the angular velocity

of the rotating reference frame. The Corriolis term is mathematically written as
20 x V = 2Qwi — 2Quk. (7.3)

By evaluating the partial derivatives of the stress tensor components from Eq. (2.39)
within the momentum balances and applying boundary layer approximations, we obtain

the following simplified momentum equations:

__H
1+

oy T\ "axayr TV ay

ou 0*u  0vo*u
+ — + —— FB,,
dy 0xdy ~ dy dy? )]

0*u ( Pu Pu
2

(7.4)

0 0 0
o (u—w +v—w +w—w - ZQu) =

v [0Pw w w
1+/11[8_)12+ z(uw+va—y3
+ 6_u w + @azw)] FB
dy 0xdy 0Oy 0y? “

(7.5)

where the parameter A; signifies the ratio of relaxation time to retardation time and A,
corresponds to the retardation time. Since the pressure remains approximately

constant normal to the surface within the boundary layer, its gradient vanishes. The
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remaining body forces, F B, and F B, in the respective x—, and z— directions, account
for the electromagnetic Lorentz force and the Darcy resistance due to porosity.

By incorporating the Hall current and ion slip phenomena occurring at high
magnetic field intensities, the modified generalized Ohm’s law can be written in the

simplified form provided in Eq. (5.11).

0By (1 +BB)u B o B2 (Bu— (1 +BBIW)
(1 +B.8:) + 32 (1 +B.B:)" + B2

JXB= , (7.6)

where the current density vector is expressed as J = (Jy,Jy,J;). The parameters
B., Bi, and By denote correspond to the Hall current, the ion slip parameter, and

constant magnetic field, respectively.

7.2.2.3 Conservation of Energy equation

The governing energy equation is expressed as

(pcp)f %—T +(V-V) T] = kV’T + (1, : V)V

D
DzVC - VT + T—T (VT - VT) (7.7)

(>

(o),
+ é(J'J)_VQr"_QO(T_Too)a

Consistent with the governing energy equations for the Williamson, Casson, and
tangent hyperbolic nanofluid models developed in Chapters 4, 5, and 6, the expressions
for Joule heating (— (J - J)), non-linear thermal radiation (—Vg,), and the heat source
term (Qy (T — Too))o;emain unaltered for the Jeffrey nanofluid. The viscous dissipation
term, however, is uniquely defined by the constitutive relationship of the Jeffrey fluid

and is derived for this model as follows.

@24_ a_W2+/l @62u+v@@
oy dy ? ”ay oxdy  dy dy?

dy dxdy 0y ? ]|

oo YV
C,(1+2y)

(7.8)

7.2.2.4 Conservation of Nanoparticle Concentration Equation

The equation governing nanoparticle concentration in a homogeneous chemical reaction
is

aC D
s (V-V)C = DgV3C + T—TVZT — Ry (C-C.). (7.9)
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This model accounts for the rate of change in concentration, convective mass transfer,
diffusion due to Brownian motion, thermophoretic effects, and the depletion of
nanoparticles from a chemical reaction. Here, C and C,, represent the concentration
near the surface and in the ambient environment, respectively, while Ry, Dg, and Dy
are the reaction rate constant, Brownian diffusion coefficient, and thermophoretic

diffusion coefficient.

7.2.3 Coupled Governing Equations and Boundary Conditions

The formulation leads to a system of nonlinear partial differential equations governed
by the principles of conservation of mass, momentum, energy, and nanoparticle

concentration, written as follows [215].

ou Ov ('9w

— =0, 7.10
O0x "oy 8y Bz (7.10)

ua—u + v@ +w— 420w = v @ + u_83u + v03—u +(9u Ou 6v Ou

ox Oy 0z A | 9y? 2 oxoy* 9y’ Ay dxdy (9y ay?

v o B [(1 + B.B)u + Bew]
K™ pla+pp)*+ 5

(7.11)
ua—w+va—w+wa—w—29u— v 62—w+/l M_(93w +v63—w +(9_u Ow +@02w
ax  dy oz 1+ oy TP\ oxayr T 6y Oy oxdy |y 0y?

_ % + O-B(z) [/Beu - (1 +:8618i)w]
K™ pla+p6)+8

7.12
oT oT N oT aaZ_T (pC)p (DBG_TG_C N &(G_T)Z]_‘_ 160" E(T(ﬁ_T))
Ox 0y 0z ay*  (pC); dy dy Tu \ 0y 3k*(pC)s Ay dy

QT -T,) N O'B(Z)(u2 +w?)
0C)y (PO [(1 +BB)* + B
v

e () ()
ETESD) dy

+ I/ta—u 62 +v 8u62 +I/ta—w azw +Va—waz—w
: dy 0xdy (9y a2 8y 9xdy dy 0y?

(7.13)

oc  oC ac _  9*C  DrdT

— +v—+w — +—7— Ry (C-C). 7.14
“ox TVay T e T Pega t g Rl ) (7.14)
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The problem’s boundary conditions are provided as follows.

u=U,x)=a1x, v=-V,, w=0, T=T,, C=C,, at y=20,
(7.15)
u ow

u— 0, (9—y—>0, w — 0, 8—y—>0, T—->T,, C—>Cs as y— oo,

where «, K, (cp, k, v, and py represent the thermal diffusivity, porosity, specific heat

capacity, base fluid thermal conductivity, kinematic viscosity and fluid density.

7.2.4 Similarity Transformation

Egs. (7.10)—(7.14) are transformed into a dimensionless form using similarity
transformations and are further reduced to a system of ODEs subject to appropriate

boundary conditions.

n= y\/%, Y =xvawf@), u=axf'y), v=-vavf@),

T—Too ()_C_Coo
T -1 YW o

(7.16)
w=axh(n), 61n) =

where 7 is similarity variable; f(n) is dimensionless stream function; h(n) is
dimensionless cross-flow velocity; 6(;7) is dimensionless temperature; ¢(n7) is

dimensionless nanoparticle concentration. ¢ is the function of flow defined by

_ oy — _9%
U= 3 and v = e

We now compute the necessary partial derivatives of u and w.

ou ou a ou
_— = ,’ _— = ” —, _— = 0,
0x af dy axf v 0z
0u ., a1
oy ¢ Sl

Fu a;

= " 7.17

0x0y? arf v ( )
liM /
A — (ﬂ) ’
ay?

d*u , a1
Axdy af v’
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ow 0 a ow

- = ha a h/ K - = 09

ox @ 0 o N v 0z

02w aq

A h”_,

0y? Y

OPw ,a

axay =" (7.18)
Pw & '
oxdy? ary

Pw ar\Y/

g~ ()

aZW , a1

oxdy arh Vv

When the derived similarity transformations are applied, they satisfy the continuity
equation Eq. (7.10) identically. We then systematically transform the remaining
governing equations: streamwise momentum Eq. (7.11), spanwise momentum Eq.
(7.12), energy Eq. (7.13), and nanoparticle concentration Eq. (7.14) into their

dimensionless ODE through sequential application of these transformations.
Substituting Eq. (7.17) on the left-hand side (LHS) of Eq. (7.11), we have

0 0 0
u—u + v—u + w—u +2Qw = ayxf’ - a1 f — Javf - ayxf”’ @y 0+ 2Qa,xh
ox 0Oy 0z v
= aixf? —ajxff’ +2Qaxh (7.19)
20
= a%x(f'2 —ff" + —h).
aj

Similarly, the right-hand side (RHS) of Eq. (7.11) becomes

1+, |0y \Toxay2 "8y’ dyaxdy Oy ay?
v oBS [(1 + B.B)u + Bew]
K= pla+p8+8]
3 3 3
1% a a;x ax a a; x
— 3 [ale/// . _] + /12 (Lf/f/// + _Lff(4) + a%foZ . _1 _ Lf/fur)]
1 v v v vov
v . oBlaix[(1 +BB)f + Beh]
- Eale - 2 2
p|(1+B.8) + B2
7 7 U ) O-Bz [(1 +ﬂeﬁi),f, +ﬁeh]
= ajx T+ 1 [f +/12a1(f2—ff(4))]— Kf -— a1 |
th @ par (1 + B8, + 2]

(7.20)
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1 . . . .
, we obtain the non-dimensionalized form of

1+
Multiplaying the entire equation by —

a;x

x— momentum Eq. (7.11) as

fu/ + La (f//2_ff(4))_(1 +/11)(f/2 _ff//+ %h)

LAy, OB ) [(+BB)F + fh]
a K pay [(1 +B.6;)* + 2]

(7.21)

We now also apply the similarity transformations to the equation of z-momentum.
Substitute Eq. (7.18) in Eq. (7.12)), we have

axf'ath — \Jajvfa xh’ ﬂ+O—2Qal)cf’
N v

v
1+ 4

3 3 3 3

a; X a; X a X a’x
[alxh"“—1 + AZ(L i — =+ Ly - 12 fh)] (7.22)
v v v v v
v O'B(Z)alx [Bef’ = (1 + BeBi)h]

— —aixh+

K Pl + BB + B

I+
Multiplaying Eq. (7.22) by ——, the non-dimensional form of the equation of the
a’x

1
z-momentum becomes

W+ Doay (FH = F) + (1 + 4y) (fh’ —Fh+ za—Qf)
1 (7.23)

u(l+4) OB+ A)(Bef” = (1 +B.B)h)
- h + =
a K par [(1+B.B:7 + 2]

To non-dimensionalize the energy equation using the similarity transformations

(7.16), we compute the following necessary partial derivatives in addition to Eq.

(7.17) and (7.18).
oT oT /al 8T
- = 09 -~ = - 00 0 s 9
0x 0 (T )

y [
0*T
37 =T - OO)e"—] — = (Cy —cm>¢\f

Now, the transformations of each term of the energy equation are computed as

(7.24)

follows. Transforming the convection term (LHS)

or or oT
u—+v—+w—=-a|(T, — T.)f0'. (7.25)
Ox dy 0z
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and the thermal diffusion term is

0*T
ol =T, - T oL (7.26)
0y? v

Nanoparticle diffusion (Brownian and thermophoresis diffusion) term can be
transformed as
dTdC Dy (IT\’
Dy + L (2] | = 22 Du(T - T)(C - COO'W
dy oy T \0dy v
b (7.27)
+ (T - TJ@Q]
T

The nonlinear thermal radiation term can also be transformed to the following.

160 Q(Tﬁ_T)
3k*(pc) s Oy dy
_ 1607 T3 (T, -T )-ﬂ-[3((9 - DO+ 1>, - DI?* + (6, - DI + 1)39"]

3k*(pc)y <" T v ' " '
(7.28)

where the temperature ratio parameter, 6, = ;—m andthen T = T, [(6, — 1) + 1]. Non-

dimensionalizing the heat source term, we obtain

Oo(T - T) Qo
_ T, - Too)b. 7.29
00 (pC)f( ) (7.29)

The magnetic dissipation (Joule heating) term can also be transformed as follows.

CB+wd)  oBy@x)?[f?+ 1]

= 7.30
0O, [+ BBY + 5]~ (0O, [(1+ BB + 5] (730

The nondimensionalized form of the viscous dissipation term is derived using the

given similarity transformations as follows.

u {((’)u)z N (0w)2 N ( ou 0*u oud*u  ow w ow sz)]
) dlid

O+ \ay) "\ay “oyoxay " ayay: "oy axay T ay oy
u

2 2
_ 7" ﬂ ’ ﬂ
= PO+ ) (“”‘f \ﬁ ) +("‘Xh \ﬁ )

1 £1\2 e "W 2 Wh'
o (a?xzf(f OIOY i ARV U0 S )]
v v v v
a’x?
_ 1 172 h/Z + a f/f//Z _ff//f/// +f/h/2 _fh/h//
caxnl * 2 '

(7.31)
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Combining Eqgs.(7.25)— (7.31) and dividing by (T, — Too)%‘, the non-dimensional

form of the energy equation is written as

D CW - Coo D TW - Too
9// + Efg/ + T B( )91¢l + T T( )9/2
(01 [0

aTs
N 160" T3,
3k (0C)
N Oov - O'B(z)alle} [f’2 + hz]
C)raar  (pC)ra(T,, — Teo) [(1 + BBi)* + 7]
asx*v
T O+ Wy - Tw)

36, - Do+ 1)* (6, - DO” + (6, - Do+ 1) 0" |

(7.32)

fNZ + h/2

+ /12611 (f/f//Z _ ff//f/// + frh/2 _ fh/l’l”):| =0.

To non-dimensionalize the nanoparticle concentration equation, we need to apply

the following partial derivatives.

oC 9Cd¢p op

dx  d¢ dx G Cw)(’)x =0

aCc op

7. = (G =Co)5m =0, (7.33)
o*C , a1

i (Cy = Cu)p” - >

By substituting the partial derivatives of Egs. (7.17), (7.18), (7.24) and (7.33) into Eq.
(7.14), the nanoparticle concentration is transformed to

- Wf(cw - Coo)(b,\/%

D (7.34)
= Dy(C, - C)" - % + LTy = To)o % — Ro(Cyy — Co)b.

Dividing Eq. (7.34) by Dg(C,, — Coo)ﬂ, the non-dimensional ODE form of the
v

nanoparticle concentration equation becomes

DT(TW - TOO) 0// ROU
DT (C,, — Cy) Dga

¢ + l%faﬁ’ + ¢ =0. (7.35)

From the definition of the similarity variable of Eq. (7.16) given by = y,/<,
it is evident that when y = 0, we have n = 0, and as y — oo, it follows that p —
co. This relationship enables the boundary conditions to be conveniently expressed in

terms of the dimensionless variable 7. The transformations of velocity, temperature,
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and concentration boundary conditions at y = 0 can be summarized as follows.

u=axf'(n) = axf'0)=ax= f0) =1,
Vi
= —vavf(m) = v(0) = - —Vavf(0)= f(0) =
Va ]U
w = axh(n) = h(0) =0 (7.36)
0(0) = T0)-T, _ T, — Ty _1,
TW - Too Tw - Tcx)
c0O-C, C,-Cs
= = = 1
9O C,—Cy C,—-Cs
Also, as y — oo we have 1 — oo and consequently
’ 6” 144
u—0= f(m -0, 5—>0=>f ) — 0,
ow ,
w—0=h(n) =0, $—>0rxh(n)—>0,
oo T. _T. » (7.37)
LR
Co —Co
— =0.
P(n) — C _C.

Through the introduction of non-dimensional parameters, the transformed governing
equations for linear momentum, energy, and nanoparticle concentration are simplified,
yielding the following system of coupled, nonlinear ODEs.

B (R = 1) = (L ) (£2 = 1+ woh)

, M+ ) [(1+BBIf +Bh] (7.38)
— Da(1 + ) f" — [(1+BB) + ] =0,
R + B (f"0 —fh")+ (1 + ) (fh = f'h+ wf’)
M1+ 2)(B.f" = (1 +BB)h) (7.39)
S Y ¥:5 = B
7 ’ ’ gt 2 PriMEc [‘f’z + hz]
0" + Prf0’" + PrNb0'¢’ + PrNt6’ + PrQ,0 + [+ B A
PI"EC 77 ’ 1 L1 17 L 1.7 1.7 (740)
Fa B = F 0 )|

R, [3((6, - DO +1)* (6, - 1)6’2 +((6, - Do+ 1) "] =0,

¢+ Scfd + 9" - CrSc¢ = 0. (7.41)
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Therefore, the dimensionless boundary conditions are
ffO=1, fO)=V, h0)=0, 00)=1, ¢0)=1, at n=0, (7.42)
ff -0, -0, h->0, W—-0 650, ¢—0, as n— co. '

Dimensionless parameters used in the above mentioned equations are defined as

follows.

Table 7.1: Definitions of Dimensionless Parameters

Symbol & Definition Description
b1 = a; Deborah number
2Q )
w=— Rotational parameter
a
v
D,=— Porous (Darcy) parameter
a IK
O'B(z) )
M=— Hartmann (magnetic) parameter
pai
Pr = v Prandtl number
o'
Dg(C,, — C
Nb=1 i ) Brownian motion parameter
v
Dr(T,, - T
Nt = Dr( T ) Thermophoresis parameter
Ul o
160" T an Nonlinear thermal radiati t
n = onlinear thermal radiation parameter
3k (pc) U P
O = _Q Heat generation/absorption parameter
0C)rar
2.2
a;x
Ec= Eckert number
Cp(Tyy — Tw)
Sc = v Schmidt number
Dg
Ry . .
Cr=— Scaled chemical reaction rate
a
T, :
0, = T Temperature ratio parameter
Vi . .
Vo= Suction velocity (factor)
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7.2.5 Engineering Relevant Quantities in Boundary Layer

Boundary layer analysis provides essential metrics to quantify surface transport
phenomena. For this non-Newtonian fluid model with linear stretching, we define
three critical engineering parameters: the dual-component skin friction coefficient, the
Nusselt number, and the Sherwood number. These quantities capture the complex

interplay between fluid rheology, surface kinematics, and transport mechanisms.

7.2.5.1 Skin Friction Coefficients

The three-dimensional nature of the flow gives rise to two distinct skin friction

components that define the surface drag characteristics.

TW)C TWZ
Cro= 2, (=2, 7.43
T puzt T pu2 749

w

where 7,,, and 7, represent the wall shear stresses in the streamwise (x) and cross-
stream (z) directions, respectively. From the constitutive equation of the Jeffrey fluid

model Eq. (2.39), the stress tensor components at the wall (y = 0) are defined as follows.

Ty = —2 (9_u + 4 uia—u+vﬁa—u
T rea\ay),L, T \ax\ay) " oy \ay)) L)’

) b2
A [\ dy [, *Tox gy Ay \ 9y J),-ol

Through similarity transformation Eq. (7.16), these reduce to the dimensionless

(7.44)

Twz_l

forms using the following derivatives.

a
. -ale"<0>,/v Myyo ary|—f"(0).

6
a_yg‘y: = ayxf"(0) - 2 (7.45)

— 4 — 42 " ﬂ
axa = aixf'(0)f (0)\/7 o ayxf(0)f (0)\/: :

ow 0*w
‘ = ayxH'(0) U, e 1/ Y0,

(92w
ﬁ 0

— ’ _ 2 ’ ﬂ
axa = axf Oh <0)\/7 Ly =~ O (0)\/: .

= a1 xh"(0) - ﬂ, (7.46)
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Thus, the non-dimensional form of Eq. (7.44) becomes

T = L A7) + Aoay (F/(0)f7(0) = FO) (O],
1+4, Vv (7.47)
e = 9 SO 10) + o (O )~ OO,
+ /11 v

Substituting Eq. (7.47) in Eq. (7.43), we obtain the two skin friction coefficients in the

x- and z-directions, respectively.

1
CrrVRe, = v Lf7(0) + B1 (f(0)f(0) = f(0)f(0))], (7.48)
CravRey = — 1 [7/(0) + B (f"(0)A’(0) — f(O)R”(0))] . (7.49)

xU,  ax?

where Re, = = —— is the local Reynolds number, U(x) is the characteristic

v U
velocity, and 8; = A,a; is the dimensionless retardation parameter (Deborah number).

7.2.5.2 Local Nusselt Number

This term indicates that the total wall heat flux must account for both the conductive and

radiative contributions. Thus, the Nusselt number becomes

XGy X 160" 5\ (0T
Nu, = = - |k + vl =—
k(T —Ts) k(T,—Tc) 3k dy ly=o
3 (7.50)
x {4 160°T;,\ (0T
T, —Ts 3kk* ay y=0

Applying similarity transformation of Eq. (7.16), the nondimensional form becomes

v [ay ( . 160-*93T§o)9,(0)
Uy = =Xy — —_—
v 3kk* (7.51)

= —yRe, (1 +R,6])0'(0).

Therefore,
Nu,

VRe,

= —(1+R,6})0(0). (7.52)

7.2.5.3 Local Sherwood Number

The Sherwood number describes convective-diffusive mass transfer efficiency

Xqm

Shy = ——————,
DB(Cw - CDO)

(7.53)
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with g,, defined by Fick’s law for wall mass flux

oC
gm = —Dp (—) . (7.54)
dy =0

This reduces to the concentration gradient expression

X oC
hy=———|— . 7.55
S CW - CDO (ay )y:O ( )

Applying Eq. (7.33), we have

a—C =(C,, — Cs)¢'(0) \/E = Sh, = —x\/E ¢'(0). (7.56)
dy ly=0 v v

Consequently,
Shy

VRe,

The dimensionless form directly relates to the thickness of the concentration boundary

= ¢/(0). (7.57)

layer.

7.3 Method of Solution

Due to the strong non-linearities, obtaining closed-form analytical solutions to the
governing system of equations (7.38)—(7.41) with boundary conditions (7.42) becomes
impractical. Therefore, a numerical approach is employed. Specifically, the classical
boundary value problem (BVP) is transformed into an initial value problem (IVP)
through the application of the shooting method, facilitating effective numerical
integration. To implement this transformation, the system of higher-order nonlinear
ordinary differential equations (ODEs) is first reduced to a system of first-order
equations. Through the substitutions f = fi, f' = fo, [ = f5, f" = fa, h = fs, h' = f¢,
W = f1,0 = f3,0 = fo, & = fio, and ¢’ = fi;, the system is recast into eleven
first-order ordinary differential equations as follows.
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fi=r S1(0) =V,
=5 f0)=1
fi=fa f0) =&

1
fi= B fa+Bifs -1+ /h)(sz - fif3 +wf5)
M@+ ) [(1 +BefBi) fa + Befs] B
= Da(l + 4)f2 - [(L+ 5B + ] ] f4(0) =&
fs =T f5(0)=0
fé =f1 Jf6(0) =&
1
fi= B (I+ ) (fifs — fofs + wf2) + f1 = Bif3fs
M1+ ) (Bofo — (1 + BePi)f5)
= Da(l + ) fs + [(L+ 8.5+ F] ] F1(0) =& (7.58)
fe=Jo fs(0) =1
-1
fo= S[Pr(f1f9+Nbf9f”+Ntf92
1 +Rn(1 + (6, - l)fg)
MEc(fzz +](‘52) Ec 2 2
Ny Sy AT +m>(f3 i
+ﬁ1(f2f32 — fifsfa "‘f2f62 _f1f6f7)))
+R,[36, - (1 + (6, - 1>f8>2f92]] fo(0) = &
flo=/n fio(0) = 1
N
fiy = =Scfifir = < fi + CrScfi fu(©) = &

where &1, &, &3, €4, €5, and & represent unknown initial conditions.

This system is then numerically solved using the sixth-order Runge-Kutta (RK6)
method. The RK6 algorithm is particularly effective for solving highly non-linear
ODE:s due to its superior accuracy and stability properties. In this process, the missing
initial conditions &, &, &3, &4, &5, and & are iteratively estimated. The iterative scheme
updates these shooting parameters by minimizing the residuals at the boundary
through a root-finding algorithm. Convergence is achieved when the computed values
satisfy the asymptotic boundary conditions in a sufficiently large domain with a
prespecified tolerance. In this study, a step size of 0.1 and a convergence tolerance of

1076 are used throughout the domain to ensure numerical stability and precision.
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All computations are carried out using Python, an open source high-level
programming language that provides robust numerical libraries suitable for scientific
computing. The modularity and flexibility of Python enable efficient coding, result

visualization, and parametric analysis of the governing model.

7.4 Results and Discussion

7.4.1 Validation of the Numerical Method

To ensure the reliability and accuracy of the numerical scheme developed based on the
sixth-order Runge-Kutta method (RK6) with the shooting technique, a comparative
validation is carried out against benchmark studies available in the literature.
Specifically, the present results for the reduced Nusselt number Nu, = —6'(0) and the
reduced Sherwood number S, = —¢’(0) are compared with the results obtained by
Khan and Pop [1], who employed an implicit finite difference method, and Goyal and
Bhargava [216], who used the finite element method. The comparison is performed for
various values of the thermophoresis parameter N;, while other parameters are kept
fixed. As presented in Table 7.2, the computed values of both —6’(0) and —¢’(0) using
the RK6 method are in excellent agreement with those reported in the literature, with
only negligible numerical discrepancies. This high level of agreement strongly
validates the accuracy, consistency, and robustness of the present computational
approach, thereby confirming its suitability for solving the complex coupled nonlinear
boundary layer equations arising in the current physical model involving magnetic

nanofluid flow with multiple considerations beyond classical effects.

Table 7.2: Comparison of Nu, and Sh, with N; for Pr = Le = 10, Nb = 0.1,
andEc=Cr=Da==Vo=Rn=0h=M=Bi=w=0,=8 = =0

—6'(0) —-¢'(0)

N; | Khan and Goyal and Present Khan and Goyal and Present

Pop [1] Bhargava [216] (RK6) Pop [1] Bhargava [216] (RK6)
0.1 0.9524 0.95248 0.95236251 2.1294 2.12922 2.12928802
0.2 | 0.6932 0.69329 0.69317135 2.2740 2.27389 2.27384176
0.3 0.5201 0.52020 0.52008359 2.5286 2.52857 2.52837316
04 | 0.4026 0.40271 0.40259044 | 2.7952 2.79516 2.79481371
0.5 0.3211 0.32117 0.32106763 3.0351 3.03350 3.03469089
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7.4.2 Profiles of Velocity, Temperature and Nanoparticle
Concentration with Prominent Flow Parameters

This section presents a detailed numerical investigation of the steady MHD flow of
Jeffrey nanofluids over a permeable surface, incorporating Hall and ion slip
phenomena, fluid rotation, nonlinear thermal radiation, viscous dissipation, Joule
heating, internal heat generation/absorption, and chemical reactions. The
boundary-layer governing equations, formulated using appropriate similarity
transformations, were solved numerically using the sixth-order Runge-Kutta shooting
method. The discussion elaborates on the influence of key physical parameters: Hall
current (8,), ion slip effect (5;), relaxation time parameter (4,), Deborah number (5,),
rotation parameter (w), suction parameter (V;), non-linear radiation (Rn), temperature
ratio (6,), Eckert number (Ec), and chemical reaction parameter (Cr) on stream-wise
and span-wise velocity profiles, temperature distribution, and nanoparticle

concentration.

To conduct the numerical simulations, the dimensionless parameters are assigned
the following fixed baseline values: 4; = 0.5, 8; = 0.5, Da = 0.5, 0w = 1, Vy = 1.5,
M=5p6=2,6=1,Pr=7,R,=05,6,=12,0, =05, Ec =0.1, N, = 0.1,
N, = 0.1, Sc = 10, Cr = 0.1 These values are maintained constant throughout the
analysis unless a specific parameter is intentionally varied to examine its influence, as
indicated in the respective figure captions and discussions. The ranges of parameters
used in the study are as follows: 1 <M < 7,2 <B.,<10,1 <B;<4,05< 4, <2,
05<B<08,1<w<405<V;<2,05<R<1.1,12<6,<18,0.1 <Ec<1.3,
0.1<C,<3,and2 < Pr<7.

Figs. 7.2 — 7.6 illustrate the behavior of the stream-wise (principal) velocity

component under the influence of several key parameters.

Fig. 7.2 illustrates the variation of the principal velocity f’(r7) with the magnetic
parameter (Hartmann number, M). It is observed that f’(n7) decreases as M increases.
Physically, the imposition of a transverse magnetic field generates a Lorentz force that
opposes the motion of the conducting Jeffrey nanofluid. This resistive force enhances

the overall drag and suppresses the fluid momentum, thereby reducing f” (7).

As depicted in Fig. 7.3, an increase in the Hall current improves the principal
velocity. This is due to the induced secondary currents which alter the Lorentz force
distribution, reducing the electromagnetic drag along the primary flow direction.

Similarly to the Hall current, an increase in the ion slip parameter (3;) as illustrated in
Fig. 7.4 facilitates fluid motion by modifying the current density and reducing magnetic

resistance, thus enhancing the principal velocity.



191 7.4 REsuLTs AND Discussion

Increasing values of the relaxation time parameter (4;), a characteristic of the Jeffrey
fluid model, are observed to diminish the principal velocity profile. This behavior arises
from an enhanced resistance introduced by the viscoelastic nature of the fluid, which
counteracts momentum development due to internal molecular memory effects. Hence,
as shown in Fig. 7.5, a higher 4, effectively delays velocity propagation through the
fluid layers.

In contrast, an increase in the Deborah number (8;) leads to an enhancement in the
x-direction velocity as guaranteed in Fig. 7.6. Since §; quantifies the ratio of fluid
elasticity to its relaxation time, larger values denote a stronger elastic response in the
Jeffrey fluid, promoting velocity amplification due to elastic energy storage and
subsequent release along the streamlines. This enhances the flow acceleration beyond
viscous limitations.

Fig. 7.7 showed that increasing the rotation parameter (w) induces Coriolis forces
that deflect the flow direction, resulting in a suppression of the principal velocity due to
the diversion of momentum into the transverse direction.

In general, the streamwise (principal) velocity profile is governed by a balance
between electromagnetic, elastic, rotational, and permeability effects. Hall and ion slip
promote axial motion, while viscoelastic relaxation and rotation hinder it. These
observations underscore the need for precise control of such parameters in practical

MHD applications involving viscoelastic nanofluids.
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Figure 7.2: Principal velocity profiles with magnetic parameter M.
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Figure 7.3: Principal velocity profiles with Hall parameter 3,.
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Figure 7.4: Streamwise velocity profiles with ion slip parameter 3;.
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Figure 7.5: Principal velocity profiles with A;.
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Figure 7.6: Principal velocity profiles with Deborah number ;.
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Figure 7.7: Principal velocity profiles with rotation parameter w.

Figs. 7.8—7.11 exhibit the trends in the spanwise (z-direction) velocity. As depicted
in Fig. 7.8, an increasing trend in A, introduces fluid memory effects that resist velocity
in all directions, thus reducing secondary velocity.

Interestingly, an elevated Deborah number (8;) improves the secondary velocity as
indicated in Fig. 7.9. As elasticity becomes dominant over viscous forces, the stored
elastic energy promotes deformation and lateral fluid motion.

The fluid rotation, quantified by w, significantly elevates the secondary velocity as
displayed in Fig. 7.10. Unlike the stream-wise direction, rotation tends to increase
secondary velocity by transferring some of the flow momentum from the x-direction
into the z-direction due to Coriolis acceleration.

The suction parameter (V) shown in Fig. 7.11, on the other hand, acts as a
stabilizing mechanism by extracting fluid from the domain, thus reducing the lateral
expansion. Increased suction results in lower spanwise velocities, effectively damping
out perturbations and confining the flow closer to the wall. These findings are essential

for managing flow stability in rotating MHD systems.
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Figure 7.9: Secondary velocity profiles with Diborah number (beta).
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Figure 7.10: Secondary velocity profiles with rotation parameter (w).

0.10

0.08

0.06 1

0.04

[V0=05,1,15,2]

0.02 A

0-00 I I I T I

Figure 7.11: Secondary velocity profiles with suction parameter (Vp).
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The behavior of the thermal boundary layer is significantly influenced by multiple
interacting physical mechanisms, as shown in Figs. 7.12-7.17.

The temperature distribution 6(7) within the boundary layer is enhanced by an
increase in the Hartmann number (M), as clearly shown in Fig. 7.12. The rise in
temperature is a direct and logical consequence of the velocity damping. The work
done by the Lorentz force in opposing the fluid motion is converted into thermal
energy through a process known as Joule dissipation or Ohmic heating. This
constitutes an additional internal heat source within the fluid medium. As M increases,
the stronger Lorentz force does more work against the motion of the fluid, generating
more Joule heating. This injects additional thermal energy into the system.

Figs. 7.13 and 7.14 portray that the Hall (5,) and ion slip (8;) parameters contribute
to a decline in the fluid temperature. These electromagnetic effects reduce the intensity
of induced currents, and hence Joule heating, which is a source of thermal energy in
MHD flows.

Radiative heat transfer is significantly affected by the non-linear radiation
parameter (Rn) and the temperature ratio (6,) as provided graphically in Figs. 7.15 and
7.16, respectively. Both parameters are shown to enhance fluid temperature. The
non-linear radiation term accounts for the strong dependence of radiative heat flux on
temperature, particularly in high-energy systems. Similarly, a larger wall-to-ambient
temperature difference (6,) increases thermal gradients, promoting radiative heat
inflow.

Viscous dissipation, represented by the Eckert number (Ec), also causes a
noticeable rise in fluid temperature as presented in Fig. 7.17, which aligns with the
study of Shahzad et al. [125]. As Ec increases, more kinetic energy is irreversibly
converted into internal energy, heating the fluid layers. This phenomenon becomes
more significant in high-speed or highly viscous flow conditions.

These temperature trends highlight the synergistic influence of electromagnetic
suppression (via S., ;) and dissipative amplification (via Ec, Rn) on the thermal
behavior of nanofluids. Effective management of these parameters is crucial in thermal

management systems such as cooling devices and radiative heat exchangers.
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Figure 7.12: Temperature (6(n)) profiles for Hall parameter (3.).
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Figure 7.13: Temperature (6(n)) profiles for Hall parameter (3,).
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Figure 7.14: Temperature (6(n)) profiles for ion slip parameter (8;).
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Figure 7.15: Temperature (6(n)) profiles for nonlinear thermal radiation
parameter (Rn).
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Figure 7.16: Temperature (6(n)) profiles for ratio of temperature parameter
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Figure 7.17: Temperature (6(n)) profiles for Eckert number(Ec).
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Figs. 7.18 to 7.20 detail the variation in nanoparticle concentration across the
boundary layer.

Figs. 7.18 and 7.19 illustrated that the Hall and ion slip parameters (8,,(5;) are
observed to lower concentration profiles. This reduction stems from diminished
electromigration of nanoparticles, a consequence of reduced Lorentz forces under
these conditions, leading to less effective particle transport toward the wall.

As illustrated in Fig. 7.20, increasing Cr intensifies the chemical reaction rate,
consuming more nanoparticles in the reaction process, leading to a reduction in the

concentration profile.
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Figure 7.18: Nanoparticle concentration profiles for Hall parameter (3,).
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Figure 7.19: Nanoparticle concentration profiles for ion slip parameter (3;).
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Figure 7.20: Nanoparticle concentration profiles for chemical reaction
parameter (Cr).

The collective findings offer a comprehensive framework for optimizing
engineering applications such as MHD power generation, nanofluid cooling systems,
electrochemical reactors, and polymeric fluid processing. By carefully modulating the
physical parameters, it becomes possible to tailor the flow and transport properties for

specific industrial or biomedical applications.
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7.4.3 Effects of Pertinent Flow Parameters on Skin Friction
Coefficients, Nusselt Number and Sherwood Number

This subsection presents the numerical results and physical interpretations of the
dimensionless engineering quantities: the skin friction coefficients in both x- and
z-directions, the Nusselt number (rate of heat transfer), and the Sherwood number (rate
of mass transfer). Tables 7.3 and 7.4 list the effects of varying different flow

parameters on these quantities.

The skin friction coeflicients in the stream-wise (—C fx\/E) and spanwise
(C fz\/ﬁ) directions represent the shear stress exerted by the fluid on the surface.
Table 7.3 outlines how various dimensionless parameters influence the skin friction
coeflicients. An increase in the Hall parameter (,) leads to a noticeable reduction in
both x- and z-direction skin friction. Physically, this implies that the Hall current
weakens the resistance of the fluid to the surface due to enhanced electromagnetic
diffusion and reduced Lorentz drag. Similarly, increasing the ion slip parameter (5;)
results in decreased values for both stream-wise and transverse shear stresses,
reinforcing the notion that ion slip effects diminish the influence of magnetic braking
forces on fluid motion. On the other hand, an increase in the relaxation time parameter
(4;) causes both components of the skin friction coefficients to rise. The enhanced
relaxation time allows the Jeffrey fluid to gradually respond to imposed deformations,
increasing shear stress on the wall. Contrastingly, a higher Deborah number (5)
exhibits a decrease in shear stress, suggesting that at elevated S, elastic relaxation
overcomes viscous resistance, leading to smoother fluid behavior on the wall.
Furthermore, both the rotation parameter (w) and the suction parameter (V) amplify
the shear stresses significantly. The Coriolis force associated with rotation transfers
angular momentum toward the wall, strengthening the velocity gradient, while suction
adheres the fluid closer to the surface, thickening the boundary layer and consequently
increasing friction. Lastly, a stronger magnetic field (M) elevates both skin friction
coeflicients due to intensified Lorentz forces that resist fluid motion and increase
surface drag.

Nu,
VRex
convective to conductive heat transfer at the boundary surface. The analysis of the

The local Nusselt number, expressed as (

), quantifies the relative efficiency of

results, detailed in Table 7.4, reveals a pronounced sensitivity of this parameter to
thermophysical, electromagnetic, and rheological influences. Specifically, the Nusselt
number exhibits a positive correlation with the Hall current parameter, the ion slip
parameter, the relaxation time (4;), and the Prandtl number, indicating enhanced heat

transfer under these conditions. In contrast, it demonstrates an inverse relationship



7. PyTHON-BASED SimuLATION ON RoTATING MHD JEFFREY NANOFLUID FLOW OVER
A PERMEABLE STRETCHING SURFACE SUBJECT TO HALL AND IoN SLip EFFECTS 204

Table 7.3: Numerical values of the skin friction coefficients of some values
of parameters for Ny = N; = Ec = Cr =0.1,S¢c =10, Da =1 = Vy = Rn =
Oh=05Pr=7,M=5Cr=018=1=w6 =128 =05ands, = 2.

Be Bi 4 B w Vo M —CpVRe  Cp\Re
2 3.16833616  0.7985078
4 2.91476018 0.72968286
7 2.78354335 0.67418624
1 3.16833616  0.7985078
2 3.01071729 0.63954400
3 2.90985103 0.58548169
0.5 1.90100169 0.47910468
1 2.35243085 0.56478752
1.5 2.78524482 0.64144504
0.5 3.97568843 1.04084906
0.6 3.63558826 0.95520047
0.7 3.36564329 0.88745159
1 3.16833616 0.79850780
2 3.26994636 1.20380100
3 3.38887069 1.57291957
0.5 2.19332358 0.68538670
1 2.67992498 (.75258852
1.5 3.16833616 0.79850780
2 2.83179109 0.66140758
3 294792556 0.70897169
5 3.16833616 0.79850780

with the Deborah number (8;), the nonlinear thermal radiation parameter, the
temperature ratio parameter, the Eckert number, and the chemical reaction parameter,
reflecting a suppression of thermal transport efficiency as these parameters intensify.
The increased Hall and ion slip parameters marginally enhance the Nusselt number,
indicating improved convective heat transfer. These phenomena likely occur due to
thinning of the thermal boundary layer, as Joule heating is mitigated by
electromagnetically induced flow alterations. An increase in the relaxation time
parameter (A;) enhances the Nusselt number (Nu,), as dominant elastic effects
promote a thinner thermal boundary layer by storing deformation energy, which
steepens the temperature gradient near the wall. Conversely, an increase in the
Deborah number (8;) results in a decrease in heat transfer, as the heightened viscous
retardation character intensifies internal dissipation, leading to a thicker thermal
boundary layer and a reduced temperature gradient. Similarly, both the non-linear
thermal radiation parameter (Rn) and the temperature ratio parameter (6,) dramatically
reduce the Nusselt number, confirming that intense radiative heating elevates the bulk

fluid temperature and thereby reduces the temperature gradient near the surface. An
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increase in the Eckert number (Ec) intensifies both viscous dissipation and ohmic
heating, generating substantial internal thermal energy that elevates the bulk fluid
temperature. This thermal saturation effect reduces the temperature gradient at the
wall, thereby suppressing the wall-to-fluid heat flux and diminishing the Nusselt
number as internal energy conversion progressively overpowers conductive heat
transfer. Additionally, the chemical reaction parameter (Cr) slightly lowers the Nusselt
number, reflecting the influence of endothermic processes that absorb heat during
chemical transformation. In contrast, the Prandtl number (Pr) exhibits a positive
correlation with the Nusselt number (Nu,). Higher Pr values, which correspond to
lower thermal diffusivity, promote the development of thinner thermal boundary layers
and improve the efficiency of convective heat transfer, thus increasing the rate of

surface heat transfer.

Shy
VRe,
nanoparticles at the surface. Parametric variations, as shown in Table 7.4, yield

The Sherwood number ( ) quantifies the convective mass transfer of
insightful trends in the dynamics of mass transport under the effects of MHD.
Increasing 8, and g; slightly decreases the Sherwood number, indicating a reduction in
the flux of nanoparticles to the wall. The diminished Lorentz force, due to Hall and ion
slip effects, weakens the electromigration of nanoparticles, thus lowering
concentration gradients near the wall. Additionally, an increase in the relaxation time
parameter (4;) slightly reduces mass transfer, suggesting improved particle retention in
the region near the wall due to slow response time. In contrast, a rising Deborah
number (B;) enhances the Sherwood number, highlighting the role of elastic
turbulence in dispersing nanoparticles more effectively. Furthermore, elevated values
of the radiation parameter (Rn) and the temperature ratio (6,) significantly increase the
Sherwood number, indicating that the thermophoretic effects induced by radiative
heating stimulate the migration of nanoparticles toward cooler regions. Moreover,
Eckert number (Ec) positively influences Sherwood number, consistent with enhanced
thermophoretic forces due to viscous heating. This facilitates the transport of the
nanoparticle away from high-temperature zones. In particular, increasing the chemical
reaction parameter (Cr) substantially increases the Sherwood number, which can be
attributed to reaction-induced consumption of nanoparticles near the wall, intensifying
the concentration gradient. However, elevated values of the Prandtle number (Pr)
correspond to a reduction in the Sherwood number, as the dominance of momentum

diffusivity over species diffusivity hinders effective mass transport.
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Table 7.4: Numerical values of the rate of heat transfer (1 +R,0? ) #’(0) and
rate of mass transfer (—¢’(0)) of some parameters values for N, = N; = Ec =
Cr=01,S¢=10,Da=A41=Vyo=Rn=0h=05Pr=7,M=5,Cr=0.1
Bi=1=w,0,=12,;=05and B, =2.
Nu, Sh,
IBe ﬂl /ll 181 Rn 9, Ec Cr Pr \/R_ex \/R_ex
2 6.04606990 12.79346594
4 6.15811855  12.74402886
7 6.21093330 12.72143243
1 6.04606990 12.79346594
2 6.13174781 12.75503881
3 6.17509645 12.73621105
0.5 6.04606990  12.79346594
1 6.08202549  12.75242133
1.5 6.10545419 12.72118625
0.5 6.04606990 12.79346594
0.6 6.03029116  12.81019399
0.7 6.01511331 12.82515169
0.5 8.28804603  12.79346594
0.7 7.38371316  13.13269272
0.9 6.66566830  13.40008901
1.2 0.88649198  12.79346594
1.4 8.25985220  13.31259150
1.6 6.81623157 13.76932880
0.1 6.04606990  12.79346594
0.5 2.51766691 14.61629399
09 -1.27727201  16.57940255
0.1 6.04606990  12.79346594
1 6.00695199  13.72260081
2 5.97130297 14.62741222
2 2.27534221 14.66990932
5 4.81396369 13.42114615
7 6.04606990 12.79346594

In conclusion, the analysis of skin friction, the Nusselt number, and the Sherwood

number provides a comprehensive understanding of the momentum, thermal, and mass

transport behaviors of MHD Jeffrey nanofluids over permeable rotating surfaces. Skin

friction is notably influenced by Hall/ion slip, viscoelastic, and rotational effects, while

convective heat and mass transfer respond significantly to electromagnetic, radiative,

and chemical parameters. These findings are instrumental in optimizing heat and mass

transfer devices, including MHD generators, rotating thermal exchangers, and

nanofluid-based solar energy systems.
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7.5 Conclusion

The present chapter offers a comprehensive numerical investigation of the rotating MHD
flow of a Jeffrey nanofluid induced by a permeable stretching surface, encompassing a
broad spectrum of influential physical effects.

The system of nonlinear ordinary differential equations resulting from similarity
transformations was solved numerically using the sixth-order Runge-Kutta method
with a shooting technique, implemented in Python programming. The convergence
and stability of the algorithm were ensured by iteratively adjusting the initial guesses
to satisfy the boundary conditions at infinity.

Key findings from the numerical simulations can be summarized as follows.

* The stream-wise velocity increases with Hall current, ion slip, and Deborah

number but decreases with rotation and the relaxation parameter.

* The spanwise velocity increases with the Deborah number and rotation parameter

but decreases with the relaxation time and suction parameters.

* Thermal profiles decrease with Hall and ion slip effects but increase significantly

with effects of nonlinear thermal radiation, temperature ratio, and Eckert number.

* The nanoparticle concentration decreases with stronger Hall and ion slip currents

and chemical reaction rates.

* Skin friction coefficients in both x- and z-directions increase with magnetic field
strength, relaxation time, and suction, while Deborah number, Hall and ion slip

reduce wall shear stress.

e The local Nusselt number (heat transfer rate) increases with Hall current, ion
slip, relaxation time, and Prandtl number but decreases with Deborah number,
nonlinear thermal radiation, temperature ratio, Eckert number, and chemical
reaction. Conversely, the Sherwood number exhibits opposite dependencies,
increasing with the Deborah number, radiation, temperature ratio, Eckert
number, and chemical reaction, but decreasing with Hall current, ion slip,

relaxation time, and Prandtl number.

The overall analysis reveals that magneto-rotational and non-Newtonian effects,
along with suction control mechanisms, play a critical role in modulating flow,
thermal, and concentration behaviors. The observed sensitivity to physical parameters
offers practical insights for optimizing cooling systems, energy conversion devices,

and magnetic-targeted drug delivery where advanced nanofluid models are applicable.



Chapter 8

Conclusions, Recommendations and Future
Works

This dissertation presents a comprehensive theoretical and numerical investigation of
MHD Non-Newtonian nanofluid flow over a stretching sheet, with particular emphasis
on the combined effects of Hall current and ion slip. Four distinct non-Newtonian fluid
models—namely Williamson, Casson, tangent hyperbolic, and Jeffrey fluids—are
examined to elucidate the complex interactions between electromagnetic forces, fluid
rheology, and transport phenomena. The analysis further incorporates the effects of
nonlinear thermal radiation, chemical reaction, viscous dissipation, Joule heating,
internal heat generation or absorption, system rotation, and porous medium
permeability, thereby providing a unified and detailed understanding of the underlying
flow, heat transfer, and mass transport mechanisms.

This chapter is organized as follows: the first section presents the main conclusions
drawn from the present study, the second section outlines recommendations based on

the key findings, and the third section discusses potential directions for future research.

8.1 Conclusions

The principal findings of the present investigation are summarized as follows.

* Across all considered fluid models, Hall current and ion slip effects enhance
streamwise momentum transfer, while suppressing thermal and nanoparticle

transport due to their interaction with the Lorentz force.

* Elevated values of the Williamson fluid parameter lead to a progressive
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advancement in the temperature and concentration distributions, accompanied

by a reduction in the velocity profiles.

An increase in the Casson parameter results in a diminishing effect on the primary

velocity component.

For tangent hyperbolic fluids, the power-law index, suction velocity, Weissenberg

number, and rotation parameter contribute to reductions in the velocity profiles.

Fluid elasticity, represented by the Deborah number (5;), enhances both principal

and transverse velocity components.

The temperature field increases with nonlinear thermal radiation, temperature
ratio, Eckert number, power-law index, rotation parameter, and Weissenberg
number, while it decreases with Hall current, ion slip, suction, Casson

parameter, and chemical reaction in various flow configurations.

The nanoparticle concentration consistently decreases with increasing chemical

reaction parameter.

Primary skin friction is reduced by Hall current, ion slip, and Weissenberg
number, whereas it is enhanced by the Casson parameter, magnetic field

strength, and Darcy number.

The skin friction coefficient in the x-direction increases with magnetic field
strength, relaxation time, and suction velocity, while it decreases with increasing

Deborah number, Hall current, and ion slip.

The rate of heat transfer, characterized by the Nusselt number, increases with
Hall current, ion slip, Casson parameter, nonlinear thermal radiation, temperature
ratio, and power-law index, but decreases with magnetic field strength, Darcy

number, chemical reaction parameter, and Eckert number for most fluid models.

The rate of mass transfer increases with magnetic field strength, Darcy number,
Schmidt number, Deborah number, and chemical reaction parameter, and
decreases with Hall current, ion slip, suction, and the ratio of relaxation to

retardation times in certain models.
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In addition, a systematic quantitative assessment was performed to evaluate the
sensitivity of different non-Newtonian fluid models to the magnetic parameter M. The
influence of the applied magnetic field on the wall shear stress, —f”/(0), was examined
for the Williamson, Casson, Tangent Hyperbolic, and Jeffrey fluid models over a wide
range of magnetic strengths (M = 0-100). The corresponding results are presented in
Table 8.1.

Table 8.1: Effect of the magnetic parameter M on the wall shear stress — £/ (0)
for different non-Newtonian fluid models

M Williamson Casson Tangent Hyperbolic Jeffrey

0  1.00004793 0.70759669 1.00048363 1.06322305
5 2.44948974 1.73205081 2.44948974 1.75110070
10 3.31662479  2.34520788 3.31662479 2.13936544
50  7.14142843  5.04975247 7.14142843 3.65053020

100 10.1335910 7.10633520 10.53939201 4.65217223

The results indicate that the Williamson, Casson, and Tangent Hyperbolic fluid
models exhibit strong sensitivity to the magnetic parameter, with the wall shear stress
increasing by nearly ten times as M increases from O to 100. This behavior reflects a
significant enhancement of flow resistance due to the intensification of the Lorentz
force and highlights the strong magneto-responsive nature of shear-dependent
non-Newtonian fluids. In contrast, the Jeffrey fluid model demonstrates a
comparatively weaker response to variations in the magnetic parameter, with the wall
shear stress increasing by approximately 4.4 times over the same range of M. This
reduced sensitivity is attributed to the viscoelastic nature of the Jeffrey fluid, wherein
elastic effects partially counteract magnetic damping.

Overall, the analysis confirms that the influence of the magnetic field on wall shear
stress is strongly dependent on the rheological characteristics of the fluid.
Shear-thinning and yield-stress-based Non-Newtonian fluids exhibit pronounced
magnetic sensitivity, whereas viscoelastic fluids display greater stability under strong
magnetic fields. These findings provide valuable insights for the modeling, control,

and optimization of non-Newtonian MHD flow systems.

8.2 Recommendations

Based on the findings of this study, the following practical recommendations are

proposed:

* Engineers and system designers can utilize Hall and ion slip effects as control

mechanisms to regulate flow velocity and heat transfer in MHD-based thermal
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systems.

The selection of non-Newtonian fluids in industrial applications should consider
rheological properties, as they significantly influence momentum and thermal

transport characteristics under magnetic fields.

Nonlinear thermal radiation effects should be incorporated in the design of
high-temperature MHD systems, as they substantially enhance thermal energy

transport.

The results of this study can serve as benchmark solutions for validating
numerical simulations and developing simplified design correlations for MHD

nanofluid systems.

Practitioners are encouraged to consider the combined influence of
electromagnetic, thermal, and chemical effects when modeling nanofluid-based

cooling and processing technologies.

8.3 Future Research Work

Although the present study has advanced the understanding of MHD Non-Newtonian

nanofluid flow over stretching surfaces, several important avenues remain open for

further investigation. Building upon the findings of this dissertation, future research

can be systematically directed toward the development of advanced numerical

methodologies, the extension of physical modeling assumptions, experimental

validation, and comprehensive parametric and sensitivity analyses.

1. Advanced Numerical and Computational Approaches

Future investigations may benefit from the adoption of alternative high-accuracy
numerical techniques, such as the Finite Element Method (FEM) or spectral
methods, for solving the governing nonlinear equations. In addition, data-driven
approaches based on machine learning offer promising opportunities for
accelerating parametric studies. Artificial Neural Networks (ANNs) may be
developed as surrogate models for rapid prediction of key engineering quantities,
including the Nusselt and Sherwood numbers. Furthermore, inverse modeling
frameworks based on Physics-Informed Neural Networks (PINNs) may be
employed to estimate unknown boundary conditions, material properties, or

transport coefficients from limited experimental or observational data.
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2. Extension of Physical Models and Governing Assumptions

To improve the physical realism of the heat and mass transfer modeling, future
studies may incorporate non-Fourier heat conduction models, such as the
Cattaneo—Christov formulation, as well as non-Fickian mass diffusion theories.
These models account for finite thermal and solutal relaxation times and are
particularly relevant in high-frequency, high-gradient, or microscale transport
processes.  Additionally, the current model may be further refined by
incorporating velocity and thermal slip boundary conditions, which become
significant in micro- and nano-scale flows. The consideration of more advanced
multiphase  nanofluid models, including nanoparticle aggregation,
sedimentation, and migration effects, as well as hybrid nanofluids containing
multiple nanoparticle species, would substantially enhance the applicability and

predictive capability of the model.

3. Experimental Validation and Benchmarking

An important extension of the present work involves the design and
implementation of controlled experimental studies to validate the theoretical and
numerical predictions. This would require the development of experimental
configurations that closely replicate the modeled physical system, such as a
stretching surface subjected to an externally applied magnetic field.
Experimental validation would not only strengthen the credibility and robustness
of the proposed mathematical model but also facilitate the determination of
empirical correlations and material constants for specific nanofluid systems.
Such validation studies would play a critical role in bridging the gap between

theoretical analysis and practical engineering applications.

4. Comprehensive Sensitivity and Scenario-Based Analyses

Future research should include rigorous global sensitivity analyzes using
established techniques, such as Sobol indices or the Morris screening method.
These approaches enable a quantitative assessment of the relative influence of
governing parameters. Such analyzes would move beyond qualitative trend
identification and provide objective parameter ranking and uncertainty
quantification.  In addition, targeted scenario-based investigations can be
conducted to evaluate system behavior under extreme or optimal operating
conditions relevant to specific applications. Examples include maximizing heat
transfer performance in compact heat exchangers or minimizing hydrodynamic

resistance in biomedical and microfluidic flow systems.
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Appendix A

Mesh Independence Analysis

To ensure the reliability and numerical accuracy of the proposed computational
scheme, a comprehensive mesh independence (grid convergence) analysis was carried
out. The governing nonlinear ordinary differential equations (5.77) were solved using
different step sizes, namely Ap = 0.025, 0.020, and 0.010. The variations in velocity,
temperature, and concentration profiles, along with their corresponding gradients,
were carefully examined. The results confirm that the numerical solutions are
independent of the grid size, thereby validating the robustness of the adopted

numerical methodology.

A.1 Mesh Independence Analysis for Principal and
Spanwise Velocity Components

A mesh independence analysis (grid convergence) was carried out for both the principal
velocity component f”(17) and the spanwise velocity component A(#) in order to ensure
the numerical accuracy, stability, and reliability of the computed velocity fields. The
governing momentum equations were solved using three different step sizes, namely
An = 0.025, 0.020, and 0.010, and the resulting velocity profiles together with their

corresponding gradients were systematically compared.

A.1.1 Principal Velocity Profile

The convergence characteristics of the principal velocity gradient |f”(n)| and the

corresponding principal velocity profile f’(n) for different grid resolutions are
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presented in Table A.1. The numerical values exhibit negligible variation with
decreasing step size, indicating that the obtained solutions are insensitive to further
mesh refinement.

Table A.1: Grid convergence study for principal velocity gradient and
velocity profile

(a) Velocity gradient |f"(n)| (b) Velocity profile f’(n)

n  Ap=0025 Ap=0020 Ay=0.010 n Ap=0025 Ap=0020 Ay=0.010
0.0 0.708051 0.708051 0.708051 0.0 1.000000 1.000000 1.000000
1.0 0.251242 0.251238 0.251233 1.0 0.556242 0.556239 0.556234
2.0  0.084682 0.084680 0.084676 2.0 0.403049 0.403046 0.403044
3.0  0.035380 0.035379 0.035377 3.0 0.348897 0.348896 0.348895
4.0 0.035188 0.035187 0.035186 40 0.316424 0.316425 0.316425
5.0 0.024777 0.024777 0.024776 5.0 0.268820 0.268821 0.268822
6.0 0.016868 0.016867 0.016866 6.0 0.176145 0.176146 0.176148
7.0  0.004346 0.004346 0.004346 7.0 0.000000 0.000000 0.000000

The excellent agreement among the numerical results reported in Table A.l
confirms that further grid refinement does not yield any significant improvement in
solution accuracy. This observation verifies that the selected grid resolution is
sufficient to capture the essential flow characteristics.

The mesh independence of the principal velocity profile is further illustrated in
Figure A.1, where the overlapping curves corresponding to different step sizes clearly

demonstrate numerical convergence.

Streamwise Velocity Profiles for Different Mesh Sizes

n=p.o n=1.0 n=2.0 n=3.0 n=4.0 n=5.0 —— AN=0.025 (n=280) =l7.0
= = An=0.020 (n=350)
= An=0.010 (n=700)

0.8

0.6

0.4

f'(n) - Streamwise Velocity

0.2

0.0

n

Figure A.1: Mesh independence of the principal velocity profile f”(n) for
different grid resolutions



A. MESH INDEPENDENCE ANALYSIS 238

A.1.2 Spanwise Velocity Profile

The grid convergence behavior of the spanwise velocity component /(1) is presented in
Table A.2. The numerical values obtained for different step sizes are nearly identical
throughout the computational domain, confirming that the solution is independent of

the chosen grid resolution.

Table A.2: Grid convergence study for the spanwise velocity profile 4(1)

n Ap=0025 Ap=0020 Ap=0.010

0.0  0.000000 0.000000 0.000000
1.0 0.127690 0.127692 0.127694
20 0.142888 0.142889 0.142889
3.0  0.130483 0.130484 0.130484
4.0 0.108362 0.108362 0.108362
5.0 0.077356 0.077357 0.077357
6.0  0.038203 0.038203 0.038203
7.0 0.000000 -0.000000  -0.000000

Figure A.2 shows the mesh independence of the spanwise velocity profile. The
superposition of the curves corresponding to different step sizes clearly indicates

numerical convergence and validates the adequacy of the selected computational grid.

Spanwise Velocity Profiles for Different Mesh Sizes

—— An=0.025
014 - = An=0.020
— An=0.010

0.12

o
o
o

h(n) - Spanwise Velocity
o °
& 3

o
°
£

0.02

n

Figure A.2: Mesh independence of the spanwise velocity profile h(n) for
different grid resolutions

Overall, the mesh independence analysis for both principal and spanwise velocity
components confirms that the numerical solutions are stable, accurate, and insensitive

to further grid refinement.
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A.2 TEMPERATURE PROFILE AND GRADIENT

A.2 Temperature Profile and Gradient

The grid convergence results for the temperature gradient |6’(n7)| and the temperature

profile 8(n) are presented in Table A.3. Perfect agreement across all step sizes is

observed, confirming excellent numerical stability.

Table A.3: Grid convergence study for temperature gradient and temperature

profile

(a) Temperature gradient

16" ()l
n  Ap=0.025 Anp=0.020 Anp=0.010
0.0 0.325940 0.325940 0.325940
1.0 0.580232 0.580232 0.580232
20 0.057636 0.057636 0.057636
3.0 0.003799 0.003799 0.003799
4.0  0.000353 0.000353 0.000353
5.0 0.000041 0.000041 0.000041
6.0  0.000005 0.000005 0.000005
7.0  0.000001 0.000001 0.000001

(b) Temperature profile 6(1)

n Ap=0.025 Ajp=0.020 Ay=0.010
0.0 1000000  1.000000  1.000000
1.0 0270457 0270457  0.270457
20 0021122 0021122 0.021122
3.0 0001575  0.001575  0.001575
40 0000163  0.000163  0.000163
50 0.000020  0.000020  0.000020
6.0  0.000002  0.000002  0.000002
70  0.000000  0.000000  0.000000

The corresponding temperature profile convergence is depicted in Figure A.3.

Temperature Profiles for Different Mesh Sizes
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0.8 1

0.6 1
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- Dimensionless Temperature

(n)
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n=5.0 = An=0.025 (n=281) =f7.0

== An=0.020 (n=351)
=—=+ An=0.010 (n=701)

n

Figure A.3: Mesh independence of the temperature profile for different grid

resolutions
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A.3 Concentration Profile and Gradient

Table A.4 shows the convergence behavior of the concentration gradient |¢’(17)| and the

concentration profile ¢(n7). The results reveal perfect agreement across all grid sizes.

Table A.4:

concentration profile

(a) Concentration gradient

Grid convergence study for concentration gradient and

(b) Concentration profile

¢ () ¢(n)

n  Ap=0.025 Ap=0.020 Ap=0.010 n Ap=0.025 Ap=0.020 An=0.010
00 1235231  1.235231  1.235231 0.0  1.000000  1.000000  1.000000
1.0 0359388  0.359388  0.359388 1.0 0359438 0359438  0.359438
20 0.153767  0.153767  0.153767 20 0.097511  0.097511  0.097511
30  0.031665  0.031665  0.031665 30 0017512 0017512 0.017512
40  0.005175  0.005175  0.005175 40 0.002765  0.002765  0.002765
50 0.000799  0.000799  0.000799 50 0.000418  0.000418  0.000418
6.0 0.000123  0.000123  0.000123 6.0  0.000057  0.000057  0.000057
70 0000022  0.000022  0.000022 70 0.000000  0.000000  0.000000

The mesh independence of the concentration profile is illustrated in Figure A.4.

Nanoparticle Concentration Profiles for Different Mesh Sizes
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Figure A.4: Mesh independence of the concentration profile for different grid

resolutions



Appendix B

Computational Performance and Accuracy

Table B.1 presents the computational performance and accuracy for different choices
of the truncated boundary 7.,. The results demonstrate that n., > 7 is sufficient to

accurately capture the boundary layer behavior.

Table B.1: Computational performance and accuracy for different domain
truncations of chapter 5

Moo n Time (s) Lf'| |4 |6] & Total Error

5 1000 4.73 577x10°  1.09x107° 1.73x107° 487x107° 1.35x1078
7 1400 3.75 440x 10712 729x 10712 1.79x 107" 541 x 10712 3.54x 107!
10 2000 5.38 129x 1072 1.37x 10712 381x 107 7.71x 107 1.64x 10712




