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Abstract

Fascioliasis, a snail-borne zoonotic disease recognized by the World Health Orga-

nization as a neglected tropical disease, significantly impacted human and livestock

health and economies, affecting over 700 million animals and 180 million humans are

at risk of infection. This dissertation addressed the limited understanding of Fasciola

hepatica transmission dynamics by developing a mathematical model exploring var-

ious scenarios, including stability analysis, bifurcation, sensitivity, optimal control,

and cost-effectiveness. Model analysis revealed that snail mortality rate as a key

factor in disease spread, with optimal control strategies, derived via the Pontrya-

gin maximum principle, indicating that combined pasture management, cattle treat-

ment, and molluscicide use effectively reduce transmission. Cost-effectiveness anal-

ysis identified pasture management with molluscicides as the most efficient strategy,

further enhanced by integrating molluscicide use with cattle treatment. The study

concluded that integrated control strategies, incorporating public health education,

treatment, and molluscicide application, offer the most substantial and immediate

reduction in fascioliasis in both cattle and human populations, providing a basis for

effective global interventions.
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1

Chapter 1

1 General Introduction

1.1 Background to the Study

1.1.1 Epidemiology of Fascioliasis

Fasciololasis is a zoonotic disease caused by two parasitic flatworms or trematodes

called Fasciola hepatica and Fasciola gigantica (Bridle 2021, Logue et al. 2017, Mas-

Coma et al. 2014, Kamaruddin et al. 2021). These highly pathogenic liver flukes

primarily affect the liver in both humans and livestock (Bargues et al. 2021). It is

a neglected tropical disease prioritized by the World Health Organization (WHO),

which is a food-borne trematode disease (Kamaruddin et al. 2021, Lalor et al. 2021,

Bargues et al. 2021, WHO 2023). Fasciola hepatica, in particular, is a widespread

parasite affecting domestic animals like cattle, sheep, and goats, and occasionally hu-

mans (Diaby et al. 2019). Animal fascioliasis poses a significant veterinary problem

globally, impacting livestock productivity and causing substantial economic losses

due to morbidity and mortality (Ashrafi et al. 2015, Zewde et al. 2019, Logue et al.

2017, Lan et al. 2024).

Human fascioliasis is emerging or re-emerging globally, with increasing preva-

lence, intensity and geographic range (Mas-Coma 2005, Beesley et al. 2018). The

differences in geographical distribution are mainly related to minimum larval devel-

opment temperature thresholds: 10◦C for Fasciola hepatica and 16◦C for Fasciola

gigantica, although cercaria shedding in the latter has been observed at 13-18◦C

(Bargues et al. 2021). Freshwater snails of the Lymnaeidae family are the world’s in-

termediate hosts for the liver fluke Fasciola (Kaset et al. 2010, Vázquez et al. 2019).

The snail, as an intermediate host of Fasciola, is a critical factor in the transmission

of fasciolosis. The ecology of the snail determines the epidemiology of fascioliasis.
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Snail surveillance informs the prevention of targeted fasciolosis in humans and ru-

minants (Pan et al. 2022).

Infection typically occurs through ingestion of metacercariae encysted in water

and food (Logue et al. 2017), often through contaminated vegetation. Human cases

often result from eating raw watercress or other water plants harboring the para-

site (CDC 2019). The liver flukes Fasciola hepatica and Fasciola gigantica are leaf-

shaped flatworms. Fasciola hepatica grows to 30 mm by 15 mm, while F. gigantica

reaches 75 mm by 15 mm (CDC 2019, Waikagul et al. 2015).

1.1.2 Mode of Transmission and Life Cycle of Fasciola Hepatica

Fasciola parasite is transmitted to humans and animals by eating contaminated wa-

ter or aquatic plants with metacercariae (Caravedo & Cabada 2020). It has a compli-

cated life cycle that includes intermediate snails as well as definitive mammal hosts

such as sheep, cattle, goats and humans (CDC 2020, Lan et al. 2024). This pattern

could be explained by a cycle of transmission from animal to snail to plant to animal.

The life cycle of Fasciola gicantica is similar to that of Fasciola hepatica, except that

most of the parasitic phases are longer, the prepatent period is 10–16 weeks and the

intermediate host species of snails are different (Alemu 2019). The life cycle of F.

hepatica is indirect (Caravedo & Cabada 2020). It has a number of larval stages in

its life. It passes through five stages of life: egg, miracidium, cercaria, metacercaria

and adult fluke.

The life cycle of F. hepatica ( can be seen in Fig. 1.1 ) begins when a female lays

eggs in the liver of ruminants (their main definite host). Juvenile eggs are excreted in

the feces after being discharged from the biliary ducts. When the eggs are immersed

in water, they become embryonated and hatch into miracidia larvae. The miracid-

ium swims, invades an amphibian snail (the parasite’s intermediate host), and de-

velops into a sporocyst. This then transforms into redia, facilitating the temperature-

dependent production of cercariae (Diaby et al. 2019). A single miracidium can clon-

ally expand, producing 10 to 700 cercariae, with an infected snail releasing hundreds

over time. This large number of cercariae increases the likelihood of the parasite’s
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Figure 1.1: Life cycle of F. hepatica.

Source: Abdisa & Jilo (2017)

life cycle continuing (Lalor et al. 2021). The cercariae are released and leave the snail

to attach to the vegetation. Cercariae form infective metacercariae as they encircle

vegetation. A definite host consumes the freshwater plant that contains the cyst.

The young worms pass through the intestinal wall, the abdominal cavity and the

liver tissue to reach the bile ducts, where they mature into adult flukes that produce

eggs (CDC 2020).

1.1.3 Global Distribution of Fascioliasis

Human fascioliasis, a food-borne trematode infection, is increasing globally in cor-

relation with high infection rates in ruminants. The prevalence is highest among

farming and herding communities in low-income countries due to a close association

with livestock (Nyindo & Lukambagire 2015). Human infection has been reported

in parts of Africa, Asia, the Caribbean, Europe, Latin America (e.g. Bolivia and

Peru), Middle East, Oceania and, on rare occasions, Australia (CDC 2019, Nyindo &

Lukambagire 2015, Atalabi & Lawal 2020). Fasciola gigantica is found mostly in the
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Figure 1.2: Global distribution of fascioliasis.

Source: http://www.bvgh.org/Current-Programs/Neglected-Disease-Product-

Pipelines/Global-Health-Primer/Diseases/cid/ViewDetails/ItemID/23.aspx

tropics and subtropics.

Bovine fascioliasis is a worldwide zoonotic disease, it occurs in more than 70

countries (Diaz-Quevedo et al. 2021), especially where cattle and sheep are reared.

Fasciola hepatica is a trematode parasite with a worldwide distribution that causes

significant disease and production losses in a variety of food-producing species. With

the exception of Antarctica, fascioliasis is endemic on all continents (Atalabi & Lawal

2020, Alba et al. 2018). Fasciola hepatica is distributed throughout the world, but

is most common in temperate regions, whereas F. gigantica is restricted to specific

regions of Africa and Asia (Mas-Coma et al. 2014, Waikagul et al. 2015). It is one

of the most important domestic ruminant flukes in the world. Fig 1.2 shows the

global distribution of fascioliasis in 2015, with blue shading indicating countries re-

porting cases (Nyindo & Lukambagire 2015). This figure shows that fascioliasis is

distributed in more than 90% of the world.

1.1.4 Risk Factors for Fascioliasis

Fascioliasis has infected 700 million animals and 180 million people worldwide are

at risk of infection (Pan et al. 2022). The WHO 2007 report estimates that 2.4 to 17
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million people worldwide have active fascioliasis and more than 180 million live in

high-risk areas (Lan et al. 2024). Fascioliasis is emerging in new geographic regions

due to the combined effects of climate change, anthropogenic activities and global-

ization (Sabourin et al. 2018). Warmer temperatures and altered rainfall patterns

may expand the geographic distribution of fascioliasis, while international trade and

travel could further its spread. As a zoonotic disease, fascioliasis highlights the need

for integrated approaches that address both animal and human health (Cuervo et al.

2024). The main risk factors include:

• Humans are primarily infected by consuming raw or undercooked watercress

and other aquatic plants.

• People involved in agriculture or animal husbandry are exposed to greater dan-

ger.

• Animals ingestion of encysted metacercariae on vegetables or aquatic plants.

• Lack of access to clean water, sanitation and limited education contribute to

the spread of fascioliasis.

1.1.5 Economic Burden of Fascioliasis

Fascioliasis is an economically important parasitic snail-borne disease of ruminant

animals such as cattle, sheep and goats that has implications for public health due to

the risk of transmission of infection to humans. Infected animals suffer from growth

retardation, decreased milk and meat production and liver damage (Opio et al. 2021).

Economically, global losses in animal productivity due to fasciolosis have been

conservatively estimated to be more than $3.2 billion dollars per year (Ardo & Aliyara

2014) and have a negative impact on both milk production (20%− 80%) and meat

production (8%−50%) (García-López et al. 2018). The actual number of human and

animal infections, and associated economic losses, are likely underestimated due to a

lack of comprehensive investigations, poor coordination, and limited diagnostic tools

in some developing countries (Fontenla et al. 2022).
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Fasciolosis, which is caused by Fasciola of the liver fluke, can result in significant

economic losses in African livestock (Howell et al. 2015). These economic losses are

divided into two categories: direct losses (drug costs, labor and liver condemnation

in abattoirs) and indirect losses (reduced production, poor growth rate, increased

costs for replacement stock, reduced milk production and, quality and lower feed

conversion rates in cattle)(Opio et al. 2021).

1.1.6 Diagnosis, Symptoms, Prevention, Treatment and Control of Fasio-

liasis

Accurately modeling fasioliasis requires incorporating its diagnosis, symptoms, pre-

vention, treatment, and control. This integration enables simulations to evaluate in-

terventions, optimize resource allocation, and predict outcomes, informing evidence-

based policy and targeted control programs for this zoonotic disease.

a. Diagnosis

The diagnosis of Fasciola hepatica or liver fluke, in humans and cattle involves a

combination of direct and indirect methods. Bovine fasciolosis is diagnosed based on

clinical signs, grazing history, seasonal occurrence, fecal examination (stool) under a

microscope, laboratory tests on faces, post-mortem examination and the presence of

immature and mature flukes in the liver (Seid & Melese 2018, Alemu 2019, Diyana

et al. 2019).

b. Symptoms

After ingestion of larvae through contaminated food or water, a symptomless incu-

bation period begins that can last from a few days to a few months. The clinical

manifestations of chronic fasioliasis vary according to the number of metacercariae

consumed (Alemu 2019). Inflammation and obstruction of the bile duct can cause

symptoms. Immature worms begin to penetrate the intestine wall during the acute

phase, causing symptoms such as vomiting, intermittent fever, skin rash, itching,

nausea, malaise, swollen liver, extreme abdominal pain, weight loss, diarrhea, and
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anemia (Logue et al. 2017, MSD 2022). Fascioliasis manifests in asymptomatic,

acute, and chronic forms, with clinical presentations associated with short- and long-

term health impacts in both humans and animals (Logue et al. 2017, MSD 2022). The

complex pathophysiology of Fasciola infection in definite hosts may pose challenges

for the diagnosis and management of the disease (Caravedo & Cabada 2020).

c. Prevention

To prevent Fascioliasis infection, avoid eating raw watercress and other water

plants, particularly from grazing areas where Fasciola is common. Thoroughly cook-

ing these plants kills the parasite. A "One Health" strategy, integrating hygiene,

targeted chemotherapy, and environmental management to disrupt the parasite’s life

cycle, is essential for protecting both animals and humans from fasciolosis (Wesolowska

et al. 2018, CDC 2020).

For humans, protective measures include:

• Avoid eating raw aquatic plants (e.g., watercress) from livestock grazing areas.

• Drink boiled or treated/bottled water, especially in areas with poor sanitation.

• Establish proper sewage systems to prevent water source contamination.

• Implement public health education campaigns to raise awareness about trans-

mission and prevention.

• Administer preventive chemotherapy in highly endemic areas as recommended

by health authorities (e.g., triclabendazole by the WHO).

For animals, protective measures include:

• Strategic anthelmintic treatment using effective flukicides (e.g., triclabenda-

zole, where effective) eliminates flukes and reduces pasture contamination.

• Grazing management should avoid high-risk, wet pastures where snails thrive,

especially during peak seasons.
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• Snail habitat can be controlled by draining swampy areas, improving irrigation

maintenance, and fencing off water sources.

d. Treatment

Livestock is treated with medications including albendazole, closantel, clorsulon and

triclabendazole. Bithionol was the only treatment available until the introduction

of single-dose triclabendazole and was severely limited in terms of cost and dura-

tion of treatment (Tolan Jr 2011). Triclabendazole is the most commonly used and

preferred flukicide (Nyindo & Lukambagire 2015). Effective fascioliasis control in-

volves treating infected ruminants with an oral narrow-spectrum anthelmintic such

as triclabendazole and reducing the intermediate host population (Alemu 2019). The

only medicine recommended by the WHO for the treatment of human fascioliasis

is triclabendazole (PAHO 2016). The drug of choice for treating fascioliasis is tri-

clabendazole, a benzimidazole compound that is active against immature and adult

Fasciola parasites (CDC 2020).

e. Control

Controlling bovine fasciolosis requires reducing the population of the intermediate

host or using an anthelmintic (Admassu et al. 2015, Seid & Melese 2018). Fluke con-

trol should aim to reduce infection levels in both snails and cattle. Pasture drainage

is another option, but in most cases it is impractical, prohibitively expensive and

discouraged for environmental reasons (Howell et al. 2015). The emergence of drug-

resistant strains of liver flukes has necessitated the development of a vaccine. De-

spite the enormous efforts of researchers in this area, no commercial vaccine is cur-

rently available (Atalabi & Lawal 2020). The current strategy to control Fasciola

hepatica is mainly through the use of anthelmintic drugs that kill the parasite. It

will not prevent infection, but it will reduce burden and egg production. The vaccine

works to prevent transmission in three ways. It has the potential to reduce fluke fe-

cundity, lengthen the average fluke maturation time and increase the mortality rate

of immature fluke (Turner et al. 2016).
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1.2 Mathematical Model of Fasciolasis

Mathematical models are valuable for understanding and predicting the spread of in-

fectious diseases and evaluating control measures (Li & Zhao 2019). Although mod-

els exist for fascioliasis transmission, mathematical modeling of the disease remains

limited. Existing models, often systems of non-linear ODEs, capture the dynamics of

cattle and sheep (main hosts), snails (intermediate hosts), and Fasciola larval stages

(egg, miracidia, metacercariae) to inform control strategies. (Turner et al. 2016, Di-

aby et al. 2019, Ogunmiloro 2021, 2022, Avazzadeh et al. 2023) have been developed

to study Fasciola transmission and control. For example, Turner et al. (2016) devel-

oped a model to evaluate the effectiveness of limited protection vaccinations, finding

that while vaccination can reduce burden and egg production, it does not prevent

infections. It may also reduce fluke fertility, increase maturation time and increase

juvenile mortality. Diaby et al. (2019) suggests that quarantine combined with med-

ical therapy can effectively prevent Fasciola hepatica.

Optimal Control of Fasciolasis

Mathematical models can optimize fascioliasis control strategies. Controlling this

disease is challenging due to the complex interplay of host factors (animal movement,

immunity, human behavior), snail ecology, environmental conditions (temperature,

moisture, water bodies) and agricultural practices (Dube et al. 2023). Mathemati-

cal modeling, particularly optimal control theory, has emerged as a powerful tool to

design cost-effective, time-dependent intervention strategies by mathematically bal-

ancing disease burden reduction against intervention costs (Gaff & Schaefer 2009).

Controlling disease effectively requires integrating medication, environmental man-

agement, snail control and community involvement to significantly improve human

and animal health (Mesfin et al. 2024). Ogunmiloro (2022) used optimal control anal-

ysis to model the time-dependent effects of preventive measures, hygiene practices,

and environmental sanitation. Their results showed that combining these strate-

gies significantly reduced disease prevalence in domestic animals, emphasizing the
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importance of integrated application.

1.3 Statement of the Problem

Zoonotic trematode infections, neglected tropical diseases, pose a significant global

health burden (Nyindo & Lukambagire 2015). F. hepatica, a major veterinary and

economic concern, reduces cattle productivity, increases costs and restricts trade.

Limited understanding of its dynamics in cattle hampers effective control. Livestock

is vital for protein, agriculture, transport and economic stability, providing liveli-

hoods through meat, milk and income (Mekuriaw & Harris-Coble 2021, Bahiru &

Assefa 2020). However, F hepatica diseases threaten the health and productivity

of livestock, increasing maintenance costs. Eradication remains challenging due to

high prevalence and inadequate control, especially in resource-poor settings. Fasci-

olosis significantly impacts productivity, veterinary costs, trade, public health and

environmental sustainability.

Mathematical models are valuable tools for the analysis and control of infec-

tious diseases, helping to design effective control strategies (Yusuf & Benyah 2012).

Although some models address Fasciola transmission, research on optimal control

strategies remains limited. This work develops a mathematical model of the trans-

mission dynamics of F. hepatica with optimal control.

This study aims to develop a comprehensive disease model in cattle and humans

for F. hepatica to understand transmission, identify optimal control measures and

evaluate intervention strategies.

1.4 Objectives of the Study

1.4.1 General Objective

The general objective of this research is to develop deterministic models for the dy-

namics of Fasciola hepatica in the presence of optimal control strategies in order to

combat the disease.
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1.4.2 Specific Objectives

The specific objectives of this research are:

• To formulate a mathematical model for Fasciola hepatica in cattle and snails.

• To analyze cost-effective control strategies for Fasciola hepatica model in cattle.

• To formulate a mathematical model of Fasciola hepatica with early diagnosis

and treatment effect.

• To investigate an optimal control model for Fasciola hepatica transmission in

humans and cattle.

1.5 Significance of the Study

Fasciola hepatica is a re-emerging zoonotic parasite disease that has important health

and economic impacts in many parts of the world. However, the emphasis on treat-

ment, application of molluscicides, pasture management, education and awareness

programs to improve sanitation is insufficient to combat this endemic disease. The

development of the Fasciola hepatica model is very important in the full understand-

ing of disease behavior, the investigation of transmission mechanisms and the design

of control strategies that mitigate the disease. The study has the following main con-

tributions:

• The findings provide critical information on the temporal dynamics of Fasciola

hepatica infection in cattle and human populations.

• The study improves evidence based control of Fasciola hepatica in livestock and

humans.

• The study investigates the responsiveness of optimal control inputs to deter-

mine the best approach to combating the disease.

• The findings help stakeholders to apply the most effective policies for prevent-

ing and monitoring disease.
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• The study serves as a foundation for future studies on the dynamics of Fasciola

hepatica disease and other related diseases.

1.6 Scope and Limitations of the Study

This research develops continuous deterministic models to describe the transmission

dynamics of Fasciola hepatica. It does not consider geographical, seasonal, spatial, or

stochastic factors. Optimal control strategies are limited to fundamental techniques

governing the disease dynamics. The main limitation of the study is the generaliza-

tion of the findings because the distribution of fascioliasis differs by region accord-

ing to the climatic and geographical conditions. There are also problems with the

accessibility of some data and the general lack of earlier studies on mathematical

modeling of fascioliasis, which relied on estimating the value of some parameters

within a plausible range. In addition, these findings have not been reviewed or com-

mented on by key stakeholders in this area of practice, such as health professionals,

governmental organizations and policymakers, which may affect the broader gener-

alizability and validity of the findings.

1.7 Organization of the Dissertation

The dissertation is structured as follows. Chapter 2 reviews the relevant literature;

Chapter 3 models and analyzes Fasciola hepatica disease transmission; Chapter 4

presents a mathematical model of Fasciola hepatica incorporating early diagnosis

and treatment; Chapter 5 explores optimal control and cost-effectiveness analysis of

the model; Chapter 6 analyzes human-cattle dynamics for effective Fasciola hepatica

management; and Chapter 7 summarizes the findings, conclusions, recommenda-

tions and future work.
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Chapter 2

2 Literature Review

2.1 Epidemiological Studies on Fascioliasis

Several researchers reported the prevalence, risk factors for association and eco-

nomic loss of bovine fasciolosis in various parts of the world. Among many parasitic

problems of farm animals, fasciolosis is a major disease that imposes an economic

impact on livestock production, particularly cattle and sheep and has an important

public health role, as it has zoonotic value (Feyisa 2021). This re-emerging zoonotic

disease poses a major veterinary and public health concern, particularly in the de-

veloping world (Caravedo & Cabada 2020). It reduces milk and meat production,

causes economic losses from liver infestation and mortality in young animals, and

incurs treatment costs. International livestock production losses due to fascioliasis

were estimated at over $3.2 billion USD annually in 1999 (Opio et al. 2021). Despite

numerous epidemiological studies, fascioliasis remains a prevalent and uncontrolled

public health and veterinary problem.

2.2 Mathematical Approaches in Infectious Disease Epidemi-

ology

The first model for mathematical transmission of infectious diseases is the work of

Daniel Bernoulli (1700-1782) on smallpox Dietz & Heesterbeek (2002), Bishop et al.

(2010). Kermack and McKendrick’s three papers (1927, 1932, 1933) introduced the

basic compartmental models in mathematical epidemiology. Their work laid the

foundation for understanding how infectious diseases spread through populations by

categorizing individuals into compartments like susceptible, infected and recovered

(Brauer 2017). Modern mathematical epidemiology uses compartmental models and
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statistical analysis to understand and predict outbreaks, considering biological, host

and environmental factors, contact patterns and public health interventions that in-

fluence disease transmission (Opio et al. 2021).

Mathematical modeling is increasingly used to study the transmission and con-

trol of fascioliasis. Early studies adapted classical SIR models to describe livestock

infection dynamics, incorporating snail intermediate hosts. Modeling diseases in do-

mestic animal populations is crucial for understanding pathogen-host interactions

and developing effective disease control strategies. A One Health approach facili-

tates understanding the dynamics of disease risk, informs prevention and control

strategies, examines threats and opportunities and improves our capacity for proac-

tive solutions Osterhaus et al. (2020).

2.3 Mathematical Models of Fasciolasis

The interest in mathematical models for trematode infections in domestic ruminants

originated from early generic stochastic and deterministic models, although these

were not always directly foundational for later parasite-specific models. Early models

analyzed the structure of the parasite age within hosts and the influence of weather

on parasite survival and transmission, building on approaches such as (Ross 1970)

work on sheep parasites and the "Stormont Wet Day" forecasting system. This sys-

tem, used in Scotland and Ireland, used weather data from specific months to predict

the risk of fascioliasis. This approach helped to forecast outbreaks and inform con-

trol measures. Despite a unified modeling framework that eventually emerged, most

early models were developed ad hoc for specific control scenarios (Smith 2011).

Turner et al. (2016) developed a model to evaluate the efficacy of liver fluke

vaccines under simulated field conditions. The model incorporates fluke develop-

ment within a group of animals, considering host susceptibility, seasonal exposure to

metacercariae and temperature-dependent metacercarial survival. The results sug-

gest that potential vaccine candidates could reduce the total fluke burden and egg

production by up to 43% and 99%, respectively. Furthermore, the study indicates

that a vaccine must protect at least 90% of animals throughout the entire season to
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be effective.

A more recent study Diaby et al. (2019) developed a nine-dimensional ODE model

incorporating treatment and quarantine to analyze Fasciola epidemics. This work

develops a multi-scale model that links disease transmission within a mammalian

host population to the parasite’s life cycle in the environment and its intermediate

snail host. The model accounts for the various stages of the parasite’s development,

including the parasitic forms in the vertebrate host, the larval stages in the snail

and the environmental cysts. The study investigates the parasite’s presence in sus-

ceptible, infected and quarantined cattle, as well as fluke eggs on pasture, snail eggs,

juvenile and mature snails, infected snails and metacercariae on pasture. This model

analyzes disease dynamics, the impact of interventions and the role of intermediate

hosts. The analysis highlights the importance of parasite-snail-host interaction pa-

rameters for understanding disease spread and intervention effectiveness. The re-

sult suggests that combining treatment and quarantine is more effective than either

measure alone, demonstrating a synergistic effect that significantly reduces disease

prevalence.

Ogunmiloro (2021) study fascioliasis transmission model using a fractional-order

Caputo model to analyze interactions between humans, domestic animals and the

environment. Both human and domestic animal populations are divided into three

groups: those at risk of fascioliasis, those currently infected and those who have

recovered. Environmental factors significantly affect transmission. The research

establishes the existence and uniqueness of solutions, determines the basic repro-

duction number and examines the stability of disease-free and endemic equilibrium

points. Focusing on mathematical analysis and approximate solutions, the study

aimed to understand fascioliasis dynamics and inform control strategies. Simula-

tions using the modified Euler method validated the efficiency and convergence of the

model. Fractional-order modeling can stabilize systems and control disease spread,

offering insights for public health interventions against fascioliasis. These findings

highlight the potential of this modeling approach to inform public health strategies,

like transmission rate reduction, for minimizing disease prevalence.



16

Ogunmiloro (2022) studied on an optimal control analysis of the transmission

dynamics of fascioliasis disease. The study provides a detailed analysis of fascioliasis

transmission in domestic ruminants using a non-linear optimal control model. The

study examines the effects of three preventive strategies: treating infected animals,

hygiene compliance and environmental sanitation. The results reveal that while

each strategy individually reduces infection rates, their combined implementation is

significantly more effective in controlling the disease’s prevalence. The study also

finds that maintaining these control measures for several months before gradually

reducing them is crucial to optimal disease management. This research underscores

the importance of integrated control strategies in effectively mitigating fascioliasis

in domestic ruminant populations.

Avazzadeh et al. (2023) presented and optimized a fractional-order mathemat-

ical model for fascioliasis using generalized Fibonacci polynomials. The fractional

fascioliasis model uses seven compartments: susceptible, infected and recovered hu-

man and domestic animal populations, plus an environmental source. This model

examined the interactions between humans, domestic animals and the environment.

Simulations demonstrated that fractional derivatives enhance modeling details for

understanding real-world dynamics. The decrease in infected humans may be at-

tributed to treatment or asymptomatic infections. The optimization technique effec-

tively solved the model, offering a novel method to analyze and potentially control the

disease, using generalized Fibonacci polynomials as basis functions and innovative

operational matrices.

Understanding the specific impacts of various factors on parasite-snail-cattle-

human interactions remains a key research gap. Furthermore, the application of

advanced mathematical techniques like optimal control models is still nascent and

requires further study to improve model accuracy and inform effective control strate-

gies for both bovine and human fascioliasis. The study examines diagnostics, treat-

ment, and snail control strategies to lessen the impact of F. hepatica on livestock

and humans. This study employs cost-effectiveness analysis to determine the most

efficient disease control approach in endemic areas with limited resources. Applying
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optimal control theory to deterministic compartmental models can inform resource

allocation strategies for managing infectious disease outbreaks. Therefore, we devel-

oped a mathematical model of F. hepatica in cattle and humans, using optimal control

and cost-effectiveness analyses to determine effective and efficient control strategies,

thus addressing this research gap.
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Chapter 3

3 Modeling and Analysis of Fasciola Hepatica Dis-

ease Transmission

3.1 Introduction

This chapter presents a deterministic mathematical model of Fasciola hepatica trans-

mission in cattle. The model incorporates various transmission pathways and para-

site life stages, including interactions with cattle, snail populations and environmen-

tal factors. The mathematical model in Diaby et al. (2021) uniquely incorporates in-

teractions between parasite development stages and intermediate hosts, as well as a

quarantine strategy. The model explicitly accounts for egg and metacercariae stages.

It tracks the parasite lifecycle across multiple stages and locations, including: sus-

ceptible cattle, infected cattle, quarantined cattle, fluke eggs on pasture, snail eggs,

juvenile snails, mature snails, infected snails, and metacercariae on pasture. Our

study modified previous models by including treatment at a compartment and the

two key environmental stages of Fasciola hepatica, miracidia and metacercariae. In

a Fasciola transmission model, miracidia and metacercariae production rates are key

coupling parameters between host and environment. Their sensitivity to climate and

control measures makes them primary drivers for understanding and managing the

system. The model’s well-posedness, positivity, invariant set and boundedness have

been confirmed. The local and global stability, forward bifurcation and sensitivity of

the model are analyzed. Sensitivity analysis identifies key parameters influencing

disease prevalence, offering insights for targeted interventions.
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3.2 Model Formulation

We develop a model describing the transmission dynamics of Fasciola hepatica. It

considers various life stages of the parasite, the free-living larval stage and interme-

diate snail host, together with epidemiological conditions in cattle. It provides an

overview of the different phases in the life cycle of the disease. First, we considered

the cattle population to consist of three subpopulations: susceptible, infected, and

treated, denoted by SC(t), IC(t), and TC(t), respectively. Also, there are two classes

of snail populations: susceptible snails, denoted by SS(t), and infected snails, denoted

by IS(t). Similarly, the Fasciola larvae population is categorized as miracidium and

metacercariae, M(t) and P(t), respectively.

The model formulation is based on the following assumptions:

(i) There is no direct transmission of the disease between the cattle and snail

populations.

(ii) Climate change does not impact the transmission of the disease.

(iii) Treatment leads to recovery, but does not provide immunity against reinfection.

(iv) The population dynamics of the hosts are not affected by the number of miracidia

or metacercariae entering them.

(v) Metacercariae are uniformly distributed throughout the pasture.

Cattle transition between health classes as the disease progresses. Susceptible

cattle become infected by ingesting metacercariae from vegetation or water. Sus-

ceptible cattle are those that have not yet contacted the disease but are still able

to contract it. Infected cattle have consumed metacercariae. Treated cattle have

received treatment for the disease. More details on the disease’s progression:

(i) Susceptible to infected transition: Susceptible cattle progress to the infected

state at a rate of γc. This transition occurs when the susceptible cattle con-

sume metacercariae, which is the infectious stage of the parasite found on the

pasture.
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(ii) Treatment and recovery: Infected cattle undergo treatment at a rate of δc. The

treatment aims to combat the infection. Treated cattle then recover from the

disease at a rate of λ, indicating their transition back to a susceptible state.

(iii) Recruitment rates: New cattle and snails are added to the populations through

birth rates, Λc and Λc, respectively.

(iv) Natural death rate: All cattle compartments: susceptible, infected, and treated

cattle experience a natural death rate denoted by µc. This accounts for the

regular mortality within the cattle population.

(v) Miracidia release and snail penetration: Infected cattle release miracidia at

a rate of γm , representing the shedding rate per infected cattle. The term

γmIC(t) represents the rate at which infected cattle (IC ) produce and release

miracidia into the environment (compartment M). A portion of the miracidia

population penetrates snails at a rate of γs, initiating the next stage of the

parasite’s life cycle.

(vi) Metacercariae production: Infected snail release miracidia at a rate of γp , rep-

resenting the shedding/generation rate per infected snail. The term γpIS(t)

represents the rate at which infected snail (IS ) produce and release eetacer-

cariae into the environment (compartment P).

Figure 3.1 illustrates the disease’s spread and interaction with cattle. Table 3.1

summarizes system parameters.
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SC IC TC
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γcPSC δcIC

γsMSS

λTC

Λc

µcSC µcIC µcTC

µmM µpP

Λs

µsSS µsIS

Figure 3.1: Flow diagram of the Fasciola hepatica disease transfer for model (3.1).

The model is presented using the ODE systems as follows:

dSC(t)
dt

=Λc −γcSC(t)P(t)−µcSC(t)+λTC(t),

dIC(t)
dt

= γcSC(t)P(t)− (δc +µc)IC(t),

dTC(t)
dt

= δcIC(t)− (λ+µc)TC(t),

dM(t)
dt

= γmIC(t)−µmM(t),

dSS(t)
dt

=Λs −γsSS(t)M(t)−µsSS(t),

dIS(t)
dt

= γsSS(t)M(t)−µsIS(t),

dP(t)
dt

= γpIS(t)−µpP(t),

(3.1)

with nonnegative initial conditions: SC(0)≥ 0, IC(0)≥ 0, TC(0)≥ 0, M(0)≥ 0, P(0)≥ 0,

SS(0)≥ 0 and IS(0)≥ 0. Table 3.1 presents the values and biological relevance of each

parameter of the system.
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Table 3.1: Values and descriptions of the model (3.1) parameters.

Parameter Epidemiological Description Value Source

Λc Cattle recruitment rate 67/day (Diaby et al. 2019)

Λs Snail recruitment rate 3000/day (Kanyi et al. 2021)

µc Cattle natural death rate 0.0185/day (Diaby et al. 2019)

µs Snails natural death rate 0.001644/day (Diaby et al. 2019)

µm Natural death rate for miracidia lar-

vae

0.9/day (Kanyi et al. 2021,

Chiyaka & Garira

2009)

µp Natural death rate for metacer-

cariae larvae

0.6452/day (Diaby et al. 2019)

γm Production rate of miracidia from

infected cattle

6.96 /day (Kanyi et al. 2021)

γp Production rate of metacercariae

from infected snail

2.6 /day (Kanyi et al. 2021)

γc Per capita infection rate of cattle 0.0000005 /day (Diaby et al. 2019)

γs Per capita infection rate of snails 0.00000004 /day Assumed

δc Treatment rate of infected cattle 0.65/day Assumed

λ Treatment efficiency of the infected

cattle

0.9567/day (Diaby et al. 2019)

3.3 Model Analysis

We aim to ensure the biological relevance and accurate presentation of the model

(3.1) by rigorously verifying that all fundamental state components start with and

maintain positive values throughout the region.

3.3.1 Well-posedness

Rewrite the system (3.1) as dx
dt = f (x), where x = (SC, IC,TC, M,SS, IS,P) ∈ R7+. The

right hand side is smooth ( continuously differentiable in the state variable), thus
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locally Lipschitz continuous on R7+. Therefore, by the Cauchy–Lipschitz theorem, for

any initial condition in R7+, there exists a unique maximal solution defined on [0, T].

3.3.2 Positive Invariant Region

Proposition 3.1. If all initial values SC(0), IC(0), TC(0), M(0), SS(0), IS(0) and P(0)

are non-negative, then the solutions to the model (3.1) will remain non-negative for all

t ≥ 0.

Proof. Let Γ= {(SC, IC,TC, M,SS, IS,P) |SC, IC,TC, M,SS, IS,P ≥ 0}. By the Cauchy-

Lipschitz theorem, for any x(0) ∈ Γ, there is a unique solution x(t) on a maximal

interval [0,T]. Now, examine the vector field along the boundaries of Γ:

• When SC = 0, dSC
dt =Λc +λTC ≥ 0, since TC ≥ 0.

• When IC = 0, dIC
dt = γcSCP − (δc +µc)IC = γcSCP ≥ 0.

• When TC = 0, dTC(t)
dt = δcIC ≥ 0, since IC ≥ 0.

• When M = 0, dM(t)
dt = γmIC ≥ 0.

• When SS = 0, dSS
dt =Λs ≥ 0.

• When IS = 0, dIS
dt = γsSSM ≥ 0.

• When P = 0, dP
dt = γpIS ≥ 0.

Since the vector field is directed inward along the boundaries of Γ, it is invariant, en-

suring non-negative solutions. Consequently, for any x(0) ∈ Γ, the solution is unique

and invariant within Γ due to Lipschitz continuity. Therefore, all state variables

remain non-negative for all non-negative t. □

3.3.3 Boundedness of Solutions

Proposition 3.2. All possible solutions to model (3.1) remain within a uniformly

bounded region:

Ω=
{

(SC, IC,TC, M,SS, IS,P) ∈R7 : NC ≤ Λc

µc
, NS ≤ Λs

µs
, M ≤ γmΛc

µcµm
,P ≤ γpΛs

µsµp

}
, (3.2)
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where, NC(t) = SC(t)+ IC(t)+TC(t) and NS(t) = SS(t)+ IS(t) are the total cattle and

snail population at time t.

Proof. Consider the total population of cattle in the model (3.1),

dNC

dt
=Λc −µcNC. (3.3)

Solving the differential equation (3.3) leads to the solution

NC(t)= Λc

µc
−

(
Λc −µcNC(0)

µc

)
e−µc t.

As t →∞, NC(t) converges to Λc
µc

. If 0≤ NC(0)≤ Λc
µc

, then

0≤ NC(t)≤ Λc

µc
. (3.4)

Adding the equations for the snail subclass yields the overall dynamics of the

snail population.
dNS

dt
=Λs −µsNS (3.5)

Obtaining the solution to the differential equation (3.5) for NS(t) provides

NS(t)= Λs

µs
− (
Λs −µsNS(0)

µs
)e−µs t (3.6)

As time approaches infinity (t →∞), then NS(t) approaches to the value of Λs
µs

. Hence,

we can conclude that

0≤ Ns(t)≤ Λs

µs
(3.7)

Using the fourth equation (3.1) and equation (3.4), we have

dM
dt

= γmIC −µmM ≤ γm
Λc

µc
−µmM

Applying Chaplygin’s Method Zwillinger & Dobrushkin (1998) to this differential

inequality implies that

0≤ M(t)≤ γmΛc

µcµm
.

Combining equations (3.1) and (3.7), we obtain

dP
dt

= γpIS −µpP ≤ γp
Λs

µs
−µpP
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This leads to the result that

0≤ P ≤ γpΛs

µsµp

.

Thus, we have limsupt→∞ NC(t) ≤ Λc
µc

, limsupt→∞ NS(t) ≤ Λs
µs

, limsupt→∞ M ≤ Λcγm
µcµm

and limsupt→∞ P ≤ Λsγp
µsµp

. Since, f satisfies local Lipschitz conditions and the solu-

tions are bounded in Γ, they cannot tend toward infinity within finite time. There-

fore, the maximal interval [0,T] can be extended to [0,∞). This completes the proof,

confirming that Ω in (3.2) defines the feasible region of the system. □
Therefore, the model is suitable for an epidemiological study.

3.3.4 Disease-Free Equilibrium (DFE)

The disease-free equilibrium of Fasciola hepatica is a state without infection. This

equilibrium point is found by setting the derivatives of the model (3.1) to zero and

the disease class states equals zero (IC = 0, IS = 0, M = 0 and P = 0) and :

dSC

dt
=Λc −µcSC +λTC = 0,

dIC

dt
= 0,

dTC

dt
=−(λ+µc)TC = 0,

dM
dt

= 0,

dSS

dt
=Λs −µsSS = 0,

dIS

dt
= 0,

dP
dt

= 0.

(3.8)

Thus, SC = Λc
µc

, TC = 0 and SC = Λc
µc

.

Therefore the disease-free equilibrium point is

E0 =
(
S0

C, I0
C,T0

C, M0,S0
S, I0

S,P0)= (
Λc

µc
,0,0,0,

Λs

µs
,0,0

)
. (3.9)
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3.3.5 Local Stability of the Disease-Free Equilibrium

In epidemiological studies, the next-generation matrix technique (van den Driessche

& Watmough 2002) is used to quantify the basic reproduction number for the com-

partmental model of infectious disease. In model (3.1), the compartments IC, M,

IS and P represent various stages or categories of individuals within the infected

population. Therefore, the system of differential equations governing these disease

compartments can be described as follows:

I ′C(t) = γcSC(t)P(t)− (δc +µc)IC(t),

M′(t) = γmIC(t)−µmM(t),

I ′S(t) = γsSS(t)M(t)−µsIS(t),

P ′(t) = γpIS(t)−µpP(t).

(3.10)

We can express equation (3.10) as:

dY

d y
= f (Y )−v(Y ),

where f (Y ) represents the incidence rate of new incidents appearing in the disease

compartments and v(Y ) represents the rate at which individuals are moved into

and out of the compartments. The variable Y represents the disease subclass of the

system, Y = (IC, M, IS,P),

f =


γcSCP

0

γsSsM

0

 and v =


(δc +µc)IC

−γmIC +µmM

µsIS

−γpIS +µpP

.

Evaluating the derivatives of f and v with respect to the disease variables at the

disease-free equilibrium yields Jacobian matrices F and V , representing the transfer

and new infection terms, respectively.

F =


0 0 0 γcΛc

µc

0 0 0 0

0 γsΛs
µs

0 0

0 0 0 0

 ,
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V =


δc +µc 0 0 0

−γm µm 0 0

0 0 µs 0

0 0 −γp µp

and

V −1 =



1
δc+µc

0 0 0

γm
µm(δc+µc)

1
µm

0 0

0 0 1
µs

0

0 0 γp
µpµs

1
µp


.

After some algebraic simplification, we get

FV −1 =


0 0 γcγpΛc

µcµsµp

γcΛc
µcµp

0 0 0 0
Λsγmγs

µmµs(δc+µc)
Λsγs
µsµm

0 0

0 0 0 0

 .

Therefore, the effective reproduction number, which is the spectral radius of FV −1,

is

R0 =
√

γcγmγsγpΛcΛs

µc(δc +µc)µmµpµ
2
s
. (3.11)

Rewrite the equation provides,

R0 =
√√√√√√

γcγpΛc

µcµp(δc +µc)︸ ︷︷ ︸
Cattle infection potential

× γmγsΛs

µmµ
2
s︸ ︷︷ ︸

Snail infection potential

.

This R0 is the effective reproduction number for the Fasciola hepatica model, rep-

resenting the average number of new secondary infections produced by one infected

individual in a completely susceptible population (Bakare et al. 2014). The square

root appears because of the cycle involves two transition steps( cattle to snail and

snail to cattle).

The basic reproduction number (when δc = 0) is

Rb =
√
γcγpΛc

µ2
cµp

× γmγsΛs

µmµ
2
s
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Theorem 3.3. The disease-free equilibrium point is locally asymptotically stable in

Ω when R0 < 1.

Proof. Linearizing equation (3.1) at DFE, E0 yields the Jacobian matrix J(E0).

J(E0)=



−µc 0 λ 0 0 0 −γcΛc
µc

0 −(δc +µc) 0 0 0 0 γcΛc
µc

0 δc −(λ+µc) 0 0 0 0

0 γm 0 −(µm +γs) 0 0 0

0 0 0 −γsΛs
µs

−µs 0 0

0 0 0 γsΛs
µs

0 −µs 0

0 0 0 0 0 γp −(µp +γc)



(3.12)

The eigenvalues of the Jacobian matrix are −µc, −µs, −λ−µc and roots of the follow-

ing characteristic equation

P4X4 +P3X3 +P2X2 +P1X +P0 = 0 (3.13)

Where,

P4 =µcµs,

P3 =µcµs(γc +γs +δc +µc +µm +µp +µs),

p2 =µcµs(δcµm+µcµm+δcµp +µcµp +µmµp +δcµs+µcµs+µmµs+µpµs+γc(γs+δc +
µc +µm +µs)+γs(δc +µc +µp +µs)),

P1 =µcµs(δcµmµp+µcµmµp+δcµmµs+µcµmµs+δcµpµs+µcµpµs+µmµpµs+γc(µcµm+
µcµs +µmµs +γs(δc +µc +µs)+δc(µm +µs))+γs(µpµs +δc(µp +µs)+µc(µp +µs))),

P0 =µc(δc +µc)(γs +µm)(µc +γp)µ2
s )(1−R2

0)

By Routh-Hurwitz conditions for 4th degree polynomial, all roots have negative

real parts if and only if

(i) Pi > 0, for all i = 0,1,2,3,4 and

(ii) P1P2P3 > P2
1P4 +P0P2

3 .

Clearly, P4, P3, P2, P1 and P0 are positive, for R0 < 1.

Condition (ii) can be expressed as:

P1P2P3 −P2
1P4 −P0P2

3 > 0. (3.14)
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Let us rewrite the coefficients in compact form:

P4 =µcµs,

P3 =µcµsa3,

P2 =µcµsa2,

P1 =µcµsa1,

where:

a3 = γc +γs +δc +µc +µm +µp +µs,

a2 = δcµm +µcµm +δcµp +µcµp +µmµp +δcµs +µcµs +µmµs +µpµs

+γc(γs +δc +µc +µm +µs)+γs(δc +µc +µp +µs),

a1 = δcµmµp +µcµmµp +δcµmµs +µcµmµs +δcµpµs +µcµpµs +µmµpµs

+γc
(
µcµm +µcµs +µmµs +γs(δc +µc +µs)+δc(µm +µs)

)
+γs

(
µpµs +δc(µp +µs)+µc(µp +µs)

)
.

Now substitute into (3.14):

P1P2P3 = (µcµsa1)(µcµsa2)(µcµsa3)= (µcµs)3a1a2a3,

P2
1P4 = (µcµsa1)2(µcµs)= (µcµs)3a2

1,

P0P2
3 = [

µc(δc +µc)(γs +µm)(µc +γp)µ2
s (1−R2

0)
] · (µcµsa3)2

=µc(δc +µc)(γs +µm)(µc +γp)µ2
s (1−R2

0) ·µ2
cµ

2
s a2

3

=µ3
c(δc +µc)(γs +µm)(µc +γp)µ4

s (1−R2
0)a2

3.

Thus condition (3.14) becomes:

(µcµs)3a1a2a3 − (µcµs)3a2
1 −µ3

c(δc +µc)(γs +µm)(µc +γp)µ4
s (1−R2

0)a2
3 > 0. (3.15)

Factor out µ3
cµ

3
s > 0:

µ3
cµ

3
s
[
a1a2a3 −a2

1
]−µ3

c(δc +µc)(γs +µm)(µc +γp)µ4
s (1−R2

0)a2
3 > 0. (3.16)

Divide both sides by µ3
cµ

3
s > 0:

a1a2a3 −a2
1 − (δc +µc)(γs +µm)(µc +γp)µs(1−R2

0)a2
3 > 0. (3.17)
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Define:

K = (δc +µc)(γs +µm)(µc +γp)µs > 0.

Then we obtain the final form:

a1a2a3 −a2
1 −K(1−R2

0)a2
3 > 0 (3.18)

Condition (3.18) represents a nontrivial constraint involving all model parameters.

Therefore, the disease-free equilibrium is locally asymptotically stable if R0 < 1,

by Routh-Hurwitz criterion. □

3.3.6 Global Stability of Disease-Free Equilibrium

Castillo-Chavez et al. (2002) proposed a method to determine the global steady state

of the DFE within Ω ∈ R7+. The model (3.1) is expressed as follows:
dU
dt

= R(U ,V ),

dV
dt

=Q(U ,V ), Q(U,0)= 0,
(3.19)

where, U = (SC,TC,SS) consists of the disease-free subgroups and V = (IC, M, IS,P)

consists of infectious subgroups.

If the requirements (C1) and (C2) stated below are satisfied, then E0 will be

globally stable whenever R0 < 1.

C1 : When dU
dt = R(U ,0), U∗ is globally stable.

C2 : Q(U ,V )= BV − Q̂(U ,V ), Q̂(U ,V )≥ 0 for (U ,V ) ∈Ω,

with B = DV Q(U∗,0) is Metzler-matrix (off-diagonal entries of B are nonnegative)

and Ω is the set at which the system becomes feasible.

Theorem 3.4. The disease-free equilibrium, E0, is globally asymptotically stable if

R0 < 1 and unstable otherwise.

Proof. From model (3.1) and equation (3.19), we have

R(U ,0)=


Λc −µcSC

0

Λs −µsSS

 . (3.20)



31

Q(U ,V )=


γcSCP − (δc +µc)IC

γmIC −µmM

γsSSM−µsIS

γpIS −µpP

 , (3.21)

such that,

Q(U ,V )= BV − Q̂(U ,V ), (3.22)

where,

B =


−(δc +µc) 0 0 γcΛc

µc

γm −µm 0 0

0 γsΛs
µs

−µs 0

0 0 γs −µp

 , (3.23)

Q̂(U ,V )=


−γcSCP + γcΛc

µc
P

0

−γsSsM+ γsΛs
µs

M

0

=


Pγc(

Λc
µc

−SC)

0

Mγs(
Λs
µs

−SS)

0

 . (3.24)

Clearly, U∗ = (Λc
µc

,0, Λs
µs

) is the global asymptote of equation (3.20) and hence condition

C1 is satisfied. Also, from equation (3.24), Q̂(U ,V )≥ 0 for SC ≤ Λc
µc

and SS ≤ Λs
µs

. Thus,

Q̂(U ,V ) ≥ 0, ∀(U ,V ) ∈Ω and condition C2 hold. Since the non-diagonal entries are

non-negative, A is an M-matrix. This shows that the DFE is globally stable whenever

R0 < 1. □

3.3.7 Existence of Endemic Equilibrium Point

Proposition 3.5. The model (3.1) has a unique endemic equilibrium for R0 > 1.

The endemic equilibrium point E∗
e occurs when the Fasciola hepatica infection

persists in cattle. It is given by

E∗
e = (S∗

C, I∗C,T∗
C, M∗,S∗

S, I∗S,P∗), (3.25)
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where

S∗
C = (δc+µc)µpµs(γmγsΛc(λ+µc)+µc(λ+δc+µc)µmµs)

γmγsµc(γcγpΛs(λ+δc+µc)+(λ+µc)(δc+µc)µpµs) ,

I∗C = A(λ+µc)(R2
0−1)

γmγsµc(γcγpΛs(λ+δc+µc)+(λ+µc)(δc+µc)µpµs) ,

T∗
C = δc A(R2

0−1)
γmγsµc(γcγpΛs(λ+δc+µc)+(λ+µc)(δc+µc)µpµs) ,

M∗ = A(λ+µc)(R2
0−1)

γsµcµm(γcγpΛs(λ+δc+µc)+(λ+µc)(δc+µc)µpµs) ,

S∗
S = µcµm(γcγpΛs(λ+δc+µc)+(λ+µc)(δc+µc)µpµs)

γcγp(γmγsΛc(λ+µc)+µc(λ+δc+µc)µmµs) ,

I∗S = A(λ+µc)(R2
0−1)

γcγpµs(γmγsΛc(λ+µc)+µc(λ+δc+µc)µmµs) ,

P∗ = A(λ+µc)(R2
0−1)

γcµpµs(γmγsΛc(λ+µc)+µc(λ+δc+µc)µmµs) ,



(3.26)

such that, A =µc(δc +µc)µmµpµ
2
s .

Thus, S∗
C > 0, I∗C > 0, T∗

C > 0, M∗ > 0, S∗
S > 0, I∗S > 0 and P∗ > 0 if R0 > 1. This

proves that the disease becomes endemic if R0 > 1 □.

3.3.8 Local Stability of Endemic Equilibrium Point

Proposition 3.6. The endemic equilibrium point, E∗
e , is locally asymptotically stable

if R0 > 1.

Applying the theorem from Castillo-Chavez & Song (2004), the model demon-

strates a forward bifurcation (see the proof of Theorem 3.7), indicating that the en-

demic equilibrium is locally asymptotically stable when R0 > 1.

3.3.9 Forward Bifurcation Analysis

Bifurcation theory examines qualitative changes in system behavior, particularly

stability or instability of fixed points and periodic orbits, as the parameters vary. It

is a useful tool for analyzing qualitative changes in steady-state solutions (Sharma

et al. 2015). The occurrence of a forward bifurcation indicates that the endemic equi-

librium is locally stable if R0 > 1 (Madubueze et al. 2022).

Theorem 3.7. The model (3.1) has a forward bifurcation when R0 = 1.

Proof. We apply the Castillo-Chavez and Song theorem to prove this theorem.

For simplicity, the following variable change is made for the model (3.1):

SC = y1, IC = y2, TC = y3, M = y4, SS = y5, IS = y6 and P = y7.
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Thus, the model (3.1) transforms into:

d y1

dt
=Λc −γc y1 y7 −µc y1 +λy3 := r1,

dy2

dt
= γc y1 y7 − (δc +µc)y2 := r2,

dy3

dt
= δc y2 − (λ+µc)y3 := r3,

dy4

dt
= γm y2 −µm y4 := r4,

dy5

dt
=Λs −γs y4 y5 −µs y5 := r5,

d y6

dt
= γs y4 y5 −µs y6 := r6,

dy7

dt
= γp y6 −µp y7 := r7,

(3.27)

The disease-free equilibrium of (3.27) is (y1, y2, y3, y4, y5, y6, y7) = (Λc
µc

,0,0,0, Λs
µs

,0,0).

Assume φ= γ∗c be the bifurcation parameter at R0 = 1 and we obtained

φ= γ∗c =
µc(δc +µc)µmµpµ

2
s )

γmγpγsΛcΛs
. (3.28)

When φ= γ∗c , the Jacobian matrix of equation (3.27) at disease-free equilibrium gives

Jφ(E0)=



−µc 0 λ 0 0 0 −φΛc
µc

0 −(µc +δc) 0 0 0 0 φΛc
µc

0 δc −(µc +λ) 0 0 0 0

0 γm 0 −µm 0 0 0

0 0 0 −γsΛs
µs

−µs 0 0

0 0 0 γsΛs
µs

0 −µs 0

0 0 0 0 0 γp −µp



(3.29)

The eigenvalues of Jφ are λ1 = 0, λ2 =−µc, λ3 =−µs, λ4 =−λ−µc and other eigenval-

ues are given by,

m3 +a2m2 +a1m+a0 = 0, (3.30)

where,

a2 = δc +µc +µm +µp +µs,
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a1 = δcµm +µcµm +δcµp +µcµp +µmµp +δcµs +µcµs +µmµs +µpµs and

a0 = δcµmµp +µcµmµp +δc µmµs +µcµmµs +δcµpµs +µcµpµs +µmµpµs.

Here a2, a1 and a0 are positive. By direct calculation it can easily be shown

that a2a1 − a0 > 0. Thus, the Jacobian Jφ(E0) has a simple zero eigenvalue, with

all remaining eigenvalues having negative real components by the Routh-Hurwitz

criterion. Therefore, the centre manifold theory can be used to examine the behavior

of the model. Let l = (l1, l2, l3, l4, l5, l6, l7) and h = (h1,h2,h3,h4,h5,h6,h7) are left

and right eigenvectors of J(E0).

The left eigenvectors are obtained by multiplying l by J(E0) and equating with 0.

So after evaluating, the left eigenvector is

l =
(
0, l2,0,

(δc +µc)l2

γm
,0,

(δc +µc)µmµsl2

γmγsΛs
,
(δc +µc)µmµ

2
s l2

γmγpγsΛs

)
.

Similarly, the right eigenvector is obtained by multiplying J(E0) by h and equating

with 0. After computation, the right-eigenvector is

h =
(
−(λ+δc +µc)µmµpµ

2
s h7

γmγpγsΛs(λ+µc)
,
µmµpµ

2
s h7

γmγpγsΛs
,

δcµmµpµ
2
s h7

γmγpγsΛs(λ+µc)
,
µpµ

2
s h7

γpγsΛs
,
−µph7

γp
,
µph7

γp
,h7

)
.

The functions r1 =Λc−γc y1 y7−µc y1+λy3, r2 = γc y1 y7−(δc+µc)y2, r5 =Λs−γs y4 y5−
µs y5 and r6 = γs y4 y5 −µs y6 have the following non-zero second-order partial deriva-

tives at DFE,
∂2r1(E0)
∂y1∂y7

=−γc,
∂2r2(E0)
∂y1∂y7

= γc,
∂2r5(E0)
∂y4∂y5

=−γs,
∂2r6(E0)
∂y4∂y5

= γs,
∂2r1(E0)
∂y7∂φ

=−Λc
µc

and ∂2r2(E0)
∂y7∂φ

= Λc
µc

.

The bifurcation coefficients are then derived using the Castillo-Chavez & Song
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(2004) theorem as follows:

a =
7∑

k,i, j=1
lkhih j

∂2rk

∂yi∂yj
(E0)

= l1h1h7
∂2r1

∂y1∂y7
(E0)+ l2h1h7

∂2r2

∂y1∂y7
(E0)+ l5h4h5

∂2r5

∂y4∂y5
(E0)+ l6h4h5

∂2r6

∂y4∂y5
(E0)

= (0)h1h7
∂2r1

∂y1∂y7
(E0)+ l2h1h7

∂2r2

∂y1∂y7
(E0)+ (0)h4h5

∂2r5

∂y4∂y5
(E0)+ l6h4h5

∂2r6

∂y4∂y5
(E0)

= (0)h1h7
∂2r1

∂y1∂y7
(E0)+ l2h1h7

∂2r2

∂y1∂y7
(E0)+ (0)h4h5

∂2r5

∂y4∂y5
(E0)+ l6h4h5

∂2r6

∂y4∂y5
(E0)

= l2h1h7
∂2r2

∂y1∂y7
(E0)+ l6h4h5

∂2r6

∂y4∂y5
(E0)

= l2h7

(
−(λ+δc +µc)µmµpµ

2
s h7

γmγpγsΛs(λ+µc)

)
(γc)+

(
(δc +µc)µmµsl2

γmγsΛs

)(
µpµ

2
s h7

γpγsΛs
)(
−µph7

γp

)
(γs).

b =
7∑

k,i=1
lkhi

∂2rk

∂yi∂φ
(E0)

= l1h7
∂2r1

∂y7∂φ
(E0)+ l2h7

∂2r2

∂y7∂φ
(E0)

= (0)h7

(−Λc

µc

)
+ l2h7

(
Λc

µc

)
= l2h7

(
Λc

µc

)
.

Therefore, the bifurcation coefficients become:

a =−l2h7

(
(λ+δc +µc)µmµpµ

2
s h7γc

γmγpγsΛs(λ+µc)
+

(
(δc +µc)µmµs

γmγsΛs

)(
µ2

pµ
2
s h7

γ2
pΛs

))
,

b = l2h7
Λc

µc
.

Therefore, a < 0 and b > 0 for h7 > 0 and l2 > 0, the system exhibits a forward bifur-

cation at R0 = 1 using the Theorem B.12 (see Figure 3.2). □
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Figure 3.2: Forward bifurcation behavior of model (3.1).

3.3.10 Global Stability of Endemic Equilibrium

Theorem 3.8. If R0 > 1, then the endemic equilibrium point, E∗
e , is globally asymp-

totically stable.

To prove the global stability of the endemic equilibrium, E∗
e , we employ the Lya-

punov method with the Volterra-Lyapunov stable matrix (Chien & Shateyi 2021). We

begin with a concise review of relevant definitions and theorems, and then construct

the Lyapunov function.

Definition 3.9. A real square matrix A is (positive) stable iff there exists a positive

definite matrix D such that AD+DAT is positive definite.
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Definition 3.10. A real square matrix A is diagonally stable (or Lyapunov diag-

onally stable) if there exists a positive diagonal matrix D such that AD +DAT is

positive definite.

Definition 3.11. A square n× n matrix A is said to be Volterra–Lyapunov stable

if there exists a positive diagonal n× n matrix D such that DA + ATD is negative

definite.

Lemma 3.12. (Hershkowitz 1992) If A is a real square matrix with positive principal

minors, then there exists a positive diagonal matrix D such that the matrix product

DA has all positive eigenvalues.

Lemma 3.13. (Barker et al. 1978) A matrix A is Lyapunov diagonally stable if and

only if there exists a positive diagonal matrix D such that xTDAx > 0, for all non-zero

vectors x.

Define the Lyapunov function:

L = 1
2

[k1(SC −S∗
C)2 +k2(IC − I∗C)2 +k3(TC −T∗

C)2 +k3(M−M∗)2+

k4(SS −S∗
S)2 +k6(IS − I∗S)2 +k7(P −P∗)2],

where ki ’s are constants with positive values.

dL
dt

= k1(SC −S∗
C)

dSC

dt
+k2(IC − I∗C)

dIC

dt
+k3(TC −T∗

C)
dTC

dt
+k4(M−M∗)

dM
dt

+k5(SS −S∗
S)

dSS

dt
+k6(IS − I∗S)

dIS

dt
+k7(P −P∗)

dP
dt

.
(3.33)

Simplifying Equation (3.33) gives,

dL
dt

=Y (WQ+QTW)Y T ,

where, Y = (SC−S∗
C, IC−I∗C,TC−T∗

C, M−M∗,SS−S∗
S, IS−I∗S,P−P∗), W = diag(k1,k2, ...,k7)
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and

Q =



−P∗γc −µc 0 λ 0 0 0 −S∗
Cγc

P∗γc −δc −µc 0 0 0 0 S∗
Cγc

0 δc −λ−µc 0 0 0 0

0 γm 0 −µm 0 0 0

0 0 0 −S∗
Sγs −µs −M∗γs 0 0

0 0 0 S∗
Sγs M∗γs −µs 0

0 0 0 0 0 γp −µp



. (3.34)

Theorem 3.14. The matrix Q stated in Equation (3.34) is Volterra–Lyapunov stable.

Proof. We claim and demonstrate that , C =−Q in equation (3.34) is diagonally

stable, thus confirming the Volterra-Lyapunov stability of Q.

C =



P∗γc +µs 0 λ 0 0 0 S∗
Cγc

−P∗γc δc +µc 0 0 0 0 −S∗
Cγc

0 −δc λ+µc 0 0 0 0

0 −γm 0 µm 0 0 0

0 0 0 S∗
Sγs µs +M∗γs 0 0

0 0 0 −S∗
Sγs −M∗γs µs 0

0 0 0 0 0 −γp µp



. (3.35)

Lemma 3.15. The matrix C described in Equation (3.35) is diagonally stable.

Proof. The principal minors of C are positive, implying by Lemma 3.12 the ex-

istence of a diagonal matrix W such that WC has positive eigenvalues. Thus, WC is

positive definite, and there exists a nonzero vector x such that xTWCx > 0. Therefore,

by Lemma 3.13, C is Lyapunov diagonally stable.

A matrix C is diagonally stable (Definition 3.10), since there exists a positive

diagonal matrix D such that WC +CTW > 0. Consequently, if C = −Q, then WQ +
QTW < 0, implying that Q is Volterra-Lyapunov stable (Definition 3.11).

Therefore, dL
dt ≤ 0, satisfying the Lyapunov stability criterion. As a result, the

singleton E∗
e , which represents the endemic equilibrium point, becomes the largest

invariant set in Ω. Thus, based on Lasalle’s invariance principle (LaSalle 1976), it

can be concluded that E∗
e is globally asymptotically stable within Ω. □
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3.4 Sensitivity Analysis

Sensitivity analysis is widely used in epidemiology to identify the most influential

parameters of the model (Madubueze et al. 2022). The normalized sensitivity index

that measures the percentage change of R0 in relation to the parameter ω, denoted

by ΓR0
ω and defined as (Zamir et al. 2016)

ΓR0
ω = ∂R0

∂ω
.
ω

R0
. (3.36)

Table 3.2 summarizes the sensitivity index results using the parameter values

from Table 3.1. Figure 3.3 illustrates a graphical simulation of the sensitivity in-

dices. The result of the sensitivity analysis shows that the recruitment rates, the

production rates of miracidia and metacercariae and the transmission rates of cattle

and snails are the most sensitive parameters with a direct influence on R0. Bio-

logically, the transmission rates for the snail and cattle populations, as well as the

rates at which cattle produce miracidia and snails produce metacercariae, have con-

tributed to the severity of F. hepatica in cattle. The positive index indicates that if

the per capita infection rate of cattle (γc) is adjusted by 10%, the value of R0 will

increase or decrease similarly by approximately 5%.

The results also show that the mortality rates of the miracidia, metacercaria and

snail populations, as well as the treatment rate of infected cattle, indirectly impact

the effective reproduction number. The snail mortality rate is the most significant

parameter that has an indirect effect on R0. A 5% increase or decrease in the snail

mortality rate (µs) will lead to an approximate 5% decrease or increase in the value

of R0, respectively. Therefore, to prevent the spread of F. hepatica infection in cattle,

stakeholders should increase the treatment rates and mortality rates of the snail,

miracidia and metacercaria populations.

3.5 Numerical Simulations and Discussion

This section presents simulations using the parameter values in Table 3.1 to inves-

tigate the dynamics of F. hepatica disease spread. Parameter values are sourced



40

Sensitivity indices

-1 -0.5 0 0.5

c

s

c

c

m

p

s

c

m

p

s

Figure 3.3: Sensitivity analysis of model (3.1) parameters.

Table 3.2: Normalized forward sensitivity indices for model (3.1).

Parameters Sensitivity indices

µs -1

µc -0.5023

µm -0.5

µp -0.5

δc -0.497698

Λc +0.5

Λs +0.5

γm +0.5

γp +0.5

γc +0.5

γs +0.5

from existing studies or proposed for simulation. Numerical simulations have been

performed using the MATLAB ode45 code.
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3.5.1 The Stability Behaviour of Endemic Equilibrium

Simulations are performed for the first 2000 days, with initial conditions set as

(S∗
C(0), I∗C(0),T∗

C(0), M∗(0),S∗
S(0), I∗S(0),P∗(0))= (103,800,600,6.5∗103,106,3∗105,1.2∗

106). Using the values of the parameters Table 3.1 for model (3.1), we found the re-

production number, R0 = 1.93597> 1. In fact, using these parameter values in model

(3.1), we obtain a unique endemic equilibrium point E∗
e = (S∗

C, I∗C,T∗
C, M∗,S∗

S, I∗S,P∗)=
(1227.49,1436.6,957.535,11109.7,1.43651∗106,388303,1.56477∗106). Figure 3.4 shows
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Figure 3.4: The population changes over time and the stability behavior of the en-

demic equilibrium for model (3.1).

that solution trajectories converge to the endemic equilibrium point E∗
e , which is

locally stable when R0 > 1. This indicates that Fasciola hepatica will continue to

spread without intervention. Figure 3.5 shows that, regardless of the initial num-

ber of infected cattle with in the feasible region, the solution will always tend the
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Figure 3.5: Global stability of the endemic equilibrium for infected cattle dynamics.

endemic equilibrium over time. This implies that F. hepatica will persist in cattle

populations.

3.5.2 The Stability Behavior of Disease-Free Equilibrium

With transmission rates reduced to γc = 0.0000003 and γs = 0.00000002, a treat-

ment rate of δc = 0.7, and a snail mortality rate of 0.002, the reproduction number is

R0 = 0.840751, and the disease-free equilibrium is E∗
0 = (3621.62,0,0,0,1.5∗106,0,0).

Figure 3.6 illustrates that all the model solution trajectories converge to the disease-

free equilibrium (DFE) over time, indicating its local stability. Furthermore, Figure

3.7 indicates that regardless of initial conditions, the number of infected cattle tends

to zero over time. This further demonstrates that the disease would eventually be

eliminated in the cattle population. In contrast, susceptible cattle and snail popula-
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tions will reach their maximum values of Λc
µc

and Λs
µs

, respectively. From a biological

perspective, it can be concluded that F. hepatica disease in cattle can be eliminated

when R0 < 1. Stakeholders should aim to minimize the reproduction number as much

as possible through interventions to accelerate the elimination of the disease.
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Figure 3.6: The changes in the number of cattle over time and stability behavior of

disease-free equilibrium for model (3.1).

3.5.3 Contour and Surface Plots of R0 for Combination of Parameters

Figure 3.8 (a-d) depicts how the reproduction number is affected by two control pa-

rameters, as demonstrated through the contour plots. Figure 3.8 (a) clearly illus-

trates the need to give utmost priority to the region below the yellow color when

implementing snail control measures and proficiently managing the per capita infec-

tion rate of snails to achieve successful elimination of the disease. When the snail

death rate is low, there is an inverse relationship, causing the reproduction number
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Figure 3.7: Global stability of the disease-free equilibrium for infected cattle dynam-

ics (3.1).

to increase and the disease to persist. Figure 3.8 (b) emphasizes the crucial role of

snail and cattle infection rates in the transmission and impact of F. hepatica disease

in cattle. It highlights that higher snail infection rates lead to a larger reservoir

of parasites in the environment, which subsequently increases the risk of cattle ex-

posure to the parasite. To effectively control and potentially eliminate the disease,

policymakers should aim to minimize these infection rates to a level where the re-

production number is less than 1.

Contour and surface plots (Figures 3.8(c) and 3.9) indicate that disease control

strategies focused on improved treatment and reduced cattle infection rates can bring

R0 below one. This suggests that interventions targeting the treatment rate and the

cattle infection rate can effectively reduce the spread of the disease and potentially

lead to its eradication.

Policymakers and healthcare professionals can focus on establishing strategies to

reduce treatment and cattle infection rates. These measures might include improv-

ing access to treatment options, implementing effective preventive measures for cat-

tle and adopting bio-security protocols to minimize the risk of disease transmission.
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Finally, Figure 3.8 (d) shows that simultaneously improving the combined treatment

rate for infected cattle and snail mortality rate leads to a lower reproduction num-

ber. Without adequate adjustments to these rates, the reproduction number remains

high, indicating the persistence of the disease.

Figure 3.8: Contour plot of reproduction number for model (3.1). (a) R0 as a function

of µs and γs. (b) R0 as a function of γc and γs. (c) Contour plot of R0 as a function of

δc and γc. (d) R0 as a function of δc and µs.

3.5.4 Parameter Impact on the Disease Dynamics

Effect of Per Capita Infection Rates

Figure 3.10 illustrates a graphical representation of the reproductive number in

terms of the disease transmission rates of cattle and snails based on parametric

values in Table 3.1. It shows that as the values of γc and γs increase, R0 also in-

creases and becomes greater than one to the right of γ∗c = 1.4338∗ 10−7 and γ∗s =
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Figure 3.9: Surface plot of reproduction number (R0) as a function of δc and γc, for

model (3.1).

1.1473∗10−8. This shows that the transmission of the disease between cattle and

snails contributes significantly to the endemic equlibrum of F. hepatica. Below the

critical transmission rates γ∗c and γ∗s , the disease would die out. Figure 3.11 shows

Figure 3.10: The effect of snail and cattle transmission rates on R0 for model (3.1).

the effects of snail transmission rate on infected cattle using various values of γs =
0.0000000147,0.00000004,0.00000005,0.00000006. In the same way, considering
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different values of γc = 0.0000001433,0.0000005,0.0000006,0.0000007, the impact

of per capita infection rates on cattle has been investigated. Higher infection rates

in both cattle and snails lead to an increase in infected cattle. Therefore, to control

the spread of the disease in the cattle population, the transmission rates for cattle

and snails should be reduced to below γ∗c and γ∗s , respectively.
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Figure 3.11: The effect of transmission rates on infected cattle for model (3.1).

Effect of the Cattle Treatment Rate

Figure 3.12 illustrates the impact of the treatment rate (δc) on R0 and the epidemi-

ology of the disease. It has been shown that as the intensity of treatment increases,

both R0 and the equilibrium number of infected cattle decrease. From an epidemi-

ological perspective, improving treatment can reduce the number of infected cattle.

For small values of the treatment rate, R0 remains greater than 1. As a result, the

solution graphs of the system will converge to the endemic equilibrium point, allow-

ing the infection to persist. Increasing the rate of treatment and reducing disease

transmission can help reduce the incidence of F. hepatica infection.

Effect of Snail Mortality Rate

Figures 3.13 and 3.14 illustrate the impacts of snail mortality rates (µs) on the repro-

duction number and the infected cattle population, respectively. Figure 3.14 shows

that the number of infected cattle decreases correspondingly as the snail mortality

rate increases (with values of µs = 0.001644, 0.0018, 0.002, 0.004). When the snail
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Figure 3.12: Effect of treatment rate on reproduction number and infected cattle for

model (3.1).

mortality rate is below µs = 0.00306999, the reproduction number exceeds one, al-

lowing the F. hepatica disease to persist. In contrast, when the snail mortality rate is

higher than µs = 0.00306999, R0 falls below one, eliminating the disease. Controlling

the snail population reduces cattle infection and the density of metacercariae in the

ecosystem. Therefore, additional measures should be implemented to decrease the

number of snails and eliminate the spread of Fasciola hepatica in cattle.
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Figure 3.13: Effect of snail mortality rate on the reproduction number for model (3.1).
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Figure 3.14: Effect of snail mortality rate on infected cattle for model (3.1).

3.6 Conclusion

In this chapter, a deterministic mathematical model is developed for the transmis-

sion dynamics of F. hepatica. Mathematical analysis and numerical simulations

demonstrate that the disease-free equilibrium is locally and globally asymptotically

stable when R0 < 1. It has also been shown that the endemic equilibrium point is lo-

cally and globally stable when R0 > 1. The model exhibits a forward bifurcation. This
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situation occurs when the Fasciola hepatica-free equilibrium starts to lose its stabil-

ity and a steady endemic equilibrium emerges while R0 tends to increase through

one. In models exhibiting forward bifurcation, having R0 < 1 is a necessary and suf-

ficient condition for eradication of F. hepatica disease (Gumel 2012).

The sensitivity analysis is used to assess the impact of various parameters on F.

hepatica. The results reveal that recruitment rates, transmission rates among cattle

and snail populations and shedding rates of miracidia and metacercariae directly af-

fect the prevalence of F. hepatica in the cattle population. Furthermore, the mortality

rates of the miracidia, metacercariae and snail populations, as well as the treatment

rate of infected cattle, indirectly influence the spread of the F. hepatica parasite.

Numerical simulations show that treatment alone is insufficient to prevent dis-

ease transmission in cattle and requires additional control measures. Combining

effective treatment with lower transmission and higher snail mortality rates sig-

nificantly improves disease management. This finding is consistent with a study

by (Diaby et al. 2019), which found that the percentage of animals receiving med-

ical treatment is not as important as combination of quarantine with treatment to

prevent the disease. Furthermore, a study by (Kadaleka et al. 2021) suggests that

combinations of mollusciciding and treatment in a contaminated environment can

effectively decrease the spread of disease, outperforming individual control methods.

This integrated approach targeting both snail hosts and infected cattle could signif-

icantly reduce the disease burden and improve animal health outcomes, suggesting

the importance of implementing such strategies in endemic regions for sustainable

disease control and elimination. Therefore, stakeholders should reduce transmission

rates, improve treatment rates and increase mortality rates in the snail population

to control this disease.
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Chapter 4

4 Optimal Control and Cost-Effectiveness Analysis

of Fasciola Hepatica Model

4.1 Introduction

This chapter develops a dynamic integrated control model from the core fascioliasis

transmission model (3.1) by incorporating intervention measures. Sensitivity analy-

sis of the prior model pinpointed snail mortality as a critical epidemiological parame-

ter, underscoring the inherent limitation of relying solely on anthelmintic treatment.

This result provides the quantitative justification for advancing an integrated control

framework, where combined tactics achieve a more effective and resilient suppres-

sion of transmission. We present the mathematical formulation for the combined ef-

fects of targeted treatment, pasture management, and molluscicide use. This refined

model serves as a decision-support system, enabling evaluation of control strategies,

resource allocation optimization, and long-term sustainability assessment regarding

anthelmintic resistance. Effective fascioliasis control, requires reducing intermedi-

ate host populations or using anthelmintics. Consequently, this chapter presents an

optimal control problem, assessing the impact and cost-effectiveness of three time-

dependent preventive and control strategies on fascioliasis transmission dynamics

in cattle, using a deterministic model. The Pontryagin maximum principle is applied

to identify optimal conditions for disease control via interventions.

4.2 Optimal Control Model Formulation

Optimal control theory optimizes the behavior of dynamic systems (Bat et al. 2010).

Based on the sensitivity analysis in Chapter 3, we extend the optimal control model,

focusing on control variables: u1(t), which represents pasture management to reduce
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the risk of metacercariae infection in cattle. Similarly, u2(t) represents measures for

the treatment of cattle and u3(t) quantifies efforts to control snails using molluscicide

to mitigate F. hepatica disease. By integrating these control variables into the model

(3.1), we derive the following formulation.

S′
C(t)=Λc − (1−u1(t))γcSC(t)P(t)−µcSC(t)+λTC(t),

I ′C(t)= (1−u1(t))γcSC(t)P(t)− (δc +u2(t)+µc)IC(t),

T ′
C(t)= (δc +u2(t))IC(t)− (λ+µc)TC(t),

M′(t)= γmIC(t)−µmM(t),

S′
S(t)=Λs −γsSS(t)M(t)− (µs +u3(t))SS(t),

I ′S(t)= γsSS(t)M(t)− (µs +u3(t))IS(t),

P ′(t)= γpIS(t)−µpP(t),

(4.1)

subject to initial conditions of the model (3.1).

Nonlinear control interventions are used due to the non-linear costs of health-

care prevention measures (Ogunmiloro 2022, Asamoah, Jin, Sun, Seidu, Yankson,

Abidemi, Oduro, Moore & Okyere 2021). We aim to decrease the number of infected

cattle, manage the snail population and minimize the costs of these interventions.

The cost of interventions is defined as follows:

J(u1,u2,u3)=
∫ t f

0

(
A1IC + A2NS + 1

2
C1u2

1 +
1
2

C2u2
2 +

1
2

C3u2
3

)
dt, (4.2)

where A1 and A2 are positive weights used to balance factors related to the number

of infected cattle and the total snail population, respectively. Likewise, C1, C2 and C3

denote the weights assigned to the costs of the control programs over t f days, which

represents the time frame for implementing the control strategy.

The objective is to identify the optimal controls, u∗
1 , u∗

2 and u∗
3 that satisfy the

following condition:

J(u∗
1 ,u∗

2 ,u∗
3)=min

U
J(u1,u2,u3), (4.3)

where the control set U consists of Lebesgue-measurable bounded functions and is

defined as follows:

U = {u : 0≤ u1(t)≤ 1,0≤ u2(t)≤ 1,0≤ u3(t)≤ 1, for t ∈ [0, t f ]}.
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4.2.1 Existence of an Optimal Control

Theorem 4.1. For Equation (4.3) to be valid, it is required to meet the following con-

ditions A–D. These conditions are necessary to identify an optimal control (u∗
1 ,u∗

2 ,u∗
3)

that minimizes the objective functional J(u1,u2,u3) while satisfying the constraints

of the control model (4.1).

(A) The admissible control set U must be both convex and closed.

(B) The control system must be bounded by a linear function involving the state and

control variables.

(C) The integrand of the objective functional in (4.2) must exhibit convexity with

respect to the controls.

(D) The Lagrangian must be bounded below by

a0

( 3∑
i=1

|ui|2
) a2

2 −a1,

where a0 > 0, a1 > 0 and a2 > 1.

Proof. To establish the existence of an optimal control (u∗
1 ,u∗

2 ,u∗
3), we assign the

right-hand side of the system (4.1) as f (t,X ,u), where X = (SC, IC,TC, M,SS, IS,P),

u = (u1,u2,u3) ∈U = [0,1]× [0,1]× [0,1] and

f (t,X ,u)=



Λc − (1−u1(t))γcSC(t)P(t)−µcSC(t)+λTC(t)

(1−u1(t))γcSC(t)P(t)− (δc +u2(t)+µc)IC(t)

(δc +u2(t))IC(t)− (λ+µc)TC(t)

γmIC(t)−µmM(t)

Λs −γsSS(t)M(t)− (µs +u3(t))SS(t)

γsSS(t)M(t)− (µs +u3(t))IS(t)

γpIS(t)−µpP(t)



. (4.4)

Following the approach outlined in Mwamtobe et al. (2014), we proceed to verify

the satisfaction of the essential conditions.
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(A) By definition, it is clear that the control set U exhibits the closure property.

Let v = (v1,v2,v3) and w = (w1,w2,w3) represent arbitrary elements belonging to U .

Consequently, based on the definition of a convex set, it can be inferred that

(1− t)v+ tw ∈U for all t ∈ [0,1].

Let us take two arbitrary corresponding coordinates, vi and wi, such that 0 ≤ vi ≤ 1

and 0 ≤ wi ≤ 1. For any value of t between 0 and 1, the convex combination (1− t)∗
vi+ t∗wi is within the interval [0, 1]. As a result, the expression (1− t)v+ tw belongs

to U , indicating the convexity of U .

(B) It can be demonstrated that there are functions g and h such that

f (t,X ,u)= g(t,X )+h(t,X )u, (4.5)

where, f (t,X ,u) is in Equation (4.4) and

g(t,X )=



Λc −γcSC(t)P(t)−µcSC(t)+λTC(t)

γcSC(t)P(t)− (δc +µc)IC(t)

δcIC(t)− (λ+µc)TC(t)

γmIC(t)−µmM(t)

Λs −γsSS(t)M(t)−µsSS(t)

γsSS(t)M(t)−µsIS(t)

γpIS(t)−µpP(t)



,

h(t,X )=



γcSC(t)P(t) 0 0

−γcSC(t)P(t) −IC(t) 0

0 IC(t) 0

0 0 0

0 0 −SS(t)

0 0 −IS(t)

0 0 0



.

Applying the norm inequality stated in Equation (4.5) yields that

| f (t,X ,u)| ≤ |g(t,X )|+ |h(t,X )||u|.
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The functions g and h are continuous for the state variables and each state vari-

able is constrained; it becomes evident that both |g| and |h| are bounded functions.

This implies that there exist numbers a and b such that |g| ≤ a and |g| ≤ b.

This provides,

| f (t,X ,u)| ≤ |g(t,X )|+ |h(t,X )||u|
≤ a+b|u|
≤max{a,b}(1+|u|).

Therefore, || f (t,X ,u)|| ≤ c(1+|u|), where c = max{a,b}. This demonstrates that con-

dition (B) is fulfilled.

(C) Initially, it is important to observe that the objective function (4.2), possesses

an integrand with characteristics similar to that of the Lagrangian form.

L = A1IC + A2NS + 1
2

C1u2
1 +

1
2

C2u2
2 +

1
2

C3u2
3. (4.6)

Assume v = (v1,v2,v3) and w = (w1,w2,w3) be to arbitrary elements of U , λ ∈ [0,1]

then it is necessary to prove that

L (t,X , (1−λ)v+λw)≤ (1−λ)L (t,X ,v)+λ(L (t,X ,w).

L (t,X , (1−λ)v+λw)= A1IC + A2NS + 1
2

3∑
i=1

(
Ci((1−λ)vi +λwi)

)2
. (4.7)

Also, we have,

(1−λ)L (t,X ,v)+λ(L (t,X ,w)= A1IC +A2NS + 1
2

(1−λ)
3∑

i=1
Civ2

i +
1
2
λ

3∑
i=1

Ciw2
i . (4.8)

Subtracting Equation (4.8) from Equation (4.7)

L (t,X , (1−λ)v+λw)−
(
(1−λ)L (t,X ,v)+λ(L (t,X ,w)

)
= 1

2
(λ2−λ)

3∑
i=1

Ci(vi−wi)2 ≤ 0

Since λ is in the interval [0,1], the right-hand side of the equation is nonpositive.

Therefore, L is a convex function.

(D) Furthermore, it is evident that there exists a value a2 > 1, along with positive
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numbers a1 and a0, which satisfy the given conditions:

L = A1IC + A2NS + 1
2

C1u2
1 +

1
2

C2u2
2 +

1
2

C3u2
3 ≥

1
2

(C1u2
1 +C2u2

2 +C3u2
3)

≥ 1
2

min{C1,C2,C3}
(
u2

1 +u2
2 +u2

3

)
≥ 1

2
min{C1,C2,C3}

(
u2

1 +u2
2 +u2

3

)
−a1

= a0

(
u2

1 +u2
2 +u2

3

) a2
2 −a1,

where a2 = 2, a1 > 0, and a0 = 1
2 min{C1,C2,C3}. This implies that

L ≥ a0

(
u2

1 +u2
2 +u2

3

) a2
2 −a1.

Therefore, the Lagrangian is bounded below by a0

(∑3
i=1 |ui|2

) a2
2 − a1, where a0 > 0,

a1 > 0 and a2 > 1. □

4.2.2 Characterization of the Optimal Control Problem

To solve the above-formulated problem of optimal control, we use Pontryagin’s max-

imum principle, described in studies (Pontryagin 2018, Asamoah et al. 2022). This

principle provides the necessary conditions for optimal control. With this principle,

we can convert differential equations (4.1) and (4.6) into problems of Hamiltonian

minimization concerning control variables (u1,u2,u3), which gives the conditions for

optimality of control. This generally involves the search for a control strategy that

minimizes a cost function subject to some constraints; this can be rephrased in terms

of a Lagrangian function L as defined by (4.6), which includes both the cost function

and the constraints. Using a Hamiltonian function H , the control problem can be

expressed as:

H =L +δ1
dSC

dt
+δ2

dIC

dt
+δ3

dTC

dt
+δ4

dM
dt

+δ5
dSS

dt
+δ6

dIS

dt
+δ7

dP
dt

.

The notation δi for i = 1 to 7 indicates seven adjoint variables corresponding to the

state equations SC, IC, TC, M, SS, IS and P. Simplifying the Hamiltonian function
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results in a more concise form.

H = A1IC + A2NS + 1
2

[C1u2
1 +C2u2

2 +C3u2
3]+δ1[Λc − (1−u1)γcSCP −µcSC +λTC]

+δ2[(1−u1)γcSCP − (δc +u2 +µc)IC]+δ3[(δc +u2)IC − (λ+µc)Tc]

+δ4[γmIC −µmM]+δ5[Λs −γsSSM− (µs +u3)SS]

+δ6[γsSSM− (µs +u3)IS]+δ7[γpIS −µpP].

(4.9)

Theorem 4.2. The optimal control variables, u∗
1(t), u∗

2(t) and u∗
3(t), along with the

solutions X := (SC, IC,TC, M,SS, IS,P) of the system (4.1), are associated with adjoint

variables δi (where i ranges from 1 to 7), which satisfy

dδ
dt

=−∂H (t,X ,u,δ)
∂X

,

with transversality conditions δi(t f )= 0, i = 1,2, ...,7.

Additionally, the optimality conditions for the problem are given by

u∗
1 =max

{
0,min

{
1,

(δ2 −δ1)γcSCP
C1

}}
,

u∗
2 =max

{
0,min

{
1,

(δ2 −δ3)IC

C2

}}
,

u∗
3 =max

{
0,min

{
1,

(δ5SS +δ6IS)
C3

}}
.


Proof. If (X ,u) denotes an optimal solution for an optimal control problem, then

the existence of a nontrivial vector function δ= (δ1,δ2,δ3,δ4,δ5,δ6,δ7) is guaranteed.

This vector function satisfies the following set of equations.

dδ
dt

=−∂H (t,X ,u,δ)
∂X

,

where X = (SC, IC,TC, M,SS, IS,P), with transversality conditions: δi(t f ) = 0, i =
1,2, ...,7.
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Therefore, the corresponding adjoint system can be expressed as:

dδ1

dt
= γc(1−u1)P(δ1 −δ2)+µcδ1,

dδ2

dt
=−A1 + (δc +u2 +µc)δ2 − (δc +u2)δ3 −γmδ4,

dδ3

dt
=−λδ1 + (λ+µc)δ3,

dδ4

dt
=µmδ4 + (γsSS)(δ5 −δ6),

dδ5

dt
=−A2 +γsM(δ5 −δ6)+ (µs +u3)δ5,

dδ6

dt
=−A2 + (µs +u3)δ6 −γpδ7,

dδ7

dt
= γc(1−u1)(δ1 −δ2)SC +µpδ7.

To derive the optimality conditions, we calculate the derivative of the Hamiltonian

function (4.9) for the control variables and solve for the point where the derivative is

zero.
∂H (t,X ,u,δ)

∂u
= 0.

This leads to the following expression:

∂H

∂u1
= C1u1 + (δ1 −δ2)γcSCP = 0,

∂H

∂u2
= C2u2 + (δ3 −δ2)IC = 0,

∂H

∂u3
= C1u1 −δ5SS −δ6IS = 0.

Solving the equations for u∗
1(t), u∗

2(t) and u∗
3(t), we can draw the following conclu-

sion.
u∗

1 =max
{

0,min
{

1,
(δ2 −δ1)γcSCP

C1

}}
,

u∗
2 =max

{
0,min

{
1,

(δ2 −δ3)IC

C2

}}
,

u∗
3 =max

{
0,min

{
1,

(δ5SS +δ6IS)
C3

}}
.
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4.3 Numerical Simulations and Discussions

In this section, we present the results of numerical simulations performed to address

the optimal control problem. In addition, we would compare the results under two

different scenarios: one incorporating optimal control and the other involving no

control at all. The simulations were conducted using the parameter values specified

in Table 3.1.

The fourth-order Runge-Kutta forward-backward scheme is used to solve the con-

trol model numerically. An optimal control simulation was performed using a 100-

day time step for time series analysis. The values of the weight constants and the

cost constants used in the simulations are A1 = 800, A2 = 500, C1 = 100, C2 = 85 and

C3 = 90. To see the impact that each control measure has on the elimination of F.

hepatica disease, we evaluated the efficiency of four control strategies. Our objective

was to determine the most favourable mix of these interventions.

Strategy A: Pasture management (u1) and cattle treatment (u2).

Strategy B: Pasture management (u1) and molluscicides (u3).

Strategy C: Cattle treatment (u2) and molluscicides (u3).

Strategy D: Combine all three controls.

4.3.1 Strategy A: Pasture Management and Cattle Treatment

Integrating pasture management (u1) and infected cattle treatment (u2), while omit-

ting molluscicide control (u3 = 0), optimizes the objective function J (Figure 4.1). Fig-

ure 4.1a illustrates that the implementation of these combined interventions leads

to a decrease in the number of cattle infected with the disease. Figure 4.1c indicates

that this approach requires maintaining maximum cattle treatment throughout al-

most the entire intervention period, while pasture management should be at its peak

during the initial 50 days and then gradually decrease to zero. Studies (Rahmann

& Seip 2006, Knubben-Schweizer et al. 2010) confirm that effective pasture man-
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Figure 4.1: The optimal combined effect of implementing pasture management

(u1(t)) and cattle treatment (u2(t)) for: (a) infected cattle, (b) total snail and (c) con-

trol profile.

agement and regular anthelmintic treatment for infected cattle significantly reduce

disease prevalence and transmission.

4.3.2 Strategy B: Pasture Management and Molluscicides

Figure 4.2 shows the simulation results for optima pasture management (u1) and

molluscicides (u3). Figures 4.2a and 4.2b shows that optimal controls significantly

reduce both the number of infected cattle (IC) and the snail population (NS) com-

pared to scenarios without controls. As shown in Figure 4.2c, this strategy requires



61

t (days)
0 10 20 30 40 50 60 70 80 90 100

In
fe
ct
ed

ca
tt
le

0

100

200

300

400

500

600

700

800

u
2
=0, u

1
 0, u

3
 0

u
1
=0, u

2
=0, u

3
=0

(a)

t (days)
0 10 20 30 40 50 60 70 80 90 100

T
ot
al

p
op

u
la
ti
on

of
sn
ai
ls

×10
5

0

2

4

6

8

10

12

14

u
2
=0, u

1
  0, u

3
  0

u
1
=0, u

2
=0, u

3
=0

(b)

t (days)
0 10 20 30 40 50 60 70 80 90 100

C
on

tr
ol

p
ro
fi
le

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
u

1

u
3

(c)

Figure 4.2: The optimal combined effect of implementing pasture management

(u1(t)) and molluscicides (u3(t)) for: (a) infected cattle, (b) total snail and (c) con-

trol profile.

maintaining the control profile for pasture management (u1) and the use of mollusci-

cides (u3) at their maximum levels for approximately 90% and 95% of the 100 days,

respectively.

4.3.3 Strategy C: Treatment and Molluscicides

To minimize the objective functional J, we perform simulations in Figure 4.3 that

represent the treatment of infected cattle (u2) combined with the use of molluscicide

while setting the pasture management (u3) practice to zero. Figure 4.3a shows that
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Figure 4.3: The optimal combined effect of implementing cattle treatment (u2(t)) and

molluscicides (u3(t)) for: (a) infected cattle, (b) total snail and (c) control profile.

under control, the number of cattle infected by F. hepatica drops dramatically. Figure

4.3b shows a substantial decline in snail population when implementing this control

strategy. Figure 4.3c also illustrates the control profiles for the treatment of infected

cattle (u2) and molluscicides (u3). The analysis suggests that the treatment control

consistently maintains its upper bound of 100% for 95 days. On the other hand,

the molluscicide control reaches its maximum level of 100% throughout the entire

implementation period.
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4.3.4 Strategy D: Pasture Management, Treatment and Molluscicides

In this strategy shown in Figure 4.4, we use the three controls, namely u1, u2 and

u3, to optimize the objective function J. Figures 4.4a and 4.4b illustrate that all

three of these optimal controls must be used together to eliminate the disease in both

cattle and snail populations. In Figure 4.4c, in which pasture management is strictly

maintained at a maximum level of 100% for 95 days, treatment administration is

at a maximum of 100% for 52 days. The possibility of molluscicide control remains

continuously at a maximum level of 100% until the end of 100 days, when the optimal

solution can be reached. It is highly effective when these three controls are combined

to reduce infected cattle, compared to a combination of two control measures.

4.4 Cost-Effectiveness Analysis

Cost-effectiveness analysis balances costs against outcomes to guide resource alloca-

tion and policy decision-making for the control of F. hepatica infection in cattle. An

incremental cost-effectiveness ratio was used in a cost-effectiveness analysis com-

paring the differences in total costs to indicate the best strategy for controlling F.

hepatica in cattle. When strategy i outperforms strategy j, the incremental cost-

effectiveness ratio (ICER) is calculated as:

ICER = TC(i)
T A(i)

.

ICER( j)= TC( j)−TC(i)
T A( j)−T A(i)

.

where the total costs (TC) and the total cases averted (T A), during a given period for

strategy i for i = A,B,C,D.

Based on the simulation results, we arrange the control strategies in ascending

order of effectiveness in terms of the averted infections. This ranking procedure

reveals that the strategy D resulted in the lowest number of infections averted, fol-

lowed by the strategies A, C and B (Table 4.1). Using this ranking, we initially
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Figure 4.4: The optimal combined effect of implementing pasture management

(u1(t)), cattle treatment (u2(t)) and molluscicides (u3(t)) for: (a) infected cattle, (b)

total snail and (c) control profile.
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compare the ICER between strategy D and strategy A as follows:

ICER(D)= 9.6074×105

5.1348×103 = 187.202.

ICER(A)= 6.2737×105 −9.6074×105

5.1369×103 −5.1348×103 =−15879.5238.

The lower ICER for strategy A indicates that strategy D is strongly dominated by

strategy A. It can be inferred that strategy A is more cost-effective than strategy D.

Therefore, strategy D is rejected and the analysis focuses on comparing strategy A

and strategy C.

ICER(A)= 6.2737×105

5.1369×103 = 122.087.

ICER(C)= 6.4329×105 −6.2737×105

5.6423×103 −5.1369×103 = 31.521.

Strategy A is more expensive and less effective than strategy C. Therefore, strategy

A is rejected and the analysis focuses on comparing strategy C with strategy B.

ICER(C)= 6.4329×105

5.6423×103 = 113.989.

ICER(B)= 7.1606×105 −6.4329×105

1.2289×104 −5.6423×103 = 12.88.

These results show that strategy B is more cost-effective and efficient than strategy

C. Thus, the strategy B, including pasture management and molluscicides, becomes

the best among the four strategies in that order, followed by the strategies C, A and

D.
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Table 4.1: Total amount of F. hepatica infection averted and total cost for all strate-

gies.

Strategies Total infection averted Total cost ($)

strategy D (control u1, u2 and u3) 5.1348×103 9.6074×105

strategy A (control u1 and u2) 5.1369×103 6.2737×105

strategy C (control u2 and u3) 5.6423×103 6.4329×105

strategy B (control u1 and u3) 1.2289×104 7.1606×105

4.5 Conclusion

An optimal control model analyzed control strategies for Fasciola hepatica in cattle

to identify the most cost-effective approach, considering pasture management, cattle

treatment and molluscicide use. Pontryagin’s maximum principle defined the neces-

sary conditions for optimal control. Numerical simulations showed that double and

triple control strategies effectively reduced infected cattle, with combination of pas-

ture management, treatment and molluscicide proving significantly more effective

than double control strategies, consistent with Madubueze et al. (2022). Simula-

tions indicate that maximizing the molluscicide control variable enhances Fasciola

hepatica control, confirming its importance in interventions, consistent with Nur,

Suryanto, Kusumawinahyu et al. (2022). Controlling intermediate snail host popu-

lations remains a promising strategy in endemic areas and molluscicides are a po-

tential tool for managing fluke infections (Solomon & Alemu 2019, Feyisa 2021).

The cost-effectiveness analysis was done using the incremental cost-effectiveness

ratio (ICER) to see the level of benefit and cost-effectiveness of these intervention

strategies. The results indicate that combined pasture management and mollusci-

cides were the most efficient and cost-effective strategies to eliminate Fasciola hep-

atica. Rizwan et al. (2022) suggests that strategic anthelmintic rotations may im-

prove control of both immature and adult flukes, supporting these findings. Finally,
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we suggest that policy makers adopt a combined strategy involving pasture manage-

ment and molluscicide intervention, as it will be the most cost-effective approach to

controlling F. hepatica disease.
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Chapter 5

5 The Impact of Early Diagnosis and Treatment in

a Fasciola Hepatica Model

5.1 Introduction

Mathematical models of disease transmission often omit the crucial exposed (infected

but non-infectious) stage. Incorporating this latent stage improves outbreak pre-

diction and allows timely interventions. Early diagnosis within the exposed group,

using advanced equipment, enables prompt treatment, reduces disease burden and

transmission. Cattle diagnosis is based on clinical signs, grazing history, seasonal

patterns, fecal analysis, postmortem examinations and detection of liver fluke. We

are unaware of any deterministic model of fascioliasis that accounts for the effect of

the latent period. Addressing both exposed individuals and those under treatment

optimizes disease control by preventing infectiousness and reducing prevalence, par-

ticularly in high-risk populations. Therefore, including the exposed group and prior-

itizing early diagnosis and treatment significantly improves the control of fasciolia-

sis, minimizing its health and economic consequences. This study addresses these

gaps by examining exposed snail and cattle populations and evaluating the impact

of molluscicides. By integrating these factors, it aims to provide a comprehensive

understanding of the transmission dynamics of F. hepatica to improve control and

prevention strategies.

5.2 Model Formulation

In this section, we formulate a mathematical model to investigate the dynamics of

F. hepatica. This model considers an ode system to describe the relationship be-

tween snail and cattle populations, considering the latency in these populations. The
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cattle population is classified into susceptible, exposed, infected and treated subpop-

ulations, while the snail population is divided into susceptible, exposed and infected

subpopulations. Furthermore, free-living Fasciola larvae consist of two subpopula-

tions: miracidia and metacercariae. We consider nine different state variables and

represent them using the abbreviations: susceptible cattle (SC), exposed cattle (EC),

infected cattle (IC), treated cattle (TC), susceptible snail (SS), exposed snail (ES),

infected snail (IS), miracidia (M) and metacercariae (P).

Susceptible cattle and snails can contract diseases at a bilinear incidence rate.

In our scenario, we consider a homogeneous cattle population in which all animals

have an identical chance of having contact with the disease. We assumed that the

diagnosis would be confirmed by serological tests and that all cattle exposed and

infected with the disease were effectively treated with triclabendazole. It is impor-

tant to note that the onset of egg production does not occur until 3 to 4 months after

exposure, as indicated by previous research (Caravedo & Cabada 2020). Figure 5.1

shows a compartmental model flow diagram that represents the complex dynamics

of the F. hepatica parasite within cattle and snails. All model parameter values and

descriptions are summarized in Table 5.1.

The rate of change in the susceptible cattle population is influenced by the re-

cruitment rate (Λc), infection rate (βc), the natural death rate (δc) and the recovery

rate from treatment (ρ). The exposed cattle depend on the infection rate (βc), the

treatment rate (τ1), the natural death (δc) and the rate at which exposed cattle tran-

sition to infected cattle (σc). Infected cattle are influenced by the transition rate from

exposed to infected (σc), the treatment rate (τ2) and the removal rate due to natural

death and disease-induced deaths (δc and dc). The treated cattle depended on the

treatment rates in the exposed and infected stages (τ1 and τ2), natural death (δc) and

the recovery rate (ρ). The dynamics of miracidia are determined by the rate of pro-

duction of miracidia in an infected cattle (γm) and removal due to natural death (δm).

The dynamics of miracidia are determined by the rate of production of miracidia in

cattle (γm) of infection and removal due to natural death (δm). The dynamics of the

susceptible snail depends on the recruitment rate (Λs) and the infection rate (βs).
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Figure 5.1: Transfer diagram for F. hepatica disease model (5.1). Solid lines indicate

the movement of individuals between compartments, whereas dotted lines show in-

teractions or influences without direct transfers.

The dynamics of the exposed snail depends on the infection rate (βs) and the rate of

transition from exposed to infected (σc). The transition rate (σc) from exposed to in-

fected snails influences the dynamics of the infected snail. In addition, all groups of

snail populations are influenced by the removal rate due to natural death and the use

of molluscicide (δs, κ). The metacercariae population depends on the rate of release

of metacercariae γp and the natural death rate of metacercariae δp.

The transmission dynamics of F. hepatica is described by the system of differen-
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tial equations, which is stated as follows:

dSC

dt
=Λc −βcSCP −δcSC +ρTC,

dEC

dt
=βcSC(t)P − (τ1 +σc +δc)EC,

dIC

dt
=σcEC − (τ2 +dc +δc)IC,

dTC

dt
= τ1EC +τ2IC − (ρ+δc)TC(t),

dM
dt

= γmIC −δmM,

dSS

dt
=Λs −βsSSM− (κ+δs)SS,

dES

dt
=βsSSM− (σs +κ+δs)ES,

dIS

dt
=σsES − (κ+δs)IS,

dP
dt

= γpIS −δpP,

(5.1)

with initial conditions, SC(0) ≥ 0; EC(0) ≥ 0; IC(0) ≥ 0; TC(0) ≥ 0; M(0) ≥ 0; SS(0) ≥ 0;

ES(0)≥ 0; IS(0)≥ 0; and P(0)≥ 0. The total populations of cattle (NC) and snail (NS)

populations are given, respectively, by NC = SC+EC+ IC+TC and NS = SS+ES+ IS.

All the parameters in equation (5.1) are assumed to be positive.

5.3 Model Analysis

In this section, we investigate the fundamental properties of the model described

in Equation (5.1). We analyze the feasible regions of the system, the positivity of

solutions, the equilibrium points and their stability. For simplicity of the mathemat-

ical proofs and calculations, let us use the following representation: η= τ1 +σc +δc,

θ = τ2 +dc +δc, φ= ρ+δc, ψ= κ+δs and ω=σs +κ+δs.

5.3.1 Well-posedness

The system (3.1) can be rewritten as dx
dt = g(x), with x = (SC,EC, IC,TC, M,SS,ES, IS,P) ∈

R9. The right-hand side (g(x)) is smooth, it is locally Lipschitz continuous on R9.

Thus, by the Cauchy–Lipschitz theorem, a unique maximal solution exists on [0, Tmax]

for any initial condition in R9.
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Table 5.1: The description of the model (5.1) parameters and values.

Parameters Descriptions Values Sources

Λc Recruitment rate of cattle 64/day Assumed

Λs Recruitment rate of snail 3000/day (Kanyi et al. 2021)

δc Natural death rate of cattle 0.000488/day Assumed

δs Natural death rate of snails 0.001644/day (Diaby et al. 2019)

dc Death rate due to Fasciola hepatica dis-

ease in cattle

0.00274/day (Madubueze et al. 2022)

δm Natural death rate of miracidia 0.9/day (Kanyi et al. 2021, Chiyaka

& Garira 2009)

δp Natural death rate of metacercariae 0.6452/day (Diaby et al. 2019)

γm Production rate of miracidia 6.96/day (Chiyaka & Garira 2009)

γp Shedding rate of metacercariae 2.6 /day (Chiyaka & Garira 2009)

βc Rate of transmission of cattle from sus-

ceptible to exposed

0.0000008/day (Diaby et al. 2019)

βs Rate of transmission of snails from sus-

ceptible to exposed

0.0000004 /day Assumed

σc Progression rate from exposed to infected

cattle

0.0265/day Assumed

σs Progression rate from exposed to infected

snails

0.0575/day Assumed

τ1 Treatment rate of exposed cattle 0.15/day Assumed

τ2 Treatment rate of infected cattle 0.65/day Assumed

ρ Treatment efficiency of the infected cattle 0.9567/day (Diaby et al. 2019)

κ Elimination rates of snail by molluscicide 0.025/day Assumed

5.3.2 Positivity of Solutions

Theorem 5.1. If the initial values of the system (5.1) are all positive, (SC(0) > 0,

EC(0) > 0), IC(0) > 0, TC(0) > 0, M(0) > 0, SS(0) > 0, ES(0) > 0, IS(0) > 0, P(0) > 0),

then any solution of the system (5.1) will be positive for any positive time t.
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Proof. To show the positivity of the model solutions, we start by considering the

first equation of the model (5.1),

dSC(t)
dt

=Λc −βcSC(t)P(t)−δcSC(t)+ρTC(t)≥−(βcP(t)+δc)SC(t).

This yields

SC(t)≥ SC(0)e−
∫ t

0 (βcP(τ)+δc)dτ > 0.

Hence, SC(t) is always positive for every positive t.

From the second equation in (5.1), we have

dEC(t)
dt

=βcSC(t)P(t)−ηEC(t)≥−ηEC(t). (5.2)

Integrating this differential inequality with a positive initial condition yields,

EC(t)≥ EC(0)e−ηt. (5.3)

Therefore, this proves that EC(t) is always positive for all positive t.

Similarly, for any positive value of t, the other state variables are always positive.

IC(t)≥ IC(0)e−θt,

TC(t)≥ TC(0)e−φt,

M(t)≥ M(0)e−δm t,

SS(t)≥ SS(0)e−
∫ t

0 (βsM(τ)+ψ)dτ,

ES(t)≥ ES(0)e−ωt,

IS(t)≥ IS(0)e−ψt,

P(t)≥ P(0)e−δp t.

(5.4)

Any solutions of system (5.1) with positive initial data should stay positive for

every time t ≥ 0. □
This is important because it ensures that the model will not produce negative

values, which could lead to invalid or nonsensical results.
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5.3.3 Boundedness of the Solutions

Theorem 5.2. All solutions to the system (5.1) with positive initial conditions are

confined within the bounded interior region

D = {(SC,EC, IC,TC, M,SS,ES, IS,P) ∈R9
+ : NC ≤ Λc

δc
, NS ≤ Λs

ψ
, M ≤ Λcγm

δcδm
,P ≤ Λsγp

δpψ
}.

(5.5)

Proof. We considered the total number of cattle (NC) and the total number of

snails (NS), with positive initial conditions NC(0) and NS(0). Adding the equations

for the cattle populations gives the following equation.

dNC

dt
=Λc −δcNC −dcIC(t). (5.6)

This implies that
dNC

dt
≤Λc −δcNC(t). (5.7)

The solution of the differential inequality (5.7) yields,

NC(t)≤ Λc

δc
+ (

δcNC(0)−Λc

δc
)e−δc t. (5.8)

As time, t becomes sufficiently large and approaches infinity, the population of cattle

will tend to Λc
δc

. Consequently, we can conclude that:

NC(t)≤ Λc

δc
. (5.9)

Similarly, by bringing together the snail subclass equations, we can determine the

entire dynamics of the snail population:

dNS

dt
=Λs −ψNS −δsIS. (5.10)

Equation (5.10) provides that

dNS

dt
≤Λs −ψNS. (5.11)

The solution to the differential inequality (5.11) provides

NS(t)≤ Λs

ψ
+ (

ψNS(0)−Λs

ψ
)e−ψt. (5.12)
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When t approaches infinity, NS(t) approaches Λs
ψ

. As a result, we have

NS(t)≤ Λs

ψ
. (5.13)

Combining equation (5.9) with the fourth equation of the system (5.1) yields,

M(t)≤ Λcγm

δcδm
. (5.14)

Likewise, by using equation (5.13) and the ninth equation of the system (5.1), we get:

P(t)≤ Λsγp

δpψ
. (5.15)

As a result, the feasible region of the system becomes

D = {(SC,EC, IC,TC, M,SS,ES, IS,P) ∈R9 : NC ≤ Λc

δc
, NS ≤ Λs

ψ
, M ≤ Λcγm

δcδm
,P ≤ Λsγp

δpψ
}.□

5.3.4 Disease-Free Equilibrium Point and Effective Reproduction Number

Disease-Free Equilibrium Point

The disease-free equilibrium point of the system (5.1) exists when the popula-

tions of metacercaria, miracidia, exposed and treated cattle, as well as exposed and

infected snails, all become zero. This is achieved by substituting EC = 0, IC = 0,

TC = 0, M = 0, ES = 0, IS = 0 and P = 0 into equation (5.1) and it yields the following

result: 
dSC

dt
=Λc −δcSC = 0,

dSS

dt
=Λs −ψSS = 0.

(5.16)

Thus, the disease-free equilibrium is given by

E0 =
(
S0

C,E0
C, I0

C,T0
C, M0,S0

S,E0
S, I0

S,P0)= (
Λc

δc
,0,0,0,0,

Λs

ψ
,0,0,0

)
. (5.17)

Effective Reproduction Number

In order to estimate the effective reproduction number, R0, for a compartmental-

design transmissible disease, the next-generation matrix approach is often used.

This method allows calculation of the reproductive number by considering different

groups or compartments within the population, such as EC, IC, TC, M, ES, IS and P,
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which represent disease compartments. The disease group can then be represented

as a differential system to study its dynamics and make predictions.

dEC

dt
=βcSCP −ηEC,

dIC

dt
=σcEC −θIC,

dTC

dt
= τ1EC +τ2IC −φTC,

dM
dt

= γmIC −δmM,

dES

dt
=βsSSM−ωES,

dIS

dt
=σsES −ψIS,

dP
dt

= γpIS −δpP.

(5.18)

Let X = (EC, IC,TC, M,ES, IS,P), g(X ) denote the rates of appearance of new in-

fections in compartments and u(X ) represent the rate at which the cattle are moved

into the compartments. Thus, equation (5.18) is expressed as,

dX
dt

= g(X )−u(X ), (5.19)

where, g =



βcSCP

0

0

0

βsSSM

0

0



and u =



ηEC

−σcEC +θIC

−τ1EC −τ2IC +φTC

−γmIC +δmM

ωES

−σsES +ψIS

−γpIS +δpP



.

We compute the Jacobian matrices, G and U , by evaluating g and u derivatives to

the disease class variables at DFE.



77

G =



0 0 0 0 0 0 βcΛc
δc

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 βsΛs
ψ

0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0



and (5.20)

U =



η 0 0 0 0 0 0

−σc θ 0 0 0 0 0

−τ1 −τ2 φ 0 0 0 0

0 −γm 0 δm 0 0 0

0 0 0 0 ω 0 0

0 0 0 0 −σs ψ 0

0 0 0 0 0 −γp δp



. (5.21)

The inverse of the matrix U becomes,

U−1 =



1
η

0 0 0 0 0 0
σc
ηθ

1
θ

0 0 0 0 0
θτ1+σcτ2

ηθφ
τ2
θφ

1
ψ

0 0 0 0
γmσc
ηθδm

γm
θδm

0 1
δm

0 0 0

0 0 0 0 1
ω

0 0

0 0 0 0 σs
ψω

1
ψ

0

0 0 0 0 γpσs
ψωδp

γp
ψδp

1
δp



. (5.22)
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The multiplication of matrices G and U−1 yields the following results:

GU−1 =



0 0 0 0 βcγpΛcσs
ωψδcδp

βcγpΛc
ψδcδp

βcΛc
δcδp

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0
βsγmΛsσc
ηθψδm

βsγmΛs
θψδm

0 βsΛs
ψδm

0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0



. (5.23)

The eigenvalues of GU−1 are 0, 0, 0 and ±
√

βcβsγmγpΛcΛsσcσs
ηθψ2ωδcδmδp

.

Therefore, the effective reproduction number, which is the spectral radius of

ρ(GU−1), is

R0 =
√
βcβsγmγpΛcΛsσcσs

ηθψ2ωδcδmδp
. (5.24)

R0 =
√

βcβsγmγpΛcΛsσcσs

(τ1 +σc +δc)(τ2 +dc +δc)(κ+δs)2(σs +κ+δs)δcδmδp
.

The basic reproduction number, Rb, is the effective reproduction number when

all control parameters are zero. This occurs when there is no treatment (τ1 = 0 and

τ2 = 0) and no snail control (κ= 0). Therefore, the basic reproduction number is

Rb =
√

βcβsγmγpΛcΛsσcσs

(σc +δc)(dc +δc)(δs)2(σs +δs)δcδmδp
.

5.3.5 Stability of Disease-Free Equilibrium Point

Local Stability of Disease-Free Equilibrium

Theorem 5.3. The disease-free equilibrium point, (5.17) is locally asymptotically sta-

ble when R0 < 1

Proof. The Jacobian matrix of the system (5.1) at the disease-free equilibrium
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point E0 is

J(E0)=



−δc 0 0 ρ 0 0 0 0 −Λsβc
δc

0 −η 0 0 0 0 0 0 Λsβc
δc

0 σc −θ 0 0 0 0 0 0

0 τ1 τ2 −φ 0 0 0 0 0

0 0 −γm 0 δm 0 0 0 0

0 0 0 0 −βsΛs
ψ

−ψ 0 0 0

0 0 0 0 βsΛs
ψ

0 −ω 0 0

0 0 0 0 0 0 σs −ψ 0

0 0 0 0 0 0 0 γp −δp



. (5.25)

The eigenvalues of the Jacobian matrix J are −δc, −φ, −ψ and the rest are roots

of the polynomial equation,

ψδc(X +η)(X +θ)(X +ω)(X +ψ)(X +δm)(X +δp)−βcβsγmγpΛcΛsσcσs = 0. (5.26)

Equation (5.26) will have roots with negative real parts if all coefficients are pos-

itive (Heffernan et al. 2005). All coefficients for terms X6, X5, X4, X3, X2 and X are

positive because all expressions in the products are positive. The constant term in

the equation will also be positive if the following condition is met:

ηθψ2ωδcδmδp −βcβsγmγpΛcΛsσcσs = ηθψ2ωδcδmδp(1−R2
0)> 0.

This implies that the constant term is positive if R0 < 1. It satisfies the Routh-

Hurwitz conditions and provides that all eigenvalues of this characteristic polyno-

mial have negative real part roots.

Global Stability of Disease-Free Equilibrium

The method proposed by Castillo-Chavez et al. (2002) stated in Lemma 5.4 is

used to analyse the global stability of the disease-free equilibrium point within the

feasible region D ∈R9+.

The system (5.1) can be expressed in the following form:
dU
dt = R(U ,V ),

dV
dt = T(U ,V ), T(U ,0)= 0,

(5.27)
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where U = (SC,SS) and V = (EC, IC,TC, M,ES, IS,P) represent the infected and in-

fected compartments, respectively.

Lemma 5.4. (Castillo-Chavez et al. 2002) The fixed point E0 = (U∗,0) is a globally

asymptotically stable equilibrium of the system (5.27) if and only if R0 < 1 (locally

asymptotically stable) and conditions (C1) and (C2) are satisfied.

The two conditions (C1) and (C2) are:

C1 : For dU
dt = R(U ,0), U∗ is globally asymptotically stable.

C2 : T(U ,V )= BV − T̂(U ,V ), T̂(U ,V )≥ 0 for (U ,V ) ∈D.

with B = DV T(U∗,0) being the M-matrix, the off-diagonal entries of B are nonnega-

tive and D is the set at which the system becomes feasible.

Theorem 5.5. The disease-free equilibrium, E0 =
(
Λc
δc

,0,0,0,0, Λs
ψ

,0,0,0
)
, is globally

asymptotically stable when R0 < 1.

Proof. We prove this using the lemma 5.4. From the system described by equa-

tion (5.27), we obtain the following:

R(U ,V )=
Λc −βcSC(t)P(t)−δcSC(t)+ρTC(t)

Λs −βsSS(t)M(t)−ψSS(t)

 . (5.28)

Based on equation (5.28), we have,

dU
dt

= R(U ,0)=
Λc −δcSC

Λs −ψSS

 . (5.29)

The solution to equation (5.29), for disease-free variables becomes, SC(t)= Λc
δc

− [Λc
δc

−
SC(0)]e−δc t and SC(t) = ΛS

ψ
− [Λs

ψ
−SS(0)]e−ψt. As t goes to infinity, the values of SC

and SS converge to Λc
δc

and Λc
ψ

, respectively. Thus, U∗ = (Λc
δc

, Λs
ψ

) is the globally asymp-

totically stable equilibrium point for equation (5.29). As a result, condition C1 is

satisfied.
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The disease class differential equation in equation (5.27) can be expressed as

follows:

dV
dt

= T(U ,V )=



βcSC(t)P(t)−ηEC(t)

σcEC(t)−θIC(t)

τ1EC(t)+τ2IC(t)−φTC(t)

γmIC(t)−δmM(t)

βsSS(t)M(t)−ωES(t)

σsES(t)−ψIS(t)

γpIS(t)−δpP(t)



.

T(U ,V )= BU − T̂(U ,V ),

where

B =



−η 0 0 0 0 0 βcΛc
δc

σc −θ 0 0 0 0 0

τ1 τ2 −φ 0 0 0 0

0 γm 0 −δm 0 0 0

0 0 0 βsΛs
ψ

−ω 0 0

0 0 0 0 σs −ψ 0

0 0 0 0 0 γp −δp



,

T̂(U ,V )=



βcP(Λc
δc

−SC)

0

0

0

βsM(Λs
ψ
−SS)

0

0



.

Thus, T̂(U ,V ) ≥ 0, ∀(U ,V ) ∈ D for SC ≤ Λc
δc

and SS ≤ Λs
ψ

. Furthermore, the non-

negativity of the off-diagonal entries implies that B is an M-matrix. This also sug-

gests that condition C2 is satisfied. Therefore, the disease-free equilibrium is globally

asymptotically stable whenever R0 < 1. □
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5.3.6 Endemic Equilibrium Point and its Stability

Existence of Endemic Equilibrium Point

After computation, the model has an endemic equilibrium point E∗
e given by

E∗
e =

(
S∗

C,E∗
C,T∗

C, I∗C, M∗,S∗
S,E∗

S, I∗S,P∗)
,

where the components are expressed in terms of the steady state of I∗C and given by

the following equations,

M∗ = γm

δm
I∗C,

S∗
S = δmΛs

βsγmI∗C +ψδm
,

E∗
S = I∗CβsγmΛs

ω(βsγmI∗C +ψδm)
,

I∗S = σsI∗CβsγmΛs

ψω(βsγmI∗C +ψδm)
,

P∗ = γpσsI∗CβsγmΛs

ψωδp(βsγmI∗C +ψδm)
,

E∗
C = θ

σc
I∗C,

T∗
C =

(
θτ1 +σcτ2

φσc

)
I∗C,

S∗
C = ηθωψδp

(
I∗Cβsγm +ψδm

)
βcβsγmγpΛsσcσs

,

I∗C = ηθφψ2ωδcδmδp
(
R2

0 −1
)

βsγm(ηθφψωδcδp +βcγpΛsσs(ηθφ− (θρτ1 +ρσcτ2)))
,

(5.30)

such that, ηθφ−(θρτ1+ρσcτ2)= (dc +δc)
((
δc +ρ

)
(δc +σc)+τ1δc

)+τ2δc
(
δc +σc +ρ+τ1

)>
0. Therefore, if the effective reproduction number, R0 > 1, it can be seen that S∗

C > 0,

E∗
C > 0, I∗C > 0, T∗

C > 0, M∗ > 0, S∗
S > 0, I∗S > 0 and P∗ > 0. This shows that the disease

becomes endemic when R0 > 1.
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Global Stability of Endemic Equilibrium Point

Theorem 5.6. The endemic equilibrium is globally asymptotically stable if R0 > 1.

Proof. We use the Lyapunov method with a Volterra-Lyapunov stable matrix.

We define a Lyapunov function defined as follows:

L = 1
2

[k1(SC −S∗
C)2 +k2(EC −E∗

C)2 +k3(IC − I∗C)2 +k4(TC −T∗
C)2

+k5(M−M∗)2 +k6(SS −S∗
S)2 +k7(ES −E∗

S)2 +k8(IS − I∗S)2 +k9(P −P∗)2],
(5.31)

where each ki, i = 1,2, ...,9, is a positive constant. We compute the time derivative of

L along the trajectories of system (5.1) and obtain:

dL
dt

= k1(SC −S∗
C)

dSC

dt
+k2(EC −E∗

C)
dEC

dt
+k3(IC − I∗C)

dIC

dt

+k4(TC −T∗
C)

dTC

dt
+k5(M−M∗)

dM
dt

+k6(SS −S∗
S)

dSS

dt

+k7(ES −E∗
S)

dES

dt
+k8(IS − I∗S)

dIS

dt
+k9(P −P∗)

dP
dt

.

(5.32)

After mathematical calculations and simplifications, equation (5.32) is written as

dL
dt

= X (DA+ ATD)X T , (5.33)

where X = (SC−S∗
C,EC−E∗

C, IC−I∗C,TC−T∗
C, M−M∗,SS−S∗

S,ES−E∗
S, IS−I∗S,P−P∗),

D = diag(k1,k2, ...,k9) and

A =



−P∗βc −δc 0 0 ρ 0 0 0 0 −S∗
Cβc

P∗βc −η 0 0 0 0 0 0 S∗
Cβc

0 σc −θ 0 0 0 0 0 0

0 τ1 τ2 −φ 0 0 0 0 0

0 0 γm 0 −δm 0 0 0 0

0 0 0 0 −S∗
Sβs −ψ−M∗βs 0 0 0

0 0 0 0 S∗
Sβs M∗βs −ω 0 0

0 0 0 0 0 0 σs −ψ 0

0 0 0 0 0 0 0 γp −δp



. (5.34)

Theorem 5.7. The matrix A in (5.34) is Volterra–Lyapunov stable.
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Proof. To verify this, we claim and demonstrate that the matrix, C = −A in

equation (5.35), is diagonally stable, which confirms the Volterra-Lyapunov stability

of the matrix A.

C =



P∗βc +δc 0 0 −ρ 0 0 0 0 S∗
Cβc

−P∗βc η 0 0 0 0 0 0 −S∗
Cβc

0 −σc θ 0 0 0 0 0 0

0 −τ1 −τ2 φ 0 0 0 0 0

0 0 −γm 0 δm 0 0 0 0

0 0 0 0 S∗
Sβs ψ+M∗βs 0 0 0

0 0 0 0 −S∗
Sβs −M∗βs ω 0 0

0 0 0 0 0 0 −σs ψ 0

0 0 0 0 0 0 0 −γp δp



(5.35)

Lemma 5.8. The matrix C described in Equation (5.35) is diagonally stable.

Proof. The principal minors of C can be easily examined and all are positive. By

Lemma 3.12, there exists a 9×9 diagonal matrix D such that DC has simple and pos-

itive eigenvalues. Since all eigenvalues of DC are positive , it can be concluded that

DC is positive definite. Thus, there must be a nonzero vector x for which xTDCx > 0.

Therefore, by Lemma 3.13, the matrix C is Lyapunov diagonally stable.

If a matrix C is diagonally stable, it means that, according to Definition 3.10, a

positive diagonal matrix D exists such that DC +CTDT > 0. Furthermore, replac-

ing C with −A leads to the conclusion that DA + ATDT < 0, thus establishing the

Volterra-Lyapunov stability of A, as defined in Definition 3.11. □
In summary, based on previous discussions, if R0 > 1, the endemic equilibrium

point E∗
e of the model (5.1) is globally asymptotically stable.

5.3.7 Bifurcation Analysis

In a dynamical system, a bifurcation occurs when the value of a parameter in the

system changes, causing rapid qualitative changes in its behaviour (McCann 2013).

Bifurcation analysis can be used to analyze qualitative changes in steady-state solu-

tions (Sharma et al. 2015). A stable equilibrium point loses stability as a parameter
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is changed in a forward bifurcation, resulting in the formation of two new equilibrium

points, one stable and the other unstable.

Theorem 5.9. The model (5.1) has a forward bifurcation at R0 = 1 and the endemic

equilibrium is locally stable when R0 > 1.

Proof. To prove this theorem, we use the centre-manifold theorem. In model

(5.1), the following variable modifications are applied for calculation purposes:

SC = y1, EC = y2, IC = y3, TC = y4, M = y5, SS = y6, ES = y7, IS = y8 and P = y9. Thus,

the model (5.1) becomes

d y1

dt
=Λc −βc y1 y9 −δc y1 +ρy4 := h1,

d y2

dt
=βc y1 y9 −ηy2 := h2,

d y3

dt
=σc y2 −θy3 := h3,

d y4

dt
= τ1 y2 +τ2 y3 −φy4 := h4,

d y5

dt
= γm y3 −δm y5 := h5,

d y6

dt
=Λs −βs y6 y5 −ψy6 := h6,

d y7

dt
=βs y6 y5 −ωy7 := h7,

d y8

dt
=σs y7 −ψy8 := h8,

d y9

dt
= γp y8 −δp y9 := h9.

(5.36)

With these modified variables, the disease-free equilibrium of (5.36) is (y1, y2, y3,

y4, y5, y6, y7, y8, y9) = (Λc
δc

,0,0,0,0, Λs
ψ

,0,0,0). Let ν = β∗
c be the bifurcation parameter

in R0 = 1 (5.3.4). Solving for this the bifurcating parameter provides,

ν=β∗
c =

ηθψ2ωδcδmδp

ΛcΛsβsγmγpσcσs
. (5.37)

The Jacobian matrix for equation (5.36) at the disease-free equilibrium when ν=
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β∗
c becomes,

Jν(E0)=



−δc 0 0 ρ 0 0 0 0 −νΛc
δc

0 −η 0 0 0 0 0 0 νΛc
δc

0 σc −θ 0 0 0 0 0 0

0 τ1 τ2 −φ 0 0 0 0 0

0 0 −γm 0 δm 0 0 0 0

0 0 0 0 −βsΛs
ψ

−ψ 0 0 0

0 0 0 0 βsΛs
ψ

0 −ω 0 0

0 0 0 0 0 0 σs −ψ 0

0 0 0 0 0 0 0 γp −δp



. (5.38)

The eigenvalues of Jν are 0, −δc, −φ, −ψ and the remaining eigenvalues are the

solutions of the following equation.

(η+ x)(θ+ x)(ω+ x)(ψ+ x)(x+δp)+δm((η+ x)(θ+ x)(ω+ x)(ψ+ x)

+ ((θ+ x)(ω+ x)(ψ+ x)+η((ω+ x)(ψ+ x)+θ(ω+ψ+ x)))δp)= 0.
(5.39)

Expanding equation (5.39) would give a polynomial equation of five degrees with

positive coefficients. Thus, Jν has simple zero eigenvalues, with all remaining eigen-

values having negative real components by Routh-Hurwitz criterion. As a result, the

centre manifold theory can be used to examine the behavior of the model.

Consider z = (z1, z2, z3, z4, z5, z6, z7, z8, z9) to be a left eigenvector of Jν. Its is ob-

tained by multiplying z by Jν and equating it to 0. So after evaluation, the left

eigenvector becomes

z = (0,
z9βsγmγpΛsσcσs

ηθψ2ωδm
,
z9βsγmγpΛsσs

θψ2ωδm
,0,

z9βsγpΛsσs

ψ2ωδm
,0,

z9γpσs

ωψ
,
z9γp

ψ
, z9).

Let w = (w1,w2,w3,w4,w5,w6,w7,w8,w9) be the right eigenvector of Jν. Similarly,

the right eigenvector is obtained by multiplying Jν by w and equating it with 0. After



87

computation, the components of the right eigenvector w are given by

w1 =−ψ
2ωw9δmδp(ηθφ−ηρτ1 −ρσcτ2)

φβsγmγpδcΛsσcσs
,

w2 =
ψ2ωw9δmδp

βsγmγpΛsσcσs
,

w3 =
ψ2ωw9δmδp

βsγmγpΛsσs
,

w4 =
ψ2ωw9δmδp(θτ1 +σcτ2)

φβsγmγpΛsσcσs
,

w5 =
ψ2ωw9δp

βsγpΛsσs
,

w6 =−ωw9δp

γpσs
,

w7 =
ψw9δp

γpσs
,

w8 =
w9δp

γp
,

w9 = w9.

(5.40)

The functions h1 =Λc−βc y1 y9−δc y1+ρy4, h2 =βc y1 y9−ηy2, h6 =Λs−βs y6 y5−ψy6

and h7 =βs y6 y5 −ωy7 have the following non-zero partial derivatives at the disease-

free equilibrium,
∂2h1(E0)
∂y1∂y9

=−βc,
∂2h2(E0)
∂y1∂y9

=βc,
∂2h6(E0)
∂y6∂y5

=−βs and ∂2h7(E0)
∂y6∂y5

=βs.

Suppose a and b are the standard form coefficients describing the system dynam-

ics in the centre manifold theorem. Using the centre manifold theorem, after some

computations, the bifurcation coefficients are given by

a = w2
9z9δp(

ωψδp

γpΛsσs
+ βc(ηθφ−θρτ1 −ρσcτ2)

ηθφδc
),

b = w9z9(
δp

βs
+ βsγmγpΛcΛsσcσs

ηθψ2ωδcδm
),

where, ηθ−φρτ1−ρσcτ2 = (dc +δc)[(ρ+δc)(δc +σc)+δcτ1]+δcτ2(ρ+δc +σc +τ1)> 0.

Thus, a < 0 and b > 0 for z9 > 0 and w9 > 0 and hence a forward bifurcation occurs

at R0 = 1 by the Theorem B.12. □
Furthermore, the presence of a forward bifurcation ensures that the endemic

equilibrium is locally stable for R0 > 1 (Madubueze et al. 2022).
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5.4 Sensitivity Analysis

The normalized forward sensitivity index method (3.36) is used to calculate the sensi-

tivity indices of the model parameters. The results given in Table 5.2 and Figure 5.2

indicate that specific parameters, including recruitment rates, miracidia and metac-

ercariae production rates and incidence rates of cattle and snails, directly influence

the value of R0. These parameters, specifically related to the transmission rates and

the production of miracidia and metacercariae by cattle and snails, are biologically

important in determining the severity of F. hepatica in cattle.

The findings also indicate that the mortality rates of miracidia, metacercaria and

snail populations and the treatment rate of exposed and infected cattle indirectly

influence the effective reproduction number. Moreover, it shows that the use of mol-

luscicide (κ) is the most sensitive parameter, which can reduce disease transmission.

Stakeholders play an important role in reducing the spread of F. hepatica disease by

implementing a range of preventive measures and improving the values of these pa-

rameters. Specific parameters with a positive index must be decreased. Keeping the

other parameters constant will decrease the value of R0 and ultimately contribute to

the eradication of the disease.

Similarly, increasing the value of parameters with a negative index while keep-

ing all other parameters constant will reduce the value of R0 and contribute to the

eradication of F. hepatica disease. If the incidence rate of cattle diseases increases

by 10%, it will cause an increase of 5% in R0. Similarly, if the use of molluscicide is

increased by 10%, it will decrease R0 by 10.706%.

5.5 Numerical Simulations

This section presents a numerical simulation of the Fasciola hepatica model to char-

acterize its quantitative and qualitative dynamics. Table 5.1 summarizes the pa-

rameters used for numerical simulation in the model. Most of these parameter val-

ues have been sourced from previous studies, while some have been estimated or

assumed.
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Table 5.2: Sensitivity indices of model (5.1).

Parameter Sensitivity indices

κ -1.0706

δc -0.5018

δm -0.5

δp -0.5

τ2 -0.4975

τ1 -0.4250

δs -0.0715

dc -0.0021

Λc +0.5

Λs +0.5

βs +0.5

βc +0.5

γs +0.5

γc +0.5

5.5.1 Contour Plots of (R0) as a Function of Key Model Parameters

Figures 5.3a–5.3d present contour plots of the effective reproduction number (R0)

as a function of key model parameters. Figures 5.3a and 5.3b show R0 against the

treatment rates for exposed cattle (τ1) and infected cattle (τ2) under two fixed mol-

luscicide application rates: κ = 0.025 and κ = 0.045, respectively. In both figures,

R0 decreases monotonically with increasing values of τ1 and τ2, demonstrating that

higher treatment intensity reduces transmission potential. Comparing the two fig-

ures, the contours for κ= 0.045 are shifted toward lower R0 values relative to those

for κ= 0.025, indicating that combining treatment with molluscicide application has

a synergistic effect on suppressing R0.

Figure 5.3c displays the dependence of R0 on the parasite contact rates from sus-

ceptible to exposed cattle (βc) and snails (βs). Here, R0 increases with both βc and
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Figure 5.2: Sensitivity indices for model 5.1.

βs, confirming that higher host parasite contact rates elevate the risk of outbreak

persistence. Figure 5.3d illustrates the relationship between Re and the progres-

sion rates from exposed to infected cattle (σc) and snails (σs). Similarly, R0 rises

with increasing σc and σs, indicating that faster progression through exposed stages

enhances overall transmission.

5.5.2 Forward Bifurcation Behaviour

Figure 5.4 shows that the model (5.1) has a forward bifurcation at R0 = 1. This bi-

furcation describes a scenario in which the equilibrium point changes its stability as

the parameter R0 increases through one. This phenomenon involves the effective re-

production number is one. If the effective reproduction number satisfies R0 < 1, then

the disease-free equilibrium (DFE) is locally asymptotically stable, and the infection

will eventually be eliminated from the population. In contrast, when the effective

reproduction number is greater than one, the disease-free equilibrium becomes un-

stable and a stable endemic equilibrium emerges, indicating that the disease per-

sists. Epidemiologically, in models that exhibit forward bifurcation, it is essential to
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Figure 5.3: Contour plots of R0 as a function of the combinations: (a) τ1 and τ2 for

κ= 0.025 , (b) τ1 and τ2 for κ= 0.045, (c) βc and βs, and (d) σc and σs.
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maintain the value of R0 below 1 to achieve disease elimination (Gumel 2012). This

bifurcation guarantees that an endemic equilibrium is locally asymptotically stable

whenever R0 > 1 (Madubueze et al. 2022), as shown in Figure 5.5b.

R0
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Figure 5.4: Forward bifurcation diagram for model 5.1.

5.5.3 Verifying the Stability of Disease-Free Equilibrium Numerically

Simulations have been conducted to observe the evolution of snail and cattle pop-

ulations, using the initial conditions given [(SC(0),EC(0), IC(0),TC(0), M(0),SS(0),

ES(0), IS(0),P(0)) = (1000,400,800,600,6500,1000000,10000,300000,1200000)]. For

the parameter values listed in Table 5.1, the reproduction number will be R0 =
0.921628. As a result, the system described in equation (5.1) will possess a disease-

free equilibrium point given by E0 = (131148,0,0,0,0,112596,0,0,0), which is an

asymptotically stable equilibrium point.

Figure 5.5a indicates that all solution trajectories in the model tend to converge

towards the disease-free equilibrium (DFE) as time progresses. This observation

suggests that the DFE is locally asymptotically stable, implying that small perturba-

tions or deviations from the equilibrium point will eventually return to the disease-

free state. In Figure 5.6, it can be seen that the equilibrium number of infected cattle

decreases to zero over time for different initial conditions. This result shows that the



93

Time, t (days)
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

C
at
tl
e
p
op

u
la
ti
on

×10
4

-2

0

2

4

6

8

10

12

14

S
C

E
C

I
C

T
C

(a) when R0 < 1

Time, t (days)
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

C
at
tl
e
p
op

u
la
ti
on

×10
4

0

1

2

3

4

5

6

S
C

E
C

I
C

T
C

(b) when R0 > 1

Figure 5.5: Time series evolution of cattle populations.
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Figure 5.6: The global stability behaviour of the disease-free equilibrium point for

various randomly selected initial conditions.

DFE is globally asymptotically stable. Moreover, biologically it shows that the Fas-

ciola hepatica disease will eventually be eliminated in cattle, while the population of

susceptible cattle will reach their maximum value.

Elimination of Fasciola hepatica in cattle requires maintaining the reproduction

number, R0, below 1. This requires interventions such as snail control and treatment

to reduce infected cattle and accelerate eradication.
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Figure 5.7: The global stability behaviour of the endemic equilibrium point for vari-

ous randomly selected initial conditions.

5.5.4 Verifying Stability of Endemic Equilibrium Point Numerically

From 0.025 to 0.015, a reduction in the use of molluscicides would result in an in-

crease in the reproduction number to R0 = 1.0706. In addition, using the other values

of the parameters listed in Table 5.1 would result in the occurrence of the endemic

equilibrium,

E∗
e = (S∗

C,E∗
C, I∗C,T∗

C, M∗,S∗
S,E∗

S, I∗S,P∗)

= (51236.9,55224.2,2198.05,10146.8,16998.3,146747,14124.1,59005.6,237778).

Figure 5.5b depicts the numerical simulation of the model (5.1) in endemic equilib-

rium under the initial conditions described in Section 5.5.3. All solutions approach

the estimated value of the endemic equilibrium, E∗
e .

Figure 5.7 demonstrates the phase diagram of the cattle populations with differ-

ent initial conditions. This figure shows that the endemic equilibrium point, E∗
e , is

globally asymptotically stable. Moreover, regardless of the initial conditions, all solu-

tions converge to the endemic equilibrium point. The global stability of this endemic

equilibrium in epidemiology refers to the long-term behaviour of the F. hepatica dis-

ease that persists in the cattle population without dying out or growing uncontrol-

lably. This means that once the hepatica disease reaches a certain prevalence level,

the disease would continue indefinitely in the population.
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Figure 5.8: Effect of exposed cattle treatment on reproduction number and infected

cattle.

5.5.5 Treatment and Molluscicide Effects on R0 and Infected Cattle

Effects of treatments (τ1 and τ2): Based on the parameter values provided in

Table 5.1, we can establish the correlation between the reproduction number (R0)

and the treatment rates (τ1 and τ2) given by R0 = 0.38718p
0.026488+τ1

and R0 = 0.744883p
0.003228+τ2

.

Figures 5.8 and 5.9 demonstrate the influence of treatment rates on disease propaga-

tion. It is observed that as treatment rates increase, both the reproduction number

(R0) and the infected cattle population decrease. Better treatment practices can re-

duce the number of infected cattle when treatment rates are down, specifically when

τ1 < 0.1234 or τ2 < 0.5516, the value of R0 is greater than 1, indicating that the

infection will remain endemic. However, increasing treatment rates reduces the in-

cidence of disease. Figure 5.10a illustrates that the number of infected cattle can be

significantly reduced in a short period by improving treatments for the populations

of exposed and infected cattle.

Molluscicide Effects: On the basis of equation (5.3.4), the relation between the

use of mollucicide (κ) and the reproduction number is given by R0 = 0.00710187
(0.001644+κ)

p
0.058644+κ .

Figure 5.11 illustrates the use of molluscicide to influence the reproduction number

and the population of infected cattle. It shows that when the snail removal rate by

the molluscicide intervention increases, both the number of infected cattle and the

reproduction number decrease. Moreover, Figure 5.11 indicates a significant increase
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Figure 5.9: Effect of treatment on reproduction number and infected cattle.

in infected cattle within a short period, but it is reduced over longer time intervals.

It ensured that the effectiveness of molluscicides in the control of Fasciola snails de-

pends on several factors, such as the specific chemical used, the dose of application,

the time, the environmental conditions and the susceptibility of the snail population

(Rizwan et al. 2022).

Furthermore, the long-term effectiveness of molluscicide can be based on inte-

grated approaches that involve combining it with other control measures. These

measures can include treatment options, strategic deworming of cattle, pasture man-

agement practices and biological control methods (Maqbool et al. 2017). In Figure

5.10b, combination treatments with the molluscicide intervention improve long-term

effectiveness in controlling F. hepatica disease. Thus, it is imperative to improve

efforts to reduce the snail population and boost treatments, thus eradicating the dis-

ease in cattle.
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Figure 5.10: Infected cattle populations for (a) the impact of administering treat-

ments to both exposed and infected cattle, and (b) the impact of administering treat-

ments and molluscicide.
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Figure 5.11: Effect of molluscicide on reproduction number and infected cattle.
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5.6 Conclusion

This chapter developed and analyzed a deterministic compartmental model to un-

derstand the transmission dynamics of F. hepatica. In the model, both exposed and

infected cattle populations receive treatment. When the effective reproduction num-

ber, R0, is less than 1, the model has a disease-free equilibrium point that is asymp-

totically stable both locally and globally. The global asymptotically stable state of

the endemic equilibrium is investigated using the Volterra-Lyapunov method. The

model exhibits a forward bifurcation. It occurs when a disease transmission system

undergoes a qualitative change, leading to the coexistence of disease-free and en-

demic states. It suggests that even in the absence of external factors, the disease

can transition from a state of low or no transmission to a state of sustained and

epidemic-level transmission.

The sensitivity analysis is conducted using the normalized sensitivity index and

the results indicate that the transmission rates for snail and cattle populations, as

well as the rates at which miracidia and metacercariae are shed, have the most sig-

nificant direct influence on the spread of the disease. It shows that the most sensitive

parameter to reduce disease transmission or reproduction number is the use of mol-

luscicide (κ). Preventing the growth and development of the parasite can be achieved

by eliminating the snail or destroying the stages of Fasciola larvae within the snail

(Ayele & Hiko 2016). The contour plots suggest that improving the use of mollus-

cicide and integrating it with the treatments of exposed and infected cattle reduces

the transmission of the disease. This finding aligns with the result mentioned in (Ya-

dav 2015), which suggests that the use of molluscicides to control the population of

snail vectors is an innovative and highly efficient approach in integrated vector man-

agement strategies. It shows that the use of molluscicides effectively reduces snail

populations by disrupting the life cycle of F. hepatica and lowering infection rates in

cattle that graze in contaminated vegetation.

The simulation results also show that elimination of snail populations using mol-

luscicide and improving treatments for exposed and infected cattle significantly de-
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crease the prevalence of F. hepatica disease in the cattle population. Therefore, stake-

holders should focus on applying an adequate combination of molluscicide use and

treatment implementation in the management of the disease.
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Chapter 6

6 Analyzing Human-Cattle Dynamics for Effective

Fasciola Hepatica Management

6.1 Introduction

Fasciola hepatica, poses a health risk to humans and livestock. Treatment relies

on anthelmintics like triclabendazole (Kelley et al. 2016), while prevention involves

sanitation, safe water, proper food preparation and livestock deworming. Mass drug

administration is used in endemic regions (Mollinedo et al. 2019). Research efforts

are focused on epidemiology, host-parasite interactions, diagnostics, treatment and

vaccine development (Webb & Cabada 2018). This chapter presents a model to as-

sess disease spread, control strategies and intervention impacts, informing optimized

control measures for Fasciola hepatica transmission between cattle and humans.

This research models transmission dynamics and evaluates anthelmintic treatment,

health education and snail control interventions to manage the disease and minimize

its impact.

6.2 Model Formulation

The model focuses on the spread of Fasciola hepatica disease among cattle and hu-

man populations. This model employs a series of differential equations to describe

the transmission dynamics of the disease. The model considers populations of hu-

mans, cattle, snails and the larval stages (miracidia and metacercariae) of the Fas-

ciola parasite. It divides the human, cattle and snail populations into susceptible

and infected categories. Table 6.1 details the nine variables used to represent this

dynamic system.
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Incidence rates are critical in the mathematical modeling of disease (Shao &

Shateyi 2021, Xiao & Ruan 2007). Although bilinear rates are common in epidemi-

ological models, they become impractical with large susceptible populations. Fur-

thermore, high contact rates between infected and susceptible individuals result in

a nonlinear incidence (Kuddus & Rahman 2021). Therefore, we model disease trans-

mission in cattle and humans using linear (βI) and nonlinear ( βI
1+αI ) incidence rates,

respectively. The saturated incidence rate, βI
1+αI , approaches a saturation point at

high values of I. Here, βI represents the force of infection in a fully susceptible

population and βI
1+αI accounts for the inhibitory effect of behavioral changes among

susceptible individuals. Introducing a non-linear incidence rate is therefore justified,

as crowding within the infected population can saturate influential contacts between

infected and susceptible individuals at high levels. The transmission diagram for F.

hepatica is shown in Figure 6.1. Table 6.2 gives all values along with a biological

description of all parameters in the system.

Table 6.1: Description of the model variables.

Variables Description

SC(t) Number of susceptible cattle at time t

IC(t) Number of infected cattle at time t

SH(t) Number of susceptible humans at time t

IH(t) Number of infected humans at time t

SS(t) Number of susceptible snails at time t

IS(t) Number of infected snails at time t

M(t) Number of mercidia at time t

P(t) Number of metacercariae at time t
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Figure 6.1: Transfer diagram for Fasciola hepatica disease model (6.1).

Based on the description above and Figure 6.1, the model is defined by a series of

ordinary differential equations:

dSC

dt
= A1 −β1SCP −µcSC +ρ1IC,

dIC

dt
=β1SCP − (ρ1 +µc)IC,

dSH

dt
= A2 − β2PSH

1+αP
−µhSH +ρ2IH ,

dIH

dt
= β2PSH

1+αP
− (µh +ρ2)IH

dSS

dt
= A3 −β3SSM−µsSS,

dIS

dt
=β3SSM−µsIS,

dM
dt

= γ1IC +γ2IH −µmM,

dP
dt

= γ3IS −µpP.

(6.1)

The model parameters are assumed to be non-negative. Furthermore, since the

model (6.1) monitors living populations, it is assumed that all state variables are

non-negative at time t = 0.
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Table 6.2: The description of the model (6.1) parameters and values.

Parameters Descriptions Values Sources

A1 The recruitment rate of the cattle popula-

tion

64/day Assumed

A2 The recruitment rate of the human popu-

lation

2247
365 /day (Mwasunda et al. 2022)

A3 The recruitment rate of the snail popula-

tion

3000/day (Kanyi et al. 2021)

β1 Cattle infection rate due to metacercariae 0.0000058/day Assumed

β2 Humans infection rate due to metacer-

cariae

0.00002/day (Nur, Trisilowati, Suryanto

& Kusumawinahyu 2022)

β3 Snail infection rate due to miracidia 0.0000078/day Assumed

µh The mortality rate of human due to natu-

ral causes

0.014/365/day (Qi et al. 2014, 2018)

µc The mortality rate of cattle due to natural

causes

0.00488/day Assumed

µs The mortality rate of snails due to natural

causes

0.01644/day (Diaby et al. 2019)

µm The mortality rate of miracidia due to nat-

ural causes

0.9/day (Chiyaka & Garira 2009,

Kanyi et al. 2021)

µp The mortality rate of metacercariae due to

natural causes

0.6452/day (Diaby et al. 2019)

ρ1 Treatment efficiency of the infected cattle 0.35/day Assumed

ρ2 Treatment efficiency of the infected hu-

man

0.225/day Assumed

γ1 Miracidia production rate in infected cat-

tle.

6.96 /day (Chiyaka & Garira 2009)

γ2 Miracidia production rate in infected hu-

man

0.8/day Assumed

γ3 Metacercariae production rate in infected

snail.

2.6 /day (Chiyaka & Garira 2009)

α The force of infection saturates level 0.02 Assumed
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6.3 Model Analysis

6.3.1 Feasibility of Solutions

We define the total populations of cattle, humans and snails as NC = SC + IC, NH =
SH + IH and NS = SS + IS, respectively. It can be easily verified that the system of

equations (6.1) exhibits invariant positivity: for all nonnegative initial conditions,

the solutions remain nonnegative for all t ≥ 0.

Lemma 6.1. For all t ≥ 0, all solutions of model (6.1) bounded in region Ω where

Ω=Ω1 ∪Ω2 ∪Ω3 ∪Ω4 ∪Ω5

where, Ω1 =
{
(SC, IC) ∈R2 : 0≤ NC ≤ A1

µc

}
, Ω2 =

{
(SH , IH) ∈R2 : 0≤ NH ≤ A2

µh

}
,

Ω3 =
{
(SS, IS) ∈R2 : 0≤ NS ≤ A3

µs

}
, Ω4 =

{
M ∈R : 0≤ M ≤ γ1 A1

µcµm
+ γ2 A2

µhµm

}
,

and Ω5 =
{
P(t) ∈R : 0≤ P ≤ A3λ3

µsµp

}
.

Proof. Adding the first two equations of model (3.1) provides

dNC

dt
= A1 −µcSC −µcIC = A1 −µcNC.

Thus
dNC

dt
≤ A1 −µcNC.

After integration, as in model (3.1), standard comparison yields,

limsup
t→∞

NC(t)≤ A1

µc
.

0≤ NC(t)≤ A1

µc
for large t.

Thus, Ω1 is positively invariant.

Adding the third and fourth equations:

dNH

dt
= A2 −µhNH .

Hence, limsupt→∞ NH(t)≤ A2
µh

.

0≤ NH(t)≤ A2

µh
.
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Adding the fifth and sixth equations:

dNS

dt
= A3 −µsNS.

Therefore, limsupt→∞ NS(t)≤ A3
µs

.

0≤ NS(t)≤ A3

µs
.

So, Ω2 is positively invariant.

From the M-equation:

dM
dt

= γ1IC +γ2IH −µmM.

Since 0≤ IC ≤ A1
µc

and 0≤ IH ≤ A2
µh

eventually, we have

γ1IC +γ2IH ≤ γ1
A1

µc
+γ2

A2

µh
.

Thus
dM
dt

≤
(
γ1

A1

µc
+γ2

A2

µh

)
−µmM.

By comparison,

limsup
t→∞

M(t)≤ γ1A1

µcµm
+ γ2A2

µhµm
.

Thus, Ω3 is positively invariant.

From the P-equation:
dP
dt

= γ3IS −µpP.

Since 0≤ IS ≤ A3
µs

eventually,

γ3IS ≤ γ3
A3

µs
.

Thus
dP
dt

≤ γ3
A3

µs
−µpP.

By comparison,

limsup
t→∞

P(t)≤ γ3A3

µsµp
.

Therefore, Ω4 is positively invariant.
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Since each subregion Ωi is positively invariant and attracts all solutions, the

union Ω is a positively invariant bounded region for the system. This completes the

proof. □
This implies that the model is both epidemiologically meaningful and mathemat-

ically well-posed.

6.3.2 Local Stability of the Disease-Free Equilibrium

The disease-free equilibrium (DFE) of the model (6.1) is defined as

E0 =
(
S0

C, I0
C,S0

H , I0
H ,S0

S, I0
S, M0,P0)= (

A1

µc
,0,

A2

µh
,0,

A3

µs
,0,0,0

)
.

We begin by calculating the reproduction number (R0) to analyze the stability of

the disease-free equilibrium. This number represents the average number of new

infections generated by an infectious individual in a fully susceptible population

(Mwasunda et al. 2022). The next generation matrix method, introduced by van den

Driessche & Watmough (2002), is commonly used to determine (R0). The infected

compartments in the model (6.1) can be described as follows:

dIC

dt
=β1SCP − (ρ1 +µc)IC,

dIH

dt
= β2PSH

1+αP
− (µh +ρ2)IH

dIS

dt
=β3SSM−µsIS,

dM
dt

= γ1IC +γ2IH −µmM,

dP
dt

= γ3IS −µpP,

(6.2)

Rewrite Equation (6.2) and consider f i represents new infections in compartment i

and v+i and v−i represent transfer terms into and out of compartment i, respectively;

dX i

dt
= f i(x)+v+i −v−i
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where, f i =



β1SCP
β2PSH
1+αP

β3SSM

0

0


and vi =



(ρ1 +µc)IC

(µh +ρ2)IH

µsIS

−γ1IC −γ2IH +µmM

−γ3IS +µpP


The matrices used in the next generation method, denoted as F and V , are defined

as follows:

F =



0 0 0 0 β1 A1
µc

0 0 0 0 β2 A2
µh

0 0 0 β3 A3
µh

0

0 0 0 0 0

0 0 0 0 0


and V =



ρ1 +µc 0 0 0 0

0 µh +ρ2 0 0 0

0 0 µs 0 0

−γ1 −γ2 0 µm 0

0 0 −γ3 0 µp


.

Therefore, the reproduction number is the spectral radius of the matrix FV−1 and is

given by

R0 =
√√√√ A3β3γ3

(
A2β2γ2µc

(
µc +ρ1

)+ A1β1γ1µh
(
µh +ρ2

))
µcµhµmµpµ

2
s
(
µc +ρ1

)(
µh +ρ2

) .

R0 =
√

A3β3γ3A1β1γ1

µcµmµpµ
2
s
(
µc +ρ1

) + A3β3γ3A2β2γ2

µhµmµpµ
2
s
(
µh +ρ2

) ,

where Rc =
√

A3β3γ3 A1β1γ1
µcµmµpµ

2
s(µc+ρ1) and Rh =

√
A3β3γ3 A2β2γ2

µhµmµpµ
2
s(µh+ρ2) represent the average num-

ber of secondary infections caused by a single infected cattle and human, respectively,

in a completely susceptible population.

Theorem 6.2. The disease-free equilibrium of the Fasciola hepatica model (6.1) is

locally asymptotically stable if R0 < 1.

Proof: The Jacobian of the model (6.1) at the disease-free equilibrium point is
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determined as:

J =



−µc ρ1 0 0 0 0 0 − A1β1
µc

0 −µc −ρ1 0 0 0 0 0 A1β1
µc

0 0 −µh ρ2 0 0 0 − A2β2
µh

0 0 0 −µh −ρ2 0 0 0 A2β2
µh

0 0 0 0 −µs 0 − A3β3
µs

0

0 0 0 0 0 −µs
A3β3
µs

0

0 γ1 0 γ2 0 0 −µm 0

0 0 0 0 0 γ3 0 −µp



.

The eigenvalues of J include x =−µc, x =−µh and x =−µs. The remaining eigenval-

ues can be found by solving the characteristic equation:

X5 + A4X4 + A3X3 + A2X2 + A1X + A0 = 0, (6.3)

where,

A4 =µc +µh +µm +µp +ρ1 +ρ2 +µs,

A3 =µc
(
µh +µm +µp +ρ2 +µs

)+µh
(
µm +µp +ρ1 +µs

)+ρ1µm +µmµp

+ρ2
(
µm +µp +ρ1 +µs

)+µmµs +ρ1µp +µpµs +ρ1µs,

A2 =µmµpµs +ρ1µmµp +ρ1µmµs +ρ1µpµs +µh
(
µm

(
µp +ρ1 +µs

)+µp
(
ρ1 +µs

)+ρ1µs
)

+µc
(
µh

(
µm +µp +µs

)+µm
(
µp +ρ2 +µs

)+ρ2
(
µp +µs

)+µpµs
)

+ρ2
(
µm

(
µp +ρ1 +µs

)+µp
(
ρ1 +µs

)+ρ1µs
)
,

A1 =
(1−R2

h)

µcµhµmµpµ
2
s
(
µh +ρ2

) +µhµs
(
µc +ρ1

)(
µh +ρ2

)(
µm

(
µp +µs

)+µpµs
)
,

A0 =
(1−R2

0)

µcµhµmµpµ
2
s
(
µc +ρ1

)(
µh +ρ2

) .

The Routh-Hurwitz stability criterion is employed to assess the stability of non-

linear, time-invariant systems.

(i) By directly noting that A4, A3, A2 and A1 are real positive numbers and given

that R0 < 1, Rc < 1 and Rh < 1, it follows that A0 is also positive. As a result, the

solutions to the auxiliary equation (6.3) have a negative real value.



109

(ii) The conditions of the Routh-Hurwitz stability criterion, A4A3A2−A2
2+A2

4A1 >
0 and (A4A1−A0)(A4A3A2−A2

2−A2
4A1)> A0(A4A3−A2)2+A4A2

0, are satisfied after

simplification. Therefore, all the requirements of the Routh-Hurwitz stability crite-

rion are met, indicating that all the eigenvalues of the model will be negative when

Rc < 1, Rh < 1 and R0 < 1. This conclusively proves the theorem. □

6.3.3 Global Stability of the Disease-Free Equilibrium

Theorem 6.3. The disease-free equilibrium point is globally asymptotically stable if

R0 < 1.

To investigate the global behavior of the model (6.1), we employ the theorem of

(Castillo-Chavez et al. 2002) and summarize it as follows.

Consider the system: 
dX
dt

= F(X ,Y ),

dY
dt

=G(X ,Y ), G(X ,0)= 0,
(6.4)

where the elements of the column vector X ∈Rm represent the number of uninfected

individuals and the elements of the vector Y ∈Rn represent the number of infected in-

dividuals. The point U0 = (X∗,0) denotes the disease-free equilibrium of the system.

This fixed point U0 = (X∗,0) is globally asymptotically stable if R0 < 1 (indicating

local asymptotic stability) and the following two conditions are met:

(C1) For dX
dt = F(X ,0), X∗ is globally asymptotically stable.

(C2) G(X ,Y )= AY−Ĝ(X ,Y ) and Ĝ(X ,Y )≥ 0 hold for (X ,Y ) ∈Ω, where A = DY G(X0,0)

is a Metzler matrix and Ω is the feasible region of the model (6.1).

With the notation provided earlier in equation 6.4, we can re-frame our model (6.1)

in the following manner: X = (SC,SH ,SS), Y = (IC, IH , IS, M,P), X0 = ( A1
µc

, A2
µh

, A3
µs

),

F(X ,Y )=


A1 −β1SCP −µcSC +ρ1IC

A2 − β2PSH
1+αP −µhSH +ρ2IH

A3 −β3SSM−µsSS

 ,
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F(X ,0)=


A1 −µcSC

A2 −µhSH

A3 −µsSS

 ,

G(X ,Y )=



β1SCP − (ρ1 +µc)IC

β2PSH
1+αP − (µh +ρ2)IH

β3SSM−µsIS

γ1IC +γ2IH −µmM

γ3IS −µpP


,

A = DY G(X0,0)=



−(ρ1 +µc) 0 0 0 β1 A1
µc

0 −(ρ2 +µh) 0 0 β2 A2
µh

0 0 −µs
β3 A3
µs

0

γ1 γ2 0 −µm 0

0 0 γ3 0 −µp


. (6.5)

It is evident that X∗ = ( A1
µc

, A2
µh

, A3
µs

) serves as the global asymptote for F(X ,0), thus

fulfilling condition (C1). The matrix shown in equation (6.5) is categorized as a Met-

zler matrix, with all the off-diagonal elements being non-negative.

Condition (C2) specifies that, Ĝ(X ,Y )= AY −G(X ,Y ) and

Ĝ(X ,Y )=



Pβ1( A1
µc

−SC)

Pβ2( A2
µh

− SH
1+αP )

Mβ3( A3
µs

−SS)

0

0


. (6.6)

Therefore, by referencing equation (6.6), it can be observed that Ĝ(X ,Y ) ≥ 0 is valid

within the feasible region. Consequently, this analysis verifies the global stability of

the Disease-Free Equilibrium (DFE) when R0 < 1. □
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6.3.4 Forward Bifurcation

The model (6.1), undergoes a forward bifurcation when R0 = 1. Applying the prin-

ciples of Castillo-Chavez & Song (2004), we perform a bifurcation analysis on the

model equation (6.1) when R0 = 1. In this analysis, we consider the transmission

rate of cattle disease, indicated as β1, as the key parameter that triggers the bifur-

cation. The condition R0 = 1 holds true if and only if

φ :=β1 =
µcµhµmµpµ

2
s
(
µc +ρ1

)(
µh +ρ2

)− A2A3β2β3γ2γ3µc
(
µc +ρ1

)
A3β3γ1γ3µcµh

(
µh +ρ2

) .

The Jacobian matrix for model (6.1) at the disease-free equilibrium, concerning φ,

can be written as follows,

Jφ =



−µc ρ1 0 0 0 0 0 − A1φ
µc

0 −µc −ρ1 0 0 0 0 0 A1φ
µc

0 0 −µh ρ2 0 0 0 − A2β2
µh

0 0 0 −µh −ρ2 0 0 0 A2β2
µh

0 0 0 0 −µs 0 − A3β3
µs

0

0 0 0 0 0 −µs
A3β3
µs

0

0 γ1 0 γ2 0 0 −µm 0

0 0 0 0 0 γ3 0 −µp



.

The eigenvalues of the matrix Jφ are λ1 = 0, λ2 = −µc,λ3 = −µh, λ4 = −µs and the

remaining eigenvalues can be obtained by solving the following equation for λ;

λ4 +b3λ
3 +b2λ

2 +b1λ+b0 = 0,
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where,

b3 =µc +µh +µm +µp +ρ1 +ρ2 +µs,

b2 =µc
(
µh +µm +µp +ρ2 +µs

)+µh
(
µm +µp +ρ1 +µs

)+ρ1µm +µmµp

+ρ2
(
µm +µp +ρ1 +µs

)+µmµs +ρ1µp +µpµs +ρ1µs,

b1 =µc
(
µh(µm +µp +µs)+µm(µp +ρ2 +µs)+ρ2(µp +µs)+µpµs

)
+µh

(
µm(µp +ρ1 +µs)+µp(ρ1 +µs)+ρ1µs

)
+ρ1µmµp +ρ2

(
µm(µp +ρ1 +µs)+µp(ρ1 +µs)+ρ1µs

)+µmµpµs +ρ1µmµs +ρ1µpµs,

b0 = (µh +ρ2)
(
µmµpµs(1−R2

h)+ A2A3β2β3γ2γ3
(
µc +ρ1

)
µhµs

(
µh +ρ2

) +µcµmµp +µcµmµs

)
+ (µh +ρ2)

(
µcµpµs +ρ1µmµp +ρ1µmµs +ρ1µpµs

)
.

With all coefficients (bi) are positive and the condition, b2
1+b2

3b0−b3b2b1 < 0 met, the

Routh-Hurwitz stability criterion indicates that Jφ has simple zero eigenvalues, with

the remaining eigenvalues having negative real parts. Since one of the calculated

eigenvalues is negative, a bifurcation occurs at R0 = 1.

We determine both a right eigenvector and a left eigenvector for the matrix Jφ,

represented as x = (x1, x2, x3, x4, x5, x6, x7, x8)T and z = (z1, z2, z3, z4, z5, z6, z7, z8), re-

spectively. Upon evaluation, we derive the following results:

x1 =−x2,

x3 = A2A3β2β3γ1γ3x2

A2A3β2β3γ2γ3 −µhµmµpµ
2
s
(
µh +ρ2

) ,

x4 = −A2A3β2β3γ1γ3x2

A2A3β2β3γ2γ3 −µhµmµpµ
2
s
(
µh +ρ2

) ,

x5 =
A3β3γ1x2µhµp

(
µh +ρ2

)
A2A3β2β3γ2γ3 −µhµmµpµ

2
s
(
µh +ρ2

) ,

x6 =
−A3β3γ1x2µhµp

(
µh +ρ2

)
A2A3β2β3γ2γ3 −µhµmµpµ

2
s
(
µh +ρ2

) ,

x7 =
γ1x2µhµpµ

2
s
(
µh +ρ2

)
µhµmµpµ

2
s
(
µh +ρ2

)− A2A3β2β3γ2γ3
,

x8 =
−A3β3γ1γ3x2µh

(
µh +ρ2

)
A2A3β2β3γ2γ3 −µhµmµpµ

2
s
(
µh +ρ2

) .

(6.7)

z = (0, z2,0,
γ2z2

(
µc +ρ1

)
γ1

(
µh +ρ2

) ,0,
z2µmµs

(
µc +ρ1

)
A3β3γ1

,
z2

(
µc +ρ1

)
γ1

,
z2µmµ

2
s
(
µc +ρ1

)
A3β3γ1γ3

). (6.8)
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Assuming a and b are the standard form coefficients representing the system dy-

namics according to the Castillo-Chavez and Song theorem, the computation process

enables us to determine the bifurcation coefficients as follows:

a =−x2
2z2

(
µc

(
µc +ρ1

)
A1

+ A2A2
3β

2
2β

2
3γ1γ2γ

2
3µh

(
µc +ρ1

)(
A2A3β2β3γ2γ3 −µhµmµpµ

2
s
(
µh +ρ2

))
2

)

− x2
2z2

(
β3γ1µ

2
hµmµ

2
pµ

3
s
(
µc +ρ1

)(
µh +ρ2

)2(
A2A3β2β3γ2γ3 −µhµmµpµ

2
s
(
µh +ρ2

))
2

)
,

b = x2z2
(
A2A3β

2
3γ2γ3µc

(
µc +ρ1

)+µh
(
µh +ρ2

)(
A1A3β

2
3γ1γ3 +µcµmµpµ

2
s
(
µc +ρ1

)))
β3µcµhµmµpµ

2
s
(
µh +ρ2

)
(1−R2

h)
.

Therefore, under the conditions where x2 > 0, z2 > 0 and Rh < 1, the requirements

of a < 0 and b > 0 are met, leading to a forward bifurcation occurring at R0 = 1. In

the context of the Fasciola hepatica model, forward bifurcation refers to the scenario

where the disease-free equilibrium (DFE) loses stability and an endemic equilibrium

(EE) emerges as R0 increases past 1. This means that for R0 < 1, the DFE is stable

and for R0 > 1, the DFE becomes unstable and a stable endemic equilibrium appears.

6.3.5 Existence and Local Stability of Endemic Equilibrium

A forward bifurcation guarantees the existence of an endemic equilibrium point. This

occurs when the reproduction number (R0) crosses the critical threshold of 1 from be-

low. For R0 < 1, the disease-free equilibrium is stable and no endemic equilibrium

exists. As R0 surpasses 1, the disease-free equilibrium becomes unstable and a stable

endemic equilibrium emerges, indicating the disease will persist in the population at

a steady state. Therefore, a forward bifurcation signifies a stable endemic equilib-

rium for R0 > 1, ensuring the persistence of the disease.

Theorem 6.4. The endemic equilibrium is locally asymptotically stable if R0 > 1;

otherwise, it is unstable.

Proof. This results from the existence of a forward bifurcation. A forward bifur-

cation demonstrates local asymptotic stability for equilibrium points derived from

epidemiological models (Cheneke 2023). □
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6.4 Sensitivity Analysis

The normalized forward sensitivity index method is used to calculate the model pa-

rameter sensitivity indices. Table 6.3 presents the sensitivity indices for the model

(6.1), while Figure 6.2 provides a visual representation of these indices. The figure

highlights significant positive indices in the model, including infection rates (β1, β2,

β3), recruitment rates (A1, A2, A3), miracidia production rate (γ1) and metacercariae

production rates (γ2, γ3). These parameters are critical in shaping the dynamics and

outcomes of the model, highlighting their importance in understanding and manag-

ing the system. This indicates that an decrease or increase) in infection rates (β1,

β2, β3) by 5% will lead to a decrease or increase of 2.5% in the reproduction number

(R0).

Figure 6.2 also shows that the negative index of snail mortality (µs) has the high-

est sensitivity. This implies that increasing or decreasing the value of (µs) by 5% will

result in a 5% decrease or increase in the reproduction number (R0).
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Table 6.3: Sensitivity indices.

Parameter Sensitivity index value

µs -1

µm -0.5

µp -0.5

µc -0.0586

ρ1 -0.0570

ρ2 -0.4421

A2 +0.4422

β2 +0.4422

γ2 +0.4422

µh -0.4423

γ3 +0.5

A3 +0.5

β3 +0.5

A1 +0.0578

β1 +0.0578

γ1 +0.0578

6.5 Optimal Control Model Analysis

This section presents an optimal control model that incorporates four time-dependent

strategies: public health education (w1(t)), treatment of infected cattle (w2(t)), treat-

ment of infected humans (w3(t)) and snail removal using chemical molluscicides

(w4(t)). Anthelmintic treatments can be applied to infected cattle and humans to

eradicate the F. hepatica parasite. Since drugs and dosages can vary between species,

it is crucial to consider and investigate different treatment options for cattle and hu-

mans. The model aims to determine the most effective prevention and control strate-
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Figure 6.2: Sensitivity indices.

gies to mitigate the impact of Fasciola hepatica while minimizing associated costs.

dSC(t)
dt

= A1 −β1SC(t)P(t)−µcSC(t)+ (ρ1 +w2(t))IC(t),

dIC(t)
dt

=β1SC(t)P(t)− (ρ1 +w2(t)+µc)IC(t),

dSH(t)
dt

= A2 − β2(1−w1(t))P(t)SH(t)
1+αP(t)

−µhSH(t)+ (ρ2 +w3(t))IH(t),

dIH(t)
dt

= β2(1−w1t))P(t)SH(t)
1+αP(t)

− (µh +ρ2 +w3(t))IH(t)

dSS(t)
dt

= A3 −β3SS(t)M(t)− (µs +w4(t))SS(t),

dIS(t)
dt

=β3SS(t)M(t)− (µs +w4(t)))IS(t),

dM(t)
dt

= γ1IC(t)+γ2IH(t)−µmM(t),

dP(t)
dt

= γ3IS(t)−µpP(t).

(6.10)

The model incorporates control strategies aimed at identifying the most effective

methods to reduce Fasciola hepatica infections in both cattle and humans. The ob-

jective function outlines the expenses associated with the implementation of these

measures as follows:

J(w1,w2,w3,w4)=
∫ T

0

(
C1IC +C2IH + 1

2
C3w2

1 +
1
2

C4w2
2 +

1
2

C5w2
3 +

1
2

C6w2
4

)
dt,

(6.11)
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where T denotes the specified end time, while C1 and C2 represent the cost weights

associated with infected humans and infected cattle, respectively. Furthermore, C3,

C4, C5 and C6 correspond to the positive weights assigned to each control measure.

The choice to use a quadratic cost function for controls is in line with current research

on the costs of managing epidemics (Okosun et al. 2013, Alemneh 2020). We aim

to determine the optimal control strategy, w∗
1 , w∗

2 , w∗
3 and w∗

4 that minimizes the

objective function (J), expressed as:

J(w∗
1 ,w∗

2 ,w∗
3 ,w∗

4 )= lim
W

J(w1,w2,w3,w4). (6.12)

The control set W consists of Lebesgue measurable bounded functions and is defined

as follows:

W = {(w1,w2,w3,w4) : 0≤ wi(t)≤ 1, i = 1,2,3,4, for t ∈ [0,T]}. (6.13)

6.5.1 Existence of Optimal Controls

We applied the approach proposed by Nana-Kyere et al. (2022) to demonstrate the

existence of optimal control for model (6.10) and Equation (6.11) and subsequently

presented the following theorem.

Theorem 6.5. Consider the system described by equation (6.10) with initial condi-

tions (SC(0), IC(0),SH(0), IH(0),SS(0), IS(0), M(0),P(0)) ≥ (0,0,0,0,0,0,0,0)) and the

objective functional (J) given by equation (6.11). There exists an optimal control

w∗(t)= (w∗
1 (t),w∗

2 (t),w∗
3 (t),w∗

4 (t)) and corresponding state variables (S∗
C, I∗C,S∗

H , I∗H ,S∗
S,

I∗s , M∗,P∗) that minimize J(w) over the set W , provided the following conditions are

satisfied:

(a) The set of admissible controls and state variables is non-empty.

(b) The set of admissible controls is convex and closed.

(c) The system defined by equation (6.10) is subject to constraints imposed by a

linear function on both the state and control variables.
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(d) The integrated objective function (L ), as defined in Equation (6.11), is convex

with respect to the control variables.

(e) The integrand of the objective function L satisfies the inequality

L ≥ a1(|w1|2 +|w2|2 +|w3|2 +|w4|2)
a3
2 −a2,

where a1 and a2 are positive constants and a3 > 1.

Proof. (a) For any allowable control function within W , we can assert with cer-

tainty that the solutions to the state system are both continuous and bounded. More-

over, the right-hand side functions of equation (6.10) adhere to the Lipschitz condi-

tion concerning the state variables. The study presented in Lukes (1982) confirms

the existence of solutions for the system (6.10) and validates this property.

(b) The second property, which pertains to the definition of a convex set, is also

met because the control set W = w1 ×w2 ×w3 ×w4 is both convex and closed for all

t ∈ [0,T].

(c) The right-hand side of the system (6.10) is continuous. The state and control

variables remain bounded over the interval [0,T]. To verify their boundedness, we

applied the method described in Burden et al. (2004). The right-hand side of equation

(6.10) can be directly expressed as a linear function of w, given by:

F(t, X ,w)=G(t, X )+H(t, X )w, (6.14)

where X and w represent the state and control variables, respectively. The norm

inequality given in Equation (6.14) results in,

|F(t, X ,w)| ≤ |G(t, X )|+ |H(t, X )||w|.

Since the functions G and H are continuous with respect to the state variables and

each state variable is bounded, it is evident that both |G| and |H| are bounded func-

tions. Consequently, there exist constants r1 and r2 such that |G| ≤ r1 and |H| ≤ r2.

This leads to,

|F(t, X ,w)| ≤ |G(t, X )|+ |H(t, X )||w| ≤ r1 + r2|w| ≤ Max{r1, r2}(1+|w|). (6.15)
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Thus, ||F(t, X ,w)|| ≤ r(1+|w|), where r is the maximum of r1 and r2. This confirms

that condition (c) is satisfied.

(d) The integrand in equation (6.10) is given by

L (IC, IH ,w)= C1IC +C2IH + 1
2

(C3w2
1 +C4w2

2 +C5w2
3 +C6w2

4).

This expression can be broken down into the sum of convex functions, indicating that

it is also convex concerning the control variables.

(e) The existence of constants a1, a2 > 0 and a3 > 1 is established such that the

integrand L of the objective function

L (IC, IH ,w)= C1IC+C2IH+1
2

(C3w2
1+C4w2

2+C5w2
3+C6w2

4)≥ a1

2
(w2

1+w2
2+w2

3+w2
4)

a3
2 −a2

holds true, where a1 = min{C3,C4,C5,C6} > 0, a2 > 0 and a3 = 2. The assumption

made in the original statement is valid, confirming that there exists an optimal con-

trol strategy that minimizes the given objective function.

6.5.2 The Hamiltonian and Optimality Control Problem

We transform equation (6.10) and system (6.11) into a specific problem of minimizing

the Hamiltonian to the control parameters (w1,w2,w3,w4) using Pontryagin’s Max-

imum Principle. The Hamiltonian H associated with this control problem is given

by:

H =L +λ1
dSC

dt
+λ2

dIC

dt
+λ3

dSH

dt
+λ4

dIH

dt
+λ5

dSS

dt
+λ6

dIS

dt
+λ7

dM
dt

+λ8
dP
dt

. (6.16)

In this optimal control problem, the Hamiltonian function H incorporates the ad-

joint variable functions λi for i = 1,2,3,4,5,6,7,8, which correspond to the respective
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state equations.

H = C1IC +C2IH + 1
2

[C3w2
1 +C4w2

2 +C5w2
3 +C6w2

4]

+λ1[A1 −β1SC(t)P(t)−µcSC(t)+ (ρ1 +w2(t))IC(t)]+λ2[β1SC(t)P(t)− (ρ1 +w2(t)+µc)IC(t)]

+λ3[A2 − β2(1−w1(t))P(t)SH(t)
1+αP(t)

−µhSH(t)+ (ρ2 +w3(t))IH(t)]

+λ4[
β2(1−w1t))P(t)SH(t)

1+αP(t)
− (µh +ρ2 +w3(t))IH(t)]

+λ5[A3 −β3SS(t)M(t)− (µs +w4(t))SS(t)]+λ6[β3SS(t)M(t)− (µs +w4(t)))IS(t)]

+λ7[γ1IC(t)+γ2IH(t)−µmM(t)]+λ8[γ3IS(t)−µpP(t)].

(6.17)

Theorem 6.6. For an optimal control set (w1,w2,w3,w4) that minimizes the objective

function (J) over the set W , there exist corresponding adjoint variables (λ1,λ2,λ3,λ4,

λ5,λ6,λ7,λ8) that satisfy the following :

dλ1

dt
= (

β1P(t)+µc
)
λ1 −

(
β1P(t)

)
λ2,

dλ2

dt
=−C1 −

(
ρ1 +w2(t)

)
λ1 +

(
ρ1 +w2(t)+µc

)
λ2 −γ1λ7,

dλ3

dt
=

(
β2(1−w1(t))P(t)

1+αP(t)
+µh

)
λ3 −

(
β2(1−w1(t))P(t)

1+αP(t)

)
λ4,

dλ4

dt
=−C2 −

(
ρ2 +w3(t)

)
λ3 +

(
ρ2 +w3(t)+µh

)
λ4 −γ2λ7

dλ5

dt
= (

β3M(t)+µs +w4(t)
)
λ5 −β3M(t)λ6,

dλ6

dt
= (w4(t)+µs)λ6 −γ3λ8,

dλ7

dt
=β3SSλ5 −β3SSλ6 +µmλ7,

dλ8

dt
=β1SCλ1 −β1SCλ2 +

(
β2(1−w1(t))SH(t)

(1+αP(t))2

)
λ3 −

(
β2(1−w1(t))SH(t)

(1+αP(t))2

)
λ4 +µpλ8,

(6.18)

with transversality conditions λi(T)= 0, for i = 1,2, ...,7.
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Furthermore, the optimal conditions for the problem are given by:

w∗
1 =max

{
0,min

{
1,

(λ4 −λ3)β2SHP
C1(1+αP)

}}
,

w∗
2 =max

{
0,min

{
1,

(λ2 −λ1)IC

C2

}}
,

w∗
3 =max

{
0,min

{
1,

(λ4 −λ3)IH

C3

}}
,

w∗
4 =max

{
0,min

{
1,
λ6IS +λ5SS

C4

}}
.


(6.19)

Proof. Pontryagin’s maximum principle ensures that for any optimal solution

(X ,w) to an optimal control problem, there exists a non-trivial adjoint variable vec-

tor function λ= (λ1,λ2,λ3,λ4,λ5,λ6,λ7,λ8). This adjoint variable vector function (λ)

must meet the transversality conditions, where each component λi(T)= 0 at the final

time T, for i = 1 to 8.

dλ1

dt
=− ∂H

∂SC
,

dλ2

dt
=−∂H

∂IC
,

dλ3

dt
=− ∂H

∂SH
,

dλ4

dt
=−∂H

∂IH
,

dλ5

dt
=−∂H

∂SS
,

dλ6

dt
=−∂H

∂IS
,

dλ7

dt
=−∂H

∂M
,

dλ8

dt
=−∂H

∂P
.

(6.20)

The optimality conditions are derived by differentiating the Hamiltonian function

from the control variables and identifying the points where these derivatives equal

zero.
∂H (t, X ,w,λ)

∂wi
= 0 (6.21)

Deriving the adjoint system and differentiating the Hamiltonian function yields the
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following expression:

∂H

∂w1
= C1w1 + (

β2P(t)SH(t)
1+αP(t)

)λ3 − (
β2P(t)SH(t)

1+αP(t)
)λ4 = 0,

∂H

∂w2
= C2w2 +λ1(IC)−λ2(IC)= 0,

∂H

∂w3
= C3w3 +λ3(IH)−λ4(IH)= 0,

∂H

∂w4
= C4w4 −λ5SS −λ6IS = 0.

(6.22)

Solving the equations (6.22) for the control variables (wi) results in the expression

given in equation (6.19).

6.6 Simulations of the Optimal Control Model and Discussion

This section uses numerical simulations to investigate the optimality system for

managing Fasciola hepatica infections in humans and cattle. The simulations were

conducted using the fourth-order Runge-Kutta method and the forward-backwards

sweep technique as outlined by Lenhart & Workman ((2007). The parameter val-

ues listed in Table 6.2 were used for the simulation and optimization processes to

generate visualizations and results. The initial values for simulating the optimality

system were set as follows: SC = 1000, IC = 250, SH = 3000, IH = 70, SS = 100000,

IS = 10000, M = 4500 and P = 30000. The associated costs were: C1 = 20, C2 = 30,

C3 = 30, C4 = 40, C5 = 40 and C6 = 60. Four scenarios were examined, each represent-

ing different configurations or strategies involving the four control variables. These

scenarios were categorized as single, double, triple and quadruple interventions.

6.6.1 Scenario 1: Single Intervention

In this scenario, we focus on the individual impact of a specific optimal control vari-

able, wi, while disregarding the influence of all other optimal controls, w j, where

i ̸= j, where i and j are in the set {1,2,3,4}. Figures 6.3a and 6.3b present the re-

sults, indicating the impacts of each control strategy on the number of infected cattle

and humans. By adopting this approach, we isolate the effects of each optimal con-

trol variable, disregarding the presence or influence of the other control variables.
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The results demonstrate that the application of these control measures leads to a

significant decrease in the population of infected cattle and humans compared to the

scenario without any control interventions. This indicates the effectiveness of the

implemented control strategies in reducing the number of infections in both popu-

lations. Despite the effectiveness of the control strategies in reducing the infected

population of both cattle and humans, it is essential to note that the strategies do

not eliminate the disease in infected cattle within the first 100 days. However, the

infected human population is expected to be eliminated during this time frame.

Figure (6.3c) displays the control profile for individual interventions, showing

that w1 remains at maximum for 10 days, w2 for 20 days, w3 for 10 days and w4 for

5 days. This profile helps to understand the duration and intensity of each control

variable during the intervention period, enhancing our comprehension of how control

strategies are implemented over time

6.6.2 Scenario 2: Double Intervention

In this scenario, we explore six distinct strategies:

Strategy A: Optimal public health education (w1) and infected cattle treatment

(w2).

Strategy B: Optimal public health education (w1) and treatment of infected hu-

mans (w3).

Strategy C: optimal public health education (w1) and snail removal using chemi-

cal molluscicides (w4).

Strategy D: Optimal treatment of infected cattle (w2) and treatment of infected

humans (w3).

Strategy E: Optimal treatment of infected cattle (w2) and snail removal using

chemical molluscicides (w4).

Strategy F: Optimal treatment of infected humans (w3) and snail removal using

chemical molluscicides (w4).

According to Figure 6.4a, all double strategies contribute to reducing the disease

burden in cattle compared to the noncontrol scenario. Although strategy E and strat-
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(a) Infected cattle (b) Infected human

(c) Control profiles

Figure 6.3: The progression of infected humans and cattle, along with the control

profile for a single control strategy.

egy F stand out as the most effective in decreasing the number of infected cattle, it

is important to note that all three strategies demonstrate a positive impact on miti-

gating the disease’s effects on the cattle population. These two options outperformed

the other three strategies to reduce the number of infected cattle.

Figure 6.4b demonstrates the effectiveness of all strategies in reducing the num-

ber of infected humans. In particular, strategy A is the most successful approach to

eliminating disease in the human population. Although all strategies contribute to

reducing human infections, strategy A stands out for its exceptional ability to erad-

icate the disease. This underscores the effectiveness of strategy A in achieving the



125

goal of disease elimination in humans, making it the preferred choice among the

evaluated strategies.

Figure 6.5 shows the control profiles of the double control strategies, which show

the patterns or profiles of control variables for the strategies involving combination of

two controls. This figure provides insights into the duration, intensity and interplay

of these control variables, providing a visual representation of how the double control

strategies are implemented over time.

(a) Infected cattle (b) Infected human

Figure 6.4: The progression of infected humans and cattle for double control.

6.6.3 Scenario 3: Triple Intervention

In this scenario, the main objective is to analyze and evaluate six different strategies

by integrating various control measures:

Strategy G: optimal public health education (w1), treatment of infected cattle (w2)

and treatment of infected humans (w3).

Strategy H: optimal public health education (w1), treatment of infected cattle (w2)

and snail removal using chemical molluscicides (w4).

Strategy I: optimal public health education (w1), treatment of infected humans

(w3) and snail removal using chemical molluscicides (w4).

Strategy J: optimal treatment of infected cattle (w2), treatment of infected hu-

mans (w3) and snail removal using chemical molluscicides (w4).
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(a) Strategy A (b) Strategy B

(c) Strategy C (d) Strategy D

(e) Strategy E (f) Strategy F

Figure 6.5: The control profiles for the double control strategies.

Figure 6.6a provides evidence of the effectiveness of strategies H, I and J in reduc-

ing the number of infected cattle. In particular, both strategy H and strategy J play
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an equal role in eradicating disease within the cattle population. These strategies

demonstrate comparable effectiveness in achieving the goal of disease elimination

among cattle. The results underscore the significant impact of the strategies H and

J in reducing the disease burden and successfully removing it within the cattle pop-

ulation.

Figure 6.6b illustrates that all strategies effectively reduce the number of infected

humans. However, strategies G and H emerge as the most successful approaches to

eliminating disease in the human population. These two strategies demonstrate ex-

ceptional effectiveness in achieving the objective of eradication of disease in humans.

Figure 6.7 shows that the control profile for the treatment of infected cattle (w2) is

characterized by a high intensity control strategy. This means that there is a strong

emphasis on implementing rigorous measures to treat and manage the infected cattle

population. The high-intensity control plan indicates that significant efforts and

resources are being directed toward effective treatment of the infection in cattle and

minimizing its spread.

(a) Infected cattle (b) Infected human

Figure 6.6: The progression of infected humans and cattle for triple control.

6.6.4 Scenario 4: Quadruple Intervention

The last strategy K, which encompasses the four combined individual strategies: op-

timal public health education (w1), treatment of infected cattle (w2), treatment of
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(a) Strategy G (b) Strategy H

(c) Strategy I (d) Strategy J

Figure 6.7: The control profiles for the triple control strategies.

infected humans (w3) and snail removal using chemical molluscicides (w4). Figures

6.8a and 6.8b demonstrate that the implementation of all control measures (strategy

K) effectively reduces the number of infected cattle and successfully eradicates the

disease in both the cattle and human populations. The results indicate that strategy

K, which combines multiple control measures, is highly effective in mitigating the

spread of the disease and achieving the desired results of disease control and elimi-

nation in both populations. The figures provide strong evidence of the effectiveness

of strategy K in reducing disease burden and ultimately eradicating disease in both

cattle and humans. Figure 6.8c further reveals that the control profile for the treat-

ment of infected cattle (w2) sustains a high intensity control strategy for a duration
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of 100 days.

(a) Infected cattle (b) Infected human

(c) Control profile

Figure 6.8: The progression of infected humans and cattle for quadruple controls.
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6.7 Conclusion

This chapter presents a mathematical model of optimal deterministic control to an-

alyze Fasciola hepatica transmission dynamics in susceptible or infected cattle, hu-

mans and snails. The model used the next-generation matrix approach to calcu-

late the basic reproduction number. The results indicate that if this number is less

than one, the disease-free equilibrium is asymptotically stable both locally and glob-

ally. Furthermore, the endemic equilibrium is locally asymptotically stable if R0 > 1.

The model was expanded to include time-dependent optimal control variables, which

were assessed using Pontryagin’s maximum principle to evaluate their effectiveness

in mitigating the burden of Fasciola hepatica.

The numerical simulation results show that combination of control measures in

strategy K, which includes public health education, the treatment of infected cattle,

the treatment of infected humans and the removal of snails using chemical mollusci-

cides, is exceptionally effective in curbing the transmission of disease. This compre-

hensive strategy demonstrates significant success in reducing the disease’s impact

and accomplishing the intended goals of disease control and elimination in both the

cattle and human populations. This finding is consistent with the study by [35],

which showed that although each control measure individually reduces fascioliasis

infection, the combined implementation of all control strategies is significantly more

effective in reducing the high prevalence of the disease in domestic animals.

The result also indicates that to maximize effectiveness, the treatment interven-

tion for infected cattle should always be set at its highest value. This finding high-

lights the critical role of treating infected cattle in effectively controlling the spread of

fascioliasis. Recent studies consistently emphasize the importance of comprehensive

and aggressive treatment protocols for the treatment of Fasciola hepatica. The result

consistent with Charlier et al. (2020) emphasises that high-intensity treatment inter-

ventions can significantly reduce the burden of the disease, leading to better health

outcomes for both the cattle and human populations. Similarly, Beesley et al. (2018)

shows that robust treatment strategies not only improve the immediate health of in-
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fected animals, but also contribute to long-term disease control by interrupting the

parasite’s transmission cycle.

Stakeholders should adopt a comprehensive strategy that includes public health

education, treating infected cattle and humans and the use of chemical molluscicides

to remove snails. This integrated approach has proven highly effective in control-

ling the disease, with the recommendation to treat infected cattle as intensively as

possible for the best results.
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Chapter 7

7 Conclusion, Future Work and Recommendations

7.1 Conclusion

This study developed deterministic mathematical models to analyze the dynamics

of Fasciola hepatica in cattle and humans. These models characterize host-parasite

interactions (cattle, humans, snails and parasites) to predict the spread of fasciolo-

sis and its impact under various conditions, providing significant information on the

disease. The positivity, boundedness, local and global stability, forward bifurcation

and sensitivity analysis of the models were analyzed. Stability analysis reveals con-

ditions for disease equilibrium, which informs the development of sustainable man-

agement practices. The models identify key parameters influencing fasciolosis trans-

mission and intermediate host survival, thus explaining long-term disease behav-

ior and persistence. Optimal controls were achieved using Pontryagin’s maximum

principle and cost-effectiveness analysis was performed using the incremental cost-

effectiveness ratio.

The first model examined the dynamics of Fasciola hepatica, incorporating cattle

as the primary host and snails as the intermediate host. Miracidia and metacer-

cariae were included as larval parasite stages within a transmission compartmental

model. The results indicate that the snail death rate is a highly sensitive parameter

that indirectly influences the spread of the disease. Simulations indicate that reduc-

ing the population of miracidia, metacercariae and snails, improving treatment and

limiting pathogen transfer between cattle and snails reduce the prevalence of disease

in cattle.

The second model employs optimal control to assess the cost-effectiveness of Fas-

ciola hepatica control in cattle. The model uses the Pontryagin maximum principle to

optimize strategies for pasture management, cattle treatment and the use of mollus-
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cicides for snail control. Cost-effectiveness analysis shows that pasture management

combined with maximum effort use of molluscicides for snail removal is the most

cost-effective disease control strategy.

The third model considers exposed groups in cattle and snails and it addresses

treatment for exposed and infected cattle. The global stability of the endemic equi-

librium is explored using the Volterra-Lyapunov method and a forward bifurcation

indicates the potential coexistence of disease-free and endemic states. The sensitiv-

ity analysis identified transmission rates in snails and cattle and shedding rates of

miracidia and metacercariae, as key parameters of disease spread. Controlling snail

populations with molluscicide and improving treatment for infected cattle effectively

reduces the prevalence of Fasciola hepatica in cattle.

The fourth model provides a mathematical analysis of Fasciola hepatica epi-

demics to understand disease spread and identify effective prevention and control

measures for cattle and humans. It shows that all the control strategies imple-

mented, including public health education, the treatment of infected individuals and

the use of molluscicides, significantly reduced infections in both populations. Inte-

grated all control measures led to an immediate and significant decrease in infected

cattle and human populations. Maximizing the treatment of infected cattle was iden-

tified as a crucial element in the control of Fasciola hepatica.

In general, snail mortality rate significantly influences disease transmission. Mol-

luscicides are the most significant intervention to control Fasciola hepatica. Model

(4.1) is better than model (3.1) because it investigated disease control strategies and

identifies the most cost-effective approach. Model (5.1) excels in early diagnosis and

treatment, significantly reducing the disease burden. The final model 6.1 is superior

due to its inclusive multi-host and multi-control strategies for managing Fasciola

hepatica in cattle and humans.

7.2 Future Work

Deterministic models offer valuable insights into fascioliasis transmission and con-

trol in cattle and humans, although their precision can be further enhanced through
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future research addressing their limitations.

• Deterministic models of fascioliasis transmission often simplify biological and

ecological processes with assumptions like homogeneous host mixing and uni-

form miracidia/metacercariae densities, neglecting real-world complexities.

• These models do not account for random events and variability, which can be

important in the transmission of diseases, especially in small populations or at

low prevalence levels.

• The models may not fully capture the complexity of the host and vector life cy-

cles, including seasonal variations and environmental influences on their pop-

ulations.

Further research is needed to address several open mathematical questions.

• As data becomes available, update the models to improve its predictive power

and relevance.

• Expanding the models to include multiple host and vector species is a more

comprehensive understanding of transmission dynamics.

• Developing stochastic models for improved realism, particularly in low-prevalence

or small-population scenarios.

• Integrating climate change and environmental variability effects to predict

their impact on snail and main host distribution and transmission dynamics.

• Co-infection studies enhance our understanding of infectious disease dynamics,

particularly in cases such as fascioliasis and schistosomiasis, and fascioliasis

and echinococcosis.

7.3 Recommendations

This study analyzes the dynamics of Fasciola hepatica disease and evaluates con-

trol strategies. The dissertation recommends governments, policymakers and stake-



135

holders improve disease control in humans and cattle by increasing preventive mea-

sures, including public health education, molluscicide use for snail removal, pasture

management and treatments. Policymakers and health administrators focused pri-

marily on identifying and forecasting the most cost-effective intervention strategies.

This study explored cost-effective analyses to investigate the best disease reduction

strategies, found that pasture management combined with the use of molluscicide at

the highest level offers the most effective and least expensive option.

Interdisciplinary collaboration across health, agriculture and mathematical mod-

eling is essential. To improve the precision and effectiveness of the model, stakehold-

ers must address the difficulty of accessing national or global fascioliasis distribution

data in cattle and humans by improving data collection on prevalence, snail distribu-

tion and environmental factors. The systematic collection and organization of data

within agricultural and health institutions is crucial for effective modeling and sim-

ulation. Integrate human, animal and environmental health surveillance with rapid

diagnostics for early outbreak detection, facilitating data-driven research and timely

disease management.
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B Mathematical Preliminaries

B.1 Invariant Sets and Stability Analysis

Invariant sets and stability analysis are some of the most crucial concepts in the

study of dynamical systems, providing very important information on the time be-

havior of such systems. The concepts have widespread use in various fields, includ-

ing fasciolasis disease modeling, to understand and make long-term predictions of

complex systems.

Definition B.1 (Invariant sets). Consider an autonomous, time-invariant system

ẋ = f (x), f :Rn →Rn. (B.1)

A set C ⊆ Rn is invariant with respect to the system if for every trajectory, x(t) ∈ C

then x(τ) ∈C for all τ≥ t (Vladimirov 2004).

Figure B.1: Invariant sets.

In other words, if a trajectory enters C, then it stays in C. In addition, trajectories

can cross the boundary of C, but never outside of C as shown in Figure B.1.
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Definition B.2 (Equilibrium point). An equilibrium point of a dynamic system is a

state in which the system remains constant over time (Perko 1991). That is, the point

x̄ = (x1, x2, ..., xn) ∈Rn is called the equilibrium point of (B.1) if f (x̄)= 0.

Equilibrium points in disease models are critical states in which disease dynam-

ics stabilizes, informing strategies for persistence, control and eradication. Stability

analysis determines whether model solutions converge to or diverge from these equi-

libria, predicting the system’s future behavior and its sensitivity to change.

Definition B.3 (Stability of the equilibrium point). The equilibrium point x̄ ∈ Rn of

the system (B.1) said to be:

1) local stable if for every ϵ > 0 there δ > 0 such that for every solution x(t) that

satisfies ||x(t0)− x̄|| < δ implies ||x(t)− x̄|| < ϵ for each t ≥ t0. That is, if trajecto-

ries staring close to the equilibrium point stay close or converge to it, then the

equilibrium is locally stable.

2) local asymptotically stable if the equilibrium point x̄ ∈ Rn is stable and δ > 0

such that for every solution x(t) that satisfies ||x(t0)−x̄|| < δ implies limx→∞ x(t)=
x̄. The equilibrium point is asymptotically stable if the trajectories do not stay

close to the equilibrium point but also eventually converge to the equilibrium

point over a time.

3) unstable if the equilibrium point x̄ ∈Rn does not meet condition (1).

4) globally stable if, regardless of initial conditions, it eventually returns to a sta-

ble equilibrium state or follows a predictable bounded trajectory.

Stability analysis is obtained by determining the eigenvalues of the Jacobian ma-

trix around the equilibrium points (Anggreini 2016). Various methods have been

developed for the study of stability of invariant sets in dynamical systems:

A) Linearization: The Hartman-Grobman theorem, or linearization theorem, de-

scribes the behavior of dynamical systems near a hyperbolic equilibrium point.

It states that the behavior of a system near this point is similar to its linear
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approximation, which is found using the Jacobian matrix. The eigenvalues of

the matrix are all-important for stability analysis.

Proposition B.4. If all eigenvalues of the matrix have negative real parts, the

point is asymptotically stable; if any have positive real parts, it is unstable. If

any have zero real parts, then further analysis is needed.

Theorem B.5 (Hartman-Grobman theorem). Consider a dynamical system (the

state of a system evolves over time) dx
dt = f (x) with a state x(t) ∈ Rn; where f :

Rn → Rn is continuously differentiable (C1) near an equilibrium point x∗. If

the equilibrium point x∗ is hyperbolic, that is the Jacobian matrix A = D f (x∗)

has no eigenvalues with zero real parts, then there exists a homeomorphism

h : U → V between a neighbourhood U ⊂ Rn of x∗ and neighborhood V ⊂ Rn of

the origin such that the nonlinear system dx
dt = f (x) is topologically conjugated

to its linearized system, d y
dt = A y, where h preserves the qualitative structure of

trajectories (Montgomery 2024).

Definition B.6. An equilibrium point x̄ of the system (B.1) is said to be hyper-

bolic critical point if all eigenvalues of the Jacobian evaluated at x̄ have non

zero real parts, otherwise x̄ is non-hyperbolic.

B) Lyapunov Method: Lyapunov’s Theorem offers a powerful method for analyz-

ing the stability of equilibrium points in dynamical systems, without explicitly

solving the equations. This method relies on finding a scalar function( Lya-

punov function), which is positive definite and decreases along trajectories of

the system. The existence of such a function guarantees stability.

Theorem B.7 (Lyapunov Stability ). Consider an autonomous system (Arrow-

smith & Place 1992):

ẋ = f (x),

with an equilibrium at x∗.

Let V : D →Rn be a continuously differentiable function defined D ⊂Rn contain-

ing x∗. Then:
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(i) If V̇ (x∗) = 0, V̇ (x) > 0 for all x ̸= x∗ in some neighborhood of x∗ (D) and

V̇ (x)≤ 0 for all x ∈ D, then the equilibrium point x∗is stable.

(ii) If V̇ (x∗)= 0, V̇ (x)> 0 for all x ̸= x∗ in D and V̇ (x)< 0 for all x ∈ D, then the

equilibrium point x∗ is asymptotically stable.

(iii) The equilibrium point x∗ is globally asymptotically stable if it is asymptot-

ically stable and V (x)→∞ as |x|→∞ (radially unbounded).

Theorem B.8 (LaSalle’s Invariance Principle). Consider an autonomous system in

(B.1) with equilibrium x∗. Let

• Ω be a compact (closed and bounded) set that is positively invariant ,

• Ω→R be a continuously differentiable function such that

V̇ (x)=∇V (x). f (x)≤ 0, ∀∈Ω.

Define the set

E = {
x ∈Ω : V̇ (x)= 0

}
,

and let M be the largest invariant set in E. Then every solution starting inΩ converges

to M as t →∞.

B.2 Routh-Hurwitz Criterion for Stability Analysis

Routh-Hurwitz stability criterion is a method to show time-invariant continuous sys-

tems by constructing a Routh array from the coefficients of the characteristic equa-

tion.

Consider the characteristic equation:

p(λ)= a0λ
n +a1λ

n−1 +a2λ
n−2 + ...+an−1λ+an (B.2)

with a j is a coefficient in a real number, j = 1,2, ...,n.
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Definition B.9. The matrix

Hn =



a1 a3 a5 a7 a9 · · · 0

a0 a2 a4 a6 a8 · · · 0

0 a1 a3 a5 a7 · · · 0

0 a0 a2 a4 a6 · · · 0

0 0 a1 a3 a5 · · · 0

0 0 a0 a2 a4
. . . 0

...
...

...
...

...
... an



(B.3)

is called the Hurwitz matrix, associated with p(λ) (Mahardika et al. 2019).

Definition B.10. The polynomial p(λ) is called Hurwitz polynomial if all its eigen-

values are positive real parts.

Proposition B.11 ( The Routh-Hurwitz stability criterion). The polynomial given in

(B.2) is Hurwitzian if and only if all the principal minors of the Hurwitz matrix Hn

must be strictly positive.

B.3 A General Compartmental Epidemic Model and Next Gen-

eration Matrix

Consider a general epidemic model designed for a diverse population, categorizing in-

dividuals into n uniform groups based on attributes such as age, behavior, location,

or stage of the disease. It uses a vector x = (x1, x2. . . , xn), with each xi ≥ 0, to repre-

sent the number of individuals in each group, with the initial m groups specifically

assigned to the infected individuals. The distinction between infected and uninfected

groups is based on epidemiological interpretation rather than the model’s inherent

structure, allowing for various interpretations. Consequently, the basic reproduc-

tion number depends on this definition. In addition, the model identifies all possible

disease-free states. We define Xs as the set of all disease-free states. That is,

Xs = {x ≥ 0| xi = 0, i = 1, ...,m}.
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To compute R0, it is important to distinguish new infections from all other changes

in the population. Let Fi(x) be the rate of appearance of new infections in compart-

ment i, V+
i (x) be the rate of transfer of individuals to compartment i by all other

means and V−
i (x) be the rate of transfer of individuals out of compartment i. It is

assumed that each function can be continuously differentiable at least twice in each

variable. The disease transmission model consists of non-negative initial conditions

together with the following system of equations:

ẋi = f i(x)= Fi(x)−Vi(x), i = 1, ...,n (B.4)

where Vi(x) = V−
i (x)−V+

i (x) and the functions satisfy the assumptions (A1)–(A5) de-

scribed below (van den Driessche & Watmough 2002). Since each function represents

a directed transfer of individuals, they are all non-negative. Thus,

(A1) if x ≥ 0, then Fi, V−
i , V+

i ≥ 0, i = 1, ...,n.

If a compartment is empty, then there can be no transfer of individuals from

the compartment by death, infection, or any other means. Thus,

(A2) if xi = 0, then V−
i = 0. In particular, if x ∈ Xs then V−

i = 0, i = 1, ...,m.

Consider the disease transmission model given by (B.4) with f i(x), i = 1, . . . ,n,

satisfying conditions (A1), (A2). If xi = 0, then f i(x) ≥ 0, and hence the non-

negative term (xi ≥ 0, i = 1, . . . ,n) is forward invariant. By Theorems 1.1.8 and

1.1.9 of Wiggins et al. (1990) for each non-negative initial condition, there is a

unique non-negative solution.

The next condition arises from the simple fact that the incidence of infection in

the uninfected compartments is zero.

(A3) Fi = 0, if i > m.

To ensure that the disease-free subspace is invariant, we assume that if the

population is free of disease, then the population will remain free of disease.

That is, there is no density-independent infective immigration. This condition

is stated as follows:
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(A4) if x ∈ Xs, then Fi(x)= 0 and V+
i (x)= 0 for i = 1, . . . ,m.

The remaining condition is based on the derivatives of f near a DFE. For our

purposes, we define a DFE of (B.4) as a (locally asymptotically) stable equilib-

rium solution of the disease-free model, i.e. (B.4) restricted to Xs. Note that

we need not assume that the model has a unique DFE. Consider a population

near the DFE x0. If a small number of infected individuals does not cause an

epidemic, the population will return to the DFE according to the linearized

system.

ẋi = D f (x0)(x− x0) (B.5)

where D f (x0) is the derivative [∂ f i/∂x j] evaluated in DFE, x0. Here, and in

what follows, some derivatives are one-sided, since x0 is on the domain bound-

ary. We restrict our attention to systems in which the DFE is stable in the

absence of new infection. That is,

(A5) if F(x) is set to zero, then all eigenvalues of D f (x0) have negative real parts.

B.4 The Reproduction Number in Epidemics

In epidemiology, the reproductive number is a useful epidemiologic metric to monitor

and control the development of an epidemic (Batista 2021). The basic reproduction

number (R0) and the effective reproduction number (R) offer different perspectives

on the dynamics of infectious disease.

• Basic Reproduction Number: The average number of secondary infections

produced by a single infected individual in a completely susceptible population.

Quantifies the potential of an infectious disease to spread within a population,

only at the beginning of an outbreak (Hethcote 2000). If R0 > 1, the infection

will spread through the population; if R0 < 1, the infection will likely die out.

• Effective Reproduction Number: The effective reproduction number is the

average number of secondary cases per infectious case at a specific time in a

population, accounting for both susceptible and non-susceptible individuals as
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well as interventions (Koyama 2023). Unlike the basic reproduction number,

it is a dynamic measure that reflects changes in population immunity (from

infection, vaccination, or other interventions) throughout an outbreak, making

it a more practical indicator of transmission.

The next generation matrix is the common method of computing the basic repro-

duction number in epidemiological models. The method has the following steps to

compute.

(i) Identify all infected states.

(ii) Rewrite the system in the form B.4.

(iii) Linearize at the disease-free equilibrium.

(iv) The basic reproduction number is the spectral radius (dominant eigenvalue) of

FV−1.

B.5 Incidence Rates in Epidemiology

In mathematical modeling of infectious diseases, incidence rates are used to describe

how individuals in a population interact and how such interactions affect the spread

of a disease. There are various incidences, and among them are:

• Mass Action Incidence: Mass action assumes that the rate of new infections

is proportional to the product of susceptible (S) and infectious (I) individuals,

implying that each individual has the same probability of interacting with any

other. In a well-mixed population with random and uniform interactions, the

rate of new infections is described as linear incidence αSI, where α represents

the transmission or contact rate.

• Standard Incidence: The standard incidence is a model in which the rate of

new infections is proportional to both the number of susceptible individuals and

the number of infected individuals, but adjusted for the size of the population

(Pal et al. 2006). Specifically, the rate is given by αS I
N , where N represents the
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total population. This formulation acknowledges that contact rates decrease in

larger populations.

• Saturating Incidence: As the number of infected individuals increases, the

infection rate may saturate due to limitations in contacts or transmission ca-

pacity (for example, limited resources or behavioral changes). The saturated

incidence rate was first described by Anderson & May (1991) in 1978. It satu-

rates as a result of the concentration of infectious individuals at high levels of

infection. This is modeled as αSI
1+βI ; where, α is the transmission rate, and β is

a saturation factor that reduces transmission with increasing infection preva-

lence (Malik & Althobaiti 2025).

B.6 Bifurcation Analysis

Bifurcation analysis studies qualitative changes in the dynamics of a system as the

parameters vary. These bifurcations can create or destroy invariant sets, such as

fixed points or limit cycles, and affect their stability (Aderyani et al. 2025). A bifur-

cation arises when parameter changes alter equilibrium point solutions. Transcriti-

cal bifurcations, specifically, involve stability exchanges between equilibrium points

and occur when an eigenvalue has a zero real part. In nonlinear systems, the centre

manifold theory simplifies stability analysis near non-hyperbolic fixed points by en-

abling dimensional reduction. Recently, the forward bifurcation showed the existence

of both local and global stability of equilibrium points obtained from epidemiological

models (Cheneke 2023).

The Castillo-Chavez & Song (2004) theorem expands this analysis by providing a

framework for understanding systems with non-hyperbolic equilibria. Specifically, it

offers insights into bifurcations in, for example, epidemiological models by character-

izing the conditions for their occurrence and their impact on system dynamics. We

summarize the theorem as follows.

Theorem B.12 (Castillo-Chavez & Song (2004)). Consider the following general sys-

tem of ordinary differential equations with a parameter φ, where 0 is an equilibrium
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point of the system

d y
dt

= f (y, t), f :Rn ×R, and f ∈Rn (B.6)

That is, f (0,φ)≡ 0 for all φ, such that:

(1) A = D y(0,0) = ∂ f i
∂yj

is the linearization matrix of the system around the equilib-

rium 0 with φ evaluated at 0.

(2) Zero is a simple eigenvalue of A, and all other eigenvalues of A have negative

real parts.

(3) Matrix A has a right eigenvector w and a left eigenvector v that corresponds to

the zero eigenvalue. Let fk be the kth - component of f and:

a =
n∑

k,i, j=1
vkwiw j

∂2 fk

∂yi∂yj
(0,0),

b =
n∑

k,i=1
vkwi

∂2 fk

∂yi∂φ
(0,0).

Then the local dynamics of the system around the equilibrium point 0 are totally

determined by signs of a and b.

(i) if a > 0, b > 0. when φ < 0 with |φ| << 1, 0 is locally asymptotically stable and

there exists a positive unstable equilibrium; when 0 <φ<< 1, 0 is unstable and

there exists a negative and locally asymptotically stable equilibrium.

(ii) a < 0, b < 0. When φ< 0 with |φ| << 1, 0 is unstable, when 0<φ<< 1, 0 is locally

asymptotically stable and there exists a positive unstable equilibrium.

(iii) a > 0, b < 0. When φ < 0 with φ << 1, 0 is unstable and there exists a locally

asymptotically stable negative equilibrium; when 0 < φ << 1, 0 is stable and a

positive unstable equilibrium appears.

(iv) a < 0, b > 0. When φ changes from negative to positive, 0 changes its stability

from stable to unstable. Consequently, a negative unstable equilibrium becomes

positive and locally asymptotically stable. In particular, if a > 0 and b > 0, then

a backward bifurcation occurs at φ= 0.



164

B.7 Volterra–Lyapunov Stable Matrix

In dynamical systems and control theory, the stability analysis of matrices often re-

lies on Lyapunov stability concepts. Although the Volterra-Lyapunov stability cri-

terion is not a standard term, it combines the Volterra integral equation and the

Lyapunov stability principles. Applying the Lyapunov method, the global stability of

the endemic equilibrium can be analyzed using a stable Volterra-Lyapunov matrix

(Chien & Shateyi 2021). A matrix is considered Volterra–Lyapunov stable if it is di-

agonally stable, which implies the existence of a positive definite diagonal matrix D

such that DA+ATD is negative definite. This condition stems from Lyapunov stabil-

ity theory, applied to systems with a diagonal Lyapunov function, which is frequently

employed in ecological models, such as the Lotka–Volterra equations.

B.8 Optimal Control Problem

Optimal control is believed to be one of the best tools for studying the dynamics of

infectious diseases and their potential control (Khan et al. 2021). Optimal control

theory is the science of maximizing returns and minimizing the costs of operating

physical, social, and economic processes (Kirk 2004). It is a powerful mathematical

tool for making decisions that involve complex dynamical systems (Kahuru et al.

2017). The process of determining the control and state trajectories of a dynamic

system over time to optimize a given performance index is known as optimal control

(Rodrigues et al. 2014). Optimal control models describe how a system evolves over

time and determine the optimal levels of decision variables over time (Zilberman

1982).

An optimal control is a set of differential equations that describe the path of the

control variable that minimizes the cost function (i.e., a function of state and control

variables). Pontryagin’s maximum principle and Bellman’s dynamic programming

are two powerful tools that are used to solve constrained closed set variation prob-

lems, related to the most optimal control problems (Zhang 2010). Pontryagin’s maxi-

mum principle, which can be seen as an extension of the calculus of variations (COV),
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is widely used to obtain the strategy for optimal control of continuous processes (Dhar

2016). The Pontryagin maximum (or minimum) principle can be used to determine

the solution to the problem of a two-point boundary value problem (Capó-Lugo &

Bainum 2011). This problem refers to the solution of fixed end constraints. The ob-

jective of optimal control is to determine the control signals that will cause a process

to satisfy the physical constraints and, at the same time, minimize (or maximize)

some performance criterion. A performance measure is a mathematical description

of the desired behavior we wish the system under study to exhibit.

The control and states of a system can be constrained for various reasons. A common

form of control constraint is the saturation constraint, which is due to the limited

control authority of the physical system. This constraint is described as

umin
i ≤ ui(t)≤ umax

i , i ∈ {1,2, ...,m}, t ∈ [0, t f ] (B.8)

The states of a system can be constrained, as well.

In the basic optimal control problem for ordinary differential equations, we use u(t)

for the control and x(t) for the state variable. The state variable satisfies a differen-

tial equation that depends on the control variable:

ẋ = f (x(t),u(t), t). (B.9)

As the control function is changed, the solution to the differential equation will

change. The optimal control problem consists of finding a piecewise continuous con-

trol u(t) and the associated state variable x(t) to minimize the given objective func-

tional.

J =min
u

∫ t f

t0

L(x(t),u(t), t)dt, (B.10)

subject to ẋ = f (x(t),u(t), t), x(t0)= x0 and x(t f ) free.

Such a minimizing control is called an optimal control.

Pontryagin Minimum Principle and Optimally Conditions

The Hamiltonian is a function that is used to solve an optimal control problem

for a dynamical system. A control Hamiltonian function H can be constructed by
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appending the state equation to the integrand f using the Lagrange multipliers, λ(t),

as follows.

H(x(t),u(t),λ(t), t)= L(x(t),u(t), t)+λT(t). f (x(t),u(t), t), (B.11)

where u(t) is the optimal control, and x(t) is the corresponding optimal state.

The Pontryagin Minimum Principle (PMP) states that there exists a continuous

function λ known as an adjoint function, that is the solution of the adjoint equation

λ̇(t)=−Hx(x(t),u(t),λ(t), t), (B.12)

along with the appropriate initial (or final) condition of λ.

The adjoint function is a Lagrange multiplier that brings the information of the state

equation constraint to the optimization problem. According to the PMP, the optimal

control, x(t), and corresponding optimal state, u(t), and adjoint, λ(t), must minimize

the Hamiltonian so that

H(x(t),u∗(t),λ(t), t)≤ H(x(t),u(t),λ(t), t), (B.13)

for all time and for all admissible (i.e., feasible) trajectory control variables u∗(t),

while the adjoint equation Eq. (B.12) is satisfied. Admissible trajectories are defined

as a set of variables that are in the neighborhood of the minimal solution and satis-

fies all of the constraints.

We now define the necessary and sufficient conditions for optimality on the basis of

the preceding considerations. For a feasible trajectory that satisfies the minimum

principle, condition Eq. (B.13) implies that the Hamiltonian is minimum at the opti-

mal control u(t), such that

Hu(x(t),u∗(t),λ(t), t)= 0. (B.14)

The condition (B.14) is the first order necessary condition for optimally.

The necessary conditions are sufficient to ensure the optimal control variable for

purely convex functional objectives with respect to the control variables. In general,
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the optimal control variable, as well as the corresponding state and adjoint, can be

computed by solving an ODE system.

Hu(x(t),u(t),λ(t), t)= 0 (control equation ),

λ̇(t)=−Hx(x(t),u(t),λ(t), t) (co-state equation),

ẋ(t)= Hλ(x(t),u(t),λ(t), t) (state equation),

λ(t f )= 0 (triviality condition).

B.9 Cost-Effective Analysis for Optimal Control Model

Cost-Effective Analysis (CEA) is a method used to evaluate the economic efficiency of

different strategies or interventions, particularly in fields such as healthcare, public

policy, and engineering. It involves comparing the relative costs and results (often in

terms of effectiveness or utility) of two or more courses of action (Gupta et al. 2020).

In the context of optimal control analysis, CEA can be applied to determine the most

efficient way to achieve a desired result while minimizing costs.

These are different cost-effectiveness analysis, among them the infection averted

ratio (IAR), the average cost-effectiveness ratio (ACER), and the incremental cost-

effectiveness ratio (ICER).

A) Infection Averted Ratio (IAR)

The infection averted ratio (IAR) can be expressed as

I AR = Number of infections averted
Number of infected individuals without any control implementation

,

where the number of infections averted represents the difference between the to-

tal number of infected individuals without any control implementation and the to-

tal number of infected individuals with control throughout the simulation, a control

strategy with the highest IAR value is considered as the most cost-effective (Agusto

& ELmojtaba 2017).

0.5cm
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B) Average Cost-Effectiveness Ratio (ACER)

The average cost-effectiveness ratio (ACER) of an optimal control strategy S is

given by the formula (Engida et al. 2024):

ACER(S)= Total cost incurred on the implementation of a particular intervention strategy S
Total number of infections averted by the intervention strategy S

.

where, the total cost incurred on implementing a particular intervention strategy is

estimated from (Asamoah et al. 2022),

L(u)=
∫ T

0

n∑
i=0

Ciu2
i du.

C) Incremental Cost-Effectiveness Ratio (ICER)

The incremental cost-effectiveness ratio (ICER) measures the difference in costs and

health benefits between two competing intervention strategies for the same limited

resources. ICER is defined as the ratio of the difference in cost between strategies p

and q, divided by the difference in the number of averted infections between those

strategies (Asamoah, Yankson, Okyere, Sun, Jin, Jan et al. 2021, Kouidere et al.

2023). Taking strategies p and q as two competing control intervention strategies,

the ICER is stated as

ICER = Change in total costs in strategies p and q
Change in control benefits in strategies p and q

,

ICER numerator includes differences in disease averted costs, costs of prevented

cases, intervention costs, and others. Although the ICER denominator accounts for

differences in health outcome, including the total number of infections averted or the

total number of susceptibility cases prevented.


