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Abstract

Peste des petits ruminants (PPR) is a highly contagious viral disease that severely threatens the
livelihoods and food security of smallholder farmers across Africa, the Middle East, and Asia,
including Ethiopia, where persistent outbreaks undermine national eradication efforts. Despite
ongoing vaccination and surveillance campaigns, the continued prevalence of PPR highlights crit-
ical gaps in understanding its transmission dynamics, particularly regarding the role of animal
movement, restocking practices, and spatial spread factors that have been insufficiently modelled
compared to other transboundary diseases. Furthermore, there is a notable lack of integrated
cost-effectiveness analyses of intervention strategies and optimal control frameworks tailored to
PPR. Addressing these gaps, this dissertation develops and analyses a suite of deterministic
mathematical models, incorporating novel components such as imperfect vaccination, restocked
subpopulations, spatial heterogeneity, and co-infection with Sheep and Goat Pox (SGP), us-
ing epidemiological data from the Ethiopian Ministry of Agriculture and World orgnazation of
animal health (WOAH). Model parameters were carefully estimated despite data incomplete-
ness, employing nonlinear least squares and sensitivity analyses. Through rigorous qualitative
and quantitative analysis, including stability assessments, optimal control characterisation using
Pontryagin’s minimum principle, and comprehensive cost-effectiveness evaluations, this research
reveals that combining vaccination with targeted biosecurity and movement control measures is
the most effective and economically viable strategy for PPR eradication. Notably, the introduc-
tion of infected, restocked animals is shown to facilitate disease persistence, underscoring the need
for integrated interventions beyond vaccination alone. The findings provide actionable recom-
mendations for policymakers: prioritizing coordinated vaccination, movement restrictions, and
enhanced biosecurity, supported by optimal allocation of limited veterinary resources. Overall,
this dissertation advances the understanding of PPR dynamics and provides practical recommen-
dations for improving disease control strategies in Ethiopia, thereby supporting national efforts
toward the eradication of PPR.

Keywords: PPR, SGP, Mathematical Modeling, Optimal Control, Restocking, Cost-effectiveness,
Vaccination, co-infection
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Chapter 1

Introduction

This introduction establishes the scope of the research by outlining the epidemiological back-
ground of PPR, stating the core problem, defining the study’s objectives, and presenting the
organization of the dissertation.

1.1 Epidemiology of Peste des Petits Ruminants (PPR)

This section introduces the biological context of PPR, paying particular attention to the current
situation in Ethiopia. The biological background of PPR is necessary to understand the reasoning
behind the mathematical models formulated in this research.

1.1.1 Peste des Petits Ruminants (PPR)

PPR is an economically significant and highly contagious viral disease of small ruminants, caused
by the Peste des Petits Ruminants virus (PPRV), a member of the genus Morbillivirus, within the
family Paramyxoviridae (Ahaduzzaman, 2020). PPRV is closely related to other Morbilliviruses,
including the bovine rinderpest virus, canine distemper virus, human measles virus, and morbil-
liviruses of marine mammals (Waret-Szkuta et al., 2008; Fournié et al., 2018; Balamurugan et al.,
2014). Recognized as a notifiable transboundary disease by the World Organization for Animal
Health (WOAH-OIE), PPR threatens livestock production, food security, and rural livelihoods,
particularly in regions dependent on sheep and goat farming (Balamurugan et al., 2014). PPR
has been prioritized for global eradication by 2030 under the joint efforts of FAO and OIE.

1.1.2 Clinical Signs and Transmission

PPR is clinically characterized by high fever (pyrexia), conjunctivitis, oculo-nasal discharges,
necrotizing and erosive stomatitis, diarrhea, and bronchopneumonia, which can result in either
death or recovery of the affected animal (Balamurugan et al., 2014). PPR is often confused
with other diseases that present similar clinical signs and fever, particularly when it is newly
introduced. Diseases with overlapping symptoms that require differential diagnosis include Blue-
tongue (BT), Contagious Ecthyma (Orf), Foot and Mouth Disease (FMD), Contagious Caprine
Pleuropneumonia (CCPP), and Pasteurellosis. Additionally, mixed infections of PPR with goat-
pox, sheep pox, Orf, or BT may occur (Fournié et al., 2018). The disease is highly transmissible,
with morbidity and mortality rates reaching nearly 100% in naive populations (Malik et al.,
2011).
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Transmission primarily occurs through close contact between infected animals, as the virus
is shed in nasal and salivary secretions and excreted in feces. Aerosol transmission is also a
significant route of infection (Fournié et al., 2018; Aetiology, 2020; Gopilo, 2005). Spread through
ingestion and conjunctival penetration, by licking of bedding, feed and water troughs are also
common. Furthermore, mixed populations sheep and goats, the introduction of new animals
into a herd/flock, congregation of susceptible animals at grazing land and watering points and
intensive type farming system facilitate the transmission of this highly contagious disease (Fournié
et al., 2018). PPR virus (PPRV) is sensitive to environmental factors and does not survive long
outside the host (Ahaduzzaman, 2020). There is no known carrier state for PPRV. The incubation
period typically lasts 3 to 10 days, with death potentially occurring within 10 to 12 days post-
infection due to severe dehydration and respiratory failure (Ahaduzzaman, 2020). Notably,
infected animals can transmit the virus before the onset of clinical signs (Couacy-Hymann et al.,
2007).

1.1.3 Diagnosis and Pathogenesis

Diagnosis of PPR is currently based on the detection of antibodies, antigens, or the viral genome.
Serological detection, primarily through enzyme-linked immunosorbent assay (ELISA) kits, is
widely utilized to identify antibodies in infected animals. This method is effective because animals
infected with PPRV develop a sustained antibody response that persists for life (Munir, 2013).
Techniques for antigen detection and viral genome detection are also employed for definitive
diagnosis, providing reliable tools for early detection and confirmation of the disease.

PPRV enters the host through the epithelial lining of the oral cavity, respiratory tract, and
digestive tract. The virus replicates in regional lymph nodes, leading to viremia and dissemina-
tion to other epithelial tissues, resulting in lesions and clinical signs. The severity of the disease
is influenced by host factors such as age, breed, body condition, and innate immunity, as well
as the virulence of the virus. Concurrent bacterial and parasitic infections may exacerbate the
disease (Aetiology, 2020; Ahaduzzaman, 2020). In endemic regions, sheep and goats develop
lifelong immunity following natural infection; however, naive animals maintain virus circulation,
perpetuating the endemic state (Ahaduzzaman, 2020).

1.1.4 Geographical Distribution

PPR was first reported in 1942 in Ivory Coast, West Africa. Since then, the disease has spread
far beyond its origin, with exponential dissemination over the past 15 years (WOAH, 2023;
Fournié et al., 2018). PPR is now present in over 70 countries across Asia, Africa, and the
Near and Middle East, having reached Europe in 2016 (Georgia). This situation has devastating
consequences for families, communities, and nations.

PPR is endemic in most African and Asian countries, posing significant challenges to small
ruminant production and food security. Globally, small ruminants, particularly sheep and goats,
are essential for the livelihoods of over 300 million rural households. According to the Food and
Agriculture Organization (FAO), the global population of small ruminants was approximately
2.5 billion in 2018, with 1.74 billion (69.6%) residing in PPR-endemic regions (Zhao et al., 2021).
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Among these, 56.4% (982.3 million) are located in Asia, 43.6% (759.1 million) in Africa, and a
negligible fraction (0.1%, or 1.57 million) in Europe.

The study by Zhao et al. (2021) indicates that between 2015 and 2019, a total of 12,757 PPR
outbreaks were reported globally, with 75.1% (9,582 outbreaks) occurring in Asia and the Middle
East, 24.8% (3,166 outbreaks) in Africa, and 0.1% (9 outbreaks) in Europe (Zhao et al., 2021).
Among the affected countries, 22 reported more than 100 outbreaks during this period, including
15 in Africa and 7 in Asia. Notably, five countries-Benin (480 outbreaks), Afghanistan (824),
Iran (3,710), Kuwait (761), and Turkey (402)-accounted for 48.4% of all reported outbreaks.

The global distribution of PPR outbreaks from 2015 to 2019 is illustrated in Figure 1.1. This
map highlights the regional burden of the disease, with the highest concentration of outbreaks
reported in Asia and Africa. The widespread distribution underscores the transboundary nature
of PPR and the urgent need for coordinated global efforts to control and eradicate the disease.

Figure 1.1: Global distribution of Peste des Petits Ruminants (PPR) outbreaks
from 2015 to 2019. (Source: Zhao et al. (2021)).

The high number of outbreaks in endemic regions is attributed to factors such as poor vac-
cination coverage, extensive livestock movement, and limited access to veterinary services. The
disease continues to threaten the livelihoods of smallholder farmers, disrupt livestock trade, and
endanger wildlife conservation efforts (Zhao et al., 2021).

1.1.5 PPR Situation in Ethiopia

Ethiopia, which has the largest livestock population in Africa, is home to 40 million sheep and
51 million goats as of 2020 (Mekuriaw et al., 2021). These small ruminants play a vital role in
the livelihoods of rural and pastoral communities, serving as a primary source of income, meat,
milk, and other products. They are particularly important for marginalized and landless house-
holds, contributing to food security, cultural practices, and resilience against economic shocks.
Additionally, small ruminants support the national economy by fulfilling domestic demand for
meat consumption and generating export earnings (Fournié et al., 2018).

In Ethiopia, PPR was first suspected in 1977 in the Afar region and was later confirmed
in 1991 (Fentie et al., 2018). Among PPR-endemic countries, Ethiopia ranks seventh in terms
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Figure 1.2: Outbreaks of PPR in Ethiopia (2005-2024)(Source: WOAH (2023))

of small ruminant population, further emphasizing the significance of this sector (Zhao et al.,
2021). Over the past two decades, as shown in the bar graph in Figure 1.2, the OIE World Animal
Health Information Database (WAHID) has recorded 1,722 outbreaks in Ethiopia, averaging 86
outbreaks per year. These outbreaks have affected 317,979 animals, resulting in 111,033 deaths,
with annual averages of 15,899 cases and 5,552 deaths. A total of 34.6 million animals have been
vaccinated during this period, averaging 1.73 million vaccinations annually (WOAH, 2023).

The widespread presence of Peste des Petits Ruminants (PPR) across Ethiopia is confirmed
by the significant spatiotemporal heterogeneity illustrated in the 2021 outbreak data from the
national Disease Outbreak and Vaccination Activity Report (DOVAR), shown in Figures 1.3A
and 1.3B. A detailed analysis of these patterns is fundamental for transitioning from uniform
campaigns to targeted, scheduled control programs.

(A) Spatial pattern of 2021 PPR outbreake

(B) Temporal pattern for 2021 PPR
outbreake

Figure 1.3: Spatio-temporal pattern of 2021 PPR outbeake
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1.1.6 Economic Impact

Outbreaks of PPR lead to significant economic losses, including reduced productivity, loss of
animals, and increased costs for disease control and prevention. The annual global economic
impact of PPR is estimated between USD 1.4 billion and USD 2.1 billion. In Ethiopia, PPR
outbreaks reduce small ruminant production by 3.5%, resulting in significant economic losses,
including a 0.34% contraction in GDP (USD 326 million) (Kotchofa et al., 2021). Livelihoods of
rural farming households are disproportionately affected, as sheep and goats play a critical role
in sustaining income and food security in developing countries (Fournié et al., 2018; Zhao et al.,
2021).
A practical illustration of the economic burden of PPR is provided by an outbreak investigation
in the Metema district of northwestern Ethiopia (Jemberu et al., 2022). The study reported
animal-level morbidity and mortality rates of 51% and 22–25%, respectively, in small ruminants.
This resulted in a mean flock-level financial loss of ETB 7,136–7,835 (USD 300–329), equivalent to
approximately 14% of the average annual household income for affected farmers. With mortality
accounting for over 70% of these losses, the impact on livelihoods was severe. A cost-benefit
analysis from the same district suggests that vaccination, at a cost of ETB 3 per animal, is
economically justified if a major outbreak occurs more than once every 13 years, a threshold
that does not include the added value of herd immunity. While this case is specific to Metema, it
exemplifies the profound economic burden that PPR outbreaks impose on smallholder producers,
a reality faced by numerous districts across various regions of Ethiopia.

1.1.7 Control and Prevention

Small ruminants have a huge importance on livelihoods of population in many regions of the
world. The benefits and profits accrued from controlling the disease may result in improved
productivity, food security, income generation and social empowerment.

❶ Vaccination: Vaccines currently available for the control of PPR are live attenuated vac-
cines. They confer strong protection of the host against all strains of the disease following
proper administration, with no side effect whatever the physiological status of the host (in
particular no abortion).

Live-attenuated vaccines provide strong immunity, but maintaining the cold chain is chal-
lenging in tropical and subtropical countries (Sen et al., 2010). Sheep and goats vaccinated
with an attenuated strain of PPR or that recover from PPR develop an active life-long
immunity against the disease (Jilo, 2016). Mass vaccination campaigns are the cornerstone
of PPR control and eradication efforts, but achieving high coverage is difficult due to logis-
tical and economic constraints (Jones et al., 2016). Suboptimal vaccination coverage may
allow virus persistence, necessitating new strategies for eradication.

❷ Treatment: Peste des petits ruminants (PPR) is a viral disease for which there is no
specific cure. Nevertheless, supportive care and preventative measures are essential for
effectively managing and controlling outbreaks (Balamurugan et al., 2014). Treatment
primarily aims to alleviate symptoms and prevent secondary infections (WOAH, 2020).
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Supportive care is crucial for infected animals and includes maintaining hydration, pro-
viding nutritional support, and managing secondary bacterial infections with appropriate
antibiotics (WOAH, 2020; Fentie et al., 2018). Early detection and intervention can sig-
nificantly enhance recovery rates among affected animals. However, the emphasis should
remain on preventive strategies, as treatment options are limited and often ineffective once
the disease progresses. The management of clinical cases of PPR, particularly during out-
breaks in sheep and goats, is critical to minimizing economic losses for farmers (Wosu,
1989).

❸ Bioseccurity Measures: To control the spread of peste des petits ruminants (PPR),
implementing robust biosecurity measures is essential. These measures include maintaining
strict animal movement controls to prevent the introduction of infected animals into disease-
free areas, conducting regular health checks and vaccinations for herds, and ensuring proper
sanitation practices in livestock facilities. Furthermore, farmers should establish quarantine
protocols for newly introduced animals and regularly disinfect equipment, vehicles, and
clothing that may come into contact with infected livestock (WOAH, 2020; FAO, 2015;
Ahaduzzaman, 2020). Enhancing community awareness about the disease and encouraging
reporting of suspicious cases can also significantly mitigate risks associated with PPR
outbreaks.

Despite these established control and prevention measures, the efficacy of the cornerstone strategy-
mass vaccination as outlined in the Global Strategy for the Control and Eradication of PPR
(GSCE)-is compromised by critical implementation gaps. Specifically, the reliance on achieving
70–80% coverage for herd immunity is frequently undermined by operational weaknesses such as
non-risk-based campaign delivery, cold-chain failures, high animal mobility, and poor integration
with complementary surveillance and biosecurity protocols. These systemic shortcomings re-
veal significant limitations in the current approach, leaving persistent vulnerabilities that hinder
sustainable PPR control and the progression toward eradication as envisioned by the GSCE.

1.1.8 Risk Factors

Basic risk factors for the spread of peste des petits ruminants (PPR) include animal movement
practices, such as transhumance and trade, which facilitate virus transmission between herds. In
Africa, livestock movements are primarily driven by the need to access essential resources like
grazing and water, leading animals to travel significant distances daily. This mixing of herds
increases the risk of pathogen spread and disease emergence (Fèvre et al., 2006).

Restocking practices can introduce infected animals into disease-free areas, exacerbating out-
breaks, particularly in regions with extensive production systems. Transboundary livestock
movements further complicate control efforts (Zhao et al., 2021). In Ethiopia, for instance,
the pastoral areas of Afar, Somali, and Oromia are known for significant livestock movement
toward central highlands, where major markets and export facilities are located. Seasonal cross-
border migrations in search of pasture and water also pose challenges to disease control (Fournié
et al., 2018; Abraham et al., 1994).
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Additionally, improper vaccine administration such as inadequate coverage and failure to
maintain cold chain logistics contributes to increased susceptibility. Regions with high livestock
density and poor biosecurity measures are particularly vulnerable. Other risk factors include
insufficient veterinary infrastructure and inadequate surveillance systems. Environmental stres-
sors, like drought, can weaken animal immunity, further increasing susceptibility to infection
(FAO, 2015; Njeumi et al., 2015).

1.2 Statement of the Problem

Peste des petits ruminants (PPR) remains a significant transboundary animal disease in Ethiopia,
with substantial morbidity, mortality, and economic losses among small ruminants. As detailed
in the sections “PPR Situation in Ethiopia” and “Economic Impact,” the national burden is
quantitatively documented (outbreaks, cases, deaths, vaccinations) and economically devastat-
ing at both household and macroeconomic levels. Despite ongoing global and regional initiatives
(FAO/WOAH)-including mass vaccination and surveillance-PPR continues to spread, undermin-
ing smallholder livelihoods and straining veterinary systems.

In Ethiopia, where the burden of PPR is particularly high, current control strategies face
challenges arising from diverse risk factors, logistical constraints, variable coverage, and lim-
ited resources. While several epidemiological and statistical studies have explored PPR preva-
lence and distribution, there remains a lack of comprehensive, Ethiopia-focused mathematical
modeling that rigorously integrates mobility- and geography-driven heterogeneity, evaluates the
cost-effectiveness of realistic control portfolios, and accounts for reporting and operational con-
straints. In contrast to other transboundary diseases such as foot-and-mouth disease (FMD),
the dynamics and control of PPR in Ethiopia are still insufficiently investigated from a systems
and modeling perspective.

Mathematical modeling is invaluable for understanding infectious disease dynamics, simpli-
fying experimental procedures, and supporting evidence-based policy. However, for PPR in
Ethiopia, critical gaps remain, and they are challenging for analytical reasons:

❍ Integration of key risk factors (restocking, animal movement/transhumance and trade,
spatial heterogeneity, highland–lowland interfaces) into dynamic, spatially explicit trans-
mission models is limited.

❍ Comparative assessment of current control strategies (notably vaccination), including cost-
effectiveness and sustainability, remains insufficient.

❍ There is a lack of studies employing optimal control under operational constraints to guide
resource allocation and scheduling. Constrained optimal control can translate model in-
sights into implementable, risk-based vaccination and surveillance plans.

❍ Co-dynamics with other small ruminant diseases (e.g., sheep and goat pox, SGP) and the
potential for combined vaccination are not evaluated. Developing a joint PPR–SGP model
could quantify epidemiologic interactions and assess whether integrated vaccination reduces
burden and delivery costs compared to disease-specific campaigns.
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Addressing these gaps requires grounding models in available quantitative evidence (WAHIS,
DOVAR, outbreak investigations, vaccination records) while acknowledging data limitations (un-
derreporting, delayed detection, variable coverage). Therefore, this study aims to systematically
investigate the transmission dynamics of PPR in Ethiopia using a suite of mathematical mod-
els that incorporate risk factors and geographic targeting (pastoral areas and highland–lowland
interfaces), evaluate current and integrated control strategies (including combined PPR–SGP
vaccination) with cost-effectiveness analysis, and apply optimal control approaches under real-
world constraints. By providing a rigorous, data-informed framework, this research seeks to
support more effective, targeted, and economically efficient decision-making for PPR control and
eradication at the national level.

1.2.1 General Objective

The general objective of this dissertation is to develop and analyze deterministic mathematical
models that describe the transmission dynamics of peste des petits ruminants (PPR) in small
ruminants and to evaluate the effectiveness of various intervention and control strategies in
Ethiopia.

1.2.2 Specific Objectives

The specific objectives of the study are to:

❶ Construct mathematical models that incorporate vaccination and restocking to assess their
impacts on the spread of PPR in small ruminant populations in Amhara region.

❷ Investigate the effects of animal movement and vaccination on PPR transmission dynamics
across agroecological zones.

❸ Develop optimal control strategies for PPR management that emphasize cost-effectiveness
and account for infective recruits in the population.

❹ Formulate a mathematical model to examine the transmission and control of PPR co-
infection with Sheep and Goat Pox (SGP) under relevant intervention measures.

1.3 Significance of the Study

Peste des petits ruminants (PPR) poses a substantial threat to the livelihoods, food security,
and socio-economic stability of millions of smallholder farmers and pastoralists, particularly in
regions where outbreaks can lead to catastrophic losses. The global economic burden of PPR is
estimated to be between US$1.4 billion and US$2.1 billion annually. In addition to direct losses
of livestock, the disease exacerbates poverty, food insecurity, and migration, and can heighten
social and economic instability.

This study is significant for the following reasons:

❍ It provides a rigorous mathematical framework to better understand the transmission dy-
namics of PPR, addressing key factors such as animal movement, restocking, vaccination,
and co-infection with other diseases.



Chapter 1. Introduction 9

❍ The findings will inform veterinary health services and stakeholders in optimizing interven-
tion strategies, enabling more cost-effective allocation of limited resources for PPR control
and eradication.

❍ By evaluating the effectiveness of various control measures, the study offers evidence-based
guidance for policy makers to develop and implement targeted public and animal health
policies.

❍ The results contribute to the national and regional efforts to control and eradicate PPR,
supporting the broader objectives of international organizations such as the OIE and FAO.

❍ The study advances methodological approaches in infectious disease modeling, providing a
foundation for future research on PPR and other emerging diseases affecting small rumi-
nants.

❍ Insights from this research can be used to design educational programs, workshops, and
training initiatives aimed at improving disease awareness and management practices among
farmers, veterinarians, and public health officials.

1.4 Organization of the Dissertation

This dissertation is structured as follows: Chapter 2 presents a comprehensive review of the
literature regarding statistical studies and epidemiological models related to PPR, as well as
mathematical models that incorporate optimal control strategies for infectious diseases similar
to PPR. Chapter 3 introduces and analyzes a mathematical model describing the transmission
dynamics of PPR, with particular emphasis on the roles of vaccination and restocking in small
ruminant populations within the Amhara regional state of Ethiopia. In Chapter 4, optimal
control approaches for managing PPR in the presence of infective recruits are developed and
assessed, including a cost-effectiveness analysis to facilitate informed resource allocation. Chapter
5 examines the influence of animal movement and vaccination on the spatial spread of PPR across
distinct agroecological zones, shedding light on regional disease dynamics. Chapter 6 extends
the modeling framework to address deterministic optimal control in the context of co-infection
with Sheep and Goat Pox (SGP), exploring integrated intervention strategies. Finally, Chapter
7 presents a synthesis of the principal findings, discusses their broader implications, and offers
recommendations for future research directions in the control and eradication of PPR.
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Chapter 2

Literature Review

The focus of this chapter is a critical review of the literature on mathematical modeling of in-
fectious diseases, with emphasis on models applied to animal diseases and on statistical and
mathematical studies of PPR. Mathematical models ranging from simple deterministic compart-
mental systems (e.g., SIR, SEIR) to stochastic, spatial, network, and agent-based frameworks are
essential tools for describing transmission mechanisms, estimating key quantities such as trans-
mission rates and reproduction numbers, and evaluating the likely impact and cost-effectiveness
of control measures when experimental or large-scale trials are impractical. Originating with
Bernoulli (Bernoulli, 1766) and formalized by Kermack–McKendrick (Kermack et al., 1927),
these models have evolved to incorporate host demographics, latent periods, waning immunity,
vectors, heterogeneous contact structures, and multispecies (One Health) interactions relevant
to zoonoses.

In veterinary epidemiology, models have informed control policies for major livestock diseases
(e.g., rinderpest (Mariner et al., 2005), FMD (Sseguya et al., 2022), RVF (Chamchod et al.,
2014), CBPP (Aligaz et al., 2019), capripox (Chamchod, 2018)), and contemporary approaches
increasingly combine optimal control theory, economic assessment, spatial heterogeneity, and
agent-based simulation to design targeted, cost-effective interventions. Given PPR’s high con-
tagion, socio-economic importance in developing countries, and the presence of heterogenous
production systems and animal movement patterns, integrating these modeling principles is cru-
cial for robust inference and policy guidance. This chapter synthesizes statistical evidence and
model-based studies relevant to PPR and related livestock diseases, highlighting gaps particu-
larly the relative scarcity of optimal control and cost-effectiveness modeling for PPR and thereby
motivating the development of new, targeted mathematical models in subsequent chapters.

2.1 Statistical Studies on PPR Disease

Several statistical studies have provided important insights into the epidemiology, risk factors,
and control of PPR:

Balamurugan et al. (2014) presented a comprehensive review of the diagnosis and control
of peste des petits ruminants (PPR), emphasizing recent advances in diagnostic techniques and
vaccination strategies, as well as their economic implications. The authors underscored the ne-
cessity of robust diagnostic methods, timely vaccination, and effective outbreak management to
mitigate economic losses among smallholder farmers. Furthermore, they highlighted the impor-
tance of quantifying economic impacts to guide research priorities and inform control programs.
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Notably, the review recommended future analytical and epidemiological studies to better support
evidence-based policy decisions for PPR control.

Wieland et al. (2020) presented an integrated framework for understanding the epidemiology
and socio-economic impact of PPR through four key research components: assessing epidemio-
logical patterns and socio-economic effects with attention to gender disparities; modeling control
strategies to evaluate their effectiveness; developing gender-responsive vaccine delivery and diag-
nostic approaches to enhance vaccine accessibility; and building capacity and surveillance systems
to strengthen the enabling environment for disease control.

Waret-Szkuta et al. (2008) provided a detailed analysis of a national serological survey con-
ducted in Ethiopia in 1999, which remained one of the largest PPR surveys in Africa. The study
analyzed 13,651 serum samples from seven of eleven regions using competitive enzyme-linked
immunosorbent assay (cELISA), explored the spatial distribution of PPR, and identified risk
factors for seropositivity. By calculating intragroup correlation coefficients for 43 administrative
units (wereda), the authors revealed substantial heterogeneity in seroprevalence both between
regions and within wereda, with prevalence estimates ranging from 0% to 52.5%. The practical
implications of these findings were discussed with respect to PPR-endemic areas.

Fentie et al. (2018) conducted a sero-epidemiological investigation of PPR in small ruminants
in the Amhara region of Ethiopia, employing both cross-sectional and retrospective study designs
to estimate seroprevalence, identify risk factors, and map disease distribution. The study found
that host and environmental factors-including species, sex, agro-ecology, and study location-were
significantly associated with PPR seropositivity, and the data confirmed the widespread presence
of the disease. The authors recommended implementing regular surveillance and vaccination
programs as essential control measures.

Zhao et al. (2021) reported on global progress towards PPR eradication through vaccina-
tion, utilizing data from FAOSTAT, OIE’s World Animal Health Information System, regional
roadmap meetings, and country-level PPR Monitoring and Assessment Tool (PMAT) responses.
Between 2015 and 2019, 12,757 PPR outbreaks were reported, predominantly in Asia and Africa.
The number of outbreaks declined markedly following intensified vaccination campaigns, with
1,218 outbreaks in 2019 compared to 3,688 in 2015. Nevertheless, the authors emphasized the
need for scientifically informed vaccination strategies, cross-border coordination, and enhanced
surveillance and post-vaccination sero-monitoring to achieve effective control.

Collectively, these studies have advanced understanding of PPR epidemiology and control.
However, most have not incorporated cost-effectiveness analyses, indicating an important area
for future research.

2.2 Models with Optimal Control in Infectious Disease

In this section, we review mathematical models with optimal control applied to human, animal,
and zoonotic infectious diseases that exhibit epidemiological similarities to Peste des Petits Rumi-
nants (PPR). These diseases, such as measles, brucellosis, foot-and-mouth disease (FMD), rinder-
pest, Rift Valley fever (RVF), contagious bovine pleuropneumonia (CBPP), and capripoxvirus,
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share key characteristics with PPR in terms of host-pathogen interactions, transmission dy-
namics, and control strategies. The studies summarized below provide important insights and
methodological frameworks relevant to PPR modeling and control.

Rahmayani et al. (2021) developed a deterministic SEIR-V model to analyze measles trans-
mission incorporating first and second dose vaccination, as well as treatment interventions. Uti-
lizing incidence data from Jakarta, they estimated the basic reproduction number R0 = 2.22

and established the global stability of the disease-free equilibrium when R0 < 1. Optimal con-
trol analysis demonstrated that the combined implementation of first-dose vaccination (u1, u2)
and treatment (u4) most effectively minimized infection levels, reducing cases by 3.8× 105 over
a 60-month period. Cost-effectiveness analysis identified this combined strategy as having the
lowest average cost-effectiveness ratio (ACER), making it the optimal intervention for measles
control in Indonesia.

Nyerere et al. (2020b) investigated brucellosis, a zoonotic disease of significant public health
and economic concern, through the development of a deterministic compartmental model featur-
ing four control measures: (1) livestock vaccination, (2) gradual culling of seropositive animals,
(3) environmental hygiene and sanitation, and (4) personal protection for humans. The primary
objective was to minimize both brucellosis transmission and the costs associated with these in-
terventions. By employing Pontryagin’s maximum principle and conducting a cost-effectiveness
analysis, the study demonstrated the positive impact of these strategies on brucellosis mitigation.

Sseguya et al. (2022) formulated a deterministic compartmental model to evaluate FMD con-
trol strategies across neighboring districts, incorporating both vaccination and movement restric-
tions. The study derived district-specific reproduction numbers (R0) and proved global stability
of the disease-free equilibrium for R0 < 1. Optimal control analysis indicated that combined
vaccination and movement restrictions were most effective in minimizing outbreaks; however, in-
cremental cost-effectiveness analysis (ICER) identified vaccination alone as the optimal strategy,
reducing implementation costs by 49.9% compared to movement restrictions alone. Numerical
simulations, calibrated with 2015–2016 Ugandan outbreak data, underscored the limited efficacy
of movement restrictions in the face of high cross-district transmission rates.

Mariner et al. (2005) developed a stochastic SEIR model to study the transmission dynamics
of lineage-1 and lineage-2 rinderpest viruses in East African pastoral systems, integrating em-
pirical data and participatory epidemiological information. The estimated basic reproduction
number R0 was 4.4 for lineage-1 and 1.2–1.9 for lineage-2, with corresponding herd immunity
thresholds of approximately 77% and 50%. The findings showed that small communities could
sustain lineage-2 transmission over extended periods, highlighting the risk of eradication fail-
ure due to vaccination gaps. The study emphasized the necessity of epidemiologically targeted,
high-coverage vaccination strategies for successful rinderpest eradication.

Chamchod et al. (2014) presented a deterministic compartmental model for Rift Valley fever
(RVF) transmission, a zoonotic disease affecting various domestic ruminants. The model incor-
porated both host and vector populations, stratifying ruminants into susceptible (S), infectious
(I), and recovered (R) compartments, while categorizing female mosquitoes as uninfected (U)



Chapter 2. Literature Review 13

or infectious (V ). Applying optimal control theory and logistic growth for the ruminant popula-
tion, the authors demonstrated through numerical simulations that immediate vaccination sub-
stantially reduces outbreak incidence and preserves livestock viability. Furthermore, the study
provided valuable insights into the impact of seasonal transmission patterns on RVF control.

Aligaz et al. (2019) developed a mathematical model for the transmission dynamics of Conta-
gious Bovine Pleuropneumonia (CBPP), considering both antibiotic treatment and vaccination.
CBPP, caused by Mycoplasma mycoides subspecies mycoides, significantly impacts cattle and
buffalo populations. The model comprised susceptible, vaccinated, exposed, infectious, persis-
tently infected, and recovered compartments. The authors derived the control reproduction
number Rc and proved that for Rc < 1, the disease-free equilibrium is globally asymptotically
stable, ensuring CBPP elimination. Conversely, for Rc > 1, the endemic equilibrium is globally
asymptotically stable, allowing the disease to persist. The analysis confirmed that appropriate
application of intervention strategies can control the disease (Rc < 1).

Chamchod (2018) constructed a mathematical model to capture the transmission dynamics
of capripoxvirus (CaPV) among livestock, accounting for both direct and indirect transmission
pathways. The model assessed multiple vaccination strategies and identified key determinants
of outbreak severity and prevalence, including the vector-to-livestock ratio, infection probability,
vaccination rates, waning immunity, and the timing of virus introduction. The optimal approach
was to vaccinate newborns at maximum capacity throughout the control period, while moderately
increasing vaccination rates among susceptible animals following an outbreak. Although designed
for sheeppox and goatpox, the model is adaptable to other pox-like diseases, such as lumpy skin
disease.

While additional literature exists on infectious disease models with optimal control, the stud-
ies highlighted above are particularly relevant due to their focus on diseases sharing epidemiolog-
ical and control features with PPR. These models provide essential frameworks for the effective
design, implementation, and analysis of control and prevention strategies for PPR and similar
infectious diseases.

2.3 Mathematical Models of PPR

This section presents a review of mathematical modeling studies pertaining to Peste des Petits
Ruminants (PPR). Although numerous statistical analyses of PPR have been conducted, there
remains a notable paucity of mathematical modeling studies on PPR, especially when compared
to similar transboundary animal diseases such as foot-and-mouth disease (FMD) and brucellosis.
The existing body of work in this field is relatively limited, yet provides valuable insights into
the transmission dynamics and control strategies for PPR. The principal mathematical modeling
studies to date on PPR are summarized as follows:

Fathelrahman et al. (2021) conducted a comprehensive epidemiological and economic as-
sessment of PPR eradication strategies in the United Arab Emirates using an adapted North
American Animal Disease Spread Model (NAADSM). The study employed a seven-compartment
disease progression framework comprising susceptible, latent, sub-clinically infectious, clinically
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infectious, naturally immune, vaccine-immune, and disease-induced mortality states. Three dis-
tinct intervention scenarios were systematically evaluated: Scenario A examined the epidemi-
ological consequences of mass vaccination cessation in conjunction with moderate movement
restrictions; Scenario B assessed the combined effects of mass vaccination and stamping out pro-
tocols; and Scenario C investigated the impact of intensive ring vaccination coupled with strict
movement control and stamping out. The findings indicated that Scenario C produced optimal
outcomes, reducing outbreak duration by 57% (from 142 to 61 days) and infection incidence by
77% (from 12,417 to 2,856 cases), while simultaneously decreasing government expenditures by
43% relative to baseline interventions. This modeling approach provided quantitative evidence
supporting the effectiveness of combined ring vaccination and movement restrictions, achieving
a reduction in the basic reproduction number (R0) from 2.3 to 0.4, thereby aligning with the
OIE’s strategic framework for PPR eradication in the Middle Eastern context.

The study by Fournié et al. (2018) developed a dynamic metapopulation model to analyze
PPR transmission in Ethiopia, integrating deterministic within-village dynamics with stochastic
between-village spread. Using Approximate Bayesian Computation with Sequential Monte Carlo
(ABC-SMC) methods, the authors estimated transmission parameters by fitting the model to
a nationwide serological survey encompassing 11,457 samples. The analysis revealed distinct
transmission patterns between pastoral (lowland) and sedentary (highland) production systems,
with pastoral villages functioning as persistent reservoirs (between-village reproduction number
Rb

LL = 1.49). The study determined that maintaining 37% herd immunity in at least 70.7% of
pastoral villages would suffice for PPR elimination; however, the high turnover rate in these pop-
ulations necessitates annual vaccination coverage of 61.7%. This work established an important
framework for integrating heterogeneous livestock production systems into disease transmission
models and provided concrete thresholds for control programs targeting PPR eradication.

Savagar et al. (2023), building on the model of Fournié et al. (2018), developed an agent-
based, stochastic SIR model to investigate the influence of heterogeneous mixing among small
ruminant flocks on PPRV transmission and the effectiveness of vaccination strategies. The results
indicated that the 70% vaccination coverage recommended by the Global Strategy for the Control
and Eradication (GSCE) may be insufficient for eradication if high-risk populations are not
specifically targeted. Persistent transmission was observed even at high coverage levels when
vaccination efforts were primarily directed towards lower-risk groups. These findings underscore
the importance of implementing risk-based, targeted vaccination strategies to optimize PPRV
eradication efforts.

This dissertation develops deterministic compartmental models of PPR transmission, ap-
plying and adapting established methodological frameworks for model formulation, analysis,
and parameter inference. Using these models, we evaluate the epidemiological impact and
cost-effectiveness of candidate intervention strategies, and thereby provide evidence-based rec-
ommendations to improve PPR control and disease management in affected production systems.
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Chapter 3

Modeling the PPR Disease
Transmission Dynamics with
Vaccination and Restocking in Small
Ruminant Population in Amhara
Region, Ethiopia

3.1 Introduction

Peste des Petits Ruminants (PPR) continues to pose a substantial threat to small ruminant
populations and livelihoods in the Amhara region of Ethiopia, despite the availability of effec-
tive vaccines and ongoing control efforts. While vaccination remains the cornerstone of disease
control, frequent restocking practices such as the introduction of animals of unknown health
status following trade movements, markets, and festivals-present significant challenges to eradi-
cating PPR. These activities risk introducing infected animals into otherwise disease-free herds,
potentially undermining vaccination campaigns and facilitating persistent endemic transmission.

Although previous studies have emphasized the epidemiology, risk factors, and spatial distri-
bution of PPR in Ethiopia, the specific influence of restocking on the effectiveness of vaccination
and overall disease dynamics has not been thoroughly investigated using mathematical modeling
approaches. To address this gap, this chapter develops a deterministic compartmental SVEIR
model that explicitly incorporates both vaccination and restocked subpopulations. The model
analyzes the impact of imperfect vaccination and the introduction of infected animals through
restocking on the persistence and control of PPR.

Model parameters are estimated using recent outbreak data from January 2019 to Aug. 2022
in Amhara region, Ethiopia. Theoretical analysis, including the computation of the basic repro-
duction number and global stability assessment using the Lyapunov-LaSalle invariance principle,
is complemented by numerical simulations and sensitivity analysis. The results demonstrate
that even with high vaccine efficacy, restocking of infected animals can sustain endemic trans-
mission, highlighting the necessity for additional control measures beyond vaccination, such as
strict movement restrictions and enhanced biosecurity. These findings offer important insights
for policymakers aiming to achieve regional and national PPR eradication targets.
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3.2 Model Formulation

In this section, a nonlinear epidemic model with restocking effect is formulated. The population
of small ruminants with homogeneity N(t) is divided into susceptible (S(t)), vaccinated (V(t)),
exposed (E(t)), infectious (I(t)), restocked (B(t)) and recovered (R(t)) compartments. Therefore
the total population becomes

N(t) = S(t) + V (t) + E(t) + I(t) +B(t) +R(t)

The population of susceptible ruminants is generated through the birth of newborn animals
(at the rate Λ). The susceptible population acquires PPR infection through effective contact with
PPR-infected ruminants at a mass action incidence rate of βSI, where β represents the disease
transmission rate relative to infected ruminants in the I(t) class. This population is reduced by
vaccination at a rate of ω and by natural death at a rate of µ. Additionally, the population is
further increased through restocking from the market and other sources, with a fraction α1 of the
restocked population B. Therefore, the dynamics of this class can be described by the following
equation:

dS

dt
= (1− ρ)Λ + α1B(t)− βS(t)I(t)− (µ+ ω)S(t) (3.1)

To describe the vaccination class, we assume that a fraction of susceptible small ruminants
receive vaccinations at a rate of ω and subsequently join the vaccinated class. In cases where
vaccination delivery is inadequate, small ruminants may not only receive vaccinations but also
lose their immunity. However, there is a probability that this immunization will reduce the
likelihood of a successful infection by ϵ. If ϵ = 0, small ruminants are fully protected from PPR
by the vaccine, whereas if ϵ = 1, they are not protected at all. The natural death rate (µ) lowers
this population. A fraction of newborn animals denoted by ρΛ (where 0 ≤ ρ ≤ 1) are successfully
vaccinated and move to the vaccinated class.

dV

dt
= ρΛ + ωS(t)− ϵβV (t)I(t)− µV (t). (3.2)

The population in the exposed compartment is generated when susceptible ruminants become
infected after interacting with PPRV-infected ruminants. The population is decreased by the
transfer rate σ to the infected class and by the natural death rate µ. Additionally, a fraction α2

of the restocked population B transitions into the latent compartment. Thus, we can describe
the dynamics of this class using the following equation.

dE

dt
= α2B(t) + βI(t)(ϵV (t) + S(t))− (σ + µ)E(t). (3.3)

The population of infected ruminants is reduced by the natural death rate µ, the rate of death
induced by the disease δ, and the restocking process, where a fraction α2 of the population B is
added in unit time. Additionally, individuals from this class are transferred to the recovered class
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at a rate of γ. Therefore, the dynamics of this class can be described by the following equation.

dI

dt
= α3B(t) + σE(t)− (µ+ δ + γ)I(t). (3.4)

The restocked class B is continuously replenished through various sources such as returns from
markets, trading, loaning, giving animals, restocking programs, and other unknown origins. This
recruitment process is represented by the recruitment rate κ, ensuring a constant influx of newly
restocked animals. However, since the restocked animals come from different unknown origins
without undergoing health guarantee or quarantine, there is a possibility of introducing infected
individuals into the population. Hence, the restocked class B may contain infected animals. On
the other hand, the outflow from the restocked class is determined by the rates α1, α2, and α3,
which represent the proportions of animals moving from the restocked class to the susceptible
class S, the exposed class E, and the infected class I, respectively. Additionally, there is a
natural death rate denoted as µ contributing to the outflow from the restocked class.

Taking these factors into account, we can describe the rate of change of the restocked class
B with respect to time using the following equation:

dB

dt
= κ− (α1 + α2 + α3 + µ)B(t). (3.5)

Finally, the recovered class is generated by transfer rates γ and is reduced by the natural death
rate µ. Thus, we obtain the following equation for this class.

dR

dt
= γI(t)− µR(t). (3.6)

Based on the above assumptions of the model, Figure (3.1) depicts the transfer diagram
between compartments.

S E I R

V

βSI σE γI

ωS
ϵβV I

(1− ρ)Λ

µS
µE

B

(µ+ δ)I

µB

µR

ρΛ µV

κ

α1B
α2B

α3B

Figure 3.1: The Compartmental diagram for PPR disease transmission model
model (3.7)
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Table 3.1: Parameter description of model (3.7).

Parameter Description

Λ Small ruminants per capita birth rate
κ A constant flow rate of small ruminant into Restocked population
β Effective contact rate (PPR transmission rate)
µ Natural mortality rate
ω The rate at which susceptible individuals are vaccinated
1− ϵ Vaccine efficancy
δ Disease-induced mortality rate
σ The rate at which the exposed population becomes infective
γ Rates of natural recovery from infected class
ρ Fraction of recruited small ruminants that are vaccinated
α1 The rate of flow from restocked class to susceptible class
α2 The rate of flow from restocked class to exposed class
α3 The rate of flow from restocked class to infected class

Combining all the differential equations formulated in (3.1)-(3.6) gives the following system
of equations 

dS

dt
= (1− ρ)Λ + α1B(t)− βS(t)I(t)− (µ+ ω)S(t),

dV

dt
= ρΛ + ωS(t)− ϵβV (t)I(t)− µV (t),

dE

dt
= α2B(t) + βI(t)(ϵV (t) + S(t))− (σ + µ)E(t),

dI

dt
= α3B(t) + σE(t)− (µ+ δ + γ)I(t),

dB

dt
= κ− (α1 + α2 + α3 + µ)B(t),

dR

dt
= γI(t)− µR(t),

(3.7)

with intial condition

S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, I(0) > 0, B(0) ≥ 0, R(0) ≥ 0.

where, we assume that 0 ≤ α1 + α2 + α3 < 1.
All parameters in the model (3.7) maintain non-negative, and their biological meanings are

described in Table (3.1) so that the total host population remains bounded.

3.3 Model Analysis

3.3.1 Well-Posedness of the Model

In this section, it is essential to provide evidence of the existence of a solution that is not negative,
as well as to establish the uniqueness and boundedness of the solution for the mathematical and
epidemiological interpretation of the model (3.7).
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The total population N(t) at any time t, can be determined by adding all equations in (3.7),
we obtain

dN

dt
= Λ+ κ− µN − δI ≤ Θ− µN, (3.8)

where Θ = Λ + κ and solving the differential inequality (3.8) with initial condition N(0) = N0

using ’Groonwall’s Inequality’ gives

N(t) ≤ N0e
−µt +

Θ

µ

(
1− e−µt

)
,

then
lim
t→∞

sup(N(t)) ≤ Θ

µ
.

As a result, the total population N(t) experiences fluctuations over time. When there is no
disease or δ = 0 (indicating the absence of disease-dependent mortality), the total population
size N(t) converges to Θ

µ . Since the spread of the disease within the population reduces N(t),
it can be inferred that N(t) is within the range of [0, Θµ ]. Therefore, the feasible region of the
model (3.7) is defined as follows:

Γ =

{
(S, V,E, I,B,R) ∈ R6

+ : N(t) ≤ Θ

µ

}
.

Lemma 3.3.1. For any initial condition (S0, V0, E0, I0, B0, R0) ∈ R6
+, system (3.7) has a unique

solution (S(t), V (t), E(t), I(t), B(t), R(t)) defined on [0,∞) satisfying the initial conditions and
the properties:

S(t), V (t), E(t), I(t), B(t), R(t) ≥ 0, N(t) ≤ Θ

µ
.

Proof We first show the local existence and uniqueness of the solution.
Let x(t) = (S(t), V (t), E(t), I(t), B(t), R(t))T and write system (3.7) as

dx

dt
= f(x), x(0) = x0 ∈ R6

+,

where f : R6 → R6 is given by the right-hand sides. Each component of f is a polynomial in
the state variables; hence f is continuously differentiable (C1) on R6. A C1 function is locally
Lipschitz continuous. By the Picard–Lindelöf theorem, for every x0 there exists a unique solution
defined on a maximal interval [0, tmax).

Next, we prove non-negativity and invariance of R+6 by apply the invariance theorem
(Thieme, 2018)) to the closed set D = R+6. For x ∈ ∂D, a coordinate xi = 0 must satisfy
fi(x) ≥ 0 to guarantee that the flow does not leave D. We can easily verify this condition for
each variable:

When B = 0:
f5(x) =

dB

dt
= κ > 0

. When S = 0:
f1(x) =

dS

dt
= (1− ρ)Λ + α1B ≥ 0.
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When V = 0:
f2(x) =

dV

dt
= ρΛ + ωS ≥ 0.

When E = 0:
f3(x) =

dE

dt
= α2B + βI(εV + S) ≥ 0.

When I = 0:
f4(x) =

dI

dt
= α3B + σE ≥ 0.

When R = 0:
f6(x) =

dR

dt
= γI ≥ 0.

All inequalities hold because the other variables are non-negative on D. Consequently, the
vector field f points inward (or is tangent) on ∂D. By Thieme’s theorem, R+6 is positively
invariant: if x0 ∈ R+6, then x(t) ∈ R+6 for all t ∈ [0, tmax). Finally, we prove the boundedness
of the solution. Let x be a solution with values in R6

+, defined in the interval [0,∞). To show
that x is bounded on [0,∞), it suffices to observe that N(t) ≤ Θ

µ for all 0 ≤ t < ∞. Since
S, V,E, I,B, and R are nonnegative and sum up to N , they are bounded by Θ

µ . The claim is
supported by Theorem A.1 in (Thieme, 2018).

Remark 3.3.2. From Lemma 3.3.1, it follows that the biologically meaningful feasible region for
system (3.7) is given by

Γ =

{
(S(t), V (t), E(t), I(t), B(t), R(t)) ∈ R6

+ : N(t) = S + V + E + I +B +R ≤ Θ

µ

}
.

This region Γ is positively invariant with respect to the dynamics of (3.7): any solution starting
in Γ remains in Γ for all t ≥ 0. Consequently, the long-term behavior of the system can be
analyzed within this compact, epidemiologically relevant domain.

3.3.2 Existence and Stability Analysis of Equilibria

Case of No Infective Influx from Restocked Small Ruminants

Considering that there is no influx of infective restocked small ruminants, i.e., α2 = α3 = 0, and
given that the state variable R does not impact the remaining equations, the system (3.7) can
be reduced to the following five-dimensional system.

dS

dt
= (1− ρ)Λ + α1B(t)− βS(t)I(t)− (µ+ ω)S(t),

dV

dt
= ρΛ + ωS(t)− ϵβV (t)I(t)− µV (t),

dE

dt
= βI(t)(ϵV (t) + S(t))− (σ + µ)E(t),

dI

dt
= σE(t)− (µ+ δ + γ)I(t),

dB

dt
= κ− (α1 + µ)B(t),

(3.9)
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and
N1(t) = S(t) + V (t) + E(t) + I(t) +B(t).

It is apparent that model (3.9) permits the existence of another biologically feasible region,

Γ1 =

{
(S, V,E, I,B) ∈ R5

+ : S ≥ 0, V ≥ 0, E ≥ 0, I ≥ 0, B ≥ 0, N1 ≤
Θ

µ

}
,

which is also positive-invariant and attracting such that model (3.9) is well-posed in Γ1. Similar
to the original model, but with a few minor modifications, the aforementioned result can be
verified.

The PPR-disease free equilibrium state ξ0, of the system (3.9) can be obtained as:

ξ0 = (S0, V0, 0, 0, B0) =

(
Λ(1− ρ) + α1B0

ω + µ
,
Λρ+ ωS0

µ
, 0, 0,

κ

α1 + µ

)
.

The local stability of ξ0 can be determined by calculating the control reproduction number Rv

using the method of the next-generation operator developed by Van den Driessche et al. (2002).
The control reproduction number Rv serves as a threshold parameter that reflects the potential
for disease spread under ongoing vaccination. It quantifies the expected number of new cases of
PPR generated by a single infected small ruminant in a completely susceptible population within
a region with a vaccination program. If Rv < 1, the infection will die out. Conversely, if Rv > 1,
the disease will persist in the population. The control reproduction number of the system (3.9)
is given as:

Rv =
βσ(ϵρΛ(ω + µ)(α1 + µ) + (ϵω + µ)((1− ρ)Λ(α1 + µ) + α1κ))

µ(α1 + µ)(ω + µ)(σ + µ)(δ + γ + µ)
. (3.10)

A similar threshold quantity known as the basic reproduction number R0, is obtained by
setting ω = 0 and ρ = 0 in Rv and given by

R0 =
βσ(Λ(α1 + µ) + α1κ)

µ(α1 + µ)(σ + µ)(δ + γ + µ)
.

The quantity R0 (Van den Driessche et al., 2002) measures the expected number of secondary
cases generated by an index case in an unvaccinated, equilibrium population (Θµ , 0, 0, 0,

κ
α1+µ).

With this definition for R0, Rv can be expressed as

Rv = R0
ϵρΛ(ω + µ)(α1 + µ) + (ϵω + µ)((1− ρ)(α1 + µ)Λ + α1κ)

(ω + µ)((α1 + µ)Λ + α1κ)
.

Furthermore, setting Rv = 1 and solving for ω gives the threshold vaccination rate, ωc:

ωc =
((α1 + µ)(1− (ϵρ− ρ+ 1)R0)Λ + κα1(1−R0))µ

((α1 + µ)Λ + α1κ)(ϵR0 − 1)
.

Biological ωc represents the minimum vaccination rate required to drive the control repro-
duction number Rv below 1, thereby ensuring disease elimination. When the vaccination rate
exceeds ωc, the combined effects of vaccination coverage and efficacy (ϵ) are sufficient to reduce
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secondary infections below replacement level, leading to epidemic control. Conversely, if ω < ωc,
the vaccination effort is insufficient to prevent sustained transmission.

Remark 3.3.3. (i). By considering that ω ≥ 0 and 0 ≤ ϵ ≤ 1, we can establish the relationship
R0 ≥ Rv ≥ ϵR0. This implies that if ϵR0 > 1 (which is equivalent to ϵ > 1

R0
= ϵc), then

Rv > 1. Therefore, even with vaccination efforts, it is not possible to achieve Rv < 1. The
critical value for the reduction rate of infection due to vaccination is defined as ϵc.

(ii). Note that Rv ≤ R0 holds true, with equality occurring only when ω = 0 and ρ = 0. It is
observed that in the case of imperfect vaccines, where ω > 0 and 0 < ρ ≤ 1, the effect is a
reduction in the reproduction number of the disease.

Theorem 3.3.4. The PPR disease-free equilibrium ξ0 is locally asymptotic stable if Rv < 1 but
unstable for Rv > 1.

Proof To prove this theorem, we employ the linearization method. The Jacobian matrix of
system (3.9) evaluated at the PPR disease free equilibrium state ξ0 is as follows:

J(ξ0) =


−(µ+ ω) ω0 0 −βS0 α1

ω −µ 0 −ϵβV0 0

0 0 −(σ + µ) βS0 + ϵβV0 0

0 0 σ −(δ + γ + µ) 0

0 0 0 0 −(α1 + µ)

 .

We obtain the characteristic polynomial equation of the Jacobian matrix, which is given by

(λ+ µ)(λ+ ω + µ)(α1 + λ+ µ)(λ2 + b1λ+ b0) = 0 (3.11)

where {
b1 = 2µ+ δ + γ + σ,

b0 = (σ + µ)(δ + µ+ γ)(1−Rv).
(3.12)

Since all parameters in (3.11) are positive, some roots of the characteristic polynomial in (3.11)
are λ1 = −µ, λ2 = −(ω + µ), and λ2 = −(α1 + µ), all of which have negative real parts. It
should be noted that b1 > 0 and b0 > 0 only if Rv < 1, as determined by the Routh-Hurwitz
criterion in (Yang, 2002). According to this criterion, the other two roots of (3.11), λ4 and λ5,
will also have negative real parts if both b0 and b1 in (3.12) are positive. Consequently, the PPR
disease-free equilibrium state ξ0 will be locally asymptotically stable if Rv < 1.

Theorem 3.3.5. If Rv ≤ 1, ξ0 is globally asymptotically stable in Γ1.

Proof Following the same idea in (Wang et al., 2021), we take the candidate Lyapunov function
L(t) = E(t) +

(σ+µ
σ

)
I(t).
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Now, calculate the time derivative of L(t) along the solution of model (3.9), we find

dL

dt
=
dE

dt
+

(
σ + µ

σ

)
dI

dt

= βI(ϵV + S)− (σ + µ)E +

(
σ + µ

σ

)
(σE − (µ+ δ + γ)I)

= I

(
β(ϵV + S)− σ + µ

σ
(δ + γ + µ)

)
, since, ϵV (t) + S(t) ≤ ϵV0 + S0 for all t > 0,

≤ (σ + µ)(δ + γ + µ)

σ
I

(
βσ(ϵV0 + S0)

(σ + µ)(δ + γ + µ)
− 1

)
,

=
(σ + µ)(δ + γ + µ)

σ
I (Rv − 1) .

If Rv ≤ 1, then L′(t) ≤ 0 for (S, V,E, I,B) ∈ Γ1 sufficiently close to (S0, V0, 0, 0, B0) and
L′(t) = 0 holds only when I = 0. Since {ξ0} is the largest invariant set in the subset of Γ1 where
L′(t) = 0. Its globally asymptotically stability follows from local stability of ξ0 and Lasalle’s
invariance principle (LaSalle, 2012).

The endemic equilibrium of model (3.9) can be given:

S∗ =
(1− ρ)Λ + α1B

∗

βI∗ + ω + µ
,

V ∗ =
ρΛ + ωS∗

ϵβI∗ + µ
,

E∗ =
(γ + δ + µ)I∗

σ
,

B∗ =
κ

µ+ α1
,

(3.13)

and from equations (3.13) and model (3.9), I∗ is the positive root of the quadratic polynomial:

H(I∗) = aI∗2 + bI∗ + c,

where 
a = ϵβ2,

b = β(ϵ(ω + µ) + µ)− ϵβ2σ(Λ + α1B
∗)

(δ + γ + µ)(σ + µ)
,

c = µ(µ+ ω)(1−Rv).

(3.14)

According to Equation (3.14), it can be deduced that a > 0 and c < 0 if Rv > 1. Conse-
quently, the quadratic polynomial H(I∗) possesses two roots with opposite signs. Therefore,
it can be concluded that the model (3.9) has a unique positive endemic equilibrium ξ∗ =

(S∗, V ∗, E∗, I∗, B∗) when Rv > 1.

Theorem 3.3.6. Model(3.9)has a unique endemic equilibrium ξ∗ if and only if Rv > 1.

Theorem 3.3.7. The endemic equilibrium ξ∗ is locally asymptotically stable if Rv > 1. In
addition, the model (3.9) exhibits the forward bifurcation.
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Proof In line with Theorem 4.1 of (Carr, 2012), we employ center manifold theory (Castillo-
Chavez et al., 2004). Now, let us express the system (3.9) in vector notation:

dx

dt
= f(x)

where x = (x1, x2, x3, x4, x5) = (S, V,E, I,B) and f = (f1, f2, f3, f4, f5). Let β be the bifurcation
parameter, then system (3.9) becomes

dx1
dt

= (1− ρ)Λ + α1x5 − βx1x4 − (µ+ ω)x1,

dx2
dt

= ρΛ + ωx1 − ϵβx2x4 − µx− 2,

dx3
dt

= βx4(ϵx2 + x1)− (σ + µ)x3,

dx4
dt

= σx3 − (µ+ δ + γ)x4,

dx5
dt

= κ− (α1 + µ)x5,

(3.15)

with Rv = 1 corresponding to β = β∗ = µ(ω+µ)(σ+µ)(δ+γ+µ)(α1+µ)
σ(ϵρΛ(ω+µ)(α1+µ)+(ϵω+µ)(Λ(1−ρ)(α1+µ)+α1κ))

. The
Jacobian matrix of the system (3.9) at the PPR disease-free equilibrium point ξ0 when β = β∗

is given by

J(ξ0)|β=β∗ =


−(µ+ ω) 0 0 −βx01 α1

ω −µ 0 −ϵβx02 0

0 0 −(σ + µ) (σ+µ)(δ+γ+µ)
σ 0

0 0 σ −(δ + γ + µ) 0

0 0 0 0 −(α1 + µ)

 (3.16)

where ξ0 = (x01, x
0
2, x

0
3, x

0
4, x

0
5) corresponding to (S0, V0, E0, I0, B0). We obtain the characteristic

polynomial equation of the Jacobian matrix (3.16), which is given by

(2µ+ δ + γ + σ + λ)(µ+ ω + λ+ ω0)(µ+ λ)(α1 + µ+ λ)λ = 0. (3.17)

It is clearly shown in (3.17) that 0 is a simple eigenvalue of J(ξ0)|β=β∗ , and the other eigenvalues
are real and negative (ξ0 is a non-hyperbolic equilibrium). Hence, Theorem 4.1 in (Castillo-
Chavez et al., 2004) can be used to analyse the dynamics of (3.9) near β = β∗. In particular, it will
be used to show locally asymptotic stability of the endemic equilibrium of (3.9) for β near β∗. It
can be shown that a right eigenvector associated with zero eigenvalue is u = (u1, u2, u3, u4, u5)

T ,
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where 

u1 = − βx01
(ω + µ)

u4,

u2 = −β(ϵx
0
2(µ+ ω) + ωx01)

µ(ω + µ)
u4,

u3 =
δ + γ + µ

σ
u4,

u4 = u4,

u5 = 0.

(3.18)

We can see in (3.18) that u1 < 0;u2 < 0;u3 > 0; and u4 > 0. The left eigenvector v =

(v1, v2, v3, v4, v5) of J(ξ0)|β=β∗ (associated with the zero eigenvalue) can be obtained as

v1 = 0,

v2 = 0,

v3 = v3 > 0,

v4 =
σ + µ

σ
v3 > 0,

v5 = 0.

(3.19)

Here we have taken into account the expression for β∗, where u4 and v3 are calculated to ensure
that the eigenvectors satisfy the condition u.v = 1. Based of this condition we have u4v3 =

σ
δ+γ+2µ .

Next, we will compute the values of a and b based on Theorem 4.1 of (Castillo-Chavez et al.,
2004). From equation (3.19), since v1 = v2 = v5 = 0, we only need to compute the partial
derivatives of the f3 and f4 in (3.15) at the PPR disease-free equilibrium. For system (3.15) , the
associated non-zero partial derivative of f3 and f4 at the PPR disease-free equilibrium is given
by

∂2f3
∂x4∂x1

=
∂2f3
∂x1∂x4

= β∗,
∂2f3
∂x4∂x2

=
∂2f3
∂x2∂x4

= ϵβ∗

with
∂2f3
∂x4∂β

= u4v3(ϵx
0
2 + x01)

where all partial derivatives of f3 with respect to other variables and all partial derivatives of f4
are zero.Then we have

a =

4∑
k,i,j=1

vkuiuj
∂2fk
∂xi∂xj

= 2v3u4β
∗(u1 + ϵu2) < 0,

b =

4∑
k,i=1

vkui
∂2fk
∂xi∂β∗

= v3u4(ϵx
0
2 + x01) > 0.

(3.20)

Thus, the signs of a and b in (3.20) and according to item (iv) of Theorem 4.1 in (Castillo-
Chavez et al., 2004), we can conclude that ξ∗ is locally asymptotically stable if Rv > 1.



Chapter 3. Modeling the PPR Disease Transmission Dynamics with Vaccination and
Restocking in Small Ruminant Population in Amhara Region, Ethiopia

26

Furthermore, when the control reproduction number is equal to one, a change of stability
occurs. Specifically, the PPR disease-free equilibrium becomes unstable, and a non-trivial (en-
demic) equilibrium arises and remains stable. Therefore, system (3.9) with parameter values
outlined in Table (3.2) exhibits a forward bifurcation, as depicted in Figure (3.2), when Rv = 1.
The presence of a forward bifurcation in our model indicates that the basic reproduction number
becomes the sole determinant for the eradication of PPR disease. As long as we can maintain a
condition of Rv < 1, PPR disease will always vanish from the small ruminant population.

0 0.5 1 1.5 2 2.5 3

R
v

0

2

4
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I

×10
5 Forward Bifurcation

Stable DFE Unstable DFE

Stable EE

Figure 3.2: The forward bifurcation diagram for model (3.9).

For the Case of a Non-zero Influx of Infective Restocked Small Ruminants

In this section, we explore the dynamics of the model (3.7) under the scenario of a non-zero influx
of infected restocked small ruminants within the feasible region Γ. As

(
dE
dt + dI

dt

)
E=I=0

> 0, it
follows that model (3.7) lacks a disease-free equilibrium of PPR. Consequently, the system may
have a unique endemic equilibrium. We analyze the global dynamics of the disease based on the
endemic equilibrium point using an approach similar to that employed in prior studies (Khan
et al., 2021; Sigdel et al., 2014).

Let ξ̄ = (S̄, V̄ , Ē, Ī, B̄) represent the endemic equilibrium of system (3.7) and satisfy the
following equilibrium equations

(1− ρ)Λ = −α1B + βSI + (ω + µ)S,

ρΛ = −ωS + ϵβV I + µV,

(σ + µ)E = βI(ϵV + S) + α2B,

(δ + γ + µ)I = σE + α3B,

κ = ᾱB,

(3.21)
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where ᾱ = α1 + α2 + α3 + µ. The expression for the endemic equilibrium can be given by:

S̄ =
(1− ρ)Λ) + α1B̄

βĪ + ω + µ
,

V̄ =
ωS̄ + ρΛ

ϵβĪ + µ
,

Ē =
(γ + δ + µ)Ī − α3B̄

σ
,

B̄ =
κ

ᾱ
,

(3.22)

and from equations (3.22) and (3.21), Ī is the positive root of the cubic polynomial:

G(Ī , α1, α) = āĪ3 + b̄Ī2 + c̄Ī + d̄ := ĪF(Ī)− αB̄β(µ+ ϵ(ω + µ))

(σ + µ)(δ + γ + µ)
Ī + d = 0, (3.23)

where
F(I∗) = āĪ2 + b̄Ī + c̄0,

ā = ϵβ2,

b̄ = β(ϵ(ω + µ) + µ)− ϵβ2(αB̄ + σ(Λ + α1B̄))

(δ + γ + µ)(σ + µ)
,

c̄ = µ(µ+ ω)− σβ(ϵρΛ(ω + µ) + (ϵω + µ)(Λ(1− ρ) + α1B̄))

(σ + µ)(δ + γ + µ)
− αB̄β(µ+ ϵ(ω + µ))

(σ + µ)(δ + γ + µ)
,

c̄0 = µ(µ+ ω)− σβ(ϵρΛ(ω + µ) + (ϵω + µ)(Λ(1− ρ) + α1B̄))

(σ + µ)(δ + γ + µ)
,

d̄ = − αB̄µ(µ+ ω)

(δ + γ + µ)(σ + µ)
,

α = (α2σ + α3(σ + µ)).

(3.24)

Notice that when α2 = α3 = 0, or α = 0 in (3.23), the equation G(Ī , α1, 0) = 0 reduces to
ĪF(Ī) = 0. Consequently, we have Ī = 0 for the disease-free equilibrium (DFE), and F(Ī) = 0,
which is equivalent to equation (3.14). This equation has a unique positive root for the endemic
equilibrium if c̄0 < 0, which is equivalent to Rv > 1. Furthermore, we observe that G(Ī , α1, α) <

ĪF(Ī) for α > 0 and Ī > 0. To analyze the number of positive roots for G(Ī , α1, α) = 0, we need
to consider three cases based on the signs of b̄ and c̄0 in (3.24). A similar approach has been
employed in the study of the model (Shim, 2004; Alexander et al., 2004).

In the case where c̄0 < 0, according to Descartes’ Rule of Signs, the equation G(Ī , α1, α) = 0

has at most one positive root, regardless of the sign of b̄. This result holds because ā > 0,
c̄ < 0, and d̄ < 0. On the other hand, equation F(Ī) = 0 has a unique positive root denoted
as Î. Consequently, we can deduce that G(Î , α1, α) < 0, as G(Ī , α1, α) < ĪF(Ī) for α > 0.
Furthermore, it can be observed that G(Ī , α1, α) → ∞ as Ī → ∞, which confirms the existence
of a positive root for G(Ī , α1, α).

In the case where c̄0 > 0 and b̄ > 0, let r1, r2, and r3 denote the roots of G(Ī , α1, α). In this
scenario, given that ā > 0 and b̄ > 0, it follows that r1 + r2 + r3 = −b̄/ā < 0 and r1r2r3 > 0.
Consequently, it can be concluded that G(Ī , α1, α) has a unique positive root for any α > 0.

For the final case where c̄0 > 0 and b̄ < 0, if b̄2− 4āc̄0 > 0, Descartes’ Rule of Signs indicates
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that F(Ī) possesses two positive roots. Thus, if b̄2− 4āc̄0 > 0, G(Ī , α1, 0) has two positive roots.
Since G(Ī , α1, α) is a cubic function of Ī and a decreasing function of α for Ī > 0, it can be
observed that there exists a positive value α̂ such that G(Ī , α1, α) has three positive roots if
0 < α < α̂, two positive roots (one with multiplicity 2) if α = α̂, and a unique positive root if
α > α̂. It should be noted that α̂ < α0, where

α0 =
c̄0(σ + µ)(δ + γ + µ)

B̄β(ϵ(ω + µ) + µ)
.

To illustrate this, suppose α ≥ α0. If G(Ī , α1, α) has exactly one real root, then from
r1r2r3 = − d̄

ā > 0, it can be deduced that this root must be positive. If the roots of G(Ī , α1, α)

are all real, considering that r1r2 + r1r3 + r2r3 =
c̄0−αB̄β(ϵ(ω+µ)+µ)

(σ+µ)(δ+γ+µ)

ā ≤ 0 when α ≥ α0, it can be
observed that G(Ī , α1, α) also possesses a unique positive root in this case. These findings are
summarized below.

Theorem 3.3.8. i. If ω < ωc or α > α0, or c̄0 < 0, then the model (3.7) has a unique
positive endemic equilibrium.

ii. If ω > ωc or, c̄0 > 0,b̄ > 0 then the model (3.7) has a unique positive endemic equilibrium
for α > 0.

iii. If ω > ωc, b̄ < 0, and b̄2 − 4āc̄0 > 0, then there is a positive α̂ < α0 such that G(Ī , α1, α)

has a unique positive root if α > α̂.

In general, since G(Ī , α1, α) is a decreasing function of α, limĪ→0+ G(Ī , α1, 0) = 0, and
limĪ→∞ G(Ī , α1, α) = ∞, it follows that G(Ī , α1, α) has at least one positive root, and hence
at least one endemic equilibrium always exists.

Theorem 3.3.9. For system (3.7) the endemic equilibrium (S̄, V̄ , Ē, Ī, B̄) is globally asymptot-
ically stable on the set Γ.

Proof Let ξ̄ = (S̄, V̄ , Ē, Ī, B̄) denote the endemic equilibrium. Consider a Lyapunov function

L(x) = S̄g(
S

S̄
) + V̄ g(

V

V̄
) + Ēg(

E

Ē
) +DĪg(

I

Ī
) + B̄g(

B

B̄
)

where g(x) = x− 1− lnx and D = σ+µ
σ , ᾱ = α1 + α2 + α3 + µ.

Note that L(x) is positive definite with respect to ξ̄ because x̄g
(
x
x̄

)
achieves a global minimum

value of 0 at x = x̄.
The derivative of L along a solution (S(t), V (t), E(t), I(t), B(t)) of the system (3.7) is ex-

pressed as follows:

dL

dt
=

(
1− S̄

S

)
dS

dt
+

(
1− V̄

V

)
dV

dt
+

(
1− Ē

E

)
dE

dt
+D

(
1− Ī

I

)
dI

dt
+

(
1− B̄

B

)
dB

dt
.

(3.25)
To establish the characteristics of a Lyapunov function for which dL

dt ≤ 0, we consider each terms
in (3.25) independently then sum them up.
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By the first equations in (3.7) and (3.21), it follows that(
1− S̄

S

)
dS

dt
=

(
1− S̄

S

)
(−α1B̄ + βS̄Ī + (ω + µ)S̄ − βSI − (ω + µ)S)

=

(
1− S̄

S

)
(α1(B − B̄) + βS̄Ī(1− SI

S̄Ī
) + (ω + µ)S̄(1− S

S̄
)), Since B ≤ κ

ᾱ
= B̄

≤ βS̄Ī

(
1− SI

S̄Ī
− S̄

S
+
I

Ī

)
− (ω + µ)

(S − S̄)2

S
.

(3.26)
By the second equations in (3.7) and (3.21), it follows that(
1− V̄

V

)
dV

dt
=

(
1− V̄

V

)
(−ωS̄ + ϵβV̄ Ī + µV̄ + ωS − ϵβV I − µV )

= −ωS̄
(
1− S

S̄
− V̄

V
+
V̄ S

V S̄

)
+ ϵβV̄ Ī

(
1− V̄

V
+
I

Ī
− V I

V̄ Ī

)
− µ

(V − V̄ )2

V
.

(3.27)

Similarly, by (3.7) and endemic equilibrium equations in (3.21), we have(
1− Ē

E

)
dE

dt
=

(
1− Ē

E

)
(βSI + ϵβV I + α2B − (σ + µ)E), Since B ≤ B̄

≤ βSI + ϵβV I + α2B̄ − (σ + µ)E − α2B̄
Ē

E
− (βSI + ϵβV I)

Ē

E
+ (σ + µ)Ē

= βS̄Ī

(
1 +

SI

S̄Ī
− SIĒ

S̄ĪE

)
+ ϵβV̄ Ī

(
1 +

V I

V̄ Ī
− V IĒ

V̄ ĪE

)
+ α2B̄(2− Ē

E
)− (σ + µ)Ē

Ē

E
,

(3.28)

D

(
1− Ī

I

)
dI

dt
= D

(
1− Ī

I

)
(σE + α3B − (δ + γ + µ)I), Since B ≤ B̄

≤ D(σE + α3B̄ − (δ + γ + µ)I − σE
Ī

I
− α3B̄

Ī

I
+ (δ + γ + µ)Ī)

= DσĒ
E

Ē
−D(δ + γ + µ)Ī

I

Ī
+Dα3B̄(2− Ī

I
) +DσĒ

(
1− EĪ

ĒI

)
= (α2B̄ + βS̄Ī + ϵβV̄ Ī)

E

Ē
−D(δ + γ + µ)Ī

I

Ī
+Dα3B̄(2− Ī

I
)

+ (α2B̄ + βS̄Ī + ϵβV̄ Ī)

(
1− EĪ

ĒI

)
.

(3.29)

Since D = σ+µ
σ , we have used relation DσĒ = α2B̄ + βS̄Ī + ϵβV̄ Ī.

From the fifth equation in (3.7), we have(
1− B̄

B

)
dB

dt
=

(
1− B̄

B

)
(ᾱB̄ − ᾱB)

= −ᾱ(B − B̄)2

B
.

(3.30)
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Substituting (3.26)- (3.30) into (3.25) and rearranging terms, we obtain

dL

dt
≤ −(ω + µ)

(S − S̄)2

S
− µ

(V − V̄ )2

V
− ᾱ

(B − B̄)2

B

+ βS̄Ī

(
3− S̄

S
− EĪ

ĒI
− SĒI

S̄EĪ

)
+ ϵβV̄ Ī

(
3− V̄

V
− EĪ

ĒI
− V ĒI

V̄ EĪ

)
− ωS̄

(
1− S

S̄
− V̄

V
+
V̄ S

V S̄

)
+ (βS̄Ī + ϵβV̄ Ī)

(
I

Ī
+
E

Ē

)
− (σ + µ)Ē

E

Ē
+ α2B̄

(
3− Ē

E
+
E

Ē
− EĪ

ĒI

)
−D(δ + γ + µ)I

+Dα3B̄

(
2− Ī

I

)
.

(3.31)

From (3.21), we have the relations:
βS̄Ī + ϵβV̄ Ī = (σ + µ)Ē − α2B̄,

DσĒ = (δ + γ + µ)Ī − α3B̄

= (σ + µ)Ē.

Thus, the inequality in (3.31) becomes:

dL

dt
≤ −(ω + µ)

(S − S̄)2

S
− µ

(V − V̄ )2

V
− ᾱ

(B − B̄)2

B

+ βS̄Ī

(
3− S̄

S
− EĪ

ĒI
− SĒI

S̄EĪ

)
+ ϵβV̄ Ī

(
3− V̄

V
− EĪ

ĒI
− V ĒI

V̄ EĪ

)
− ωS̄

(
1− S

S̄
− V̄

V
+
V̄ S

V S̄

)
+ α2B̄

(
3− Ē

E
− I

Ī
− EĪ

ĒI

)
+Dα3B̄

(
2− I

Ī
− Ī

I

)
.

By the inequality of arithmetic and geometric means:

x1 + x2 + ...+ xn ≥ n(x1x2...xn)
1
n , ∀xi ≥ 0

and since S ≥ S̄ all the model parameters are non-negative, it follows that L′ ≤ 0. As a result,
L′ = 0 holds only at ξ∗∗, and L′ is negative definite with respect to ξ̄. Standard Lyapunov
stability theorem implies that ξ̄ is locally asymptotically stable and globally attracting in Γ.
The global stability of ξ̄ also implies that ξ̄ is unique in Γ.

3.4 Parameter Estimation

In this study, we estimate the parameters in the system (3.7) using monthly PPR disease inci-
dence data that span from January 2019 to August 2022 in the Amhara regional state, Ethiopia.
Data were acquired through a filtering process that specifically targeted the incidence of PPR
within the Amhara region, using the Ethiopian National Animal Disease Surveillance System
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(NADSS). In particular, the data were sourced from the monthly disease outbreak and vacci-
nation activity reporting (DOVAR), which operates under the authorization of the Minister of
Agriculture. Furthermore, we incorporated data on the death rate attributable to PPR from
the World Organization for Animal Health (WOAH) dashboard (WOAH, 2023), which provided
summarized data for reporting purposes. To estimate the recruitment rate through birth and
the total population, we relied on data obtained from the Ethiopian Central Statistical Agency
(CSA) for the year 2021/2022 ((CSA), 2021).

The primary objective of this study is to determine the optimal parameters that allow our
model (3.7) to be best aligned with the available data. To achieve this, we employ the nonlinear
least-squares approximation method, which aims to minimize the sum of squared errors.

SSE =
∑
j=1

(Ij − I∗(tj))
2 (3.32)

where Ij is the prevalence data and I∗(tj) = E(t) + I(t) is the simulation result (pre-
dicted) at time step j of prevalence of PPR. We used the initial value (S0, V0, E0, I0, B0, R0) =

(14063965, 3000000, 10, 684, 10000, 100), while all estimated parameter values are listed in Table
(3.2) and the visualization of the result is shown in Figure (5.2A). The blue curve represents the
simulation result of I∗(t) from the model (3.7), while the red dot is monthly prevalence data of
PPR disease from January 2019 to Aug. 2022. Figure (3.3B) illustrates the residuals between
the predicted and observed data.
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Figure 3.3: Comparison between the monthly prevalence of PPR disease data
and simulation I∗(t) with their residual
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Table 3.2: Parameter Values from Estimation, Literature Sources, and
Assumptions for the Case of Zero Infective Restocked Animals

Parameter Value (unit of per month) with CI Source

β 2.0914e-7 (CI:1.8985e-7 2.2843e-7) Estimated
σ 0.6058 (CI:0.5747 1.7864) Estimated
γ 0.4753 (CI:0.0615 1.5664) Estimated
µ 0.0527 (CSA), 2021
ω 0.5694 (CI:0.3328 1.8072) Estimated
δ 0.3 WOAH, 2023
κ 224674 (CSA), 2021
α1 0.01 Assumption
Λ 645990 Estimated
ρ 0.1681 Assumption
ϵ 0.3 Fournié et al., 2018

Using the parameters in Table (3.2), we estimated the control reproduction number (Rv) for
PPR in the Amhara region of Ethiopia, producing a value of 1.0518. Under the assumption of
zero influx of infectious restocked small ruminants and a newborn vaccination rate of 16.8%, the
analysis predicts that PPR will remain an endemic disease in the Amhara region in the absence
of better management efforts.

3.5 Sensitivity Analysis

In order to assess the model’s resistance to different parameter values, a sensitivity analysis was
conducted. Understanding the relative roles played by various model parameters in the occur-
rence and spread of a given disease is vital. This understanding helps us identify where interven-
tions should be focused to reduce disease-related mortality and morbidity. Several parameters
contribute to (Rv) in the case of small ruminants with zero restocked infectious (α2 = α3 = 0),
as illustrated in equation (3.10). Consequently, a sensitivity analysis was performed in (Rv) to
identify key variables that can limit the spread of PPR. To measure the relative change in the
model parameter p relative to the relative change in (Rv), a forward normalized sensitivity index
denoted γRv

p was used. This index is defined using partial derivatives if (Rv) is a differentiable
function of the model parameter p. The specific definition of this index can be found in (Sanchez
et al., 1997). It can be expressed as:

γRv
p =

∂Rv

∂p
× p

Rv
, (3.33)

where γRv
p is the sensitivity index (SI) of (Rv) with respect to parameter p, hence we evaluate

the sensitivity indices of these parameters at the parameter values as given in Table (3.3). For
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example, using the definition in (3.33), the sensitivity index of Rv with respect to β is given by

γRv
β =

∂Rv

∂β
× β

Rv
= 1.

This can be interpreted as increasing (or decreasing) the transmission rate β by 10%, increasing
(or decreasing) Rv by 10%. In the same way, increasing (or decreasing) vaccination efficacy
(1 − ϵ), decreases (or increases) Rv, by 7.9%. In general, the positive sign sensitivity indices
in Table (3.3) imply that the value of Rv increases with increase, whereas the negative sign
sensitivity indices show that the value of Rv decreases with increase.

Table 3.3: Sensitivity indices of Rv for the PPR model (3.7) with
(α2 = α3 = 0).

Parameters: β µ σ γ α1 ρ ϵ δ κ ω

Index sign: + - + - + - + - + -
SI values: 1.000 1.0586 0.0800 0.5740 0.0454 0.0270 0.7964 0.3623 0.0539 0.1304

Based on the results of the sensitivity analysis presented in Table (3.3), it is evident that
enhancing the efficacy of the vaccine, reducing the transmission rate, and mitigating susceptibility
resulting from restocking are all effective measures in preventing the spread of PPR disease.
Furthermore, this finding is supported and verified in the numerical simulation section.

3.6 Numerical Simulation

In this section, we examined the effects of parameter values on the dynamics of PPR and validated
the analytical results using numerical methods. For numerical simulations, we used the parameter
values specified in Table (3.2).

3.6.1 Effects of Vaccination (ρ and ω) on the Dynamics of PPR

Given that the efficacy of the vaccine at both the regional and national levels falls within the
range of 60− 80% (Waret-Szkuta et al., 2008; Fournié et al., 2018), or equivalently, ϵ lies within
the range of 0.2 − 0.4. In particular ϵ = 0.35, we can determine the critical value related to
the vaccine from Remark (3.3.3)(i) as ϵc = 1/R0 = 0.3326 (that is, ϵ > ϵc). Figure (3.4A)
presents a 3D plot of Rv in the ρω-Rv plane, consistently positioned above the plane Rv = 1.
This observation indicates that Rv never falls below 1. Consequently, despite the high levels
of vaccination considered and the absence of infectious restocking of small ruminants, the PPR
disease will persist in the small ruminant population.

Furthermore, for ϵ = 0.2(< ϵc), it is observed that the trajectory of Rv intersects the plane
Rv = 1. This can be seen in Figure (3.4B). The simulation illustrates that with a combination of
high efficacy and coverage of vaccination, the disease will eventually decline within the population
(i.e., Rv < 1). Therefore, this numerical result provides empirical validation for the influence of
ϵ, as demonstrated by the sensitivity index.
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(A) Effects of newborn vaccination (ρ) and
susceptible vaccination (ω) on Rv when ϵ = 0.35

(B) Effects of newborn vaccination (ρ) and
susceptible vaccination (ω) on Rv when ϵ = 0.2

Figure 3.4: 3D-plots to show the effects of ω, ρ, ϵ on Rv

3.6.2 Effects of Transmission Rate (β) and Fraction of Restocked Susceptible
Population (α1)

We present a discussion on the influence of β and α1 on the dynamics of the infectious class
I, as depicted in Figure (3.5A). Through an examination of various values for β and α1, we
demonstrate the impact on the reproduction number. The figure clearly illustrates that an
increase in both α1 and β corresponds to an increase in the reproduction number, with the
trajectory of Rv intersecting the plane Rv = 1. Notably, at (α1 = 0.01, β = 2.0e − 7), the
trajectory coincides with Rv = 1, indicating that the disease will cease to propagate when
β < 2.0e − 7, while it will persist if β > 2.0e − 7. Additionally, we have substantiated this
result through a time series plot of the infection class in Figure (3.5B). The analysis of forward
bifurcation reveals that even a minor change or increment in the transmission rate can lead to
significant alterations in the dynamics of the disease.

(A) Effects of α1 and β on Rv.
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Figure 3.5: Effects of fraction of susceptible restocked animal (α1) and
transmission rate on the dynamics of PPR in the case of α2 = α3 = 0.
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3.6.3 Interplay between Restocking and Vaccination in the PPR Dynamics

To support the analytic results, we consider the parameter values presented in Table 3.2. We
investigated the effects of values of ϵ in the range; ϵ = (0.1, 0.4), while considering different initial
conditions (IC) for the model. The IC values are as follows:

IC1 = (13009000, 3000000, 200, 600, 100, 100),

IC2 = (12009000, 4000000, 100, 600, 150, 150),

IC3 = (10008000, 6000000, 400, 600, 800, 200),

IC4 = (14006000, 2000000, 500, 500, 2000, 1000),

IC5 = (11009000, 5000000, 300, 500, 150, 50).

(3.34)

In Figure 3.6A, we observe that the trajectory of the infectious variable I in the time series plot
converges to the endemic equilibrium I∗ = 1.338×105 with a vaccination efficacy of 1−ϵ = 0.65,
assuming the absence of infection inflow from the restocked class. This result verifies the findings
of Remark 3.3.3(i) and Theorem 3.3.6. Moreover, when there is less loss of immunity, that is,
efficiency 1− ϵ = 0.8 (80%), the dynamics of the disease change significantly and the trajectory
of I converges to the disease-free equilibrium (I=0), as shown in Figure 3.6B.

Furthermore, in Figure (3.6C), we notice the presence of infective inflow through restocking
(i.e., α1 = 0.01, α2,3 = 0.01) results in the existence of a globally stable endemic state Ī =

1634, even when high efficacy vaccination (ϵ = 0.1) and a vaccination coverage rate of ω =

56.9% of the susceptible population are applied. This result indicates that the introduction of
infective individuals through restocking facilitates the persistence of the PPR virus in the region.
Therefore, additional control mechanisms must be implemented alongside vaccination. However,
vaccination campaigns should be strengthened with high efficiency to reduce the burden of PPR
in the region.

In Figure (3.6D), it can be observed that there is a high flow of small infectious ruminants.
This is indicated by the fact that ω > ωc and b̄ > 0, as derived from the result presented in
Theorem 3.3.8 (ii). As a consequence, all the state variables in the model (3.9) converge to the
endemic equilibrium ξ̄ = (8.562×105, 8.616×106, 4.320×105, 3.990×105, 3.605×106, 3.442×105).
This outcome of the simulation is consistent with the findings stated in Theorem 3.3.8.

Figure (3.6E) illustrates the impact of restocking on the dynamics of PPR by considering
different combinations of αi values, where i = 1, 2, 3. It can be observed that as the total fraction
of infective restocked population increases, the infection population also increases within the
small ruminant population. This emphasizes the significance of restocking in influencing the
spread of PPR.

In Figure (3.7), we present a 3 × 3 subplot layout to examine the interaction between vac-
cination efficacy and restocking dynamics during disease outbreaks. Each column focuses on
the effects of restocking parameters (α1, α2, α3), with each row representing increasing levels
of vaccination efficacy. Each subfigures displays varying restocking levels. In the first column,
the subfigures (3.7(a),3.7(b) and 3.7(c)) illustrate the effect of α1. Results indicate that higher
values of α1 increase the infection peak, as more susceptible ruminants are available for the
disease to spread, particularly when vaccination efficacy is low. However, with high vaccination
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(A) Time series plot of I with
ϵ = 0.35, α1 = 0.01, α2 = α3 = 0
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(B) Time series plot of I with
ϵ = 0.2, α1 = 0.01, α2 = α3 = 0
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Figure 3.6: Simulation results to show effects of ϵ and α on I
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efficacy, the impact of α1 is reduced. The effects of α2 and α3 are illustrated in the subfigures
located in the second and third columns, respectively. The infection peaks are notably higher
with increased values of α2 and α3, as demonstrated in Figures (3.7d-3.7i), thereby extending the
duration of the outbreak. Although high vaccination efficacy reduces the number of infections, it
cannot completely eliminate the disease. This underscores the need for additional interventions
to control outbreaks due to the restocking of infected animals.
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Figure 3.7: Interplay between restocking and vaccination in PPR disease

3.6.4 Numerical Verification of Global Stability of DFE and EEP

As indicated by the analytical results presented in Theorems (3.3.5 and 3.3.9), the global stability
of both the disease-free equilibrium (DFE) and the endemic equilibrium points (EEP) offers
valuable insights into the long-term behavior of PPR within the small ruminant population. It
informs us whether the disease can be effectively controlled or is likely to persist and become
endemic. A comprehensive understanding of the global stability of these equilibrium points plays
a crucial role in interpreting the potential impact of interventions, evaluating the dynamics of
disease transmission, and guiding strategies for disease prevention and control on a global scale.
Considering various initial conditions specified in (3.34), numerical verification can be used to
establish the global stability of disease-free equilibrium (DFE) and endemic equilibrium points
(EEP) for the two models (3.7) and (3.9).

In Figure (3.8A), we present the dynamic trajectory of the model (3.9) with specific parameter
values: ϵ = 0.3, α1 = 0.9 and the remaining parameters listed in Table (3.2). The figure
shows that the system (3.9) exhibits an endemic equilibrium ξ∗ = (S∗, V ∗, E∗, I∗, B∗, R∗) =

(1.106 × 106, 1.066 × 107, 3.623 × 105, 2.651 × 105, 2.358 × 105, 2.393 × 106), which is globally
asymptotically stable. Similarly, Figure (3.8B) illustrates the behavior of model (3.9) with the
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same parameter values, except for ϵ which is set to ϵ = 0.15. In this case, the model exhibits
a disease-free equilibrium ξ0 = (1.205 × 106, 1.509 × 107, 0, 0, 2.358 × 105, 0), which is globally
asymptotically stable for different initial values in (3.34). These results provide empirical support
for the analytical findings presented in Theorem (3.3.5).

Furthermore, Figure (3.8C) indicates that the trajectories of the state variables in model (3.7)
converge to a unique endemic equilibrium point ξ̄ = (8.597×105, 8.567×106, 4.426×105, 4.094×
105, 2.219× 105, 3.695× 106) where ϵ = 0.2 and αi = 0.32, i = 1, 2, 3. Moreover, with the initial
conditions specified in (3.34), this equilibrium point ξ̄ is globally asymptotically stable. This
numerical verification reinforces the result stated in Theorem (3.3.9).
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Figure 3.8: Verification of Global stability using different initial conditions in
(3.34).

3.7 Results and Discussion

Peste des petits ruminants (PPR) remains a significant endemic disease of small ruminants in
Ethiopia, with outbreaks continuing despite the availability of effective vaccines. In this study,
we developed a deterministic SEVIR epidemic model incorporating a restocked group to evalu-
ate the impact of animal movement on disease persistence. Our analytical and numerical results
reveal critical insights into the mechanisms sustaining PPR transmission in the Amhara region.
In the absence of restocking, the basic reproduction number (Rv) was estimated at 1.0518,
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confirming the endemic status of PPR in the study area and indicating that achieving disease
eradication would require maintaining vaccination coverage exceeding 89.6% a threshold highly
sensitive to real-world constraints in vaccine supply, cold chain maintenance, and field efficacy.
The disease-free equilibrium was globally asymptotically stable when Rv < 1, while the en-
demic equilibrium was locally stable when Rv > 1. However, the introduction of restocking
fundamentally alters this disease landscape. When the influx of susceptible and infected ani-
mals from surrounding regions is considered, the system exhibits a unique endemic equilibrium
that remains globally asymptotically stable, demonstrating that even with optimal vaccination
coverage and efficacy, the continuous introduction of infected animals through restocking sus-
tains disease transmission. This finding explains the observed paradox in PPR control: despite
vaccination campaigns, outbreaks persist because traditional control strategies do not account
for external sources of infection. Our results align with previous studies Fournié et al., 2018,
which demonstrated that the Amhara region’s highland sedentary systems interact with adjacent
lowland pastoral areas that serve as viral reservoirs, with socioeconomic practices facilitating an-
imal movement and further complicating control efforts. Evidence from seroprevalence studies
(Fentie et al., 2018; Waret-Szkuta et al., 2008) supports our findings on disease epidemiology,
though our mathematical modeling approach extends this understanding by predicting disease
trends and simulating the intricate interaction between vaccination efforts and risk factors such
as restocking. Several limitations warrant consideration, particularly the availability of relevant
data that constrained parameter estimation, as well as the deterministic framework that does
not capture stochastic fluctuations significant in smaller populations. Future studies should in-
corporate a broader spectrum of risk factors, investigate optimal control problems using different
intervention strategies, and utilize stronger datasets for more extensive modeling. In conclusion,
effective PPR control in the Amhara region requires integrated strategies that extend beyond
vaccination to include rigorous pre-restocking evaluations and enhanced biosecurity measures.
By implementing strong vaccination programs complemented by movement controls, we can con-
siderably limit the impact of restocking on PPR dynamics and work toward the health of small
ruminant populations in the region and at the national level.



40

Chapter 4

Infective Recruitment and
Cost-Effective Optimal Control of PPR
in Ethiopia

4.1 Introduction

The control and eventual eradication of Peste des Petits Ruminants (PPR) remain critical chal-
lenges in regions where small ruminant farming is a cornerstone of rural livelihoods and national
economies. Despite the availability of safe and effective live attenuated vaccines, persistent
outbreaks continue to undermine productivity and food security, particularly in Africa and Asia
(Fathelrahman et al., 2021). In Ethiopia, recent surveillance data highlight the ongoing challenge,
with new outbreaks reported annually despite national and international control initiatives.

Mathematical modeling has become an indispensable tool for understanding the transmis-
sion dynamics of animal diseases and for designing and evaluating control strategies. While
early studies primarily addressed the epidemiological characteristics and seroprevalence of PPR
(Ahaduzzaman, 2020; Waret-Szkuta et al., 2008; Balamurugan et al., 2014; Fentie et al., 2018),
more recent work has emphasized the importance of incorporating risk factors such as animal
movement, restocking practices, and spatial heterogeneity into disease models. For example, a
two-patch deterministic model illuminated the impact of ruminant movement between ecologi-
cal zones, underscoring the necessity of coordinated vaccination and movement control (Walle
et al., 2025). Similarly, integrating vaccinated and restocked subpopulations into a SEIR frame-
work demonstrated that vaccination alone may be insufficient for disease elimination without
accompanying biosecurity and movement restrictions (Walle et al., 2024).

Metapopulation models have further highlighted the significance of vaccination coverage and
spatial factors in endemic settings (Fournié et al., 2018), while cost-effectiveness analyses from
other regions have reinforced the need for integrated approaches that combine vaccination with
movement control for optimal outcomes (Fathelrahman et al., 2021). Despite these advances,
there remains a notable gap concerning the development and analysis of optimal control strategies
tailored specifically to PPR management, particularly in the context of restocking and imperfect
vaccination.

Optimal control theory provides a rigorous mathematical framework for identifying interven-
tion strategies that minimize both disease burden and associated costs. Its application to animal
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diseases has yielded valuable insights, particularly in balancing resource allocation among com-
peting interventions such as vaccination, treatment, and biosecurity measures (Makinde et al.,
2011; Mushayabasa et al., 2011b; Nyerere et al., 2020b; Osman et al., 2020). However, the
integration of restocking dynamics and the cost-effectiveness of combined interventions in the
context of PPR have received limited attention.

In light of these gaps, this chapter develops and analyzes a deterministic optimal control
model for PPR that explicitly incorporates infective recruits through restocking, along with time-
dependent interventions: External and internal biosecurity measures, vaccination, and treatment.
The model’s structure allows for the evaluation of both the biological feasibility and stability
of disease equilibria, the sensitivity of outcomes to key parameters, and the cost-effectiveness of
alternative control strategies using empirical data from recent Ethiopian outbreaks. The optimal
allocation of resources across interventions is studied via Pontryagin’s maximum principle, with
the goal of informing national strategies to meet the 2027 target for PPR eradication. Through
this approach, the chapter aims to provide quantitative guidance for policymakers and practi-
tioners, contributing to more effective and sustainable PPR control and eradication efforts in
Ethiopia and similar settings.

4.2 Model Formulation

This section presents the formulation of a nonlinear epidemic model that incorporates a restock-
ing effect. The homogeneous small ruminant population, denoted as N(t), is categorized into
different compartments: susceptible individuals S(t), vaccinated individuals V (t), exposed indi-
viduals E(t), infectious individuals I(t), and recovered individuals R(t). As a result, the overall
population can be expressed as follows:

N(t) = S(t) + V (t) + E(t) + I(t) +R(t).

We substitute S, V,E, I,R for S(t), V (t), E(t), I(t), andR(t), respectively, in order to simplify.
The transmission diagram in Figure (4.1), which illustrates the population and explains the
transmission and transition processes of our suggested model, is used to build the model.

Susceptible individuals are recruited at a rate (1 − (α1 + α2))Λ where α1 and α2 are the
fractions of infected (exposed) and infectious restocked small ruminants into the population re-
spectively and Λ is the recruitment rate through birth and restocking. The susceptible population
acquires PPR infection due to effective contact with PPR-infected ruminants at a mass action
incidence rate βSI, where β is the disease transmission rate relative to infected ruminants in the
I(t) class. This population is decreased by vaccination at the rate ω and natural death at the
rate µ.

We suppose that a fraction of susceptible small ruminants receive vaccinations at a rate of ω
and become members of the vaccinated class to characterize the vaccination class. Inadequate
vaccination delivery might cause small ruminants to lose their immunity in addition to being
vaccinated. Nonetheless, there is a chance that this immunization will lessen the likelihood of
an infection being successful by ϵ. Small ruminants are perfectly protected from PPR by the
vaccine if ϵ = 0, and vice versa if ϵ = 1. The natural death rate (µ) lowers this population.
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The population in the exposed compartment is generated following the infection of suscep-
tible and vaccinated ruminants after getting an infection when interacting with PPRV-infected
ruminants. The population is reduced by the transfer rate σ (incubation period of 1/σ) to the
infected class and the natural death rate µ. Furthermore, a fraction α1 of the recruitment rate
Λ restocked ruminants move into the exposed class.

The infected ruminants are decreased by the natural death rate µ and rate of death induced
by the disease δ and increased by a constant flow from restocking with a fraction α1 of the
recruitment rate Λ in unit time. This class is further decreased by moving the individuals to the
recovered class at the rate γ.

The recovered class is generated through transfer rates γ and is subject to reduction by the
natural death rate µ. It is assumed that animals infected with the Peste des Petits Ruminants
(PPR) acquire lifelong immunity upon recovery from the disease.

Based on the above assumptions of the model and Figure 4.1, the proposed model is given
as follows:

S E I R

V

βSI σE γI

ωS
ϵβV I

µS

(1− (α1 + α2))Λ

µE

α1Λ

(µ+ δ)I

α2Λ

µR

µV

Figure 4.1: The Compartmental diagram for PPR disease transmission model
(4.1)



dS

dt
= (1− (α1 + α2))Λ− βSI − (µ+ ω)S,

dV

dt
= ωS − ϵβV I − µV,

dE

dt
= α1Λ + βI(ϵV + S)− (σ + µ)E,

dI

dt
= α2Λ + σE − (µ+ δ + γ)I,

dR

dt
= γI − µR

(4.1)

with the initial conditions S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, I(0) > 0, R(0) ≥ 0, and assumption
0 ≤ α1, α2, α1 + α2 < 1.

To ensure that the overall host population remains confined, all parameters in Equation (4.1)
are constrained to non-negative values. Table (4.1) outlines the biological significance of each
parameter.
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4.3 Model Analysis

4.3.1 Well-Posedness of the Model

In this section, it is crucial to demonstrate the existence of a non-negative solution, uniqueness,
and boundedness of solution to the model (4.1) for mathematical and epidemiological interpre-
tation.

Lemma 4.3.1. For any initial condition

(S0, V0, E0, I0, R0) ∈ R5
+,

system (4.1) admits a unique solution

(
S(t), V (t), E(t), I(t), R(t)

)
defined for all t ≥ 0 that satisfies the initial conditions, remains nonnegative, and is bounded for
all t ≥ 0. Moreover, the feasible region

Γ =

{
(S, V,E, I,R) ∈ R5

+ : N(t) = S + V + E + I +R ≤ Λ

µ

}
is positively invariant with respect to (4.1).

Proof Let

x(t) =



S(t)

V (t)

E(t)

I(t)

R(t)


, x0 =



S0

V0

E0

I0

R0


∈ R5

+.

Write system (4.1) in the vector form

dx

dt
= f(x), x(0) = x0, (4.2)

where f : R5 → R5 is given by the right-hand sides of the compartmental equations. Each
component of f is a polynomial in the state variables; hence f ∈ C1(R5) and therefore f is
locally Lipschitz on R5. By the Picard–Lindelöf theorem there exists a unique solution x(t) on
a maximal interval [0, tmax).

Next we show nonnegativity. Consider the closed set

D = R5
+ = {(S, V,E, I,R) ∈ R5 : S ≥ 0, V ≥ 0, E ≥ 0, I ≥ 0, R ≥ 0}.

It suffices to check that for every boundary point x ∈ ∂D, the vector field f points into D or is
tangent to ∂D; equivalently, whenever a coordinate xi = 0 we have fi(x) ≥ 0.

Denote the components of f by f1, f2, f3, f4, f5 corresponding respectively to S, V,E, I,R.
On the boundary where the indicated coordinate vanishes we have:
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If S = 0, then

f1(x) =
dS

dt
= (1− (α1 + α2))Λ ≥ 0,

because 0 ≤ α1 + α2 ≤ 1.
If V = 0, then

f2(x) =
dV

dt
= ωS ≥ 0,

since S ≥ 0.
If E = 0, then

f3(x) =
dE

dt
= α1Λ + β I(εV + S) ≥ 0,

because α1 ≥ 0, β ≥ 0, ε ≥ 0 and S, V, I ≥ 0.
If I = 0, then

f4(x) =
dI

dt
= α2Λ + σE ≥ 0,

since α2 ≥ 0, σ ≥ 0, E ≥ 0.
If R = 0, then

f5(x) =
dR

dt
= γI ≥ 0,

because γ ≥ 0 and I ≥ 0.

Thus f points inward or is tangent on ∂D. By the invariance theorem (see Thieme, 2018,
Theorem A.4) the set D = R5

+ is positively invariant for (4.2). Hence if x0 ∈ R5
+ then x(t) ∈ R5

+

for all t ∈ [0, tmax).
Define the total population

N(t) = S(t) + V (t) + E(t) + I(t) +R(t).

Summing the equations of system (4.1) yields

dN

dt
= Λ− µN − δI. (4.3)

Since I(t) ≥ 0 for all t, from (4.3) we obtain the differential inequality

dN

dt
≤ Λ− µN. (4.4)

This is a linear differential inequality. On the maximal interval [0, tmax), we can apply the
Gronwall inequality or comparison with the ordinary differential equation

dy

dt
= Λ− µy, y(0) = N0,

, to conclude that

N(t) ≤ max
{
N0,

Λ

µ

}
for all t ∈ [0, tmax).

In particular,

lim sup
t→∞

N(t) ≤ Λ

µ
,
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and therefore each component satisfies

0 ≤ S(t), V (t), E(t), I(t), R(t) ≤ Λ

µ
for all t ∈ [0, tmax).

Boundedness of the solution on the finite interval [0, tmax) implies, by standard continuation
theory for ordinary differential equations, that tmax = ∞. Hence the solution exists globally and
remains nonnegative and bounded for all t ≥ 0.

If N0 ≤ Λ/µ then the above bound yields N(t) ≤ Λ/µ for every t ≥ 0. If N0 > Λ/µ then
N(t) decreases and approaches Λ/µ exponentially as t→ ∞. Thus the feasible region

Γ =

{
(S, V,E, I,R) ∈ R5

+ : N ≤ Λ

µ

}
is positively invariant. This completes the proof.

4.3.2 Existence of Equilibria and Reproduction Number

In the absence of restocked infective ruminants, where α = α1 + α2 = 0, the model (4.1) is
analogous to that presented in (Gumel et al., 2006) and exhibits a disease-free equilibrium (DFE)
denoted as ξ0. The DFE represents the state of the system (4.1) where no infections are present
in the population. Mathematically, the DFE occurs when the number of infected individuals
is zero, and the population is entirely composed of susceptible and vaccinated animals. It is
expressed as:

ξ0 =

(
Λ

ω + µ
,

ωΛ

µ(ω + µ)
, 0, 0, 0

)
.

In this study, we employ the next generation matrix operator approach proposed by Van den
Driessche et al. (2002) to derive the control reproduction number Rv. The control reproduction
number Rv quantifies the average number of secondary infections produced by a single infected
individual in a population under the influence of vaccination. A value of Rv < 1 indicates that
the disease will decline and eventually be eliminated, while Rv > 1 suggests that the disease
can persist and potentially lead to outbreaks. Understanding Rv is crucial for evaluating the
effectiveness of intervention strategies aimed at controlling Peste des Petits Ruminants (PPR).
The control reproduction number of the model (4.1) Rv, is calculated using the next generation
matrix and is given by:

Rv =
Λσβ(ϵω + µ)

µ(ω + µ)(σ + µ)(γ + δ + µ)
. (4.5)

and similar threshold quantity can be obtained by setting ω = 0, namely basic reproduction
number,

R0 =
Λσβ

µ(σ + µ)(γ + δ + µ)
.

Remark 4.3.2. (i.) Since ω ≥ 0 and 0 ≤ ϵ ≤ 1,then R0 ≥ Rv ≥ ϵR0. Thus if ϵR0 > 1(i.e, ϵ >
1
R0

= ϵc) then Rv > 1, and therefore no amount of vaccination can bring Rv < 1. Hence,
the ϵc defines the critical value for vaccine-related reduction rate of infection. Furthermore,
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setting Rv = 1 and solving for ω give the threshold vaccination rate, ωc as :

ωc =
Λσβµ− µ2(σ + µ)(δ + γ + µ)

µ(σ + µ)(δ + γ + µ)− Λσβϵ
=
µ(R0 − 1)

1− ϵR0
.

(ii.) In the absence of infective animals through restocking (αi = 0, i = 1, 2), the local and
global dynamics of the model at the disease-free equilibrium (DFE) are similar to those
presented in (Gumel et al., 2006), based on the threshold value of Rv (> 1 or < 1). The
local and global stability of the DFE in the context of Peste des Petits Ruminants (PPR)
indicates that the population can effectively return to a disease-free state following minor
disturbances, such as the introduction of a few infected animals. This resilience suggests
that current intervention strategy, vaccination is sufficient to control the spread of PPR
even if it is imperfect. Furthermore, the global stability of the DFE implies that regardless
of the initial number of infected individuals, the population will ultimately converge to a
disease-free state. In other word, to ensure that the PPR eradication is independent of
the initial sizes of the sub-populations of the model. This finding reinforces the effective-
ness of sustained vaccination efforts and highlights the potential for successful long-term
management of PPR. These results underscore the importance of continued investment in
disease prevention strategies to protect livestock health and ensure the stability of pastoral
communities that rely on small ruminants.

The endemic equilibrium of model (4.1) are obtained as:

Π = S∗βI∗ + (ω + µ)S∗,where Π = (1− (α1 + α2))Λ

V ∗ =
ωΠ

(ϵβI∗ + µ)(βI∗ + ω + µ)
,

(σ + µ)E∗ = α1Λ + βI∗(ϵV ∗ + S∗)

(γ + δ + µ)I∗ = α2Λ + σE∗,

R∗ =
γ

µ
I∗

(4.6)

and I∗ is the positive root of a cubic polynomial of the form:

G(I∗, α1, α2) = AI∗3+BI∗2+CI∗+D := I∗H(I∗)−
(
ασβΛ(ϵ(ω + µ) + µ)

(σ + µ)(δ + γ + µ)

)
I∗+D = 0, (4.7)

where
H(I∗) = AI∗2 +BI∗ + C0,
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

A = ϵβ2,

B = β(ϵ(ω + µ) + µ)−
ϵβ2σΛ(α+ Π

Λ )

(δ + γ + µ)(σ + µ)
,

C = µ(µ+ ω)− Πβσ(ϵω + µ)

(σ + µ)(δ + γ + µ)
− ασβΛ

(σ + µ)(δ + γ + µ)
(ϵ(ω + µ) + µ),

C0 = µ(µ+ ω)− Πβσ(ϵω + µ)

(σ + µ)(δ + γ + µ)
,

D = − ασΛµ(µ+ ω)

(δ + γ + µ)(σ + µ)
,

α = (α1 + α2(
σ + µ

σ
)).

(4.8)

For simplicity, G(I∗, α1, α2) can be rewite as G(I∗, α) and equation (4.7) becomes;

G(I∗, α) = AI∗3 +BI∗2 +

[
C0 −

ασβΛ

(σ + µ)(δ + γ + µ)
(ϵ(ω + µ) + µ))

]
I∗ − ασΛµ(µ+ ω)

(δ + γ + µ)(σ + µ)
.

Notice that when α1 = α2 = 0, or α = 0, G(I∗, 0) = 0 is reduced to I∗H(I∗) = 0. It follows
that H(I∗) = 0, as I∗ > 0, has a unique positive root I∗ if C0 < 0, it is equivalent to Rv > 1.
Furthermore, G(I∗, α) < I∗H(I∗) for α > 0 and I∗ > 0. There are three cases to be considered
(depending on the signs of B and C0) to study the number of positive roots of G(I∗, α) = 0. A
similar approach is followed in the study of model (Shim, 2004; Alexander et al., 2004).

For the case C0 < 0, by Descarte’s Rule of Signs, G(I∗, α) = 0 has at most one positive root
regardless of the sign of B, since A > 0, C < 0 and D < 0. H(I∗) = 0 has a unique positive root,
Ī. It follows that G(Ī , α) < 0, since G(I∗, α) < I∗H(I∗) for α > 0. Furthermore, G(I∗, α) → ∞
as I∗ → ∞ , which proves that G(I∗, α) has a positive root.

For the case C0 > 0 and B > 0 and let r1, r2, and r3 represent the roots of G(Ī , α). In this
case, since A > 0 and B > 0, it follows that r1 + r2 + r3 = −B/A < 0 and r1r2r3 > 0. This
implies that G(Ī , α) has a unique positive root for any α > 0.

For the last case C0 > 0 and B < 0, if B2− 4AC0 > 0, then from Descarte’s Rule of Signs, it
follows that H(I∗) has two positive roots. Thus, G(I∗, 0) has two positive roots if B2−4AC0 > 0.
Since G(I∗, α) is a cubic function of I∗ and is a decreasing function of α for I∗ > 0, it can be seen
that there is a positive ᾱ such that G(I∗, α) has three positive roots if 0 < α < ᾱ; two positive
roots (one with multiplicity 2) if α = ᾱ; and a unique positive root if α > ᾱ. It should be noted
that ᾱ < α0, where

α0 =
C0(σ + µ)(δ + γ + µ)

σΛβ(ϵ(ω + µ) + µ)
.

To see this, suppose α ≥ α0. If G(Ī , α) has exactly one real root, then it follows from
r1r2r3 = −D

A > 0 that this root must be positive. If the roots of G(I∗, α) are all real, since

r1r2 + r1r3 + r2r3 =
C0 − ασβΛ

(σ+µ)(δ+γ+µ)(ϵ(ω + µ) + µ))

A
≤ 0,

when α ≥ α0, it can be seen that G(I∗, α) also has a unique positive root in this case. These
results are summarized below.
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Theorem 4.3.3. i. If ω < ωc or α > α0, or C0 < 0, then the model (4.1) has a unique
positive endemic equilibrium.

ii. If ω > ωc or C0 > 0,B > 0 then the model (4.1) has a unique positive endemic equilibrium
for α > 0.

iii. If ω > ωc, B < 0, and B2 − 4AC0 > 0, then there is a positive ᾱ < α0 such that G(I∗, α)
has a unique positive root if α > ᾱ.

In general, considering that G(I∗, α) is a decreasing function of α, it can be observed that as
I∗ → 0+, limα→0 G(I∗, α) = 0. Additionally, as I∗ → ∞, limα→∞ G(I∗, α) = ∞. Therefore, it
can be concluded that G(I∗, α) possesses at least one positive root, indicating the existence of at
least one endemic equilibrium.

Next, we show the global dynamics of PPR in the presence of infectives recruited through
restocking. Since the recovery class R is not involved in the first four equations in (4.1), we reduce
the system to four equations to demonstrate the global stability of the endemic equilibrium point.

Theorem 4.3.4. For system (4.1) the endemic equilibrium (S∗, V ∗, E∗, I∗) is globally asymptot-
ically stable on the set Γ.

Proof Let ξ∗ = (S∗, V ∗, E∗, I∗) denote the endemic equilibrium. Consider a Lyapunov function

L(x) = S∗g

(
S

S∗

)
+ V ∗g

(
V

V ∗

)
+ E∗g

(
E

E∗

)
+DI∗g

(
I

I∗

)
where g(x) = x− 1− ln(x) and D = σ+µ

σ ,

Note that L(x) is positive definite with respect to ξ∗ because x∗g
(

x
x∗

)
achieves a global minimum

value of 0 at x = x∗.
The derivative of L along a solution (S(t), V (t), E(t), I(t)) of the system (4.1) is expressed

as follows:

dL

dt
=

(
1− S∗

S

)
dS

dt
+

(
1− V ∗

V

)
dV

dt
+

(
1− E∗

E

)
dE

dt
+D

(
1− I∗

I

)
dI

dt
. (4.9)

By the first equations in (4.1) and (4.6), it follows that(
1− S∗

S

)
dS

dt
=

(
1− S∗

S

)
(βS∗I∗ + (ω + µ)S∗ − βSI − (ω + µ)S)

=

(
1− S∗

S

)(
βS∗I∗(1− SI

S∗I∗
) + (ω + µ)S∗(1− S

S∗ )

)
= βS∗I∗

(
1− SI

S∗I∗
− S∗

S
+

I

I∗

)
− (ω + µ)

(S − S∗)2

S
.

(4.10)

By the second equations in (4.1) and (4.6), it follows that(
1− V ∗

V

)
dV

dt
=

(
1− V ∗

V

)
(−ωS∗ + ϵβV ∗I∗ + µV ∗ + ωS − ϵβV I − µV )

= −ωS∗
(
1− S

S∗ − V ∗

V
+
V ∗S

V S∗

)
+ ϵβV ∗I∗

(
1− V ∗

V
+

I

I∗
− V I

V ∗I∗

)
− µ

(V − V ∗)2

V
.

(4.11)
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Similarly, by (4.1) and endemic equilibrium equations in (4.6), we have(
1− E∗

E

)
dE

dt
=

(
1− E∗

E

)
(βSI + ϵβV I + α1Λ− (σ + µ)E),

= βSI + ϵβV I + α1Λ− (σ + µ)E − α1Λ
E∗

E
− (βSI + ϵβV I)

E∗

E
+ (σ + µ)E∗

= βS∗I∗
(
1 +

SI

S∗I∗
− SIE∗

S∗I∗E

)
+ ϵβV ∗I∗

(
1 +

V I

V ∗I∗
− V IE∗

V ∗I∗E

)
+ α1Λ(2−

E∗

E
)

− (σ + µ)E∗ E

E∗ ,

(4.12)
and

D

(
1− I∗

I

)
dI

dt
= D

(
1− I∗

I

)
(σE + α2Λ− (δ + γ + µ)I),

= D(σE + α2Λ− (δ + γ + µ)I − σE
I∗

I
− α2Λ

I∗

I
+ (δ + γ + µ)I∗)

= DσE∗ E

E∗ −D(δ + γ + µ)I∗
I

I∗
+Dα2Λ(2−

I∗

I
) +DσE∗

(
1− EI∗

E∗I

)
= (α1Λ + βS∗I∗ + ϵβV ∗I∗)

E

E∗ −D(δ + γ + µ)I∗
I

I∗
+Dα2Λ(2−

I∗

I
)

+ (α1Λ + βS∗I∗ + ϵβV ∗I∗)

(
1− EI∗

E∗I

)
.

(4.13)
Since D = σ+µ

σ , we have used relation DσE∗ = α1Λ + βS∗I∗ + ϵβV ∗I∗. Substituting (4.10) –
(4.13) into (4.9) and rearranging terms, we obtain

dL

dt
= −µ(S − S∗)2

S
− µ

(V − V ∗)2

V

+ βS∗I∗
(
3− S∗

S
− EI∗

E∗I
− SE∗I

S∗EI∗

)
+ ϵβV ∗I∗

(
3− V ∗

V
− EI∗

E∗I
− V E∗I

V ∗EI∗

)
− ωS∗

(
1− S

S∗

)(
1− V ∗

V

)
+ (βS∗I∗ + ϵβV ∗I∗)

(
I

I∗
+

E

E∗

)
− (σ + µ)E∗ E

E∗ + α1Λ

(
3− E∗

E
+

E

E∗ − EI∗

E∗I

)
−D(δ + γ + µ)I∗

I

I∗

+Dα2Λ

(
2− I∗

I

)
.

(4.14)

From (4.6), we have the relations:
βS∗I∗ + ϵβV ∗I∗ = (σ + µ)E∗ − α1Λ,

DσE∗ = D(δ + γ + µ)I∗ −Dα2Λ

= (σ + µ)E∗.

(4.15)
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By taking each relation from (4.15) and substituting the corresponding terms in (4.14), we
collect like terms that have the same coefficients, namely Dα2Λ and α1Λ. Thus,

dL

dt
= −µ(S − S∗)2

S
− µ

(V − V ∗)2

V

+ βS∗I∗
(
3− S∗

S
− EI∗

E∗I
− SE∗I

S∗EI∗

)
+ ϵβV ∗I∗

(
3− V ∗

V
− EI∗

E∗I
− V E∗I

V ∗EI∗

)
− ωS∗

(
1− S

S∗

)(
1− V ∗

V

)
+ α1Λ

(
3− E∗

E
− I

I∗
− EI∗

E∗I

)
+Dα2Λ

(
2− I

I∗
− I∗

I

)
.

Since S ≥ S∗ and V ∗ ≥ V, for all t ≥ 0 and due to the inequality of arithmetic and geometric
means:

x1 + x2 + ...+ xn ≥ n(x1x2...xn)
1
n , ∀xi ≥ 0

and given that all the model parameters are non-negative, it follows that L′ ≤ 0. As a result,
L′ = 0 holds only at ξ∗, and L′ is negative definite with respect to ξ∗. Standard Lyapunov
stability theorem (LaSalle, 2012) implies that ξ∗ is locally asymptotically stable and globally
attracting in Γ. The global stability of ξ∗ also implies that ξ∗ is unique in Γ.

4.4 Parameter Estimation

In this study, we used a six-month report on PPR disease incidence data from January 2005
to December 2023 in Ethiopia to estimate parameters values in the system (4.1). The World
Organization for Animal Health (WOAH) dashboard (WOAH, 2023) offered summarized data
for reporting purposes, and this is where the data came from. We estimated the values for
β, γ, σ, and ω using the provided data set, utilizing fixed parameter values for Λ, µ, δ from the
literature (Fournié et al., 2018; WOAH, 2023) and assuming all recruited small ruminants are
susceptible (i.e α1 = α2 = 0). Finding the ideal parameters to enable our model (4.1) to be
most closely aligned with the given data. To achieve this, we employ the non-linear least-squares
approximation method and following the same approach of fitting models to data as stated in
((Martcheva, 2015), p.123) , which aims to minimize the sum of squared errors.

SSE =
∑
j=1

(Ij − I∗(tj))
2 (4.16)

where I∗(tj) is the expected simulation result for the cumulative incidence of PPR at time
step j and Ij is the cumulative incidence data observed. The initial value that we utilized was
(S0, V0, E0, I0, R0) = (43943625, 51300, 0, 5075, 0). The estimated parameter values are presented
in Table (4.1), and Figure (4.2) shows the visualization of the results. The red dot shows the
semester-wise prevalence statistics of PPR disease from January 2005 to December 2023, whereas
the blue curve shows the simulation result of I∗(tj) from the model (4.1). Furthermore, in the
absence of an infectiously recruited small ruminant through restocking, the control reproduction
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number calculated in (4.5) is 1.020 using the estimated parameter values. This finding indicates
that the disease is endemic in the country.
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Figure 4.2: Fitting the model to observed incidence data, illustrating the
alignment between the predicted and actual infection rates over time.

4.5 Sensitivity Analysis

To find out how resistant the model was to different parameter values, we performed a sensi-
tivity analysis. Understanding the relative roles played by the various model parameters in the
occurrence and spread of any given disease is crucial. This will help us identify where to focus
interventions that will reduce disease-related mortality and morbidity. Various parameters are
involved in (Rv) in the case of zero infective recruits through restocking (α1 = α2 = 0), as
illustrated in the equation (4.5). Consequently, to identify the key variables that will restrict
the spread of PPR, we performed a sensitivity analysis on (Rv). To measure the relative change
in the model parameter p with respect to the relative change in (Rv), we employ a forward
normalized sensitivity index denoted as γRv

p . This index is defined using partial derivatives if
(Rv) is a differentiable function of the model parameter p. The specific definition of this index
can be found in (Sanchez et al., 1997). It can be given by:

γRv
p =

∂Rv

∂p
× p

Rv
, (4.17)

where γRv
p is the sensitivity index (SI) of (Rv) with respect to parameter p, hence we evaluate

the sensitivity indices of these parameters at the parameter values as given in Table (4.2). For
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Table 4.1: Parameter description and estimated values

Parameter Description value (unit= per six
months)

Source

Λ Recruitment rate 7.8845× 106 Fournié et al.,
2018

µ natural death rate 0.125 Fournié et al.,
2018

β Disease transmission
rate

6.32× 10−7 Estimated

δ Disease induced
death rate

0.3549 WOAH, 2023

γ Recovery rate of in-
fective

25.1479(1/7.257per
day)

Estimated

σ Progression from ex-
posed class to infec-
tious

15.0172 (1/12.15 per
day)

Estimated

ω vaccination rate to
susceptible popula-
tion

0.1030 Estimated

1− ϵ Vaccine efficacy 70%-90% Fournié et al.,
2018

example, the sensitivity index of Rv with respect to β is given by

γRv
β =

∂Rv

∂β
× β

Rv
= 1.

This can be interpreted as increasing (or decreasing) the transmission rate β by 10%, increasing
(or decreasing) Rv by 10%. In the same way, increasing (or decreasing) vaccination efficacy 1−ϵ,
decreases (or increases) Rv, by 1.71%. In general, the positive sign sensitivity indices in Table
(4.2) imply that the value of Rv rises with increase, whereas negative sign sensitivity indices
show that the value of Rv falls with increase.

Table 4.2: Sensitivity indices of Rv for the PPR model (4.19) with
(α1 = α2 = 0).

Parameters: β µ σ γ ω ϵ δ

Index sign: + - + - - + -
SI values: 1.000 0.7321 0.0082 0.9813 0.2810 0.1709 0.0137

According to Table (4.2)’s sensitivity analysis results, treating the infected population, in-
creasing the efficacy of the vaccine, and lowering the transmission rate would all help prevent
the spread of PPR disease.

The requirements for the best control of the influence of infectious recruits through restocking
on PPR disease are ascertained in the following section by applying optimal control theory.
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4.6 Optimal Control Problem

In this section, we formulate a corresponding control problem by considering strict biosecurity
measures, vaccination, and treatment as control interventions. In the following, we discuss in
detail about these control interventions:

i. Biosecurity Measures: Biosecurity is a set of management practices designed to pre-
vent the introduction, establishment, and spread of infectious diseases, parasites, and pests
into and within an animal population. We distinguish two complementary controls in our
optimal control framework: external biosecurity u1(t) and internal biosecurity u2(t). Ex-
ternal biosecurity (prevention of introduction) includes quarantine and testing of new or
returning animals, closed-herd or certified sourcing, strict movement control for animals,
vehicles, and equipment, controlled access (fencing, checkpoints, visitor logs), wildlife ex-
clusion, and protection of water and feed; operationally, u1(t) reduces the external force
of infection, for example (1 − α1 + α2)Λ 7→

(
1 − (α1 + α2)u1(t)

)
Λ. Internal biosecurity

(containment if infection is present) includes rapid isolation of suspect or clinical animals,
cohorting and all-in/all-out with downtime, rigorous hygiene and disinfection (herd- and
equipment-level sanitation), ventilation and stocking-density management, staff training
and compliance auditing, and awareness-raising among livestock owners; operationally,
u2(t) reduces within-farm transmission, for example βS(t)I(t) 7→

(
1− u2(t)

)
βS(t)I(t).

ii. Vaccination to Susceptible Population: The main strategy for controlling PPR (Peste
des Petits Ruminants) is to vaccinate susceptible small ruminant populations in endemic
locations or countries. The goal is to achieve an optimal immunity rate within a specific
period to prevent transmission of the PPR virus. However, implementing mass immuniza-
tion can be challenging and costly, especially in small-holder agricultural systems where
animals are scattered and infrastructure is insufficient (Hammami et al., 2018). The con-
trol variable u3(t) is utilized to minimize vaccination costs and reduce the burden of PPR
diseases.

iii. Recovery via Treatment to Infective: As mentioned in the introduction, there is cur-
rently no specific treatment available for animals infected with Peste des Petits Ruminants
(PPR). Therefore, the primary approach revolves around offering supportive care to aid
affected animals in their recovery and symptom management. Supportive care measures
include isolation, symptomatic treatment, fluid therapy, nutritional support, management
of secondary infections, and veterinary care. The treatment control variable u4(t) is con-
sidered to determine the intervention that is both highly effective and cost-effective.

Our objective in the optimal control problem is to minimize the number of infected ani-
mals, including those that are exposed and infectious, while keeping the intervention costs at a
minimum. Therefore, we define our cost function as follows:

J(u1, u2, u3, u4) =

∫ Tf

0

(
a1E + a2I +

c1
2
u21 +

c2
2
u22 +

c3
2
u23 +

c4
2
u24

)
dt (4.18)

with respect to the system
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

dS

dt
= (1− (α1 + α2)(1− u1(t)))Λ− (1− u2(t))βS(t)I(t)− u3(t)S(t)− µS(t),

dV

dt
= u3(t)S(t)− (1− u2(t))ϵβV (t)I(t)− µV (t),

dE

dt
= (1− u1(t))α1Λ + (1− u2(t))βI(t)(ϵV (t) + S(t))− (σ + µ)E(t),

dI

dt
= (1− u1(t))α2Λ + σE(t)− (γ + δ + µ)I(t)− u4(t)I(t),

dR

dt
= (γ + u4(t))I(t)− µR(t),

(4.19)

with
S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, I(0) > 0, R(0) ≥ 0.

The coefficients {a1, a2, c1, c2, c3, c4} in the integrand represent positive weight parameters
that ensure the balance of each component within the objective function. The initial two terms
of the integrand in equation (4.18), namely a1E and a2I , account for the cost associated with
PPR disease morbidity and mortality, encompassing significant economic losses such as decreased
productivity, trade restrictions, and diminished market value for the affected animals (Jemberu
et al., 2022; Fournié et al., 2018). The final four terms in equation. (4.18) represent the costs
associated with biosecurity measures (u1, u2), vaccination (u3), and treatment (u4), respectively.
In this context, the nonlinearity of the second order is considered for the four control interventions
to reflect their high level of effort, severity, and costliness (Makinde et al., 2011; Nyerere et al.,
2020b).

The goal is to find an optimal control, u = (u∗1(t), u
∗
2(t), u

∗
3(t), u

∗
4(t)), such that

J(u∗1(t), u
∗
2(t), u

∗
3(t), u

∗
4(t)) = min

U
J(u1(t), u2(t), u3(t), u4(t)) (4.20)

where U is the non-empty control set defned as

U = {(u1(t), u2(t), u3(t), u4(t))|0 ≤ ui ≤ uimax ≤ 1, Lebesgue measurable, i = 1, 2, 3, 4 t ∈ [0, Tf ]} .
(4.21)

The optimal control must satisfy the necessary conditions that are formulated by Pontrya-
gin’s Maximum Principle (Pontryagin, 1987; Shim, 2004). This principle changes the system of
Equations in (4.19) into a problem of minimizing point-wise a Hamiltonian (H), with respect to
u1(t), u2(t), u3(t), u4(t). For deriving the necessary conditions, we define the Hamiltonian H as

H = a1E + a2I +
c1
2
u21 +

c2
2
u22 +

c3
2
u23 +

c4
2
u24

+ λs ((1− (α1 + α2)(1− u1(t)))Λ− (1− u2(t))βS(t)I(t)− u3(t)S(t)− µS(t))

+ λv (u3(t)S(t)− (1− u2(t))ϵβV (t)I(t)− µV (t))

+ λe ((1− u1(t))α1Λ + (1− u2(t))βI(t)(ϵV (t) + S(t))− (σ + µ)E(t))

+ λi (((1− u1(t))α2Λ + σE(t)− (γ + δ + µ)I(t)− u4(t)I(t))

+ λr ((γ + u4(t))I(t)− µR(t))

(4.22)
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where λs, λv, λe, λi, and λr are the adjoint variables or co-state variables. By applying Pontrya-
gin’s Maximum Principle (Lenhart et al., 2007) and the existence result for the optimal control
from Fleming et al. (2012), we acquire the following theorem.

Theorem 4.6.1. There exists an optimal control quadruple u = (u∗1, u
∗
2, u

∗
3, u

∗
4) and the corre-

sponding solution (S∗, V ∗, E∗, I∗, R∗) of the system (4.19), that minimizes J(u∗1, u
∗
2, u

∗
3, u

∗
4) over

U. Furthermore, there exist adjoint functions, λs(t), λv(t), λe(t), λi(t) , and λr(t), such that



dλs
dt

= (λs − λe)(1− u2)βI + (λs − λv)u3 + µλs,

dλv
dt

= (λv − λe)(1− u2)ϵβI + µλv,

dλe
dt

= (λe − λi)σ + µλe − a1,

dλi
dt

= (λs − λe)(1− u2)βS + (λv − λe)(1− u2)ϵβV + (λi − λr)(γ + u4) + λi(δ + µ)− a2

dλr
dt

= λrµ,

(4.23)
with the transversality conditions:

λs(Tf ) = 0, λv(Tf ) = 0, λe(Tf ) = 0, λi(Tf ) = 0, λr(Tf ) = 0. (4.24)

Furthermore, the optimal controls are characterized by

u∗1 = max

{
0,min

{
(λe − λs)α1Λ + (λi − λs)α2Λ

c1
, 1

}}
,

u∗2 = max

{
0,min

{
(λe − λs)βSI + (λe − λv)ϵβV I

c2
, 1

}}
,

u∗3 = max

{
0,min

{
S(λs − λv)

c3
, 1

}}
,

u∗4 = max

{
0,min

{
I(λi − λr)

c4
, 1

}}
.

(4.25)

Proof Firstly, we verify the conditions in Corollary 4.1 of (Fleming et al., 2012) for the existence
of an optimal control triple (u∗1, u∗2, u∗3, u∗4).

i. The convexity of the admissible control set U and the integrand of J with respect to U;

Let v, w ∈ U = [0, 1]× [0, 0.8]× [0, 1]× [0, 1], be any two arbitrary points. Using definition
of a convex set, it follows that

τv + (1− τ)w ∈ U, for all τ ∈ [0, 1].

Hence, U is convex.
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To show the convexity of the intgerand of J , it is denoted by L and defined as

L(t,x,u) = a1E + a2I +
c1
2
u21 +

c2
2
u22 +

c3
2
u23 +

c4
2
u24, (4.26)

where x = (S, V,E, I,R), u = (u1, u2, u3, u4),

we follow the definition of convex function,

(1− τ)L(t,x,v) + τL(t,x,w ≥ L(t,x, (1− τ)v + τw),

for arbitrary v = (v1, v2, v3, v4),w = (w1, w2, w3, w4) ∈ U and τ ∈ [0, 1].

Equivalently, the above inequality written as

(1− τ)L(t,x,v) + τL(t,x,w − L(t,x, (1− τ)v + τw) ≥ 0.

From Eq (4.26) and algebraic simplification, we have

(1− τ)L(t,x,v) + τL(t,x,w − L(t,x, (1− τ)v + τw) =
1

2
(τ(1− τ)

4∑
j=1

cj(vj − wj)
2)

≥ 0, since τ ∈ [0, 1].

Thus, L is convex.

ii. a priori boundedness of the state solutions;

We note that the right-hand sides of differential equations in(4.19) are linear in each of the
controls and can be written as

f(t,x,u) = ϕ(t,x) + ψ(t,x)u

where

ϕ(t,x) =


(1− (α1 + α2))Λ− βSI − µS

−ϵβV I − µV

α1Λ + βI(ϵV + S)− (σ + µ)E

α2Λ + σE − (γ + δ + µ)I

γI − µR

 , ψ(t,x) =


(α1 + α2)Λ βSI −S 0

0 ϵβV I S 0

−α1Λ −βI(ϵV + S) 0 0

−α2Λ 0 0 −I
0 0 0 I

 ,

x = (S, V,E, I,R), and u = (u1, u2, u3, u4).

The boundedness of the solutions implies ||ϕ(t,x)|| ≤M0, ||ψ(t,x)|| ≤M1, where M0 and
M1 are positive constants. It follows that

||f(t,x,u)|| ≤ ||ϕ(t,x)||+ ||ψ(t,x)||||u||

≤M0 +M1||u||

≤M(1 + ||u||)

where M = max{M0,M1}.
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ii. The integrand L is bounded below. i.e L(t,x,u) ≥ g(t,x,u), where

g(t,x,u) = θ0||u||θ2 − θ1, for all θ0, θ1 > 0 and θ2 > 1.

This property can be verified as follows:

L(t,x,u) = a1E + a2I +
c1
2
u21 +

c2
2
u22 +

c3
2
u23 +

c4
2
u24

≥ c1
2
u21 +

c2
2
u22 +

c3
2
u23 +

c4
2
u24

≥ θ0
(
|u1|2 + |u2|2 + |u3|2 + |u4|2

) 2
2 − θ1

= θ0||u||2 − θ1

= g(t,x,u)

where θ0 = 1
2 min{c1, c2, c3, c4}, θ1 > 0, and θ2 = 2. Consequently, L(t,x,u) ≥ g(t, x, u).

Thus, applying Pontryagin’s Maximum Principle(Lenhart et al., 2007), we convert (4.18), (4.19)
and (4.20) into a problem of minimizing a Hamiltonian, H, pointwise with respect to the control
variables u1, u2, u3 and u4:

H = a1E + a2I +
c1
2
u21 +

c2
2
u22 +

c3
2
u23 +

c4
2
u24 + λsf1 + λvf2 + λef3 + λif4 + λrf5

where fi, i = 1, ..., 5 are the right-hand sides of the system (4.19) and we have the adjoint
equations 

dλs
dt

= −∂H
∂S

, λs(Tf ) = 0,

dλv
dt

= −∂H
∂V

, λv(Tf ) = 0,

dλe
dt

= −∂H
∂E

, λe(Tf ) = 0,

dλi
dt

= −∂H
∂I

, λi(Tf ) = 0,

dλr
dt

= −∂H
∂R

, λr(Tf ) = 0.

(4.27)

From Equation (4.27) we obtain equations in (4.23) for adjoint variables λ′s. And computing

u∗1(t) =
∂H
∂u1

, u∗2(t) =
∂H
∂u2

, u∗3(t) =
∂H
∂u3

, u∗4(t) =
∂H
∂u4

and using the property of control set U, we have required optimal control functions as mentioned
in equation (4.25).

4.7 Numerical Results and Discussion

Numerical simulations play a crucial role in dynamic modeling as they offer a visual representation
of the proposed model, thereby complementing theoretical analyses. Hence, by employing the
parameter values specified in Table 4.2, we examine the impact of these parameters, along with
four control measures and their associated costs, on the dynamics of the PPR disease through
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numerical simulations. The numerical scheme employed for the optimal control problem was
obtained from (Lenhart et al., 2007), and we utilized MATLAB to conduct the simulations.

4.7.1 Effects of constant vaccination and treatment rates

In the first numerical simulation, we considered the estimated parameter values in Table (4.2)
and the case of α1 = 0 = α2 (i.e., no influx of infective ruminants). From the parameter values
and in eq(4.5), the control reproduction number becomes Rv = 1.020. This threshold number
indicates that PPR disease is endemic in a small ruminant population. Furthermore, the effects
of β, ϵ and u2, u3 on the reproduction number Rv are shown in 3-D Figures 4.3 (a) and (b),
respectively. From the two 3D figures plotted, we verify the variation in Rv which is a threshold
for the existence of infection in the population. It is observed (see Fig. 4.4A and 4.4B) that the
surface of Rv crosses the plane Rv = 1 in u2, u3-plane and β, ϵ-plane.

(A) Effects of vaccination and treatment rates on Rv

(B) Effects of the efficacy of vaccination and
transmission rate on Rv

Figure 4.3: Effects of parameters on the reproduction number

Figures 4.4A and 4.4B show the results obtained by setting the initial conditions as S(0) =
40481014, V (0) = 3500000, E(0) = 9493, I(0) = 9493, R(0) = 0 and considering a scenario with-
out infective restocking. It is observed from Figure 4.4A that a high rate of treatment of the
infected population effectively suppresses the spread of Peste des Petits Ruminants (PPR). Sim-
ilarly, Figure 4.4B illustrates that the coverage of vaccination among the susceptible population
above 15% positively contributes to the eradication of disease.

Figure 4.4C illustrates a numerical simulation that takes into account a non-zero infective
inflow through restocking (α = α1 + α2 ̸= 0) and assumes a high vaccine efficacy of ϵ = 0.1

(equivalent to 90% efficacy). The results demonstrate that the dynamics of the disease are influ-
enced by the small proportion of infectious influx into the population, indicating the persistence
of the disease within the population. These findings emphasize the necessity of implementing
additional control measures, such as strict relocation protocols for small ruminants, improved an-
imal identification upon arrival, and isolation practices, in order to achieve complete eradication
of the disease. These measures are crucial components of comprehensive biosecurity measures.
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(D) The population profile for the case
(α1, α2) = (0, 0) and ϵ = 0.1, u3 = 0.103, u4 = 0
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(E) The population profile for the case
(α1, α2) = (0.005, 0.002) and
ϵ = 0.1, u3 = 0.95, u4 = 0.9

(F) The population profile with different
initial conditions for the case
(α1, α2) = (0.001, 0.001) and ϵ = 0.25

Figure 4.4: Numerical simulation results: effects of different constant rates of
vaccination u3 (b), treatment u4 (a), and fraction of infective restocked (αi) (c),
with fixed ϵ = 0.3. Figures (d) and (e) represent the population profile with
varying values of ϵ, u3, u4, while figure (f) illustrates the global stability of the
endemic point.

In Figures 4.4D and 4.4E, we conducted a numerical simulation using the same initial con-
ditions and parameter values as in the previous simulation. When the treatment rate (u3) was
set to zero, we observed that the two plotted figures confirmed the analytical results presented
in Section 4.3.2. Specifically, in Figure 4.4D, when ϵ = 0.1 as stated in Remark (4.3.2) (i), which
implies that ϵc > ϵ, the trajectories in system (4.1) converge to the disease-free equilibrium (i.e.,
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Rv < 1).
In Figure 4.4E, we demonstrate the impact of a nonzero influx of infective animals, where

(α1, α2) = (0.005, 0.002). The results indicate that the trajectories converge to a unique endemic
equilibrium, even with a high vaccination coverage rate (u3 = 0.95), maximum vaccination
efficacy (ϵ = 0.1 or 90%), and a high treatment rate for infected animals (u4 = 0.9). Figure 4.4F
illustrates the global stability of the endemic equilibrium point, indicating the persistence of the
disease for the specific case where (α1, α2) = (0.001, 0.001) under various initial conditions. This
result is consistent with the findings presented in Theorem (4.3.4).

4.7.2 Numerical simulation for optimal control

We solve the optimal control problem for model (4.19) using the parameter values in Table 4.1,
the initial state (S0, V0, E0, I0, R0) = (40,481,014, 3,500,000, 9,493, 9,493, 0), and infective re-
cruitment fractions (α1, α2) = (0.002, 0.001). The forward–backward sweep method (Lenhart
et al., 2007) is employed: the state system (4.19) is integrated forward in time and the adjoint
system (4.23) backward, both with classical fourth-order Runge–Kutta (RK4) schemes. Standard
numerical stability and convergence diagnostics were satisfactory.

To assess accuracy, we estimate the observed order of convergence via

p ≈ log2

(
∥e(h)∥
∥e(h/2)∥

)
, e(h) = ∥xh/2 − xh∥, xh = {Sh, Vh, Eh, Ih, Rh},

where norms are root-mean-square (RMS) over time and xh denotes the RK4 solution with step
size h. We obtained p ≈ 3.5 for V , E, and R, close to the RK4 theoretical order, while S and
I exhibited lower rates (p ≈ 2.9 and p ≈ 2.45, respectively). These reductions are consistent
with pre-asymptotic effects, strong nonlinear coupling through the βSI term, and mild transient
stiffness. Practically, halving the step size reduces the RMS error by approximately 23.5≈ 11 for
V/E/R and by 22.45≈ 5.5–6 for I.

Control bounds and cost weights are specified in Table (4.3). We selected weights via a
two-stage procedure: (i) baseline values {5, 20, 10, 30, 50, 10} informed by expert opinion and the
study (Jemberu et al., 2022), followed by (ii) a PRCC-based local sensitivity analysis using 25
Latin hypercube samples per coefficient. The analysis identified a1 and a2 as the most influential.
Among candidate combinations, we retained the configuration in Table (4.3) that minimized total
cost while maximizing infections averted.

Over a time horizon of Tf = 4 semesters, we evaluate only combined interventions, grouped
as: (i) two-control, (ii) three-control, and (iii) four-control strategies, with comparative cost-
effectiveness. Single-control strategies are not considered. The specific combinations are de-
scribed below.

Table 4.3: Weight balances and maximum bounds of control variables.

Parameters: a1 a2 c1 c2 c3 c4 u1max u2max u3max u4max

value: 2.5 10 7.5 30 80 5 1 0.8 1 1
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Scenario A
In this secenario, we cosidered all strategies contains two controls.

Strategy SA1

This strategy utilizes a combination of controls u1 and u2 to optimize the objective function
J . As illustrated in Figure 4.5, the number of infections is significantly lower in the controlled
scenario compared to the uncontrolled case. The simulation results, with parameters α1 = 0.005

and α2 = 0.002, reflect small fractions of infectious recruits. The data clearly demonstrate that
applying both control measures simultaneously leads to a notable reduction in the number of
infected and exposed animals, converging to (E, I) ≈ (1.370, 0.812) by the end of the simulation.
Throughout the simulation, external biosecurity measure u1 is maintained at maximum levels,
while internal measure u2 is maximized for the first 3.5 semesters before tapering off as infec-
tions decline. Overall, the interventions result in a reduction of approximately 4.824× 104 new
infections over four semesters, with a total intervention cost of 4.611 × 104. This underscores
the effectiveness of sustained external measures and strategic internal interventions in controlling
disease transmission.
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Figure 4.5: Strategy A1: Comparison of controlled I & E with uncontrolled
and the control profile.

Strategy SA2

This strategy employs a combination of external biosecurity measures (u1) and vaccination (u3)
to optimize disease control. As illustrated in Figure 4.6, the implementation of these control
measures, particularly in scenarios where αi ̸= 0, results in a substantial decrease in both ex-
posed and infectious populations. The trajectories for the exposed (E) and infectious (I) classes
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indicate that the simultaneous application of both control measures culminates in a final state
of approximately (E, I) ≈ (1090, 755) by the end of the simulation. Throughout this period,
the external biosecurity measure u1 is consistently maintained at its maximum efficacy, while
vaccination u3 is applied at peak levels during the first 3.7 semesters, subsequently tapering off in
response to declining infection rates. Overall, the integration of these two interventions over four
semesters is projected to avert approximately 3.5876825 × 104 new infections, incurring a total
intervention cost of 2.231× 105. This highlights the effectiveness of combining external biosecu-
rity measures with vaccination strategies in controlling disease transmission and emphasizes the
importance of sustained intervention efforts.
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Figure 4.6: Strategy A2: Comparison of controlled I & E with uncontrolled
and the control profile.

Strategy SA3

In this strategy, we optimize J using the two controls-external biosecurity measures (u1) and
treatment control (u4). Despite maintaining maximum levels of control efforts throughout the
entire simulation period, the reduction in the number of infectious animals is less significant
compared to previous strategies, as illustrated in Figure 4.7. The trajectories for the exposed
and infectious classes, (E, I), converge to the endemic equilibrium point of (1.228 × 104, 6860).
Additionally, the combination of these two interventions over four semesters is projected to reduce
new infections by approximately 2.551× 104, with a total intervention cost of 3.792× 105.

Strategy SA4

The internal biosecurity control u2 and vaccination control u3 are employed to optimize the
objective function J . As illustrated in Figure 4.8, the number of exposed individuals and in-
fections in the controlled case is reduced compared to the uncontrolled case. Furthermore, the
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Figure 4.7: Strategy A3: Comparison of controlled I & E with uncontrolled
and the control profile.

trajectories of E and I demonstrate the persistence of the disease and converge to the point
(1274, 1055). Regarding the control profiles, Figure 4.8 suggests that the internal biosecurity
control u2 should be maintained at its upper bound throughout the intervention period, while
the vaccination control u3 should gradually decrease from the upper bound to zero after the
time t = 3.4. Additionally, it is noted that the two interventions over the simulation period can
reduce new infections by 4.439× 104 at an intervention cost of 9.648× 104.

Strategy SA5

Figure 4.9 illustrates the impact of implementing the controls u2 and u4 on the dynamics of
the exposed and infectious classes, as well as on the cost function J . The results indicate that,
despite maximizing the efforts of these controls throughout the entire simulation period, the
trajectories converge to the endemic equilibrium point (E, I) 7→ (1455, 1112). This suggests
that while Strategy SA5 does not suffice to eradicate the disease from the population, it does
contribute positively by alleviating the overall burden posed by the disease. Moreover, it is
noteworthy that the two interventions implemented during the simulation period can reduce new
infections by 4.446 × 104, incurring an intervention cost of 9.668 × 104. This finding highlights
the effectiveness of these control measures in managing the disease, even if they do not lead to
complete eradication.

Strategy SA6

In this strategy, we employed the controls u3 and u4 to optimize the cost function J with
maximum effort throughout the entire simulation period. The simulation results, as illustrated
in Figure 4.10, indicate a reduction in the number of infections relative to the uncontrolled case,
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Figure 4.8: Strategy A4: Comparison of controlled I & E with uncontrolled
and the control profile.
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Figure 4.9: Strategy A5: Comparison of controlled I & E with uncontrolled
and the control profile.
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with the trajectories for the exposed and infectious classes E and I converging to the endemic
equilibrium point (E, I) 7→ (4547, 2995). While this strategy is insufficient for the complete
eradication of the disease, it is important to note that the two interventions implemented during
the simulation period can reduce new infections by 2.901×104 at an intervention cost of 3.21×105.
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Figure 4.10: Strategy A6: Comparison of controlled I & E with uncontrolled
and the control profile.

Scenario B
In this secinario, we considered strategies of three controls.

Strategy SB1

We optimize the cost function J using external biosecurity (u1), internal biosecurity (u2), and
vaccination (u3). Relative to the uncontrolled baseline, the controlled trajectories shown in
Figure 4.11 demonstrate significant declines in both classes, converging to the point (E, I) 7→
(0.852, 0.5403) by the end of the simulation horizon. The control profile for u3 is front-loaded,
operating at its maximum level for the first 1.2 semesters before gradually decreasing to zero as
prevalence declines. In contrast, u1 and u2 are maintained at high levels, with u2 tapering slightly
later in the period. Over the course of four semesters, the three interventions collectively avert
approximately 4.829× 104 new infections at a total cost of 4.534× 104. This outcome indicates
an efficient reduction of transmission through an early intensive application of u3 combined with
sustained biosecurity measures via u1 and u2.
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Figure 4.11: Strategy B1: Comparison of controlled I & E with uncontrolled
and the control profile.

Strategy SB2

The simulation results for the optimal control problem using controls u1, u2, and u4, as de-
picted in Figure 4.12, reveal significant insights into the dynamics of the exposed and infected
classes over the intervention period. The trajectories for (E, I) converge to the equilibrium point
(1.241, 0.732), indicating a disease almost dieout under the implemented control measures. Im-
portantly, the three interventions employed during the simulation period effectively reduce new
infections by approximately 4.841 × 104 at a total intervention cost of 4.425 × 104. Regarding
the control profiles, u4 is applied at maximum effort until 2.7 semesters, after which it gradually
declines to zero. This front-loaded approach allows for an initial intensive intervention, effec-
tively reducing the number of infections early in the simulation. Similarly, u2 is applied at its
maximum level until 3.4 semesters, demonstrating a sustained effort to control the disease.

Strategy SB3

The simulation results for the optimal control problem, as shown in Figure 4.13, indicate that the
trajectories for (E, I) converge to the equilibrium point (777, 522). This convergence highlights
the stabilization of disease prevalence under the applied control measures. The three interventions
(u1, u2, u4) effectively reduce new infections by approximately 3.791×104 at a total cost of 1.963×
105, demonstrating their cost-effectiveness in mitigating disease spread. In terms of control
profiles, u3 is applied at maximum effort until 3.7 semesters, after which it gradually declines
to zero. In contrast, u1 and u2 are sustained at maximum levels throughout the simulation,
ensuring continuous control over disease transmission.
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Figure 4.12: Strategy B2: Comparison of controlled I & E with uncontrolled
and the control profile.
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Figure 4.13: Strategy B3: Comparison of controlled I & E with uncontrolled
and the control profile.
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Strategy SB4

The simulation results for the optimal control problem, depicted in Figure 4.14, reveal that the
trajectories for the exposed and infected classes converge to the equilibrium point (1264, 1010).
This convergence indicates a stabilization of disease prevalence under the implemented control
measures. The three interventions (u2, u3, u4) significantly reduce new infections by approxi-
mately 4.472 × 104 at a total intervention cost of 9.03 × 104, demonstrating their effectiveness
in controlling disease spread. In terms of control profiles, u3 is applied at maximum effort until
3.4 semesters, after which it gradually declines to zero. In contrast, u2 and u4 are maintained at
maximum levels throughout the simulation, ensuring continuous control over the infection dy-
namics. However, the presence of uncontrolled external infections through restocking contributes
to the persistence of the disease in the population.
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Figure 4.14: Strategy B4: Comparison of controlled I & E with uncontrolled
and the control profile.

Scenario C
In this secinario, we considered strategy of four controls. Strategy SC : The final simulation
results for the optimal control problem, as depicted in Figure 4.15, show that the trajectories
for the exposed and infected populations converge to the equilibrium point (0.80, 0.5). This
convergence indicates a successful control of disease prevalence through the implemented control
measures. The combination of four interventions (u1, u2, u3, u4) effectively reduces new infections
by approximately 4.846 × 104 at a total intervention cost of 4.357 × 104. This demonstrates
the cost-effectiveness and efficiency of the adopted strategy in managing disease transmission.
Examining the control profiles, u2 is applied at maximum effort until 3.2 semesters, after which
it gradually declines to zero. Similarly, u3 is maximized until 1.1 semesters, and u4 until 2.5
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semesters, both tapering off thereafter. In contrast, u1 is sustained at maximum effort throughout
the entire simulation period, providing continuous control over the infection dynamics. The
strategic deployment of these interventions highlights their effectiveness in curbing infection
rates. The initial intensive interventions, coupled with the sustained effort of u1, play a crucial
role in achieving significant reductions in new infections.
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Figure 4.15: Strategy C: Comparison of controlled I & E with uncontrolled
and the control profile.

In summary, the simulation results underscore the importance of a well-coordinated inter-
vention strategy that combines both initial intensive efforts and ongoing support to effectively
manage and reduce disease prevalence over time. Moreover, the next section provides a summa-
rized result on the effectiveness of the control regarding infections averted and associated control
costs in Table 4.4 and the bar graph in Figure 4.16.

4.7.3 Cost-Effectiveness Analysis

In this section, we evaluate the cost-effectiveness of various control strategies across different
scenarios using the Incremental Cost-Effectiveness Ratio (ICER).

The Incremental Cost-Effectiveness Ratio (ICER) quantifies the change in costs relative to
the change in health benefits (e.g., cases averted) between two competing intervention strategies.
Considering strategies S1 and S2 as two competing control interventions, the ICER is calculated
as follows:

ICER =
Change in total costs between strategies S1 and S2

Change in health benefits between strategies S1 and S2
.

A lower ICER indicates a more cost-effective strategy.
The total number of averted infections is computed using the following equation:
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Total Averted =

∫ Tf

0
[Iwout − Iw] dt

where Iwout represents infections without control, and Iw represents infections with control.
The total cost is calculated based on the objective functional defined in Equation (4.18).

Using the total number of averted cases and the associated costs provided in Table (4.4),
we first calculate the ICER for each scenario independently. Subsequently, we compare the
cost-effectiveness of the strategies across the three scenarios.

Cost-Effectiveness Analysis for Scenario A

Based on the increasing order of cases averted (as shown in Table (4.4)), we compute the ICER
for each strategy as follows:

1. Comparison between Strategies SA3 and SA6:

ICER(SA3) =
379, 200

25, 510
= 14.8647,

ICER(SA6) =
321, 000− 379, 200

29, 010− 25, 510
= −16.6286.

The results indicate that Strategy SA3 is strongly dominated, as it incurs higher costs
compared to Strategy SA6. Therefore, Strategy SA3 is excluded from further consideration.
The next comparison is conducted between Strategies SA6 and SA2.

2. Comparison between Strategies SA6 and SA2:

ICER(SA6) =
321, 000

29, 010
= 11.0651,

ICER(SA2) =
223, 100− 321, 000

35, 870− 29, 010
= −14.2711.

Here, Strategy SA6 is dominated by Strategy SA2, as it has a higher ICER. Thus, Strategy
SA6 is excluded, and the next comparison is conducted between Strategies SA2 and SA4.

3. Comparison between Strategies SA2 and SA4:

ICER(SA2) =
223, 100

35, 870
= 6.2197.

ICER(SA4) =
96, 480− 223, 100

44, 390− 35, 870
= −14.8615.

Since ICER(SA4) < ICER(SA2), Strategy SA4 is more cost-effective, and Strategy SA2 is
excluded. The next comparison is conducted between Strategies SA4 and SA5.

4. Comparison between Strategies SA4 and SA5:

ICER(SA4) =
96, 480

44, 390
= 2.1739,
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ICER(SA5) =
96, 680− 96, 480

44, 460− 44, 390
= 2.8571.

Since ICER(SA4) < ICER(SA5), Strategy SA5 is excluded. The final comparison is con-
ducted between Strategies SA4 and SA1.

5. Comparison between Strategies SA4 and SA1:

ICER(SA1) =
46, 110− 96, 480

48, 240− 44, 390
= −13.0831.

The analysis shows that Strategy SA1 is the most cost-effective strategy in Scenario A for
reducing PPR disease at the minimum cost.

Cost-Effectiveness Analysis for Scenario B

1. Comparison between Strategies SB3 and SB4:

ICER(SB3) =
196, 300

37, 910
= 5.1781,

ICER(SB4) =
93, 000− 196, 300

44, 720− 37, 910
= −15.1689.

Strategy SB4 is more cost-effective than Strategy SB3, so Strategy SB3 is excluded. The
next comparison is between Strategies SB4 and SB1.

2. Comparison between Strategies SB4 and SB1:

ICER(SB4) =
93, 000

44, 720
= 2.0796,

ICER(SB1) =
45, 340− 93, 000

48, 290− 44, 720
= −13.0831.

Strategy SB1 is more cost-effective than Strategy SB4, so Strategy SB4 is excluded. The
final comparison is between Strategies SB1 and SB2.

3. Comparison between Strategies SB1 and SB2:

ICER(SB1) =
45, 340

48, 290
= 0.9389,

ICER(SB2) =
44, 250− 45, 340

48, 410− 48, 290
= −9.0837.

Since ICER(SB2) < ICER(SB1), Strategy SB2 is the most cost-effective strategy in Scenario
B.

Cost-Effectiveness Analysis for Scenario C

In Scenario C, there is only one strategy with four controls (u1, u2, u3, u4). The ICER is computed
as follows:

ICER(SC) =
43, 570

48, 460
= 0.8990.
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Final Comparison Across Scenarios

Comparing the most cost-effective strategies from each scenario, the strategy in Scenario C
emerges as the most effective, followed by Strategy SB2 from Scenario B, and Strategy SA1 from
Scenario A.

Table 4.4: Total cost and averted infection of each strategies

Optimal con-
trol Scenarios

Strategies (S) Total
averted
infection

Total cost cost-
effective
strategy

most
cost-
effective
strategy

Scenario A

SA1 (u1 + u2) 4.824× 104 4.611× 104

SA1

SC

SA2 (u1 + u3) 3.587× 104 2.231× 105

SA3 (u1 + u4) 2.551× 104 3.792× 105

SA4 (u2 + u3) 4.439× 104 9.648× 104

SA5 (u2 + u4) 4.446× 104 9.668× 104

SA6 (u3 + u4) 2.901× 104 3.21× 105

Scenario B

SB1 (u1 + u2 + u3) 4.829× 104 4.534× 104

SB2
SB2 (u1 + u2 + u4) 4.841× 104 4.425× 104

SB3 (u1 + u3 + u4) 3.791× 104 1.963× 105

SB4 (u2 + u3 + u4) 4.472× 104 9.30× 104

Scenario C SC (u1 + u2 + u3 +

u4)
4.846× 104 4.357× 104 SC
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Figure 4.16: Bar graphs: Comparison of each strategy with repect to infection
averted and total cost.

4.8 Results and Discussion

Peste des petits ruminants (PPR) is a highly contagious viral disease affecting small ruminants,
with substantial implications for animal health and socioeconomics. In this study, we developed
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a deterministic compartmental model to describe PPR transmission and formulated an optimal
control problem to evaluate intervention strategies, particularly focusing on the effect of restock-
ing on disease dynamics. Our analytical results establish the existence and global stability of an
endemic equilibrium for relevant parameter regimes, and sensitivity analysis identifies the pa-
rameters most significantly affecting transmission and control outcomes. Numerical simulations
using a fourth-order Runge–Kutta scheme reveal that the introduction of infected restocked ani-
mals substantially undermines vaccination programs, with continuous inflow of infectious animals
sustaining transmission even when vaccination is in place. Conversely, stringent biosecurity mea-
sures—both external measures that reduce the inflow of infectious animals and internal measures
enabling identification, segregation, and treatment—markedly reduce the risks associated with
restocking and improve overall control effectiveness. Parameter estimates calibrated to World
Organisation for Animal Health (OIE) incidence data for Ethiopia yield a control reproduction
number Rv ≈ 1.02 in the absence of restocking, consistent with observed endemicity in the region.
However, incorporating restocking into the model clarifies why vaccination-alone strategies fail in
practice: infective inflow maintains Rv at or above one unless complemented by biosecurity and
treatment measures. Cost-effectiveness analysis shows that a combined strategy incorporating
external biosecurity, internal biosecurity, vaccination, and treatment (SC) produces the largest
reduction in infections per unit cost, followed by strategy SB2 and then SA1, underscoring that
multi-pronged interventions are generally more efficient than single-measure approaches. These
findings align with previous recommendations on movement restrictions and vaccination Fathel-
rahman et al., 2021 but diverge from analyses that ignored restocking effects Waret-Szkuta et
al., 2008, highlighting the critical importance of incorporating connectivity into epidemiological
models. Consistent with serological and molecular studies Fentie et al., 2018; Fournié et al., 2018;
Alemu et al., 2019, our results support the persistent endemicity of PPR at the national scale
while uniquely quantifying the additional role of restocking in maintaining transmission. The
study’s limitations include incomplete or imprecise incidence and parameter data from OIE and
literature sources, which reduce confidence in estimates like Rv, as well as the omission of time
delays, stochasticity in restocking events, and socioeconomic factors affecting biosecurity com-
pliance. Future research should incorporate stochastic and delay formulations, develop hybrid
statistical-mechanistic frameworks using advanced parameter-estimation techniques and machine
learning, and model the probability of introducing infectious animals via restocking. Motivated
by recent studies (Saber et al., 2025; Althubyani et al., 2025; Adam et al., 2025), extending the
integer-order model to a fractional-order formulation could better capture memory and heredi-
tary effects in PPR dynamics. In conclusion, achieving PPR eradication targets such as the 2027
goal requires integrated strategies that combine vaccination, treatment, and robust biosecurity
to prevent the importation and onward transmission of infection. The modeling framework and
optimal-control analyses presented here provide quantitative guidance for policymakers to design
cost-effective, evidence-based PPR control programs.
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Chapter 5

The Impact of Movement and
Vaccination on PPR Disease Spread
between Two Different Agroecological
Zones

5.1 Introduction

Effective control of Peste des Petits Ruminants (PPR) remains a priority for Ethiopia, where
the disease is endemic and small ruminant production is a major component of the agricultural
economy. Despite ongoing vaccination campaigns, persistent outbreaks are reported across the
country, with heterogeneous seroprevalence and transmission patterns linked to varying agroeco-
logical zones and livestock management systems (Waret-Szkuta et al., 2008; Fournié et al., 2018;
Dubie et al., 2022; Fentie et al., 2018).

In Ethiopia, highland (sedentary) and lowland (pastoral) zones differ markedly in animal
husbandry practices and patterns of small ruminant movement. Seasonal migration and trade-
driven movements between these zones play a significant role in facilitating PPRV circulation
and challenge the effectiveness of vaccination programs (Fournié et al., 2018). Recent studies
have demonstrated that the spatial structure and movement of animals substantially influence
the persistence and spread of PPR, underscoring the need for spatially explicit models that
incorporate these factors (Fournié et al., 2018; Martcheva, 2015; Burton et al., 2012).

National seroprevalence surveys and retrospective analyses have revealed that PPR incidence
and immunity levels vary by region, and that outbreaks are frequently associated with animal
movements between agroecological zones (Waret-Szkuta et al., 2008; Fentie et al., 2018; Dubie
et al., 2022). Discrete and continuous metapopulation models have been employed to capture
the dynamics of PPR transmission at the national scale, providing valuable insights into the
effectiveness of vaccination and the critical thresholds required for disease elimination in the
presence of population mobility (Fournié et al., 2018; Martcheva, 2015).

Building on these findings, this chapter develops a coupled two-patch SEIR model to inves-
tigate the impact of small ruminant movement and vaccination strategies on the spatial spread
and persistence of PPR between Ethiopia’s highland and lowland zones. The model enables
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estimation of transmission parameters and vaccination coverage based on empirical data, and fa-
cilitates evaluation of coordinated vaccination and movement control measures. Through numer-
ical simulations, we explore how different combinations of population movement and vaccination
strategies influence disease persistence and the likelihood of eradication. The results reinforce the
importance of integrating vaccination programs across zones with effective movement controls to
optimize PPR management and support national eradication efforts.

5.2 Model Formulation

In the formulation of the model, two coupled subpopulations (districts) are used as meta-
population patches to investigate the impact of animal movement between districts on the dy-
namics of PPR disease. These subpopulations consist of highland and lowland groups of small
ruminants. The disease dynamics of each population is described using the SEIR model.

Let (Sl, Sh), (El, Eh), (Il, Ih), and (Rl, Rh) represent the susceptible, exposed, infectious, and
recovered disease classes of the two groups, respectively. It is assumed that the rates of movement
between the two groups (districts) differ. The rate at which susceptible, exposed, infectious, and
recovered small ruminants move from the lowland district to the highland district is denoted by
ahl, bhl, chl, and dhl, respectively. Similarly, the rates of movement in the opposite direction,
from the highland district to the lowland district, are denoted by alh, blh, clh, and dlh.

In the lowland group, the total population of small ruminants is Nl, where Nl = Sl +

El + Il + Rl. In the highland group, the total population of small ruminants is Nh, where
Nh = Sh + Eh + Ih +Rh.

For each sub-population i (i = l, h), the recruitment rate of the sub-population per unit of
time is denoted as Λi. The progression rates of incubation, recovery, disease-related death, and
natural death rates are represented by σi, γi, δi, and µi, respectively. The vaccination rate of
the susceptible population is denoted as ωi. In this model formulation, we consider the following
assumptions:

❍ The population structure of the two sub-populations mixing is homogeneous. Since the
disease transmission occurs through direct contact between infectious and susceptible indi-
viduals, we assume a mass action incidence rate, βiSiIi, where βi is the disease transmission
rate per individual per unit time.

❍ The mobility matrices are not necessarily symmetric, but they are irreducible.

❍ Without loss of generality, we assume that aii = bii = cii = dii = 0.

❍ The model assumes that vaccination is perfect, resulting in lifelong immunity for vaccinated
small ruminants. Vaccination is administered after the outbreak of PPR.

❍ We assume that individuals do not change their disease state during migration (movement).

• All parameters are positive constants, except for aij , bij , cij , dij , and δi, which are non-
negative.
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Sl El Il Rl

Sh Eh Ih Rh

βlSlIl σlEl γlIl

βhShIh σhEh γhIh

bhlElblhEh chlIlclhIh

ωlSl

ωhSh

ahlSlalhSh dhlRldlhRh

Λl

µlSl

µlEl (δl + µl)Il µlRl

Λh

µhSh
µhEh (µh + δh)Ih µhRh

Figure 5.1: A schematic diagram for the transmission of PPR in small
ruminant population with the effect of movement.

The aforementioned assumptions, description, and the model flow diagram (Figure 5.1) result
in the model system (5.1).

dSl
dt

= Λl − βlSl(t)Il(t) + alhSh(t)− (ahl + ωl + µl)Sl(t),

dEl

dt
= βlSl(t)Il(t) + blhEh(t)− (bhl + σl + µl)El(t),

dIl
dt

= σlEl(t) + clhIh(t)− (chl + δl + γl + µl)Il(t),

dRl

dt
= γlIl(t) + ωlSl(t) + dlhRh(t)− (dhl + µl)Rl(t),

dSh
dt

= Λh − βhSh(t)Ih(t) + ahlSl(t)− (alh + ωh + µh)Sh(t),

dEh

dt
= βhSh(t)Ih(t) + bhlEl(t)− (blh + σh + µh)Eh(t),

dIh
dt

= σhEh(t) + chlIl(t)− (clh + δh + γh + µh)Ih(t),

dRh

dt
= γhIh(t) + ωhSh(t) + dhlRl(t)− (dlh + µh)Rh(t).

(5.1)

5.3 Model Analysis

5.3.1 Positively Invariant Region and Boundedness of Solution

In this subsection, we examine the fundamental outcomes regarding the solutions of the system
(5.1), which carry significant importance in both mathematical and epidemiological interpreta-
tions.
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Lemma 5.3.1. Every non-negative solution of system (5.1) is bounded in L1-norm by max{N(0), Λ̄µ}.

Proof The total population in two subpopulations at any time t is N(t) = Nl(t) + Nh(t), can
be determined by adding all equations in (5.1). Let µ = min{µl, µh} and Λ̄ = Λl + Λh. i.e

dN

dt
= Λ̄− µN − (δlIl + δhIh) ≤ Λ̄− µN. (5.2)

Solving the differential inequality (5.2) with non-negative initial condition N(0) = N0 using
’Groonwall’s Inequality’ gives;

N(t) ≤ N0e
−µt +

Λ̄

µ
(1− e−µt),

a standard comparison argument shows that limt→∞ supN(t) ≤ Λ̄
µ .

The norm L1 for each non-negative solution is N and satisfies the inequality N ′ ≤ Λ̄ − µN .
The solutions of equation M ′ = Λ̄−µM are increasing and bounded by Λ

µ if M(0) < Λ̄/µ. They
are monotonically decreasing and bounded above if M(0) ≥ Λ̄/µ. Since N ′ ≤ M ′, the claim
follows.

Furthermore, it is crucial to demonstrate the existence of a unique solution to the model
(5.1).

Lemma 5.3.2. For any non-negative initial condition

x0 = (Sl0, El0, Il0, Rl0, Sh0, Eh0, Ih0, Rh0) ∈ R8
+,

system (5.1) admits a unique solution

x(t) = (Sl(t), El(t), Il(t), Rl(t), Sh(t), Eh(t), Ih(t), Rh(t))

defined on [0,∞) that satisfies the initial conditions and remains non-negative and bounded for
all t ≥ 0.

Proof The proof follows two main steps, with the boundedness property following directly from
Lemma 5.3.1.
Step 1: Local existence and uniqueness. Let

x(t) = (Sl(t), El(t), Il(t), Rl(t), Sh(t), Eh(t), Ih(t), Rh(t))
T

and write system (5.1) as
dx

dt
= f(x), x(0) = x0 ∈ R8

+,

where f : R8 → R8 consists of the right-hand sides of the equations. Each component of f
is a polynomial in the state variables; therefore f is continuously differentiable (C1) on R8. A
C1 function is locally Lipschitz continuous. By the Picard–Lindelöf theorem, for each x0 there
exists a unique solution defined on a maximal interval [0, tmax).
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Step 2: Non-negativity of solutions. We apply the invariance theorem of (Theorem A.4
in Thieme, 2018) to the closed set D = R8

+. For x ∈ ∂D, a coordinate xi = 0 must satisfy
fi(x) ≥ 0 to prevent the flow from leaving D. We verify this condition for a few state variables;
the remaining cases follow analogously.

Consider the lowland susceptible population Sl. When Sl = 0,

f1(x) =
dSl
dt

= Λl + alhSh ≥ 0,

since Λl > 0 and Sh ≥ 0.
Similarly, when the lowland exposed population El = 0,

f2(x) =
dEl

dt
= βlSlIl + blhEh ≥ 0,

because all quantities on the right are non-negative.
Proceeding in the same manner, one can verify that for every variable xi (including Il, Rl, Sh, Eh, Ih, Rh),

the condition xi = 0 implies fi(x) ≥ 0. Consequently, the vector field f points inward (or is
tangent) on ∂D. By Thieme’s theorem, R8

+ is positively invariant: if x0 ∈ R8
+, then x(t) ∈ R8

+

for all t ∈ [0, tmax).
Step 3: Global existence and boundedness. From Lemma 5.3.1, every non-negative so-
lution of system (5.1) is bounded in L1-norm by max

{
N(0), Λ̄µ

}
, where Λ̄ = Λl + Λh and

µ = min{µl, µh}. This implies that all state variables remain bounded on [0, tmax).
Since the solution remains bounded on the finite interval [0, tmax), standard continuation

theory for ODEs guarantees that tmax = ∞. Hence the solution exists globally on [0,∞) and is
bounded for all t ≥ 0. This completes the proof.

Remark 5.3.3. Lemma 5.3.2 establishes the well-posedness of system (5.1), while Lemma 5.3.1
provides the explicit bound max

{
N(0), Λ̄µ

}
for the L1-norm of solutions. Together, they ensure

that the biologically feasible region

Γ =

{
(Sl, El, Il, Rl, Sh, Eh, Ih, Rh) ∈ R8

+ : N ≤ Λ̄

µ

}
is positively invariant and that all solutions starting in R8

+ remain in Γ for all t ≥ 0.

5.3.2 The Control Reproduction Number and Stability Analysis of Equilibria

The first step involves demonstrating the existence of a unique equilibrium point in the model
system, which represents a state free from disease. Subsequently, the next generation matrix
method Van den Driessche et al., 2002 is employed to calculate the basic reproduction number,
Rv, which is then used to assess the stability of the system.

To determine the disease-free equilibrium (DFE) of the system (5.1), the variables Ei and Ii
are set to zero for i = l, h in (5.1) at a steady state, where dS

dt = 0 = dR
dt . This process yields

separate systems of equations for S0
i and R0

i .
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{
CS = Λ

DR = ωS,
(5.3)

where

C =

[
ahl + ωl + µ −alh

−ahl alh + ωh + µ

]
, D =

[
dhl + µ −dlh
−dhl dlh + µ

]
,Λ = [Λl,Λh]

T , , S = [Sl, Sh]
T ,

ω = [ωl, ωh], and R = [Rl, Rh]
T .

Since all off-diagonal entries of matrices C and D are non-positive and the sum of the entries
in each column of C and D is positive, C and D are non-singular M-matrices and C−1 ≥ 0 and
D−1 ≥ 0 (Berman et al., 1994, p. 137). Therefore, linear systems in (5.3) have unique positive
solutions S0 = (S0

l , S
0
h)

T = C−1Λ > 0 and R0 = (R0
l , R

0
h) = D−1ωS0 > 0. As a consequence,

the system (5.1) has a unique disease-free equilibrium ξ0 = (S0
l , 0, 0, R

0
l , S

0
l , 0, 0, R

0
l ), where

S0
l =

(alh + ωh + µ)Λl + alhΛh

(µ+ ωl)(alh + ωh + µ) + ahl(ωh + µ)
,

S0
h =

(ahl + ωl + µ)Λh + ahlΛl

(µ+ ωl)(alh + ωh + µ) + ahl(ωh + µ)
,

R0
l =

(dlh + µ)ωlS
0
l + dlhωhS

0
h

µ(µ+ dhl + dlh)
,

R0
l =

(dhl + µ)ωhS
0
h + dhlωlS

0
l

µ(µ+ dhl + dlh)
.

(5.4)

Thus, we have the following result.

Proposition 5.3.4. The model system (5.1) always has a unique disease-free equilibrium ξ0.

The local stability of ξ0 can be determined by calculating the control reproduction number,
denoted Rv, using the next-generation operator method developed by Van den Driessche and
Walmough Van den Driessche et al., 2002. The control reproduction number, Rv, serves as a
threshold parameter that predicts the spread of the disease within the population. It quantifies
the expected number of new cases of PPR generated by a single infected small ruminant in a
completely susceptible population that resides in a region with a vaccination program. If Rv < 1,
the infection will eventually die out. In contrast, if Rv > 1, the disease will persist within the
population.

Theorem 5.3.5. The model system (5.1) with non-negative initial conditions, the disease-free
equilibrium of PPR ξ0 is locally asymptotically stable if Rv < 1 and unstable if Rv > 1.

Proof Let u = (El, Eh, Il, Ih)
T is the vector of infected state variables. The Jacobian matrix of

system (5.1) at the PPR-disease free equilibrium state ξ0 is given by

J(ξ0) =

[
F − V 0

J21 J22

]
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where F =
(
∂F
∂u

)
ξ0

, F is the rates of new infection and V =
(
∂V
∂u

)
ξ0

, V is the rate of transfer
from in and out of the infected compartments in the system (5.1). From the right side equations
in the system (5.1), we consider the exposed and infectious as infected classes, then

F =


βlSlIl

βhShIh

0

0

 and V =


−blhEh + (bhl + σl + µ)El

−bhlEl + (blh + σh + µ)Eh

−σlEl − clhIh + (chl + δl + γl + µ)Il

−σhEh − chlIl + (clh + δh + γh + µ)Ih

 .

Here we write the matrices F and V as block matrices

F =

[
0 F12

0 0

]
,where F12 =

[
βlS

(0)
l 0

0 βhS
(0)
h

]

V =

[
V11 0

V21 V22

]
,where V11 =

[
bhl + σl + µ −blh

−bhl blh + σh + µ

]
, V21 =

[
−σl 0

0 −σh

]
,

V22 =

[
chl + α1 −clh
−chl clh + α2

]
where α1 = δl + γl + µ and α2 = δh + γh + µ. And

J22 =


−(ahl + ωl + µ) alh 0 0

ahl −(alh + ωh + µ) 0 0

ωl 0 −(dhl + µ) dlh

0 ωh dhl −(dlh + µ)


The disease-free equilibrium ξ0 is said to be locally asymptotically stable if all eigenvalues

of the Jacobian matrix J(ξ0) of the system (5.1) evaluated at ξ0 have negative real parts. Con-
versely, the disease-free equilibrium ξ0 is unstable if the Jacobian matrix J(ξ0) has at least one
eigenvalue with a positive real part. Furthermore, the negativity of the eigenvalues of the Jaco-
bian matrix J is determined by the matrices F − V and J22, where F and V are the matrices
appearing in the next generation operator formulation of the system, and J22 is the submatrix
of J corresponding to the infected compartments.

The eigenvalues of the matrix J22 are given by:
λ1 = −µ,

λ2 = −(dhl + dlh + µ),

λ3,4 =
−1

2

(
alh + ahl + ωh + ωl + 2µ±

√
H
)

where H = (ahl + alh + ωh − ωl)
2 − 4ahl(ωh − ωl).

It can be shown that λ3 and λ4 are always negative using the same approach as Burton et al.,
2012. Let G = alh + ahl + ωh + ωl + 2µ, and consider H as a quadratic expression in ωh. The
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absolute minimum of H occurs when dH
dωh

= 0, which gives ωh = ahl − alh + ωl. Substituting
this expression into H yields 4ahlalh > 0, implying that H > 0 for all ωh. Therefore, λ3 and
λ4 are real-valued. Next, we check that G ±

√
H > 0. Since G +

√
H > 0, we have λ3 < 0.

For λ4 < 0, we require G >
√
H, which is equivalent to ωh > −µ2+µahl+alhµ+µωl+alhωl

µ+ωl+ahl
. Since

we assume ωh > 0, this condition is always satisfied. Therefore, G −
√
H > 0, which implies

λ4 < 0. Consequently, the local stability of the PPR disease-free equilibrium depends only on
the eigenvalues of the matrix F − V . According to the ((Van den Driessche et al., 2002), proof
of Thoerem 2), all eigenvalues of F − V have negative real parts if and only if s(F − V ) < 0,
which is equivalent to ρ{FV −1} < 1. Since V is an irreducible non-singular M-matrix, it has a
positive inverse ((Berman et al., 1994), p. 141), and FV −1 is a non-negative matrix and given
by

FV −1 =

[
0 F12

0 0

][
V −1
11 0

B V −1
22

]
=

[
F12B F12V

−1

0 0

]

where B = V −1
22 diag(σl, σh)V −1

11 .
The control reproduction number (Rv), which is the spectral radius of matrix (Van den

Driessche et al., 2002), ρ(FV −1), is given as

Rv = ρ
{

diag(b1, b2)V −1
22 diag(σl, σh)V −1

11

}
= ρ

{(
K11 K12

K21 K22

)}

where 

K11 =
b1((clh + α2)σl(blh + σh + µ) + clhσhbhl )

((blh + σh + µ)σl + µ2 + (bhl + blh + σh)µ+ bhlσh)(α1clh + α2(chl + α1))
,

K12 =
b1((clh + α2)σlblh + clhσh(bhl + σl + µ))

((bhl + σl + µ)σh + (µ+ blh)σl + µ(µ+ bhl + blh))(α1clh + α2(chl + α1))
,

K21 =
b2((chlσl + bhl (chl + α1))σh + chlσl(µ+ blh))

((bhl + σl + µ)σh + (µ+ blh)σl + µ(µ+ bhl + blh))((clh + α2)α1 + α2chl )
,

K22 =
b2(chlσlblh + (chl + α1)σh(bhl + σl + µ))

((bhl + σl + µ)σh + µ2 + (σl + bhl + blh)µ+ σlblh)((clh + α2)α1 + α2chl )
.

Thus
Rv =

1

2

(
K11 +K22 +

√
(K11 −K22)2 + 4K12K21

)
where b1 = βlS

(0)
l and b2 = βhS

(0)
h .

By Theorem B.8 in (Salmani et al., 2006), if the reproduction number Rv < 1, then the
spectral bound s(F − V ) < 0. Consequently, all the eigenvalues of the system lie in the left half
of the complex plane. According to Definition B.9 in (Salmani et al., 2006), the system (5.1) is
then locally asymptotically stable.

Conversely, if the reproduction number Rv > 1, then the spectral bound s(F −V ) > 0. This
implies that at least one eigenvalue of the system lies in the right half of the complex plane. In
this case, according to Definition B.9 in (Salmani et al., 2006), the system (5.1) is unstable.

Remark 5.3.6. The control reproduction numbers (Ri
v) of each subpopulation (district) in the

absence of small ruminant movement (migration) between the Highland and Lowland districts
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(groups) (i.e., when the two districts are isolated) can be determined using the following expres-
sions:

Rl
v =

βlσlΛl

α1(µ+ ωl)(σl + µ)
and Rh

v =
βhσhΛh

α2(ωh + µ)(σh + µ)

for the Lowland and Highland PPR dynamics, respectively.

Remark 5.3.7. In the special case in which there is only movement of small ruminants from
the lowland district to the highland district (i.e alh = blh = clh = dlh = 0), the basic control
reproduction number becomes

Rv = max
{ b1σl
(chl + α1)(bhl + σl + µ)

,
b2σh

α2(σh + µ)

}
where b1 = βlS

(0)
l , b2 = βhS

(0)
h , with S

(0)
h = Λh(ωl+µ)+(Λh+Λl)ahl

(ωh+µ)(µ+ωl+ahl )
, S

(0)
l = Λl

µ+ωl+ahl
.

Furthermore, a similar threshold quantity known as the basic reproduction number R0, is
obtained by setting ωl = 0 = ωh in Rv

R0 = max
{ βlσlΛl

(chl + α1)(bhl + σl + µ)(µ+ ahl)
,
βhσh(µΛh + (Λl + Λh)ahl)

µα2(σh + µ)(µ+ ahl)

}
.

Theorem 5.3.8. The PPR disease-free equilibrium ξ0 of model system (5.1) is globally asymp-
totically stable provided Rv < 1, and unstable if Rv > 1.

Proof To investigate the global asymptotically stable of the model (5.1), we follow the method
in (Castillo-Chavez et al., 2004). First, we write system (5.1) in the form

dX

dt
= F (X,Y ),

dY

dt
= G(X,Y ), G(X, 0) = 0.

(5.5)

Where X = (Sl, Sh, Rl, Rh) denote the number of uninfected small ruminants, and the com-
ponents of Y = (El, Eh, Il, Ih) denote the number of infected small ruminants. Let X∗ be the
disease-free equilibrium of the system dX

dt = F (X, 0) where X∗ = (S
(0)
l , S

(0)
h , R

(0)
l , R

(0)
h ). The

DFE ξ0 is guaranteed to be GAS if Rv < 1 (which is locally asymptotically stable), and the
following two conditions H1 andH2 hold.

H1. For dX
dt = F (X, 0), X∗ is globally asymptotically stable.

H2. G(X,Y ) = AY − Ḡ(X,Y ), Ḡ(X,Y ) ≥ 0 for all (X,Y ) ∈ Ω where A = ∂G(X∗)
∂Y is an

M-matrix.

Now consider the system

F (X, 0) =


Λl + alhSh(t)− (ahl + ωl + µ)Sl(t)

Λh + ahlSl(t)− (alh + ωh + µ)Sh(t)

ωlSl(t) + dlhRh(t)− (dhl + µ)Rl(t)

ωhSh(t) + dhlRl(t)− (dlh + µ)Rh(t)

 (5.6)
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From the first and second equation in (5.6), we have non-homogeneous system

dS

dt
= AS + C (5.7)

where A =

[
−(ahl + ωl + µ) alh

ahl −(alh + ωh + µ)

]
, S = [Sl, Sh]

T , and C = [Λl,Λh]
T .

The solution of (5.7) is the sum of the homogeneous solution and particular solution. Since A is
the negative of a non-singular M-matrix, by Theorem B.5 in (Salmani et al., 2006), all eigenvalues
lie in the left half plane. Thus limt→∞ SH(t) = 0 with SH(t) denoting the homogeneous solution
of (5.7) (dSdt = AS). And matrix −A is an irreducible non-singular M-matrix and therefore
by Theorem B.4 in (Salmani et al., 2006), has a positive inverse. Therefore Sp = −A−1C is
a particular solution for (5.7), and S(t) = SH(t) + Sp is the general solution for (5.7). Thus
limt→∞ S = Sp = S(0) = (S

(0)
l , S

(0)
h ). Similarly, from the third and fourth equation of recovery

classes in F, we have limt→∞R = Rp = R(0) = (R
(0)
l , R

(0)
h ). Thus, all points with respect to this

condition converges to X∗. Hence X∗ is globally asymptotically stable.
Next, we have

G(X,Y ) =


βlSl(t)Il(t) + blhEh(t)− (bhl + σl + µl)El(t)

βhSh(t)Ih(t) + bhlEl(t)− (blh + σh + µh)Eh(t)

σlEl(t) + clhIh(t)− (chl + δl + γl + µl)Il(t)

σhEh(t) + chlIl(t)− (clh + δh + γh + µh)Ih(t)

 ,

then obtain

A =
∂G(X∗, 0)

∂Y
=


−(bhl + σl + µ) blh βlS

(0)
l 0

bhl −(blh + σh + µ) 0 βhS
(0)
h

σl 0 −(chl + δl + γl + µ) clh

0 σh chl −(clh + δh + γh + µ)


= F − V

which is clearly M-matrix. And

Ḡ(X,Y ) = AY −G(X,Y ) =


βlIl(S

(0)
l − Sl)

βhIh(S
(0)
h − Sh)

0

0

 .

Since all parameters are non-negative, thus 0 ≤ Sl ≤ S
(0)
l and 0 ≤ Sh ≤ S

(0)
h . Hence, Ḡ(X,Y ) ≥

0 for all (X,Y ) ∈ Ω. Therefore, the disease-free equilibrium of PPR ξ0 of the model (5.1) is
globally asymptotically stable.

Remark 5.3.9. For assessing the critical role of vaccination as a control strategy, the stability
properties of the disease-free equilibrium (DFE) are crucial. Our analytical analysis in Theorems
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(5.3.5) and (5.3.8) shows that a threshold value of the reproduction number Rv < 1 ensures the
local and global asymptotic stability of the DFE. This indicates that, under these conditions, any
small outbreak will diminish over time, leading to the eventual eradication of the disease.

In this context, vaccination can directly influence the reproduction number. By increasing
the vaccination rate, we can effectively reduce Rv. To illustrate this critical vaccination rate, we
considered the scenarios in Remarks (5.3.6) and (5.3.7).

• For the case of an isolated group of the population, the necessary vaccination rates to achieve
and maintain Rv < 1 can be expressed as:

ωi >
βiσiΛi − µ(γi + δi + µ)(σi + µ)

(γi + δi + µ)(σi + µ)
= ωc, ∀i = l, h.

• For the coupled system, specifically in the scenario where the influx of population occurs from
the Lowland to the Highland zone only, the critical vaccination rate can be determined using
the computed formula for Rv from Remark (5.3.7). Suppose that Rv = b2σh

(γh+δh+µ)(σh+µ) ;
thus, the expected vaccination rate becomes:

ωl >
βhσh(Λh(µ+ ahl) + Λlahl)− (ωh + µ)(µ+ ahl)(γh + δh + µ)(σh + µ)

βhσhΛh − (ωh + µ)(γh + δh + µ)(σh + µ)
.

Alternatively, if Rv = b1σl
(chl+γl+δl+µ)(bhl+σl+µ) , then the expected vaccination rate to control

the disease becomes:

ωl >
βlΛlσl − (µ+ ahl)(chl + γl + δl + µ)(bhl + σl + µ)

(chl + γl + δl + µ)(bhl + σl + µ)
.

Furthermore, the global stability of the DFE suggests that even in scenarios where the disease
spreads beyond initial expectations, a robust vaccination strategy can return the system to the
DFE. This highlights the importance of designing vaccination programs that are adaptable and
responsive to the dynamics of the outbreak, thus ensuring long-term control of the disease. These
analytical results can be illustrated in the numerical simulation section.

Overall, this stability analysis provides a strong framework for policy makers to develop ef-
fective vaccination strategies that align with the dynamics of disease spread.

Remark 5.3.10. For the existence of unique endemic equilibrium:

i. The case in which the system is uncoupled (the two population are isolated), If Ri
v > 1, i =

l, h, the system (5.1) has a unique endemic equilibrium ξ∗ = (S∗
i , E

∗
i , I

∗
i , R

∗
i ), where

S∗
i =

(γi + δi + µ)(µ+ σi)

βiσi
, E∗

i =
(γi + δi + µ)(µ+ ωi)

βiσi

(
Ri

v − 1
)
, I∗i =

(µ+ ωi)

βi

(
Ri

v − 1
)
,

and

R∗
i =

σiγi(µ+ ωi)(Ri
v − 1) + ωi(γi + δi + µ)(µ+ σi)

µβiσi
.
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Furthermore, in the specific case where ωi = 0, the model becomes the classical SEIR model.
Thus, the local and global stability of the endemic equilibrium is proved in (Martcheva, 2015,
p. 151-157).

ii. For the scenario in which the system (5.1) is coupled, implying that the mobility matrices
B = (bij) and C = (cij) are irreducible or satisfy the conditions (bij > 0, cij > 0, i = l, h),
and if Rv > 1, with evidence of instability of disease-free equilibrium, ξ0 as stated in
Theorem (5.3.8), we can establish the same conclusion as study (Liu et al., 2023) for
the uniform persistence of the system (5.1). This conclusion can be drawn since the model
corresponds to a specific case presented in (Liu et al., 2023), utilizing a uniform persistence
result derived from (Freedman et al., 1994), along with a similar argument as presented in
the proof of Theorem 4.3 in (Liu et al., 2023). Furthermore, it can be deduced from a
similar argument as demonstrated in the proof of (Li et al., 2009) that the system (5.1) has
an endemic equilibrium.

5.4 Parameter Estimation

In this study, our main focus is on the estimation of parameters in the model (5.1) for two
distinct populations of small ruminants: the Highland and Lowland populations. We assumed
that there is no movement between the two patches or groups, resulting in a decoupled sys-
tem. Consequently, we considered the dynamics of each group independently for the purpose
of parameter estimation. We used monthly PPR-disease incidence data from January 2019 to
August 2022, spanning four years. These data were collected from the National Animal Disease
Surveillance System (NADSS), specifically the Monthly Disease Occurrence and Vaccination Ac-
tivity Reporting System (DOVAR), which operates with the authorization of the Minister of
Agriculture. Furthermore, we incorporated data on the death rate due to PPR from the WOAH
(World Organization for Animal Health) dashboard (WOAH, 2023), which provided summarized
data for reporting purposes. To estimate the birth rate and total population, we relied on data
from the Central Statistical Agency (CSA) of Ethiopia for the year 2021/2022 ((CSA), 2021).
In particular, to fit the model to the data, we transformed the incidence data into prevalence by
utilizing cumulative sums (cumsum) in MATLAB. This approach facilitated the determination
of the optimal parameters that would best align our model (5.1) with the available data. To
accomplish this, we employ the nonlinear least-squares approximation method, which seeks to
minimize the sum of squared errors.

The sum of squared errors (SSE) is defined as follows:

SSE =
∑
j=1

(Ij − I∗(tj))
2. (5.8)

Here, Ij represents the prevalence data and I∗(tj) = I(tj) + E(tj) represents the simulation
result for the prevalence of the disease at time step j. We used initial conditions for the two
groups: for the Lowland group, (Sl0, El0, Il0, Rl0) = (38307832, 200, 8340, 0), and for the Highland
group, (Sh0, Eh0, Ih0, Rh0) = (45412074, 100, 817, 0). The estimated parameter values are listed
in Table (5.1), and the visualization of the results is shown in Figure (5.2). In figures (5.2A)
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and (5.2C), the blue curves represent the simulation results of I∗i (t), i = l, h from the model
(5.1), while the red dots indicate the monthly PPR disease data from January 2019 to August
2022 for the cases of Lowland and Highlands. Furthermore, Figures (5.2B) and (5.2D) depict
the residuals of the observed and predicted cases.

Our analysis yielded estimated parameters for both the Highland and Lowland populations.
By comparing these parameter values between the two groups, we were able to identify possible
variations in the dynamics of the disease. These findings provide valuable information on the
differences in disease transmission patterns between the two populations. Furthermore, despite
variations in parameter estimation methods, observed data and analysis methods (model for-
mulation), both the results obtained from parameter estimation in (Fournié et al., 2018) and
our model indicate a high tendency or potential for the spread of PPR disease in the Lowland
districts compared to the Highland districts. In the numerical simulation section, we elaborate
on the implications of these estimated parameters and thoroughly examine their significance.
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Table 5.1: Description and values of Parameters

Parameter Description Values ReferenceLowland District Highland District
Λ Recruitment rate 1194826 1427805 (CSA), 2021
β transmission rate 1.7485e-7 5.5019e-8 Estimated
γ recovery rate 0.6006 0.3517 Estimated
δ Death rate due to

PPR
0.2 0.15 WOAH, 2023

σ rate of progression
from E to I

0.0143 0.0442 Estimated

ω vaccination rate 0.0628 0.0778 Estimated
µ natural death rate 0.0116 0.0116 (CSA), 2021

5.5 Numerical Simulation and Discussion

The simulations were performed using the fourth-order Runge-Kutta method, which was im-
plemented within MATLAB’s ode45 function. This approach is suitable for solving ordinary
differential equations (ODEs). The parameter values were obtained from Table (5.1). Using
several situations, we show how mobility and immunization affect disease dynamics. To show
global stability, we applied the following initial conditions:

IC1: [38307832, 200, 8340, 0, 45412074, 100, 817, 0]

IC2: [38309372, 2000, 5000, 0, 45412541, 150, 300, 0]

IC3: [38313372, 500, 2500, 0, 45411241, 700, 1050, 0]

IC4: [38315672, 200, 500, 0, 45408791, 200, 4000, 0]

IC5: [38308872, 200, 7300, 0, 45404431, 530, 8030, 0].

We specified a simulation time period of 0 to 300 months to observe the model’s long-term
behavior.

5.5.1 Impact of Movement of Small Ruminants between Lowland and High-
land on PPR Disease Dynamics

In this discussion, we examined various scenarios, as described in Table (5.2), to investigate the
impact of small ruminant movement with different disease states between the two groups on PPR
dynamics. In the first scenario, it was assumed that there was no movement of small ruminants
between the two groups, thus isolating the two groups. The vaccination rates per month, as
provided in Table (5.1), were ωl = 0.0628 and ωh = 0.0778 for the Lowland and Highland
groups, respectively. The results presented in Table (5.2) indicate that the control reproduction
numbers Rl

v = 1.9081 and Rh
v = 1.3560 for the disease in the Lowland and Highland groups,

respectively. These findings demonstrate the current endemicity status of PPR in the two groups
of the small ruminant population. Furthermore, Figure (5.3A) serves as an illustration of this
scenario, showing that after fifty months of simulation, the infected trajectories in both groups
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Table 5.2: Different scenarios on the movements of small ruminants from
Highland and Lowland districts and corresponding reproduction numbers

No. Scenario Values(rates of influx)
Rvalh blh clh dlh ahl bhl chl dhl

1 No movement from both
groups

- - - - - - - - Rl
v = 1.9081,

Rh
v = 1.3560

2 Only movement from
Lowland to Highland

- - - - 0.04 0.02 0.02 0.04 Rv = 1.7527

3 Only movement from
Highland to Lowland

0.03 0.02 0.02 0.03 - - - - Rv = 2.4810

4 Movement both dis-
tricts (patches )

0.03 0.01 0.01 0.03 0.03 0.01 0.01 0.03 Rv = 1.6280

5 Movement from both
groups with formal
screening of infected
individuals

0.02 - - 0.02 0.04 - - 0.04 Rv = 1.6153

6 Enable movement by
control infected ani-
mals’ mobility from
Highland

0.04 - - 0.04 0.04 0.04 0.04 0.04 Rv = 1.3577

increase and approach the endemic points after 700 months (approximately 58 years). This
suggests that the disease will persist within the two populations if there is no improvement in
controlling strategies. To make our findings more realistic, it is important to incorporate the
effects of movements between the two groups. Consequently, these results prompt us to explore
other movement scenarios that contribute to the endemicity of the disease at the district and
national levels.

Based on the information provided in Table (5.1), the second case involves allowing movement
only from the Lowland to the Highland group, with corresponding rates of influx for all disease
statuses. The findings of this scenario reveal that the control reproduction number for the
coupled system (5.1) is Rv = 1.7527. This value is relatively higher than that in the first
scenario. Additionally, as depicted in Figure (5.3B), the trajectory of infected individuals from
the Highland converges to the endemic point, indicating that the disease will become endemic
in the Highland population, while the trajectory of the Lowland converges to the disease-free
equilibrium point, indicating that the disease becomes extinct in the Lowland population after
200 months (approximately 16 years). Here, we observe that the effect of movement from the
Lowland increases the burden of PPR in the Highland population, but such movement reduces
or even eradicates the disease in the Lowland with the help of the referenced vaccination rate.

In the scenario where movement is only permitted from the Highland to the Lowland group,
a lower rate of influx is observed compared to the second case. This disparity can be attributed
to the limited availability of grazing land and water points in the Lowland (pastoral) district as
compared to the Highland (Fournié et al., 2018). Consequently, there is a reduced rate of inflow
from the Highland to the Lowland population. The findings, as illustrated in Table (5.2) and
Figure (5.3C), present a situation that is analogous to the second scenario, indicating that the
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disease subsides in the Highland but persists in the Lowland population with an Rv value of
2.4810. This signifies a relatively high burden in the Lowland population.

In the context of permitting movement from both groups as described in Table (5.2), it
has been observed that the coexistence of movement from both groups, combined with the
specified influx rate, contributes to the sustained presence of the disease in both populations.
The reproductive number under control measures in this particular scenario is calculated to be
Rv = 1.6280. Figure (5.3D) depicts the trajectories of the infected populations in both groups,
demonstrating their convergence to an endemic state. This movement, in turn, facilitates the
recirculation of the disease within both districts.

In the case of allowing movement from both groups, while screening the infected animals and
considering the influx rate of susceptible and immunized or recovered populations as provided in
Table (5.2), the control reproduction number Rv is calculated to be 1.6153. However, implement-
ing screening in both populations is not highly feasible. Nonetheless, the results demonstrate
a significant reduction in the number of infected individuals compared to the fourth scenario.
Furthermore, an interesting observation is made: the movement of the susceptible population
contributes to the sustainability of the disease. This can be seen in Figure (5.3E), where the
disease is endemic in both groups.

In the final scenario, it is assumed that animals that are exposed and infectious in the
Highland district are unable to move to the Lowland district. However, animals from the Lowland
population can move to the Highland district, as indicated in Table (5.2). In other words, this
scenario considers the implementation of screening or strict movement control measures. The
results show a similar outcome to scenario two, but with a relatively lower disease burden in the
Highland population. Figure (5.3F) illustrates that the trajectory of infected individuals in the
Lowland district converges to the disease-free equilibrium (DFE), while the trajectory of infected
individuals in the Highland district converges to an endemic point.

In summary, the key findings from the analysis highlight the significant impact of animal
movements on the persistence and extinction of the PPR disease in the two districts. The
analysis shows that with the specified vaccination rate of susceptible individuals, the control
reproduction numbers are greater than unity, indicating that the disease will continue to spread.
Based on the second scenario, it is particularly important to ban the movement of both infected
and susceptible animals from the Highland group, which has a lower disease transmission rate,
to the Lowland group, which has a higher disease transmission rate. This measure would help
reduce the overall disease burden in the Lowland group. The analysis also reveals that the
movement of small ruminants from both districts strongly contributes to the endemic nature
of the disease, not only at the local level, but also at the national level. This observation is
particularly noteworthy, as the merged scenario represents the dynamics of the disease at the
national scale. Overall, the analysis underscores the critical role that animal movements play in
the persistence and spread of the PPR disease, and provides important insights for informing
disease control and prevention strategies at both the local and national levels.
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(A) Time Series Plots of Infected
population in Highland (red) and
Lowland(blue) Populations for
Scenario 1.
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(B) Time Series Plots of Infected
population in Highland (red) and
Lowland(blue) Populations for
Scenario 2.

0 50 100 150 200 250 300

Time(Months)

0

1

2

3

4

5

6

7

In
fe

c
te

d
-L

o
w

la
n

d
 p

o
p

u
la

ti
o

n

×10
5

0

100

200

300

400

500

600

700

800

900

 I
n

fe
c
te

d
-H

ig
h

la
n

d
  

p
o

p
u

la
ti
o

n
 

(C) Time Series Plots of Infected
population in Highland (red) and
Lowland(blue) Populations for
Scenario 3.
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(D) Time Series Plots of Infected
population in Highland (red) and
Lowland(blue) Populations for
Scenario 4.
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(E) Time Series Plots of Infected
population in Highland (red) and
Lowland(blue) Populations for
Scenario 5.
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(F) Time Series Plots of Infected
population in Highland (red) and
Lowland(blue) Populations for
Scenario 6.

Figure 5.3: Impact of Small Ruminant Migration(movement of small ruminant
population) on PPR Dynamics in Two Subpopulations - Scenario Analysis

5.5.2 Impact of Vaccination and Movement of Animals (Immigration) on
PPR Disease Dynamics

In this section, we have investigated the impact of vaccination on the dynamics of PPR by con-
sidering scenarios related to the movement of small ruminants in section (5.5.1) and determining
the specific region in ωlωh −Rv contour plot where Rv < 1. For our analysis, we have used as
initial conditions:

(Sl(0), El(0), Il(0), Rl(0), Sh(0), Eh(0), Ih(0), Rh(0)) = (38307832; 200; 8340; 0; 45412074; 100; 817; 0)

.
In Figure (5.4), when there is no movement between the two districts, the system is uncoupled.

Consequently, we can independently analyze the dynamics of the two groups. The vaccination
rate required to eliminate the disease from the Lowland district or Rl

v < 1, is found to be
ωl > 0.1333 (above 13.33%) as depicted in Figure (5.4A). Similarly, the vaccination rate required
to eradicate the disease (Rh

v < 1) in the Highland district is ωh > 0.1121 (above 11. 21%) per
month, as shown in Figure (5.4B). In particular, when considering values (ωl, ωh) = (0.3, 0.2)

within the given range, the disease dies in both districts after 150 months, as illustrated in Figure
(5.4C).

In the contour plot depicted in Figure (5.5A), it illustrates the region in the ωl − ωh plane
where Rv < 1. Specifically, for the case of small ruminant influx from the Highlands to the
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(C) Trajectories of Il and Ih

Figure 5.4: Impact of vaccination on Rv for the case of Uncoupled system(3.7)
or the first scenario.

Lowlands, with the influx rate specified in Table (5.2) of the third case, the region is characterized
by 0.1459 < ωl ≤ 1 and 0.04560 < ωh ≤ 1. Furthermore, in Figure (5.5D), the trajectories of
the infected individuals in both groups converge to zero for the particular vaccination rates
(ωl = 0.2874, ωh = 0.2091) in the given range of vaccination. However, it should be noted that
the disease in the Highlands subsides earlier than in the Lowlands.

Figures 5.5B and 5.5C represent the contour plots used to determine the regions where Rv < 1

for the second and fourth cases of movement described in Table 5.2. The results indicate that
for the second case, the region is defined by 0.02727 < ωl ≤ 1 and 0.1232 < ωh ≤ 1, while for
the fourth case, the region is defined by 0.0848 < ωl ≤ 1 and 0.0788 < ωh ≤ 1. Furthermore,
Figures 5.5E and 5.5F show that the trajectories of the infected population converge to zero
for the particular vaccination rates (ωl, ωh) = (0.1606, 0.2273) and (ωl, ωh) = (0.290, 0.2879),
respectively.

In the discussion presented above, the key summarized points are as follows: If there is
movement between districts when implementing the vaccination program, the time required to
eradicate the disease may differ between the two groups, as shown in Figure 5.5. To control
the disease in both groups within the same time period, it may be necessary to implement strict
control of movement and achieve high coverage of vaccination. In general, the discussion provides
information on the potential impact of population movement on the effectiveness of a vaccination
program.

Finally, to illustrate the global stability of the Disease-Free Equilibrium (DFE) for the cases
mentioned in Remark 5.3.9, we considered different initial conditions with a specific vaccination
rate. As shown in Figure 5.6, with the particular vaccination rates (ωl, ωh) = (0.25, 0.20), all
trajectories of the exposed and infected classes converge to zero in the case of an uncoupled system
(where the two population groups are isolated). In Figure 5.7, the results indicate that all the
trajectories of the exposed and infected classes, with varying initial conditions (ICi : i = 1, . . . , 5),
also converge to zero at the specified vaccination rates (ωl, ωh) = (0.1606, 0.2273) for the second
scenario. This scenario implies that an increase in the flow from lowland areas increases the
burden on the highland population, necessitating additional vaccination efforts.
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(A) Contour Plot of Rv with the
third Case of Influx of Small
Ruminants and vaccination (ωl,h).

(B) Contour Plot of Rv with the
second Case of Influx of Small
Ruminants and vaccination (ωl,h).

(C) Contour Plot of Rv with the
fourth Case of Influx of Small
Ruminants and vaccination (ωl,h).
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(D) Trajectories of Ii, i = l, h for
which (ωl = 0.2874, ωh = 0.2091) in
Figure (5.5A)
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(E) Trajectories of Ii, i = l, h for
which (ωl, ωh) = (0.1606, 0.2273) in
Figure (5.5B)
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(F) Trajectories of Ii, i = l, h for
which (ωl, ωh) = (0.290, 0.2879) in
Figure (5.5C)

Figure 5.5: Contour Plot and Time Series Plot Illustrating the Interplay
between Vaccination and Migration in the Dynamics of PPR. Trajectories of
Ii, i = l, h for Specific Cases of Vaccination and Influx, where Rv < 1.

5.6 Results and Discussion

Peste des petits ruminants (PPR) is a highly contagious viral disease affecting small ruminants,
with substantial implications for animal health and socioeconomics. In this study, we developed
a deterministic compartmental model to describe PPR transmission and formulated an optimal
control problem to evaluate intervention strategies, particularly focusing on the effect of restock-
ing on disease dynamics. Our analytical results establish the existence and global stability of an
endemic equilibrium for relevant parameter regimes, and sensitivity analysis identifies the pa-
rameters most significantly affecting transmission and control outcomes. Numerical simulations
using a fourth-order Runge–Kutta scheme reveal that the introduction of infected restocked ani-
mals substantially undermines vaccination programs, with continuous inflow of infectious animals
sustaining transmission even when vaccination is in place. Conversely, stringent biosecurity mea-
sures—both external measures that reduce the inflow of infectious animals and internal measures
enabling identification, segregation, and treatment—markedly reduce the risks associated with
restocking and improve overall control effectiveness. Parameter estimates calibrated to World
Organisation for Animal Health (OIE) incidence data for Ethiopia yield a control reproduction
number Rv ≈ 1.02 in the absence of restocking, consistent with observed endemicity in the region.
However, incorporating restocking into the model clarifies why vaccination-alone strategies fail in
practice: infective inflow maintains Rv at or above one unless complemented by biosecurity and
treatment measures. Cost-effectiveness analysis shows that a combined strategy incorporating
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Figure 5.6: Trajectories of the exposed and infected classes for Scenario 1 with
varying initial conditions. All trajectories converge to zero under the vaccination
rates (ωl, ωh) = (0.25, 0.20), indicating the stability of the Disease-Free
Equilibrium.

external biosecurity, internal biosecurity, vaccination, and treatment (SC) produces the largest
reduction in infections per unit cost, followed by strategy SB2 and then SA1, underscoring that
multi-pronged interventions are generally more efficient than single-measure approaches. These
findings align with previous recommendations on movement restrictions and vaccination Fathel-
rahman et al., 2021 but diverge from analyses that ignored restocking effects Waret-Szkuta et
al., 2008, highlighting the critical importance of incorporating connectivity into epidemiological
models. Consistent with serological and molecular studies Fentie et al., 2018; Fournié et al., 2018;
Alemu et al., 2019, our results support the persistent endemicity of PPR at the national scale
while uniquely quantifying the additional role of restocking in maintaining transmission. The
study’s limitations include incomplete or imprecise incidence and parameter data from OIE and
literature sources, which reduce confidence in estimates like Rv, as well as the omission of time
delays, stochasticity in restocking events, and socioeconomic factors affecting biosecurity com-
pliance. Future research should incorporate stochastic and delay formulations, develop hybrid
statistical-mechanistic frameworks using advanced parameter-estimation techniques and machine
learning, and model the probability of introducing infectious animals via restocking. Motivated
by recent studies (Saber et al., 2025; Althubyani et al., 2025; Adam et al., 2025), extending the
integer-order model to a fractional-order formulation could better capture memory and heredi-
tary effects in PPR dynamics. In conclusion, achieving PPR eradication targets such as the 2027
goal requires integrated strategies that combine vaccination, treatment, and robust biosecurity
to prevent the importation and onward transmission of infection. The modeling framework and
optimal-control analyses presented here provide quantitative guidance for policymakers to design
cost-effective, evidence-based PPR control programs.
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Figure 5.7: Trajectories of the exposed and infected classes for Scenario 2 with
varying initial conditions. All trajectories converge to zero under the vaccination
rates (ωl, ωh) = (0.1606, 0.2273), indicating the stability of the Disease-Free
Equilibrium.

5.7 Result and Conclusion

In this chapter, we consider an SEIR metapopulation model with vaccination to study the dynam-
ics of PPR disease in a patchy environment consisting of highland sedentary (mixed livestock-crop
farms) and lowland pastoral (livestock production) systems. We investigate the impacts of small
ruminant migration and vaccination on disease dynamics. By fitting the national prevalence data
from January 2019 to December 2022, we estimate the potential transmission of the disease in
these two agroecological zones. Our results reveal that PPR disease continues to circulate in both
zones. Through the analysis of the control reproduction number (Rv), we demonstrate that the
disease-free equilibrium (ξ0) is locally and globally asymptotically stable when Rv < 1. However,
when Rv > 1, we show that the system exhibits uniform persistence, indicating the presence of
an endemic equilibrium. Furthermore, using numerical simulations, we investigate the impact of
movement between the two districts by considering different scenarios and the interplay between
vaccination and migration in the coupled system. We determine the vaccination levels at which
Rv < 1 for various scenarios. Our findings suggest that vaccination can effectively control the
spread of disease in small populations with the presence of movement.

To place our findings in the perspective of the current literature on PPR in Ethiopia, we
observe that most previous studies (Dubie et al., 2022; Fentie et al., 2018; Waret-Szkuta et
al., 2008)have mainly focused on statistical techniques and epidemiological analyzes. These
studies examine the spread of the disease based on seroprevalence and identify common risk
factors such as sex, age, and species. Although these studies are useful for understanding the
epidemiological characteristics of the disease, they do not predict disease transmission dynamics,
evaluate immunization efficacy, or analyze the impact of small ruminant movement between
spatially different geographic areas. Despite these drawbacks, research to date has consistently
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shown that vaccination is the most effective primary control measure and that seroprevalence
rates vary across agro-ecological zones. Furthermore, as noted in the literature review, we cite
a significant study (Fournié et al., 2018) that, although using different methodologies, supports
our conclusions on two important points: first, lowland populations have a higher potential
disease transmission rate than highland populations; and second, the frequent movement of small
ruminants from lowland to highland areas requires higher coverage of vaccination in lowland
districts to effectively eradicate PPR and reduce its burden.

We anticipate that the findings of our study have significant implications for veterinary
health policies and intervention strategies aimed at preventing the spread of PPR disease in
Ethiopia. Our findings shed light on the potential transmission rates of PPR across different
agro-ecological zones, highlight how animal movements contribute to the virus’s national circu-
lation, and demonstrate the impact of small ruminant movement on vaccination effectiveness in
achieving eradication in a short period of time. Policymakers can use these findings to develop
comprehensive intervention strategies that go beyond vaccination, such as implementing addi-
tional biosecurity measures such as testing or screening infected animals during movement, and
increasing surveillance in high-risk areas.

Despite the fact that the study provides vital information for policymakers about the control
of PPR Disease, there are significant limitations. Specifically, there is insufficient data on disease
cases in the two agro-ecological zones to derive the best-fitted parameter values, and the lack
of data on animal movement patterns between these zones forces us to utilize assumed values
for movement parameters. These limitations bring uncertainty into our parameter estimates,
potentially affecting the model’s predictive capabilities. Although the general conclusions of
our study remain valid, access to more comprehensive data would enhance the reliability of our
findings and enable more informed public health.

In future research, we recommend several directions based on the findings of our study. Future
work should incorporate short-term mixing due to movement patterns, particularly the interac-
tions between infected and susceptible small ruminants from different zones at trade centers,
grazing pastures, or water points. This can be achieved by adding terms related to the force
of infection or incidence rate to the model that reflect these dynamics. Furthermore, improving
parameter estimation through a more comprehensive data set improves the precision of PPR
disease dynamics. Investigating optimal control strategies that include proposed interventions
and assess related risk factors is crucial, especially given the limited resources for intervention
costs. Formulating an optimal control problem helps to identify the most effective strategies
for managing PPR while ensuring efficient allocation of resources. Such studies are vital for
developing effective strategies to eradicate PPR within the timelines of the national eradication
program, ultimately improving animal health and productivity.

Overall, this study contributes to our understanding of the dynamics of PPR disease in
different agroecological zones and highlights the importance of spatial variation and movement
in disease transmission. It also motivates further study in the field. The findings underscore the
need for targeted vaccination strategies to control PPR, particularly in areas where the disease
persists.
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Chapter 6

Modeling and Control of the
Co-infection of PPR with Sheep and
Goat Pox

6.1 Introduction

Peste des petits ruminants (PPR) and Sheep and Goat Pox (SGP) are two of the most signifi-
cant viral diseases affecting small ruminants worldwide, causing substantial economic and social
burdens, particularly in Africa and Asia (Ahaduzzaman, 2020; Zewdie et al., 2021). While each
disease individually poses considerable challenges, their considerable overlap in geographical dis-
tribution and susceptible host populations has raised increasing concern about the implications
of co-infection for disease dynamics, animal health, and control efforts (Kgotlele et al., 2019;
Ozmen et al., 2009).

SGP, caused by the Capripox virus, is an acute, febrile, and highly contagious disease char-
acterized by systemic papules, nodules, and severe skin and pulmonary lesions, with morbidity
rates reaching up to 100% in naive populations and case fatality as high as 85% (Zewdie et al.,
2021; Fentie et al., 2017; Wondimu et al., 2021). Like PPR, SGP is notifiable to the World
Organization for Animal Health (WOAH), and both diseases are endemic across Ethiopia and
neighboring regions, where small ruminants play a vital economic and subsistence role (Tadesse
et al., 2022). From 2005 to 2023, Ethiopia recorded over 3,400 outbreaks of SGP and 1,600
outbreaks of PPR, resulting in nearly 600,000 cases and over 134,000 deaths combined—figures
that highlight the urgent need for effective control strategies.

Recent studies have documented the occurrence of co-infection with PPR virus (PPRV) and
SGP virus (SGPV), as well as with other poxviruses, in both Asia and Africa (Zhang et al.,
2021; Adedeji et al., 2019; Malik et al., 2011; Birindwa et al., 2017; Kgotlele et al., 2019; Ozmen
et al., 2009). Co-infection can exacerbate clinical severity, increase morbidity and mortality, and
complicate diagnosis and control. In vitro and in vivo evidence demonstrates that these pathogens
can interact at the cellular level, potentially influencing host susceptibility and disease outcomes
(Zhang et al., 2021; Derouin et al., 1998). However, the mechanisms of interaction and the
impact of co-infection on epidemiological patterns remain insufficiently understood, necessitating
quantitative approaches to better inform intervention strategies.
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Figure 6.1: Number of outbreaks of PPR and SGP reported in Ethiopia
(2005–2023). (Source: WOAH (2023))

Vaccination remains the cornerstone of control for both PPR and SGP, with effective live
attenuated vaccines available (Fentie et al., 2018; Waret-Szkuta et al., 2008; World Organisation
for Animal Health (WOAH), 2023; Jemberu et al., 2022). Given the logistical and financial
challenges of separate mass vaccination campaigns, the development and deployment of com-
bined PPR/SGP vaccines have emerged as a promising and cost-effective solution for endemic
settings (Fakri et al., 2015). Additional measures, such as culling, movement restrictions, and
environmental disinfection, are also employed to reduce transmission.

Despite these interventions, the persistent high burden of both diseases and the additional
complexity posed by co-infections underscore the need for integrated approaches. Mathematical
modeling-especially via deterministic models and optimal control theory-offers a powerful frame-
work for evaluating the dynamics of co-infection, estimating key epidemiological thresholds, and
designing robust, resource-efficient control strategies (Kouidere et al., 2021; Nyerere et al., 2020a;
Hugo et al., 2017; Sseguya et al., 2022).

This chapter presents a deterministic mathematical model of PPR and SGP co-infection
in small ruminants, with a focus on Ethiopia as a case study. The model is structured into
sub-models for each disease and incorporates co-infection dynamics, transmission parameters,
and environmental persistence. By deriving fundamental epidemiological metrics (such as re-
production numbers and equilibria), we characterize the persistence and control of co-infection.
Importantly, we extend the model to an optimal control setting, evaluating the impact of a com-
bined vaccination strategy alongside treatment and disinfection. Numerical simulations based
on recent outbreak data provide evidence for the superior effectiveness and cost-efficiency of in-
tegrated vaccination (including newborns and susceptibles) compared to separate interventions.

By offering the first detailed modeling analysis of PPR and SGP co-infection with optimal
control, this chapter aims to guide policymakers and veterinary health professionals in designing
evidence-based strategies to mitigate the impact of these diseases on animal health and rural
livelihoods.
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6.2 Model Description and Formulation

In this section, we formulat a non-linear determinstic SVIR-B model for the co-infection of PPR
and SGP disease transmission, as depicted in Fig. 6.2. To uderstand the proposed model, some
descriptions or assumptions are concisely listed here.

• Small ruminant population is described by SVIR model, that is, the total small ruminant
population N is divided into six mutually compartments subclasses: susceptible S, vacci-
nated V, PPR infected Ip, SGP infected, Ic, co-infected Ipc, and the recovered population
from both diseases R. Then, a class of viral concentration is be considered and denoted by
B.

• New recruitment (including birth, migration, etc.) is assumed to enter the population at
a constant rate Λ, with a fraction ρ regarded as being under vaccination control, which
directly enters the vaccinated class. In addition, the natural death rate of all animals,
denoted as µ, along with the death rates due to PPR, SGP, and co-infection, represented
by δp, δc, and δpc, respectively, are also considered.

• The susceptible population acquires PPR infection through effective contact with PPR-
infected only or coinfected animal at a standard incidence rate of βpS(Ipc + Ip)/N , where
βp represents the disease transmission rate relative to infected ruminants in the Ip(t) class.
In a similar way a susceptible population acquires SGP infection through direct contact
with SGP-infected only or coinfected animal or indirect contact with contaminated envi-
ronmental sources of virus at a standard incidence rate of βcS(Ic + Ipc +αB)/N , where βc
and α denote the disease transmission rate relative to infected ruminants in the Ic(t) class
and modification factor concerning transmission from compartment B, respectively.

• A combination of PPR and SGP vaccines is considerd and assuming that it is perfect, ani-
mals onced received vaccines will develop long immunity for the two diseases. In addition,
it is assume that susceptible animal enter the vaccinated compartment at a constant rate
ω.

• Assume that the growth rate of viral concentration is proportional to the infected animal
Ic+ϵIpc, i.e., each infected individual from Ic and Ipc promoted the increase in viral concen-
tration at the rate of ξ and where ϵ is modification parameter. Further, viral concentration
is assumed to decay at a rate constant θ.

• The PPR infected animal recovers from the disease at a rate of γp, while the remaining
population either acquires SGP infection and moves to a co-infectious compartment or dies
due to the disease, causing a death rate of γp.

• SGP-infected animal recovers from the disease at a rate of γc, while the remaining portion
is either affected by PPR infection and moves to a co-infectious compartment or dies due
to the disease-causing death rate of δc.
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• A co-infected population can recover from one infection at a rate of γpc and move to an
infected compartment belonging to another disease with a probability of p or q or recovering
from both disease with a probability of (1− (p+ q)).

S Ipc

Ip

Ic

R

V

B

(1− ρ)Λ

µS

θB

(µ+ δpc)Ipc

(µ+ δp)Ip

µR

µV (µ+ δc)Ic

βpSIp
N

βcSIc
N

γpcpIpc

γpcqIpc

βcIpIc
N

βpIcIp
N

γpc(1− (p+ q))Ipc

γpIp

γcIcωS

αβcSB
N

αβcIpB
N

ξIc

ϵξIpc

ρΛ

Figure 6.2: Flow diagram for PPR-SGP co-infection model. Dashed lines
represent indirect infection of SGP.

As mentioned above, the co-infection model can be described as follows:

dS

dt
= (1− ρ)Λ− (χp + χc)S − (µ+ ω)S,

dV

dt
= ρΛ + ωS − µV,

dIp
dt

= χpS + γpcpIpc − χcIp − (γp + δp + µ)Ip,

dIc
dt

= χcS + γpcqIpc − χpIc − (γc + δc + µ)Ic,

dIpc
dt

= χpIc + χcIp − (γpc + δpc + µ)Ipc,

dR

dt
= γpIp + γcIc + γpc(1− (p+ q))Ipc − µR,

dB

dt
= ξ(Ic + ϵIpc)− θB,

(6.1)

where
χp =

βp(Ip + Ipc)

N
and χc =

βc(Ic + Ipc + αB)

N

with the initial condition S(0) = S0 ≥ 0, V (0) = V0 ≥ 0, Ip(0) = Ip,0 > 0, Ic(0) = Ic,0 >

0, Ipc(0) = Ipc,0 ≥ 0, R(0) = R0 ≥ 0, B(0) = B0 ≥ 0. where, we assume that 0 ≤ α, ϵ, p+ q,< 1.
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Table 6.1: Parameter description of model (6.1).

Parameter Description

Λ Recruitment rate
βp PPR transmission rate
βc SGP transmission rate
µ Natural mortality rate
ω The rate at which susceptible individuals are vaccinated
α Modification factor concerning transmission from compartment B
δp PPR induced mortality rate
ϵ Modification parameters
θ decay rate of concentration of SGP virus
ξ Contribution rate of SPG infected animals to viral load in the enviorn-

ment
δc SGP induced mortality rate
δpc PPR and SGP induced mortality rate
γp Rate of natural recovery from Ip class
γc Rates of natural recovery from Ic class
γpc Rates of natural recovery from Ipc class
ρ Fraction of recruited small ruminants that are vaccinated
p Fraction of coinfected at which recoverd from PPR-only
q Fraction of coinfected at which recoverd from SGP-only

6.3 Model Analysis

6.3.1 Well-Posedness of the Model

In this section, it is crucial to provide evidence for the existence of a non-negative solution,
as well as to establish the boundedness of the solution, as these aspects are essential for the
mathematical and epidemiological interpretation of the model (6.1).

Lemma 6.3.1. For any non-negative initial condition X0 = (S0, V0, Ip0, Ic0, Ipc0, R0, B0) ∈ R+7,
system (6.1) admits a unique solution X(t) = (S(t), V (t), Ip(t), Ic(t), Ipc(t), R(t), B(t)) defined
on [0,∞) that remains non-negative for all t ≥ 0. Moreover, all solutions are uniformly bounded
and eventually enter the compact feasible region

Ω =

{
(S, V, Ip, Ic, Ipc, R,B) ∈ R7

+ : N = S + V + Ip + Ic + Ipc +R ≤ Λ

µ
, B ≤ ξ(1 + ϵ)Λ

θµ

}
.

Proof We prove the lemma in three steps.
Step 1: Local existence and uniqueness. Let x(t) = (S(t), V (t), Ip(t), Ic(t), Ipc(t), R(t), B(t))T

and write system (6.1) as
dx

dt
= f(x), x(0) = x0 ∈ R7

+,

where f : R7 → R7 is given by the right-hand sides. Each component of f is a rational function
of the state variables (through χp and χc) that is C1 on any domain where N > 0. Since we
consider only non-negative states and N = 0 only when all compartments are zero (a trivial
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equilibrium), f is locally Lipschitz on R7
+. By the Picard–Lindelöf theorem, for each x0 there

exists a unique solution defined on a maximal interval [0, tmax).
Step 2: Non-negativity of solutions. We apply the invariance theorem of (Theorem A.4

in Thieme, 2018) to the closed set D = R7
+. For x ∈ ∂D, a coordinate xi = 0 must satisfy

fi(x) ≥ 0 to prevent the flow from leaving D. Verifying this condition for each variable yields:
When S = 0:

f1(x) =
dS

dt
= (1− ρ)Λ ≥ 0.

When V = 0:
f2(x) =

dV

dt
= ρΛ + ωS ≥ 0.

When Ip = 0:

f3(x) =
dIp
dt

= χpS + γpcpIpc ≥ 0.

When Ic = 0:

f4(x) =
dIc
dt

= χcS + γpcqIpc ≥ 0.

When Ipc = 0:

f5(x) =
dIpc
dt

= χpIc + χcIp ≥ 0.

When R = 0:
f6(x) =

dR

dt
= γpIp + γcIc + γpc(1− (p+ q))Ipc ≥ 0.

When B = 0:
f7(x) =

dB

dt
= ξ(Ic + ϵIpc) ≥ 0.

All inequalities hold because the remaining variables are non-negative on D. Hence the vector
field f points inward (or is tangent) on ∂D. By Thieme’s theorem, R7

+ is positively invariant: if
x0 ∈ R7

+, then x(t) ∈ R7
+ for all t ∈ [0, tmax).

Step 3: Boundedness and global existence. Define the total host population N(t) =

S(t) + V (t) + Ip(t) + Ic(t) + Ipc(t) +R(t). Adding the host equations of (6.1) gives

dN

dt
= Λ− µN − (δpIp + δcIc + δpcIpc) ≤ Λ− µN.

Solving this differential inequality using the Gronwall inequality on maximal interval [0, tmax)

yields

N(t) ≤ N0e
−µt +

Λ

µ

(
1− e−µt

)
.

Consequently, N(t) ≤ max
(
N0,

Λ
µ

)
for all t ∈ [0, tmax).

For the environmental pathogen B(t), using the bound Ic+ Ipc ≤ N ≤ Λ
µ (for t large enough)

we have
dB

dt
= ξ(Ic + ϵIpc) ≤ ξ(1 + ϵ)

Λ

µ
− θB.

Hence
B(t) ≤ B0e

−θt +
ξ(1 + ϵ)Λ

θµ

(
1− e−θt

)
.
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Thus B(t) ≤ max
(
B0,

ξ(1+ϵ)Λ
θµ

)
for all t ∈ [0, tmax).

Since all components remain bounded on the finite interval [0, tmax), the continuation theorem
implies tmax = ∞, so solutions exist globally on [0,∞). Moreover, for any initial condition,
N(t) and B(t) eventually enter and remain in the intervals [0, Λµ ] and [0, ξ(1+ϵ)Λ

θµ ], respectively.
Therefore the region Ω is positively invariant and attracts all solutions, completing the proof.

Before analyzing the dynamics of the co-infection model, analyze the sub-models first, i.e.,PPR-
only model and SGP-only model.

6.3.2 PPR-Only Model

The model is derived by setting Ic = Ipc = B = 0 in equation (6.1). Additionally, the PPR
vaccination is administered solely to newborn and susceptible animals. Consequently, we have:

dS

dt
= (1− ρp)Λ− βpSIp

N
− ωpS − µS,

dVp
dt

= ρpΛ + ωpS − µVp,

dIp
dt

=
βpSIp
N

− (δp + γp + µ)Ip,

dRp

dt
= γpIp − µRp,

(6.2)

with initial condition S(0) = S0 ≥ 0, Vp(0) = Vp0 ≥ 0, Ip(0) = Ip0 > 0, Rp(0) = Rp00 ≥ 0 where,

N(t) = S(t) + Vp(t) + Ip(t) +RP (t).

In the region

Ωp =

{
(S, Vp, Ip, Rp) ∈ R4

+ : N ≤ Λ

µ

}
,

all solutions of the model (6.2) that start in Ωp remain within Ωp for all t ≥ 0. In other
words, Ωp is positively invariant with respect to the model (6.2). Therefore, we will examine the
dynamics of the model (6.2) within the region Ωp.

Existence and Stability Analysis of Equilibria

In the absence of PPR in the population of small ruminants, model (6.2) admits an equilibrium
point known as disease-free , and it is given by

ξp0 =

(
(1− ρp)Λ

(ωp + µ)
,
Λ(ρpµ+ ωp)

µ(ωp + µ)
, 0, 0

)
.

Following the next-generation method (Van den Driessche et al., 2002), the control reproduc-
tion number of model (6.2) is

Rp
v =

βpµ(1− ρp)

(γp + δp + µ)(ωp + µ)
.



Chapter 6. Modeling and Control of the Co-infection of PPR with Sheep and Goat Pox 103

Theorem 6.3.2. The disease-free equilibrium ξp0 of the PPR-only model (6.2) is locally asymp-
totically stable if Rp

v < 1, and unstable if Rp
v > 1.

Proof Using linearization method, the Jacobian matrix of system (6.2) at the ξp0 is

Jξp0 =



−µ− ωp 0 −βpµ(1−ρp)
ωp+µ 0

ωp −µ 0 0

0 0
βpµ(1−ρp)

ωp+µ − γp − δp − µ 0

0 0 γp −µ


Here, the eigenvalues for Jξp0 are

λ1 = −(ωp + µ)

λ2 = −µ,

λ3 = (γp + δp + µ) (Rp
v − 1) ,

λ4 = −µ.

(6.3)

Therefore, the DFE (ξp0) is locally asymptomatically stable if Rp
v < 1 and otherwise unstable.

Theorem 6.3.3. The disease-free equilibrium of the system (6.2) is globally asymptotically stable
if Rp

v < 1 and unstable if Rp
v > 1.

Proof Suppose that Rp
v < 1 and consider the Lyapunove function as:

L =

(
1

γp + δp + µ

)
Ip.

Its time derivative along the solutions of system (6.2), becomes

dL
dt

=

(
1

γp + δp + µ

)
I ′p

=
1

γp + δp + µ

(
βpS

N
− (γp + δp + µ)

)
Ip.

(6.4)

From evidence that as limt→∞N(t) = limt→∞(S(t)+Vp(t)+ Ip(t)+Rp(t)) ≤ S0+Vp0 and since
S ≤ S0, and V ≤ Vp0, it follows that S

N ≤ S0
S0+Vp0

.
Thus

dL
dt

≤ 1

γp + δp + µ

(
βpS0

S0 + Vp0
− (γp + δp + µ)

)
Ip

= (Rp
v − 1)Ip.

It can be verified that L′ ≤ 0˙ for Rp
v < 1. Further more, to verify LaSalle’s Invariance

Principle, let E = {(S, Vp, Ip, Rp) ∈ Ωp : L̇ = 0}. Since Rp
v < 1, L̇ = 0 occurs only when Ip = 0.

Thus E = {(S, Vp, 0, Rp) ∈ Ωp}.
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The largest invariant set M ⊂ E satisfies Ip(t) ≡ 0. Substituting Ip = 0 into (6.2):

S′ = (1− ρp)Λ− (ωp + µ)S → S0,

V ′
p = ρpΛ + ωpS − µVp → V 0

p ,

R′
p = −µRp → 0.

Hence M = {ξp0}.
By LaSalle’s Invariance Principle, all trajectories in Ωp approach M = {ξp0}. Therefore ξp0 is

globally asymptotically stable in Ωp when Rp
v < 1.

For Rp
v > 1, linearization shows ξp0 is unstable.

To compute the endemic equilibrium point, we assume that Ip ̸= 0 and solve dS
dt =

dVp

dt =
dIp
dt =

dRp

dt = 0 for the endemic equilibrium ξp∗ = (S∗, Vp∗, Ip∗, Rp∗), we have

S∗ =
Λ (δp ρp + γp + µ)

µβp − δp(µ+ ωp)

Vp∗ =
Λρp + ωpS∗

µ
,

Ip∗ =
Λ (ωp + µ) (Rp

v − 1)

µβp − δp (µ+ ωp)
,

Rp∗ = γpIp∗.

(6.5)

Here we observe that the postivity of this equilibrium dependes on Rp
v: its lessthan or greater

than unity. Hence, the following result:

Lemma 6.3.4. Unique endemic equilbrium point ξp∗ = (S∗, Vp∗, Ip∗, Rp∗) exists for the model
(6.2) if Rp

v > 1.

Sensitivity Analysis for the PPR-only Sub Model

In order to assess the model’s resistance to different parameter values, a sensitivity analysis
was conducted. Understanding the relative roles played by various model parameters in the
occurrence and spread of a given disease is vital. This understanding helps us identify where
interventions should be focused to reduce disease-related mortality and morbidity.

To measure the relative change in the model parameter p with respect to the relative change
in (Rp

v), a forward normalized sensitivity index denoted as ΥRp
v

p was employed. This index is
defined using partial derivatives if (Rp

v) is a differentiable function of the model parameter p.
The specific definition of this index can be found in reference (Sanchez et al., 1997). It can be
expressed as:

ΥRp
v

p =
∂Rp

v

∂p
× p

Rp
v
, (6.6)
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where ΥRp
v

p is the sensitivity index (SI) of (Rp
v) with respect to parameter p. The sensitivity

analysis for Rp
v of parameters in model (6.2) is given by:

ΥRp
v

βp
=
∂Rp

v

∂βp

βp
Rp

v
= 1 > 0,

ΥRp
v

ρp =
∂Rp

v

∂ρp

ρp
Rp

v
= − ρp

1− ρp
< 0,

ΥRp
v

γp =
∂Rp

v

∂γp

γp
Rp

v
= − γp

γp + δp + µ
< 0,

ΥRp
v

δp
=
∂Rp

v

∂δp

δp
Rp

v
= − δp

γp + δp + µ
< 0,

ΥRp
v

ωp
=
∂Rp

v

∂ωp

ωp

Rp
v
= − ωp

ωp + µ
< 0,

ΥRp
v

µ =
∂Rp

v

∂µ

µ

Rp
v
=

(γp + δp)ωp − µ2

(ωp + µ) (γp + δp + µ)
.

In particular, the sensitivity index of Rv with respect to β can be interpreted as follows: an
increase (or decrease) of the transmission rate β by 10% results in an increase (or decrease) of
Rv by 10%. This indicates that the disease transmission rate βp has a significant impact on the
spread of the disease.

Furthermore, the parameters with negative sensitivity indices, namely γp, δp, ωp, and ρp,
contribute to minimizing the burden of the disease in the population as their values increase. The
sign of the sensitivity index of Rp

v with respect to µ depends on the values of µ and (γp + δp)ωp.

6.3.3 Sheep and Goat Pox (SGP)-Only Model

The model is derived by setting Ip = Ipc = 0 in equation (6.1). Additionally, the SGP vaccination
is administered solely to newborn and susceptible animals. Consequently, we have:

dS

dt
= (1− ρc)Λ− βcS(Ic + αB)

N
− ωcS − µS,

dVc
dt

= ρcΛ + ωcS − µVc,

dIc
dt

=
βcS(Ic + αB)

N
− (δc + γc + µ)Ic,

dRc

dt
= γcIc − µRc,

dB

dt
= ξIc − θB

(6.7)

where,
N(t) = S(t) + Vc(t) + Ic(t) +Rc(t).

In the region

Ωc =

{
(S, Vc, Ic, Rc, B) ∈ R4

+ × R+ : N ≤ Λ

µ
,B ≤ ξΛ

µθ

}
,



Chapter 6. Modeling and Control of the Co-infection of PPR with Sheep and Goat Pox 106

all solutions of the model (6.7) that start in Ωc remain within Ωc for all t ≥ 0. In other
words, Ωc is positively invariant with respect to the model (6.7). Therefore, we will examine the
dynamics of the model (6.7) within the region Ωc.

Existence and Stability Analysis of Equilibria

In the absence of SGP ( Ic = B = 0) in the population of small ruminants, model (6.7) admits
an equilibrium point known as SGP disease-free , and it is given by

ξc0 =

(
(1− ρc)Λ

(ωc + µ)
,
Λ(ρcµ+ ωc)

µ(ωc + µ)
, 0, 0, 0

)
.

Following the next-generation method Van den Driessche et al., 2002, the control reproduction
number of model (6.7) is

Rc
v =

βc(1− ρc)µ(αξ + θ)

θ(µ+ ωc)(δc + γc + µ)
= R̃c

v

(
αξ + θ

θ

)
,

where R̃c
v = βcµ(1−ρc)

(γc+δc+µ)(ωc+µ) , it represents the control reproduction number of the model (6.7)
without infection through contact between the susceptible animal with the shedding virus in the
environment.

Theorem 6.3.5. The disease-free equilibrium ξc0 of the SGP-only model (6.2) is locally asymp-
totically stable if Rc

v < 1, and unstable if Rc
v > 1.

Proof Using linearization method, the Jacobian matrix of system (6.2) at the ξc0 is

Jξc0 =



−µ− ωc 0 −βc(1−ρc)µ
ωc+µ 0 −βc(1−ρc)µα

ωc+µ

ωc −µ 0 0 0

0 0 βc(1−ρc)µ
ωc+µ − γc − δc − µ 0 βc(1−ρc)µα

ωc+µ

0 0 γc −µ 0

0 0 ξ 0 −θ


Here, the charactersistic equation for Jξc0 is

(λ+ µ)2 (λ+ µ+ ωc)
(
λ2 +

(
θ + (1− R̃c

v)(δc + γc + µ)
)
λ+ θ(δc + γc + µ)(1−Rc

v)
)
= 0.

(6.8)
It is clearly demonstrated in equation (6.8) that, based on the Routh-Hurwitz criterion,

a second-degree polynomial has two negative roots if Rc
v < 1. Therefore, the Disease-Free

Equilibrium (DFE) (ξc0) is locally asymptotically stable if Rc
v < 1; otherwise, it is unstable.

Theorem 6.3.6. The SGP disease-free equilibrium ξc0 of model system (6.7) is globally asymp-
totically stable provided Rc

v < 1, and unstable if Rc
v > 1.
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Proof To investigate the global asymptotically stable of the model (6.7), we follow the method
in Castillo-Chavez et al. (2004). First, we write system (6.7) in the form

dX

dt
= F (X,Z),

dY

dt
= G(X,Z), G(X, 0) = 0.

(6.9)

Where X = (S, Vc, Rc) denote the number of uninfected small ruminants, and the components
of Z = (Ic, B) denote infected classes. Let X∗ be the disease-free equilibrium of the system
dX
dt = F (X, 0) where X∗ =

(
(1−ρc)Λ
(ωc+µ) ,

Λ(ρcµ+ωc)
µ(ωc+µ) , 0

)
. The DFE ξc0 is guaranteed to be GAS if

Rv < 1 (which is locally asymptotically stable), and the following two conditions H1 and H2

hold.

H1. For dX
dt = F (X, 0), X∗ is globally asymptotically stable.

H2. G(X,Z) = AZ − Ḡ(X,Z), Ḡ(X,Z) ≥ 0 for all (X,Z) ∈ Ωc where A = ∂G(X∗)
∂Z is an

M-matrix.

Now consider the system

F (X, 0) =


dS
dt
dVc
dt
dRc
dt

 =

(1− ρc)Λ− ωcS − µS

ρcΛ + ωcS − µVc

−µRc

 (6.10)

From equation in (6.10), As t → ∞,S → (1−ρc)Λ
(ωc+µ) , Vc →

Λ(ρcµ+ωc)
µ(ωc+µ) and Rc → 0. Therefore X∗ is

globally asymptotically stable.
Next, we have

G(X,Y ) = AZ − Ḡ(X,Z) =

[
βcS(Ic+αB)

N − (δc + γc + µ)Ic

ξIc − θB

]
,

where,

A =
∂G(X∗, 0)

∂Z
=

[
βcS0Ic
S0+Vc0

− (δc + γc + µ) αβcS0Ic
S0+Vc0

ξ −θ

]
which is clearly M-matrix. And

Ḡ(X,Z) = AZ −G(X,Z) =

[
βc(Ic + αB)

(
S0

S0+Vc0
− S

N

)
0

]
.

From model (6.7), as t→ ∞,

N → N∞ = S∞ + Vc∞ + I∞ +R∞

≥ S∞ + Vc∞

= S0 + Vc0.
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Since S ≤ S0 and Vc ≤ Vc0, it follows that S
N ≤ S0

S0+Vc0
and all parameters are non-negative.

Hence, the condition H2 holds true, which means that Ḡ(X,Y ) ≥ 0 for all (X,Z) ∈ Ωc. There-
fore, the disease-free equilibrium of the PPR, ξc0, of the model (6.7) is globally asymptotically
stable.

To compute the endemic equilibrium point, we assume that Ic ̸= 0, B ̸= 0 and solve dS
dt =

dVc
dt = dIc

dt = dRc
dt = dB

dt = 0 for the endemic equilibrium ξ∗c = (S∗, V ∗
c , I

∗
c , R

∗
c , B

∗), we have

S∗ =
Λ θ (δc ρc + γc + µ)

µβc(θ + αξ)− δc (µ+ ωc)

V ∗
c =

Λρc + ωcS
∗

µ
,

I∗c =
θΛ (ωp + µ) (Rc

v − 1)

µβc(θ + αξ)− δc (µ+ ωc)
,

R∗
c = γcI

∗
c ,

B∗ =
ξI∗c
θ
.

(6.11)

Here we observe that the postivity of this equilibrium dependes on Rc
v: its lessthan or greater

than unity. Hence, the following result:

Lemma 6.3.7. Unique endemic equilbrium point ξ∗c = (S∗, V ∗
c , I

∗
c , R

∗
c , B

∗) exists for the model
(6.2) if Rc

v > 1.

Sensitivity Analysis

Similarly, we employed the normalized forward sensitivity analysis method, as described in Equa-
tion 6.6, to analyze the sensitivity of the reproduction number Rc

v of the SGP sub-model (6.7)
with respect to the parameters. Therefore, the sensitivity index of Rc

v is given by:
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ΥRp
v

βc
=
∂Rc

v

∂βpc

βc
Rc

v

= 1 > 0,

ΥRc
v

ρc =
∂Rc

v

∂ρc

ρc
Rc

v

= − ρc
1− ρc

< 0,

ΥRc
v

γc =
∂Rc

v

∂γc

γc
Rc

v

= − γc
γc + δc + µ

< 0,

Υ
Rc

v
δc

=
∂Rc

v

∂δc

δc
Rc

v

= − δc
γc + δc + µ

< 0,

ΥRc
v

ωc
=
∂Rc

v

∂ωc

ωc

Rc
v

= − ωc

ωc + µ
< 0,

ΥRc
v

µ =
∂Rc

v

∂µ

µ

Rc
v

=
(γc + δc)ωc − µ2

(ωc + µ) (γc + δc + µ)

ΥRc
v

γc =
∂Rc

v

∂γc

γc
Rc

v

= − γc
γc + δc + µ

< 0,

Υ
Rc

v
ξ =

∂Rc
v

∂ξ

ξ

Rc
v

=
α ξ

α ξ + θ
> 0,

Υ
Rc

v
θ =

∂Rc
v

∂θ

θ

Rc
v

= − α ξ

α ξ + θ
< 0,

ΥRc
v

α =
∂Rc

v

∂α

α

Rc
v

=
α ξ

α ξ + θ
> 0,

The interpretation of these sensitivity index results depends on their sign. As shown in the
results, the parameters βc, ξ, and α have positive sensitivity indices, which means that increas-
ing the values of these parameters, especially βc, while keeping the other parameters constant,
contributes to the incremental value of the control reproduction number relative to their values.
This has a significant impact on the spread of the disease. Conversely, since the remaining pa-
rameters have negative sensitivity indices, they effectively minimize the burden of the disease in
the small ruminant population as their values increase.

6.3.4 Co-infection Model

In this subsection, we illusrate the existence of DFE and Reproduction number of model (6.1),
and based on the reproduction number we prove the local stability of DFE.

Existence and Staility of Equilibrium and Reproduction Number

It is clrealy that the DFE point can be obtained by setting Ip = Ic = Ipc = B = 0 and solve the
right sides of equations in (6.1) by equating with zero,then we have the DFE as

ξpc0 =

(
(1− ρ)Λ

µ+ ω
,
Λ(ω + ρµ)

µ(µ+ ω)
, 0, 0, 0, 0, 0

)
.

The control Reproduction can be obtain by using next generation matrix method (Van den
Driessche et al., 2002). According to the principle of the method, the control reprodution number
is calculated as follows: consider column vectors F and V as representation of new infection cases
and the amount of displacement of animals into and out of infection classes, respectively.
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F =


βpS(Ip+Ipc)

N
βcS(Ic+Ipc+αB)

N
βpIc(Ip+Ipc)

N +
βcIp(Ic+Ipc+αB)

N

0

 ,V =


βcIp(Ic+Ipc+αB)

N + (γp + δp + µ)Ip − γpcpIpc
βpIc(Ip+Ipc)

N + (γc + δc + µ)Ic − γpcqIpc

(γpc + δpc + µ)Ipc

θB − ξ(Ic + ϵIpc)


Thus

F =


βpS0

S0+V0
0

βpS0

S0+V0
0

0 βcS0

S0+V0

βcS0

S0+V0

αβcS0

S0+V0

0 0 0 0

0 0 0 0

 , V =


γp + δp + µ 0 −p γpc 0

0 γc + δc + µ −q γpc 0

0 0 γpc + δpc + µ 0

0 −ξ −ϵξ θ


The control reproduction number Rpc

v of the model (6.1) is the sepctral radius of the matrix
FV −1, then Rpc

v is given by

Rpc
v = max

{
βc(1− ρ)µ(αξ + θ)

θ(ω + µ)(γc + δc + µ)
,

βp(1− ρ)µ

(ω + µ)(γp + δp + µ)

}
= max {Rc

v,Rp
v} .

Theorem 6.3.8. The disease-free equilibrium ξpc0 of the model (6.1) is locally asymptotically
stable if Rpc

v < 1, and unstable if Rpc
v > 1.

Proof Using linearization method, the Jacobian matrix of system (6.1) at the ξpc0 is

Jξpc0 =



−ω − µ 0 −βp(1−ρ)µ
ω+µ −βc(1−ρ)µ

ω+µ −βp(1−ρ)µ
ω+µ − βc(1−ρ)µ

ω+µ 0 −αβc(1−ρ)µ
ω+µ

ω −µ 0 0 0 0 0

0 0 r1 0
βp(1−ρ)µ

ω+µ + γpcp 0 0

0 0 0 r2
βc(1−ρ)µ

ω+µ + γpcq 0 αβc(1−ρ)µ
ω+µ

0 0 0 0 −γpc − δpc − µ 0 0

0 0 γp γc γpc (1− p− q) −µ 0

0 0 0 ξ ξ ϵ 0 −θ


where r1 =

βp(1−ρ)µ
ω+µ − γp − δp − µ and r2 =

βc(1−ρ)µ
ω+µ − γc − δc − µ

Here, the charactersistic equation for Jξpc0 is

(λ+ (γp + δp + µ)(1−Rp
v)) (λ+ µ)2 (λ+ µ+ ω) (λ+ γpc + δpc + µ)

(
λ2 + a1λ+ a0

)
= 0.

(6.12)
where, 

a0 = θ(δc + γc + µ)(1−Rc
v),

a1 = (γc + δc + µ)

(
1− θRc

v

αξ + θ

)
+ θ.
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Equation (6.12) clearly illustrates that, according to the Routh-Hurwitz criterion, a second-
degree polynomial will have two negative roots if a1 > 0 and a0 > 0. This implies that Rc

v < 1,
and the first factor in (6.12) indicates that the eigenvalue is negative when Rp

v < 1. Thus, the
Disease-Free Equilibrium (DFE) ξpc0 is considered locally asymptotically stable if both Rp

v < 1

and Rc
v < 1; otherwise, it is deemed unstable.

6.4 Parameter Estimation

In this study, we estimated the basic parameters in the two sub-models (6.2, 6.7) using semester-
wise reported incidence data for the two diseases, spanning from January 2005 to August 2023
in Ethiopia. The data were sourced from the World Organization for Animal Health (WOAH)
dashboard (WOAH, 2023), which provided summarized information for investigating the dynam-
ics of the diseases. The death rates (δp, δs) due to Peste des Petits Ruminants (PPR) and Sheep
and Goat Plague (SGP) were computed by taking the ratio of the reported number of cases to
the deaths for both diseases.

For the parameter estimation process, we first employed the Interquartile Range (IQR)
method to identify outlier data and applied a capping technique to preserve the dataset’s inte-
gral structure while minimizing the influence of anomalous observations. This method effectively
mitigated the risk of skewed parameter estimates that could arise from extreme values.

The primary objective of this study is to determine the optimal parameters that allow our
models (6.2) and (6.7) to align best with the available data. To achieve this, we employ the non-
linear least-squares approximation method. The algorithm used in this method is the built-in
lsqcurvefit function in MATLAB from the Optimization Toolbox, which aims to minimize the
sum of squared errors.

SSE =
n∑

j=1

(Ij − I∗(tj))
2 (6.13)

where Ij is the prevalence data and I∗(tj) is the simulation result (predicted) at time step
j for the prevalence of the disease. We used the cases in 2005 as initial values for the two
sub-models:

ICPPR = (S0, Vp0, Ip0, Rp0) = (264225, 226300, 5075, 4400),

ICSGP = (S0, Vc0, Ic0, Rc0, B0) = (359560, 340000, 4300, 1140, 100).

All estimated parameter values are listed in Table (6.2), and the visualization of the results is
shown in Figures (6.3A) and (6.3B). The blue curves represent the simulation results for the
cumulative incidences of I∗p (t) and I∗c (t) from the models (6.2) and (6.7) respectively, while the
red dots indicate the prevalence data. Furthermore, the computed reproduction numbers for the
two diseases, using these estimated parameter values, are given as Rp

v = 1.0710 and Rc
v = 1.0892.

Since both reproduction numbers are greater than one, this indicates that the two diseases persist
in the small ruminant population.
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(A) Model fit for the case of PPR.
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(B) Model fit for the case of SGP.

Figure 6.3: Model fit to historical PPR and SGP incidence data for Ethiopia
(2005–2023).

Table 6.2: Parameter Values from Estimation

For the case of PPR For the case of SGP
parameter Value(per

semester)
Source parameter Value(per

semester)
Source

Λ 312000 Computed Λ 440000 Calculated
µ 0.125 Fournié et al.,

2018
µ 0.125 Chamchod, 2018

βp 10.0023 Estimated βc 3.1476 Estimated
δp 0.3229 Computed δc 0.0978 Computed
γp 6.9695 Estimated γc 12.3202 Estimated
ρp 0.01 Assumed ρc 0.015 Assumed
ωp 0.03087 Estimated ωc 0.0452 Estimated

α 0.05 Assumed
ξ 104

copies/mL
Assumed

θ 102 Assumed

6.5 Numerical Sensitivity Indices of the Reproduction Numbers

Following parameter estimation, the computed sensitivity indices of the reproduction numbers
(Rp

v and Rc
v) are presented in Table (6.3).



Chapter 6. Modeling and Control of the Co-infection of PPR with Sheep and Goat Pox 113

Table 6.3: Sensitivity Indices of Rp
v and Rc

v

Sensitivity Index of Rp
v Sensitivity Index of Rc

v

Parameter SI Value Parameter SI Value
µ 0.1811 µ 0.2556

βp 1.0000 βc 1.0000

δp −0.0435 δc −0.0078

γp −0.9396 γc −0.9822

ρp −0.0100 ρc −0.0152

ωp −0.1980 ωc −0.2656

α 0.8333

ξ 0.8333

θ −0.8333

As shown in Table (6.3), the results of the sensitivity analysis reveal that the transmission
parameter βp and the recovery rate γp are the most sensitive parameters in the PPR disease
dynamics, followed by the vaccination rate, ωp. Similarly, for the SGP disease model (6.7), the
transmission parameter βc and the recovery rate γc exhibit the highest sensitivity, followed by
the parameters α, ξ, θ, and ωc.

These results emphasize the critical roles of the transmission and recovery rates in the respec-
tive disease dynamics, as they have the most significant influence on the reproduction numbers.
This finding is further corroborated by the numerical simulations presented in the subsequent
sections, providing additional support for the sensitivity analysis conclusions.

6.6 Optimal Control Problem

In this section, we analyze an optimal control model for the co-infection dynamics of Peste des
Petits Ruminants (PPR) and Sheep/Goat Pox (SGP) in small ruminants. The model incorpo-
rates four time-dependent control variables: vaccination of susceptible individuals, vaccination of
newly recruited individuals (newborns and immigrants), sanitation or disinfection measures, and
treatment of co-infected animals. We establish the existence of an optimal control solution and
derive the necessary conditions for optimality using Pontryagin’s Maximum Principle (PMP)
(Pontryagin, 1987). Numerical simulations illustrate the impact of these controls on disease
prevalence. Notation for each control variable, as well as the set of admissible controls, is defined
below.

i. Disinfection/Sanitation Protocol: This practice is part of biosecurity measures and
should be implemented to minimize the risk of SGP disease transmission. It includes
maintaining proper hygiene, disinfecting contaminated areas (herds or flocks), implement-
ing rigorous cleaning protocols, and raising awareness among livestock owners about the
importance of disease prevention and control. These practices help prevent contact be-
tween concentrations of pathogens in the environment and susceptible animals, thereby
reducing the likelihood of disease transmission. To investigate the optimal cost associated
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with disinfection control, we denote u4(t) as the level of sanitation efforts, scaled such that
0 ≤ u4(t) ≤ u4,max ≤ 1.

ii. Vaccination of Susceptible and Recruited Populations: The primary strategy for
controlling PPR and SGP is to vaccinate both susceptible and newly recruited individuals,
including newborns and immigrant small ruminants in endemic regions. The objective is
to achieve an optimal immunity rate within a specified timeframe to prevent the transmis-
sion of both the PPR and SGP viruses. To date, independent monovalent live vaccines
are used for these diseases; however, low vaccination coverage due to the extensive spa-
tial distribution of animal populations and inadequate infrastructure contributes to the
persistence and spread of the infections (Fakri et al., 2015). Implementing mass immu-
nization can be challenging and costly Hammami et al., 2018. A combined vaccine could
serve as an effective tool in endemic countries with limited infrastructure and extensive
breeding management of small ruminant populations. Furthermore, utilizing a combined
vaccine could reduce vaccination costs, making it more appealing to farmers in developing
countries. Therefore, we employ such a combined vaccine for both diseases in our model.
The control variables u1(t) and u2(t) represent vaccination control for newly recruited and
susceptible populations, respectively, and are utilized to minimize vaccination costs while
alleviating the burden of PPR diseases. The controls u1 and u2 are constrained within the
range 0 ≤ ui ≤ ui,max, for i = 1, 2.

iii. Treatment: As PPR and SGP are viral diseases, there is currently no specific treatment
available for animals infected with either disease. In our model, we assume that support-
ive care such as isolation, fluid therapy, nutritional support, management of secondary
infections, and veterinary care is provided for animals severely infected with both diseases
(co-infected). This approach helps reduce morbidity and mortality among infected animals
and decreases the transmission rate. The treatment control variable u3(t) is introduced to
determine the optimal intervention and is scaled such that 0 ≤ u3(t) ≤ u3,max ≤ 1.

The goal of our optimal control problem is to minimize the disease burden while accounting for
the costs of implementing the control strategies. The objective functional is given by:

J(u1, u2, u3, u4) =

∫ Tf

0

[
w1Ip + w2Ic + w3Ipc +

1

2
C1u

2
1 +

1

2
C2u

2
2 +

1

2
C3u

2
3 +

1

2
C4u

2
4

]
dt, (6.14)

with respect to the system
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

dS

dt
= (1− u1)Λ− (χp + χc)S − (µ+ u2)S,

dV

dt
= u1Λ + u2S − µV,

dIp
dt

= χpS + (1− u3)pγpcIpc − χcIp − (γp + δp + µ)Ip,

dIc
dt

= χcS + (1− u3)qγpcIpc − χpIc − (γc + δc + µ)Ic,

dIpc
dt

= χpIc + χcIp − ((1− u3)(γpc + δpc) + µ+ u3)Ipc,

dR

dt
= γpIp + γcIc + ((1− u3)(1− (p+ q))γpc + u3)Ipc − µR,

dB

dt
= ξ(Ic + ϵIpc)− (θ + u4)B,

(6.15)

where the force of infections χp and χc are defined as:

χp =
βp(Ip + Ipc)

N
, χc =

βc(Ic + Ipc + (1− u4)αB)

N
,

with N = S + V + Ip + Ic + Ipc +R representing the total population size.
The initial conditions for the system are: S(0) = S0 ≥ 0, V (0) = V0 ≥ 0, Ip(0) = Ip,0 ≥

0, Ic(0) = Ic,0 ≥ 0, Ipc(0) = Ipc,0 ≥ 0, R(0) = R0 ≥ 0, B(0) = B0 ≥ 0.

The coefficients w1, w2, and w3 in the integrand represent positive weight parameters that
ensure the balance of each component within the objective function (6.15). The first three terms
of the integrand in equation (6.15), specifically w1Ip, w2Ic, and w3Ipc, account for the costs
associated with morbidity and mortality due to PPR and SGP diseases. These costs encompass
significant economic losses, including decreased productivity, trade restrictions, and diminished
market value for the affected animals (Jemberu et al., 2022; Fournié et al., 2018). The final four
terms in equation (6.15) represent the costs associated with control measures. In this context,
the second-order nonlinearity is considered for the three control interventions to reflect their
substantial effort, severity, and associated costs (Makinde et al., 2011; Nyerere et al., 2020b).

The goal is to find an optimal control quadruple, u = (u∗1(t), u
∗
2(t), u

∗
3(t), u

∗
4(t)), such that

J(u∗1(t), u
∗
2(t), u

∗
3(t), u

∗
4(t)) = min

U
J(u1(t), u2(t), u3(t), u4(t)) (6.16)

where U is the non-empty control set defned as

U = {(u1(t), u2(t), u3(t), u4(t))|0 ≤ ui ≤ uimax ≤ 1,Lebesgue measurable, i = 1, 2, 3, 4 t ∈ [0, Tf ]} .
(6.17)

6.6.1 Existence and Optimality System

The optimal control must satisfy the necessary conditions that are formulated by Pontryagin’s
Maximum Principle Shim, 2004. This principle changes the system of Equations in (6.15) into
a problem of minimizing point-wise a Hamiltonian (H), with respect to u1(t), u2(t), u3(t), u4(t).
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For deriving the necessary conditions, we define the Hamiltonian (H) as

H = w1Ip + w2Ic + w3Ipc +
1

2
C1u

2
1 +

1

2
C2u

2
2 +

1

2
C3u

2
3 +

1

2
C4u

2
4

+ λ1 ((1− u1)Λ− (χp + χc)S − (µ+ u2)S)

+ λ2 (u1Λ + u2S − µV )

+ λ3 (χpS + (1− u3)pγpcIpc − χcIp − (γp + δp + µ)Ip)

+ λ4 (χcS + (1− u3)qγpcIpc − χpIc − (γc + δc + µ)Ic)

+ λ5 (χpIc + χcIp − ((1− u3)(γpc + δpc) + µ+ u3)Ipc)

+ λ6 (γpIp + γcIc + ((1− u3)γpc(1− (p+ q)) + u3)Ipc − µR)

+ λ7 (ξ(Ic + ϵIpc)− (θ + u4)B)

(6.18)

where λi, i = 1, 2, ..., 7 are the adjoint variables or co-state variables. By applying Pontryagin’s
Maximum Principle (Lenhart et al., 2007) and the existence result for the optimal control from
(Fleming et al., 2012), we acquire the following theorem.

Theorem 6.6.1. There exists an optimal control solution u∗ = (u∗1, u
∗
2, u

∗
3, u

∗
4) ∈ U and the

corresponding solution (S∗, V ∗, I∗p , I
∗
c , I

∗
pc, R

∗, B∗) of the system (6.15), that minimizes J(u∗)

over U. Furthermore, there exist adjoint functions, λi(t), i = 1, 2, ..., 7 such that



dλ1
dt

= (λ1 − λ3)χp

(
1− S

N

)
+ (λ1 − λ4)χc

(
1− S

N

)
+ (λ1 − λ2)u2 + (λ5 − λ4)

χpIc
N

+ (λ5 − λ3)
χcIp
N

+ λ1µ,

dλ2
dt

= (λ3 − λ1)
χpS

N
+ (λ4 − λ1)

χcS

N
+ (λ5 − λ3)

χcIp
N

+ (λ5 − λ4)
χpIc
N

+ λ2µ,

dλ3
dt

= (λ1 − λ3)
S

N
(βp − χp) + (λ4 − λ1)

χcS

N
+ (λ4 − λ5)

Ic
N

(βp − χp) + (λ3 − λ5)(1−
Ip
N

)χc

+ λ3(γp + δp + µ)− λ6γp − w1,

dλ4
dt

= (λ1 − λ4)
S

N
(βc − χc) + (λ3 − λ5)

Ip
N

(βc − χc) + (λ4 − λ5)(1−
Ic
N

)χp + (λ3 − λ1)
Sχp

N

+ λ4(γc + δc + µ)− λ6γc − λ7ξ − w2,

dλ5
dt

= −w3 + (λ1 − λ3)
S

N
(βp − χp) + (λ1 − λ4)

S

N
(βc − χc) + (λ3 − λ5)

Ip
N

(βc − χc)

+ (λ4 − λ5)
Ip
N

(βp − χp)− (λ3p+ λ4q)(1− u3)γpc + λ5((1− u3)(γpc + δpc) + µ+ u3)

− λ6((1− u3)(1− (p+ q))γpc + u3)− λ7ξϵ,

dλ6
dt

= (λ3 − λ1)
χpS

N
+ (λ4 − λ1)

χcS

N
+ (λ5 − λ3)

χcIp
N

+ (λ5 − λ4)
χpIc
N

+ λ6µ,

dλ7
dt

= (λ1 − λ4)
Sβcα(1− u4)

N
+ (λ3 − λ5)

Ipβcα(1− u4)

N
+ λ7(θ + u4)

(6.19)
with the transversality conditions

λi(Tf ) = 0, i = 1, 2, ..., 7. (6.20)
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Furthermore, the optimal controls are characterized by

u∗1 = max

{
0,min

{
Λ(λ1 − λ2)

C1
, 1

}}
,

u∗2 = max

{
0,min

{
S(λ1 − λ2)

C2
, 1

}}
,

u∗3 = max

{
0,min

{
(λ3p+ λ4q)γpcIpc − λ5Ipc(γpc + δpc − 1) + λ6(γpc(1− (p+ q))− 1)Ipc

C3
, 1

}}
,

u∗4 = max

0,min

(λ4 − λ1)
(
βcαBS

N

)
+ (λ5 − λ3)

(
βcαBIp

N

)
+ λ7B

C4
, 1


 .

(6.21)

Proof To establish the existence of an optimal control, we verify the necessary conditions based
on standard results in optimal control theory as presented in Fleming et al. (2012). These
conditions are further validated in Chapter 4, Theorem (4.6.1). The conditions to be verified
include:

❶ The convexity of the admissible control set U.

❷ The a priori boundedness of the state solutions.

❸ The convexity and boundedness of the integrand in (6.14).

We note that the control set U is a compact subset of R4, as each control ui is bounded
within [0, ui,max]. This implies that the control set U is convex.

The right-hand side of the differential equations in (6.15) is linear with respect to each control
and can be expressed as:

f(t,x,u) = ϕ(t,x) + ψ(t,x)u,

where x = (S, V, Ip, Ic, Ipc, R,B). From similar results on the boundedness of the system in
(6.1), as demonstrated in Lemma 6.3.1, the system (6.15) is also bounded. Specifically, the
boundedness of the solutions ensures that: ||ϕ(t,x)|| ≤ M0, ||ψ(t,x)|| ≤ K1, where K0 and K1

are positive constants and

f(t,x,u) ≤ K(1 + ||u||), for 0 ≤ t ≤ Tf . where K = max{K0,K1}.

Furthermore, since the integrand in (6.14) is quadratic in u1, u2, u3, and u4, this guarantees its
convexity. The final condition to be verified pertains to the integrand of the objective functional
L, which is given by:

L = w1Ip + w2Ic + w3Ipc +
1

2
C1u

2
1 +

1

2
C2u

2
2 +

1

2
C3u

2
3 +

1

2
C4u

2
4.

To ensure the integrand L is bounded below, we demonstrate that:

L(t,x,u) ≥ g(t,x,u),
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where:
g(t,x,u) = θ0||u||θ2 − θ1, for all θ0, θ1 > 0 and θ2 > 1.

This condition holds for θ0 = 1
2 min{C1, C2, C3, C4}, θ1 > 0, and θ2 = 2. Consequently, we

have:
L(t,x,u) ≥ g(t,x,u).

Thus, applying Pontryagin’s Maximum Principle (Lenhart et al., 2007), the system in (6.14),
(6.15), and (6.16) is transformed into a problem of minimizing the Hamiltonian H pointwise with
respect to the control variables u1, u2, u3 and u4. The Hamiltonian is defined as:

H = w1Ip + w2Ic + w3Ipc +
1

2
C1u

2
1 +

1

2
C2u

2
2 +

1

2
C3u

2
3 +

1

2
C4u

2
4 +

7∑
i=1

λifi,

where fi (i = 1, . . . , 7) are the right-hand sides of the system in (6.15). The adjoint equations
are derived accordingly. 

dλ1
dt

= −∂H
∂S

, λ1(Tf ) = 0,

dλ2
dt

= −∂H
∂V

, λ2(Tf ) = 0,

dλ3
dt

= −∂H
∂Ip

, λ3(Tf ) = 0,

dλ4
dt

= −∂H
∂Ic

, λ4(Tf ) = 0,

dλ5
dt

= − ∂H
∂Ipc

, λ5(Tf ) = 0,

dλ6
dt

= −∂H
∂R

, λ6(Tf ) = 0,

dλ7
dt

= −∂H
∂B

, λ7(Tf ) = 0.

(6.22)

From Equation (6.22) we obtain equations in (6.19) for adjoint variables λ′s. And computing

u∗1(t) =
∂H
∂u1

, u∗2(t) =
∂H
∂u2

, u∗3(t) =
∂H
∂u3

, u∗4(t) =
∂H
∂u4

and using the property of control set U, we have required optimal control functions as mentioned
in equation (6.21).

We also note that ∂2H
∂u2

1
|∗u1

= 2C1 > 0, ∂
2H
∂u2

1
|∗u2

= 2C2 > 0, ∂
2H
∂u2

1
|∗u3

= 2C3 > 0, and ∂2H
∂u2

4
|∗u4

=

2C4 > 0 indicating that the optimal controls minimize the Hamiltonian.

In this section, we verify and discuss the findings from the previous analytical analysis using
numerical simulations applied to the sub-models (6.2 & 6.7) and the co-infected model (6.1). The
simulations are conducted using the fourth-order Runge–Kutta method (Ode45) in MATLAB.

We examine the effects of various parameters and identify optimal control strategies to mit-
igate the spread of the diseases. The parameter values used in the simulations are provided in
Table (6.2). In cases where reference values are unavailable, assumptions are made based on
real-world scenarios and practical considerations.
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6.6.2 Effects of Parameters

In this subsection, we analyze the effects of key parameters in the sub-models and the co-infected
model. Figure (6.4A) illustrates the impact of varying α on the dynamics of SGP, with the initial
conditions

(S0, Vc0, Ic0, Rc0) = (276239, 21756, 1845, 160).

The results clearly show that α significantly influences the behavior of the system. Specifically,
when α = 0.02, the threshold quantity Rc

v < 1, indicating disease eradication. This finding
aligns with the conclusion in Theorem (6.3.5).

However, for larger values of α, the system exhibits the existence of an endemic equilibrium
(Rc

v > 1), meaning that SGP persists in the population.
Similarly, Figure (6.4B) demonstrates the effects of increasing the vaccination rate ω on the

PPR sub-model, using the initial conditions

(S0, Vp0, Ip0, Rp0) = (1987709, 965059, 7460, 1920).

The simulation results indicate that for vaccination rates above 5% (ω ≥ 0.05), continuous
vaccination efforts are effective in controlling the spread of PPR in small ruminant populations.
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Figure 6.4: Effects of Parameters on sub models

The contour plots in Figure (6.6) illustrate the effects of parameters in model (6.1) on Rpc
v .

Figures 6.9A and 6.5B show that as the infection rates βp and βc increase, the value of Rpc
v also

increases. Conversely, an increase in the vaccination rate ω leads to a decrease in Rpc
v .

In Figure 6.5C, it is evident that the parameters θ and ξ primarily influence the dynamics of
SGP (Ic) and the co-infected population (Ipc). However, these two parameters exhibit opposing
effects on Rpc

v . Specifically, an increase in ξ results in a rise in Rpc
v , whereas an increase in θ (or

a reduction in the concentration of SGPV in the flock) leads to a decrease in Rpc
v .

As shown in Figure 6.5D, as expected, an increase in the vaccination rates for both newborns
(ρ) and susceptibles (ω) leads to a decrease in the control reproduction number Rpc

v .
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Figure 6.5: Effects of Parameters on Rpc
v

6.6.3 Effects of ω in the dynamics of model

In Figures 6.6A, 6.6B, and 6.6C, we illustrate the effects of the vaccination rate (ω) on the
infection classes (Ip, Ic, and Ipc) in model (6.1). These figures demonstrate that as the vaccination
rate increases, the prevalence of PPR, SGP, and co-infection cases decreases. Specifically, when
ω = 0.10 and other parameters are as provided in Table (6.2), with the initial conditions

(S0, V0, Ip0, Ic0, Ipc0, R0, B0) = (3290595, 0, 7460, 1845, 100, 0, 100),

all trajectories of Ip, Ic, and Ipc converge to zero.
In other words, for this particular case, the basic reproduction number is calculated as

Rpc
v = max{Rp

v,Rc
v} = 0.8239 < 1.

Consequently, as stated in Theorem (6.3.8), the disease-free equilibrium (DFE) is stable, and the
disease can be eradicated with continuous implementation of an effective vaccination strategy at
this rate for over ten years.

Furthermore, increasing the vaccination coverage rate and implementing additional preventive
measures could significantly reduce the time required to control these diseases.
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6.6.4 Numerical Simulation for optimal control

In this section, we numerically illustrate the solution of the optimal control problem proposed
in model (6.15), using the parameter values provided in Table 6.2 and the following initial
conditions:

(S0, V0, Ip0, Ic0, Ipc0, R0, B0) = (2000000, 0, 7460, 1845, 300, 0, 100).

To solve this problem, we employ the forward-backward sweep method as described in (Lenhart
et al., 2007).

The cost coefficients associated with the control variables have been estimated as follows:
C1 = 1.5, C2 = 3.0, C3 = 1.0, and C4 = 1.0. These estimated coefficients are based on expert
opinion and practical considerations. Furthermore, the weights reflecting the relative efforts
required to mitigate the classes contributing to the spread of diseases are established as w1 = 16,
w2 = 5, and w3 = 20. Furthermore, modeling and empirical evidence support the superior
effectiveness and cost-efficiency of combined strategies (see, e.g., Anderson et al. (1991) and
Hethcote (2000)). Therefore, we conduct numerical simulations of combined controls under the
following three scenarios.
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Scenario A

In this scenario, we examined the application of two control measures in six potential combina-
tions, referred to as strategies:

❶ Strategy 1 (S1): uses the combination of u1 and u2.

❷ Strategy 2 (S2): uses the combination of u1 and u3.

❸ Strategy 3 (S3): uses the combination of u1 and u4.

❹ Strategy 4 (S4): uses the combination of u2 and u3.

❺ Strategy 5 (S5): uses the combination of u2 and u4.

❻ Strategy 6 (S6): uses the combination of u3 and u4.

The numerical simulations presented in Figures (6.7A), (6.7B), and (6.7C) illustrate the
infection dynamics for three compartments: Ip (PPR infections), Ic (SGP infections), and Ipc

(coinfections). The simulations compare the effectiveness of six strategies (S1 to S6) and the
"without control" scenario. Additionally, Figures (6.7D) through (6.7I) depict the corresponding
control profiles for each strategy.

Across all infection compartments (Ip, Ic, and Ipc), Strategy S1 demonstrates the most signif-
icant reduction in infection levels. It achieves the fastest decay and lowest peak values, highlight-
ing its superior effectiveness in mitigating infections. Strategy S2 also performs well, achieving
substantial reductions in infection levels but slightly less effectively than S1. Strategy S4 ex-
hibits moderate performance, achieving reductions in infection levels but trailing behind S1 and
S2. In contrast, Strategy S6 consistently shows the least effectiveness, exhibiting the highest
infection peaks among the six strategies across all compartments. Although S6 achieves some
reductions compared to the "without control" scenario, its limited effectiveness makes it the
weakest strategy in this scenario.

The control profiles shown in Figures (6.7D) through (6.7I) provide insights into the timing
and intensity of control measures for each strategy. Strategies S2, S3, S4, and S5, depicted in
Figures (6.7E), (6.7F), (6.7G), and (6.7H), respectively, exhibit similar patterns. The control
measures in these strategies are implemented at optimal levels up to approximately 8 semesters,
after which they gradually decline. In these strategies, either u1 or u2 is utilized intensively
throughout the simulation period, alternating as the dominant control variable.

Strategy S1, shown in Figure (6.7D), employs u1 at an optimal level throughout the entire
simulation period, with gradual reduction near the end. This early and sustained intervention
explains its consistent effectiveness across all infection compartments.

In contrast, Strategy S6, depicted in Figure (6.7I), applies less intensive control measures.
The control variable u3 is used throughout the simulation period, while u4 remains inactive until
the final two semesters, when it is applied at an optimal level. The limited role of u4 in this
strategy reduces its overall effectiveness. Notably, u4 plays a critical role in reducing pathogen
concentration, thereby indirectly controlling the spread of SGP disease. The minimal application
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of u4 in S6 contributes to its lower performance in mitigating infections compared to the other
strategies.

These results highlight the importance of selecting and effectively utilizing control measures
to achieve optimal outcomes in reducing infection levels.
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Figure 6.7: Numerical Simulation results of scenario A, comparing strategies
with and without control measures and control profiles.

Scenario B

In this scenario, we examined the application of three control measures in four different combi-
nations, defined as strategies:

• Strategy A (SA): a combination of u1, u2, and u3.

• Strategy B (SB): a combination of u1, u2, and u4.

• Strategy C (SC): a combination of u1, u3, and u4.

• Strategy D (SD): a combination of u2, u3, and u4.
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The impacts of these strategies are depicted in Figures (6.8A), (6.8B), and (6.8C). The
implementation of these intervention strategies results in a significant reduction in the number
of infected individuals in the classes Ip, Ic, and Ipc, compared to the scenario without control
measures.

Subplot (6.8A) shows the progression of the PPR-infected population Ip. Strategies A and D
achieve the steepest decline, closely followed by Strategy C, while Strategy B exhibits a higher
peak in Ip before declining. Subplot (6.8B) examines the SGP-infected population Ic, where
Strategies C and D consistently reduce the infection most effectively, followed by Strategy B
and then Strategy A. Similarly, subplot (6.8C) analyzes the coinfected population Ipc. Here,
Strategy C minimizes the coinfection most effectively, while Strategies A and B also perform
well. Strategy D demonstrates relatively lower effectiveness, taking a longer time to bring the
infection to zero.

The control profiles for each strategy are illustrated in subplots (6.8D)–(6.8G): For Strategy
A (subplot 6.8D), the control variables u1, u2, and u3 peak initially and then decay over time.
Specifically, u1 is implemented at its optimal level for the first 3.5 semesters, u2 for the first 6
semesters, and u3 for the first 8 semesters, after which they gradually decline toward the end of
the simulation. This reflects a high initial effort to curb infections. - For Strategy B (subplot
6.8E), the controls u2 and u4 are applied aggressively during the first 5 semesters, followed by
a gradual decline. Meanwhile, u1 is maintained at a high level throughout almost the entire
simulation period. For Strategy C (subplot 6.8F), the control u4 starts with minimal effort
during the first fraction of a semester, then immediately rises to its optimal level between 0.5
and 5 semesters, after which it gradually declines. Both u1 and u3 are applied at their maximum
levels from the beginning until the 8th semester, after which they slowly taper off. Finally, for
Strategy D (subplot 6.8G), the control patterns are similar to those of Strategy A, with the
roles of u1 and u2 interchanged. The controls are initially implemented aggressively and then
gradually reduced as the infection levels decrease.

These results demonstrate the importance of appropriately timed and optimized control mea-
sures in mitigating disease spread and coinfection, with each strategy offering distinct dynamics
based on the combination of controls utilized.

Scenario C

Figure 6.9 illustrates the numerical simulation results of scenario C, focusing on the dynamics
of PPR infection (Ip), SGP disease (Ic), and their coinfection (Ipc), with and without the appli-
cation of four control measures. Subplot (6.9A) displays the progression of Ip. Without control
(red curve), the infected population peaks sharply before gradually declining, reaching substan-
tial levels throughout the time horizon. In contrast, the application of controls (blue curve)
significantly suppresses the peak of Ip and accelerates its decline. Subplot (6.9B) examines the
dynamics of Ic, where the uncontrolled scenario (red curve) leads to a prominent peak in the
SGP-infected population. With the introduction of controls (blue curve), the peak is notably
reduced, and the infection levels diminish more rapidly over time. Subplot (6.9C) presents the
dynamics of coinfection (Ipc), highlighting the compounding effects of PPR and SGP. Without
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(E) Control profiles for strategy
B in scenario B

0 2 4 6 8 10

Time (Semester)

0

0.2

0.4

0.6

0.8

1

C
o
n
tr
o
l
p
ro
fi
le
s

u
1

u
3

u
4

(F) Control profiles for strategy
C in scenario B
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D in scenario B

Figure 6.8: Numerical Simulation results of scenario B, comparing strategies
with and without control measures and control profiles.

control (red curve), Ipc reaches a significant peak, whereas the implementation of controls (blue
curve) effectively mitigates the peak and accelerates the reduction of coinfection prevalence.

Subplot (6.9D) provides insights into the control profiles for scenario C, illustrating the tem-
poral behavior of the four control variables (u1, u2, u3, and u4). All control variables exhibit
an initial surge, reflecting an aggressive intervention at the onset of the epidemic. Over time,
the controls gradually decline, indicating a reduced need for intervention as the infection levels
diminish. Among the controls, u1 and u3 display higher initial values, emphasizing their critical
role in managing PPR infection and coinfection. The results demonstrate the effectiveness of
optimal control measures in reducing the prevalence of both single and coinfections, highlighting
the importance of early and aggressive intervention to minimize disease impact.

In summarizing the results of all numerical simulations, it is evident that all strategies sig-
nificantly contribute to disease control. Specifically, the strategies that incorporate controls
u1, u2, or both have a predominantly positive impact on controlling PPR and SGP diseases in
small ruminant populations. This finding aligns with other studies, which suggest that combined
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vaccination is preferable for effectively controlling both PPR and SGP at optimal costs.
Furthermore, the effectiveness of each strategy is analyzed using a cost-effectiveness method,

as detailed in the next subsection. The total investment costs for each strategy and the averted
infections due to the implementation of these strategies are presented in Table 6.4.
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Figure 6.9: Numerical Simulation results of scenario C, comparing strategies
with and without control measures and control profiles.

6.6.5 Cost-Effectiveness Analysis

In this section, we evaluate the cost-effectiveness of various control strategies across different
scenarios using the Incremental Cost-Effectiveness Ratio (ICER).

The Incremental Cost-Effectiveness Ratio (ICER) quantifies the change in costs relative to
the change in health benefits (e.g., cases averted) between two competing intervention strategies.
Considering strategies S1 and S2 as two competing control interventions, the ICER is calculated
as follows:

ICER =
Change in total costs between strategies S1 and S2

Change in health benefits between strategies S1 and S2
.

A lower ICER indicates a more cost-effective strategy.
The total number of averted infections is computed using the following equation:
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Table 6.4: Total cost and averted infection of each strategies

Optimal
control
Scenarios

Strategies (S) Total averted infection Total cost cost-
effective
strategy

Scenario A

S1 (u1, u2) 291637.43 131289.14

S1

S2 (u1, u3) 263944.53 565788.17
S3 (u1, u4) 264413 576269.34
S4 (u2, u3) 289349.67 165559.73
S5 (u2, u4) 289644.52 169389.25
S6 (u3, u4) 43769.44 4070886

Scenario B

SA (u1, u2, u3) 292118.88 122745.43

SA
SB (u1, u2, u4) 292355.34 125868.24
SC (u1, u3, u4) 265363.04 556573.90
SD (u2, u3, u4) 290166.25 160185.99

Scenario C S (u1, u2, u3, u4) 292733.12 118872.05 S

Total Averted =

∫ Tf

0
[Iwout
p − Iw

p ] dt+

∫ Tf

0
[Iwout
c − Iw

c ] dt+

∫ Tf

0
[Iwout
pc − Iw

pc] dt,

where Iwout represents infections without control, and Iw represents infections with control.
The total cost is calculated based on the objective functional defined in Equation (6.14).

Using the total number of averted cases and the associated costs provided in Table (6.4),
we first calculate the ICER for each scenario independently. Subsequently, we compare the
cost-effectiveness of the strategies across the three scenarios.

❍ Cost-Effectiveness Analysis for Scenario A

Based on the increasing order of cases averted (as shown in Table (6.4)), we compute the
ICER for each strategy as follows:

1. Comparison between Strategies S6 and S2:

ICER(S6) =
4, 070, 886

43, 769
= 930, 084,

ICER(S2) =
565, 788− 4, 070, 886

263, 944− 43, 769
= −15.92.

The results indicate that Strategy S6 is strongly dominated, as it incurs higher costs
compared to Strategy S2. Therefore, Strategy S6 is excluded from further considera-
tion. The next comparison is conducted between Strategies S2 and S3.

2. Comparison between Strategies S2 and S3:

ICER(S2) =
565, 788

263, 944
= 2.14,

ICER(S3) =
576, 269− 565, 788

264, 413− 263, 944
= 22.35.
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Here, Strategy S3 is dominated by Strategy S2, as it has a higher ICER. Thus, Strategy
S3 is excluded, and the next comparison is conducted between Strategies S2 and S4.

3. Comparison between Strategies S2 and S4:

ICER(S4) =
165, 559− 565, 788

289, 349− 263, 944
= −15.75.

Since ICER(S4) < ICER(S2), Strategy S4 is more cost-effective, and Strategy S2 is
excluded. The next comparison is conducted between Strategies S4 and S5.

4. Comparison between Strategies S4 and S5:

ICER(S4) =
165, 559

289, 349
= 0.57,

ICER(S5) =
169, 389− 165, 559

289, 644− 289, 349
= 12.98.

Since ICER(S4) < ICER(S5), Strategy S5 is excluded. The final comparison is con-
ducted between Strategies S4 and S1.

5. Comparison between Strategies S4 and S1:

ICER(S1) =
131, 289− 165, 559

291, 637− 289, 349
= −14.98.

The analysis shows that Strategy S1 is the most cost-effective strategy in Scenario A
for reducing PPR disease at the minimum cost.

❍ Cost-Effectiveness Analysis for Scenario B

1. Comparison between Strategies SC and SD:

ICER(SC) =
556, 573

265, 363
= 2.10,

ICER(SD) =
160, 185− 556, 573

290, 166− 265, 363
= −15.98.

Strategy SD is more cost-effective than Strategy SC , so Strategy SC is excluded. The
next comparison is between Strategies SD and SA.

2. Comparison between Strategies SD and SA:

ICER(SD) =
160, 185

290, 166
= 0.55,

ICER(SA) =
122, 745− 160, 185

292, 118− 290, 166
= −19.18.

Strategy SA is more cost-effective than Strategy SD, so Strategy SD is excluded. The
final comparison is between Strategies SA and SB.
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3. Comparison between Strategies SA and SB:

ICER(SA) =
122, 745

292, 118
= 0.42,

ICER(SB) =
125, 868− 122, 745

292, 355− 292, 118
= 13.18.

Since ICER(SA) < ICER(SB), Strategy SA is the most cost-effective strategy in
Scenario B.

❍ Cost-Effectiveness Analysis for Scenario C

In Scenario C, there is only one strategy with four controls (u1, u2, u3, u4). The ICER is
computed as follows:

ICER(S) =
118, 872

292, 733
= 0.41.

❍ Final Comparison Across Scenarios

Comparing the most cost-effective strategies from each scenario, the strategy in Scenario
C emerges as the most effective, followed by Strategy SA from Scenario B, and Strategy S1
from Scenario A.

6.7 Results and Discussion

Peste des petits ruminants (PPR) and sheep and goat pox (SGP) are devastating and economi-
cally significant non-zoonotic viral diseases affecting small ruminants, particularly in Africa and
Asia, where they pose substantial challenges for control efforts. Their overlapping geographical
distributions, high seroprevalence, and co-occurrence in endemic regions create complex disease
dynamics that exacerbate mortality rates and economic losses. In this study, we developed and
analyzed a deterministic mathematical model to investigate the co-infection dynamics of PPR
and SGP—an approach that appears to be the first in the literature. The model was structured
into two sub-models (PPR and SGP) that were subsequently integrated into a full co-infection
framework, with the well-posedness of the model established in both mathematical and epi-
demiological contexts. Analysis reveals that the control reproduction number of the co-infection
model equals the maximum of the reproduction numbers of the two sub-models, and both the
sub-models and the full co-infection model possess locally asymptotically stable disease-free equi-
libria when their respective control reproduction numbers are less than one, while stable endemic
equilibria emerge when these exceed one—confirming the endemicity of both diseases in Ethiopia
based on parameter estimations derived from WOAH-reported data. Sensitivity analysis iden-
tifies vaccination rates (ω) as critical parameters influencing co-infection dynamics, highlighting
the importance of vaccine coverage in controlling both diseases simultaneously and motivating
the development of an optimal control problem incorporating four control variables: vaccination
of newborns (u1), vaccination of susceptibles (u2), treatment of co-infected individuals (u3), and
disinfection to reduce SGPV concentration in the herd (u4). Numerical simulations examining
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various control combinations reveal that applying all four controls simultaneously is the most
effective strategy for mitigating the spread of PPR and SGP. However, cost-effectiveness analysis
suggests that strategies involving both vaccination controls (u1 and u2) individually or in combi-
nation are preferable for controlling and potentially eradicating these diseases in the region given
resource constraints. While this study provides valuable insights into the transmission dynamics
of PPR and SGP co-infection, it also opens avenues for future research. The deterministic SVIR
co-infection model could be extended to incorporate stochastic effects and seasonal variations
for more comprehensive analyses, and advanced parameter estimation methods using extended
datasets could further enhance model validation. Future studies can also explore the impact of
risk factors, incorporate exposed classes, or stratify populations by age to provide more targeted
strategies for disease control. In conclusion, this study represents the first systematic investiga-
tion of PPR and SGP co-infection dynamics using mathematical modeling, demonstrating that
vaccination plays a central role in controlling both diseases simultaneously while optimal control
requires integrated strategies that account for the distinct transmission characteristics of each
pathogen.
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Chapter 7

Conclusion and Future Work

7.1 Introduction

This dissertation set out to advance understanding of Peste des petits ruminants (PPR) transmis-
sion dynamics in Ethiopia and to develop quantitative frameworks for designing effective control
strategies. Through four interconnected studies, we progressively expanded the analytical lens
from local transmission dynamics to spatially structured metapopulations and, finally, to co-inf
dynamics with Sheep and Goat Pox (SGP). Each article addressed a specific objective while
collectively contributing to a comprehensive understanding of disease persistence and control in
complex production systems.

This final chapter synthesizes the cumulative findings from all four studies, integrates them
into a coherent framework, and articulates the theoretical, empirical, and practical contributions
of this dissertation. Rather than merely summarizing each article, I weave together the key
insights to demonstrate how the whole constitutes more than the sum of its parts. I also reflect
on methodological limitations, propose directions for future research, and conclude with the
overarching implications for PPR control and eradication efforts.

7.2 Summary of Key Findings

The four articles comprising this dissertation address progressively more complex aspects of PPR
transmission and control.

Chapter 3 (Article 1) established the foundational dynamics by developing a deterministic
SEVIR model incorporating restocking as a source of external infection. The key finding was
that restocking fundamentally alters disease persistence: even with optimal vaccination coverage
(exceeding 89.6%), the continuous influx of infected animals maintains endemic transmission.
This article demonstrated that vaccination alone cannot achieve eradication when animal move-
ment introduces external infection, providing the initial motivation for considering connectivity
in control strategies.

Chapter 4 (Article 2) extended this framework by formulating an optimal control problem
that evaluated combinations of vaccination, treatment, and biosecurity measures. The cost-
effectiveness analysis revealed that combined strategies are superior to single interventions, with
the most comprehensive approach (external biosecurity + internal biosecurity + vaccination +
treatment) producing the largest reduction in infections per unit cost. This article provided
quantitative guidance for resource allocation in control programs.
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Chapter 5 (Article 3) expanded the spatial scope by developing a metapopulation model
capturing transmission across two distinct agroecological zones highland sedentary and low-
land pastoral systems. The analysis revealed that lowland areas serve as viral reservoirs, and
movement from these zones to highland areas necessitates higher vaccination coverage in source
populations. This article highlighted the importance of coordinated control across connected
systems.

Chapter 6 (Article 4) further broadened the scope by developing a co-infection model for
PPR and SGP the first such framework in the literature. Analysis revealed that the control
reproduction number for co-infection equals the maximum of the individual disease reproduc-
tion numbers, and vaccination remains critical for controlling both diseases simultaneously.
Cost-effectiveness analysis identified vaccination-focused strategies as preferable for resource-
constrained settings.

7.3 Synthesis and Integration

While each article contributes independently to understanding PPR dynamics, their integration
yields insights that transcend individual findings. I propose a unified framework that synthesizes
the cumulative evidence and identifies four interconnected principles governing PPR transmission
and control in Ethiopia.

7.3.1 The Connectivity Principle

Across all four articles, connectivity emerges as a fundamental determinant of disease persis-
tence. Article 1 demonstrated that restocking introduces external infection that undermines
local control. Article 3 revealed that movement between agroecological zones creates transmis-
sion pathways that maintain national circulation. Article 2 showed that biosecurity measures
addressing connectivity are cost-effective components of control strategies. Article 4, while fo-
cused on co-infection, implied that the connectivity between pathogens within hosts and between
production systems creates complex dynamics requiring integrated approaches.

This principle suggests that PPR cannot be effectively controlled at the local level alone. Con-
trol programs must account for connectivity at multiple scales: between herds through restocking,
between regions through animal movement, and between pathogens through co-infection.

7.3.2 The Vaccination-Limitation Principle

A consistent finding across all studies is that while vaccination is essential, it is insufficient when
acting alone. Article 1 established that vaccination coverage exceeding 89.6% is theoretically
required for eradication without restocking a threshold rarely achievable in practice. Article 2
demonstrated that even optimal vaccination fails in the presence of restocking unless comple-
mented by biosecurity. Article 3 showed that vaccination effectiveness depends on movement
patterns, requiring higher coverage in source populations. Article 4 revealed that vaccination
remains critical for co-infection control but must be combined with other measures for optimal
cost-effectiveness.
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This principle reframes the role of vaccination from a standalone solution to a necessary but
insufficient component of integrated control strategies.

7.3.3 The Spatial-Heterogeneity Principle

Article 3 most directly addressed spatial heterogeneity, revealing that transmission rates differ
substantially between agroecological zones and that movement patterns create asymmetries in
control requirements. However, this principle also manifests in other articles: Article 1’s focus on
restocking implicitly addresses spatial heterogeneity between regions, and Article 4’s co-infection
framework addresses pathogen heterogeneity. Collectively, these findings indicate that uniform
control strategies applied without regard to spatial and pathogen heterogeneity are likely to be
suboptimal.

7.3.4 The Cost-Effectiveness Principle

Articles 2 and 4 explicitly addressed cost-effectiveness, revealing that combined strategies are
generally superior to single interventions but that resource constraints necessitate careful prior-
itization. The finding that vaccination-focused strategies are often most cost-effective (Article
4) might appear to contradict the vaccination-limitation principle, but this apparent tension
resolves when considering context: vaccination is cost-effective when implemented as part of in-
tegrated strategies that include biosecurity and movement controls, but not when implemented
alone.

7.3.5 An Integrated Framework for PPR Control

Based on these four principles, I propose an integrated framework for PPR control in Ethiopia
(Figure 7.1). The framework conceptualizes control as operating across three dimensions: scale
(local to national), intervention type (vaccination, biosecurity, movement control, treatment),
and target population (highland sedentary, lowland pastoral, and interface zones). Effective
control requires coordinated action across all dimensions, with resource allocation guided by
cost-effectiveness analysis tailored to specific contexts.

Local Control Regional Control National Control

Vaccination Biosecurity Movement Control

Figure 7.1: Integrated framework for PPR control showing the three
dimensions of intervention: scale (local, regional, national) and intervention type
(vaccination, biosecurity, movement control). Effective control requires
coordinated action across all dimensions.
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7.4 Contribution to Knowledge

This dissertation makes several distinct contributions to knowledge in veterinary epidemiology
and disease modeling.

7.4.1 Theoretical Contributions

First, this work advances theoretical understanding of PPR transmission by explicitly incorporat-
ing restocking and movement dynamics into compartmental models. While previous models often
treated populations as closed systems, our framework demonstrates that connectivity fundamen-
tally alters disease persistence conditions. The finding that the control reproduction number in
a metapopulation depends on both local transmission and movement rates extends theoretical
understanding of disease persistence in connected systems.

Second, the co-infection model developed in Article 4 represents the first theoretical frame-
work for understanding simultaneous PPR and SGP transmission. The result that the overall
reproduction number equals the maximum of the individual disease reproduction numbers pro-
vides a theoretically grounded basis for prioritizing control efforts based on the more transmissible
pathogen.

Third, the integration of optimal control with cost-effectiveness analysis provides a theoretical
bridge between epidemiological modeling and policy decision-making. By explicitly linking in-
tervention effectiveness with resource constraints, this framework enables theoretically grounded
prioritization of control strategies.

7.4.2 Empirical Contributions

Empirically, this dissertation provides the first quantitative estimates of key transmission pa-
rameters for PPR in Ethiopia using a combination of literature data, OIE reports, and national
prevalence data. The estimated basic reproduction number (Rv ≈ 1.02−1.05) provides a bench-
mark for assessing control requirements and aligns with observed endemicity patterns.

The parameter estimates for transmission rates across agroecological zones represent the first
such quantification for Ethiopia. The finding that lowland areas exhibit higher transmission
rates than highland areas provides empirical support for targeted control strategies.

The cost-effectiveness rankings of intervention combinations provide empirically grounded
guidance for resource allocation that was previously unavailable to policymakers.

7.4.3 Methodological Contributions

Methodologically, this dissertation demonstrates the value of progressive model complexity—beginning
with simple compartmental models and progressively adding restocking, spatial structure, and
co-infection dynamics. This approach enables systematic investigation of how additional com-
plexity changes model predictions and control implications.

The integration of optimal control with cost-effectiveness analysis provides a template for
future modeling studies that aim to inform policy decisions. The framework developed here can
be adapted to other livestock diseases and production systems.



Chapter 7. Conclusion and Future Work 135

7.5 Implications for Policy and Practice

The findings of this dissertation have several implications for PPR control programs in Ethiopia
and similar settings.

7.5.1 Vaccination Programs

While vaccination remains the cornerstone of PPR control, our findings suggest that vaccination
programs must be designed with attention to connectivity. In areas with high restocking rates
or proximity to lowland pastoral systems, vaccination coverage targets should be set higher
than the theoretical threshold derived from closed-population models. Furthermore, vaccination
campaigns should be coordinated across connected areas rather than implemented independently.

7.5.2 Biosecurity and Movement Control

Our results strongly support the inclusion of biosecurity measures in PPR control programs. Pre-
restocking evaluations, testing of animals before movement, and enhanced biosecurity at markets
and grazing areas represent cost-effective complements to vaccination. The cost-effectiveness
analysis suggests that investments in biosecurity yield significant returns in terms of infections
averted.

7.5.3 Spatially Targeted Strategies

The finding that lowland areas serve as viral reservoirs suggests that control resources should be
disproportionately allocated to these high-transmission zones. Vaccinating animals in lowland
areas before they move to highland areas may be more effective than focusing vaccination efforts
solely in highland areas. This aligns with the principle of controlling disease at its source.

7.5.4 Co-Infection Considerations

The co-infection model highlights that PPR control programs must consider the presence of
other diseases such as SGP. Vaccination against PPR may have spillover benefits for SGP control
by reducing overall susceptibility and transmission, but integrated programs that address both
diseases simultaneously are likely to be more effective and cost-efficient.

7.6 Limitations and Future Research Directions

7.6.1 Data Limitations

Across all four studies, data limitations constrain the precision and generalizability of our find-
ings. Incidence data from OIE reports may suffer from underreporting and inconsistent case
definitions. Movement data between agroecological zones are largely unavailable, necessitating
assumed parameter values. Parameter estimates for transmission rates, vaccine efficacy, and
disease progression derive from disparate studies with varying methodologies.
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Future research should prioritize enhanced data collection on animal movements, vaccination
coverage, outbreak timing, and socioeconomic factors affecting control implementation. Stan-
dardized case definitions and reporting systems would improve data quality and comparability
across regions.

7.6.2 Model Limitations

Several model limitations suggest avenues for methodological refinement. The deterministic
framework used throughout this dissertation does not capture stochastic fluctuations that may
be significant in smaller populations or during outbreak fade-outs. Time delays in detection, re-
porting, and vaccination response are not explicitly modeled. Homogeneous mixing assumptions
may oversimplify contact structures in real production systems.

Future research should extend these models to incorporate stochastic effects, time delays, and
heterogeneous mixing patterns. Fractional-order formulations, as suggested by recent studies
Saber et al., 2025; Althubyani et al., 2025; Adam et al., 2025, could capture memory and
hereditary effects in disease transmission.

7.6.3 Scope Limitations

This dissertation focused on PPR dynamics within Ethiopia, with limited consideration of cross-
border movements from neighboring countries where the disease is also endemic. The co-infection
model, while novel, did not incorporate potential interactions between pathogens beyond simple
co-circulation.

Future research should extend the spatial framework to include cross-border movements and
examine the implications for regional eradication efforts. Mechanistic models of within-host
interactions between PPR and SGP could inform more realistic co-infection models.

7.6.4 Future Research Agenda

Building on the findings and limitations of this dissertation, I propose a future research agenda
organized around three themes:

Theme 1: Enhanced Data and Parameter Estimation. High-resolution data collection
on animal movements, vaccination coverage, outbreak timing, and socioeconomic factors, com-
bined with advanced parameter estimation techniques including machine learning and Bayesian
methods, would improve model calibration and predictive accuracy.

Theme 2: Methodological Extensions. Incorporating stochasticity, time delays, and
heterogeneous mixing would capture important aspects of real-world dynamics. Fractional-order
formulations and network models could represent more complex transmission pathways.

Theme 3: Policy-Oriented Applications. Developing user-friendly decision-support
tools based on the models developed here would enable policymakers to evaluate intervention
strategies under local conditions. Participatory modeling approaches engaging stakeholders in
model development and scenario analysis would enhance policy relevance and uptake.
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7.7 Concluding Remarks

This dissertation began with a simple question: why does PPR persist in Ethiopia despite the
availability of effective vaccines? The answer, revealed through four progressively sophisticated
modeling studies, lies in the interplay between vaccination, animal movement, spatial hetero-
geneity, and co-infection dynamics.

The central message of this work is that PPR cannot be controlled in isolation. It cannot be
controlled at the local level without considering regional connectivity. It cannot be controlled
by vaccination alone without addressing movement and biosecurity. And it cannot be controlled
without considering the broader disease landscape, including co-circulating pathogens like SGP.

The integrated framework emerging from this dissertation suggests that achieving the 2027
PPR eradication goal requires a paradigm shift from single-intervention, closed-population think-
ing to multi-intervention, connected-systems approaches. This shift has implications not only for
PPR but for livestock disease control more broadly, particularly in settings where smallholder
production systems are characterized by complex movement patterns and multiple circulating
pathogens.

As Ethiopia and other affected countries work toward PPR eradication, the models and
insights developed here provide quantitative guidance for designing effective, cost-efficient control
programs. More broadly, this work demonstrates the value of mathematical modeling as a tool
for understanding complex disease systems and informing evidence-based policy decisions. The
journey from simple compartmental models to integrated frameworks mirrors the intellectual
trajectory of this dissertation progressive expansion of scope and complexity, always grounded
in the fundamental question of how to translate scientific understanding into improved animal
health and human livelihoods.

The eradication of PPR is not merely a technical challenge but a testament to what can be
achieved when scientific understanding, policy commitment, and on-the-ground implementation
align. This dissertation contributes to the scientific foundation upon which such success can be
built.
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Appendix A

Important Definitions, Theories and
Theorems

In this appendix, we provide the fundamental mathematical and epidemiological definitions,
theories, and methodologies necessary for analyzing and understanding the results presented in
this thesis.

A.1 Mathematical Preliminaries

Definition A.1.1 (Dynamical System). Consider a nonlinear dynamical system described by
the ordinary differential equation:

dx

dt
= f(t,x), x(t0) = x0, (A.1)

where f : U → Rn with x ∈ U ⊂ Rn, t ∈ R+, and n ∈ N, with U open in Rn and x =
[x1, x2, . . . , xn]

T is the state vector and f(x) = [f1(x), f2(x), . . . , fn(x)]
T is a vector of nonlin-

ear functions. Differential equations in (A.1) that explicitly depend on time are called non-
autonomous, while those that are independent of time are termed autonomous. In our work,
we restrict our analysis to autonomous equations. Thus, for x ∈ U ⊂ Rn, we have

dx

dt
= f(x), x(0) = x0, (A.2)

Theorem A.1.2 (Existence of Unique Solution (Smith et al., 2025)). From equation
(A.2), suppose f and ∂f

∂xi
, i = 1, ..., n are continuous functions of (x1, x2, ..., xn) on Rn, then the

intial value problem in (A.2) has a unique solution for any initial value x0 ∈ Rn.
Although a unique solution exists, the maximal interval of existence [t0, T ) may be finite,

T <∞, unless the solution is bounded.

Alternatively, there are conditions that give the guarantie of existence solution of system
(A.2)

Definition A.1.3. Let U be an open subset of Rn. A function f : U → Rn is Lipschitz if for
all x,y ∈ U, there is a L called Lipschitz constant such that

||f(x)− f(y)|| ≤ L||x− y||.

where ||.|| stands for the Euclidean norm in Rn. If f is Lipschitz on every bounded subset of Rn,
then f is said to be globally Lipschitz (Meiss, 2007).

Theorem A.1.4. Let f : Rn → Rn be globally Lipschitz on Rn. Then there exist a unique
solution x(t) to (A.2) for all t ∈ R+. Therefore system (A.2) defines a dynamical system in Rn

(Stuart et al., 1998)



Appendix A. Important Definitions, Theories and Theorems 139

Definition A.1.5 (Equilibrium Solution). An equilibrium solution (steady-state solution,
fixed point, or critical point) of the differential system (A.2) is a constant solution x∗ satisfying
f(x∗) = 0.

Definition A.1.6 (Invariant Set). A set of states M ⊂ Rn of (A.2) is called an invariant set
of (A.2) if for all x0 ∈M and for all t ≥ 0,x(t) ∈M (Strogatz, 2001).

If t ≥ 0 in the above definition, then M is said to be a positively invariant set. In other
words, solutions in a positively invariant set remain there for all positive time.

Definition A.1.7 (Stability of Equilibrium Points (Stuart et al., 1998)). i. An equi-
librium x∗ of (A.2) is called locally stable if and only if the following holds: For any ϵ > 0
there exists some δ > 0 such that ||x(t) − x∗|| < ϵ for t > 0 whenever x is a solution to
(A.2) and ||x(0)− x∗|| < δ.

ii. A locally stable equilibrium x∗ is called locally asymptotically stable if and only if there
exists some δ > 0 such that x(t) → x∗ for t → ∞ whenever x is a solution to (A.2) and
||x(0)− x∗|| < δ.

iii. An equilibrium is called unstable if and only if it is not locally stable, i.e., if and only if
the following holds. There exists some ϵ > 0 and a sequence xn of solutions to (A.2) and
a sequence tn > 0 suchthat ||xn(0)− x∗|| → 0, n→ ∞, but ||x(tn)− x∗|| > ϵ for all n ∈ N.

iv. An equilibriumis called globally stable if it is stable for almost all initial conditions, not
just those that are close to it.

Linearization of a Nonlinear System: Consider a nonlinear dynamical system described
in (A.2) and Let x∗ be an equilibrium point of the system such that: f(x∗) = 0.

To approximate the behavior of the system near x∗, let x = x∗ + ∆x, where ∆x is a small
perturbation. Substituting this into the system and expanding f(x) using a first-order Taylor
series around x∗, we obtain:

f(x) ≈ f(x∗) +
∂f

∂x

∣∣∣∣
x=x∗

(x− x∗).

Since f(x∗) = 0, the system reduces to:

d∆x

dt
≈ J∆x,

where J is the Jacobian matrix of f(x), evaluated at the equilibrium point x∗, and is given
by:

J =
∂f

∂x

∣∣∣∣
x=x∗

=


∂f1
∂x1

∂f1
∂x2

· · · ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

· · · ∂f2
∂xn

...
...

. . .
...

∂fn
∂x1

∂fn
∂x2

· · · ∂fn
∂xn


x=x∗

.

The resulting linearized system is given by

d∆x

dt
= J∆x,

which represents a first-order approximation of the original nonlinear system in the vicinity
of the equilibrium point x∗. The stability of x∗ can be assessed by analyzing the eigenvalues of
the Jacobian matrix J. The following theorem elucidates the stability conditions associated with
the Jacobian matrix of the system.
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Definition A.1.8. Let x = x∗ be an equilibrium solution of (A.2), x∗ is called a hyperbolic
equilibrium point if none of the eigenvalues of Df(x∗) = J have zero real part. An equilibrium
point that is not hyperbolic is called non hyperblic (Wiggins, 2003).

Theorem A.1.9. Suppose the system (A.2) has an equilibrium point at x∗ and all of the eigen-
values of the linearized system (Jacobian Matrix) at x∗ have negative real parts. Then x∗ is
locally asymptotically stable. (see, (Hirsch et al., 2013))

Remark A.1.10. i. If any eigenvalue of the Jacobain matrix has a positive real part, the
equilibrium point is unstable.

ii. If eigenvalues of the Jacobain matrix have zero real parts, the stability requires further
investigation.

The characteristic polynomial for a higher-dimensional Jacobian matrix has a degree of three
or greater. In this case, it is necessary to employ tools that provide necessary and sufficient
conditions for the eigenvalues to possess negative real parts, thereby confirming the stability of
the equilibrium point. These conditions are articulated by the Routh–Hurwitz Criterion,
which is presented in (A.1.11).

Theorem A.1.11 ( Routh–Hurwitz Criteria (Thieme, 2018)). Let the characteristic equa-
tion have the form

λn + a1λ
n−1 + a2λ

n−2 + + an−1λ+ an = 0.

Consider the following expressions for characteristic equations with n ≤ 4:

n = 2 :a1, a2;

n = 3 :a1, a3, a1a2 − a3;

n = 4 :a1, a3, a4, a1a2a3 − a23 − a21a4.

Then all zeros λ have strictly negative real parts if all expressions are strictly positive. How-
ever, if at least one expression is strictly negative, then at least one root λ has a strictly positive
real part. (for more details, see (Martcheva, 2015)

Lyapunov function and Global stability: For higher-dimensional systems, there are
several techniques that could establish the global stability of an equilibrium. One of the most
commonly used is the Lya punov function. Lyapunov functions are scalar functions that may be
used to prove the global stability of an equilibrium.

Definition A.1.12. A scalar function V (x) such that V : Rn → R is called radially unbounded
if

V (x) → ∞ if ||x|| → ∞.

One significant property of Lyapunov functions is that they are positive definite in the entire
space.

Definition A.1.13. Let V be a continuous scalar function, that is, V : Rn → R. The function
V is called positive definite on the entire space if

i. V (x∗) = 0,

ii. V (x) > 0 for x = x∗,

where x∗ is an equilibrium of the autonomous system x = f(x). We define the derivative of
V (x) along the solutions of the system of differential equations as

V ′(x) =
d

dt
V (x(t)) =

∂V (x(t))

∂(x(t))

dx

dt
.
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Now we can state Lyapunov’s theorem for global stability of the equilibrium x∗. (see details
in ((Chicone, 2006)))

Theorem A.1.14 ( Lyapunov’s Stability Theorem). If a function V (x) is globally positively
definite and radially unbounded, and its time derivative is globally negative,

V (x) < 0 ∀x = x∗,

then the equilibrium x∗ is globally stable.

Definition A.1.15. If a function V (x) exists that satisfies the conditions of Theorem A.1.14,
then this function is called a Lyapunov function.

There are no established rules for finding a Lyapunov function, and often finding a Lyapunov
function is tricky and computationally intensive. However, if a Lyapunov function is found, it can
establish the global stability of an equilibrium. Lyapunov’s Theorem requires that the derivative
of a Lyapunov function with respect to t be strictly negative; however, we can often show only
nonpositivity. In this case, an extension of Lyapunov’s theorem was given by LaSalle (2012).

Theorem A.1.16 (Krasovkii–LaSalle Theorem (LaSalle, 2012)). Consider the autonomous
system x = f(x),where x∗ is an equilibrium, that is, f(x∗) = 0. Suppose there exists a continu-
ously differentiable function V : Rn → R and that this function is positive definite on the entire
space and radially unbounded and that it satisfies

V (x) ≤ 0 ∀t and ∀x ∈ Rn.

Define the invariant set
M = {x ∈ Rn|V (x) = 0}.

If M contains only the equilibrium x∗, then the equilibrium x∗ is globally stable.

Definition A.1.17. The spectral radius of a matrix A is defined as the maximum of the absolute
values of the eigenvalues of A:

ρ(A) = sup{|λ| : λ ∈ σ(A)},

where σ(A) denotes the set of eigenvalues of A. It can be shown that V is a nonsingular M-matrix.

Definition A.1.18 (Basic reproduction number (ratio)). The basic reproduction number,
R0, is a key concept in infectious disease modeling, representing the average number of secondary
infections caused by a single infectious individual in a fully susceptible population.

The next-generation method is a systematic approach to compute R0 in deterministic com-
partmental models of infectious diseases and is widely used in epidemiological studies (see, e.g.,
(Van den Driessche et al., 2002)).

To compute R0 using this method, consider a compartmental model governed by a system of
ordinary differential equations (ODEs) with assumption that there are n infected compartments
and m non-infected compartments, so the entire ordinary differential equation model has m+ n
dependent variables. Let x be the vector of dependent variables in the infected compartments,
and let y be the vector of variables in the non-infected compartments. We have x ∈ Rn and
y ∈ Rm. The method below was introduced in (Van den Driessche et al., 2002). We then proceed
with the following steps:

❶ First, we arrange the equations so that the first n components of the ODE system corre-
spond to the infected compartments. Thus, we write the original ODE system as:
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xi = fi(x,y),

yj = gj(x,y), for i = 1, . . . , n, j = 1, . . . ,m.
(A.3)

❷ Second, we split the right-hand side in the infected compartments as follows:

xi = Fi(x,y)− Vi(x,y), yj = gj(x,y),

where i = 1, . . . , n and j = 1, . . . ,m,

➣ Fi(x,y) is the rate of appearance of new infections in compartment i;

➣ Vi(x,y) incorporates the remaining transitional terms, namely births, deaths, disease
progression, and recovery.

❸ Assume that the disease-free system

y = g(0,y)

has a unique disease-free equilibrium E0 = (0,y0) such that all solutions with initial condi-
tions of the form (0,y) approach (0,y0) as t→ ∞. Determine the disease-free equilibrium
E0.

❹ Determine the matrices F and V with components

F =
∂Fi(0,y0)

∂xj
and V =

∂Vi(0,y0)

∂xj
.

These matrices arise from the linearization of the system (A.3) around the disease-free
equilibrium. It can be shown that

∂Fi(0,y0)

∂yj
=
∂Vi(0,y0)

∂yj
= 0

for every pair (i, j). This implies that the linearized equations for the infected compart-
ments x, computed at the disease-free equilibrium, are decoupled from the remaining equa-
tions. The linearized system for the infected compartments can be written as

x = (F − V )x,

where the matrices F and V are defined above.

❺ The next-generation matrix is defined as

K = FV −1

and
R0 = ρ(FV −1),

where ρ(A) denotes the spectral radius of A.

Definition A.1.19. A matrix A is called an M-matrix if:

• A has the Z-pattern, that is, the off-diagonal elements of A are nonpositive.

• The inverse of A exists and has nonnegative elements: A−1 ≥ 0.
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The value of R0 provides information about the potential for disease spread. If R0 < 1, the
disease cannot invade or persist in the population and will eventually die out. Conversely, if
R0 > 1, the disease can invade and persist, potentially leading to an epidemic. This method is
particularly valuable for models with multiple infectious stages or host types, as it provides a
rigorous framework for quantifying the transmission potential of infectious diseases. It has been
widely employed in the literature to evaluate disease transmission dynamics and the impact of
control strategies (see, e.g., (Van den Driessche et al., 2002)).

Remark A.1.20. When we incorporate control measures into the model, such as vaccination,
treatment, or quarantine, the term basic reproduction number is usually replaced by other
terminology, such as the control or effective reproduction number. These terms account
for the impact of interventions and represent the average number of secondary infections caused
by a single infectious individual when control strategies are in place.

Bifurcation Theory

Bifurcation theory is a fundamental tool in the analysis of nonlinear dynamical systems, pro-
viding critical insights into the qualitative changes in system behavior as parameters vary (Van
den Driessche et al., 2002). In the context of infectious disease modeling, bifurcation analysis
is instrumental in identifying critical thresholds that dictate the long-term dynamics of disease
transmission. Epidemiological models often exhibit multiple equilibrium states, and bifurca-
tion theory offers a framework for understanding how these equilibria emerge, disappear, or
change their stability as key parameters-such as transmission rates or recovery rates—are altered
(Buonomo, 2015). In epidemic models, two phenomena, forward and backward bifurcations, usu-
ally arise de pending on the value of R0. Generally, a disease invades if the basic reproduction
number is greater than unity (R0 > 1 ) and dies out if R0 < 1 (Van den Driessche et al., 2002).
As the basic reproduction number in creases through 1, there is an exchange of stability between
the disease-free equilibrium and endemic equilibrium at R0 = 1, which is called forward (or tran-
scritical) bifurcation (Buonomo, 2015). In the case of a forward bifurcation, a disease can not
spread if R0 < 1. However, in various complex epidemic models, a stable endemic equilibrium
may also exist when the basic repro duction number is less than one (R0 < 1). In this situation,
the system can tend to a stable endemic equilibrium state when the basic reproduction number
is less than one ( R0 < 1). This phenomenon is called backward bifurcation. In the case of a
forward bifurcation, it is su cient to reduce the basic reproduction number below one (R0 < 1)
to eradicate a disease but R0 < 1 is not su cient, although necessary, to eradicate a disease in
the case of the backward bifurcation. In epidemic models that exhibit the backward bifurcation
phe nomenon, It is necessary to reduce R0 well below one to control the disease epidemic.

To determine the direction of the bifurcation at the critical value of a parameter, we can use
the theorem by Castillo-Chavez and Song (Castillo-Chavez et al., 2004). The theorem is stated
in Appendix (A.1.21).

Theorem A.1.21 (Castillo-Chavez and Song (Castillo-Chavez et al., 2004)). Consider
the following general system of ordinary differential equations (ODEs) with a parameter ϕ:

dx

dt
= f(x, ϕ), f : Rn × R → Rn, f ∈ C2(Rn × R), (A.4)

where 0 is an equilibrium point of the system, that is, f(0, ϕ) ≡ 0 for all ϕ. Assume the following:

A1. Let A = Dxf(0, 0) =
(

∂fi
∂xj

)
(0,0)

be the linearization matrix of system (1) around the equi-

librium 0 with ϕ evaluated at 0. Zero is a simple eigenvalue of A, and all other eigenvalues
have negative real parts.
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A2. The matrix A has a nonnegative right eigenvector w and a left eigenvector v, each corre-
sponding to the zero eigenvalue. Let fk be the k-th component of f and define:

a =
n∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0),

b =

n∑
k=1

vkwi
∂2fk
∂xi∂ϕ

(0, 0).

The local dynamics of the system around 0 are completely determined by the signs of a and
b:

(i) If a > 0 and b > 0: When ϕ < 0 with |ϕ| ≪ 1, 0 is locally asymptotically stable, and there
exists a positive unstable equilibrium; when 0 < ϕ ≪ 1, 0 is unstable, and there exists a
negative and locally asymptotically stable equilibrium.

(ii) If a < 0 and b < 0: When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable; when 0 < ϕ ≪ 1, 0 is locally
asymptotically stable, and there exists a positive unstable equilibrium.

(iii) If a > 0 and b < 0: When ϕ < 0 with |ϕ| ≪ 1, 0 is unstable, and there exists a locally
asymptotically stable negative equilibrium; when 0 < ϕ ≪ 1, 0 is stable, and a positive
unstable equilibrium appears.

(iv) If a < 0 and b > 0: When ϕ changes from negative to positive, 0 changes its stability from
stable to unstable. Correspondingly, a negative unstable equilibrium becomes positive and
locally asymptotically stable.

Particularly, if a > 0 and b > 0, then a backward bifurcation occurs at ϕ = 0.

A.2 Epidemiological Preliminaries

① Incidence Functions: In mathematical epidemiology, the incidence function quantifies
the rate of new infections in a population, playing a critical role in compartmental models
such as the SIR (Susceptible-Infected-Recovered) model (Kermack et al., 1927). The inter-
action between susceptible and infectious hosts can be described using two primary types
of transmission: frequency-dependent and density-dependent.

❍ Frequency Dependent Transmission (Standard Incidence): This incidence
type assumes a fixed number of contacts per host, rendering the transmission rate
independent of the total population size. It is mathematically represented as:

g(S, I) = β
SI

N

where β is the transmission rate, S is the number of susceptible hosts, I is the number
of infectious hosts, and N is the total population (Hethcote, 2000). This model is par-
ticularly useful in scenarios where contact rates are diluted across a large population.

❍ Density Dependent Transmission (Mass action Incidence): In contrast, this
model relates the transmission rate directly to population size, typically characterized
by the equation:

g(S, I) = βSI
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This formulation reflects the "law of mass action" and is often applied in contexts
such as livestock diseases, where herd size and farming practices significantly impact
disease dynamics (Li, 2018; Brown, 2022).

To enhance density-dependent modeling, heterogeneous mixing terms can be introduced to
better account for interactions among hosts, thus moving beyond the basic homogeneous
model based on mean-field theory (Conlan et al., 2017). Other forms of incidence functions
include:

An extension of the mass-action law of infection replaces the term βSI with ηC(N)SIN
(Castillo-Chavez et al., 1989). Here, C(N) represents the average number of contacts per
individual in a population of size N , excluding deceased and quarantined individuals. The
fraction I

N indicates the probability of a contact occurring with an infectious individual,
while η represents the probability that such a contact results in infection.

The traditional mass-action model is recovered when C(N) is proportional to N . If C(N)

is constant, this corresponds to standard incidence. Data suggest that C(N)
N decreases with

increasing N . (Dietz, 1982) proposes a saturating contact rate:

C(N) =
ζN

1 + αN
,

which is proportional to N for small populations and nearly constant for large populations,
bridging mass-action incidence and standard incidence.

Selecting the appropriate incidence function is crucial and should consider disease charac-
teristics, population dynamics, and transmission assumptions, as these choices significantly
influence disease control strategies and model predictions (Liu et al., 2023; Hethcote, 2000).

② Latency (Incubation) Period: The latency period is the period of time where a host
is infected but is not infectious and/or detectable by diagnostic tests. For diseases that
are considered to cause latent infection, calculating the latency period is important to
understand the limits of testing for such a disease.

③ Disease Equilibria: As epidemic models are ODEs, their equilibria can be calculated as
the equations turning points. Two equilibria can occur: the Disease-Free Equilibrium
(DFE) and the Endemic Equilibrium (EE) (Costa et al., 2021). The DFE is where
there are no infected hosts left in the population and the EE is when there is a stable
proportion of infected hosts in the population. Calcu lating these equilibria can assist in
studying the level at which a disease becomes endemic within a population and can provide
an indication of how to improve disease managment. In particular, the DFE is useful as it
can be used to create the next metric, the basic reproductive ratio.

④ Spatial heterogeneity/ Metapopulations: Spatial heterogeneity refers to variations
in the landscape, climate, or other environmental factors that influence the dynamics of
infectious diseases. It plays a crucial role in shaping the spread and persistence of infec-
tions, as populations are rarely homogeneously distributed across space. To account for
this, metapopulation models are often employed. A metapopulation consists of multiple
subpopulations, each with its own internal dynamics, but connected through the movement
of individuals between them (Leibold et al., 2004; Keeling et al., 2011). These models allow
for the incorporation of spatial heterogeneity by considering factors such as between-herd
movements, contact in shared pastures, or environmental reservoirs, which are particularly
relevant for diseases like peste des petits ruminants (PPR) (Fournié et al., 2018).

⑤ Co-infection is the simultaneous infection of a single host by two or more pathogens (e.g.,
viruses, bacteria, fungi) that may interact within the host to modify disease dynamics.
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These interactions can alter pathogen load, clinical severity, transmission, diagnostic test
performance, and treatment response (Derouin et al., 1998). For example, in cattle, Fas-
ciola hepatica (liver fluke) can co-infect with Mycobacterium bovis; in small ruminants,
bluetongue virus (BTV) is often accompanied by secondary bacterial pneumonia due to
Mannheimia haemolytica or Pasteurella multocida.

A.3 Optimal Control Theory in Epidemiology Models

Optimal control theory is one of optimization technique and a powerful Mathematical tool used
to make decisions on how to control infectious animal disease like PPR viral disease in small
ruminant, the main goal is to minimize the number of infected animals along with minimizing the
cost of implementing control strategies (vaccination, biosecurity measures, supportive treatments,
etc.). Optimal control theory is used to minimize investments in disease control, since financial
resources are always limited (Dangelmayr et al., 2003). Quantitative methods are applied to
optimize investments in the control of epidemiological diseases, to maximize the benefits of the
affixed amount of financial resources (Rodrigues et al., 2012).

In a dynamical system, the optimal control problem for a system of ordinary differential
equations is described by state equations in vector notation; we denote u(t) as the vector of
control functions and x(t) as the vector of state variables. The state variables, x(t), satisfies
the system ODE modeling the scenario. The control functions affects the state variables in the
system ODE by {

x′(t) = g(t,x(t),u(t))

x(t0) = x0
(A.5)

Where x(t) = (x1(t), x2(t), ..., xn(t)), u(t) = (u1(t), u2(t), ..., um(t)) (provide that m < n),
g = (g1(t,x,u), g2(t,x,u), ..., gn(t,x,u)), and x0 = (x10, x20, ..., xn0).

Note that the solution of the ODE (A.5) depends on the control variable u as well as on
the the initial condition x0. Both u(t) and x(t) affect the goal, represented by the objective
functional. The objective functional is typically an integral expression formulated terms of the
state and control variables. We seek to find a vector of optimal control functions u∗ and a
vector corresponding to optimal state variables x∗ that achieve the minimum of our objective
functional. The optimal control problem may be stated as

J = min
u∈U

∫ T

0
f(t,x(t),u(t))dt, t0 = 0 (A.6)

subject to
x′(t) = g(t,x(t),u(t)) (A.7)

where
x(0) = x0 and x(T ) is free (A.8)

We assume that our control set U is a Lebesgue-measurable function. A vector of optimal
control, denoted by u∗(t) ∈ U, achieves maximum. Assuming that f and g are continuously
differentiable in their arguments. To show that an optimal control exists, we make use of the
following theorem from Fleming and Rishel (Fleming et al., 2012).

Theorem A.3.1 (Existence of optimal control (Fleming et al., 2012)). Consider an
optimal control problem (A.5) defined by the state equation and admissible controls. The following
conditions must hold for the existence of an optimal control:

① The set of solutions for the state equation is non-empty; that is, there exists at least one
pair (x(t),u(t)) that satisfies the state equations and adheres to the control constraints.
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② The set of admissible controls U is convex and closed.

③ The function g, which represents the right-hand side of the state equation (A.5), is contin-
uous and bounded above by a function of the state and control variables:

g(t,x(t),u(t)) ≤ c1(1 + ||x(t)||+ ||u(t)||),

for some constant c1 > 0.

④ The function g can be expressed as a linear function of the control:

g(t,x(t),u(t)) = ϕ(t,x(t)) + ψ(t,x(t))u,

where ϕ and ψ are suitable functions.

⑤ The function g satisfies the condition:

||g(t, x1,u)− g(t,x,u)|| ≤ c2||x1 − x||(1 + ||u||)

for some constant c2 > 0.

⑥ The integrand f(t,x,u) in the objective functional (A.6) is convex with respect to the control
u and satisfies:

f(t,x,u) ≥ α1||u||α − α2

for some fixed α1 > 0, α2 ∈ R and α > 1.

Condition (1) ensures that the problem is well-posed, making it meaningful to seek a mini-
mum. Conditions (2) and (3) guarantee that solutions remain uniformly bounded for all t in the
interval [0, T ]. Condition (4) requires the convexity of g(t,x(t),u(t)) to ensure the existence of a
minimum solution. If g(t,x(t),u(t)) is not convex, a minimum may not exist. In condition (5),
Lipschitz continuity ensures that the system has a unique solution.

A.3.1 Characterization of Controls

If the optimal control exists, that is all conditions of Theorem (A.3.1) are satisfied, we use
Pontryagin’s Maximum Principle (Pontryagin, 1987) to obtain the characterization of the
optimal control in terms of the state and adjoint variables. Pontryagin’s Maximum Principle
converts the minimization of the objective functional subject to the state system into pointwise
minimization of Hamiltonian with respect to the control variable. The Hamiltonian H is defined
as

H(t,x,u,λ) = f(t,x,u) + λ(t).g(t,x,u) (A.9)

where λ is the adjoint variable associated with the state x. Note that in the Hamiltonia H,
the first term denotes the integrand of the objective functional, while the adjoint variable λ is
multiplied with the right-hand side of the associated state variable.

We can state the necessary first order conditions in the simplest form by Pontryagin’s Maxi-
mum Principle (Pontryagin, 1987) as follows.

Theorem A.3.2 (Pontryagin’s Maximum Principle (Pontryagin, 1987)). Let u∗ be a vec-
tor of optimal control functions and x∗ be the vector of the corresponding optimal state variables
for problem (A.6)-(A.8). With n states, we will need n adjoints, one for each state. Introduce
a piecewise differentiable vector valued function λ(t) = (λ1(t), λ2(t), ..., λn(t)), where each is the
adjoint variable corresponding to state variable x. One can generate the necessary conditions by
maximizing H with respect to u(t) at u∗(t). i.e.
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H(t,x∗(t),u(t),λ(t)) ≤ H(t,x∗(t),u∗(t),λ(t)),∀u(t) ∈ U

at each time and u∗(t),x∗(t) and λ(t) satisfy

x′i(t) =
∂H
∂λi

= gi(t, x,u), xi(t0) = xi0, for i = 1, 2, ..., n,

λ′j(t) = − ∂H
∂xj

, for j = 1, 2, ..., n, (adjoint equations)

λj(T ) = 0, for j = 1, 2, ..., n, (transversality condition)
∂H
∂uk

= 0 at u∗k for k = 1, 2, ...,m, (optimality equations)

(A.10)

where

H(t,x(t),u(t),λ(t)) = f(t,x(t),u(t)) +
n∑

i=1

λi(t)gi(t,x(t),u(t))

Theorem A.3.3 (Sufficient Conditions (Mangasarian’s Theorem (Lenhart et al., 2007)
)). consider the standard end constrained problem (A.6)-(A.8) with U convex, and suppose that
the partial derivatives ∂f/∂uj and ∂gi/∂uj all exist and are continuous. If the pair (x∗(t),u∗(t))
satisfies all the necessary conditions in Pontryagin’s maximum principle and if

H(t,x(t),u(t),λ(t)) is concave in (x(t), u(t)) for all t in [0,T] (A.11)

then (x∗(t),u∗(t)) solves the problem.
If the function H(t,x(t),u(t),λ(t)) is strictly concave in (x(t),u(t)),then ((x∗(t),u∗(t))) is the
unique solution to the problem.

Remark A.3.4. Since a sum of concave functions is concave, the concavity condition (A.11) is
satisfied if f and λ1(t)g1, ..., λn(t)gn are all concave in (x(t),u(t)).

Frequently, when the control enters into the problem in a nonlinear way, we can setHuk
|u∗

k
= 0

and solve for u∗. This characterization of the optimal control will be in terms of x∗ and λ. In
many biological or physical problems, the controls will have bounds imposed due to the specific
application. Pontryagin’s maximum principle (PMP) still holds when controls are restricted
within the bounds ak ≤ uk(t) ≤ bk.

A.3.2 Numerical Solution of the Optimal Control Problem

We refer to the state and adjoint differential equations, along with control characterization, as
an optimality system (A.10). In the optimality system (A.10), the state equation has initial
condition x, while the adjoint equation has terminal condition λ(T ). A system of differential
equations where some variables have initial conditions and other variables have terminal condi-
tions is known as a two-point boundary value problem. Often, solutions of the optimality system
cannot be solved explicitly, but can be approximated numerically (Neilan, 2009).

Then we use a Runge-Kutta method of fourth order forward-backward sweep iterative
method (Lenhart et al., 2007) for solving the optimality system numerically. The algorithm to
solve the optimality system (A.10) using forward-backward sweep method (Lenhart et al., 2007;
Neilan, 2009) is as follows:

❶ Initialize the control variable u with an initial guess.

❷ Using the current value of u, integrate the state equation forward in time using the initial
condition.
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❸ Using the current values of the state and control variables, integrate the adjoint equa tion
backward in time using the terminal condition.

❹ Update the control variable value u by averaging the previous value and the new value
arising from the control characterization.

❺ Repeat steps 1-4 until successive values of all states, adjoints, and control(s) are sufficiently
close. The last step determining convergence requires the state, adjoint, and control values
from two successive iterations to satisfy the relation

||vi − vi−1||
||vi||

≤ ϵ

where ϵ is the accepted tolerance, vi is the vector (or matrix) (represents state (x), adjoint
(λ), and control (u) values ) of current values, vi−1 is the vector (or matrix) from the
previous iteration, and ||.|| refers to the sum of the absolute value of the elements within
v.
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