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Abstract

In this dissertation, fitted operator and fitted mesh numerical methods are developed for singularly perturbed

parabolic differential and differential-difference equations with boundary turning points. These problems are

typically modeled by partial differential equations and differential-difference equations in which a small pa-

rameter εmultiplies the highest-order derivative and the convection coefficient vanishes at the boundary, giv-

ing rise to boundary turning points. Due to the presence of the perturbation parameter, the solution exhibits a

multi-scale character, often featuring a thin transition layer where it varies abruptly, while away from the layer

the solution behaves smoothly and changes gradually. Standard numerical methods on uniform meshes are

generally unable to provide reliable approximations in such cases. The proposed methods in each chapter are

ε-uniform, achieve better order of convergence and provide reliable solutions. The fitted operator numerical

method is developed based on both the exponentially fitted operator approach and the non-standard finite dif-

ference method on uniform meshes. For the fitted mesh schemes, the well-known piecewise-uniform Shishkin

mesh is employed to accurately resolve the layers. Additionally, a post-processing technique (Richardson ex-

trapolation) is used to enhance the accuracy of some of the developed methods. To validate the theoretical

findings and demonstrate the accuracy of the proposed approaches, extensive numerical results are presented

in tables and graphs for various mesh sizes, perturbation parameters ε, and orders of turning point p. The

stability and convergence of the schemes are rigorously established using the discrete minimum principle,

consistency arguments, and a priori error bounds, leading to ε-uniform convergence results. All simulations

in this dissertation are performed using MATLAB. The results demonstrate the effectiveness of the proposed

schemes and show improved accuracy and convergence compared to some existing methods.
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Chapter 1

General Introduction

In this chapter, we present an overview of singularly perturbed problems (SPPs), with a particular focus on

singularly perturbed parabolic partial differential and differential-difference equations with boundary turning

points. To provide a coherent flow to the dissertation, the chapter begins with the background of the study,

including representative models, common solution methods, and a review of relevant literature. This is

followed by a discussion of the research objectives, significance of the study, specific problems addressed in

this study, the procedures to do this research, and the overall organization of the dissertation.

1.1 Background of the Study

Singular perturbation problems (SPPs) represent a class of mathematical problems that frequently arise across

a wide range of scientific and engineering disciplines. Over time, the study of SPPs has grown significantly

and continues to provide valuable insights for addressing complex challenges in these fields. In fluid dy-

namics, SPPs model high Reynolds number flows, where viscous effects are confined to narrow boundary

layers. In wave mechanics and turbulence modeling, they help describe fluctuating motions in wave–current

systems. In heat and mass transfer, particularly in nuclear and chemical engineering, they are used to sim-

ulate diffusion with reaction, convective transport, and related phenomena. Additionally, quantum physics

and electroanalytical chemistry often involve models exhibiting singular perturbation characteristics due to

disparities in interaction scales [114].

SPPs are typically identified by differential or differential-difference equations that include very small

parameters multiplying the highest-order derivatives. These small parameters lead to sharp changes, rapid
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transitions, and interactions between different scales in the system. A well-known example of an SPP is the

Navier–Stokes equation in fluid dynamics [25],

∂(u2 + p)

∂x
+
∂(uv)

∂y
=

1

Re
(
∂2u

∂x2
+
∂2v

∂y2
) (1.1)

with suitable initial and boundary conditions. Here u and v are the velocity components along the x and y

directions and p is pressure. The parameter ’Re’ is called ’Reynolds number’. For sufficiently largeRe≫ 1,

the equation (1.1) will be transformed in to a singularly perturbed differential equation. The term singular

perturbation (SP) was first introduced in the 1940s by Wasow [132], and SP problems are generally charac-

terized by dynamics operating on multiple scales and their solution contain layer. Ludwig Prandtl introduced

the terminology boundary layer at the Third International Congress of Mathematicians in Heidelberg in 1904

[96]. A boundary layer is a narrow region within the boundary of the domain of a differential equation where

the solution changes rapidly compared to the rest of the domain. Outside this region, called the outer region,

the solution varies slowly. In physical problems (such as fluid flow, heat transfer, or diffusion), the boundary

layer represents a thin region adjacent to a boundary or an interface where physical quantities like velocity,

temperature, or concentration experience steep gradients due to viscous, conductive, or diffusive effects.

Perturbation problems are generally classified into two main categories: regular perturbation problems (RPPs)

and singular perturbation problems (SPPs). In an RPP, the behavior of the solution remains essentially un-

changed as the perturbation parameter ε approaches zero; that is, setting ε = 0 in the governing equation

does not significantly alter the nature of the solution. In contrast, an SPP exhibits markedly different behavior

when ε→ 0 and when ε = 0; the limiting process leads to qualitative changes in the solution.

Generally, a parameter–dependent problem Pε is called regularly perturbed if its solution uε(x) satisfies

uε → u0 uniformly on its domain as ε → 0, where u0 is the solution of the reduced problem P0. If this

uniform convergence fails, the problem is called singularly perturbed.

Several formal characterizations of singularly perturbed problems have been proposed in the literature:

• In. [79]:
The term “singular perturbation” arises because the nature of the differential equation changes

completely in the limiting case when the perturbation parameter becomes zero.

• In [106]:
Singularly perturbed problems are differential equations (ordinary or partial) that depend

on a small positive parameter ε, whose solutions approach a discontinuous limit as ε →
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0. Such problems are described as singularly perturbed, with ε acting as the perturbation

parameter.

Singular perturbation problems also can be classified into two categories:

1. Cumulative type (oscillatory solutions), where the perturbation’s effect becomes significant only after

long times

2. Boundary layer type, characterized by solutions with rapid variations in narrow regions

This dissertation focuses on boundary layer problems, which are particularly relevant in fluid dynamics and

heat transfer applications.

1.1.1 Locations of Layers

The solutions of SPDEs have a layer behaviour usually in a narrow region in which its position varies from

problem to problem, so it is not possible to develop a generic method which can be applied to different classes

of SPPs. Mathematically, we first consider a singularly perturbed boundary value problem,

Pε :


−εu′′(x) + p(x)u′(x) + q(x)u(x) = g(x), a < x < b,

u(a) = α, u(b) = β.

(1.2)

where 0 < ε ≪ 1, and p(x), q(x), and g(x) are sufficiently smooth functions. Assuming that, for each ε,

the problem Pε has a unique smooth solution uε(x), we aim to construct approximations of uε(x) for small

values of ε. The solution uε(x) of Pε depends on ε as well as on the boundary conditions. We obtain the

so-called reduced problem P0 having solution u0 by putting ε = 0 in (1.2):

P0 :


p(x)u′0(x) + q(x)u0(x) = g(x), a < x < b,

u0(a) = α, u0(b) = β.

(1.3)

The reduced solution u0(x) may fail to satisfy both boundary conditions simultaneously. This mismatch

signals the presence of boundary layers in the solution of the full problem.

For a layperson, natural questions may arise:

• Does the problem (1.2) have a limiting solution as ε→ 0, i.e., does limε→0 uε(x) exist?
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• If yes, then:

i Does this solution satisfy equation (1.3), i.e., does limε→0 uε(x) = u0(x) hold true?

ii Which of the boundary conditions will be satisfied by the limiting solution?

The boundary layer is formed near the boundary of the domain where the solution of the reduced problem

fails to satisfy the prescribed boundary condition.

• In [105], the location of the boundary layer is defined as follows: Let u(x) be the solution of equation

(1.2), and let x = a, where a ∈ {0, 1}, denote a boundary point. The point x = a is said to be a

boundary layer point if the following inequality holds:

lim
x→a

lim
ε→0

u(x) ̸= lim
ε→0

lim
x→a

u(x).

Table 1.1 below shows the nature and location of the layer for the problem (1.2) [50].

Table 1.1: Summary of locations of layers

Conditions on p(x) and q(x) Type and location of layers
Non-turning point problem (p(x) ̸= 0, q(x) ≥ 0)

p(x) < 0 Boundary layer at x = a.
p(x) > 0 Boundary layer at x = b.

Reaction-diffusion problem (p(x) = 0)
q(x) > 0 Boundary layers at x = a and x = b.
q(x) < 0 Rapidly oscillating solution.
q(x) changes sign Classical turning point.
Turning point problem ( p′(x) ̸= q(x), q(x) ≥ 0 ∀x ∈ [a, b], and p(d) = 0 for some d ∈ (a, b))
p′(d) < 0 No boundary layers; interior layer at x = d.
p′(d) > 0 Boundary layers at x = a and x = b.

Discontinuous convection coefficient (p(x) = 0, g(x) discontinuous at d ∈ (a, b))
Boundary layers at x = a and x = b, and
interior layers on both sides of x = d.

1.1.2 Singularly Perturbed Turning Point Problems

Singularly perturbed turning point problems form a special class of singularly perturbed differential equa-

tions in which the convection (or transport) coefficient vanishes at certain points in the domain, called turning
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points. These problems typically involve a small positive parameter ε multiplying the highest-order deriva-

tive, leading to sharp layer behavior in parts of the solution. Turning points introduce significant mathe-

matical complexity, as they cause qualitative changes in the solution behavior and layer structure, such as

transitions from exponential growth to decay, or vice versa [130, 90]. The singularly perturbed turning point

problems are attractive to both applied mathematicians and pure mathematicians due to the fact that the so-

lutions exhibit some interesting behavior, such as boundary layer, interior layer and resonance phenomena

[1, 18, 33]. In particular, singularly perturbed turning point problem received much attention in the literature

due to the complexity involved in finding uniformly valid asymptotic expansions. Some authors, such as

Jindge [48], O’Malley [88, 89], Smith [115], Wasow [129], and Watts [133] studied the qualitative aspects of

these problems, namely existence, uniqueness and asymptotic behavior of the solution. For multiple turning

point problems, one can see [127, 128]. Kevorkian and Cole [55] constructed an asymptotic expansion for

turning point problems by using the variational approach given by Grassman and Matkowsky [38]. For a

detailed treatment of the theory of singularly perturbed ordinary differential equations (ODEs) with turning

points, the reader is referred to the works cited in [74, 1, 18, 32, 33, 46, 53, 64, 70, 87, 71, 81, 27, 113, 128].

SPPs with turning points arise as mathematical models for various physical phenomena. Among these,

the problem with interior turning points represents the one-dimensional version of stationary convection-

diffusion problems with a dominant convective term and a speed field that changes its sign in the catch

basin. On the other hand, boundary turning point problems arise in geophysics [44] , in the modelling of

thermal boundary layers in laminar flow [109], drift-diffusion equation of semiconductor device [95] and

modeling of transport phenomena [113]. The problem from [44] models heat flow and mass transport near

an oceanic rise. It is a single boundary turning point problem due to the assumption of a linear velocity

distribution. However, if a higher-order velocity distribution is considered, the problem becomes one with

multiple boundary turning points [109]. Turning point problems are particularly relevant in aerodynamics,

where flow transitions between subsonic and supersonic regimes, and in plasma physics, where internal

interfaces (turning points) create sharp transition layers [22, 30, 119]. A deep understanding of singularly

perturbed turning point problems is essential for designing reliable numerical schemes that can accurately

simulate complex physical systems characterized by strong convective effects and multiscale behavior.

Mathematically, consider the singularly perturbed two-point boundary value problem[128]

−εu′′(x)± xpb(x)u′(x) + c(x)u(x) = f(x), x ∈ [s, 1], (1.4)
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with boundary conditions

u(s) = A, u(1) = B,

where 0 < ε≪ 1, p ∈ N, and s = 0 or s = −1. We assume

b(x) > 0, c(x) ≥ 0, x ∈ [s, 1].

The coefficient xpb(x) vanishes only at x = 0, creating an isolated turning point.

• When s = 0, the turning point lies at the boundary and we refer to it as a boundary turning point.

• When s = −1, the turning point is in the interior and is called an interior turning point.

• If p = 1, the turning point is termed a simple turning point.

• If p ≥ 2, it is referred to as a multiple turning point, since not only xpb(x) but also its first derivative

vanish at x = 0.

• In the case of plus sign of xpb(x), it is called a repulsive turning point (diverging flow).

• In the case of minus sign of xpb(x), it is called an attractive turning point (converging flow).

Another turning point model example extensively studied in the literature is

εy′′(x) + p(x)y′(x)− q(x)y(x) = f(x), x ∈ (c, d), (1.5)

with boundary conditions

y(c) = α, y(d) = β,

where c < 0, d > 0, 0 < ε ≪ 1, and y, p, q, f ∈ C∞[c, d] are real-valued scalar functions. We assume that

p(x) has a single simple zero in [c, d]. Without loss of generality, we take p(0) = 0. Then, x = 0 is called a

turning point for problem (1.5).

A priori bounds for solutions to interior turning point problems were established in several studies [1,

18, 33]. In particular, it was shown that the bound is independent of the singular perturbation parameter ε

if and only if the reaction coefficient q(x) is positive at the turning point. Furthermore, it was demonstrated

that the ratio

k =
q(x)

px(x)

∣∣∣
x=0
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plays a fundamental role in determining the behavior of the solution. If k < 0, the solution remains smooth

near the turning point, and two exponential outflow boundary layers typically form at both endpoints of the

domain. In this case, the turning point is sometimes called a diverging flow or expansion turning point.

Conversely, if k > 0, then generally no boundary layers form at the boundaries; instead, an interior layer

develops at the turning point, whose nature depends sensitively on the value of k. For 0 < k < 1, the

interior layer is referred to as a cusp layer because it can be approximated by a cusp-like function shape. The

interior turning point in this regime is also called a converging flow or compression turning point. This type

of interior layer turning point problem has been thoroughly analyzed by Farrell [33].

Interior turning point problems naturally arise, for example, as linearized one-dimensional slices of fluid

flow problems containing regions of recirculation. In inviscid fluid dynamics, a diverging flow turning point

corresponds to a sonic point, while a converging flow turning point corresponds to a shock point. An in-

teresting special case occurs when q(x) = 0 at the turning point. In this situation, the solution exhibits the

so-called Ackerberg–O’Malley resonance phenomenon [3], which involves a non-standard interaction be-

tween inner and outer expansions and requires even more careful analytical treatment. For further detailed

discussions and rigorous analysis, one can refer to [1, 3, 18, 33].

1.1.3 Singularly Perturbed Parabolic Differential-Difference Equations with Turning Point

Mathematical models that account for both the present state and the historical evolution of a system are es-

sential in numerous areas of science and engineering. Such models arise in feedback control theory, where

delays naturally represent signal transmission times and actuator response lags [17, 56]. They also appear

in epidemiology, where incubation periods are captured in disease dynamics [24]; in biology, for modeling

processes such as cell cycles, immune responses, and haematopoiesis [65, 116]. These systems are typically

governed by functional differential equations, commonly referred to as delay differential equations (DDEs)

or differential-difference equations [17, 43, 56]. In the life sciences, delays often correspond to hidden vari-

ables, such as unobserved biochemical processes, that embed memory effects into system dynamics [11]. As

noted in [36], even seemingly small delays can substantially alter system behavior, potentially leading to in-

accurate predictions if ignored. Although delay differential equations (DDEs) are sometimes approximated

by ordinary differential equations (ODEs) for analytical or computational simplicity, such approximations

risk neglecting critical dynamic features.

As [56] warns:
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“Small delays can have large effects.”

In contrast to ODEs where the evolution of the state variable x(t) depends solely on its current value DDEs

incorporate both present and past states, providing a more accurate and realistic framework for modeling

systems with memory. Singularly perturbed differential-difference equations (SPDDEs) involve a small per-

turbation parameter multiplying the highest-order derivative, combined with at least one delay (negative shift)

or advance (positive shift) term. These shift terms can appear either in time or space. When the delay is in

time, the problem is referred to as a singularly perturbed time-delay partial differential equation (SPTDDE),

when in space, as a space-shift partial differential equation.

A defining feature in some SPDDEs is the presence of a turning point a point in the domain where the

convection coefficient vanishes and may change sign. These turning point properties introduce significant

analytical and numerical challenges compared to singular perturbation problems without turning points, due

to possible changes in the qualitative behaviour of solutions. When delays or advances are present, the com-

plexity of the problem increases substantially. Time delays are particularly important in biological systems,

such as population dynamics, epidemiology, immunology, physiology and neural networks [126, 9, 23]. In

these settings, delays capture effects like maturation periods (gestation period), infection incubation, immune

responses, and other hidden physiological or behavioural processes.

Singularly perturbed space-shift PDEs (advanced or delayed in space) also arise in modeling microscale

heat transfer [110], membrane diffusion [61], and neuronal activity in response to random synaptic inputs

[118]. In all these cases, both the small perturbation parameter and the shift (delay or advance) terms play

critical roles in accurately capturing system dynamics and reproducing layer behavior.

A general form of a singularly perturbed parabolic differential-difference equation (SPDDE) with turning

points on x ∈ (c, d), t > 0 is given by

εuxx(x, t)+a(x, t)ux(x, t)−b(x, t)u(x, t)−ut(x, t) =


f
(
x, t, u(x, t), u(x− δ, t), u(x+ µ, t)

)
, (space shifts),

g
(
x, t, u(x, t), u(x, t− τ)

)
, (time delay),

(1.6)

where 0 < ε ≪ 1 is a small perturbation parameter, and µ, δ represent spatial shift parameters (with δ

corresponding to a negative shift or delay and µ to a positive shift or advance) and τ is time delay parameter.

A point x̄ ∈ [c, d] at which a(x̄, t) = 0 for some fixed time t is called a turning point at time t. If this zero

coincides with a boundary point, it is referred to as a boundary turning point, if it lies strictly within the
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domain, it is called an interior turning point.

When τ, µ and δ are zero, equation (1.6) reduces to a singularly perturbed parabolic partial differential

equation.

• If the shifts τ ,µ and δ are small relative to ε, they can often be approximated via Taylor expansions,

simplifying numerical schemes.

• If the shifts are comparable to or larger than ε, they may generate additional interior or boundary layers,

and require special treatment to ensure that shifted arguments coincide with discretization nodes.

1.1.4 Some Well-known Singularly Perturbed Model Problems

Some singular perturbation models that simulate real-world problems are listed below:

1. Heat and Mass Transfer Near Oceanic Rises [44]

For one-dimensional (along the stagnation point streamline), non-dissipative steady flow, the heat

transport equation is given by

K
d2T

dz2
+ ρCvv(z)

dT

dz
− ραgv(z)T = 0, (1.7)

where

α – coefficient of thermal expansion,

ρ – density of the medium,

Cv – specific heat at constant volume,

g – gravitational acceleration,

K – thermal conductivity,

v(z) – velocity distribution,

T – temperature.

Introducing a non-dimensional distance

ζ =
αg

Cv
z,
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and approximate the velocity distribution by retaining only the linear term, so that equation (1.7) be-

comes

ε
d2T

dζ2
+ ζ

dT

dζ
− ζT = 0, (1.8)

where

ε =
K(αg/Cv)

3

αρga1

is a dimensionless parameter. Equation (1.8) is solved subject to the boundary conditions

ζ = 0 (z = 0) : T = T0, (1.9)

ζ = p (z = l) : T = T1, (1.10)

where p = αg
Cv
l, and l is the depth from which upward displacement begins.

2. The resonant turning point problem[131]

The resonant turning point problem arises in the context of a time-independent Fokker–Planck equation

for a one-dimensional dynamical system with state-independent random perturbations and is given by

ε2
d2φ

dx2
+ b(x)

dφ

dx
= 0, φ(0, ε) = A, φ(1, ε) = B, x ∈ (0, 1), (1.11)

where 0 < ε≪ 1 and b(x) denotes a gradient field.

Under the assumptions that b′(x) is strictly negative throughout the interval [0, 1] and b(r0) = 0 for

some 0 < r0 < 1, the above problem is known as a resonant turning point problem.

The point x = r0 at which b(x) vanishes is called the turning point, and it separates regions where the

convective field b(x) changes sign.

3. The Neuron Variability Model

In 1965, a mathematical model was developed for describing the time evolution trajectories of mem-

brane potential for neuron variability [117]. In 1967, the author generalized his model to handle a

distribution of postsynaptic potential amplitudes [118]. The determination of the expected time for

the generation of action potentials in nerve cells by random synaptic inputs in the dendrites can be

modeled as a first-exit time problem.

A generalized form of Stein’s neuron variability model was proposed in 1991 in terms of singularly

perturbed parabolic differential-difference equations (SPPDDEs) to describe the time evolution trajec-
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tories of the membrane potential [83].

∂u

∂t
=
σ2

2

∂2u

∂x2
+ (µD − xτ)

∂u

∂x
+ λsu(x+ as, t) + ωsu(x+ is, t)− (λs + ωs)u(x, t), (1.12)

where the first derivative term accounts for the exponential decay between two consecutive jumps

caused by the input processes. The membrane potential (u) decays exponentially to the resting level

with a membrane time constant τ . The parameters µD and σ are the diffusion moments of a Wiener

process characterizing the influence of dendritic synapses on cell excitability. The excitatory input

contributes to the membrane potential by an amplitude as with intensityλs, and similarly, the inhibitory

input contributes by an amplitude is with intensity ωs. This model provides a framework for studying

the time evolution of membrane potential trajectories. However, deriving an exact solution of this

model for physiologically acceptable parameters is extremely difficult [124]. Consequently, the study

of the model relies heavily on numerical methods.

4. Processing of Metal Sheets

The processing of metal sheets is modeled by the following singularly perturbed partial differential

equation:

∂u

∂t
= D

∂2u

∂x2
+ v(f(u(x, t− ρ)))

∂u

∂x
+ a[g(u(x, t− ρ))− u(x, t)], 0 < x < 1, (1.13)

where u denotes the distribution of the temperature in the metal sheet having velocity v and is heated

by the source g, the speed of the controller introduces a fixed delay of length ρ [8].

In this dissertation, we develop and analysis parameter uniform numerical schemes for 1D time dependent

SPPDEs with simple and higher order boundary turning point.

1.1.5 Methods of Solution for Singularly Perturbed Problems

In general, solutions of singularly perturbed problems (SPPs), with or without turning points, exhibit rapid

variations within narrow region(s) called layers and smooth behaviour elsewhere. This multi-scale nature,

involving both slow and fast dynamics, renders such problems inherently stiff and challenging to approxi-

mate the solution. SPPs are typically analyzed using two complementary approaches: asymptotic analysis

and numerical methods. Asymptotic techniques provide qualitative insight by constructing approximate so-

lutions valid in different regions of the domain. These involve outer expansions, valid away from layers, and
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inner expansions, capturing sharp gradients within layers using stretched variables. The solutions are then

combined using the matched asymptotic expansion method to form a uniformly valid approximation across

the entire domain. Near turning points, specialized methods such as the WKB (Wentzel–Kramers–Brillouin)

or Airy-type expansions are employed to describe local behavior accurately [86, 130]. However, these ap-

proaches can be technically challenging, especially when multiple turning points or strong nonlinearities are

present, making it difficult to determine inner scalings and perform accurate matching.

The matched asymptotic expansion method, originally developed by Prandtl in 1905 for boundary-layer

problems in fluid dynamics [45], remains one of the most widely used asymptotic tools. Other important

asymptotic techniques include the method of multiple scales, which introduces separate fast and slow vari-

ables to construct uniformly valid approximations for problems with widely differing scales [19, 45, 78, 91].

Despite their strengths, purely analytical asymptotic methods may not always be practical, particularly for

complex or highly nonlinear problems. Consequently, numerical methods play a crucial role in resolving

SPPs. Standard numerical schemes such as finite difference, finite element, and finite volume methods of-

ten fail to resolve sharp layers accurately on uniform meshes unless an impractically fine discretization is

used [105, 90, 79]. To overcome this challenge, parameter-uniform numerical methods have been developed.

These methods are designed to provide convergence rates that are independent of the perturbation parameter

ε, ensuring reliable accuracy even as ε becomes very small. The key idea behind these methods is to incor-

porate information about the layer structure either through mesh adaptation or through modifications to the

numerical scheme itself.

Definition 1.1. [105](ε-uniformly convergent:) Consider a family of mathematical problems parameterized

by a singular perturbation parameter ε, where 0 < ε ≤ 1. Assume that each problem in the family has

a unique solution denoted by u(xi, tj) and U ji be a numerical approximation of u(xi, tj) obtained by a

numerical method with h and k are mesh size of spatial and time directions respectively. The numerical

method is said to be ε−uniformly convergent, if

sup
0<ϵ≤1

max
i,j

|u(xi, tj)− U ji | ≤ C(hp1 + kp2),

where C independent of ε, and p1 and p2 are positive real numbers called order of convergence in space and

time variables, respectively.

A central strategy in parameter-uniform methods is the use of layer-adapted meshes, such as Shishkin and

Bakhvalov meshes, which place more grid points in regions where layers are expected. These meshes enable
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standard finite difference or finite element discretizations to achieve uniform accuracy without requiring

global mesh refinement. It requires the prior information about the location and width of the boundary layer.

Another approach involves fitted operator methods, where the discrete operators are carefully constructed

to account for the expected asymptotic behavior of the solution, effectively capturing layer phenomena even

on simpler meshes. For comprehensive discussions on the theory and construction of parameter-uniform

methods, see, for example, [105, 62, 77].

The fitted operator methods can be broadly classified into two categories based on the formulation of the

numerical scheme: non-standard finite difference methods (NSFDMs) and fitted operator finite difference

methods (FOFDMs). In NSFDMs, a uniform mesh is used, and a specially constructed denominator function

is introduced in the discretization of the diffusion term using exact finite difference techniques to account for

the perturbation parameter [76, 75]. This approach is versatile and can be extended to higher-dimensional

and nonlinear singularly perturbed problems, with several studies addressing two- and three-dimensional

cases [92, 93]. On the other hand, FOFDMs also employ a uniform mesh but incorporate an exponential

fitting parameter derived from the asymptotic behavior of the solution to effectively capture rapid variations

within boundary layers. This method was first introduced in [26]. However, this method is generally limited

to linear one-dimensional problems and is not effective for nonlinear or higher-dimensional cases.

In this dissertation, we develop and analyse fitted operator and fitted mesh numerical methods to solve time-

dependent singularly perturbed convection-diffusion differential equations (SPCD-DEs) and singularly per-

turbed convection-diffusion differential-difference equations (SPPCD-DDEs) with boundary turning point.

Various simple and computationally efficient fitted numerical methods are formulated, analyzed, and shown

to provide more accurate solutions than some existing methods.

1.1.6 Literature Review

As highlighted in numerous studies, research on singularly perturbed problems (SPPs) has received signifi-

cant attention over the decades. Several survey articles have comprehensively reviewed the asymptotic and

numerical analysis of SPPs, covering singular perturbation models and the corresponding numerical methods

developed over different periods [52, 50, 51, 49, 111, 104]. These studies addressed various aspects of SPPs,

including stabilization techniques, adaptive methods, fitted mesh approaches, turning point problems, and

interior layer phenomena. In the present work, the studies summarized in these surveys are not discussed in

detail; however, they are referenced whenever necessary in relation to specific topics.
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To obtain accurate numerical solutions for SPPs, various ε-uniformly convergent methods have been

developed. Two major classes of such methods are the fitted operator methods and the fitted mesh meth-

ods. The fitted operator approach was initially introduced for relaxation-type problems and later extended

and analyzed for ordinary differential equations (ODEs) [26, 47]. Similarly, fitted mesh methods were con-

structed and justified for elliptic equations [12]. Following these foundational developments, extensive re-

search has been devoted to constructing ε-uniformly convergent numerical methods for both singularly per-

turbed ordinary differential equations (SPODEs) and singularly perturbed partial differential equations (SP-

PDEs). Several fitted operator and fitted mesh approaches have subsequently been proposed and analyzed

for SPODEs [6, 7, 34, 94, 121, 10, 82, 21]. In the context of PDEs, the first ε-uniformly convergent finite

difference schemes in the maximum norm were developed for both fitted operator and fitted mesh frame-

works [31, 5, 63, 112].

In the following three subsections, the focus is on recently conducted research on singularly perturbed partial

differential equations that are directly related to the present work.

1.1.6.1 Singularly Perturbed Parabolic Convection-Diffusion Equations with BTP

Singularly perturbed turning point problems have received considerable attention since the late 1960s [111].

Various numerical methods have been proposed for solving singularly perturbed parabolic convection–diffusion

problems with turning points subject to Dirichlet and Robin boundary conditions.

A singularly perturbed parabolic convection–diffusion problem with a boundary turning point of the form

ε
∂2u(x, t)

∂x2
+a(x, t)

∂u(x, t)

∂x
−b(x, t)u(x, t)−∂u(x, t)

∂t
= f(x, t), (x, t) ∈ D = (0, 1)×(0, T ] (1.14)

subject to the initial–boundary conditions


u(x, 0) = s(x) on Sx := (x, 0) : 0 ≤ x ≤ 1,

u(0, t) = q0(t) on S0 := (0, t) : 0 ≤ t ≤ T ,

u(1, t) = q1(t) on S1 := (1, t) : 0 ≤ t ≤ T ,

(1.15)

has been widely investigated in the literature [28]. Here,

0 < ε≪ 1,
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and

a(x, t) = a0(x, t)x
p, p ≥ 1, a0(x, t) ≥ α > 0, b(x, t) ≥ β > 0,

for all (x, t) ∈ D̄.

A first-order ε-uniform numerical method based on the standard upwind finite difference scheme on a

fitted piecewise-uniform mesh for space discretization and the implicit Euler method on a uniform mesh for

time discretization was proposed and analyzed [28]. Many subsequent studies have been based on the prob-

lem defined by Equations (1.14)–(1.15). Several numerical approaches have subsequently been developed

using different combinations of temporal and spatial discretization techniques. These include implicit Eu-

ler methods combined with cubic B-spline collocation methods on Shishkin meshes [39], Crank–Nicolson

methods combined with upwind finite difference schemes on Shishkin meshes [60], and implicit Euler meth-

ods together with fitted mesh schemes improved through Richardson extrapolation techniques [68]. Hybrid

finite difference schemes combining central difference and midpoint upwind methods on piecewise-uniform

Shishkin meshes have also been proposed and analyzed [69].

Further developments include numerical schemes employing generalized Shishkin meshes with Richard-

son extrapolation to improve convergence orders [134], adaptive layer-resolving meshes generated through

monitor functions [58], and extrapolated upwind methods on piecewise-uniform meshes [107]. In addition,

parameter-uniform methods combining Crank–Nicolson time discretization with exponentially fitted opera-

tor techniques on uniform meshes have also been investigated [123]. Although this class of problems has

been extensively studied, most existing methods are based primarily on fitted mesh techniques and generally

achieve only first-order convergence before the application of extrapolation techniques. Moreover, most stud-

ies focus mainly on simple boundary turning point problems to describe the overall behavior of the solution.

Therefore, the construction of fitted numerical schemes that are uniformly higher-order accurate simultane-

ously in both space and time variables remains a significant open problem.

1.1.6.2 Singularly Perturbed Parabolic Delay Partial Differential Equations with BTP

A singularly perturbed parabolic convection–diffusion time delay problem with a boundary turning point of

the form

ε
∂2u(x, t)

∂x2
+ a(x, t)

∂u(x, t)

∂x
− b(x, t)u(x, t)− d(x, t)

∂u(x, t)

∂t
= f(x, t) + c(x, t)u(x, t− τ), (1.16)
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subject to the initial and boundary conditions


u(x, t) = s(x, t), (x, t) ∈ [−1, 1]× [−τ, 0],

u(−1, t) = q0(t), u(1, t) = q1(t), t ∈ [0, T ],

(1.17)

has been investigated in [135], where 0 < ε ≪ 1 is the perturbation parameter and τ > 0 is the delay

parameter. Moreover,

a(x, t) = −a0(x, t)xp,

with p ≥ 1 being a non-negative odd integer, a0(x, t) ≥ α > 0, b(x, t) ≥ β > 0, and c(x, t) > 0 for all

(x, t) ∈ D̄. A fitted mesh method based on an upwind finite difference scheme on a non-uniform mesh was

proposed and analyzed. The resulting scheme achieved almost first-order convergence in both the spatial and

temporal variables before extrapolation.

Another singularly perturbed parabolic convection–diffusion time delay problem with a boundary turning

point of the form

ε
∂2u(x, t)

∂x2
+ a(x, t)

∂u(x, t)

∂x
− b(x, t)u(x, t)− ∂u(x, t)

∂t
= f(x, t) + c(x, t)u(x, t− τ), (1.18)

subject to the initial and boundary conditions


u(x, t) = s(x, t), (x, t) ∈ [0, 1]× [−τ, 0],

u(0, t) = q0(t), u(1, t) = q1(t), t ∈ [0, T ],

(1.19)

was studied in [100], where 0 < ε ≪ 1 is the perturbation parameter and τ > 0 is the delay parameter.

Furthermore,

a(x, t) = a0(x, t)x
p,

with p ≥ 1, a0(x, t) ≥ α > 0, b(x, t) ≥ β > 0, and c(x, t) > 0 for all (x, t) ∈ D̄. To approximate the

solution, a numerical method consisting of a backward Euler scheme for time discretization on a uniform

mesh and a hybrid spatial discretization combining midpoint upwind and central difference schemes on a

modified Shishkin mesh was proposed. The temporal convergence order was further improved using the

Richardson extrapolation technique. Existing studies on singularly perturbed parabolic delay partial differ-

ential equations (PDEs) with boundary turning points remain relatively limited and have generally achieved

only first-order accuracy prior to extrapolation. Therefore, the construction of schemes that are ε-uniformly
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convergent and higher-order accurate (second order or higher) simultaneously in both spatial and temporal

variables remains a significant open problem.

1.1.6.3 Singularly Perturbed Parabolic Convection-Diffusion Turning Point Problems with General

Shifts

A singularly perturbed parabolic differential–difference equation with a boundary turning point and deviating

arguments of the form

ε
∂2u(x, t)

∂x2
+a(x, t)

∂u(x, t)

∂x
− b(x, t)u(x−δ, t)− c(x, t)u(x, t)−d(x, t)u(x+µ, t)− ∂u(x, t)

∂t
= f(x, t),

(1.20)

subject to the initial and boundary conditions



u(x, 0) = u0(x), ∀x ∈ sx,

u(x, t) = ϕ(x, t), ∀(x, t) ∈ Ωl = {(x, t) : −δ ≤ x ≤ 0; t ∈ Λ},

u(x, t) = ψ(x, t), ∀(x, t) ∈ Ωr = {(x, t) : 1 ≤ x ≤ 1 + µ; t ∈ Λ},

(1.21)

on the domain D = Ω × Λ = (0, 1) × (0, T ], for a fixed T > 0, was investigated in [99]. Here, a(x, t) =

a0(x, t)x
p, with p ≥ 1 for all (x, t) ∈ D̄, and 0 < ε ≪ 1 is the perturbation parameter. They proposed a

first-order ε-uniform numerical method consisting of the implicit Euler method in time on a uniform mesh

and the standard upwind finite difference method on a non-uniform mesh of Shishkin type in space.

To the best of our knowledge, the only existing study addressing singularly perturbed parabolic differential-

difference equations with boundary turning points and deviating arguments is the work by Rai and Sharma [99].

However, the proposed numerical scheme achieves only first-order accuracy and does not investigate the more

complex case of higher-order turning points (i.e., p ≥ 2 in the coefficient a(x, t) = a0(x, t)x
p). Therefore,

the development of robust, high-order numerical schemes that maintain ε-uniform convergence, as well as

a systematic analysis of how higher-order turning points (where p ≥ 2) affect the solution structure and

numerical approximation, remains an open and significant avenue for future research.

Generally, this literature review clearly demonstrates that singularly perturbed parabolic partial differential-

difference equations with turning point problems remain an active and evolving area of research in singular

perturbation studies. In particular, time-dependent turning point problems involving large time lags, small
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spatial delays, as well as non-delay cases have been largely unexplored, with existing schemes limited to first-

order accuracy at best and most works focused on single boundary turning point problems. To conclude this

survey, it is evident that very limited effort has been devoted to developing and analysing robust numerical

methods for the governing turning point problems considered in this dissertation. Therefore, this study aims

to fill this gap by proposing a reliable numerical technique for those turning point problems that have not

been extensively addressed in the existing literature.

1.2 Research Objectives

Numerical methods are the heart and soul of modern science and technology. One of the goals of numerical

methods is to obtain an approximate solution for mathematical problems that are difficult or impossible to

solve analytically. Besides this, there are some mathematical problems, such as singularly perturbed prob-

lems, that requires further investigation than other regular problems because of the singular perturbation

parameter. It is well known that classical numerical schemes on uniform meshes fail to converge uniformly

with respect to the singular perturbation parameter. The efficiency of a numerical method is determined by

its accuracy, simplicity in computing the discrete solution, and its insensitivity to the parameters of the given

problem.It is desirable to construct numerical methods whose convergence is uniform with respect to the

perturbation parameter. This motivates us to develop ε-uniformly convergent numerical methods for solving

singularly perturbed parabolic differential and differential-difference equations with boundary turning point.

1.2.1 General Objective

The main objective of this dissertation is to develop, ε-uniformly convergent numerical schemes for singularly

perturbed parabolic convection-diffusion problems with boundary turning point.

1.2.2 Specific Objectives

The specific objectives of this dissertation are to:

1. Develop a nonstandard finite difference (NSFD) scheme for solving singularly perturbed turning point

problems given in Eqs. (1.15) and (1.20).
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2. Construct a hybrid fitted mesh numerical scheme for solving singularly perturbed parabolic differential

equations (SPPDEs) with boundary turning point in Eqs. (1.15), (1.18), and (1.20).

3. Formulate an exponentially fitted operator numerical scheme for solving singularly perturbed parabolic

delay differential equations (SPPDDEs) with a boundary turning point in Eq. (1.18).

4. Analyze the stability and ε-uniform convergence of the proposed numerical schemes.

1.3 Significant of the Study

Although the numerical treatment of singularly perturbed problems (SPPs) has been extensively studied over

the years, the numerical analysis of singularly perturbed parabolic differential delay equations (SPPDDEs)

with turning points remains in its early stages. The development higher order of uniformly convergent nu-

merical methods for SPPs with turning point continues to be an active area of research, and the numerical

techniques currently available still require significant improvement. Therefore, it is essential to design nu-

merical schemes that are simple to construct, more accurate than conventional methods, and exhibit uniform

convergence with higher order accuracy.

In this dissertation, we proposed different parameter-uniform numerical methods to solve such problems.

The results and techniques developed herein:

• Provide some background information for other researchers who work on this area.

• Offer an alternative method for solving singularly perturbed delay and non-delay problems,

• Enhance the advancement of the literature in this research domain.

• Introduce the application of numerical methods in different field of studies.

1.4 Scope of the Study

This dissertation is focused on developing and analyzing numerical methods for solving singularly perturbed

parabolic partial differential equations with turning point of the following form:

1. Singularly Perturbed Parabolic Convection-Diffusion Problem with Turning Point
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Consider the one-dimensional time-dependent singularly perturbed parabolic partial differential equa-

tion defined on the domain D = (0, 1)× (0, T ]:

ε
∂2u(x, t)

∂x2
+ a(x, t)

∂u(x, t)

∂x
− b(x, t)u(x, t)− ∂u(x, t)

∂t
= f(x, t), (x, t) ∈ D, (1.22)

subject to the initial and boundary conditions:


u(x, 0) = s(x), x ∈ [0, 1],

u(0, t) = q0(t), t ∈ [0, T ],

u(1, t) = q1(t), t ∈ [0, T ],

(1.23)

where 0 < ε≪ 1 is a small positive perturbation parameter.

To guarantee the well-posedness and uniqueness of the solution, it is assumed that all functions involved

in Eqs. (1.22)–(1.23) are sufficiently smooth and bounded on the closure of D. Specifically, the

convection coefficient is given by a(x, t) = a0(x, t)x
p, where p ≥ 1, a0(x, t) ≥ α > 0, and b(x, t) ≥

β > 0 for all (x, t) ∈ D. Consequently, the solution exhibits a boundary layer near the left end of

the spatial domain. Due to the vanishing of the convection coefficient at x = 0, this point serves as a

turning point. In particular, when p = 1, x = 0 is referred to as a simple (first-order) turning point;

for p > 1, it is termed a higher-order (or multiple) turning point.

2. Singularly Perturbed Time-Delay Parabolic Convection-Diffusion Problem with Turning Point

Consider the singularly perturbed time-delay parabolic convection-diffusion problem defined on the

domain D = (0, 1)× (0, T ):

ε
∂2u(x, t)

∂x2
+a(x, t)

∂u(x, t)

∂x
−b(x, t)u(x, t)−c(x, t)∂u(x, t)

∂t
= f(x, t)+d(x, t)u(x, t−τ), (1.24)

subject to the initial and boundary conditions:


u(x, t) = s(x, t), (x, t) ∈ [0, 1]× [−τ, 0],

u(0, t) = q0(t), t ∈ [0, T ],

u(1, t) = q1(t), t ∈ [0, T ],

(1.25)

where 0 < ε ≪ 1 is a small perturbation parameter and τ > 0 is a fixed delay parameter satisfying
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T = kτ with k > 1 an integer. To guarantee the well-posedness and uniqueness of the solution, it is

assumed that all functions involved in Eqs. (1.24)–(1.25) are sufficiently smooth and bounded on the

closure ofD. In particular, the convection coefficient is taken as a(x, t) = a0(x, t)x
p, where p ≥ 1 and

a0(x, t) ≥ α > 0. Additionally, b(x, t) ≥ β > 0 for all (x, t) ∈ D. The vanishing of the convection

coefficient a(x, t) at x = 0 introduces a turning point. Specifically, when p = 1, the problem has a

simple (first-order) turning point at x = 0; for p > 1, it is classified as a higher-order turning point

problem. The presence of the delay term u(x, t− τ), potentially inducing memory effects.

3. Singularly Perturbed Parabolic Convection–Diffusion Turning-Point Problems with General Shifts

Consider the singularly perturbed parabolic partial differential equation with general shifts on the re-

action terms, defined on the domain D = Ω× Λ = (0, 1)× (0, T ] for a fixed T > 0:

∂u(x, t)

∂t
−ε∂

2u(x, t)

∂x2
−a(x, t)∂u(x, t)

∂x
+b(x, t)u(x−δ, t)+c(x, t)u(x, t)+d(x, t)u(x+µ, t) = f(x, t),

(1.26)

subject to the initial and boundary conditions:


u(x, 0) = u0(x), 0 ≤ x ≤ 1

u(x, t) = ϕ(x, t), (x, t) ∈ Ωl = {(x, t) : −δ ≤ x ≤ 0, t ∈ Λ},

u(x, t) = ψ(x, t), (x, t) ∈ Ωr = {(x, t) : 1 ≤ x ≤ 1 + µ, t ∈ Λ},

(1.27)

where 0 < ε ≪ 1 is a small perturbation parameter. The convection coefficient is given by a(x, t) =

a0(x, t)x
p, with p ≥ 1 and a0(x, t) sufficiently smooth and bounded on Ω̄. The delay and advance

parameters δ(ε) and µ(ε) are small and assumed to be of order o(ε).

To guarantee the existence and uniqueness of a solution, it is assumed that all functions appearing in

Eqs. (1.26)–(1.27) are sufficiently smooth, bounded, and independent of ε.

1.5 Mathematical Procedures

In this section, the fundamental mathematical procedures employed to achieve the objectives of the study are

outlined as follows:

1. Description of the problems.
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2. Analysis of the properties of the continuous solution.

3. Development of numerical schemes for the considered problems.

4. Stability and convergence analysis of the developed schemes.

5. Design of algorithms and implementation of the methods in code.

6. Testing of the methods using numerical examples.

7. Presentation of the results using tables and figures.

8. Discussion and conclusion based on the theoretical findings and numerical outcomes.

1.6 Organization of the Dissertation

This dissertation consists of eight chapters. Chapter 1 presents the background of the study, a comprehen-

sive literature review, the objectives, significance, scope of the study, the mathematical procedures, and an

outline of the dissertation. Chapters 2 and 3 focus on the development and analysis of non-standard finite

difference (NSFD) method on uniform mesh and hybrid numerical scheme on Shishkin mesh respectively

for solving singularly perturbed parabolic convection–diffusion problems with boundary turning point, as de-

scribed by Eqs. (1.22)–(1.23). Chapters 4 and 5 deals with the design and implementation an exponentially

fitted operator and a hybrid numerical schemes, respectively to address singularly perturbed parabolic con-

vection–diffusion problems with large time lag and boundary turning point, modeled by Eqs. (1.24)–(1.25).

Chapters 6 and 7 deals with the design and implementation of non-standard finite difference method and

a layer-resolving mesh method, respectively to address singularly perturbed parabolic convection–diffusion

turning-point problems with general shifts, as modeled by Eqs. (1.26)–(1.27). Finally, Chapter 8 provides a

general discussion, concluding remarks, and recommendations for future research.
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Chapter 2

Nonstandard Finite Difference Scheme for

Singularly Perturbed Parabolic

Convection-Diffusion Problems with

Boundary Turning Point

This chapter proposes a numerical scheme for solving singularly perturbed unsteady convection-diffusion

problems exhibiting boundary turning point. The proposed scheme uses the Crank–Nicolson method in

time and a nonstandard finite difference method in space on uniform meshes. Furthermore, Richardson

extrapolation is applied to enhance the spatial order of convergence. The resulting scheme is shown to

be uniformly convergent with respect to the perturbation parameter ε, and achieves second-order accuracy

in both space and time. The numerical results are compared with some previous findings available in the

literature.

2.1 Introduction

Singularly perturbed convection-diffusion equations with turning points form a special class of singularly

perturbed differential equations in which the convection (or transport) coefficient vanishes at certain points

in the domain, called turning points. Depending on the sign and variation of the convection coefficient,
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together with the nature of the problem, these equations may exhibit left boundary layers, right boundary

layers, or interior layers. In this chapter, we considered problems with a left boundary layer and turning

point.

This problem arises in the modeling of processes of convective transport of a diffusing substance (heat,

matter) for the case in which the rate of flow from one of the boundaries is proportional to the distance

from the boundary [113]. The model problems of this chapter corresponds to the flow directed outward the

left boundary of the domain with a stop of the flow on this boundary. This class of problems also models

the heat flow and mass transport near oceanic rises [44] and appears in the modeling of thermal boundary

layers in laminar flow [109]. The problem in [44] is a single boundary turning point problem because of the

assumption that the velocity distribution is linear. If one allows for higher orders of velocity distribution, then

the boundary turning point becomes multiple. Multiple (second-order) boundary turning point problems are

given in ([109], Chapter 12), and drift-diffusion equation of semiconductor device [95].

As discussed in Chapter 1, when the perturbation parameter ε is small, the standard numerical techniques

for solving singularly perturbed boundary turning point (SP-BTP) problems become unstable and cannot

produce reliable results. Therefore, it requires advanced numerical method which converges to the exact

solution with independent of the perturbation parameter. The purpose of this chapter is to construct and

analyse a parameter uniform numerical scheme which presents relatively rapid convergence and accuracy

for solving the problems considered in [59] using Crank-Nicolson method in time and Nonstandard finite

difference methods (NSFDMs) in space with uniform meshes. NSFDMs nowadays, are playing a crucial role

in the development of reliable numerical methods to solve singularly perturbed problems. These NSFDMs

are designed using the exact finite difference scheme, and the denominator function should be complicated.

There are no general guidelines for doing so, but the advantage of this method is that it is straightforward

to implement and extendable to higher-dimensional problems. However, the following important rules have

been discovered by Mickens [75].

Rule 1: The orders of the discrete derivatives should be equal to the orders of the corresponding deriva-

tives in the differential equation. When the orders of the discrete derivatives are higher than those in the

differential equation, numerical instabilities in the form of oscillations often appear.

Rule 2: Denominator functions for the discrete derivatives must, in general, be expressed in terms of

more complicated functions of the step sizes than those conventionally used.

Rule 3: Nonlinear terms should be replaced by nonlocal discrete representations.
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Rule 4: Special conditions that hold for the solutions of the differential equations should also hold for

the solutions of the finite difference scheme.

Rule 5: The scheme should not introduce extraneous or spurious solutions.

Rule 6: For differential equations having n ≥ 3 terms, it is generally useful to construct finite difference

schemes for various sub-equations composed of m terms, where m < n; then combine all the schemes

together into an overall consistent finite difference model.

2.2 Description of the Problem

Consider the singularly perturbed parabolic convection-diffusion initial boundary value problem in the rect-

angular domain D = Ω× Λ = (0, 1)× (0, T ], for some finite positive T of the form:

Lεu(x, t) ≡ ε
∂2u(x, t)

∂x2
+ a(x, t)

∂u(x, t)

∂x
− b(x, t)u(x, t)− ∂u(x, t)

∂t
= f(x, t), (x, t) ∈ D, (2.1)

subject to the initial and boundary conditions:


u(x, 0) = u0(x), on Γb = Ω× {0},

u(0, t) = ϕ(t), on Γl = {0} × Λ,

u(1, t) = ψ(t), on Γr = {1} × Λ,

(2.2)

where 0 < ε ≪ 1 is the perturbation parameter; Γl,Γb and Γr are the left, bottom and right sides of

the domain D respectively. The boundary of the domain is defined as ∂D = Γl ∪ Γb ∪ Γr . We assume

that a(x, t), b(x, t), f(x, t) are smooth and bounded functions on D, and ϕ(t), ψ(t), u0(x) are smooth and

bounded on their respective domains and independent of ε. Furthermore, we suppose that

a(x, t) = a0(x, t)x
p, p ≥ 1, a0(x, t) ≥ α > 0, b(x, t) ≥ β > 0, ∀(x, t) ∈ D.

Problem (2.1) is related to the flow problem when directed towards the left side Γl of the domain, and the

flow stops at this boundary. These problems arise in modeling heat flow and mass transport near an oceanic

rise [44], and in developing the models of thermal boundary layers in laminar flow [109].

As the coefficient a(x, t) of the convection term vanishes at x = 0, the problem (2.1) is called a problem
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with a boundary turning point. It covers two aspects: the turning point for p = 1 is referred to as a simple

turning point (assuming the linear velocity distribution), and it is a multiple turning point when p > 1 (for

higher orders of velocity distribution).

The reduced problem obtained by taking ε = 0 in (2.1) is the following first-order hyperbolic PDE.
a(x, t)

∂v0(x, t)

∂x
− b(x, t)v0(x, t)−

∂v0(x, t)

∂t
= f(x, t), (x, t) ∈ D,

v0(x, t) = u(x, t), (x, t) ∈ Γb ∪ Γl.

(2.3)

The left side Γl and all other lines parallel to Γl are the characteristic curves of the reduced problem when

a(0, t) = 0, b(0, t) > 0. Consequently, the resulting boundary layer functions are called parabolic boundary

layer functions. These are characterized by the boundary values u(0, t) at the left sideΓl. It has been observed

that the left lateral surface and the characteristic curve of (2.3) do not intersect. However, their deviation

increases in the vertical direction, moving away from the lateral boundary (see [40, 108]). An exponential

(regular) boundary layer function arises due to the inconsistency between the boundary value u0(t) and

the value being transported along the characteristic at the intersection point (if a(x, t) > 0, ∀(x, t) ∈ D,

then every characteristic intersects Γb at one point). In general, a parabolic boundary layer of width O(
√
ε)

appears in the solution to problem (2.1) in the neighbourhood of Γl as ε→ 0 [59].

The following compatibility and the above smoothness conditions ensure the existence of a unique solu-

tion to problem (2.1):

u0(0) = ϕ(0), u0(1) = ψ(0), (2.4)

and 
ε∂

2u0(0)
∂x2

+ a(0, 0)∂u0(0)∂x − b(0, 0)u0(0)− ∂ϕ(0)
∂t = f(0, 0),

ε∂
2u0(1)
∂x2

+ a(1, 0)∂u0(1)∂x − b(1, 0)u0(1)− ∂ψ(0)
∂t = f(1, 0),

(2.5)

2.3 Properties of the Continuous Solution

Lemma 2.1 (Continuous Minimum Principle). Let 𭟋(x, t) be a sufficiently smooth function defined on D

such that 𭟋(x, t) ≥ 0, ∀(x, t) ∈ ∂D and Lε𭟋(x, t) ≤ 0, ∀(x, t) ∈ D. Then 𭟋(x, t) ≥ 0, ∀(x, t) ∈ D.

Proof. Suppose that there exist (y, z) ∈ D such that 𭟋(y, z) = min
(x,t)∈D

𭟋(x, t) < 0. Since 𭟋(x, t) ≥ 0 on
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∂D, it follows that (y, z) /∈ ∂D. Since 𭟋(y, z) = min
(x,t)∈D

𭟋(x, t) which implies ∂𭟋
∂t (y, z) = 0, ∂𭟋

∂x (y, z) =

0 and ∂2𭟋
∂x2

(y, z) ≥ 0. Thus, Lε𭟋(y, z) = ε∂
2𭟋
∂x2

(y, z) + a(y, z)∂𭟋∂x (y, z)− b(y, z)𭟋(y, z)− ∂𭟋
∂t (y, z) =

−b(y, z)𭟋(y, z) > 0, since b(y, z) ≥ β > 0 and 𭟋(y, z) < 0. This contradicts the assumption Lε𭟋(x, t) ≤

0, ∀(x, t) ∈ D. Therefore, 𭟋(x, t) ≥ 0 for all (x, t) ∈ D.

Lemma 2.2 (Stability Estimate). Let u(x, t) be the solution of problem (2.1). Then,

∥u∥D ≤ ∥u∥∂D +
∥f∥D
β

.

Proof. Define the barrier functions ð±(x, t) = ∥u∥∂D +
∥f∥D
β ± u(x, t).

On the boundary ∂D, we have ð±(x, t) = ∥u∥∂D +
∥f∥D
β ± u(x, t) ≥ 0.

In the interior of D,

Lεð±(x, t) = −b(x, t)
(
∥u∥∂D +

∥f∥D
β

)
± Lεu(x, t)

= −b(x, t)
(
∥u∥∂D +

∥f∥D
β

)
± f(x, t)

≤ −β
(
∥u∥∂D +

∥f∥D
β

)
± ∥f∥D

= −β∥u∥D − ∥f∥D ± ∥f∥D ≤ 0

Then, by Lemma 2.1, ð±(x, t) ≥ 0 for all (x, t) ∈ D. This implies ∥u(x, t)∥D ≤ ∥u∥∂D+
∥f∥D
β , ∀(x, t) ∈

D.

Lemma 2.3. Let u(x, t) be the sufficiently smooth solution of the problem (2.1)–(2.2). Then,

|u(x, t)− u0(x)| ≤ Ct, (2.6)

|u(x, t)− ψ(t)| ≤ C(1− x), (2.7)

for all (x, t) ∈ D, where C is a positive constant independent of ε.

Proof. To prove (2.6), define v(x, t) = u(x, t)−u0(x). Then, Lεv(x, t) = Lε(u(x, t)−u0(x)).Using (2.1),

we obtainLεv(x, t) = f(x, t)−Lεu0(x),whereLεu0(x) = εu′′0(x)+a(x, t)u
′
0(x)−b(x, t)u0(x).The initial

and boundary conditions become v(x, 0) = u(x, 0)−u0(x) = 0, and v(0, t) = ϕ(t)−u0(0), v(1, t) =

ψ(t)− u0(1).
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Choose the barrier function

Ψ±(x, t) = Ct± v(x, t),

where C is a sufficiently large positive constant. Since Ψ±(x, 0) = 0, and v is bounded on the lateral

boundaries, we have Ψ±(x, t) ≥ 0 on ∂D. Now, Lε(Ct) = C + b(x, t)Ct ≥ C. Further, |Lεv(x, t)| =

|f(x, t)−Lεu0(x)| ≤ C, for some constantC independent of ε. Hence,LεΨ±(x, t) = Lε(Ct)±Lεv(x, t) ≥

0. Therefore, by the minimum principle 2.1, Ψ±(x, t) ≥ 0 in D. Consequently, |v(x, t)| ≤ Ct, which

implies |u(x, t) − u0(x)| ≤ Ct. Next, to prove (2.7), define w(x, t) = u(x, t) − ψ(t). Then, Lεw(x, t) =

f(x, t) − Lεψ(t), where Lεψ(t) = −b(x, t)ψ(t) − ψt(t). The boundary conditions become w(1, t) =

u(1, t) − ψ(t) = 0. Choose the barrier function Φ±(x, t) = C(1 − x) ± w(x, t), where C is sufficiently

large. SinceΦ±(1, t) = 0, andw is bounded on the remaining boundaries, we haveΦ±(x, t) ≥ 0 on ∂D.

Moreover, Lε(C(1 − x)) = Ca(x, t) + Cb(x, t)(1 − x) ≥ C, for sufficiently large C, because a(x, t) ≥

0, b(x, t) ≥ β > 0. Also, |Lεw(x, t)| ≤ C. Hence, LεΦ±(x, t) ≥ 0. Applying the minimum principle

2.1 again yields |w(x, t)| ≤ C(1− x). Therefore, |u(x, t)− ψ(t)| ≤ C(1− x).

Remark 2.1. To prove the next theorem, we adopt the assumption of Ng-Stynes in [85] that the convection

coefficient a = a(x) depends only on the spatial variable x in the domain D.

The following theorem gives the bounds for the mixed derivatives of u.

Theorem 2.1. The solution u(x, t) of problem (2.1) satisfies the following bounds for 0 ≤ i+ 3j ≤ 4:

∣∣∣∣∂i+ju(x, t)∂xi∂tj

∣∣∣∣ ≤ C
(
1 + ε−i/2 exp

(
−x
√

α
ε

))
, (x, t) ∈ D.

Proof. For i = 0, on the boundaries x = 0 and x = 1 of D, we have u = 0, thus ut = 0. On the initial

boundary t = 0, we also have u = 0, hence ux = 0 and uxx = 0. From equation (2.1), it follows that

ut(x, 0) = f(x, 0). Since f is bounded, there exists a constant K1 such that |ut| ≤ K1.

Now consider the operator

Lεu(x, t) ≡ εuxx + a(x, t)ux − b(x, t)u− ut = f.

It can be rewritten as:

Lϵu(x, t) ≡ εuxx + (au)x − (ax + b)u− ut = f.
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Now, applying this operator to ut and using the remark yields

Lϵut(x, t) = εutxx + (aut)x − (ax + b)ut − utt as a = a(x)

= εutxx + autx − but − utt

=
(
εuxx + aux − bu− ut

)
t
+ btu

= ft(x, t) + btu.

(2.8)

Since f and b are smooth and bounded on the domain D, Lemmas2.1 and 2.2 yields Lεut ≤ K2 and thus

|ut| ≤ C on D. To bound the derivatives of the solution in the spatial domain, consider the cases for a

fixed j = 0.

For i = 0, from Lemma 2.2 we have |u| ≤ C. For i = 1, following the arguments in[54], construct the

neighbourhood of I = (0,
√
ε), ∀r ∈ I. For some r∗ ∈ I by mean value theorem, we have

ux(r
∗) =

u(
√
ε)− u(0)√
ε

= ε−1/2|u(
√
ε)− u(0)| ≤ Cε−1/2∥u∥.

Now, rewriting equation (2.1) as

εuxx + (au)x − (ax + b)u− ut = f,

we get

εuxx + (au)x = f + (ax + b)u+ ut.

Integrating from r∗ to r, we have

(εux + au)
∣∣r
r∗

=

∫ r

r∗

[
f + (ax + b)u+ ut

]
dx ≤ C

∫ r

r∗

(
∥f∥+ ∥u∥+ ∥ut∥

)
dx ≤ C

√
ε.

Thus,

εux(r, t) + a(r, t)u(r, t) ≤ εux(r
∗, t) + a(r∗, t)u(r∗, t) + C

√
ε.

Since for r ∈ (0,
√
ε), we have |a(r, t)| = |a0(r, t)rp| ≤ Cεp/2, using the above bound on ux(r∗), we obtain

|ux(r, t)| ≤ |ux(r∗, t)|+
|a(r, t)u(r, t)|

ε
+

|a(r∗, t)u(r∗, t)|
ε

+ Cε−1/2.
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Hence,

|ux(r, t)| ≤ Cε−1/2 + Cεp/2−1 + Cεp/2−1 + Cε−1/2 ≤ Cε−1/2 ≤ C
(
1 + ε−1/2 exp

(
−x
√

α
ε

))
.

The bound for i = 1 is thus established.

In a similar fashion, higher-order spatial and mixed derivatives can be bounded by repeated differentiation

of the original equation and using analogous arguments.

2.4 Derivation of the Numerical Method

In this section, we discretize the continuous problem (2.1). First, it is discretized in the temporal direction

using the Crank-Nicolson scheme on a uniform mesh. Some essential properties of the solution to the semi-

discrete problem are given. Then, NSFD method is applied on the spatial direction on uniform mesh.

2.4.1 Temporal Discretization

The temporal domainΛ is discretized with a uniform mesh of size∆t: ΛM =
{
tj = jk, j = 0, 1, . . . ,M, ∆t = T

M

}
,

whereM is the number of mesh intervals in temporal direction. Using the Crank–Nicolson method, we have:


εu

j+1/2
xx + aj+1/2(x)u

j+1/2
x − bj+1/2(x)uj+1/2(x)−D−

t u
j+1(x) = f j+1/2(x),

u(0, tj+1) = ϕ(tj+1), u(1, tj+1) = ψ(tj+1), 0 ≤ j ≤M − 1,

u(x, 0) = u0(x), x ∈ Ω,

(2.9)

where
D−
t u

j+1(x) =
uj+1(x)− uj(x)

∆t
, uj+1/2(x) =

uj+1(x) + uj(x)

2
, f j+1/2(x) =

f j+1(x) + f j(x)

2
,

aj+1/2(x) =
aj+1(x) + aj(x)

2
, bj+1/2(x) =

bj+1(x) + bj(x)

2
.
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The time semi-discretized problem (2.9) can be rewritten as:


L̂εuj+1(x) = gj+1(x), 0 ≤ j ≤M − 1,

u(0, tj+1) = ϕ(tj+1), u(1, tj+1) = ψ(tj+1), 0 ≤ j ≤M − 1,

u(x, 0) = u0(x), x ∈ Ω,

(2.10)

where 

L̂εuj+1(x) = ε
2(uxx)

j+1 + aj+1(x)
2 (ux)

j+1 − cj+1(x)
2 uj+1(x),

gj+1(x) = f j+1/2(x)− ε
2(uxx)

j − aj(x)
2 (ux)

j + dj(x)
2 uj(x),

cj+1(x) = bj+1(x) + 2
∆t ,

dj(x) = bj(x)− 2
∆t .

The semi-discrete operator L̂ε satisfies the following lemma.

Lemma 2.4 (Semi-discrete Minimum Principle). Suppose the function θj+1(x) satisfies θj+1(0) ≥ 0,

θj+1(1) ≥ 0, and L̂εθj+1(x) ≤ 0 ∀x ∈ Ω. Then, θj+1(x) ≥ 0 ∀x ∈ Ω and j = 0, 1, 2, . . . ,M − 1.

Proof. Let ℓ ∈ Ω be such that θj+1(ℓ) = minx∈Ω θ
j+1(x) < 0. This implies (θj+1)′(ℓ) = 0 and

(θj+1)′′(ℓ) ≥ 0. Then we have:

L̂εθj+1(ℓ) =
ε

2
(θj+1)′′(ℓ) +

aj+1(ℓ)

2
(θj+1)′(ℓ)− cj+1(ℓ)

2
θj+1(ℓ) > 0,

since cj+1(ℓ) = bj+1(ℓ) + 2
∆t ≥ β + 2

∆t > 0. This contradicts the assumption that L̂εθj+1(x) ≤ 0.

Therefore, θj+1(x) ≥ 0 on Ω.

Lemma 2.5 (Stability Estimate). Let uj+1 be the solution of the discrete problem at time level tj+1. If

uj+1(0) ≥ 0 and uj+1(1) ≥ 0, then the following stability estimate holds:

∣∣uj+1(x)
∣∣ ≤ max{

∣∣uj+1(0)
∣∣, ∣∣uj+1(1)

∣∣}+max
x∈Ω̄

∣∣∣L̂ϵuj+1(x)
∣∣∣

β
.

Proof. We prove the lemma using a discrete comparison principle (barrier function technique).

Define two barrier functions:

Ψ±(x) =M ± uj+1(x),
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where the constant M is chosen as

M = max{
∣∣uj+1(0)

∣∣, ∣∣uj+1(1)
∣∣}+max

x∈Ω̄

∣∣∣L̂ϵuj+1(x)
∣∣∣

β
.

Our goal is to show that Ψ±(x) ≥ 0 for all x ∈ Ω̄, which directly implies
∣∣uj+1(x)

∣∣ ≤ M , yielding the

desired estimate.

Step 1: Boundary values. At the boundaries x = 0 and x = 1, we have by construction:

Ψ±(0) =M ± uj+1(0) ≥ max{
∣∣uj+1(0)

∣∣, ∣∣uj+1(1)
∣∣} ± uj+1(0) ≥ 0.

The same inequality holds for Ψ±(1). Hence, Ψ±(0) ≥ 0 and Ψ±(1) ≥ 0.

Step 2: Action of the discrete operator. Consider the action of the discrete operator L̂ϵ on Ψ±. By

linearity,

L̂ϵΨ±(x) = L̂ϵM ± L̂ϵuj+1(x).

Since M is a constant, the discrete operator acting on it reduces to L̂ϵM = βM (this follows from the

form of the operator, e.g., L̂εuj+1(x) = ε
2(uxx)

j+1 + aj+1(x)
2 (ux)

j+1 − cj+1(x)
2 uj+1(x) with cj+1(x) =

bj+1(x) + 2
∆t ≥ β > 0). Therefore,

L̂ϵΨ±(x) = −βM ± L̂ϵuj+1(x).

Step 3: Sign of the discrete operator. Using the definition of M , we have βM ≥
∣∣∣L̂ϵuj+1(x)

∣∣∣ for all

x. Consequently,

L̂ϵΨ±(x) = −βM ± L̂ϵuj+1(x) ≤ −βM −
∣∣∣L̂ϵuj+1(x)

∣∣∣ ≤ 0.

Thus, L̂ϵΨ±(x) ≤ 0 for all interior grid points x ∈ Ω. Since the discrete operator L̂ϵ satisfies a discrete

minimum principle (as established in Lemma 2.4), a function with non-negative boundary values and on

which the operator yields a negative result must be non-negative everywhere in the domain.

We have shown:

• Ψ±(0) ≥ 0, Ψ±(1) ≥ 0,
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• L̂ϵΨ±(x) ≤ 0 for all x ∈ Ω.

Therefore, by the discrete minimum principle, Ψ±(x) ≥ 0 for all x ∈ Ω̄.

Since Ψ±(x) =M ± uj+1(x) ≥ 0, it follows that

−M ≤ uj+1(x) ≤M for all x ∈ Ω̄,

which is equivalent to

∣∣uj+1(x)
∣∣ ≤M = max{

∣∣uj+1(0)
∣∣, ∣∣uj+1(1)

∣∣}+max
x∈Ω̄

∣∣∣L̂ϵuj+1(x)
∣∣∣

β
.

This completes the proof.

Next, we analyse the error in time semi-discretization. The local truncation error measures the consis-

tency of the numerical scheme and is defined as the residual obtained when the exact solution is substituted

into the discrete operator. It represents the error introduced in a single time step:

ej+1(x) = L̂ε u(x, tj+1)− gj(x),

where u(x, tj+1) denotes the exact solution of (2.10) where as global error describes the accumulation of

the local truncation errors over all time levels and quantifies the difference between the exact solution and

the numerical approximation:

Ej(x) = u(x, tj)− uj(x),

where u(x, tj) and uj(x) denote the exact and numerical solutions of (2.10), respectively.

The convergence of the scheme is established by deriving appropriate bounds for both the local truncation

error and the global error. The following two lemmas provide estimates for the local truncation error and the

global error, respectively.

Lemma 2.6. Suppose that ∣∣∣∣∂iu∂ti
∣∣∣∣ ≤ C, (x, t) ∈ D, ∀i ∈ {0, 1, 2}.

The local truncation error at the (j + 1)th time step is given by

|ej+1| ≤ C(∆t)3.
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Proof. Using Taylor series expansions around tj+1/2 = tj +∆t/2, we have:

u(x, tj+1) = u(x, tj+1/2) +
∆t

2
ut(x, tj+1/2) +

1

2!

(
∆t

2

)2

utt(x, tj+1/2) +O((∆t)3), (2.11)

u(x, tj) = u(x, tj+1/2)−
∆t

2
ut(x, tj+1/2) +

1

2!

(
∆t

2

)2

utt(x, tj+1/2) +O((∆t)3). (2.12)

Subtracting (2.12) from (2.11), we obtain

u(x, tj+1)− u(x, tj)

∆t
= ut(x, tj+1/2) +O(∆t2). (2.13)

Substituting Eq. (2.13) to Eq. (2.1), we have:

u(x, tj+1)− u(x, tj)

∆t
= εuxx(x, tj+ 1

2
) + a(x, tj+ 1

2
)ux(x, tj+ 1

2
)

− b(x, tj+ 1
2
)u(x, tj+ 1

2
)− f(x, tj+ 1

2
) +O

(
(∆t)2

)
.

Additionally, we use the identity:

u(x, tj+1/2) =
u(x, tj+1) + u(x, tj)

2
+O(∆t2).

This leads to the following approximation:

L̂ϵu(x, tj+1) ≡
ε

2
uxx(x, tj+1) +

a(x, tj+1)

2
ux(x, tj+1)−

c(x, tj+1)

2
u(x, tj+1) = g(x, tj+1) +O((∆t)3),

(2.14)

where c(x, t) = b(x, t) + 2
∆t . From the discrete operator equation (e.g., Eq. (2.10)) and Eq. (2.14), the local

truncation error satisfies:

L̂ϵej+1(x) = O((∆t)3), with ej+1(0) = ej+1(1) = 0.

Hence, it follows that:

∥ej+1∥ ≤ C(∆t)3.

Theorem 2.2. Under the assumptions of Lemma 2.6, the global error Ej = u(x, tj) − uj(x) satisfies the
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estimate

∥Ej∥ ≤ C(∆t)2, 0 ≤ j ≤ T

∆t
,

where u(x, tj) and uj(x) denote the exact and numerical solutions of (2.10), respectively.

Proof. The local error estimate up to the jth time level gives the global error at the jth time level.

∥Ej∥ =∥
j∑
i=1

ei∥, j ≤
T

∆t

≤ ||e1||+ ||e2||+ ||e3||+ ...+ ||ej ||

≤ C1(j)(∆t)
3 (using Lemma 2.6)

≤ C1T (∆t)
2 as j.∆t ≤ T

≤ C(∆t)2, C = C1T.

Theorem 2.3. The solution uj+1(x) of the semi-discrete problem (2.10) and its derivatives satisfy the bound

∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ C
(
1 + ε−k/2 exp

(
−x
√

α
ε

))
, x ∈ Ωx, 0 ≤ k ≤ 4,

where C is a constant independent of ε and ∆t.

Proof. Consider the semi-discrete problem

L̂εuj+1(x) = gj+1(x),

where 
L̂εuj+1(x) =

ε

2
(uxx)

j+1 +
aj+1(x)

2
(ux)

j+1 − cj+1(x)

2
uj+1(x),

cj+1(x) = bj+1(x) +
2

∆t
, bj+1(x) ≥ β > 0, cj+1(x) ≥ β +

2

∆t
> 0.

For k = 0, applying the continuous minimum principle to the operator L̂ε, together with the boundedness of

gj+1(x), gives

|uj+1(x)| ≤ C, x ∈ Ωx.
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Next, we estimate the spatial derivatives. Using arguments similar to those in [54], consider the interval

I = (0,
√
ε).

By the mean value theorem, there exists some r∗ ∈ I such that

uj+1
x (r∗) =

uj+1(
√
ε)− uj+1(0)√
ε

.

Hence,

|uj+1
x (r∗)| ≤ Cε−1/2∥uj+1∥. (2.15)

Now rewrite the semi-discrete equation as

ε

2
uj+1
xx +

1

2
(aj+1uj+1)x −

1

2
(aj+1
x + cj+1)uj+1 = gj+1(x).

Thus,
ε

2
uj+1
xx +

1

2
(aj+1uj+1)x = gj+1(x) +

1

2
(aj+1
x + cj+1)uj+1.

Integrating from r∗ to r, where r ∈ (0,
√
ε), we obtain

∫ r

r∗

(
ε

2
uj+1
xx +

1

2
(aj+1uj+1)x

)
dx =

∫ r

r∗

(
gj+1(x) +

1

2
(aj+1
x + cj+1)uj+1

)
dx.

Therefore, (
ε

2
uj+1
x +

1

2
aj+1uj+1

)∣∣∣∣r
r∗

≤ C
√
ε.

Hence,

εuj+1
x (r) + aj+1(r)uj+1(r) ≤ εuj+1

x (r∗) + aj+1(r∗)uj+1(r∗) + C
√
ε.

Since

aj+1(x) = aj+1
0 (x)xp, p ≥ 1,

we have

|aj+1(r)| ≤ Cεp/2, r ∈ (0,
√
ε).
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Using (2.15), we obtain

|uj+1
x (r)| ≤ |uj+1

x (r∗)|+ |aj+1(r∗)uj+1(r∗)|
ε

+
|aj+1(r)uj+1(r)|

ε
+ Cε−1/2

≤ C1ε
−1/2 + C2ε

p/2−1 + C3ε
p/2−1 + Cε−1/2

≤ Cε−1/2.

Since the layer occurs near x = 0, the exponential decay factor may be included to obtain

|uj+1
x (x)| ≤ C

(
1 + ε−1/2 exp

(
−x
√
α

ε

))
.

Thus, the estimate holds for k = 1.

For higher-order derivatives, differentiate the semi-discrete equation repeatedly with respect to x. Using

the boundedness of the coefficients and the previously established derivative estimates, together with standard

induction arguments, we obtain

∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ C

(
1 + ε−k/2 exp

(
−x
√
α

ε

))
, 2 ≤ k ≤ 4.

Hence, ∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ C
(
1 + ε−k/2 exp

(
−x
√

α
ε

))
, 0 ≤ k ≤ 4.

2.4.2 Spatial Discretization

The theoretical foundation of the non-standard discrete modeling method lies in the development of the

exact finite difference method. In [75], Mickens presented a set of techniques and rules for constructing

non-standard finite difference methods (NSFDMs) for various types of model problems. For a problem of

the form given in (2.1), to construct an exact finite difference scheme, one can consider the lower bounds of

the coefficients and focus on the homogeneous part of the corresponding ordinary differential equation, as

given by (2.10):

εuxx + αux = 0. (2.16)
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The space domain Ω = [0, 1] is discretized using uniform space lengthh: ΩN =
{
xi = ih, i = 0(1)N, h = 1

N

}
,

where N is the number of mesh intervals in the spatial discretization. The finite difference scheme that re-

places h2 by a non-negative denominator function Υ2 in Eq. (2.16) is:

ε
ui+1 − 2ui + ui−1

Υ2
i

+ α
ui+1 − ui

h
= 0. (2.17)

We can find Υ2
i using the following procedure. First, we rewrite equation (2.16) equivalently as a first-order

coupled system of differential equations:
du

dx
= y, (2.18)

dy

dx
= −α

ε
y. (2.19)

From (2.19) we have y(x) = exp
(
−α
ε x
)
. By applying a first-order difference scheme to (2.18):

yi =
ui+1 − ui

h
= exp

(
−α
ε
xi

)
, (2.20)

then substituting (2.20) into (2.17), we obtain the denominator function:

Υ2
i =

hε

α

(
exp

(
hα

ε

)
− 1

)
≡ h2 +O

(
h3

ε

)
.

So equation (2.17) becomes:

ε
ui+1 − 2ui + ui−1

εh
α

(
exp

(
αh
ε

)
− 1
) + α

ui+1 − ui
h

= 0.

Therefore, the denominator function Υ2 = hε
α

(
exp

(
αh
ε

)
− 1
)

can replace h2. Using this denominator

function for the variable coefficient problem, we write:

Υ2
i,j+1 =

εh

aj+1
i

(
exp

(
haj+1

i

ε

)
− 1

)
, (2.21)
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2.4.3 Full Discrete Scheme

Using denominator function Eq. (2.21) into the semi-discrete scheme Eq. (2.10), the full discrete scheme

becomes:

R̂N
ε U

j+1(xi) ≡
ε

2

uj+1
i+1 − 2uj+1

i + uj+1
i−1

Υ2
i,j+1

+
aj+1
i

2

uj+1
i+1 − uj+1

i

h
−

(
bj+1
i

2
+

1

∆t

)
uj+1
i = Hj+1

i ,

uj+1
0 = ϕ(tj+1), uj+1

N = ψ(tj+1), u0i = u0(xi),

(2.22)

for i = 1, . . . , N − 1, j = 0, . . . ,M − 1, where

Hj+1
i = −ε

2

uji+1 − 2uji + uji−1

Υ2
i,j

−
aji
2

uji+1 − uji
h

+

(
bji
2
− 1

∆t

)
uji +

f j+1
i + f ji

2
.

After rearranging the terms in (2.22), we arrive at the following recurrence relation:

r−i u
j+1
i−1 + rciu

j+1
i + r+i u

j+1
i+1 = s−i u

j
i−1 + sciu

j
i + s+i u

j
i+1 +

f j+1
i + f ji

2
, (2.23)

where the coefficients are given by:



r−i =
ε

2Υ2
i,j+1

,

rci = −

(
ε

Υ2
i,j+1

+
aj+1
i

2h
+
bj+1
i

2
+

1

∆t

)
,

r+i =
ε

2Υ2
i,j+1

+
aj+1
i

2h
,



s−i = − ε

2Υ2
i,j

,

sci =
ε

Υ2
i,j

+
aji
2h

+
bji
2
− 1

∆t
,

s+i = −

(
ε

2Υ2
i,j

+
aji
2h

)
.

Since |rci | > |r−i |+ |r+i |, the tri-diagonal system (2.23) is strictly diagonally dominant. As a result, the

solution is unique. To solve this system, we employed the matrix inverse method.

2.5 Convergence Analysis

Lemma 2.7 (Discrete Minimum Principle). Let the mesh function uj+1
i satisfy uj+1

0 ≥ 0, uj+1
N ≥ 0 and

L̂Nϵ u
j+1
i ≤ 0, ∀i = 1, 2, . . . , N − 1. Then, uj+1

i ≥ 0, ∀i = 0, 1, . . . , N.

Proof. If s ∈ {0, 1, . . . , N} with uj+1
s = min

0≤i≤N
uj+1
i < 0, then s ̸= 0 and s ̸= N . Also, we have
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(uj+1
s+1 − uj+1

s ) > 0 and (uj+1
s−1 − uj+1

s ) > 0. Thus,

L̂Nϵ uj+1
s =

ε

2

(uj+1
s+1 − 2uj+1

s + uj+1
s−1)

Υ2
+
aj+1
s

2

(uj+1
s+1 − uj+1

s )

h
−

(
bj+1
s

2
+

1

∆t

)
uj+1
s

=
ε

2

(uj+1
s+1 − uj+1

s ) + (uj+1
s−1 − uj+1

s )

Υ2
+
aj+1
s

2

(uj+1
s+1 − uj+1

s )

h
−

(
bj+1
s

2
+

1

∆t

)
uj+1
s > 0,

which is a contradiction. Hence the result follows.

Lemma 2.8 (Stability Estimate). The solution uj+1
i of (2.23) satisfies the bound

∣∣∣uj+1
i

∣∣∣ ≤ 1

β
∥L̂Nϵ u

j+1
i ∥+max

(
|ψ(tj+1)|, |ϕ(tj+1)|

)
.

Proof. Define the barrier functions

ℸ±
i,j+1 =

1

β
∥L̂Nϵ u

j+1
i ∥+max

(
|ψ(tj+1)|, |ϕ(tj+1)|

)
± uj+1

i .

At the boundary points, we have:

ℸ±
0,j+1 =

1

β
∥L̂Nϵ u

j+1
0 ∥+max

(
|ψ(tj+1)|, |ϕ(tj+1)|

)
± uj+1

0 ≥ 0,

ℸ±
N,j+1 =

1

β
∥L̂Nϵ u

j+1
N ∥+max

(
|ψ(tj+1)|, |ϕ(tj+1)|

)
± uj+1

N ≥ 0.

Now, for interior points, we apply the discrete operator to ℸ±
i,j+1. Using linearity and the definition of

the operator L̂Nϵ , we compute:

L̂Nϵ ℸ±
i,j+1 =

ε

2
δ2xℸ±

i,j+1 +
aj+1
i

2
D+
x ℸ±

i,j+1 −

(
bj+1
i

2
+

1

∆t

)
ℸ±
i,j+1

= −

(
bj+1
i

2
+

1

∆t

)(
1

β
∥L̂Nϵ u

j+1
i ∥+max

(
|ψ(tj+1)|, |ϕ(tj+1)|

))
± L̂Nϵ (u

j+1
i )

= −

(
bj+1
i

2
+

1

∆t

)(
1

β
∥L̂Nϵ u

j+1
i ∥+max

(
|ψ(tj+1)|, |ϕ(tj+1)|

))
± L̂Nϵ u

j+1
i .
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Since
(
bj+1
i
2 + 1

∆t

)
≥ β > 0, we have:

L̂Nϵ ℸ±
i,j+1 ≤ −β

(
1

β
∥L̂Nϵ u

j+1
i ∥+max

(
|ψ(tj+1)|, |ϕ(tj+1)|

))
± L̂Nϵ u

j+1
i ≤ 0.

Hence, L̂Nϵ ℸ±
i,j+1 ≤ 0 at all interior nodes, and ℸ±

i,j+1 ≥ 0 at the boundaries.

By applying the discrete maximum principle (Lemma 2.7), we conclude that

ℸ±
i,j+1 ≥ 0 for all i,

which implies ∣∣∣uj+1
i

∣∣∣ ≤ 1

β

∣∣∣L̂Nϵ uj+1
i

∣∣∣+max
(
|ψ(tj+1)|, |ϕ(tj+1)|

)
.

Lemma 2.9. For ε→ 0 and for a fixed mesh, it holds that

lim
ε→0

exp
(
−xi

√
α
ε

)
(
√
ε)s

= 0, s ∈ Z+, and ε

∣∣∣∣1− h2

ξ2

∣∣∣∣ ≤ Ch.

Proof. Note that
exp

(
−xi

√
α
ε

)
(
√
ε)s

≤
exp

(
−h
√

α
ε

)
(
√
ε)s

, for i = 1, 2, . . . , N.

Let η =
1√
ε

. Then we have:

lim
ε→0

exp
(
−h
√

α
ε

)
(
√
ε)s

= lim
η→∞

ηs

exp(h
√
αη)

.

Applying L’Hôpital’s Rule s times, we obtain:

lim
η→∞

ηs

exp(h
√
αη)

= lim
η→∞

s!

(h
√
α)s exp(h

√
αη)

= 0.

Now, consider the second part:

ε

∣∣∣∣1− h2

ξ2

∣∣∣∣ = ε

∣∣∣∣∣1− h2

εh
α

(
exp

(
αh
ε

)
− 1
)∣∣∣∣∣ = αh

∣∣∣∣∣ εαh − 1

exp
(
αh
ε

)
− 1

∣∣∣∣∣ .
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Let σ =
αh

ε
. Then:

ε

∣∣∣∣1− h2

ξ2

∣∣∣∣ = αh

(
1

σ
− 1

exp(σ)− 1

)
.

Taking limits:

lim
σ→0

αh

(
1

σ
− 1

exp(σ)− 1

)
=

1

2
αh, lim

σ→∞
αh

(
1

σ
− 1

exp(σ)− 1

)
= 0.

Thus, for all σ ∈ (0,∞), we have

ε

∣∣∣∣1− h2

ξ2

∣∣∣∣ ≤ Ch,

for some constant C > 0, which completes the proof.

Theorem 2.4. Let uj+1(xi) and uj+1
i be the solutions of (2.10) and (2.23), respectively. Then the error

bound at the (j + 1)th time level is given by

sup
0<ε≤1

∥∥∥uj+1(xi)− uj+1
i

∥∥∥ ≤ CN−1, i = 0(1)N.

Proof. The truncation error in the spatial discretization is

∣∣∣L̂Nε (uj+1(xi)− uj+1
i

)∣∣∣ = ∣∣∣L̂εuj+1(xi)− L̂Nε u
j+1
i

∣∣∣
≤
∣∣∣∣ε( d2

dx2
− δ2x

)
uj+1
i + aj+1

i

(
d

dx
−D+

)
uj+1
i

∣∣∣∣ ,
where

δ2xu
j+1
i =

uj+1
i+1 − 2uj+1

i + uj+1
i−1

Υ2
, D+uj+1

i =
uj+1
i+1 − uj+1

i

h
.

Using Taylor expansions and Theorem 2.3, we get:

∣∣∣L̂εuj+1(xi)− L̂Nε u
j+1
i

∣∣∣ ≤ ∣∣∣∣ε(1− h2

Υ2

)
d2uj+1

dx2
(xi)− aj+1(xi)

h2

6

d3uj+1

dx3
(xi)− aj+1(xi)

εh4

12Υ2

d4uj+1

dx4
(xi)

∣∣∣∣
≤ C

[
h
(
1 + ε−1e−xi

√
β/ε
)
+ h2

(
1 + ε−3/2e−xi

√
β/ε
)]
.

Then, by Lemma 2.9, we obtain

sup
0<ε≤1

∥∥∥uj+1(xi)− uj+1
i

∥∥∥ ≤ CN−1.
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Theorem 2.5. The solution uj+1
i in (2.23) converges uniformly to the solution u(xi, tj+1) in (2.1) and its

error bound is given by

sup
0<ε≤1

∥∥∥u(xi, tj+1)− uj+1
i

∥∥∥ ≤ C(N−1 + (∆t)2), i = 0(1)N, j = 0(1)M.

Proof. The scheme’s uniform convergence is based on Theorems 2.2 and 2.4. We justify it as follows

sup
0<ε≤1

∥∥∥u(xi, tj+1)− uj+1
i

∥∥∥ ≤ sup
0<ε≤1

∥∥u(xi, tj+1)− uj+1(xi)
∥∥+ sup

0<ε≤1

∥∥∥uj+1(xi)− uj+1
i

∥∥∥ ≤ C(∆t)2 +N−1).

2.5.1 Richardson Extrapolation

To enhance the spatial convergence order, we apply the Richardson extrapolation technique as follows.

Let DN,M ⊂ D2N,M , where D2N,M is the mesh obtained by bisecting the spatial step size h. Denote the

numerical solution on u2N,M by uji . According to the error estimate established in Theorem 2.5, we have:

∥∥∥u(xi, tj+1)− uj+1
i

∥∥∥ ≤ C((∆t)2 + h). (2.24)

Since inequality (2.24) holds for any (∆t)2, h > 0, we may express the pointwise error as

u(xi, tj+1)− uj+1
i = C((∆t)2 + h) +RN,M , ∀(xi, tj+1) ∈ DN,M , (2.25)

where RN,M = O((∆t)3 + h2) represents the higher-order remainder terms. This leads to the refined

estimate ∥∥∥u(xi, tj+1)− uj+1
i

∥∥∥ ≤ C((∆t)2 + h) +O((∆t)3 + h2). (2.26)

Similarly, for the mesh D2N,M with halved spatial step size h/2, we have

u(xi, tj+1)− uj+1
i = C((∆t)2 + h

2 ) +R2N,M , ∀(xi, tj+1) ∈ D2N,M , (2.27)

whereR2N,M = O((∆t)3+h2). As proved in [42], the extrapolated approach based on space discretization

eliminates the leading order error term and provides second order uniform accuracy in space. Following the

approach in [42], we eliminate the leading-order spatial error by subtracting a scaled version of Eq. (4.7)
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from Eq. (4.3):

u(xi, tj+1)−
(
2uj+1

i − uj+1
i

)
= Ck2 +O((∆t)3 + h2).

We thus define the Richardson extrapolated solution as

(uj+1
i )ext := 2uj+1

i − uj+1
i , (2.28)

which improves the spatial order of accuracy by one. The resulting approximation (uj+1
i )ext is more accurate

than either uj+1
i or uj+1

i alone.

To quantify the truncation error of this extrapolated solution, we write

u(xi, tj+1)− (uj+1
i )ext = u(xi, tj+1)−

[
2uj+1

i − uj+1
i

]
= 2

(
u(xi, tj+1)− uj+1

i

)
−
(
u(xi, tj+1)− uj+1

i

)
.

(2.29)

Combining Eqs. (2.25), (2.27), and (2.29), we establish the following result.

Theorem 2.6. Let u(xi, tj+1) be the exact solution and (uj+1
i )ext be the Richardson extrapolated numerical

solution to problem (2.1). Then the extrapolated scheme satisfies the error estimate:

sup
0<ε≤1

∥∥∥u(xi, tj+1)− (uj+1
i )ext

∥∥∥ ≤ C((∆t)2 +N−2),

where C is a constant independent of the mesh sizes h = N−1, (∆t), and the perturbation parameter ε.

2.6 Numerical Results and Discussion

To validate the theoretical results established in this chapter, we perform numerical experiments using the

proposed scheme on the problem given in (2.1). Specifically, we considered three numerical examples to

verify the applicability and effectiveness of the proposed scheme.

The exact solution is unavailable for the model problems below, so the double mesh principle is used to

estimate the maximum pointwise error before and after extrapolation. Specifically, the error is defined by

eN,Mε = max
0≤i≤N, 0≤j≤M

∣∣uN,M (xi, tj)− u2N,2M (x2i, t2j)
∣∣ ,

(eN,Mε )ext = max
0≤i≤N, 0≤j≤M

∣∣(uN,M (xi, tj))ext − (u2N,2M (x2i, t2j)ext
∣∣ ,
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respectively.

The rate of convergence is given by

RN,Mε = log2

(
eN,Mε

e2N,2Mε

)
.

Furthermore, we calculate the ε-uniform maximum pointwise error eN,M and the corresponding ε-uniform

rate of convergence RN,M as follow

eN,M =max
ε
eN,Mε ,

RN,M = log2

(
eN,M

e2N,2M

)
.

Example 2.1. Consider the following singularly perturbed boundary turning point problem [136]:

εuxx(x, t) + xpux(x, t)− u(x, t)− ut(x, t) = −1 + x2, (x, t) ∈ D,

u(x, 0) = (1− x)2, 0 ≤ x ≤ 1,

u(0, t) = t2 + 1, u(1, t) = 0, 0 ≤ t ≤ 1.

Table 2.1: eN,M and pN,M for Example 2.1 for p = 1 with Richardson extrapolation

ε ↓ M = N → 25 26 27 28 29 210

10−1 3.0696e-05 7.9049e-06 2.0056e-06 5.0511e-07 1.2674e-07 3.1690e-08
1.9572 1.9787 1.9894 1.9947 1.9997

10−3 4.6927e-04 1.1958e-04 2.8999e-05 5.6951e-06 8.5996e-07 2.1500e-07
1.9724 2.0440 2.3482 2.7274 1.9992

10−5 4.6927e-04 1.1969e-04 3.0220e-05 7.5922e-06 1.9027e-06 4.7570e-07
1.9711 1.9857 1.9929 1.9965 1.9999

10−7 4.6927e-04 1.1969e-04 3.0220e-05 7.5922e-06 1.9027e-06 4.7570e-07
1.9711 1.9857 1.9929 1.9965 1.9999

...
...

...
...

...
...

...
10−9 4.6927e-04 1.1969e-04 3.0220e-05 7.5922e-06 1.9027e-06 4.7570e-07

1.9711 1.9857 1.9929 1.9965 1.9999
PM: eM,N 4.6927e-04 1.1969e-04 3.0220e-05 7.5922e-06 1.9027e-06 4.7570e-07

1.9711 1.9857 1.9929 1.9965 1.9999
In [136]: eM,N 9.449e-04 2.345e-04 6.424e-05 1.721e-05 4.778e-06

2.011 1.868 1.900 1.849
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(a) ε = 2−1 (b) ε = 2−20

Figure 2.1: The effect of ε using 3D view for Example 2.1 for p = 2.

Example 2.2. Consider the following singularly perturbed boundary turning point problem [59]:

εuxx(x, t) + (2− x2)xpux(x, t)− (1 + x)u(x, t)− ut(x, t) = 10e−tt2x(x− 1), (x, t) ∈ D,

u(x, 0) = 1− x, 0 ≤ x ≤ 1,

u(0, t) = t2 + 1, u(1, t) = 0, 0 ≤ t ≤ 1.

Table 2.2: Comparison of eN,M and pN,M for Example 2.2 when p = 1 before extrapolation

ε ↓ M = N → 25 26 27 28 29 210

10−1 1.8509e-03 9.8145e-04 5.0132e-04 2.6880e-04 1.3284e-04 6.6435e-05
0.9152 0.9691 0.9131 1.0102 0.9996

10−3 3.0268e-03 1.5854e-03 8.1157e-04 3.9626e-04 1.5460e-04 7.7300e-05
0.9329 0.9661 1.0343 1.3579 0.9999

10−5 3.0268e-03 1.5854e-03 8.1084e-04 4.1001e-04 2.0616e-04 1.0308e-04
0.9330 0.9673 0.9837 0.9919 0.9999

10−7 3.0268e-03 1.5854e-03 8.1084e-04 4.1001e-04 2.0616e-04 1.0308e-04
0.9330 0.9673 0.9837 0.9919 0.9999

...
...

...
...

...
...

10−9 3.0268e-03 1.5854e-03 8.1084e-04 4.1001e-04 2.0616e-04 1.0308e-04
0.9330 0.9673 0.9837 0.9919 0.9999

PM: eM,N 3.0268e-03 1.5854e-03 8.1084e-04 4.1001e-04 2.0616e-04 1.0308e-04
0.9330 0.9673 0.9837 0.9919 0.9999

In [59]: eM,N 7.81e-02 4.21e-02 2.19e-02 1.12e-02 5.63e-03
0.89 0.94 0.97 0.99
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(a) ε = 2−1 (b) ε = 2−20

Figure 2.2: The effect of ε using 3D view for Example 2.2 for p = 3.

Example 2.3. Consider the following singularly perturbed boundary turning point problem [66]

εuxx(x, t) + xpux(x, t)− (x+ p)u(x, t)− ut(x, t) = e−tp(x2 − 1), (x, t) ∈ D,

u(x, 0) = (1− x)2, 0 ≤ x ≤ 1, u(0, t) = t2 + 1, u(1, t) = 0, 0 ≤ t ≤ 1.

Table 2.3: Comparison eN,Mε and pN,Mε for Example 2.3 with ε = 2−15 and for different values of p after
extrapolation

p ↓M = N → 25 26 27 28 29

Proposed Method
1 4.0553e-04 1.0988e-04 2.8833e-05 7.3965e-06 1.8754e-06

1.8839 1.9301 1.9628 1.9796
2 7.8643e-04 2.1700e-04 5.7212e-05 1.4743e-05 3.7449e-06

1.8576 1.9233 1.9563 1.9770
3 1.1504e-03 3.2208e-04 8.5415e-05 2.2060e-05 5.6109e-06

1.8366 1.9149 1.9531 1.9751
Method in [66] . . .

1 1.0563e-3 3.3846e-4 1.0488e-4 3.2120e-5 9.7653e-6
1.6419 1.6903 1.7071 1.7177

2 4.8912e-3 1.9672e-3 6.8809e-4 2.2846e-4 7.2656e-5
1.3140 1.5155 1.5907 1.6528

3 6.3012e-3 2.5303e-3 8.9776e-4 2.9678e-4 9.4708e-5
1.3163 1.4949 1.5969 1.6479

The maximum absolute errors and their corresponding rates of convergence for the proposed method,

applied to Example 2.1 and Example 2.2 with p = 1, are presented in Table 2.1 and Table 2.2, respectively.

From these tables, it can be observed that for fixed mesh parameters, as ε→ 0, the maximum absolute error

remains approximately constant. Moreover, as the mesh is refined, the maximum absolute error decreases,
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(a) ε = 2−4 (b) ε = 2−15

Figure 2.3: Surface plots of the numerical solution for Example 2.3 and p = 1.

(a) p = 1 (b) ε = 2−10

Figure 2.4: Numerical solution profile for Example 2.3 for different ε and p values.
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confirming that the scheme is ε-uniformly convergent. Furthermore, Table 2.1 and Table 2.2 also provide

a comparison of the proposed method with those reported in [136] and [59], using Examples 2.1 and 2.2,

respectively. The results clearly demonstrate that the proposed method achieves higher accuracy and a better

order of convergence. Additionally, Table 2.3 compares the maximum absolute errors and the corresponding

orders of convergence for various p values, showing that the proposed method better in both accuracy and

convergence rate than the method in [66].

Surface plots for each example are presented in Figures 2.1, 2.2, and 2.3 for various values of the singular

perturbation parameter ε. These figures show that the solution develops a pronounced left boundary layer in

the spatial domain, which is a characteristic feature of singularly perturbed convection–diffusion problems.

The numerical solution profiles for different values of ε and p are displayed in Figure 2.4 to illustrate the

influence of both the perturbation parameter and the convection exponent on the solution behavior. Fig-

ure 2.4a demonstrates that as ε → 0, the solution exhibits an increasingly sharp boundary layer near x = 0,

accompanied by a corresponding reduction in the layer width. This behavior is consistent with the theoretical

property that the boundary layer thickness is primarily governed by ε.

Moreover, variations in the parameter p, which appears in the convection coefficient, modify the strength

and spatial variation of the convective term. As p increases, the convection effect becomes more pronounced

near the boundary, leading to changes in the gradient of the solution and slight adjustments in the layer profile.

However, the asymptotic thickness of the boundary layer remains predominantly controlled by ε.

2.7 Conclusion

In this chapter, a parameter-uniform numerical method has been proposed for solving singularly perturbed

parabolic convection–diffusion equations with boundary turning point. These problems are characterized

by stiffness due to the presence of a small perturbation parameter ε and the existence of boundary turning

point. The solution exhibits a left boundary layer in the spatial domain. The developed scheme combines a

non-standard finite difference method for spatial discretization with the Crank–Nicolson method for temporal

integration, both applied on uniform meshes. Numerical results, supported by figures and tables, illustrate

the solution’s behavior as ε varies. The method is stable and achieves second-order ε-uniform convergence.

Furthermore, as order of turning points p varies the scheme’s stability and order of convergence are not

affected. The performance of the scheme is investigated by comparing the results with some published

papers. Overall, the proposed method offers improved accuracy and ε-uniform convergence rate.
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Chapter 3

Hybrid Numerical Scheme for Singularly

Perturbed Parabolic Convection-Diffusion

Problems with Boundary Turning Point

This chapter addresses the problem presented in Chapter 2 by developing a numerical method based on a fitted

mesh approach. A hybrid finite difference scheme is formulated on a Shishkin mesh, employing the Crank–

Nicolson method for time discretization and a combination of midpoint upwind and central differences for

spatial discretization. The midpoint upwind scheme is applied in the outer region, while the central difference

is used within the boundary layer to ensure an oscillation-free solution. The proposed scheme is ε-uniformly

convergent in the maximum norm with almost second-order accuracy. Its stability is established using the

discrete minimum principle and truncation error bounds. Numerical results from three model examples

confirm the theoretical findings.

3.1 Introduction

It is well established in the literature that standard finite difference methods do not exhibit uniform conver-

gence when applied to singularly perturbed problems on uniform mesh [78, 80]. These methods typically

converge only when the mesh size is considerably smaller than the perturbation parameter (ε), which sig-

nificantly increases the computational cost. Furthermore, they are often not uniformly well-conditioned

and can be sensitive to perturbations in the input data. To accurately capture the layer structure at a low
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computational cost, a mesh adaptation technique offers advantages over a uniform mesh. There are several

approaches for adapting the mesh through the redistribution of mesh points, among which the Bakhvalov

and Shishkin meshes are notable examples. The simplest non-uniform mesh, which places more mesh points

in the boundary layer region than in the outer region—namely, the piecewise-uniform mesh proposed by

Shishkin—is sufficient for the construction of an ε-uniform method. It is attractive due to its simplicity and

is adequate for handling a wide variety of singularly perturbed problems. The purpose of this work is to

construct and analyze a higher-order ε-uniform numerical scheme for a singularly perturbed convection–

diffusion problem with boundary turning points. The proposed hybrid scheme combines the central finite

difference method and the midpoint upwind scheme on a piecewise Shishkin mesh in the spatial direction,

and employs the Crank–Nicolson method in the temporal direction. The advantage of the present method

over those presented in [59, 66, 123] lies in its second-order accuracy in both time and space variables, as

well as its improved overall accuracy.

3.2 Definition of the Problem

Consider the singularly perturbed parabolic convection–diffusion problem with a boundary turning point

introduced in Chapter 2.

3.3 Properties of the Continuous Solution

The governing problem considered in this chapter coincides with the model problem studied in Chapter 2.

Hence, the analytical properties of the continuous solution discussed earlier remain applicable. To avoid rep-

etition, the corresponding results are omitted here and will be referred to whenever needed in the subsequent

analysis.

3.4 Derivation of the Numerical Method

3.4.1 Temporal Discretization

In this subsection, the temporal discretization is omitted since it is identical to the discretization presented

in Subsection 2.4.1 of Chapter 2. Therefore, we directly consider the semi-discrete form of the continuous
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problem (2.1). The semi discrete solution uj+1
i of problem (2.10) can be decomposed into regular and

singular components as

uj+1(x) = vj+1(x) + wj+1(x).

The bounds on these components are given in the following theorem (see [20]).

Theorem 3.1. The solution uj+1(x) and its derivatives satisfy the bound

∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ C
(
1 + ε−k/2 exp

(
−x
√

α
ε

))
, x ∈ Ωx, 0 ≤ k ≤ 4.

Moreover, the regular and singular components satisfy

∣∣∣∣dkvj+1(x)

dxk

∣∣∣∣ ≤ C
(
1 + ε3−k/2

)
, x ∈ Ωx, 0 ≤ k ≤ 4,

and ∣∣∣∣dkwj+1(x)

dxk

∣∣∣∣ ≤ Cε−k/2 exp
(
−x
√

α
ε

)
, x ∈ Ωx, 0 ≤ k ≤ 4.

Proof. Assume the asymptotic expansion for the regular component:

vj+1(x) = vj+1
0 (x) + εvj+1

1 (x) + ε2vj+1
2 (x) + ε3vj+1

r (x),

where yj+1(x) = vj+1
0 (x) + εvj+1

1 (x) + ε2vj+1
2 (x).

The leading-order term vj+1
0 (x) satisfies the reduced problem

aj+1(x)
2

dvj+1
0
dx − cj+1(x)

2 vj+1
0 (x) = gj+1(x), subject to the appropriate reduced boundary condition.

For m = 1, 2, the correction terms satisfy

aj+1(x)

2

dvj+1
m

dx
− cj+1(x)

2
vj+1
m (x) = −1

2

d2vj+1
m−1

dx2
,

with homogeneous boundary conditions.

The remainder term vj+1
r (x) satisfies

L̂εvj+1
r (x) = −ε

3

2

d2vj+1
2

dx2
.

Since vj+1
m (x), m = 0, 1, 2, are solutions of reduced first-order problems with sufficiently smooth
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bounded coefficients, standard theory yields∣∣∣∣∣dkvj+1
m (x)

dxk

∣∣∣∣∣ ≤ C, 0 ≤ k ≤ 4.

Using the stability estimate and the minimum principle for the remainder problem, together with standard

singular perturbation arguments, one obtains∣∣∣∣∣dkvj+1
r (x)

dxk

∣∣∣∣∣ ≤ Cε−k/2, 0 ≤ k ≤ 4.

Consequently, ∣∣∣∣dkvj+1(x)

dxk

∣∣∣∣ = ∣∣∣∣ dkdxk (vj+1
0 + εvj+1

1 + ε2vj+1
2 + ε3vj+1

r

)∣∣∣∣
≤ C

(
1 + ε3−k/2

)
, 0 ≤ k ≤ 4.

Next, we estimate the singular component wj+1(x). Construct the barrier functions

Φ±(x) = C exp

(
−x
√
α

ε

)
± wj+1(x),

whereC is chosen sufficiently large such thatΦ±(0) ≥ 0, Φ±(1) ≥ 0. Since cj+1(x) = bj+1(x)+ 2
∆t ≥

β + 2
∆t > 0, it follows that L̂εΦ±(x) ≤ 0. Therefore, by the semi-minimum principle 2.4, Φ±(x) ≥

0, x ∈ Ωx, which implies

|wj+1(x)| ≤ C exp

(
−x
√
α

ε

)
.

Differentiating the singular component equation repeatedly and applying standard derivative estimates for

singularly perturbed problems yields

∣∣∣∣dkwj+1(x)

dxk

∣∣∣∣ ≤ Cε−k/2 exp

(
−x
√
α

ε

)
, 0 ≤ k ≤ 4.

Finally, since uj+1(x) = vj+1(x) + wj+1(x), we obtain

∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ ∣∣∣∣dkvj+1(x)

dxk

∣∣∣∣+ ∣∣∣∣dkwj+1(x)

dxk

∣∣∣∣
≤ C

(
1 + ε−k/2 exp

(
−x
√
α

ε

))
, 0 ≤ k ≤ 4.
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3.4.2 Spatial Discretization

In this subsection, we describe the construction of the piecewise-uniform Shishkin mesh for discretizing the

spatial domain, and analyze the behavior of the difference scheme applied to semi-discretized problem (2.10).

Due to the presence of a boundary layer near x = 0 in problem (2.1), the mesh must be refined in the

neighborhood of x = 0. To construct the piecewise-uniform mesh, we divide the domain [0, 1] into two

subintervals:

[0, 1] = [0, ω] ∪ (ω, 1],

where ω ∈ (0, 1) is a suitably chosen mesh transition parameter, typically depending on the perturbation pa-

rameter ε and the number of mesh intervalsN . Each subinterval is partitioned uniformly intoN/2mesh inter-

0 1

ω

Fine mesh (N/2) Coarse mesh (N/2)

Figure 3.1: Shishkin mesh on the interval [0, 1] with transition point ω

vals, resulting in a total of N mesh intervals. The mesh points are given by Ω
N

= {0 = x0, x1, . . . , xN/2 =

ω, xN/2+1, . . . , xN = 1}, where

xi =


i
2ω

N
, for i = 0, 1, . . . ,

N

2
,

ω +

(
i− N

2

)
2(1− ω)

N
, for i =

N

2
+ 1, . . . , N,

and N ≥ 4 is a positive even integer.

The transition point ω, which separates the coarse and fine regions of the mesh, is defined by

ω = min

{
1

2
,
2
√
ε√
α

lnN

}
. (3.1)

Based on the definition of xi, the spatial step sizes for i = 0, 1, 2, . . . , N are given by:

hi = xi+1 − xi =


h =

2ω

N
, for i = 0, 1, . . . ,

N

2
− 1,

H =
2(1− ω)

N
, for i =

N

2
, . . . , N − 1,
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where h andH denote the mesh widths in the intervals [0, ω] and (ω, 1], respectively. From these expressions,

it follows that N−1 ≤ H ≤ 2N−1, h = 2
√
ε√
α
lnN. A uniform mesh can be obtained by choosing ω =

1

2
.

In analysing the error, we use
√
ε ≤ CN−1 and ω = 2

√
ε√
α
lnN, otherwise one can proceed with classical

way. We propose a numerical scheme to solve (2.1), which consists of Crank-Nicolson for time derivative,

and hybrid scheme for spatial derivatives. The hybrid scheme is a combination of central difference scheme

in the inner region [0, ω] and the midpoint upwind scheme in the outer region (ω, 1].

3.4.3 Full Discrete Scheme

The proposed full discrete scheme is:

1

2

(
L̂Nε,hyU

j+1
i + L̂Nε,hyU

j
i

)
=


1
2

(
f j+1
i + f ji

)
, 1 ≤ i ≤ N/2,

1
2

(
f j+1

i+ 1
2

+ f j
i+ 1

2

)
, N/2 < i ≤ N − 1,

(3.2)

U j+1
0 = ϕ(tj+1), U

j+1
N = ψ(tj+1), j ∈ {0, 1, 2, ...,M − 1},

U0
i = u0(xi), i ∈ {1, 2, ..., N − 1},

where

L̂Nε,hyU
j+1
i =


L̂Nε,cenU

j+1
i = εD+

xD
−
x U

j+1
i + aj+1

i D0
xU

j+1
i −

(
bj+1
i +

2

∆t

)
U j+1
i , for 1 ≤ i ≤ N/2,

L̂Nϵ,muU
j+1
i = εD+

xD
−
x U

j+1
i + aj+1

i+ 1
2

D+
x U

j+1
i −

(
bj+1

i+ 1
2

+
2

∆t

)
U j+1

i+ 1
2

, for N/2 < i ≤ N − 1,

(3.3)

and

L̂Nε,hyU
j
i =


L̂Nε,cenU

j
i = εD+

xD
−
x U

j
i + ajiD

0
xU

j
i −

(
bji −

2

∆t

)
U ji , for 1 ≤ i ≤ N/2,

L̂Nϵ,muU
j+1
i = εD+

xD
−
x U

j
i + aj

i+ 1
2

D+
x U

j
i −

(
bj
i+ 1

2

− 2

∆t

)
U j
i+ 1

2

, for N/2 < i ≤ N − 1,

where L̂Nϵ,up is the midpoint upwind scheme and L̂Nϵ,cen is the central difference scheme.
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The difference operators are defined by;


D+
xD

−
x U

j+1
i =

2(D+ −D−)

ĥ
U j+1
i ,

D0
xU

j+1
i =

U j+1
i+1 − U j+1

i−1

ĥ
,

and


D+
x U

j+1
i =

U j+1
i+1 − U j+1

i

hi+1
,

D−
x U

j+1
i =

U j+1
i − U j+1

i−1

hi
, ĥi = hi + hi+1.

In the above equations, the mid-point values are given by aj+1

i+ 1
2

=
aj+1
i+1+a

j+1
i

2 , cj+1

i+ 1
2

=
qj+1
i+1+q

j+1
i

2 ,

f j+1

i+ 1
2

=
fj+1
i+1 +fj+1

i

2 , and U j+1

i+ 1
2

=
Uj+1
i+1 +Uj+1

i

2 .

After rearranging the terms in (3.2), we obtained the following system.


L̂Nε,hy ≡ y−i U

j+1
i−1 + yciU

j+1
i + y+i U

j+1
i+1 = Hj

i , i ∈ {1, 2, ..., N − 1}, j ∈ {0, 1, 2, ...,M − 1},

U j+1
0 = ϕ(tj+1), U

j+1
N = ψ(tj+1), j ∈ {0, 1, 2, ...,M − 1},

U0
i = u0(xi), i ∈ {1, 2, ..., N − 1},

(3.4)

where the coefficients are given by;



y−i =
2ε

ĥihi
−
aj+1
i

ĥi
,

yci = − 2ε

hihi+1
− (bj+1

i + 2
∆t),

y+i =
2ε

ĥihi+1

+
aj+1
i

ĥi
, i = 1, 2, ..., N2 ,



y−i =
2ε

ĥhi
,

yci = − 2ε

hihi+1
−
aj+1

i+ 1
2

hi+1
− 1

2

(
bj+1

i+ 1
2

+
2

∆t

)
,

y+i =
2ε

ĥhi+1

+
aj+1

i+ 1
2

hi+1
− 1

2

(
bj+1

i+ 1
2

+
2

∆t

)
, i = N

2 + 1, ..., N − 1,

(3.5)

and

Hj
i =


(
f j+1
i + f ji

)
− εD+

xD
−
x U

j
i + ajiD

0
xU

j
i −

(
bji −

2

∆t

)
U ji , 1 ≤ i ≤ N/2,(

f j+1

i+ 1
2

+ f j
i+ 1

2

)
− εD+

xD
−
x U

j
i + aj

i+ 1
2

D−
x U

j
i −

(
bj
i+ 1

2

− 2

∆t

)
U j
i+ 1

2

, N/2 < i ≤ N − 1,

The coefficient matrix in Eq.(3.4) gives (N − 1)× (N − 1) tri-diagonal system of equations with unknowns

U1, U2, ..., UN−1 which can be solved using matrix inversion method.
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3.5 Uniform Convergence Analysis

Lemma 3.1. For N ≥ N0 ≥ 8, there exists α > 0 such that

(
∥b∥+ 2

∆t

)
≤ αN0, and

N0

(lnN0)2
≥ 4ω2

0∥a∥.

Then, we have

y−i > 0, y+i > 0, for 1 ≤ i ≤ N − 1,

|y−i |+ |y+i | < |yci |, for 1 < i < N − 1,

|y+1 | < |yc1|, and |y−N−1| < |ycN−1|.

Proof. From Equations (3.5), it is clear that

y−i > 0, for
N

2
≤ i < N − 1,

y+i > 0, for 1 ≤ i ≤ N

2
.

Now, we have to prove

y−i > 0, for 1 ≤ i ≤ N

2
, and y+i > 0, for

N

2
< i < N − 1.

From Equation (3.5), one can write

y−i =

(
2ε

ĥihi
−
aj+1
i

ĥi

)
≥
(

2ε

ĥihi
−

∥a0∥xpi
ĥi

)
=

(
N2

16ω2
0 ln

2N
−

∥a0∥(
∑N/2

i=1 hi)
p

2hi

)

=

(
N2

16ω2
0 ln

2N
−

∥a0∥(N2 hi)
p

2hi

)
=

(
N2

16ω2
0 ln

2N
− ∥a0∥Nphp−1

2p+1

)
=

(
N2

16ω2
0 ln

2N
−

∥a0∥Np(2ωN )p−1

2p+1

)

=

(
N2

16ω2
0 ln

2N
− ∥a0∥N(ω)p−1

4

)
, since ω = min{1/2, ω0

√
ε lnN} =⇒ ω ≤ 1

2

≥ N

16ω2
0

(
N

ln2N
− 4ω2

0∥a0∥
2p−1

)
, p = 1, 2, 3, ....

Since for N ≥ N0 ≥ 8, N
ln2N

− N0

ln2N0
≥ 0, it follows that y−i > 0 for 1 ≤ i ≤ N

2 , when N0

ln2N0
≥

4ω2
0∥a0∥.
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Here, we consider the domain (ω, 1], and using H ≤ 2N−1 in Equation ((3.5), we have

y+i =
2ε

ĥhi+1

+
aj+1

i+ 1
2

hi+1
− 1

2

(
bj+1

i+ 1
2

+
2

∆t

)
≥

∥a0∥xpi
H

− 1

2

(
∥b∥+ 2

∆t

)
=

∥a0∥(
∑N

i=N/2H)p

H
− 1

2

(
∥b∥+ 2

∆t

)
=

∥a0∥(N2 H)p

H
− 1

2

(
∥b∥+ 2

∆t

)
≥ 1

2

(
αN − (∥b∥+ 2

∆t
)

)
,

N

2
≤ i < N − 1.

Therefore, for N ≥ N0, we have

y+i > 0, for
N

2
< i < N − 1, when αN0 ≥ ∥b∥∞ +

2

∆t
.

From Equations (3.5), one can easily show that

|y+1 | < |yc1| and |y−N−1| < |ycN−1|.

Now, for 1 < i ≤ N
2 , we have

|r−i |+ |r+i | =

∣∣∣∣∣ 2ε

hiĥi
−
aj+1
i

ĥi

∣∣∣∣∣+
∣∣∣∣∣ 2ε

hi+1ĥi
+
aj+1
i

ĥi

∣∣∣∣∣
=

2ε

hiĥi
−
aj+1
i

ĥi
+

2ε

hi+1ĥi
+
aj+1
i

ĥi
(since r−i , r

+
i > 0)

=
2ε

hihi+1
(using ĥi = hi + hi+1).

However, we also have:

|yci | =
∣∣∣∣− 2ε

hihi+1
−
(
bj+1
i +

2

∆t

)∣∣∣∣ = 2ε

hihi+1
+ bj+1

i +
2

∆t
.

Hence, |y−i |+ |y+i | < |yci |, and for N2 < i < N − 1, we get

|y−i |+ |y+i | =
2ε

ĥhi
+

2ε

ĥhi+1

+
aj+1

i+ 1
2

hi+1
− 1

2

(
bj+1

i+ 1
2

+
2

∆t

)
< |yci |,

Remark 3.1. From the lemma 3.1 the matrix associated with the discrete operator L̂Nε,hy in Eq. (3.2) is strictly

diagonally dominance and so has a unique solution. The operator L̂Nε,hy in Eq. (3.2) satisfies the following
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minimum principle. Hence the scheme (3.2) is uniformly stable in the maximum norm.

Lemma 3.2. (Discrete minimum Principle) Assume that U j+1
0 ≥ 0, U j+1

N ≥ 0 and L̂Nε,hyU
j+1
i ≤ 0, for

1 ≤ i ≤ N − 1. Then U j+1
i ≥ 0 for 1 ≤ i ≤ N and 1 ≤ j < M.

Proof. The proof follows using Lemma 3.1 and Remark 3.1.

Lemma 3.3 (Discrete Stability Estimate). The solution uj+1
i of the discrete problem (3.4) satisfies the bound

|uj+1
i | ≤ max

∂DM,N

∣∣u(xi, tj+1)
∣∣+ T

β

∥∥∥L̂Nϵ,hyu
j+1
i

∥∥∥ , (xi, tj) ∈ DN,M .

Proof. We construct the following barrier functions:

Z±(xi, tj+1) = max
∂DM,N

∣∣U(xi, tj+1)
∣∣+ T

β

∥∥∥L̂Nϵ,hyU
j+1
i

∥∥∥± U j+1
i .

Using the discrete minimum principle, Lemma 3.2 we obtain

Z±(xi, tj+1) ≥ 0 for all (xi, tj) ∈ DN,M ,

which yields the desired estimate.

To prove ε−uniform error estimates on singular components, the following barrier function are con-

structed;

φni =


∏i
k=1

(
1 + µhk√

ε

)−1
, 1 ≤ i ≤ N ;

1, i = 0;

where µ =
√
α is a constant. Also,


φni−1 =

(
1 + µhi√

ε

)−1
φni , 1 ≤ i ≤ N ;

φni+1 =
(
1 + µhi+1√

ε

)−1
φni , 1 ≤ i ≤ N − 1.

Lemma 3.4. The barrier function φni satisfies the following inequalities:

L̂Nϵ φni ≤ − C√
ε
φni for 1 ≤ i ≤ N
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Proof. Consider the barrier function

φni =


i∏

k=1

(
1 +

µhk√
ε

)−1

, 1 ≤ i ≤ N,

1, i = 0,

where µ =
√
α. From its definition,

φni−1 =

(
1 +

µhi√
ε

)
φni , φni+1 =

(
1 +

µhi+1√
ε

)−1

φni .

First, consider 1 ≤ i ≤ N/2, where the central difference operator is used:

L̂Nε,cenφ
n
i = εD+

xD
−
x φ

n
i + aj+1

i D0
xφ

n
i −

(
bj+1
i +

2

∆t

)
φni .

Using the neighboring relations, φ
n
i+1−φn

i

hi+1
= − µ

√
ε
(
1+

µhi+1√
ε

)φni , and φn
i −φn

i−1

hi
= − µ√

ε
φni .

Hence, εD+
xD

−
x φ

n
i ≤ −C1√

ε
φni . Also, |D0

xφ
n
i | =

∣∣∣φn
i+1−φn

i−1

ĥi

∣∣∣ ≤ C√
ε
φni , which gives aj+1

i D0
xφ

n
i ≤

C2√
ε
φni . Since bj+1

i ≥ β > 0, −
(
bj+1
i + 2

∆t

)
φni ≤ −C3φ

n
i . Therefore, L̂Nε,cenφ

n
i ≤ − C√

ε
φni .

For N/2 < i ≤ N − 1, the midpoint upwind operator is used:

L̂Nε,muφ
n
i = εD+

xD
−
x φ

n
i + aj+1

i+ 1
2

D+
x φ

n
i −

(
bj+1

i+ 1
2

+
2

∆t

)
φn
i+ 1

2

.

Since D+
x φ

n
i = − µ

√
ε
(
1+

µhi+1√
ε

)φni < 0, the convection term is nonpositive. Thus, L̂Nε,muφ
n
i ≤ − C√

ε
φni .

Hence, for all 1 ≤ i ≤ N , L̂Nε φni ≤ − C√
ε
φni . For further details, the reader is referred to [100].

Lemma 3.5. The mesh function φni satisfies the following inequality:

e−µxi/
√
ε ≤

i∏
k=1

(
1 +

µhk√
ε

)−1

= φni , for all 0 ≤ i ≤ N,

and on Shishkin mesh, mesh function also satisfies the following inequality:

i∏
k=1

(
1 +

µhk√
ε

)−1

≤


CN−4i/N , 0 < i ≤ N

2 ;

CN−2, N
2 ≤ i < N.
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Proof. We are given the mesh function

φni =

i∏
k=1

(
1 +

µhk√
ε

)−1

,

and aim to establish two inequalities.

1. Lower Bound:

We aim to prove:
i∏

k=1

(
1 +

µhk√
ε

)−1

≥ e−µxi/
√
ε, for all 0 ≤ i ≤ N.

Taking the logarithm of both sides:

ln

(
i∏

k=1

(
1 +

µhk√
ε

)−1
)

= −
i∑

k=1

ln

(
1 +

µhk√
ε

)
.

Using the inequality ln(1 + z) ≤ z for z > −1, which holds since µ, hk > 0, we get:

−
i∑

k=1

ln

(
1 +

µhk√
ε

)
≥ −

i∑
k=1

µhk√
ε

= − µ√
ε

i∑
k=1

hk = −µxi√
ε
.

Taking exponential both sides:

i∏
k=1

(
1 +

µhk√
ε

)−1

≥ e−µxi/
√
ε.

2. Upper Bound on Shishkin Mesh:

We now prove:
i∏

k=1

(
1 +

µhk√
ε

)−1

≤


CN−4i/N , 0 < i ≤ N

2 ;

CN−2, N
2 ≤ i < N.

In [0, ω], the fine mesh size: hk ≈ 2ω
N = O(N−1 lnN), In [ω, 1], the coarse mesh size: hk ≈ O(N−1).

Case 1: 0 < i ≤ N
2 (fine mesh)
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Here, hk ≈ 2ω
N , and ω = O

(√
ε
µ lnN

)
, so

µhk√
ε

≈ 2ωµ

N
√
ε
≈ 4 lnN

N
.

Thus,
i∏

k=1

(
1 +

µhk√
ε

)−1

≤
(
1 +

4 lnN

N

)−i
.

Using the inequality
(
1 + a

N

)−N ≤ e−a, we get:

(
1 +

4 lnN

N

)−i
=

[(
1 +

4 lnN

N

)−N
]i/N

≤ e−4 lnN ·i/N = N−4i/N .

Therefore,
i∏

k=1

(
1 +

µhk√
ε

)−1

≤ CN−4i/N .

Case 2: N
2 ≤ i < N (coarse mesh)

Here, hk ≈ O(1/N), and the number of terms is at most N . Thus:

1 +
µhk√
ε

≥ 1 +
c

N
, for some constant c > 0.

So,
i∏

k=1

(
1 +

µhk√
ε

)−1

≤
(
1 +

c

N

)−N/2
≤ e−c/2 ≤ CN−2.

Theorem 3.2. Let ui(t) andUi(t) be the solutions of the continuous and discrete problem respectively. Then,

the truncation error of the proposed scheme satisfy the following bounds;

sup
0<ε≤1

|ui(t)− Ui(t)| ≤


CN−2 ln2N for i = 0, 1, ..., N/2,

CN−1(ε+N−1), for i = N/2 + 1, ..., N

where C is a constant independent of ε and the mesh parameter N.
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Proof. We prove this theorem by decomposing the numerical solution UNi in Eq.(3.4) into regular and sin-

gular components, similar to the continuous problem, as:

U ji = V j
i +W j

i on the domain DN,M .

Therefore, the pointwise error of the discrete solution at each mesh point (xi, tj) is decomposed as:

uji − U ji = vji − V j
i + wji −W j

i . (3.6)

We now estimate the truncation error separately for the regular and singular components. First, for the regular

component:

L̂Nε,hy(v − V )ji =



∣∣∣∣ε(D+
xD

−
x − ∂2

∂x2

)
vji + aji

(
D0
x −

∂

∂x

)
vji

∣∣∣∣ , i ≤ N/2,∣∣∣∣ε(D+
xD

−
x − ∂2

∂x2

)
vji + aj

i+ 1
2

(
D+
x − ∂

∂x

)
vji

−qj
i+ 1

2

(
vji + vji+1

2
− vj

i+ 1
2

)∣∣∣∣∣ , i > N/2,

This satisfies the inequality:

L̂Nε,hy(v − V )ji ≤


Chi

(
ε

∫ xi+1

xi−1

|vxxxx| dx+ hi

∫ xi+1

xi−1

|vxxx| dx

)
, for i ≤ N/2,

C

(
ε

∫ xi+1

xi−1

|vxxx| dx+ hi+1

∫ xi+1

xi

(|vxxx|+ |vxx|+ |vx|) dx

)
, for i > N/2.

Alternatively, the inequality can be expressed as:

L̂Nε,hy(v − V )ji ≤


C [hi(hi + hi+1)(ε|vxxxx|+ |vxxx|)] , i ≤ N/2,

C
[
ε(hi + hi+1)|vxxx|+ h2i+1(|vxxx|+ |vxx|+ |vx|)

]
, i > N/2.

Using the derivative bounds of the regular component (Theorem 3.1), we obtain

L̂Nε,hy(v − V )ji ≤


CN−2 for i = 0, 1, ..., N/2,

CN−1(ε+N−1), for i = N/2 + 1, ..., N.

(3.7)
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Applying Lemma 3.2, we get

|(v − V )ji | ≤


CN−2 for i = 0, 1, ..., N/2,

CN−1(ε+N−1), for i = N/2 + 1, ..., N.

(3.8)

Next, we estimate the truncation error for the singular component. First, consider the outer layer region [ω, 1].

In this region, both w and W are small. Consider the following barrier functions:

Ψ±(xi, tj) = Cφji ±W (xi, tj) ∀(xi, tj) ∈ DN,M ;

where C = |W (x0, tj)|. We observe that

Ψ±(x0, tj) = Cφj0 ±W (x0, tj) = C ±W (x0, tj) ≥ 0,

Ψ±(xN , tj) = CφjN ≥ 0,

L̂N,Mε,hy Ψ±(xi, tj) = CL̂N,Mε,hy φ
j
i ± L̂N,Mε,hy W (xi, tj) = CL̂N,Mε,hy φ

j
i ≤ 0.

Using Lemma 3.2, the following estimate is obtained:

|W (xi, tj)| ≤ Cφji = C
i∏

j=1

(
1 +

µhj√
ε

)−1

.

Using the triangle inequality and Theorem 3.1, we have

| (w −W ) (xi, tj)| ≤ |w(xi, tj)|+ |W (xi, tj)| ≤ C exp

(
−
√
α√
ε
xi

)
+ C

i∏
k=i

(
1 +

√
αhk√
ε

)−1

≤ C

i∏
k=1

(
1 +

√
αhk√
ε

)−1

+ C

i∏
k=i

(
1 +

√
αhk√
ε

)−1

= C

i∏
k=1

(
1 +

√
αhk√
ε

)−1

.

Using Lemma 3.5, the error bound in the outer region is given by

| (w −W ) (xi, tj)| ≤ CN−2, (xi, tj) ∈ [σ, 1]× (0, T ].
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For the inner layer region (xi, tj) ∈ [0, ω]× (0, T ], the truncation error becomes

L̂Nε,hy(w −W )(xi, tj) ≤ Chi

[∫ xi+1

xi−1

(ε|wxxxx|+ |wxxx|) dx

]
≤ C

hi

ε3/2

[∫ xi+1

xi−1

exp

(
−
√
α

ε
x

)
dx

]

≤ C
hi√
αε

[
exp

(
−
√
α

ε
xi+1

)
− exp

(
−
√
α

ε
xi−1

)]
= C

hi√
αε

[
exp

(
−
√
α

ε
xi

){
exp

(√
α

ε
h

)
− exp

(
−
√
α

ε
h

)}]
= C

hi√
αε

[
exp

(
−
√
α

ε
xi

)
sinh

(√
α

ε
h

)]
.

Using the assumption in Lemma 3.1, we have
√

α
ε h ≤ 2. Since sinh ν ≤ Cν for 0 ≤ ν ≤ 2, it follows that

sinh

(√
α

ε
h

)
≤
√
α

ε
h.

Therefore, the above expression becomes

L̂Nε,hy(w −W )ji ≤ C
h2

ε3/2
exp

(
−
√
α

ε
xi

)
≤ C

N−2 ln2N√
ε

φni (by Lemma 3.5). (3.9)

Considering the barrier functions

ψ±
j (xi) = C

[
N−2 + (N−2 ln2N)

N∏
k=1

(
1 + hk

√
α

ε

)−1
]
φji ± (w −W )(xi, tj),

we observe that

ψ±
j (x0) ≥ 0, ψ±

j (xN ) ≥ 0,

and by Lemma 3.4,

L̂Nε,hyψ
±
j (xi) ≤ 0.

Applying the discrete minimum principle, the barrier functions satisfyψ±
j (xi) ≥ 0.Using the discrete barrier

functions above and Lemma 3.2, we obtain

|(w −W )(xi, tj)| ≤ CN−2 ln2N.

Combining the errors for the regular and singular components yields the required result.

Theorem 3.3. The solution U ji of the fully discrete scheme (3.2) converges uniformly to the solution u(x, t)
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of (2.1)and the error estimate is given by

sup
0<ε≤1

∣∣∣u(xi, tj)− U ji

∣∣∣ ≤ C(N−2 ln2N + (∆t)2), i = 0, 1, 2, ..., N, j = 0, 1, 2, ...,M,

where C is constant independent of ε and the parameters N and ∆t.

Proof. The proof is derived from the bounds established in Theorems 2.2 and 3.2.

3.6 Numerical Results and Discussion

To test the accuracy of the proposed scheme, we carried out the three model examples for different values of

the mesh size and the perturbation parameter ε. Also, the maximum absolute error (eM,N
ε ) and the rate of

convergence (RM,N
ε ) are evaluated.

We used the double mesh principle to estimate the maximum absolute error and rate of convergence of the

current approach when the exact solution to the given problem is unknown. To determine an approximation

of the maximum absolute error and the rate of convergence at the specified mesh points, we applied the

formula in Chapter 2 in Section 2.6.

Example 3.1. Consider the singularly perturbed boundary turning point problem in [59]

εuxx(x, t) + (2− x2)xpux(x, t)− (1 + x)u(x, t)− ut(x, t) = 10t2e−tx(x− 1), (x, t) ∈ D.

u(x, 0) = 1− x, 0 ≤ x ≤ 1, u(0, t) = 1 + t2, u(1, t) = 0, 0 ≤ t ≤ 1

Example 3.2. Consider the singularly perturbed boundary turning points problem in [66, 123]

εuxx(x, t) + xpux(x, t)− (x+ p)u(x, t)− ut(x, t) = p(x2 − 1)e−t, (x, t) ∈ D,

u(x, 0) = (1− x)2, 0 ≤ x ≤ 1, u(0, t) = 1 + t2, u(1, t) = 0, 0 ≤ t ≤ 1.

Example 3.3. Consider the singularly perturbed boundary turning point problem [59]

εuxx(x, t) + xpux(x, t)− u(x, t)− ut(x, t) = x2 − 1, (x, t) ∈ D.

u(x, 0) = 0, 0 ≤ x ≤ 1, u(0, t) = t, u(1, t) = 0, 0 ≤ t ≤ 1
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(a) ε = 10−1 (b) ε = 10−4

Figure 3.2: Surface plots of the numerical solution for Example 3.1 with M = N = 64 and p = 3.

(a) p = 1 (b) p = 3

Figure 3.3: Surface plots of the numerical solution for Example 3.2 with M = N = 64 and ε = 10−2.
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(a) ε = 10−3 (b) ε = 10−6

Figure 3.4: Surface plots of numerical solution for Example 3.3 N = M = 64 for p = 1 at different time
levels

(a) ε = 2−10 (b) p = 1

Figure 3.5: Numerical solution profile for Example 3.3 N =M = 64.
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Table 3.1: Maximum absolute error and rate of convergence for Example 3.1 for p = 1

ε ↓M = N → 32 64 128 256 512 1024
10−1 5.7582e-04 1.5074e-04 3.8268e-05 9.6017e-06 2.4096e-06 6.0423e-07

1.9336 1.9778 1.9948 1.9945 1.9956
10−3 6.1835e-04 1.6479e-04 4.2469e-05 1.0769e-05 2.7092e-06 6.8012e-07

1.9078 1.9562 1.9795 1.9909 1.9941
10−5 6.2267e-04 1.6625e-04 4.2915e-05 1.0899e-05 2.7460e-06 6.8945e-07

1.9052 1.9538 1.9772 1.9888 1.9938
10−7 6.2310e-04 1.6639e-04 4.2960e-05 1.0912e-05 2.7498e-06 6.9041e-07

1.9049 1.9535 1.9770 1.9886 1.9937
10−9 6.2315e-04 1.6641e-04 4.2964e-05 1.0914e-05 2.7502e-06 6.9050e-07

1.9049 1.9535 1.9770 1.9886 1.9937
...

...
...

...
...

...
...

10−15 6.2315e-04 1.6641e-04 4.2964e-05 1.0914e-05 2.7502e-06 6.9050e-07
1.9049 1.9535 1.9770 1.9886 1.9937

PM: eM,N 6.2315e-04 1.6641e-04 4.2964e-05 1.0914e-05 2.7502e-06 6.9050e-07
1.9049 1.9535 1.9770 1.9886 1.9937

In Chap 2: eM,N 3.0268e-03 1.5854e-03 8.1084e-04 4.1001e-04 2.0616e-04 1.0308e-04
0.9330 0.9673 0.9837 0.9919 0.9999

In [59]: eM,N 7.815e-02 4.21e-02 2.19e-02 1.12e-02 5.63e-03
0.89 0.94 0.97 0.99

Table 3.2: Maximum absolute error and rate of convergence for Example 3.2 for p = 1

ε ↓M = N → 32 64 128 256 512 1024
10−1 3.0042e-04 8.0264e-05 2.0589e-05 5.1929e-06 1.3067e-06 3.2776e-07

1.9042 1.9629 1.9872 1.9906 1.9952
10−3 3.2382e-04 8.7929e-05 2.2873e-05 5.8272e-06 1.4694e-06 3.6879e-07

1.8808 1.9427 1.9728 1.9876 1.9942
10−5 3.2621e-04 8.8723e-05 2.3116e-05 5.8981e-06 1.4895e-06 3.7395e-07

1.8784 1.9404 1.9706 1.9855 1.9938
10−7 3.2645e-04 8.8803e-05 2.3141e-05 5.9053e-06 1.4915e-06 3.7447e-07

1.8782 1.9402 1.9704 1.9852 1.9937
10−9 3.2647e-04 8.8811e-05 2.3143e-05 5.9060e-06 1.4917e-06 3.7452e-07

1.8782 1.9402 1.9703 1.9852 1.9937
...

...
...

...
...

...
...

10−15 3.2647e-04 8.8811e-05 2.3143e-05 5.9060e-06 1.4917e-06 3.7452e-07
1.8782 1.9402 1.9703 1.9852 1.9937

PM: eM,N 3.2647e-04 8.8811e-05 2.3143e-05 5.9060e-06 1.4917e-06 3.7452e-07
1.8782 1.9402 1.9703 1.9852 1.9937

In [66]: eM,N 1.0568e-3 3.3876e-4 1.0496e-4 3.2143e-5 9.7722e-6
1.6413 1.6904 1.7073 1.7178

In [123]: eM,N 5.8935e-03 3.1304e-03 1.6083e-03 8.1279e-04 —-
0.9128 0.9608 0.9846 —
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Table 3.3: Comparison of maximum absolute error and rate of convergence for Example 3.2 for ε = 2−20

with different values of p

p ↓M = N → 32 64 128 256 512
Proposed method

2 6.3415e-04 1.7412e-04 4.5531e-05 1.1629e-05 2.9363e-06
1.8648 1.9351 1.9691 1.9857

4 1.2142e-03 3.4112e-04 9.0153e-05 2.3144e-05 5.8581e-06
1.8316 1.9198 1.9617 1.9821

6 1.7411e-03 5.0106e-04 1.3387e-04 3.4544e-05 8.7656e-06
1.7970 1.9042 1.9543 1.9785

8 2.2166e-03 6.5398e-04 1.7667e-04 4.5829e-05 1.1659e-05
1.7610 1.8881 1.9468 1.9749

Method in [67] using ∆t = N−2 . . .
2 6.8958e-03 2.6028e-03 8.9736e-04 2.9563e-04 9.3628e-05

1.4056 1.5363 1.6019 1.6588
4 1.0798e-02 4.1593e-03 1.4298e-03 4.7267e-04 1.4992e-04

1.3763 1.5405 1.5970 1.6566
6 1.4830e-02 5.6392e-03 1.9774e-03 6.4986e-04 2.0631e-04

1.3949 1.5119 1.6054 1.6553
8 1.8505e-02 6.9617e-03 2.4979e-03 8.2754e-04 2.6298e-04

1.4104 1.4787 1.5938 1.6539

Table 3.4: Maximum absolute error and rate of convergence for Example 3.3 for p = 1

ε ↓M = N → 32 64 128 256 512 1024
10−1 3.3033e-04 8.4124e-05 2.1075e-05 5.2537e-06 1.3143e-06 3.2878e-07

1.9733 1.9970 2.0041 1.9991 1.9991
10−3 3.5602e-04 9.2151e-05 2.3413e-05 5.8954e-06 1.4780e-06 3.7062e-07

1.9499 1.9767 1.9896 1.9960 1.9960
10−5 3.5864e-04 9.2983e-05 2.3662e-05 5.9672e-06 1.4981e-06 3.7649e-07

1.9475 1.9799 1.9874 1.9939 1.9939
10−7 3.5890e-04 9.3066e-05 2.3687e-05 5.9744e-06 1.5002e-06 3.7673e-07

1.9472 1.9742 1.9872 1.9937 1.9936
10−9 3.5892e-04 9.3075e-05 2.3690e-05 5.9752e-06 1.5004e-06 3.7676e-07

1.9472 1.9741 1.9872 1.9936 1.9936
...

...
...

...
...

...
...

10−15 3.5892e-04 9.3075e-05 2.3690e-05 5.9752e-06 1.5004e-06 3.7676e-07
1.9472 1.9741 1.9872 1.9936 1.9936

PM: eM,N 3.5892e-04 9.3075e-05 2.3690e-05 5.9752e-06 1.5004e-06 3.7676e-07
1.9472 1.9741 1.9872 1.9936 1.9936

In [59]: eM,N 1.24e-02 5.99e-03 2.94e-03 1.60e-03 8.57e-04
1.05 1.03 0.88 0.90

The maximum absolute errors and the corresponding rates of convergence for the proposed method, ap-

plied to Example 3.1, and 3.2, and at p = 1, are presented in Tables 3.1 and 3.2 respectively. From these tables
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we demonstrates that the maximum absolute error remains essentially constant for a fixed mesh parameter

as the singular perturbation parameter ε decreases to zero. Furthermore, as the mesh parameter increases,

the maximum absolute error decreases, indicating that the proposed method is ε-uniformly convergent. In

Table 3.3, comparison is made with different p values for a fixed ε and achieve better accuracy and rate of con-

vergence. The results in each table also confirm the theoretical predictions. In addition, parameter-uniform

maximum errors of the proposed method are compared with those of other existing methods in the literature

(see [59, 66, 67, 123]) for each example. The results clearly show that the proposed method provides better

accuracy and higher order of convergence.

Surface plots for each of Example 3.1, 3.2, and 3.3 are displayed in Figures 3.2, 3.3, and 3.4 for different

values of the singular perturbation parameter ε and the turning point order p, respectively. Figure 3.2 illus-

trates the formation of a boundary layer near the left boundary of the spatial domain as ε decreases to zero.

In Figure 3.3, it is observed that for a fixed ε, increasing p partially increases the pick of the graph. Figure 3.4

shows that as ε decreases, the mesh condenses near the layer region to better resolve the boundary layer. For

a fixed perturbation parameter ε, increasing the turning point order p results in a thicker boundary layer, as

shown in Figure 3.5a. Additionally, Figure 3.5b reveals that decreasing ε leads to the formation of a steep

gradient in the vicinity of x = 0. Overall, the figures demonstrate that the solution exhibits a left boundary

layer in the spatial domain, and as ε→ 0, the thickness of this boundary layer decreases.

3.7 Conclusion

In this chapter, we examine singularly perturbed convection–diffusion parabolic partial differential equations

with boundary turning points. The solution to these problems exhibits a left boundary layer within the spatial

domain. A numerical method is developed using a hybrid approach: the central difference scheme is applied

in the boundary layer region, while the midpoint upwind scheme is used outside the layer region. Spatial

discretization is carried out on a Shishkin-type mesh, and time discretization employs the Crank–Nicolson

method on a uniform mesh. Figures and tables illustrate how the solution behaves for various values of

the perturbation parameter. The results demonstrate the stability and parameter-uniform convergence of the

proposed method, achieving second-order accuracy in time and second-order accuracy in space (with a log-

arithmic factor). The numerical solutions of the model examples are consistent with the theoretical findings.

Furthermore, the proposed method provides improved accuracy compared to some existing approaches in

the literature and yields better results than those presented in Chapter 2.
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Chapter 4

Fitted Operator Numerical Method for

Singularly Perturbed Delay Parabolic

Convection-Diffusion Problems with

Boundary Turning Point

This chapter introduces a numerical scheme designed to solve singularly perturbed parabolic convection-

diffusion problems with multiple (higher order) boundary turning point and time lag. These problems

are characterized by the presence of a small perturbation parameter, which, as it approaches zero, causes

the solution to develop a steep gradient in the left region of the spatial domain. The proposed numerical

scheme consists of the Crank-Nicolson method for temporal discretization, followed by an exponentially fit-

ted operator finite difference method for the system of boundary value problems obtained from the temporal

semi-discretization. Stability and parameter-uniform convergence, with second-order accuracy in time and

first-order in space, are proven using the minimum principle and solution bounds. Two model problems

demonstrate the method’s efficiency, with numerical results supporting the theoretical analysis.
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4.1 Introduction

Singularly perturbed delay partial differential equations (SPDPDEs) contain a small positive parameter εmul-

tiplying the highest derivative and at least one delay argument. These problems are classified into space-shift

and time-lag types, depending on whether the shift occurs in spatial or temporal variables. The small parame-

ter εmay induce boundary layers, while the delay introduces a memory effect, making the solution dependent

on past states. Singular perturbation problems with turning points (degeneracy) pose significant challenges

and model diverse physical phenomena. Interior turning points correspond to convection-diffusion problems

with sign-changing convective speed, while boundary turning points arise in geophysics [44] and thermal

boundary layer modeling [109].

Standard finite difference methods on uniform meshes fail to capture narrow layers and turning point ac-

curately as ε→ 0. This motivates advanced numerical schemes that ensure parameter-uniform convergence

and accuracy independent of ε, delay parameters, and degeneracy. Exponentially fitted methods are widely

employed to construct uniformly convergent numerical schemes for singularly perturbed problems. The ex-

ponential fitting parameter is derived from the asymptotic solution of the problem, and its form depends on

the structure of the developed scheme. While these methods yield accurate and uniformly convergent results

for one-dimensional linear problems, their applicability is limited for higher-dimensional and nonlinear prob-

lems [78]. Recent studies have investigated singularly perturbed parabolic differential equations (SPPDEs)

with turning point [66, 59, 136, 67, 108]. However, uniformly convergent methods for problems with time

delay with multiple turning point remain scarce.

To the best of our knowledge, only two parameter-uniform convergence numerical methods for SPDPDEs

with multiple turning point have been proposed [100, 135], both employing the implicit Euler method in

time and hybrid spatial schemes on Shishkin meshes. These achieve first-order temporal convergence, with

second-order accuracy obtained via Richardson extrapolation. This work presents the first parameter-uniform

scheme that combines exponentially fitted operators with the Crank–Nicolson method in time for SPDPDEs

with higher-order boundary turning point. The use of central difference approximations for the spatial deriva-

tive on uniform meshes can lead to oscillations, which are suppressed here by introducing artificial viscosity

into the diffusion term.
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4.2 Description of the Problem

Consider the singularly perturbed parabolic convection-diffusion initial boundary value problem in the rect-

angular domain D = Ω× Λ = (0, 1)× (0, T ], for some finite positive T of the form:[100]:

Lεu(x, t) ≡ ε
∂2u(x, t)

∂x2
+a(x, t)

∂u(x, t)

∂x
−b(x, t)u(x, t)−∂u(x, t)

∂t
= f(x, t)+c(x, t)u(x, t−τ) = F (x, t), (x, t) ∈ D,

(4.1)

subject to the initial and boundary conditions:


u(0, t) = ψl(t), (0, t) ∈ Γl = {(0, t) : 0 ≤ t ≤ 2},

u(1, t) = ψr(t), (1, t) ∈ Γr = {(1, t) : 0 ≤ t ≤ 2},

u(x, t) = ψb(x, t), (x, t) ∈ Γb = {(x, t) : 0 ≤ x ≤ 1, −τ ≤ t ≤ 0}.

(4.2)

where 0 < ε ≪ 1 is the perturbation parameter and a(x, t) = a0(x, t)x
p, with p ≥ 1. Also the delay

parameter τ > 0 such that T = sτ for positive integer s.We assume that a0(x, t), b(x, t), c(x, t) and f(x, t)

are smooth and bounded functions onD, and ψl(t), ψr(t), u0(x) are smooth and bounded on their respective

domains and independent of ε. The boundary of the domain is defined as ∂D = Γl ∪Γb ∪Γr. Furthermore,

we suppose that a0(x, t) ≥ α > 0, b(x, t) ≥ β > 0, c(x, t) ≥ γ > 0 ∀(x, t) ∈ D. Under these

assumptions, problem (4.1) exhibits a boundary layer near x = 0.

Problems of the form (4.1) are referred to as singularly perturbed problems (SPPs) with boundary turning

point. The point x = 0 is identified as a turning point since the convective coefficient vanishes there. When

p > 1, problem (4.1) is termed a multiple (higher-order) boundary turning point problem; otherwise, it is

called a simple boundary turning point problem.

The existence and uniqueness of the solution are guaranteed by the above smoothness assumptions to-

gether with the following compatibility conditions:

ψb(0, 0) = ψl(0), ψb(1, 0) = ψr(0), (4.3)

and
ε
∂2ψb(0, 0)

∂x2
+ a(0, 0)

∂ψb(0, 0)

∂x
− b(0, 0)ψb(0, 0)−

∂ψl(0)

∂t
= f(0, 0) + c(0, 0)ψb(0,−τ),

ε
∂2ψb(1, 0)

∂x2
+ a(1, 0)

∂ψb(1, 0)

∂x
− b(1, 0)ψb(1, 0)−

∂ψr(0)

∂t
= f(1, 0) + c(1, 0)ψb(1,−τ),

(4.4)
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4.3 Bounds on the Solution and its Derivatives

Lemma 4.1 (Continuous Minimum Principle). Let θ(x, t) be a sufficiently smooth function defined on

D which satisfies θ(x, t) ≥ 0, ∀(x, t) ∈ ∂D, and Lεθ(x, t) ≤ 0, ∀(x, t) ∈ D. Then, θ(x, t) ≥

0, ∀(x, t) ∈ D̄.

Proof. Suppose there exists a point (y, z) ∈ D̄ such that

𭟋(y, z) = min
(x,t)∈D̄

θ(x, t) < 0.

Since θ(x, t) ≥ 0 on ∂D, it follows that (y, z) /∈ ∂D, i.e., (y, z) ∈ D. The condition θ(y, z) = minD̄ θ < 0

implies
∂θ

∂t
(y, z) = 0,

∂θ

∂x
(y, z) = 0,

∂2θ

∂x2
(y, z) ≥ 0.

Therefore,

Lεθ(y, z) =
(
ε
∂2θ

∂x2
+ a

∂θ

∂x
− bθ − ∂θ

∂t

)
(y, z) > 0,

which contradicts the assumption that Lεθ(x, t) ≤ 0 for all (x, t) ∈ D. Hence,

θ(x, t) ≥ 0, ∀(x, t) ∈ D̄.

Lemma 4.2. The solution of the problem (4.1) satisfies the following bound:

|u(x, t)− ψb(x, t)| ≤ Ct, (x, t) ∈ D.

Proof. Let us define

z(x, t) =


u(x, t)− ψb(x, t), for − τ ≤ t ≤ 0,

u(x, t)− ψb(x, 0), for 0 ≤ t ≤ T.

Then, z(x, t) satisfies

Lεz(x, t) = g(x, t),

where

g(x, t) = f(x, t) + Lεψ(x, 0) + γ(x, t)ψ(x,−τ) + γ(x, t)z(x, t− τ).
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We have

z(x, t) = u(x, t)− ψb(x, t) = ψb(x, t)− ψb(x, t) = 0 on ∂D,

which gives

z(0, t) = ψl(t)− ψb(0, 0), z(1, t) = ψr(t)− ψb(1, 0), for t ∈ [0, T ].

Then, using the compatibility condition at the corner point, we get

|z(0, t)| = C1t, |z(1, t)| = C2t, t ∈ [0, T ],

for some constants C1 and C2. In addition, let

d(x, t) =


Ct, for 0 ≤ t ≤ T,

0, for − τ ≤ t ≤ 0.

From the above, we have

Lεd(x, t) = 1 + Ctb(x, t).

This results in

|Lεz(x, t)| ≤ Lεd(x, t) on D, and |z(x, t)| ≤ d(x, t) on ∂D = Γl ∪ Γr ∪ Γb

As a result, using Lemma 4.1, we obtain

|z(x, t)| ≤ d(x, t), on D,

which implies

|z(x, t)| ≤ Ct.

For more details, please refer to [37, p. 292].

Lemma 4.3. The bound on the solution u(x, t) of equation (4.1) is given by

|u(x, t)| ≤ C, (x, t) ∈ D.
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Proof. From Lemma 4.2, we have

|u(x, t)| ≤ C1t, (x, t) ∈ D,

since t ∈ (0, 2] and it is bounded, we obtained

|u(x, t)| ≤ C, (x, t) ∈ D.

Lemma 4.4 (Stability Estimate ). Let u(x, t) be the solution of the continuous problem (4.1) Then,

|u(x, t)| ≤ T

β
∥ Lεu ∥D +max{|ψl(t)|, |ψr(t)|, |ψb(x, t)|},∀(x, t) ∈ D.

Proof. Let the two barrier functions ϕ± be defined as

ϕ± =
T

β
∥ Lεu ∥D +max{|ψl(t)|, |ψr(t)|, |ψb(x, t)|} ± u(x, t).

The barrier function at the initial condition, given as:

ϕ±(x, 0) =
T

β
∥ Lεu ∥D +max{|ψl(0)|, |ψr(0)|, |ψb(x, 0)|} ± u(x, 0)

≥ max{|ψl(0)|, |ψr(0)|, |ψb(x, 0)|} ± ψb(x, 0) ≥ 0 ∀x ∈ (0, 1).

The barrier function at the boundary conditions, given as:

ϕ±(0, t) =
T

β
∥ Lεu ∥D +max{|ψl(t)|, |ψr(t)|, |ψb(0, t)|} ± u(0, t)

≥ max{|ψl(t)|, |ψr(t)|, |ψb(0, t)|} ± ψl(t) ≥ 0

and

ϕ±(1, t) =
T

β
∥ Lεu ∥D +max{|ψl(t)|, |ψr(t)|, |ψb(1, t)|} ± u(0, t)

≥ max{|ψl(t)|, |ψr(t)|, |ψb(1, t)|} ± ψr(t) ≥
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Furthermore, we have

Lεϕ±(x, t) = εϕ±xx(x, t) + a(x, t)ϕ±x (x, t)− b(x, t)ϕ±(x, t)− ϕ±t (x, t)

= −b(x, t)
(T
β

∥ Lεu ∥D +max{|ψl(t)|, |ψr(t)|, |ψb(x, t)|})± Lεu(x, t)

= −b(x, t)
(T
β

∥ Lεu ∥D +max{|ψl(t)|, |ψr(t)|, |ψb(x, t)|})± f(x, t) + c(x, t)u(x, t− τ)

≤ −β
(T
β

∥ Lεu ∥ +max{|ψl(t)|, |ψr(t)|, |ψb(x, t)|})± f(x, t) + γu(x, t− τ)

≤ −T ∥ Lεu ∥ ∓f(x, t) + γu(x, t− τ) ≤ 0

Therefore, using Lemma 4.1, we obtain ϕ±(x, t) ≥ 0, ∀(x, t) ∈ D. This confirms the desired result.

Theorem 4.1. The solution u(x, t) of the problem in (4.1) satisfies the following derivative bounds for all

0 ≤ i+ 3j ≤ 4: ∣∣∣∣∂i+ju(x, t)∂xi∂tj

∣∣∣∣ ≤ C

(
1 + ε−i/2 exp

(
−x
√
α

ε

))
, (x, t) ∈ D,

where C is a positive constant independent of ε.

Proof. For a fixed i = 0 and on the boundaries x = 0 and x = 1 of Ω, we have u = 0 and consequently

ut = 0. On the boundary t = 0, the condition u = 0 implies that ux = 0 and uxx = 0. It then follows from

(4.1) that

ut(x, 0) = F (x, 0).

For t ∈ (−τ, 0), we have

ut = lim
l→0

u(x, t− τ + l)− u(x, t− τ)

l
= 0.

Thus, by choosing K1 sufficiently large, we ensure that |ut(x, t)| ≤ K1 on ∂D.

Using the assumption of Ng-Stynes in [84] for a(x, t) in the domain D̄ and adopting the technique in

[97], we express the differential operator Lϵ defined in (4.1) as

Lϵu(x, t) ≡ εuxx + (au)x − (ax + b)u− ut.
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Applying this operator to ut yields

Lϵut(x, t) =
(
εutxx + (aut)x − (ax + b)ut − utt

)
as a = a(x)

=
(
εutxx + autx − but − utt

)
=
(
εuxx + aux − bu− ut

)
t
+ btu

= ft(x, t) + ct(x, t)u(x, t− τ) + c(x, t)ut(x, t− τ) + btu.

(4.5)

First, consider the case where u(x, t−τ) is a known function, which occurs when t ∈ (0, τ). Substituting

the initial condition into (4.5), we obtain

Lϵut(x, t) = ft + btu.

Since f is sufficiently smooth, Lemma 4.1 and Lemma 4.3 yield

|(Lϵ)ut(x, t)| ≤ K2, (x, t) ∈ (0, 1)× (0, τ),

and thus |ut| ≤ C.

Next, we extend the analysis to the domain (x, t) ∈ (0, 1) × (0, 2τ). For t ∈ (τ, 2τ), equation (4.5)

becomes

Lϵut(x, t) = ft + ctu(x, t− τ) + cut(x, t− τ) + btu.

Given that |ut| ≤ C on (x, t) ∈ (0, 1)× (0, τ), we have

|Lϵut(x, t)| ≤ C for (x, t) ∈ (0, 1)× (τ, 2τ).

Therefore, applying the minimum principle over the domain (x, t) ∈ (0, 1) × (0, 2τ), we conclude that

|ut| ≤ C. By repeating this argument, we can establish the required bound over the entire domain D.

To bound the derivatives of the solution in the spatial domain, consider the cases for a fixed j = 0. In the

DPDE (4.1), the delay influences only the time variable t and has no impact on the spatial variable x. For

i = 0, from Lemma 4.3 we have |u| ≤ C. For i = 1, by using arguments in [54], construct the neighbourhood
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of I = (0,
√
ε), ∀r ∈ I. By the mean value theorem, there exists some r∗ ∈ I such that

ux(r
∗) =

u(
√
ε)− u(0)√
ε

.

This implies

|ux(r∗)| = ε−1/2|u(
√
ε)− u(0)| ≤ Cε−1/2∥u∥. (4.6)

Rewriting Eq. (4.1) as

Lεu(x, t) ≡ εuxx + (au)x − (ax + b)u− ut = F,

we obtain

εuxx + (au)x = F + (ax + b)u+ ut.

Integrating from r∗ to r yields

∫ r

r∗
(εuxx + (au)x) dx =

∫ r

r∗
(F + (ax + b)u+ ut) dx,

which gives

(εux + au)|rr∗ ≤ C

∫ r

r∗
(∥F∥+ ∥u∥+ ∥ut∥) dx ≤ Cε1/2.

Thus,

εux(r, t) + a(r, t)u(r, t) ≤ εux(r
∗, t) + a(r∗, t)u(r∗, t) + Cε1/2.

For r ∈ (0,
√
ε), we have |a(r, t)| = |a0(r, t)rk| ≤ Cεk/2 (k = 1, 2, 3, . . .). Using (4.6), we obtain

|ux(r, t)| ≤ |ux(r∗, t)|+ |a(r∗, t)u(r∗, t)|/ε+ |a(r, t)u(r, t)|/ε+ Cε−1/2

≤ C1ε
−1/2 + C2ε

k/2−1 + C3ε
k/2−1 + Cε−1/2

≤ C4ε
−1/2 ≤ C

(
1 + ε−1/2 exp

(
−x
√
α/ε

))
.

For i = 1, the proof is complete. The required bounds for higher-order derivatives (i = 2, 3, 4) follow

similarly.
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4.4 Derivation of the Numerical Method

In this section, we developed an exponentially fitted operator finite difference method to solve the problem

in (4.1) together with the conditions (4.2).

4.4.1 Temporal Discretization

On the time domain [0, T ], we used a uniform mesh with time step ∆t. Define: ΛM = {tj = j∆t, j =

0, . . . ,M, tM = T, ∆t = T/M}, Λs = {tj = j∆t; j = 0, . . . , s, ts = τ, ∆t = τ/s}, where M and s are

the number of mesh points in the t-direction over the interval [0, T ] and [−τ, 0] respectively. The step size

∆t satisfies s∆t = τ , where s is a positive integer. The mesh points are denoted by tj = j∆t with j ≥ −s.

To discretize the time variable for (4.1), we used the Crank-Nicolson method, defined by:


εU

j+1/2
xx + aj+1/2(x)U

j+1/2
x − bj+1/2(x)U j+1/2(x)−D−

t U
j+1(x) = F j+1/2(x),

U j+1(0) = ψl(tj+1), U
j+1(1) = ψr(tj+1), 0 ≤ j ≤M,

U−j(x) = ψb(x,−tj), x ∈ Ω, j = 1, 2, 3..., s,

(4.7)

where 
D−
t u

j+1(x) =
U j+1(x)− U j(x)

∆t
,

U j+1/2(x) =
U j+1(x) + U j(x)

2
,

F j+1/2(x) =
F j+1(x) + F j(x)

2
,

and U j(x) is an approximate solution of u(x, tj) at jth time level. The time semi-discretized problem (4.7)

can be rewritten as: 
L̂ϵU j+1(x) = Rj+1(x),

U j+1(0) = ψl(tj+1), U j+1(1) = ψr(tj+1), 0 ≤ j ≤M,

U−j(x) = ψb(x,−tj), j = 0, 1, 2, . . . , s, x ∈ Ω,

(4.8)

81



where 

L̂ϵU j+1(x) =
ε

2
(Uxx)

j+1 +
aj+1(x)

2
(Ux)

j+1 − qj+1(x)

2
U j+1(x),

Rj+1(x) = F j+1/2(x)− ε

2
(Uxx)

j − aj(x)

2
(Ux)

j +
dj(x)

2
U j(x),

qj+1(x) = bj+1(x) +
2

∆t
,

dj(x) = bj(x)− 2

∆t
,

and

F j(x) =


f j(x) + cj(x)ϕb(x, tj − τ), j = 0, 1, 2, . . . , s, x ∈ Ω,

f j(x) + cj(x)U j−s(x), j = s+ 1, s+ 2, . . . ,M − 1, x ∈ Ω.

The semi-discrete operator L̂ϵ satisfies the following minimum principle.

Lemma 4.5 (Semi-Discrete Minimum principle ). Let θj+1(x) be smooth, satisfying θj+1(0) ≥ 0, θj+1(1) ≥

0, and L̂εθj+1(x) ≤ 0 for all x ∈ Ω. Then θj+1(x) ≥ 0 for all x ∈ Ω, j = 0, 1, . . . ,M − 1.

Proof. Suppose there exists ℓ ∈ Ω such that θj+1(ℓ) = minx∈Ω θ
j+1(x) < 0. Then θj+1

x (ℓ) = 0, θj+1
xx (ℓ) ≥

0, and

L̂εθj+1(ℓ) = ε
2θ
j+1
xx (ℓ) + aj+1(ℓ)

2 θj+1
x (ℓ)− qj+1(ℓ)

2 θj+1(ℓ) > 0.

But qj+1(ℓ) = bj+1(ℓ) + 2
∆t ≥ β + 2

∆t > 0, which contradicts L̂εθj+1(x) ≤ 0. Hence, θj+1(x) ≥ 0

∀x ∈ Ω̄.

Lemma 4.6 (Semi-Discrete stability estimate). Let uj+1(x) be the solution of Eq. (4.8). Then, we get the

bound

| uj+1(x) |≤ T
∥ L̂εu ∥
β̄

+max{|φj+1
l (x)|, |φb(x)|, |φj+1

r (x)|}, ∀x ∈ Ω.

Proof. The proof follows a similar approach that presented in Lemma 2.5.

The local truncation error at time level tj+1 is given by,

ej+1(x) = L̂ε νj+1(x)− gj+1(x),

where νj+1(x) denotes the exact solution of (4.8).
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Lemma 4.7. Suppose that ∣∣∣∣∂iu∂ti
∣∣∣∣ ≤ C, (x, t) ∈ W̄ for 0 ≤ i ≤ 2.

The local truncation error at (j + 1)th time step is given by

||ej+1|| ≤ C(∆t)3

Proof. Using Taylor series expansions around tj+1/2 = tj +∆t/2, we have:

u(x, tj+1) = u(x, tj+1/2) +
∆t

2
ut(x, tj+1/2) +

1

2!
(
∆t

2
)2utt +O((∆t)3). (4.9)

u(x, tj) = u(x, tj+1/2)−
∆t

2
ut(x, tj+1/2) +

1

2!
(
∆t

2
)2utt +O((∆t)3). (4.10)

Subtracting (4.10) from (4.9) we get

u(x, tj+1)− u(x, tj)

∆t
= ut(x, tj+1/2) +O((∆t)2).

=εuxx(x, tj+1/2) + a(x, tj+1/2)ux(x, tj+1/2)− b(x, tj+1/2)u(x, tj+1/2)− F (x, tj+1/2) +O((∆t)2),

where u(x, tj+1/2) =
u(x,tj+1)+u(x,tj)

2 +O((∆t)2).

Further simplification yields

L̂ϵu(x, tj+1) ≡
ε

2
uxx(x, tj+1) +

a(x, tj+1)

2
ux(x, tj+1)−

q(x, tj+1)

2
u(x, tj+1) = R(x, tj+1) +O((∆t)3).

(4.11)

From Eq.(4.8) and Eq. (4.11) the local truncation error satisfies

L̂ϵej+1 = O((∆t)3),

ej+1(0) = ej+1(1) = 0.
(4.12)

It can be seen that

||ej+1|| ≤ C(∆t)3.

The local error estimate of each time step contributes to the global error in the temporal semi-discretization

which is denoted by, Ej .
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Theorem 4.2. The global truncation error for temporal discretization up to jth time level is given by

||Ej || ≤ C(∆t)2, ∀j ≤ T

∆t
.

Proof. Using the local error estimate up to jth time step, we obtain the global error estimate at jth time step.

||Ej || =||
j∑
i=1

ei||, j ≤
T

∆t

≤ ||e1||+ ||e2||+ ||e3||+ ...+ ||ej ||

≤ C1(j)(∆t)
3using Lemma 4.7

≤ C1T (∆t)
2 as j.∆t ≤ T

≤ C(∆t)2, C = C1T.

The above results conclude that the semi-discrete scheme (4.8) is second-order convergent in time.

Theorem 4.3. The solution uj+1(x) and its derivatives satisfy the bound

∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ C
(
1 + ε−k/2 exp

(
−x
√

α
ε

))
, x ∈ Ωx, 0 ≤ k ≤ 4.

Proof. The proof follows directly from Theorem 4.1.

4.4.2 Spatial Discretization

The spatial domain Ω̄ = [0, 1] is discretized using a uniform mesh of sizeh as Ω̄N =
{
xi = ih, i = 0(1)N,h = 1

N

}
,

where N is the number of spatial subintervals. The finite difference operators are defined as follows:

Central difference: δ2xU
j
i =

U ji+1 − 2U ji + U ji−1

h2
, D0

xU
j
i =

U ji+1 − U ji−1

2h
,

Upwind differences: D+
x U

j
i =

U ji+1 − U ji
h

, D−
x U

j
i =

U ji − U ji−1

h
.
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Applying the central difference scheme to the first and second spatial derivatives in Eq. (4.8), and incorpo-

rating a fitting factor σ, we obtain the following discrete system:


L̂Nε U

j+1
i = Rj+1

i ,

U j+1(0) = ϕl(tj+1), U j+1(1) = ϕr(tj+1), 0 ≤ j ≤M,

(4.13)

where

L̂Nε U
j+1
i =

σε

2
δ2xU

j+1
i +

aj+1
i

2
D0
xU

j+1
i −

qj+1
i

2
U j+1
i ,

Rj+1
i = F

j+1/2
i − σε

2
δ2xU

j
i −

aji
2
D0
xU

j
i +

dji
2
U ji ,

qj+1
i = bj+1

i +
2

∆t
, dji = bji −

2

∆t
.

The source function involving delay is defined as:

F ji =


f ji + cjiϕb(xi, tj − τ), j = 0, 1, . . . , s,

f ji + cjiU
j−s
i , j = s+ 1, s+ 2, . . . ,M − 1.

4.4.3 Fitting Factor Derivation

Using asymptotic analysis from [89], the zeroth-order approximation of the solution to Eq. (4.8) at the time

level j + 1 is given by

U j+1(xi) = U j+1
0 +

(
U j+1(0)− U j+1

0

)
exp

(
−a(xi)

ε
xi

)
, (4.14)

whereU j+1
0 denotes the solution of the reduced problem obtained by setting ε = 0. Introducing the parameter

ρ = h
ε , we rewrite the solution at the mesh points xi = ih as

lim
h→0

U j+1(ih) = U j+1
0 +

(
U j+1(0)− U j+1

0

)
e−a(xi)iρ. (4.15)

Since the essential features governing the layer structure are captured solely by the homogeneous component,

we multiply the homogeneous part of equation (4.13) by h and take the limit as h→ 0, to obtain

lim
h→0

{
σ(ρ)

ρ

(
U j+1
i+1 − 2U j+1

i + U j+1
i−1

)
+ a(xi)

U j+1
i+1 − U j+1

i−1

2

}
= 0. (4.16)
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Substituting the asymptotic form (4.15) into (4.16) and simplifying, the fitting factor σ(ρ) is derived as

σ(ρ) =
ρa(xi)

2
coth

(
ρa(xi)

2

)
. (4.17)

This expression for the fitting factor ensures that the finite difference operator accommodates the boundary

layer behavior, thereby improving the parameter uniform convergence of the numerical scheme.

4.4.4 Full Discrete Scheme

Using the fitting factor Eq. (4.17) into Eq.(4.13) the full scheme is written as follows:

r−i U
j+1
i−1 + rciU

j+1
i + r+i U

j+1
i+1 = s−i U

j
i−1 + sciU

j
i + s+i U

j
i+1 + F

j+1/2
i , (4.18)

where the coefficients are:

r−i =
σε

2h2
−
aj+1
i

4h
, rci = −

(
σε

h2
+
bj+1
i + 2

∆t

4h

)
, r+i =

σε

2h2
+
aj+1
i

4h
,

s−i = −

(
σε

2h2
−
aji
4h

)
, sci =

σε

h2
+
dji
4h
, s+i = −

(
σε

2h2
+
aji
4h

)
.

The right-hand side function is:

F
j+1/2
i =


f
j+1/2
i + c

j+1/2
i ψb(xi, tj+1/2 − τ), j = 0, 1, . . . , s,

f
j+1/2
i + c

j+1/2
i U

j+1/2−s
i , j = s+ 1, . . . ,M − 1.

Since |rci | > |r−i | + |r+i |, system (4.18) is strictly diagonally dominant and admits a unique solution.

Thus, matrix inverse method can be employed to solve it.

4.5 Uniform Convergence Analysis

In this section, we study the discrete minimum principle, stability and parameter uniform convergence for

the scheme (4.18).

Lemma 4.8 ( Discrete Minimum Principle). The operator defined by the discrete scheme in (4.13) satisfies
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the discrete minimum principle. Let U j+1
i be any mesh function such that U j+1

0 ≥ 0, U j+1
N ≥ 0, and

L̂Nϵ U
j+1
i ≤ 0 for all i = 1, 2, . . . , N − 1. Then U j+1

i ≥ 0 for all i = 0, 1, 2, . . . , N .

Proof. Suppose there exists an index s ∈ {0, 1, . . . , N} such that U j+1
s = min0≤i≤N U

j+1
i < 0. Then

it must be that s ̸= 0 and s ̸= N , as the boundary values are non-negative. Hence, U j+1
s+1 − U j+1

s >

0 and U j+1
s−1 − U j+1

s > 0. Substituting into the operator:

L̂Nϵ U j+1
s =

σε

2
·
U j+1
s+1 − 2U j+1

s + U j+1
s−1

h2
+
aj+1
s

2
·
U j+1
s+1 − U j+1

s−1

2h
−

(
bj+1
s

2
+

1

∆t

)
U j+1
s

=

(
σε

h2
+
aj+1
s

2h

)
(U j+1

s+1 − U j+1
s ) +

(
σε

h2
− aj+1

s

4h

)
(U j+1

s−1 − U j+1
s )−

(
bj+1
s

2
+

1

∆t

)
U j+1
s .

Since U j+1
s+1 − U j+1

s > 0, U j+1
s−1 − U j+1

s > 0, and U j+1
s < 0, all three terms above are positive if the

coefficients are positive.

Note that
(
bj+1
s
2 + 1

∆t

)
> β > 0, σε

h2
− aj+1

s
4h = aj+1

s
h

(
1
4 + 1

eρa
j+1
s −1

)
> 0. Thus, L̂Nϵ U

j+1
s > 0,

which is a contradiction. Therefore, U j+1
i ≥ 0, for all i = 0, 1, 2, . . . , N

Lemma 4.9 (Stability Estimate). The solution U j+1
i of the discrete problem (4.18) satisfies the bound

∣∣∣U j+1
i

∣∣∣ ≤ T

β

∣∣∣∣∣∣L̂Nϵ U j+1
i

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(xi, tj+1)|

)
.

Proof. Consider the barrier functions

i,j+1±ג =
T

β

∣∣∣∣∣∣L̂Nϵ U j+1
i

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(xi, tj+1)|

)
± U j+1

i .

At the boundary points:

j+1(0)±ג =
T

β

∣∣∣∣∣∣L̂Nϵ U j+1
0

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(x0, tj+1)|

)
± ϕl(tj+1) ≥ 0,

j+1(1)±ג =
T

β

∣∣∣∣∣∣L̂Nϵ U j+1
N

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(xN , tj+1)|

)
± ϕr(tj+1) ≥ 0.
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For interior points:

L̂Nϵ i,j+1±ג =
ε

2
δ2xג±i,j+1 +

aj+1
i

2
D+
x i,j+1±ג −

(
bj+1
i

2
+

1

∆t

)
i,j+1±ג

= −

(
bj+1
i

2
+

1

∆t

)(
T

β

∣∣∣∣∣∣L̂Nϵ U j+1
i

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(xi, tj+1)|

))
± L̂Nε U

j+1
i

≤ ±L̂Nϵ U
j+1
i − β

(
T

β

∣∣∣∣∣∣L̂Nϵ U j+1
i

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(xi, tj+1)|

))
, since(bj+1

i +
1

∆t
) > β > 0

= ±L̂Nϵ U
j+1
i −

(
T
∣∣∣∣∣∣L̂Nϵ U j+1

i

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(xi, tj+1)|

))
≤ 0.

By Lemma 4.8, i,j+1±ג ≥ 0, which implies

∣∣∣U j+1
i

∣∣∣ ≤ T

β

∣∣∣∣∣∣L̂Nϵ U j+1
i

∣∣∣∣∣∣+max
(
|ϕl(tj+1)|, |ϕr(tj+1)|, |ψb(xi, tj+1)|

)
.

Lemma 4.10. For a fixed mesh,

|ε(1− σ)| ≤ Ch and lim
ε→0

exp
(
−xi

√
β/ε

)
(
√
ε) s

= 0, s ∈ Z+.

Proof. We have

σ =
ρa

2
coth

(ρa
2

)
=
ρa

2

(
1 +

2

eρa − 1

)
=
ρa

2

(
1 +

2

1 + ρa+ (ρa)2

2! + · · · − 1

)
.

Using the series expansion and neglecting higher-order terms, we obtain

σ ≈ 1 +
ρa

2
.

Therefore,

|ε(1− σ)| =
∣∣∣ε · ρa

2

∣∣∣ = ha

2
≤ Ch.

The first part of the lemma follows from the above, and the second part can be proved using Lemma 2.9.

Theorem 4.4. Let U j+1(xi) and U j+1
i are the solutions of (4.8) and (4.18) respectively. Then the error
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bounds at (j + 1)th time level is given by;

sup
0<ε≤1

∣∣∣∣∣∣U j+1(xi)− U j+1
i

∣∣∣∣∣∣ ≤ CN−1, i = 0, 1, 2..., N.

Proof. The truncation error in the spatial discretization is given by

∥∥∥L̂Nϵ (U j+1(xi)− U j+1
i

)∥∥∥ =
∥∥∥L̂ϵU j+1(xi)− K̂N

ϵ U
j+1
i

∥∥∥
≤

∥∥∥∥∥ε2
(
d2

dx2
− σδ2x

)
U j+1
i +

aj+1
i

2

(
d

dx
−D0

x

)
U j+1
i

∥∥∥∥∥ ,
where

δ2xU
j+1
i =

U j+1
i+1 − 2U j+1

i + U j+1
i−1

h2
, D0

xU
j+1
i =

U j+1
i+1 − U j+1

i−1

2h
.

Using Taylor expansion and Theorem 4.3, we obtain

∥∥∥L̂ϵU j+1(xi)− L̂Nϵ U
j+1
i

∥∥∥ ≤
∥∥∥∥ε2(1− σ)

d2U j+1(xi)

dx2
− aj+1(xi)

h2

12

d3U j+1(xi)

dx3

−aj+1(xi)
σεh2

24

d4U j+1(xi)

dx4

∥∥∥∥
≤ C

(
h+

e−xi
√
β/ε

ε
h+

e−xi
√
β/ε

ε3/2
h2

)

≤ Ch

(
1 +

e−xi
√
β/ε

ε
+ h · e

−xi
√
β/ε

ε3/2

)
.

Finally, applying Lemmas 4.9 and 4.10, we conclude that

sup
0<ε≤1

∥∥∥U j+1(xi)− U j+1
i

∥∥∥ ≤ CN−1.

Theorem 4.5. The solution U j+1
i of the fully discrete scheme (4.18) converges uniformly to the solution

u(xi, tj+1) of (4.1) and the error estimate is given by

sup
0<ε≤1

∣∣∣u(xi, tj+1)− U j+1
i

∣∣∣ ≤ C(N−1 + (∆t)2), i = 0, 1, 2, ..., N, j = 0, 1, 2, ...,M − 1.

Proof: The uniform convergence of the scheme follows from the Theorem 4.2 and 4.4. We justify the
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error estimate as follows.

sup
0<ε≤1

∣∣∣u(xi, tj+1)− U j+1
i

∣∣∣ ≤ sup
0<ε≤1

∣∣u(xi, tj+1)− U j+1(xi)
∣∣

+ sup
0<ε≤1

∣∣∣U j+1(xi)− U j+1
i

∣∣∣ ≤ C((∆t)2 +N−1), i = 0, 1, 2, ..., N, j = 0, 1, 2, ...,M − 1.

4.6 Numerical Results and Discussion

Two model examples are used to test the accuracy of the proposed scheme for various mesh sizes and per-

turbation parameter values ε. The maximum absolute error eM,N
ε and the rate of convergence RM,N

ε are

computed using the double mesh principle, as described in Section 2.6 of Chapter 2.

Example 4.1. Consider the time delay singularly perturbed boundary turning point problem in [100]

εuxx(x, t) + xpux(x, t)− u(x, t)− ut(x, t) = x2 − 1 + u(x, t− 1)/2, (x, t) ∈ D.

u(0, t) = 1 + t2, u(1, t) = 0, 0 ≤ t ≤ 2.

u(x, t) = (1− x)2, on [0, 1]× [−1, 0]

Table 4.1: Maximum absolute error and rate of convergence for Example 4.1 for p = 1

ε ↓M = N → 32 64 128 256 512 1024
10−1 9.5224e-04 5.0474e-04 2.7431e-04 1.3963e-04 7.0855e-05 3.5932e-05

0.9158 0.8797 0.9742 0.9786 0.9796
10−3 2.1214e-03 5.8854e-04 3.0749e-04 2.0497e-04 1.0697e-04 5.5905e-05

1.8498 0.9366 0.5851 0.9383 0.9383
10−5 4.0290e-03 2.0649e-03 1.0440e-03 5.2478e-04 2.6309e-04 1.3190e-04

0.9644 0.9839 0.9923 0.9961 0.9961
...

...
...

...
...

...
...

10−9 4.0290e-03 2.0649e-03 1.0440e-03 5.2478e-04 2.6309e-04 1.3190e-04
0.9644 0.9839 0.9923 0.9961 0.9961

PM: eM,N 4.0290e-03 2.0649e-03 1.0440e-03 5.2478e-04 2.6309e-04 1.3190e-04
0.9644 0.9839 0.9923 0.9961 0.9961

In [100]: eM,N 4.308e-03 2.099e-03 1.055e-03 5.304e-04 2.741e-04 1.4138e-04
1.0373 0.9922 0.9923 0.9521 0.9521
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(a) ε = 10−1 (b) ε = 10−7

Figure 4.1: Surface plots of the numerical solution for Example 4.1 for different values of ε with M = N =
64 and p = 1.

Example 4.2. Consider the time delay singularly perturbed boundary turning point problem in [100]

εuxx(x, t) + xp(1 + te−2t)ux(x, t)− (ex + 1)u(x, t)− ut(x, t) = p(x2 − 1)e−t − tu(x, t− 1), (x, t) ∈ D,

u(0, t) = 1 + t2, u(1, t) = 0, 0 ≤ t ≤ 2.

u(x, t) = (1− x)2, on[0, 1]× [−1, 0]

Table 4.2: Maximum absolute error and rate of convergence for Example 4.2 for p = 1

ε ↓M = N → 32 64 128 256 512 1024
10−1 2.7819e-03 1.3915e-03 7.4634e-04 3.7620e-04 1.8987e-04 9.5902e-05

0.9995 0.8987 0.9883 0.9865 0.9865
10−2 1.4187e-03 5.6769e-04 6.4292e-04 4.2132e-04 2.1890e-04 1.1358e-04

1.3214 0.7950 0.6097 0.9446 0.9446
...

...
...

...
...

...
...

10−6 4.3654e-03 2.3158e-03 1.1948e-03 6.0704e-04 3.0597e-04 1.5422e-04
0.9146 0.9547 0.9769 0.9884 0.9884

10−7 4.3654e-03 2.3158e-03 1.1948e-03 6.0704e-04 3.0597e-04 1.5422e-04
0.9146 0.9547 0.9769 0.9884 0.9884

PM: eM,N 4.3654e-03 2.3158e-03 1.1948e-03 6.0704e-04 3.0597e-04 1.5422e-04
0.9146 0.9547 0.9769 0.9884 0.9884

In [100]: eM,N 1.965e-02 5.588e-03 1.950e-03 9.246e-04 4.475e-04 2.1673e-04
1.814 1.519 1.077 1.047 0.9998

We computed eM,N , eM,N
ε and RM,N using the scheme (4.18) for each model examples. The computed

results are displayed using Tables and Figures. The maximum absolute errors and their corresponding rate
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(a) ε = 10−7, p = 1 (b) ε = 10−7, p = 3

Figure 4.2: Surface plots of the numerical solution for Example 4.2 for different values of p withM = N =
64.

(a) Without fitting factor (b) With fitting factor

Figure 4.3: Solution profiles for Example 4.1 with and without the fitting factor at ε = 2−20 and p = 1.
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Table 4.3: eN,M and rN,M for different values of p

p ↓M = N → 32 64 128 256 512 1024
Example 4.1

2 5.3868e-03 2.7967e-03 1.4250e-03 7.1895e-04 3.6096e-04 1.8121e-04
0.9457 0.9728 0.9870 0.9941 0.9942

3 6.3907e-03 3.3561e-03 1.7177e-03 8.6936e-04 4.3728e-04 2.1994e-04
0.9292 0.9663 0.9824 0.9914 0.9914

Example 4.2
2 4.6914e-03 2.5700e-03 1.3734e-03 7.2080e-04 3.7347e-04 1.9350e-04

0.8683 0.9040 0.9301 0.9486 0.9486
3 6.6008e-03 3.6580e-03 1.9741e-03 1.0403e-03 5.4047e-04 2.8080e-04

0.8516 0.8898 0.9242 0.9447 0.9447

of convergences of the proposed method for Examples 4.1 and 4.2 at p = 1 are displayed in Tables 4.1

and 4.2 respectively. From each Table, it can be observed that for fixed mesh as the singular perturbation

parameter ε decreases to zero, the maximum absolute error is constant, and as the mesh parameter increases

the maximum absolute error decreases. This indicates that the proposed method is ε− uniform convergence.

Moreover, parameter uniform error and its corresponding rate of convergence for Examples 4.1 and 4.2 using

different values of p are displayed in Table 4.3 for M = N . From the results in this Table, it can be shown

that the error bound is also independent of p, and its order of convergence is first order.

Surface plots for the Examples 4.1 and 4.2 are shown in Figures 4.1 and 4.2 for different values of ε and

p respectively. In Figure 4.1, as the singular perturbation parameter ε decreases toward zero, the surface plot

exhibits a steep change near the left boundary of the domain. In Figure 4.2, the layer appears at the same

location as in Figure 4.1; however, as p increases, the peak (hump) becomes higher and shifts away from the

boundary layer region. This indicates that the dominant balance between the convection and diffusion terms

changes slightly, pushing the layer region toward the interior of the domain. In Figure 4.3, a comparison

of the computed solution with and without the exponential fitting factor for Example 4.1 is presented. In

Figure 4.3a, it is evident that the computed solution oscillates when the scheme without the exponential

fitting factor is employed.

Overall, the figures demonstrate that the solution exhibits a left boundary layer in the spatial domain,

and as ε → 0, the boundary layer becomes thinner. A comparison with the method in [100] is given in

Tables 4.1 and 4.2. The proposed method achieves comparable accuracy and order of convergence, while

showing improved performance as the mesh sizes N and M increase.

93



4.7 Conclusion

In this Chapter, time delay SPPDEs with boundary turning points are considered. The solution of this prob-

lem exhibits a left boundary layer on the spatial domain as perturbation parameter approaches zero. The

developed scheme is based on Crank-Nicolson finite difference for temporal discretization and exponentially

fitted operator finite difference method for spatial discretization on uniform meshes. The solution behaviour

on the perturbation parameter is displayed using Figures and Tables. These results proved that the proposed

scheme is stable and parameter uniform convergence with second-order accuracy in time and first-order ac-

curacy in space. The error bound is also independent of p. The numerical solution of the considered model

examples agreed with the theoretical findings.

94



Chapter 5

Hybrid Numerical Scheme for Singularly

Perturbed Delay Parabolic

Convection-Diffusion Problems with

Boundary Turning Point

In this chapter, we reconsidered the problem stated in chapter 4 having boundary turning point and time lag.

The solution of the problem exhibits a left boundary layer. The developed scheme is a higher order con-

vergence layer-resolving numerical scheme. The discretization of the problem is based on Crank-Nicolson

method for temporal direction on a uniform mesh and the hybrid finite difference scheme, which is a combi-

nation of the central finite difference method and midpoint upwind scheme on Shishkin mesh for the spatial

variable. The stability and parameter-uniform convergence analysis of the scheme is investigated well. Nu-

merical examples are presented to validate the theoretical findings of the scheme.

5.1 Introduction

The midpoint upwind scheme, first introduced in [2], was rigorously analyzed on an equidistant grid. Their

analysis demonstrated that this scheme achieves second-order convergence outside the boundary layer re-

gions. Due to its superior accuracy compared to classical first-order upwinding methods [120], the midpoint
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upwind scheme has been widely adopted, often in combination with central difference schemes, for solving

singularly perturbed boundary value problems (SPBVPs) in order to achieve higher accuracy and improved

convergence rates.

In this work, we developed a uniformly convergent hybrid numerical scheme for solving the considered

singularly perturbed parabolic delay differential equations (SPPDDEs) with boundary turning point. The

proposed method employs the Crank–Nicolson method for temporal discretization on a uniform mesh, and a

hybrid finite difference scheme in the spatial direction. The spatial discretization combines the central finite

difference method within the layer region and the midpoint upwind scheme outside the layer region, imple-

mented on a piecewise Shishkin mesh. This approach yields improved accuracy and robustness, particularly

in resolving sharp gradients near the boundary turning points.

5.2 Description of the Problem

Consider the governing problem discussed in Chapter 4.

5.3 Bounds on the Solution and its Derivatives

To avoid redundancy, the analytical properties of the continuous solution established in Chapter 4 remain

valid. The corresponding results are omitted here and will be invoked as needed in the subsequent analysis.

5.4 Derivation of the Numerical Method

5.4.1 Temporal Discretization

The temporal discretization is carried out similarly to the procedure presented in Chapter 4. Applying the

chosen time discretization technique to problem (4.8) yields a sequence of semi-discrete boundary value

problems at each time level. To facilitate the analysis of the numerical method and the construction of

parameter-uniform schemes, the solution of the resulting semi-discrete problem is decomposed into regular

and singular (layer) components. Thus, the solution uj+1(x) of problem (4.8) can be expressed as
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uj+1(x) = vj+1(x) + wj+1(x),

where vj+1(x) denotes the regular component and wj+1(x) represents the singular (boundary layer)

component. Such a decomposition is useful for analyzing the layer behavior of the solution and establishing

parameter-uniform error estimates.

The solution and its components satisfy certain bounds, which play an important role in the subsequent

stability and convergence analysis. These bounds are stated in the following theorem (see [20]).

Theorem 5.1. The solution uj+1(x) and its derivatives satisfy the bound

∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ C
(
1 + ε−k/2 exp

(
−x
√

α
ε

))
, x ∈ Ωx, 0 ≤ k ≤ 4.

Moreover, the regular and singular components satisfy

∣∣∣∣dkvj+1(x)

dxk

∣∣∣∣ ≤ C
(
1 + ε3−k/2

)
, x ∈ Ωx, 0 ≤ k ≤ 4,

and ∣∣∣∣dkwj+1(x)

dxk

∣∣∣∣ ≤ Cε−k/2 exp
(
−x
√

α
ε

)
, x ∈ Ωx, 0 ≤ k ≤ 4.

Proof. The proof proceeds in the same manner as that of Theorem 3.1 in Chapter 3.

5.4.2 Spatial Discretization.

In this section, we describe the construction of the piecewise-uniform Shishkin mesh for discretizing the

spatial domain, and analyze the behavior of the difference scheme applied to semi-discrete problem (4.8).

Due to the presence of a boundary layer and turning point near x = 0 in problem (4.1), the mesh must be

refined in the neighborhood of x = 0. To construct the piecewise-uniform mesh, we divide the domain [0, 1]

into two subintervals:

[0, 1] = [0, ω] ∪ (ω, 1],

where ω ∈ (0, 1) is a suitably chosen mesh transition parameter, typically depending on the perturbation

parameter ε and the number of mesh intervals N . Each subinterval is partitioned uniformly into N/2 mesh

intervals.

97



The mesh points are given by Ω
N

= {0 = x0, x1, . . . , xN/2 = ω, xN/2+1, . . . , xN = 1}, where

xi =


i
2ω

N
, for i = 0, 1, . . . ,

N

2
,

ω +

(
i− N

2

)
2(1− ω)

N
, for i =

N

2
+ 1, . . . , N,

and N ≥ 4 is a positive even integer. The transition point ω, is defined in(3.1) in Chapter 3. Based on the

definition of xi, the spatial step sizes for i = 0, 1, 2, . . . , N are given by:

hi = xi+1 − xi =


h =

2ω

N
, for i = 0, 1, . . . ,

N

2
− 1,

H =
2(1− ω)

N
, for i =

N

2
, . . . , N − 1,

where h andH denote the mesh widths in the intervals [0, ω] and (ω, 1], respectively. From these expressions,

it follows that

N−1 ≤ H ≤ 2N−1, h =
2
√
ε√
α

lnN.

A uniform mesh can be obtained by choosing ω =
1

2
. In analysing the error, we use

√
ε ≤ CN−1 and

ω = 2
√
ε√
α
lnN, otherwise one can proceed with classical way.

We propose a numerical scheme to solve (4.1), which consists of Crank-Nicolson for time derivative, and

hybrid scheme for spatial derivatives. The hybrid scheme is a combination of central difference scheme in

the inner region [0, ω] and the midpoint upwind scheme in the outer region (ω, 1]. The proposed scheme is:

1

2

(
L̂Nϵ,hyU

j+1
i + L̂Nϵ,hyU

j
i

)
=


1
2

(
cj+1
i U j+1−s

i + cjiU
j+1−s
i + f j+1

i + f ji

)
, 1 ≤ i ≤ N/2,

1
2

(
cj+1

i+ 1
2

U j+1−s
i+ 1

2

+ cj
i+ 1

2

U j−s
i+ 1

2

+ f j+1

i+ 1
2

+ f j
i+ 1

2

)
, N/2 < i ≤ N − 1,

(5.1)

U j+1
0 = ψl(tj+1), U

j+1
N = ψr(tj+1), j ∈ {0, 1, 2, ...,M − 1},

U−j
i = ψb(xi,−tj), j = 0, 1, 2, ..., s, i ∈ {1, 2, ..., N − 1},

where

L̂Nϵ,hyU
j+1
i =


L̂Nϵ,cenU

j+1
i = εD+

xD
−
x U

j+1
i + aj+1

i D0
xU

j+1
i − qj+1

i U j+1
i , for 1 ≤ i ≤ N/2,

L̂Nϵ,muU
j+1
i = εD+

xD
−
x U

j+1
i + aj+1

i+ 1
2

D−
x U

j+1
i − qj+1

i+ 1
2

U j+1

i+ 1
2

, for N/2 < i ≤ N − 1,
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where L̂Nϵ,up is the midpoint upwind scheme and L̂Nϵ,cen is the central difference scheme.

The difference operators are defined by;


D+
xD

−
x U

j+1
i =

2(D+ −D−)

ĥ
U j+1
i ,

D0
xU

j+1
i =

U j+1
i+1 − U j+1

i−1

ĥ
,

and


D+
x U

j+1
i =

U j+1
i+1 − U j+1

i

hi+1
,

D−
x U

j+1
i =

U j+1
i − U j+1

i−1

hi
, ĥi = hi + hi+1.

In the above equations, the mid-point values are given by aj+1

i+ 1
2

=
aj+1
i+1+a

j+1
i

2 , qj+1

i+ 1
2

=
qj+1
i+1+q

j+1
i

2 , cj+1

i+ 1
2

=

cj+1
i+1+c

j+1
i

2 , f j+1

i+ 1
2

=
fj+1
i+1 +fj+1

i

2 , and U j+1

i+ 1
2

=
Uj+1
i+1 +Uj+1

i

2 .

5.4.3 Full Discrete Scheme

After rearranging the terms in (5.1), we obtained the following discrete scheme.


y−i U

j+1
i−1 + yciU

j+1
i + y+i U

j+1
i+1 = Hj

i , i ∈ {1, 2, ..., N − 1}, j ∈ {0, 1, 2, ...,M − 1},

U j+1
0 = ψl(tj+1), U

j+1
N = ψr(tj+1), j ∈ {0, 1, 2, ...,M − 1},

U−j
i = ψb(xi,−tj), j = 0, 1, 2, ..., s, i ∈ {1, 2, ..., N − 1},

(5.2)

where the coefficients are given by;



y−i =
2ε

ĥihi
−
aj+1
i

ĥi
,

yci = − 2ε

hihi+1
− (bj+1

i + 2
∆t),

y+i =
2ε

ĥihi+1

+
aj+1
i

ĥi
, i = 1, 2, ..., N2 ,



y−i =
2ε

ĥhi
,

yci = − 2ε

hihi+1
−
aj+1

i+ 1
2

hi+1
− 1

2

(
bj+1

i+ 1
2

+
1

∆t

)
,

y+i =
2ε

ĥhi+1

+
aj+1

i+ 1
2

hi+1
− 1

2

(
bj+1

i+ 1
2

+
1

∆t

)
, i = N

2 + 1, ..., N − 1,

(5.3)

and

Hj
i =


(
cj+1
i U j+1−s

i + cjiU
j+1−s
i + f j+1

i + f ji

)
− εD+

xD
−
x U

j
i + ajiD

0
xU

j
i − djiU

j
i , 1 ≤ i ≤ N/2,(

cj+1

i+ 1
2

U j+1−s
i+ 1

2

+ cj
i+ 1

2

U j−s
i+ 1

2

+ f j+1

i+ 1
2

+ f j
i+ 1

2

)
− εD+

xD
−
x U

j
i + aj

i+ 1
2

D−
x U

j
i − qj

i+ 1
2

U j
i+ 1

2

, N/2 < i ≤ N − 1,

The coefficient matrix in Eq.(5.2) gives (N − 1)× (N − 1) tri-diagonal system of equations with unknowns

U1, U2, ..., UN−1. The system is strictly diagonally dominant and hence invertible. Thus, the solution can be
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obtained using the matrix inverse method.

5.5 Uniform Convergence Analysis

Lemma 5.1. For N ≥ N0 ≥ 8, there exists α > 0 such that

(∥b∥∞ + (∆t)−1) ≤ αN0, and
N0

(lnN0)2
≥ 4ω2

0∥a∥∞.

Then, we have

y−i > 0, y+i > 0, for 1 ≤ i ≤ N − 1,

|y−i |+ |y+i | < |yci |, for 1 < i < N − 1,

|y+1 | < |yc1|, and |y−N−1| < |ycN−1|.

Proof. From Equations (5.3), it is clear that

y−i > 0, for
N

2
≤ i < N − 1,

y+i > 0, for 1 ≤ i ≤ N

2
.

Now, we have to prove

y−i > 0, for 1 ≤ i ≤ N

2
, and y+i > 0, for

N

2
< i < N − 1.

From Equation (5.3), one can write

r−i =

(
2ε

ĥihi
−
aj+1
i

ĥi

)
≥
(

2ε

ĥihi
− ∥a∥∞

ĥi

)
=

1

ĥi

(
2ε

hi
− ∥a∥∞

)
≥ N

4ω2
0

(
N

ln2N
− ∥a∥∞4ω2

0

)
.

Since for N ≥ N0 ≥ 8,
N

ln2N
− N0

ln2N0

≥ 0,

it follows that y−i > 0 for 1 ≤ i ≤ N
2 , when N0

ln2N0
≥ 4ω2

0∥a∥∞.
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Here, we consider the domain (ω, 1], and using H ≤ 2N−1 in Equation ((5.3), we have

y+i =
2ε

ĥhi+1

+
aj+1

i+ 1
2

hi+1
−1

2

(
bj+1

i+ 1
2

+
1

∆t

)
>
α

H
−1

2

(
∥b∥∞ +

1

∆t

)
≥ 1

2

(
αN − (∥b∥∞ + (∆t)−1)

)
, for

N

2
≤ i < N−1.

(46)

Therefore, for N ≥ N0, we have

y+i > 0, for
N

2
< i < N − 1, when αN0 ≥ ∥b∥∞ + (∆t)−1.

From Equations (5.3), one can easily show that

|y+1 | < |yc1| and |y−N−1| < |ycN−1|.

Now, for 1 < i ≤ N
2 , we have

|r−i |+ |r+i | =

∣∣∣∣∣ 2ε

hiĥi
−
aj+1
i

ĥi

∣∣∣∣∣+
∣∣∣∣∣ 2ε

hi+1ĥi
+
aj+1
i

ĥi

∣∣∣∣∣
=

2ε

hiĥi
−
aj+1
i

ĥi
+

2ε

hi+1ĥi
+
aj+1
i

ĥi
(since r−i , r

+
i > 0)

=
2ε

hihi+1
(using ĥi = hi + hi+1).

However, we also have:

|yci | =
∣∣∣∣− 2ε

hihi+1
−
(
bj+1
i +

2

∆t

)∣∣∣∣ = 2ε

hihi+1
+ bj+1

i +
2

∆t
.

Hence, |y−i |+ |y+i | < |yci |, and for N2 < i < N − 1, we get

|y−i |+ |y+i | =
2ε

ĥhi
+

2ε

ĥhi+1

+
aj+1

i+ 1
2

hi+1
− 1

2

(
bj+1

i+ 1
2

+
1

∆t

)
< |yci |,

Lemma 5.2 (Discrete minimum Principle). Assume that U j+1
0 ≥ 0, U j+1

N ≥ 0 and L̂Nϵ,hyU
j+1
i ≤ 0, for

1 ≤ i ≤ N − 1. Then U j+1
i ≥ 0 for 1 ≤ i ≤ N and 1 ≤ j < M.
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Lemma 5.3. (Discrete Stability estimate) The solutionU j+1
i of the discrete problem (5.2) satisfies the bound

∣∣∣U j+1
i

∣∣∣ ≤ T

β

∣∣∣∣∣∣L̂Nϵ,hyU
j+1
i

∣∣∣∣∣∣+ max
∂DM,N

∣∣U(xi, tj+1)
∣∣

Proof. The proof follows a similar approach to that of Lemma 4.9.

To prove ε−uniform error estimates on singular components, the following barrier function are con-

structed;

φni =


∏i
k=1

(
1 + µhk√

ε

)−1
, 1 ≤ i ≤ N ;

1, i = 0;

where µ =
√
α is a constant. Also,


φni−1 =

(
1 + µhi√

ε

)−1
φni , 1 ≤ i ≤ N ;

φni+1 =
(
1 + µhi+1√

ε

)−1
φni , 1 ≤ i ≤ N − 1.

Lemma 5.4. The barrier function φni (µ) satisfies the following inequalities:

ˆLNε,hyφ
n
i ≤ − C√

ε
φni for 1 ≤ i ≤ N

Proof. One can refer the proof in [100]

Lemma 5.5. The mesh function φni satisfies the following inequality:

e−µxi/
√
ε ≤

i∏
k=1

(
1 +

µhk√
ε

)−1

= φni , for all 0 ≤ i ≤ N,

and on Shishkin mesh, mesh function also satisfies the following inequality:

i∏
k=1

(
1 +

µhk√
ε

)−1

≤


CN−4i/N , 0 < i ≤ N

2 ;

CN−2, N
2 ≤ i < N.

Proof. We are given the mesh function

φni =
i∏

k=1

(
1 +

µhk√
ε

)−1

,
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and aim to establish two inequalities.

1. Lower Bound:

We aim to prove:
i∏

k=1

(
1 +

µhk√
ε

)−1

≥ e−µxi/
√
ε, for all 0 ≤ i ≤ N.

Taking the logarithm of both sides:

ln

(
i∏

k=1

(
1 +

µhk√
ε

)−1
)

= −
i∑

k=1

ln

(
1 +

µhk√
ε

)
.

Using the inequality ln(1 + z) ≤ z for z > −1, which holds since µ, hk > 0, we get:

−
i∑

k=1

ln

(
1 +

µhk√
ε

)
≥ −

i∑
k=1

µhk√
ε

= − µ√
ε

i∑
k=1

hk = −µxi√
ε
.

Taking exponential both sides:

i∏
k=1

(
1 +

µhk√
ε

)−1

≥ e−µxi/
√
ε.

2. Upper Bound on Shishkin Mesh:

We now prove:
i∏

k=1

(
1 +

µhk√
ε

)−1

≤


CN−4i/N , 0 < i ≤ N

2 ;

CN−2, N
2 ≤ i < N.

In [0, ω], the fine mesh size: hk ≈ 2ω
N = O(N−1 lnN), In [ω, 1], the coarse mesh size: hk ≈ O(N−1).

Case 1: 0 < i ≤ N
2 (fine mesh)

Here, hk ≈ 2ω
N , and ω = O

(√
ε
µ lnN

)
, so

µhk√
ε

≈ 2ωµ

N
√
ε
≈ 4 lnN

N
.

103



Thus,
i∏

k=1

(
1 +

µhk√
ε

)−1

≤
(
1 +

4 lnN

N

)−i
.

Using the inequality
(
1 + a

N

)−N ≤ e−a, we get:

(
1 +

4 lnN

N

)−i
=

[(
1 +

4 lnN

N

)−N
]i/N

≤ e−4 lnN ·i/N = N−4i/N .

Therefore,
i∏

k=1

(
1 +

µhk√
ε

)−1

≤ CN−4i/N .

Case 2: N
2 ≤ i < N (coarse mesh)

Here, hk ≈ O(1/N), and the number of terms is at most N . Thus:

1 +
µhk√
ε

≥ 1 +
c

N
, for some constant c > 0.

So,
i∏

k=1

(
1 +

µhk√
ε

)−1

≤
(
1 +

c

N

)−N/2
≤ e−c/2 ≤ CN−2.

Theorem 5.2. Let ui(t) andUi(t) be the solutions of the continuous and discrete problem respectively. Then,

the truncation error of the proposed scheme satisfy the following bounds;

sup
0<ε≤1

|ui(t)− Ui(t)| ≤


CN−2 ln2N for i = 0, 1, ..., N/2,

CN−1(ε+N−1), for i = N/2 + 1, ..., N

where C is a constant independent of ε and the mesh parameter N.

Proof. We prove this theorem by decomposing the numerical solution UNi in (5.2) into regular and singular

components, similar to the continuous problem, as:

U ji = V j
i +W j

i on the domain DN,M .
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Therefore, the pointwise error of the discrete solution at each mesh point (xi, tj) is decomposed as:

uji − U ji = vji − V j
i + wji −W j

i . (5.4)

We now estimate the truncation error separately for the regular and singular components.

First, for the regular component:

L̂Nε,hy(v − V )ji =



∣∣∣∣ε(D+
xD

−
x − ∂2

∂x2

)
vji + aji

(
D0
x −

∂

∂x

)
vji

∣∣∣∣ , i ≤ N/2,∣∣∣∣ε(D+
xD

−
x − ∂2

∂x2

)
vji + aj

i+ 1
2

(
D+
x − ∂

∂x

)
vji

−qj
i+ 1

2

(
vji + vji+1

2
− vj

i+ 1
2

)∣∣∣∣∣ , i > N/2,

This satisfies the inequality:

L̂Nε,hy(v − V )ji ≤


Chi

(
ε

∫ xi+1

xi−1

|vxxxx| dx+ hi

∫ xi+1

xi−1

|vxxx| dx

)
, for i ≤ N/2,

C

(
ε

∫ xi+1

xi−1

|vxxx| dx+ hi+1

∫ xi+1

xi

(|vxxx|+ |vxx|+ |vx|) dx

)
, for i > N/2.

Alternatively, the inequality can be expressed as:

L̂Nε,hy(v − V )ji ≤


C [hi(hi + hi+1)(ε|vxxxx|+ |vxxx|)] , i ≤ N/2,

C
[
ε(hi + hi+1)|vxxx|+ h2i+1(|vxxx|+ |vxx|+ |vx|)

]
, i > N/2.

Using the derivative bounds of the regular component (Theorem 5.1), we obtain

L̂Nε,hy(v − V )ji ≤


CN−2 for i = 0, 1, ..., N/2,

CN−1(ε+N−1), for i = N/2 + 1, ..., N.

(5.5)

Applying Lemma 5.3, we get

|(v − V )ji | ≤


CN−2 for i = 0, 1, ..., N/2,

CN−1(ε+N−1), for i = N/2 + 1, ..., N.

(5.6)
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Next, we estimate the truncation error for the singular component. First, consider the outer layer region [ω, 1].

In this region, both w and W are small. Consider the following barrier functions:

Ψ±(xi, tj) = Cφji ±W (xi, tj) ∀(xi, tj) ∈ DN,M ;

where C = |W (x0, tj)|. We observe that

Ψ±(x0, tj) = Cφj0 ±W (x0, tj) = C ±W (x0, tj) ≥ 0,

Ψ±(xN , tj) = CφjN ≥ 0,

L̂Nε,hyΨ
±(xi, tj) = CL̂Nε,hyφ

j
i ± L̂Nε,hyW (xi, tj) = − C√

ε
φji ≤ 0.

Using Lemma 5.2, the following estimate is obtained:

|W (xi, tj)| ≤ Cφji = C

i∏
j=1

(
1 +

µhj√
ε

)−1

.

Using the triangle inequality and Theorem 5.1, we have

| (w −W ) (xi, tj)| ≤ |w(xi, tj)|+ |W (xi, tj)| ≤ C exp

(
−
√
α√
ε
xi

)
+ C

i∏
k=i

(
1 +

√
αhk√
ε

)−1

≤ C

i∏
k=1

(
1 +

√
αhk√
ε

)−1

+ C

i∏
k=i

(
1 +

√
αhk√
ε

)−1

= C

i∏
k=1

(
1 +

√
αhk√
ε

)−1

.

Using Lemma 5.5, the error bound in the outer region is given by

| (w −W ) (xi, tj)| ≤ CN−2, (xi, tj) ∈ [σ, 1]× (0, T ].

For the inner layer region (xi, tj) ∈ [0, ω]× (0, T ], the truncation error becomes

L̂Nε,hy(w −W )(xi, tj) ≤ Chi

[∫ xi+1

xi−1

(ε|wxxxx|+ |wxxx|) dx

]
≤ C

hi

ε3/2

[∫ xi+1

xi−1

exp

(
−
√
α

ε
x

)
dx

]

≤ C
hi√
αε

[
exp

(
−
√
α

ε
xi+1

)
− exp

(
−
√
α

ε
xi−1

)]
= C

hi√
αε

[
exp

(
−
√
α

ε
xi

){
exp

(√
α

ε
h

)
− exp

(
−
√
α

ε
h

)}]
= C

hi√
αε

[
exp

(
−
√
α

ε
xi

)
sinh

(√
α

ε
h

)]
.
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Using the assumption in Lemma 5.1, we have
√

α
ε h ≤ 2. Since sinh ν ≤ Cν for 0 ≤ ν ≤ 2, it follows that

sinh

(√
α

ε
h

)
≤
√
α

ε
h.

Therefore, the above expression becomes

L̂Nε,hy(w −W )ji ≤ C
h2

ε3/2
exp

(
−
√
α

ε
xi

)
≤ C

N−2 ln2N√
ε

φni (by Lemma 5.5). (5.7)

Considering the barrier functions

ψ±
j (xi) = C

[
N−2 + (N−2 ln2N)

N∏
k=1

(
1 + hk

√
α

ε

)−1
]
φji ± (w −W )(xi, tj),

we observe that

ψ±
j (x0) ≥ 0, ψ±

j (xN ) ≥ 0,

and by Lemma 5.4,

L̂Nε,hyψ
±
j (xi) ≤ 0.

Applying the discrete minimum principle, the barrier functions satisfyψ±
j (xi) ≥ 0.Using the discrete barrier

functions above and Lemma 5.2, we obtain

|(w −W )(xi, tj)| ≤ CN−2 ln2N.

Combining the errors for the regular and singular components yields the required result.

Theorem 5.3. The solution U ji of the fully discrete scheme (5.1) converges uniformly to the solution u(x, t)

of (4.1) and the error estimate is given by

sup
0<ε≤1

∣∣∣u(xi, tj)− U ji

∣∣∣ ≤ C(N−2 ln2N + (∆t)2), i = 0, 1, 2, ..., N, j = 0, 1, 2, ...,M,

where C is constant independent of ε and the parameters N and ∆t.

Proof. The proof is derived from the bounds established in Theorems 4.2 and 5.2.
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5.6 Numerical Results and Discussion

To assess the accuracy of the proposed scheme, we solved two model problems for different mesh sizes

(N,M) and perturbation values ε. We report the maximum absolute error eM,N
ε and the corresponding

rate of convergence RM,N
ε . When the exact solution is unavailable, we estimate these via the double–mesh

principle (see Chapter 2, Section 2.6). Let UM,N denote the numerical solution on the coarse grid DM,N

and U2M,2N the solution on the refined grid D2M,2N . we define

eM,N
ε = max

(xi,tj)∈DM,N

∣∣UM,N
i,j − U2M,2N (x2i, t2j)

∣∣, RM,N
ε = log2

(
eM,N
ε

e2M,2N
ε

)
.

These quantities serve as proxies for eM,N
ε and RM,N

ε in the absence of an exact solution.

Example 5.1. Consider the following singularly perturbed convection-diffusion boundary turning point

problem with time delay [100]:

εuxx(x, t) + xpux(x, t)− u(x, t)− ut(x, t) = x2 − 1 +
u(x, t− 1)

2
, (x, t) ∈ D,

u(0, t) = 1 + t2, u(1, t) = 0, 0 ≤ t ≤ 2,

u(x, t) = (1− x)2, on [0, 1]× [−1, 0].

(a) p = 1 (b) p = 3,

Figure 5.1: Surface plots of the numerical solution for Example 5.1 with ε = 10−4 for varying values of p.

Example 5.2. Consider the following singularly perturbed convection-diffusion boundary turning point
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Table 5.1: Maximum absolute error and rate of convergence for Example 5.1 for p = 1

ε ↓M = N → 32 64 128 256 512 1024
10−1 5.8011e-03 1.7372e-03 4.0391e-04 9.5349e-05 2.3609e-05 5.8902e-06

1.7395 2.1047 2.0827 2.0139 2.0029
10−3 5.5722e-03 1.8242e-03 5.8253e-04 1.8258e-04 3.7280e-05 9.9410e-06

1.6110 1.6469 1.6738 1.6849 1.9861
10−5 5.5849e-03 1.8295e-03 5.8303e-04 1.8341e-04 5.7286e-05 1.4510e-05

1.6100 1.6498 1.6689 1.6788 1.9811
10−7 5.5867e-03 1.8304e-03 5.8321e-04 1.8428e-04 5.8120e-05 1.4728e-05

1.6098 1.6501 1.6621 1.6647 1.9804
10−9 5.5869e-03 1.8305e-03 5.8323e-04 1.8429e-04 5.8123e-05 1.4731e-05

1.6098 1.6501 1.6621 1.6647 1.9802
10−10 5.5869e-03 1.8305e-03 5.8323e-04 1.8429e-04 5.8123e-05 1.4731e-05

1.6098 1.6501 1.6621 1.6647 1.9802
eM,N 5.5869e-03 1.8305e-03 5.8323e-04 1.8429e-04 5.8123e-05 1.4731e-05
RM,N 1.6098 1.6501 1.6621 1.6647 1.9802

In [100]: eM,N 4.308e-03 2.099e-03 1.055e-03 5.304e-03 2.741e-04
RM,N 1.0373 0.9922 0.9923 0.9521

Chap 4: eM,N 4.0290e-03 2.0649e-03 1.0440e-03 5.2478e-04 2.6309e-04 1.3190e-04
RM,N 0.9644 0.9839 0.9923 0.9961 0.9961

(a) ε = 10−4 (b) ε = 10−6

Figure 5.2: Surface plots of the numerical solution for Example 5.1 with p = 3 for varying values of ε.

problem with time delay [100]:

εuxx(x, t) + xp(1 + te−2t)ux(x, t)− (ex + 1)u(x, t)− ut(x, t) = p(x2 − 1)e−t − tu(x, t− 1), (x, t) ∈ D,

u(0, t) = 1 + t2, u(1, t) = 0, 0 ≤ t ≤ 2,

u(x, t) = (1− x)2, on [0, 1]× [−1, 0].
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(a) p = 1 (b) p = 3

Figure 5.3: Surface plots of the numerical solution for Example 5.2 with ε = 10−2 for varying values of p.

(a) Example 5.1 (b) Example 5.2

Figure 5.4: Profile of numerical Solution for ε = 10−2 with different values of p values.

(a) Example 5.1 (b) Example 5.2

Figure 5.5: Profile of numerical solution for p = 1 with different values of ε.
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Table 5.2: Maximum absolute error and rate of convergence for Example 5.2 for p = 1

ε ↓M = N → 32 64 128 256 512 1024
10−1 9.8283e-04 2.5980e-04 6.8670e-05 1.8140e-05 4.7870e-06 1.2630e-06

1.9195 1.9196 1.9205 1.9219 1.9223
10−3 8.2834e-03 2.8305e-03 8.7580e-04 2.5140e-04 6.7220e-05 1.7885e-05

1.5491 1.6923 1.8006 1.9030 1.9101
10−5 8.4488e-03 2.8860e-03 8.9330e-04 2.5670e-04 6.8860e-05 1.8385e-05

1.5497 1.6919 1.7997 1.8983 1.9059
10−7 8.4504e-03 2.8870e-03 8.9370e-04 2.5680e-04 6.8750e-05 1.8360e-05

1.5494 1.6919 1.7995 1.9015 1.9050
10−9 8.4504e-03 2.8870e-03 8.9370e-04 2.5680e-04 6.8750e-05 1.8360e-05

1.5494 1.6919 1.7995 1.9015 1.9050
10−10 8.4504e-03 2.8870e-03 8.9370e-04 2.5680e-04 6.8750e-05 1.8360e-05

1.5494 1.6919 1.7995 1.9015 1.9050
eM,N 8.4504e-03 2.8870e-03 8.9370e-04 2.5680e-04 6.8750e-05 1.8360e-05
RM,N 1.5494 1.6919 1.7995 1.9015 1.9050

In [100] eM,N 1.965e-02 5.588e-03 1.950e-03 9.246e-04 4.475e-04
1.8140 1.5190 1.0770 1.0470

In Chap 4 eM,N 4.3654e-03 2.3158e-03 1.1948e-03 6.0704e-04 3.0597e-04 1.5422e-04
0.9146 0.9547 0.9769 0.9884 0.9884

Table 5.3: eM,N and RM,N with different values of p.

p ↓M = N → 32 64 128 256 512 1024
Example 5.1

2 6.5930e-03 2.1934e-03 6.9896e-04 2.0378e-04 5.7192e-05 1.5675e-05
1.5878 1.6499 1.7782 1.8331 1.8673

3 6.5931e-03 2.1935e-03 6.9900e-04 2.0386e-04 5.7287e-05 1.5703e-05
1.5877 1.6499 1.7777 1.8313 1.8672

Example 5.2
2 9.9992e-03 3.3178e-03 1.0421e-03 3.0266e-04 8.4021e-05 2.2556e-05

1.5916 1.6707 1.7837 1.8489 1.8972
3 9.7879e-03 3.4012e-03 1.0651e-03 3.1260e-04 8.6285e-05 2.3164e-05

1.5250 1.6751 1.7686 1.8571 1.8972

From Tables 5.1 and 5.2, it can be observed that the mesh parameters and maximum absolute errors

are inversely related. As the mesh parameters M and N increases, the maximum absolute error decreases.

Furthermore, for a fixed mesh parameter, as the perturbation parameter decreases, the maximum absolute

error remains stable. This indicates that the proposed method exhibits parameter-uniform convergence. Ad-

ditionally, Table 5.3 presents the values of eM,N and RM,N for different values of p. The results show that

variations in p do not affect the stability or convergence of the proposed method, confirming its robustness.

Although increasing p strengthens the turning point effect and slightly increases the maximum absolute er-
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ror, the method remains almost second-order ε-uniformly convergent. Comparisons with other methods, as

shown in Tables 5.1 and 5.2, demonstrate that the proposed method outperforms existing methods, such as

the one in [100], in terms of both accuracy and order of convergence.

Surface plots in Figures 5.1 and 5.3 for Examples 5.1 and 5.2, respectively, are displayed for a fixed ε

and different values of p. These figures demonstrate that as p increases, the peak of the solution becomes

more pronounced and shifts away from the boundary layer region. Furthermore, Figure 5.2 presents a surface

plot for Example 5.1 with varying values of ε. From this figure, it can be observed that as the perturbation

parameter ε becomes smaller, the mesh condenses toward the left side of the spatial domain in order to resolve

the boundary layer effectively. Additionally, Figure 5.4 shows the solution profiles for Examples 5.1 and 5.2

with a fixed ε and different p values, illustrating its the effect on the solution. Finally, in Figure 5.5, numerical

solution profiles for Examples 5.1 and 5.2 are displayed for p = 1 and varying ε values. As ε→ 0, formation

of boundary layer becomes visible on the left side of the spatial domain.

5.7 Conclusion

In this chapter, we studied singularly perturbed partial differential equations (SPPDEs) with multiple bound-

ary turning points and a large time lag. The solution to this class of problems exhibits a left boundary layer in

the spatial domain as the perturbation parameter ε approaches zero. The combined effect of the perturbation

parameter and turning points significantly increases the complexity of the problem, making it challenging

to obtain an oscillation-free numerical solution. To overcome these challenges, a robust numerical scheme

was developed. The method employs Crank–Nicolson time discretization on a uniform mesh, while spatial

discretization is performed using a hybrid approach: central finite difference within the layer region and

a midpoint upwind scheme outside the layer region, all constructed on a Shishkin mesh. Figures and ta-

bles illustrate the behaviour of the solution with respect to the perturbation parameter and confirm that the

proposed scheme is stable and achieves parameter-uniform convergence with nearly second-order accuracy.

Comparative results show that the proposed method performs better than existing techniques reported in the

literature and the results presented in Chapter 4, particularly in terms of accuracy and order of convergence.

Numerical experiments on model problems validate the theoretical analysis. The stability and convergence

results demonstrate that the global error decreases quadratically with mesh refinement in both time and space,

independent of the perturbation parameter. Overall, the proposed method provides an efficient, accurate, and

parameter-uniform approach for solving this class of problems.
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Chapter 6

Nonstandard Finite Difference Method for

Singularly Perturbed Parabolic

Convection–Diffusion Turning-Point

Problems with General Shifts

In this chapter, we considered a Singularly Perturbed Parabolic Convection–Diffusion Turning-Point Prob-

lems with General Shifts. The problem involves both delay and advance parameters in the spatial variable

of the reaction terms. The solution exhibits boundary layer on either the left or right side of the domain,

depending on the sign of the coefficient of the convection term. We developed a scheme in order to solve

such problems. The scheme is formulated using the Crank–Nicolson method for temporal discretization,

combined with a non-standard finite difference method for spatial discretization. The stability and uniform

convergence of the proposed scheme are also discussed. A numerical example is incorporated to show the

scheme’s applicability and to reinforce the theoretical analysis.

6.1 Introduction

Singularly perturbed parabolic differential-difference equations (SPPDDEs), which incorporate both sharp

spatial gradients and memory effects through delay or advance terms, frequently arise in biological modeling,
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control theory, and other applied sciences [16]. When these equations include boundary turning points lo-

cations where the convection coefficient vanishes and changes sign the solution exhibits complex multiscale

behavior, such as interior or boundary layers, making their numerical treatment particularly challenging.

Classical methods often fail to resolve such layers unless excessively fine meshes are used. Although signif-

icant progress has been made in designing parameter-uniform methods for singularly perturbed differential-

difference problems [14, 15, 13, 57, 101, 103, 122], robust and uniformly convergent schemes for SPDDEs

with multiple turning points remain scarce [98]. To address this gap, we proposed a Crank–Nicolson-based

temporal discretization combined with a nonstandard finite difference method (NSFDM) on a uniform spatial

mesh to solve SPPDDEs with multiple boundary turning points. NSFDMs, built upon exact finite difference

principles using problem-adapted denominator functions, offer flexibility and improved accuracy in resolv-

ing boundary layers without excessive mesh refinement. This approach aims to deliver enhanced stability

and uniform convergence across a wide range of perturbation parameters.

6.2 Description of the Problem

Consider a class of singularly perturbed parabolic convection–diffusion turning-Point problems with general

shifts on the reaction terms, given by

εuxx + a(x, t)ux(x, t)− b(x, t)u(x− δ, t)− c(x, t)u(x, t)− d(x, t)u(x+ µ, t)− ut(x, t) = f(x, t), (x, t) ∈ D,

u(x, 0) = u0(x), x ∈ Db = {(x, 0) : x ∈ Ω},

u(x, t) = ϕ1(x, t), (x, t) ∈ Dl = {(x, t) : (x, t) ∈ [−δ, 0]× Λ},

u(x, t) = ϕ2(x, t), (x, t) ∈ Dr = {(x, t) : (x, t) ∈ [1, 1 + µ]× Λ},
(6.1)

where D = Ω × Λ = (0, 1) × (0, T ] for some fixed T > 0, and 0 < ε ≪ 1 is the singular perturbation

parameter. The constants δ and µ are the delay and advance parameters, respectively, satisfying δ, µ ≤ Cε

for some constant C > 0.

The coefficients in (6.1) are defined as


a(x, t) = a0(x, t)x

p, p ≥ 1,

a0(x, t) ≥ α > 0, b(x, t) ≥ β > 0, c(x, t) ≥ γ > 0, d(x, t) ≥ η > 0, for all (x, t) ∈ D.
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We assume that the coefficient functions a(x, t), b(x, t), c(x, t), d(x, t), f(x, t) are defined on the closure D̄,

and possess sufficient smoothness: a, b, c, d, f ∈ C2,1(D). The boundary conditions ϕ1, ϕ2 ∈ C2,1(∂D) are

also smooth on their respective domains, and the initial condition u0 ∈ C2(D∩{t = 0}). Moreover, all data

are assumed to be uniformly bounded and independent of ε, ensuring the well-posedness of the problem and

guaranteeing the existence and uniqueness of the solution. The parameter p in the convection term coefficient

determines the order of the boundary turning point: The coefficient function b(x, t), c(x, t) and d(x, t) are

assumed to satisfy b(x, t) + c(x, t) + d(x, t) ≥ q∗ > 0, ∀(x, t) ∈D, for some constant q∗.

6.3 Properties of the Continuous Solution

Using Taylor series expansions around x, for small δ and µ, we have:

u(x− δ, t) ≈ u(x, t)− δux(x, t) +
δ2

2
uxx(x, t) +O(δ3),

u(x+ µ, t) ≈ u(x, t) + µux(x, t) +
µ2

2
uxx(x, t) +O(µ3).

(6.2)

Substituting (6.2) into (6.1), we obtain the asymptotically equivalent problem:


Kcεu(x, t) ≡ cε(x, t)uxx(x, t) + p(x, t)ux(x, t)− q(x, t)u(x, t)− ut(x, t) = f(x, t), (x, t) ∈ D,

u(x, 0) = u0(x), x ∈ Ω,

u(0, t) = ϕ1(0, t), u(1, t) = ϕ2(1, t), t ∈ Λ,

(6.3)

where the modified coefficients are given by

cε(x, t) = ε− δ2

2
b(x, t)− µ2

2
d(x, t),

p(x, t) = a(x, t) + δb(x, t)− µd(x, t),

q(x, t) = b(x, t) + c(x, t) + d(x, t).

For sufficiently small delay δ and advance µ parameters, the approximation from the original system (6.1)

to the reduced system (6.3) is valid because the difference between the two models is bounded by O(δ3+µ3).

This bound arises from the Taylor expansion of the deviating arguments, where the linear and quadratic

terms are retained, and only the cubic and higher-order terms are neglected. Since δ, µ < ε, the effect of
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discarding the higher-order terms does not influence either the stability or the convergence of the scheme.

In this sense, the two systems are said to be asymptotically equivalent, meaning that they yield numerically

indistinguishable solutions within the prescribed accuracy of the discretization.

Moreover, we assume that the modified coefficients satisfy the following bounds: 0 < cε(x, t) ≤ ε −
δ2

2 β − µ2

2 η, p(x, t) = a(x, t) + δb(x, t)− µd(x, t) ≥ p∗ > 0 and q(x, t) = b(x, t) + c(x, t) + d(x, t) ≥

q∗ > 0, ensuring the presence of a boundary layer near x = 0.

The existence and uniqueness of the solution are guaranteed by the smoothness and boundedness as-

sumptions together with the following compatibility conditions:

u0(0) = ϕ1(0, 0), u0(1) = ϕ2(1, 0), (6.4)

and 
cε
∂2u0(0)
∂x2

+ p(0, 0)∂u0(0)∂x − q(0, 0)u0(0)− ∂ϕ1(0,0)
∂t = f(0, 0),

cε
∂2u0(1)
∂x2

+ p(1, 0)∂u0(1)∂x − q(1, 0)u0(1)− ∂ϕ2(1,0)
∂t = f(1, 0),

(6.5)

The comparability condition at the corner points also ensure that there exists a constant C independent of cε

such that ∀(x, t) ∈ D,

|u(x, t)− u(x, 0)| ≤ Ct,

|u(x, t)− u(0, t)| ≤ C(1− x).

Lemma 6.1. (The continuous minimum principle): Let θ(x, t) be a sufficiently smooth function defined on

D which satisfies θ(x, t) ≥ 0, ∀(x, t) ∈ ∂D and Kcεϑ(x, t) ≤ 0, ∀(x, t) ∈ D. Then ϑ(x, t) ≥ 0, ∀(x, t) ∈

D̄.

Proof. Let the point (y, z) ∈ D̄ and 𭟋(y, z) = min
(x,t)∈D̄

ϑ(x, t) < 0. Since ϑ(x, t) ≥ 0, ∀(x, t) ∈ ∂D, we

have (y, z) /∈ ∂D. The inequality ϑ(y, z) = min
(x,t)∈D̄

ϑ(x, t) < 0 implies that ∂𭟋(y,z)
∂t = 0 ,∂𭟋(y,z)

∂x = 0 and

∂𭟋(y,z)
∂x ≥ 0.

This gives that

Kcεϑ(y, z) = (cε
∂2ϑ

∂x2
+ p

∂ϑ

∂x
− qϑ− ∂ϑ

∂t
)(y, z) > 0

which is a contradict as Kcεϑ(x, t) ≤ 0, ∀(x, t) ∈ D. Hence ϑ(x, t) ≥ 0 ∀(x, t) ∈ D̄.
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Lemma 6.2 (Stability Estimate). Suppose u(x, t) be the solution of (6.3). Then it satisfies

||u(x, t)||D̄ ≤ ||u(x, t)||∂D +
T

p∗
||f(x, t)||D̄.

Proof. Consider the barrier functions

ϖ±(x, t) =||u(x, t)||∂D +
T

p∗
||f(x, t)||D̄ ± u(x, t).

On the boundary points,

ϖ±(0, t) =||u(0, t)||∂D +
T

p∗
||f(x, t)||D̄ ± u(0, t) ≥ 0.

ϖ±(1, t) =||u(1, t)||∂D +
T

p∗
||f(x, t)||D̄ ± u(1, t) ≥ 0.

And in the interior points,

Kcεϖ
±(x, t) =− q(x, t)[||u(x, t)||∂D +

T

p∗
||f(x, t)||D̄]±Kcεu(x, t)

≤− p∗[||u(x, t)||∂D +
T

p∗
||f(x, t)||D̄]± f(x, t) ≤ 0.

Using Lemma 6.1 ,ϖ±(x, t) ≥ 0, ∀(x, t) ∈ D̄.This implies that ||u(x, t)||D̄ ≤ ||u(x, t)||∂D+ T
p∗ ||f(x, t)||D.

Lemma 6.3. Let u(x, t) be the solution of continuous problem (6.3), then it satisfies the following inequality

with some constant C.

|u(x, t)− s0(x)| ≤ Ct, and

|u(x, t)− s0(x)| ≤ C(1− x), ∀(x, t) ∈ D,

|u(x, t)| ≤ C.

Proof. One can refer the detail proof in [105].

Theorem 6.1. The solution u(x, t) of the problem (6.3) satisfies the following bound on its derivatives:∣∣∣∣∣ ∂(i+j)∂xi∂tj
u(x, t)

∣∣∣∣∣ ≤ C

(
1 + c−i/2ε exp

(
−x
√
p∗

cε

))
,

where i and j are non-negative integers such that 0 ≤ i+ 3j ≤ 4.

117



Proof. The proof of this is similar to the proof in Chapter 2 of Theorem 2.1

To obtain stronger estimates for the bounds on the solution u and its derivatives, we decompose the

solution of (6.3) into regular and singular components as

u(x, t) = v(x, t) + w(x, t), (x, t) ∈ D̄,

where the regular part v(x, t) is the solution of the inhomogeneous problem


Kεv(x, t) = f(x, t), (x, t) ∈ D,

v(x, 0) = u0(x), on x ∈ Ω,

v(1, t) = ϕ2(1, t), for t ∈ Λ̄,

and the singular part w(x, t) is the solution of the homogeneous problem

Kεw(x, t) = 0, (x, t) ∈ D,

w(x, 0) = 0, x ∈ Ω

w(1, t) = 0,

w(0, tj+1) = ϕ1(0, t)− v(0, t), t ∈ Λ̄.

In the next theorem, we set the bound for the derivatives of solution.

Theorem 6.2. The regular and singular components, along with their derivatives, satisfy the following

bounds.

∣∣∣∣ ∂i+j∂xi∂tj
v(x, t)

∣∣∣∣ ≤ C(1 + c2−i/2ε ),

∣∣∣∣ ∂i+j∂xi∂tj
w(x, t)

∣∣∣∣ ≤ C(c−i/2ε exp

(
−x
√
p∗

cε

)
), (x, t) ∈ D̄,

where i and j are non-negative integers such that 0 ≤ i+ 3j ≤ 4.

Proof. The proof follows a similar approach to that in Chapter 3 of Theorem 3.1.
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6.4 Derivation of the Numerical Method

In this section, we looked at how the suggested numerical method was derived in order to obtain a better

approximation solution of the equation (6.1).

6.4.1 Temporal Discretization

We discretize the time domain [0, T ] using uniform mesh as: ΛM =

{
tj = j∆t, j = 0, 1, ...,M,∆t = T

M

}
,

whereM is the number of mesh elements in [0, T ]with step size k = ∆t = tj+1−tj , for j = 0, 1, ...,M−

1.

The temporal variable in problem (6.3) is discretized at the point (x, tj+1/2) we have


U0(x) = u0(x), x ∈ Ω,

cεU
j+1/2
xx + pj+1/2(x)U

j+1/2
x − qj+1/2(x)U j+1/2(x)−D−

t U
j+1(x) = f j+1/2(x),

U j+1(0) = ϕ1(0, tj+1), U
j+1(1) = ϕ2(1, tj+1), 0 ≤ j ≤M,

(6.6)

where 
D−
t u

j+1(x) =
U j+1(x)− U j(x)

∆t
,

U j+1/2(x) =
U j+1(x) + U j(x)

2
,

f j+1/2(x) =
f j+1(x) + f j(x)

2
,

and U j(x) is an approximate solution of u(x, tj) at jth time level.

The time semi-discretized problem (6.6) can be rewritten as


U0(x) = u0(x), x ∈ Ω,

K̂cεU
j+1(x) = Rj+1(x),

U j+1(0) = ϕ1(0, tj+1), U
j+1(1) = ϕ2(1, tj+1), 0 ≤ j < M,

(6.7)
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where 

K̂cεU
j+1(x) = cε

2 (Uxx)
j+1 + pj+1(x)

2 (Ux)
j+1 − Qj+1(x)

2 (U(x))j+1,

Rj+1(x) = f j+1/2(x)− cε
2 (Uxx)

j − pj(x)
2 (Ux)

j + dj(x)
2 (U(x))j ,

Qj+1(x) = qj+1(x) + 2
∆t ,

dj(x) = qj(x)− 2
∆t .

The semi-discrete operator K̂cε satisfies the following minimum principle.

Lemma 6.4 (Semi-Discrete Minimum principle). Suppose θj+1(x) be smooth function satisfying θj+1(0) ≥

0, θj+1(1) ≥ 0 and K̂cεθ
j+1(x) ≤ 0, ∀x ∈ Ω. Then θj+1(x) ≥ 0, ∀x ∈ Ω and j = 0, 1, 2, ...M − 1.

Proof. Let ℓ ∈ Ω such that θj+1(ℓ) = min θj+1(x) < 0, ∀x ∈ Ω. This implies that (θj+1(ℓ))
′
= 0 and

(θj+1(ℓ))
′′ ≥ 0. Then, we have

K̂cεθ
j+1(ℓ) =

cε
2
(θj+1(ℓ))

′′
+
pj+1(x)

2
(θj+1(ℓ))

′ − Qj+1(x)

2
(θj+1(ℓ)) > 0.

Since Qj+1(ℓ) = bj+1(ℓ) + 2
∆t ≥ β + 2

∆t > 0, this contradict the assumption that K̂cεθ
j+1(x) ≤ 0.

Therefore, we conclude that θj+1(x) ≥ 0 on Ω.

Lemma 6.5 (Stability Estimate). Let U j+1 be the discrete solution at time level tj+1. If U j+1(0) ≥ 0 and

U j+1(1) ≥ 0, then for all nodal points x ∈ Ω̄,

∣∣U j+1(x)
∣∣ ≤ max

∂DM

∣∣U j+1(x)
∣∣+ T

p∗
max
x∈Ω

∣∣∣K̂cεU
j+1(x)

∣∣∣.
Proof. The proof follows a similar approach that presented in Lemma 2.5.

The local truncation error of the time semi-discretization is given by ej+1(x) = K̂ϵ u
j+1(x)− gj+1(x),

where uj+1(x) is the solution of Eq. (6.7).

Theorem 6.3. Suppose that ∣∣∣∣∂iu∂ti
∣∣∣∣ ≤ C, (x, t) ∈ D̄ for 0 ≤ i ≤ 3.

The local truncation error at (j + 1)th time step is given by

||ej+1|| ≤ C(∆t)3.
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Proof. Using Taylor series expansion we have

u(x, tj+1) = u(x, tj+1/2) +
∆t

2
ut(x, tj+1/2) +

1

2!
(
∆t

2
)2utt +O((∆t)3). (6.8)

u(x, tj) = u(x, tj+1/2)−
∆t

2
ut(x, tj+1/2) +

1

2!
(
∆t

2
)2utt +O((∆t)3). (6.9)

Subtracting (6.9) from (6.8) we get

u(x, tj+1)− u(x, tj)

∆t
= ut(x, tj+1/2) +O(∆t)2).

=cεuxx(x, tj+1/2) + p(x, tj+1/2)ux(x, tj+1/2)− q(x, tj+1/2)u(x, tj+1/2)− f(x, tj+1/2) +O((∆t)2),

where u(x, tj+1/2) =
u(x,tj+1)+u(x,tj)

2 +O((∆t)2)).

Further simplification yields

K̂cεu(x, tj+1) ≡
cε
2
uxx(x, tj+1)+

p(x, tj+1)

2
ux(x, tj+1)−

q(x, tj+1)

2
u(x, tj+1) = R(x, tj+1)+O((∆t)3).

(6.10)

From Eq.(6.7) and Eq. (6.10) the local truncation error satisfies

K̂cεej+1 = O(∆t)3,

ej+1(0) = ej+1(1) = 0.
(6.11)

It can be seen that

||ej+1|| ≤ C(∆t)3.

The local error estimate of each time step contributes to the global error in the temporal semi-discretization

which is denoted by, Ej .

Theorem 6.4. The global truncation error for temporal discretization up to jth time level is given by

||Ej || ≤ C(∆t)2, ∀j ≤ T

∆t
.
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Proof. Using the local error estimate up to jth time step, we obtain the global error estimate at jth time step.

||Ej || =||
j∑
i=1

ei||, j ≤
T

∆t

≤ ||e1||+ ||e2||+ ||e3||+ ...+ ||ej ||

≤ C1(j)(∆t)
3 (using Lemma 6.3)

≤ C1T (∆t)
2 as j.∆t ≤ T

≤ C(∆t)2, C = C1T.

Theorem 6.5. The solution uj+1(x) of the problem (6.3) satisfies the following bound on its derivatives:

∣∣∣∣dkuj+1(x)

dxk

∣∣∣∣ ≤ C

(
1 + c−k/2ε exp

(
−x
√
p∗

cε

))
, k = 0, 1, 2, 3, 4.

Proof. The proof follows a similar approach to that used in Theorem 2.3 of Chapter 2.

6.4.2 Spatial Discretization

For the spatial derivative approximations, we employ the Nonstandard Finite Difference Method (NSFDM)

as described in [75]. In this approach, the standard finite difference formulas are modified by introducing a

problem-dependent denominator function ξ2, which depends on both the step size (h) and cε. This denom-

inator function is derived from the exact solution of the corresponding local differential equation, ensuring

that the scheme captures the exponential behavior of the layer solutions while preserving essential qualitative

properties such as stability, positivity, and correct asymptotic behavior even on a coarse mesh.

The spatial domain Ω̄ = [0, 1] is discretized using uniform space length h as

Ω
N

=

{
xi = ih, i = 1, ..., N − 1, x0 = 0, xN = 1, h =

1

N

}
,

where N is the number of mesh intervals in the spatial discretization. Now, consider (6.5) using the lower

bounds of the coefficients and the homogeneous part

cεuxx + p∗ux − γu = 0. (6.12)
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cεuxx + p∗ux = 0. (6.13)

Since the layer behaviour of (6.12) and (6.13) are the same. The finite difference scheme that replaced h2 by

a non-negative denominator function ξ2 is

cε
Ui+1 − 2Ui + Ui−1

ξ2i
+ p∗

Ui+1 − Ui
h

= 0. (6.14)

We can find ξ2i using the following procedures. First, we rewrite equation (6.13) equivalently as a first-order

coupled system of differential equations
du

dx
= v, (6.15)

dv

dx
=

−p∗

cε
v. (6.16)

From (6.16) we have v(x) = exp(−p∗

cε
x). By applying first order difference scheme for (6.15) as:

vi =
Ui+1 − Ui

h
= exp

(
−p

∗

cε
xi

)
, (6.17)

then substituting (6.17) into (6.14) we obtain the denominator function ξ2i = hcε
p∗ (exp(

hp∗

cε
)− 1) ≡ h2 +

O(h
3

cε
). So equation (6.14) becomes

cε
(Ui+1 − 2Ui + Ui−1)

hcε
p∗ (exp

(
hp∗

cε

)
− 1)

+ p∗
(Ui+1 − Ui)

h
= 0.

Therefore, the denominator function ξ2 = hcε
p∗ (exp

(
hp∗

cε

)
− 1) can replace h2. Adopting this denominator

function to the variable coefficient problem written as

ξ2(cε, h) =
hcε

pj+1
i

(exp

(
hpj+1

i

cε

)
− 1), (6.18)

6.4.3 Full Discrete Scheme

Using (6.18) and (6.5) the full discrete scheme becomes

K̂cε
N
U j+1(xi) ≡

cε
2

(U j+1
i+1 − 2U j+1

i + U j+1
i−1 )

ξ2i,j+1

+
pj+1
i

2

(U j+1
i+1 − U j+1

i )

h
− (

qj+1
i

2
+

1

∆t
)U j+1

i = Hj+1
i ,

uj+1
0 = ϕ(tj+1), u

j+1
N = ψ(tj+1), u

0
i = u0(xi),

(6.19)
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i = 1, 2, 3, ..., N − 1, j = 0, 1, 2, ...,M − 1,

where

Hj+1
i = −cε

2

(U ji+1 − 2U ji + U ji−1)

ξ2i,j
−
pji
2

(U ji+1 − U ji )

h
+ (

qji
2

− 1

∆t
)U ji +

f j+1
i + f ji

2
.

After rearrange the terms in (6.19), we arrive the following recurrence relation of the form

r−i U
j+1
i−1 + rciU

j+1
i + r+i U

j+1
i+1 = s−i U

j
i−1 + sciU

j
i + s+i U

j
i+1 +

f j+1
i + f ji

2
, (6.20)

where the coefficients are given by

r−i =
cε

2ξ2i,j+1

,

rci = −(
cε

ξ2i,j+1

+
pj+1
i

2h
+
qj+1
i

2
+

1

∆t
),

r+i =
cε

2ξ2i,j+1

+
pj+1
i

2h
,



s−i = − cε
2ξ2i,j

,

sci =
cε
ξ2i,j

+
pji
2h

+
qji
2

− 1

∆t
,

s+i = −(
cε
2ξ2i,j

+
pji
2h

).

Since |rci | ≥
∣∣r−i ∣∣ + ∣∣r+i ∣∣, the tri-diagonal system (6.20) is diagonally dominant system of equations. So

it has a unique solution. Thus, we can use any tri-diagonal solver, such as Thomas algorithm, to solve this

system of equations.

6.5 Convergence Analysis

In this section, we study the discrete minimum principle, stability and ε−uniform convergence for the scheme

(6.20) .

Lemma 6.6. (The discrete minimum principle) Assume that U j+1
0 ≥ 0, U j+1

N ≥ 0 and K̂N
cεU

j+1
i ≤ 0

for 0 < i < N, 0 ≤ j < M Then, U j+1
i ≥ 0 for 0 < i < N, 0 ≤ j < M.

Proof. Suppose there exist s ∈ {0, 1, 2, ..., N} such that U j+1
s = min

0≤i≤N
U j+1
i < 0 which implies k ̸= 0 and
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k ̸= N. Also we have (U j+1
s+1 − U j+1

s ) > 0 and (U j+1
s−1 − U j+1

s ) > 0. Then,

K̂N
cεu

j+1
s = cε

(U j+1
s+1 − 2U j+1

s + U j+1
s−1 )

ξ2
+ pj+1

s

(U j+1
s+1 − U j+1

s )

h
− (qj+1

s +
1

∆t
)U j+1

s

= cε
(U j+1

s+1 − U j+1
s ) + (U j+1

s−1 − U j+1
s )

ξ2
+ pj+1

s

(U j+1
s+1 − U j+1

s )

h
− (qj+1

s +
1

∆t
)U j+1

s > 0,

since (qj+1
s + 1

∆t) > β > 0 . It contradict the assumption that K̂N
cεU

j+1
i ≤ 0 for 0 < i < N, 0 ≤ j < M .

Therefore, the operator K̂N
cε satisfy the discrete minimum principle.

Lemma 6.7 (Stability Estimate). The solution of the discrete problem (6.20) satisfies the bound

∣∣∣uj+1
i

∣∣∣ ≤ ∣∣∣∣∣∣K̂N
cεu

j+1
i

∣∣∣∣∣∣+max(|ψ(tj+1)|, |ϕ(tj+1)|).

Proof. Consider the barrier functions

ψ±(xi, tj+1) =
∣∣∣∣∣∣K̂N

cεu
j+1
i

∣∣∣∣∣∣+max(|ψ(tj+1)|, |ϕ(tj+1)|)± uj+1
i

At the boundary points we have

ψ±(0, tj+1) =
∣∣∣∣∣∣K̂N

cεu
j+1
0

∣∣∣∣∣∣+max(|ψ(tj+1)|, |ϕ(tj+1)|)± uj+1
0 ≥ 0

ψ±(1, tj+1) =
∣∣∣∣∣∣K̂N

cεu
j+1
N

∣∣∣∣∣∣+max(|ψ(tj+1)|, |ϕ(tj+1)|)± uj+1
N ≥ 0

For the interior points we have

K̂N
cεψ

±
i,j+1 =εδ

2
xψ

±
i,j+1 + pj+1

i D+
x ψ

±
i,j+1 − (qj+1

i +
1

∆t
)ψ±

i,j+1

=cεδ
2
xψ

±
i,j+1 + pj+1

i D+
x ψ

±
i,j+1 − (qj+1

i +
1

∆t
)(
∣∣∣∣∣∣K̂N

cεu
j+1
i

∣∣∣∣∣∣+max(|ψ(tj+1)|, |ϕ(tj+1)|)± uj+1
i )

=− (bj+1
i +

1

∆t
)(
∣∣∣∣∣∣K̂N

cεu
j+1
i

∣∣∣∣∣∣+max(|ψ(tj+1)|, |ϕ(tj+1)|))± K̂N
cεu

j+1
i

≤0.

Now, using Lemma 6.6 we get the desired result.
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Lemma 6.8. For cε → 0 and for fixed mesh , it holds

lim
cε→0

exp
(
−xi

√
(p∗/cε)

)
(
√
cε)s

= 0, s ∈ Z+ and cε

∣∣∣∣1− h2

ξ2

∣∣∣∣ ≤ Ch.

Proof.

exp
(
−xi

√
(p∗/cε)

)
(
√
cε)s

≤
exp
(
−x1

√
(p∗/cε)

)
(
√
cε)s

=
exp
(
−h
√
(p∗/ε)

)
(
√
cε)s

for i = 1, 2, ..., N.

Let η = 1/
√
cε, then

lim
cε→0

exp
(
−h
√
(p∗/cε)

)
(
√
cε)s

= lim
η→∞

ηs

exp(h
√
p∗η)

.

Applying L’Hospitals rule repeatedly we have

lim
cε→0

exp
(
−h
√
(α/cε)

)
(
√
cε)s

= lim
η→∞

ηs

exp(h
√
p∗η)

= lim
η→∞

s!

(h
√
p∗)s exp(h

√
p∗η)

= 0.

And

cε

∣∣∣∣1− h2

ξ2

∣∣∣∣ = cε

∣∣∣∣∣∣1− h2

cεh
α (exp

(
p∗h
cε

)
− 1)

∣∣∣∣∣∣ = cε

∣∣∣∣∣∣1− p∗h

ε(exp
(
p∗h
cε

)
− 1)

∣∣∣∣∣∣ = p∗h

∣∣∣∣∣∣ cεp∗h − 1

exp
(
p∗h
cε

)
− 1

∣∣∣∣∣∣.
Let σ = p∗h

cε
, then using L’Hospital’s rule repeatedly we have the following

lim
σ→0

p∗h(
1

σ
− 1

exp(σ)− 1
) =

1

2
p∗h , lim

σ→∞
p∗h(

1

σ
− 1

exp(σ)− 1
) = 0.

Therefore, cε
∣∣∣1− h2

ξ2

∣∣∣ = p∗h( 1σ − 1
exp(σ)−1) ≤ Ch for σ ∈ (0,∞).

Theorem 6.6. Let U j+1(xi) and U j+1
i are the exact solution of (6.5) and the numerical solution of (6.20)

respectively. Then, the proposed scheme satisfies the following error bound at (j + 1)th time level;

sup
0<cε≤1

∣∣∣uj+1(xi)− U j+1
i

∣∣∣ ≤ CN−1.
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Proof. The truncation error in the spatial discretization is

∣∣∣K̂cε
N
(U j+1(xi)− U j+1

i )
∣∣∣ =∣∣∣(K̂cεU

j+1(xi)− K̂cε
N
U j+1
i )

∣∣∣
≤
∣∣∣∣cε( d2dx2 − δ2x)U

j+1
i + pj+1

i (
d

dx
−D+)U j+1

i

∣∣∣∣,
where

δ2xU
j+1
i =

U j+1
i+1 − 2U j+1

i + U j+1
i−1

ξ2
and D+

x U
j+1
i =

(U j+1
i+1 − U j+1

i )

h
.

Now, using Taylor series expansion of Ui+1, Ui−1, ξ
2 and bounds on the derivatives of U Theorem 6.5 we

have the following,∣∣∣K̂cεU
j+1(xi)− K̂N

cεU
j+1
i

∣∣∣ ≤ ∣∣∣∣∣
(
cε

(
1− h2

ξ2

)
− hpj+1

i

2

)
d2U j+1(xi)

dx2
− pj+1

i

h2

6

d3U j+1(xi)

dx3
− pj+1

i

cεh
4

12ξ2
d4U j+1(xi)

dx4

∣∣∣∣∣
≤ C

(
h
(
1 + c−1

ε e−xi

√
α/cε

)
+ h2

(
1 + c−3/2

ε e−xi

√
α/cε

)
+
cεh

4

ξ2

(
1 + c−2

ε e−xi

√
α/cε

))
≤ C

(
h
(
1 + c−1

ε e−xi

√
α/cε

)
+ h2

(
1 + c−3/2

ε e−xi

√
α/cε

)
+ h3

(
1 + c−2

ε e−xi

√
α/cε

))
.

Since h3 < h2 < h and using Lemma 6.7 and 6.8 , we have
∣∣∣(U j+1(xi)− U j+1

i )
∣∣∣ ≤ CN−1.

Theorem 6.7. The solution U j+1
i of the fully discrete scheme (6.20) converges uniformly to the solution

u(x, t) of (6.3) and the error estimate is given by

sup
0<cε≤1

∣∣∣u(xi, tj)− U j+1
i

∣∣∣ ≤ C(N−1 + (∆t)2), i = 0, 1, 2, ..., N, j = 0, 1, 2, ...,M.

Proof. The uniform convergence of the scheme follows from the Theorem 6.4 and 6.6. We justify it as

follows

sup
0<cε≤1

∣∣∣u(xi, tj+1)− U j+1
i

∣∣∣ ≤ sup
0<cε≤1

∣∣u(xi, tj+1)− U j+1(xi)
∣∣

+ sup
0<cε≤1

∣∣∣U j+1(xi)− U j+1
i

∣∣∣ ≤ C(N−1 + (∆t)2), i = 0, 1, 2, ..., N, j = 0, 1, 2, ...,M.

6.6 Numerical Examples and Results

In order to check the performance of the proposed method, we used model examples on the underlying

interval for different values of mesh size(h, k), shift parameters µ, δ and perturbation parameter ε. Since the
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exact solutions for these problems are not known, the maximum absolute errors are computed using double

- mesh principles given by:

eM,N
cε = max

(xi,tj)∈D

∣∣∣∣∣(U ji )M,N
−
(
U ji

)2M,2N
∣∣∣∣∣

where
(
U ji

)M,N
is the numerical solution obtained using mesh sizes (h, k) and

(
U ji

)2M,2N
is the numerical

solution obtained by halving the original mesh (h, k). The corresponding parameter uniform error is given

by

eM,N = max eM,N
cε

Additionally, we assessed the corresponding rate of convergence using the following formulas:

RM,N
cε =

log eM,N
cε − log e2M,2N

cε

log 2
, RM,N =

log eM,N − log e2M,2N

log 2
.

Example 6.1. Consider the singularly perturbed parabolic convection–diffusion turning-point problem with

general shifts [98]

εuxx + xpux(x, t)− 2u(x− δ, t)− u(x, t)− u(x+ µ, t)− ut(x, t) = x2 − 1, (x, t) ∈ D,

u(x, 0) = (1− x)2, x ∈ Ω,

u(x, t) = 1 + t2, (x, t) ∈ [−δ, 0]× (0, 1],

u(x, t) = 0, (x, t) ∈ [1, 1 + µ]× (0, 1].

Example 6.2. Consider the singularly perturbed parabolic convection–diffusion turning-point problem with

general shifts

εuxx + (1 + te−2t)xpux(x, t)− 2u(x− δ, t)− u(x, t)− u(x+ µ, t)− ut(x, t) = (x2 − 1)e−t, (x, t) ∈ D,

u(x, 0) = (1− x)2, x ∈ Ω,

u(x, t) = 1 + t2, (x, t) ∈ [−δ, 0]× (0, 1],

u(x, t) = 0, (x, t) ∈ [1, 1 + µ]× (0, 1].

The numerical results in Tables 6.1 and 6.4 for Examples 6.1 and 6.2, respectively, present the maximum

absolute error and the convergence rate of the scheme for fixed delay and advance parameters. These results
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(a) ε = 2−2 (b) ε = 2−12

Figure 6.1: Surface plots of the numerical solution for Example 6.2 with M = N = 64, p = 1, and
parameters δ = 0.6ε, µ = 0.5ε.

(a) ε = 2−2 (b) ε = 2−12

Figure 6.2: Surface plots of the numerical solution for Example 6.1 with M = N = 64, p = 1, and
parameters δ = 0.4ε, µ = 0.8ε.
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(a) ε = 2−2, p = 1, µ = 0 (b) ε = 2−2, p = 1, δ = 0

(c) δ = 0.2ϵ, µ = 0.3ε, p = 1 (d) δ = 0.4ε, µ = 0.8ε, ε = 2−8

Figure 6.3: Example 6.1 on (a)effect of δ , (b) effect of µ, (c) influence of ε (d) effect of p on the solution,
for M = N = 64.
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Table 6.1: Maximum absolute error and rate of convergence for Example 5.1 for p = 1 and δ = 0.9ε, µ =
0.5ε

ε ↓M = N → 32 64 128 256 512 1024
2−6 1.2570e-03 6.5744e-04 3.3678e-04 1.7085e-04 5.5905e-05 2.8024e-05

0.9350 0.9651 0.9792 0.9926 0.9963
2−10 1.2582e-03 6.5936e-04 3.3763e-04 1.7089e-04 8.5965e-05 4.3181e-05

0.9323 0.9656 0.9823 0.9913 0.9934
2−14 1.2583e-03 6.5948e-04 3.3769e-04 1.7092e-04 8.5980e-05 4.3252e-05

0.9321 0.9656 0.9824 0.9913 0.9912
2−16 1.2583e-03 6.5948e-04 3.3769e-04 1.7092e-04 8.5980e-05 4.3292e-05

0.9321 0.9656 0.9824 0.9913 0.9899
2−18 1.2583e-03 6.5948e-04 3.3769e-04 1.7092e-04 8.5980e-05 4.3292e-05

0.9321 0.9656 0.9824 0.9913 0.9899
eM,N 1.2583e-03 6.5948e-04 3.3769e-04 1.7092e-04 8.5980e-05 4.3292e-05
RM,N 0.9321 0.9656 0.9824 0.9913 0.9899

In [98]: eM,N
ε 2.044e-02 1.303e-02 7.866e-03 4.607e-03
RM,N
ε 0.7 0.77 0.85 0.93

Table 6.2: Maximum absolute error and rate of convergence for Example 5.1 with p = 1 and different values
of δ and µ for ε = 2−10

M = N → 32 64 128 256 512 1024
δ ↓, µ = 0.5ε

0 1.2583e-03 6.5954e-04 3.3772e-04 1.7094e-04 8.5968e-05 4.3281e-05
0.9319 0.9656 0.9824 0.9916 0.9901

0.3ε 1.2583e-03 6.5948e-04 3.3769e-04 1.7092e-04 8.5970e-05 4.3282e-05
0.9321 0.9656 0.9824 0.9914 0.9901

0.6ε 1.2583e-03 6.5942e-04 3.3766e-04 1.7091e-04 8.5972e-05 4.3283e-05
0.9322 0.9656 0.9823 0.9913 0.9901

µ ↓, δ = 0.5ε
0 1.2583e-03 6.5939e-04 3.3764e-04 1.7090e-04 8.5971e-05 4.3282e-05

0.9322 0.9656 0.9823 0.9913 0.9901
0.3ε 1.2583e-03 6.5942e-04 3.3766e-04 1.7091e-04 8.5974e-05 4.3283e-05

0.9322 0.9656 0.9823 0.9913 0.9901
0.6ε 1.2583e-03 6.5945e-04 3.3768e-04 1.7092e-04 8.5976e-05 4.3284e-05

0.9321 0.9656 0.9823 0.9913 0.9901

demonstrate the uniform convergence of the proposed scheme. As shown in the tables, when the perturbation

parameter ε decreases, the maximum absolute error stabilizes and becomes constant, indicating convergence

independent of ε. Additionally, Table 6.1 compares the ε−uniform errors and convergence rates of the pro-

posed scheme with that reported in the literature. The results demonstrate that our scheme achieves higher

accuracy than the method presented in [98]. Tables 6.2 and 6.5 present the maximum absolute errors for var-

ious values of the delay and advance parameters. The results indicate that the shift parameters do not affect
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Table 6.3: Maximum absolute error and its corresponding rate of convergence for ε = 2−5 with different
values of p.

p ↓, M = N → 32 64 128 256 512 1024

δ = 0.4ε, µ = 0.8ε

2 5.6269e-03 2.7727e-03 1.4847e-03 7.4793e-04 3.7731e-04 1.8962e-04
1.0211 0.9011 0.9892 0.9871 0.9926

3 5.6397e-03 2.7751e-03 1.4855e-03 7.4812e-04 3.7736e-04 1.8964e-04
1.0231 0.9016 0.9893 0.9873 0.9927

δ = 0.2ε, µ = 0.4ε

2 5.1552e-03 2.5150e-03 1.3505e-03 6.8171e-04 3.4201e-04 1.7132e-04
1.0355 0.8971 0.9862 0.9951 0.9975

3 5.1682e-03 2.5191e-03 1.3513e-03 6.8191e-04 3.4206e-04 1.7134e-04
1.0367 0.8986 0.9866 0.9954 0.9975

Table 6.4: Maximum absolute error and rate of convergence for Example 6.2 for p = 1 and δ = 0.3ε, µ =
0.0ε

ε ↓M = N → 32 64 128 256 512 1024
2−1 2.8347e-03 1.4723e-03 7.5289e-04 3.9214e-04 2.0158e-04 1.0246e-04

0.9451 0.9676 0.9411 0.9600 0.9763
2−2 3.6248e-03 1.8935e-03 9.8276e-04 5.1182e-04 2.6617e-04 1.3742e-04

0.9368 0.9461 0.9412 0.9435 0.9538
2−4 5.2316e-03 2.7358e-03 1.4284e-03 7.4253e-04 3.8621e-04 1.9945e-04

0.9353 0.9378 0.9438 0.9431 0.9533
2−6 6.8342e-03 3.6175e-03 1.9087e-03 1.0036e-03 5.3142e-04 2.8068e-04

0.9177 0.9225 0.9274 0.9175 0.9208
2−8 8.1246e-03 4.2138e-03 2.2065e-03 1.1537e-03 6.0148e-04 3.1582e-04

0.9472 0.9332 0.9357 0.9397 0.9294
2−9 8.3152e-03 4.3617e-03 2.3074e-03 1.2032e-03 6.3125e-04 3.3173e-04

0.9309 0.9186 0.9394 0.9308 0.9282
2−10 8.4268e-03 4.4329e-03 2.3458e-03 1.2336e-03 6.5147e-04 3.4268e-04

0.9268 0.9181 0.9273 0.9213 0.9268
2−12 8.7526e-03 4.6135e-03 2.4529e-03 1.2917e-03 6.8042e-04 3.5826e-04

0.9238 0.9116 0.9252 0.9249 0.9254
2−14 8.7526e-03 4.6135e-03 2.4529e-03 1.2917e-03 6.8042e-04 3.5826e-04

0.9238 0.9116 0.9252 0.9249 0.9254
eM,N 8.7526e-03 4.6135e-03 2.4529e-03 1.2917e-03 6.8042e-04 3.5826e-04
RM,N 0.9238 0.9116 0.9252 0.9249 0.9254

the uniform convergence of the proposed scheme. In Table 6.3, we present the maximum absolute errors for

a fixed ε across different values of p. The results demonstrate that the value of p does not affect the uniform

convergence of the scheme. Overall, from each tables it can be observed that the convergence of the scheme
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Table 6.5: Maximum absolute error and rate of convergence for Example 6.2 with p = 2 and different values
of δ and µ for ε = 2−7

M = N → 32 64 128 256 512 1024
δ ↓, µ = 0.5ε

0 6.1853e-03 3.2827e-03 1.7435e-03 9.2687e-04 4.9345e-04 2.6317e-04
0.9140 0.9129 0.9116 0.9095 0.9069

0.2ε 6.1984e-03 3.2914e-03 1.7491e-03 9.3070e-04 4.9616e-04 2.6507e-04
0.9132 0.9121 0.9102 0.9075 0.9044

0.4ε 6.2086e-03 3.3002e-03 1.7547e-03 9.3454e-04 4.9887e-04 2.6697e-04
0.9117 0.9113 0.9089 0.9056 0.9020

0.6ε 6.2194e-03 3.3090e-03 1.7604e-03 9.3839e-04 5.0159e-04 2.6888e-04
0.9104 0.9105 0.9076 0.9037 0.8996

µ ↓, δ = 0.6ε

0 6.2312e-03 3.3179e-03 1.7661e-03 9.4225e-04 5.0432e-04 2.7079e-04
0.9092 0.9097 0.9064 0.9018 0.8972

0.2ε 6.2427e-03 3.3268e-03 1.7719e-03 9.4612e-04 5.0705e-04 2.7271e-04
0.9080 0.9088 0.9052 0.8999 0.8948

0.4ε 6.2544e-03 3.3357e-03 1.7776e-03 9.5000e-04 5.0979e-04 2.7464e-04
0.9069 0.9081 0.9039 0.8980 0.8924

0.6ε 6.2662e-03 3.3447e-03 1.7834e-03 9.5389e-04 5.1254e-04 2.7657e-04
0.9057 0.9073 0.9027 0.8962 0.8900

is independent of the parameters.

The solution of the problems in Examples 6.1 and 6.2 exhibit a boundary layer on the left side of the spa-

tial domain. In Figures 6.1 and 6.2 one can observe its formation as the perturbation parameter goes small.

Figure 6.3 illustrates the influence of the shift parameters (µ and δ), the perturbation parameter (ε), and the

exponent p on the solution profile by varying each parameter individually. As shown in Figure 6.3a, increas-

ing the values of δ increases the steepness of the boundary layer, while the layer thickness remains essentially

unchanged. In contrast, Figure 6.3b shows that this effect is less pronounced under the corresponding pa-

rameter configuration. Figure 6.3c demonstrates that as ε → 0, the solution exhibits a sharper boundary

layer, with a noticeable reduction in the layer width. This behavior is consistent with the nature of singularly

perturbed problems, where smaller perturbation parameters lead to thinner and steeper boundary layers. Fi-

nally, Figure 6.3d shows that as p increases, the convection coefficient becomes more strongly varying near

the boundary. This modifies the gradient of the solution and may slightly shift the layer location; however,

the boundary layer thickness remains primarily governed by the perturbation parameter ε. Thus, variations in

p influence the solution profile but do not significantly alter the asymptotic thickness of the boundary layer.

In all cases, the influence of these parameters becomes more visible for relatively large values of ε, where

the interaction between convection, diffusion, and shift terms is more apparent in the solution profile.
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6.7 Conclusion

This chapter presents a uniformly convergent numerical scheme for solving singularly perturbed parabolic

differential-difference equations with both delay and advance terms in the spatial variable, with boundary

turning point. As the perturbation parameter tends to zero, the solution develops a left boundary layer in the

spatial domain. The proposed scheme combines the Crank-Nicolson method for time discretization with a

nonstandard finite difference method in space on a uniform mesh. A detailed analysis is provided to establish

the stability and uniform convergence of the method. To validate its applicability, the scheme is tested on

model examples, and the effects of the perturbation parameter and shift parameters on the solution are illus-

trated graphically. The method is shown to converge uniformly with linear order. Furthermore, a comparison

with existing method from the literature demonstrates that the proposed scheme delivers higher accuracy and

uniform convergence over previous approach.
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Chapter 7

Layer-Resolving Mesh Method for

Singularly Perturbed Parabolic

Convection-Diffusion Turning Point

Problems with General Shifts

In this chapter, we devised a uniformly convergent numerical scheme for solving SPP considered in chapter

6. The solutions to such problems typically exhibit a left boundary layer due to the presence of a small per-

turbation parameter on the diffusion term. To resolve the boundary layer, we employ a piecewise-uniform

Shishkin mesh in the spatial direction while maintaining a uniform mesh in the temporal direction. For dis-

cretization, we combined the Crank–Nicolson method for temporal derivatives with a hybrid finite difference

scheme for spatial derivatives. We established almost second order ε-uniform convergence of the proposed

method through rigorous theoretical analysis. Numerical experiments are presented to validate the theoret-

ical error estimates and demonstrate the scheme’s efficiency in handling boundary layer and turning point

phenomena.
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7.1 Introduction

Unlike singularly perturbed differential equations (SPDEs) that relate a function to its derivatives at the

same instant, singularly perturbed delay/advance partial differential equations model systems whose behavior

depends on both present state and past history. As the perturbation parameter approaches zero, the solution of

SPDDEs typically loses smoothness and develops boundary layers [41]. Such type of problems have variety

of applications in the study of variational problems in control theory [35], modeling neuronal variability [118]

and analysing neural responses to random synaptic inputs [124, 125].

The presence of ε in the highest-order derivative term often leads to the formation of boundary layers

or interior layers, where the solution exhibits rapid variations. These layers require advanced numerical

techniques to resolve accurately, as standard methods may fail to capture the sharp transitions. Different

scholars have developed various numerical methods for solving singularly perturbed parabolic differential-

difference equations (SPPDDEs) [14, 15, 13, 57, 101, 102], and singularly perturbed turning point problems

(with or without delays) have also been well-studied [72, 73, 66, 29, 59, 4, 108, 111, 67]. However, SPPDDEs

with turning points were studied for the first time in [98]. To the best of our knowledge, no further studies

have been conducted to solve such problems. Since the previous work achieved only first-order convergence,

we developed an almost second-order convergent method. To obtain a more accurate numerical solution than

the previously mentioned approaches, this study employs the Crank–Nicolson method for time discretization

on a uniform mesh and the central finite difference method in the layer region and midpoint upwind in outer

layer region for spatial discretization on a Shishkin mesh.

7.2 Description of the Problem

This chapter investigates a singularly perturbed parabolic convection–diffusion turning-point problem with

general shifts discussed in chapter 6.

7.3 Bounds of Continuous Solution

To avoid redundancy, the analytical properties of the continuous solution (continuous minimum principle,

stability estimates, and derivative bounds) are established in Chapter 6. These results are omitted here but

will be referenced as needed in the subsequent analysis.
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7.4 Derivation of the Numerical Method

7.4.1 Time Discretization

In this subsection, a similar semi-discretization and error analysis are used as in chapter 6, Subsection 6.4.1.

To avoid redundancy, the details are omitted here, as the model problem is the same as that in chapter 6 and

will be referenced whenever necessary.

7.4.2 Spatial Discretization

The spatial domainΩ = [0, 1] is discretized using a piecewise-uniform Shishkin mesh to resolve the boundary

layer near x = 0. The interval is partitioned as [0, 1] = [0, ω]∪ (ω, 1], where the transition point ω separates

the fine and coarse regions and is defined by

ω = min
{1
2
,
2
√
cε√
p∗

lnN
}
. (7.1)

Each sub-interval is uniformly subdivided into N/2 segments, giving the grid

Ω
N

= {x0, x1, . . . , xN}, x0 = 0, xN = 1,

with

xi =


i2ωN , 0 ≤ i ≤ N/2,

ω + (i−N/2)2(1−ω)N , N/2 < i ≤ N,

and corresponding mesh sizes

hi = xi+1 − xi =


h = 2ω/N, 0 ≤ i ≤ N/2,

H = 2(1− ω)/N, N/2 < i ≤ N − 1.

From these definitions, it follows that N−1 ≤ H ≤ 2N−1 and h = 2
√
cε/

√
p∗ lnN . A uniform mesh

corresponds to ω = 1/2.
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7.4.3 Fully Discrete Hybrid Finite Difference Scheme

Let U ji denote the numerical approximation to U(xi, tj) at node xi and time level tj . The temporal domain

is discretized uniformly with step size ∆t, and averaging the spatial operator at tj and tj+1. The discrete

spatial operator K̂N
cε,hy

is defined piecewise to match the layer-adapted mesh:

K̂N
cε,hy =


K̂N
cε,cen, 1 ≤ i ≤ N/2,

L̂Ncε,mu, N/2 < i ≤ N − 1,

where K̂N
cε,cen and K̂N

cε,mu denote the central difference and midpoint upwind operators, respectively. This

hybrid approach combines second-order accuracy in the layer region with stability in the coarse region. In

the fine mesh (layer) region, 1 ≤ i ≤ N/2, the central difference operator is defined by

K̂N
cε,cenU

j+1
i = εD+

xD
−
x U

j+1
i + pj+1

i D0
xU

j+1
i −

(
qj+1
i +

2

∆t

)
U j+1
i . (7.2)

In the coarse mesh region, N/2 < i ≤ N − 1, the midpoint upwind operator is used:

K̂N
cε,muU

j+1
i = εD+

xD
−
x U

j+1
i + pj+1

i+ 1
2

D+
x U

j+1
i −

(
qj+1

i+ 1
2

+
2

∆t

)
U j+1

i+ 1
2

. (7.3)

This choice ensures numerical stability in convection-dominated regions. The corresponding operators at the

previous time level tj are defined analogously, with the time-dependent coefficients evaluated at tj . All spatial

derivatives are approximated using finite difference operators on a nonuniform mesh. The forward, backward,

and central difference operators are defined in the usual manner, while midpoint values of the coefficients,

source term, and numerical solution are introduced through arithmetic averaging. Using Eqs.(7.2) and (7.3),

the scheme can be written in the tri-diagonal form as:



K̂N
cε,hyU

j+1
i := y−i U

j+1
i−1 + yciU

j+1
i + y+i U

j+1
i+1 = Rji , i = 1, 2, . . . , N − 1, j = 0, 1, . . . ,M − 1,

U j+1
0 = ϕ1(tj+1), U j+1

N = ϕ2(tj+1), j = 0, 1, . . . ,M − 1,

U0
i = u0(xi), i = 1, 2, . . . , N − 1,

(7.4)

138



with the coefficients defined by



y−i =
2ε

ĥihi
−
p j+1
i

ĥi
,

yci = − 2ε

hihi+1
−
(
q j+1
i +

2

∆t

)
,

y+i =
2ε

ĥihi+1

+
p j+1
i

ĥi
,

1 ≤ i ≤ N

2
,

y−i =
2ε

ĥ hi
,

yci = − 2ε

hihi+1
−
p j+1

i+ 1
2

hi+1
− 1

2

(
q j+1

i+ 1
2

+
2

∆t

)
,

y+i =
2ε

ĥ hi+1

+
p j+1

i+ 1
2

hi+1
− 1

2

(
q j+1

i+ 1
2

+
2

∆t

)
,

N

2
< i ≤ N − 1.

(7.5)

and the right-hand side is given by

Rji =



Rji = (f j+1
i + f ji )− εD+

xD
−
x U

j
i

+ pjiD
0
xU

j
i −

(
qji −

2

∆t

)
U ji ,

1 ≤ i ≤ N

2
,

Rji = (f j+1

i+ 1
2

+ f j
i+ 1

2

)− εD+
xD

−
x U

j
i

+ pj
i+ 1

2

D+
x U

j
i −

(
qj
i+ 1

2

− 2

∆t

)
U j
i+ 1

2

,

N

2
< i ≤ N − 1.

The resulting linear system consists of (N − 1)× (N − 1) algebraic equations with unknowns

U j+1
1 , U j+1

2 , . . . , U j+1
N−1.

This fully discrete formulation, together with the hybrid spatial operators, forms the basis for the stability

analysis and the proof of uniform convergence presented in the following section.

7.5 Convergence Analysis of the Discrete Scheme

Lemma 7.1. For N ≥ N0 ≥ 8, there exists α > 0 such that

(∥q∥∞ + (∆t)−1) ≤ αN0, and
N0

(lnN0)2
≥ 4ω2

0∥p∥.
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Then, we have

y−i > 0, y+i > 0, for 1 ≤ i ≤ N − 1,

|y−i |+ |y+i | < |yci |, for 1 < i < N − 1,

|y+1 | < |yc1|, and |y−N−1| < |ycN−1|.

Proof. The proof is analogous to the proof of Lemma 3.1 presented in Chapter 3.

Remark 7.1. From the lemma 7.1 the matrix associated with the discrete operator K̂N
cε,hy

in Eq. (7.4) is

strictly diagonally dominance and so has a unique solution. The operator K̂N
cε,hy

in Eq. (7.4) satisfies the

following minimum principle. Hence the scheme (7.4) is uniformly stable in the maximum norm.

Lemma 7.2 (Discrete minimum Principle). Let UM,N be any mesh function defined of DM,N . Assume

that U j+1
0 ≥ 0, U j+1

N ≥ 0 and K̂N
cϵ,hy

U j+1
i ≤ 0, for 1 ≤ i ≤ N − 1. Then U j+1

i ≥ 0 for 1 ≤ i ≤ N

and 1 ≤ j < M.

Proof. The proof follows using Lemma 7.1 and Remark 7.1.

Lemma 7.3 (Stability Estimate). The solution U j+1
i of the discrete problem (7.4) satisfies the bound

∣∣∣U j+1
i

∣∣∣ ≤ T

p∗

∣∣∣∣∣∣K̂N
cϵ,hyU

j+1
i

∣∣∣∣∣∣+ max
∂DM,N

∣∣U(xi, tj+1)
∣∣

Next, we derive an estimate of the classical local truncation error arising from the spatial discretization

using Taylor series expansions at the jth time level.

Lemma 7.4. Let uj(x) and U j(x) be the solutions of the semi-discrete problem (6.7) and the fully discrete

problem (7.4), respectively. Then the local truncation error associated with the spatial discretization is given

by

τ ji = K̂N
cϵ,hyU

j(xi)− K̂cϵ,hyu
j(xi) =


K̂N
cε,cenU

j(xi)− K̂cϵu
j(xi), i = 1, 2, . . . , N2 ,

K̂N
cε,muU

j(xi)− K̂cϵu
j(xi+ 1

2
), i = N

2 + 1, . . . , N − 1.
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Moreover, the local truncation error satisfies the estimate

|τ ji | ≤


C

[
εhi

∫ xi+1

xi−1

uxxxx(x) dx+ hi

∫ xi+1

xi−1

uxxx(x) dx

]
, i = 1, 2, . . . , N2 ,

C

[
ε

∫ xi+1

xi−1

uxxx(x) dx+ hi

∫ xi

xi−1

(
uxxx(x) + uxx(x) + ux(x)

)
dx

]
, i = N

2 + 1, . . . , N − 1,

where C is a positive constant independent of ε, hi, and ∆t.

Proof. The proof is by using the Taylor series expansion with the integral form of the remainder [67]

In order to derive a parameter-uniform error estimate for the fully discrete scheme (7.4), the discrete

problem is decomposed, in analogy with the continuous problem, into its regular and singular parts as follows:

U j
i = V j

i +W j
i , i = 0, 1, . . . , N, j = 0, 1, . . . ,M,

where V j
i and W j

i denote the discrete regular and singular components, respectively. The discrete regular

component V j
i is defined as the solution of the inhomogeneous discrete problem



K̂N
cε,hy

V j+1
i = f j+1

i , 1 ≤ i ≤ N − 1, 0 ≤ j ≤M − 1,

V 0
i = u0(xi), 0 ≤ i ≤ N,

V j+1
N = ϕ2(1, tj+1), 0 ≤ j ≤M − 1,

while the discrete singular component W j
i satisfies the homogeneous discrete problem



K̂N
cε,hy

W j+1
i = 0, 1 ≤ i ≤ N − 1, 0 ≤ j ≤M − 1,

W 0
i = 0, 0 ≤ i ≤ N,

W j+1
N = 0, 0 ≤ j ≤M − 1,

W j+1
0 = ϕ1(0, tj+1)− V j+1

0 , 0 ≤ j ≤M − 1.

Therefore, the pointwise error of the discrete solution at each mesh point (xi, tj) is decomposed as:

(U − u)(xi, tj) = (V − v)(xi, tj) + (W − w)(xi, tj). (7.6)
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We now proceed to establish error estimates for the regular and singular parts separately.

Theorem 7.1 (Error estimate in the regular component). For each time level tj ∈ ΛM , the regular component

satisfies the following error estimates:

∣∣(V − v)(xi, tj)
∣∣ ≤


CN−2, i = 0, 1, 2, . . . ,

N

2
,

CN−1
(
cε +N−1

)
, i =

N

2
+ 1, . . . , N,

where C is a positive constant independent of cε and N .

Proof. The error in the regular component is estimated in a manner analogous to the classical argument

presented in Lemma 7.4. Using the mesh property

hi + hi+1 ≤ 2N−1, i = 1, 2, . . . , N,

we obtain the following bounds:

K̂N
cε,hy(V − v)(xi, tj) ≤


C

[
hi(hi + hi+1)

(
ε
∂4v

∂x4
+
∂3v

∂x3

)]
, i = 0, 1, 2, . . . ,

N

2
,

C

[
ε(hi + hi+1)

∂3v

∂x3
+ h2i

(
∂3v

∂x3
+
∂2v

∂x2
+
∂v

∂x

)]
, i =

N

2
+ 1, . . . , N.

Invoking the derivative bounds for the regular component v established in Theorem 6.5, the above estimates

reduce to

K̂N
cε,hy(V − v)(xi, tj) ≤


CN−2, i = 0, 1, 2, . . . ,

N

2
,

CN−1
(
cε +N−1

)
, i =

N

2
+ 1, . . . , N.

Next, we define the discrete barrier functions

ZM,N (xi, tj) = K̂N
cε,hy(V − v)(xi, tj)± (V − v)(xi, tj).

Applying the discrete maximum principle stated in Lemma 7.2 yields the desired error estimate:

∣∣(V − v)(xi, tj)
∣∣ ≤


CN−2, i = 0, 1, . . . ,

N

2
,

CN−1
(
cε +N−1

)
, i =

N

2
+ 1, . . . , N.
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Theorem 7.2 (Error estimate in the singular component). For each time level tj ∈ ΛM , the singular com-

ponent satisfies the following error estimates:

∣∣(W − w)(xi, tj)
∣∣ ≤


CN−2 ln2N, i = 0, 1, 2, . . . ,

N

2
,

CN−2, i =
N

2
+ 1, . . . , N,

where C is a positive constant independent of cε and N .

Proof. The detail of the proof is in [100]

By combining the errors in the regular and singular components, we obtain the overall spatial discretiza-

tion error bound, as stated in the following theorem.

Theorem 7.3 (Error estimate in the space direction). Let uj(xi) and U ji be the solutions of the semi-discrete

problem (6.7) and the fully discrete problem (7.4), respectively. Then, at the jth time level, the following

error estimate in the space direction holds:

∥uj(xi)− U ji ∥ΩN
≤


CN−2 ln2N, i = 0, 1, 2, . . . , N/2,

CN−2, i = N/2 + 1, . . . , N,

where C is a positive constant independent of cε and N .

Proof. The result follows directly from Theorems 7.1 and 7.2.

Theorem 7.4 (cε-uniform error estimate). Let u and U denote the exact and numerical solutions of the

continuous problem (6.3) and the fully discrete scheme (7.4), respectively. Then the following parameter-

uniform error estimate holds:

sup
0<cε≤1

∥U(xi, tj)− u(xi, tj)∥DN,M
≤


C
(
(∆t)2 +N−2 ln2N

)
, i = 0, 1, 2, . . . ,

N

2
,

C
(
(∆t)2 +N−2

)
, i =

N

2
+ 1, . . . , N,

where C is a positive constant independent of cε, M , and N .
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Proof. The proof is derived from the bounds established in Theorem 7.3 and Theorem 6.4.

7.6 Numerical Example and Results

To estimate the maximum absolute errors and its corresponding rate of convergence of the current approach,

we used the double mesh principle formula stated in chapter 6 section 6.6.

Example 7.1. Consider the singularly perturbed parabolic convection–diffusion turning-point problem with

general Shifts [98]

εuxx + xpux(x, t)− 2u(x− δ, t)− u(x, t)− u(x+ µ, t)− ut(x, t) = x2 − 1, (x, t) ∈ D,

u(x, 0) = (1− x)2, x ∈ Ω,

u(x, t) = 1 + t2, (x, t) ∈ [−δ, 0]× (0, 1],

u(x, t) = 0, (x, t) ∈ [1, 1 + µ]× (0, 1].

Table 7.1: Maximum absolute error and rate of convergence for Example 7.1 for p = 1 and δ = 0.9ε, µ =
0.5ε

ε ↓M = N → 32 64 128 256 512 1024
10−2 4.6237e-04 1.5708e-04 5.2396e-05 1.5003e-05 3.8675e-06 9.7073e-07

1.5575 1.5840 1.8042 1.9556 1.9942
10−4 4.6295e-04 1.5728e-04 5.2452e-05 1.5022e-05 3.9354e-06 1.0115e-06

1.5575 1.5842 1.8041 1.9327 1.9600
10−6 4.6301e-04 1.5730e-04 5.2459e-05 1.5025e-05 3.9362e-06 1.0119e-06

1.5575 1.5842 1.8041 1.9327 1.9596
10−8 4.6301e-04 1.5730e-04 5.2460e-05 1.5025e-05 3.9363e-06 1.0120e-06

1.5575 1.5842 1.8041 1.9327 1.9596
10−10 4.6301e-04 1.5730e-04 5.2460e-05 1.5025e-05 3.9363e-06 1.0120e-06

1.5575 1.5842 1.8041 1.9327 1.9596
eM,N 4.6301e-04 1.5730e-04 5.2460e-05 1.5025e-05 3.9363e-06 1.0120e-06
RM,N 1.5575 1.5841 1.8042 1.9327 1.9596

In Chap 6: eM,N 1.2583e-03 6.5948e-04 3.3769e-04 1.7092e-04 8.5980e-05 4.3292e-05
0.9321 0.9656 0.9824 0.9913 0.9961

In [98] eM,N
ε 2.0440e-02 1.3030e-02 7.8660e-03 4.6070e-03 −−−− −−−−

0.7047 0.7718 0.8526 0.9357

Example 7.2. Consider the singularly perturbed parabolic convection–diffusion turning-point problem with
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Table 7.2: Maximum absolute error and rate of convergence for Example 7.1 for p = 2 and δ = 0.2ε, µ =
0.4ε

ε ↓M = N → 32 64 128 256 512 1024
10−1 3.9582e-03 1.2337e-03 3.5912e-04 1.0042e-04 2.5460e-05 6.4528e-06

1.6818 1.7804 1.8386 1.9798 1.98023
10−2 6.4275e-03 2.1684e-03 6.8247e-04 2.0890e-04 5.7280e-05 1.5703e-05

1.5679 1.6677 1.7082 1.8678 1.8680
10−4 6.4284e-03 2.1691e-03 6.8284e-04 2.0913e-04 5.7390e-05 1.5748e-05

1.5674 1.6674 1.7075 1.8672 1.8674
10−6 6.4287e-03 2.1694e-03 6.8300e-04 2.0924e-04 5.7438e-05 1.5770e-05

1.5672 1.6673 1.7072 1.8670 1.8671
10−8 6.4289e-03 2.1695e-03 6.8306e-04 2.0929e-04 5.7457e-05 1.5778e-05

1.5672 1.6672 1.7064 1.8648 1.8672
10−9 6.4290e-03 2.1696e-03 6.8309e-04 2.0931e-04 5.7465e-05 1.5751e-05

1.5672 1.6672 1.7064 1.8648 1.8672
10−10 6.4290e-03 2.1696e-03 6.8309e-04 2.0931e-04 5.7465e-05 1.5751e-05

1.5672 1.6672 1.7064 1.8648 1.8672
eM,N 6.4290e-03 2.1696e-03 6.8309e-04 2.0931e-04 5.7465e-05 1.5751e-05
RM,N 1.5672 1.6672 1.7064 1.8648 1.8672

Table 7.3: Maximum absolute error and rate of convergence for Example 7.1 with p = 2 and different values
of δ and µ for ε = 10−3

M = N → 32 64 128 256 512 1024
δ ↓, µ = 0.5ε

0 6.2348e-03 2.1296e-03 7.1732e-04 2.1504e-04 6.0872e-05 1.6852e-05
1.5498 1.5698 1.7380 1.8206 1.8528

0.2ε 6.2347e-03 2.1296e-03 7.1731e-04 2.1504e-04 6.0871e-05 1.6852e-05
1.5498 1.5698 1.7380 1.8206 1.8528

0.4ε 6.2347e-03 2.1296e-03 7.1730e-04 2.1504e-04 6.0870e-05 1.6852e-05
1.5498 1.5698 1.7380 1.8206 1.8528

0.6ε 6.2346e-03 2.1296e-03 7.1729e-04 2.1504e-04 6.0869e-05 1.6852e-05
1.5497 1.5698 1.7380 1.8206 1.8527

µ ↓, δ = 0.6ε

0 6.2345e-03 2.1295e-03 7.1729e-04 2.1503e-04 6.0868e-05 1.6851e-05
1.5497 1.5698 1.7380 1.8206 1.8528

0.2ε 6.2346e-03 2.1296e-03 7.1729e-04 2.1504e-04 6.0869e-05 1.6852e-05
1.5497 1.5698 1.7380 1.8206 1.8528

0.4ε 6.2346e-03 2.1296e-03 7.1730e-04 2.1504e-04 6.0869e-05 1.6852e-05
1.5497 1.5698 1.7380 1.8206 1.8528

0.6ε 6.2346e-03 2.1296e-03 7.1730e-04 2.1504e-04 6.0870e-05 1.6852e-05
1.5497 1.5698 1.7380 1.8206 1.8527

general Shifts

εuxx + (1 + te−2t)xpux(x, t)− 2u(x− δ, t)− u(x, t)− u(x+ µ, t)− ut(x, t) = (x2 − 1)e−t, (x, t) ∈ D,

u(x, 0) = (1− x)2, x ∈ Ω,

u(x, t) = 1 + t2, (x, t) ∈ [−δ, 0]× (0, 1],

u(x, t) = 0, (x, t) ∈ [1, 1 + µ]× (0, 1].
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Table 7.4: Maximum absolute error and its corresponding rate of convergence for ε = 10−5 and different
values of p.

p ↓, M = N → 32 64 128 256 512 1024
Example 7.1, δ = 0.4ε, µ = 0.8ε

3 1.3819e-02 4.8805e-03 1.5603e-03 4.4649e-04 1.1646e-04 2.9718e-05
1.5015 1.6452 1.8051 1.9387 1.9704

4 1.3832e-02 4.8863e-03 1.5618e-03 4.4696e-04 1.1674e-04 2.9803e-05
1.5012 1.6455 1.8045 1.9368 1.9697

Example 7.2, δ = 0.2ε, µ = 0.4ε

3 1.3816e-02 4.8456e-03 1.5486e-03 4.4283e-04 1.1546e-04 2.9428e-05
1.5115 1.6457 1.8061 1.9393 1.9721

4 1.3829e-02 4.8512e-03 1.5501e-03 4.4337e-04 1.1575e-04 2.9515e-05
1.5113 1.6460 1.8058 1.9374 1.9714

Table 7.5: Maximum absolute error and rate of convergence for Example 7.2 for p = 1 and δ = 0.8ε, µ =
0.6ε

ε ↓M = N → 32 64 128 256 512 1024
10−1 4.1985e-03 1.3085e-03 3.8085e-04 1.0648e-04 2.6995e-05 6.8422e-06

1.6820 1.7806 1.8386 1.9798 1.9796
10−2 6.8165e-03 2.2997e-03 7.2375e-04 2.2155e-04 6.0741e-05 1.6651e-05

1.5678 1.6678 1.7082 1.8678 1.8680
10−4 6.8174e-03 2.3004e-03 7.2413e-04 2.2179e-04 6.0853e-05 1.6697e-05

1.5675 1.6674 1.7075 1.8672 1.8674
10−6 6.8177e-03 2.3007e-03 7.2429e-04 2.2190e-04 6.0902e-05 1.6719e-05

1.5674 1.6672 1.7072 1.8670 1.8671
10−8 6.8179e-03 2.3008e-03 7.2435e-04 2.2195e-04 6.0922e-05 1.6727e-05

1.5673 1.6672 1.7070 1.8668 1.8669
10−9 6.8180e-03 2.3009e-03 7.2438e-04 2.2197e-04 6.0930e-05 1.6730e-05

1.5672 1.6673 1.7064 1.8634 1.8647
10−10 6.8180e-03 2.3009e-03 7.2438e-04 2.2197e-04 6.0930e-05 1.6730e-05

1.5672 1.6673 1.7064 1.8634 1.8647
eM,N 6.8180e-03 2.3009e-03 7.2438e-04 2.2197e-04 6.0930e-05 1.6730e-05
RM,N 1.5672 1.6673 1.7064 1.8634 1.8647

The numerical results reported in Tables 7.1 and 7.2 for Example 7.1 present the maximum absolute er-

rors and the corresponding convergence rates of the proposed scheme for various values of the perturbation

parameter cε with p = 1, 2. It is observed from the tables that, as cε decreases, the maximum absolute error

stabilizes and eventually becomes nearly constant, indicating that the accuracy of the scheme is indepen-

dent of ε. This behavior clearly confirms the cε-uniform convergence of the scheme for different values of

p. Furthermore, Table 7.1 compares the cε-uniform errors and convergence rates of the proposed scheme

for Example 7.1 with a result available in the literature. The comparison shows that the present scheme

yields higher accuracy than the method reported in [98]. Table 7.3 presents the maximum absolute errors
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(a) ε = 10−1 (b) ε = 10−10

Figure 7.1: Surface plots of the numerical solution for M = N = 64, p = 1, and parameters δ = 0.6ε,
µ = 0.5ε.

(a) p = 1 (b) p = 3

Figure 7.2: Log-Log plots of maximum absolute errors for Example 7.1 with parameters δ = 0.6ε, µ = 0.5ε
and different values of p.

for different values of the delay and advance parameters for Example 7.1. The results indicate that the shift

parameters do not affect the convergence behavior of the scheme. In Table 7.4, the maximum absolute er-

rors are reported for a fixed value of cε and different values of p for Examples 7.1 and 7.2. These results

demonstrate that the parameter p has no significant influence on the convergence of the scheme. The results

presented in Table 7.5 for Example 7.2 exhibit the same behavior as those shown in Table 7.1 for Example 7.1,

demonstrating the cε-uniform convergence of the scheme. Overall, the proposed scheme exhibits an almost

second-order cε-uniform convergence.

The solutions of the problems in Examples 7.1 and 7.2 exhibit a boundary layer near the left boundary of
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(a) ε = 2−2, p = 1 (b) ε = 2−2, p = 1

(c) δ = µ = 0.3ε, p = 1 (d) δ = 0.3ε, µ = 0.6ε, ε = 2−2

Figure 7.3: Example 7.1 on (a) and (b) effect of both δ and µ, and (c) influence of ε (d) effect of p on the
solution.

the spatial domain. In Figure 7.1, corresponding to Example 7.1, the formation of a boundary layer becomes

steep gradient as the perturbation parameter cε decreases. A similar behavior is observed in Figure 7.4a for

Example 7.2. Figure 7.2 presents the log–log plots of the maximum absolute errors of the proposed scheme

for Example 7.1, computed for different values of cε and p. As observed from the figure, for all considered

values of the perturbation parameter and p, the error curves overlap and remain parallel to the reference

line N−2 ln2N as cε → 0. This behavior indicates that the scheme is almost second-order convergent and

that its convergence is independent of the parameters. Figure 7.3 further illustrates the influence of the shift

parameters, the perturbation parameter, and the order of the turning point p on the solution profile for example

7.1 by displaying solutions corresponding to different values of these parameters.
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(a) δ = 0.4ε, µ = 0.3ε, p = 1 (b) ε = 2−4, p = 1

Figure 7.4: Solution profiles for Example 7.2 for different values of ε, δ, and µ with p = 1.

7.7 Conclusion

Layer resolving mesh numerical scheme is developed for SPPDDEs involving general shift in the spatial vari-

able with boundary turning point. The solution of the considered problem exhibit a left boundary layer in the

spatial domain as the perturbation parameter approaches zero. The developed numerical scheme combines

the Crank–Nicolson method for time discretization on a uniform time mesh with a hybrid finite difference

approach for spatial discretization on a Shishkin mesh, where central differences are applied in the boundary

layer region and a midpoint upwind scheme is employed in the outer region. The stability and ε-uniform

convergence of the scheme are thoroughly investigated. The applicability of the proposed method is vali-

dated through model examples. The effects of the perturbation parameter and shift parameters and p on the

solution are demonstrated graphically. The scheme is shown to be cε- uniformly convergent with an order of

convergence O(N−2 ln2N + (∆t)2). Its performance is evaluated through comparison with some existing

method in published literature. Numerical results confirm that the proposed scheme yields more accurate

and higher-order ε-uniformly convergent solutions.
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Chapter 8

General Discussion, Conclusion and Future

Works

This chapter presents the general discussion and summary of the contributed results made in this dissertation,

followed by recommendations for possible extensions of the present works.

8.1 General Discussion and Conclusion

The work carried out in this dissertation has achieved many interesting and significant results in solving sin-

gularly perturbed time-dependent DEs and DDEs with boundary turning point (BTP) using simple, efficient

(easy to use and accurate), and uniformly convergent numerical methods. The developed numerical meth-

ods employ techniques such as non-standard finite difference methods (FDMs), exponentially fitted operator

FDM, and fitted mesh FDMs.

In Chapters 2 and 3, uniformly convergent numerical methods are developed for solving singularly per-

turbed parabolic differential equations with BTP. In Chapter 2, the non-standard finite difference method

(FDM) is employed for spatial discretization, combined with the Crank–Nicolson method for temporal dis-

cretization on uniform meshes. Furthermore, Richardson extrapolation is applied to improve the spatial

order of convergence. The computed solutions are presented in tables and figures using the maximum ab-

solute error for various values of the perturbation parameter ε and order of turning point p. The proposed

scheme is compared with published results and demonstrates higher order accuracy and parameter uniform

convergence.
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In Chapter 3, a hybrid fitted mesh finite difference method is introduced. Here, the Crank–Nicolson

method is employed for temporal discretization, while the midpoint upwind FDM is applied in the outer

layer region and the central finite difference method in the boundary layer region for spatial discretization.

The developed scheme in this chapter exhibits nearly second-order convergence. Comparing the rate of

convergence and maximum absolute errors, the hybrid FDM scheme provides more accurate and higher-

order results than the non-standard FDM of Chapter 2. Furthermore, the hybrid scheme allocates an adequate

number of mesh points within the boundary layer region.

In Chapters 4 and 5, singularly perturbed parabolic differential equations with large delay in time are

addressed. In Chapter 4, the Crank-Nicolson method is applied for temporal discretization, and an exponen-

tially fitted operator FDM is used for spatial discretization. A uniformly convergent numerical scheme is

developed, with the exponential fitting parameter derived from the asymptotic solution of the problem. Sta-

bility and uniform convergence of the scheme are thoroughly analyzed. The benefit of using the exponential

fitting parameter is illustrated by comparing results with and without its inclusion. The developed scheme

achieves first-order uniform convergence as ε→ 0.

In Chapter 5, the Crank–Nicolson method is again employed for temporal discretization, while the hybrid

scheme which a combination of central difference with midpoint upwind scheme on shishkin mesh is used

for spatial discretization. Numerical results are presented in terms of maximum absolute errors in tables and

figures. Stability of the scheme is established using a solution bound. The scheme is shown to be uniformly

convergent with almost second-order accuracy. The numerical schemes presented in this chapter produce

stable and more accurate results than the exponentially fitted operator method in chapter 4.

In Chapters 6 and 7, singularly perturbed parabolic differential-difference equations with delay and ad-

vance terms in the reaction component with BTP are considered. In Chapter 6, the Crank–Nicolson method is

employed for temporal discretization, while a non-standard finite difference method (FDM) is used for spatial

discretization to handle the problem. The stability and uniform convergence of the scheme are thoroughly

investigated. The uniform absolute error and uniform rate of convergence of the scheme are compared with

results from schemes in the literature. The developed scheme demonstrates accuracy, stability, and first-order

uniform convergence.

In Chapter 7, the problem from Chapter 6 is revisited. The Crank Nicolson method is used for temporal

semi-discretization, while a hybrid spatial discretization combining the central finite difference and midpoint

upwind schemes is applied on a Shishkin mesh. The stability and uniform convergence of the scheme are

analysed in detail. The developed scheme exhibits nearly second-order uniform convergence and improves
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upon the results obtained in Chapter 6. The maximum absolute error and rate of convergence are compared

with some methods from the literature. The proposed scheme provides more accurate results and demon-

strates layer-resolving capability.

In all chapters, comprehensive computational experiments have been conducted to validate that the nu-

merical results align closely with the theoretical predictions. Moreover, comparative analyses reveal that the

proposed schemes consistently deliver more accurate and higher order convergent rates compared to some

existing methods in the literature. To visually support these findings, results are illustrated through maximum

error plots on log–log scales and one-dimensional profiles of the numerical solutions.

8.2 Future Work

In this study we considered only a few classes of parabolic convection-diffusion singularly perturbed differen-

tial equations (SPDEs) and differential-difference equations (SPDDEs) with boundary turning points (BTP).

The turning points were assumed to arise solely from vanishing convection coefficients at the boundary;

however, they may also result from discontinuous data, nonlinearity, or incompatibility conditions, which

warrant further investigation.

The analysis was limited to small spatial shifts, excluding large delays. Moreover, while boundary lay-

ers were the primary focus, problems involving interior layers particularly those arising from turning-point

problems with a sign change of the convection coefficient in the interior of the domain remain unexplored.

Future research directions include:

• Extending the proposed schemes to problems with interior layers and discontinuous data, where com-

plex layer structures may occur.

• Developing methods for problems with large spatial delays to account for additional nonlocal effects.

• Implementing graded meshes such as Bakhvalov or equidistributed meshes to achieve higher accuracy

and improved convergence compared to Shishkin meshes.

• Extending the proposed schemes to two-dimensional problems with turning points.

• Investigating nonlinear turning point problems, as real-life models are often nonlinear, and extending

the proposed techniques to address such cases.
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