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Abstract

This dissertation focuses on the formulation and analysis of various fitted numerical methods for
the solution of singularly perturbed parabolic diffusion-type problems characterized by boundary
layers, both in the presence and absence of small temporal delays and spatial shift parameters.
These types of problems arise frequently across a wide range of modeling contexts, including
biological and chemical reaction processes, heat and mass transfer, control theory, neuronal
variability, and population dynamics and epidemiology. Because the highest-order derivative
term in the problems under consideration is multiplied by a small parameter ε , 0 < ε � 1, the
solutions exhibit multi-scale behavior, including boundary layers, interior layers, oscillations,
and sharp gradients confined to narrow regions of the spatial domain. These features pose
significant numerical challenges. Consequently, standard numerical methods such as finite
difference, finite element, and finite volume methods applied on uniform meshes generally
fail to produce accurate approximations unless prohibitively fine discretizations are employed.
Such refinements, however, significantly increase computational cost and may also amplify
round-off errors. To overcome these computational challenges, a Taylor series approximation is
employed to transform the delay and advance terms, thereby reducing the original time-delay
and spatial-shift problem into an asymptotically equivalent singularly perturbed problem. This
reformulation places the problem within a standard singular perturbation framework while
preserving its essential asymptotic structure. Based on this reformulated framework, we con-
struct and rigorously analyze several fitted numerical methods for the classes of problems under
consideration. The proposed approaches employ uniform meshes for temporal discretization
and both uniform and piecewise-uniform Shishkin meshes for spatial discretization, depending
on the nature of the problem. Specifically, the dissertation develops and analyzes second-
and fourth-order fitted spatial discretization methods, including nonstandard finite difference
schemes, fitted linear multistep methods, exponentially fitted upwind schemes, midpoint-upwind
schemes, and hybridized numerical schemes, together with Crank–Nicolson and implicit Euler
time-stepping strategies. The validity of the proposed methods is established through rigorous
stability and parameter-uniform convergence analyses and is further supported by extensive
numerical experiments. The maximum absolute errors and corresponding orders of conver-
gence are computed and presented in tabular and graphical forms for clarity and comparison.
The results demonstrate excellent agreement between theoretical predictions and numerical
experiments, confirming that the proposed methods exhibit superior accuracy and convergence
behavior compared with several existing approaches in the literature.
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Chapter 1

General Introduction

In this chapter, we provide a comprehensive discussion of the fundamental concepts that frame
the entire dissertation. It begins with an overview of the background of the study, establishing
the context and rationale for the research. This is followed by a detailed review of relevant
literature, highlighting previous findings and identifying gaps that the present study aims to
address. The chapter also outlines the specific objectives that guide the research, as well as the
significance of the study in contributing to both theoretical knowledge and practical applications.
In addition, it introduces the research design and the general mathematical procedures employed
throughout the dissertation. Finally, the chapter concludes with an explanation of the overall
organization of the dissertation, offering readers a clear road map of the chapters that follow.

1.1 Background of the Study

Many real-life situations in science and engineering are modeled by parameter-dependent
equations, including algebraic, transcendental, differential, integral, integro-differential, and
differential-difference equations. The presence of non-linearity, variable coefficients, complex
boundary geometries, and small perturbation parameters often prevents these models from
admitting exact analytical solutions [1].

The study of the effects of a small parameter ε , (0 < ε � 1), in various model equations such
as differential and differential-difference equations is referred to as perturbation theory [2]. This
theory is originated in nineteenth-century celestial mechanics, where gravitational interactions
were observed to perturb planetary motions [3, 4]. Later on, it is used in the study of boundary
layer phenomena in fluid and gas dynamics as presented in [5, 6]. Gradually, the development
of perturbation theory is growing to singular perturbation for solving non-linear oscillations and
employed as a key research areas extended to differential and delay differential equations [7, 8].

Furthermore, based on the influence of the perturbation parameter ε , perturbation problems
can be categorized as regular perturbation problems (RPPs) and singular perturbation problems
(SPPs). In RPPs, there is no significant effect on the behavior of the solution as the perturbation
parameter approaches zero. Whereas, in the case of singular perturbation problems, the solution
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Chapter 1 1.1. Background of the Study

shows a non-uniform behavior (or rapid changes) as the perturbation parameter approaches zero
[8]. Mathematically, the theory can be explained as in the following manner: Let ψε(x, t) be the
solution of the perturbed problem (Pε) and ψ0(x, t) be the solution of the reduced problem P0 at
ε = 0. If limε→0 ψε(x, t) = ψ0(x, t), then Pε is a RPPs, otherwise it is a SPPs.

In terms of time-scale effects of the perturbation parameter ε , SPPs are classified as cumulative-
type and layer-type problems. Cumulative-type SPPs exhibit the influence of ε only over long
time intervals in oscillatory systems. Layer-type SPPs, in contrast, show rapid solution variation
in narrow regions called layers, with steep gradients, while remaining smooth elsewhere [3].
These are further divided into boundary-layer and interior-layer problems depending on layer
location.

1.1.1 Singularly Perturbed Parabolic Partial Differential Equations

Singularly perturbed parabolic partial differential equations are distinguished by the presence of
a small parameter ε multiplying the highest-order derivative term, which fundamentally alters
the nature of their solutions by introducing multiple spatial or temporal scales. As noted in [9],
such equations naturally arise in a wide range of physical and biological contexts. For instance,
in fluid dynamics, SPPPDEs model the behavior of flows with small viscosity, as exemplified by
the Navier-Stokes equations at high Reynolds numbers, where sharp boundary layers develop.
Similarly, they govern heat and mass transfer processes, capturing phenomena where diffusion
acts over thin spatial regions or rapid temporal changes. In biological systems, SPPPDEs serve
as the mathematical foundation for diffusive models used to represent complex spatio-temporal
phenomena, including pattern formation, population dispersal, and chemical signaling, reflecting
the interplay of slow and fast processes governed by the small parameter ε .

Further, SPPDDEs are a class of SPPPDEs that include at least one delay and/or advance term,
capturing dependencies on the system’s past or future states in addition to its present condition
[10]. Delays in such systems are typically classified as either temporal lags or spatial shifts, both
arising from small parameters that govern slow or localized dynamics. Temporal lags, common
in biology, control systems [89], neuroscience [23], and epidemiology, result from mechanisms
such as incubation periods, gestation times, feedback delays, or synaptic transmission, and often
lead to multi-scale behavior or sharp transitions in time. Spatial shifts, frequently observed in
reaction-diffusion systems, boundary layer flows, and internal layer problems, emerge from
small diffusion coefficients, inverse Reynolds numbers, or multi-scale spatial effects, and give
rise to rapid spatial variations or interface formation.
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1.1.2 Locations of Boundary Layers for SPPPDEs

Boundary layers are thin regions near the boundary of the spatial domain where the solution
changes rapidly [2]. The term was introduced by Ludwig Prandtl in 1904, whose pioneering
work showed how even small fluid viscosities can significantly influence flow behavior [6].
Solutions of SPPPDEs typically exhibit layer behavior within narrow regions whose locations
vary from problem to problem, making it difficult to design a single method applicable to all
classes of SPPs. To address this challenge, one must first identify the positions or locations of
boundary and interior layers by examining a class of convection–diffusion SPPPDEs subject to
appropriate initial and boundary conditions as presented in [14].

ψt(x, t)− εψxx(x, t)+a(x, t)ψx(x, t)+b(x, t)ψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t) = Sl(t), ∀t ∈D t ,

ψ(1, t) = Sr(t), ∀t ∈D t .

(1.1)

where ε is the perturbation parameter and Dxt = Dx×Dt = (0,1)× (0,T ]. Assuming the
smoothness, boundedness, and continuity of the coefficients and source terms in problem (1.1),
the locations of boundary and interior layers can be characterized as follows:

Case I: For a(x, t) 6= 0 and b(x, t)≥ 0, ∀(x, t) ∈Dxt [Convection-diffusion case]

• If a(x, t)> 0, a strong boundary layer forms near x = 1.

• If a(x, t)< 0, a strong boundary layer forms near x = 0.

Case II: a(x, t) and b(x, t) are smooth; f (x, t) is bounded but discontinuous at x = α .

• If a(x, t)> 0, a strong boundary layer forms near x = 1, and a weak interior layer appears
to the left of x = α ∈Dx.

• If a(x, t)< 0, a strong boundary layer forms near x = 0, and a weak interior layer appears
to the right of x = α ∈Dx.

Case III: b(x, t) is smooth; a(x, t) and f (x, t) are bounded but discontinuous at x = α .

• If a(x, t)> 0 for x ∈ (0,α) and a(x, t)< 0 for x ∈ (α,1), strong twin interior layers form
at x = α ∈Dx.

• If a(x, t)< 0 for x ∈ (0,α) and a(x, t)> 0 for x ∈ (α,1), the solution becomes unbounded.

Case IV: a(x, t) = 0, ∀(x, t) ∈Dxt ; x = α ∈Dxt [Reaction-diffusion case]

• If b(x, t)> 0, strong twin boundary layers arise near x = 0 and x = 1.

• If f is discontinuous at x = α , boundary layers occur at x = 0 and x = 1, with an interior
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layer at x = α ∈Dx.

• If b(x, t)< 0, the solution exhibits rapid oscillations.

To support the above theoretical assumptions, we use the following numerical examples [2].
Example 1.1. Consider the convection-diffusion SPPDEs of the following forms:

• Left Boundary Layer:


ψt(x, t)− εψxx(x, t)−ψx(x, t) =−e−x/ε e−t , 0 < x < 1, t > 0,ψ(x,0) = e−x/ε ,

ψ(0, t) = e−t and ψ(1, t) = e−x/ε e−t .

where the exact solution is given by ψ(x, t) = e−x/ε e−t .

Figure 1.1: Left boundary layer

• Right Boundary Layer:


ψt(x, t)− εψxx(x, t)+ψx(x, t) =−

(
1− e−(1−x)/ε

)
e−t , 0 < x < 1, t > 0,

ψ(x,0) = 1− e−(1−x)/ε ,

ψ(0, t) =
(

1− e−1/ε

)
e−t and ψ(1, t) = 0.

where the exact solution is given by ψ(x, t) =
(

1− e−(1−x)/ε

)
e−t .

Example 1.2. Consider the reaction-diffusion SPPDEs of the following forms:
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Figure 1.2: Right boundary layer

• Twin Boundary Layers:
ψt− εψxx +ψ =−1

ε

(
e−x/ε + e−(1−x)/ε

)
e−t , 0 < x < 1, t > 0,

ψ(x,0) = e−x/ε + e−(1−x)/ε ,

ψ(0, t) =
(

1+ e−1/ε

)
e−t and ψ(1, t) =

(
1+ e−1/ε

)
e−t .

where the exact solution is given by ψ(x, t) =
(

e−x/ε + e−(1−x)/ε

)
e−t .

Figure 1.3: Twin boundary layer
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1.1.3 Computational Meshes

To solve SPPPDEs both accurately and efficiently, numerical methods often use special compu-
tational meshes designed to capture regions where the solution changes very rapidly, such as
boundary or interior layers. These meshes refine the grid in the layer regions while keeping it
coarser elsewhere, allowing the numerical scheme to resolve steep gradients without excessive
computational cost. This approach ensures that the solution remains accurate across the entire
domain, even in regions with sharp variations.

Uniform Meshes: uniform meshes are computational grids in which all nodes are evenly spaced
across the domain, making it the simplest mesh to construct and analyze [5]. While suitable
for problems with smooth solutions, uniform meshes are ineffective for singularly perturbed
problems with boundary or interior layers, as they cannot resolve sharp gradients without an
extremely fine discretization, resulting in reduced accuracy and non-uniform convergence with
respect to the perturbation parameter ε .

Shishkin Meshes: Shishkin meshes are piecewise-uniform, layer-adapted grids that resolve
boundary or interior layers by using fine spacing within the layer region and coarser spacing
elsewhere [11]. The domain is partitioned into subintervals, with the transition point prescribed
in advance using parameters such as the perturbation size ε and the number of mesh intervals
N. As noted in [2], Shishkin meshes are straightforward to construct and analyze, and when
combined with suitable numerical schemes, they yield parameter-uniform convergence. Their
error bounds, however, typically contain logarithmic factors of order O(N−1 lnN). These
properties admit the following mathematical formulation, determined by the layer locations
in (1.1).

Case I: If a(x, t)< 0 and the boundary layer is at x = 0, then partitioning the domain Dx = (0,1)

into two sub-intervals as (0,τ) and (τ,1) with
N
2

for N ≥ 2m,m≥ 4, where the transition point
τ and step length h determined as follows:

τ = min{1
2
,CεlnN},C ≥ 1/α and 0 < a(x, t)≤ α.

hi =

2τ

N , for i = 1,2,3, . . . N
2 (fine region).

2(1−τ)
N , for i = N

2 +1, . . .N (coarse region).

Case II: If a(x, t)> 0 and the boundary layer is at x = 1 and partitioning the domain Dx = (0,1)

into sub-intervals as (0,τ) and (τ,1) with
N
2

for N ≥ 2m,m≥ 4, the transition point τ and the
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Figure 1.4: Shishkin mesh for left boundary layer with N = 16

step length h determined as follows:

τ = min{1
2
,CεlnN},C ≥ 1/α and a(x, t)≥ α > 0.

hi =


2(1−τ)

N , for i = 1,2,3, . . . N
2 (coarse region).

2τ

N , for i = N
2 +1, . . .N (fine region).

Figure 1.5: Shishkin mesh for right boundary layer with N = 16

Case III: If a(x, t) = 0, b(x, t)> 0, then the boundary layer is at x= 0 and x= 1. On partitioning

the domain Dx = (0,1) into (0,τ) and (1− τ,1) with
N
4

equal mesh elements and (τ,1− τ)

with
N
2

equal mesh elements such that N ≥ 2m,m≥ 4, where the transition point τ and the step
length h determined as follows:

τ = min{1
4
,C
√

εlnN}, C ≥ 2/β and b(x, t)≥ β > 0.

hi =


4τ

N , for i = 1,2,3,. . . N
4 (fine region).

2(1−2τ)
N , for i = N

4 +1, . . . 3N
4 (coarse region).

4τ

N , for i = 3N
4 +1, . . .N (fine region).

Bakhvalov meshes: These meshes are smoothly graded, layer-adapted meshes designed to
resolve very thin boundary layers more efficiently than piecewise-uniform meshes. It employs a
smooth mesh-generating function that clusters points densely in the layer region and gradually
transitions to coarser spacing elsewhere [2, 12]. This smooth grading provides higher accuracy
and stronger parameter-uniform convergence than Shishkin meshes, particularly when the per-
turbation parameter ε is extremely small. However, Bakhvalov meshes are more involved to
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Figure 1.6: Shishkin mesh for twin boundary layers with N = 16

construct because they require an analytically defined stretching function.

Remark 1.1. Due to the increased complexity associated with constructing and implementing
Bakhvalov meshes, this dissertation focuses solely on uniform and Shishkin meshes, which offer
sufficient simplicity and effectiveness for the problems under consideration.

1.2 Some Singularly Perturbed Model Problems

Singular perturbation problems commonly occur in all branches of applied science and engineer-
ing problems. These problems are encountered in various model problems such as: parabolic
convection-diffusion-reaction problems, the Navier-Stokes equations of fluid dynamics, Ground
water flow and solute transport, Furnace processing metal sheet model problems and Neuronal
variability model problems are few to mention.

1.2.1 Parabolic Convection-diffusion Problem

The convection-diffusion equation is a combination of the diffusion and convection equa-
tions, and describes physical phenomena where particles, energy, or other physical quantities
are transferred inside a physical system due to two processes: diffusion and convection [5].
Convection-diffusion singularly perturbed problem is a mathematical model describing a process
where both convection (transport by flow) and diffusion (spreading out) are important, but one
term is significantly smaller than the other, denoted by a small parameter. This small parameter
causes the solution to develop an abrupt changes over a very small region of the spatial domain,
which complicates standard numerical solutions. The following initial-boundary value problems
of heat or diffusion equation can be considered as SPPPDEs.

ψt(x, t)− γ2ψxx(x, t)+ψx(x, t)+ψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), 0 < x < L,

ψ(0, t) = Sl(t), 0 < t ≤ T,

ψ(1, t) = Sr(t), 0 < t ≤ T.

(1.2)
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where f (x, t) is a smooth function, L and T are the spatial and temporal interval lengths

respectively and γ2 =
K

ηζ
is diffusion coefficient such as mass diffusivity for particles in motion

or thermal diffusivity for heat transport, K is the thermal conductivity, η is specific heat and
ζ is density of the material. On setting γ2 = ε,(0 < ε � 1) the model problem is transformed
in to the convection-diffusion and reaction-diffusion type SPPs. This model problem has wide
range of applications in different fields of science and engineering. Fluid dynamic, Biology,
Chemistry, Physics and Epidemiology are few to mention [19].

1.2.2 Navier-Stokes equation of Fluid Dynamics

The Navier-Stokes equations are a set of partial differential equations that describe the motion
of viscous fluid substances [20]. These equations are derived from Newton’s second law of
motion (conservation of momentum) and the law of conservation of mass, modeling how forces
like pressure, viscosity, and gravity influence a fluid’s movement. They are used to predict
the behavior of liquids and gases, such as weather patterns, ocean currents, and airflow over
aircraft wings, although solving them for complex, turbulent flows is a significant mathematical
challenge. 

ψt +ψψx +φψy + px =
1

Re(ψxx +ψyy)+ fx,

φt +ψφx +φφy + py =
1

Re(φxx +φyy)+ fy,

ψx +φy = 0.

(1.3)

where ψ and φ are respectively the velocity components along x and y directions and p is
pressure. The parameter Re is a ratio of inertial forces to viscous forces within the fluid which
is proportional to the length scale, velocity scale and inversely proportional to the kinematic
viscosity of the fluid [? ]. For sufficiently large Re (Re� 1), equation (1.3) will be a singularly
perturbed equation.

1.2.3 Groundwater flow and solute transport

The transport of water and solutes through the partially saturated soil layer above the groundwater
table has long been a fundamental aspect of groundwater hydrology, soil physics, and agronomy
[46] . In one dimension, the theoretical basis for modeling the liquid phase water movement
in unsaturated porous media can be described by Darcy’s law (a mathematical principle that
describes the flow of a fluid through a porous medium, such as water moving through soil or
rock) of the following form:

ψt(x, t) = µψxx(x, t)− vψx(x, t)+λψ(x, t), x > 0, t > 0. (1.4)
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where t is time, x is the horizontal distance; ψ(x, t) is concentration of solute at time t and
distance x; µ is the soil water diffusivity; v is the average velocity and λ is the decay coefficient.
The purpose of the model is to compute the concentration of a dissolved chemical species in an
aquifer at any specified time and space.

1.2.4 Furnace Processing Metal Sheet Model Equation

A large number of mathematical models appear in different areas of science and engineering
such as in control theory, epidemiology, and laser optics that take into account not only the
present state of a physical system but also its past history [21]. These models are described
by certain classes of functional differential equations often called delay differential equations.
Time delays are natural components of the dynamic processes of biology, ecology, physiology,
economics and epidemiology. According to the discussions in [22], a simplified mathematical
model for the control system of a furnace, which is used to process metal sheets, is represented
by SPPDDEs of the following form:

ψt(x, t)− εψxx(x, t) = ω(g(ψ(x, t−δ )))ψx(x, t)+ v [ f (ψ(x, t−δ )−ψ(x, t)))] . (1.5)

where the temperature distribution of the metal sheet is denoted by ψ(x, t) . Also, the heat
source and the velocity with which metal sheet is moving are denoted by f and v, respectively.
Both f and ω are dependent on the term ψ(x, t−δ ). The time delay of fixed length δ is induced
because of the finite speed of the controlling device. This model equation is used as a base
reference for the temporal delay related singularly perturbed problems.

1.2.5 Neuronal Variability Model Problem

Singularly perturbed delay differential equations model various processes in applied mathematics,
for instance, in fluid mechanics, fluid dynamics, elasticity, quantum mechanics, chemical-reactor
theory, reaction-diffusion processes, and other domains of fluid motion [23]. This model is the
generalizations of Stein’s Neuronal membrane model in the form of SPPDDEs of the form:

ψt(x, t) =
σ2

2
ψxx +(η− x

θ
)ψx +λsψ(x+αs, t)+ωsψ(x+ is, t)+(λs +ωs)ψ(x, t). (1.6)

The model is used for studying time evolution of the trajectories of the membrane potential,
where the first derivative term denotes the exponential decay between two consecutive jumps
caused by the input processes. The membrane potential decays exponentially to the resting
level with a membrane time constant θ , η and σ are diffusion moments of the Wiener process
characterizing the influence of dendritic synapses on the cell excitability. The excitatory input
contributes to the membrane potential by an amplitude as with intensity λs, and similarly, the
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inhibitory input contributes by an amplitude is with intensity ωs. Also is and αs are the spatial
shift parameter. Furthermore, this model serves as a base model for spatial shifts for singularly
perturbed problems of the convection-diffusion and reaction-diffusion type problems [24].

1.3 Solution Methodologies for SPPPDEs

In the literature, the solution methods for SPPPDEs are typically grouped into asymptotic and
fitted numerical methods. Asymptotic methods use perturbation techniques to approximate the
solution structure, while fitted numerical methods modify the mesh or discretization to capture
sharp boundary or interior layers.

1.3.1 Asymptotic Methods

The asymptotic method is a direct analytical technique used to obtain approximate solutions of
singularly perturbed problems through an asymptotic series expansion in terms of the perturba-
tion parameter ε [3]. In this approach, the approximate solution is constructed by determining
successive terms of the expansion so that the governing differential equation, together with the
prescribed initial and boundary conditions, is satisfied. Although asymptotic expansion methods
provide valuable analytical insight into the behavior of singularly perturbed problems, their
direct application is often restricted by several limitations.

To overcome these difficulties, a number of modified asymptotic techniques and sub-methods
have been developed [4]. Nevertheless, asymptotic series expansion methods are generally
applicable only to a relatively limited class of problems. In particular, these methods require
prior knowledge of important solution characteristics, such as the location and width of the
boundary layer. Furthermore, they are not well suited for efficiently handling higher-dimensional
problems and nonlinear one-dimensional problems.

Consequently, the successful application of asymptotic methods demands substantial analytical
understanding of the expected behavior of the solution. These limitations are the key motivation
of the advancement of fitted numerical methods, which are designed to provide stable and
accurate approximations for singularly perturbed problems without requiring detailed prior
information about the boundary layer structure.

1.3.2 Fitted Numerical Methods

One of the main reasons for studying singularly perturbed problems is their solutions multi-scale
futures such as formation of boundary layers, interior layers and oscillations to satisfy the
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given initial and boundary conditions when the perturbation parameter ε approaches zero. In
these regions, solutions show steep gradients, requiring extremely fine meshes for accurate
discretization. Such fine meshes increase round-off errors and computational cost, making
classical methods such like FDM, FEM, and FVM inadequate. This has led to the development
of fitted numerical methods, such as fitted operators and fitted meshes, which are parameter-
uniformly convergent techniques [15, 16].

The fitted operator methods were introduced for solving the problem of viscous fluid past a fixed
cylinder [2]. These methods have two basic sub methods called non-standard finite difference
method (NSFDM) and exponentially fitted operator finite difference methods (EFOFDM).
As outlined in [66], in NSFDM the discretized mesh is uniform and a positive complicated
denominator function is developed for the diffusion part of the equation using the exact finite
difference technique, to handle the effect of the perturbation parameter ε . This method is
extendable for higher-dimensional and non-linear SPPPDEs. In the case of EFOFDMs, the
discretized mesh is uniform and the exponential fitting factor is induced using the asymptotic
solution behavior to control the rapid growth or decay of the solution in the boundary layer
region [8, 17]. These methods are limited to linear and one-dimensional SPPPDEs.

Numerical schemes for SPPPDEs must be developed with careful attention, since boundary
or interior layers can have a pronounced impact on the solution. Methods designed to address
these challenges are known as fitted-mesh methods (FMMs.), in which the construction of
an appropriate mesh is crucial for achieving reliable approximations of singular perturbation
problems. As discussed in section (1.1.3), layer-resolving fitted meshes are commonly divided
into graded meshes and Shishkin meshes [2].

1.4 Fundamental Concepts and Definitions

Definition 1.1. (Hölder Continuity): A function f is said to be Hölder continuous of order
α ∈ (0,1] if there exists a constant C > 0 such that, for every pair of points x and y in its domain,

| f (x)− f (y)| ≤C|x− y|α .

This condition indicates that the function does not oscillate too rapidly [26].

• When α = 1, Hölder continuity reduces to Lipschitz continuity.

• For 0 < α < 1, f may not be differentiable, but its oscillations are controlled.

• Hölder continuity is stronger than mere continuity but weaker than differentiability.

Definition 1.2. (Hölder Compatibility): refers to conditions imposed on the initial and bound-
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ary data at the corner points of the computational domain to ensure that the solution possesses
sufficient smoothness (specifically, Hölder continuity) to exist, be unique, and have bounded
derivatives [112]. Mathematically, the zeroth- and first-order compatibility conditions at the
corner points (0,0) and (1,0) can be defined on the model equation (1.1) as follows:

S0(0,0) = Sl(0),S0(1,0) = Sr(0).

{
∂Sl(0)

∂ t − ε
∂ 2S0(0,0)

∂x2 + p(0)∂S0(0,0)
∂x +b(0,0)S0(0,0) = f (0,0),

∂Sr(0)
∂ t − ε

∂ 2S0(1,0)
∂x2 + p(0)∂S0(1,0)

∂x +b(1,0)S0(1,0) = f (1,0).

The failure of these conditions often results in discontinuities or very rapid changes in the
solution that standard numerical methods struggle to capture accurately.

Definition 1.3. (Regularity Condition): The regularity condition refers to a set of assumptions
on the given functions (coefficients, source terms, initial, and boundary conditions) that ensure
the solution of the SPPPDEs possesses a certain level of smoothness such as the Hölder space of
the form Cα,β (Dxt) [30]. These conditions are essential for:

• Guaranteeing existence and uniqueness of the solution.

• Enables for maximum principles and a priori bounds, for error analysis.

• Captures key solution features, such as boundary layer location and width.

If a necessary regularity condition is not met, the convergence rate of numerical methods can
become very slow.

Definition 1.4. (Infinity Norm): Let ψ
j

i be a discrete numerical approximation to the exact
solution ψ(xi, t j) defined on a mesh DN,M

xt [5]. The infinity norm of the discrete error is defined
by

‖ψ−ψ
N,M‖∞ = max

(xi,t j)∈DN,M
xt

∣∣ψ(xi, t j)−ψ
j

i

∣∣.
This norm measures the maximum absolute error over all mesh points and is well suited for ana-
lyzing stability, discrete maximum principles, and parameter-uniform convergence of numerical
schemes for SPPPDEs.

Definition 1.5. (Spectral Radius): Let A ∈ Cn×n with eigenvalues λ1,λ2, . . . ,λn. The spectral
radius of A is defined as

ρ(A) = max{|λi| : i = 1,2, . . . ,n}.

It represents the maximum magnitude of eigenvalues of A [27].
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Definition 1.6. (Neumann Series): Let C ∈ Cn×n be a matrix such that ρ(C) < 1. Then the
series ∑

∞
k=0Ck converges to (I−C)−1 = ∑

∞
k=0Ck. This is called the Neumann series. It provides

an explicit expression for the inverse of (I−C) when the spectral radius of C is less than one.

Definition 1.7. (Z-matrix): A matrix A = [ai j] ∈ Rn×n is called a Z-matrix if

ai j ≤ 0 for i 6= j.

Definition 1.8. A matrix A is called a nonsingular M-matrix [28] if:

• A is a Z-matrix,

• A is invertible,

• A−1 ≥ 0 (all entries of A−1 are nonnegative)

Definition 1.9. (ε-Uniform Convergence): Let (Pε) be a family of SPPPDEs with 0 < ε ≤ 1,
each having a unique solution ψε . Let ψ

N,M
ε denote the numerical approximation on the mesh

D
N,M
xt , with N and M spatial and temporal discretizations, respectively [2, 5]. The numerical

solution ψ
N,M
ε is said to converge ε-uniformly to ψε if there exist N0, C > 0, and rates r1,r2 > 0,

independent of ε , such that

sup
0<ε≤1

‖ψN,M
ε −ψε‖DN,M

xt
≤C (hr1 +(∆t)r2) .

In the case of Shishkin-type fitted meshes, which are designed to resolve boundary and interior
layers, the pointwise error bound takes the form

sup
0<ε≤1

‖ψN,M
ε −ψε‖DN,M

xt
≤ C

(
hr1 lnN +(∆t)r2

)
,

where the logarithmic factor lnN arises due to the non-uniform refinement near the layers, h and
∆t are the spatial and temporal step sizes, r1 and r2 denote the orders of convergence, and C > 0
is independent of the perturbation parameter ε .

1.5 Literature Review

This section reviews several singularly perturbed parabolic diffusion-type problems with bound-
ary layers, characterized by small temporal lag and spatial shift parameters. We focus on
parameter-uniformly convergent numerical methods that effectively tackle the inherent chal-
lenges of these complex problems, paving the way for more reliable and accurate solutions.

14
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1.5.1 Singularly Perturbed Reaction-Diffusion Problems

Reaction-diffusion equations describe how substance concentrations change over time and space
due to diffusion (spreading) and reaction (local transformations) [29]. They can capture complex
spatial patterns, such as stripes or hexagons, from initially uniform states and are widely used in
chemistry, biology, physics, and fluid dynamics [31]. Here, we consider a singularly perturbed
parabolic reaction-diffusion problem with appropriate initial and boundary conditions of the
form: 

Lεψ := ψt(x, t)− εψxx(x, t)+a(x, t)ψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t) = Sl(t), ∀t ∈D t ,

ψ(1, t) = Sr(1, t)), ∀t ∈D t .

(1.7)

where Lε is the differential operator , ε(0 < ε � 1), is the perturbation parameter, Dx = (0,1),
Dt = (0,T ] and Dxt = Dx×Dt . The functions f (x, t) and a(x, t) over Dxt , S0(x) over Dx,
Sl(t) and Sr(1, t)) over D t are sufficiently smooth and satisfies the bound a(x, t) ≥ α > 0.
Using the model equation in (1.7), a substantial body of literature has been developed by various
researchers.

Numerical solutions of parabolic singularly perturbed reaction-diffusion problems are presented
in [32]. The multi-scale solution of the considered problem is approximated by combining the
backward Euler method for the time derivative on uniform mesh and central difference method
for the space derivative on three different mesh types. The convergence analysis confirmed the
proposed method is uniformly convergent with respect to the parameter ε .

The numerical treatment of singularly perturbed parabolic reaction-diffusion initial boundary
value problems is proposed in [33]. Introducing a fitting parameter into the asymptotic solution
and applying average finite difference approximation, a fitted operator finite difference method
is developed. To accelerate the rate of convergence of the method, Richardson extrapolation
technique is applied. Using Von-Neumann stability analysis and Lax-equivalence theorem, the
proposed method is proven to be unconditionally convergent.

A fitted numerical technique for time-dependent singularly perturbed reaction-diffusion problems
is employed in [34]. The continuous problem domain is discretized using the backward Euler
method in the temporal direction and the non-standard finite difference method (NSFDM) in the
spatial direction on uniform meshes. Stability and convergence analyses show that the proposed
method achieves first-order convergence in time and second-order convergence in space.

In [35], a robust higher-order numerical method for solving singularly perturbed reaction-
diffusion problems is constructed. The problem is discretized by means of the Crank-Nicolson

15



Chapter 1 1.5. Literature Review

method for the time derivative on uniform mesh and a hybrid numerical method that combined
with cubic spline tension method on Shishkin meshes for the boundary layer region and central
difference method for the coarse region. The convergence analysis proved that the method is
second-order accurate in the coarse region and fourth-order accurate in the layer region within
the spatial domain. Overall, the proposed method is uniformly convergent, with second-order
accuracy in the temporal direction and higher-order accuracy in the spatial direction.

Parameter independent numerical method based on equi-distributed meshes for a class of SP
parabolic-type reaction-diffusion problems with Robin boundary conditions are investigated [36].
The considered problem domain is discretized using the modified Euler method for the temporal
direction on uniform meshes and a central difference method for the spatial direction via the equi-
distribution of a suitably chosen monitor function. The convergence analyses and discussions
have demonstrated that the proposed method exhibits parameter-uniform convergence, with
second-order accuracy in space and first-order accuracy in time.

The review highlights that singularly perturbed parabolic reaction–diffusion problems have
received comparatively limited attention. Moreover, many existing numerical methods exhibit
reduced accuracy and low orders of convergence, which may be inadequate for resolving sharp
layers. To address these limitations, we proposed a second-order fitted numerical scheme that
improves both accuracy and order of convergences.

1.5.2 Singularly Perturbed RDEs with Small Time Lag

Singularly perturbed delay partial differential equations arise in various real-world contexts, such
as biological and chemical reactions, and the modeling of population dynamics in epidemiology.
A class of reaction-diffusion type singularly perturbed delay partial differential equations of the
following form is considered:

ψt(x, t)− εψxx(x, t)+a(x, t)ψ(x, t)+b(x, t)ψ(x, t−δ ) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x, t) = S0(x, t), ∀(x, t) ∈ µ0 = [0,1]× [−δ ,0],

ψ(0, t) = Sl(t), ∀t ∈ µl = {(0, t) : 0≤ t ≤ T} ,

ψ(1, t) = Sr(t)), ∀t ∈ µr = {(1, t) : 0≤ t ≤ T} .

(1.8)

where δ < ε is a small delay parameters which satisfies the relation δ = O(ε). Based on the
model equation (1.8), various researchers have developed different numerical methods to obtain
accurate solutions, some of which are reviewed below.

A fitted operator-based numerical method for solving unsteady singularly perturbed parabolic
reaction-diffusion problems with small time lag is proposed in [37]. The problem is semi-
discretized using the implicit Euler method in the temporal direction and the exponentially fitted
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cubic B-spline method in the spatial direction on uniform meshes. By applying the Richardson
extrapolation technique in the temporal direction, the proposed method achieves second-order
accurate ε−uniform convergence.

The authors in [38] developed a higher-order parameter-independent convergent method for
solving singularly perturbed parabolic delay differential equations. The problem is discretized
using a hybrid scheme on a generalized Shishkin mesh in the spatial direction and the implicit
Euler scheme on a uniform mesh in the temporal direction. By applying the Richardson
extrapolation technique, the resulting scheme is shown to be second-order accurate in time and
fourth-order accurate, up to a logarithmic factor, in the spatial direction.

A new stable finite difference scheme for singularly perturbed reaction-diffusion time-delay
problems is presented in [39]. The problem is discretized using the backward Euler scheme
on a uniform mesh in the temporal direction, while a new stable finite difference scheme is
developed for the spatial direction. The proposed method is shown to exhibit higher-order
parameter-uniform convergence.

A fourth-order convergent method in both time and space is achieved in [40] through a non-
standard fitted operator approach for large time-delay singularly perturbed reaction-diffusion
problems. The problem is discretized using the Crank–Nicolson method in time and a nonstan-
dard finite difference scheme in space on a uniform mesh. Richardson extrapolation is applied
to enhance the overall accuracy of the scheme.

A class of singularly perturbed parabolic reaction-diffusion problems with time delay is studied
in [41]. The original domain is decomposed into three overlapping sub-domains, consisting
of two boundary layer regions and one regular region. On each sub-domain, the problem is
discretized using the backward Euler scheme in time and the central difference scheme in space.
The proposed method is shown to be uniformly convergent, with almost second-order accuracy
in space and first-order accuracy in time.

A singularly perturbed time-delay parabolic partial differential equation is considered in [42].
A robust fitted operator finite difference method is designed for its numerical solution by
replacing the classical differential operator with a fitted operator based on the Crank–Nicolson
discretization. Stability analysis confirms that the proposed method is unconditionally stable
and second-order convergent.

Existing studies on singularly perturbed parabolic reaction–diffusion problems with small time
lag show limited attention and generally achieve low-order accuracy, which is often insufficient
for resolving sharp boundary and interior layers. This reveals a clear need for higher-order,
uniformly convergent schemes. To address this gap, we propose a higher-order uniformly
convergent scheme that improves accuracy for such problems.
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1.5.3 Singularly Perturbed Problems with Mixed Shift Parameters

Spatially delay SPPPDEs of the CDR type problems involving a small perturbation parameter
multiplying the highest-order derivative term, with at least one retarded and one advanced
spatial shift term. Such equations arise in various physical models, including the Navier-Stokes
equations, atmospheric pollution, turbulent transport, and groundwater flow [46]. We consider a
class of convection-diffusion-reaction SPPDDEs with general shift parameters in the reaction
term of the form:

ψt(x, t)−Lεψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x, t) = S0(x, t) ∀(x, t) ∈ µ0 = {(x, t) : 0≤ x≤ 1, 0 < t ≤ T} ,

ψ(x, t) = Sl(x, t) ∀(x, t) ∈ µl = {(x, t) :−δ ≤ x≤ 0, 0 < t ≤ T} ,

ψ(x, t) = Sr(x, t) ∀(x, t) ∈ µr = {(x, t) : 1≤ x≤ 1+η , 0 < t ≤ T} .

(1.9)

where Lεψ(x, t) = εψxx(x, t)+ a(x)ψx(x, t)+ b(x)ψ(x− δ , t)+ c(x)ψ(x, t)+ d(x)ψ(x+η , t)

is the differential operator, δ and η are small delay and advance parameters with the property
δ ,η < ε , respectively. Using this model equation, the following authors have contributed
scholarly articles.

A fitted operator method is developed in [47] for singularly perturbed parabolic partial differential
equations with spatial delay. The problem is decomposed into three piecewise sub-problems,
and the delay term is approximated using Taylor series expansion to transform it into a standard
singularly perturbed form. The implicit Euler method is employed for temporal discretization,
while central difference schemes are used in the spatial direction. Richardson extrapolation
is further applied to improve temporal accuracy, leading to a uniformly convergent method of
order O(h2 +∆t2).

Singularly perturbed delay differential equations are investigated in [48] by approximating
the retarded terms using Taylor series expansion. The resulting time-dependent problem is
discretized using a standard implicit finite difference scheme in the temporal direction through
Rothe’s method on a uniform mesh, while a B-spline collocation method is applied on a
piecewise-uniform Shishkin mesh in the spatial direction. The proposed method is shown to
achieve an order of convergence O(M−1 +N−2(lnN)3). , where M and N are the number of
mesh points used in the temporal direction and in the spatial direction, respectively.

A nonstandard finite difference technique is employed in [49] for singularly perturbed parabolic
differential difference equations. The advance and delay terms are approximated using Taylor
series expansion, while the resulting problem is discretized using the Crank–Nicolson method in
time and a nonstandard finite difference scheme in space. The proposed method is shown to be
uniformly stable and convergent with order O(N−1 +∆t2).
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A higher-order hybrid finite difference technique is employed in [50] for singularly perturbed
differential difference equations. The retarded terms are approximated using Taylor series
expansion, and the resulting problem is discretized using the implicit Euler scheme in time and
a hybrid finite difference scheme on a piecewise-uniform Shishkin mesh in space. Richardson
extrapolation is applied to enhance temporal accuracy, yielding a uniformly convergent method
of order O(∆t2 +N−2(lnN)2).

Time-dependent singularly perturbed differential-difference equations arising in neuronal dynam-
ics are studied in [51]. The spatial shift terms are approximated using Taylor series expansion to
linearize both negative and positive shifts. The temporal discretization is carried out using the
Crank–Nicolson scheme on a uniform mesh, while a quadratic B-spline collocation method on
an exponentially graded mesh is used in the spatial direction. The resulting method is shown to
achieve uniform second-order convergence in both space and time.

A stable finite difference method is developed in [52] using the implicit Euler scheme for
temporal discretization and a class of non-standard finite difference schemes with infinite
series approximation for spatial derivatives. Richardson extrapolation is applied to enhance the
accuracy of the scheme, yielding second-order convergence in both time and space.

First-order uniformly convergent scheme is obtained in [53] for singularly perturbed differential-
difference equations using an exponential fitted operator approach. The delay and advance
terms are linearized using Taylor series expansion, while the time derivative is discretized by the
implicit Euler method and the spatial derivatives are approximated using an exponentially fitted
finite difference operator.

Singularly perturbed parabolic differential-difference equations are studied in [54]. The spatial
shift term is approximated using Taylor series expansion, while the implicit Euler method is
employed for temporal discretization and a classical upwind scheme is used on Shishkin and
Bakhvalov–Shishkin meshes for spatial discretization. The scheme is shown to be first-order
convergent up to a logarithmic factor and optimally first-order accurate in space on both meshes.

An exponentially fitted numerical method is developed in [55] for singularly perturbed one-
dimensional parabolic partial differential equations with positive and negative spatial shifts. The
shift terms are first approximated using Taylor series expansion, while the time derivative is
discretized using the backward Euler method and the spatial derivatives are treated using an
exponentially fitted approach. The proposed method exhibits first-order convergence.

Singularly perturbed parabolic PDEs with negative shifts in the convection and reaction terms
are studied in [112]. The shift terms are approximated using Taylor series expansion, and a
higher-order Taylor discretization is employed in time. Galerkin FEM on a piecewise Shishkin
mesh is used in space, while exponentially fitted spline-based shape functions are applied on
a uniform mesh within a three-step Taylor–Galerkin framework. The method is shown to be
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conditionally ε-uniformly convergent, achieving third-order accuracy in time and linear accuracy
in space.

This survey shows that, although considerable work has been carried out on the numerical
solution of singularly perturbed parabolic differential-difference equations over the past two
decades, the accurate and systematic treatment of both negative and positive shift terms remains
relatively under explored. Motivated with this gap, we formulate higher-order numerical methods
that effectively handle such shifts.

1.5.4 Singularly Perturbed CDREs with Shift Parameters

Singularly perturbed parabolic differential equations with spatial delay model systems whose
evolution depends on both current and past spatial states. They arise in fields such as compu-
tational neuroscience, population dynamics, epidemiology, and control theory. We consider a
class of such equations with small spatial shifts in the convection and reaction terms, subject to
initial and boundary conditions, of the following form:

ψt(x, t)−Lεψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(0, t) = S0(x, t), ∀(x, t) ∈ µ0 = {(x, t) : 0≤ x≤ 1, t = 0} ,

ψ(x, t) = Sl(x, t), ∀(x, t) ∈ µl = {(x, t) :−δ ≤ x≤ 0, 0 < t ≤ T} ,

ψ(1, t) = Sr(x, t), ∀(x, t) ∈ µr = {(x, t) : x = 1, 0 < t ≤ T} .

(1.10)

where Lεψ(x, t) = εψxx(x, t)+a(x)ψx(x−δ , t)+b(x)ψ(x−δ , t) is a differential operator and
δ < ε is a small shift parameter which satisfies the relation δ = O(ε). Using this model equation,
relatively few scholars have established parameter uniformly convergent numerical methods for
solving singularly perturbed delay differential equations involving small shift parameters in the
convection and reaction terms.

A nonstandard finite difference scheme based on the θ -method is developed in [57] for singularly
perturbed problems, using uniform meshes in both space and time. Richardson extrapolation is
applied to enhance accuracy, resulting in a parameter-uniform method that achieves second-order
convergence in both spatial and temporal directions.

Singularly perturbed parabolic convection–diffusion problems are studied in [106]. A domain
decomposition Taylor–Galerkin finite element method is formulated for their numerical treat-
ment. The problem is decomposed into subdomains and approximated using a Taylor–Galerkin
finite element framework. The analysis shows that the proposed scheme is uniformly convergent
with respect to the perturbation parameter ε .

A fitted numerical scheme is developed in [58] for singularly perturbed parabolic differential
equations with delay in the zeroth and first-order derivative terms. The scheme employs the θ -
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method for temporal discretization and an exponentially fitted finite difference method for spatial
discretization on uniform meshes. The proposed method is shown to be parameter-uniformly
convergent.

The survey indicates that the problem under consideration is under an enfat stage that it requires
new and higher methods. This motivated us to formulate a higher-order hybridaid fitted numerical
scheme.

Research Gap:

The overall review highlighted that existing fitted numerical methods have low accuracy and
order convergence, motivating the formulation of higher-order alternatives schemes.

1.6 Research Objectives

In developing the proposed fitted numerical schemes, emphasis is placed on advancing existing
methodologies by enhancing accuracy and order of convergences relative to established results
in the literature, as well as on introducing alternative techniques that may facilitate further
analytical and computational investigations.

1.6.1 General Objective

The general objective of this dissertation is to formulate and analyze fitted numerical methods
for singularly perturbed parabolic diffusion-type problems with boundary layers.

1.6.2 Specific Objectives

The specific objectives of the dissertation are to:

• develop and analyze high-order, uniformly convergent numerical schemes for singularly
perturbed parabolic reaction–diffusion problems

• construct fitted and stabilized schemes for singularly perturbed parabolic convection–diffusion
problems with mixed and small shift parameters.

• design and analyze hybrid and exponentially fitted schemes for singularly perturbed
parabolic problems, focusing on accuracy, stability, and convergence.
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1.6.3 Significance of the Study

After the completion of the study, the findings of this dissertation will be useful to:

• Numerical analysts, by providing a higher-order fitted numerical method for solving
SPPPDEs with improved accuracy and efficiency.

• Computational designers and software developers, by offering reliable numerical algo-
rithms for scientific computing and simulation applications.

• Researchers and graduate students, by serving as a reference for further studies in singular
perturbation problems and numerical analysis.

1.6.4 Scope of the Study

This dissertation is limited to fitted numerical methods for solving singularly perturbed parabolic
diffusion-type four governing problems with boundary layers.

1.7 Research design and Mathematical procedures

1.7.1 Research design

This dissertation employs a computational research design to develop and analyze fitted numeri-
cal methods for the problems under study.

1.7.2 Mathematical Procedures

To accomplish the stated objectives, the following procedures are implemented.

1. Problem formulation.

2. Establish and analysis the properties of the continuous problem.

3. Develop fitted numerical methods for the considered class of problems.

4. Establish the stability and uniform convergence of the proposed methods.

5. Design and implement computational codes for the formulated methods.

6. Verify the validity of the proposed methods through numerical examples.

7. Summarize the numerical results using tables and graphical representations.
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8. Draw conclusions based on theoretical predictions and numerical results.

1.8 Governing Problems

This dissertation considers four governing problems, which are categorized into two basic
sub-problems. The first two belong to the class of reaction–diffusion type problems, whereas
the remaining two correspond to convection–diffusion type problems.

Governing Problem-I

A class of singularly perturbed parabolic reaction–diffusion problems, subject to appropriate
initial and boundary conditions [34], can be formulated as follows:

Lεψ := ψt(x, t)− εψxx(x, t)+a(x, t)ψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t) = Sl(t), ∀t ∈D t ,

ψ(1, t) = Sr(1, t)), ∀t ∈D t .

(1.11)

where Lε is the differential operator, ε (0 < ε � 1) is the perturbation parameter, Dx = (0,1),
Dt = (0,T ], and Dxt = Dx×Dt .

The functions f (x, t) and a(x, t) are sufficiently smooth in Dxt , while S0(x), Sl(t), and Sr(t)

are sufficiently smooth on their respective domains Dx and D t . Furthermore, the coefficient
function a(x, t) satisfies

a(x, t)≥ α > 0, ∀(x, t) ∈Dxt .

Governing Problem-II

A class of SPPDDEs arising from reaction–diffusion processes, subject to initial and interval
boundary conditions [37], can be expressed as follows:

ψt(x, t)− εψxx(x, t)+a(x, t)ψ(x, t)+b(x, t)ψ(x, t−δ ) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x, t) = S0(x, t) µ0 = [0,1]× [−δ ,0],

ψ(0, t) = Sl(t) µl = {(0, t) : 0≤ t ≤ T} ,

ψ(1, t) = Sr(t)) µr = {(1, t) : 0≤ t ≤ T} .

(1.12)
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where Lεψ(x, t) := ψt(x, t)− εψxx(x, t) + a(x, t)ψ(x, t) + b(x, t)ψ(x, t − δ ), ε,(0 < ε � 1),
is small parameter such that, δ < ε is a small delay parameters which satisfies the relation
δ = O(ε).

Governing Problem-III

A class of SPPDDEs associated with convection–diffusion problems involving mixed shift
parameters in the reaction term, subject to appropriate initial and interval boundary conditions
[50], can be defined as follows:

ψt(x, t)−Lεψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x, t) = S0(x, t) ∀(x, t) ∈ µ0 = {(x, t) : 0≤ x≤ 1, 0 < t ≤ T} ,

ψ(x, t) = Sl(x, t) ∀(x, t) ∈ µl = {(x, t) :−δ ≤ x≤ 0, 0 < t ≤ T} ,

ψ(x, t) = Sr(x, t) ∀(x, t) ∈ µr = {(x, t) : 1≤ x≤ 1+η , 0 < t ≤ T} .

(1.13)

where
Lεψ(x, t) := εψxx(x, t)+ a(x)ψx(x, t)+ b(x)ψ(x− δ , t)+ c(x)ψ(x, t)+ d(x)ψ(x+η , t) is the
differential operator, δ and η are small delay and advance parameters with the property δ ,η < ε ,
respectively.

Governing Problem-IV

A class of SPPDDEs with a small shift parameter in the convection and reaction terms, subject
to prescribed initial and interval boundary conditions [57], is formulated as follows:

Lεψ(x, t) = f (x, t), ∀(x, t) ∈Dxt = Dx×Dt = (0,1)× (0,T ],T > 0,

ψ(x,0) = S0(x, t), ∀(x, t) ∈ µ0 =
{
(x, t) : ∀x ∈Dx, t = 0

}
,

ψ(x, t) = Sl(x, t), ∀(x, t) ∈ µl =
{
(x, t) : ∀(x, t) ∈ [−δ ,0]×D t

}
,

ψ(1, t) = Sr(1, t), ∀(x, t) ∈ µr =
{
(x, t) : x = 1,∀t ∈D t

}
.

(1.14)

where Lεψ := ψt(x, t)− εψxx(x, t)+ a(x, t)ψx(x− δ , t)+ b(x, t)ψ(x− δ , t) is the differential
operator, ε (0 < ε � 1), is a perturbation parameter and δ < ε is a small shift parameter which
satisfies the relation δ = O(ε).
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1.9 Organization of the Dissertation

This dissertation is structured into eight chapters, each focusing on a specific aspect of the
research.

Chapter (1) presents the background of the study, a comprehensive review of relevant literature,
the research objectives, significance and scope of the study, the mathematical methodologies
employed, governing problems, and an outline of the dissertation’s structure.

Chapter (2) investigates a second-order uniformly convergent numerical scheme tailored for
singularly perturbed parabolic reaction-diffusion problems as defined in governing problem
(1.11).

Chapter (3) introduces a fitted linear multi-step method designed for singularly perturbed
parabolic-type reaction-diffusion problems, utilizing Shishkin meshes as described in governing
problem (1.11).

Chapter (4) is devoted to the development of a fourth-order parameter-uniformly convergent
scheme for singularly perturbed differential-difference equations, as represented in governing
problem (1.12).

Chapter (5) presents an exponentially fitted upwind scheme for singularly perturbed differential
equations with mixed shift parameters, corresponding to the governing problem in (1.13).

Chapter (6) focuses on the formulation of a midpoint upwind scheme applicable to singularly
perturbed differential equations characterized by small shift parameters in both convection and
reaction terms, as given in governing problem (1.14).

Chapter (7) explores numerical solutions of the equations presented in governing problem (1.14),
employing a hybrid finite difference scheme based on the Crank–Nicolson method over Shishkin
meshes.

Chapter (8) concludes the dissertation with detailed discussions of the findings, general conclu-
sions, and recommendations for future research directions.
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Chapter 2

A Second-Order Uniformly Convergent
Scheme for Singularly Perturbed

Parabolic Reaction–Diffusion Problems

This chapter is devoted to the development of a fitted numerical method for solving singularly
perturbed parabolic reaction–diffusion problems. Owing to the presence of a small perturbation
parameter ε,(0 < ε � 1), in the highest-order derivative, the solution exhibits boundary layers
near x = 0 and x = 1, where sharp gradients occur. As a result, classical numerical methods
fail to provide accurate solutions on uniform meshes. To overcome these difficulties, a second-
order uniformly convergent scheme is constructed using the Crank–Nicolson method for time
discretization and a non-standard finite difference approach for spatial discretization. The
proposed scheme is shown to be second-order uniformly convergent in both space and time.
Numerical experiments on representative model problems confirm the theoretical results and
demonstrate that the proposed method outperforms several existing methods reported in the
literature.

2.1 Introduction

The majority of real-life scenarios in applied science and engineering are special cases of
parameter-dependent differential equations. The mathematical framework that analyzes the
influence of such parameters on the behavior of solutions is known as perturbation theory. Within
this framework, SPPPDEs refer to problems where the highest-order derivative is multiplied by
a small parameter ε,(0 < ε � 1). These equations have been the focus of extensive research,
as documented in [5, 14, 60]. The presence of a small parameter ε in the problem under
consideration, exhibits boundary and/or interior layer regions to which the solutions of the
problem changes abruptly. Due to these challenges, the classical numerical methods fail to give
an accurate solution in these regions unless we use very fine meshes, which produce round
off errors and requires massive computational costs. This emphasises the need for parameter-
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Chapter 2 2.2. Problem formulation

independent numerical methods as discussed in [61, 62, 63]. Consequently, parameter-uniform
convergent algorithms have been developed. The fitted operator approach, the fitted mesh
approach and the domain decomposition approach are few to mention.

Although numerous researchers have extensively studied solution methodologies for singularly
perturbed convection-diffusion problems using parameter-uniformly convergent methods, rela-
tively few have focused on singularly perturbed reaction-diffusion problems. Notable exceptions
include the works of [34, 36], who addressed problems of this type that arise in various scientific
fields such as chemistry, physics, biology, and fluid dynamics. These problems typically model
the spatio-temporal evolution of species, densities, or concentrations involving at least two
interacting variables [31].

Due to the low accuracy and order of convergence as pointed out from the review, we inspired and
developed a fitted numerical scheme for problems. The proposed method employs NSFDM in the
spatial direction and the Crank–Nicolson approach in the temporal direction, both implemented
on uniform meshes. Theoretical and numerical analyses reveal that the scheme achieves second-
order accuracy in both space and time.

2.2 Problem formulation

Consider a class of singularly perturbed parabolic reaction–diffusion problems, as formulated
in the governing problem (1.11), together with the associated initial and boundary conditions
presented in [34].

Lεψ := ψt(x, t)− εψxx(x, t)+a(x, t)ψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t) = Sl(t), ∀t ∈D t ,

ψ(1, t) = Sr(1, t)), ∀t ∈D t .

(2.1)

where Lεψ(x, t) is the differential operator, ε(0 < ε � 1), is the perturbation parameter, Dx =

(0,1), Dt = (0,T ] and Dxt =Dx×Dt . To ensure the existence of a unique solution, the functions
a(x, t) and f (x, t) are assumed to be sufficiently smooth, bounded and satisfy

a(x, t)≥ α > 0, ∀(x, t) ∈Dxt . (2.2)
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2.3 Properties of the Analytic Solution

This section focuses on the bounds of the analytic solution ψ(x, t) of problem (2.1) and its
derivatives using Hölder’s continuity with appropriate compatibility conditions. We assumed
that the data a, f ∈ C(4,2)(Dxt) , and the exact solution ψ(x, t) ∈ C(4,2)(Dxt) are sufficiently
smooth. As outlined in [63], the required compatibility conditions at the corner points (0,0) and
(1,0) are defined as S0(0,0) = Sl(0), S0(1,0) = Sr(0) and satisfies{

∂Sl(0)
∂ t − ε

∂ 2S0(0)
∂x2 +a(0,0)S0(0) = f (0,0),

∂Sr(0)
∂ t − ε

∂ 2S0(1)
∂x2 +a(1,0)S0(1) = f (1,0).

(2.3)

The above conditions together with the bound in (2.2) ensure that the solution ψ(x, t) of problem
(2.1) exhibits twin boundary layers of width O(

√
ε) at x = 0 and x = 1 as ε → 0.

Lemma 2.1. (Continuous Maximum Principle): Let φ(x, t) be any sufficiently smooth function

satisfying φ(x, t) ≥ 0,∀(x, t) ∈ ∂Dxt = Dxt \Dxt and Lεφ(x, t) ≥ 0,∀(x, t) ∈ Dxt [34]. Then,

φ(x, t)≥ 0,∀(x, t) ∈Dxt

Proof. Suppose that (x∗,y∗) ∈Dxt such that φ(x∗,y∗) = min(x,t)∈Dxt
φ(x, t)< 0.

From this condition it is seen that φt(x∗,y∗) = 0, φx(x∗,y∗) = 0 and φxx(x∗,y∗) ≥ 0. Having
these all the differential operator Lε can also be defined in the following manner.

Lεφ(x∗,y∗) = φt(x∗,y∗)− εφxx(x∗,y∗)+a(x∗,y∗)φ(x∗,y∗),

= −εφxx(x∗,y∗)+a(x∗,y∗)φ(x∗,y∗),

≤ 0 , since,φxx ≥ 0, φ ≤ 0 and a > 0 at (x∗,y∗).

This implies Lεφ(x∗,y∗)≤ 0 , which contradicts to our assumption Lεψ(x,y)≥ 0.
Hence, φ(x, t)≥ 0, ∀(x, t) ∈Dxt .

Lemma 2.2. (Uniform Stability Estimate): Let ψ(x, t) ∈C2,1(Dxt) be the solution of the contin-

uous problem of equation (2.1) [64]. Then it satisfies the bound

|ψ(x, t)| ≤ α
−1|| f ||+max{|S0(x)|, |Sl(t)|, |Sr(t)|} .

Proof. To prove this Lemma, we defined two barrier functions Ω± as follows

Ω
±(x, t) = α

−1|| f ||+max{|S0(x)|, |Sl(t)|, |Sr(t)|}±ψ(x, t),
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Chapter 2 2.3. Properties of the Analytic Solution

When t = 0,

Ω
±(x,0) = α

−1|| f ||+max{|S0(x)|, |Sl(0)|, |Sr(0)|}±ψ(x,0),

= α
−1|| f ||+max{|S0(x)|, |Sl(0)|, |Sr(0)|}±S0(x)≥ 0.

When x = 0,

Ω
±(0, t) = α

−1|| f ||+max{|S0(0)|, |Sl(t)|, |Sr(t)|}±ψ(0, t),

= α
−1|| f ||+max{|S0(0)|, |Sl(t)|, |Sr(t)|}±Sl(t)≥ 0.

When x = 1,

Ω
±(1, t) = α

−1|| f ||+max{|S0(1)|, |Sl(t)|, |Sr(t)|}±ψ(1, t),

= α
−1|| f ||+max{|S0(0)|, |Sl(t)|, |Sr(t)|}±Sr(t)≥ 0.

Combining all these on the domain Dxt results

LεΩ
±(x, t) =

∂Ω±(x, t)
∂ t

− ε
∂ 2Ω±(x, t)

∂x2 +a(x, t)Ω±(x, t),

= a(x, t)α−1|| f ||+a(x, t)×max{|S0(x)|, |Sl(t)|, |Sr(t)|}

+ α
−1|| f ||±Lεψ(x, t),

= α
−1|| f ||+a(x, t)×max{|S0(x)|, |Sl(t)|, |Sr(t)|}± f (x, t)≥ 0.

Hence, from Lemma (2.1) it is shown that Ω±(x, t)≥ 0, ∀(x, t) ∈Dxt .

Lemma 2.3. Let ψ(x, t) be the solution of the problem (2.1). Then we have

∣∣∣ψ(i, j)(x, t)
∣∣∣≤C

[
1+ ε

−i/2
(

exp(−
√

α

ε
x+ exp(−

√
α

ε
(1− x))

)]
where 0≤ i+2 j ≤ 4.

Proof. To prove this, we first decompose the solution of the problem (2.1) into regular and
singular forms of the following manner outlined in [95]:

ψ(x, t) = v(x, t)+wl(x, t)+wr(x, t) (2.4)

where

• v(x, t) is a regular solution obtained outside the layer region.

• wl(x, t) is a singular solution obtained inside the layer region near x = 0.

• wr(x, t) is a singular solution obtained inside the layer region near x = 1.
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Chapter 2 2.3. Properties of the Analytic Solution

Case I: Regular Solution and It’s bounds.
The regular solution v(x, t) satisfy the reduced problem (2.1) (ε = 0).

a(x, t)v(x, t) = f (x, t) =⇒ v(x, t) =
f (x, t)
a(x, t)

.

Since a(x, t), f (x, t) ∈ C(4,2)(Dxt) and a(x, t) ≥ α > 0, v(x, t) is smooth and differentiable in
C(4,2)(Dxt).
Now we use mathematical induction to show

∣∣vi, j(x, t)
∣∣≤C, for all i+2 j ≤ 4.

Base case:

• for i = 0, j = 0, gives |v(x, t)|=
∣∣∣ f (x,t)

a(x,t)

∣∣∣≤ || f ||∞
α

.

• for i = 1, j = 0, gives vx =
fxa− f ax

a2 =⇒ |vx| ≤C.

• for i = 0, j = 1, gives vt =
fta− f at

a2 =⇒ |vt | ≤C.

Inductive case:
Assume that for all i+2 j ≤ ζ (ζ ≤ 3), we have

|vi, j(x, t)| ≤C.

We prove the case where i+2 j = ζ +1≤ 4. Since v(x, t) = f (x,t)
a(x,t) , and by applying the Leibniz

and chain rules, each higher-order derivative of vi, j can be expressed as a rational function
involving derivatives of f and a, along with powers of a. Given that f and a are smooth, and a

is bounded below by a positive constant α > 0, it follows that:

∣∣vi, j(x, t)
∣∣≤C, for all i+2 j ≤ 4. (2.5)

Case II: Singular Solution and it’s bounds.
We now construct the singular solutions wl(x, t), wr(x, t), which satisfy

wt− εwxx +a(x, t)w = 0 (2.6)

designed to correct the mismatch of v(x, t) at the boundaries x = 0 and x = 1.
The general behavior of these layer terms is:wl(x, t)≈ φl(t)exp(µx) ,

wr(x, t)≈ φr(t)exp(µ(1− x))
(2.7)
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Chapter 2 2.4. Formulation of the Numerical Scheme

where µ =
√

α

ε
is the decay rate.

Using Eq. (2.7) into Eq. (2.6) and simplifying gives∂ i
xwl(x, t)≤Cε−i/2 exp(−µx)

∂ i
xwr(x, t)≤Cε−i/2 exp(−µ(1− x))

(2.8)

and time derivatives ∂
j

t are bounded assuming smooth compatibility conditions.
Hence, for all i+2 j ≤ 4, we have

∣∣∣wi, j
l (x, t)

∣∣∣≤Cε−i/2 exp(−
√

α

ε
x)

∣∣∣wi, j
r (x, t)

∣∣∣≤Cε−i/2 exp(−
√

α

ε
(1− x)

(2.9)

Finally, using (2.5) and (2.9) gives

∣∣ψ i, j(x, t)
∣∣ ≤ ∣∣V i, j(x, t)

∣∣+ ∣∣∣wi, j
l (x, t)

∣∣∣+ ∣∣wi, j
r (x, t)

∣∣
≤ C+Cε

−i/2 exp(−µx)+Cε
−i/2 exp(−µ(1− x))

= C
[

1+ ε
−i/2

(
exp(−

√
α

ε
x)+ exp(−

√
α

ε
(1− x)

)]
Hence, we conclude that

∣∣ψ i, j(x, t)
∣∣≤C

[
1+ ε

−i/2
(

exp(−
√

α

ε
x)+ exp(−

√
α

Cε

(1− x)
)]

2.4 Formulation of the Numerical Scheme

This section deals with the semi-discretization of the problem along the temporal and spatial
directions. Finally, we combined the two discretized problems together and found the fully
discrete solution of the proposed problem stated in ((2.1)).

2.4.1 Temporal discretization:

Divide the time domain [0,T ] into equal number of M subintervals of length ∆t

D
M
t =

{
t j : t j = j∆t, j = 0,1,2,3, . . .M and ∆t =

T
M

}
. (2.10)
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Chapter 2 2.4. Formulation of the Numerical Scheme

Using the Crank-Nicolson method [13] on the model problem (2.1), we get the following
semi-discrete formulation:

ψ j+1−ψ j

∆t = ε(ψ
j+1

xx +ψ
j

xx
2 )− ((aψ) j+1+(aψ) j)

2 + f j+1+ f j

2 ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(2.11)

Rearranging the jth and ( j+1)th time level equations gives

−εψ
j+1

xx (x)+( 2
∆t +a j+1)ψ j+1(x) = εψ

j
xx(x)+( 2

∆t −a j)ψ j(x)+( f j+1 + f j)(x),
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1) 0≤ j ≤M−1.

(2.12)

To check the semi-discrete maximum principle and stability estimate of the temporal direction
of the proposed scheme, we first rewrite problem (2.12) at ( j+1)th time level in-terms of spatial
variables of the following form:L ∗Γ :=−εΓ

′′
(x)+B(x)Γ(x) = g(x), ∀x ∈Dx,

Γ(0) = Sl(t j+1), Γ(1) = Sr(t j+1), ∀t j+1 ∈D
M
t .

(2.13)

where L ∗ is a semi-discrete operator , Γ(x)=ψ j+1(x), B(x)= ( 2
∆t +a j+1) and g(x)= εψ

j
xx(x)+

( 2
∆t −a j)ψ j(x)+( f j+1 + f j)(x).

Lemma 2.4. (Semi-discrete Maximum Principle): If Γ j+1(x) ∈C2(Dx) is the solution of the

semi-discrete problem (2.13) such that Γ j+1(0) ≥ 0,Γ j+1(1) ≥ 0 on ∂Dx and L ∗
ε Γ j+1(x) ≥

0, ∀x ∈Dx, then Γ j+1(x)≥ 0, ∀x ∈Dx [43].

Proof. Let x∗ ∈Dx such that Γ j+1(x∗)=minx∈Dx
Γ j+1(x)< 0 and since Γ j+1(0)≥ 0, Γ j+1(1)≥

0 then x∗ /∈ {0,1} that is x∗ ∈Dx.
Moreover, since Γ

j+1
x (x∗) = 0 and Γ

j+1
xx (x∗)≥ 0, we get

Lε
∗
Γ

j+1(x∗) = −εΓ
j+1
xx (x∗)+B(x∗)Γ j+1(x∗),

≤ 0.

This shows that Lε
∗
Γ j+1(x∗)≤ 0, which contradicts to the assumption Lε

∗
Γ j+1(x)≥ 0. Con-

sequently, we conclude that the minimum of Γ j+1(x) is non-negative.
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Lemma 2.5. (Stability Estimate): Let Γ(x) be the solution of the semi-discrete problem (2.13)
[34]. Then we have

||Γ(x)|| ≤ β
−1
1 ||Lε

∗
Γ(x)||+ ||Γ(x)||Dx , B(x)≥ β1 > 0.

Proof. To prove this Lemma, we defined two barrier functions Ω± as follows

Ω
±(x) = β

−1
1 ||g||+max{|Sl(t)|, |Sr(t)|}±Γ(x),

When x = 0,

Ω
±(0) = β

−1
1 ||g||+max{|Sl(t)|, |Sr(t)|}±Γ(0),

= β
−1
1 ||g||+max{|Sl(t)|, |Sr(t)|}±Sl(t)≥ 0.

When x = 1,

Ω
±(1) = β

−1
1 ||g||+max{|Sl(t)|, |Sr(t)|}±Γ(1),

= β
−1
1 ||g||+max{|Sl(t)|, |Sr(t)|}±Sr(t)≥ 0.

Combining all these on the domain Dx results

L ∗
εΩ
±(x) = −ε

d2Ω±(x)
dx2 +B(x)Ω±(x),

= B(x)β−1
1 ||g||+B(x)×max{|Sl(t)|, |Sr(t)|}

+ β
−1
1 ||g||±L ∗

εΓ(x),

= β
−1
1 ||g||+B(x)×max{|Sl(t)|, |Sr(t)|}±g(x)≥ 0.

The application of Lemma (2.1) gives Ω±(x) ≥ 0, ∀(x) ∈ Dx. Hence, Γ(x) is bounded by a
non-negative constant as required.

The local truncation error of the semi-discrete problem (2.12) is given by e j+1 ≡ψ(x, t j)−ψ j+1

, where ψ j+1 is the computed solution of the proposed boundary value problem. Moreover,
this error measures the contribution of each time step to the global error of the temporal
semi-discretization.
Lemma 2.6. (Local Error Estimate): [65], suppose that∣∣∣∣∂ iψ(x, t)

∂ t i

∣∣∣∣≤C ,∀(x, t) ∈Dx and 0≤ i≤ 2.

Then the local error estimate in the temporal direction is given by

||e j+1||∞ ≤C1(∆t)3. (2.14)
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Proof. To prove this, we employ Taylor series expansion of the functions ψ j and ψ j+1 about
(x, t j+1/2)

ψ
j = ψ(x, t j+1/2)− ∆t

2
ψt(x, t j+1/2)+

(∆t)2

8
ψtt(x, t j+1/2)+O((∆t)3), (2.15)

ψ
j+1 = ψ(x, t j+1/2)+

∆t
2

ψt(x, t j+1/2)+
(∆t)2

8
ψtt(x, t j+1/2)+O((∆t)3), (2.16)

Subtracting Eq.(2.15) from Eq.(2.16) gives

ψ j+1−ψ j

∆t
= ψt(x, t j+1/2)+O((∆t)2), (2.17)

Substituting Eq.(2.17) in Eq.(2.1) we get

ψ j+1−ψ j

∆t
= εψxx(x, t j+1/2)− (aψ)(x, t j+1/2) (2.18)

+ f (x, t j+1/2)+O((∆t)2),

where f (x, t j+1/2)= f (x,t j+1)+ f (x,t j)
2 ψ(x, t j+1/2)= ψ(x,t j+1)+ψ(x,t j)

2 and a(x, t j+1/2)= a(x,t j+1)+a(x,t j)
2 .

The solution to the local error is given by{
L ∗e j+1 = O((∆t)3),

e j+1(0) = 0, e j+1(1) = 0.
(2.19)

Thus, using the maximum principle in Lemma (2.4), the required result is satisfied.
Hence, ||e j+1||∞ ≤C1∆3t as required.

Lemma 2.7. (Global Error Estimate) :[65], based on the assumption of Lemma (2.6) the global

error estimate of the semi-discretization at jth time level is given by

||E j||∞ ≤C2(∆t)2. (2.20)

Proof. Since the global error estimate of the jth time level is given by

||E j||∞ = ||
j

∑
s=1

es||∞, since, j ≤ T/∆t,

≤ ||e1||∞ + ||e2||∞ + · · ·+ ||es||∞,

≤ C1 j∆3t, using Lemma (2.6),

≤ C1(T )(∆t)2, since j∆t ≤ T,

≤ C2(∆t)2, C2 =C1T. (2.21)
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where C2 is a constant independent of the parameter ε and time step length ∆t.

Hence, the proposed scheme is second-order accurate in the temporal direction.

2.4.2 Spatial Discretization:

Let the spatial domain [0,1] be divided into equal number of N subintervals each of width h.
Then the domain Dx is partitioned as follows:

D
N
x =

{
x0 = 0,xi = ih,xN = 1, i = 1,2,3, . . .N−1 and h =

1
N

}
. (2.22)

Non-Standard Finite Difference Scheme: To construct the exact finite difference approach, we
considered the following constant coefficient homogeneous differential equations, corresponding
to problem (2.12) with the discrete initial and boundary conditions as described in [66] and [? ]:

−ε

[
ψ

j+1
i+1 −2ψ

j+1
i +ψ

j+1
i−1

µ2
i, j+1

]
+Biψ

j+1
i = ε

[
ψ

j
i+1−2ψ

j
i +ψ

j
i−1

µ2
i, j

]
−Ciψ

j
i + f j+1

i + f j
i ,ψ

j+1
0 = ψ

j+1
N = 0, j = 0,1,2, . . . ,M−1,

ψ0
i = 0, i = 0,1,2, . . . ,N.

(2.23)

where Bi = ( 2
∆t +a j+1)≥ β1 > 0, Ci = ( 2

∆t −a j)≥ β2 > 0 and the denominator function µ2
i, j+1

to be determined from the following steps.
Consider the homogeneous part of Eq. (2.23) with constant coefficients, where the constant
coefficients are the lower bounds of the coefficient functions as follows:

−ε
d

dx2 ψ
j+1 +β1ψ

j+1 = 0. (2.24)

Based on this, the corresponding characteristic equation is given by −εθ 2 +β1 = 0. So, the two
linearly independent solutions of Eq.(2.24) are given by

exp(θ1x) and exp(θ1x), θ1 =−
√

β1

ε
and θ2 =

√
β1

ε
. (2.25)

Hence, ψ
j+1

i = c1 exp(θ1xi)+ c2 exp(θ2xi) is the general solution of Eq.(2.24). Now, by taking
the successive points and applying the theory of difference equations as discussed in [34] and
[68], the following set of equations can be obtained:∣∣∣∣∣∣∣

ψ
j+1

i−1 exp(θ1xi−1) exp(θ2xi−1)

ψ
j+1

i exp(θ1xi) exp(θ2xi)

ψ
j+1

i+1 exp(θ1xi+1) exp(θ2xi+1)

∣∣∣∣∣∣∣= 0. (2.26)
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Rearranging Eq.(2.26), we get∣∣∣∣∣∣∣
ψ

j+1
i−1 exp(θ1(xi−h)) exp(θ2(xi−h))

ψ
j+1

i exp(θ1xi) exp(θ2xi)

ψ
j+1

i+1 exp(θ1(xi +h)) exp(θ2(xi +h))

∣∣∣∣∣∣∣= 0. (2.27)

Factorizing the above equation results

exp(θ1xi +θ2xi)

∣∣∣∣∣∣∣
ψ

j+1
i−1 exp(−θ1h)) exp(−θ2h)

ψ
j+1

i 1 1
ψ

j+1
i+1 exp(θ1h) exp(θ2h)

∣∣∣∣∣∣∣= 0. (2.28)

Solving the determinant of Eq. (2.28) gives

exp((θ1 +θ2)xi)[(exp(θ2h)− exp(θ1h))ψ j+1
i−1

− (exp(θ2−θ1)h− exp(θ1−θ2)h)ψ
j+1

i

+ (exp(−θ1h)− exp(−θ2h))ψ j+1
i+1 ]. (2.29)

Using the values of θ1 and θ2 in (2.25) into (2.29) and simplifying the terms using the double
angle formula for hyperbolic functions, we get the exact finite difference scheme for (2.28) as
follows:

ψ
j+1

i−1 −2cosh

(√
β1

ε

)
ψ

j+1
i +ψ

j+1
i+1 = 0. (2.30)

After some rearrangements, we get

−ε
ψ

j+1
i−1 −2ψ

j+1
i +ψ

j+1
i+1

4
(

ε

β1

)(
sinh2

(
1
2h
√

β1
ε

)) +β1ψ
j+1

i+1 = 0. (2.31)

for i = 1,2, . . . ,N− 1. As a result, the denominator function for the second order derivative
approximation can be found as

µ
2(ε,h) = 4

(
ε

β1

)(
sinh2

(
1
2

h

√
β1

ε

))
. (2.32)

For i = 1,2,3, . . . ,N−1, j = 0,1,2, . . . ,M−1 , we defined the general variable coefficient form
of the denominator function as follows:

µ
2
i, j+1 = 4

(
ε

Bi(xi, t j+1)

)(
sinh2

(
1
2

h

√
Bi(xi, t j+1)

ε

))
. (2.33)
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Similarly considering the homogeneous differential equation of Eq.(2.23) of the jth time level
can be written as

ε
d

dx2 ψ
j−β2ψ

j = 0. (2.34)

The linearly independent solutions of Eq.(2.34) is defined as exp(θ1x) and exp(θ2x), where

θ1 =−
√

β2
ε

, θ2 =
√

β2
ε

and C(xi, t j)≥ β2 > 0 .
Following the same procedure, the jth level denominator function can be obtained as follows:

µ
2
i, j = 4

(
ε

C(xi, t j)

)(
sinh2

(
1
2

h

√
C(xi, t j)

ε

))
. (2.35)

Remark 2.1. Furthermore, on taking Taylor series expansions about the point (xi, t j+1) the
denominator function well approximates the classical step length as shown below.

h2 ≈ µ
2
i, j+1 = h2

Φ
4 +

h4 Φ6

12
+

h6 Φ8

180
+ · · · ,where Φ =

√
B(xi, t j+1)

ε
.

2.4.3 The Fully Discretized Problem:

In this section, we combined the temporal and spatial semi-discretized results by substituting
Eq.(2.33) and Eq.(2.35) into Eq.(2.23) as follows

−ε

[
ψ

j+1
i+1 −2ψ

j+1
i +ψ

j+1
i−1

]
µ2

i, j+1
+BiΨ

j+1
i = ε

[
ψ

j
i+1−2ψ

j
i +[ψ

j
i−1

]
µ2

i, j

− Ciψ
j

i +H j
i . (2.36)

Simplifying these equations we get, the following tri-diagonal systems of equations for the
proposed problem in (2.1) with its initial-boundary conditions.

L N,M
ε := R−i ψ

j+1
i−1 +Rc

i ψ
j+1

i +R+
i ψ

j+1
i+1 = r−i ψ

j
i−1 + rc

i ψ
j

i + r+i ψ
j

i+1 +H j
i ,

ψ0
i = S0(xi), i = 0,1,2, . . . ,N−1,

ψ
j+1

0 = S j+1
l (0), j = 0,1,2, . . . ,M−1,

ψ
j+1

M = S j+1
r (1), j = 0,1,2, . . . ,M−1.

(2.37)
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where the coefficients of the systems are determined for i= 1,2,3, . . . ,N−1, and j = 0,1,2, . . . ,M−
1 as follows

R−i = −ε

µ2
i, j+1

,

Rc
i =

(
2ε

µ2
i, j+1

+ 2
∆t +a j+1

i

)
,

R+
i = −ε

µ2
i, j+1

.

and



r−i = ε

µ2
i, j
,

rc
i =−

(
2ε

µ2
i, j
+ 2

∆t +a j
i

)
,

r+i = ε

µ2
i, j
,

H j
i = f j+1

i + f j
i .

(2.38)

Furthermore, since the boundary values of ψ
j+1

0 and ψ
j+1

N are given from (2.1), we found the
remaining values of ψ

j+1
i , for i = 1,2,3, . . . ,N−1 as follows.

Rc
0 R+

0 0 0 . . . 0
R−1 Rc

1 R+
1 0 . . . 0

0 R−2 Rc
2 R+

2 0 0
... . . . . . . . . . . . . ...
0 . . . . . . R−N−2 Rc

N−2 R+
N−2

0 . . . . . . . . . R−N−1 Rc
N−1





ψ
j+1

1

ψ
j+1

2

ψ
j+1

3
...

ψ
j+1

N−2

ψ
j+1

N−1



=



rc
0 r+0 0 0 . . . 0

r−1 rc
1 r+1 0 . . . 0

0 r−2 rc
2 r+2 0 0

... . . . . . . . . . . . . ...
0 . . . . . . r−N−2 rc

N−2 r+N−2

0 . . . . . . . . . r−N−1 rc
N−1





ψ
j+1

1

ψ
j+1

2

ψ
j+1

3
...

ψ
j+1

N−2

ψ
j+1

N−1


+



H j
1

H j
2

H j
3
...

H j
N−2

H j
N−1


. (2.39)

For the sake of simplicity the matrix is rearranged to its compact form as follows

Rψ
j+1

i = rH j
i . (2.40)

By the definition in (1.8), the tridiagonal system in (2.40) constitutes an M-matrix. So, to
obtain the solution by matrix inverse method, first we must check whether the M-matrix R is
non-singular and has positive inverse or not.
Theorem 2.1. Let R ∈ Rn×n be a Z-matrix. Then the following statements are equivalent [27]:

1. R is a nonsingular M-matrix.

2. R is invertible and R−1 ≥ 0.

Proof. (1) ⇒ (2): Since R is a nonsingular M-matrix, there exist a scalar s > 0 and a non-
negative matrix B ∈ Rn×n such that

R = sI−B.
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Let C = s−1B. Then C ≥ 0 and, since R is nonsingular, ρ(C)< 1.
Hence the Neumann series applies:

(I−C)−1 =
∞

∑
k=0

Ck.

Therefore,

R−1 =
1
s
(I−C)−1 =

1
s

∞

∑
k=0

Ck.

Since C ≥ 0, we have Ck ≥ 0 for all k, and hence

R−1 ≥ 0.

Thus R is invertible with a non negative inverse.
(2)⇒ (1):
Assume R is a Z-matrix and R−1 ≥ 0.
Let x≥ 0 and define

y = R−1x.

Then y≥ 0, and multiplying both sides by R gives

Ry = x≥ 0.

Hence, the system preserves positivity structure.
This shows that a Z-matrix with a non-negative inverse is a nonsingular M-matrix.

Thus R is a nonsingular M-matrix and we solve the system by matrix inverse method.
Lemma 2.8. (Discrete Maximum Principle): Let φ

j+1
i be any mesh function defined on D

N.M
xt

such that φ
j+1

0 ≥ 0 and φ
j+1

N ≥ 0 [2]. Then L N,Mφ
j+1

i ≥ 0, for i = 1,2,3, ...,N− 1 implies

that φ
j+1

i ≥ 0, for i = 0,1,2, ...,N.

Proof. Suppose that there exists a mesh point (i∗, j+1) for i∗ ∈ {1,2,3, . . . ,N−1} such that
φ

j+1
i∗ = min0≤i≤Nφ

j+1
i and assume that φ

j+1
i∗ < 0, φ

j+1
i∗+1− φ

j+1
i∗ > 0, φ

j+1
i∗−1− φ

j+1
i∗ > 0 and

L N,Mφ
j+1

i ≥ 0. Since i∗ /∈ {0,N} and i∗ ∈ {1,2,3, . . . ,N−1}, we have that

L N,M
φ

j+1
i∗ = −ε

[
φ

j+1
i∗+1−2φ

j+1
i∗ +φ

j+1
i∗−1

µ2
i∗

]
+β2φ

j+1
i∗ ,

= −ε

[
(φ

j+1
i∗+1−φ

j+1
i∗ )+(φ

j+1
i∗−1−φ

j+1
i∗ )

µ2
i∗

]
+β2φ

j+1
i∗ ≤ 0.

This implies that L N,Mφ
j+1

i∗ ≤ 0, which contradicts to the assumption L N,Mφ
j+1

i ≥ 0. Hence,
φ

j+1
i ≥ 0, for i = 0,1,2, ...,N.
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Lemma 2.9. (Stability Estimate): Suppose that φ
j+1

i be any mesh function at ( j+ 1)th level

such that φ
j+1

0 = 0 = φ
j+1

N [34]. Then∣∣∣φ j+1
i

∣∣∣≤ 1
β

max
1≤ j≤M−1

∣∣∣L N,M
ε φ

j+1
i

∣∣∣ , for 1≤ i≤ N−1.

Proof. Let Ω = 1
β

max1≤i≤N−1

∣∣∣L N,M
ε φ

j+1
i

∣∣∣and(Ω±) j+1
i be the barrier functions defined by

(
Ω
±) j+1

i = Ω±φ
j+1.

Since (Ω±) j+1
0 = (Ω±) j+1

N > 0 and for 1≤ i≤ N−1, we get

L N,M
ε

(
Ω
±) j+1

i = −ε

Ω±φ
j+1

i+1 −2
(

Ω±φ
j+1

i

)
+Ω±φ

j+1
i−1

µ2
i


+

(
1
∆t

+a j+1
i

)(
Ω±φ

j+1
i

)
,

=

(
1
∆t

+a j+1
i

)
Ω±L N,M

ε φ
j+1

i ,

=
1
β

(
1
∆t

+a j+1
i

)
max

∣∣∣L N,M
ε φ

j+1
i

∣∣∣±L N,M
ε φ

j+1
i .

Since,
(

1
∆t +a j+1

i

)
> β , we have L N,M

ε (Ω±) j+1
i ≥ 0.

Thus, the Lemma in (2.8) gives (Ω±) j+1
i ≥ 0, 0≤ i≤ N.

Hence, the stability estimate of the discrete scheme at ( j+1)th time level is proved.

Lemma 2.10. [68], for a fixed number of meshes N and for ε → 0, it holds that

lim
ε→0

max
1≤i≤N−1

exp
(
−αxi√

ε

)
ε i/2 = 0 and lim

ε→0
max

1≤i≤N−1

exp
(
−α(1−xi)√

ε

)
ε i/2 = 0.

Proof. Using the partition [0,1] := {0 = x0 < x1 < x2 <,. . . ,xN = 1} for the interior grid points,
we have

max
1≤i≤N−1

exp
(
−αxi

ε j

)
ε j ≤ max

1≤i≤N−1

exp
(
−αx1

ε j

)
ε j = max

1≤i≤N−1

exp
(
−αh

ε j

)
ε j

.
and

max
1≤i≤N−1

exp
(
−α(1−xi)

ε j

)
ε j ≤ max

1≤i≤N−1

exp
(
−α(1−xn−1)

ε j

)
ε j = max

1≤i≤N−1

exp
(
−αh

ε j

)
ε j

.
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Since x1 = h = xn−1, then using the L’Hospital’s rule, we get

lim
ε→0

exp
(
−αh

ε j

)
ε j = lim

p=1/ε→∞

p j

exp(αhp)
,

= lim
p=1/ε→∞

j!
(αh) j exp(αhp)

,

= 0.

This completes the proof.

2.5 Uniform Convergence Analysis

Theorem 2.2. Let ψ(x, t j+1) and ψ
j+1

i be the solutions of (2.12) and (2.36) respectively [34].
Then the bound

max
0≤i≤N, 0≤ j≤M

∣∣∣ψ j+1
i −ψ(x, t j+1)

∣∣∣≤Ch2.

Proof. Using the differential and difference equations, the truncation error is given by

∣∣∣L N,M
ε (ψ j+1(xi)−ψ

j+1
i )

∣∣∣= ∣∣∣∣−ε
d2ψ j+1(xi)

dx2 + εδ
2
ψ

j+1
i

∣∣∣∣
=

∣∣∣∣∣−ε
d2ψ j+1(xi)

dx2 +
ε

(µ
j+1

i )2

(
ψ

j+1
i−1 −2ψ

j+1
i +ψ

j+1
i+1

)∣∣∣∣∣ (2.41)

Using the Taylor series expansions of ψ
j+1

i−1 ,ψ
j+1

i+1 and 1
µ

j+1
i

truncated up to order five, we have


ψ

j+1
i−1 = ∑

4
i=0(−1)i hi

i!
diψ j+1(ζi)

dxi +O
(

h5

5!

)
, ζi ∈ (xi−1,xi+1),

ψ
j+1

i+1 = ∑
4
i=0

hi

i!
diψ j+1(ζi)

dxi +O
(

h5

5!

)
, ζi ∈ (xi−1,xi+1),

1
(µ

j+1
i )2

=
(B j+1

i )2

4sinh2(Bih/2) =
(B j+1

i )2

4

(
4

(B j+1
i )2
− 1

3 +
(B j+1

i −ih)2

60

) (2.42)

Using the series expansions (2.42) in (2.41) gives∣∣∣L N,M
ε (ψ j+1(xi)−ψ

j+1
i )

∣∣∣
= |− ε

d2ψ
j+1

i
dx2 + ε

d2ψ
j+1

i
dx2 +

(
ε

12
d4ψ

j+1
i (ζi)

dx4 −
ε(B j+1

i )2

12
d2ψ

j+1
i

dx2

)
h2

+

(
ε(B j+1

i )4

240
d2ψ

j+1
i

dx2 −
ε(B j+1

i )2

144
d4ψ

j+1
i (ζi)

dx4

)
h4 +

ε(B j+1
i )2

2880
d4ψ

j+1
i (ζi)

dx4 h6|,
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Also using the bounds of the derivatives in Lemma (2.3) and Lemma (2.10) gives∣∣∣L N,M
ε (ψ j+1(xi)−ψ

j+1
i )

∣∣∣≤C1h2 +C2h4 +C3h6.

Applying the discrete maximum principle in Lemma (2.8), we get

max
0≤i≤N, 0≤ j≤M

∣∣∣ψ j+1
i −ψ(x, t j+1)

∣∣∣≤Ch2.

Consequently, the proposed scheme is of second-order accurate to the spatial direction.

Theorem 2.3. For the analytic solution ψ(x, t) of (2.1) and the fully discrete solution ψ
j

i of
(2.37), the uniform error estimate at ( j+1)th can be defined as

max
0≤i≤N, 0≤ j≤M

∣∣∣ψ j+1
i −ψ(x, t j+1)

∣∣∣≤C
(
h2 +(∆t)2) . (2.43)

Proof. Using the triangle inequality, we have the following facts∣∣∣ψ(x, t j+1)−ψ
j+1

i

∣∣∣ =
∣∣∣ψ(x, t j+1)−ψ

j+1
i (xi)+ψ

j+1
i (xi)−ψ

j+1
i

∣∣∣ ,
≤

∣∣∣ψ(x, t j+1)−ψ
j+1

i (xi)
∣∣∣+ ∣∣∣ψ j+1

i (xi)−ψ
j+1

i

∣∣∣ ,
= Ch2 +C(∆t)2t, using Lemma (2.7) and Theorem (2.2),

= C(h2 +(∆t)2).

The overall construction of the uniform convergence analysis proves, the proposed scheme is of
second-order in both the spatial and temporal directions.
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2.6 Numerical Results and Discussions

To validate the applicability of the proposed scheme, two test problems were considered. For
simulation analysis, we employed ε− uniform maximum absolute error and the corresponding
order of convergence are evaluated using the double mesh principle [120].
Example 2.1. Consider a singularly perturbed parabolic reaction-diffusion problems of the form
in [36] 

ψt− εψxx +
1+x2

2 ψ = t3, ∀(x, t) ∈ (0,1)× (0,1],

ψ(x,0) = 0, ∀x ∈ [0,1],

ψ(0, t) =−128
35 π−1/2t7/2 = ψ(1, t), ∀t ∈ (0,1].

Example 2.2. Consider a singularly perturbed parabolic reaction-diffusion problems of the form
in [35] 

ψt− εψxx +(1+ x2 + t2et)ψ = et−1+ sin(πx), (x, t) ∈ (0,1)× (0,1],
ψ(x,0) = 0,x ∈ [0,1],
ψ(0, , t) =U(1, t) = 0, t ∈ (0,1].

Let ψN,M(xi, t j) and ψ2N,2M(x2i, t2 j) be the numerical solutions with mesh lengths (h,∆t 6= 0)
and (h/2,∆t/2 6= 0) respectively, then the maximum absolute error and corresponding order of
convergence can be determined as in the following forms:

• The maximum absolute error is given by

EN,M
ε = max

0≤i, j≤N,M

∣∣ψN,M(xi, t j)−ψ
2N,2M(x2i, t2 j)

∣∣ . (2.44)

• The ε− uniform absolute error is given by

EN,M = max
ε

EN,M
ε . (2.45)

• Corresponding ε-uniform order of convergence is RN,M = log2

(
EN,M

E2N,2M

)
.
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(a) ε = 10−0 (b) ε = 10−5

Figure 2.1: 3D solution graph of Example (2.1) with values N = 32,M = 10
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(a) ε = 10−0
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(b) ε = 10−5

Figure 2.2: 2D solution graph of Example (2.1) with values N = 32,M = 10

(a) ε = 10−0 (b) ε = 10−18

Figure 2.3: 3D solution graph of Example (2.2) with values N = 32,M = 10
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(a) ε = 10−0
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(b) ε = 10−18

Figure 2.4: 2D solution graph of Example (2.2) with values N = 32,M = 10
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Table 2.1: EN,M and RN,Mfor Example (2.1)

.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 16 M = 32 M = 64 M = 128

10−2 5.1230e−04 1.0214e−04 3.1021e−05 8.2175e−06
1.9995 1.9987 1.9998

10−4 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
1.9997 1.9999 2.0000

10−6 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
1.9997 1.9999 2.0000

10−8 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
1.9997 1.9999 2.0000

10−10 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
1.9997 1.9999 2.0000

10−12 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
1.9997 1.9999 2.0000

...
...

...
...

10−20 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
1.9997 1.9999 2.0000

EN,M 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
RN,M 1.9997 1.9999 2.0000

Table 2.2: Comparison of the EN,M and RN,M for Example (2.1)

.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 16 M = 32 M = 64 M = 128

Present Scheme
EN,M 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
RN,M 1.9997 1.9999 2.0000
Results in [36]
EN,M 1.2508e−02 6.1896e−03 3.0782e−03 1.5348e−03
RN,M 1.0149 1.0078 1.0040

To validate the applicability of our proposed scheme, we consider two model examples. We
present the maximum absolute errors and the corresponding orders of convergence in Tables
(2.1) and (2.3). For a fixed perturbation parameter ε , we observe that the maximum absolute
errors decrease as the mesh sizes N and M are refined across a row, indicating an improvement
in accuracy. Conversely, for fixed mesh sizes N and M, we find that the maximum absolute
errors remain nearly uniform as ε decreases down a column, while the order of convergence
approaches two. These results confirm that our scheme is second-order uniformly convergent.

Furthermore, the 3D and 2D plots in Example (2.1) (Figures (2.1) and (2.2)) and Example (2.2)
(Figures (2.3) and (2.4)) show that decreasing ε leads to the formation of twin boundary layers
near x = 0 and x = 1, in agreement with the theoretical analysis. We also compare our results
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Table 2.3: EN,M and RN,Mfor Example (2.2)

.

ε ↓ N = 32 N = 64 N = 128 N = 256
M = 10 M = 40 M = 60 M = 640

2−2 8.9994e−04 2.3001e−04 5.5623e−05 3.1221e−06
1.7467 1.5221 1.8821

2−4 9.1567e−04 2.3912e−04 5.8975e−05 3.5678e−06
1.8579 1.5623 1.9956
...

...
...

...
2−16 9.4881e−04 2.3940e−04 5.9878e−05 3.7372e−06

1.9867 1.5826 1.9513
2−18 9.4882e−04 2.3957e−04 5.9887e−05 3.7465e−06

1.9857 1.9986 2.0000
2−20 9.4882e−04 2.3957e−04 5.9887e−05 3.7465e−06

1.9857 1.9986 2.0000
2−22 9.4882e−04 2.3957e−04 5.9887e−05 3.7465e−06

1.9857 1.9986 2.0000
2−24 9.4882e−04 2.3957e−04 5.9887e−05 3.7465e−06

1.9857 1.9986 2.0000
EN,M 9.4882e−04 2.3957e−04 5.9887e−05 7.7465e−06
RN,M 1.9857 1.9986 2.0000

Table 2.4: Comparison of the EN,M and RN,M for Example (2.2)

.

ε ↓ N = 32 N = 64 N = 128 N = 256
M = 10 M = 40 M = 60 M = 640

Present Scheme
EN,M 9.4882e−04 2.3957e−04 5.9887e−05 3.7465e−06
RN,M 1.9857 1.9986 2.0000

Results in [34]
EN,M 1.6700e−01 4.1800e−02 1.05e−02 0.2600e−02
RN,M 1.9983 1.9931 2.0138

with existing methods in [36] and [34], and Tables (2.2) and (2.4) demonstrate that our method
achieves higher accuracy and better convergence performance in terms of both error and order
of convergence.

Overall, we observe that the theoretical analysis is fully supported by the numerical experiments.

2.7 Conclusion

A fitted numerical scheme was developed and analyzed for singularly perturbed parabolic
reaction–diffusion problems using the Crank–Nicolson method in time and NSFDM in space on
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uniform meshes. The scheme is uniformly convergent and achieves second-order convergence
in both time and space. Both theoretical and numerical experiments confirm its accuracy and
show that it performs better than several existing methods in the literature.
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Chapter 3

A Fitted Linear Multi-Step Scheme for
Singularly Perturbed Parabolic

Reaction–Diffusion Problems on Shishkin
Meshes

This chapter develops a fitted numerical method for singularly perturbed parabolic reaction–
diffusion problems characterized by twin boundary layers near x = 0 and x = 1 due to a small
diffusion parameter ε (0 < ε � 1). To accurately resolve these layers, a fitted computational
scheme is constructed using the implicit Euler method for temporal discretization and a linear
multistep finite difference technique on Shishkin meshes for spatial discretization, together with
Richardson extrapolation to enhance time accuracy. The method achieves higher-order uniform
convergence in space and improved accuracy in time. Numerical experiments on standard test
problems validate the theoretical results and confirm that the proposed approach is more efficient
than several existing methods.

3.1 Introduction

Many model problems in science and engineering involve parameter-dependent differential
equations whose small perturbation parameters significantly influence solution behavior, often
preventing analytic solutions. SPPDEs, in which the highest-order derivative is multiplied by
a small parameter ε (0 < ε � 1), arise in various fields such as reaction–diffusion processes,
fluid dynamics, elasticity, quantum mechanics, and chemical reactor theory [5, 14, 60, 61].
Their solutions typically exhibit boundary or interior layers with steep gradients or oscillations,
requiring fine mesh discretization that can increase round-off errors [34]. As a result, classical
numerical methods often fail to provide accurate and efficient solutions. These challenges
have motivated the development of parameter-uniformly convergent methods, including fitted
operator techniques, fitted meshes, and domain decomposition approaches, which are specifically
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designed to capture the solution behavior in layer regions effectively.

Depending on the problem, the spatial domain can be discretized using either uniform or
piecewise-uniform (Shishkin) meshes. Uniform meshes, with evenly distributed points, are
simple to implement and facilitate convergence analysis, as employed in [36, 106]. In contrast,
Shishkin meshes cluster points in regions of rapid solution variation, such as boundary layers,
effectively addressing limitations of uniform meshes. Introduced by Shishkin in 1988, these
meshes have been widely used for singularly perturbed parabolic reaction–diffusion problems,
with uniform discretization in time, as discussed in [19, 32, 84, 85].

Motivated by the limited accuracy and low convergence order of several existing methods for the
proposed problem, this chapter aims to develop a more accurate and reliable numerical scheme.
To effectively capture sharp boundary layers, a fitted approach based on Shishkin meshes is
proposed, combining a fourth-order linear multistep method in space with an extrapolated
second-order implicit Euler scheme in time. The resulting method achieves enhanced accuracy
and improved convergence rates, while also serving as an effective alternative to existing
numerical approaches.

3.2 Problem formulation

Consider a class of singularly perturbed parabolic reaction-diffusion problems, as stated in the
governing problem (1.11), together with the initial and boundary conditions as presented in
[117]. 

Lεψ := ψt(x, t)− εψxx(x, t)+a(x, t)ψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), ∀x ∈D t ,

ψ(0, t) = Sl(t), ∀t ∈D t ,

ψ(1, t) = Sr(1, t)), ∀t ∈D t .

(3.1)

where Lεψ(x, t) is the differential operator, ε(0 < ε � 1), is the perturbation parameter, Dx =

(0,1), Dt = (0,T ] and Dxt =Dx×Dt . To ensure the existence of a unique solution the functions
a(x, t) and f (x, t) on Dxt are assumed to be sufficiently smooth, bounded and satisfy

a(x, t)≥ α > 0, ∀(x, t) ∈Dxt . (3.2)
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3.3 Properties of the Analytic Solution

In this section, we present the existence of a unique solution to (3.1) which can be established
with the assumption that the data are Hölder continuous and satisfy appropriate compatibility
conditions at the corner points (0,0) and (1,0) [112]. The required compatibility conditions are

S0(0,0) = Sl(0),Sr(1,0) = Sr(0). (3.3)

and {
∂Sl(0)

∂ t − ε
∂ 2S0(0,0)

∂x2 +a(0,0)S0(0,0) = f (0,0),
∂Sr(1)

∂ t − ε
∂ 2Sr(1,0)

∂x2 +a(1,0)Sr(1,0) = f (1,0).
(3.4)

These conditions along with the bound in (3.2) ensure that the problem in (3.1) has unique
solution ψ(x, t) which exhibits a twin boundary layers each of width O(

√
ε) near x = 0 and

x = 1.
Lemma 3.1. (Continuous Maximum Principle).We assume that ψ(x, t) is any sufficiently smooth

function satisfying ψ(x, t) ≥ 0,∀(x, t) ∈ ∂Dxt , where ∂Dxt = Dxt \Dxt and Lεψ(x, t) ≥
0,∀(x, t) ∈ Dxt . Then ψ(x, t) ≥ 0,∀(x, t) ∈ Dxt , where the differential operator is defined by

Lεψ(x, t) = ψt(x, t)− εψxx +a(x, t)ψ(x, t).

Proof. The proof of this lemma is similar to the proof of Lemma (2.1) of chapter (2).

Lemma 3.2. (Stability Estimate). Let ψ(x, t) be the solution of problem (3.1) . Then, we have

|ψ(x, t)| ≤ max{|S0(x)|, |Sl(t)|,Sr(t)|}+α
−1|| f ||.

Proof. The proof of this lemma is similar to that of Lemma lema2.2 in Chapter (2).

Lemma 3.3. Let ψ(x, t) be the solution of the problem (2.1). Then we have the bound

∣∣∣ψ(i, j)(x, t)
∣∣∣≤C

[
1+ ε

−i/2
(

exp(−
√

α

ε
x+ exp(−

√
α

ε
(1− x))

)]
, (3.5)

where 0≤ i+2 j ≤ 4.

Proof. The proof of this lemma is similar to that of Lemma (2.3) in Chapter (2).
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3.4 Formulation of Numerical Schemes

Following a similar approach in [34] , we discretized the problem under consideration using
implicit Euler approach in the time direction on uniform meshes and the spatial direction by
means of linear multi-step finite difference method on Shishkin meshes. Finally, we integrated
the two discretized problems together and found the fully discrete solution of the proposed
problem.

3.4.1 Temporal Semi-discretization:

Divide the time domain [0,T ] in to M equal number of mesh intervals with step length ∆t, we
get

D
M
t =

{
t j : t j = j∆t, j = 0,1,2,3, . . .M and ∆t =

T
M

}
. (3.6)

Utilizing the procedures in [32] the temporal semi-discretization of problem (3.1) is done via
the implicit-Euler approach subject to the initial and boundary conditions of the form:

ψ j+1(x)−ψ j(x)
∆t = εψ

j+1
xx (x)− (bψ) j+1(x)+ f j+1(x),

ψ j+1(x,0) = S0(x), ∀x ∈Dx,

ψ j+1(0, t) = Sl(t j+1), 0≤ j ≤M−1,

ψ j+1(1, t) = Sr(1, tm+1), 0≤ j ≤M−1.

(3.7)

Rearranging and simplifying (3.7), we get the ( j+1)th time level equations as follows

−εψ
j+1

xx (x)+W3ψ j+1(x) = Z j(x),
ψ j+1(x,0) = S0(x), ∀x ∈Dx,

ψ j+1(0, t) = Sl(t j+1), 0≤ j ≤M−1,

ψ j+1(1, t) = Sr(1, t j+1), 0≤ j ≤M−1.

(3.8)

where W3(x) = (1/∆t + b j+1(x)) and Z j(x) = f j+1(x)+ (1/∆t)ψ j(x). To check the discrete
maximum principle and stability estimate of the temporal semi-discretization of the proposed
scheme, we first rewrite equation (3.8) at ( j+ 1)th time level in-terms of spatial variables as
follows: Lε

∗
Γ :=−εΓ

′′
(x)+W3(x)Γ(x) = Z j(x), ∀x ∈Dx,

Γ(0) = Sl(t j+1), Γ(1) = Sr(1, t j+1), ∀t j+1 ∈D
M
t .

(3.9)
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where Lε
∗ is a semi-discrete operator, Γ(x) = ψ j+1(x).

Lemma 3.4. (Semi-discrete Maximum Principle). If Γ j+1(x) ∈ C2(Dx) is the solution of the

semi-discrete problem (3.9) such that Γ j+1(0) ≥ 0,Γ j+1(1) ≥ 0 on ∂Dx and Lε
∗
Γ j+1(x) ≥

0, ∀x ∈Dx, then Γ j+1(x)≥ 0, ∀x ∈Dx.

Proof. Let x∗ ∈Dx such that Γ j+1(x∗)=minx∈Dx
Γ j+1(x)< 0. Since Γ j+1(0)≥ 0 and Γ j+1(1)≥

0 then x∗ /∈ {0,1} that is x∗ ∈Dx.
Moreover, since Γ j+1(x∗) = 0 and Γ

j+1
xx (x∗)≥ 0 we have that

Lε
∗
Γ

j+1(x∗) = −εΓ
j+1
xx (x∗)+W3(x∗)Γ j+1(x∗),

≤ 0.

This shows L ∗
ε Γ j+1(x)≤ 0. This contradicts the assumption Lε

∗
Γ j+1(x)≥ 0.

Consequently, we conclude that the minimum of Γ j+1(x) is non-negative.

Lemma 3.5. (Stability Estimate). Let Γ(x) be the solution of the semi-discrete problem (3.9).
Then we have

||Γ(x)|| ≤ β
−1
4 ||Lε

∗
Γ(x)||+ ||Γ(x)||Dx , W3(x)≥ β4 > 0. (3.10)

Proof. The proof is similar to the proof of Lemma (2.5) of chapter (2).

As presented in [48], the local truncation error of the implicit Euler scheme for the temporal
discretization is given by e j+1 ≡ ψ j+1(x)−ψ

j+1
i , where ψ

j+1
i is the computed solution of

(3.1). The local error estimate of each time step contributes to the global error in the temporal
discretization at jth time level is defined by E j ≡ ψ(x, t j)−ψ j(x).
Lemma 3.6. (Local Error Estimate): The local error estimate in the temporal direction is given

by

||e j+1||∞ ≤C1(∆t)2. (3.11)

Proof. Using the Taylor series expansion about (x, t j), we have

ψ
j+1 = ψ(x, t j)+∆tψt(x, t j)+

(∆t)2

2
ψtt(x, t j)+O((∆t)3), (3.12)

Rearranging (3.12) gives

ψ j+1−ψ j

∆t
= ψt(x, t j)+O((∆t)2). (3.13)
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Substituting (3.13) into (3.7), we get

ψ j+1(x)−ψ j(x)
∆t

= εψ
j+1

xx (x)− (bψ) j+1(x)+ f j+1(x)+O((∆t)2). (3.14)

The solution to the local error is{
L ∗e j+1 = O((∆t)2),

e j+1(0) = 0, e j+1(1) = 0.
(3.15)

Thus, using Lemma (3.4), the required result is satisfied and gives ||e j+1||∞ ≤C1(∆t)2.

Lemma 3.7. (Global Error Estimate): Under the hypothesis of Lemma (3.6), the global error

estimate E j+1 in the temporal direction is defined by

||E j+1||∞ ≤C2∆t. (3.16)

Proof. The proof is similar to the proof of Lemma(2.7) of chapter (2).

3.4.2 Spatial Semi-discretization:

This section discusses on the detail of the spatial domain discretization using piece-wise uniform
Shishkin meshes. Since the problem domain exhibits twin boundary layers near x = 0 and x = 1,
we follow the approach in [32] to divide the domain D

N
x = [0,1], N ≥ 4 into three regions of

the form DN
l = [0,τ],DN

c = [τ,1− τ] and DN
r = [1− τ,1] where the transition parameter

τ = min
{

1
4
,σ
√

εlnN
}
, σ ≥ 2

β4
, W3(x)≥ β4 > 0 (3.17)

represents the width of the boundary layer, DN
l = [0,τ] and DN

r = [1− τ.1] are fine regions in
which the solution varies very rapidly and DN

c = [τ,1−τ] is the coarse region where the solution
varies slowly. Moreover, the mesh is equidistant on the region [τ,1−τ] with N/2 mesh elements
and N/4 mesh elements in the fine regions [0,τ] and [τ,1− τ]. The mesh points D

N
x = {xi}N

i=0

are obtained by

xi =



x0 = 0,
ihL, i = 1,2, . . . , N

4 ,

τ +(i− N
4 )hR, i = N

4 +1, . . . , 3N
4 ,

1− τ +(i− 3N
4 )hL, i = 3N

4 +1, . . . ,N−1,
xN = 1.

(3.18)

53



Chapter 3 3.4. Formulation of Numerical Schemes

where hL = 4τ

N and hR = 2(1−2τ)
N are the step sizes of the dense and coarse regions respectively.

Now consider the singularly perturbed problem in (3.8) along with its initial and boundary
conditions of the following form:

−εψ
j+1

xx (x)+W3ψ j+1(x) = Z j(x),
ψ j+1(x,0) = S0(x), ∀x ∈Dx,

ψ j+1(0, t) = Sl(t j+1), 0≤ j ≤M−1,

ψ j+1(1, t) = Sr(1, t j+1), 0≤ j ≤M−1.

(3.19)

Now let’s define three nodal values using the concept of linear multistep finite difference
approximations for differential equations as outlined in [86] as follows

2

∑
s=0

αsU
j+1

i−s+1 =
2

∑
s=0

βs
(
U j+1

xx
)

i−s+1 , (3.20)

where the coefficients αs and βs are to be determined in terms of the mesh parameter hi. Using
this equation, we define the local truncation errors as follows

ζ
j+1

i = α0ψ
j+1

i−1 +α1ψ
j+1

i +α2ψ
j+1

i+1 −
[
β0
(
ψ

j+1
xx
)

i−1 +β1
(
ψ

j+1
xx
)

i +β2
(
ψ

j+1
xx
)

i+1

]
. (3.21)

Now suppose that the function ψ j+1(xi) be differentiable up to sixth-order. Using the Taylor
series for the terms ψ

j+1
i±1 and

(
ψ

j+1
xx

)
i±1

about the point xi as in the following manner:



ψ
j+1

i−1 = ∑
6
n=0

(−1)n

n! hn
i

(
ψ

j+1
xn

)
i
+O

(
h7

i
)
,

ψ
j+1

i+1 = ∑
6
n=0

(hi+1)
n

n!

(
ψ

j+1
xn

)
i
+O

(
h7

i+1
)
,(

ψ
j+1

xx

)
i−1

= ∑
4
n=0

(−1)n

n! hn
i

(
ψ

j+1
xn+2

)
i
+O

(
h7

i
)
,(

ψ
j+1

xx

)
i+1

= ∑
4
n=0

(hi+1)
n

n!

(
ψ

j+1
xn+2

)
i
+O

(
h7

i+1
)
.

(3.22)
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where
(

ψ
j+1

xn

)
i

is the nth derivative of ψ
j+1

i at xi and hi = xi− xi−1.
Now up on using the expanded forms of (3.22) into (3.21) and simplifying it gives

ζ
j+1

i = (α0 +α1 +α2)ψ
j+1

i +(α0hi+1−α2hi)
(
ψ

j+1
x
)

i

+

(
α0h2

i+1

2!
+

α2h2
i

2!
− (β0 +β1 +β2)

)(
ψ

j+1
xx
)

i

+

(
α0h3

i+1

3!
−

α2h3
i

3!
− (β0hi+1−β2hi)

)(
ψ

j+1
xxx
)

i

+

(
α0h4

i+1

4!
+

α2h4
i

4!
−

(
β0h2

i+1

2!
+

b2h2
i

2!

))(
ψ

j+1
xxxx
)

i

+

(
α0h5

i+1

5!
−

α2h5
i

5!
−

(
β0h3

i+1

3!
−

β2h3
i

3!

))(
ψ

j+1
xxxxx

)
i

+

(
α0h6

i+1

6!
+

α2h6
i

6!
−

(
β0h4

i+1

4!
+

β2h4
i

4!

))(
ψ

j+1
xxxxxx

)
i + . . . (3.23)

Since the finite difference approximation in (3.20) is order four and all other coefficients of
(3.23) are equal to zero except the coefficient of

(
ψ

j+1
xxxxxx

)
i
, then we get the following set of

equations. 

α0 +α1 +α2 = 0,
α0hi+1−α2hi = 0,
α0h2

i+1 +α2h2
i = 2(β0 +β1 +β2) ,

α0h3
i+1−α2h3

i = 6(β0hi+1−β2hi) ,

α0h4
i+1 +α2h4

i = 12
(
β0h2

i+1 +β2h2
i
)
,

α0h5
i+1−α2h5

i = 20
(
β0h3

i+1−β2h3
i
)
,

α0h6
i+1 +α2h6

i 6= 30
(
β0h4

i+1 +β2h4
i
)
.

(3.24)

To ensure that the finite difference approximation is consistent with the original differential
equation, we choose β0 +β1 +β2 = 1. This normalization guarantees that the main term ψ

j+1
i

is correctly preserved without any scaling error. It also reduces the number of free parameters
in the system, allowing the remaining coefficients to be uniquely determined so as to achieve
fourth-order accuracy.

With the condition β0 +β1 +β2 = 1, the resulting system of equations is solved using standard
elimination techniques, yielding the required set of coefficients.

α0 =
2

hi+1(hi+hi+1)
,

α1 =
−2

hihi+1
,

α2 =
2

hi(hi+hi+1)
.

and


β0 =

h2
i+1+hihi+1−h2

i
6hi+1(hi+hi+1)

,

β1 =
4hihi+1(hi+hi+1)+h3

i +h3
i+1

6hihi+1(hi+hi+1)
,

β2 =
hihi+1+h2

i−h2
i+1

6hi(hi+hi+1)
.

(3.25)
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expressing the second partial derivatives in (3.19) at the nodal point xi gives

(
ψ

j+1
xx

)
i−1

=
W3(i−1)ψ

j+1
i−1 −Z j

i−1
ε

,(
ψ

j+1
xx

)
i
=

W3iψ j+1
i −Z j

i
ε

,(
ψ

j+1
xx

)
i+1

=
W3(i+1)ψ

j+1
i+1 −Z j

i+1
ε

.

(3.26)

Substituting (3.25) and (3.26) into (3.21) and simplifying it, we get the fully discretized form of
the proposed problem of the form:

Lε
N,M

ψ
j

i ≡ Eiψ
j+1

i−1 +Fiψ
j+1

i +Giψ
j+1

i+1 = H j
i , i = 1,2,3, . . .N−1. (3.27)

where

Ei =
−2ε

hi+1(hi+1+hi)
+

W3(i−1)(h2
i+1+hihi+1−h2

i )
6hi+1(hi+1+hi)

,

Fi =
2ε

hihi+1
+

W3(i)(4hihi+1(hi+1+hi)+h3
i +h3

i+1)
6hihi+1(hi+1+hi)

,

Gi =
−2ε

hi(hi+1+hi)
+

W3(i−1)(h2
i +hihi+1−h2

i+1)
6hi(hi+1+hi)

,

H j
i =

(
h2

i+1+hihi+1−h2
i

6hi+1(hi+1+hi)

)
Z j

i−1 +

(
4hihi+1(hi+1+hi)+h3

i +h3
i+1

6hihi+1(hi+1+hi)

)
Z j

i +

(
h2

i +hihi+1−h2
i+1

6hi(hi+1+hi)

)
Z j

i+1,

W3(i) = ( 1
∆t +a j+1

i ) and Z j
i = f j+1

i +( 1
∆t )ψ

j
i .

(3.28)

Since the resulting tridiagonal system in (3.27) is a nonsingular M-matrix by theorem (2.1) of
Chapter (2), we solve it using matrix inverse method.

3.5 Uniform Convergence Analysis

Lemma 3.8. (Discrete Maximum Principle). Assume that φi is a mesh function which satisfies

φ0 ≥ 0 and φN ≥ 0. Then Lε
N

φi ≥ 0, 1≤ i≤ N−1 implies that φi ≥ 0, for 0≤ i≤ N.

Proof. Let φi a mesh function such that φ∗i = min1≤i≤Nφi and assume that φ∗i < 0.
It is clear that i ∈ {0,N} and therefore (φx)

∗
i = 0 and (φxx)

∗
i ≥ 0.

Using (3.22) into (3.21) and simplifying it gives

Lε
N

φi = α0φi−1 +α1φi +α2φi+1−
[
β0 (φxx)i−1 +β1 (φxx)i +β2 (φxx)i+1

]
,

= α0φ
∗
i−1 +α1φ

∗
i +α2φ

∗
i+1−

[
β0 (φxx)

∗
i−1 +β1 (φxx)

∗
i +β2 (φxx)

∗
i+1
]
,

< 0.
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This implies Lε
N

φi < 0, which contradicts to the assumption Lε
N

φi ≥ 0. Hence, φi ≥ 0.

Lemma 3.9. (Uniform Stability Estimate). If φi is any mesh function such that φ0 = 0 = φN ,

then

|φi| ≤ β
−1
4 max

1≤i≤N−1

∣∣Lε
N

φi
∣∣ , 0≤ i≤ N.

Proof. Let’s denote Yi = β
−1
4 max1≤i≤N−1

∣∣Lε
N

φi
∣∣ , 1≤ i≤ N−1.

Let us define two barrier functions Ω
±
i = YW3i±φi. Following a similar approach in Lemma

(2.2) and Ω
±
0 = 0 = Ω

±
N , for i = 1,2,3 . . . ,N−1, we get

Lε
N

Ω
±
i = YW3i +Lε

N
φi ≤ 0.

Since W3i ≥ β4 > 0, Lemma (3.8) implies that Ω
±
i ≥ 0, 0≤ i≤ N gives the required bound.

Remark 3.1. Since the above bounds on the derivatives of the solution are not sharp enough for
the proof of ε−uniform convergence, we need to derive stronger bounds. The stronger bounds
are now obtained by decomposing the exact solution ψ j+1(xi) in to a smooth and singular
components of the following forms as described in [2, 84]:

ψ
j+1 (xi)︸ ︷︷ ︸

Solution

= V j+1 (xi)︸ ︷︷ ︸
Smoodh Component

+ W j+1 (xi)︸ ︷︷ ︸
Singular Component

∀x ∈Dx.

Lemma 3.10. (Error Boundedness). The error in the solution at the grid point xi satisfies the

following estimate

∣∣∣δ (4)
xx ψ(xi)−ψ

′′
(xi)
∣∣∣≤


CN−4, ∀i ∈
[N

4 +1, 3N
4

]
,

C(lnN)4N−4, ∀i ∈
[
0, N

4

]
∪
[3N

4 +1,N
]
.

where 
δ
(4)
xx ψ(xi) =

−ψi−2+16ψi−1−30ψi+16ψi+1−ψi+2
12h2

R
, hR = 2(1−2τ)

N ,

δ
(4)
xx ψ(xi) =

−ψi−2+16ψi−1−30ψi+16ψi+1−ψi+2
12h2

L
, hL = 4τ

N .

Proof : To proof this, we first decompose the semi-discrete solution ψ j+1(xi) into smooth and
singular components of remark (3.1) and outlined in [84] of the following forms:

ψ
j+1(xi) =V j+1(xi)+W j+1(xi) (3.29)
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where the smooth component V j+1(xi) satisfies the non-homogeneous equation{
L N

ε V j+1(xi) = H j
i , i = 1,2,3, ...,N,

V j+1(0) = v j+1(0) and V j+1(1) = v j+1(1).

and the singular component W j+1(xi) satisfies the homogeneous equation{
L N

ε W j+1(xi) = 0, i = 1,2,3, ...,N,

W j+1(0) = w j+1(0), and W j+1(1) = w j+1(1).

where v j+1 and w j+1 are the exact solutions of problem (3.1) at ( j+1)th time level.
Based on this, the error in the numerical solution can be decomposed as

(
ψ

j+1−ψ
)
(xi) =

(
V j+1− v

)
(xi)+

(
W j+1−w

)
(xi). (3.30)

Case I. (Error in the smooth component): The error in the smooth component satisfies the
following estimate: ∣∣∣δ (4)

xx V (xi)− v
′′
(xi)
∣∣∣≤CN−4, ∀i ∈

[
N
4
+1,

3N
4

]
.

Proof. Let xi ∈ [τ,1−τ], where τ is defined as in (3.17) and the truncation error found in (3.23),
we have the bound in the smooth solution as follows:∣∣∣L N

ε

(
δ
(4)
xx V (xi)− v

′′
(xi)
)∣∣∣ =

∣∣∣L N
ε

(
δ
(4)
xx V (xi)

)
−L N

ε

(
v
′′
(xi)
)∣∣∣ ,

≤ C
(
(hi)

6 +(hi)
4
)
,C =

1
24
{‖β0‖∞

+‖β2‖∞
}
∥∥∥(Ui)

(6)
∥∥∥

∞

,

≤ C
(
h4

i
)
, since h4

i = max
0≤i≤N

{
h4

i ,h
6
i

}
and hi ≡ O

(
1
N

)
,

≤ CN−4.

This proves the error bound in the smooth component is of fourth-order accurate to the spatial
direction as presented in the theoretical session.

Case II. (Error in the singular component): The error in the singular component satisfies the
following bound:∣∣∣δ (4)

xx W (xi)−w
′′
(xi)
∣∣∣≤C(lnN)NN−4, ∀i ∈

[
0,

N
4

]
∪
[

3N
4

+1,N
]
.

Proof. Considering the points xi ∈ [0,τ]∪ [τ,1− τ], and the truncation error defined in (3.23),
the bound in the singular component can be proved as follows:
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∣∣∣L N
ε

(
δ
(4)
xx W (xi)−w

′′
(xi)
)∣∣∣ =

∣∣∣L N
ε

(
δ
(4)
xx V (xi)

)
−L N

ε

(
v
′′
(xi)
)∣∣∣ ,

≤ C
(
(hi)

6 +(hi)
4
)
, C =

1
24
{‖β0‖∞

+‖β2‖∞
}
∥∥∥(Ui)

(6)
∥∥∥

∞

,

≤ C
(
h4

i
)
, since h4

i = max
0≤i≤N

{
h4

i ,h
6
i

}
and hi ≡ O

(√
εlnN
N

)
,

≤ C(lnN)4N−4.

This demonstrates that the error bound in the singular component shows the scheme achieves
fourth-order accuracy, with a logarithmic factor, as discussed in the theoretical analysis of
Shishkin meshes.

Using the definition provided in (3.30), in conjunction with the results established in Cases I
and II, we derive the following error bounds for the spatial semi-discretization as required:∣∣∣δ (4)

xx ψ(xi)−ψ
′′
(xi)
∣∣∣≤C(N−4 +(lnN)4N−4), 0≤ i≤ N.

Theorem 3.1. Let ψ(x, t) and ψ
j+1

i be are solutions of the continuous and discrete problems in
(3.1) and (3.27) at ( j+1)th time level respectively. Then, the error estimate for the fully discrete
scheme can be defined in the following form as discussed in [87]:

sup
0≤i≤N, 0≤ j≤M

∣∣∣ψ(xi, t j+1)−ψ
j+1

i

∣∣∣≤C(N−4 +(lnN)4N−4 +∆t). (3.31)

Proof. Now, using Lemma (3.7) and Lemma (3.10), the uniform error estimate of the fully
discrete scheme is proved as

sup
0<ε≤1

max
i, j

∥∥∥ψ(xi, t j+1)−ψ
j+1

i

∥∥∥
DN

x ×DM
t
,

= sup
0<ε≤1

max
i, j

∥∥∥ψ(xi, t j+1)−ψ
j+1(xi)+ψ

j+1(xi)−ψ
j+1

i

∥∥∥ ,
= sup

0<ε≤1
max

i, j

∥∥ψ(xi, t j+1)−ψ
j+1(xi)

∥∥+ sup
0<ε≤1

max
i, j

∥∥∥ψ
j+1(xi)−ψ

j+1
i

∥∥∥ ,
≤ C(N−4 +(lnN)4N−4 +∆t).

Hence, the required bound can be defined as follows

sup
0<ε≤1

max
i, j

∥∥∥ψ(xi, t j+1)−ψ
j+1

i

∥∥∥
DN

x ×DM
t
≤C(N−4 +(lnN)4N−4 +∆t).

From the proofs, it is seen that the proposed scheme is fourth-order accurate in the spatial and
first-order accurate in the temporal directions before extrapolation.

59



Chapter 3 3.6. Richardson Extrapolation Technique

3.6 Richardson Extrapolation Technique

As discussed in Theorem (3.1) above, it is seen that the proposed scheme has low order of
accuracy in the temporal direction. This affects the overall order of convergence of the scheme.
To tackle this challenge, we use the Richardson extrapolation technique in the time dircetion as
described in [88].
Let D2M

t be the mesh obtained from bisecting the time step length ∆t such that DM
t ⊆D2M

t . If
ψ j(xi) and ψ

j(xi) be numerical solutions obtained from DM
t and D2M

t respectively, then

ψ(xi, t j)−ψ
j(xi) =C∆t +RM

j (xi), (xi, t j) ∈Dx×DM
t . (3.32)

ψ(xi, t j)−ψ
j(xi) =C

(
∆t
2

)
+R2M

j (xi), (x, t j) ∈Dx×D2M
t . (3.33)

where ψ(xi.t j) is the exact solution of the proposed problem at jth time level, RM
j (x) and R2M

j (x)

are the remainder terms of the error with order O(∆t2) and C is a constant independent of
the parameters ε,h and ∆t. Now, subtracting the inequality (3.33) from (3.32) to obtain the
extrapolation formula

ψ(xi, t j)−ψ
j(x)−2(ψ(xi, t j)−ψ

j(x)) = RM
j (x)−R2M

j (x). (3.34)

Simplifying (3.34), gives the required numerical solution as follows

ψ
ext(xi) = 2ψ

j(xi)−ψ
j(xi). (3.35)

Using the truncation error of the temporal discretization ψ j(x) = ψ(xi, t j)+C∆t +O(∆2t) and
ψ

j(xi) = ψ(xi, t j)+C ∆t
2 +O((∆t)2) in (3.35) gives

max
0≤ j≤M

∣∣ψext(xi)−ψ
j(xi)

∣∣≤C(∆t)2. (3.36)

where C is a constant independent of the parameter ε and mesh sizes N and M.
Now having all the above concepts, Theorem (3.1) is generalized as follows.

Theorem 3.2. Let ψ
j+1

i be the ( j+1)th time level numerical solution of the discrete problem in
(3.27) and ψ(xi, t j+1) be the analytical solution of problem(3.1). Then the maximum absolute
error of the proposed method after Richardson extrapolation is given by

sup
0<ε<1

max
0≤ j≤M

∣∣∣ψ(xi, t j+1)− (ψext)
j+1
i

∣∣∣≤C(N−4 +(lnN)4N−4 +(∆t)2). (3.37)
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3.7 Numerical Results and Discussions

The effectiveness of the proposed scheme is assessed through two benchmark problems, where
ε−uniform maximum absolute errors and convergence rates are evaluated for numerical simula-
tion and analysis, as detailed in Chapter 2.
Example 3.1. Consider a singularly perturbed unsteady parabolic-type reaction-diffusion prob-
lem of the form in [32].

ψt− εψxx +
1+x2

2 ψ = et−1+ sin(πx), (x, t) ∈ (0,1)× (0,1],
ψ(x,0) = 0,x ∈ [0,1],
ψ(0, , t) = ψ(1, t) = 0, t ∈ (0,1].

Example 3.2. Consider a singularly perturbed unsteady parabolic-type reaction-diffusion prob-
lem of the form in [34].

ψt− εψxx +
1+x2

2 ψ = t3, (x, t) ∈ (0,1)× (0,1],
ψ(x,0) = 0,x ∈ [0,1],
ψ(0, t) = ψ(1, t) = 0, t ∈ (0,1].

Since the analytical solutions are unknown, we apply the doubling mesh technique to find the
maximum absolute errors and the corresponding order of convergences as follows:
Before Extrapolation: Let ψN,M(xi, t j) and ψ2N,2M(xi, t j) be the numerical solutions with
mesh lengths (h,k 6= 0) and (h/2,∆t/2 6= 0) respectively, then

• The maximum absolute error is given by

EN,M
ε = max

0≤i, j≤N,M

∣∣ψN,M(xi, t j)−ψ
2N,2M(x2i, t2 j)

∣∣ . (3.38)

• The ε− uniform maximum absolute error is given by

EN,M = max
ε

EN,M
ε . (3.39)

• Corresponding ε-uniform order of convergence is RN,M = log2

(
EN,M

E2N,2M

)
.

After Extrapolation: Similarly, let ψ2N,2M(xi, t j) and (ψ
j

i )
ext be the numerical solutions with

mesh lengths (h/2,∆t/2 6= 0) and (h/4,∆t/4 6= 0) respectively, then

• The maximum absolute error is given by

EN,M
ε,ext = max

0≤i,m≤N,M

∣∣∣ψ2N,2M(x2i, t2 j)− (ψ
j

i )
ext(xi, t j)

∣∣∣ . (3.40)
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• The ε− uniform maximum absolute error is given by

EN,M
ext = max

ε
EN,M

ε,ext . (3.41)

• Corresponding ε-uniform order of convergence is RN,M
ε,ext = log2

(
EN,M

ext

E2N,2M
ext

)
.

Table 3.1: EN,M
ext and RN,M

ext for Example (3.1) after Richardson extrapolation

.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 40 M = 160 M = 640 M = 2560

2−6 3.2929e−04 8.1799e−04 1.9994e−04 4.6541e−05
2.0092 2.0325 2.1030

2−8 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05
2.0003 2.0012 2.0044

2−10 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05
2.0003 2.0012 2.0044

2−12 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05
2.0003 2.0012 2.0044

2−14 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05
2.0003 2.0012 2.0044

2−16 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05
2.0003 2.0012 2.0044

2−18 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05
2.0003 2.0012 2.0044

...
...

...
...

...
2−28 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05

2.0003 2.0012 2.0044
EN,M

ext 3.8559e−04 9.6337e−04 2.4072e−04 6.0078e−05
RN,M

ext 2.0003 2.0012 2.0044
Results in [32]
EN,M

ext 0.711e−02 0.178e−02 0.493e−02 0.163e−02
RN,M

ext 1.997 1.854 1.592
Results in [34]
EN,M

ext 1.742e−02 1.8201e−03 4.5900e−04 1.1502e−04
RN,M

ext 2.0395 1.9702 2.0005
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Table 3.2: EN,M
ext and RN,M

ext for Example (3.2) after Richardson extrapolation

.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 40 M = 160 M = 640 M = 2560

2−6 4.6129e−04 1.0703e−04 2.4800e−05 5.7452e−06
2.1076 2.1096 2.1099

2−8 4.9970e−04 1.2453e−04 2.8997e−05 6.7581e−06
2.0046 2.1025 2.1012

2−10 4.9970e−04 1.2453e−04 2.8997e−05 6.7581e−06
2.0046 2.1025 2.1012

2−16 4.9970e−04 1.2453e−04 2.8997e−05 6.7581e−06
2.0046 2.1025 2.1012

2−18 4.9970e−04 1.2453e−04 2.8997e−05 6.7581e−06
2.0046 2.1025 2.1012

2−20 4.9970e−04 1.2453e−04 2.8997e−05 6.7581e−06
2.0046 2.1025 2.1012

...
...

...
...

...
2−30 4.9970e−04 1.2453e−04 2.8997e−05 6.7581e−06

2.0046 2.1025 2.1012
EN,M

ext 4.9970e−04 1.2453e−04 2.8997e−05 6.7581e−06
RN,M

ext 2.0046 2.1025 2.1012
Results in [34]
EN,M

ext 1.742e−02 1.8201e−03 4.5900e−04 1.1502e−04
RN,M

ext 2.0395 1.9702 2.0005
Results in [100]
EN,M 5.2840e−04 1.3213e−04 3.3033e−05 8.2584e−06
RN,M 1.9997 1.9999 2.0000
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Figure 3.1: 2D solution graphs for Example (3.2) with values N = 64,M = 40

(a) ε = 2−2 (b) ε = 2−12

Figure 3.2: 3D solution graphs for Example (3.2) with values N = 64,M = 32

To examine the effectiveness of our proposed method, we consider two model problems. We
report the maximum absolute errors along with the corresponding rates of convergence in Tables
(3.1) and (3.2). For a fixed perturbation parameter ε , we observe that the errors decrease steadily
as the mesh sizes N and M increase. In contrast, for fixed mesh parameters, we find that the
errors remain nearly unchanged as ε decreases, which confirms the ε-uniform convergence of
the scheme.

Furthermore, the 2D and 3D plots in Figures (3.1) and (3.2) clearly show the formation of twin
boundary layers near x = 0 and x = 1, in agreement with the theoretical results. Finally, we
compare our method with existing approaches based on both accuracy and order of convergence,
and the results in Tables (3.1) and (3.2) demonstrate that our scheme outperforms the classical
backward Euler and fitted operator finite difference methods in [34], as well as the backward
Euler and central difference methods in [32].

3.8 Conclusion

In this chapter, we developed and analyzed a fitted numerical method for singularly perturbed
parabolic reaction–diffusion problems. The proposed scheme combines the implicit Euler
method for time discretization with a fourth-order fitted linear multistep method on Shishkin
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meshes for spatial discretization. Theoretical analysis shows that the method is parameter-
uniformly convergent, achieving second-order accuracy in time and fourth-order accuracy
in space after Richardson extrapolation. Numerical experiments confirm these results and
demonstrate that the proposed method is more efficient than several existing approaches in the
literature.
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Chapter 4

An Accelerated Fourth-Order Fitted
Numerical Scheme for Singularly

Perturbed Parabolic Reaction–Diffusion
Problems with Small Time Lag

This chapter presents a fitted numerical method for singularly perturbed delay differential
equations arising in applied sciences such as biology, engineering, and population dynamics.
The presence of a small perturbation parameter ε (0 < ε � 1) leads to sharp solution variations
and boundary layer behavior. The delay term is removed using a Taylor series expansion,
resulting in an asymptotically equivalent reaction–diffusion equation. A fitted numerical scheme
based on the implicit Euler method in time and a finite difference approximation in space
on uniform meshes is developed, with Richardson extrapolation used to improve accuracy.
Theoretical analysis confirms stability and high-order convergence, while numerical results
demonstrate the efficiency and superiority of the proposed method.

4.1 Introduction

Delay differential equations (DDEs) arise in modeling a wide range of real-life phenomena in
engineering and science, including physiological processes [70], population dynamics [71], dis-
ease spread and control [72], diffusion in polymers [73], epidemiology [74], and hydrodynamics
of liquid helium [75]. Singularly perturbed delay differential equations (SPPDDEs) are DDEs in
which the highest-order derivative is multiplied by a small perturbation parameter ε (0 < ε � 1)
and contain at least one delay term δ > 0. SPPDDEs commonly arise in practical applications
such as biological and chemical reactions, population growth [22], and epidemiology [25] .
Examples of delays include signal transmission times, driver reaction times, red blood cell
production, and cell division in viral dynamics [76]. Time delays are thus natural components of
dynamic processes in biology, ecology, physiology, economics, and mechanics [77].
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The presence of a small perturbation parameter ε in SPPDDEs often produces boundary and/or
interior layers, where the solution changes very rapidly. Due to these reasons, the standard
numerical methods fail to capture these features accurately without extremely fine meshes,
which increase round-off errors and computational cost [78], highlighting the need for parameter-
independent schemes [63]. To address this, several parameter-uniformly convergent methods
have been developed [79, 80], including fitted operator techniques, fitted meshes, and domain
decomposition methods. Extensive studies have applied such schemes to parabolic SPPDDEs
arising from reaction–diffusion problems [37, 81, 82].

Although existing schemes have provided valuable contributions, they often exhibit limitations
in accuracy and low orders of convergence. Inspired with these limitations, we formulated and
analyzed a fitted numerical method for reaction–diffusion SPPDDEs with small time lag. The
proposed scheme employs Crank–Nicolson and NSFD approaches in the temporal and spatial
discretization on uniform meshes, respectively.

4.2 Problem formulation

This chapter deals with a class of singularly perturbed parabolic differential–difference equations
presented in the governing problem (1.12).

ψt(x, t)− εψxx(x, t)+a(x, t)ψ(x, t)+b(x, t)ψ(x, t−δ ) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x, t) = S0(x, t) ∀(x, t) ∈ µ0 = [0,1]× [−δ ,0],

ψ(0, t) = Sl(t) ∀t ∈ µl = {(0, t) : 0≤ t ≤ T} ,

ψ(1, t) = Sr(t)) ∀t ∈ µr = {(1, t) : 0≤ t ≤ T} .

(4.1)

where Lε,δ ψ(x, t) := ψt(x, t)− εψxx(x, t)+ a(x, t)ψ(x, t)+ b(x, t)ψ(x, t − δ ) is a differential
operator and ε,(0 < ε � 1), is a singular perturbation parameter such that, δ < ε is a small
delay parameters which satisfies the relation δ = O(ε). To control sudden blow ups in the
reaction terms, the functions a(x, t),b(x, t) and f (x, t) on Dxt are assumed to be sufficiently
smooth, bounded, and satisfy

a(x, t)+b(x, t)≥ α > 0,b(x, t)≥ 0 ∀(x, t) ∈Dxt . (4.2)

Following the approach in [24] and assuming that δ < ε , we approximate the delay term via
Taylor series expansion as follows:

ψ(x, t−δ ) = ψ(x, t)−δψt(x, t)+O(δ 2). (4.3)
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Chapter 4 4.3. Properties of the Analytic Solution

Utilizing (4.3) into (4.1), we get a transformed equation together with the initial and boundary
conditions of the form below:

LCε
ψ := ψt(x, t)−Cε(x, t)ψxx(x, t)+A(x, t)ψ(x, t) = F(x, t), ∀(x, t) ∈Dxt ,

ψ(x,0) = S0(x) ∀x ∈ µb =
{
(x,0) : x ∈Dx

}
,

ψ(0, t) = Sl(0, t) ∀(x, t) ∈ µl =
{
(x, t) : x = 0, t ∈D t

}
,

ψ(1, t) = Sr(1, t)) ∀(x, t) ∈ µr =
{
(x, t) : x = 1, t ∈D t

}
.

(4.4)

where Cε(x, t)≥Cε > 0 is a modified perturbation parameter to (4.4) such that 0≤Cε � 1.

Q(x, t) = 1/(1−δb(x, t)) ∀(x, t) ∈Dxt ,

Cε(x, t) = εQ(x, t) ∀(x, t) ∈Dxt ,

A(x, t) = (a(x, t)+b(x, t))Q(x, t) ∀(x, t) ∈Dxt ,

F(x, t) = Q(x, t) f (x, t) ∀(x, t) ∈Dxt .

(4.5)

For the existence of a unique solution, the functions A(x, t) and F(x, t) on Dxt are assumed to be
sufficiently smooth, bounded, and satisfy

A(x, t)≥ β > 0 ∀(x, t) ∈Dxt . (4.6)

4.3 Properties of the Analytic Solution

The existence and uniqueness of the solution of problem (4.4) can be established by assuming
the data is Hölder continuous on the domain Dxt [83]. The required compatibility condition
at the corner points (0,0) and (1,0) are defined as S0(0,0) = Sl(0), S0(1,0) = Sr(0) and
satisfy {

∂Sl(0)
∂ t −Cε

∂ 2S0(0,0)
∂x2 +A(0,0)S0(0,0) = F(0,0),

∂Sr(0)
∂ t −Cε

∂ 2S0(1,0)
∂x2 +A(1,0)S0(1,0) = F(1,0).

(4.7)

where S0(x, t), Sl(x, t) and Sr(x, t) are supposed to be sufficiently smooth functions. These
conditions ensure that the problem in (4.4) has unique solution ψ(x, t) ∈ C(4,2) (Dxt

)
which

exhibits boundary layers each of width O(
√

Cε) at x = 0 and x = 1.
Lemma 4.1. (Continuous Maximum Principle): Assume that φ(x, t) is any sufficiently smooth

function satisfying φ(x, t)≥ 0,∀(x, t) ∈ ∂Dxt =Dxt \Dxt and LCε
φ(x, t)≥ 0,∀(x, t) ∈Dxt then,

φ(x, t) ≥ 0,∀(x, t) ∈ Dxt , where the differential operator is defined by LCε
φ(x, t) = φt(x, t)−

Cεφxx +A(x, t)φ(x, t).

68



Chapter 4 4.4. Formulation of Numerical Schemes

Proof. The proof is similar to the proof of Lemma (2.1) of Chapter (2).

Lemma 4.2. (Uniform Stability Estimate): If ψ(x, t) ∈C2,1(Dxt) be the solution of the continu-

ous problem in problem (4.4) ,then it satisfies the bound

|ψ(x, t)| ≤ β
−1||F ||+max{|S0(x)|, |Sl(t)|, |Sr(t)|} .

Proof. The proof is similar to the proof of Lemma (2.2) of Chapter (2).

Lemma 4.3. As presented in [? ] let ψ(x, t) be the solution of the problem (4.4) at the time

level j . Then we have

∣∣ψ i, j(x, t)
∣∣≤C

1+C−i/2
ε

exp(−

√
β

Cε

x+ exp(−

√
β

Cε

(1− x))

 . (4.8)

where 0≤ i+2 j ≤ 4 and β is the lower bound of A(x, t) as shown in (4.6).

Proof. The proof is similar to the proof of Lemma (2.3) of Chapter (2).

4.4 Formulation of Numerical Schemes

This section deals with the semi-discretization of the problem along the temporal and spatial
directions. Finally, we combined the two discretized problems together and found the fully
discrete solution of the proposed problem defined in ((4.4)).

4.4.1 Temporal discretization:

Divide the time domain [0,T ] in to equal number of M mesh intervals of length j

D
M
t =

{
t j : t j = j∆t, j = 0,1,2,3, . . .M and ∆t =

T
M

}
. (4.9)

Following the approach in [65] and using Crank Nicolson method, the problem (4.4) is dis-
cretized in following forms:

ψ j+1−ψ j

∆t =−Cε(
ψ

j+1
xx +ψ

j
xx

2 )− ((A j+1ψ) j+1+(A jψ) j)
2 + f j+1+ f j

2 ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(4.10)
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Chapter 4 4.4. Formulation of Numerical Schemes

Again rearranging the jth and ( j+1)th time level equations gives

−Cεψ
j+1

xx (x)+W1(x)ψ j+1(x) = h(x),
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1), 0≤ j ≤M−1.

(4.11)

where W1(x) = ( 2
∆t +A j+1) and h(x) =Cεψ

j
xx(x)+W2(x)ψ j(x)+( f j+1 + f j)(x) and W2(x) =

( 2
∆t −A j). To check the semi-discrete maximum principle and stability estimate of the temporal

direction of the proposed scheme, we first rewrite (4.11) at ( j+1)th time level in-terms of spatial
variables as follows:L ∗Γ :≡−CεΓ

′′
(x)+W1(x)Γ(x) = h(x), ∀x ∈Dx,

Γ(0) = Sl(t j+1), Γ(1) = Sr(t j+1), ∀t j+1 ∈D
M
t .

(4.12)

where Lε
∗ =−CεΓ

′′
(x)+W1(x)Γ(x) is a semi-discrete operator , Γ(x) = ψ j+1(x).

Lemma 4.4. (Semi-discrete Maximum Principle): If Γ j+1(x) ∈C2(Dx) is the solution of the

semi-discrete problem (4.12) such that Γ j+1(0) ≥ 0,Γ j+1(1) ≥ 0 on ∂Dx and L ∗Γ j+1(x) ≥
0, ∀x ∈Dx, then Γ j+1(x)≥ 0, ∀x ∈Dx.

Proof. The proof is similar to the proof of Lemma (2.4) of Chapter (2).

Lemma 4.5. (Stability Estimate): Let Γ(x) be the solution of the semi-discrete problem

(4.12).Then we have

||Γ(x)|| ≤ β
−1
3 ||L

∗
Γ(x)||+ ||Γ(x)||Dx , W1(x)≥ β3 > 0. (4.13)

Proof. The proof is similar to the proof of Lemma (2.5) of Chapter (2).

The local truncation error of the semi-discrete problem (4.11) is given by e j+1 ≡ψ(x, t j)−ψ j+1

, where ψ j+1 is the computed solution of the proposed boundary value problem. Moreover,
this error measures the contribution of each time step to the global error of the temporal
semi-discretization.
Lemma 4.6. (Local Error Estimate): Suppose that∣∣∣∣∂ iψ(x, t)

∂ t i

∣∣∣∣≤C,∀(x, t) ∈Dx and 0≤ i≤ 2.

Then the local error estimate in the temporal direction is given by

||e j+1||∞ ≤C1(∆t)3. (4.14)
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Proof. The proof is similar to the proof of Lemma (2.6) of Chapter (2).

Lemma 4.7. (Global Error Estimate): Based on the assumption of Lemma (4.6) the global

error estimate of the semi-discretization at jth time level is given by

||E j||∞ ≤C2(∆t)2. (4.15)

Proof. The proof is similar to the proof of Lemma (2.7) of Chapter (2).

4.4.2 Spatial Domain Discretization

Let the domain [0,1] be divided into N equal mesh points of width h, giving the discretization of
Dx as:

D
N
x =

{
x0 = 0,xi = ih,xN = 1, i = 1,2,3, . . .N−1 and h =

1
N

}
. (4.16)

Non-Standard Finite Difference Scheme: To construct the exact finite difference approach, we
considered the following constant coefficient homogeneous differential equations, corresponding
to problem (4.4) with the discrete initial and boundary conditions as described in [66] and [? ]:
−Cε

[
ψ

j+1
i+1 −2ψ

j+1
i +ψ

j+1
i−1

η2
i, j+1

]
+W1iψ

j+1
i =Cε

[
ψ

j
i+1−2ψ

j
i +ψ

j
i−1

η2
i, j

]
−W2iψ

j
i + f j+1

i + f j
i ,ψ

j+1
0 = ψ

j+1
N = 0, j = 0,1,2, . . . ,M−1,

ψ0
i = 0, i = 0,1,2, . . . ,N.

(4.17)

The denominator functions η2
i, j+1 and η2

i, j to be determined from the following steps.
Consider the homogeneous part of (4.17) with constant coefficients, where the constant coeffi-
cients are the lower bounds of the coefficient functions as follows:

−Cε

d
dx2 ψ

j+1 +β3ψ
j+1 = 0. (4.18)

The corresponding characteristic equation is given by −Cεθ 2 +β2 = 0. So, the two linearly
independent solutions of (4.18) are given by

exp(θ1x) and exp(θ1x), θ1,θ2 =±

√
β3

Cε

. (4.19)

Hence, ψ
j+1

i = c1 exp(θ1xi)+ c2 exp(θ2xi) is the general solution of (4.18). Now, by taking the
successive points and applying the theory of difference equations as presented in [34] and [68],
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the following set of equations can be obtained:∣∣∣∣∣∣∣
ψ

j+1
i−1 exp(θ1xi−1) exp(θ2xi−1)

ψ
j+1

i exp(θ1xi) exp(θ2xi)

ψ
j+1

i+1 exp(θ1xi+1) exp(θ2xi+1)

∣∣∣∣∣∣∣= 0. (4.20)

Rearranging (4.20), we get∣∣∣∣∣∣∣
ψ

j+1
i−1 exp(θ1(xi−h)) exp(θ2(xi−h))

ψ
j+1

i exp(θ1xi) exp(θ2xi)

ψ
j+1

i+1 exp(θ1(xi +h)) exp(θ2(xi +h))

∣∣∣∣∣∣∣= 0. (4.21)

Factorizing the above equation gives

exp(θ1xi +θ2xi)

∣∣∣∣∣∣∣
ψ

j+1
i−1 exp(−θ1h)) exp(−θ2h)

ψ
j+1

i 1 1
ψ

j+1
i+1 exp(θ1h) exp(θ2h)

∣∣∣∣∣∣∣= 0. (4.22)

Solving the determinant in (4.22) gives

exp((θ1 +θ2)xi)[(exp(θ2h)− exp(θ1h))ψ j+1
i−1

− (exp(θ2−θ1)h− exp(θ1−θ2)h)ψ
j+1

i

+ (exp(−θ1h)− exp(−θ2h))ψ j+1
i+1 ]. (4.23)

Replacing θ1 = −
√

β3
Cε

and θ2 =
√

β3
Cε

in (4.23) and simplifying the terms using the double
angle formula for hyperbolic functions, we get the exact finite difference scheme for (4.23) as
follows:

ψ
j+1

i−1 −2cosh

√β3

Cε

ψ
j+1

i +ψ
j+1

i+1 = 0. (4.24)

After some rearrangements, we get

−Cε

ψ
j+1

i−1 −2ψ
j+1

i +ψ
j+1

i+1

4
(

Cε

β3

)(
sinh2

(
1
2h
√

β3
Cε

)) +β3ψ
j+1

i+1 = 0. (4.25)

for i = 1,2, . . . ,N− 1. As a result, the denominator function for the second order derivative
approximation can be found as

η
2(Cε ,h) = 4

(
Cε

β3

)sinh2

1
2

h

√
β3

Cε

 . (4.26)
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For i = 1,2,3, . . . ,N−1, j = 0,1,2, . . . ,M−1 , we defined the general variable coefficient form
of the denominator function as follows:

η
2
i, j+1 = 4

(
Cε

W1(xi, t j+1)

)sinh2

1
2

h

√
W1(xi, t j+1)

Cε

 . (4.27)

Similarly considering the homogeneous differential equation (4.3) of the jth time level can be
written as

Cε

d
dx2 ψ

j−β4ψ
j = 0. (4.28)

The linearly independent solutions of (4.28) is defined as exp(θ1x) and exp(θ2x), where θ1,θ2 =

±
√

β4
Cε

and W2(xi, t j)≥ β4 > 0 .
Following the same procedure, the jth level denominator function can be obtained as follows:

η
2(Cε ,h) = 4

(
Cε

β4

)sinh2

1
2

h

√
β4

Cε

 . (4.29)

Similarly we can define the general variable coefficient denominator function for the jth time
level as follows:

η
2
i, j = 4

(
Cε

W2(xi, t j)

)sinh2

1
2

h

√
W2(xi, t j)

Cε

 . (4.30)

Remark 4.1. As we have discussed in chapter (2) of remark (2.1), here we take the approximate
value of the standard mesh length with the denominator function as follows:

h2 ≈ η
2
i, j+1 = h2

α
4 +

h4 Φ6

12
+

h6 Φ8

180
+ · · · ,where Φ =

√
W1(xi, t j+1)

Cε

.

4.4.3 The Fully Discrete Problem:

In this section we combined the temporal and spatial semi-discretized results by substituting
(4.27) and (4.29) into (4.11) as follows

−Cε

[
ψ

j+1
i+1 −2ψ

j+1
i +ψ

j+1
i−1

]
η2

i, j+1
+W j+1

1i ψ
j+1

i = Cε

[
ψ

j
i+1−2ψ

j
i +[ψ

j
i−1

]
η2

i, j

− W j
2iψ

j
i + f j

i + f j+1 (4.31)
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Simplifying these equations we get, the tri-diagonal system of equations of the form:

L N,M
Cε

:= R−i ψ
j+1

i−1 +Rc
i ψ

j+1
i +R+

i ψ
j+1

i+1 = G j
i ,

ψ0
i = S 0

0 (xi), i = 0,1,2, . . . ,N−1,

ψ
j+1

0 = S j+1
l (0), j = 0,1,2, . . . ,M−1,

ψ
j+1

N = S j+1
r (1), j = 0,1,2, . . . ,M−1.

(4.32)

where the coefficients of the tri-diagonal system are to be determined for i = 1,2,3, . . . ,N−
1, and j = 0,1,2, . . . ,M−1 using the subsequent equations

R−i = −Cε

η2
i, j+1

,

Rc
i =

(
2Cε

η2
i, j+1

+ 2
∆t +A j+1

i

)
,

R+
i = −Cε

η2
i, j+1

,

G j
i =Cε

[
ψ

j
i+1−2ψ

j
i +[ψ

j
i−1

]
η2

i, j
−C j

i ψ
j

i + f j
i + f j+1.

(4.33)

Since the resulting tridiagonal system in (4.32) is a nonsingular M-matrix by theorem (2.1) of
Chapter (2), we solve it using matrix inverse method.
Lemma 4.8. (Discrete Maximum Principle): Let φ

j+1
i be any mesh function defined on D

N.M
xt

such that φ
j+1

0 ≥ 0 and φ
j+1

N ≥ 0 as outlined in [64]. Then L N,M
Cε

φ
j+1

i ≥ 0, for i= 1,2,3, ...,N−
1 implies that φ

j+1
i ≥ 0, for i = 0,1,2, ...,N.

Proof. The proof is similar to the proof of Lemma (2.8) of Chapter (2).

Lemma 4.9. (Uniform Stability Estimate): Suppose that φ
j+1

i be any mesh function at ( j+1)th

level such that φ
j+1

0 = 0 = φ
j+1

N [34]. Then∣∣∣φ j+1
i

∣∣∣≤ 1
β

max
1≤ j≤M−1

∣∣∣L N,M
Cε

φ
j+1

i

∣∣∣ , for 1≤ i≤ N−1.

Proof. The proof is similar to the proof of Lemma (2.9) of Chapter (2).

4.5 Uniform Convergence Analysis

Theorem 4.1. Let ψ(x, t j+1) and ψ
j+1

i be the solutions of (4.11) and (4.31) respectively. Then
we have

max
0≤i≤N, 0≤ j≤M

∣∣∣ψ j+1
i −ψ(x, t j+1)

∣∣∣≤Ch2.
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Proof. For the proof of this theorem, we let Cε and η as perturbation parameter and denominator
function respectively.

∣∣∣L N,M(ψ j+1(xi)−ψ
j+1

i )
∣∣∣ =

∣∣∣∣−Cε

d2ψ j+1(xi)

dx2 +Cεδ
2
ψ

j+1
i

∣∣∣∣ ,
=

∣∣∣∣−Cε

d2ψ j+1(xi)

dx2 +
Cε

η2
i

(
ψ

j+1
i−1 −2ψ

j+1
i +ψ

j+1
i+1

)∣∣∣∣ ,
≤ Ch2.

The detailed proof can be found in Theorem (2.2) of Chapter (2).

Theorem 4.2. For the analytic solution ψ(x, t) of (4.4) and the fully discrete solution ψ
j

i of
(4.31), the uniform error estimate can be defined as

max
0≤i≤N, 0≤ j≤M

∣∣∣ψ j+1
i −ψ(x, t j+1)

∣∣∣≤C
(
h2 +(∆t)2) .

Proof. Using the triangle inequality, we have the following facts∣∣∣ψ(x, t j+1)−ψ
j+1

i

∣∣∣ =
∣∣∣ψ(x, t j+1)−ψ

j+1
i (xi)+ψ

j+1
i (xi)−ψ

j+1
i

∣∣∣ ,
≤

∣∣∣ψ(x, t j+1)−ψ
j+1

i (xi)
∣∣∣+ ∣∣∣ψ j+1

i (xi)−ψ
j+1

i

∣∣∣ ,
= Ch2 +C(∆t)2, using Lemma (4.7) and Theorem (4.1),

= C(h2 +(∆t)2).

Hence, the proof yields the required uniform error estimate.

The preceding analysis shows that the proposed scheme attains second-order uniform conver-
gence prior to extrapolation. To further enhance the accuracy and raise the order of convergence,
the Richardson extrapolation technique is employed, as described below.

4.6 Richardson Extrapolation Technique

The Richardson extrapolation technique is used to accelerate the order of the method. Using
theorem (4.2) at the jth time level, we have∣∣∣ψ j

i −ψ
j
i

∣∣∣≤C(h2 +(∆t)2). (4.34)

where ψ
j

i and ψ
j
i are numerical solutions on the mesh intervals DN,M and D2N,2M respectively

so that that C is a parameter independent constant [69].
Moreover, since ψ

j
i is obtained by doubling the mesh DN,M then, the mesh sizes h 6= 0 and
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∆t 6= 0 in (4.34) becomes

ψ
j

i (xi, t j)−ψ
j
i (xi, t j)≤C(h2 +(∆t)2)+RN,M, (xi, t j) ∈ DN,M. (4.35)

Again using the mesh sizes h/2, ∆t/2 6= 0 (4.35) becomes

ψ
j

i (xi, t j)−ψ
j
i (xi, t j)≤C

(
h2

4
+

(∆t)2

4

)
+R2N,2M, (xi, t j) ∈ D2N,2M. (4.36)

where the remainders RN,M and R2N,2M are O(h4 +(∆t)4). Taking the difference of (4.36) and
(4.35) we get the subsequent general extrapolation formula.

(
ψ

j
i

)ext
=

4ψ
j
i −ψ

j
i

3
. (4.37)

where
(

ψ
j

i

)ext
is the numerical solution obtained from the Richardson extrapolation technique

with truncated error of the form∣∣∣ψ j
i − (ψ

j
i )

ext
∣∣∣≤C(h4 +(∆t)4). (4.38)

From these discussions, we generalized the following Theorem for the general purpose of the
Richardson extrapolation technique.
Theorem 4.3. Let (ψ j

i )
ext be the numerical solution of (4.31) obtained after the application of

Richardson extrapolation technique and ψ
j

i be the numerical solution of the problem in (4.4).
Then, the maximum absolute error encountered is defined by∣∣∣ψ j

i − (ψ
j

i )
ext
∣∣∣≤C(h4 +(∆t)4).

From the overall constructions and discussions, we concluded that using Richardson extrapola-
tion technique accelerates the proposed method to fourth order uniformly convergent scheme in
both spacial and temporal directions.
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4.7 Numerical Results and Discussions

The performance of the proposed scheme is examined using two model problems, with ε−uniform
maximum absolute errors and convergence rates computed to evaluate its numerical behavior, as
discussed in Chapter 2.
Example 4.1. Consider the singularly perturbed parabolic reaction diffusion problem subject to
the initial-boundary conditions as presented in [37, 81, 82] .

ψt− εψxx +
1+x2

2 ψ +ψ(x, t−δ ) = t3, ∀(x, t) ∈ (0,1)× (0,2],

ψ(x, t) = 0, ∀(x, t) ∈ [0,1]× [−δ ,0],

ψ(0, t) = 0,ψ(1, t) = 0, ∀t ∈ (0,2].

Example 4.2. Consider the unsteady 1D singularly perturbed parabolic reaction-diffusion
problem subject to the initial-boundary conditions of the form outlined in [37].

ψt− εψxx +(1.1+ x2)ψ +ψ(x, t−δ ) = t3, ∀(x, t) ∈ (0,1)× (0,2],

ψ(x, t) = 0, ∀(x, t) ∈ [0,1]× [−δ ,0],

ψ(0, t) = 0,ψ(1, t) = 0, ∀t ∈ (0,2].

Since the analytical solutions are unknown, we apply the doubling mesh technique to find the
maximum absolute errors and the corresponding order of convergences as follows:

Before Extrapolation: Let ψN,M(xi, t j) and ψ2N,2M(xi, t j) be the numerical solutions with
mesh lengths (h,k 6= 0) and (h/2,∆t/2 6= 0) respectively, then

• The maximum absolute error is given by

EN,M
ε = max

0≤i, j≤N,M

∣∣ψN,M(xi, t j)−ψ
2N,2M(x2i, t2 j)

∣∣ . (4.39)

• The ε− uniform maximum absolute error is given by

EN,M = max
ε

EN,M
ε . (4.40)

• Corresponding ε-uniform order of convergence is RN,M = log2

(
EN,M

E2N,2M

)
.

After Extrapolation: Similarly, let ψ2N,2M(xi, t j) and (ψ
j

i )
ext be the numerical solutions with

mesh lengths (h/2,∆t/2 6= 0) and (h/4,∆t/4 6= 0) respectively, then
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• The maximum absolute error is given by

EN,M
ε,ext = max

0≤i,m≤N,M

∣∣∣ψ2N,2M(x2i, t2 j)− (ψ
j

i )
ext(xi, t j)

∣∣∣ . (4.41)

• The ε− uniform maximum absolute error is given by

EN,M
ext = max

ε
EN,M

ε,ext . (4.42)

• Corresponding ext-uniform order of convergence is RN,M
ext = log2

(
EN,M

ext

E2N,2M
ext

)
.

Table 4.1: EN,M and RN,Mfor Example (4.1) before and after extrapolations

.

δ = 0.5∗ ε N = 64 N = 128 N = 256 N = 512
ε ↓ M = 20 M = 40 M = 80 M = 160
Before extrapolation
2−20 1.3350e−03 3.3370e−04 8.3421e−05 2.0851e−05
2−22 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−24 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−26 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−28 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−30 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−32 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−34 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−36 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−38 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
2−40 1.3350e−03 3.3370e−04 8.3423e−05 2.0840e−05
EN,M 1.3350e−03 3.3370e−04 8.3423e−05 2.0851e−05
RN,M 2.0002 2.0001 2.003 —
Results in [37]
EN,M 4.8841e−02 2.6058e−02 1.3450e−02 6.9381e−03
RN,M 0.9064 0.9541 0.9550 —
Results in [82]
EN,M

ε 1.7554e−001 2.6693e−001 3.1039e−001 3.5689e−01
RN,M

ε -0.6047 -0.2176 -0.2014 —
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Table 4.2: EN,M and RN,Mfor Example (4.2) before and after extrapolations

.

δ = 0.5∗ ε N = 32 N = 64 N = 128 N = 256
ε ↓ M = 4 M = 8 M = 16 M = 32

Before Extrapolation
10−7 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−8 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−9 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−10 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−12 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−14 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−16 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−17 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−18 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−19 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
10−20 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
EN,M 3.3031e−03 8.2478e−04 2.0610e−04 5.1519e−05
RN,M 2.0026 2.0007 2.0002 —
Results in [37]
EN,M 6.7384e−02 3.9822e−02 2.1533e−03 1.1184e−03
RN,M 0.7588 0.8870 0.9452 —

After Extrapolation
10−7 6.9996e−06 4.0617e−07 2.5096e−08 1.5581e−09
10−8 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−9 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−10 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−12 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−14 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−16 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−17 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−18 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−19 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
10−20 6.8718e−06 4.0581e−07 2.5096e−08 1.5581e−09
EN,M

ext 6.9996e−06 4.0617e−07 2.5096e−08 1.5581e−09
RN,M

ext 4.1052 4.0006 4.0096 —
Results in [37]
EN,M

ext 3.5282e−03 9.1961e−04 3.3499e−04 5.9612e−05
RN,M

ext 1.9398 1.9684 1.9789 —
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Table 4.3: EN,M and RN,Mfor Example (4.2) for fixed ε , different values of δ

.

ε = 0.1
δ = β ∗ ε ↓ N,M→ N = 32 N = 64 N = 128 N = 256

M = 4 M = 8 M = 16 M = 32

Before extrapolation
0.0500 2.0604e−02 5.1506e−03 1.3074e−03 3.3796e−04

2.0001 1.9781 1.9517
0.0250 2.1044e−02 5.2591e−03 1.3342e−03 3.4461e−04

2.0005 1.9788 1.9530
0.0125 2.1259e−02 5.3122e−03 1.3474e−03 3.4786e−04

2.0007 1.9791 1.9536
0.0100 2.1454e−02 5.3605e−03 1.3594e−03 3.5082e−04

2.0008 1.9794 1.9542
EN,M 2.1454e−02 5.3605e−03 1.3594e−03 3.5082e−04
RN,M 2.0008 1.9794 1.9542 —
ε = 0.01
δ = β ∗ ε ↓ N,M→ N = 32 N = 64 N = 128 N = 256

M = 4 M = 8 M = 16 M = 32

Before extrapolation
0.00500 4.7190e−02 1.1776e−02 2.9553e−03 7.4724e−04

2.0026 1.9945 1.9837
0.00250 4.7221e−02 1.1784e−02 2.9573e−03 7.4771e−04

2.0026 1.9945 1.9837
0.00125 4.7236e−02 1.1788e−02 2.9582e−03 7.4794e−04

2.0025 1.9945 1.9837
0.00100 4.7239e−02 1.1789e−02 2.9584e−03 7.4798e−04

2.0025 1.9945 1.9838
EN,M 4.7239e−02 1.1789e−02 2.9584e−03 7.4798e−04
RN,M 1.9945 2.0025 1.9838 —
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Figure 4.1: 2D solution graph for Example (4.1) with values N = 256,M = 32.

(a) ε = 10−0 (b) ε = 10−22

Figure 4.2: 3D solution graph for Example (4.1) with values N = 256,M = 32.
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Figure 4.3: 2D solution graph for Example (4.2) with values N = 64,M = 8.

(a) ε = 10−0 (b) ε = 10−18

Figure 4.4: 3D solution graph for Example (4.2) with values N = 64,M = 8.
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(a) Example (4.1) (b) Example (4.2)

Figure 4.5: Log log plots for different with values meshes N = 64,128,256 and M = 8,16,32.

To validate the effectiveness and applicability of our proposed method, we consider three model
problems. We present the maximum absolute errors and the corresponding orders of convergence
for Examples (4.1) and (4.2) in Tables (4.1), (4.2), and (4.3). For a fixed perturbation parameter
ε , we observe that the maximum absolute errors decrease as the mesh parameters N and M

increase along a row. Conversely, for fixed mesh sizes N and M, the errors remain nearly uniform
across columns as ε decreases, indicating parameter-uniform behavior.

These results confirm that our scheme is uniformly convergent with fourth-order accuracy after
Richardson extrapolation. Furthermore, the 2D and 3D plots in Example (4.1) (Figure (4.1))
and Example (4.2) (Figure (4.2)) clearly show that decreasing ε leads to the formation of twin
boundary layers near x = 0 and x = 1, consistent with the analytical results. The log-log plots in
Figure (4.5) further demonstrate the parameter-uniform convergence of the proposed scheme.

In Table (4.3), we also analyze the effect of the delay term δ . For fixed step sizes h and ∆t, we
observe that the maximum absolute error increases as δ decreases for ε = 0.1 and ε = 0.01. In
contrast, for a fixed δ , the error decreases as the mesh is refined. This shows that smaller delay
values can increase the error, suggesting that the method performs better when δ is chosen closer
to ε but distinct from it. Finally, comparisons in Tables (4.1) and (4.2), based on both accuracy
and order of convergence, demonstrate that our method outperforms the existing methods in
[37] and [82].

4.8 Conclusion

This chapter develops a higher-order fitted numerical method for singularly perturbed parabolic
reaction–diffusion problems with a small time lag. The scheme combines Crank–Nicolson
time discretization with a nonstandard finite difference spatial approximation. Theoretical
and numerical results confirm parameter-uniform convergence with fourth-order accuracy via
Richardson extrapolation, while computational experiments demonstrate its efficiency and
improved performance over existing methods.
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Chapter 5

An Exponentially Fitted Upwind Scheme
for Singularly Perturbed Parabolic

Convection–Diffusion Problems with
Mixed Shift Parameters in the Reaction

Term

This chapter presents a fitted numerical method for singularly perturbed differential equations
with mixed shift parameters. The presence of a small perturbation parameter ε (0 < ε � 1)
multiplying the highest-order derivative leads to the formation of a right boundary layer, causing
classical numerical schemes on uniform meshes to lose accuracy. To address this difficulty,
Taylor series expansions are employed to approximate the positive and negative shift terms,
thereby transforming the original problem into an asymptotically equivalent form without
shift parameters. A Crank–Nicolson scheme is applied for temporal discretization, while an
exponentially fitted finite difference scheme is employed in space. The proposed method
achieves uniform convergence and second-order accuracy in both time and space. Numerical
experiments on three test problems validate the theoretical results and demonstrate the efficiency
and superiority of the approach over existing methods.

5.1 Introduction

SPPDDEs are a class of differential equations that involve delayed or advanced arguments of
the unknown function, where the highest-order derivative is multiplied by a small parameter
ε , (0 < ε � 1), leading to multi-scale behavior. Such types equations frequently arise in a
variety of mathematical models, including physiological kinetics [102], evolutionary biology
[90], neuronal variability [105]. Particularly, spatial delay differential equations form a subclass
of SPPDDEs that incorporate at least one retarded and /or advanced argument in the spatial
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variable. These types of equations are employed to model a wide range of real-world phenomena,
including physiological processes [70], population dynamics [71], disease spread [72], polymer
diffusion [73], epidemiology [74], and liquid helium hydrodynamics [75].

The small parameter ε in the proposed problem induces right boundary layer near x = 1, where
classical methods on uniform meshes produce oscillatory or inaccurate solutions. Extremely fine
meshes may reduce errors but increase computational cost [78], highlighting the need for, fitted
numerical methods [63]. To address this, various parameter-independent schemes, including
fitted operator methods, fitted meshes, and domain decomposition techniques, have been devel-
oped [79, 80, 46, 63, 88]. Numerous studies have developed and analyzed parameter-uniformly
convergent numerical methods for parabolic singularly perturbed differential-difference equa-
tions with small or large delays in time [40, 43, 44, 49], as well as for convection-diffusion
problems with small or large spatial shifts.

In contrast, fewer studies have addressed singularly perturbed parabolic convection–diffusion
equations with small or large spatial shifts. Parameter-uniformly convergent schemes have been
proposed by a limited number of researchers. For example,For singularly perturbed problems,
the authors in [92] employed implicit Euler and midpoint upwind schemes, and established
uniform convergence of the method. A combination of the implicit Euler scheme and B-spline
collocation has been developed [48]. A higher-order numerical scheme has been developed using
the implicit Euler method in time and hybrid finite difference discretization on Shishkin meshes
in space [50]. Furthermore, for time-dependent convection–diffusion problems with general
shifts, a series of parameter-uniformly convergent numerical methods have been developed and
analyzed [93, 53, 49].

Existing numerical methods for singularly perturbed problems often have limited accuracy and
order of convergences. To address this, we developed a fitted numerical scheme for SPPDDEs
with mixed spatial shifts, combining the Crank-Nicolson method in time with an exponentially
fitted finite difference approach in space on uniform meshes.

5.2 Problem formulation

Consider a class of singularly perturbed parabolic differential–difference equations with small
shift parameters, as given in the governing problem (1.13), subject to the following initial and
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boundary conditions [58]:

ψt(x, t)+Lεψ(x, t) = f (x, t) ∀(x, t) ∈Dxt = Dx×Dt = (0,1)× (0,T ],T > 0,

ψ(x, t) = S0(x, t) ∀(x, t) ∈ µ0 = {(x, t) : 0≤ x≤ 1, 0 < t ≤ T} ,

ψ(x, t) = Sl(x, t) ∀(x, t) ∈ µl = {(x, t) :−δ ≤ x≤ 0, 0 < t ≤ T} ,

ψ(x, t) = Sr(x, t) ∀(x, t) ∈ µr = {(x, t) : 1≤ x≤ 1+µ, 0 < t ≤ T} .

(5.1)

where
Lεψ := −εψxx(x, t)+a(x, t)ψx(x, t)+b(x, t)ψ(x−δ , t)+ c(x, t)ψ(x, t)+d(x, t)ψ(x+η , t) is
the differential operator, ε is the perturbation parameter (0 < ε � 1), δ and η are small shift pa-
rameters with the property δ ,η < ε , respectively. We assumed that the data a(x, t),b(x, t),c(x, t),d(x, t)

and f (x, t) on Dxt are assumed to be sufficiently smooth, bounded, and independent of the per-
turbation parameter ε . Furthermore, the coefficients of the reaction term c(x, t), the delay term
b(x, t) and the advance term d(x, t) are assumed to satisfy the lower bound:

b(x, t)+ c(x, t)+d(x, t)≥ ω > 0 ∀(x, t) ∈Dxt . (5.2)

This condition ensures the well-posedness and stability of problem (2.1) by enforcing a positive
combined reaction-shift effect, thereby preventing unbounded growth, ensuring uniqueness, and
enabling the derivation of a priori bounds [119]. In addition, when the value of the perturbation
parameter ε approaching zero, the solution of the proposed problem exhibits left or right
boundary layer in the neighbourhood of µl or µr depending on the sign a(x)< 0 or (> 0). But
due to its physical consistency with natural flow behavior and its numerical advantages, such as
stability and compatibility, the right boundary layer configuration is adopted in the proposed
problem.
As presented in [92] for small shift parameters δ ,η < ε , we employ the Taylor series expansion
to approximate the shift terms as follows:ψ(x−δ , t) = ψ−δψx +

δ 2

2 ψxx +O(δ 3),

ψ(x+η , t) = ψ +ηψx +
η2

2 ψxx +O(η3).
(5.3)

Substituting (5.3) in to (5.1), we obtained the following generalized parabolic-type singularly
perturbed initial boundary value problem

ψt(x, t)+LCε
ψ(x, t) = f (x, t) ∀(x, t) ∈Dxt ,

ψ(x, t) = S0(x) ∀(x, t) ∈ µ0 =
{
(x, t) : x ∈Dx, t = 0

}
,

ψ(x, t) = Sl(0, t) ∀(x, t) ∈ µl =
{
(x, t) : x = 0, t ∈D t ≤ T

}
,

ψ(x, t) = Sr(1, t) ∀(x, t) ∈ µr =
{
(x, t) : x = 1, t ∈D t ≤ T

}
.

(5.4)
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where
LCε

ψ :=−Cεψxx+ p(x, t)ψx+q(x, t)ψ , Cε = ε−β1
δ 2

2 −β2
η2

2 , b(x, t)≥ β1 > 0,d(x, t)≥ β2 >

0 with 0 <Cε � 1, p(x, t) = a(x)−δb(x, t)+ηd(x, t), and q(x, t) = b(x, t)+ c(x, t)+d(x, t).
To control blow ups in the convection and reaction terms, we assumed that the coefficient
functions p(x, t) and q(x, t) are sufficiently smooth, bounded and satisfy

p(x, t)≥ p∗ > 0, q(x, t)≥ q∗ > 0, (x, t) ∈Dx. (5.5)

5.3 Properties of the Analytic Solution

The existence of a unique solution of (5.4) can be established with the assumption that the data
are Hölder continuous and satisfy compatibility conditions at the corner points as outlined in
[32]. The required compatibility conditions are

S0(0,0) = Sl(0) S0(1,0) = Sr(0). (5.6)

and 
dSl(0)

dt −Cε
d2S0(0,0)

dx2 + p(0,0)dS0(0,0)
dx +q(0,0)S0(0) = f (0,0),

dSr(0)
dt −Cε

d2S0(1,0)
dx2 + p(1,0)dS0(1,0)

dx +q(1,0)S0(1,0) = f (1,0).

(5.7)

These conditions ensure that the problem in (5.4) has unique solution ψ(x, t) which exhibits a
right boundary layer of width O(Cε) at x = 1 as presented in [94].

Now on omitting the boundary conditions at x = 1 and setting ε = 0 gives the reduced form of
problem (5.4). 

ψ0
t + p(x)ψ0

x +q(x)ψ0 = f (x, t), ∀(x, t) ∈Dxt ,

ψ0(x,0) = S0(x), ∀x ∈Dx,

ψ0(0, t) = 0, ∀ ∈D t .

(5.8)

This is a first order hyperbolic equation with initial data specified along two sides the initial
points t = 0 and x = 0 of the domain Dxt for small values of Cε the solution ψ(x, t) of (5.4)
will be very close to ψ0(x, t). In order to obtain error bounds on the solution of the difference
scheme it is assumed that the solution of the reduced problem (5.8) is sufficiently smooth.
For next uses, we denote the differential operator L as follows

LCε
ψ(x, t) := ψt(x, t)−Cεψxx(x, t)+ p(x, t)ψx(x, t)+q(x, t)ψ(x, t). (5.9)
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Lemma 5.1. (Continuous Maximum Principle):Assume that ψ(x, t) is any sufficiently smooth

function satisfying ψ(x, t)≥ 0,∀(x, t) ∈ ∂Dxt and LCε
ψ(x, t)≥ 0,∀(x, t) ∈Dxt then, ψ(x, t)≥

0,∀(x, t) ∈Dxt , where the differential operator is defined in (5.9).

Proof. Suppose that (x∗, t∗)∈Dxt such that ψ(x∗, t∗) = min(x,t)∈Dxt
ψ(x, t)< 0. From this condi-

tion and elementary concepts of calculus gives ψt(x∗, t∗) = 0, ψx(x∗, t∗) = 0 and ψxx(x∗, t∗)≥ 0.
Using these conditions, we defined the differential operator as follows

LCε
ψ(x∗, t∗) = ψt(x∗, t∗)−Cεψxx(x∗, t∗)+ p(x∗, t∗)ψx(x∗, t∗)+q(x∗, t∗)ψ(x∗, t∗),

= −Cεψxx(x∗, t∗)+q(x∗, t∗)ψ(x∗, t∗),

≤ 0 , since,ψxx ≥ 0,and ψ < 0 and q > 0 at (x∗, t∗).

The result LCε
ψ(x∗, t∗)≤ 0 contradicts to the assumption LCε

ψ(x, t)≥ 0.
Therefore, it can be concluded that the minimum of ψ(x, t) is non-negative.

Lemma 5.2. (Stability Estimate): If ψ(x, t) ∈C2,1(Dxt) be the solution of the continuous prob-

lem (5.4) ,then it satisfies the bound

|ψ(x, t)| ≤ 1
p∗
|| f ||+max{|S0(x)|, |Sl(t)|, |Sr(t)|} .

Proof. To prove this Lemma, we defined two barrier functions Ω± as follows

Ω
±(x, t) =

1
p∗
|| f ||+max{|S0(x)|, |Sl(t)|, |Sr(t)|}±ψ(x, t).

When t = 0, we have

Ω
±(x,0) =

1
p∗
|| f ||+max{|S0(x)|, |Sl(0)|, |Sr(0)|}±ψ(x,0),

=
1
p∗
|| f ||+max{|S0(x)|, |Sl(0)|, |Sr(0)|}±S0(x)≥ 0.

When x = 0, we have

Ω
±(0, t) =

1
p∗
|| f ||+max{|S0(0)|, |Sl(t)|, |Sr(t)|}±ψ(0, t),

=
1
p∗
|| f ||+max{|S0(0)|, |Sl(t)|, |Sr(t)|}±Sl(t)≥ 0.

When x = 1, we have

Ω
±(1, t) =

1
p∗
|| f ||+max{|S0(1)|, |Sl(t)|, |Sr(t)|}±ψ(1, t),

=
1
p∗
|| f ||+max{|S0(0)|, |Sl(t)|, |Sr(t)|}±Sr(t)≥ 0.
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Having all these on the domain Dxt , we have

LCε
Ω
±(x, t) =

∂Ω±(x, t)
∂ t

−Cε

∂ 2Ω±(x, t)
∂x2 + p(x)

∂Ω±(x, t)
∂x

+q(x)Ω±(x, t),

= q(x)
1
p∗
|| f ||+q(x)×max{|S0(x)|, |Sl(t)|, |Sr(t)|}

+
1
p∗
|| f ||+±LCε

ψ(x, t),

= q(x)×max{|S0(x)|, |Sl(t)|, |Sr(t)|}
1
p∗
|| f ||± f (x, t),

≥ 0 .

Using Lemma (5.1), it follows that Ω±(x, t) ≥ 0, ∀(x, t) ∈ Dxt which implies the required
bounds.

Lemma 5.3. The bounds for the derivative of the solution ψ(x, t) of the problem (5.4) are given

by ∣∣∣∣∂ i+ jψ(x, t)
∂xi∂ t j

∣∣∣∣≤C
(

1+Cε
−iexp

(
p∗(1− x)

Cε

))
(5.10)

where 0≤ j ≤ 2 and 0≤ i+2 j ≤ 4.

The proof of this Lemma is similar to the proof of Lemma (2.3) of Chapter (2).

5.4 Formulation of Numerical Schemes

The main concern of this section is to discretize the proposed problem (5.4) in both the temporal
and spatial directions. For simplicity, we first apply discretization in the temporal direction,
followed by the spatial direction, using uniform meshes as outlined below:

5.4.1 Temporal Semi-discretization:

Divide the time domain [0,T ] in to M equal number of mesh intervals with step length ∆t, we
get

D
M
t =

{
t j : t j = j∆t, j = 0,1,2,3, . . .M and ∆t =

T
M

}
. (5.11)
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Following the procedures in [100], the temporal semi-discretization of problem (5.4) is done by
means of the Crank-Nicolson method as follows:

ψ j+1−ψ j

∆t − Cε

2

(
ψ

j+1
xx +ψ

j
xx

)
+ p(x)

2

(
ψ

j+1
x +ψ

j
x

)
+ q(x)

2

(
ψ j+1 +ψ j)

= 1
2

(
f j+1 + f j) ,

ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(5.12)

Simplifying and separating the ( j+1)th and ( j)th time levels gives

LCε
:=−Cε(ψ

j+1
xx )(x)+A(x)(ψ j+1

x )(x)+B(x)ψ j+1(x) = H j
i (x),

ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(5.13)

where 

H j
i (x) =Cε(ψ

j
xx)(x)−A(x)(ψ j

x )(x)+C(x)ψ j(x)+( f j+1 + f j)(x),

A(x) = p(x),

B(x) = (q(x)+2/∆t),

C(x) = (2/∆t−q(x))).

(5.14)

To check the Semi-discrete maximum principle and stability estimate of the temporal semi-
discretization of the proposed scheme, we first rewrite the semi-discretized problem (5.13) at
( j+1)th time level in-terms of spatial variables as followsL ∗

Cε
Y :=−CεY

′′
(x)+A(x)Y ′(x)+B(x)Y = H(x), ∀x ∈Dx,

Y (0) = Sl(t j+1), Y (1) = Sr(t), ∀t ∈D
M
t .

(5.15)

where L ∗
Cε

is a discrete operator and Y (x) = ψ j+1(x).
Lemma 5.4. (Semi-discrete Maximum Principle): If Y (x) ∈C2(Dx) is the solution of the semi-

discrete problem (5.13) such that Y (0)≥ 0,Y (1)≥ 0 on ∂Dx and LCε
Y (x)≥ 0, ∀x ∈Dx, then

Y (x)≥ 0, ∀x ∈Dx.

Proof. Let x∗ ∈ Dx such that Y (x∗) = minx∈Dx
Y (x) < 0 and since Y (0) ≥ 0, Y (1) ≥ 0 then

x∗ /∈ {0,1} that is x∗ ∈Dx.
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Moreover, since Y ”(x∗) = 0 and Y ”(x∗)≥ 0 we have that

LCε
Y (x∗) = −CεY ”(x∗)+A(x∗)Y ′(x∗)+B(x∗)Y (x∗)

≤ 0.

This implies that LCε
Y (x∗)≤ 0, which contradicts the assumption LCε

Y (x)≥ 0.
Hence, the minimum of Y (x) is non-negative.

The local truncation error at the ( j+1)th time level is given by e j+1 ≡ψ(x, t j+1)−ψ j+1 , where
ψ j+1 is the computed solution of the semi-discrete problem (5.13) and ψ(x, t j+1) is the exact
solution of the continuous problem (5.4). Moreover, this error measures the contribution of each
time step to the global error of the temporal semi-discretization.
Lemma 5.5. (Local Error Estimate): According to [44], we suppose that∣∣∣∣∂ jψ(x, t)

∂ t j

∣∣∣∣≤C,∀(x, t) ∈Dxt and 0≤ j ≤ 3

then the local error estimate in the temporal discretization is given by

||e j+1||∞ ≤C1(∆t)3, j = 1,2,3, . . . ,M−1. (5.16)

Proof. The proof of this Lemma is similar to the proof of Lemma (2.6) of Chapter (2).

Lemma 5.6. (Global Error Estimate): Under the hypothesis of Lemma (5.5), the global error

estimate E j+1 in the temporal direction is defined by

||E j+1||∞ ≤C2(∆t)2. (5.17)

Proof. The proof of this Lemma is similar to the proof of Lemma (2.7) of Chapter (2).

Lemma 5.7. The derivative of the solution of problem (5.4) satisfies the bound∣∣∣∣diψ(x, t j+1)

dxi

∣∣∣∣≤C
(

1+Cε
−iexp

(
p∗(1− x)

Cε

))
, x ∈Dx, 0≤ i≤ 4. (5.18)

Proof. The proof of this Lemma is similar to the proof of Lemma (2.3) of Chapter (2).

5.4.2 Spatial discretization:

A careful choice of an appropriate scheme is essential for accurate results in singularly perturbed
problems, where small parameters cause abrupt changes in the solution. We use an exponentially
fitted FDM with an adapted operator to preserve the diffusion term and mitigate the influence of
the parameter Cε as Cε → 0 in the boundary layer region.

90



Chapter 5 5.4. Formulation of Numerical Schemes

For each j = 0,1,2,3, . . .M−1, we have the problem of the following form
L M

Cε
ψ j+1(x) :=−Cε

d2

dx2 ψ j+1(x)+A(x) d
dxψ j+1(x)+B(x)ψ j+1(x) = H j+1(x),ψ j+1(0) = Sl(0, t j+1),

ψ j+1(1, t j+1) = Sr(1, t j+1)).

(5.19)

To solve the semi-discrete boundary value problem (5.20), we use the zeroth order asymptotic
solution for right boundary layer as follows

ψ
j+1(x) = ψ

j+1
0 (0)+

(
Sr(1, t j+1)−S j+1

0 (1)
)

exp
(
−A(1)(1− x)

Cε

)
+O(Cε). (5.20)

where ψ
j+1

0 is the solution of the reduced problem in (5.8) as described in [8].
Partitioning the spatial domain Dx = [0,1] in to N equal number of sub-intervals each of length
h = 1/N gives the mesh points x0 = 0,xi = ih,xN = 1, for i = 0,1,2, . . . ,N .
Taking h very small, the discretized form of (5.20) becomes

ψ j+1(ih) = ψ
j+1

0 (ih)+
(
Sr(1, t j+1)−ψ

j+1
0 (1)

)
exp(−A(1)(1/Cε − iρ)) ,

ψ
j+1

i−1 (ih) = ψ
j+1

0 (ih)+
(
Sr(1, t j+1)−ψ

j+1
0 (1)

)
exp(−A(1)(1/Cε − (i−1)ρ)) ,

ψ
j+1

i+1 (ih) = ψ
j+1

0 (ih)+
(

ψr(1, t j+1)−ψ
j+1

0 (1)
)

exp(−A(1)(1/Cε − (i+1)ρ)) .

(5.21)

where ρ = h/Cε .
To handle the oscillations or abrupt changes to the solution of the proposed problem due to the
presence of the perturbation parameter Cε as a diffusion coefficient of the discretized problem
(5.19) , we introduce an exponential fitting factor σ(ρ) on the diffusion term and write as:-

−σ(ρ)Cεδ
2
x ψ

j+1(x)+A(x)δ 0
x ψ

j+1(x)+B(x)ψ j+1(x) = H j+1(x). (5.22)

Finite Difference Operators: In this section, we use the uniform mesh points {xi}N
i=0 with

mesh length h = xi+1− xi and any mesh function ψi to denote the following finite difference
operators for multiple purposes.

δ
+

ψ
j

i =
ψ

j
i+1−ψ

j
i

h
, δ

−
x ψ

j
i =

ψ
j

i −ψ
j

i−1

h
, (5.23)

δ
0
x ψ

j
i =

ψ
j

i+1−ψ
j

i−1

2h
and δ

2
x ψ

j
i =

ψi+1−2ψi +ψi−1

h2 .

Using the finite difference operators in (5.23) into (5.22) gives

−σ(ρ)Cε

ψ
j+1

i+1 −2ψ
j+1

i +ψ
j+1

i−1

h2 +A(xi)
ψ

j
i+1−ψ

j+1
i−1

2h
+B(xi)ψ

j+1
i = H(xi, t j+1). (5.24)
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Multiplying (5.24) by h, where h→ 0 and truncating the term h
(

H(xi, t j+1)−q(xi)ψ
j+1

i

)
gives

−σ(ρ)

ρ

(
ψ

j+1
i+1 −2ψ

j+1
i +ψ

j+1
i−1

)
+

A(xi)

2

(
ψ

j
i+1−ψ

j+1
i−1

)
= 0. (5.25)

Using (5.22) into (5.25) and simplifying on it, we get the required fitting factor as follows

σ(ρ) =
ρA(xi)

2
coth

(
ρA(xi)

2

)
. (5.26)

5.4.3 The Fully Discrete Scheme

Using (5.26) into (5.25), we get the following tri-diagonal system of equations

r0
i ψi−1 + r−i ψi + r+i ψi+1 = H j

i ,

r0
i =

σ(ρ)Cε

h.2 − A j+1
i
2h ,

r−i = 2σ(ρ)Cε

h2 +B j+1
i ,

r+i = σ(ρ)Cε

h2 +
A j+1

i
2h ,

H j
i =Cεσ

(
ψ

j
i−1−2ψ

j
i +ψ

j
i+1

)
− A j

i
2

(
ψ

j
i+1−ψ

j
i−1

)
+C j

i ψ
j

i + f j+1
i + f j

i .

(5.27)

since the resulting tridiagonal system in (3.27) is a nonsingular M-matrix by theorem (2.1) of
Chapter (2), we solve it using matrix inverse method.

5.5 Uniform Convergence Analysis

Lemma 5.8. ( Discrete Comparison Principle): There exists a comparison function w j+1
i such

that L N,M
Cε

w j+1
i , i = 1,2,3, . . . ,N − 1 and if ψ

j+1
0 ≤ w j+1

0 and ψ
j+1

N ≤ w j+1
N , then ψ

j+1
i ≤

w j+1
i ,∀i = 0,1,2, . . . ,N [107].

Proof. Since the matrix associated with operator L N,M
Cε

in (5.27) is of size [N +1]2 it satisfies
the property of nonsingular M-matrix as proved in Theorem (2.1) Thus, the result of this lemma
guarantee the existence and uniqueness of the discrete solution.

Lemma 5.9. Let w j+1
i = 1+ xi, i ≤ 0 ≤ N, then there exists a positive constant C such that

w j+1
i such that L N,M

Cε
w j+1

i ≥C, 1≤ i≤ N−1.

Proof. The proof is straightforward and provides a consistent bound in Cε for the norm of the
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inverse L N,M
Cε

.

L N,M
Cε

w j+1
i = −σ(ρ)Cεδ

2
x w j+1(x)+A(x)δ 0

x w j+1(x)+B(x)w j+1(x),

= −σ(ρ)Cεδ
2
x (1+ xi)+A(x)δ 0

x (1+ xi)+B(x)(1+ xi)≥C.

Lemma 5.10. The solution ψ
j+1

i of the discrete scheme in (5.27) satisfies the bound

|ψ j+1
i | ≤ ||H||

β
+Cmax

{
|Sl(0, t

j+1
i )|, |Sr(1, t

j+1
i )|

}
, B(x)≥ β > 0.

Proof. Considering barrier functions (Ω±) j+1
i = β−1||H||+Cmax

{
|Sl(0, t

j+1
i )|, |Sr(1, t

j+1
i )|

}
±

ψ
j+1

i it can be shown that (Ω±) j+1
0 ≥ 0 and (Ω±) j+1

N ≥ 0.
Then for 1≤ i≤ N−1, we have

L N,M
Cε

(
Ω
±) j+1

i = −σ(ρ)Cεδ
2
x
(
Ω
±) j+1

i +A(x)δ 0
x
(
Ω
±) j+1

i +B(x)
(
Ω
±) j+1

i ,

= B(x)
[
β
−1||H||+Cmax

{
|Sl(0, t

j+1
i )|, |Sr(1, t

j+1
i )|

}
±ψ

j+1
i

]
,

≥ 0.

Using Lemma (5.8), we obtain (Ω±) j+1
i ≥ 0, for i = 0,1,2, . . . ,N.

Lemma 5.11. (Uniform Stability Estimate): Let φ
j+1

i be any mesh function of ( j+1)th time

level as presented in [100] such that φ
j+1

0 = 0 = φ
j+1

N , then∣∣∣φ j+1
i

∣∣∣≤ 1
β

max
1≤ j≤N−1

∣∣∣L N,M
Cε

φ
j+1

i

∣∣∣ , for 1≤ i≤ N−1,where d(x)≥ β > 0.

Proof. Consider two barrier functions of the form

(
Ω
±) j+1

i =
1
β

max
1≤i≤N−1

∣∣∣L N,M
Cε

φ
j+1

i

∣∣∣±φ
j+1

i .

Using the result of Lemma (5.11) it is clear that (Ω±) j+1
0 ≥ 0,(Ω±) j+1

N ≥ 0. Having these we
want to show that L N,M

Cε
(Ω±) j+1

i ≥ 0 for 1≤ i≤ N−1.

L N,M
Cε

(
Ω
±) j+1

i = −σ(ρ)Cεδ
2
x
(
Ω
±) j+1

i +A(x)δ 0
x
(
Ω
±)m+1

i +B(x)
(
Ω
±) j+1

i ,

= B(xi)

[
1
β

max
1≤i≤N−1

∣∣∣L N,M
Cε

φ
j+1

i

∣∣∣±φ
j+1

i

]
,

≥ 0.

There, using the discrete comparison principle gives

|φ j+1
i | ≤ 1

β
max

1≤i≤N−1

∣∣∣L N,M
Cε

φ
j+1

i

∣∣∣ .
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Overall, this result guarantee the uniform stability of the discrete scheme.

Lemma 5.12. [58], for a fixed number of mesh numbers N and for Cε → 0 , it holds that

lim
Cε→0

max
1≤i≤N−1

exp
(
−αxi
Cε

j

)
Cε

j = 0 and lim
Cε→0

max
1≤i≤N−1

exp
(
−α(1−xi)

Cε
j

)
Cε

j = 0, j = 1,2,3, . . . (5.28)

where and xi = ih, i = 1/N, 1≤ i≤ N−1.

Proof. Using the partition [0,1] := {0 = x0 < x1 < x2 <,. . . ,xN = 1} for the interior grid points,
we have

max
1≤i≤N−1

exp
(
−αxi
Cε

j

)
Cε

j ≤ max
1≤i≤N−1

exp
(
−αx1
Cε

j

)
Cε

j = max
1≤i≤N−1

exp
(
−αh
Cε

j

)
Cε

j ,

and

max
1≤i≤N−1

exp
(
−α(1−xi)

Cε
j

)
Cε

j ≤ max
1≤i≤N−1

exp
(
−α(1−xi−1)

Cε
j

)
Cε

j = max
1≤i≤N−1

exp
(
−αh
Cε

j

)
Cε

j .

Since x1 = h = xi−1, then using the L’Hospital’s rule we get

lim
Cε→0

exp
(
−αh
Cε

j

)
Cε

j = lim
p=1/Cε→∞

pm

exp(αhp)
,

= lim
p=1/Cε→∞

j!
(p∗h) j exp(p∗hp)

,

= 0.

Combining the results obtained in the preceding steps, we see that the lemma is fully verified.
Thus, the proof is complete.

Lemma 5.13. Let the coefficient and source functions A(x),B(x) and H(x, t j) of the semi-

discrete problem in (5.13) be sufficiently smooth so that ψ j+1(x) ∈ C4[0,1] [44]. Then the

discrete solution ψ
j+1

i of (5.27) satisfies the following error bound .

||L N,M
Cε

(
ψ

j+1(x)−ψ
j+1

i

)
|| ≤ Ch2

h+Cε

(
1+Cε

−3 exp
(
−α(1− xi)

Cε

))
. (5.29)

Proof. Using the result of Lemma (5.12) into (5.29) gives

||L N,M
Cε

(
ψ

j+1(x)−ψ
j+1

i

)
|| ≤ Ch2

h+Cε

. (5.30)
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So, applying the bound in lemma (5.11), we get

||ψ j+1(x)−ψ
j+1

i || ≤ Ch2

h+Cε

. (5.31)

Moreover, for small value of Cε � h the denominator of the bound in (5.31) dominated by h

and simplified as follows.

sup
0<Cε≤1

||ψ j+1(x)−ψ
j+1

i || ≤Ch. (5.32)

These constructions proved that the spatial error is controlled by a positive constant.

Theorem 5.1. Suppose that ψ(xi, t j+1) and ψ
j+1

i are the exact and computed solutions of (5.4)
and (5.27) respectively on the discretized domain. Then for sufficiently small h the following
uniform error estimate holds:

sup
0<Cε≤1

||ψ j+1(x)−ψ
j+1

i || ≤C(h+(∆t)2). (5.33)

From this we conclude that the proposed scheme is first order accurate in the spatial direction
and second order accurate in the temporal direction.

5.6 Richardson Extrapolation Techniques

As stated in Theorem (5.1) above, it is seen that the proposed scheme has low accuracy and
order of convergence in the spatial direction. This affects the overall order of convergence of the
scheme. To tackle this challenge, we follow a similar approach as described in [88] and use the
Richardson extrapolation technique in the spatial direction.
Let D2N

x be the mesh obtained from bisecting the step length h such that DN
x ⊆ D2N

x . If
ψ

j
i and ψ

j
i be numerical solutions obtained from DN

x and D2N
x respectively, then

ψ
j(t)−ψ

j
i (t) =Ch+RN

i (t), (x, t j) ∈DN
x ×Dt . (5.34)

ψ
j(t)−ψ

j
i (t) =C

(
h
2

)
+R2N

i (t), (x, t j) ∈D2N
x ×Dt . (5.35)

where ψ j(t) is the exact solution of the proposed problem at jth time level, RN
j (t) and R2N

j (t)

are the remainder terms of the error with order O(h2) and C is a constant independent of the
parameters ε,h and ∆t. Now, using the inequalities (5.35) and (5.34) we get the error bound of
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the following form obtain the extrapolation formula

ψ
j(t)−ψ

j
i (t)−2(ψ j(t)−ψ

j
i (t)) = RN

j (t)−R2N
j (t). (5.36)

Using the truncation error of the spatial discretization ψ j(t)=ψ(x, t j)+Ch+O(h2) and ψ
j(t)=

ψ(xi, t j)+C h
2 +O(h2) in (5.36) gives

max
0≤i≤N

∣∣ψext(t)−ψ
j(t)
∣∣≤Ch2. (5.37)

Simplifying (5.37), gives the required numerical solution as follows

ψ
ext(t) = 2ψ

j(t)−ψ
j(t). (5.38)

where ψext(t) is the numerical solution obtained from the extrapolation, C is a constant indepen-
dent of the parameter ε and step size h and ∆t.
The overall construction modifies the convergence order of the proposed scheme, as established
in the theorem presented below.
Theorem 5.2. Suppose that ψ j+1(xi) and ψ

j+1
i are the continuous and discrete solutions of

(5.4) and (5.27) respectively. Then for sufficiently small h the following uniform error estimate
holds:

sup
0<Cε≤1

||ψ j+1(xi)−ψ
j+1

i || ≤C(h2 +(∆t)2). (5.39)

This concludes that the proposed scheme is second-order accurate in both the spatial and
temporal directions after the application of Richardson extrapolation.

5.7 Numerical Results and Discussions

The proposed scheme is further tested on three numerical experiments, where ε−uniform
maximum absolute errors and convergence rates are determined to assess its accuracy and
computational performance, as presented in Chapter 2.
Example 5.1. Consider the convection-diffusion SPPDDEs of the following forms:

ψt− εψxx(x, t)+(2− x2)ψx(x, t)+2ψ(x−δ , t)+(x−3)ψ(x, t)+ψ(x+η , t)

= 10t2 exp−t x(1− x), ∀(x, t) ∈Dxt ,

ψ0(x) = 0, ∀x ∈Dx,

ψl(t) = 0, ∀t ∈Dt ,

ψr(t) = 0, ∀t ∈Dt .
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where δ = 0.6ε and η = 0.5ε [92].
Example 5.2. Consider the convection-diffusion SPPDDEs of the following forms:

ψt− εψxx(x, t)+(2− x)ψx(x, t)+(1+ x)ψ(x−δ , t)+(1+ x2 + cos(πx))ψ(x, t)+3ψ(x+η , t)

= sin(πx), ∀(x, t) ∈Dxt ,

ψ0(x) = 0, ∀x ∈Dx,

ψl(t) = 0, ∀t ∈Dt ,

ψr(t) = 0, ∀t ∈Dt .

where δ = 0.6ε and η = 0.5ε [50].
Example 5.3. Consider the convection-diffusion SPPDDEs of the following forms:

ψt− εψxx(x, t)+ψx(x, t)+(2− x2)ψ(x−δ , t)+(1+ x2)ψ(x, t)+ expx ψ(x+η , t)

= 50(x(1− x))3, ∀(x, t) ∈Dxt ,

ψ0(x) = 0, ∀x ∈Dx,

ψl(t) = 0, ∀t ∈Dt ,

ψr(t) = 0, ∀t ∈Dt .

where δ = 0.6
√

ε and η = 0.5
√

ε [93].

Since the analytical solutions are unknown, we apply the doubling mesh technique to find the
maximum absolute errors and corresponding order of convergences.
Let ψN,M(xi, t j) and ψ2N,2M(xi, t j) be the numerical solutions with mesh lengths (h,∆t 6= 0) and
(h/2,∆t/2 6= 0) respectively, then

• The maximum absolute error is given by

EN,M
ε = max

0≤i,m≤N,M

∣∣ψN,M(xi, t j)−ψ
2N,2M(x2i, t2 j)

∣∣ . (5.40)

• The ε− uniform maximum absolute error is given by

EN,M = max
ε

EN,M
ε . (5.41)

• Corresponding ε-uniform order of convergence

RN,M = log2

(
EN,M

E2N,2M

)
. (5.42)
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Table 5.1: EN,M and RN,M for Example (5.1) with δ = 0.6∗ ε,η = 0.5∗ ε

.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 120 M = 240 M = 480 M = 960

Before Extrapolation.
2−6 3.1388e−03 9.5444e−04 2.5306e−04 6.4253e−05
2−8 4.1053e−03 1.9873e−03 7.8599e−04 2.3855e−04
2−10 4.1031e−03 2.0591e−03 1.0305e−03 4.9740e−04
2−12 4.1018e−03 2.0585e−03 1.0309e−03 5.1582e−04
2−14 4.1015e−03 2.0583e−03 1.0308e−03 5.1578e−04
2−16 4.1014e−03 2.0583e−03 1.0308e−03 5.1577e−04
EN,M 4.1053e−03 1.9873e−03 1.0309e−03 5.1582e−04
RN,M 1.0467 0.9469 0.9990 —
After Extrapolation.
2−6 1.4288e−04 5.1182e−05 1.5237e−05 4.2499e−06
2−8 1.6888e−04 5.2882e−05 1.6037e−05 4.6499e−06
2−10 1.6888e−04 5.2882e−05 1.6037e−05 4.6499e−06
2−12 1.6888e−04 5.2882e−05 1.6037e−05 4.6499e−06
2−14 1.6888e−04 5.2882e−05 1.6037e−05 4.6499e−06
2−16 1.6888e−04 5.2882e−05 1.6037e−05 4.6499e−06
EN,M 1.6888e−04 5.2882e−05 1.6037e−05 4.6499e−06
RN,M 1.6752 1.7862 1.7213 —

Table 5.2: EN,M and RN,M for Example (5.2) with δ = 0.6∗ ε,η = 0.5∗ ε

.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 120 M = 240 M = 480 M = 960

Before Extrapolation.
2−6 5.3432e−03 2.2305e−03 6.9293e−04 1.8547e−04
2−8 5.5408e−03 2.8976e−03 1.4241e−03 5.7175e−04
2−10 5.5458e−03 2.9021e−03 1.4769e−03 7.4790e−04
2−12 5.5458e−03 2.9021e−03 1.4769e−03 7.4790e−04
2−14 5.5458e−03 2.9021e−03 1.4769e−03 7.4790e−04
2−16 5.5458e−03 2.9021e−03 1.4769e−03 7.4790e−04
EN,M 5.5458e−03 2.9021e−03 1.4769e−03 7.4790e−04
RN,M 0.9342 0.9745 0.9808 —
After Extrapolation.
2−6 6.2004e−05 1.6925e−05 5.0489e−06 1.1123e−06
2−8 6.2022e−05 1.7905e−05 5.0708e−06 1.3832e−06
2−10 6.2022e−05 1.7905e−05 5.0708e−06 1.3832e−06
2−12 6.2022e−05 1.7905e−05 5.0708e−06 1.3832e−06
2−14 6.2022e−05 1.7905e−05 5.0708e−06 1.3832e−06
2−16 6.2022e−05 1.7905e−05 5.0708e−06 1.3832e−06
EN,M 6.2022e−05 1.7905e−05 5.0708e−06 1.3832e−06
RN,M 1.7924 1.8201 1.8742 —
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Figure 5.1: 2D Solution graphs for Example (5.2) with values N = 128,M = 240

(a) ε = 2−0 (b) ε = 2−10

Figure 5.2: 3D Solution graphs for Example (5.2) with values N = 128,M = 240

Table 5.3: EN,M and RN,M for Example (5.3) with δ = 0.6
√

ε,η = 0.5
√

ε

.

ε ↓ N = 64 N = 128 N = 256 N = 512 N = 1024
M = 8 M = 16 M = 32 M = 64 M = 128

2−6 3.7701e−03 1.9482e−03 1.0119e−03 5.2239e−04 2.5485e−04
2−8 3.7721e−03 1.8582e−03 1.0195e−03 5.2629e−04 2.5625e−04
2−10 3.7821e−03 1.9682e−03 1.0179e−03 5.2569e−04 2.7085e−04
2−12 3.7821e−03 1.9682e−03 1.0179e−03 5.2569e−04 2.7085e−04
2−14 3.7821e−03 1.9682e−03 1.0179e−03 5.2569e−04 2.7085e−04
2−16 3.7821e−03 1.9682e−03 1.0179e−03 5.2569e−04 2.7085e−04
EN,M 3.7821e−03 1.9682e−03 1.0179e−03 5.2569e−04 2.7085e−04
RN,M 0.9423 0.9512 0.9534 0.95672 —
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Table 5.4: Comparison of EN,M and RN,M for Example (5.1) with different schemes.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 120 M = 240 M = 480 M = 960

Present Method
EN,M 4.1053e−03 1.9873e−03 1.0309e−03 5.1582e−04
RN,M 1.0467 0.9469 0.9990 —
Upwind method in [92]
EN,M 1.6716e−02 9.2022e−03 4.9863e−03 2.6885e−03
RN,M 0.8612 0.8840 0.8912 —
Midpoint Upwind in [92]
EN,M 1.0729e−02 6.5942e−03 3.8199e−03 2.1180e−03
RN,M 0.7022 0.7877 0.8508 —
Cubic-B Spline in [92]
EN,M 7.5020e−03 4.4966e−03 2.4450e−053 1.2728e−03
RN,M 0.7384 0.8791 0.9418 —

Table 5.5: Comparison of EN,M and RN,M for Example (5.3) with different schemes

.

ε ↓ N = 64 N = 128 N = 256 N = 512
M = 120 M = 240 M = 480 M = 960

Present Method
EN,M 1.9682e−03 1.0179e−03 5.2569e−04 2.7085e−04
RN,M 0.9512 0.9534 0.95672 —
The method in [92]
EN,M 4.4966e−03 2.4450e−03 1.2728e−053 6.4609e−03
RN,M 0.8791 0.9718 0.9715 —
The method in [50]
EN,M 5.4975e−03 3.2062e−03 1.7716e−03 9.4594e−04
RN,M 0.7779 0.8558 0.9053 —
The method in [93]
EN,M 4.8801e−03 2.4414e−03 1.2211e−03 6.1064e−04
RN,M 0.9492 0.9455 0.9428 —

We present the tabulated results in Tables (5.1), (5.2), and (5.3) for Examples (5.1), (5.2),
and (5.3), respectively, showing the maximum absolute errors and corresponding orders of
convergence. For a fixed perturbation parameter ε , we observe that the maximum absolute errors
decrease consistently as the mesh points N and M increase. In contrast, for fixed values of N,
M, and the shift parameters δ and η , the errors remain nearly unchanged as ε decreases, which
confirms that our method is uniformly convergent.

Moreover, the 2D and 3D plots in Example (5.2) (Figures (5.1) and (5.2)) show that, for a fixed
mesh, decreasing ε produces a sharp gradient near x = 1, thereby confirming the presence of
a right boundary layer in agreement with the theoretical analysis. After applying Richardson
extrapolation, we observe second-order accuracy in both space and time.
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Finally, we compare the performance of our method with existing approaches in [50, 92, 93]
using both accuracy and order of convergence as criteria. The results in Tables (5.3) and (5.4)
show that our method consistently achieves higher accuracy and better convergence rates than
the competing schemes.

5.8 Conclusion

In this chapter, we developed a fitted numerical scheme for singularly perturbed differential
equations with mixed shift parameters. The proposed method combines the Crank–Nicolson
scheme in time with an exponentially fitted finite difference scheme in space on uniform meshes.
Both theoretical analysis and numerical experiments confirm that the scheme is uniformly
convergent with respect to the perturbation parameter ε and achieves second-order accuracy. In
addition, the comparison results demonstrate that the method provides improved accuracy and
convergence behavior compared with several existing approaches.
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Chapter 6

A Fitted Midpoint Upwind Scheme for
Singularly Perturbed Parabolic Problems
Involving a Small Shift Parameter in the

Convection and Reaction Terms

In the present chapter, we consider a class of singularly perturbed differential–difference equa-
tions with a small shift parameter in the convection and reaction terms, which frequently arise in
applied mathematics and engineering. The presence of a small diffusion parameter ε(0 < ε� 1)
induces a boundary layer near the right endpoint of the spatial domain, where the solution
exhibits rapid variations that challenge classical numerical methods. To overcome these difficul-
ties, we develop and analyze a fitted numerical method. Temporal discretization is performed
using the implicit Euler method, while spatial discretization employs a fitted midpoint upwind
finite difference approach on uniform meshes. Stability and uniform convergence analyses
confirm that the scheme achieves second-order accuracy in both time and space after applying
Richardson extrapolation. Two model examples demonstrate the reliability and accuracy of the
method, with numerical results validating the theoretical predictions and outperforming several
existing approaches in the literature.

6.1 Introduction

Many real-world problems in science and engineering are modeled by parameter-dependent
differential equations. SPDEs, in which the highest-order derivatives are multiplied by a small
parameter ε (0 < ε � 1), appear in areas such as control theory [89], evolutionary biology [90],
and neuronal variability [23]. SPPDDEs are those SPDEs that include one or more retarded
or advanced arguments in space or time, capturing memory or time-lag effects. They arise in
modeling physiological processes [96], population dynamics [97] and disease spread [98].

The small diffusion parameter ε (0 < ε � 1) in the proposed problem induces a boundary layer
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near the right endpoint, where classical numerical methods on uniform meshes, such as FDM,
FEM, and FVM fail to provide accurate solutions without very fine discretization. However,
fine meshes increase computational cost and round-off errors [78]. To overcome these issues,
parameter-uniformly convergent schemes have been developed in [46, 47, 99], including fitted
operator methods, fitted mesh techniques, and domain decomposition methods.

In addition to the aforementioned works, numerous studies have addressed solution methods
for the proposed problem [50, 93, 101]. However, relatively few have developed parameter-
uniformly convergent methods for singularly perturbed delay differential equations with small
shift parameters in the convection and reaction terms. For instance, Kumar and Kadalbajoo [48]
employed B-spline collocation on Shishkin meshes, while Woldaregay and Duressa [49, 57]
proposed θ -method schemes in time combined with exponentially fitted and nonstandard finite
differences in space on uniform meshes.

Motivated by the low accuracy of existing schemes and the review by Duressa et al. [59],
this chapter formulates and analyzes a fitted numerical method for SPPDDEs with small shift
parameters in the convection and reaction terms. .

6.2 Problem formulation

Consider a class of singularly perturbed parabolic differential-difference equations with small
shift parameters in the convection and reaction terms, as specified in (1.14), subject to the
associated initial and interval-boundary conditions [58].

Lεψ(x, t) := f (x, t), ∀(x, t) ∈Dxt = (0,1)× (0,T ],T > 0,

ψ(x,0) = S0(x, t), ∀(x, t) ∈ µ0 =
{
(x, t) : ∀x ∈Dx, t = 0

}
,

ψ(x, t) = Sl(x, t), ∀(x, t) ∈ µl =
{
(x, t) : ∀(x, t) ∈ [−δ ,0]×D t

}
,

ψ(1, t) = Sr(1, t), ∀(x, t) ∈ µr =
{
(x, t) : x = 1,∀t ∈D t

}
.

(6.1)

where Lεψ := ψt(x, t)− εψxx(x, t)+ a(x, t)ψx(x− δ , t)+ b(x, t)ψ(x− δ , t) is the differential
operator, ε (0 < ε � 1), is a perturbation parameter and δ < ε is a small shift parameter which
satisfies the relation δ = O(ε). To control the sudden blowing ups in the convection and reaction
terms, the functions a(x, t),b(x, t) and f (x, t) on Dxt are assumed to be sufficiently smooth,
bounded, and satisfy

a(x, t)≥ ω > 0,b(x, t)≥ β > 0 ∀(x) ∈Dxt . (6.2)
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The Taylor series expansion in [65] is employed to approximate the shift terms in (6.1):ψx(x−δ , t) = ψx−δψxx +O(δ 2),

ψ(x−δ , t) = ψ−δψx +
δ 2

2 ψxx +O(δ 3).
(6.3)

Using Eq.(6.3) into Eq.(6.1), we obtained the following parabolic singularly perturbed initial-
boundary value problem

LCε
ψ(x, t) := ψt(x, t)+LCε

ψ(x, t) = f (x, t) ∀(x, t) ∈Dxt ,

ψ(x,0) = S0(x) ∀x ∈Dx,

ψ(0, t) = Sl(t) ∀t ∈D t ,

ψ(1, t) = Sr(t) ∀t ∈D t .

(6.4)

where LCε
ψ := −Cεψxx + p(x, t)ψx + b(x, t)ψ,0 < Cε(x) ≤ ε − δ 2

2 β + δα = Cε , p(x, t) =

a(x, t)−δb(x), and a(x, t)≥ α > 0 and b(x, t)≥ δ > 0. For small value of δ the problems (6.1)
and (6.4) are asymptotically equivalent, since the difference between the two equations is O(δ 2).
To ensure the existence of a unique solution, the functions p(x, t),b(x, t) and f (x, t) on Dxt are
assumed to be sufficiently smooth, bounded, and satisfy

p(x, t)≥ p∗ > 0, ∀x ∈Dxt . (6.5)

Under the condition (6.5), the solution of the problem in (6.4) develops a right boundary layer
near x = 1 as Cε → 0.

6.3 Properties of the Analytic Solution

The existence of a unique solution of (6.4) can be established under the assumption that the
problem data are Hölder continuous and satisfy the necessary compatibility conditions at the
corner points, as outlined in [44]. The necessary compatibility conditions at the corner points
(0,0) and (1,0) are defined as follows:
S0(0,0) = Sl(0), S0(1,0) = Sr(0) and satisfies{

∂Sl(0)
∂ t −Cε

∂ 2S0(0,0)
∂x2 + p(0)∂S0(0,0)

∂x +b(0,0)S0(0,0) = f (0,0),
∂Sr(1)

∂ t −Cε
∂ 2S0(1,0)

∂x2 + p(0)∂S0(1,0)
∂x +b(1,0)S0(1,0) = f (1,0).

(6.6)

where the initial and boundary functions S0(x),Sl(t) and Sr(t) are assumed to be sufficiently
smooth and bounded.
Now on omitting the boundary conditions at x = 1 and setting Cε = 0 gives the reduced form of
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problem (6.4): 
ψ0

t + p(x)ψ0
x +b(x)+ψ0 = f (x, t), ∀(x, t) ∈Dxt ,

ψ0(x,0) = S0(x), ∀x ∈Dx,

ψ0(0, t) = 0, ∀ ∈D t .

(6.7)

This is a first order hyperbolic equation with initial data specified along two sides the initial
points t = 0 and x = 0 of the domain Dxt , For small values of Cε the solution ψ(x, t) of (6.4)
will be very close to ψ0(x, t). In order to obtain error bounds on the solution of the difference
scheme, we assumed that the solution of the reduced problem (6.7) is sufficiently smooth.
Lemma 6.1. (Continuous Maximum Principle): Assumed that ψ(x, t) is any sufficiently smooth

function satisfying ψ(x, t)≥ 0,∀(x, t)∈ ∂Dxt and LCε
ψ(x, t)≥ 0,∀(x, t)∈Dxt . Then, ψ(x, t)≥

0,∀(x, t) ∈Dxt .

Proof. The proof of this Lemma is similar to the proof of Lemma (5.1) of Chapter (5).

Lemma 6.2. (Stability Estimate): If ψ(x, t) ∈ C2,1(Dxt) be the solution of the continuous

problem of equation (6.4) ,then it satisfies the bound

|ψ(x, t)| ≤ 1
p∗
|| f ||+max{|S0(x)|, |Sl(t)|, |Sr(t)|} .

Proof. The proof of this Lemma is similar to the proof of Lemma (5.2) of Chapter (5).

Lemma 6.3. The derivatives of the solution of problem (6.4) satisfies the bound∣∣∣∣∂ i+ jψ(x, t)
∂xi∂ t j

∣∣∣∣≤C
(

1+Cε
−iexp

(
p∗(1− x)

Cε

))
, 0≤ j ≤ 2 and 0≤ i+ j ≤ 4. (6.8)

where C is a constant independent of the perturbation parameter Cε .

Proof. The proof of this Lemma is similar to the proof of Lemma (2.3) of Chapter (2).

6.4 Formulation of Numerical Schemes

The main concern of this section is to discretize the proposed problem. For the sake of simplicity,
we first discretized in the temporal direction and then the spatial direction using uniform meshes
as follows:
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6.4.1 Temporal Semi-discretization:

Dividing the time domain [0,T ] into M equal number of mesh intervals with step length ∆t, we
get

D
M
t =

{
t j : t j = j∆t, j = 0,1,2,3, . . .M and ∆t =

T
M

}
. (6.9)

To discretize the temporal dimension of the problem under consideration, we follow the proce-
dure outlined in [35] and apply the implicit Euler method to (6.4) as follows:

ψ j+1−ψ j

∆t −Cεψ
j+1

xx + p(x, t)ψ j+1
x +b(x, t)ψ j+1 = f j+1,

ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(6.10)

A further simplification on (6.10) gives the ( j+1)th time level discretized equation of the form
below 

LCε
:=−Cεψ

j+1
xx + p(x, t)ψ j+1

x +q(x, t)ψ j+1 = H j
i ,

ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(6.11)

where p(x, t) = a(x, t)−δb(x, t),q(x) = b(x, t)+ 1
∆t and H j

i = f j+1
i + ψ j

∆t .

To examine the semi-discrete maximum principle and the stability estimate of the temporal semi-
discretization, we first rewrite (6.11) at the ( j+1)th time level in terms of the initial-boundary
value problem of the following form:{

L ∗
Cε

Y :=−CεY
′′
(x)+ p(x)Y ′(x)+q(x)Y = H(x), ∀x ∈Dx,

Y (0) = Sl(t j+1), Y (1) = Sr(t j+1), ∀t j+1 ∈S
M
t .

(6.12)

where L ∗
Cε

is a discrete operator, Y (x) = ψ j+1(x).
Lemma 6.4. (Semi-discrete Maximum Principle): If Y (x) ∈C2(Dx) is the solution of the semi-

discrete problem of (6.11) such that Y (0) ≥ 0,Y (1) ≥ 0 on ∂Dx = D \D and L ∗
Cε

Y (x) ≥
0, ∀x ∈Dax, then Y (x)≥ 0, ∀x ∈Dx.

Proof. Let x∗ ∈ Dx such that Y (x∗) = minx∈Dx
Y (x) < 0 and since Y (0) ≥ 0, Y (1) ≥ 0 then
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x∗ /∈ {0,1} that is x∗ ∈Dx. Moreover, since Y
′
(x∗) = 0 and Y ”(x∗)≥ 0 we have that

L ∗
Cε
(x∗) = −CεY ”(x∗)+ p(x∗)Y

′
(x∗)+q(x∗)Y (x∗),

≤ 0.

But L ∗
Cε

Y (x∗)≤ 0 is a contradiction to our assumption L ∗
Cε

Y (x)≥ 0.

Hence, we proved that the minimum of ψ(x) is non-negative.
The local truncation error of the semi-discrete problem (6.11) at the ( j+1)th time level is given
by e j+1 ≡ ψ(x, t j+1)−ψ j+1 , where ψ j+1 is the numerical solution of the proposed problem.
Moreover, this error measures the contribution of each time step to the global error of the
temporal semi-discretization.
Lemma 6.5. (Local Error Estimate): The local error estimate in the temporal direction is given

by

||e j+1||∞ ≤C1(∆t)2. (6.13)

Proof. The proof of this Lemma is similar to the proof of Lemma (3.6) of Chapter (3).

Lemma 6.6. (Global Error Estimate): Under the hypothesis of Lemma (6.5), the global error

estimate E j+1 in the temporal direction is defined by

||E j+1||∞ ≤C2∆t. (6.14)

Proof. The proof of this Lemma is similar to the proof of Lemma (2.7) of Chapter (2).

Lemma 6.7. The derivative of the solution of problem (6.4) satisfies the bound∣∣∣∣diψ(x, t j+1)

dxi

∣∣∣∣≤C
(

1+Cε
−iexp

(
p∗(1− x)

Cε

))
, x ∈Dx, 0≤ i≤ 4. (6.15)

where C is a constant independent of the perturbation parameter Cε .

The proof of this Lemma is similar to the proof of Lemma (2.3) of Chapter (2).

6.4.2 Spatial discretization:

Reliable solutions in singular perturbation problems, where ε , require suitable numerical meth-
ods. We therefore use an exponentially fitted finite difference method that preserves the diffusion
term through a fitted operator. In this section, the FOFDM is applied to reduce the effect of
Cε → 0 in the boundary layer.
For each j = 0,1,2,3, . . .M−1, the interval-boundary value problem ((6.11)) gives the following
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discretized problem.
LCε

ψ j+1(x) :=−Cε
d2

dx2 ψ j+1(x)+ p(x, t) d
dxψ j+1(x)+q(x, t)ψ j+1(x) = H j+1(x),ψ j+1(0) = Sl(0, t j+1), 0≤ j ≤M−1,

ψ j+1(1, t) = Sr(1, t j+1)), 0≤ j ≤M−1.

(6.16)

To solve the singularly perturbed boundary value problem in (6.16), we use the O’Malley’s
theory of singular perturbation [8], the asymptotic solution up to the zeroth order for right
boundary layer of near x = 1 as follows

ψ
j+1(x) = ψ

j+1
1 (x)+

p(1)
p(x)

(
φr(1, t j+1)−ψ

j+1
0 (1)

)(
−
∫ 1

x

(
p(x)
Cε

− q(x)
p(x)

)
dx
)
+O(Cε).

(6.17)

Using Taylor’s series expansion for p(x) about x = 1 and restriction to their first terms, and
simplifying gives

ψ
j+1(x) = ψ

j+1
1 (x)+

(
φr(1, t j+1)−ψ

j+1
0 (1)

)
exp
(
− p(1)(1− x)

Cε

)
+O(Cε). (6.18)

where ψ
j+1

1 is the solution of the reduced problem of (6.7) when Cε = 0 [50].
Discretizing the spatial domain Dx = [0,1] into N equal number of sub-intervals each of length
h = 1/N and x0 = 0,xi = ih,xN = 1, for i = 0,1,2, . . . ,N be the mesh points. Taking h very
small, the discretized problem (6.18) can be defined as follows:

ψ
j+1

i (ih) = ψ
j+1

1 (ih)+
(

φr(1, t j+1)−ψ
j+1

0 (1)
)

exp(−p(1)(1/Cε − iρ)) ,

ψ
j+1

i−1 (ih) = ψ
j+1

1 (ih)+
(

φr(1, t j+1)−ψ
j+1

0 (1)
)

exp(−p(1)(1/Cε − (i−1)ρ)) ,

ψ
j+1

i+1 (ih) = ψ
j+1

1 (ih)+
(

φr(1, t j+1)−ψ
j+1

0 (1)
)

exp(−p(1)(1/Cε − (i+1)ρ)) .

(6.19)

where ρ = h/Cε .
To handle the oscillations or abrupt changes to the solution of the proposed problem due to the
presence of the perturbation parameter Cε , we introduce an exponential fitting factor σ(ρ) on
the diffusion term and write as

−σ(ρ)Cεδ
2
x ψ

j+1(x)+ p(x)δ−x ψ
j+1(x)+q(x)ψ j+1(x) = H j(x). (6.20)

Finite Difference Operators: On uniform mesh points {xi}N
i=0 with mesh length h = xi+1− xi

and any mesh function ψi, we denote the following finite difference operators for multiple
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purposes.

δ
+

ψ
j

i =
ψ

j
i+1−ψ

j
i

h
, δ

−
x ψ

j
i =

ψ
j

i −ψ
j

i−1

h
, (6.21)

δ
0
x ψ

j
i =

ψ
j

i+1−ψ
j

i−1

2h
and δ

2
x ψ

j
i =

ψ
j

i+1−2ψ
j

i +ψ
j

i−1

h2 .

Using the difference operators in (6.21) within (6.20), together with the midpoint upwind
approach, we obtain

−σ(ρ)Cε

ψ
j+1

i+1 −2ψ
j+1

i +ψ
j+1

i−1

h2 + pi−1/2
ψ

j
i −ψ

j+1
i−1

h
+qi−1/2ψ

j+1
i = H j

i−1/2, (6.22)

where 
pi−1/2 =

pi+pi−1
2 ,

qi−1/2 =
qi+qi−1

2 ,

H j
i−1/2 =

Hi+H j
i−1

2 .

Multiplying (6.22) by h, where h→ 0 and truncating the term h
(

H j
i−1/2−q(xi)ψ

j+1
i

)
gives

−σ(ρ)

ρ

(
ψ

j+1
i+1 −2ψ

j+1
i +ψ

j+1
i−1

)
+ pi

(
ψ

j
i+1−ψ

j+1
i−1

)
= 0. (6.23)

Using (6.19) in to (6.23) and simplifying it, we get the required fitting factor as follows

σ(ρ) = ρ p(xi)

(
1− exp(−ρ p(xi)

exp(ρ p(xi)−2+ exp(−ρ p(xi)

)
. (6.24)

The finite difference method in (6.22) with the data on interval-boundary becomes
L N,M

Cε
:=−σ(ρ)Cε

ψ
j+1

i+1 −2ψ
j+1

i +ψ
j+1

i−1
h2 + pi−1/2

ψ
j

i −ψ
j+1

i−1
h +qi−1/2ψ

j+1
i = H j

i−1/2,ψ j+1(0) = φl(0, t j+1), 0≤ j ≤M−1,

ψ j+1(1, t) = φr(1, t j+1)), 0≤ j ≤M−1.

(6.25)
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6.4.3 The Fully Discrete Scheme

Using (6.24) into (6.22) and simplifying gives the following tri-diagonal system of equations.

r−i ψi−1 + r0
i ψi + r+i ψi+1 = H j

i− 1
2
,

r−i =−σ(ρ)Cε

h.2 −
p

i− 1
2

h ,

r0
i =

2σ(ρ)Cε

h2 +
p

i− 1
2

h +qi− 1
2
,

r+i =−σ(ρ)Cε

h2 ,

H j
i− 1

2
= 1

2

(
H j

i +H j
i−1

)
.

(6.26)

Because the tridiagonal system in (6.26) is a nonsingular M-matrix by theorem (2.1) of Chapter
(2), we solve it using matrix inverse method.

6.5 Uniform Convergence Analysis

As the fully discretized system matrix of (6.26) is an M-matrix, the scheme satisfies the discrete
maximum principle and guarantees stable behavior.
Lemma 6.8. (Discrete Maximum Principle): Let z j+1(xi) be any mesh function satisfying

z j+1(x0) ≥ 0 and z j+1(xN) ≥ 0. If L N,M
Cε

z j+1(xi) ≥ 0, for 1 ≤ i ≤ N − 1, then z j+1(xi) ≥
0, for 0≤ i≤ N [58].

Proof. Let us choose the point j ≥ 1 such that z j+1(x∗i ) = minxiz
j+1(xi), for 1≤ i≤ N−1. If

z j+1(x∗i ) ≥ 0, the proof is completed. But for the choice z j+1(x∗i ) is minimum it is seen that
z j+1(x∗i+1)− z j+1(x∗i )≥ 0 and z j+1(x∗i )− z j+1(x∗i−1)≤ 0.
Using these mesh function in (6.25), we get

L N,M
Cε

z j+1(x∗i ) = −σ(ρ)Cε

(z j+1(x∗i+1)− z j+1(x∗i )− (z j+1(x∗i − z j+1(x∗i−1)))

h2

+ p(x∗i−1/2)
z(x∗i )

j+1− z j+1(x∗i−1)

h
+q(x∗i−1/2)z

j+1(x∗i ),

≤ 0, since p(x∗i−1/2)≥ 0 and q(x∗i−1/2)≥ 0.

This contradicts to our assumption L N,M
Cε

z j+1(xi)≥ 0. This shows that z j+1(x∗i )≥ 0.
Hence, we concluded that the minimum of z j+1(xi) is non-negative.

Lemma 6.9. (Uniform Stability Estimate): Let ψ
j+1

i be any discrete solution of (6.25) such

that ψ
j+1

0 = 0 = ψ
j+1

N , then ψ
j+1

i satisfies the bound

|ψ(x, t)| ≤ β
−1||H j

i−1/2||+max
{
|Sl(0, t j+1)|, |Sr(1, t j+1)||

}
.
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Proof. The proof of this lemma is similar to the proof of Lemma(2.5) of chapter (2).

Lemma 6.10. For a fixed mesh number N and for Cε → 0, it holds that

lim
Cε→0

max
1≤i≤N−1

exp
(
−p∗xi
Cε

j

)
Cε

j = 0 and lim
Cε→0

max
1≤i≤N−1

exp
(
−p∗(1−xi)

Cε
j

)
Cε

j = 0. (6.27)

where xi = ih, h = 1/N, 1≤ i≤ N−1 and pi−1/2 ≥ p∗ > 0, m = 0,1,2, . . .M.

Theorem 6.1. Let ψ(xi, t j+1) and ψ
j+1

i be the solutions of (6.4) and (6.26) respectively. Then
the truncation error satisfies the bound∣∣∣L N,M

Cε

(
ψ(xi, t j+1)−ψ

j+1
i

)∣∣∣≤Ch
(

1+Cε
−4 max

1≤i≤N−1
exp
(

p∗(1− x)
Cε

))
. (6.28)

Proof. Let the truncation error be given as

L N,M
Cε

(
ψ(xi, t j+1)−ψ

j+1
i

)
=−Cεσ(ρ)

(
ψxx(xi)−δ

+
δ
−

ψ(xi)
)

+p(xi)
(
ψx(xi)−δ

−
ψ(xi))

)
. (6.29)

where Cεσ(ρ) = pih
(

1−exp(−ρ p(xi)
exp(ρ p(xi)−2+exp(−ρ p(xi)

)
, since ρ = h

Cε
. Taking the limit for Cε → 0, we

get

lim
Cε→0

Cεσ(ρ) = lim
Cε→0

pih
(

1− exp(−ρ p(xi)

exp(ρ p(xi)−2+ exp(−ρ p(xi)

)
=Ch,

where C is a constant independent of the mesh length h and the parameter Cε .
The approximation for the derivatives is defined as follows

∣∣ψ j+1
xx −δ

+
δ
−

ψ(xi)
∣∣≤Ch2 ∣∣∣∣ψ j+1

xxxx(η)
∣∣∣∣ , ∣∣ψ j+1

x −δ
−

ψ(xi)
∣∣≤Ch

∣∣∣∣ψ j+1
xx (η)

∣∣∣∣ . (6.30)

where
∣∣∣∣∣∣ψ j+1

k (η)
∣∣∣∣∣∣ = max0≤i≤N

∣∣∣ψ j+1
k (xi)

∣∣∣ , xi−1 ≤ η ≤ xi, k = 2,4. Using these bounds
(6.29) can be reduced to the following form:∣∣∣L N,M

Cε

(
ψ(xi, t j+1)−ψ

j+1
i

)∣∣∣≤Ch2 ∣∣∣∣ψ j+1
xxxx(η)

∣∣∣∣+Ch
∣∣∣∣ψ j+1

xx (η)
∣∣∣∣ . (6.31)

Using the bounds in Lemma (6.7) into (6.29) gives∣∣∣L N,M
Cε

(
ψ(xi, t j+1)−ψ

j+1
i

)∣∣∣ ≤ Ch2
(

1+Cε
−4 exp

(
p∗(1− x)

Cε

))
,

+ Ch
(

1+Cε
−2 exp

(
p∗(1− x)

Cε

))
≤ Ch

(
1+Cε

−4 max
1≤i≤N−1

exp
(

p∗(1− x)
Cε

))
.
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since C−ε 2≤C−ε 4.
Using the results of Lemma (5.12), we establish the following generalized theorem.

Theorem 6.2. The discrete solution in (6.25) satisfies the uniform bound

max
0≤i≤N

∣∣∣ψ(xi, t j+1)−ψ
j+1

i

∣∣∣≤Ch. (6.32)

From this, we conclude that the proposed midpoint upwind scheme is first-order accurate.
Theorem 6.3. Let ψ(xi, t j+1) and ψ

j+1
i be the solutions of (6.4) and (6.25) respectively. Then

uniform bounds of the proposed scheme is defined by

sup
0<Cε�1

max
0≤i≤N

∣∣∣ψ(xi, t j+1)−ψ
j+1

i

∣∣∣≤C(h+∆t). (6.33)

As a result, the proposed method is first-order accurate in both space and time prior to extrapola-
tion. In the following section, we employ Richardson extrapolation to obtain higher-accuracy
results.

6.6 Richardson Extrapolation Technique

In this section, we applied the Richardson extrapolation is a technique to improve both the
accuracy and order of convergence of the proposed scheme with a lower computational cost.
Using Theorem(6.3) at each jth time level, we have the bound of the form∣∣∣ψ j

i −ψ
j
i

∣∣∣≤C(h+∆t). (6.34)

where ψ
j

i and ψ
j
i are numerical solutions on the meshes DN,M

xt and D2N,2M
xt respectively so that

that C is a parameter independent constant.
Moreover, since ψ

j
i is obtained by doubling the mesh DN,M then, the mesh sizes h 6= 0 and

∆t 6= 0 in Eq.(6.34) becomes

ψ
j

i (xi, t j)−ψ
j
i (xi, t j)≤C(h2 +∆t2)+RN,M, (xi, t j) ∈DN,M

xt . (6.35)

Again using the mesh sizes h/2, ∆t/2 6= 0 Eq.(6.35) becomes

ψ
j

i (xi, t j)−ψ
j
i (xi, t j)≤C

(
h2

4
+

∆t2

4

)
+R2N,2M, (xi, t j) ∈D2N,2M

xt . (6.36)
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where the remainders RN,M and R2N,2M are O(h2 +∆t2). Taking the difference of Eq.(6.36) and
Eq.(6.34) we get the subsequent general extrapolation formula.

(
ψ

j
i

)ext
=

4ψ
j
i −ψ

j
i

3
. (6.37)

where
(

ψ
j

i

)ext
is the numerical solution obtained from the Richardson extrapolation technique

with truncated error of the form∣∣∣ψ j
i − (ψ

j
i )

ext
∣∣∣≤C(h2 +∆t2). (6.38)

From these discussions, we generalized the following Theorem for the general purpose of the
Richardson extrapolation technique.
Theorem 6.4. Let (ψ j

i )
ext be the numerical solution of Eq (6.25) obtained after the Richardson

extrapolation technique applied and ψ
j

i be the numerical solution of the proposed model equation
(6.4).Then,the maximum absolute error encountered is defined by

sup
0<Cε�1

max
0≤i, j≤N,M

∣∣∣ψ j
i − (ψ

j
i )

ext
∣∣∣≤C(h2 +∆t2). (6.39)

As a result of Richardson extrapolation technique, the proposed method is found to be second-
order accurate in both the spatial and temporal directions.

6.7 Numerical Results and Discussions

The proposed scheme is additionally validated through two model problems, where ε−uniform
maximum absolute errors and convergence rates are computed to examine its accuracy and
numerical performance, as outlined in Chapter (2).

Example 6.1. Consider SPPDDEs of the following form presented in [57] with δ = 0.9∗ ε:

ψt(x, t)− εψxx(x, t)+(2− x2)ψx(x−δ , t)+(x2 +1+ cos(πx))ψ(x−δ , t)

= 10t2(1− x)exp(−t), ∀(x, t) ∈Dxt = (0,1)× (0,T ],T > 0,

S0(x, t) = 0, ∀x ∈Dx and t = 0,

Sl(x, t) = 0, ∀(x, t) ∈ [−δ ,0]×D t ,

Sr(x, t) = 0, x = 1 and ∀t ∈D t .
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Example 6.2. Consider SPPDDEs the following forms as outlined in [106] with δ = 0.3∗ ε:

ψt(x, t)− εψxx(x, t)+(2− x2)ψx(x−δ , t)+(3− x)ψ(x−δ , t)

= exp(t)sin(πx(1− x)), ∀(x, t) ∈Dxt = (0,1)× (0,T ],T > 0,

S0(x, t) = 0, ∀x ∈Dx and t = 0,

Sl(x, t) = 0, ∀(x, t) ∈ [−δ ,0]×D t ,

Sr(x, t) = 0, x = 1 and ∀t ∈D t .

Let ψN,M(xi, t j) and ψ2N,2M(x2i, t2 j) be the numerical solutions before Richardson extrapolation
with mesh lengths (h,∆t 6= 0) and (h/2,∆t/2 6= 0) respectively, then

• The maximum absolute error is given by

EN,M
ε = max

0≤i, j≤N,M

∣∣ψN,M(xi, t j)−ψ
2N,2M(x2i, t2 j)

∣∣ . (6.40)

• The ε− uniform absolute error is given by

EN,M = max
ε

EN,M
ε . (6.41)

• Corresponding ε-uniform order of convergence is RN,M = log2

(
EN,M

E2N,2M

)
.

Similarly, let ψ2N,2M(xi, t j) and (ψ j
i )

ext be the numerical solutions with mesh lengths (h/2,∆t/2 6=
0) and (h/4,∆t/4 6= 0) respectively, then

• The maximum absolute error is given by

EN,M
ε,ext = max

0≤i, j≤N,M

∣∣∣ψ2N,2M(x2i, t2 j)− (ψ
j

i )
ext(xi, t j)

∣∣∣ . (6.42)

• The ε− uniform maximum absolute error is given by

EN,M
ext = max

ε
EN,M

ε,ext . (6.43)

• Corresponding ε,ext-uniform order of convergence is RN,M
ext = log2

(
EN,M

ext
E2N,2M

)
.

114



Chapter 6 6.7. Numerical Results and Discussions

Table 6.1: EN,M and RN,M for Example (6.1) with δ = 0.9∗ ε

.

ε ↓ N = 16 N = 32 N = 64 N = 128
M = 16 M = 32 M = 64 M = 128

Before Extrapolation
10−4 2.4492e−03 1.4391e−03 7.5033e−04 3.2436e−04
10−6 2.4490e−03 1.4390e−03 7.5022e−04 3.2429e−04
10−8 2.4490e−03 1.4390e−03 7.5022e−04 3.2429e−04
10−10 2.4490e−03 1.4390e−03 7.5022e−04 3.2429e−04
10−12 2.4490e−03 1.4390e−03 7.5022e−04 3.2429e−04
EN,M 2.4492e−03 1.43910e−03 7.5033e−04 3.2436e−04
RN,M 0.7671 0.9396 1.2099 —
Results in [57]
EN,M 1.4608e−02 8.1600e−03 4.3077e−03 2.2124e−03
RN,M 0.8401 0.9217 0.9613 —
After Extrapolation
10−4 1.2102e−03 3.0423e−04 7.6105e−05 1.8737e−05
10−6 1.2102e−03 3.0423e−04 7.6105e−05 1.8737e−05
10−8 1.2102e−03 3.0423e−04 7.6105e−05 1.8737e−05
10−10 1.2102e−03 3.0423e−04 7.6105e−05 1.8737e−05
10−12 1.2102e−03 3.0423e−04 7.6105e−05 1.8737e−05
EN,M

ext 1.2102e−03 3.0423e−04 7.6105e−05 1.8737e−05
RN,M

ext 1.9920 1.9991 2.0221 —
Results in [57]
EN,M

ext 8.1605e−03 2.2125e−03 5.6425e−04 1.4182e−04
RN,M

ext 1.8830 1.9713 1.9923 —

Table 6.2: EN,M and RN,M for Example (6.1) with ε = 10−4 and different values of δ

.

ε ↓ N = 16 N = 32 N = 64 N = 128
M = 16 M = 32 M = 64 M = 128

Before Extrapolation
δ = 0.1∗ ε 1.8733e−03 1.1436e−03 5.5011e−04 2.4793e−04
δ = 0.3∗ ε 1.8698e−03 1.1423e−03 5.4986e−04 2.4789e−04
δ = 0.5∗ ε 1.8673e−03 1.1413e−03 5.4967e−04 2.4844e−04
δ = 0.7∗ ε 1.8654e−03 1.1406e−03 5.4954e−04 2.4844e−04
δ = 0.9∗ ε 1.8640e−03 1.1400e−03 5.4943e−04 2.4841e−04
EN,M 1.8733e−03 1.1436e−03 5.5011e−04 2.4793e−04
RN,M 0.7120 1.0561 1.1495 —
After Extrapolation
δ = 0.1∗ ε 1.5216e−03 4.4229e−04 1.2780e−04 3.6638e−05
δ = 0.3∗ ε 1.5157e−03 4.4058e−04 1.2739e−04 3.6496e−05
δ = 0.5∗ ε 1.5114e−03 4.3948e−04 1.2729e−04 3.6492e−05
δ = 0.7∗ ε 1.5082e−03 4.3880e−04 1.2718e−04 3.6384e−05
δ = 0.9∗ ε 1.5057e−03 4.2405e−04 1.2701e−04 3.6374e−05
EN,M

ext 1.5216e−03 4.4229e−04 1.2780e−04 3.6638e−05
RN,M

ext 1.7825 1.7911 1.8025 —
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Table 6.3: EN,M and RN,M for Example (6.2) with δ = 0.3∗ ε

.

ε ↓ N = 32 N = 64 N = 128 N = 256
M = 60 M = 120 M = 240 M = 480

Before Extrapolation
2−8 1.8350e−03 9.8553e−04 5.5043e−04 2.5072e−04
2−10 1.8738e−03 1.0576e−03 5.5729e−04 2.5008e−04
2−12 1.8736e−03 1.0583e−03 5.5401e−04 2.7525e−04
2−14 1.8735e−03 1.0582e−03 5.5386e−04 2.7537e−04
2−16 1.8735e−03 1.0581e−03 5.5382e−04 2.7532e−04
2−18 1.8735e−03 1.0581e−04 5.5381e−04 2.7531e−04
2−20 1.8735e−03 1.0581e−03 5.5381e−04 2.7531e−04
EN,M 1.8738e−03 1.0583e−03 5.5729e−04 2.7537e−04
RN,M 0.8251 0.9337 1.0275 —
Results in [106]
EN,M 7.3609e−03 4.1402e−03 2.1813e−03 1.1057e−03
RN,M 0.8302 0.9245 0.9802 —
After Extrapolation
2−8 1.2332e−03 3.3084e−04 6.0476e−05 1.5198e−05
2−10 1.2312e−03 3.3024e−04 6.0446e−05 1.5158e−05
2−12 1.2311e−03 3.3013e−04 6.0423e−05 1.5134e−05
2−14 1.2311e−03 3.3013e−04 6.0423e−05 1.5134e−05
2−16 1.2311e−03 3.3013e−04 6.0423e−05 1.5134e−05
2−18 1.2311e−03 3.3013e−04 6.0423e−05 1.5134e−05
2−20 1.2311e−03 3.3013e−04 6.0423e−05 1.5134e−05
EN,M

ext 1.2332e−03 3.3084e−04 6.0476e−05 1.5198e−05
RN,M

ext 1.8982 1.9905 1.9925 —
Results in [106]
EN,M

ext 4.1921e−03 3.9157e−03 1.0252e−03 2.5847e−04
RN,M

ext 1.6062 1.9334 1.9878 —
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(a) ε = 10−1
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(b) ε = 10−8

Figure 6.1: 2D Solution graphs for Example (6.1) with δ = 0.9ε,N = 128,M = 128

(a) ε = 10−1 (b) ε = 10−8

Figure 6.2: 3D Solution graphs for Example (6.2) with δ = 0.9ε,N = 128,M = 128

To validate the practical effectiveness of the proposed scheme, we examine two model examples.
We present the maximum absolute errors and their corresponding orders of convergence based
on the results reported in Tables (6.1), (6.2), and (6.3), corresponding to Examples (6.1) and
(6.2).

For a fixed perturbation parameter ε , we notice that refining the mesh by increasing the values
of N and M along each row consistently enhances the accuracy and improves the observed
convergence rates. On the other hand, when the mesh sizes N and M are kept fixed and the
perturbation parameter ε is reduced down each column, the maximum absolute errors remain
essentially unchanged, indicating parameter-uniform stability. These results confirm that the
proposed scheme achieves uniform convergence with higher-order accuracy.

Furthermore, the results in Tables (6.1) and (6.2) show that applying Richardson extrapolation
improves the accuracy of the scheme from first-order to second-order. In addition, Table (6.3)
shows that for ε = 10−4, increasing the magnitude of the delay parameter δ down each column
reduces the boundary layer thickness and yields smaller maximum absolute errors.

The two-dimensional and three-dimensional plots in Figures (6.1) and (6.2) demonstrate that
decreasing the perturbation parameter induces a sharp right boundary layer near x = 1. Finally,
Tables (6.1) and (6.2), corresponding to Examples (6.1) and (6.2), demonstrate that the proposed
method outperforms several existing approaches reported in [57, 106].
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6.8 Conclusion

In this chapter, we have developed a second-order uniformly convergent numerical scheme
for singularly perturbed differential difference equations. The proposed method combines the
implicit Euler scheme in time with the fitted midpoint upwind finite difference scheme in space,
both implemented on uniform meshes.

We have verified the reliability and robustness of the scheme through two representative model
problems. We have systematically analyzed the influence of the perturbation parameter on
the numerical solution using maximum absolute errors and observed orders of convergence,
supported by detailed tables and graphical illustrations.

The numerical results consistently confirm the theoretical analysis, demonstrating parameter-
uniform convergence and high accuracy of the proposed method. Moreover, the scheme exhibits
superior performance when compared with several existing approaches reported in the literature.
Overall, the presented results establish the efficiency, stability, and applicability of the proposed
computational approach for solving singularly perturbed differential difference equations.
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Chapter 7

A Hybrid Fitted Scheme for Singularly
Perturbed Parabolic Problems with a

Small Shift Parameter in the Convection
and Reaction Terms

This chapter presents a fitted numerical scheme for singularly perturbed differential equations
with a small negative shift in the convection and reaction terms, arising in applications such
as neural networks, population dynamics, epidemiology, heat transfer with memory effects,
and delayed chemical reactions. The small diffusion parameter ε (0 < ε � 1) induces a right
boundary layer with steep gradients, where classical methods on uniform meshes fail. To ad-
dress this, a hybrid scheme is proposed, combining Crank–Nicolson in time on uniform meshes
with a spatial scheme that uses midpoint upwind and central differences in coarse and layer
regions on Shishkin meshes. Stability and uniform convergence analyses show the scheme is
uniformly convergent with order O

(
N−2 ln2 N +(∆t)2). Numerical results confirm its superior

performance compared with several existing methods.

7.1 Introduction

Many real-world problems in science and engineering can be modeled as parameter-dependent
differential equations. When the highest-order derivative is multiplied by a small parameter
ε (0 < ε � 1), the system is classified as a SPPDE. If the equation also involves delayed
or advanced arguments, it is referred to as a SPPDDEs. Such equations commonly arise in
physiological kinetics [102], population dynamics, epidemiology [103], and control theory.

Due to the small parameter ε multiplying the highest-order derivative, the solution develops
boundary and/or interior layers, in which classical numerical schemes lose accuracy unless very
fine discretizations are used, leading to significant computational cost [78]. These challenges
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have motivated the development of parameter-uniform or fitted numerical methods [2, 78, 63,
36, 106, 107], including fitted mesh methods on piecewise-uniform meshes, fitted operator
techniques, and domain decomposition methods on uniform meshes.

Recently, several studies have addressed the numerical solution of time-delay SPPDDEs.
For example, An accelerated second-order parameter-uniformly convergent scheme for re-
action–diffusion problems with small time lag was proposed in [37]. A second-order hybrid
scheme for singularly perturbed convection–diffusion problems with small time lag [44]. A
domain decomposition method was developed in [41] for reaction–diffusion problems with
small delays. A uniformly convergent numerical collocation scheme was proposed in [108].
A nonstandard fitted operator scheme for the numerical treatment of problems with large time
delays is presented in [69].

In contrast, relatively few studies have addressed SPPDDEs with small shift parameters in the
convection and reaction terms. Second-order accurate solutions were achieved in [57] using a
θ -method for temporal discretization together with a non-standard finite difference scheme for
spatial discretization and Richardson extrapolation. A Shishkin mesh approach, together with
Crank–Nicolson temporal discretization and upwind spatial discretization, is given a second-
order accuracy [109]. An accelerated second-order method based on the implicit Euler scheme
in time and upwind discretization on uniform meshes is introduced in [110].

Motivated by the limited accuracy and weak convergence of existing schemes, and following the
observations reported in [59], a second-order fitted numerical scheme is developed for SPPPDEs
with small spatial shift parameters in the convection and reaction terms. The method combines
Crank-Nicolson time discretization with a hybrid spatial scheme using midpoint upwind in the
outer region and central difference within the boundary layer on Shishkin meshes.

7.2 Problem formulation

Consider singularly perturbed parabolic differential–difference equations with a small shift
[110] in the convection and reaction terms, as defined in governing problem (1.14).

ψt− εψxx +a(x, t)ψx(x−δ , t)+b(x, t)ψ(x−δ , t) = f (x, t), ∀(x, t) ∈Dxt ,
ψ(x, t) = S0(x, t), µ0 = [0,1]× [−δ ,0],

ψ(0, t) = Sl(t) µl = {(0, t) : 0≤ t ≤ T} ,

ψ(1, t) = Sr(t)), µr = {(1, t) : 0≤ t ≤ T} .

(7.1)

where ε,(0 < ε � 1), is a singular perturbation parameter and δ is a small negative shift
parameter δ to satisfy the relation δ = O(ε). To control sudden blow ups in the convection
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and reaction terms, the functions a(x, t),b(x, t) and f (x, t) on Dxtare assumed to be sufficiently
smooth, bounded, and satisfy

a(x, t)≥ A∗ > 0,b(x, t)≥ B∗ > 0 ∀(x) ∈Dxt . (7.2)

Since the problem under consideration in (7.1) is not in its standard form, we employ Taylor-
series approximations as follows:ψx(x−δ , t) = ψx−δψxx +O(δ 2),

ψ(x−δ , t) = ψ−δψx +
δ 2

2 ψxx +O(δ 3).
(7.3)

Substituting (7.3) into (7.1) yields the standard form of the convection-diffusion-reaction prob-
lem, along with its initial and boundary conditions of the following form:

ψt−Cεψxx(x, t)+A(x, t)ψx(x, t)+b(x, t)ψ(x, t) = f (x, t),∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t) = Sl(0, t), ∀(x, t) ∈D t ,

ψ(1, t) = Sr(1, t)), ∀(x, t) ∈D t .

(7.4)

where Cε = ε − δ 2

2 B∗+ δA∗ such that (0 < Cε � 1), and A(x, t) = a(x)− δb(x, t). For small
values of the shift parameter δ , the problems in (7.1) and (7.4) are asymptotically equivalent,
as their difference is of order O(δ 2). To ensure the existence of a unique solution of problem
(7.4), we assumed that the functions A(x, t),b(x, t) and f (x, t) on Dxt are sufficiently smooth,
bounded and satisfy

A(x, t)≥ α > 0, ∀(x) ∈Dxt . (7.5)

7.3 Properties of the Analytic Solution

The existence of a unique solution of (7.4) can be established under the assumption that the
problem data are Hölder continuous and satisfy the necessary compatibility conditions at the
corner points, as outlined in [44]. The required compatibility condition at the corner points (0,0)
and (1,0) are defined as S0(0,0) = Sl(0), S0(1,0) = Sr(0) to satisfy{

∂Sl(0)
∂ t −Cε

∂ 2S0(0,0)
∂x2 +A(0)∂S0(0,0)

∂x +b(0,0)S0(0,0) = f (0,0),
∂Sr(0)

∂ t −Cε
∂ 2S0(1,0)

∂x2 +A(0)∂S0(1,0)
∂x +b(1,0)S0(1,0) = f (1,0).

(7.6)

where S0(x, t), Sl(x, t) and Sr(x, t) are sufficiently smooth functions. Under these conditions
and the bound in (7.5), problem (7.4) admits a unique solution ψ(x, t) with a right boundary
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layer of width O(Cε) at x = 1 as Cε → 0.
Lemma 7.1. (Continuous Maximum Principle): Assume that ψ(x, t) is any sufficiently smooth

function satisfying ψ(x, t)≥ 0,∀(x, t) ∈ ∂Dxt and LCε
ψ(x, t)≥ 0,∀(x, t) ∈Dxt then, ψ(x, t)≥

0,∀(x, t) ∈Dxt , where LCε
ψ(x, t) := ψt(x, t)−Cεψxx(x, t)+A(x, t)ψx(x, t)+b(x, t)ψ(x, t).

Proof. For the proof of this lemma, we refer the reader to Lemma (5.1) in Chapter (5).

Lemma 7.2. (Stability Estimate): If ψ(x, t) ∈C2,1(Dxt) be the solution of the continuous prob-

lem of equation (7.4) ,then it satisfies the bound

|ψ(x, t)| ≤ max{|S0(x)|, |Sl(t)|, |Sr(t)|}+α
−1|| f ||.

Proof. The proof of this Lemma is similar to the proof of Lemma (5.2) of Chapter (5).

Lemma 7.3. The bounds for the derivative of the solution ψ(x, t) of the problem in (7.4) are

given by ∣∣∣∣∂ i+ jψ(x, t)
∂xi∂ t j

∣∣∣∣≤C(1+C−i
ε eα(1−x)/Cε ) (7.7)

where 0≤ i≤ 2 and 0≤ i+ j ≤ 4.

Proof. For the proof of this Lemma, readers can refer in [50, 117].

7.4 Formulation of Numerical Schemes

This section deals with the semi-discretization of the problem along the temporal and spatial
directions. Finally, we combined the two discretized problems together and found the fully
discrete solution of the proposed problem defined in (7.4).

7.4.1 Temporal Semi-discretization:

Upon dividing the time domain [0,T ] in to M equal number of mesh intervals with step length
∆t, we get

D
M
t =

{
t j : t j = j∆t, j = 0,1,2,3, . . .M and ∆t =

T
M

}
. (7.8)
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Following a similar presented in [118] and employing the Crank-Nicolson scheme, the problem
(7.4) is discretized in the following form:

ψ j+1−ψ j

∆t − Cε

2

(
ψ

j+1
xx +ψ

j
xx

)
+ A(x,t)

2

(
ψ

j+1
x +ψ

j
x

)
+ b(x,t)

2

(
ψ j+1 +ψ j)

= 1
2

(
f j+1 + f j) , ∀(x, t) ∈Dxt ,

ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(7.9)

On simplifying and separating the ( j+1)th and ( j)th time levels, we get

−Cεψ
j+1

xx (x)+A(x, t)ψ j+1
x (x)+B(x, t)ψ j+1(x) = G j

i (x), ∀(x, t) ∈Dxt ,
ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t j+1) = Sl(t j+1), 0≤ j ≤M−1,

ψ(1, t j+1) = Sr(1, t j+1)), 0≤ j ≤M−1.

(7.10)

where 

G j
i (x) =Cε(ψ

j)xx−A(x, t)(ψ j)x−C(x)ψ j + f j+1
i + f j

i ,

A(x, t) = a(x, t)−δb(x, t),

B(x, t) = (b(x, t)+2/∆t),

C(x, t) = (b(x, t)−2/∆t), ∀(x, t) ∈Dxt .

(7.11)

To check the semi-discrete maximum principle and stability estimate of the temporal direction of
the proposed scheme, we first rewrite (7.10) at ( j+1)th time level in-terms of spatial variables
of the following forms:{

L ∗
Cε

Y :=−CεY
′′
(x)+A(x)Y ′(x)+B(x)Y = G(x), ∀x ∈Dx

Y (0) = Sl(t j+1), Y (1) = Sr(t j+1), ∀t j+1 ∈D
M
t .

(7.12)

where L ∗
Cε

is a discrete operator, Y (x) = ψ j+1(x).
Lemma 7.4. (Semi-discrete Maximum Principle): If Y j+1(x) ∈ C2(Dx) is the solution of the

semi-discrete problem in (7.10) such that Y j+1(0)≥ 0,Y j+1(1)≥ 0 on ∂Dx and L ∗
Cε

Y j+1(x)≥
0, ∀x ∈Dx, then Y j+1(x)≥ 0, ∀x ∈Dx.

Proof. Let x∗ ∈Dx such that ψ j+1(x∗)=minx∈Dx
Y j+1(x)< 0 and since Y j+1(0)≥ 0, Y j+1(1)≥

0 then x∗ /∈ {0,1} that is x∗ ∈ Dx. Moreover, since Y j+1
x (x∗) = 0 and Y j+1

xx (x∗) ≥ 0, we have
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that

L ∗
Cε

Y j+1(x∗) = −CεY j+1
xx (x∗)+A(x∗)Y j+1

x (x∗)+B(x∗)Y j+1(x∗)≤ 0.

But L ∗
Cε

Y j+1(x)≤ 0 is a contradiction to our assumption L ∗
Cε

Y j+1(x)≥ 0.
Consequently, it is proved that the minimum of Y j+1(x) is non-negative.

The local truncation error of the semi-discrete problem (7.10) at the ( j+1)th time level is given
by e j+1 := ψ(x, t j+1)−ψ

j+1
i , where ψ

j+1
i is the computed solution of the proposed problem.

Moreover, this error measures the contribution of each time step to the global error of the
temporal semi-discretization.
Lemma 7.5. (Local Error Estimate): As outlined in [16], we suppose that∣∣∣∣∂ iψ(x, t)

∂ t i

∣∣∣∣≤C,∀(x, t) ∈Dx and 0≤ i≤ 2

then the local error estimate in the temporal direction is given by

||e j+1||∞ ≤C1(∆t)3, j = 1,2,3, . . . ,M−1. (7.13)

Proof. The proof of this Lemma is similar to the proof of Lemma (2.6) of Chapter (2).

Lemma 7.6. (Global Error Estimate): Under the hypothesis of Lemma (7.5), the global error

estimate of the temporal semi-discretization is defined by

||E j+1||∞ ≤C2(∆t)2. (7.14)

Proof. The proof of this Lemma is similar to the proof of Lemma (2.7) of Chapter (2).

Lemma 7.7. The smooth and singular components of the solution of the problem in (4.3) satisfy

the following bounds:

∣∣∣∣diψ j+1

dxi

∣∣∣∣=

∣∣∣diV j+1

dxi

∣∣∣≤C
(

1+C3−i
ε exp

(
α(1−x)

Cε

))
, i = 1,2,3,

∣∣∣diW j+1

dxi

∣∣∣≤C
(

1+C−i
ε exp

(
α(1−x)

Ci
ε

))
, i = 1,2,3.

(7.15)

Proof. For the proof of this lemma, the reader can refer in [16].

7.4.2 Spatial semi-discretization:

To discretize the spatial domain Dx, we construct a Shishkin mesh DxN , adapted to the problem’s
boundary layer at x = 1. The domain is partitioned into D l = [0,1− τ] (a coarse region
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with smooth variation) and Dr = [1− τ,1] (a layer region with steep gradients), such that
Dx = D l ∪D r. For N ≥ 2Q, Q ≥ 2, a uniform mesh with N/2 intervals is placed on each
subdomain, governed by the transition parameter τ as outlined in [16]:

τ = min
{

1
2
,τ0Cε lnN

}
, τ0 ≥ 2/α. (7.16)

The discretized domain D
N
x =

{
0 = x0,x1, . . . ,xN/2 = 1− τ = x, . . . ,xN = 1

}
is defined by

xi =


2(1−τ)

N i 0≤ i≤ N
2 ,

(1− τ)+ 2τ

N (i− N
2 )

N
2 +1≤ i≤ N.

(7.17)

Moreover, the mesh width hi = xi− xi−1, i = 1,2,3, . . . ,N in the spatial direction is given by

hi =

H := 2(1−τ)
N 0≤ i≤ N

2 ,

h := 2τ

N
N
2 +1≤ i≤ N.

(7.18)

where H and h are the mesh widths in the coarse region [0,1− τ] and the fine region [1− τ,1]
respectively. Then it is clear to see that N−1 ≤ H ≤ 2N−1, h = τ0Cε lnN and the uniform mesh
can be obtained by choosing τ = 1

2 .

Finite Difference Schemes: This section defines the finite difference operators for any given
mesh function ψ(xi, t j) = ψ

j
i , forward, backward and central difference operators δ+

x ,δ−x ,δ 0
x

and δ 2
x in space as followsδ+

x ψ
j

i =
ψ

j
i+1−ψ

j
i

hi+1
,δ−x ψ

j
i =

ψ
j

i −ψ
j

i−1
hi

, hi = xi− xi−1,

δ 0
x ψ

j
i =

ψ
j

i+1−ψ
j

i−1
ĥi

and δ 2
x ψ

j
i =

δ+
x ψ

j
i −δ−x ψ

j
i

ĥi
, ĥi =

hi+1+hi
2 .

(7.19)

7.4.3 The Fully Discretization Schemes

Using the hybrid finite difference scheme, which is a proper combination of the Midpoint
Upwind scheme in the coarse region [0,1− τ] and the classical central difference scheme in
the layer region [1− τ,1], we discretize the semi-discrete problem (7.10) following a similar
approach presented in [21] as follows:

Lhybψ
j+1

i := Lmuψ
j+1

i +Lcenψ
j+1

i , 1≤ i≤ N−1,

ψ0
i = S0(xi), for 1≤ i≤ N−1,

ψ
j+1

0 = Sl(t j+1), and ψ
j+1

N = Sr(t j+1), for 1≤ j ≤M−1.

(7.20)
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where

L Cε
muψ

j+1
i :=−Cε(δ

2
x ψ

j+1
i )+Ai− 1

2
(δ−x ψ

j+1
i )+Bi− 1

2
ψ

j+1
i =Cε(δ

2
x ψ

j
i )

−Ai− 1
2
(δ−x ψ

j
i )−Ci− 1

2
ψ

j
i + f j+1

i− 1
2
+ f j

i− 1
2
, f or 1≤ i≤ N

2 ,

L Cε
cenψ

j+1
i :=−Cε(δ

2
x ψ

j+1
i )+Ai(δ

0
x ψ

j+1
i )+Biψ

j+1
i =Cε(δ

2
x ψ

j
i )

−Ai(δ
−
x ψ

j
i )−Ciψ

j
i + f j+1

i + f j
i , f or N

2 +1≤ i≤ N−1.

. (7.21)

Furthermore, we can determine the values of the coefficients as followsAi− 1
2
= Ai+Ai−1

2 ,Bi− 1
2
= Bi+Bi−1

2 ,Ci− 1
2
= Ci+Ci−1

2 ,

f j+1
i− 1

2
= 1

2

(
f j+1
i + f j+1

i−1

)
and f j

i− 1
2
= 1

2

(
f j
i + f j

i−1

)
.

(7.22)

Using (7.19) into (7.21) and after some simplifications, we get

L Cε
muψ

j+1
i := R−i ψ

j+1
i−1 +R0

i ψ
j+1

i +R+
i ψ

j+1
i+1 = G j

i , 1≤ i≤ N
2 .

where



R−i =

(
−2Cε

(hi+1+hi)hi
−

A j+1
i−1/2
hi

+
B j+1

i−1/2
2

)
R0

i =

(
2Cε

(hi+1+hi)hi+1
+ 2Cε

(hi+1+hi)hi
+

A j+1
i−1/2
hi

+
(B j+1

i−1/2
2

)
R+

i =
(

−2Cε

(hi+1+hi)hi+1

)
G j

i = r−i ψ
j

i−1 + r0
i ψ

j
i + r+i ψ j +

[
f j
i + f j

i−1+ f j+1
i + f j+1

i−1

]
2

r−i =

(
2Cε

(hi+1+hi)hi
+

A j
i−1/2
hi

+
C j

i−1/2
2

)
r0

i =

(
−2Cε

(hi+1+hi)hi+1
+ −2Cε

(hi+1+hi)hi
−

A j
i−1/2
hi

+
C j

i−1/2
2

)
r+i =

(
2Cε

(hi+1+hi)hi+1

)

.
. (7.23)



L Cε
cenψ

j+1
i := S−i ψ

j+1
i−1 +S0

i ψ
j+1

i +S+i ψ
j+1

i+1 = H j
i ,

N
2 +1≤ i≤ N−1.

where



S−i =

(
−2Cε

(hi+1+hi)hi
− A j+1

i
ĥi

)
S0

i =
(

2Cε

(hi+1+hi)hi+1
+ 2Cε

(hi+1+hi)hi
+B j+1

i

)
S+i =

(
−2Cε

ĥihi+1
+ Ai

hi

)
H j

i = s−i ψ
j

i−1 + s0
i ψ

j
i + s+i ψ

j
i+1 + f j+1

i + f j
i

s−i =

(
2Cε

(hi+1+hi)hi
+

A j
i

(hi+1+hi)

)
s0

i =
(
− 2Cε

(hi+1+hi)hi+1
− 2Cε

(hi+1+hi)hi
+C j

i

)
s+i =

(
2Cε

ĥihi+1
− A j

i
hi

)

.
(7.24)
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Because of the tri-diagonal system in (6.26), the fully discretized system (7.23)–(7.24) also
satisfies a nonsingular M-matrix by theorem (2.1) of Chapter (2), we solve it using matrix
inverse method.

7.5 Uniform Convergence Analysis

The convergence analysis of this section is basically based on the discretized problem in (7.4).
To show the stability and ε− uniform convergence of the proposed scheme, we follow the
decomposition approach of numerical solutions as regular and singular components as referred
in [50, 111].
Lemma 7.8. Assume that Assume that

τ0||A||∞ <
N

lnN
and αN ≥

(
||B||∞ +24t−1)

Then, we have
R−i < 0, R+

i < 0, for 1≤ i≤ N−1,

|R0
1|− |R

+
1 | ≥ 0, |R0

1|− |R
−
1 |− |R

+
1 | ≥ 0, for 1≤ i≤ N/2,

|R0
N−1|− |R

−
N−1|> 0, |R0

1|− |R
−
1 |− |R

+
1 |> 0 for N/2 < i < N−1.

(7.25)

Proof. To prove this lemma, we use the location of the meshes. as follows:
Case I (The Coarse Mesh Region): For every ( j+1)th time level in (7.23), we consider the case
1≤ i≤ N/2. It is seen that R+

i < 0 throughout the specified region and we check for R−i < 0
from the constructions below:

R−i =
−2Cε

(hi+1 +hi)hi
−

Ai−1/2

hi
.

Based on the assumption in (7.18), the step size in the coarse region is defined to be hi = H. So,
the above equation gives

R−i ≤ −2Cε

2H2 −
Ai−1/2

H
,

≤ −CεN2− N
2
(Ai +Ai−1) .

Since A(xi),A(xi−1)≥ α > 0, we conclude that R−i < 0 for 1≤ i≤ N/2 as required. From these
discussions, we further deduce the following results: |R0

1|− |R
+
1 | ≥ 0 and |R0

i |− |R−|− |R+| ≥ 0
for 1≤ i≤ N/2.
Case II (The Fine Mesh Region): For every ( j+1)th time level in (7.24), we consider the case
N/2 < i≤ N−1. It is seen that S+i < 0 throughout the specified region. To check where S−i is
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positive or negative, we prove as follows:

S−i =
−2Cε

ĥihi+1
− Ai

hi
,

≤ −2Cε

ĥihi+1
− ||A||∞

ĥi
,

≤ − 1
ĥi

(
2Cε

hi+1
+ ||A||∞

)
< 0.

Now, using the condition τ0||A||∞ < N
lnN , we deduce that

|S−i |+ |S
+
i | =

(
−2Cε

ĥihi
− Ai

hi
+
−2Cε

ĥihi+1
+

Ai

hi

)
,

≤ −2
ĥi

(
Cε

hi
+

Cε

hi+1

)
< |S0

i |.

Also it can be defined at N−1, |S−N−1|+ |S
+
N−1|= |S0

N−1|. The overall constructions suggested
that the tri-diagonal system associated with (7.23) and (7.24) at each temporal level is an M-
matrix. Hence, the operator defined in (7.20) satisfies the following discrete maximum principle
on DN,M

xt .

Lemma 7.9. (Descrite Maximum Principle). If ψ
j+1

i be any mesh function defined on D
N,M
x

such that ψ
j+1

0 ≥ 0,ψ j+1
N ≥ 0 and Lhybψ

j+1
i ≥ 0, i = 1,2,3, . . . ,N− 1, then ψ

j+1
i ≥ 0, i =

1,2,3, . . . ,N.

Proof. Suppose, for the sake of contradiction, that there exists an interior mesh point (i∗, j+1)
with i∗ ∈ {1,2, . . . ,N−1} such that

ψ
j+1

i∗ = min
0≤i≤N

ψ
j+1

i and ψ
j+1

i∗ < 0.

In particular, i∗ /∈ {0,N}, and thus (i∗, j+1) is an interior minimum. Elementary calculus then
implies

(ψ
j+1

i∗ )x = 0, (ψ
j+1

i∗ )xx ≥ 0.

Since the hybrid operator L N,M
hyb is defined as a combination of the midpoint–upwind and the

central-difference operators, we examine each scheme in the region where it is active.

The Outer Region. For 1≤ i∗ ≤ N/2, the midpoint-upwind discretization gives

L N,M
mu ψ

j+1
i∗ =−Cε (δ

2
x ψ

j+1
i∗ ) + Ai∗− 1

2
(δ−x ψ

j+1
i∗ ) + Bi∗− 1

2
ψ

j+1
i∗ .

At the discrete minimum, δ 2
x ψ

j+1
i∗ ≥ 0 and δ−x ψ

j+1
i∗ = 0, while ψ

j+1
i∗ < 0 forces the reaction
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term to be strictly negative. Hence,

L N,M
mu ψ

j+1
i∗ < 0.

The Layer Region. For N/2 < i∗ ≤ N−1, the central-difference operator yields

L N,M
cen ψ

j+1
i∗ =−Cε (δ

2
x ψ

j+1
i∗ ) + Ai∗ (δ

0
x ψ

j+1
i∗ ) + Bi∗ψ

j+1
i∗ .

Again, δ 2
x ψ

j+1
i∗ ≥ 0 and δ 0

x ψ
j+1

i∗ = 0 at the discrete minimum, and because ψ
j+1

i∗ < 0, the
reaction term is strictly negative. Thus,

L N,M
cen ψ

j+1
i∗ < 0.

The Entire Region. By definition of the hybrid scheme,

L N,M
hyb ψ

j+1
i∗ = L N,M

mu ψ
j+1

i∗ +L N,M
cen ψ

j+1
i∗ , 1 < i∗ ≤ N−1.

Since each term on the right-hand side is strictly negative where it applies, we conclude that

L N,M
hyb ψ

j+1
i∗ < 0.

This contradicts the assumed non-negativity condition

L N,M
hyb ψ

j+1
i ≥ 0, i = 1,2, . . . ,N−1.

Therefore the assumption ψ
j+1

i∗ < 0 is impossible, and we conclude that

ψ
j+1

i ≥ 0, i = 1,2, . . . ,N.

Lemma 7.10. (Uniform Stability Estimate). Let ψ
j+1

i be the solution of the discrete problem

(7.20). Then∣∣∣ψ j+1
i

∣∣∣≤C max
∂DN,M

∣∣ψ(xi, t j)
∣∣+α

−1
∣∣∣∣∣∣L N,M

hyb ψ
j+1

i

∣∣∣∣∣∣ , (xi, t j) ∈DN,M
xt . (7.26)

Proof. Let Ω±(xi, t j+1) be two barrier functions defined as follows:

Ω
±(xi, t j+1) =C max

∂DN,M

∣∣ψ(xi, t j)
∣∣+ 1

p∗

∣∣∣∣∣∣L N,M
hyb ψ

j+1
i

∣∣∣∣∣∣±ψ
j+1

i . (7.27)

Using Lemma (7.2) and Lemma (7.9), it can be arrived at the required bound.

Theorem 7.1. Let ψ(xi, t j+1) and ψ
j+1

i be the continuous and discrete solutions of the problems
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(7.4) and (7.20), respectively; then the proposed scheme satisfies the following error estimate in
the spatial direction:

∣∣∣ψ(xi, t j+1)−ψ
j+1

i

∣∣∣≤
CN−2, 0≤ i≤ N/2,

C
(
N−2ln2N

)
, N/2 < i < N.

(7.28)

Proof. First divide the domain into outer and layer regions of the following forms:
The Outer Region (0≤ i≤ N/2): Based on the above lemma, the local truncation error in the
outer region can be defined by the midpoint upwind scheme as follows:

ζ
j+1

i =
∣∣∣L N,M

Cε ,hyb

(
ψ(xi, t j+1)−ψ

j+1
i

)∣∣∣ ,
≤ L N,M

Cε
ψ(xi−1/2, t

j+1)−L N,M
Cε ,muψ(xi, t j+1),

≤ C
[

N−1(Cε +N−1)+
∣∣∣(Cε(ψ

j+1
xx −δ

2
x ψ

j+1
i ))

∣∣∣+ ∣∣∣∣Ai−1/2

(
∂

∂x
−δ

−
x

)
ψ

j+1
i

∣∣∣∣] ,
≤ C

[
N−1(Cε +N−1)(Cε +hi+1 (hi +hi+1)) ||ψxxx||∞ +h2

i+1 (||ψxx||∞ + ||ψx||∞)
]
,

≤ C
(
N−1(Cε +N−1)

)
,

≤ CN−2, since Cε ≤CN−1 in the considered region.

The Layer Region (N/2 < i < N): In a similar approach applied in the outer region, the local
truncation error determined as follows:

ζ
j+1

i =
∣∣∣L N,M

Cε ,hyb

(
ψ(xi, t j+1)−ψ

j+1
i

)∣∣∣ ,
≤ L N,M

Cε
ψ(xi−1/2, t

j+1)−L N,M
Cε ,cenψ(xi, t j+1),

≤ C
(
N−2ln2N

)
+

∣∣∣∣Cε

(
∂ 2

∂x2 −δ
2
x

)
ψ(xi, t j+1)

∣∣∣∣+ ∣∣∣∣Ai

(
∂

∂x
−δ

0
x

)
ψ(xi, t j+1)

∣∣∣∣ ,
≤ C

[(
N−2ln2N

)
+Cεh2

i ||ψxxxx||∞ +h2
i ||ψxxx||∞

]
, using Taylor series expansion,

≤ C
(
N−2ln2N

)
, using the estimates for derivatives in Lemma (7.7)

Using these estimates, together with the global error bound established in Lemma (7.6), we may
generalize the overall bounds of the proposed scheme. Consequently, the total truncation error
associated with the hybrid scheme can be expressed as follows:
Theorem 7.2. Let ψ(xi, t j+1) and ψ

j+1
i be the continuous and discrete solutions of the problems

(7.4) and (7.20), respectively; then the proposed scheme satisfies the following bound:

sup
0<Cε�1

max
0≤i≤N,0≤ j≤M

∣∣∣ψ(xi, t j+1)−ψ
j+1

i

∣∣∣≤
C

(
N−2 +(∆t)2) , 0≤ i≤ N/2,

C
(
N−2ln2N +(∆t)2) , N/2 < i < N.
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Proof. Combining lemma (7.6) and theorem (7.1) gives the required result.

7.6 Numerical Results and Discussions

The proposed scheme is finally assessed using two benchmark problems, with εuniform maxi-
mum absolute errors and convergence rates computed to evaluate its accuracy and computational
efficiency, as presented in Chapter 2.

Example 7.1. Consider SPPDDEs of the following form presented in [57, 109, 110] with
δ = 0.3∗ ε:

ψt(x, t)− εψxx(x, t)+(2− x2)ψx(x−δ , t)+(x2 +1+ cos(πx))ψ(x−δ , t)

= 10t2(1− x)exp(−t), ∀(x, t) ∈Dxt = (0,1)× (0,T ],T > 0,

S0(x, t) = 0, ∀x ∈Dx and t = 0,

Sl(x, t) = 0, ∀(x, t) ∈ [−δ ,0]×D t ,

Sr(x, t) = 0, x = 1 and ∀t ∈D t .

Example 7.2. Consider SPPDDEs of the following form presented in [57, 109, 110] with
δ = 0.3∗ ε:

ψt(x, t)− εψxx(x, t)+(2− x2)ψx(x−δ , t)+(3− x)ψ(x−δ , t)

= exp(t)sin(πx(1− x)), ∀(x, t) ∈Dxt = (0,1)× (0,T ],T > 0,

S0(x, t) = 0, ∀x ∈Dx and t = 0,

Sl(x, t) = 0, ∀(x, t) ∈ [−δ ,0]×D t ,

Sr(x, t) = 0, x = 1 and ∀t ∈D t .

Let ψN,M(xi, t j) and ψ2N,2M(xi, t j) be the numerical solutions with mesh lengths (h,∆t 6= 0) and
(h/2,∆t/2 6= 0) respectively, then

• The maximum absolute error is given by

EN,M
ε = max

0≤i, j≤N,M

∣∣ψN,M(xi, t j)−ψ
2N,2M(xi, t j)

∣∣ . (7.29)

• The ε− uniform maximum absolute error is given by

EN,M = max
ε

EN,M
ε . (7.30)
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• Corresponding ε-uniform order of convergence

RN,M = log2

(
EN,M

E2N,2M

)
. (7.31)

Table 7.1: EN,M and RN,M for Example (7.1) with δ = 0.3∗ ε

.

ε ↓ N = 16 N = 32 N = 64 N = 128 N = 256
M = 16 M = 32 M = 64 M = 128 M = 256

2−4 1.0129e−02 2.8877e−03 8.8280e−04 2.2361e−04 5.7853e−05
2−6 1.0170e−02 2.9075e−03 8.9157e−04 2.2568e−04 5.9523e−05
2−8 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
2−10 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
2−12 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
2−14 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
2−16 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
2−18 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
2−20 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
EN,M 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04 6.1353e−05
RN,M 1.8065 1.8205 1.9129 1.9345 —

Table 7.2: EN,M and RN,M for Example (7.2) with δ = 0.3∗ ε

.

ε ↓ N = 16 N = 32 N = 64 N = 128 N = 256
M = 16 M = 32 M = 64 M = 128 M = 256

2−4 7.8347e−03 2.1527e−03 6.3971e−04 1.7256e−04 4.3256e−05
2−6 7.8436e−03 2.1537e−03 6.3900e−04 1.7176e−04 4.5291e−05
2−8 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
2−10 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
2−12 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
2−14 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
2−16 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
2−18 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
2−20 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
EN,M 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04 4.5291e−05
RN,M 1.8647 1.7529 1.8954 1.93231 —
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(a) ε = 10−1
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(b) ε = 10−8

Figure 7.1: 2D solution graph for Example (7.2) when N = 256,M = 256

(a) ε = 10−1 (b) ε = 10−6

Figure 7.2: 3D solution graph for Example (7.2) when N = 256,M = 256

(a) Example (6.1) (b) Example (6.2)

Figure 7.3: Log log plots for different with values meshes N = 64,128,256 and M = 8,16,32.

To assess the applicability and effectiveness of the proposed scheme, we consider two model ex-
amples. Tables (7.1) and (7.2), corresponding to Examples (7.1) and (7.2), report the maximum
absolute errors and the associated orders of convergence. For a fixed perturbation parameter ε ,
reducing the step sizes h and ∆t across each row consistently decreases the maximum absolute
errors, demonstrating that the numerical accuracy improves under mesh refinement. Moreover,
the computed orders of convergence closely match the theoretical predictions, confirming the
expected convergence behavior of the scheme.

For fixed values of h and ∆t, decreasing the perturbation parameter ε down each column produces
nearly unchanged maximum absolute errors. This behavior indicates that the accuracy of the
scheme is essentially independent of the perturbation parameter and confirms its parameter-

133



Chapter 7 7.6. Numerical Results and Discussions

Table 7.3: Comparison of EN,M and RN,M for Example (7.1) with δ = 0.3∗ ε

.

ε ↓ N = 16 N = 32 N = 64 N = 128
M = 16 M = 32 M = 64 M = 128

Present scheme
EN,M 1.0171e−02 2.9077e−03 8.9166e−04 2.3452e−04
RN,M 1.8065 1.8205 1.9129 —
Results in [57]
EN,M 1.3567e−02 7.7535e−03 4.1434e−03 2.5115e−03
RN,M 0.8072 0.9040 0.7223 —
Results in [109]
EN,M 1.4608e−02 8.1600e−03 4.3077e−03 2.2124e−03
RN,M 0.8401 0.9217 0.9613 —

Table 7.4: Comparison of EN,M and RN,M for Example (7.2) with δ = 0.3∗ ε

.

ε ↓ N = 16 N = 32 N = 64 N = 128
M = 16 M = 32 M = 64 M = 128

Present scheme
EN,M 7.8437e−03 2.1537e−03 6.3899e−04 1.7175e−04
RN,M 1.8647 1.7529 1.8954 —
Results in [57]
EN,M 1.2759e−02 6.2559e−03 3.5761e−03 2.1620e−03
RN,M 0.7260 1.0282 0.8068 —
Results in [109]
EN,M 1.9445e−02 1.0633e−02 6.0314e−03 3.2579e−03
RN,M 0.8709 0.8180 0.8886 —
Results in [110]
EN,M 9.2814e−03 6.5095e−03 3.8028e−03 2.0170e−03
RN,M 0.5118 0.7755 0.9149 —

uniform convergence.

The two-dimensional and three-dimensional solution profiles presented in Figures (7.1) and
(7.2) further illustrate the influence of the perturbation parameter. As ε decreases, the solution
develops a pronounced right boundary layer near x = 1, which agrees with the analytical
characterization of the problem. Despite the presence of this sharp layer, the proposed method
accurately captures the solution behavior without loss of stability or accuracy.

Additional evidence of uniform convergence is provided by the log–log plots in Figure (7.3).
The nearly parallel error and mesh-size curves, together with their comparable slopes, indicate
that the numerical errors decrease at the predicted rate as the mesh is refined. These observations
verify the robustness of the scheme across a wide range of perturbation parameters.

Overall, the numerical experiments strongly support the theoretical analysis. The observed
error behavior, convergence rates, and layer-resolution capabilities are all consistent with the
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established theoretical results. Furthermore, the comparative results reported in Tables (7.3)
and (7.4) demonstrate that the proposed method achieves higher accuracy and competitive
convergence rates when compared with existing methods in the literature, including those
presented in [57], [109], and [110]. These findings highlight the efficiency, reliability, and
practical superiority of the proposed numerical scheme.

7.7 Conclusion

In this chapter, we develop and analyze a hybridized parameter-uniformly convergent scheme
for solving singularly perturbed convection-diffusion problems that include a small negative
shift parameter in both the convection and reaction terms. The proposed method employs
the Crank-Nicolson scheme for temporal discretization on uniform meshes and a hybridized
finite difference approach for spatial discretization on Shishkin meshes. The stability and
convergence analysis establishes that the resulting scheme achieves uniform convergence of
order O

(
N−2ln2N +(∆t)2). The overall numerical results and discussions reveal that the better

performance of the present scheme compared with several existing methods in the literature.
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Chapter 8

General Discussions, Conclusions and
Future Works

This chapter offers a comprehensive discussion and consolidated summary of the key contribu-
tions achieved in this dissertation. In addition, it identifies several promising avenues for future
research, indicating how the findings of the present study may be broadened or advanced in
subsequent work.

8.1 General Discussions and Conclusions

This dissertation contributes to the development and analysis of fitted numerical schemes for
solving singularly perturbed parabolic diffusion type problems. The principal findings of this
work can be summarized as follows.

In chapter two, we examined a class of reaction–diffusion–type SPPPDEs. The problem was
discretized using a Crank–Nicolson scheme in time and a nonstandard finite difference method
on uniform spatial meshes. Stability and convergence analyses established that the resulting
scheme achieves second-order accuracy in both time and space.

In chapter three, we studied reaction–diffusion–type SPPPDEs discretized with an implicit Euler
scheme in time and a fitted linear multistep method on piecewise Shishkin meshes in space. The
scheme was shown to be uniformly convergent, first-order in time and fourth-order in space, and
was further enhanced to second-order in time through Richardson extrapolation.

In chapter four, we studied reaction–diffusion–type SPPDDEs with a small time lag, discretized
using a Crank–Nicolson scheme in time and a nonstandard spatial discretization. The method
was shown to be second-order accurate, and Richardson extrapolation further improved it to
fourth-order in both time and space.

In chapter five, we examined convection–diffusion–reaction SPPDDEs with a small spatial
mixed shift, discretized using an implicit Euler scheme in time and an exponentially fitted
upwind method in space on uniform meshes. Uniform convergence and stability analyses
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demonstrated that the scheme attains second-order accuracy after Richardson extrapolation.

In chapter six, we considered convection–diffusion–reaction type SPPDDEs with small spatial
shifts in the convection and reaction terms, discretized using an implicit Euler scheme in time and
a midpoint upwind finite difference method in space. Stability and uniform convergence analyses
confirmed that the scheme achieves second-order accuracy after Richardson extrapolation.

In chapter seven, we considered convection–diffusion–reaction type SPPDDEs with small spatial
shifts in the convection and reaction terms, discretized using a hybridized scheme combining
the Crank–Nicolson method in time and a second-order hybrid spatial discretization, midpoint
upwind in coarse regions and central differences in layer regions on Shishkin meshes. Stability
and uniform convergence analyses showed that the scheme is second-order accurate.

Overall, extensive numerical experiments were carried out to evaluate the performance and
applicability of the proposed schemes. The computed results, including maximum absolute
errors and observed orders of convergence, validate the theoretical analysis and demonstrate
close agreement with practical outcomes. The schemes are higher-order, stable, and accurate,
and they outperform several existing methods reported in the literature. These results underscore
that the proposed schemes provide an efficient framework for solving SPPPDEs and SPPDDEs
of reaction–diffusion and convection–diffusion type model problems in applied science and
engineering.
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8.2 Future works of the study

Due to certain constraints, this study is limited to linear reaction–diffusion and convection–diffusion
SPPPDEs and SPPDDEs with small temporal lags and spatial shifts. However, many real-world
phenomena are governed by nonlinear and two-dimensional singularly perturbed parabolic
PDEs. As a direction for future work, the formulated numerical schemes should be extended and
applied to such nonlinear, interior turning point and 2D problems to broaden their applicability
and practical relevance.

Non-Linear Singularly Perturbed Parabolic PDEs: [The Methods in Chapter 3 and 4].

Lεψ(x, t) = f (x, t,ψ(x, t)), ∀(x, t) ∈Dxt ,

ψ(x, t) = S0(x), ∀(x, t) ∈ µ0 =
{
(x, t) : x ∈Dx, t = 0

}
,

ψ(x, t) = Sl(0, t), ∀(x, t) ∈ µl =
{
(x, t) : x = 0, t ∈D t ≤ T

}
,

ψ(x, t) = Sr(1, t), ∀(x, t) ∈ µr =
{
(x, t) : x = 1, t ∈D t ≤ T

}
.

where Lεψ(x, t) := ψt(x, t)− εψxx(x, t)+ p(x, t)ψx(x, t)+q(x, t)ψ(x, t).

Interior Turning Point Problem of SPPPDEs: [The methods in chapter 5 an 6].

ψt− εψxx +b(x, t)ψx + c(x, t)ψ(x, t) = f (x, t), ∀(x, t) ∈Dxt ,

ψ(x,0) = S0(x), ∀x ∈Dx,

ψ(0, t) = Sl(0, t), ∀t ∈ [0,T ],

ψ(1, t) = Sr(1, t), ∀t ∈ [0,T ],

where b(x, t) = 0, x ∈Dx, c(x, t), f (x, t) are given smooth functions.

2D Singularly Perturbed Parabolic PDEs: [The methods in Chapter 2, 3 and 7].

ψt +Lεψ(x,y, t) = f (x,y, t), ∀(x,y, t) ∈Dxyt = Dxy×Dt ,

ψ(x,y,0) = ψ0(x,y), ∀(x,y) ∈ ∂Dxy,

ψ(0,y, t) = ψx(y, t) = ψ(1,y, t), ∀(y, t) ∈Dy×Dt ,

ψ(x,0, t) = ψy(x, t) = ψ(x,1, t), ∀(x, t) ∈Dx×Dt

.

where Lεψ(x,y, t) :=−ε (ψyy +ψyy)+a(x,y, t)ψx +b(x,y, t)ψy + c(x,y, t)ψ .
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