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Abstract

The purpose of this dissertation is to study the strong minimum/maximum
principle and to investigate various Liouville-type theorems for partial trace equa-
tions with nonlinear gradient terms. To investigate the problems and obtain the
results presented in this dissertation, we will use various principles (minimum
and maximum principles, a comparison principle for viscosity sub/supersolutions,
boundary principles, and compact support principles), concepts of duality, and
different mathematical estimates and inequalities.

In this study, we examine a strong minimum principle of Vázquez type for
partial trace operators with gradient terms. More explicitly, given a n-tuple a =

(a1, · · · , an) of non-negative real numbers with an > 0, we give sufficient conditions
on a continuous function h: R × R+

0 → R in order for non-negative viscosity
supersolutions of

Pa(D
2u) = h(u, |Du|) (⋆)

in connected open subsets of Rn that vanish at some point to Ω vanish identically
in Ω. When h depends only on the gradient, the condition is also necessary.
Here Pa belongs to a class of fully nonlinear degenerate elliptic operators that
includes the Min-Max operator which is defined as the sum of the minimum and
the maximum eigenvalues of the Hessian matrix. Under suitable conditions on
h and a = (a1, · · · , an), both the Strong Maximum Principle and the Compact
Support Principle for subsolutions are also investigated. The work covers a new
class of degenerate operators and a wide class of Hamiltonians not investigated
in the literature and some of the results are new even when Pa reduces to the
standard Laplacian. Illustrative examples are presented for such equations.

We investigate various Liouville-type theorems for partial trace equations with
nonlinear gradient terms. Specifically, we establish sufficient conditions for which
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their viscosity subsolutions vanish identically in Rn. For a prototype of such
equations, that is, when h(u, |Du|) = f(u) + g(u)|Du|q for 0 < q < 2 in (⋆), we
give necessary and sufficient conditions for viscosity subsolutions identically zero
in Rn.

Our results are important in the field of mathematical analysis. They serve
as a fundamental tool for analyzing the existence and uniqueness, regularity, and
blow-up estimate behavior of solutions for practical problems.

Keywords and Phrases. Fully nonlinear degenerate elliptic operators, Mini-
mum/Maximum principle, Weighted partial trace operator, Comparison principle,
Viscosity solutions, Liouville theorems, Keller-Osserman conditions.
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Chapter 1

General Introduction

1.1. Background of the study

Historically, partial differential equations (PDEs) originated from the study of
surfaces in geometry and various problems in mechanics. The use of PDEs began
in the 18th century with the work of Euler, D’Alembert, Lagrange, and Laplace
as a central tool in the description of physical sciences [12]. Partial differential
equations are used to model a wide range of phenomena, in particular in physics,
engineering, chemistry, biology, and finance. For instance, they are fundamental in
the modern understanding of sound, fluid dynamics, elasticity, general relativity,
and quantum mechanics. They also play an important role in “pure mathematics”,
in particular, in geometry and analysis [28]. Among the most important equations
in the application of PDEs are the second-order partial differential equations. In
particular, nonlinear partial differential equations play an important role in science
and engineering.

The maximum principle is one of the most useful and well-known tools em-
ployed in the study of PDEs. To investigate phenomena in both natural and
social sciences, it is important to analyze solutions to PDEs derived from certain
maximization-minimization principles. It enables us to obtain information about
solutions (uniqueness, approximation, boundedness and symmetry, necessary con-
ditions of solvability, etc. [21]) to differential equations and inequalities without
explicit knowledge of the solutions.

The maximum principle of Eberhard Hopf is the classical and bedrock result of
the theory of second-order elliptic PDEs and has an enormous number of important
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applications. It goes back to the maximum principle for harmonic functions, which
was already known to Gauss in 1839. On the other hand, it carries forward the
maximum principles of Gilbarg, Trudinger, and Serrin and the maximum principles
initiated particularly by Vázquez and Díaz in the 1980’s [66].

A well-known fact in the theory of harmonic function states that any non-
negative superharmonic function in a connected open set must either vanish iden-
tically or be strictly positive everywhere. This property is referred to as the Strong
Minimum Principle, hereafter shortened as SmP.

The most well-known notion of solutions for PDEs of divergence type is weak
solutions, which are weaker than classical solutions in the distribution sense. The
failure of weak solutions to describe physical situations everywhere in a global
domain and the need for the application of nonlinear PDEs in science, economics,
and engineering to have global solutions have become interesting issues for many
mathematicians and engineers over the past many years. As a consequence of this,
the notion of a “viscosity solution” has been introduced.

The name of this theory originated from the “vanishing viscosity method”,
developed first for first-order fully nonlinear PDE (Hamilton-Jacobi PDE). The
formal notions were introduced by P. L. Lions and M. G. Crandall in the early
1980s for first-order PDE, following the preceding contributions of L. C. Evans.
The extension to the case of second-order PDEs came around the 1990s, as noted
by H. Ishii and P. L. Lions [48]. This theory of viscosity solutions is developed
for fully nonlinear degenerate second order PDEs (for reasons such as existence,
uniqueness, stability, regularity, and so on). For second-order elliptic PDEs of
nondivergence type, the notion of viscosity solutions is the most appropriate one
for several reasons [52]. The primary advantages of this theory are:

• It allows merely continuous functions to be solutions of fully nonlinear second-
order PDEs

• It provides general existence and uniqueness theorems,

• It yields precise formulations of general boundary conditions.

The notion of a viscosity solution has a wide range of applications, including com-
mon classes of PDE such as evolutionary problems and boundary value problems.
It arises in optimal control theory (the Hamilton-Jacobi-Bellman equation), in
differential games (the Isaacs equation), in stochastic optimal control (stochastic
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differential games), in geometric equations (mean curvature and Monge–Ampére
equations), and so on [52].

Liouville’s theorem is named after a French mathematician and engineer, Joseph
Liouville (1809–1882), who noted that the only bounded holomorphic functions
in the complex plane are constants. This was generalized to solutions of elliptic
equations of various forms, and the results take different forms. Liouville-type the-
orems are powerful tools in elliptic partial differential equations in establishing a
priori estimates for non-negative solutions. These theorems help us to understand
the behavior of solutions and investigate the existence of solutions to different
problems, for instance, periodic problems, optimal control problems, etc. [1, 40].

1.2. Statement of the problem

While the strong minimum/maximum principle and Liouville-type theorems
are established for many PDEs, not enough attention is given to SmP (or SMP)
and Liouville-type theorems for partial trace equations with nonlinear gradient
terms. In this dissertation, we work to fill this gap and study a fully nonlinear
degenerate elliptic equation

Pa(D
2u) = h(u, |Du|), in Rn (1.2.1)

where the operator Pa(·) is the weighted partial trace operator, which will be
defined in the next chapter. The function h: R × R+

0 → R is continuous and
satisfies some conditions. This study will attempt to

1 prove the SmP for (1.2.1) with suitable assumptions on h and the n-tuple a

for Pa.

Problem 1: Suppose h satisfies the following conditions for some constant
ν > 0:

(M): s 7→ s+ h(s, t0) and t 7→ t+ h(s0, t) are non-decreasing in (0, ν)

for each s0, t0 ∈ (0, ν),

(P): t+ h(t, t) is positive in (0, ν), and

ˆ ν

0

dt

t+ h(t, t)
= ∞.

3



Under the assumptions (M), (P), and an > 0, the behavior of nonnegative
viscosity supersolutions u of (1.2.1) can be characterized in an open con-
nected subset Ω ⊆ Rn. Specifically, if u is any non-negative viscosity super-
solution of (1.2.1), it must be identically zero or strictly positive throughout
Ω.

2 prove the SMP for (1.2.1) with suitable assumptions on h and the n-tuple a

for Pa.

Problem 2: The following additional conditions are required to validate
the SMP, in addition to (M) and (P).

(D1): t 7→ h(s, t) is non-decreasing in R+
0 for each s ∈ R.

(D2): h(−s, 0) + h(s, 0) ≥ 0 for all s ∈ R.

Assume (M), (P), (D1), (D2), and Pa ∈ A1 hold. If u ∈ USC(Ω) is a
viscosity subsolution of (1.2.1) that satisfies u(x) ≤ u(x0) and u(x0) ≥ 0 for
some x0 ∈ Ω, it can be shown that u ≡ u(x0) in Ω. We obtain a SMP for
the subsolutions of (1.2.1) from the SmP by applying duality to Pa.

3 show the Strong Boundary Minimum Principle for (1.2.1) with conditions
(M), (P) hold and Pa ∈ An in an open subset Ω of Rn.

Problem 3: Suppose x0 ∈ ∂Ω and u ∈ LSC(Ω ∪ {x0}) is a viscosity
supersolution of (1.2.1) that satisfies

(i) u(x) ≥ u(x0) = 0 for all x ∈ Ω,

(ii) there is a ball B(z, r) ⊂ Ω with B(z, r) ∩ ∂Ω = {x0}.

Then
lim inf
x→x0
x∈Cx0

u(x)− u(x0)

|x− x0|
> 0,

where Cx0 is any circular cone with vertex x0 and opening less than π with
axis along the normal direction at x0.

4 show that the Strong Boundary Maximum Principle for (1.2.1) within an
open connected subset Ω ⊂ Rn and h satisfies conditions (D1) and (D2).
Furthermore, we assume conditions (M), (P) hold and Pa ∈ A1.

4



Problem 4: Let x0 ∈ ∂Ω and u ∈ USC(Ω∪{x0}) be a viscosity subsolution
of (1.2.1) such that

(i) u(x) ≤ u(x0) = 0 for all x ∈ Ω,

(ii) there is a ball B(z, r) ⊂ Ω with B(z, r) ∩ ∂Ω = {x0}.

Then
lim inf
x→x0
x∈Cx0

u(x0)− u(x)

|x− x0|
> 0,

where Cx0 is as defined in problem 3.

5 show that the Compact Support Principle (CSP) holds for subsolutions of
(1.2.1) in Ω = Rn \B(0, r0), where r0 > 0.

Problem 5: For any non-negative viscosity subsolution u of (1.2.1) in
Ω = Rn \ B(0, r0) such that u(x) → 0 as |x| → ∞, we prove that u ≡ 0 in
Rn \B(0, R) for some R > r0, provided that the following assumptions on h
hold.

There exists a constant ν > 0 such that

(H-1): h(0, t) > 0 for all t > 0, the map s 7→ h(s, t) is strictly increasing
in [0, ν) for all t ∈ R+

0 , and

ˆ ν

0

dt

h(0, t)
<∞.

(H-2): h(s, 0) ≥ 0 for all s ≥ 0, the map t 7→ h(s, t) is strictly increasing
in R+

0 for all s ∈ (0, ν), and

ˆ ν

0

dt√
H(t)

<∞,

where

H(t) :=

ˆ t

0

h(s, 0) ds, s > 0. (1.2.2)

6 prove various Liouville-type theorems for (1.2.1) with suitable assumptions
on the n-tuple a and h: R× R+

0 → R that satisfy

5



(H-1): s 7→ h(s, t) is increasing on R+
0 for each t ≥ 0.

(H-2):
ˆ 1

0

dt

h(ϱ, t)
<∞ for sufficiently small ϱ > 0.

(H-2)◦:
ˆ ∞

1

dt

h(t, t)
= ∞.

(H-2)∗:
ˆ ∞

1

ds√
H(s)

<∞, where H is defined in (1.2.2).

(H-3): h(s, 0) > 0 for all s > 0 and h(0, 0) = 0.

(H-3)∗: h(c, 0) = 0 for exactly one c ∈ R.

Problem 6: Under suitable assumptions on the n-tuple a := (a1, · · · , an),
we prove the following Liouville-type theorems:

(a) Suppose that (H-1), (H-2), and (H-3) hold, and let a = (a1, · · · , an)
be a n-tuple of non-negative real numbers with a1an > 0. If u is a
non-negative viscosity subsolution of (1.2.1), then u ≡ 0 in Rn.

(b) If (H-1), (H-2)0 and (H-3) hold, then (1.2.1), with an > 0 admits a
positive radial viscosity solution.

(c) Suppose that (H-1), (H-2)∗ and (H-3) hold. If u is a non-negative
subsolution of (1.2.1) in Rn, then u ≡ 0 in Rn.

(d) Suppose that u is a viscosity solution of (1.2.1) and u(x) = o(|x|2) as
|x| → ∞. If there is exactly one c ∈ R such that h(c, 0) = 0, then u ≡ c

in Rn.

1.3. Objective of the study

1.3.1. General Objective
The main objective of this study is to examine a Vázquez-type strong min-

imum/maximum principle and formulate various Liouville-type theorems for a
partial trace equation

Pa(D
2u) = h(u, |Du|), (1.3.1)

where h: R× R+
0 → R is a continuous function in a connected open set Ω ⊆ Rn.

6



1.3.2. Specific Objectives
The specific objectives of this study are summarized as follows.

1 To extend the Strong Minimum Principle (SmP) for non-negative superso-
lutions of the weighted partial trace equations involving nonlinear gradient
terms.

2 To examine the Strong Maximum Principle (SMP) and the Compact Support
Principle (CSP) for non-negative subsolutions of the weighted partial trace
equations involving nonlinear gradient terms.

3 To examine the comparison principle and the strong boundary minimum/-
maximum principle for weighted partial trace equations.

4 To investigate Liouville-type properties for viscosity subsolutions of weighted
partial trace equations.

5 To provide the necessary and sufficient conditions for prototype weighted
partial trace equations whose non-negative subsolutions to be identically
zero in Rn.

1.4. Significance of the study

The strong minimum/maximum principle and the Liouville-type theorems are
crucial tools in both theoretical and practical PDE problems as well as other
mathematical fields. Its significance is

1 to provide a good understanding of applications of the minimum/maximum
principle and Liouville-type theorems for solving practical problems in vari-
ous fields of mathematics.

2 to contribute for further advancement of the theory of more general weighted
partial trace operators.

3 to provide background information for further research in the broader con-
text of fully nonlinear partial differential equations.

7



In summary, studying the strong minimum/maximum principle and the Liouville-
type theorems for weighted partial trace equations with nonlinear gradient terms
provides fundamental results that can have far-reaching consequences for the the-
ory and applications of different classes of PDEs.

1.5. Organization of the Dissertation

Following this introductory chapter, the remaining part of the dissertation is
organized as follows.

1. In Chapter 2, we present a brief introduction to the basic concepts and
definitions of the weighted partial trace operator, viscosity solution, and
minimum/maximum principle that can be used in the next chapters.

2. In Chapter 3, we present a summary of previous research findings and
identify gaps in the research problems under consideration.

3. In Chapter 4, we investigate the comparison principle, strong minimum/-
maximum principles, strong boundary minimum/maximum principles, and
compact support principle for weighted partial trace equations involving
nonlinear gradient terms. The results obtained as propositions, lemmas,
and theorems are stated along with their respective proofs and illustrative
examples.

4. In Chapter 5, we examine various Liouville-type theorems for weighted
partial trace equations with nonlinear gradient terms.

Finally, we present our conclusions and future work.

1.6. Research Methodology

To investigate the problems and obtain the results presented in this disserta-
tion, we apply various principles (minimum and maximum principles, a compari-
son principle for viscosity sub/supersolutions, boundary principles, and compact
support principles), concepts of duality, and different mathematical estimates and
inequalities.

8



Chapter 2

Preliminary Concepts

The purpose of this chapter is to provide a brief overview of the main concepts,
definitions, and notations that we will use later to establish the various results pre-
sented in the study. It covers several fundamental ideas, including weighted partial
trace operators, viscosity solutions, minimum/maximum principles, Liouville-type
theorems, and properties of non-decreasing functions. The goal is to introduce the
reader to the key theoretical foundations of these preliminary concepts, which we
will use in the subsequent chapters.

For a more comprehensive understanding, the chapter suggests referring to the
works of L. A. Caffarelli and X. Cabré [16], Pucci et al. [65], Galise et al. [38], and
the references therein.

2.1. Basic Definitions

Here and elsewhere in the following chapters, we use the following notation to
denote partial derivatives.

• The partial derivatives of u in x are defined as

∂u(x)

∂xi
:= lim

h→0

u(x+ hei)− u(x)

h
(if the limit exists),

for i = 1, · · · , n, where ei denotes the standard basis vector i of Rn. Com-

monly used notations are
∂u

∂xi
= ∂xiu = uxi .

9



• The second-order partial derivatives are defined as

∂2u(x)

∂xi∂xj
:=

∂

∂xi

(
∂u(x)

∂xj

)
(if they exist),

for i, j = 1, · · · , n. Commonly used notations are
∂2u

∂xi∂xj
= uxixj = ∂2xixju.

• Let α = (α1, · · · , αn) ∈ Nn
0 be a multiindex. Its order is defined as:

|α| :=
n∑
i=1

αi,

and the corresponding |α|th order partial derivatives of u are

Dαu(x) =
∂|α|u(x)

∂xα1
1 · · · ∂xαn

n

= ∂α1
x1

· · · ∂αn
xn u(x) (if they exist).

Moreover, for k ∈ N, we denote the collection of all k-th order partial deriva-
tives of u in x by

Dku(x) := {Dαu(x) : |α| = k}.

As usual, we write D1u(x) as a column vector

D1u(x) = Du(x) =


∂u(x)
∂x1...
∂u(x)
∂xn

 (gradient),

and D2u(x) as a matrix,

D2u(x) =


∂2u(x)
∂x1∂x1

· · · ∂2u(x)
∂x1∂xn... . . . ...

∂2u(x)
∂xn∂x1

· · · ∂2u(x)
∂xn∂xn

 (Hessian matrix).

Note that D2u(x) is a symmetric n× n matrix.

Definition 2.1.1. Let Ω ⊆ Rn be an open subset, n ≥ 2 and k ∈ N. An equation
of the form

F (x, u(x), Du(x), · · · , Dk−1u(x), Dku(x)) = 0, x ∈ Ω, (2.1.1)
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is called a k-th order PDE, where

F : Rnk × Rnk−1 × · · · × Rn × R× Ω → R

is a given function and u: Ω → R is the unknown function.

A classical solution of the PDE is a k-time continuously differentiable function
u : Ω → R that satisfies (2.1.1).

Definition 2.1.2. Depending on the structure of the function F in (2.1.1), we
classify PDEs as follows:

• The PDE (2.1.1) is linear if the function F is linear in u and its derivatives,
that is if it is of the form∑

|α|≤k

aα(x)D
αu(x) + f(x) = 0,

for given functions aα and f . Moreover, if f ≡ 0, the PDE is called homo-
geneous and inhomogeneous otherwise.

• The PDE (2.1.1) is semilinear if F is linear in the highest-order derivatives,
that is, if it is of the form∑

|α|=k

aα(x)D
αu(x) + a0(D

k−1u(x), . . . , u(x), x) = 0,

for given functions aα and a0.

• The PDE (2.1.1) is quasi-linear if it is of the form∑
|α|=k

aα(D
k−1u(x), · · · , u(x), x)Dαu(x) + a0(D

k−1u(x), · · · , u(x), x) = 0,

for given functions aα and a0.

• The PDE (2.1.1) is fully nonlinear if F is a nonlinear function of the
highest order derivatives Dku.

Definition 2.1.3. Let u ∈ C2(Ω) be a real-valued function. Let us now consider

11



a general second-order partial differential equation (PDE) of the form

F [u] := F (x, u,Du,D2u) = 0, x ∈ Ω ⊆ Rn, (2.1.2)

where F : Ω×R×Rn×Sn → R is a continuous function and Sn denotes the set of
real symmetric n× n matrices. The set Sn is equipped with the standard partial
ordering: for X, Y ∈ Sn, we write X ≥ Y if ⟨(X − Y )ξ, ξ⟩ ≥ 0 for all ξ ∈ Rn.

If the highest-order coefficients of (2.1.2) depend only on (x, u,Du) ∈ Ω×R×
Rn, then the equation is called a quasilinear equation, and it takes the form

Qu(x) :=
n∑

i,j=1

aij(x, u(x), Du(x))Diju(x) + b(x, u(x), Du(x)). (2.1.3)

A quasilinear equation (2.1.3) is called semilinear if its highest-order term is
linear in D2u(x), that is,

Pu(x) :=
n∑

i,j=1

aij(x)Diju(x) + b(x, u(x), Du(x)).

If all coefficients depend only on x ∈ Ω, the equation is referred to as linear:

Lu(x) :=
n∑

i,j=1

aij(x)Diju(x) +
n∑
i=1

bi(x)Diu(x) + c(x)u(x),

where Diu = ∂u/∂xi, Diju = ∂2u/∂xi∂xj, and aij(x), bi(x), c(x) are given func-
tions defined on the open set Ω ⊆ Rn. Without loss of generality, we assume that
the coefficient matrix of (2.1.3) satisfies symmetry: aij(x) = aji(x) for all i, j.

Note that the coefficient matrix A = (aij) can depend on x, u(x), and Du(x).
So, the eigenvalues λ and Λ also depend on x.

By definition, equation (2.1.3) is called elliptic if λ(x) > 0 for all x ∈ Ω.
Strictly elliptic if there exists ϵ such that infx∈Ω λ(x) ≥ ϵ > 0. This is equivalent
to

inf
x∈Ω

⟨A(x)ξ, ξ⟩ ≥ ϵ|ξ|2 for all ξ ∈ Rn.

Uniformly elliptic if supx∈Ω Λ(x) <∞.
A fully nonlinear equation of the form (2.1.2) is said to be elliptic if the
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matrix
(
Fij
)n
i,j=1

:=

(
∂F

∂uxixj

)
is positive definite.

Consider the following examples.

1 The differential equation with the Laplace operator

∆u = div(Du) =
n∑
i=1

∂2u

∂x2i
,

is linear and uniformly elliptic.

2 The differential equation with mean curvature operator

H(u) = div

(
Du√

1 + |Du|2

)
=

∆u(1 + |Du|2)− |Du|2(
1 + |Du|2

)3/2
is a second order quasi-linear elliptic PDE, which is nonlinear as H(αu +

βv) ̸= αH(u) + βH(v) for some functions u, v: Ω → R.

3 The differential equation with the Monge-Ampère operator

K(u) = det(D2u),

is fully nonlinear.

4 The p-Laplace equation: This equation generalizes the Laplace equation
∆u = 0 by introducing a power p > 1 in the equation. It is given by:

−div(|Du|p−2Du) = f(x, u,Du)

where Du represents the gradient of u and f is a nonlinear function.

5 The Allen-Cahn equation: This equation arises in the study of phase tran-
sitions and pattern formation. It is a semi-linear elliptic equation given by:

−∆u+ u− u3 = 0

where ∆ represents the Laplacian operator.

6 The Hamilton-Jacobi equation: This equation appears in optimal control
theory and Hamiltonian mechanics. It is a quasi-linear elliptic equation
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given by:
h(x,Du)− tr(A(x)D2u) = 0

where h represents a Hamiltonian function, Du denotes the gradient of u,
A(x) is a symmetric matrix, D2u is the Hessian matrix of second derivatives,
and tr(A) denotes the trace of matrix A.

Definition 2.1.4. A second-order differential operator F : Ω×R×Rn× Sn → R
is said to be degenerate elliptic, if

X ≤ Y in Sn =⇒ F(x, r, p,X) ≤ F(x, r, p, Y ) ∀(x, r, p) ∈ Ω× R× Rn.

For example, ∆u = 0 (where ∆ denotes the Laplacian) is a degenerate elliptic
differential equation, since

tr(X) = F(x, u, p,X) ≤ F(x, u, p, Y ) = tr(Y ) for X ≤ Y.

Definition 2.1.5. We say that a differential operator F : Ω×R×Rn×Sn → R is
uniformly elliptic if there exist constants 0 < λ ≤ Λ such that for any positive
definite matrix A and any X ∈ Sn, it holds that

λ tr(A) ≤ F(x, r, p,X +A)−F(x, r, p,X) ≤ Λ tr(A). (2.1.4)

Example 2.1.1. Note that F [u] = ∆u, which means F(x, r, p,X) = tr(X). Since
tr(X + N) = tr(X) + tr(N) for all positive semidefinite matrices N , we see that
F is uniformly elliptic with λ = 1 = Λ.

When the operator F is differentiable, the inequalities (2.1.4) are equivalent
to

λI ≤ ∂F
∂Xij

≤ ΛI.

Uniform ellipticity is the key concept in developing general regularity results for
elliptic PDEs.

In linear algebra, it is known that if A and B are two n × n real symmetric
matrices with A ≤ B, then the corresponding eigenvalues λj(A) ≤ λj(B) for each
j = 1, 2, · · · , n. A symmetric matrix has the following properties.

– Its eigenvalues are real,
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– Its eigenvectors corresponding to eigenvalues are orthogonal,

– It is diagonalizable.

Definition 2.1.6. A n×n matrix A is said to be similar to another n×n matrix
B if and only if there exists an invertible n× n matrix P such that

B = P−1AP.

A symmetric matrix is similar to its diagonalization, whose entries are the eigenval-
ues. Two similar matrices have the same rank, trace, determinant, and eigenvalues.

Lemma 2.1.1. Every symmetric matrix can be uniquely decomposed as a differ-
ence of two non-negative symmetric matrices whose product is null. If M ∈ Sn,
then M = M+ −M−, where M± ∈ Sn, M± ≥ 0 and M+M− = 0. The matrices
M+ and M− are called the positive and negative parts of M , respectively.

Proof. Let us first assume that M is a diagonal matrix: M = D with Dij = 0

for i ̸= j. The diagonal matrices E and F with diagonal entries defined for
i = 1, · · · , n by

Eii = (Dii)
+ = max {Dii, 0} , Fii = (Dii)

− = −min {Dii, 0}

give the required decomposition. To prove the uniqueness of this decomposition,
assume D = E − F with E, F ≥ 0, EF = 0 and prove that E = E, F = F . In
fact, for i = 1, · · · , n

0 =
n∑
j=1

EijF ij =
n∑
j=1

(
Dij + F ij

)
F ij

= DiiF ii + F ii
2
+
∑
i ̸=j

F
2

ij (∵ Dij = 0 for i ̸= j)

=
(
Dii + F ii

)
F ii +

∑
j ̸=i

F
2

ij = EiiF ii +
∑
i ̸=j

F
2

ij

=
∑
i ̸=j

F
2

ij

which implies that
F ij = 0, ∀i ̸= j.
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Then E and F are diagonal matrices and Dii = Eii − F ii. Taking into account
EF = 0, if Dii > 0 it follows Eii > F ii, F ii = 0 and Eii = Dii. Similarly, if
Dii < 0, then Eii < F ii, Eii = 0 and Dii = −F ii. Thus, Eii = F ii if Dii = 0. This
proves the assertion for the diagonal case. The positive and negative parts of D
are

D+ = (Dii)
+ and D− = (Dii)

−.

Now, let us prove the general case. Since M is symmetric and diagonalizable,
there exists an orthogonal matrix O such that M = ODOT , where D is a diagonal
matrix whose entries Dii are the eigenvalues of M . Then M = OD+OT−OD−OT .
Indeed, both OD+OT and OD−OT satisfy the hypothesis.

Finally, let us prove the uniqueness. Assume that M = P − Q with P , Q ≥
0 and PQ = 0, then we have D = OTMO = OTPO − OTQO and from the
uniqueness for the diagonal case D+ = OTPO, D− = OTQO. Hence, we conclude
P = OD+OT and Q = OD−OT .

Let X ∈ Sn have eigenvalues e1, e2, · · · , en. The Pucci extremal operators P+
λ,Λ

and P−
λ,Λ with ellipticity constants 0 < λ ≤ Λ are defined by

P+
λ,Λ(X) := sup

λI≤A≤ΛI
tr(AX) = λ

∑
ei≥0

ei + Λ
∑
ei<0

ei,

P−
λ,Λ(X) := inf

λI≤A≤ΛI
tr(AX) = Λ

∑
ei≥0

ei + λ
∑
ei<0

ei.

where A and X are n × n real symmetric matrices, and I is the identity matrix.
When λ = Λ = 1, P±

λ,Λ coincide with the Laplace operator. Another useful
property, see [16], of the Pucci extremal operators:

P+
λ,Λ(−X) = −P−

λ,Λ(X),

P−
λ,Λ(X) + P−

λ,Λ(Y ) ≤ P−
λ,Λ(X + Y ),

P−
λ,Λ(X + Y ) ≤ P−

λ,Λ(X) + P+
λ,Λ(Y ),

and

P+
λ,Λ(X + Y ) ≤ P+

λ,Λ(X) + P+
λ,Λ(Y ).

For more properties of the Pucci operators, see, e.g., L. A. Caffarelli and X.
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Cabré [16] or I. C. Dolcetta and A. Vitolo [27]. It is convenient to give an equiv-
alent definition for a fully nonlinear uniformly elliptic equation in terms of Pucci
extremal operators. The operator F(x, u,Du,D2u) is uniformly elliptic with the
ellipticity constant 0 < λ ≤ Λ <∞ if and only if

P−
λ,Λ(M −N) ≤ F(x, t, p,M)−F(x, t, p,N) ≤ P+

λ,Λ(M −N).

consequently, if F is uniformly elliptic, then

P−
λ,Λ(X) ≤ F(x, r, p,X) ≤ P+

λ,Λ(X),

and F(x, r, p,0) = 0.
Since any X ∈ Sn can be decomposed uniquely as X = X+ − X− with X+,

X− ≥ 0, and X+X− = 0, it follows that

P+
λ,Λ(X) = Λtr(X+)− λtr(X−),

and

P−
λ,Λ(X) = −P+

λ,Λ(−X) = λtr(X+)− Λtr(X−).

We refer the reader to [16,20,68] and references therein for proofs and the mono-
graph [38] for details on the extremal Pucci operators.

2.2. The weighted partial trace operator

In this section, we recall the notation and some facts about the operators that
we will use in the sequel.

Given two vectors ξ, η ∈ Rn, we denote their scalar product by

⟨ξ, η⟩ =
[
ξ1 . . . ξn

]
η1
...
ηn

 =
n∑
i=1

ξiηi
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and their tensor product as the matrix

ξ ⊗ η =


ξ1
...
ξn

[η1 . . . ηn

]
=
[
ξiηj
]
1≤i,j≤n .

For a symmetric matrix A, the eigenvectors corresponding to distinct eigen-
values are orthogonal. Indeed, if x and y are eigenvectors of A corresponding to
different eigenvalues λ and µ, then

λ⟨x, y⟩ = ⟨λx, y⟩ = ⟨Ax, y⟩ = ⟨x,ATy⟩ = ⟨x,Ay⟩ = ⟨x, µy⟩ = µ⟨x, y⟩.

Therefore, (λ− µ)⟨x, y⟩ = 0. Since λ− µ ̸= 0, then ⟨x, y⟩ = 0, that is, x ⊥ y.
If X is a diagonal matrix with diagonal entries λj, j = 1, 2, . . . , n, then by

rotational invariance we have

⟨Xξ, ξ⟩ =
n∑
j=1

λjξ
2
j .

For a given n-tuple a := (a1, · · · , an) of non-negative real numbers such that aj > 0

for some 1 ≤ j ≤ n. Then, the weighted partial trace operator is defined as (see
for details [33,50,51,76]).

Pa(X) :=
n∑
j=1

ajλj(X), X ∈ Sn, (2.2.1)

where λ1(X) ≤ λ2(X) ≤ · · · ≤ λn(X) are the real eigenvalues of X ∈ Sn. The
Laplace operator is a special type of this operator, as the truncated Laplace op-
erators P−

k (X) and P+
k (X) are equal, where

P−
k (X) =

k∑
j=1

λj(X), P+
k (X) =

n∑
j=n−k+1

λj(X),

for a positive integer 1 ≤ k ≤ n.

Remark 2.2.1. Let a = e1 + · · ·+ en, where {e1, · · · , en} are the standard basis
of Rn. Then

1 If k = n, then P±
k (X) coincides with the Laplace operator.
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2 If ei = 0 for all 1 < i < n, then we obtain a min-max operator denoted by

M(X) = λ1(X) + λn(X).

Except for the Laplace operator and the Min-Max operator for n = 2, the
operator Pa has nonlinearity, nonconcavity, and nonconvexity properties, see [33].

For example, consider the matrices

X1 = e1 ⊗ e1 − e3 ⊗ e3, X2 = −e1 ⊗ e1 + e2 ⊗ e2,

and
X3 = e1 ⊗ e1 − e2 ⊗ e2 − e3 ⊗ e3.

Then λ1(Xi) = −1 and λ3(Xi) = 1, giving M(Xi) = 0 for all i = 1, 2, 3.

1 The operator M is not linear for n ≥ 3. In ffact,

X1 −X2 = 2e1 ⊗ e1 − e2 ⊗ e2 − e3 ⊗ e3,

and

λ1(X1 −X2) = −1, λ3(X1 −X2) = 2.

Hence,

M(X1)−M(X2) = 0 ̸= 1 = M(X1 −X2).

2 The operator M is neither convex nor concave. In fact, for every t ∈ [0, 1],
we have

tX1 + (1− t)X2 = t (e1 ⊗ e1 − e3 ⊗ e3) + (1− t) (−e1 ⊗ e1 + e2 ⊗ e2)

= (2t− 1)e1 ⊗ e1 + (1− t)e2 ⊗ e2 − te3 ⊗ e3.

Thus, the three eigenvalues are 2t− 1, 1− t, and −t. So

M(tX1 + (1− t)X2) = λ1
(
tX1 + (1− t)X2

)
+ λ3

(
tX1 + (1− t)X2

)
= min{2t− 1,−t}+max{2t− 1, 1− t}.
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Therefore,

M
(
tX1 + (1− t)X2

)
= 1− 2t for t ∈

(
1

3
,
2

3

)
.

From this, we have

M
(
tX1 + (1− t)X2

)
> 0 for t ∈

(
1

3
,
1

2

)
,

and

M
(
tX1 + (1− t)X2

)
< 0 for t ∈

(
1

2
,
2

3

)
,

Moreover, for every t ∈ [0, 1], we have

tM(X1) + (1− t)M(X2) = 0.

Thus, M is neither convex nor concave in S3.

Proposition 2.2.2. The weighted partial trace operator Pa is degenerate and
uniformly elliptic with ellipticity constants λ = a := min{aj : 1 ≤ j ≤ n} and
Λ = a := max{aj : 1 ≤ j ≤ n} for a > 0.

Proof. Suppose X ≤ Y . Then

Pa(Y )− Pa(X) =
n∑
j=1

ajλj(Y )−
n∑
j=1

ajλj(X) =
n∑
j=1

aj
(
λj(Y )− λj(X)

)
≥ a

n∑
j=1

(
λj(Y )− λj(X)

)
= atr(Y −X) ≥ 0,

(2.2.2)

where we used the fact that λj(X) ≤ λj(X) for X ≤ Y for all j = 1, 2, . . . , n.
From (2.2.2), Pa(Y ) ≥ Pa(X), and hence the weighted partial trace operator

Pa is a degenerate elliptic.
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Similarly, for X ≤ Y , we have

Pa(Y )− Pa(X) =
n∑
i=1

ai
(
λi(Y )− λi(X)

)
≤ a

n∑
i=1

(
λi(Y )− λi(X)

)
= atr(Y −X).

(2.2.3)

Thus, from (2.2.2) and (2.2.3), we have

atr(Y −X) ≤ Pa(Y )− Pa(X) ≤ atr(Y −X).

Therefore, the operator Pa is uniformly elliptic with ellipticity constants λ =

a := min{aj : 1 ≤ j ≤ n} and Λ = a := max{aj : 1 ≤ j ≤ n}.
On the other hand, for Y ≥ 0 (that is, Y is a positive semidefinite matrix), we

have

Pa(X + Y ) = aPa(X + Y ) +
n∑
i=1

(ai − a)λi(X + Y )

≥ aPa(X + Y ) +
n∑
i=1

(ai − a)λi(X)

= aPa(Y ) + Pa(X).

(2.2.4)

Analogously,

Pa(X + Y ) = aPa(X + Y )−
n∑
i=1

(a− ai)λi(X + Y )

≤ aPa(X + Y )−
n∑
i=1

(a− ai)λi(X)

= aPa(Y ) + Pa(X).

(2.2.5)

Thus, combining (2.2.4) and (2.2.5), gives

aPa(Y ) ≤ Pa(X + Y )− Pa(X) ≤ aPa(Y ).

Definition 2.2.1. Let F be a fully nonlinear degenerate elliptic operator. The
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dual operator for F is defined as

F̃(X) = −F(−X).

Let a = (a1, · · · , an), and denote a′ = (an, · · · , a1). The operator Pa′ defined
by

Pa′(X) = −Pa(−X)

is the dual of the operator Pa. For any X ∈ Sn, the dual of the weighted partial
trace operator

Pa(X) =
n∑
j=1

ajλj(X)

is again a weighted partial trace operator given by

Pa′(X) =
n∑
j=1

an−j+1λj(X).

We will focus on the two classes of weighted partial trace operators:

A1 := {Pa : a1 > 0}, and An := {Pa : an > 0}.

It is clear that if Pa ∈ An, then the dual operator Pa′ ∈ A1 and vice versa.
In particular, the Laplace operator P−

n (D
2u) = P+

n (D
2u) = ∆u and the Min-

Max operator M(X) = λ1(X) + λn(X) are self-dual operators. This means that

Pa(X) = Pa′(X).

Specifically, P+
k (X) = −P−

k (−X). We state the results for P−
k (X), with obvious

equivalents when considering the operator P+
k (X). Such operators are positively

homogeneous of degree one and degenerate elliptic.

2.3. Viscosity Solutions

In this section, we introduce the notion of viscosity solutions for second-
order elliptic partial differential equations [19]. A classical solution of the equa-
tion F [u] = 0 is a C2 function u such that for every point x ∈ Ω, it satisfies
F(x, u(x), Du(x), D2u(x)) = 0.
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A viscosity solution is a generalized notion of a solution in which we only
require a priori that our function be continuous. In some cases, PDEs do have
solutions in a generalized sense. The generalized solutions are unknown functions
that do not possess the required regularity, and their derivatives may not exist.
The notion of viscosity solutions allows us to make sense of how a non-smooth
continuous function may solve an elliptic PDE.

For a scalar degenerate elliptic equation, one can define a weak solution type
called a viscosity solution. Under the concept of viscosity solution, u does not
need to be differentiable everywhere. There may be points where Du or D2u does
not exist and yet u satisfies the equation in the generalized sense. The definition
allows only certain kinds of singularity, so existence, uniqueness, and stability
under uniform limits hold for a large class of equations. The function u may not
be C2, but u solves the equation in a weak sense.

Let us begin by recalling the following definitions. We say that a function u:
Ω ⊂ Rn → R is upper (resp. lower) semicontinuous at x ∈ Ω provided that

lim sup
Ω∋y→x

u(y) ≤ u(x) (resp. lim inf
Ω∋y→x

u(y) ≥ u(x)).

where

lim sup
Ω∋y→x

u(y) := inf
r>0

sup{u(y) : y ∈ Ω ∩B(x, r)},

lim inf
Ω∋y→x

u(y) := sup
r>0

inf{u(y) : y ∈ Ω ∩B(x, r)}.

Let USC(Ω) (respectively, LSC(Ω)) denote the collection of functions that are
upper (respectively, lower) semicontinuous at all points in Ω.

Definition 2.3.1. We say that a function u: Ω → R satisfies the inequality
F(x, u,Du,D2u) ≥ 0 in Ω in the viscosity sense if u is upper semicontinuous in
Ω and there exist a ball Br(x0) ⊂ Ω and a C2 function ψ: Br(x0) → R such that
ψ(x0) = u(x0) and ψ ≥ u in Br(x0). That is, u is a viscosity subsolution if

F(x0, ψ(x0), Dψ(x0), D
2ψ(x0)) ≥ 0.

Reversing all inequalities in Definition 2.3.1, we call u is a viscosity super-
solution.
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Figure 2.1: A 2D illlustration of the upper test function

Figure 2.2: A 3D illlustration of the upper test function

Note that u is a supersolution (that is, F [u] ≤ 0) if and only if −u is a sub-
solution of F̃(x, u, p, A) = −F(x,−u,−p,−A) ≥ 0. In particular, supersolutions
are lower semicontinuous.

A viscosity solution of F(·, u,Du,D2u) = 0 is a continuous function u, which
is at the same time a viscosity subsolution and a viscosity supersolution.

If u ∈ C2 is a classical subsolution, then it is a subsolution in the viscosity
sense, which is equivalent to F(x, u,Du,D2u) ≥ 0 in the classical sense. In fact, if
u is a classical C2 subsolution and there exists a test function φ as in Definition
2.3.1, we would have

φ(x) = u(x), Dφ(x) = Du(x), D2φ(x) ≥ D2u(x).

By virtue of the ellipticity assumption in the function F , this would imply that

F(x, φ(x), Dφ(x), D2φ(x)) ≥ F(x, u(x), Du(x), D2u(x)) ≥ 0.

Conversely, if u is a C2 viscosity subsolution, then using itself as a test function
(that is, φ = u), we observe that F [u] ≥ 0 classically.

The following definition is equivalent to Definition 2.3.1, which is convenient
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for proofs of theorems.

Definition 2.3.2. Let Ω ⊆ Rn, u ∈ C(Ω) and consider the degenerate elliptic
PDE (see Definition 2.1.4). An upper semicontinuous function u: Ω → R is a
viscosity subsolution of (2.1.2), if

F(x0, u(x0), Dφ(x0), D
2φ(x0)) ≥ 0 (2.3.1)

for any x0 ∈ Ω and any φ ∈ C2(Ω) such that u− φ has a maximum at x0.
Similarly, a lower semicontinuous function u: Ω → R is a viscosity supersolu-

tion of (2.1.2), if
F(x0, u(x0), Dφ(x0), D

2φ(x0)) ≤ 0 (2.3.2)

for any φ ∈ C2(Ω) and any x0 ∈ Ω such that u− φ has a minimum at x0.
A continuous function is a viscosity solution if it is both a viscosity subsolution

and a viscosity supersolution.

Proposition 2.3.1. Let u be a classical solution of equation (2.1.2) and φ: Ω → R
be any C2 function. Then if u − φ has a local maximum (local minimum) at a
point x0 ∈ Ω, then

F(x0, u(x0), Dφ(x0), D
2φ(x0)) ≥ (≤) 0.

Proof. We prove the subsolution part and leave the supersolution part as it is
similar. The proof is a simple consequence of the maximum principle. If u − φ

has a local maximum at x0, then Du(x0) = Dφ(x0) and D2u(x0)−D2φ(x0) ≤ 0.
Now, using the degenerate ellipticity, we conclude.

Remark 2.3.2. Let k ≥ 2 be an integer. Then

1 For PDEs of order k, we can give the same definition, requiring a Ck-
regularity for the test functions.

2 To check the condition for viscosity subsolution (respectively, supersolution),
it is enough to require the function to be upper (respectively, lower) semi-
continuous.

3 Equations F(x, u,Du,D2u) = 0 and −F(x, u,Du,D2u) = 0 are not equiva-
lent in the viscosity sense.
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4 A classical solution is a viscosity solution, and a continuously differentiable
viscosity solution is a classical solution.

Let us now recall the definition of viscosity solution to

Pa(D
2u) = h(u, |Du|). (2.3.3)

A function u in USC(Ω) (respectively, LSC(Ω)) is said to be a viscosity subsolution
(respectively, supersolution) of (2.3.3) in an open set Ω ⊆ Rn if and only if for
each x0 ∈ Ω and for every ψ ∈ C2(Ω) such that u − ψ has a local maximum
(respectively, minimum) at x0, then

Pa(D
2ψ(x0)) ≥ (respectively, ≤) h(u(x0), |Dψ(x0)|).

We say u ∈ C(Ω) is a viscosity solution of (2.3.3) provided that u is both a
viscosity subsolution and a viscosity supersolution of (2.3.3) in Ω. See [16] for
more on viscosity solutions and their properties.

Remark 2.3.3. Let ψ ∈ C2(Ω). Then

1 The condition “ψ touches the graph of u from above at x0” means “u−ψ has
a local maximum at x0”. Similarly, “ψ touches the graph of u from below at
x0” means “u− ψ has a local minimum at x0”.

2 A continuous function u is a viscosity solution of (2.3.3) if it is both a
viscosity subsolution and a supersolution of (2.3.3).

3 Any viscosity solution is continuous.

One of the main mathematical tools for asserting the existence and uniqueness
of viscosity solutions is the comparison principle.

Definition 2.3.3 (Comparison Principle). We say that (2.3.3) satisfies a compari-
son principle if w∗ ∈ USC(Ω) and w∗ ∈ LSC(Ω) are subsolution and supersolution,
respectively, such that

w∗ ≤ w∗ on ∂Ω,

implies
w∗ ≤ w∗ in Ω.

Remark 2.3.4. The uniqueness immediately follows from the comparison princi-
ple.
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2.4. Weak and strong minimum/maximum princi-

ples

In this section, we shall look at a brief description of the weak and strong
minimum/maximum principles of elliptic operators.

If u is a harmonic function (that is, ∆u = 0) in a domain D, and if u is
non-constant, then u cannot attain a maximum or minimum at any point in the
interior of D. This principle implies that the maximum and minimum values of a
non-constant harmonic function on a closed and bounded domain must occur on
the boundary of the domain, not in the interior.

Given an unknown function u on Ω ⊆ Rn. For any connected open subset Ω of
the domain of u, the weak minimum/maximum principle states that the maximum
of u on the closure of Ω is the same as that on the boundary ∂Ω, that is,

max
x∈Ω

u(x) = max
x∈∂Ω

u(x).

Similarly, the minimum of u on the closure of Ω is the same as that on the boundary
∂Ω, that is,

min
x∈Ω

u(x) = min
x∈∂Ω

u(x).

The strong minimum/maximum principle says that, unless u is a constant func-
tion, the minimum/maximum cannot be attains anywhere on Ω itself. It tells us
that, for a solution of an elliptic equation, extrema can be attained in the interior
if and only if the function is constant.

Definition 2.4.1. The boundary ∂Br(x0) of a ball Br(x0) ⊆ Rn is called a sphere,
the (outward) unit normal at a point x ∈ ∂Br(x0) is the unit vector:

n⃗ =
x− x0
|x− x0|

.

The normal derivative of a function u ∈ C1(Br(x0)) at a point x is the directional
derivative

∂u(x)

∂n⃗
= n⃗ · ∇u(x).

One of the most important refinements, known as the Hopf maximum principle,
asserts that at a maximum point on the boundary, the outward normal derivative
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is positive (unless the function is identically constant).

Lemma 2.4.1 (Hopf boundary point lemma, [33]). Let u ∈ USC(B) be a viscosity
subsolution of equation Pa(D

2u) = 0 in a ball B, with Pa ∈ A1. Let x0 ∈ ∂B. If
u(x0) > u(x) for all x ∈ B, then the outer normal derivative of u at x0, if it exists,
satisfies the strict inequality

∂u(x0)

∂n⃗
> 0.

On the other hand, let u ∈ LSC(B) be a viscosity supersolution of equation
Pa(D

2u) = 0 in a ball B, with Pa ∈ An. If u(x0) < u(x) for all x ∈ B, then the
outer normal derivative of u at x0, if it exists, satisfies the strict inequality

∂u(x0)

∂n⃗
< 0.

Let Ω ⊆ Rn be a domain (not necessarily bounded) and

Lu =
n∑

i,j=1

aij(x)Diju+
n∑
i=1

bi(x)Diu+ c(x)u,

be a uniformly elliptic operator in Ω with bounded functions aij(x), bi(x), and
c(x). Suppose Lu ≥ 0 in Ω for u ∈ C2(Ω) ∩ C(Ω). Then

1 if c ≤ 0, u cannot attain a non-negative maximum in Ω unless it is constant.

2 if c ≡ 0, u cannot attain a maximum in Ω unless it is constant.

3 if x0 is an interior minimum/maximum point such that u(x0) = 0, then
u ≡ 0 irrespective of the sign of c.

Definition 2.4.2. Consider F to be a second-order differential operator as dis-
cussed in the previous section. Then:

1 F satisfies the weak maximum principle (or WMP) in Ω if

F [u] ≥ 0 in Ω, lim sup
x→∂Ω

u(x) ≤ 0 on ∂Ω,

implies u(x) ≤ 0 in Ω.

2 F satisfies the strong maximum principle (or SMP) if

F [u] ≥ 0 in Ω, u(x) ≤ 0 in Ω,
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implies u(x) ≡ 0 in Ω or u(x) < 0 in Ω.

3 F satisfies the weak minimum principle (or WmP) in Ω if

F [u] ≤ 0 in Ω, lim inf
x→∂Ω

u(x) ≥ 0 on ∂Ω,

implies u(x) ≥ 0 in Ω.

4 F satisfies the strong minimum principle (or SmP) if

F [u] ≤ 0 in Ω, u(x) ≥ 0 in Ω,

implies u(x) ≡ 0 in Ω or u(x) > 0 in Ω.

Remark 2.4.1. We recall that

1 If v ∈ LSC(Ω) is a viscosity supersolution of (2.1.2) in Ω, then u = −v is a
viscosity subsolution of

−F(x,−u(x),−Du(x),−D2u(x)) = 0.

2 The conditions under which the SmP holds for F can be easily deduced from
the assumptions of SMP for

G(x, r, p,X) := −F(x,−r,−p,−X).

Of course, if F is an odd function with respect to r, p and X, then the maximum
and minimum principles are equivalent.

The classical versions of the WMP (or WmP) and SMP (or SmP) can be
summarized as follows.

1 A solution u to a partial differential equation is said to satisfy the WMP (or
WmP) if it has the property that u achieves the maximum/minimum value
on the boundary of its domain.

2 A solution u to a partial differential equation is said to satisfy SmP (or SMP)
if it has the property that u achieves its minimum/maximum in the interior
of its domain. This is the case where u is constant.
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A function has compact support if it is zero outside of compact set. Alterna-
tively, one can say that a function has compact support if its support is a compact
set.

2.5. Liouville-type Theorems

Liouville-type theorems are important in the field of differential equations be-
cause they provide conditions under which a solution must be trivial.

The statement of Liouville’s theorem has several versions.

Theorem 2.5.1 (Louville’s Theorem in complex analysis). A bounded entire (i.e.
every where differentiable) function is constant.

The proof of this theorem is found in [57]. This profound result leads to
arguably the most natural proof of the Fundamental Theorem of Algebra [37].

This classical theorem generalizes to real harmonic functions on Rn which are
bounded only on one side. That is, if u is a real harmonic function on Rn for n ≥ 2

and bounded above or below, then u must be constant.

Theorem 2.5.2 (Liouville’s Theorem for Harmonic Function). A bounded har-
monic function on Rn is constant.

The proof of this theorem is found in [1].
A harmonic function on a compact set is determined by its restriction to the

boundary. However, the harmonic function of a closed half-space is not determined
by its restriction to the boundary (this follows from the maximum principle).

Recall that we identify Rn with Rn−1 × R, writing a typical point z ∈ Rn as
z = (x, y), where x ∈ Rn−1 and y ∈ R. The upper half-space H = Hn is the set

H = {(x, y) ∈ Rn : y > 0}.

We identify Rn−1 with Rn−1 × {0}; with this convention, we then have

∂H = Rn−1.

For u a function on H and y > 0, we let uy denote the function on Rn−1 defined
by

uy(x) = u(x, y).
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The functions uy play the same role on the upper half-space that the dilations
play on the ball.

The next result shows that this behavior cannot occur if we consider only
harmonic functions that are bounded.

Corollary 2.5.3. Suppose u is a continuous bounded function on Ωn that is
harmonic on Ωn. If u = 0 on ∂Ωn, then u ≡ 0 on Ωn.

Proof. For x ∈ Rn−1 and y < 0, define u(x, y) = −u(x,−y), thereby extending
u to a bounded continuous function defined in all Rn. Clearly u satisfies the local
mean value property, so u is harmonic on Rn. Theorem 2.5.2 now shows that u
is constant on Rn. See the proof in [1].

Liouville-type theorems in the context of PDE theory state that if a function
f belongs to a specific function space (or class), then f is either constant or
identically zero.

Now, recall the following Liouville-type theorems.

Theorem 2.5.4. Let u be a positive bounded classical solution of

−∆u = uq|Du|p in Rn,

where p > 2, q > 0 and n ≥ 1. Then u is constant.

The proof of this theorem is found in [36].

Theorem 2.5.5. Let Pa ∈ A1 ∩ An. If u is an entire viscosity solution of an
equation Pa(D

2u) = 0 that is bounded above or below, then u is constant.

The proof of this theorem is found in [33].

2.6. Some results on non-decreasing functions

Here we recall some results from calculus and analysis that play a great role
and are useful throughout the study. To meet specific analytical needs, we adopt
the following lemmas from [6,23,32,60]. For detailed proofs, the reader is referred
to these references.
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Lemma 2.6.1. Let g: R+
0 → R+

0 be a continuous and non-decreasing function on

R+
0 , and g(s) > 0 for s > 0. Let G(t) =

ˆ t

0

g(s) ds, t ≥ 0. Then, the following

properties hold:

1. For any a > 0 and s > 0, we have

aG

(
s

a

)
= a

ˆ s
a

0

g(τ) dτ =

ˆ s

0

g

(
τ

a

)
dτ. (2.6.1)

2. For a fixed s, we have

lim
a→∞

aG

(
s

a

)
= sg(0).

3. For t > 0, we have
1

2
G(t) ≥ G

(
t

2

)
.

Proof. Let a > 0 and s > 0.

1. By the definition of the integral, we have

aG

(
s

a

)
= a

ˆ s/a

0

g(τ) dτ =

ˆ s

0

g

(
τ

a

)
dτ,

where the last step follows from the substitution τ = s
a
.

2. Taking the limit as a→ ∞ in (2.6.1), we get

lim
a→∞

aG

(
s

a

)
= lim

a→∞

ˆ s

0

g

(
τ

a

)
dτ = sg(0),

where the last step follows from the fact that g is continuous at 0.

3. For t > 0, we have:

G

(
t

2

)
=

ˆ t/2

0

g(τ) dτ =
1

2

ˆ t

0

g

(
s

2

)
ds ≤ 1

2

ˆ t

0

g(s) ds =
1

2
G(t),

where the inequality follows from the fact that g is non-decreasing. This
completes the proof of Lemma 2.6.1.
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Lemma 2.6.2. If g: R+
0 → R+

0 is a non-decreasing function such that

ˆ 1

0

dt

g(t)
<∞,

then

lim
t→0+

t

g(t)
= 0.

Proof. Let t > 0 be fixed. Since g is non-decreasing, we have g(s) ≤ g(t) for all
0 ≤ s ≤ t. This implies that

1

g(t)
≤ 1

g(s)
, ∀s ∈ [0, t].

Hence,

ˆ t

0

ds

g(t)
≤
ˆ t

0

ds

g(s)
. (2.6.2)

From the left-hand side of (2.6.2), we get

ˆ t

0

ds

g(t)
=

1

g(t)

ˆ t

0

ds =
t

g(t)
. (2.6.3)

By combining (2.6.2) and (2.6.3), we obtain

t

g(t)
≤
ˆ t

0

ds

g(s)
, t > 0

Since
1

g(s)
∈ L1(0, 1), by absolute continuity, the integral

ˆ t

0

ds

g(s)
→ 0 as t →

0+.

Lemma 2.6.3. Let g: R+
0 → R+

0 be a continuous function. Assume that for some
k > 0, the map t 7→ kt+ g(t) is non-decreasing. Then

ˆ 1

0

dt

g(t)
= ∞ if and only if

ˆ 1

0

dt

kt+ g(t)
= ∞.

Proof. The backward implication is obvious from the comparison theorem for
improper integrals, since kt > 0 for t ∈ (0, 1). To prove the forward implication,
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we use the proof by contradiction. That is to say, suppose that

ˆ 1

0

dt

kt+ g(t)
<∞. (2.6.4)

Then, since the map t 7→ kt+ g(t) is non-decreasing, by Lemma 2.6.2, we have

lim
t→0+

t

kt+ g(t)
= 0,

which implies that

t

kt+ g(t)
≤ 1

k + 1
, t ∈ (0, δ)

for some δ > 0.
Consequently, we have

t

g(t)
≤ 1, t ∈ (0, δ). (2.6.5)

Therefore, from (2.6.4) and (2.6.5), we conclude that

ˆ δ

0

dt

g(t)
=

ˆ δ

0

(
1 +

kt

g(t)

)
dt

kt+ g(t)
≤ (k + 1)

ˆ 1

0

dt

kt+ g(t)
<∞

contradicts the conclusion. This completes the proof of Lemma 2.6.3.
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Chapter 3

Review of Related Literature

3.1. Minimum/Maximum Principle

Over the years, SmP (or SMP) has been extended to various elliptic differential
operators [6,41,60,63–67,72] and the references therein. For our investigation, we
recall some results that are of particular interest to this study. The geometric
minimum (or maximum) principle is a consequence of the classical Aleksandrov-
Bakelman-Pucci [17] SMP (or SmP) for C2-subsolution and supersolution to non-
linear uniformly elliptic equations, which is in turn based on Hopf’s (1927) mini-
mum/maximum principle for linear elliptic equations [47]. Hopf studied a strictly
elliptic operator

Lu := −
n∑

i,j=1

aij(x)Diju+
n∑
i=1

bi(x)Diu+ c(x)u, x ∈ Ω ⊆ Rn.

According to Hopf’s minimum/maximum principle, if c = 0 and Lu ≤ 0 (re-
spectively, Lu ≥ 0), then u is a constant function if it achieves its minimum
(respectively, maximum) in Ω.

After Hopf, the classical minimum/maximum principle was studied in various
works, such as the well-known books by Protter and Weinberger [62], Gilbarg and
Trudinger [41], and the monograph by P. Pucci and J. Serrin [66].

In [72], J. L. Vázquez proved a SmP for supersolutions of

∆u = f(u),
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where f : R+
0 → R is a continuous and non-decreasing function with f(0) = 0 such

that
ˆ 1

0

dt√
F (t)

= ∞, (3.1.1)

where, F is the antiderivative of f that vanishes at zero. In [29], it is shown that
the condition (3.1.1) is also necessary for SmP to hold for the equation.

The work [72] was extended to a wide class of quasilinear differential inequal-
ities by Pucci and Serrin in the papers [64, 66], and by P. Pucci, J. Serrin and
H. Zou in [67]. We also direct the reader to the excellent monograph [65] that
includes a chapter on SmP for many divergence structure elliptic inequalities.

Another interesting study, Felmer et al. [31] studied the solvability of coercive
quasi-linear and fully nonlinear elliptic equation

∆u = f(u) + g(|Du|), in Rn

with f and g continuous non-decreasing functions such that f(0) = 0 = g(0),
under the integral condition

ˆ 1

0

dt

at+ f(t) + g(t)
= ∞, ∀a > 0, (3.1.2)

which is equivalent to

ˆ 1

0

dt

f(t) + g(t)
= ∞,

by Lemma 2.6.3 above.
The authors also studied the strong maximum principle of the more general

equation
∆pu = f(u) + g(|Du|),

where ∆p is the p-Laplace operator and f and g are modified nonlinearities that
satisfy (3.1.2).

A. Mohammed and A. Vitolo [60, Theorem 1.1] proved the validity of SmP (or
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SMP) to equations of the form

∆pu = h(u, |Du|), (3.1.3)

where h satisfies certain conditions.
The authors provided sufficient conditions on h to ensure that the SmP is

maintained. In other words, if u is a non-negative viscosity supersolution of (3.1.3)
in a connected open set Ω ⊆ Rn, then u ≡ 0 in Ω or u > 0 in Ω.

T. Bhattacharya and A. Mohammed [6] investigated the SmP (or SMP) for
non-negative viscosity subsolution or supersolution of a class of nonlinear possibly
degenerate subelliptic equations of the type

F(x,DXu, (D
2
Xu)

∗) = h(u, |DXu|) in Ω,

where F and h satisfy certain conditions. The equation involves a family of smooth
vector fields X = {X1, X2, · · · , Xm} in Ω that satisfy the Hörmander rank condi-
tion at every point of Ω. For a basis σj in Euclidean space, we write Xj = σj ·D,
with σj: Rn → Rn and σ = σ(x) = [σ1(x), · · · , σm(x)] ∈ Rn×m. Then

DXu = σTDu = (σ1 ·Du, · · · , σm ·Du),

and

Xi(Xju) = (σTD2uσ)ij + (Dσjσi) ·Du.

Birindelli et al. [8] investigated the strong maximum principle for degenerate ellip-
tic operators whose higher-order term involves the truncated Laplacian, namely

P−
k (D

2u) =
k∑
j=1

λj(D
2u) and P+

k (D
2u) =

n∑
j=n−k+1

λj(D
2u),

where λ1(X) ≤ · · · ≤ λn(X) are eigenvalues of the Hessian matrix, X = D2u.
Equations involving the operators P±

k have been studied in [7,10,11,14,15,25,26,
43–46,50,51,76].

Weighted partial trace operators have received increased attention motivated
by geometric problems of mean curvature [70, 71, 78]. In the context of PDE,
refer to L. A. Caffarelli and X. Cabré [16], and Harvey and Lawson [46]. The
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existence and uniqueness of solutions, regularity results, Harnack inequalities, and
Aleksandrov-Bakelman-Pucci estimates for weighted partial trace operators have
been extensively studied in [10,11,33,74,76,77].

In a recent paper [33], F. Ferrari and A. Vitolo maintain the Aleksandrov-
Bakelman-Pucci estimate, the weak Harnack inequality, the global Hölder esti-
mate, the strong minimum/maximum principle, and a Liouville theorem for so-
lutions to Pa(D

2u) = 0. In the case of the strong minimum/maximum principle,
for a given n -tuple a = (a1, · · · , an) of non-negative real numbers with an > 0

and any non-negative viscosity solution u of Pa(D
2u) ≤ 0 in a connected open set

Ω ⊆ Rn, then either u ≡ 0 in Ω or u > 0 in Ω. The main tool used to prove this is
the weak Harnack inequality (see [33, Theorem 5.2]). The authors also examined
various characteristics of the weighted partial trace operator (2.2.1) and showed
that it shares many properties with the standard Laplacian.

As far as our knowledge is concerned, a Vázquez-type SmP (or SMP) for partial
trace equations with nonlinear gradient terms is new, even when Pa is reduced to
the standard Laplacian. So, our interest in this study is mainly focused on the
validity of a Vázquez-type SmP (or SMP) for (1.2.1).

3.2. Liouville-type theorems

The study of Liouville-type theorems has attracted the interest of many re-
searchers since the work of J. Liouville and A. Cauchy, where it was noted that
the only bounded holomorphic functions in the complex plane are constants. This
was generalized to solutions of elliptic equations of various forms, and the results
take different forms. We mention the pioneering work of A. Farina [30] and Miti-
dieri and Pokhozaev [58] for their investigations of Liouville-type results for general
semilinear elliptic equations and quasilinear inequalities with reaction and convec-
tion terms, respectively. We should also highlight the influential works [13, 59],
in which Liouville-type results are obtained for quasilinear and semilinear elliptic
equations based on the maximum principle of P-functions, as well as the classical
Bernstein method to obtain global gradient bounds. We also recall the paper [34]
for interesting results on Liouville-type properties for quasilinear elliptic equations,
where the author investigates both coercive and non-coercive cases. We also re-
fer to the paper [35], which studied non-coercive elliptic systems of divergence
type. The equations studied in [35] include the p-Laplacian and mean curvature
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operators, involving gradient nonlinearity.
Over the years, researchers have employed various methods to derive Liouville-

type properties. Among the most common and powerful techniques is the blow-up
method, which involves re-scaling solutions around a point and then passing to
a limit. This often reduces the equation to an easier form. Maximum principles
(both weak and strong) and comparison principles are also utilized to compare
solutions with subsolutions or supersolutions to force non-existence results. These
methods are often effective for coercive equations, where there is good control over
the growth of solutions and their regularity. They can also be suitably adapted to
handle degenerate elliptic equations. Other methods are better suited to investi-
gate the more delicate case of Liouville-type properties of non-coercive equations.

For degenerate elliptic equations, De Giorgi-Nash-Moser iteration techniques
have been employed to derive Harnack inequalities, from which Liouville theorems
are deduced (see [69]). An adaptation of the Hadamard three-sphere theorem
has also been used effectively to study the Liouville-type properties of highly
degenerate equations, such as subelliptic equations [9, 20, 33,42,53].

Gidas and Spruck [40] were the first to investigate Liouville-type theorems for
semilinear equations of the form

∆u+ up = 0, u > 0 in Rn

where 1 < p <
n+ 2

n− 2
.

In [24], Dolbeault and Monneau established a Liouville-type theorem for a
more general free boundary of Serrin-type fully nonlinear elliptic equations

∆u+ f(u) = 0.

Lu-Wang-Zhu [54] established Liouville-type theorem and the decay estimate for
a classical non-negative solution to a higher-order elliptic equation

(−∆)mu = uq in Rn.

Berestycki et al. [4] also obtained Liouville-type results for semilinear elliptic equa-
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tions of the form

n∑
i,j=1

aij(x)Diju(x) +
n∑
i=1

bi(x)Diu(x) + f(x, u(x)) = 0, x ∈ Rn.

Cutrì et al. [20] proved Liouville type results for viscosity subsolution and super-
solution of

F(x,D2u) + up = 0,

with F uniformly elliptic, F(x,0) = 0 and p is in a suitable range.
In [3], Bardi and Goffi studied the Liouville properties for viscosity subsolution

or supersolution of fully nonlinear degenerate elliptic equations of type

F(x, u,Du,D2u) = 0 in Rn,

where F : Rn × R × Rn × Sn → R such that F(x, r, p,X) is at least continuous
and proper. That is, non-increasing (respectively, non-decreasing) with respect to
r and X.

In 1957, J. B. Keller [49] and R. Osserman [61] independently and simultane-
ously proved that the semilinear differential inequality

∆u ≥ f(u)

has an entire solution u: Rn → R if and only if
ˆ ∞

0

dt√
F (t)

= ∞.

Here, F (t) denotes an antiderivative of a positive, continuous and non-decreasing
function f .

Felmer et al. [32] studied Liouville-type theorems for viscosity subsolutions of

P+
λ,Λ(D

2u) = f(u) + g(|Du|) in Rn, (3.2.1)

where f and g are strictly increasing continuous functions on R+
0 = [0,∞) with
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f(0) = 0 = g(0), and P+
λ,Λ is Pucci’s maximal operator

P+
λ,Λ(X) := Λ

∑
λj>0

λj + λ
∑
λj<0

λj,

with ellipticity constants 0 < λ ≤ Λ and λj := λj(X), j = 1, · · · , n denote the
eigenvalues of the real n× n symmetric matrix X.

In [32, Theorem 1], the authors showed that any non-negative viscosity subso-
lution of (3.2.1) vanishes identically in Rn if and only if the growth conditions on
f and g satisfy either of the following:

ˆ ∞

1

dt√
F (t)

<∞, or
ˆ ∞

1

dt

g(t)
<∞. (3.2.2)

where F (t) =
ˆ t

0

f(τ) dτ .

Dolcetta et al. [25] established a necessary and sufficient condition for the
existence of a continuous viscosity subsolution to

P+
k (D

2u) = f(u) in Rn, (3.2.3)

for a positive, continuous and non-decreasing function f , where P+
k is a truncated

Laplacian operator defined by

P+
k (X) :=

n∑
j=k+1

λj(X).

In [25, Theorem 1.1], it is shown that (3.2.3) has a continuous viscosity subsolution
if and only if the function f satisfies the Keller-Osserman condition

ˆ ∞

1

dt√
F (t)

<∞,

for F (t) as defined in (3.2.2). The author obtained a necessary and sufficient
condition for the existence of viscosity subsolutions to (3.2.3).

Liouville-type theorems, regularity results, singular solutions, and other related
results for the truncated Laplacian operator P+

k have been studied in [9,14,15,33,
75,76].

Later in [26], the authors extended their investigation of viscosity subsolutions
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to
F(x,D2u) = f(u) + g(u)|Du|q.

Here, f and g are assumed to be positive, continuous and monotone increasing
functions, q ∈ (0, 2], and F is a second-order degenerate elliptic operator. They
established a general condition similar to the condition (3.2.2).

C. Doerr and A. Mohammed [23] proved several Liouville-type theorems for
non-negative viscosity subsolutions of

Sk(D
2u) = h(u, |Du|) in Rn,

where Sk(D2u) is the k-Hessian operator acting on u ∈ C2(Ω) defined by

Sk(D
2u) :=

∑
1≤i1<···<ik≤n

k∏
j=1

λij(D
2u)

for fixed positive integers n and k such that 1 ≤ k ≤ n. They established a
necessary and sufficient condition for the existence of non-trivial non-negative
entire solutions to

Sk(D
2u) = f(u) + g(u)|Du|q in Ω,

where Ω ⊆ Rn is an open set and 0 ≤ q < k + 1 is an integer.
Several Liouville-type theorems have been extended for nonlinear elliptic PDEs

in [5, 9, 20,22,36,39,73] and the references therein.
We refer to the interesting paper [36] and the references therein for many

results on Liouville-type theorems related to other classes of degenerate elliptic
equations. We also mention recent works [2, 18] on Liouville theorems related to
the p-Laplacian with nonlinear gradient terms.

F. Ferrari and A. Vitolo [33, Theorem 7.1] proved that if a1an > 0 and u is
an entire viscosity solution of Pa(D

2u) = 0 in a connected open set Ω ⊆ Rn, then
u ≡ 0 in Ω. In addition, the authors showed that the condition a1an > 0 is a
necessary condition for a Liouville-type theorem to hold.

Our work is motivated by the recent paper [33] in which it was shown that
if a1an > 0, then any viscosity solution of Pa(D

2u) = 0 in Rn that is bounded
from above or from below must be a constant. The authors established the result
from the Harnack inequality. Our investigation in this study is more aligned with
work [25,26], which considers fully nonlinear, uniformly elliptic equations and uses
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Keller-Osserman-type conditions on the lower-order terms to derive Liouville-type
theorems. See also [22,55,56].

Liouville-type theorems for partial trace equations with nonlinear gradient
terms have yet to be investigated. In this study, our main interest is to extend
various Liouville-type theorems for partial trace equations that include nonlinear
gradient terms.
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Chapter 4

Vázquez-type Strong
Minimum/Maximum Principle for

partial trace operator

4.1. Introduction

A well-known fact in harmonic function theory states that any non-negative
superharmonic function in a connected open set must be either identically vanish
or strictly positive everywhere (see [41]). This property is referred to as the Strong
Minimum Principle.

We are motivated by the recent work [33], in which F. Ferrari and A. Vitolo
studied several properties of partial trace operators:

Pa(X) :=
n∑
j=1

ajλj(X). (4.1.1)

Here, a = (a1, · · · , an) is an n-tuple of non-negative real numbers, at least one
of which is positive, and λ1(X) ≤ · · · ≤ λn(X) are eigenvalues of an n × n real
symmetric matrix X. A good example of (4.1.1) is the min-max operator

M(x) := λ1(X) + λn(X).

For n > 2, this is a fully nonlinear, nonconvex and degenerate elliptic operator.
In this study, we examine the Strong Minimum Principle for viscosity super-
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solutions of

Pa(D
2u) = h(u, |Du|) in Ω, (4.1.2)

where Ω is an open connected subset of Rn, and h is required to satisfy some
suitable assumptions. We will also consider the Strong Maximum Principle (SMP)
for subsolutions of (4.1.2). Finally, we investigate the compact support principle
(CSP) for non-negative subsolutions of (4.1.2).

4.2. Main results

We begin by introducing the conditions we use on the Hamiltonian h in equa-
tion (4.1.2) for the validity of the Strong Minimum/Maximum Principles. Let h:
R×R+

0 → R be a continuous function. Assume the following conditions for some
constant ν > 0:

(M): s 7→ s + h(s, t0) and t 7→ t + h(s0, t) are non-decreasing in (0, ν) for
each s0, t0 ∈ (0, ν),

(P): t+ h(t, t) is positive in (0, ν), and
ˆ ν

0

dt

t+ h(t, t)
= ∞.

Our first main result concerns the Strong Minimum Principle for viscosity super-
solutions of (4.1.2).

Theorem 4.2.1 (Strong Minimum Principle – SmP). Let Ω ⊆ Rn be an open
connected set and assume that conditions (M) and (P) hold. Furthermore, sup-
pose that Pa ∈ An. If u ∈ LSC(Ω) is a non-negative supersolution of the problem
(4.1.2) in Ω, then either u ≡ 0 in Ω or u > 0 in Ω.

A Strong Maximum Principle (SMP) on the subsolutions of problem (4.1.2) is
obtained from the Strong Minimum Principle by duality on Pa. Some additional
conditions are needed on h as follows:

(D1): s 7→ h(s, t) is non-decreasing in R for each t ∈ R+
0 .

(D2): h(−s, t) + h(s, t) ≥ 0 for all (s, t) ∈ R× R+
0 .

Theorem 4.2.2 (Strong Maximum Principle – SMP). Let Ω ⊆ Rn be an open
connected subset, and let h satisfy conditions (D1) and (D2). We further suppose
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that h satisfies (M), (P) and that Pa ∈ A1. If u ∈ USC(Ω) is a viscosity
subsolution of (4.1.2) such that u(x) ≤ u(x0) on Ω for some x0 ∈ Ω and u(x0) ≥ 0,
then u ≡ u(x0) in Ω.

The next main result shows that condition (P) is actually the necessary and
sufficient condition for (4.1.2) to have the Strong Minimum Principle (SmP)
provided that, in addition to (M), we assume the following condition on h:
R× R+

0 → R.

(Q): h(t, t) is positive and s 7→ h(s, t) is non-increasing in (0, ν) for each
t ∈ R+.

Theorem 4.2.3. Let Ω ⊆ Rn be an open connected subset and consider Pa with
an > 0. Suppose h satisfies (M) and (Q). The Strong Minimum Principle holds
for the problem (4.1.2) if and only if h satisfies (P).

Now, let us recall the definition of the compact support principle [65] as follows.
A Compact Support Principle (CSP) is said to hold for (4.1.2) in Rn\B(o, r0),

where r0 > 0, if for any non-negative subsolution u of (4.1.2) in Rn\B(o, r0) such
that u(x) → 0 as |x| → ∞, it follows that u ≡ 0 in Rn\B(o,R) for some R ≥ r0.
To state the next result suppose there exists a constant ν > 0 such that the
following conditions on h: R× R+

0 → R hold.

(H-0): s 7→ h(s, t) is increasing in (0, ν), ∀t ∈ R+
0 .

(H-1): h(0, t) > 0 for 0 < t < ν, and

ˆ ν

0

dt

h(0, t)
<∞.

(H-2): h(s, 0) > 0, t 7→ h(s, t) is non-decreasing in R+
0 , ∀s ∈ (0, ν), and

ˆ ν

0

dt√
H(t)

<∞,

where

H(t) :=

ˆ t

0

h(s, 0) ds.

The following result shows that (H-0), together with either (H-1) or (H-2), leads
to the compact support principle (CSP) for non-negative subsolutions in exterior
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domains. We direct the reader to [31,67] for important results on CSP for a wide
class of singular elliptic equations and quasi-linear elliptic equations.

Theorem 4.2.4. Suppose that either (H-0) and (H-1) or (H-0) and (H-2)
hold, and that |a| > 0 for the partial trace operator Pa. If, for some r0 > 0, u
is a non-negative subsolution of (4.1.2) on O := Rn\B(o, r0) with u(x) → 0 as
|x| → ∞, then u has a compact support in O.

4.3. Preliminary Results

In the following proposition, [60, Lemma 2.1] has been slightly modified to
meet our specific needs in this study.

Proposition 4.3.1 (A Comparison Principle). Let Ω ⊂ Rn be a bounded open
set, F : Sn → R an elliptic operator in Ω and for some constant µ > 0, consider
a function Φ: R × R+

0 → R which is non-decreasing in (0, µ) in the first variable
for each fixed second variable in R+

0 . Suppose u ∈ C2(Ω)∩C(Ω) and v ∈ LSC(Ω)

such that

F(D2u) ≥ Φ(u, |Du|) in Ω and F(D2v) ≤ Φ(v, |Dv|) in Ω (4.3.1)

in the viscosity sense. If u(x) < µ and v(x) > 0 for all x ∈ Ω, one of the differential
inequalities in (4.3.1) is strict and u ≤ v on ∂Ω, then u ≤ v in Ω.

Proof. Suppose that u > v at some point in Ω and assume that u − v has a
maximum at x0 ∈ Ω. Note that 0 < v (x0) < u (x0) < µ. First, suppose that
F(D2u) > Φ(u, |Du|) in Ω. Since v is a viscosity supersolution, v − u has a
minimum at x0, and recalling the assumption that u ∈ C2(Ω), we find

F(D2u(x0)) ≤ Φ(v(x0), |Du(x0)|) ≤ Φ(u(x0), |Du(x0)|).

This is an obvious contradiction. Suppose F(D2v) < Φ(v, |Dv|) in Ω. Since v− u

has a minimum at x0 and v is a strict viscosity supersolution, we have

F(D2u(x0)) < Φ(v(x0), |Du(x0)|) ≤ Φ(u(x0), |Du(x0)|).

This contradicts the first inequality in (4.3.1).
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Remark 4.3.2. Some remarks on conditions (M) and (P).

(a) It follows from (M) that t 7→ 2t+ h(t, t) is non-decreasing on (0, ν).

(b) Conditions (M) and (P) imply

ˆ ν

0

dt

2t+ h(t, t)
= ∞. (4.3.2)

To see this, let g(t) := t + h(t, t), which is positive in (0, ν), by (P). Then
g(t) + t = 2t + h(t, t) is non-decreasing in (0, ν), by (M). Hence, Lemma
2.6.3 and (P) show that (4.3.2) is true.

(c) Suppose that h(t, t) is non-negative in (0, ν), and condition (M) holds. It
follows from Lemma 2.6.3 that the integral condition in (P) is equivalent
to ˆ ν

0

dt

h(t, t)
= ∞.

We refer to [60] for examples of Hamiltonians satisfying conditions (M) and
(P).

For a non-negative function u, a typical example is given by h(u, |Du|) =

auα + b|Du|β, with min(α, β) ≥ 1. The same applies to the multiplicative case
h(u, |Du|) = auα|Du|β, where α, β ≥ 0 and α + β ≥ 1. In this case, we have
h(t, t) = atα+β, which ensures that both conditions (M) and (P) are satisfied.

Let us now consider the following boundary-value problem for given constants
ρ > 0, ε > 0 and κ > 0.φ′′ ≥ κφ′ + κφ+ h(κφ, κφ′) in (0, ρ)

φ(0) = 0, φ(ρ) ≤ ε.
(BVP)

Lemma 4.3.1. Suppose h satisfies (M) and (P) for some ν > 0. Let 0 < ρ ≤ 1,
ε > 0, and κ > 0 be given. Then for each 0 < γ < min

{
ε/ρ, ν/κ

}
there exists

a convex solution φ ∈ C2([0, ρ]) of the problem (BVP) such that 0 ≤ φ ≤ ε and
0 < φ′ ≤ γ on (0, ρ).

Proof. Let 0 < ρ ≤ 1, ε > 0, and κ > 0 be given. Let us take any

0 < γ < min
{
ε/ρ, ν/κ

}
. (4.3.3)
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According to (4.3.2), we now fix γ0 > 0, depending on γ, κ and ρ, such that

ˆ γ

γ0

dt

2κt+ h(κt, κt)
= ρ. (4.3.4)

Set
Ψ(r) :=

ˆ r

γ0

dt

2κt+ h(κt, κt)
, γ0 ≤ r ≤ γ.

Clearly, Ψ is a C1 function such that Ψ′(r) > 0 for r ∈ [γ0, γ] and Ψ(γ0) = 0,
Ψ(γ) = ρ. Let ψ: [0, ρ] → [γ0, γ] be the inverse of Ψ so that

ˆ ψ(r)

γ0

dt

2κt+ h(κt, κt)
= r, 0 ≤ r ≤ ρ. (4.3.5)

We note that ψ ∈ C1([0, ρ]) is increasing and from the identity (4.3.5) we find that
for 0 ≤ r ≤ ρ,

ψ′(r) = 2κψ(r) + h(κψ(r), κψ(r)); ψ(0) = γ0, ψ(ρ) = γ. (4.3.6)

Let us now define
φ(r) :=

ˆ r

0

ψ(s) ds, 0 ≤ r ≤ ρ.

Then φ′ = ψ > 0 on [0, ρ] and φ ∈ C2
(
[0, ρ]

)
. Note that φ′(0) = γ0 > 0 and

0 < φ′ = ψ ≤ γ on [0, ρ]. Moreover, for 0 ≤ r ≤ ρ, we have

φ(r) =

ˆ r

0

ψ(s) ds ≤ rψ(r) ≤ ρψ(ρ) = ργ < ε. (4.3.7)

Here, we have used (4.3.3) and (4.3.6). Thus, φ(0) = 0 and φ(r) ≤ ε for r ∈ (0, ρ).
Recalling 0 < ρ ≤ 1, we should also note from (4.3.7) that

φ(r) ≤ ψ(r), r ∈ [0, ρ]. (4.3.8)
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Note that κφ ≤ κψ < ν on (0, ρ). Differentiating the equation φ′ = ψ on (0, ρ)

and using (4.3.6), we find that the following holds on (0, ρ):

φ′′ = ψ′ = 2κψ + h(κψ, κψ)

= κφ′ + κψ + h(κψ, κφ′)

≥ κφ′ + κφ+ h(κφ, κφ′), by (4.3.8) and condition (M).

This completes the proof of Lemma 4.3.1.

4.4. Proofs of main theorems

Proof of Theorem 4.2.1. Let Ω+ := {x ∈ Ω : u(x) > 0} and Ω0 := {x ∈ Ω :

u(x) = 0}. If Ω+ or Ω0 is empty, then there is nothing to show. Suppose both
are non-empty. Since u ∈ LSC(Ω), it is clear that Ω+ is an open set. Let z ∈ Ω+

be such that dist(z, ∂Ω+) < dist(z, ∂Ω), and let r0 := dist(z, ∂Ω+). Note that
r0 := |z− x0| for some x0 ∈ ∂Ω+ ∩Ω0 and that B(z, r0) ⊆ Ω+. We fix δ > 0 small
enough so that 3δ < r0 and r0 + δ < dist(z, ∂Ω). Let R := r0 + δ and ϱ := r0 − δ

be so that R/2 < ϱ < R.
Recalling that an > 0, we set

α : =
2|a|
anR2

, µ :=
R
√
an

2|a|
exp

(
2|a|
an

)
, (4.4.1)

and

κ : = max

{
1,

2
√
an

exp

(
3

2

|a|
an

)}
. (4.4.2)

We further choose δ sufficiently small that1

ρ := µ
(
e−αϱ

2 − e−αR
2
)
≤ 1.

1Note that

ρ :=
(r0 + δ)

√
an

2|a|
exp

(
2|a|
an

)exp

[
−2|a|

an
·
(
r0 − δ

r0 + δ

)2
]
− exp

(
−2|a|

an

)
which tends to zero as δ tends to zero.
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We consider the following function

w(x) := e−α|x−z|
2 − e−αR

2

, x ∈ AR
ϱ (z),

where AR
ϱ (z) denotes the annulus {x ∈ Ω : ϱ < |x− z| < R}.

Recalling that B(z, ϱ) ⊆ Ω+ and that u ∈ LSC(Ω), let us fix ε > 0, such that

0 < ε < min{u(x) : x ∈ B(z, ϱ)}, and εκ < ν. (4.4.3)

Taking into account the constants 0 < ρ ≤ 1, ε > 0, and κ, we fix γ as in
(4.3.3). Next, we invoke Lemma 4.3.1 to find φ ∈ C2

(
[0, ρ]

)
that satisfies the

boundary-value problem (BVP). We set

v(x) := φ
(
µw(x)

)
, x ∈ AR

ϱ (z),

where µ is as in (4.4.1). According to Lemma 4.3.1, we have 0 ≤ v(x) ≤ ε in
AR
ϱ (z).

To find the second partial derivative of v(x) := φ
(
µw(x)

)
, we need to differ-

entiate twice with respect to each variable xi and xj, where x = (x1, x2, · · · , xn),
respectively.

Let us define r = |x− z|. Then, the function w(x) can be expressed as:

w(x) = e−αr
2 − e−αR

2

.

First, we compute the first partial derivative of w(x) with respect to xj:

∂w

∂xj
= −2α(xj − zj)e

−αr2 .

Consequently, we find

Dw ⊗Dw = Dw(Dw)T = 4α2e−2α|x−z|2(x− z)(x− z)T .

In this expression, (x−z)(x−z)T represents the outer product of the vector (x−z)
with itself. And to compute the second partial derivative of w(x) with respect to
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xi and xj, we proceed as follows:

∂2w

∂xi∂xj
= −2α

∂

∂xi

[(
xj − zj

)
e−αr

2
]

= −2α

(
−2α(xj − zj)(xi − zi)e

−αr2 +
∂

∂xi
(xj − zj)e

−αr2
)

= 4α2(xj − zj)(xi − zi)e
−αr2 − 2αδije

−αr2

= 2αe−αr
2 (

2α(xj − zj)(xi − zi)− δij
)
.

Here, δij represents the Kronecker delta. Thus, the Hessian matrix D2w(x) of the
function w(x) resulting in a matrix is given by

D2w = 2αe−α|x−z|
2
{
2α(x− z)(x− z)T − In

}
,

where In is the n× n identity matrix.
Therefore, the first derivative of v can be expressed as:

∂v

∂xi
= ϕ′(µw(x)) · µ∂w

∂xi

and we have Dv = µφ′(µw)Dw.

The second derivative
∂2v

∂xi∂xj
requires differentiating the first derivative:

∂2v

∂xi∂xj
=

∂

∂xj

(
ϕ′(µw(x)) · µ∂w

∂xi

)
As a consequence, we have

D2v = µ2φ′′(µw)Dw ⊗Dw + µφ′(µw)D2w

= 4α2µ2e−2α|x−z|2φ′′(µw)(x− z)(x− z)T

+ 2αµe−α|x−z|
2

φ′(µw)
{
2α(x− z)(x− z)T − In

}
.

In what follows, we suppose that x ̸= z. We observe thatD2v(x) has one eigenvalue

4α2µ2e−2α|x−z|2|x− z|2φ′′(µw) + 2αµe−α|x−z|
2

φ′(µw)
{
2α|x− z|2 − 1

}
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corresponding to the eigenvector x− z and n− 1 eigenvalues

−2αµe−α|x−z|
2

φ′(µw)

corresponding to each of the n − 1 basis elements of the orthogonal complement
(x− z)⊥ of x− z. Therefore, with r = |x− z|, we have

λ1(D
2v) = · · · = λn−1(D

2v) = −2αµe−α|x−z|
2

φ′(µw)

= −2αµe−αr
2

φ′(µw),

and2

λn(D
2v) = 4α2µ2e−2α|x−z|2|x− z|2φ′′(µw) + 2αµe−α|x−z|

2

φ′(µw)
{
2α|x− z|2 − 1

}
= 4α2µ2e−2αr2r2φ′′(µw) + 2αµe−αr

2

φ′(µw)
{
2αr2 − 1

}
.

Therefore, for x ̸= z, we have

Pa(D
2v) =

n∑
j=1

ajλj(D
2v)

= −2αµe−αr
2

φ′(µw)
n−1∑
j=1

aj + an

[
4α2µ2e−2αr2r2φ′′(µw) + 2αµe−αr

2

φ′(µw)
{
2αr2 − 1

}]
= 4anα

2µ2e−2αr2r2φ′′(µw) + 2αµe−αr
2

φ′(µw)
[
2anαr

2 −
n∑
j=1

aj

]
. (4.4.4)

Recalling that R/2 ≤ r ≤ R and using (4.4.1) in (4.4.4) we find that

Pa(D
2v) ≥ φ′′(µw) in AR

ϱ (z).

Note that for R/2 ≤ r ≤ R, we have

2αµre−αr
2 ≤ 2

√
an

exp

(
3|a|
2an

)
.

2Recall that λn(D
2v) ≥ λj(D

2v) for all j = 1, · · · , n− 1.
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Therefore, in AR
ϱ (z), we get

|Dv| = µφ′(µw)|Dw| = 2αµre−αr
2

φ′(µw) ≤ κφ′(µw) ≤ κγ. (4.4.5)

The choice of γ in Lemma 4.3.1 shows that κφ′(µw) ≤ κγ ≤ ν in AR
ϱ (z), with

ν > 0 as in conditions (M) and (P). Furthermore, recalling our choice of ε in
(4.4.3), we see that 0 < κφ ≤ κε ≤ ν. Then, by Lemma 4.3.1, we have the
following on AR

ϱ (z).

Pa(D
2v) ≥ φ′′(µw)

≥ κφ′(µw) + κφ(µw) + h(κφ(µw), κφ′(µw))

≥ |Dv|+ κφ(µw) + h(κφ(µw), |Dv|), by condition (M) and (4.4.5)

> κv + h(κv, |Dv|), since |Dv| > 0 on AR
ϱ (z)

≥ v + h(v, |Dv|), by condition (M), since κ ≥ 1.

Thus, we have

Pa(D
2v) > v + h(v, |Dv|) in AR

ϱ (z). (4.4.6)

On the other hand, since u ≥ 0 is a supersolution of (4.1.2), we have

Pa(D
2u) ≤ h(u, |Du|) ≤ u+ h(u, |Du|) in AR

ϱ (z). (4.4.7)

Observe that v ∈ C2(AR
ϱ (z)) and 0 < v ≤ ν (see (4.4.3)). Moreover, we have

v(x) ≤ ε ≤ u(x) for |x− z| = ϱ

and
v(x) = 0 ≤ u(x) for |x− z| = R.

Therefore, from (4.4.6) and (4.4.7), by the comparison principle in Proposition
4.3.1, we find that v ≤ u in AR

ϱ (z). In particular, 0 < v(x0) ≤ u(x0), which is not
possible since x0 ∈ Ω0 (that is, u(x0) = 0).

Remark 4.4.1. Let us make some remarks on Theorem 4.2.1.

(a) If h(t, t) ≡ 0 in (0, ν), then h satisfies (M) and (P). In this case, Theorem
4.2.1 reduces to [33, Theorem 6.2].
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(b) Assume that conditions (M) and (P) hold. Let u ∈ LSC(Ω) be a superso-
lution of (4.1.2), and let m := infΩ u. If, in addition

(i) s 7→ h(s, t0) is non-decreasing in R for each t0 ≥ 0 and m ≤ 0, or

(ii) s 7→ h(s, t0) is non-increasing in R for each t0 ≥ 0 and m > 0,

then Theorem 4.2.1 remains true.

In this case, note that z = u−m ≥ 0 is a solution of

Pa(D
2z) = Pa(D

2u) = h(u, |Du|)

≤ h(u−m, |D(u−m)|) = h(z, |Dz|).

Therefore, by Theorem 4.2.1, we have z ≡ 0 on Ω or z > 0 on Ω. That is u ≡ m

or u > m in Ω.

However, note that the assumption that m ≤ 0 cannot be removed when
s 7→ h(s, t0) is non-decreasing. To see this, note that

u(x) =
1

2n
|x|2 + 1,

satisfies
∆u = 1 ≤ 1

2n
|x|2 + 1 = u,

and infB(o,1) u = 1. Here, h(s, t) = s and note that both conditions (M) and (P)
hold.

Here, we give illustrative examples to show that some of the conditions needed
for our main results cannot be removed.

(a) Let u(x) = xj
2 for some 1 ≤ j ≤ n. Then λk(D

2u) = 0 for k ̸= n, and
λn(D

2u) = 2. Therefore,
Pa(D

2u) = 2an.

If an = 0, then Pa(D
2u) = 0 ≤ u = h(u, |Du|). But u(0) = 0 and yet u ̸≡ 0

in Ω := B(o, 1).

(b) Let Ω ⊆ Rn be connected. Given constants p > 1, q > 1 and α, β ∈ R,
we note that any non-negative viscosity solution u ∈ C(Ω) of Pa(D

2u) ≤
αup+ β|Du|q in Ω such that u (x0) = 0 for some x0 ∈ Ω vanishes identically
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in Ω. To see this, let h(s, t) = α
(
s+
)p

+ βtq, where s+ := max{s, 0} and
t ≥ 0. As the case α = β = 0 is obvious, we assume that |α|+ |β| > 0. Then
it is easily seen that h satisfies (M) and (P) with

ν := min

1,

(
1

p|α|+ q|β|

) 1

min{p− 1, q − 1}

 .

Therefore, the desired conclusion follows from Theorem 4.2.1.

Proof of Theorem 4.2.2. Let w = u(x0)− u. Then, by duality, we have

Pa′(D2w) = Pa′(−D2u)

= −Pa(D
2u) ≤ −h(u, |Du|)

≤ h(−u, |Du|), by (D2)

≤ h(u(x0)− u, |Du|), by (D1)

= h(w, |Dw|).

We note that Pa′ ∈ An and that w is a non-negative supersolution of (4.1.2). By
Theorem 4.2.1, we see that w ≡ 0 in Ω or w > 0 in Ω. Since w(x0) = 0, we see
that u ≡ u(x0) in Ω.

Proof of Theorem 4.2.3. The backward implication follows from Theorem
4.2.1. So we focus on the forward implication. Assume that conditions (M)
and (Q) hold for h, but that h does not satisfy condition (P). Since (M) holds,
Lemma 5.3.1 shows that ˆ ν

0

ds

h(s, s)
<∞.

We follow the ideas of J. I. Díaz in [29] to show that SmP fails for problem (4.1.2).
Let ψ be the inverse of

Ψ(r) := |a|
ˆ r

0

ds

h(s, s)
, 0 ≤ r ≤ ν.
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Then ψ: (0, ρ) → (0, ν), where ρ := Ψ(ν), satisfies (recall that |a| > 0)

ˆ ψ(r)

0

ds

h(s, s)
=

r

|a|
.

Without loss of generality, we can suppose that ν is small enough for ρ ≤ 1. Note
that ψ is a C1 function in (0, ρ) such that

ψ′(r) =
1

|a|
h(ψ(r), ψ(r)).

Next, we define

φ(r) :=

ˆ r

0

ψ(t)dt, 0 ≤ r < ρ.

Note that φ ≤ ψ on [0, ρ]. Then φ′(r) = ψ(r), φ(0) = φ′(0) = 0 and

φ′′(r) = ψ′(r) =
1

|a|
h(ψ(r), φ′(r))

≤ 1

|a|
h(φ(r), φ′(r)), by (Q) and the fact that φ ≤ ψ on [0, ρ).

In particular, we see φ′′(0) = |a|−1h(0, 0). We define u on Ω = Rn−1 × (−ρ, ρ) by

u(x′, xn) :=

{
0, if − ρ < xn ≤ 0

φ(xn), if 0 ≤ xn < ρ.

Notice that u ∈ C1(Ω). Obviously D2u ≡ 0 in Ω− := {x : −ρ < xn < 0}
and therefore Pa(D

2u) ≤ h(u, |Du|) in Ω−. On Ω+ := {x : 0 < xn < ρ}, we
see that Du(x) = φ′(xn)en. For x ∈ Ω+, we see that D2u(x) has eigenvalues 0

and φ′′(xn) > 0 of multiplicities n − 1 and 1, respectively. Therefore (note that
0 < φ′(xn) < ν for 0 < xn < ρ)

Pa(D
2u(x)) = anφ

′′(xn) ≤
an
|a|
h(φ(r), φ′(r))

≤ h(u(x), |Du(x)|), x ∈ Ω+.
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Now, we consider x0 = (x′0, 0) ∈ Ω and η ∈ C2(Ω) so that u − η has a minimum
at x0 and u(x0) = η(x0). Then

o(|x− x0|2) +
1

2
⟨D2η(x0)(x− x0), x− x0⟩+ ⟨Dη(x0), x− x0⟩+ η(x0)

≤ u(x′, xn) as x→ x0.

Note that Dη(x0) = Du(x0) = o. Given a unit vector b and 0 < t < ρ, let

x := x0 + tb = (x′0 + tb′, tbn).

Then, as t→ 0+, we have

o(t2) +
t2

2
⟨D2η(x0)b,b⟩ ≤ u(x′0 + tb′, tbn)− u(x′0, 0)

≤ φ(t|bn|)− φ(0).

Dividing by t2 and then taking the limit as t→ 0+, we obtain

1

2
⟨D2η(x0)b,b⟩ ≤ lim

t→0+

φ(t|bn|)− φ(0)

t2

=
1

2
b2nφ

′′(0) ≤ 1

2
φ′′(0).

Consequently, we find
λn(D

2η(x0)) ≤ φ′′(0).

Therefore,

Pa(D
2η(x0)) =

n∑
j=1

ajλj(D
2η(x0)) ≤

n∑
j=1

ajλn(D
2η(x0))

= λn(D
2η(x0))

n∑
j=1

aj = |a|λn(D2η(x0))

≤ |a|φ′′(0) = h(0, 0) = h(u(x0), |Dη(x0)|).

In summary, we have shown that u is a non-negative viscosity supersolution of
(4.1.2). Yet, u vanishes for (x′, xn) with −ρ < xn ≤ 0, but it is positive when
0 < xn < ρ. Therefore, Equation (4.1.2) does not satisfy the SmP.
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It is interesting to note that the condition
ˆ ν

0

ds√
G(s)

= ∞

is not sufficient to hold the SmP for the equation (4.1.2).

Remark 4.4.2. Suppose g is continuous non-decreasing in (0, ν), and set

G(t) =

ˆ t

0

g(s) ds.

For 0 < t < ν, we have√
G(t)

g(t)
≤
√
tg(t)

g(t)
=

√
t

g(t)
=

t√
tg(t)

≤
ˆ t

0

ds√
sg(s)

≤
ˆ ν

0

ds√
sg(s)

≤
ˆ ν

0

ds√
G(s)

:= C.

Therefore √
G(t)

g(t)
≤ C, 0 < t < ν.

Hence, we have ˆ ν

0

ds

g(s)
≤ C
ˆ ν

0

ds√
G(s)

.

We note that the left-hand side integral can be finite, while the right-hand side
integral is infinite.

In fact, consider the function

g(t) = tlog2
(
1 +

1

t

)
, t > 0.

Note that there is σ > 0 such that g is increasing on (0, σ) and lim
t→0+

g(t) = 0. One
can see that ˆ σ

0

ds

g(s)
<∞ and

ˆ σ

0

ds√
G(s)

= ∞.

As we saw in the proof of Theorem 4.2.3, the equation

Pa(D
2u) = |Du|log2

(
1 +

1

|Du|

)
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admits a non-trivial supersolution that vanishes in a portion of the set Ω :=

Rn−1 × (−ρ, ρ) for some ρ > 0.

Therefore, while
ˆ ρ

0

ds√
G(s)

= ∞ is necessary and sufficient for non-negative

solutions of Pa(D
2u) = g(u) to satisfy the SmP, as was noted in Theorem 4.2.3,

it is
ˆ ν

0

ds

g(s)
= ∞ that is necessary and sufficient condition for non-negative

solutions of Pa(D
2u) = g

(
|Du|

)
to satisfy the SmP.

Now, we give an illustrative example of h that satisfies conditions (M) and
(Q), but not (P).

Let h(s, t) := f(s) + ϖ(t), where f ∈ C1 (R,R) with f(0) = f ′(0) = 0 is
non-increasing in (0, δ) for some δ > 0. Furthermore, let ϖ ∈ C(R+

0 ,R+
0 ) be

non-decreasing on (0, δ) such that f(t)+ϖ(t) > 0 in (0, δ). Since 1+f ′(s) > 0 for
sufficiently small s > 0, we see that s 7→ s+h(s, t) is non-decreasing for sufficiently
small s > 0. Therefore, we easily see that (M) and (Q) hold for a suitable ν with
δ ≥ ν > 0. We observe that h satisfies condition (P) if and only if

ˆ ν

0

dt

ϖ(t)
= ∞. (4.4.8)

In fact, we note that

t+ h(t, t) = t+ f(t) +ϖ(t) ≤ t+ϖ(t), t ∈ (0, ν).

Therefore, if (4.4.8) holds, then (it follows from Lemma 5.3.1) that

ˆ ν

0

dt

t+ h(t, t)
= ∞.

On the other hand, since t + f(t) ≥ 0 for sufficiently small t > 0, for such t we
have

t+ h(t, t) = t+ f(t) +ϖ(t) ≥ ϖ(t).

Therefore, we see that (P) fails to hold if (4.4.8) does not hold.

Proof of Theorem 4.2.4. Case (i). Let us first suppose that (H-0) and
(H-1) hold. We use condition (H-1) to define

Ψ(r) := |a|
ˆ r

0

ds

h(0, s)
, 0 ≤ r ≤ ν.
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Let ψ be the inverse of Ψ, and ρ := Ψ(ν). Then ψ: (0, ρ) → (0, ν) satisfies

ˆ ψ(r)

0

ds

h(0, s)
=

r

|a|
.

Note that ψ is a C1 function in (0, ρ) such that

ψ′(r) =
1

|a|
h(0, ψ(r)). (4.4.9)

Next, we define

φ(r) :=

ˆ r

0

ψ(t) dt, 0 ≤ r ≤ ρ. (4.4.10)

We fix 0 < ϱ < ρ such that 0 < φ(ϱ) < ν. From (4.4.10), we have φ′(r) = ψ(r).
This, together with (4.4.9), leads to

φ′′(r) = ψ′(r) =
1

|a|
h(0, φ′(r)). (4.4.11)

Therefore, by (H-0) and (4.4.11) we find

|a|φ′′(r) ≤ h(φ(r), φ′(r)), 0 < r < ρ. (4.4.12)

Now, let u be a non-negative subsolution of (4.1.2) in Rn\B(o, r0) such that u(x) →
0 as |x| → ∞. We choose r1 ≥ r0 such that 0 ≤ u(x) ≤ φ(ϱ) < ν for |x| ≥ r1. Let

v(x) :=

{
φ(ϱ+ r1 − |x|), for r1 < |x| ≤ ϱ+ r1

0, for |x| > ϱ+ r1.
(4.4.13)

We note that v is C1 in Rn\B(o, r1). We also recall that for r1 < |x| < ϱ+ r1, the
Hessian matrix D2v(x) has eigenvalues −|x|−1φ′(ϱ+ r1− |x|) of multiplicity n− 1

and eigenvalue φ′′(ϱ+ r1 − |x|) of multiplicity 1. Therefore, for r1 < |x| < ϱ+ r1,
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we have

Pa(D
2v) =

n∑
j=1

ajλj(D
2v) = −φ

′(ϱ+ r1 − |x|)
|x|

n−1∑
j=1

aj + anφ
′′(ϱ+ r1 − |x|)

≤ |a|φ′′(ϱ+ r1 − |x|)

≤ h(v, |Dv|), by (4.4.12). (4.4.14)

Obviously, Pa(D
2v(x)) = 0 ≤ h(v, |Dv|) for |x| > ϱ + r1. Now, let us suppose

|x0| = ϱ + r1. We take η ∈ C2(Ω) such that v − η has a minimum at x0, and
v(x0) = η(x0) = 0. Clearly Dη(x0) = Dv(x0) = o. Therefore

o(|x− x0|2) +
1

2
⟨D2η(x0)(x− x0), x− x0⟩+ ⟨Dη(x0), x− x0⟩+ η(x0)

≤ v(x) as x→ x0.

Let x := x0 − tb, where b is a unit vector in Rn. Clearly, for t > 0, we have
|x0|− |x0− tb| ≤ t. But then v(x) ≤ max{φ(|x0|− |x0− tb|), 0} ≤ φ(t). Therefore

o(t2) +
t2

2
⟨D2η(x0)b,b⟩ ≤ φ(t)− φ(0), as t→ 0+.

Dividing by t2 and then taking the limit as t→ 0+, we find that

⟨D2η(x0)b,b⟩ ≤ φ′′(0).

Hence

λn(D
2η(x0)) ≤ φ′′(0). (4.4.15)

Thus, from (4.4.12) and (4.4.15), we find

Pa(D
2η(x0)) =

n∑
j=1

ajλj(D
2η(x0)) ≤

n∑
j=1

ajλn(D
2η(x0))

= λn(D
2η(x0))

n∑
j=1

aj = |a|λn(D2η(x0))

≤ |a|φ′′(0) ≤ h(φ(0), |Dη(x0)|).
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Thus, v is a viscosity supersolution of (4.1.2) in |x| > r1. Moreover, our choice of
r1 shows that u ≤ v on |x| = r1. Given ε > 0, we can choose R > ϱ+ r1 such that
u ≤ ε = v + ε on |x| > R. Let z := v + ε such that

Pa(D
2z) ≤ h(v, |Dv|) < h(z, |Dz|) in r1 < |x| < R′ for any R′ > R. (4.4.16)

Therefore, by the Comparison Principle in Proposition 4.3.1, we conclude that
u ≤ v + ε for |x| > r1. Thus u ≤ ε for all |x| > ϱ + r1 and arbitrary ε > 0.
Therefore, we conclude that u ≡ 0 for |x| > ϱ+ r1.

Case (ii). Suppose now that conditions (H-0) and (H-2) hold. In this case, we
define

Ψ(r) :=
√

|a|
ˆ r

0

ds√
2H(s)

, 0 ≤ r ≤ ν

and let ψ be the inverse of Ψ so that

ˆ ψ(r)

0

ds√
2H(s)

=
r√
|a|
, 0 ≤ r ≤ ρ := Ψ(ν).

We fix 0 < ϱ < ρ such that 0 < ψ(ϱ) < ν. Clearly, we have

ψ′(t) =
1√
|a|

√
2H(ψ(t)), 0 < t < ρ.

Thus, we get

ψ′′(t) =
1√

2|a|H(ψ(t))
h(ψ(t), 0)ψ′(t)

=
1

|a|
h(ψ(t), 0) ≤ 1

|a|
h(ψ(t), ψ′(t)), 0 < t < ρ.

As in Case (i), we fix r1 ≥ r0 such that 0 ≤ u(x) ≤ ψ(ϱ) < ν for all |x| ≥ r1. We
define v for |x| > r1 by

v(x) :=

{
ψ(ϱ+ r1 − |x|), for r1 < |x| ≤ ϱ+ r1

0, for |x| > ϱ+ r1.
(4.4.17)
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As in the proof of Case (i), we can show that

Pa(D
2v) ≤ h(v, |Dv|) for |x| > r1.

Given ε > 0, we can choose R > ϱ+ r1 such that u ≤ ε = v + ε on |x| > R. Then
z = v + ε is a viscosity solution of (4.4.16) in r1 < |x| < R′ for any R′ > R. We
proceed as in the proof of Case (i) to conclude the desired result.

Let ϖ: R+
0 → R+

0 be a continuous and non-decreasing function such that
ϖ(0) = 0 and ϖ(t) > 0 for t > 0. Moreover, let f , g: R → R be continuous
functions such that f is increasing on (0, ν) and g is non-decreasing on (0, ν) for
some ν > 0. Furthermore, suppose that f(0) = 0, f(s) > 0 for s > 0, and g(s) > 0

for s ≥ 0. We define
h(s, t) = f(s) + g(s)ϖ(t).

We assume that ˆ ν

0

ds

ϖ(s)
<∞, or

ˆ ν

0

ds√
F (s)

<∞,

where F (s) =

ˆ s

0

f(τ) dτ . Then, if |a| > 0, Theorem 4.2.4 shows that non-

negative subsolutions of

Pa(D
2u) = f(u) + g(u)ϖ

(
|Du|

)
satisfy the Compact Support Principle.

Theorem 4.4.3 (Strong Boundary Minimum Principle). Let Ω ⊆ Rn be an open
set and assume conditions (M) and (P) hold and that Pa ∈ An. Suppose x0 ∈ ∂Ω

and u ∈ LSC(Ω ∪ {x0}) is a viscosity supersolution of (4.1.2) in Ω such that

(i) u(x) > u(x0) = 0 for all x ∈ Ω,

(ii) there is a ball B := B(z,R) ⊆ Ω with B ∩ ∂Ω = {x0}.

Then

lim inf
x→x0
x∈Cx0

u(x)− u(x0)

|x− x0|
> 0, (4.4.18)

where Cx0 is any circular cone with vertex x0, opening less than π, and with axis
along the normal direction at x0.
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Proof. We will use the function v constructed in the proof of Theorem 4.2.1
with some slight modifications. With R as in (ii), we take R/2 < ϱ < R and define
v(x) := φ(µw(x)) in AR

ϱ (z) where

w(x) := e−α|z−x|
2 − e−αR

2

, x ∈ AR
ϱ (z).

Here α, µ, and κ are defined as in the proof of Theorem 4.2.1. We also choose
ϱ close enough to R so that

ρ := µ
(
e−αϱ

2 − e−αR
2
)
≤ 1.

We choose ε > 0 as in (4.4.3). Proceeding as in the proof of Theorem 4.2.1, we
can show that 0 < v ≤ u in the annulus AR

ϱ (z). Let n be the unit outer normal
vector at x0 ∈ ∂Ω. Then for sufficiently small t > 0, we have

u(x0 − tη)− u(x0)

t
≥ v(x0 − tη)− v(x0)

t
,

where η is any unit vector such that ⟨η,n⟩ = 0. Hence

lim inf
t→0+

u(x0 − tη)− u(x0)

t
≥ lim

t→0+

v(x0 − tη)− v(x0)

t

= −⟨Dv(x0),η⟩

= 2αµφ′(0)e−αR
2⟨x0 − z, η⟩. (4.4.19)

Given x ∈ Cx0 , let θ(x) be the angle between x0 − z and x − x0, and let us take
η := |x− x0|−1(x0 − x). Then, with t := |x− x0|, we find that (4.4.19) implies

lim inf
x→x0
x∈Cx0

u(x)− u(x0)

|x− x0|
≥ 2αµφ′(0)e−αR

2⟨x0 − z,η⟩

= 2αµφ′(0)e−αR
2

〈
x0 − z,

x0 − x

|x− x0|

〉
= 2αµφ′(0)e−αR

2|z − x0| cos θ(x)

> 0,

as desired.

Corollary 4.4.4 (Strong Boundary Maximum Principle). Let Ω ⊆ Rn be an open
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set and h satisfy conditions (D1), and (D2). Furthermore, we assume conditions
(M), (P) hold and Pa ∈ A1. Let x0 ∈ ∂Ω and u ∈ USC(Ω ∪ {x0}) be a viscosity
subsolution of (4.1.2) in Ω such that u (x0) ≥ 0 and

(i) u(x) < u (x0) for all x ∈ Ω,

(ii) there is a ball B(z,R) ⊆ Ω with B ∩ ∂Ω = {x0}.

Then

lim inf
x→x0
x∈Cx0

u(x0)− u(x)

|x− x0|
> 0, (4.4.20)

where Cx0 is as defined in (4.4.18).

Proof. Let a′ := (an, · · · , a1) and note that Pa′(X) = −Pa(−X) and Pa′ ∈ An.
Let z(x) := u (x0)− u(x). Then

Pa′(D2z(x)) = Pa′(−D2u(x)) = −Pa(D
2u(x))

≤ −h(u, |Du|) ≤ h(−u, |Du|)

≤ h(u(x0)− u(x), |Du|) = h(z(x), |Dz(x)|).

Therefore, z(x) > z(x0) = 0 for all x ∈ Ω and satisfies all the hypotheses in
Proposition 4.4.3. Moreover, we see that Pa′ ∈ An. Therefore, we can apply
Proposition 4.4.3 to conclude the inequality (4.4.20).
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Chapter 5

Liouville-type theorems for partial
trace equations with nonlinear

gradient terms

5.1. Introduction

The primary goal of this chapter is to examine the Liouville-type properties
pertaining to viscosity subsolutions of the partial trace equations:

Pa(D
2u) = h(u, |Du|), in Rn, (5.1.1)

where h: R×R+
0 → R is a continuous function. A good prototype for the problem

(5.1.1) considered is when h(u, |Du|) = f(u) + g(u)|Du|q for 0 < q < 2. This will
be discussed in more detail later. In (5.1.1), Pa refers to the following degenerate
elliptic operator

Pa(X) =
n∑
j=1

ajλj(X), (5.1.2)

where λj(X) are the eigenvalues of a real n× n symmetric matrix X arranged in
non-decreasing order λ1(X) ≤ · · · ≤ λn(X), and a = (a1, · · · , an) is an n-tuple
of non-negative real numbers, not all of which are zero. The operators (5.1.2)
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encompass those of the form

P−
k (X) :=

k∑
j=1

λj(X), and P+
k (X) :=

n∑
j=n−k+1

λj(X),

where 1 ≤ k ≤ n is a fixed but arbitrary integer. In particular, if k = n, the
operators P±

k reduce to the Laplace operator, while for 1 ≤ k < n these operators
P±
k are degenerate elliptic Bellman operators.

Another prototype of the partial trace operators (5.1.2) is the Min-Max oper-
ator

M(X) = λ1(X) + λn(X),

which is a degenerate elliptic for n > 2. The operator M can be thought of as a
degenerate elliptic Isaac operator. In general, these are fully nonlinear degenerate
elliptic equations that cover a large class of degenerate equations that have recently
been the focus of many researchers. See [33] for a discussion of these operators
and more.

In this chapter, we use Keller-Osserman growth conditions of nonlinearities
and appropriate comparison principles to study Liouville-type theorems.

5.2. Main Results

Throughout this chapter, h: R×R+
0 → R will represent a continuous function

that is nondecreasing in each variable. Below we list some of the conditions in h,
we will refer to statements of subsequent theorems.

(h-1): s 7→ h(s, t) is increasing on R+
0 for each t ≥ 0.

(h-2):
ˆ ∞

1

ds

h(ϱ, s)
<∞ for all sufficiently small ϱ > 0.

(h-3): h(s, 0) > 0 for all s > 0 and h(0, 0) = 0.

Theorem 5.2.1. Suppose h satisfies conditions (h-1), (h-2) and (h-3), and
suppose a = (a1, · · · , an) is an n-tuple of non-negative real numbers with a1an > 0.
If u is a non-negative viscosity subsolution of (5.1.1), then u ≡ 0 in Rn.

Our next result shows the existence of a positive radial viscosity solution of
(5.1.1) in Rn under conditions (h-1), (h-3), and the following additional condition
that replaces condition (h-2).
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(h-2)∗:
ˆ ∞

1

ds

h(s, s)
= ∞.

Theorem 5.2.2. Suppose conditions (h-1), (h-2)∗, and (h-3) hold. Then prob-
lem (5.1.1), with an > 0, admits infinitely many positive radial viscosity solutions.

If, instead of (h-3), we assume that

(h-3)∗: h(c, 0) = 0 for exactly one c ∈ R,

then the following Liouville-type result holds.

Theorem 5.2.3. Suppose that condition (h-3)∗ holds. If u is a viscosity solution
of Problem (5.1.1) such that

u(x) = o(|x|2) as |x| → ∞, (5.2.1)

then u ≡ c in Rn.

Let us now consider the problem (5.1.1) with h(s, t) := f(s)+ g(s)ϖ(t), where
ϖ: R+

0 → R will be assumed to satisfy the following condition.

(W): ϖ is a non-decreasing continuous function such that ϖ(0) = 0 and
ϖ(t) > 0 for t > 0.

In addition, we will need the following conditions on f and g.

(M): f , g: R → R+
0 are continuous, non-decreasing functions, such that f

is increasing on R+
0 , and f(0) = 0.

With h(s, t) := f(s) + g(s)ϖ(t), our problem (5.1.1) takes the form

Pa(D
2u) = f(u) + g(u)ϖ(|Du|) in Rn. (5.2.2)

It should be noted that if f and g satisfy condition (M), and ϖ satisfies condition
(W), then h(s, t) = f(s) + g(s)ϖ(t) satisfies both conditions (h-1) and (h-3). If,
in addition,

ˆ ∞

1

ds

ϖ(s)
<∞, (5.2.3)

and we also assume that g(s) > 0 for s > 0, then condition (h-2) holds as well.
As a result of Theorem 5.2.1 shows that any non-negative viscosity subsolution
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of (5.2.2) vanishes identically on Rn. Therefore, in what follows, we investigate
the problem (5.2.2) when (5.2.3) does not hold. In fact, we will study the problem
(5.2.2) when ϖ satisfies the following conditions:

(W-1): (i)
ˆ 1

0

s

ϖ(s)
ds <∞, (ii)

ˆ ∞

1

ds

ϖ(s)
= ∞.

Under the assumption that (W-1) (i) holds, we define an increasing function Φ:
R+

0 → R+
0 by

Φ(t) :=

ˆ t

0

s

ϖ(s)
ds, for t > 0.

We should note that under condition (W-1), we have

Φ(∞) = lim
t→∞

ˆ t

0

s

ϖ(s)
ds =

ˆ 1

0

s

ϖ(s)
ds+ lim

t→∞

ˆ t

1

s

ϖ(s)
ds

≥
ˆ 1

0

s

ϖ(s)
ds+ lim

t→∞

ˆ t

1

ds

ϖ(s)
(∵ s ≥ 1)

=

ˆ 1

0

s

ϖ(s)
ds+

ˆ ∞

1

ds

ϖ(s)
= ∞.

Inspired by the classical Keller-Osserman conditions [49, 61], we use the inverse
function Φ−1 to introduce the following Keller-Osserman type condition:

(KO)ϖ:
ˆ ∞

1

dt√
F (t) + Φ−1(G(t))

<∞.

In (KO)ϖ, F and G are the anti-derivatives of f and g, respectively, that vanish
at 0.

We can now state the following Liouville-type result.

Theorem 5.2.4. Suppose that f , g: R → R+
0 satisfy condition (M), with g(s) > 0

for s > 0, and ϖ: R+
0 → R satisfies (W). Furthermore, assume that conditions

(W-1), and (KO)ϖ hold. If u is a non-negative viscosity subsolution of (5.2.2),
with an > 0, then u is identically zero in Rn.

The next set of conditions will serve as part of sufficient conditions for the
existence of positive radial solutions to the problem (5.2.2):

(W-2): (i)
ˆ 1

0

dt

Φ−1
(
F (t) +G(t)

) = ∞, (ii) lim
s→∞

s2

ϖ(s)
= ∞.

We can now state our existence results as follows.
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Theorem 5.2.5. Suppose that f , g: R → R+
0 satisfy condition (M), and that ϖ:

R+
0 → R satisfies (W). Furthermore, assume that conditions (W-1), and (W-2)

hold. Then problem (5.2.2), with an > 0, admits many positive radial viscosity
solutions in Rn.

If, in problem (5.2.2), we take ϖ(t) = |t|q and assume condition (M), then
(KO)ϖ gives a necessary and sufficient condition for the identical vanishing of
any non-negative viscosity solutions to problem (5.2.2). Toward this end, let us
rewrite condition (KO)ϖ in the following explicit form, when 0 < q < 2.

(KO)q:
ˆ 1

0

ds√
F (s) +G(s)

1
2−q

<∞.

Note that if 1 < q < 2 and g(s) > 0 for some s > 0, then it is easy to see that
(KO)q holds.

We now state our last main result which shows that (KO)q is a necessary
and sufficient condition for the identical vanishing of any non-negative viscosity
solution of

Pa(D
2u) = f(u) + g(u)|Du|q in Rn. (5.2.4)

Theorem 5.2.6. Suppose that f , g: R → R+
0 satisfy condition (M), and suppose

an > 0. If (KO)q holds, then any non-negative viscosity subsolution of (5.2.4)
vanishes identically in Rn. Conversely, if condition (KO)q fails, then problem
(5.2.4) admits infinitely many positive radial viscosity solutions in Rn.

5.3. Preliminary Results

In our subsequent discussions, h: R × R+
0 → R is continuous, and except for

Theorem 5.2.3 and its proof, we will assume that (h-3) holds and that an > 0.
Given ε > 0 and c > 0, we consider the following initial-value problem:r1−c(rc−1ϕ′)′ = an

−1h(ϕ(r), ϕ′(r)),

ϕ(0) = ε, ϕ′(0) = 0.
(IVP(ε))

This problem is known to admit a solution ϕ ∈ C2([0, R)) in some maximal interval
of existence. Moreover, ϕ > 0, ϕ′ > 0, and ϕ′′ > 0 in (0, R). We refer the reader
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to [26] for a detailed discussion of these results. Furthermore, proceeding as in [26],
we integrate the equation in the initial-value problem (IVP(ε)) on (0, r) for any
0 < r < R to get

ϕ′(r)

r
≤ 1

can
h(ϕ(r), ϕ′(r)). (5.3.1)

Next, we expand the left-hand side of the equation in the initial-value problem
(IVP(ε)). We find

c− 1

r
ϕ′(r) + ϕ′′(r) =

1

an
h(ϕ(r), ϕ′(r)). (5.3.2)

In particular, by taking the limit as r → 0+ in (5.3.2) and using the definition

ϕ′′(0) = lim
r→0+

ϕ′(r)

r
, we find that

ϕ′′(0) =
1

can
h(ϕ(0), ϕ′(0)). (5.3.3)

In the following, we will always assume that c ≥ 1. Using (5.3.1) in (5.3.2)
and rearranging, we get

ϕ′′(r) ≥ 1

can
h(ϕ(r), ϕ′(r)) (5.3.4)

From (5.3.1) and (5.3.4), we find that

ϕ′′(r) ≥ ϕ′(r)

r
(5.3.5)

Now, let us take

c :=
|a|
an
.

Letting v(x) := ϕ(|x− z|). We see that for x ̸= z, we have

D2v = ϕ′′(|x− z|)(x− z)⊗ (x− z)

|x− z|2
+ ϕ′(|x− z|)

[
In

|x− z|
− (x− z)⊗ (x− z)

|x− z|3

]
.

Therefore, the eigenvalues of D2v(x) for x ̸= z are

ϕ′′(|x− z|) of multiplicity 1 and
ϕ′(|x− z|)
|x− z|

of multiplicity n− 1. (5.3.6)
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Recalling (5.3.6) and using (5.3.5), we conclude that for x ̸= z

Pa(D
2v) =

ϕ′(|x− z|)
|x− z|

n−1∑
j=1

aj + anϕ
′′(|x− z|) (5.3.7)

= anϕ
′′(r) +

|a| − an
r

ϕ′(r), r := |x− z|,

= h(ϕ(r), ϕ′(r)). (5.3.8)

In (5.3.8), we used our choice of c and (5.3.2). Therefore, v is a classical solution
of Pa(D

2v) = h(v, |Dv|) in B(z, R)\{z}. Let us now show that, in fact, v(x) =
ϕ(|x− z|) is a viscosity solution of (5.1.1) in the ball B := B(z,R), and for this,
it suffices to verify the definition of a viscosity solution at the centre z of the ball
B. First, we notice that |Dv(x)| = ϕ′(|x− z|) for all x ∈ B(z, R)\{z}. Therefore,
since |Dv(z)| = ϕ′(0) = 0, it follows that Dv(z) = o.

Now, let φ ∈ C2(B) be such that v − φ has a maximum at z. Then, for
0 < |t| < R and any e ∈ Rn such that ∥e∥ = 1, we have (recall that Dφ(z) =

Dv(z) = o)

ϕ(t)− ϕ(0) = v(z + te)− v(z) ≤ φ(z + te)− φ(z)

=
t2

2
⟨D2φ(z)e, e⟩+ o(t2) as t→ 0+.

Thus

ϕ(t)− ϕ(0)

t2
≤ 1

2
⟨D2φ(z)e, e⟩+ o(t2)

t2
as t→ 0+.

Taking the limit as t→ 0+, we find that

ϕ′′(0) ≤ ⟨D2φ(z)e, e⟩
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for all unit vectors e. Thus, ϕ′′(0) ≤ λ1(D
2φ(z)). But we notice from (5.3.3) that

Pa(D
2φ(z)) =

n∑
j=1

ajλj(D
2φ(z)) ≥

n∑
j=1

ajλ1(D
2φ(z))

= λ1(D
2φ(z))

n∑
j=1

aj = |a|λ1(D2φ(z))

≥ ϕ′′(0)|a| = h(ϕ(0), ϕ′(0)) = h(v(z), |Dφ(z)|).

A similar argument shows that Pa(D
2ψ(z)) ≤ h(v(z), |Dψ(z)|) for any function

ψ ∈ C2(B) such that v − ψ has a minimum at z, thus completing the verification
that v = ϕ(|x− z|) is a viscosity solution of Pa(D

2v) = h(v, |Dv|) in B(z, R).
Next, we establish a comparison principle, which is a key tool in our study

of the main results. For this, we first reformulated the definition of viscosity
subsoluton and supersolution in the framework of subjets and superjets. See [19]
for more details. We recall these concepts as follows:

We use Sn to denote the collection of n × n symmetric matrices with real
entries. Let u: Ω → R, and x0 ∈ Ω. The second order superjet J2,+

Ω u(x0) of u at
x0 and the second order subjet J2,−

Ω u(x0) of u at x0 are, respectively, the sets

J2,+
Ω u(x0) :=

{
(p,X) ∈ Rn × Sn : u(x0 + η) ≤ u(x0) + ⟨p, η⟩

+
1

2
⟨Xη, η⟩+ o(|η|2) as |η| → 0

}
,

and

J2,−
Ω u(x0) :=

{
(p,X) ∈ Rn × Sn : u(x0 + η) ≥ u(x0) + ⟨p, η⟩

+
1

2
⟨Xη, η⟩+ o(|η|2) as |η| → 0

}
.

Equivalent definitions of subsolution and supersolution in terms of subjets and
superjets can be given as follows.

A function u in USC(Ω) (respectively, LSC(Ω)) is a viscosity subsolution (re-
spectively, viscosity supersolution) of (5.1.1) if and only if for each x0 in Ω and
each (p,X) in J2,+

Ω u(x0) (respectively, J2,−
Ω u(x0)), we have

Pa(X) ≥ (respectively, ≤) h(u(x0), |p|).
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We are now in a position to state our comparison principle as follows.

Proposition 5.3.1 (A Comparison Principle). Let Ω ⊂ Rn be a bounded open
subset, and let h: R × R+

0 → R be a continuous function. Suppose u ∈ USC(Ω)

and v ∈ LSC(Ω) such that

Pa(D
2u) ≥ h(u, |Du|) in Ω, and Pa(D

2v) ≤ h(v, |Dv|) in Ω.

We assume that s 7→ h(s, t) is increasing on the interval [minΩ v,∞) for each t ≥ 0.
If u ≤ v on ∂Ω, then u ≤ v in Ω.

Proof. The method of proof is standard; see [19], and we have chosen to include
it for the reader’s convenience. By way of contradiction, suppose that u − v

achieves a positive maximum at some point x0 ∈ Ω. We apply [19, Theorem 3.2]
with u1 := u, u2 := −v, and φ := φα(x, y) = α|x−y|2/2 for each α > 0. According
to [19, Theorem 3.2], there exist xα, yα ∈ Ω and matrices Xα, Yα ∈ Sn such that

(
α(xα − yα), Xα

)
∈ J2,+u(xα),

(
α(xα − yα), Yα

)
∈ J2,−v(yα), (5.3.9)

and

−3α

(
In 0

0 In

)
≤

(
Xα 0

0 −Yα

)
≤ 3α

(
In −In
−In In

)
. (5.3.10)

Note that

u(xα)− v(yα)−
α

2
|xα − yα|2 ≥ u(x0)− v(x0) > 0. (5.3.11)

Therefore, using (5.3.9) and the fact that Xα ≤ Yα (which follows from (5.3.10)),
we conclude that

h(u(xα), α|xα − yα|) ≤ Pa(Xα)

≤ Pa(Yα)

≤ h(v(yα), α|xα − yα|). (5.3.12)

Recalling that s 7→ h(s, t) is increasing on [minΩ v,∞) for each t ≥ 0 and that
u(xα) > v(yα) (see (5.3.11)), we note that (5.3.12) is not possible. This concludes
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the proof of the proposition.
The next lemma will be used in the proof of Theorem 5.2.1.

Lemma 5.3.1. Let u be a non-negative subsolution of (5.1.1), and x0 ∈ Rn.
Suppose that there is a constant R > 0 and ϕ ∈ C2([0, R)) ∩ C([0, R]) with
ϕ′(r) → ∞ as r → R− such that for some constant κ ≥ 0, the following hold.

(i) u(z) = ϕ(R) + κ for some z ∈ ∂B(x0, R), and

(ii) u(x) ≤ ϕ(|x− x0|) + κ for all x ∈ B(x0, R).

Given ρ > R and α > 0, there is y with R ≤ |y − x0| < ρ such that

u(z) + α(|y − x0| −R) < u(y).

Proof. Suppose the conclusion is not true. Then there is ρ > R and α > 0 such
that

u(z) + α(|x− x0| −R) ≥ u(x) for all x with R ≤ |x− x0| < ρ. (5.3.13)

Let ϑ(x) := u(z) + α(|x− x0| −R) and take β > 0 such that R +
α

β
< ρ, and set

θ(x) : = u(z) + 2α(|x− x0| −R)− β(|x− x0| −R)2

= ϑ(x) + α(|x− x0| −R)− β(|x− x0| −R)2.

Our choice of β and (5.3.13) allows us to estimate

θ(x) ≥ ϑ(x) ≥ u(x) for R ≤ |x− x0| ≤ R +
α

β
. (5.3.14)

Since ϕ′(r) → ∞ as r → R−, we can find δ := δ(α, β) such that1

θ(x)− ϕ(|x− x0|) ≥ u(z)− ϕ(R)

1Note that θ(x) − u(z) ≥ ϕ(r) − ϕ(R) if and only if 2α(r − R) − β(r − R)2 ≥ ϕ(r) − ϕ(R),
where r := |x− z|. The inequality follows since

lim
r→R

[
ϕ(r)− ϕ(R)

r −R
+ β(r −R)

]
= ∞.

76



for all R − δ < |x − x0| < R. Observe that, by the assumption in (i), we have
u(z)− ϕ(R) = κ.

Therefore, we see that θ(x) ≥ ϕ(|x − x0|) + κ for all R − δ < |x − x0| ≤ R.
This, together with (5.3.14) and the assumption (ii), shows that

θ(x) ≥ u(x) for R < |x− x0| < R +
α

β

Since θ(z) = u(z), we see that u − θ has a maximum at z. Since u is a viscosity
subsolution of (5.1.1), we find that

Pa(D
2θ(z)) ≥ h(u(z), |Dθ(z)|) ≥ 0. (5.3.15)

For x ̸= x0, let us note that

D2θ(x) =
2α

|x− x0|

(
In −

(x− x0)⊗ (x− x0)

|x− x0|2

)
− 2β

(|x− x0| −R)

|x− x0|

(
In −

(x− x0)⊗ (x− x0)

|x− x0|2

)
− 2β

(x− x0)⊗ (x− x0)

|x− x0|2

Therefore, the eigenvalues of D2θ(x) are

−2β of multiplicity 1 and − 2β +
2α + 2βR

|x− x0|
of multiplicity n− 1.

Hence

Pa(D
2θ(x)) = −2βa1 +

(
2α + 2βR

|x− x0|
− 2β

) n∑
j=2

aj

= −2β

[
a1 +

(
1− R

|x− x0|

)(
|a| − a1

)]
+

2α

|x− x0|
(
|a| − a1

)
Since z ∈ ∂B(x0, R), we see that

Pa(D
2θ(z)) = −2βa1 +

2α

R

(
|a| − a1

)
.

Since a1 > 0, we can choose β > 0 large enough such that Pa(D
2θ(z)) < 0, which

contradicts (5.3.15). This contradiction justifies the conclusion of the lemma.
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5.4. Proofs of Main Theorems

Proof of Theorem 5.2.1. Suppose, contrary to the conclusion we wish to es-
tablish, that u(x0) > 0 for some x0 ∈ Ω. We fix 0 < ε < u(x0), sufficiently small
that the condition (h-2) holds with ϱ = ε. We take a solution ϕ to (IVP(ε)) on
a maximal interval of existence [0, R). Rearranging the inequality in (5.3.4), we
find

1

|a|
≤ ϕ′′(s)

h(ϕ(s), ϕ′(s))
≤ ϕ′′(s)

h(ϕ(0), ϕ′(s))
, 0 < s < R.

Fixing 0 < r0 < R and integrating the above inequality on (r0, r) for any r0 < r <

R, we find

1

|a|
(r − r0) ≤

ˆ ϕ′(r)

ϕ′(r0)

dt

h(ϕ(0), t)
≤
ˆ ∞

ϕ′(r0)

dt

h(ε, t)
, r0 < r < R.

Invoking the assumption (h-2) shows that R <∞.
Recall that an > 0. Let v(x) := ϕ(|x − x0|), for x ∈ B := B(x0, R), so that v

is a viscosity solution of

Pa(D
2v) = h(v, |Dv|) in B(x0, R). (5.4.1)

If u ≤ v on the boundary ∂B, then the comparison principle would show that
u ≤ v. In particular, we would have u(x0) ≤ v(x0) = ϕ(0) = ε. But this
contradicts the choice of ε. As a consequence, we must have v < u at some point
in ∂B. This implies that ϕ(R) <∞, and therefore we have v ∈ C(B). Since [0, R)

is a maximal interval of existence for ϕ, we conclude that ϕ′(r) → ∞ as r → R−.
Now, let z ∈ ∂B be a point of maximum of u−v on ∂B. Note that u(z) > v(z).

w(x) := v(x) + u(z)− v(z), x ∈ B.

By (h-1) and (5.4.1), we see that

Pa(D
2w) = Pa(D

2v) ≤ h(w, |Dw|) in B, and u ≤ w on ∂B.
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An application of the comparison principle shows that

u ≤ w in B. (5.4.2)

Given a constant α > 0, we introduce the function

ϑα(x) := w(z) + α(|x− x0| −R), x ∈ Rn.

Note that ϑα(x) = w(z) = u(z) on ∂B.
For |x− x0| ≥ R, we have

Pa(D
2ϑα(x)) =

α

|x− x0|
(
|a| − a1

)
≤ α

R

(
|a| − a1

)
. (5.4.3)

From condition (h-2) and Lemma 2.6.2, we recall that

lim
t→∞

t

h(ε, t)
= 0.

Therefore, we see that for α0 > 0 large enough

h(ε, α) ≥
(
α

R

)(
|a| − a1

)
α ≥ α0. (5.4.4)

Note that on {x : |x− x0| ≥ R}, we have

h(ϑα, |Dϑα|) ≥ h(w(z), α) ≥ h(ε, α).

For α ≥ α0, from (5.4.3) and (5.4.4), we can derive

Pa(D
2ϑα) ≤ h(ϑα, |Dϑα|), |x− x0| ≥ R.

We now fix α ≥ α0 and ρ > R such that

ϑα ≥ u, for |x− x0| = ρ.

On |x−x0| = R, we recall that ϑα(x) = w(z) = u(z) ≥ v(z)+u(x)−v(x) = u(x)

(since v(z) = v(x) when |x−x0| = R). By the comparison principle, Proposition
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5.3.1, we have

u(x) ≤ ϑα(x) for R ≤ |x− x0| < ρ. (5.4.5)

Let us now recall that ϕ′(r) → ∞ as r → R−. If we take κ := u(z) − v(z) so
that u(z) = ϕ(R) + κ, we see from (5.4.2) that u(x) ≤ v(x) + κ = ϕ(x − z) + κ

in B(z,R). Therefore, all the hypotheses of Lemma 5.3.1 hold. But (5.4.5)
contradicts the conclusion of Lemma 5.3.1. This completes the proof of the
theorem.

Proof of Theorem 5.2.2. Let ϕ ∈ C2([0, R)) be a solution of problem (IVP(ε))
for some 0 < ε < 1/2, where we assume that [0, R) is the maximal interval of
existence and 0 < R ≤ ∞. We claim that R = ∞, and this would show that
v := ϕ(|x|) is a positive radial solution of the problem (5.1.1) in Rn. Suppose that
R <∞. Since [0, R) is a maximal interval of existence and

ϕ(r) = ϕ(0) +

ˆ r

0

ϕ′(t) dt, r ∈ (0, R), (5.4.6)

we must have ϕ′(r) → ∞ as r → R−. Since h(s, t) is non-decreasing in each
variable, we see from (5.3.2) and (5.4.6) that (with ρ := max{1, R})

ϕ′′(r) ≤ 1

an
h(ϕ(r), ϕ′(r))

≤ 1

an
h(ϕ(0) +Rϕ′(r), ϕ′(r))

≤ 1

an
h(ϕ(0) + ρϕ′(r), ϕ(0) + ρϕ′(r)), 0 < r < R. (5.4.7)

Next, we fix 0 < r0 < R such that ϕ′(r0) > 1, and we use (5.4.7) to compute

ˆ R

r0

ϕ′′(t)

h(ϕ(0) + ρϕ′(r), ϕ(0) + ρϕ′(r))
dt ≤ 1

an
(R− r0) .

In other words, we find
ˆ ∞

ϕ(0)+ρϕ′(r0)

ds

h(s, s)
≤ ρ

an
(R− r0) .
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Since we assume that R <∞, this last inequality contradicts the assumption that
(h-2)∗ holds. Therefore, R = ∞, and hence u(x) = ϕ(|x|) is a positive radial
viscosity solution of (5.1.1).

Proof of Theorem 5.2.3. Let x0 ∈ Rn and ε > 0 be arbitrary, and consider

w(x) := u(x)− u(x0) + 2ε− ε

2
|x− x0|2, x ∈ Rn. (5.4.8)

By the assumption that u(x) = o(|x|2) as |x| → ∞, we see that

lim
|x|→∞

w(x) = −∞.

Since w(x0) > 0, we find that w attains a positive maximum in Rn at some point
y0 ∈ Rn. Considering u as a viscosity subsolution to (5.1.1), and using

φ(x) := u(x0)− 2ε+
ε

2
|x− x0|2

as a test function, we see that

ε|a| = Pa(D
2φ(y0)) ≥ h(u(y0), |Dφ(y0)|) = h(u(y0), ε|y0 − x0|). (5.4.9)

From here w(y0) > 0, we note that

u(y0) > u(x0)− 2ε.

Therefore, this last inequality, together with (5.4.9), show that

h(u(x0)− 2ε, ε|y0 − x0|) ≤ h(u(y0), ε|y0 − x0|) ≤ ε|a|.

Taking the limit as ε → 0, we conclude that h(u(x0), 0) ≤ 0. Using the auxiliary
function

v(x) := u(x)− u(x0)− 2ε+
ε

2
|x− x0|2, x ∈ Rn,

in place of (5.4.8), and arguing in a similar manner where now u is considered as
a viscosity supersolution of (5.1.1), one can also show that h(u(x0), 0) ≥ 0. Since
we picked x0 ∈ Rn arbitrarily, we conclude that h(u(x), 0) ≡ 0 in Rn. We now
use (h-3)∗ to conclude that u(x) ≡ c in Rn, where c is the constant in condition
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(h-3)∗. We point out that in the proof we used the non-decreasing monotonicity
of h in the first variable only (cf. beginning of Section 2).

In the following, we use the notation F(s, t) := F (s) − F (t), and G(s, t) :=

G(s)−G(t).

Proof of Theorem 5.2.4. Let u ∈ USC(Rn) be a non-negative viscosity subso-
lution of (5.2.2), and by contradiction suppose that u(x0) > 0 for some x0 ∈ Rn.
Fix 0 < ε < u(x0), and let ϕ ∈ C2([0, R)) be a solution of the initial value problem
(IVP(ε)) with the maximal interval of existence [0, R). Note that ϕ > 0, ϕ′ > 0,
and ϕ′′ > 0 in (0, R). We claim R < ∞. Multiplying both sides of the inequality
(5.3.4) by ϕ′, we find

1

|a|

[
f
(
ϕ(r)

)
ϕ′(r) + g

(
ϕ(r)

)
ϕ′(r)ϖ

(
ϕ′(r)

)]
≤ ϕ′′(r)ϕ′(r). (5.4.10)

From (5.4.10) we find the following two inequalities

1

|a|
f
(
ϕ(r)

)
ϕ′(r) ≤ ϕ′′(r)ϕ′(r), and

1

|a|
g
(
ϕ(r)

)
ϕ′(r)ϖ

(
ϕ′(r)

)
≤ ϕ′′(r)ϕ′(r).

Integrating each of the above inequalities on (0, r) for any 0 < r < R, we get,
respectively, √

ϱF
(
ϕ(r), ε

)
≤ ϕ′(r), and

Φ−1

(
ϱ
(
G
(
ϕ(r), ε

)))
≤ ϕ′(r), where ϱ :=

1

|a|
.

Adding the above inequalities and dividing them, we find that

1

2
≤ ϕ′(r)√

ϱF (s, ε) + Φ−1
(
ϱ
(
G (s, ε)

)) , 0 < r < R.

By integrating the last inequality on (0, r) for some fixed r0 < r < R, we get

1

2
(r − r0) ≤

ˆ ϕ(r)

ε

ds√
ϱF
(
ϕ(r), ε

)
+ Φ−1

(
ϱ
(
G
(
ϕ(r), ε

))) . (5.4.11)
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It is easily shown that

ϱF (s, ε) ≥ F (ϱ∗s, ϱ∗ε) , and ϱG (s, ε) ≥ G (ϱ∗s, ϱ∗ε) ,

where ϱ∗ := min{1, ϱ}.
Using this observation in (5.4.11), we see that

1

2
(r − r0) ≤

1

ϱ∗

ˆ ∞

ϱ∗ε

ds√
ϱF (s, ϱ∗ε) + Φ−1

(
ϱ
(
G (s, ϱ∗ε)

)) , r0 < r < R.

Therefore, condition (KO)ϖ shows that R < ∞, (see the Appendix of [5]), as
claimed. Since [0, R) is a maximal interval of existence, it follows from this and
(5.4.6) that ϕ′(r) → ∞ as r → R−. Next, we show that ϕ(r) → ∞ as r → R−.
By way of contradiction, assume that ϕ(R−) := lim

r→R−
ϕ(r) <∞. From (5.3.2), we

see that

ϕ′′(r) ≤ 1

an

(
f
(
ϕ(r)

)
+ g

(
ϕ(r)

)
ϖ
(
ϕ′(r)

))
. (5.4.12)

Rewriting this inequality, we see that

ϕ′′(r)

ϖ
(
ϕ′(r)

) ≤ 1

an

(
f(ϕ(R−))

ϖ
(
ϕ′(r0)

) + g(ϕ(R−))

)
, 0 < r < R.

Integrating this last inequality in (r0, r) for r0 < r < R, we find that

ˆ ϕ′(r)

ϕ′(r0)

ds

ϖ(s)
≤ R

an

(
f(ϕ(R−))

ϖ
(
ϕ′(r0)

) + g(ϕ(R−))

)
.

This, however, contradicts the assumption (W-1) (ii). Therefore, we must have
ϕ(r) → ∞ as r → R−, as claimed.

We now define v(x) := ϕ(|x−x0|), so that v is a viscosity solution of (5.2.2) with
v = ∞ on the boundary of B(x0, R). Recalling that u is a viscosity subsolution,
by the comparison principle we find that u ≤ v in the ball B(x0, R). In particular,
u(x0) ≤ v(x0) = ε, which contradicts our choice of ε. This shows that u cannot
be positive anywhere in Rn.

83



Proof of Theorem 5.2.5. Let ϕ ∈ C2([0, R)) be a solution of the initial value
problem (IVP(ε)) for some ε > 0. We will show that R = ∞. We multiply (5.4.12)
by ϕ′, then divide both sides of the resulting inequality by ϖ(ϕ′). For some fixed
0 < r0 < R, we integrate the derived inequality on (r0, r) to find

ˆ r

r0

ϕ′′(s)ϕ′(s)

ϖ(ϕ′(s))
ds ≤ 1

an

(ˆ r

r0

f
(
ϕ(s)

)
ϕ′(s)

ϖ
(
ϕ′(s)

) ds+

ˆ r

r0

g(ϕ(s))ϕ′(s)ds

)
.

Using condition (W), we see that

ˆ ϕ′(r)

ϕ′(r0)

s

ϖ(s)
ds ≤ 1

an
max

{
1,

1

ϖ(ϕ′(r0))

}(
F (ϕ(r)) +G(ϕ(r)

)
, r0 < r < R.

In other words, we find that

Φ(ϕ′(r))− Φ(ϕ′(r0)) ≤ ϱ
(
F (ϕ(r)) +G(ϕ(r))

)
, r0 < r < R, (5.4.13)

where
ϱ :=

1

an
max

{
1,

1

ϖ(ϕ′(r0))

}
.

We observe that (5.4.13) shows that ϕ(r) → ∞ as r → R−. Otherwise, we would
have both ϕ and ϕ′ bounded on [0, R), which contradicts the maximality of the
interval [0, R). This and (5.4.6) show that ϕ′(r) → ∞ as r → R−.

Note that

Φ(t) =

ˆ t

0

s

ϖ(s)
ds

≥ 1

ϖ(t)

ˆ t

0

s ds, since ϖ is non-decreasing on R+

=
t2

2ϖ(t)
.

Thus,

Φ(ϕ′(r)) ≥ (ϕ′(r))2

2ϖ(ϕ′(r))
, r > 0. (5.4.14)

Since ϕ′(r) → ∞ as r → R− we conclude from (5.4.14) and condition (W-2) (ii)
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that
lim
r→R−

Φ(ϕ′(r)) = Φ

(
lim
r→R−

ϕ′(r)

)
= ∞.

In particular, there is r0 ≤ r < R such that

Φ(ϕ′(r)) ≥ 2Φ(ϕ′(r0)), r0 < r < R.

Substituting this into (5.4.13), we find that for r0 ≤ r < R,

1

2
Φ(ϕ′(r)) ≤ Φ(ϕ′(r))− Φ(ϕ′(r0)) ≤ ϱ

(
F (ϕ(r)) +G(ϕ(r))

)
.

Thus, we get

ϕ′(r) ≤ Φ−1
(
2ϱ
(
F (ϕ(r)) +G(ϕ(r))

))
, r0 < r < R. (5.4.15)

Integrating (5.4.15) on (r0, r) for any r0 < r < R, we find

ˆ ϕ′(r)

ϕ′(r0)

ds

Φ−1
(
2ϱ
(
F (s) +G(s)

)) ≤ r − r0. (5.4.16)

Taking the limit r → R− in (5.4.16), we find that condition (W-2) (i) is contra-
dictory. Thus, we must have R = ∞. As a consequence, we see that v(x) := ϕ(|x|)
is a positive radial viscosity solution of (5.2.2) in Rn.

Given 0 < q < 2, c ≥ 1, and ε > 0, let ϕ ∈ C2([0, R)) be a solution of (IVP(ε))
in a maximal interval of existence [0, R). As shown in [26, Lemma 2.3], we see
that for 0 < r < R

d1

ˆ ϕ(r)

ε

ds√
F(s, ε) + G(s, ε)

1
2−q

≤ r ≤ d2

ˆ ϕ(r)

ε

ds√
F(s, ε) + G(s, ε)

1
2−q

, (5.4.17)

where d1 and d2 are positive constants such that d1 depends on q and d2 depends
on q and c.

Remark 5.4.1. It is known (see [5]) that

ˆ ∞

ε

ds√
F(s, ε) + G(s, ε)

1
2−q

<∞

for all ε > 0, if and only if f and g satisfy the condition (KO)q.
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Proof of Theorem 5.2.6. The first statement follows from Theorem 5.2.4
when talking to ϖ(t) = |t|q. Recalling that (KO)ϖ is just (KO)q, the conclusion
follows.

Now, we prove the second statement. For this, we assume that (KO)q does not
hold. In this case, we again invoke [5, Theorem 5.2] or [23, Lemma 3.5] to find a
non-decreasing and convex solution ϕ ∈ C2([0,∞)) for the problem (IVP(ε)) (any
fixed ε > 0). Then u(x) = ϕ(|x|) is a positive radial viscosity solution of problem
(5.2.4) in Rn.
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Conclusion and Future Works

General Conclusion

This dissertation investigated the Compact Support Principle for viscosity su-
persolution (subsolution) of equation Pa(D

2u) = h(u, |Du|), validated the Strong
Minimum/Maximum Principle, and explored the Strong Boundary Minimum/-
Maximum Principle. Our results give a necessary condition, namely an > 0 on
a n-tuple a = (a1, · · · , an), and the Hamiltonian h depends only on the gradient
to satisfy those principles. Notably, our work covers a new class of degenerate
operators and a wide class of Hamiltonians not previously investigated in the lit-
erature. Furthermore, some of our findings are novel even when Pa is reduced to
the standard Laplacian.

On the other hand, various Liouville-type theorems for partial trace equations
with nonlinear gradient terms were studied. Specifically, we have provided suffi-
cient conditions for non-negative viscosity subsolutions of these equations in Rn

to vanish identically. Furthermore, for a prototype of such equations, we have
given necessary and sufficient conditions for non-negative subsolutions in Rn to be
identically zero.

A variety of techniques and tools were used to analyze the problems in our
proofs, such as duality, various principles (comparison principle, boundary prin-
ciples, compact support principle, minimum/maximum principles), as well as dif-
ferent mathematical estimates and inequalities.

The study improves our understanding of the qualitative behaviour and ap-
plications of the well-posedness, uniqueness, and regularity of solutions to partial
differential equations, paving the way for future research to explore their applica-
tions in various fields.
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Future Work

Based on the findings of this dissertation and previous research, in our future
work we plan to investigate the strong minimum/maximum principle for k-Hessian
equations with nonlinear gradient terms. We will also study Liouville-type the-
orems for p-Laplacian operators and the existence of radial solutions to partial
trace operators that include nonlinear gradient terms.
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