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Abstract

Fuzzy set theory provides a mathematical framework for handling uncertainty and partial truth, ex-
tending classical set theory by allowing elements to have degrees of membership. This study aimed
to introduce a new class of algebraic structures in fuzzy sets, including Q-fuzzy sets, T-fuzzy sets,
and interval-valued fuzzy sets. The concepts of fuzzy JU-subalgebras and fuzzy JU-ideals have
been introduced for JU-algebras, and their properties have been duly characterized. Also, we estab-
lish the relation between fuzzy JU-subalgebra and fuzzy JU-ideal on JU-algebra. This study begins
with foundational concepts of fuzzy sets, Q-fuzzy sets, doubt Q-fuzzy sets, T-fuzzy sets, interval-
valued fuzzy sets, and anti-fuzzy sets. It also introduces key algebraic systems such as BCK-
algebras, BCl-algebras, UP-algebras, PS-algebras, B-algebras, BG-algebras, and KU-algebras to
establish the necessary theoretical background for the development of JU-algebraic theory. In
this dissertation, we investigate fuzzy subalgebras and fuzzy ideals in JU-algebras, with empha-
sis on prime fuzzy sets and p-multiplicative relations. Their behavior under homomorphisms and
Cartesian products is rigorously analyzed. The theory is extended to Q-fuzzy and doubt Q-fuzzy
structures, incorporating normality and doubt relations, and exploring their level subsets. Further,
we studied T-fuzzy structures, characterized by chain conditions and Cartesian product. Interval-
valued fuzzy structures, including (E, T:)—based models, are introduced to represent uncertainty
more precisely, with analysis of their properties under mappings, level set, and product opera-
tions. The study also explores anti-fuzzy structures, presenting complementary notions through
anti-fuzzy subalgebras and ideals, and investigating their relational dynamics. Overall, this disser-
tation contributes to the advancement of fuzzy algebraic theory by extending fuzzy set concepts to

JU-algebras and providing a unified framework for analyzing their structural behavior.
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Introduction

Cantor started the study of classical set theory in 1874 [12]. A Cantor set (crisp set) is described
using a membership function that assigns a value in binary terms to each element of the universe.
Their development not only shaped the mathematical landscape but also prompted significant philo-
sophical discussions regarding the nature of mathematical objects and the implications of catego-
rization in various fields. Most of our conventional tools for explicit reasoning, modeling, and
computing are precise, deterministic, and crisp; that is, they provide yes-or-no characterizations
instead of more-or-less types. The transition of an element between membership and nonmember-
ship in a given set in the universe is abrupt and well-defined. This phenomenon signifies that the
system is unequivocal, and it involves no obscurity. The crisp set can be defined by the so-called
characteristics function. This milestone development opened the eyes of researchers, inspiring
advancements that enable more refined concepts and improved measurement of real-world phe-
nomena. On the other hand, real situations are generally uncertain or ambiguous in various ways.
In the present world, there exists information that is incomplete, unclear, uncertain, inexact, equiv-
ocal, or ambiguous. In the framework of crisp set theory, it is exceptionally hard to answer different

questions since they do not have absolutely true answers.

To address this challenge, Zadeh [69] introduced the theory of fuzzy sets as a means of modeling
uncertainty, imprecise, or vagueness within the unit interval [0, 1]. Unlike classical sets, fuzzy sets
allow elements to have degrees of membership ranging from O to 1. Fuzzy set theory provides
a powerful framework for dealing with linguistic variables (e.g., “tall”, "satisfaction”, attitude”,
“disease condition”, "hot”, “fast”, etc.) and has been widely applied in fields such as artificial

intelligence, control systems, decision making, and pattern recognition.

Building on Zadeh’s foundational work, in 1971, Rosenfeld [52] made a significant contribution by
extending fuzzy set theory into the realm of algebraic structures. Specifically, Rosenfeld introduced
the concept of fuzzy subgroups, initiating the application of fuzzy set theory to group theory and
beyond. His work simplified the process of interpreting algebraic operations under fuzziness and
laid the groundwork for the development of fuzzy algebraic systems. This integration allowed for
the exploration of various fuzzy analogues of classical algebraic notions such as fuzzy subgroups,
fuzzy ideals, and fuzzy subrings, which accommodate uncertainty and partial truth within alge-
braic frameworks. Rosenfeld’s development thus opened a new research direction, making fuzzy
set theory not only a tool for uncertainty modeling but also a foundational concept in algebraic

studies involving fuzziness. doubt fuzzy subsets[4, 7, 42] also studied to address situations involv-



ing hesitation or conflict in information, modeling uncertainty with an added dimension of doubt

in membership assignment.

To further enhance the expressive power of fuzzy sets, especially in contexts involving parameter-
ized uncertainty, researchers introduced the notion of Q-fuzzy subsets[5]. A Q-fuzzy subset incor-
porates an additional parameter set Q into the fuzzy framework, resulting in a membership function
of the form 1 : X x Q — [0,1]. This allows for greater flexibility and granularity in describing the
membership behavior of elements across varying conditions or criteria defined by Q. Several refine-
ments of Q-fuzzy subsets have been developed to handle more complex forms of uncertainty. The
concept of Normal is entertained in Q-fuzzy subsets, which ensure that for each parameter in Q,
there exists at least one element in X with full membership (i.e., degree 1), aligning with the con-
cept of a ’core” or “center” of certainty within the fuzzy set. T-fuzzy subsets[27-29, 57] also
incorporate triangular norms (T-norms) to define generalized intersection operations, supporting
more structured and algebraically consistent fuzzy logic operations. These developments have en-
riched the theoretical landscape of fuzzy algebra, enabling more expressive and context-sensitive
modeling of algebraic structures. They also play a critical role in applications across decision
making, knowledge representation, and intelligent systems, where uncertainty is both inherent and

unavoidable.

Despite the richness of these frameworks, standard fuzzy sets, whether classical or Q-fuzzy or T-
fuzzy, may still fall short in fully capturing uncertainty due to vagueness in the membership degree
itself. To address this limitation, the concept of interval valued fuzzy sets was introduced. In this
extension, the degree of membership is no longer a precise value in [0,1], but an interval [¢(x),
dY(x)] C [0,1], where 0 < ' (x) < pY(x) < 1. This reflects both the minimum and maximum
confidence in the membership of an element, offering a richer representation of uncertainty, par-
ticularly when precise evaluation is infeasible. Interval valued fuzzy sets have been successfully
integrated into various algebraic structures, leading to the development of interval valued fuzzy
subalgebras, ideals, and other algebraic constructs. These advanced models enhance the degree of
flexibility and realism in applications that involve uncertainty, incomplete information, or subjec-

tive assessment.

BCK and BCl-algebras are foundational structures of logical algebras, which enhance the flexi-
bility in modeling logical systems and non-classical reasoning. The notion of BCK-algebra was
introduced by Iseki and Tanaka [22]. In 1980, Iseki [23] introduced the notion of BCI-algebra as
a generalization of a BCK-algebra and investigated some of its properties. In 2002, Neggers and
Kim [38] introduced a notion called B-algebra, as a generalization of BCI/BCK-algebras and stud-
ied its properties through normalization. In 2007, Walendziak[65] introduced a new notion called
BF-algebra, a generalization of BCI/BCK-algebras. In the same year, Walendziak[65] introduced a
notion called BG-algebra, as a generalization of B/BF/BCI/BCK-algebras. In 2009, Prabayak and
Leerawat[41] introduced a notion called KU-algebra, as a generalization of BCI/BCK-algebras



and studied its properties through ideals. Mostafa in 2011[33] introduced the notion of fuzzy KU-
ideal of KU-algebra, and then they investigated several basic properties which are related to fuzzy
KU-subalgebra and fuzzy KU-ideal. They described how to deal with the homomorphic image
and inverse image of fuzzy KU-ideals. They also proved that the Cartesian product of fuzzy KU-
ideals in the Cartesian product of fuzzy KU-algebras was a fuzzy KU-ideal. Indeed, Prabpayak
in 2009,[41] introduced the notion of homomorphisms in fuzzy KU-algebras. Salvem [54] also

worked on the notion of fuzzy PMS-algebra under Homomorphism.

In 2014, Smarandache[45, 46] introduced and studied fuzzy translations and homomorphism im-
age of PS-algebra. In 2016, Somjanta [60] introduced and studied fuzzy UP-subalgebras and fuzzy
UP-ideals of UP-algebras. He introduced a new algebraic structure, called UP-algebra, and a con-
cept of UP-ideals, UP-subalgebras, UP-prime, alpha-translation, Q-fuzzy set, level sets, and UP-
homomorphisms in UP-algebras, and investigated some related properties of them, and showed that
the notion of UP-algebras is a generalization of BCK/BCI/KU-algebras. In 2015, Mostefa et al.
[35] introduced PU-algebra and Iampan in 2017[21] introduced prime fuzzy translation. In 2020,
Ansari et al. [3] introduced the JU-algebra as a generalization of weak KU-algebras. His work
relaxes certain constraints of KU/BCK-algebras. In 2022, Romano [51] explored ideals and subal-
gebras within JU-algebras. In 2023, Ral [48] further applied these concepts to binary coding theory.

The concept of Q-fuzzy sets was introduced by many researchers and was extensively investigated
in many algebraic structures, such that Solairaju and Nagarajan [59] developed a new algebraic
structure called a Q-fuzzy group for implementing the Q-fuzzy set in group theories and investi-
gated some of their related properties. In 2010, Muthuraj [37] introduced the notion of a Q-fuzzy
subset of a BG-algebra as a Q-fuzzy BG-ideal.In 2018, [62] explored Q-fuzzy sets and their level
subsets in UP-algebras. Furthermore, Barbhuiya in 2014, [7] extended the concept of doubt fuzzy
ideals in BF-algebras, while [42] discussed doubt Fuzzy Ideals of B-Algebras. In 2018, [43] further

contributed by introducing the normalization of fuzzy B-ideals in B-algebras.

In 2013, Selvam [55] studied the notion of anti Q-fuzzy KU-subalgebras and homomorphism of
KU-algebras, and in 2014, Selvam studied anti Q-fuzzy R-closed KU-ideals in KU-algebras and
their lower level cuts. In 2014, Priya[47] introduced the concept of anti Q-fuzzy R-closed PS-
ideals of PS-algebras, lower level cuts of a fuzzy set, R-closed PS-ideals, and proved some results.
In 2018, Tanamoon [62] introduced the notions of Q-fuzzy UP-ideals and Q-fuzzy UP-subalgebras

of UP-algebras, and their properties were investigated.

T-Fuzzy relations on algebraic structures have emerged as a significant advancement in algebraic
fuzzy logic. The foundation for these structures was laid by Kiyoshi Iséki (1966)[22] with crisp
BCK-algebras, which model non-classical logics. Consequently, numerous research studies have
been done by combining the notions of fuzzy sets and T-norm to different algebraic structures such
as BCI [2, 50], KU [56, 58], BG [57], TM [63], and so on. Rosenfeld (1971) pioneered fuzzy



groups, which inspired the extension to fuzzy BCK/BClI-algebras by Jun (2000) and others, where
T-norms like the minimum, product, and Lukasiewicz operators define fuzzy partial orders and ide-
als. These T-norm-based fuzzy algebras address limitations in classical binary logic by enabling
graded truth valuations, but they also introduce challenges, such as the dependence of algebraic

properties on T-norm continuity (e.g., only continuous T-norms yield well-behaved residuation).

On the other hand, we notice that the interval valued (I-V) fuzzy sets introduced by Zadeh (1975)
[70] and later formalized by Takeuti & Titani (1984)[61] and Gorzatczany (1987)[16]. These
sets address the limitation of traditional fuzzy sets in handling uncertainty by representing mem-
bership degrees as intervals [p-(x), dU(x)] C [0,1], where ¢ (x) and $Y(x) denote the lower
bound(minimum certainty) and upper bound(maximum plausibility) of membership, respectively.
Interval valued fuzzy sets(IVFSs) are primarily used to model situations where the exact mem-
bership grade is imprecise or unknown, but can be bounded within a specific range. This makes
IVESs particularly useful in decision-making, medical diagnosis, and control systems, where ex-
pert opinions or measurements often come with inherent uncertainty. Compared to classical fuzzy
sets, IVFSs provide a richer framework for capturing and propagating uncertainty, but they also
introduce higher computational complexity due to interval-based operations. In 1994, Biswas [10]
defined interval valued fuzzy subgroups and investigated some elementary properties. Likewise, in
2006, Saeid [53] introduced the concept of interval valued fuzzy set in BG-algebra. In 2008, Ma
[31] introduced the concept of interval valued fuzzy set in BCI-algebra, and in 2011, Mostafa [34]
KU-algebra.

In 2012, Khan [25, 40] developed the concept of interval valued () fuzzy sets as a refined ver-
sion of interval valued fuzzy sets, designed to offer greater control over uncertainty granularity.
These sets incorporate two thresholds: o (a lower bound cutoff) and & (an upper bound toler-
ance), which filter and adjust the membership intervals dynamically. This innovation brings to
enhance flexibility in applications where certain levels of uncertainty need to be ignored (below o)
or capped (above &), such as in pattern recognition or risk analysis. Additionally, since the flexible
membership condition is so important by introduced predefined interval [36] introduced the con-

cept of &-interval-valued fuzzy new-ideal of PU-algebra.

Despite the applications growing more complex, the need arose to also examine systems where ele-
ments do not belong to a set, leading to the study of anti-fuzzy sets and their algebraic counterparts.
The concept of anti-fuzzy sets was first proposed by Biswas (1990) [9]as a dual counterpart to tra-
ditional fuzzy sets. The anti-fuzzy structures formalize the concept of explicit non-membership,
offering a dual perspective that complements fuzzy systems in areas like conflict resolution and
multi-criteria optimization. The anti-fuzzy concept further extends to BCK-algebras [20], BG-
algebras [26], KU-algebras [55], and TM-algebras [49], enriching their ability to model uncer-
tainty, logical negation, and conflict-based reasoning.



To the best of our knowledge, no researcher has yet explored the fuzzy structures on JU-algebra.
This gap in the literature motivated us to initiate a study on fuzzy algebraic structures within this
framework. This work explores fuzzy algebraic structures on JU-algebras, with an emphasis on
investigating fuzzy subalgebras, ideals, prime fuzzy sets with p-multiplicative relations, and ana-
lyzing their properties under homomorphism. We extend further the theory to Q-fuzzy structures
on JU-subalgebras, Q-fuzzy structures on JU-ideals, Normal relations, doubt relations, and an-
alyze their properties under homomorphism and Cartesian products. We also extend the theory
to T-fuzzy structures on JU-subalgebras, T-fuzzy structures on JU-ideals, Interval valued fuzzy
structures on JU-subalgebras, Interval valued fuzzy structures on JU-ideals, investigating interval
valued (E,F) fuzzy subalgebras, interval valued (E,F) fuzzy structures on JU-ideals, and analyzing
their properties under a set of levels, homomorphism, and Cartesian products. This work also ex-
plores anti-fuzzy algebraic structures on JU-algebras, investigating anti-fuzzy subalgebras, ideals,
their lower-level subsets, relations, and analyzing their properties under homomorphism and Carte-

sian products.

This dissertation consists of five chapters, and each chapter also consists of a number of sections.
The content and coverage of each chapter are summarized as follows.

In the first chapter, we provide a foundational overview of key concepts of fuzzy sets, Q-fuzzy
sets, doubt fuzzy sets, T-fuzzy sets, Interval-valued fuzzy sets, and anti-fuzzy sets, which are es-
sential for the development of this dissertation. Additionally, we review fundamental definitions
and properties of related algebraic structures, including BCK-algebras, BCI-algebras, UP-algebras,
TM-algebras, B-algebras, BG-algebras, and KU-algebras, to establish the necessary background

for subsequent discussions.

In the second chapter, we have introduced the notions of JU-subalgebras and JU-ideals in JU-
algebra and have proved some interesting results. Moreover, we have defined how to deal with the
JU-algebra homomorphic image and inverse image of fuzzy JU-subalgebras and fuzzy JU-ideals in
JU-algebra. Further, we have also proved that the Cartesian product of fuzzy JU-subalgebras and
fuzzy JU-ideals are fuzzy JU-subalgebra and a fuzzy JU-ideal, respectively, in the JU-algebra. The
concept of prime fuzzy sets and fuzzy p-multiplicative relations is also studied and important re-
sults have been obtained. Fuzzy level subsets on JU-subalgebras and JU-ideals of a JU-algebra are
defined and characterized in terms of their level subsets. The notion of a complement(anti-fuzzy)

JU-subalgebra and anti-fuzzy JU-ideal is also discussed.

In the third chapter, the concept of Q-fuzzy JU-subalgebras and ideals of Q-fuzzy JU-algebras has
been studied, and several related properties have been investigated. The level subsets of a Q-fuzzy
JU-subalgebra and Q-fuzzy JU-ideals of a JU-algebra are defined and characterized in terms of
their level subsets. The concepts of doubt Q-fuzzy JU-subalgebras and doubt Q-fuzzy JU-ideals
of a JU-algebra are introduced, and associated properties have been investigated. We have also

discussed the concept of Normal in a Q-fuzzy JU-subalgebras and JU-ideals of a JU-algebra. Ad-



ditionally, the concept of Q-fuzzy JU-subalgebra and Q-fuzzy JU-ideal of a JU-algebra has also
been studied under homomorphism and Cartesian product, and associated properties have been ad-

dressed.

In the fourth chapter, the notion of T-fuzzy subalgebra and T-fuzzy JU-ideal of a JU-algebra is
introduced using the concept of a T-fuzzy set to JU-subalgebras and JU-ideals, and several related
results are investigated. The T-fuzzy subalgebras and T-fuzzy ideals of JU-algebra are character-
ized using their level sets. The homomorphism of a T-fuzzy JU-subalgebra and T-fuzzy JU-ideal of
a JU-algebra is studied, and its homomorphic image and inverse image are explored. The concept
of the ascending and descending chain of a T-fuzzy JU-subalgebra and a T-fuzzy JU-ideal of a
JU-algebra is also studied. The Cartesian product of any two T-fuzzy JU-subalgebras and T-fuzzy

ideals is discussed, and some related results are investigated.

In the fifth chapter, the concept of an interval valued fuzzy JU-subalgebra and interval valued
fuzzy JU-ideal of a JU-algebra is introduced and some of their related properties are discussed.
The concept of the S-interval valued fuzzy JU-subalgebras and S-interval valued fuzzy JU-ideals
of JU-algebras is studied. The concept of interval valued fuzzy JU-subalgebra of a JU-algebra is
also considered under homomorphism and Cartesian product and some related results are investi-
gated. Additionally, the concept of a more realistic interval valued (E,F)-fuzzy JU-subalgebra and
interval valued (E,F)-fuzzy JU-ideal of a JU-algebra are introduced and some of their related prop-
erties are discussed. The concept of interval valued (E,F)-fuzzy JU-subalgebra and interval valued
(E,F)-fuzzy JU-ideal of a JU-algebra are also studied under homomorphism and Cartesian product,

and associated properties are addressed.

In the last part, we have presented the conclusion, which contains a brief overview of the obtained
results as well as a discussion of future work that can be conducted in the study of the fuzzy struc-
ture of the JU-algebra. Finally, we have concluded the dissertation with a complete bibliography,
and the published papers are appended.



Chapter 1
Preliminaries

In this chapter, we review the essential definitions and foundational results necessary for our study.
The chapter is organized into six sections. The first section covers basic concepts and the basic
definitions of fuzzy set theory. The second section covers basic definitions and concepts of Q-
fuzzy sets. The third section outlines the core principles of T-fuzzy sets, followed by the fourth
section, which discusses interval-valued fuzzy sets. The fifth section recalls the basic definitions
and results of BCK/BCI, B, UP, PS, and KU-algebras, while the sixth section summarizes some
basic definitions and results in JU-algebras.

1.1. Basic Concepts of Fuzzy Set Theory

In this section, we review fundamental definitions and key results from the theory of fuzzy sets.

Definition 1.1.1. [69] Let X be a nonempty set. A mapping 9 : X — [0,1] is called a fuzzy subset of

X, where O(x) assigns a membership degree to each element x € X, indicating how much x belongs
to .

Definition 1.1.2. [69] Let ¥ and 3 be fuzzy subsets of a set X with membership functions 9,3 :
X —[0,1]. Then

1. 9 is said to be contained in 3, denoted by O C 3, if and only if

¥x) < B(x) YxeX

2. Y is said to be strictly contained in 3, denoted by ¥ C {3, if and only if

d(x) < B(x) and D(x)#P(x) foratleastone x e X

3. ¥ is said to be equal to 3, denoted by & = 3, if and only if

dx)=p(x) ¥xeX



4. The union of ¥ and 3, denoted by ¥ U 3, is given by

(DUPB)(x) =max{d(x),B(x)}, IxeX

5. The intersection of O and 3, denoted by ¥ N B, is given by

(BN R)(x) =min{d(x),B(x)}, VxeX

6. The complement of 8, denoted by 9, is given by

(x)=1-9(x), VxeX

Definition 1.1.3. [69] Let {8; | 1 € Q} be a family of fuzzy subsets of a set X. The intersection and
union of these fuzzy subsets, denoted ()icq i and | Jicq Y1 respectively, are defined point-wise as

follows:

(ﬂ ai> (x) = ii&g fx), WxeX,

ieQ)
U Vi | (x) =supVi(x), VxeX
ieQ ieQ
Lemma 1.1.1. [32] Let ¥ be a fuzzy set defined on the set X. Then, for any elements x,y € X, the
following properties hold:
1 — min{d(x), 9(y)} = max(1 — 9(x),1 — 8(y)}.

1 —max{d(x),d(y)} =min{1 —d(x),1 —d(y)}

Definition 1.1.4. /2], 60] A fuzzy set © in a set X is called a prime fuzzy set in X, if 3(x xy) <
max{d(x),d(y)}, Vx,y € X.

Definition 1.1.5. [4] Let O be a fuzzy set in a set X. The degree of doubt at an element x € X,
denoted by Op (x), is defined as: 9p(x) =1 —9(x) —d(x) with O(x) +d(x) < 1, where ¥(x) is the

degree of membership and d(x) is the degree of non-membership.

Example 1.1.1. Consider the problem of diagnosing a particular disease, denoted as Disease X,
based on the presence of three clinical symptoms: fever, cough, and fatigue. Where each element
is associated with its degree of diagnostic doubt (d;)

Let the doubt mapping for Disease X be defined as follows:
0.1, if x1is fever,

Op(x) =14 0.3, if x1is cough,

0.2, if x1is fatigue.



See [64], Op(x) is a fuzzy set application of doubt in medical diagnosis.
This fuzzy set of doubts captures the uncertainty in the symptom-based reasoning for disease X.
To be clearer, a higher (di) means more diagnostic doubt or variability in how confidently the

symptom supports the diagnosis.

Definition 1.1.6. [/4] Let ¥ be any fuzzy subset of a set X and let t € [0,1]. The set U(d,t) ={x €
X [9(x) > t}, is called the upper t-level subset of V. Clearly, U(9,t) C U(D,s) whenever t > s.
And, the set L(9,t) ={x € X|9(x) < t}, is called the lower t-level subset of 8. Clearly, L(9,t) C
L(9,s) whenever t < s.

Definition 1.1.7. [52] A fuzzy subset O defined on a set X is said to satisfy the sup-property if, for

every nonempty subset S C X, there exists an element ag € S such that:

¥(ap) =supd(a)

aes

Definition 1.1.8. [52] Let f be a function from a set X to a set Y; ¥ be any fuzzy subset of X, and 3
be any fuzzy subset of Y. The image of ® under f, denoted by f(9), is a fuzzy subset of Y defined by

sup{d(x)lx € f1(y), if 1(y) #0)

0, otherwise

f(O)(y) =

where y € Y. The inverse image of B under f. symbolized by t~Y(B), is a fuzzy subset of X defined
by £71(B)(x) = B(f(x)), ¥x € X.

Definition 1.1.9. [32, 70] Let X,Y,Z be any sets. Then the functions f: X — Y and g:Y — Z are
homomorphisms. Let ® be any fuzzy subset of X and 3 be any fuzzy subset of Z. Then the image of
the composition function d under g o f, denoted by (g o f)(9), is a fuzzy set in Z defined by

sup{d(x)lx € (go ) H(z)},if (gof)L(z)#£0

0,otherwise

(gof)(d)(z) =

The inverse image of 3 under g o f, denoted (g o £)"Y(B), is a fuzzy set in X defined by
(gof)H(B)(x) = Blgof)(x) = B(g(f(x)).

Definition 1.1.10. [45, 46] Let f: X — X be an endomorphism and 9 be a fuzzy set in X. We define
a new fuzzy set in X by ¥t in X as 9¢(x) = 9¥(f(x)),Vx € X.

Definition 1.1.11. [52] Let f be a function from a set X to a set Y, and ¥ be fuzzy subsets of X.
Then

1. f(f1(9) =9

2. 9 CfL(f(9)).



Definition 1.1.12. [8] A fuzzy relation on a nonempty set X is a fuzzy set with a membership
functiond: X x X — [0,1].

Definition 1.1.13. [36] Let O and ©, be two fuzzy subsets in a sets X and Y, respectively. The
Cartesian product of 91 X 92 : X X Y = [0,1], is given by (91 X 92)(x,y) = min{d;(x),92(y)},
Vix,y) e X XY.

Definition 1.1.14. [8] Let O be a fuzzy subset in a set X, then the strongest fuzzy relation on X is a
fuzzy relation 3 on ® whose membership function 3 : X x X — [0,1] is given by
B(x,y) =min{d(x),d(y)}, Vx,yeX

1.2. Basic Concepts of Q-Fuzzy Subset

Definition 1.2.1. [62] A Q-fuzzy set is a nonempty set X is an arbitrary functionn : X x Q — [0,1],

where Q is a nonempty set and [0, 1] is the unit segment of the real line.

Beyond theoretical development, these concepts have many applications in different areas, includ-

ing medical sciences, for better decision making by allowing different parameters to play.

Example 1.2.1. [ /] A doctor is assessing a patient’s blood sugar levels to diagnose diabetes. Blood
glucose can vary throughout the day depending on food intake, activity, and metabolic factors.
Let

X ={140 mg/dL, 160 mg/dL, 200 mg/dL}, Q ={Fasting, Post-meal}.

According to the definition of Q-fuzzy set, we define the mapping
n:XxQ—1[0,1]

, where 1(x, q) represents the membership degree of glucose level x at time q with respect to the
concept “diabetic condition.”
Let

q1 = Fasting, g2 = Post-meal.

Define the mapping n(x, q) for blood glucose levels as follows:

0.2, ifxis glucose level 140 mg/dL, 0.3, ifxis glucose level 140 mg/dL,
n(x,q1) = 0.5, ifxis glucose level 160 mg/dL,, M(X,q2) =< 0.6, ifx is glucose level 160 mg/dL,

1.0, ifxis glucose level 200 mg/dL. 1.0, ifxis glucose level 200 mg/dL.

Thus, for instance:

Nn(Blood Glucose 160 mg/dL, Fasting) =0.5 and n(Blood Glucose 200 mg/dL, Post-meal) =1.0.
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This means that a fasting blood sugar level of 160 mg/dL corresponds to a moderate risk of diabetes
with membership degree 0.5, while a post-meal level of 200 mg/dL indicates a definite diabetic
condition with membership degree 1.0.

Hence, the Q-fuzzy set n provides a flexible and quantitative representation of diabetic conditions
under varying time contexts, helping medical practitioners make more accurate and graded diag-

nostic decisions.
Definition 1.2.2. [62] Let n be a Q-fuzzy set in X. For t,s € [0,1], the sets
u(n/t) :{X eX |T1(qu) 2 t, q € Q} and L(ﬂzs) :{X eX |T](X/q) g s, q S Q}

are called the upper t-level set and the lower s-level set of 1, respectively, and can be used in the

characterization of Q-fuzzy sets.

Definition 1.2.3. [37] If n is a Q-fuzzy set in a set X, then the complement, denoted by 1, is the
O-fuzzy subset of X given byn®(x,q) =1—n(x,q),Vx € Xand q € Q.

Definition 1.2.4. [37] The union of two Q-fuzzy subsets 11 and My of a set X is defined by:
(M1 Un2)(x,q) =max{ni(x,q),m2(x,q)}, forallx € Xand q€Q.

Definition 1.2.5. [37] The intersection of two Q-fuzzy subsets n1 and 13 of a set X is defined by:

(M1 NM2)(x,q) =min{n1(x,q),m2(x,q)}, forallx € Xand q € Q.
Definition 1.2.6. [43] A fuzzy set O of a set X is said to be normal if there exists x € X such that
d¥(x) =1
1.3. Basic Concepts of T-Fuzzy Subset

Definition 1.3.1. [63] A triangular norm(T-norm) is a function T : [0,1] x [0,1] — [0, 1] that satis-
fies the following conditions:
(a) T(x,1) =x

(b) T(x,y) =T(y,x)
(c) T(x, T(y,z)) =T(T(x,y),z)
(d) T(x,y) < T(x,z) whenever y < z, Vx,y,z € [0,1]

Examples of T-norm are:

(a) Lukasiewicz T-norm Ty (x,y) = max{x +y — 1,0}, Vx,y € [0,1]
(b) Minimum T-norm Tpin (%, y) = min(x,y), Vx,y € [0,1]

(¢) Product T-norm T, (x,y) = x.y, Vx,y € [0,1]

11



y, ifx =1
(d) Drastic T-norm Tp(x,y) = ¢ x, ify =1,¥x,y € [0,1]
0, otherwise

Definition 1.3.2. [50] The union of two T-fuzzy subsets @1 and @3 of a set X is defined by:
(@1 U @) (x) =max{@1(x),@2(x)}, forsomex € X.
Definition 1.3.3. [50] The intersection of two T-fuzzy subsets @1 and @7 of a set X is defined by:
(@1 N@7)(x) =min{@1(x),@2(x)}, VxeX.

Definition 1.3.4. [50] Let ®1 and @, be two T-fuzzy subsets of a set X and Y, respectively. The
Cartesian product of @1 and @, with respect to T-norm T denoted by [@1 X @3] is defined by
[@1 x @olr(x,y) =T(@1(x), @2(y)), V(x,y) € XX Y.

Lemma 1.3.1. [17, 58] Let T and T  be T-norms. Then T/(T(p,q),T(r,s)) = T(Tl(p,r),T/(q,s))

Definition 1.3.5. [58] Let @1 and @» be fuzzy subset in a set X and T be a T- norm. Then the T-fuzzy
product of @1 and @, denoted by [@1.@>]t, is defined by [@1.@37]7(x) = T(@1(x), @2(x)),Vx €
X.

1.4. Basic Concepts of Interval Valued Fuzzy Subset

Definition 1.4.1. [/ 1, 40, 53] Let X be a nonempty set. An interval valued fuzzy set (abbreviated as
IV fuzzy set) & in X is given by & ={(x, [d"(x), dU(x)]),x € X}, where - and dY are the lower
and upper bound of the membership degree respectively, such that 0 < - < oY < 1.

Remark 1.4.1.  a) Let & = [pL, Y], and let C[0,1] denote the family of all closed sub-intervals
of [0,1]. It is clear that if d-(x) = dY(x) = a, where 0 < a < 1, then $(x) = [a, a] in C[0,1].
Thus ¢(x) in [0,1], Vx € X. Therefore, the I-V fuzzy set ¢ is given by & ={(x,d(x)),x € X],
where § : X — C[0,1].

b) We define the refined minimum (abbreviated as rmin) and order “<” on elements C; =
[ay,b1] and Cy = [ay,by] of C[0,1] as follows:

rmin(Cq, Cp) = [min{aq, ap}, min{b,by}l, C; < C2 < a1 < ap and by < by. The same

way to define > and =. Also, if C; = [aj,bj], j € L, then we define rsup(Cj) = [sup(aj ),sup(bj)]

and vinf(C;) = [inf(q;), inf(b;)]

Definition 1.4.2. [36] Let  be I-V fuzzy subset of a set X and let t € [0,1]. The set U(,t) ={x €
X|P(x) > t}, is called the upper t-level subset of &. Clearly, U($,t) C U(P,s) whenever t > s.
And, the set L(b,t) ={x € X|d(x) < t}, is called the lower t-level subset of §. Clearly, L(,t) C
L(b,s) whenever t < s.

12



Definition 1.4.3. [36] If § is an I-V fuzzy set in a set X, then the complement, denoted by $° , is
the I-V fuzzy subset of X given by ¢¢(x) =1 — p(x),Vx € X

Definition 1.4.4. [36] The union of two I-V fuzzy subsets $q and $o of a set X is defined by:

(b1U b2) (x) = rmax{P1(x), ba(x)}, forallx € X.

Definition 1.4.5. [36] The intersection of two I-V fuzzy subsets &1 and $y of a set X is defined by:

(d1 N P2)(x) = rmin{d1(x), $2(x)}, forallx € X.

Definition 1.4.6. [36] Let &1 and §y be two I-V fuzzy subsets in a set X. The Cartesian product of
d)l X d)z XX X — C[O,l], is given by (d;l X (52)(le) = T‘min{dgl(x);dgz(y)}, V(X/y) eXx X

Lemma 1.4.1. [/0] Let g be a mapping from a set X into a set Y. Let

b = {0 [b"(x), o (X)), x € X} and b ={(y, " (y), " (Y, yeY)
be I-V fuzzy sets in X and Y, respectively. Then
a) g7 H(d) ={(x g7 P (), g (d) (X)), x € X},
b) g(b) ={(y,[g(W")(y), g (Y)),y € Y}

Definition 1.4.7. [36] Let & be an interval valued fuzzy set in set X and let S € Cl0,1]. Then the
interval valued fuzzy set ®° of X is called the S-interval valued fuzzy set of X (w.r.t. interval valued
fuzzy set §) and is defined by $>(x) = rmin{d(x),S}, Vx € X.

Remark 1.4.2. Clearly, ! = § and $° =0, where 1 = [1,1] and 0 = [0,0]

1.5. Some Types of Algebras

In this section, we recall the definitions of some algebras used in the study of the dissertation.

Definition 1.5.1. /23] A BCK-algebra (X, *,0) is a nonempty set X with a constant 0 and a binary

operation x satisfying the following axioms:
I ((x*xy)*(xx2z))*(zxy)=0
2. (xx(x*xy))*xy=0
3 xxx=0

4. xxy=0andy*x =0 impliesx =y
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5. 0xx=0, forallx,y,ze X

Definition 1.5.2. [24] A BCI-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary

operation x satisfying the following axioms:
I ((xxy)*(x*xz))x(zxy)=0
2. (x*x(xxy))xy=0
3. xxx=0
4. x«y=0andy*x =0 implies x =y, for all x,y,z € X.

Definition 1.5.3. [38] A B-algebra is a nonempty set X with a constant 0 and a binary operation *

satisfying the following axioms:
1. x*xx=0,
2. xx0=x,
3. (xxy)xz=xx% (z* (O*y)),forallx,y,ze X.

Definition 1.5.4. [2]/] A UP-algebra is a nonempty set A together with a binary operation x :
A X A — A satisfying the following axioms for all x,y,z € A:

I. xxx=x

2. x*Yy=Y*Xx

3 (x*xy)*xz=(x*2z)*(yxz)
4 x*xy=x=x=y

Definition 1.5.5. [46] A nonempty set X with a constant 0 and a binary operation x is called a
PS-algebra if it satisfies the following axioms:

1. xxx=0
2. xx0=0
3 xxy=0andy*xx=0=x=y, forallx,y € X.

Definition 1.5.6. [33] A KU-algebra (X,*,0) is a nonempty set X with a constant 0 and a binary

operation * satisfying the following conditions:
1. (xxy)x((yxz)*x(xxz))=0
2. xx0=0
3. 0xx=x

14



4. xxy=0andy*x=0imply x =y, forall x,y,z € X.

Definition 1.5.7. [33] A subset S of a KU-algebra X is called a subalgebra of X if x xy € S,

whenever x,y € S.

Definition 1.5.8. [33] A nonempty subset A of a KU-algebra X is called a KU-ideal of X if it

satisfies the following conditions:
1. 0€A,

2. xx(yxz) € Aandy € A implies xxz € A, forall x,y,z € X.

1.6. Basic Concepts of JU-Algebra

»

Definition 1.6.1. [3] A JU-algebra is a structure (X;*,1), where: ”x” is binary operations on X
and 17 is an element of X, Vx,y,z € X verifying the following axioms:

(a) (xxy) «[(y=z)* (xxz)] =1,

(b) 1 xx =x,

(c)xxy=landyxx=1=x=y, Vx,y € X.
In a JU-algebra X, we can define a partial ordering ” <" by putting x <y if and only if y xx = 1.

This feature enabling the algebra to handle uncertainty naturally than the traditional algebras and

it makes it distinct and novel.
In what follows, let (X,*,1) denote a JU-algebra unless otherwise specified. For brevity, we also

call X a JU-algebra.

Example 1.6.1. Let X = {1,2,3,4} in which * is defined by the following Cayley table:

— = DN W
— W[N] A

WD = *
| =N =
| DI —| N o

See [3], (X,%,1) is a JU-algebra

Lemma 1.6.1. /3, 48] If X is a JU-algebra, then the following properties satisfied for any x,y,z €
X:

I.x<yimpliesy*z<x*z

2x<yandy<x=x=y

3xxx=1

4. zx(y*xx)=y=* (z*x)

5. (xx[(x*xy)xyl) =1
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Definition 1.6.2. [5/] A nonempty subset S of a JU-algebra X is called a subalgebra of X if x xy €
S,¥x,y €8S.

Definition 1.6.3. [5/] A nonempty subset J of a JU-algebra X is said to be a JU-ideal of X if it
satisfies:

(i)1e]

(ii). x,xxyeJ=ye]J, x,yecX

Example 1.6.2. Let X ={1,2,3,4,5,6} in which * is defined by the following Cayley table:

*x 11121314156
1[1]2]3[4]5]6
2111133 |5]|6
311{1]1]2]5]6
411 |1]1[1]5]6
5/5|5|5(5|1]6
6|1 |1[2]1]1]1

See [3], (X,x,1) is a JU-algebra. It is easy to show that J1 ={1,2} and J, ={1,2,3,4,5} are
JU-ideals of X.

Definition 1.6.4. [3, 41, 46] Let X and Y be any two JU-algebras. Then a mapping g: X — Y is
said to be a homomorphism of JU-algebras if

glxxy)=g(x)xgly) foralx,yeX

Definition 1.6.5. [3, 41, 46] Let g: X = Y be a homomorphism of JU-algebras. Then g is called
(i). a monomorphism if it is one-to-one,
(ii). an epimorphism if it is onto, and

(iii). an endomorphism if it is a mapping from a JU-algebra X to itself.

Note: If g is a homomorphism of JU-algebras, then g(1) = 1.

Definition 1.6.6. /3, 41, 46] If g is a one-to-one and onto homomorphism from a JU-algebra X
into itself, then g is called an automorphism of JU-algebras. The set of all automorphisms of a
JU-algebra X is denoted by Aut(X).

Theorem 1.6.2. [3, 51] Let g: X — Y be a homomorphism of JU-algebras. Then

(i). If S is a JU-subalgebra of X, then g(S) is a JU-subalgebra of Y.
(ii). If S is a JU-subalgebra of Y, then g~\(S) is a JU-subalgebra of X.
(iii). If ] is a JU-ideal of X, then ¢(]) is a JU-ideal of Y.

(iv). If ] is a JU-ideal of Y, then 9*1(]) is a JU-ideal of X.
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Chapter 2
Fuzzy Structures on JU-Algebra

In this chapter, we explore the fuzzy extension of JU-subalgebra and JU-ideal of JU-algebra and
obtain some results. A fuzzy JU-subalgebra and a fuzzy JU-ideal of a JU-algebra are characterized
in terms of their level subsets. We also investigate the concepts of prime fuzzy sets and fuzzy
p-translation and p-multiplicative sets in the context of JU-algebras. Moreover, we discuss the

cartesian product and homomorphism of fuzzy JU-subalgebra and fuzzy JU-ideal of JU-algebras.

2.1. Fuzzy Subalgebras of JU-Algebra

In this section, we discuss and investigate a new notion of fuzzy JU-subalgebras in JU-algebras and

study their related properties.

Definition 2.1.1. Let X be a JU-algebra, a fuzzy set ¥ in X is called a fuzzy JU-subalgebra of X if
forall x,y € X, 3(x xy) = min{d(x),9(y)}, where x is the binary operation in X.

Example 2.1.1. Consider X ={1,2,3,4,5}, we construct the following table.

2
2
1
2
1
1

—| W = W W L
— = A A
— | W[ || |,

N B W | —| *
P | |k | | e |

See [3] (X;%,1) is a JU-algebra. Define a fuzzy set 9 : X — [0,1] by

0.7, ifx=1
d(x) =405, if x=2

0.3, otherwise

To verify ¥ is a fuzzy JU-subalgebra, let we take
forx =1,y=2,then ¥(1%x2) =9(2) =0.5---(*) and
min{d(1),9(2)} =min{0.7,0.5} = 0.5- - - (x),
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From (*) and (*¥*) we get 0.5 > 0.5 which is true.

forx =4,y=1,thend(4+1)=38(1) =0.7--- (x % x) and
min{d(4),9(1)} =min{0.3,0.7} = 0.3 - - - (x * ),

From (***) and (****) we get 0.7 > 0.3 which is true.
Similarly, the result holds for all values of x and y in X.

Therefore, we conclude that 3 is a fuzzy JU-subalgebra of (X, *,1).
Lemma 2.1.1. If 9 is a fuzzy JU-subalgebra of a JU-algebra X. Then ¥(1) > 9(x), Vx € X.

Proof. Suppose ¥ be a fuzzy JU-subalgebra of a JU-algebra X.
From Lemma 1.6.1 we get 9(1) =9(x * x) > min{d(x),d(x)} = d(x) ]

Theorem 2.1.2. If 9 and A are fuzzy JU-subalgebras of JU-algebra X, then 9 N A is also a fuzzy
JU-subalgebra of X.

Proof. Suppose ¥ and A are fuzzy JU-subalgebras of a JU-algebra X. Let x,y € X. Then
O NA)(x*xy) =min{d(xxy),A(x*xy)}
= min{min{d(x),d(y)}, min{A(x),A(y)}}
= min{min{d(x),A(x)}, min{d(y),Aly)}}
=min{(¥ NA)(x), (®NA)(y)}

]

Corollary 2.1.3. Let {i|i € Q} be a family of fuzzy JU-subalgebras of a JU-algebra X. Then
MNicq Vi is also a fuzzy JU-subalgebra of X. where (;cq 9i(x) = infica{Di(x)}, Vx € X.

Proof. Let{9i|i € Q} be a family of JU-subalgebras of X, then for any x,y € X.
(Nieadi) (x xy) = infieqa{di(x *y)}
> infiea{min{di(x), %i(y)}}

= min{infico{di(x)}, infica{¥i(y)}}
= min{(Nicadi) (x), (Nicadi) (y)}

Therefore, (Nicadi) (x xy) = min{(Nicadi) (x), (Nicadi) ()}, hence (e i is a fuzzy JU-
subalgebra of X. O

Remark 2.1.1. The union of any two fuzzy JU-subalgebras of a JU-algebra X may not be a fuzzy
JU-subalgebra of X.

Example 2.1.2. Let X ={1,2,3,4} in which x is defined by the following table.

See [3] (X;%,1) is a JU-algebra of X. We define 9 : X — [0, 1] as follows:
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x| 1| 23] 4
1111234
2111141
3|11 1)1
41114141
0.8,if x €{1,3}

V(x) =
0.6, otherwise

And define A : X — [0, 1] as follows:

09,if x=1
Ax)=1407,ifx=2

0.5, otherwise

Then,

(DUA)(2%3) =max{d(2x3),A(2%3)}
=max{d(4),A(4)}
=max{0.6,0.5} =0.6--- (%)

And,

max{d(2 * 3),A(2 *3)} > max{min{d(2),9(3)}, min{A(2),A(3)}}
= min{max{d(2),A(2)}, max{d(3),A(3)}}
= min{max{0.6,0.7}, max{0.8,0.5}}
=min{0.7,0.8} =0.7--- (*x)

From () and (xx) we get 0.6 > 0.7 which is false.
Therefore, we conclude that the union of any two fuzzy JU-subalgebras of a JU-algebra X may not

be a fuzzy JU-subalgebra of X.

Definition 2.1.2. Let O be a fuzzy set in a JU-algebra X. ThenV is called anti-fuzzy JU-subalgebra
of X if for all x,y € X, ¥(x xy) < max{d(x),d(y)}.

Theorem 2.1.4. A fuzzy set 9 is a fuzzy JU-subalgebra of X if and only if its complement 9 is an
anti-fuzzy JU-subalgebra of X.

Proof. Suppose ¥ fuzzy JU-subalgebra of X. We claim that 9¢ is anti-fuzzy JU-subalgebra of X.

Let x,y € X, then
(x*xy)=1—Y(x*y)
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<1—min{d(x),9(y)}
=max{l —9(x),1 —9(y)} (By Lemma 1.1.1)
= max{¥°(x),9¢(y)}
Thus, 3¢ is anti- fuzzy JU-subalgebra of X.
Conversely, Suppose O°¢ is anti-fuzzy JU-subalgebra of X. We claim that 9 is fuzzy JU-subalgebra
of X. Let x,y € X, then
1—3(xxy) =9(xxy)
< max{d¢(x),9¢(y)}
=max{l —9(x),1 —3d(y)}
=1—min{d(x),%(y)} (By Lemma 1.1.1)
Thus, 9(x *y) = min{d(x),d(y)} O

2.1.1 Fuzzy p-Translation and Fuzzy p-Multiplication of JU-Subalgebras

Let X be a JU-algebra. For any fuzzy set & of X, we define A = inf{1 — 3(x)|x € X}, unless

otherwise we specified.

Definition 2.1.1.1. Let 9 be a fuzzy subset of X and p € [0,A]. A mapping 19; : X — [0,1] is said to
be a fuzzy p-translation of ¥ if it satisfies 19; (x) =9(x)+p, Vx € X.

Definition 2.1.1.2. Let 9 be a fuzzy subset of X and p € [0,A]. A mapping 19%4 : X — [0,1] is said
to be a fuzzy p-multiplication of ¥ if it satisfies SQA(X) =(p)@®)(x), Vx € X.

Remark 2.1.1.1. In Definition 2.1.1.2, we use p € [0,Al, but for everyp € [0,1], 19?,A(x) =(p)(®)(x)
is also a fuzzy subset of X.

Example 2.1.1.1. Let X ={1,2,3,4} in which x is defined by the following table.

3

— RN A

1
1
2
1
1

N N =] 9| o

Al w| o] —| %

— NI W

See [3], (X,%,1) is a JU-algebra. Define a mapping 9 : X — [0,1] as follows 9(1) = 0.8,8(2) =
0.7,9(3) =0.6,9(4) =0.4. Then A=1inf{1—-0.8,1—0.7,1—-0.6,1 —0.4} =0.2. Letp =0.1 €
[0,0.2], then a mapping 9, : X — [0,1] defined by 9} (1) =0.9,97(2) =0.8,9,(3) =0.7, 9, (4) = 0.5
And a mapping 33 : X — [0,1] defined by 9} (1) = 0.08,9}1(2) = 0.07,95(3) = 0.06, 9} (4) =
0.04

Therefore, for p= 0.1 € [0,0.2], both the fuzzy translation 19; and fuzzy multiplication 8%4 of ¥
satisfy the fuzzy set membership conditions in X.

Theorem 2.1.1.1. Let § be a fuzzy subset of a JU-algebra X and p € [0,A]. Then, 9 is a fuzzy
JU-subalgebra of X if and only if the fuzzy p-translation 19; (x) of © is also a fuzzy JU-subalgebra
of X.
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Proof. Suppose that ¥ is a fuzzy JU-subalgebra of X and p € [0,A]. We claim that ﬁg is a fuzzy
JU-subalgebra of X. For any x,y € X, then

O (x+y) =d(x*y)+p
> min{d(x),d(y)}+p
=min{d(x) +p,d(y) + p}
= min{d) (x), 9} (y)}

Thus, ﬁg (xxy) > min{ﬁg (x),ﬁg (y)}, hence 19; is a fuzzy JU-subalgebra of X.
Conversely, suppose 8; is a fuzzy JU-subalgebra of X and for all p € [0,A]. We claim that 9 is a
fuzzy JU-subalgebra of X. For any x,y € X, then

B(x*y) +p=0](x*y)
> min{ﬁg(x),ﬁg(y)}
=min{d(x) +p,d(y) + p}
=min{d(x),d(y)} +p

By subtracting p both sides, we get 9(x xy) > min{d(x),d(y)}. Hence, ¥ is a fuzzy JU-subalgebra
of X. ]

Theorem 2.1.1.2. Let D be a fuzzy JU-subalgebra of a JU-algebra X, and for every p € [0,A]. Then
the fuzzy p-multiplicative 19%4 of ¥ is a fuzzy JU-subalgebra of X.

Proof. Suppose ¥ is a fuzzy subalgebra of a JU-algebra X and for any p € [0,A]. Then Vx,y € X,

' (xxy) = (p)B(x xy))
(p) (min{d(x),d(y)})

(x)
in{(p)(O(x)), () (O(y))}
- m{sM(x),aQ“(y)}

WV

]

Definition 2.1.1.3. A fuzzy JU-subalgebrad of a JU- algebra X is called prime fuzzy JU-subalgebra
of X if, © is prime fuzzy set in X.

Theorem 2.1.1.3. Let O be a fuzzy subset of a JU-algebra X and p € [0,A]. Then, ¥ is a prime
fuzzy JU-subalgebra of X if and only if the prime fuzzy p-translation Sg(x) of ¥ is also a prime
fuzzy JU-subalgebra of X.

Proof. Suppose that ¥ is a prime fuzzy JU-subalgebra of X and p € [0,A]. We claim that 19]2 isa
prime fuzzy JU-subalgebra of X. For any x,y € X, then

B (xxy) =d(x*y)+p
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< max{d(x),d(y)}+p
=max{d(x) +p,dy) +p}
= max{ﬁg(x),ﬁg(y)}

Thus, 1911 (x*y) < max{ﬂg (x),ﬁ‘; (y)}, hence 19; is a prime fuzzy JU-subalgebra of X.
Conversely, suppose 19; is a prime fuzzy JU-subalgebra of X and for p € [0,A]. We claim that J is
a prime fuzzy JU-subalgebra of X. For any x,y € X, then

dxxy)+p Zﬂg(x*y)
< max{ﬁg(x),ﬂg(y)}
=max{d(x) +p,d(y) +p}
=max{d(x),d(y)}+p

By subtracting p both sides, we get 9(x * y) < max{d(x),d(y)}. Hence, ¥ is a prime fuzzy JU-
subalgebra of X. O

Theorem 2.1.1.4. I is a prime fuzzy JU-subalgebra of a JU-algebra X, then the fuzzy p-multiplicative
SQA of ¥ is a prime fuzzy JU-subalgebra of X for all p € [0,A].

Proof. Letd be a prime fuzzy JU-subalgebra of a JU-algebra X and p € [0, A].Then

M (xxy) = (p)B(x xy))

]

Theorem 2.1.1.5. Let p € (0,A) such that the fuzzy p-multiplicative 19%4 of O is a prime fuzzy
JU-subalgebra of a JU-algebra X, then O is a prime fuzzy JU-subalgebra of X.

Proof. Assume that 19%4 of ¥ is a prime fuzzy JU-subalgebra of a JU-algebra X, for some p € (0,A)
and for any x,y € X. Then

(P)O(x+y)) =) (x xy)
< max{®)' (x), 9} (y)}
=max{(p)(D(x)), (p)(D(y))}
= (p)(max{d(x),d(y)}

Dividing both sides by p we get, d(x xy) < max{9(x),d(y)}. Hence, ¥ is a prime fuzzy JU-
subalgebra of X. O
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Definition 2.1.1.4. Let O be a fuzzy subset of X, p € [0,A] and q € [0,1]. A mapping ﬂ?QTq) X —
[0,1] is said to be a fuzzy magnified-p q-translation of 9 if it satisfies:

B () = (Q)(B(x)) +p.

Example 2.1.1.2. Let X = {1,2,3,4} in which x is defined by the following table.

BN = ¥
NN —| N
—_| = DN W
— RN A

1
1
2
1
1

See [3], (X,%,1) is a JU-algebra. Define a mapping 9 : X — [0,1] as follows 9(1) = 0.8,8(2) =
0.7,9(3) = 0.6,9(4) = 0.4. Then, A=1inf{1—0.8,1—0.7,1—0.6,1— 0.4} =0.2. Letp =0.1 €
[0,0.2], then a mapping 9, : X — [0,1] defined by 9} (1) =0.9,97(2) =0.8,9,(3) =0.7, 9, (4) = 0.5
and q=0.6 € [0,1]. Then, the mapping 8(0 1,06) - : X = [0,1] is defined by 19(0 1 06)(1) =(0.6)(0.8) +
0.1 =0.48 +0.1 = 0.58. 80106 (2) = (0.6)(0.7) + 0.1 =042 + 0.1 = 0.52. 190106 (3) =
(0.6)(0.6) + 0.1 =0.36 + 0.1 = 0.46. D[] ¢ (4) = (0.6)(0.4) + 0.1 = 0.24 + 0.1 = 0.34, which

satisfies 19“6[{ 06) (x) =(q)(D)(x) +p forall x € X and is a fuzzy magnified-(0.1)(0.6)-translation.

Theorem 2.1.1.6. Let 3 be a fuzzy subset of X, p € [0,A] and q € [0,1]. Then the fuzzy magnified-
pq-translation ﬁmTq) of ¥ is a fuzzy JU-subalgebra of X.

1(}7\/[T

Proof. Suppose that 9 be a fuzzy JU-subalgebra of X, p € [0,A] and q € [0,1]. We claim that ()

is a fuzzy JU-subalgebra of X. For all x,y € X, then

B (¥ y) = (q)(B(x+y)) +p

2 (q)(min{d(x),d(y)}) +p
=min{(q)(¥(x)) +p, (q)(¥(y)) + p}
= min{d} T (x), 9 L ().
Hence, 8’(\;};) is a fuzzy JU-subalgebra of X. [

Theorem 2.1.1.7. If there exist q € (0,1] and for all p € [0,A] such that the fuzzy magnified-pq-
translation 8’(\32) of O is a fuzzy JU-subalgebra of X, then ¥ is a fuzzy JU-subalgebra of X.

Proof. Suppose that S%Tq) is a fuzzy JU-subalgebra of X, for all p € [0,A] and for some q € (0,1].

We claim that 9 is a fuzzy JU-subalgebra of X. For all x,y € X, then

(@) B0 *y)) +p =3 1y (x*y)
>min{d} %) (x), 9 L ()}

=min{(q)(d(x)) +p, (q)(¥(y)) + p}
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= (q) (min{d(x),d(y)} +p
Subtracting p from both sides and dividing by q gives
d(x *xy) = min{d(x),d(y)}

Therefore ¥ is a fuzzy JU-subalgebra of X. U

2.1.2 Level Subsets of Fuzzy JU-Subalgebras

In this section, we introduce the concept of level subsets for fuzzy JU-subalgebras within JU-

algebras.

Theorem 2.1.2.1. If O is a fuzzy JU-subalgebra of X, then the set Xy = {x € X|[9(x) =98(1)} is a
JU-subalgebra of X.

Proof. Since X is a JU-algebra, 1 € X and clearly 1 € Xy. This shows that Xy is nonempty. Now
let x,y € Xy. Then 3(x) =9(1) =B(y), and so

d(x xy) = min{d(x),9(y)} = min{d(1),8(1)}.
=d(x*y) =9(1)

But,
Hx*xy) <I(1),vx,y € X (by Lemma 2.1.1)
=¥ (xxy) =9(1)
=x*xYy € Xp.
Hence, Xy is a JU-subalgebra of X. ]

Theorem 2.1.2.2. Let S be a subset of a JU-algebra X. Then the characteristics function Xs is a
fuzzy JU-subalgebra of X if and only if S is a JU-subalgebra of X.

Proof. Letxs: X —{0,1} be a fuzzy JU-subalgebra of a JU-algebra X and let x,y € S implies that
Xs(x) =xs(y) = 1. Then, xs(x *y) = min{xs(x),xs(y)} = min{1, 1}, implies that xs(x *y) > 1
but, xs(x*y) <1, xs(x*y) =1

Therefore x xy € S, implies that S is a JU-subalgebra of X.

Conversely, let S be a JU-subalgebra of X and x,y € X. Consider the following cases:

Case 1. if x,y € S, then x xy € S, we get that
Xs(x*y) =1=min{xs(x),xs(y)}
Case 2. if x,y ¢ S, then xs(x) =0 =xs(y)

Thus, xs(x *y) =0 =min{xs(x),xs(y)}
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Case 3. if x € Sandy ¢ S, then xs(x) =1 and xs(y) =0
Then, xs(x *y) = 0 = min{1,0} = min{xs(x),xs(y)}
Or,if x ¢ Sandy € S, then xs(x) =0and xs(y) =1
Then, xs(x *y) = 0 =min{0,1} = min{xs(x), xs(y)}

Hence, x5 is a fuzzy JU-subalgebra of X. ]

Theorem 2.1.2.3. Let S be a subset of X and let ¥ be a fuzzy set on X, given by

9(x) = x ifxes,

B otherwise

for all «,3 € 10,1] with « > 3. Then V is a fuzzy JU-subalgebra of X if and only if S is a JU-
subalgebra of X. Moreover, in this case, Xy = S.

Proof. Suppose ¥ is a fuzzy JU-subalgebra of X. For any x,y € S, we have d(x) = o = d(y).
Then:

H(x *y) = min{d(x),9(y)} = min{x, o} = x,
=d(x*xy) > .

But from 9(x) definition, the maximum membership value is «, so:
dxxy)<a = H(x*xy)=«

Hence, x *y € S. Therefore, S is a JU-subalgebra of X.

Conversely, suppose that S is a JU-subalgebra of X, let x,y € X. Let us consider the following
cases:

Case 1. if x,y € Sthen x xy € S, thus ¥(x *y) > o« = min{d(x),d(y)}
Case 2. ifx ¢ Sory ¢ S, then d(x xy) > = min{d(x),d(y)}

Case 3. ifx € Sory ¢ S, then d(x xy) > f = min{x, B} = min{d(x),d(y)}
Or,if x ¢ Sory € S, then ¥(x xy) > B = min{p, a} = min{d(x),d(y)}

Thus O is a fuzzy JU-subalgebra of X.
Moreover, we have Xg ={x € X |9(x) =3 (1)} ={x e XP(x) =} =S H

Theorem 2.1.2.4. A fuzzy set ¥ of a JU-algebra X is a fuzzy JU-subalgebra of X if and only if for
every t € [0,1], U(,t) ={x € X [D(x) > t} is either empty set or a JU-subalgebra of X.
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Proof. Suppose that ¥ is a fuzzy JU-subalgebra of a JU-algebra X such that U(,t) # (). We need
to show that U(9,t) is a JU-subalgebra of X. Now, for any x,y € U(9,t), we have ¥(x) > t and
dy) =t
Then d(x *xy) > min{d(x),d(y)} > min{t,t} =t
Therefore, x *y € U(Y,t). Hence, U(D,t) is a JU-subalgebra of X.
Conversely, assume that U(9,t) is a JU-subalgebra of X and U(J,t) # (). We need to show that &
is a fuzzy JU-subalgebra of X.
Let x,y € X and there exist t1,tp € [0,1] such that 9(x) = t1 and d(y) = tp. Take, t = min{ty, t}.
Then x € U(D,t1) andy € U(I, tp).
Choose t = min{ty,tp}, then t <ty and t < tp.

= U@, t1) CUMW®,t) and U(I,tp) C UM, 1)

=x,y € U®,t)
By assumption, U(3,t) is a JU-subalgebra of X, which implies that x xy € U(9,t). Then d(x *
y) > t = minfty, to} = min9(x), 8(y)}.
Therefore, ¥ is a fuzzy JU-subalgebra of X. ]

Theorem 2.1.2.5. Letd be a fuzzy JU-subalgebra of a JU-algebra X. Two upper-level JU-subalgebras
U, 1) and U(I,ty) (with t1 < tp) of a fuzzy JU-subalgbera © are equal if and only if there is no
X € X such that t1 <9(x) < tp.

Proof. Let 9 be a fuzzy JU-subalgebra of a JU-algebra X. Suppose U(9,t1) = U(D, tp) (with t; <
tp). Then we claim that there is no x € X such that t; <9(x) < t».
Assume that if there exist x € X such that t; < 9(x) < t
=x e U(I,t1), but x ¢ U(D,tp)
= U(I, t1) is a proper subset of U (D, t,), which is contradict to our assumption that is U(9,t1) =
U9, to).
Conversely, assume that there is no x € X such that t; <9(x) < tp. We went to show that U(9,t1) =
U, ta).
Since t1 < tp, we get U(D,tp) CU(D, t1)--- ()
Now, x € U(9,t1) = d(x) > t1 = d(x) > tp, (Since, ¥(x) does not lie between t1 and t, )
= x € U, tp)
Hence, U(9,t1) CU(H,tp) - -+ (xx%)
From (*) and (**) we get U(9,t1) = U (I, tp) H

Remark 2.1.2.1. Following Theorem 2.1.2.5, the level JU-subalgebras of a fuzzy JU-subalgebra &
in a finite JU-algebra X form a chain:
U, ty) cU@t) CcU® ) C--- C UM, tn) =X, wheretyg >t >ty > -+ > tq.

Corollary 2.1.2.6. If O is a fuzzy JU-subalgebra of finite JU-algebra X with Im(9) ={t4,...,tn},
then the family of JU-subalgebras {U(9,t;) | 1 <1< n} constitutes all upper level JU-subalgebras
of ¥ in X.
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Proof. Let ¥ be a fuzzy JU-subalgebra of a JU-algebra X such that Im(d) = {tq,tp,...,tn} with
t1 < - <tp. Lett€[0,1] and t ¢ Im(D), then consider the following cases.

Case 1. If t < tq,then U(J,t;) =X =U(D,t).
Case 2. If t > ty,, then U(D,t) ={x € X |d(x) >t} ={x € X|D(x) > tn} = 0.

Case 3. If t;_1 <t <ty then U(D,t) = U(D,t;) by Theorem 2.1.2.5, since there is no x € X such that
t<H(x) <ty

Thus for any t € [0, 1], the level JU-subalgebra is one of {U(w,t;) |1 =1,2,...,n}. O

Theorem 2.1.2.7. Let ¥ be a fuzzy JU-subalgebra of a JU-algebra X. Then 9¢ is an anti-fuzzy
JU-subalgebra of X if and only if, for every s € [0,1], the set L(9¢,s) ={x € X |9¢(x) < s} is either
empty or a JU-subalgebra of X.

Proof. Suppose that 9 is an anti-fuzzy JU-subalgebra of X and L(9¢,s) is nonempty. We need to
show that L(9¢,s) is a JU-subalgebra of X. Now, for all x,y € L(9¢,s), then by Definition 1.1.6 we
have 9¢(x) < s and 9¢(y) < s.
Since 3¢ is anti-fuzzy, 9¢(x * y) < max{9°(x),9°(y)} < max{s,s} =s.
Thus, x xy € L(9¢,s). Hence, L(8¢,s) is a JU-subalgebra.
Conversely, assume that L(9¢,s) is a JU-subalgebra of JU-algebra X and L(9¢,s) # (). We need to
show that ¢ is anti-fuzzy JU-subalgebra of X.
Let x,y € X with s =9°(x) and s, = 9¢(y). Take s = max{sy, s>}, for s1,s2 € [0,1]. Then
x € L(9¢s1) and y € L(9€, s2).
Choose s = max{si, s>}, then s; < s and sp <s.

= L(9%s1) CL(DSs) and L(9¢sp) C L(HC,s)

=x,y € L(DS,s).
Then x,y € L(9,s), so by assumption L(3¢,s) is a JU-subalgebra of X, implies that
x*xy € L(9,5) 9¢(x xy) < s = max{d°(x),¥¢(y)}.
Therefore, 9¢ is an anti-fuzzy JU-subalgebra. ]

Theorem 2.1.2.8. Let 9¢ be an anti-fuzzy JU-subalgebra of a JU-algebra X. Two Lower-level JU-
subalgebras 1L(9€,s1) and L(9¢,sp) (with s1 > sp) of anti-fuzzy JU-subalgbera 9¢ are equal if and
only if there is no x € X such that s1 > 9°(x) > s».

Proof. Let 3¢ be anti-fuzzy JU-subalgebra of a JU-algebra X.
Suppose L(9¢,s1) = L(9¢,s2) (with s; > sp). Then we claim that there is no x € X such that
s1 = 9¢(x) > so.
Assume that if there exist x € X such that s; > 9¢(x) > sp

= x € L(9% 1), but x ¢ L(9,s7)

= L(9¢sp) is a proper subset of L(8 1), which is contradict to our assumption that is
L(9¢, s1) =L(D,s0).
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Conversely, assume that there is no x € X such that S; > 9¢(x) > sp. We went to show that
L(9¢,s1) =L(9¢,s2). Since s1 > sp, we get L(9¢,s5) C L(D¢,81)--- (%)

Now, x € L(9%,s1) = 9¢(x) < s1 = 9°(x) < s (Since ¥¢(x) does not lie between s7 and s»)

= x € L(9¢ 5o, hence L(9,s1) C L(D%,sp) - (*x)

From (*) and (**) we get L(9¢,s1) = L(9¢,s0) H

Theorem 2.1.2.9. Every JU-subalgebra of X can be realized as a level JU-subalgebra of some
fuzzy JU-subalgebra of X.

Proof. Let S be a JU-subalgebra of X and let ¥ be a fuzzy set in X defined by

t ifxeSsS
d¥x) =

0 other wise

,where t € [0,1].
We show that 9 is a fuzzy JU-subalgebra of X. Let x,y € X. Then consider the following cases:
Case 1. If x,y € S, then x xy € S, and so
Hx*xy) >t =min{d(x),d(y)}
Case 2. If x,y ¢ S, then ¥(x) =0 =9(y) and thus
BHxxy) = 0=min{d(x),d(y)}.
Case 3. If xe Sandy ¢ S, then
Hx*xy) > 0=min{1,0} = min{d(x),d(y)}.
Orifx ¢ Sandy € S we get 9(x *y) = 0 = min{0,1} = min{d(x),d(y)}.

Therefore, ¥ is a fuzzy JU-subalgebra of X. ]

Theorem 2.1.2.10. Let {S;} be any family of JU-subalgebras of JU-algebra X such that Sy C S1 C
Sp C -+ C Sy = X. Then there exist fuzzy JU-subalgebras which are exactly the JU-subalgebras of
this chain {Si}.

Proof. Consider a set of numbers tg > t; > t3 > --- >t where each t; € [0,1]. Let 9 : X — [0,1]
be a fuzzy set defined by

tg, ifx €Sy
d¥x) =
t;, ifxe$;—Si1,0<i<n.

Now, we claim that 9 is a fuzzy JU-subalgebra of X and U(9,t;) = S; for0 <i<n. Let x,y € X,

then we consider the following cases:
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Case 1. If x,y € S; — S;_4 for some i, then x,y € S;. Therefore, by definition of 9, we have d(x) =
t; =9(y). Since S; is a JU-subalgebra of X, it follows that x xy € S; and so either x xy, €
Si—Siqorxxy,€ Si_1. Implies that B(x) > t; or ¥(x) > t; — 1 > t;. In any case we get
Hx*xy) = t; = min{d(x),d(y)}

Case 2. For i >j, tj > t; and S5 C S;. Let x € §; —S;1 and y € S5 — S;_1 implies d(x) = ti,
9¥(y) =t; > t;. Since S is a JU-subalgebra of X and §; C S, then x xy € §;. Now, d(x *y) >
t; = min{d(x),d(y)}. Thus J is a fuzzy JU-subalgebra of X. Also, from the definition of
9, it follows that Im(9) = {tg, t1,tp,...,tn}. Hence, the upper level JU-subalgebras of ¥ are
given by the chain of JU-subalgebras:

UM, t) UMD, t) C - C U@, tn) =X, for0<i<n.

Now, U(9,tg) ={x € X: u(x) > to} = Sp. Finally, we prove that U(J,t;) = S;, for 0 < i <
n. Now let x € Sy, then &(x) > t;. This implies x € U(D,t;). Hence, S; C U(I,t;). If
x € U(V,t;), then ¥(x) > t;. Which implies that x ¢ S; for j > 1. Otherwise, if x € S;, then
9(x) > t; which implies t; > ¥(x) > t;. This contradicts the assumption that x € U(D,t;).
Hence 9(x) € {tg, t1,t2,...,tn}. S0, x € Sy for some k < i. As Sy C S, it follows that x € S;.
Hence U (9, t;) C S;. Therefore, U(J,t;) = Si, for 0 <i < n.

2.1.3 Homomorphism of Fuzzy JU-Subalgebras

In this section, we examine the notion of homomorphisms for fuzzy JU-subalgebras in the context
of JU-algebras.

Theorem 2.1.3.1. Let (X,*,1) and (Y, ,1) be JU-algebras and a map f: X — Y be an onto
homomorphism, and ® be a fuzzy JU-subalgebra of a JU-algebra X. Then the image f(9) is a fuzzy
JU-subalgebra of Y with the sup property.

Proof. Letf:X — Y be an onto homomorphism and ¥ be a fuzzy JU-subalgebra of X. By Definition
1.1.7 and let m,n € Y with p € f1(m) and q € f~!(n) such that ¥(p) = sup{d(r) : v € £ 1(m)}
and 9(q) = sup{d(r) : v € fI(n)}
Then, f(§)(m *n) = supd(r) :r € f 1 (m=n)}

z9(pxq)

> min{d(p), ¥(q)}

=min{sup{d(r) : v € f (M)}, supd(r) :r e fF1(n)}}

= min{f(d)(m), f(9)(n)}
Hence,f(9) is a fuzzy JU-subalgebra of X. Il

Theorem 2.1.3.2. Let (X,x,1) and (Y, ,1') be JU-algebras and a map f : X — Y be homomor-
phism and N be a fuzzy JU-subalgebra of Y. Then the Per-image f~Y(N), is a fuzzy JU-subalgebra
of X.
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Proof. Let A be a fuzzy JU-subalgebra of Y and for all x,y € X, then

fHA) (x xy) = A(f(x *y))
= Mf(x) = f(y))
> min{A(f(x)), A(f(y))}
=min{f '(A)(x), (N (y)}

]

Theorem 2.1.3.3. Let X,Y,Z be JU-algebras. Then the function f: X — Y and g:Y — Z be
JU-homomorphism then the following holds:

(a) If f,g are surjective, then (g o f)(9) is a fuzzy JU-subalgebra Z, for any fuzzy JU-subalgebra
of ¥ of X, provided that the sup property holds.

(b) (gof)"YB) is afuzzy JU-subalgebra of X for any fuzzy JU-subalgebra \ of Z.

Proof.  (a) Let ¥ be a fuzzy JU-subalgebra of X, for m,n € Z, there exist p,q € X such that,
(gof)(p) =mand (gof)(q) =n. Then H(s) = sup{d(r)|r € (go f)~!(m)} and H(t) =
sup{d(r)r € (go f)~1(n)} for some s,t € X. Since f, g are surjective, so is g o f, and hence
sxte(gof) ! (mx*n). Now,

(gof)(®)(m*n)=>9(sxt)
> min{9d(s),d(t)}
v (gof)t(m),sup{®(r)ire (gof) ()}

=min{(go f)(d)(m),(gof)(®)(n)}

)
)

= min{sup{d(r
Therefore,(g o f)(9) is a fuzzy JU-subalgebra of Z.
(b) Let 3 be a fuzzy JU-subalgebra of Z, and let x,y € X. Then,
(gof) H(B)(mx*n)=p((gof)(m=*n))
=B((gof)(m)=(gof)(n )

>min{B((gof)(m)), B((Q
=min{(g o f)1(B)(m), (g

0 O
\—’\_/
/ﬁ
>_\
A\_/
o) —
—_— =

Theorem 2.1.3.4. Let f: X — Y be an epimorphism of JU-algebra. If O+ is a fuzzy JU-subalgebra
of X, then ¥ is a fuzzy JU-subalgebra of Y.
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Proof. Let V¢ be a fuzzy JU-subalgebra of X and let y € Y. Then there exist x € X such that
f(x) =y. Letyy,y €Y, then

B(y1 *y2) =(f(x1 * x2)) = Fe(x1 * x2)
> min{d¢(x1),9¢(x2)}
= min{d(f(x1),9(f(x2)}
=min{d(y1),dy2}

Therefore, ¥(y1 *yz) = min{d(y1),d(yz}, hence ¥ is a fuzzy JU-subalgebra of Y. O

Theorem 2.1.3.5. Let f: X — Y be a homomorphism of a JU-algebra. If ¥ is a fuzzy JU-subalgebra
of Y, then V¢ is a fuzzy JU-subalgebra of X.

Proof. Letd be a fuzzy JU-subalgebra of Y and let x,y € X, then

De(x*xy) =d(f(x xy))
=9(f(x) * f(y))

> min{d(f(x)),d(f(y))}
Therefore, 9¢(x * y) > min{d¢(x),9¢(y)}, hence V¢ is a fuzzy JU-subalgebra of X. O

Corollary 2.1.3.6. Let f be an endomorphism of a JU-algebra X. If © is a fuzzy JU-subalgebra of
X, then so is V.

Proof. Suppose f is an endomorphism of the JU-algebra X. Let x,y € X, then
V(x xy) =d(f(x xy))
=9(f(x) * f(y))

> min{d(f(x)),d(f(y))}
= min{d¢(x),d¢(y)}

Therefore, O¢(x * y) > min{d¢(x),d¢(y)}, Vx,y € X, hence V¢ is a fuzzy JU-subalgebra of X. [J

2.1.4 Cartesian Product of Fuzzy JU-Subalgebras

In this section, the Cartesian product of fuzzy subalgebras in JU-algebra is discussed, and some of

their properties are investigated.

Lemma 2.1.4.1. Let &1 and 9, be two fuzzy JU-subalgebras of X and Y, respectively. Then (971 X
%2)(1,1) > (81 x 92)(x,y), for all (x,y) € X x Y.
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Proof. Suppose ¥ is a fuzzy JU-subalgebra of X and 95 is a fuzzy JU-subalgebra of Y. For any
(x,y) € X X Y then,

(91 X 92)(1,1) = min{d¢(1),92(1)}
> min{dq (x),92(y)}(By Lemma 2.1.1)
= (91 x 92)(x,y)

O

Theorem 2.1.4.2. Let 81,97 be fuzzy JU-subalgebras of a JU-algebra X, and (31,32 be fuzzy JU-
subalgebras of a JU-algebra Y. If 1 C ¥ and 31 C (32, then 91 X 31 C D X PBo.

Proof. Suppose 31,77 be fuzzy JU-subalgebras of a JU-algebra X, and 31, 32 be fuzzy JU-subalgebras
of a JU-algebra Y and 47 C 9, and 31 C . We claim that &; x 1 C 9, X Bo. For any (x,y) €
X %Y, then by Definition 1.1.13 we have
(91 % B1)(x,y) = min{dq(x), B1(y)}
(%2 x B2)(x,y) = min{d2(x), B2(y)}-
And from assumption, we have 91 (x) < 92(x) and 31(y) < B2(y)). It follows that,

min{d; (x), B1(y)} < min{dz(x), B2(y)}
= (91 x B1)(x,y) < (P2 x B2)(x,y), Vixy)eXXY.
Hence, 31 X 31 C 9 X [3o. O

Theorem 2.1.4.3. Let 31 and Oy be fuzzy subsets of JU-algebras X and Y, respectively such that
91(x) <92(1"), forall x € X, when 1" is a constant element in Y. If 91 X O, is a fuzzy JU-subalgebra
of X XY, then ¥ is a fuzzy JU-subalgebra of X.

Proof. Let (x,y) € X x Y. Then (x,1'),(y,1’) € X x Y. Since 91 (x) < 92(1'),91(y) <H2(1'), for
all x,y € X. We get

Y (x*y) =min{dq (x xy),02(1" x 1)} = (91 x V) (x xy,1" x 1)
= (91 x ) ((x,1) % (y,1))
> min{(91 x D) (x,1), (D1 x D2)(y,1")}
= min{min{d; (x),9>(1)}, min{d; (y),92(1")}}
= min{d1 (x), %1 (y)}-

Hence, 91 is a fuzzy JU-subalgebra of X. O

Theorem 2.1.4.4. Let ¥ and ¥y be fuzzy subsets of JU- algebras X and Y, respectively such that
D (y) <B1(1), forally €Y, when 1 is a constant element in X. If 91 X Oy is a fuzzy JU-subalgebra
of X XY, then ¥ is a fuzzy JU-subalgebra of Y.
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Proof. Let x,y € Y. Then (1,x),(1,y) € X x Y. Since d(x) < 81(1),92(y) < (1), for all
x,y €Y. We get

D (x*y) =min{d1(1x1),d(xxy)} = (9 x V) (1% 1,x*xy)
= (91 x %) ((1,x) * (Ly))
> min{(91 x ¥2)(1,x), (91 x ¥2)(1,y)}
= min{min{d; (1), 92 (x)}, min{d (1),92(y)}}
= min{d(x),d2(y)}

Hence, ¥ is a fuzzy JU-subalgebra of Y. [
From Theorems 2.1.4.3 and 2.1.4.4 we have the following theorem.

Theorem 2.1.4.5. Let 91 and 9 be fuzzy subsets of JU-algebras X and Y respectively. If 31 X Do
is a fuzzy JU-subalgebra of X x Y, then either ¥ is a fuzzy JU-subalgebra of X or O, is a fuzzy
JU-subalgebra of Y.

Proof. Suppose 91 X ¥ is a fuzzy JU-subalgebra of X x Y. We need to show that either ¥, is a
fuzzy JU-subalgebra of X or ¥, is a fuzzy JU-subalgebra of Y. Since 81 x D, is fuzzy JU-subalgebra
of X XY, then

(D1 x D2)((x1,y1) * (x2,Y2)) Z min{(Dy x 92)(x1,y1), (D1 x V2)(x2,y2)}--- (*)

If we put x; =1 = x5 in (¥), we get

(91 x 92)((L,y1) * (L, y2) in{(91 x 92)(
= (91 x92)(1*1,y1 *xy2 in{(91 x 92)(
(
),

) >m Y1), (91 X 92)(1,y2)}
) >m

= (% x 92)(1,y1 *y2) = min{(d1 X 9,)
J>m
) >m

1,y 1,y

Ly1), (91 x 92)(1,y2)}

1,y 1,y
in{min{9 (1 (

= min{d (1 ),192( Y1 *yz) 82(91)} min{d;

=Ny *y2 in{92(y1),92(y2)}

Hence, ¥ is a fuzzy JU-subalgebra of Y.
We prove that ¥ is a fuzzy JU-subalgebra of X by putting y; =1 =y in (¥).
If we puty; =1 =1y in (*), we get

(D1 x 92)((x1,1) * (x2,1)) = min{(91 x ¥2)(x1,1), (D1 x 92)(x2,1)}

= (91 x V2)(x1 *x2, 1% 1) > min{(d1 X 92)(x1,1), (V1 x ¥2)(x2,1)}

= (91 x 92)(x1 *x2,1) = min{(d1 x 92)(x1,1), (D1 x B2)(x2,1)}

= min{d1(x1 * x2),92(1)} = min{min{d1 (x1),92(1)}, min{d; (x2),92(1)}}
) >m

= 1(x1 * X2 in{91(x1),91(x2)}-
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Hence, V1 is a fuzzy JU-subalgebra of X. [

Theorem 2.1.4.6. Let O be a fuzzy subset of a JU-algebra X and let 3 be a strong fuzzy relation on
X. If B is a fuzzy JU-subalgebra of X x X, then ¥(1) > ¥(x), for all x € X.

Proof. Since {3 is a fuzzy JU-subalgebra of X x X, it follows that 3(x,y) = min{d(x),d(y)}. By
Lemma 2.1.4.1, 3(1,1) > B(x,x). Then we have

(1) =min{d(1),¥(1)} = B(1,1) = B(x,x) = min{d(x),d(x)} = (x)

Hence, 9(1) > 8(x), forall x € X. H

Theorem 2.1.4.7. Let O be a fuzzy subset of a JU-algebra X and let 3 be the strongest fuzzy relation
on a JU-algebra X. Then V is a fuzzy JU-subalgebra of X if and only if 3 is a fuzzy JU-subalgebra
of X x X.

Proof. Suppose that 9 is a fuzzy JU-subalgebra of X. Let (x1,%2), (y1,Y2) € X x X. Then we have

B((x1,%2) * (Y1,42)) = B(x1 * Yy1,x2 *Y2)
=min{d(xq *y1),d(x2 *y2)}
> min{min{9(xq),9(y1)}, min{d(x32),d(y2)}}
= min{min{d(x1),d(x2)}, min{d(y1),9(y2)}}
= min{B(x1,%2), B(Yy1,Y2)}-

Thus B ((x1,x2) * (Y1,Y2)) = min{p(x1,%2), B(y1,Y2)}-
Hence, f3 is a fuzzy JU-subalgebra of X x X.

Conversely, assume that 3 is a fuzzy JU-subalgebra of X x X. We need to show that 9 is a fuzzy
JU-subalgebra of X. Let (x1,%2), (y1,y2) € X x X. Then

min{d(x * y1),9(x2 * y2)} = B(x1 * y1,%2 * y2)
= B((x1,x2) * (Y1,Y2))
> min{f(x1,x2), B(y1,Y2)}
= min{min{d(x1),9(x2)}, min{d(y1),d(y2)}}

In particular, if we take x, =1 = yp, then we get d(x1 *y1) = min{d(xq),9(y1)}, for all x1,y; € X.
Hence, ¥ is a fuzzy JU-subalgebra of X. [

2.2. Fuzzy JU-Ideals of JU-Algebras

In this section, we discuss and investigate a new notion of fuzzy JU-ideals in JU-algebra and study

their related properties.
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Definition 2.2.1. Let X be a JU-algebra, a fuzzy set © in X is called a fuzzy JU-ideal of X if it

satisfies the following conditions:
(a) ¥(1) = d(x)
(b) ¥(y) 2 min{d(x),¥(x xy)},¥x,y € X.

Example 2.2.1. Let X ={1,2,3,4,5,6} in which * is defined by the following Cayley table:

—| =] | N DN DNy
—| QN OO\ NN

o A el M Ml NS T NS}
DO N = =] W W]
— | =N WA N

QN N B W N =] *
e A R s Y N

See [3] (X;*,1) is a JU-algebra. Define a fuzzy setd: X — [0,1] by
0.6,ifx=1
d(x) =403, if x€{2,3,4}

0.2, otherwise
Let x,y € X. By the definition of a fuzzy JU-ideal, we verify that

9(y) > min{d(x),8(x #y)}.

Now take, x =1,y =2, then ¥(2) =0.3--- (%) and

min{d(1),9(1 % 2)} = min{d(1),9(2)} = min{0.6,0.3} = 0.3 - - - (xx).

From (*) and (**) we get 0.3 > 0.3 which is true.

Forx=3,y=1, then9(1) =0.6--- (x * %)

And, min{9(3),9(3 x 1)} = min{d(3),9(1)} = min{0.3,0.6} = 0.3 - - [ x *x),
From (**%) and (**%*) we get 0.6 > 0.3 which is true.

Similarly, the result holds for all values of x and y in X.

Therefore, we conclude that V is a fuzzy JU-ideal of (X;*,1).

Theorem 2.2.1. Every fuzzy JU-ideal of a JU-algebra X is order reversing.

Proof. Letd be a fuzzy JU-ideal of a JU-algebra X, and for any x,y € X be such that x <y, then

yxx=1
Then 9(x) > min{d(y *x),d(y)}
=min{d(1),d(y)}
= 9(y) .

Theorem 2.2.2. Ifd is a fuzzy JU-ideal of X, then 3((x xy) xy) = 9(x).

Proof. Since (x * [(x xy) *xy]) =1 (By Lemma 1.6.1)
Now, 9((x xy) *y) = min{d(x),d(x * [(x xy) xy])}
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=min{d(x),d(1)}
=9d(x)

Theorem 2.2.3. Every fuzzy JU-ideal of a JU-algebra X is a fuzzy JU-subalgebra of X.
Proof. Suppose ¥ is a fuzzy JU-ideal of X. That is:

a) 9(1) > d(x),

b) d(y) = min{d(x),d(x xy)}, for all x,y € X.

We claim that 9 is a fuzzy JU-subalgebra. That is, for all x,y € X
d(x *y) = min{d(x),d(y)}
Assume that without loss of generality:
B(x) <9(y) = min{d(x),9(y)} =d(x)
Now we consider two cases:
Case 1. If 9(x xy) > 9(x), then
BHx *xy) = d(x) =min{d(x),d(y)}
= d(x*xy) = min{d(x),d(y)}

The inequality is satisfied directly.

Case 2. If 9(x *y) < d(x), then from the assumption that 9 is fuzzy JU-ideal, apply condition (b):
9(y) > min{d(x),¥(x xy)} =H(x xy)
= d(y) 2 9(x xy)}
Since we also know, d(x *y) < 9(x) and d(x) < d(y), it follows that
V(x*xy) <B(x) <Ay) = dx*xy) < min{d(x),d(y)}
Which is contradict the inequality 9 (x * y) > min{9(x),d(y)}
Thus, Case 1 must always hold, which implies:
V(x +y) 2 ¥(x) =min{d(x),d(y)}
Hence, ¥ is a fuzzy JU-subalgebra of X.

Remark 2.2.1. The converse of the above theorem may not be true.

Example 2.2.2. Let X ={1,2,3,4} in which x is defined by the following table.

Dl =] %
(S U S [ -
== NN
A=W W
e R ES




See [3] (X;*,1) is a JU-algebra. Define (x) as follows:

09, ifx=1
3(x) =207 ifxe{24)
04 ifx=3

SinceV is a fuzzy JU-subalgebra of X. The fuzzy JU-ideal condition requires 9(y) = min{d(x),d(x *
y)} forallx,ye X. Let x=2,y=3=xxy=4and 3(2)=0.7, 9(3)=04, 9(4)=07
Then, ¥(3) =0.4--- (%)

And, min{9d(2),9(4)} =min{0.7,0.7} =0.7- - (xx)
From (%) and (xx) we get 0.4 > 0.7 which is false. This shows that every fuzzy JU-subalgebra of a
JU-algebra X may not a fuzzy JU-ideal of X.

Theorem 2.2.4. The intersection of any two fuzzy JU-ideals is also a fuzzy JU-ideal of X.

Proof. Suppose ¥ and A are fuzzy JU-ideals of a JU-algebra X, for any x € X. Then
B NA)(1) =min{d(1),A(1)} = min{d(x),d(x)} = (D NA)(x)
And, for any x,y € X, then
(B NA)(Yy) =min{d(y),Aly)}
> min{min{d(x),d(x *y)}, min{A(x),A(x xy)}}
= min{min{d(x),A(x)}, min{d(x xy),A(x xy)}}
=min{(DNA)(x), BNA)(x*xy)} Il

Corollary 2.2.5. Let {8i|i € Q} be a family of fuzzy JU-ideals of a JU-algebra X. Then (;cq i is
also a fuzzy JU-ideal of X.

Proof. Let {9i[i € Q} be a family of JU-ideals of X, then for any x € X.

(Niea 1) (1) =infica{i(1)} > infica{di(x)}
And, for any x,y € X then
(Nica 1) (y) =infica{di(y)}
> infico{Di(x), Vi(x xy)}
= min{infico{di(x)}, infica{di(x * y)}}
=min{(Nicq 91) (%), (Micq 1) (x *y)} O

Remark 2.2.2. The union of any two fuzzy JU-ideals of a JU-algebra X may not be a fuzzy JU-ideal
of X.

Example 2.2.3. Let X = {1,2,3,4,5,6} be a JU-algebra. (See the table from the above example
2.2.1). Let us define 91 (x) and 9(x) by:

0.8 ifxe{l,2}
H(x)=<06 ifx=3

0.4 otherwise
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and

09 ifxe{l1,2}
M(x) =405 ifxec{3,4}

0.2 otherwise

Then, 91 Ud7(4) = max{9;(4),9(4)} = max{0.4,0.5} =0.5--- (%)
And,

max{d(4),92(4)} > max{min{d(3),91(3 x4)}, min{d,(3),d2(3 x4)}}
= min{max{d1(3),92(3)},max{d;(3x4),%(3 x4)}}
= min{max{; (3),92(3)}, max{d(2),92(2)}}
= min{max{0.6,0.5}, max{0.8,0.9}}
=min{0.6,0.9} =0.6- - (*x*)

From (%) and (xx) we get 0.5 > 0.6 which is false.This shows that the union of any two fuzzy
JU-ideals of a JU-algebra X may not be a fuzzy JU-ideal of X.

2.2.1 Fuzzy p-Translation and Fuzzy p-Multiplication of JU-Ideals

Theorem 2.2.1.1. Let & be a fuzzy subset of a JU-algebra X and p € [0,A]. Then, 9 is a fuzzy
JU-ideal of X if and only if the fuzzy p-translation 19% (x) of ¥ is also a fuzzy JU-ideal of X.

Proof. Suppose that 9 is a fuzzy JU-ideal of X and p € [0, A]. We claim that 19; is a fuzzy JU-ideal
of X. For any x,y € X, then
19;(1) =31 +p=d(x)+p zﬁg(x). And,

91 (y) =9(y) +p >min{d(x),d(x xy)} + p
=min{d(x) + p,d(x *xy) + p}

= min{ﬂg(X),ﬁg(X *y)}

Thus, ﬁg (y) > min{{}g(x),ﬁg(x *y)}, hence ﬁg is a fuzzy JU-ideal of X.
Conversely, suppose ﬂg is a fuzzy JU-ideal of X and for all p € [0,A]. We claim that 9 is a fuzzy
JU-ideal of X. For any x,y € X, then
B(1) +p=D}(1) > 9] (x) =9(x) +p
By subtracting p both sides, we get 3(1) > 8(x). And,

3(y) +p =91 (y) = minfo] (x), 0] (x xy))
=min{d(x) +p,d(x xy) +p}
=min{d(x),d(x*xy)}+p
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By subtracting p both sides, we get 3(y) > min{d(x),d(x xy)}. Hence, ¥ is a fuzzy JU-ideal of
X. O

Theorem 2.2.1.2. Let 9 be a fuzzy JU-ideal of a JU-algebra X, then the fuzzy p-multiplicative 19?%
of ¥ is a fuzzy JU-ideal of X for every p € [0,Al.

Proof. Let 9 be a fuzzy JU-ideal of a JU-algebra X and Vp € [0,A]. Then Vx,y € X.
(1) = (p)(B(1) = (p)(B(x)) = (x). And,

35! () = (P)(B(y)) = (p) (minfd(x),B(x xy)})
= min{(p)(B(x)), (P)(B(x xy))}
:min{SM( ),ﬂy(x*y)}

]

Theorem 2.2.1.3. If there exists p € (0,A) such that the fuzzy p-multiplicative 19{;/[ of ¥ is a fuzzy
JU-ideal of a JU-algebra X, then ¥ is a fuzzy JU-ideal of X.

Proof. Suppose the fuzzy p-multiplicative 19%4 of ¥ is a fuzzy JU-ideal of a JU-algebra X, and for
some p € (0,A). Then Vx,y € X.
(P)(®(1)) =331(1) =9} (x) = (p)(B(x)), hence H(1) > B(x). And,

(P)(O(x)) =) (y) = min{d} (x), 9! (x *y)}
), (P)D(x *y))}
Alxxy)))

— min{(p)(3(x)
— (p)(min{d(x)

By canceling p both sides we get, 3(y) > min{d(x),d(x xy)}. Thus, ¥ is a fuzzy JU-ideal of
X. O

Definition 2.2.1.1. A fuzzy JU-ideal ¥ of a JU- algebra X is called prime fuzzy JU-ideal of X if &

is a prime fuzzy set in X.

Theorem 2.2.1.4. Ifd is a prime fuzzy JU-ideal of a JU-algebra X, then the fuzzy p-multiplicative
19]7;/1 of ¥ is a prime fuzzy JU-ideal of X for all p € [0, Al.

Proof. Letd be a prime fuzzy JU-ideal of a JU-algebra X and p € [0,A]. Then

B (x xy) = (p)(B(x xy)) < (p) (max{d(x),d(y)})
=max{(p)(8(x)), (p) (B(y))}
=max{9)!(x), 0} (y)}
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Theorem 2.2.1.5. If there exists p € (0,A) such that the fuzzy p-multiplicative 8%4 of ¥ is a prime
fuzzy JU-ideal of a JU-algebra X, then ¥ is a prime fuzzy JU-ideal of X.

Proof. Assume that the fuzzy p-multiplicative SQA of ¥ is a prime fuzzy ideal of a JU-algebra X,
for some p € (0,A) and for any x,y € X. Then

(P)Dx+y)) = M (x x y) < max(d2 (x), M (y)}
— max{(p)(3(x)), (p) (B(y))}
— (p)(max{d(x),9(y)})

By canceling p both sides we get, 3(x *y) < max{d(x),9(y)}. Thus, J is a prime fuzzy JU-ideal
of X. [

Theorem 2.2.1.6. Let d be a fuzzy subset of X, p € [0,A] and q € [0,1]. Then the fuzzy magnified-
pq-translation ﬁ?gTq) of ¥ is a fuzzy JU-ideal of X.

Proof. Suppose that 9 is a fuzzy JU-ideal of X, p € [0,A] and ¢ € [0,1]. We claim that 8?32 | isa

fuzzy JU-ideal of X. For all x,y € X, we have

B (1) = (q)(®(1) +p = (q)(O(x)) +p =9} (x)

And,
W) = (@)W +p
> (q)(min{d(x),¥(x xy)H) +p
= min{(q)(¥(x)) +p,(q)(B(x*y)) +p}
= min{ﬁ%l;) (x), 19%[;) (x xy)}.
Hence, M7 isa fuzzy JU-ideal of X. ]

(p.q)
Theorem 2.2.1.7. If there exists q € (0,1] such that for all p € [0,A], the fuzzy magnified-(p, q)-
translation 19’(\;[2) of ¥ is a fuzzy JU-ideal of X, then © is a fuzzy JU-ideal of X.

Proof. Suppose that S%Tq) is a fuzzy JU-ideal of X for all p € [0,A] and for some q € (0,1]. We
claim that ¥ is a fuzzy JU-ideal of X. For all x,y € X, we have
(@)((1) +p =3 (1) = (x) = (a)(B(x)) + p, hence B(1) > D(x). And,

(q)(3(y)) +p =9a) (y) =min{dY 1) (x), 9L (x xy)}
= min{(q)(3(x)) +p,(q)(B(x *y)) +p)
= (q)(min{d(x),D(x *y)}) +p

Subtracting p from both sides and dividing by g, we obtain, 3(y) > min{d(x),d(x xy)}. Therefore,
¥ is a fuzzy JU-ideal of X. []
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2.2.2 Level Subsets of Fuzzy JU-Ideals

Theorem 2.2.2.1. If 9 is a fuzzy JU-ideal of X, then the set Xy ={x € X|®(x) =9(1)}is a JU-ideal
of X.

Proof. Assume that 3 is a fuzzy JU-ideal of X. We claim that Xy is a JU-ideal of X. Clearly, 1 € Xj.
Now let x,x xy € Xy. Then ¥(x) =9(1) =d(x *xy), and so

9(y) = min{d(x), ¥ (x *y)} = min{d(1),9(1)} = B(1).
=9(y) > 9(1)

But 9(y) <9(1), Yy € X (by Definition 2.2.1)
= 9(y) =9(1) = y € Xy. Hence Xy is a JU-ideal of X. O

Theorem 2.2.2.2. Let J be a subset of a JU-algebra X. Then the characteristics function Xj is a
fuzzy JU-ideal of X if and only if J is a JU-ideal of X.

Proof. Letxj:X —{0,1} be a fuzzy JU- ideal of X. Let x € ], then X;j(x) = 1. Since xj is a fuzzy
JU-ideal of X, then x;(1) > xj(x), Vx € X. Clearly, 1 € J. And,
Let x,x xy € ] implies that xj(x) = xj(x *y) =1
Thus, x;(y) > min{x;(x), ) (x *y)} = min{1, 1} = 1
=xj(y) = 1butx;(y) <1
= xj(y) =1, implies thaty € J.
Hence, J is an ideal of X.
Conversely, let J be an ideal of X. Since 1 € J. Then
xj(1) =xj(x *x) (By Lemma 1.6.1)
> min{x;(x),xj(x)}
=xj(x)

And consider the following cases:

Case 1. if x,x*xy € J, theny € ], we get that
xj(y) =1 =min{x;(x),xj(x *y)}
Case 2. if x, x xy ¢ ], then xj(x) =0 =xj(x * y)
Thus, x;j(y) = 0 = min{x;(x),xj(x * y)}
Case 3. if x or x * y not in J, then min{x;(x),xj(x *y)} =0.

Then, x;(y) =0 = min{x;(x),xj(x *y)}
Hence x; is a fuzzy ideal of X.

]

Theorem 2.2.2.3. A fuzzy set d of a JU-algebra X is a fuzzy JU-ideal of X if and only if for every
te[0,1], U(D,t) ={x € X|d(x) =t} is either the empty set or a JU-ideal of X.

41



Proof. Suppose ¥ is a fuzzy JU-ideal in a JU-algebra X and U (9, t) # ()
For any x € U(9,t) such that ¥(x) > t. Since ¥ is a fuzzy JU-ideal of X, we have 9(1) > 9(x), for
all x € X. Thus ¥(1) > d(x) > t. Therefore 1 € U(J,t).
And, let x,x xy € U(D,t) implies that (x) > tand d(x xy) >t
Then 9(y) > min{d(x),d(x *y)} > min{t,t} =t
= d(y) > t, implies that y € U(D,t) and hence U(D,t) is a JU-ideal of X.
Conversely, assume that the level subset U(9,t) is a JU-ideal of X. Further, let we assume that
there exist some xg € X such that 9(1) < d(xg)
Take B = 2[0(1) +9(xo)]
= 1) < B <d(xp)
xg € 9p and 1 ¢ U(D, 3), which is contradict to our assumption that U (9, 3) is a JU-ideal of X.
Therefore, ¥(1) > d(x), Vx € X.
And, assume that xg,yo € X such that
Y(yo) < min{d(xp),d(x0 * Yo)}
Take B = 2[9(yo) +min{d(xq),d(x0 * yo)}]
= 9(yo) < B < minfd(xo),9(xo * yo)}
= B >9(yo) and B < min{d(xo),d(x0 * yo)}
= B >9(yo), B <V(xo), and B < ¥(xp * Yo)
yo & U(D, 3), a contradiction, since U (D, 3) is a JU-ideal of X.
Therefore, ¥(yp) = min{d(xg),d(xg * yo)} for any xg,yo € X. O]

Theorem 2.2.2.4. Let D be a fuzzy JU-ideal of a JU-algebra X. Two upper-level JU-ideals U (D, 11)
and U(9,ty) (with t1 < tp) of a fuzzy JU-ideal © are equal if and only if there is no x € X such that
t <9 (x) <ty

Proof. Let 9 be a fuzzy JU-ideal of a JU-algebra X. Suppose U(J,t1) = U(D, tp) (with t; < tp).
Then we claim that there is no x € X such that t; < 9(x) < tp.
Assume that if there exist x € X such that t; <9(x) < tp
=x e U(d,ty), but x € U(, 1)
= U(D,t7) is a proper subset of U (D, t2), which is contradict to our assumption thatis U (9, t1) =
U9, ty).
Conversely, assume that there is no x € X such that t; <9(x) < tp. We went to show that U(9,ty) =
U(D,t1). Since t1 < tp, we get U(D, tp) C UMD, tq) - (*
Now, x € U(D,t1) = d(x) = t1 = d(x) > tp, (Since, ¥(x) does not lie between t; and t, )
=x € U, tp)
Hence, U(9,t1) C UMD, tp) - - - (%)
From (*) and (**) we get U(9,t1) = U(D, 1n) H

Remark 2.2.2.1. Following Theorem 2.2.2.4, the level JU-ideals of a fuzzy JU-ideal © in a finite
JU-algebra X form a chain:
U@d,tp) cU@d,t) cU@,tp) C---C U, tn) =X, where tg >t >t > -+ > tq,.
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Corollary 2.2.2.5. If 9 is a fuzzy JU-ideal of finite JU-algebra X with Im(9) = {tq,...,tn}, then
the family of JU-ideals {U (9, t;) | 1 <1< n} constitutes all upper level JU-ideals of © in X.

Proof. Let ¥ be a fuzzy JU-ideal of a JU-algebra X such that Im(d) = {t1,tp,...,tn} with t; <
-+ <tn. Lett €[0,1] and t ¢ Im(9), then consider the following cases.

Case 1. If t < tq, then U(J,t;) =X =U(D,t).
Case 2. If t > ty,, then U(D,t) ={x € X |d(x) >t} ={x € X[ D(x) > tn} = 0.

Case 3. If t;_1 <t <ty, then U(D,t) = U(Y, t;) by Theorem 2.2.2.4, since there is no x € X such that
t < 19(7() <.

Thus for any t € [0, 1], the level JU-ideal is one of {U(d,t;) [1=1,2,...,n} O

Theorem 2.2.2.6. Let © be a fuzzy JU-ideal of a JU-algebra X. Then 9€ is an anti-fuzzy JU-ideal
of X if and only if for every s € [0,1], the lower s-level set L(9¢,s) ={x € X |9¢(x) < s} is either
empty or a JU-ideal of X.

Proof. Suppose that 3¢ is an anti-fuzzy JU-ideal of X and L(9¢,s) # (). We claim that L(9¢,s) is a
JU-ideal of X.
For any x € L(9¢,s), by definition we have 9¢(x) < s. Since L(9¢,s) is an anti-fuzzy JU-ideal of
X, it follows that 9¢(1) < 9¢(x) for all x € X. Thus, 3°(1) < 9¢(x) < s, and hence 1 € L(9¢,s).
And, let x,x xy € L(9¢,s) implies that 9¢(x) < s and 9¢(x xy) < s
Then 9¢(y) < min{d¢(x), ¥¢(x *xy)} = min{s,s} =s

= 9¢(y) < s, implies that y € L(9,s)
This implies that y € L(8¢,s) and hence L(9¢,s) is a JU-ideal of X.
Conversely, assume that the level subset L(9¢,s) is a JU-ideal of X. Further, let we assume that
there exist some xg € X such that 9¢(1) > 9¢(x)
Take B = %[ﬁc(l) + 9¢(x0)]

=9¢(1) > B > 9% xp)

xo € L(9%, B) and 1 ¢ L(9¢, ), which is contradict to our assumption that L(9¢, 3) is a JU-ideal
of X.
Therefore, 9¢(1) < 9¢(x), Vx € X.
And, assume that xg,yo € X such that

9¢(yo) > min{d°(xo),9(x0 * yo)}
Take B = 5[¢(yo) + min{d°(xg),9(xo * yo)}]

= 9¢(yo) > B > min{9<(xp), 9¢(xg + yo)}

— B < 9%(yo) and B > mind<(xg), 9 (xo * yo)}

= B <9(yo), B >V(xp), and B > °(xq * yo)

yo & L(9¢, ), a contradiction, since L(3¢,3) is a JU-ideal of X.
Therefore, 9¢(yg) < min{d¢(xp),¥¢(xp * yo)} for any xg,yo € X. H
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Theorem 2.2.2.7. Let 3¢ be anti-fuzzy JU-ideal of a JU-algebra X. Two Lower-level JU-ideals
L(9¢,s1) and L(D¢,sp) (with s1 > sp) of anti-fuzzy JU-ideal O€ are equal if and only if there is no
x € X such that s1 = 9°(x) > s».

Proof. Let 9¢ be anti-fuzzy JU-ideal of a JU-algebra X. Suppose L(9¢,s1) = L(9¢,s,) (with sq >
7). Then we claim that there is no x € X such that s; > 9¢(x) > s».
Assume that if there exist x € X such that s; > 9°(x) > s»
= x € L(9%8S1), but x ¢ L(D,S,)
= L(9¢,S,) is a proper subset of L(9¢,S1), which is contradict to our assumption that is
L(9¢,S1) =L(95,Sy).
Conversely, assume that there is no x € X such that S; > 9¢(x) > sp. We went to show that
L(9¢,S1) =L(9¢,Sy). Since s1 > sp, we get L(8¢,S,) CL(D,S1) -+ (%)
Now, x € L(9¢%,s1) = 9°(x) > s1 = 9°(x) > sp, (Since, 9¢(x) does not lie between s and s5 )
= x € L(9¢s)
Hence, L(9¢,s1) C L(9%,Sy) -« (%)
From (*) and (**) we get L(9¢,s1) = L(9¢, ) ]

Theorem 2.2.2.8. Every JU-ideal of X can be realized as level JU-ideal of a fuzzy JU-ideal of X.

Proof. LetJ be a JU-ideal of X and let ¥ be a fuzzy set in X defined by

9(x) = t ifxe]

0 other wise

,where t € [0,1].
We went to show that 9 is a fuzzy JU-ideal of X. Since ] is a JU-ideal of X, then 1 € J and 9(1) =t.
Therefore 3(1) > 9(x), Vx € X. Let x,y € X. And also, consider the following cases:

Case 1. If x,xxy €], theny € ], and so 3(y) > t = min{d(x),d(x *y)}.
Case 2. If x,x xy ¢ J, then 3(x) =0 =9d(x *y) and thus ¥(y) > 0 = min{d(x),d(x xy)}.
Case 3. If x € Jand x xy ¢ ], then ¥(y) = 0 = min{1,0} = min{d(x),d(x x y)}.
Orif x ¢ Jand x xy € ] we get d(y) > 0 = min{0, 1} = min{d(x),d(x x y)}.
Therefore ¥ is a fuzzy JU-ideal of X. ]

Theorem 2.2.2.9. Let {J;} be any family of JU-ideals of JU-algebra X such that Jo C J1 C Jo C
-++ C Jn = X. Then there exist fuzzy JU-ideals which are exactly the JU-ideals of this chain {]1}.

Proof. Consider a set of numbers ty > t; > t3 > --- > t,, where each t; € [0,1]. Let & : X — [0,1]

be a fuzzy set defined by

tg, ifxe
9(x) = 0 Jo
t, ifxe€]i—Ji1, 0<i<n.
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Now, we claim that 9 is a fuzzy JU-ideal of X and U(9,t;) = J; for 0 < i < n. Since J; is JU-
ideal of X, then 1 € J; fori=1,2,... . If x € Jo then ¥(1) =ty =V(x) and if x € J; — J;_1 then
B(1) =ty =9(x). In all cases ¥(1) > ¥(x)

And, for any x,y € X, then we consider the following cases:

Case 1. Let x,x %y € J; — J;_1. Therefore, by definition of ¥, we have d(x) = t; = d(x xy). Since
Ji is a JU-ideal of X, it follows that y € J; and so eithery € J; or y € Ji_1. In any cases we
get¥(y) = t; = min{d(x),d(x xy)}.

Case 2. Fori>j, tj >tiand J; C Ji. Letx € J; — Ji—1 and x xy € J; — J;—1 implies d(x) = t;,
¥(x*y) =t; > ti. Theny € Ji, since J; is a JU-ideal of X and J; C J;. Hence, 9(y) > t; =
min{d(x),d(x xy)}. Consequently, ¥ is a fuzzy JU-ideal of X. Also, from the definition of
9, it follows that Im(9) = {tg, t1,tp,...,tn}. Hence the upper level JU-ideals of 9 are given
by the chain of JU-ideals:

U, to)cu@®,t1)c---cUu®,ty) =X, for0O<in.

Now, U(D,tg) ={x € X: u(x) = to} = Jo.

Finally, we prove that U(9,t;) = J;, for 0 <i < n. Now let x € J;, then 9(x) > t;. This implies
x € U(D,t;). Hence, J; € U(D,t;). If x € U(D,t;), then d(x) > t;. Which implies that x ¢ J;
for j > 1. Otherwise, if x € J;, then ¥(x) > t; which implies t; > ¥(x) > t;. This contradicts the
assumption that x € U(9, t;). Hence 8(x) € {tg, t1,t2,...,tn}. So,x € Ji forsome k <1i. As Jx C J;,
it follows that x € J;. Hence U (9, t;) C J;. Therefore, U(V,t;) = J;, for 0 <i < n. ]

2.2.3 Homomorphism of Fuzzy JU-Ideals

Theorem 2.2.3.1. Let (X,*,1) and (Y,* ,1") be JU-algebras and a map g : X — Y be an onto
homomorphism, and O be a fuzzy JU-ideal of a JU-algebra X. Then the image g(9) is a fuzzy
JU-ideal of Y with the sup property.

Proof. Let g: X — Y be an onto homomorphism and ¥ be a fuzzy JU-ideal of X. We want to show
that g(9) is a fuzzy JU-ideal in Y. Let y € Y. Since g is onto, there exist x € X such that g(x) =y
Also g is a homomorphism, g(1) = 1’. Thus:
g®A) = supleg_l(l,){ﬁ(l)}
> supxegfl(y)f}(x)}.
=9g(9)(y)
And, let yq,yz € Y. Since g is onto, there exist x1,x2 € X such that g(xq) =yq and g(xp) =y»
Also g is a homomorphism, g(xq * x2) = g(x1) *" g(x2). Now
9(9)(y2) = Sup, g 11y, (9(x2))
> min{sup, 11, x1))sup, ., € 97 (Y1 ¥ Y2)B(x1 * x2)})
= min{g(9)(y1),9(®) (y1 ' y2)}
Hence g(9) is a fuzzy ideal of y. O
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Theorem 2.2.3.2. Let (X,*,1) and (Y,*',1') be J U-algebras and a map g : X — Y be homomor-
phism. Let d be a fuzzy JU-ideal of Y. Then the Per-image g1 (9), is a fuzzy JU-ideal of X.

Proof. Let 9 be a fuzzy JU-ideal of Y. For any x € X and y € Y such that g(x) =y. Since g is a
homomorphism, g(1) =1’. Then,

g 1M (1) =9(g(1)) =9(1") > 9(y) =9(g(x)) =g (®)(x))
And, for any x1,x, € X and y1,y» € Y such that g(x1) =y7 and g(x2) =y»
Since g is a homomorphism, g(x1 * x3) = g(x1) *’ g(x2) =y1 *’ yp. Then,

g7 (®)(x2) = ¥(g(x2)) =d(y2)
> min{d(y1),9(y1 *’ y2)}
=min{d(g(x1)),¥(g(x1) " g(x2))}
=min{9(g(x1)),d(g(x1 *x2))}
=min{g " (8)(x1),g 7 (8)(x1 * x2)}

]

Theorem 2.2.3.3. Let X,Y,Z be JU-algebras. Then the function f: X — Y and g:Y — Z be
JU-homomorphism then the following holds:

(a) If f,g are surjective then (g o f)(9) a fuzzy JU-ideal Z, for any fuzzy JU-ideal of © of X,
provided that sup property holds.

(b) (gof)~Y(A) is afuzzy JU-ideal of X for any fuzzy JU-ideal \ of Z.

Proof. (a) Let 9 be a fuzzy JU-ideal of X, for z € Z,there exist x € X such that, (g o f)(x) =
Then

(90 1)) (1) = SUPy_c(gor11y (B (L)) 2 SUPy_(gory-1(2) B ()} = (g0 F)(9)(2)
And, for any zq,z, € Z,there exist xl,xz € X such that, (g o f)(xq) =z1, (g of)(xp) = zp. Taking
d(s) = SUP e (gof) 1 {8( )} and 9(t) = SUP+e(gof) 1 {19( )} for some s,t € X. Also f,g are
).

homomorphism, so is g of,and hence sxt € (gof)~ (21 x2p). Now,

(gof)(D)(z2) = B(t) = sUPr¢(gof)—1(z) 1D(T)}

> mm{supre( gof) 1z}, sup  {9(r)}}
(gof)*l(zl*ZZ)

=min{d(s),d(s*t)}
=min{(g o f)(9)(z1),(g o f)(D)(z1 * 22)}

Therefore,(g o ) (V) is a fuzzy JU-ideal of Z.
(b). Let 3 be a fuzzy JU-ideal of Z, and let x € X, z € Z such that (g o f)(1x) = 1z. Then,

(gof)~H(B)(1x) =B((gof)(1x)) = Bl(gef)(x)) =go ) (B)(x).
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Also, for any x,y € X, we have:

(gof) H(B)(y)=B((gof)y))
>min{B((gof)(x)), B((gof)(x*y))}
=min{(go )~ (B)(x -

—_—
~
—_
o]
(e
-
—
—_
—
o]
—
—_
X
*
«
—
——

]

Theorem 2.2.3.4. Let f be endomorphism of a JU-algebra X. If 9 is a fuzzy JU-ideal of X, then so
is 19]".

Proof. Letd be a fuzzy JU-ideal of X.

Now, d¢(x) =d(f(x)) <I(f(1)) =9¢(1),Vx € X.
Therefore, 9¢(1) > 9¢(x)

Let x,y € X, then

V¢(y) =3(f(y)) = min{d(f(x)),d(f(x) * f(y))}
=min{d(f(x)),d(f(x xy))
= min{d¢(x),d¢(x * y)}
Therefore, 9¢(y) > min{d¢(x),d¢(x * y)}, hence V¢ is a fuzzy JU-ideal of X. ]

Theorem 2.2.3.5. Let f: X — Y be an epimorphism of JU-algebra. If By is a fuzzy JU-ideal of X,
then ¥ is a fuzzy JU-ideal of Y.

Proof. Let 9¢ be a fuzzy JU- ideal of X and let y € Y. Then there exist x € X such that f(x) =y

B(1) =d(f(1)) =9¢(1) > d¢(x) =(f(x)) =3(y)

Hence 9(1) > 9(y).
Letyy,y2 €, then

¥(y1) =9(f(x1)) =¢(x1)
> min{d¢(xp * x1),V¢(x2)}
= min{d(f(xp * x1),d(f(x2)}
=min{d(f(x2) * f(x1)),d(f(x2)}
= min{d(yz2 *y1),9(y2}

Thus 9(y1) = min{d(yz *y1),¥(y2}
Therefore, ¥ is a fuzzy JU-ideal of Y. ]
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Theorem 2.2.3.6. Let f: X — Y be a homomorphism of a JU-algebra. If 9 is a fuzzy JU-ideal of ¥,
then Vs is a fuzzy JU-ideal of X.

Proof. Let d be a fuzzy JU- ideal of Y and let x,y € X, then
O¢(1) =d(f(1)) = I(f(x)) =¢(x), hence D¢(1) > V¢(x)

Also  d¢(x) =d(f(x)) = min{d(f(y) * d(f(x)),d(f(y))}
=min{d(f(y *x)),d(f(y))}
=min{d¢(y * x),¥(y)}

Therefore, 9¢(x) > min{9¢(y * x),9¢(y)}, hence V¢ is a fuzzy JU-ideal of X. ]

2.2.4 Cartesian Product of Fuzzy JU-Ideals

In this section, the Cartesian product interval-valued-fuzzy ideals of X are discussed and some of

their properties are investigated.

Theorem 2.2.4.1. Let 3 and ¥y be two fuzzy JU-ideals of X and Y, respectively. Then the Cartesian
product of 91 X D is also a fuzzy JU-ideal of X X Y.

Proof. Let 81 be a fuzzy JU-ideal of X and ¥, be a fuzzy JU-ideal of Y. We went to show that
D x Oy is a fuzzy JU-ideal of X x Y. Let (x,y) € X x Y. Then

(D1 x 92)(1,1) =min{d1(1),92(1)} = min{d; (x),2(y)} = (D1 x D2)(x,y), forall(x,y) € X x Y.
And, let (x1,%2),(y1,y2) € X X Y, then

(91 x 92)(y1,Y2) = min{d1 (y1),92(y2)}
> min{min{91 (x1),91(x1 * y1}, min{d2(x2), 92 (x2 * y2}}
= min{min{d1 (x1),92(x2}, min{d; (x1 * y1),92(x2 * y2}}
=min{(d; x Oy)

)
(x1,%2), (D1 x D) ((x1 *y1,%x2 % Y2)}
=min{(d1 x V) ((

(
((x1,%2), (D1 x B2) ((x1,%2) * (Y1,Y2))}
O

Theorem 2.2.4.2. Let O and 8, be two fuzzy subsets of X and Y, respectively such that 91 X ¥ is
a fuzzy JU-ideal of X X Y. Then either V1 is a fuzzy JU-ideal of X or ¥ is a fuzzy JU-ideal of Y.

Proof. Letdq and 9, be fuzzy subsets of X and Y respectively. Suppose that 31 x ¥, is a fuzzy JU-
ideal of X x Y. We need to show that either ¥4 is a fuzzy JU-ideal of X or 8, is a fuzzy JU-ideal of Y.
Then (9 X 92)(1,1) > (91 x B2)(x,y), forall (x,y) € X x Y. Suppose ¥1(x) = d1(1) and > (y) >
92(1), for some (x,y) € X x Y. Then (91 X 92)(x,y) = min{d(x),d2(y)} = min{d(1),9,(1)} =
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(91 x 92)(1,1), this leads to a contradiction. Thus 91 (1) > 97 (x) and ¥, (y) = 9,(1), for (x,y) €
XxY.
Take (x1,%2),(y1,Y2) € X x Y, and let x = (x1,%2), y = (y1,Y2) Then

(D1 x D2)(y) = min{(D1 x D7) (x), (V1 x V) (x xy)}
= min{(9; x 92)(x1,%2), (D1 x 92)((x1,%2) * (y1,Y2))}
=min{(d1 x ¥2)(x1,%x2), (D1 x V2)((x1 * Y1), (x2 ¥ y2))}
)

= min{min{d (x1),92(x2)}, min{d1 (x1 * y1),92(x2 * y2)}}-

As (V1 x 92)(y) = (D1 x D2)(y1,Y2), we have

(D1 x 92)(y1,Y2) = min{min{d1 (x1),92(x2)}, min{1 (x1 * y1),92(x2 * y2)}}.
= min{d (y1),92(y2)} = min{min{d1 (x1),92(x2)}, min{1 (x1 * y1),V2(x2 * y2)}}
= either ¥1(y1) = min{9q(x1),91(x1 xy1)}

(
(%2 *y2)}-

or %2(y2) = min{ds(x2),d2

Hence, either ¥4 is a fuzzy JU-ideal of X or ¥ is a fuzzy JU-ideal of Y. ]

Theorem 2.2.4.3. Let 31 and O, be fuzzy subsets of X and Y, respectively such that 91 X ¥y is a
fuzzy JU-ideal of X X Y. Then

(i) either 91(1) = V1(x) or 92(1) =2 (y), forall (x,y) € X x Y.

(ii) If 91(1) = D1 (x), for all x € X, then either V(1) = Da2(y) or O2(1) = V1 (x), for all (x,y) €
X xY.

(iii) If 92(1) = O2(y), for ally €Y, then either 91(1) = 1 (x) or ¥1(1) = d2(y), for all (x,y) €
X xY.

Proof. Letd1 X 97 be a fuzzy JU-ideal of X x Y. Then

(i) Suppose that ¥1(1) < 91 (x), for some x € X and ¥5(1) < 9, (y), for some y € Y. Then (91 x
D) (x,y) =min{dq(x),92(y)} > min{d;(1),92(1)} = (81 x B2)(1,1). This is a contradiction
to the fact that 91 x Oy is a fuzzy JU-ideal of X x Y.

Therefore, either 91 (1) > 91 (x) or 92(1) > 97 (y), for all (x,y) € X x Y.

(i1) Suppose that ¥1(1) > 91(x), for all x € X. Assume that there exist x € X and y € Y such
that 9 (1) <91 (x) and 92(1) < B2(y). Then (1) < V1 (x) <B1(1). Thus (91 x ¥2)(x,y) =
min{91(x),92(y)} > min{dz(1),92(1)} =V2(1) = min{d; (1),92(1)} = (91 x V2)(1,1). This

is a contradiction since 31 X ¥ is a fuzzy JU-ideal of X x Y.

Hence, either 9, (1) > 9> (y), forally € Y or d5(1) > 94 (x), for all x € X.
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(iii) Assume that 9,(1) > 9,(y), for all y € Y. Assume that there exist x € X and y € Y such that
91(1) <91(x) and 91(1) < I2(y). Then H1(1) < V2(y) < V2(y). Thus (91 x V2)(x,y) =
min{D1(x),92(y)}>min{d;(1),91(1)} =1 (1) =min{D;(1),92(1)} = (91 x D2)(1,1) which
is a contradiction. Hence, either 91 (1) > 91 (x), forall x € X or 81(1) > 9, (y), forally €.

]
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Chapter 3
Q-Fuzzy Structures on JU-Algebra

In this chapter, we discuss the notions of Q-fuzzy JU-sub algebras and Q-fuzzy JU-ideals of JU-
algebras, along with their lower and upper level subsets. We also discuss the doubt and Normal
Q-fuzzy JU-sub algebras and Q-fuzzy JU-ideals of a JU-algebra, and investigate some of their

properties.

3.1. Q-Fuzzy JU-Subalgebras of JU-Algebra

Definition 3.1.1. Let X be a JU-algebra, a Q-fuzzy set in X is called Q-fuzzy JU-subalgebra of X
if forany x,y € X
n(x=*y,q) > minfn(x,q),n(y,q)},Vq € Q

Example 3.1.1. Let X ={1,2,3,4} in which x is defined by the following table.

x| 112 3] 4
1111234
2111141
311 ]1]1
41114141

See [3], (X,*,1) is a JU-algebra. Let Q ={q1,q2}, given a Q-fuzzy setn: Q x X — [0,1] by

;

)
09, x=1, 0.7, x=1,
0.6, x=2, 05 x=2,

nix,q1) = , Nx,q2) =
04, x=3, 03, x=3,
\0.5, x =4. \0.4, x =4.

To verify n is a Q-fuzzy JU-subalgebra of X,

let we take, x =1,y =2, thenn(1%x2,q1) =n(2,q1) =0.6--- (%)
And, min{n(1,q1),1(2,q1)} = min{0.9,0.6} = 0.6 - - (xx).

From (*) and (**) we get 0.6 > 0.6 which is true.

Forx =2,y =23,thenn(2x*3,q1) =n(4,q1) =0.5--- (* % %)
And, min{n(2,q1),M(3,q1)} = min{0.6,0.4} = 0.4 - - ( * ).
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From (***) and (****) we get 0.5 > 0.4 which is true.
Similarly, the result holds for all values of x,y € X and q1,q2 € Q.
Therefore, we conclude that 1 is a Q-fuzzy JU-subalgebra of X.

Lemma 3.1.1. Ifn is a Q-fuzzy JU-subalgebra of a JU-algebra X. Thenn(1,q) >n(x,q), ¥x € X
and Vq € Q.

Proof. Suppose 11 a be a Q-fuzzy JU-subalgebra of a JU-algebra X.
Since, n(1,q) =n(x *x,q) (By Lemma 1.6.1)
> min{n(x, q),n(x,q)}
=n(x,q) 0

Theorem 3.1.2. Let | be a Q-fuzzy JU-subalgebra of a JU-algebra X such that n(1) # 0. Let
Nt : X x Q — [0,1] be a Q-fuzzy set defined by n*(x,q) = 2%’1"33, forall x € X and q € Q. Then
N is a Q-fuzzy JU-subalgebra of X.

Proof. Suppose that 1 is a Q-fuzzy JU-subalgebra of X, withn(1,q) #0. Let x,y € X and q € Q.
Then:
n(x*y,q) 1

n(xxy,q) = nLa) zn(llq)n(X*y,q)

> L) min{n(x,q),n(y)}

_ . n(xq) nly,q)
=il ) (L, q)

=min(n*(x,q),n"(y,q9)}

Therefore, * is a Q-fuzzy JU-subalgebra of X. ]

Theorem 3.1.3. Let 1 and My be any two Q-fuzzy JU-subalgebras of X. Thenn1 N1y is a Q-fuzzy
JU-subalgebra of X.

Proof. Suppose 11 and 1y are Q-fuzzy JU-subalgebras of X, for all x,y € X, q € Q. Then
(M NM2)(x *xy,q) =min{n; (x *y,q),n2(x * y, q)}
> min{min{n (x, q),n1(y, q)}, min{n2(x, q),n2(y, 4)}}

)
- min{min{ﬂl (X/ q)/nZ(X/ q)}/mln{nl (y/ q )/ﬂz (y/ q )}}
= min{n; NnM2(x,q),m Nn2(y,q)}

= (M1 NM2)(x *y,q) = min{(n; NN2)(x,q), (M1 NN2)(y,q)}, hence Ny N1y is a Q-fuzzy JU-
subalgebra of X. O

Corollary 3.1.4. Let {n; :j € Q} be a family of Q-fuzzy JU-subalgebras of X. Then ﬂje aMj is also
a Q-fuzzy JU-subalgebra of X.
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Proof. Define a Q-fuzzy setn = ﬂje aMj pointwise by

n(x,q) = infn;j(x,q), ¥x€X,qe€Q.
jeQ)

We show that 1 satisfies the defining closure conditions of a Q-fuzzy JU-subalgebra.

Foreachj € Q) and all x,y € X, q € Q, we have
n;(x *y,q) = min{n;(x, q),n;(y, q)}-

Then
n(x*y,q) = infn;j(x xy,q) = inf min{n;(x, q),M;(y,q)}
jeQ jeQ

= min { jlélénj (x, q ),jléléﬂj (U, q)}

- mln{ﬂ (X/ q)/n (y/ q )}

Remark 3.1.1. The union of two Q-fuzzy JU-subalgebras may not be a Q-fuzzy JU-subalgebra.

Example 3.1.2. Let X ={1,2,3,4} in which x is defined by the following table.

x| 1| 2] 3] 4
117234
21111471
3|11 ]1]1
41114141

See [3] (X;%,1) is a JU-algebra. And we define ny : X x Q — [0,1] as follows:
n1(1,q) =0.7=m(3,9),m(2,q) =05=m(4q).
andny: X x Q — [0,1] as follows:
M2(1,q4) =0.8,1m2(2,9) =0.6,12(3,9) =0.4 =m1(4,q).
Then:

(M1 UN2)(2%3,q) =max{ni(2+*3,q),n2(2*3,q)}
=max{ni(4,q),M2(4,q)} = max{0.5,0.4} = 0.5

Hence (LUN)(2%3,q) =0.5---(%). And,

max{n(2*3,q),M2(2 * 3, q)} > max{min{n; (2, q),M1(3, )}, min{n»(2, q),n2(3, q) }}
- min{max{nl (2/ q )/nZ(ZI q)}/max{nl (31 q)/n2(3/ q )}}

= min{max{0.5,0.6},max{0.7,0.4}}
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= min{0.6,0.7} = 0.6 - - - (%x).

From (x) and (xx) we get 0.5 > 0.6, which is false. This shows that the union of two Q-fuzzy
JU-subalgebras of a JU-algebra may not be a Q-fuzzy JU-subalgebra.

Theorem 3.1.5. Ifn is a Q-fuzzy JU-subalgebra of X, then the set Xy, ={x € X,q € QIn(x,q) =
n(1,q)}is a JU-subalgebra of X.

Proof. Letx,y € Xy. Thenn(x,q) =n(1,q) =n(y,q), and so
n(x*y,q) =2 min{n(x, q),n(y,q)} =min{n(1,q),n(1,q)}
=1n(x*y,q) >n(1,q) butn(x xy,q) <n(1,q), Vx,y € X (by Lemma 3.1.1)

=x*xYy € Xy.
Hence X;, is a JU-subalgebra of X. ]

Lemma 3.1.6. Let 1 and My be two Q-fuzzy JU-subalgebras of a JU-algebra X. If n1 C 1y and
M1(1,q) =n2(1,q), for q € Q then X, C X,

Proof. Assume that 117 and 1 be two Q-fuzzy JU-subalgebras of a JU-algebra X and n; C np.
Then from definition of * C’ we have 11(x, q) <ma(x,q) for all x € X and q € Q. Then, for any

x € Xy, we getma(x,q) > n1(x,q) =m1(1,q) =n2(1,q)

= M2(x,q) 2 n2(1,q), butnz(x,q) <m2(1,q) (by Lemma 3.1.1)

= n2(x,q) =n2(1,q).

Thus, x € X, hence, X;;, C Xy,. O

Theorem 3.1.7. Let S be a subset of a JU-algebra X. Then the characteristics function Xs is a
Q-fuzzy JU-subalgebra of X if and only if S is a subalgebra of X.

Proof. Letxs: X x Q —{0,1} be a Q-fuzzy JU-subalgebra of a JU-algebra X and let x,y € S and
implies that xs(x,q) =xs(y,q) = 1. Then,

xs(x*y,q) > min{xs(x,q),xs(y,q)} =min{l,1} =1

= xs(x*y,q) > 1,but xs(x*xy,q) <1

=Xs(x*y,q) =1

= x *xYy € S, implies that S is a JU-subalgebra of X.
Conversely, let S be JU-subalgebra of X and x,y € X and q € Q. Consider the following cases:

Case 1. if x,y € S, then x xy € S, we get that

Xs(xxy,q) =1 =min{xs(x,q),xs(y,q)}
Case 2. if x,y ¢ S, then xs(x,q) =0=xs(x,q)

Thus, xs(x *y,q) =0 =min{xs(x), q,xs(y, q)}
Case 3. if x or y not in S, then min{xs(x,q),xs(y,q)} =0.

Then, xs(x *xy,q) =0=min{xs(x,q),xs(y,q)}
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Hence, xs 1s a Q-fuzzy JU-subalgebra of X. [l

Theorem 3.1.8. Suppose n is a Q-fuzzy JU-subalgebra of X. Then for t € [0,1] such that t <
n(x, q), the level subset U(n;t,q) of n is a JU-subalgebra of X.

Proof. Suppose that 11 is a Q-fuzzy JU-subalgebra of X. Then for all x,y € U(n;t,q) and q € Q,
we have 1(x,q) > tandn(y,q) > t. Then,

ﬂ(X *y, CI) = min{ﬂ(qu),ﬂ(yz q)} > min{t, t} =t

=mn(x*y,q) > t,and hence x xy € U(n;t,q).
Therefore, U(n;t,q) is a JU-subalgebra of X. O]

Theorem 3.1.9. A Q-fuzzy set n of a JU-algebra X is a Q-fuzzy JU-subalgebra of X if and only
if for every t € [0,1] and q € Q, U(n;t,q) ={x € X |n(x,q) > t} is either the empty set or a
JU-subalgebra of X.

Proof. Suppose that n is a Q-fuzzy JU-subalgebra of a JU-algebra X. We need to show that
U(n;t, q) is a JU-subalgebra of X. If the condition is not satisfied by any element, U(n;t,q) is
empty. Now assume that U(1A; t) is nonempty. Then for all x,y € U(n;t,q) and q € Q, we have
n(x,q) > tandn(y,q) > t. Then,

n(x*y,q) = min{n(x,q),n(y,q)} > min{t, t} =t

which implies n(x *y,q) > t, and hence x xy € U(n;t,q).
Therefore, U(n;t,q) is a JU-subalgebra of X.
Conversely, assume that U(n;t,q) is a JU-subalgebra of X and U(n;t, q) nonempty set. We need
1 is a Q-fuzzy JU-subalgebra of X.
Let x,y € X and q € Q, there exist t1,ty € [0,1] such that n(x,q) = t; and n(y,q) = to. Take,
t = min{ty, tp}. Then x € U(n;t1,q) andy € U(n; tp, q).
Choose t = min{ty,tp}, then t <ty and t < ty.
= U(n;t1,q) € UMn;t,q) and U(n;t2,q) € U(n;t, q)
=x,y € Un;t,q)
By assumption U(n;t, q) is a JU-subalgebra of X, implies that x xy € U(n;t,q). Then,
n(x*,q) > t = min{ty, to) = minfn(x, q),n(y, q))
Therefore 1 is a Q-fuzzy JU-subalgebra of X. [

Theorem 3.1.10. Let n be a Q-fuzzy set in a JU-algebra X. Then n° is a Q-fuzzy JU-subalgebra
of Xif and only if for s € [0,1] and q € Q, L(n;s, q) is either empty or a JU-subalgebra of X.

Proof. Suppose that n° is a Q-fuzzy JU-subalgebra of X. Let q € Q and s € [0,1] be such that
L(n;s,q) # 0 and let x,y € L(n;s,q). Thenn(x,q) < s andn(y,q) < s. Now,

N°(x *y,q) > minn“(x,q),M(y,q)}
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:mln{l _n(xlq)ll —ﬂ(U;Q)}
=1-—max{n(x,q),n(y,q)} (By Lemmal1.1.1)

= 1(x*y,q) <max{n(x,q),ny,q)}<s
— x*xy e Ln;s,q).

Hence, L(n;s, q) is a JU-subalgebra of X.
Conversely, suppose that L(n; s, q) is a nonempty JU-subalgebra of X. Let x,y € X, q € Q, and let

s =max{n(x,q),n(y,q)}. Thusn(x,q) <sandn(y,q) <s, sox,y € L(n;s,q). By assumption,
L(n;s,q) is a JU-subalgebra of X. It follows that x xy € L(n;s,q). Thus,

ﬂ(X*UrQ) <s ZmaX{ﬂ(XIq),ﬂ(U/CI)}
1—n(x*y,q) > 1—max{n(x,q)n(y,q)}
:mm{l_ﬂ(qu);l—ﬂ(y/q)}/ (ByLemma L.1.1)

— n°(x*y,q) > min{n(x,q),M(y,q)}
O

Theorem 3.1.11. Every Q-fuzzy JU-subalgebra of X can be realized as level JU-subalgebra of
some Q-fuzzy JU-subalgebra of X.

Proof. Let S be a JU-subalgebra of X and let 1] be a Q-fuzzy set in X defined by

t ifxeSs
n(x, q) =

0 other wise

,forall x € Xand q € Q, where t € [0,1].
We show that 11 is a Q-fuzzy JU-subalgebra of X. Let x,y € X. Then consider the following cases:

Case 1. If x,y € S, then x xy € S, and so
n(x+*y,q) > t=minfn(x,q),n(y, q)}.

Case 2. If x,y ¢ S, thenn(x,q) =0 =mn(y, q) and thus
n(x*y,q) > 0=min{n(x,q),n(y,q)}

Case 3. If x € Sandy ¢ S, then

n(x xy,q) = 0 =min{1,0} = min{n(x,q),n(y, q)}
Orif x ¢ Sandy € S we getn(x xy,q) = 0=min{0,1} = min{n(x, q),n(y,q)}

Therefore, n is a Q-fuzzy JU-subalgebra of X. [

Theorem 3.1.12. Let f: X — Y be an epimorphism of JU-algebras and Q be any nonempty set. If
M is a Q-fuzzy JU-subalgebra of X, then f(n) is a Q-fuzzy JU-subalgebra ofY.
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Proof. Letn be a Q-fuzzy JU-subalgebra of X and f: X — Y be an epimorphism of JU-algebras.
Then f(x *y) = f(x) = f(y) and f(x),f(y) € Y,vx,y € X,q € Q.
We claim that f(1) is a Q-fuzzy JU-subalgebra of Y. Then for any x,y € X and q € Q. Then

fm)(f(x) = f(y),q) =fM)(f(x*y),q) =n(x=*y,q) (by Definition 1.1.11)
> min{n(x, q),n(y,q)}
=min{f(n)(f(x), q),f(n)(f(y), q)}
= f(m)(f(x) * f(y),q) = min{f(n)(f(x),q), f(n)(f(y),q)}-

Therefore, f(n) is a Q-fuzzy JU-subalgebra of Y. H

Theorem 3.1.13. Let f: X — Y be an epimorphism of JU-algebras and Q be any non empty set.
Then 1 is a Q-fuzzy JU-subalgebra of Y if and only if £71(n) is a Q-fuzzy JU-subalgebra of X.

Proof. Assume that 1] is a Q-fuzzy JU-subalgebra of Y. We need to show that f~1(n) is a Q-fuzzy
JU-subalgebra of X. Let x,y € X, then f(x),f(y) € Y. Now we have

£ (M) (xxy,q) =n(f(x*y),q) =n(f(x) = f(y),q)
> min{n(f(x)

= min{f ! (n)

~— ~— ~
—
—
=

= ') (x*y,q) = min{f !(n)

Conversely, assume that 1 (n) is a Q-fuzzy JU-subalgebra of X. We need to show that 1 is a
Q-fuzzy JU-subalgebra of Y. Let a,b € Y and q € Q. Since f is epimorphism of JU-algebras, there
exist x,y € X such that f(x) = a,f(y) =b. Now

nlaxb,q) =n(f(x) xf(y),q) =n(f(x xy),q)
=f M) (x*y,q)
> min{f ' (m)(x,q),f " (M) (y,q)}
= min{n(f(x),q),n(f(y),q)}
=min{n(a,q),n(b,q)}
=n(ax*b,q) > min{n(a,q),n(b,q)}

Hence, 1 is a Q-fuzzy JU-subalgebra of Y. [

Lemma 3.1.14. Let 1 and My be any two Q-fuzzy JU-subalgebras of X and Y respectively, then
(ﬂl X nZ)((lll)/q) Z (ﬂl X T]Z)((X/y)/q)’for (X;U) e X XY, qgc Q

Proof. Suppose that 111 and 1 are any two Q-fuzzy JU-subalgebras of X and Y respectively. For
any (x,y) € X x Y, then

(Tll X T]Z)((lrl)/q) Zmin{ﬂl(qu)zﬂ2(1/ q)}
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> min{n:(x,q),m2(y,q)}
- (nl X ﬂz)((xzy)/q)-
Thus, (N1 xM2)((1,1),9) = (N1 xn2)((x,y), 9). O

Theorem 3.1.15. Let 1y and ny be Q-fuzzy JU-subalgebras of X and Y respectively. Thenny X 12
is a Q-fuzzy JU-subalgebra of X x Y.

Proof. Letn and 1, be any two Q-fuzzy JU-subalgebras of X and Y respectively. Let (x1,y1), (x2,Y2) €
X xYand q € Q, then

N1 x Mal(x1,Y1) * (x2,Y2), ql =n1 x m2((x1 *x2,Y1 *Y2),q)
=min{n (x1 * x2,q),M2(Y1 *y2,q)}
> min{min{n; (x1, q),n1(x2, q)}, min{n2(y1,9),M2(y2, 4) 1}
= min{min{n; (x1, q),M2(y1, q)}, min{n1 (x2, q),2(y2, q)}}
= min{ny X M2((x1,Y1),q),M1 x n2((x2,Y2),9)}

]

Theorem 3.1.16. Let g and My be Q-fuzzy subset of X and Y respectively. If N1 X Mg is Q-fuzzy
JU-subalgebra X X Y, then either (i) or (ii) holds:

l) le(qu) 2111(7(;(3])
i) n1(1,9) = n2(y,9)
forallx e X,yeY,and q € Q.

Proof. Suppose 11 X 13 is Q-fuzzy JU-subalgebra of X x Y. Assume, for contradiction, that nei-
ther (i) nor (ii) holds. Then there exist x € X and y € Y such that:

(i) n1(x,q) >n2(1,9)
(11) T]2(Uzq) >n1(1/q)

,forq € Q.
Then we have

n1 X T]Z((X/U)/q) :min{ﬂl(xzq)/ﬂz(y/q)} > mln{ﬂl(lzq)/ﬂz(LQ)} =M1 X T]Z((lll)/q)

Thus,
M1 xM2((x,y),q) >m xn2((1,1),q)
which contradicts Lemma 3.1.14

Hence, either (i) or (ii) holds forall x € X,y €Y, q € Q. O
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Theorem 3.1.17. Letny and 1y be Q-fuzzy subsets of X and Y, respectively, such thatn X 1y is a
Q-fuzzy JU-subalgebra of X x Y. Then the following statements hold true:

(i) Ifn1(x,q) <M2(1,q), forall x € X, thenny is a Q-fuzzy JU-subalgebra of X.
(ii) Ifn2(x,q) <M1(1,q), forall x €Y, thenny is a Q-fuzzy JU-subalgebra of Y.
(iii) Eitherny is a Q-fuzzy JU-subalgebra of X or ny is a Q-fuzzy JU-subalgebra of Y.

Proof. Letm x np be a Q-fuzzy JU-subalgebra of X x Y.
(i) Let x,y € X. Then (x,1),(y,1) € X x Y. Using the property 1n1(x,q) <n2(1,q), for all x € X
and q € Q, we obtain

N1 (xxy,q) =min{n; (x*y,q),n2(1*1,q)}
=m xM2((x*y,1x1),q)
=m xM2((x,1) * (y,1),9)
> min{n; X M2((x,1),q),m xM2((y,1),q)} (sinceny x
is a Q-fuzzy JU-Subalgebra of X x Y.)
= min{min{n (x, q),n2(1, q)}, min{n1 (y, q),n2(1, q)}}
= min{n(x,q),M1(y, q)}.

Hence,
Mmx*y,q) >min{ni(x,q),M1(y,q)}, YxyeX,qeQ.

(ii) Let x,y € Y. Then (1,x),(1,y) € X x Y. Using the property n2(x,q) <n1(1,q), forall x € Y
and q € Q, we get

M2(x*y,q) =min{ni (1*1,q),m2(x*y,q)}
=m xm2((1x1,x*y),q)
=m x2((1,x) * (Ly),q)
> min{n; x N2((1,x),4q),m xn2((L,y),q)}
= min{min{n; (1, q),n2(x, q)}, min{n1(1, q),n2(y, q)}}
=min{n2(x, q),n2(y,q)}-

Hence,
M2(x*xy,q) > min{na(x,q),m2(y,q)}, Yx,ye€Y,qeqQ.

(iii) Similarly, assume 12(1,q) > 12(y, q) for ally € Y. Then

min{nl(lr q)/n2(1/ q)} = min{m(xz q)/n2(y/q)}
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it gives,
min{n;(1,q),m2(y,q)} = min{n;(x, q),m2(y, q)}.

This inequality holds if either
Tll(lzq)2ﬂ1(qu) or ﬂl(lzq)Eﬂz(y/q),

which proves (iii).

Hence, all three statements holds the Cartesian product of Q-fuzzy JU-subalgebras. ]

3.1.1 Normal Q-Fuzzy JU-Subalgebras

Definition 3.1.1.1. A Q-fuzzy JU-subalgebra n of X is said to be normal if there exist x € X such
thatn(x,q) =1

Example 3.1.1.1. Consider X ={1,2,3,4,5}, we construct the following table.

2
2
1
2
1
1

—| W = W W L
e e e N
—| W[ | N |

N B W N = %
| | |t |

See [3], (X,*,1) is a JU-algebra.
Let Q ={q1, gz}, given a Q-fuzzy setn: Q x X — [0,1] by

Tl(lf ql) - 1/11(2/ ql) = 08/“(3/q1) - 07,1‘1(4; ql) = 05/T](5,q1) =03

and

n(1,92) =1,n(2,q2) =0.9,1(3,92) =0.6,n(4,q2) =0.4,1(5,92) =0.1

Based on the given, we have n(1,q1) =1 andn(1,q2) =1, son is normal.
Now again, a Q-fuzzy set n is a Q-fuzzy JU-subalgebra if, for all x,y € X and q € Q,

n(x*y,q) = min{n(x,q),n(y,q)}.

Forx =2,y =3, q1, thenn(x*y,q1) =n(3,q1) =0.7,-(x) and
min(n(2,q1),M(3,q1)) =min(0.8,0.7) = 0.7 - (xx)

Now, 1(x *y,q) = min{n(x, q),n(y,q)} = 0.7 > 0.7, which is true.
Forx =4,y =25, qp, thenn(4*5,q2) =n(3,q2) =0.6,-(* * %) and
min(n(4,qd2),n(5,q2)) =min(0.4,0.1) = 0.1, - ( * )

n(x*y,q) = min{n(x,q),n(y,q)} = 0.6 > 0.1, which is true.
Similarly, the result holds for all values of x,y € X and q1,qz2 € Q.
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Hence, 1 satisfies a Q-fuzzy JU-subalgebra and the normality condition, we conclude that i) is a

normal Q-fuzzy JU-subalgebra of X.
Lemma 3.1.1.1. Ifn is a normal Q-fuzzy JU-subalgebra of a JU-algebra X, thenn(1,q) =1

Proof. Suppose 1 a be normal Q-fuzzy JU-subalgebra of a JU-algebra X.
Since, n(1,q) >n(x,q) =1 (By Lemma 3.1.1)
=1(1,q) > 1but,n(1,q) <1
Therefore, n1(1,q) = 1. O

Lemma 3.1.1.2. Define a set Xq ={x € X,q € Q [n(x,q) =n(1,q)} and let n and 3 be normal
Q-fuzzy JU-subalgebra of X. Ifn C 3, then X, C Xg.

Proof. Letx € X, and q € Q Then: 3(x,q) >n(x,q) (sincen C )

=m(1,q) =1 (by definition of X;)

=1 (since 1 is normal)

=(1,q) (since 3 is normal)

=x€Xp

=Xy € Xp O

Theorem 3.1.1.3. For a Q-fuzzy JU-subalgebra of 1 of X, we can generate a normal fuzzy subal-
gebra of X which contains 1.

Proof. Let n be a Q-fuzzy JU-subalgebra of X. Define a Q-fuzzy subset n* of X as n*(x,q) =
nix,q) +n¢(1,q),x € X. Let x,y € X, then

n*(x*y,q) =n(x*y,q) +n°(1,q)
> min{n(x, q),n(y,q)} +n°(1,q)
=min{n(x,q) +n°(1,q),n(y,q) +n°(1,q)}
=min{n"(x,q),n"(y,q)}
And n*(1,9)=n(1,q) +n°(1,q)
=n(l,q)+1-m(1,q)=1

Therefore n* is normal Q-fuzzy JU-algebra of X. Clearly n C n* thus n* is a normal JU-subalgebra
of X which contains 1. [

Corollary 3.1.1.4. i. Ifn itselfis normal thenn =n".
ii. Ifn is a Q-fuzzy JU-subalgebra of X then (n*)* =n*

Proof. i. Suppose 1 is normal. Thenn(1,q) =1 for all q € Q. Thus,
n*(x,q) =n(x,q)+n°(1,q)(ByTheorem3.1.1.3) =n(x,q) + (1—-n(1,q)) =n(x,q) + (1 -1) =n(x,q).
Hence, 1 =n".
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ii. For any 1, we have
M )*(x,q) =n*(x,q) + M*)¢(1,q).(ByTheorem 3.1.1.3)
Since n*(1,q) =n(1,q) +n°(1,q) =1, it follows that

Mm"(1,q)=1-nm*(1,q)=0.

Therefore,

M) (x,q) =n"(x,q) +0=n"(x,q),
which implies (n*)* =n*. O

Theorem 3.1.1.5. Let ) be a Q-fuzzy JU-subalgebra of X. If N contains a normal Q-fuzzy JU-
subalgebra of X generated by any other Q-fuzzy JU-subalgebra of X, then 1 is normal.

Proof. Let A be a Q-fuzzy JU- subalgebra of X. by theorem 3.1.1.3 A* is a normal Q-fuzzy JU-
subalgebra of X. That is, A* =1.

Let 1 is a Q-fuzzy JU-subalgebra of X such that A* Cn

n(x,q) = A*(x,q),vx € X

Putx=1=n(1,q) > A* =

=1(1,q) > 1. Hence n is normal. ]

Theorem 3.1.1.6. Let n be a Q-fuzzy JU-subalgebra of X and let f: [1,m(1,q)] — [0,1] be an
increasing function. Define a Q-fuzzy setn’: X — [0,1] byn' =f(n(x,q)),Vx € X then

i. 0" is a Q-fuzzy JU-subalgebra of X.
i. Iff(m(1,q)) =1 thenn' is normal
iii. Iff(t) >t, vVt € [1,n(1,q)] thenn Cn'

Proof. i.n"(x*y,q) =f(n(x *y,q))
2 f(min{n(x, q),n(y,q)})
=min{f(n(x,q)),f(n(y,q))}
=min{n’(x,q),n"(y,q)}
=1 is a Q-fuzzy subalgebra of X.
ii. f f(n(1,9)) =1=nf(1,q) =1
=" is normal
iii. Let f(t) > t,Vt € [1,n(1,q)]
Thennf(x,q) = f(n(x,q)) > n(x,q),¥x € X
Hencen Cn' O
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3.1.2 Doubt Q-Fuzzy JU-Subalgebras

Definition 3.1.2.1. A Q-fuzzy set n of a JU-algebra X is called a doubt Q-fuzzy JU-subalgebra of
X l:f\V/X,y € X and q € Q, T]D(X * y/q) < maX{T]D(X, Q)/T]D(Uz q)}

Example 3.1.2.1. Let X ={1,2,3,4} in which x is defined by the following table.

DN =] %
—| =N = =
DO DN = DN po
— =N W
— W N A

See [3], (X;*,1) is a JU-algebra. Let Q ={q1, q2} and we define a Q-fuzzy setnp : Q x X — [0,1]
by:

03, x=1, 0.1, x=1,

05, x=2, 06, x=2,
T](X, ql) = ’ U(X,qz) -

0.8, x=23, 0.7, x=3,

09, x=4. 08, x=4

Recall: A Q-fuzzy set np of a JU-algebra X is called a doubt Q-fuzzy JU-subalgebra of X if for all
x,y € Xand forall q € Q,

no(x*y,q) < max(np(x,q),np(y, q)}-

Let we take, x =1,y =2, we have np(1%2,q1) =np(2,q1) =0.5,--- (*). and
max{np(1,q1),Mp(2,q1)} =max{0.3,0.5} =0.5--- ().

Hence, from (*)and (**) 0.5 < 0.5, which is true.

Similarly, for x =3,y =4, we have np(3*4,q1) =np(3,q1) =0.8,--- (x *x *). and
max{np(3,q1),Mp(4,q1)} = max{0.8,0.9} = 0.9 - - - [ % *x).

Hence, from (***)and (****) 0.8 < 0.9, which is true.

Similarly, the result holds for all values of x,y € X and q1,q2 € Q

Therefore, we conclude that np is a doubt Q-fuzzy JU-subalgebra of X.

Lemma 3.1.2.1. If np is a doubt Q-fuzzy JU-subalgebra of a JU-algebra X. Then np(1,q) <
np(x,q), Vx € Xand Vq € Q.

Proof. Suppose np is a doubt Q-fuzzy JU-subalgebra of a JU-algebra X.
Since, np(1,q) =np(x *x,q) (By Lemma 1.6.1)
<max{np(x,q),Mp(x,q)}
=np(x,q) O

Theorem 3.1.2.2. If np is a doubt Q-fuzzy JU-subalgebra of X, then the set Xy, ={x € X,q €
Qmb(x,q) =np(1,q)} is a JU-subalgebra of X.
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Proof. Letx,y € Xy,. Thennp(x,q) =np(1,q) =mp(y,q), and so
Mp(x *y,q) < max{np(x,q),np(y,q)} =max{np(1,q),np(1,q)}
:>TID(X*U;q) gﬂD(llq) bUtTlD(X *U;Q) = T]D(llq)a VX;U eX (By Lemma 3.1.2.1)
=np(x*y,q) =np(l,q)
=xX*Y € Xy
Hence X, is a JU-subalgebra of X. ]

Theorem 3.1.2.3. Letn be a doubt Q-fuzzy JU-subalgebra of X and let g : [1,m(1,q)] — [0,1] be
an increasing function. Define a Q-fuzzy setm9: X — [0,1] byn9(x,q) = g(n(x,q)), Vx € X then:

i. N9 is a doubt Q-fuzzy JU-subalgebra of X.
ii. Ifg(n(1,q))=1thenn? is normal.
ii. If g(s) <s, Vs e [1,n(1,q)] thenn? Cn.

Proof. i. Suppose 1 is a doubt Q-fuzzy JU-subalgebra of X. Then:

nf(x*y,q) =gm(x*y,q))
< g(max{n(x,q),m(y,q)}) (since g is increasing)
=max{g(n(x,q)),9n(y,q))}
=max{n?(x,q),m%(y,q)}

Therefore, n9 is a doubt Q-fuzzy JU-subalgebra of X.
ii. If g(n(1,q)) =1thenn9(1,q) =1, which means 19 is normal.

iii. Let g(s) <s, Vs € [1,n(1,q)]. Then:

n9(x,q) = gn(x,q)) <nlx,q), ¥x € X. Hencen9 C.
O

Theorem 3.1.2.4. Let f: X — Y be an epimorphism of JU-algebras and Q be any nonempty set. If
Np is a doubt Q-fuzzy JU-subalgebra of X, then f(np) is a doubt Q-fuzzy JU-subalgebra of Y.

Proof. Let np be a doubt Q-fuzzy JU-subalgebra of X and f: X — Y be an epimorphism of JU-
algebras. Then f(x xy) = f(x) * f(y), f(x),f(y) € Y,Vx,y € X,q € Q. Then we have to prove that
f(np) is a doubt Q-fuzzy JU-subalgebra of Y. By Definition 1.1.11, we have

f(p) (f(x) * f(y),q) =f(Mp) (f(x *y),q) <np(x *Yy,q)
< max{np(x,q),Mp(y,q)}
= max{f(np)(f(x),q), f(np)(f(
= f(np) (f(x) * f(y),q) < max{f(np)(f(x),q), f(np)(f(

e
= —
o o
- =
%Y_JH_J

Therefore, f(np) is a doubt Q-fuzzy JU-subalgebra of Y. O
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Theorem 3.1.2.5. Let f: X — Y be an epimorphism of JU-algebras and Q be any nonempty set.
Then Mp is a doubt Q-fuzzy JU-subalgebra of Y if and only if 1 (np) is a doubt Q-fuzzy JU-
subalgebra of X.

Proof. Assume that p is a doubt Q-fuzzy JU-subalgebra of Y. We need to show that f~!(np) is a
doubt Q-fuzzy JU-subalgebra of X. Let x,y € X, then f(x),f(y) € Y. Now we have

£ (Mp)(x *y,q) =np(f(x *y),q) =np(f(x) = f(y),q)
<max{np(f(x),q),np(f(y),q)}
= max{f ' (np)(f(x),q),f ' (n
= f'(mp)(x *y,q) <max{f ' (np)(f(x),q),f 1( )(f(y),q)}.

Conversely, assume that f~1(np) is a doubt Q-fuzzy JU-subalgebra of X. We need to show that
Np is a doubt Q-fuzzy JU-subalgebra of Y. Let a,b € Y and q € Q. Since f is epimorphism of J
algebras, there exist x,y € X such that f(x) = a,f(y) =b. Now

np(axb,q) =np(f(x) *fly),q) =np(f(x*y),q)
=f'(mp)(x*y,q)
<max{f ' (mp)(x,q),f ' (np)(y,q)}
=max{np(f(x),q),np(f(y),q)}
=max{np(a,q),Mp(b,q)}
= np(ax*b,q) < max{np(a,q),np(b,q)}

Therefore, np is a doubt Q-fuzzy JU-subalgebra of Y. [l

Lemma 3.1.2.6. Let np, and np, be any two doubt Q-fuzzy JU-subalgebras of X and Y respec-
tively, then (Np; X Np,)((1,1),q) < (Mp, X np,)((x,Y),9), V(x,y) € X x Y, q € Q.

Proof. Suppose that np, and np, are any two doubt Q-fuzzy JU-subalgebras of X and Y respec-
tively. For any (x,y) € X x Y, then

(Mp, xMp,)((1,1),q) =max{np, (1,q9),Mp,(1,9)}
< max{np, (x,49),Mp,(Y,q)}
- (T]Dl X nDz)((XIU)/q)‘

Thus, (Mp, X np,)((1,1),9) < (Mp, x1p,)((x,Y),9). O

Theorem 3.1.2.7. Let np, and np, be doubt Q-fuzzy JU-subalgebras of X and Y respectively.
Thenmp, X Np, is a doubt Q-fuzzy JU-subalgebra of X X Y.

Proof. Let np, and np, be any two doubt Q-fuzzy JU-subalgebras of X and Y respectively. Let
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(x1,Y1), (x2,Y2) € X x Y and q € Q, then

N, X M, [(X1,Y1) * (x2,Y2),q] =np, X N, ((X1 *X2,Y1 *Y2),q)
= max{np, (x1 *X2,9),Mp, (Y1 *Y2,9)}

< max{max{nDl (X]_/ q )/T]D1 (XZ/ q)}/max{nDz (yll q)/nDz (UZ/ q)}}

= max{max{ﬂDl (Xl, q )/T]D2 (91/ q)}/maX{TID1 (XZ, q)/nDz (92/ q )}}

=max{np, X Np,((x1,Y1),9),Mp, X M, ((x2,Y2),9)}

3.2. Q-Fuzzy JU-Ideals of a JU-Algebra

In this section, we discuss and investigate a new notion of Q-fuzzy JU-ideals in JU-algebras and

study their related properties.

Definition 3.2.1. Let X be a JU-algebra, a Q-fuzzy setm in X is called Q-fuzzy JU-ideal of X if it

satisfies the following conditions:

(a)n(1,q) =n(x,q)

(b)nly,q) = min{n(x,q),n(x*y,q)},vx,y € Xand ¥q € Q.

Example 3.2.1. Consider X ={1,2,3,4,5}, we construct the following table.

== N =N N
—| W =] W] Wy
e EIEIE S
—| W |||,

N B W =] *
| | | | |

See [3], (X,*,1) is a JU-algebra. Let Q ={q1,q2}, given a Q-fuzzy setn: Q x X — [0,1] by

06, x=1,
T](X/ ql) - 03, XZZ, ’ T](X/q2) —

0.2, otherwise.

To verify m is a Q-fuzzy JU-ideal of X,
(@n(1,q1) =0.6---(+) and

letx =2, thenm(2,q1) =0.3--- (xx),

From (*) and (**) we get 0.6 > 0.3 which is true.
Thus,m(1,q) >n(x,q),Vx € Xand q € Q.
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Likewise,

(b) Let x =3,y =4, thenn(4,q1) =0.2--- (x x x) and

min{n(3,4q1),n(3 x4,4q1)} = min{n(3,4q1),n(4,q1)} =min{0.2,0.2} = 0.2 - - (s x xx),
From (**%*) and (***%) we get 0.2 > 0.2 which is true.

Similarly, the result holds for all values of x,y € X and q1,q2 € Q.

Therefore, we conclude that 1 is a Q-fuzzy JU-ideal of X.

Theorem 3.2.1. Every Q-fuzzy JU-ideal of a JU-algebra X is order reversing.

Proof. Letn be a Q-fuzzy JU-ideals of a JU-algebra X and for any x,y € X be such that x <y,
thenyxx =1

n(x,q) = min{n(y *x,q),n(y,q)},vq € Q
=min{n(1,q),n(y,q)}
:n(yrq)

Theorem 3.2.2. Ifn is a Q-fuzzy JU-ideals of X, thenn((x xy) xy,q) =>n(x,q).

Proof. Since (x * [(x xy) *xy]) =1 (By Lemma 1.6.1)

Now, n((x #y) xy,q) > minfn(x,q),n(x [(x y) *y)), 4}, ¥q € Q
=min{n(x,q),n(1,9)}

=n(x,q) O
Theorem 3.2.3. Every Q-fuzzy JU-ideal of a JU-algebra X is a Q-fuzzy JU-subalgebra of X.
Proof. Suppose 1 is a Q-fuzzy JU-ideal of X. That is:
a) n(1,q) 2n(x,q),

b) n(y,q) = min{n(x,q),n(x*y,q)}, forall x,y € X and q € Q.

We claim that 1 is a Q-fuzzy JU-subalgebra. That is, for all x,y € X and q € Q:

n(x*y,q) = min{n(x,q),n(y,q)}
Assume without loss of generality:

n(x,q) <nly,q) = min{n(x,q),n(y,q)} =n(x,q)
Now we consider two cases:

Case 1. Ifn(x*y,q) >n(x,q), then

n(x*y,q) =n(x,q) =min{n(x,q),n(y,q)}
=n(x*y,q) > min{n(x,q),n(y,q)}

The inequality is satisfied directly.
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Case 2. If n(x*y,q) <n(x,q), then from the assumption that 1 is Q-fuzzy JU-ideal, apply condition
(b):
n(y,q) = minfn(x,q)n(x*y,q)} =n(x*y,q)

=n(y,q) 2n(x*y,q)
Since we also know 1(x *y,q) <n(x,q) andn(x,q) <n(y,q), it follows that

nix*y,q) <n(x,q) <nly,q) =nlx*y,q) <min{n(x, q),nly,q)}
which contradicts the inequality n(x *y, q) > min{n(x, q),n(y,q)}.

Thus, Case 1 must always hold, which implies:

n(x*y,q) =Znlx,q) = min{n(x, q),n(y, q)}
Hence, 1 is a Q-fuzzy JU-subalgebra of X. U
Remark 3.2.1. The converse of the above theorem may not be true.

Example 3.2.2. Let X ={1,2,3,4} in which x is defined by the following table.

4
4
1
1
1

Al w| o] —| %
ol Bl el el SN
A==
A=W W

See [3] (X;*,1) is a JU-algebra of X And Define n(x, q) as follows:

09, ifx=1
n(x,q) =407, ifxe{2,4}
04, ifx=3

Since M is a Q-fuzzy JU-subalgebra of X.
The Q-fuzzy JU-ideal condition requires:

n(y,q) > min{n(x,q),n(x*y,q)}, forallx,y € Xand q € Q
Letx =2, y=3=xxy=4and

Then,
n(3,q) =04 ---(%)

And,
min{n(2,q),n(4,q)} =min{0.7,0.7} =0.7 - (xx)
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From (*) and (**) we get 0.4 > 0.7 which is false.
Therefore, we showed that every Q-fuzzy JU-subalgebra of a JU-algebra X is not Q-fuzzy JU-ideal
of X

Theorem 3.2.4. Let n be a Q-fuzzy JU-ideal of a JU-algebra X such that n(1,q) # 0. Let n™
X x Q = [0,1] be a Q-fuzzy set defined by n*(x,q) = 114
a Q-fuzzy JU-ideal of X.

Proof. Suppose that 1 is a Q fuzzy JU- ideal of X, withn(1,q) #0. Let x,y € X and q € Q. Then,

n*(1,q) = 328 = don(1,9) > ;igm(x q) =07 (x,q). And,
n*(y,q) %?jjﬁ :nul,q)”(”'q)
> s minin(x,q) nix+y))
=min( 2
=min{n"(x,q),n" (x*y,q)}
Therefore, n* is a Q-fuzzy JU-ideal of X. O

Theorem 3.2.5. Let g and np be any two Q-fuzzy JU-ideals of X. Then 11 N1y is a Q-fuzzy
JU-ideal of X.

Proof. Suppose 11 and 1y are Q-fuzzy JU-ideals of X, for any x € X, g € Q. Then

(M1 NM2)(1,q) =min{n (1, q),Mm2(1,q)} = min{ni(x, q),m2(x,q)} = (N1 NN2) (%, q)
And for any x,y € X, g € Q. Then

(M1 NM2)(y,q) =min{ni(y,q),n2(y,9)}
> min{min{n; (x, q), M (x * y, q)}, min{nz(x, ), n2(x *y, q)}}
= min{min{n;(x, q),n2(x, q)}, min{n1 (x *y,q), M2 (x *y,q)}}
= min{n; NM2(x,q),M1 NM2(x*y,q)}

= (M1 NM2)(y,q) = min{n; NM2(x,q),n1 NN2(x *y, q)}, hence g N1y is a Q-fuzzy JU-ideal of
X. O

Corollary 3.2.6. Let {nj :j € Q} be a family of Q-fuzzy JU-ideals of X. Then (\igymy is also a
O-fuzzy JU-ideal of X.

Proof. Define a Q-fuzzy setn = (};cqn; by

nix,q) = mfn)(xq) xeX,qeQ.
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We show that 1 satisfies the defining properties of a Q-fuzzy JU-ideal.

n(l,q) = 1nf]€Qn)(1 q) > lnf)eQn](X q) =n(x,q).
And for each j € Q and all x,y € X, q € Q, a Q-fuzzy JU-ideal satisfies

1 (y/ q) > min{nj (X/ q)/nj (X *Y, q)}

Then, for 1, we have
Ny, q) = mfn)(y q) > mfmm{m(x q),mj(x*y,q)}
_mm{]%}flnl(x q), mfnJ(x*y q)}

=min{n(x, q),n(x*y,q)}
O

Remark 3.2.2. The union of two Q-fuzzy JU-ideals of a JU-algebra may not be a Q-fuzzy JU-ideal.

Example 3.2.3. Let X ={1,2,3,4,5} in which x is defined by the following table.

== R N
—| W = W WLy
R ESENENEN
—| W] |||,

N B W = *
| |t [ |

See [3], (X;*,1) is a JU-algebra. We defineny : X x Q — [0,1] as followsn1(1,q) =0.9,m1(2,q) =
0.6,11(3,9) =0.5,m1(4,q9) =0.3,11(5,q) = 0.2, and n : X x Q — [0,1] as follows nz(1,q) =
0-8,112(2/ q) = 0-7/T]2(3/ q) - 0-6/112(4/ q) = 0-4/T12(5/ q) =0.1. Then

(M1 Un2)(5,q) =max{ni(5,9),m2(5,q9)} =max{0.2,0.1} = 0.2- -- ()

And,

max{n1(5,q),m2(5,q)} > max{min{n; (4, q),n1(4 *5,q)}, min{n,(4,q),n2(4 * 5,q) }}
= min{max{n; (4, q),n2(4, q)}, max{n; (4 *5,q),n2(4 % 5,q)}}
= min{max{0.3,0.4},max{0.5,0.6}}
= min{0.4,0.6} = 0.4--- (%)

From (*) and (**) we get 0.2 > 0.4 which is false.
Therefore, we verified that the union of two Q-fuzzy JU-ideals of a JU-algebra may not be a Q-

fuzzy JU-ideal.
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Theorem 3.2.7. Ifn is a Q-fuzzy JU-ideal of X, then the set X, :={x € X|n(x,q) =n(1,q),q € Q}
is a JU-ideal of X.

Proof. Letx,xxy € Xy. Thenn(x,q) =n(1,q) =n(x*y,q), and so

n(y,q) = minfn(x, q),n(x*y,q)} = min{n(1,q),n(1,q)} =n(1,q)

But by Definition 3.2.1, n(y,q) <n(1,q) for all y € X. Therefore: n(y,q) =n(1,q) implies
that y € X;;. Hence Xy, is a JU-ideal of X. [

Lemma 3.2.8. Let 1y and np be two Q-fuzzy JU-ideals of a JU-algebra X. If n1 C mp and
n1(1,q) =n2(1,9) for q € Q, then Xy, € X,

Proof. Assume that 11 and 1, are two Q-fuzzy JU-ideals of X with 11 C np. Then 11(x,q) <
M2(x,q) forall x € X and q € Q.

For any x € Xy, thenmz(x, q) >2m(x,q) =n1(1,q) =n2(1,q)

= m2(x,q) = n2(1,q). But na(x,q) <n2(1,q). Thus na(x,q) =n2(1,q), and x € Xy,. Thus,
N1 € 2. O

Theorem 3.2.9. Let | be a subset of a JU-algebra X. Then the characteristics function Xy is a
Q-fuzzy JU-ideal of X if and only if | is an ideal of X.

Proof. Let x5 : X x Q —{0,1} be a Q-fuzzy JU-ideal. Let q € Q and let x,x *y € J. Then
xj(x,q) =xj(x*y,q) =1.
xj(y,q) = min{x;(x, q),xj(x *y,q)} = min{l,1} =1
=Xj(y,q) =1 (since xj(y,q) < 1)
=y € ], hence ] is a ideal of X.
Let ] be a JU-ideal of X. Consider cases for x,y € X:

Case 1. x,x*xy € J implies thaty € |
xj(y,q) =1 =min{x;(x,q),xj(x *y,q)}
Case 2. x,x*y ¢ ] implies thatxj(y, q) = 0 = min{x;(x, q),X;(x *y,q)}
Case 3. x € ],x xy ¢ ] implies that min{x;j(x,q),xj(x *xy,q)} =0
xj(y,q) = 0 =min{x;(x,q),xj(x*y,q)}
Hence Xj is a Q-fuzzy JU-ideal of X. O

Theorem 3.2.10. Let 1 be a Q-fuzzy subset of X such that the nonempty level sets U(n;t,q) are
JU-ideals of X for all t € [0,1]. Thenn is a Q-fuzzy JU-ideal of X.

Proof. Suppose U(n;t,q) is a JU-ideal of X for all t € [0,1]. We need to show that 1 is a Q-fuzzy
JU-ideal of X.
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Assume that (1, q) < p(x, q) for some x € X and q € Q. Take

t=-[n(1,9) +nlxq)l,

1
2
then n(1,q) < t <n(x,q). This implies that x € U(n;t,q) and 1 ¢ U(n;t,q), which is a contra-
diction since U(n;t, q) is a JU-ideal of X. Therefore, n(1,q) >n(x,q).

And let x,y € X and q € Q. Assume that 1(y, q) > min{n(x,q),n(x *y,q)} is not true. Then
there exist xg, Yo € X such that

n(yorq) < mm{ﬂ (Xorq)/n(xo *Yo, q)}

Take

1
t= E[ﬂ(y()lq) + min{Tl(XO/q)/T](XO * yOIq)}]

Thus t € [0,1] and
N(yo,q) <t <min{n(xo,q),n(x0 * Yo, q)}-
Hence, n(yo,q) < t,n(xo,q) >t, and n(xp * Yo, q) > t, which means yo & U(n;t, q) but xg,xq *

Yo € U(n;t,q). This contradicts the assumption that U(n;t,q) is a JU-ideal of X. Therefore,
n(y,q) = min{n(x,q),n(x *y,q)}. Hence, n is a Q-fuzzy JU-ideal of X. O]

Theorem 3.2.11. Ifn is a Q-fuzzy JU-ideal of X such that t € Im(n) and for all t € [0,1]. Then
U(n;t, q) is a JU-ideal of X.

Proof. Assume that 1 is a Q-fuzzy JU-ideal of X such that t € Im(n) and for all t € [0,1]. We
need to show that U(n;t,q) is a JU-ideal of X. Then there exists x € X such that n1(x,q) = t. By
Definition 3.2.111(1,q) >n(x,q) =t So, 1 € U(n;t,q).

Also let x,y € X and let x, x xy € U(n;t,q) such that n(x,q) >t and n(x *xy,q) > t. Since
n is a Q-fuzzy JU-ideal of X, then n(y,q) > min{n(x,q),n(x *y,q)} = min{t, t} = t. Hence,
n(y,q) > t. Implies that y € U(n;t,q). Therefore, U(n;t,q) is a JU-ideal of X. ]

Theorem 3.2.12. Letn be a Q-fuzzy set in a JU-algebra X. Then n® is a Q-fuzzy JU-ideal of X if
and only if for s € [0,1] and q € Q, L(n;s, q) is either empty or a JU-ideal of X.

Proof. Suppose thatn® is a Q-fuzzy JU-ideal of X. Let q € Q and s € [0, 1] be such that L(n; s, q) #
() and let x,y € L(n;s,q). Thenn(x,q) < s andn(y,q) < s. Now,

n°(y,q) = min{n®(x, q),n“(x *y,q)}
=min{l —n(x,q),1—n(x*y,q)}
=1—max{n(x,q),n(x*y,q)} ByLemma 1.1.1
= n(y,q) <max{n(x,q),n(x*y,q)} <s
— yeLns,q).

Hence, L(n;s, q) is a JU-ideal of X.
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Conversely, suppose that L(n;s,q) is a nonempty JU-ideal of X. Let x,y € X, q € Q, and let

s =max{n(x,q)n(x*y,q)}. Thusn(x,q) <sandn(x*y,q) <s,sox,xxy € L(n;s,q) # 0. By
assumption, L(1;s, q) is a JU-ideal of X. It follows thaty € L(n;s, q). Thus,

< s =max{n(x,q)n(x*y,q)},
1 —TI(U/CI) > 1 —max{ﬂ(qu)zn(x*yrq)}
=min{l —1n(x,q),1 —n(x*y,q)} ByLemma I.1.1

= n°(y,q) > min{n°(x,q),n(x*xy,q)}.

]

Theorem 3.2.13. Every Q-fuzzy JU-ideal of X can be realized as level JU-ideal of some Q-fuzzy
JU-ideal of X.

Proof. Let ] be a JU-ideal of X and let ) be a Q-fuzzy set in X defined by

t ifxe]
n (X/ q) = )
0 otherwise

Jforallx € Xand q € Q, where t € [0,1].
We show that 1 is a Q-fuzzy JU-ideal of X. Let x,x *y € X. Then consider the following cases:

Case 1. If x,x xy € ] then
n(y,q) > t=min{n(x,q)n(x*y,q)}

Case 2. If x,x xy ¢ J thenn(x,q) =0 =mn(x*y,q) and thus
n(y,q) > 0=min{n(x,q),n(x *y,q)}

Case 3. If x € J and x xy ¢ ] then

Tl(U, q) = 0= 1’1’111’1{1,0} - mln{ﬂ (X/ q)/ﬂ(x *Yy, q)}
Or, x¢ J and x xy € J thenn(y, q) > 0 = min{0, 1} = min{n(x, q),n(x *y,q)}

Therefore, 1 is a Q-fuzzy JU-ideal of X. [

Theorem 3.2.14. Let f: X — Y be an epimorphism of JU-algebras and Q be any nonempty set.
Then 1 is a Q-fuzzy JU-ideal of Y if and only if 1 (1) is a Q-fuzzy JU-ideal of X.

Proof. Assume that 1 is a Q-fuzzy JU-ideal of Y. We need to show that f~1(n) is a Q-fuzzy
JU-ideal of X. Let x,x xy € X, then f(x), f(x xy) € Y. Now we have

() (y,q) =n(f(y),q)
> min{n(f(x), q),n(f(x xy),q)}
=min{f (M) (x,q),f M) (x *xy,q)}
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= 1) (y,q) = min{f (M) (x,q), F () (x *y,q)}.

Conversely, assume that (1) is a Q-fuzzy JU-ideal of X. We need to show that 1 is a Q-fuzzy
JU-ideal of Y. Let a,b € Y and q € Q. Since f is an epimorphism of JU-algebras, there exist
x,Xx %y € X such that f(x) = a, f(x xy) =b. Now

n(b,q) =n(f(y),q) = 'm)(y,q)
> min{f ' (n)(x,q),f ' (M)(x *y,q)}
=min{n(f(x),q),n(f(x *y),q)}
=min{n(a,q),n(b,q)}
=n(b,q) > min{n(a,q)n(ax*b,q)}

Therefore, n is a Q-fuzzy JU-ideal of Y. ]

Theorem 3.2.15. Let 11 and Ny be Q-fuzzy JU-ideals of X and Y respectively. Then 1 X 1 is a
Q-fuzzy JU-ideal of X X Y.

Proof. Let 1 and 1y be any two Q-fuzzy JU-ideals of X and Y respectively.
Let (x,y) € X X Y, then

(nl X T]Z)((l/l)/q) = min{nl(ll q)rﬂz(qu)}
>min{n:(x,q),m2(y, q)}
= (M1 xM2)((x,y),9)-

Hence (n1 xn2)((1,1),4) = (m xm2)((x,y),q).
And let (x1,y1),(x2,Y2) € X x Yand q € Q, then

N1 X M2((y1,Y2), 91 =n1 x M2((y1,92),9)
= min{n1(y1,9),M2(y2,9)}
> min{min{ny (x1,q),n1((x1 *y1),q)}, min{(x2,q),M1((x2 * y2), q)}}
= min{min{n1(x1, q),M2(x2, q)}, min{n1 ((x1 * y1), q),m2((x2 *y2),q)}}
= min{ny X M2((x1,x2),q),m1 x M2 (((x1,%2) * (Y1,Y2),9))}

Therefore, n1 X N2(y1,Y2),q] = min{ny x n2((x1,x2),q),m1 x n2(((x1,%2) * (y1,Y2),4),9))}-
Hence, 11 x 13 is a Q-fuzzy JU-ideal of X x Y. O

3.2.1 Normal Q-Fuzzy JU-Ideals

Definition 3.2.1.1. A Q-fuzzy JU-ideal 1 of X is said to be normal if there exist x € X such that
T](X/ q) =1

Lemma 3.2.1.1. Ifn be a normal Q-fuzzy JU-ideal of a JU-algebra X, thenn(1,q) =1
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Proof. Suppose 1 be normal Q-fuzzy JU-ideal of a JU-algebra X.
Since, n(1,9) = n(x,q) =1
=n(1,q) = 1but,n(1,q) <1
Therefore, n1(1,q) = 1. O

Lemma 3.2.1.2. Define a set X, ={x € X,q € Q [n(x,q) =n(1,q)} and let | and B be normal
QO-fuzzy JU-ideal of X. Ifn C B, then X;; C Xp.

Proof. Letx € Xy, and q € Q Then:

B(x,q) =n(x,q) (sincen C B)
=n(1,q) (by definition of Xy,)
=1 (sincen is normal)
=pA(1,q) (since {3 is normal)
=x€Xp
= Xn € Xp

]

Theorem 3.2.1.3. For a Q-fuzzy JU-ideal of n of X, we can generate a normal Q-fuzzy JU-ideal of

X which contains .

Proof. Letn be a Q-fuzzy JU-ideal of X. Define a Q-fuzzy subset n* of X as:
n*(x,q) =n(x,q) +n(1,q),vx € X.

Letx,y € X,n*(1,9) =n(1,9) +n°(1,q) = n(x,q) +n°(1,q) =n*(x,q)
And,

n*(y,q) =n(y,q) +n(L,q)
> min{n(x,q),n(x xy,q)} +n°(1,q)
=min{n(x, q) +n°(1,q),n(x*y,q) +n°(1,q)}
=min{n"(x,q),n"(x*y,q)}
Also,n*(1,q) =n(1,q) +n°(L,q) =n(Lq) +1-n(l,q) =1
= n* is normal Q-fuzzy JU-ideal of X. Clearly 1 Cn* thus n* is a normal Q-fuzzy JU- ideal of X

which contains 1. O

Corollary 3.2.1.4. Ifn itself is normal then n =n*
Ifn is a Q-fuzzy JU-ideal of X then (m*)* =n*

Proof. i. Suppose 1 is normal. Thenn(1,q) =1 for all q € Q. Thus,

n*(x,q) =n(x,q)+n1,q) (ByTheorem 3.2.1.3)
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=n(x,q)+(1—n(1,q))
=1n(x,q)+(1—1) (Since n 1is mnormal)
:T](X/q)

Hence, n =n".

ii. For any 1, we have
M )*(x,q) =n*(x,q) + M")°(1,q)(ByTheorem 3.2.1.3)
Since n*(1,q) =n(1,q) +n°(1,q) =1, it follows that

M"(1,q)=1—nm*(1,q) =0.

Therefore,

M) (%, q) =n*(x,q) +0=n"(x,q),
which implies (n*)* =n*. H

Theorem 3.2.1.5. Let 1 be a Q-fuzzy JU-ideal of X. If | contains a normal Q-fuzzy JU-ideal of X
generated by any other Q-fuzzy JU-ideal of X, then 1 is normal.

Proof. Let A be a Q-fuzzy JU-ideal of X. By Lemma 3.2.1.1 A* is a normal Q-fuzzy JU-ideal of X.
LeA*=1

Let 1 is a Q-fuzzy JU-ideal of X such that A* Cn

n(x,q) = A*(x,q),¥x € X

Putx=1=n(1,q) >A* =1

=n(1,q) > 1. but,n(1,q) <1

Therefore, n1(1,q) = 1. O

Theorem 3.2.1.6. Letn be a Q-fuzzy JU-ideal of X and let f: [1,m(1,q)] — [0,1] be an increasing
function. Define a Q-fuzzy setm' : X — [0,1] byn™ =f(n(x,q)),Vx € X then

i. 0" is a Q-fuzzy JU-ideal of X.
i. Iffm(1,q)) =1 thenn' is normal
iii. Iff(t) >t, vt € [1,n(1,q)] thenn Cn'

Proof. i,m'(1,q) =f(n(1,q)) = f((x,q)) =n'(x,q)
Alson'(y,q) =f(n(y,q))
> f(min{n(x,q),n(x*y,q)})
=min{f(n(x,q)), f(n(x*y,q))}
=min{n'(x,q),n(x xy,q)}
=" is a Q-fuzzy JU-ideal of X.
i, f f(n(1,9)) =1=1(1,q) =1
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= nf is normal

iii, Let f(t) > t,Vt € [1,n(1,q)]

Thenn'(x,q) = f(n(x,q)) =n(x,q),¥x € X

Hencen Cn' O

3.2.2 Doubt Q-Fuzzy JU-Ideals

Definition 3.2.2.1. A Q-fuzzy set np of a JU-algebra X is called a doubt Q-fuzzy JU-ideal of X if

it satisfies the following conditions:
1. TID(qu) gﬂD(X/q)
2.mp(y,q) <max{no(x,q)Mp(x *y,q)}, Vx,y € X and qe€Q

Theorem 3.2.2.1. If np is a doubt Q-fuzzy JU-ideal of a JU-algebra X. Then the set Xy, ={x €
Xp(x,q) =np(1,q),¥q € Q} is a JU-ideal of X.

Proof. Ifnp is a doubt Q-fuzzy JU-ideal of a JU-algebra X. Obviously, 1 € X;,,. Letx,x xy € X,

implies thatnp(x, q) =np(x*y,q) =np(1,q)

Now, np(y, q) < max{np(x,q),Mp(x*y,q)},¥x,y € Xand q € Q
=max{np(1,4),np(1,9)}=np(1,q)

(
=np(y,4q) <np(l,q) butnp(y,q) =np(1,q) (by Definition 3.2.2.1)
=1p(y,q) =np(1,q), implies that y € X;,,. Hence X, is a JU-ideal of X. ]

Theorem 3.2.2.2. Let | be a subset of a JU-algebra X. Then the characteristics function Xj is a
doubt Q-fuzzy JU-ideal of X if and only if | is a JU-ideal of X.

Proof. Let xj: X x Q — {0,1} be a doubt Q-fuzzy JU-ideal. Let g € Q and let x,x xy € ], then
xj(x,q) =xj(x *y,q) =1. Thus,
xj(y,q) <max{x;(x,q),xj(x *y,q)} =max{1,1} =1
= Xj(y,q) =1 (since xj(y) < 1)
=y € J, hence | is a JU-ideal of X.
Conversely, Suppose | is a JU-ideal of X and for x,y € X. Then consider the following cases:

Case 1. If x,x xy € ] implies thaty € |
xj(y,q) =1=max{x;(x,q),x5(x *y,q)}
Case 2. If x,x *y ¢ ] implies thatj(y, q) = 0 = max{x;(x, q),xj(x *y,q)}
Case 3. If either x € J or x xy ¢ ] implies that max{x;(x,q),Xxj(x *y,q)} = 1. Thus,
x7(y,q) <1 =max{1,0} = max{0,1} = max{xj(x,q),xj(x xy,q)}
Hence X;j is a doubt Q-fuzzy JU-ideal of X. [

Theorem 3.2.2.3. Every doubt Q-fuzzy JU-ideal of X can be realized as level JU-ideal of some
doubt Q-fuzzy JU-ideal of X.
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Proof. Let ] be a JU-ideal of X and let np be a doubt Q-fuzzy set in X defined by

t ifxe]
D (X/ q) - .
0 otherwise

Jforallx € Xand q € Q, where t € [0,1].
We show that np is a doubt Q-fuzzy JU-ideal of X. Let x,x *y € X. Then consider the following

cases:

Case 1. If x,x xy € ] then
np(y,q) <t =max{np(x,q),np(x*y,q)}
Case 2. If x,x xy ¢ J thennp(x,q) =0 =np(x *y,q) and thus
np(y,q) <0 =max{np(x,q),Np(x *y,q)}
Case 3. If x € Jand x xy ¢ | then
np(y,q) <t =max{t,0} = max{np(x,q),Np(x *y,q)}
Or, x¢ Jand x xy € J then np (y, q) < t = max{0, t} = max{np(x,q),np(x * y, q)}
Therefore np is a doubt Q-fuzzy JU-ideal of X. O]

Theorem 3.2.2.4. Let np be a doubt Q-fuzzy JU-ideal of X and let g : [1,np(1,q)] — [0,1] be a
increasing function. Define a Q-fuzzy setng) : X — [0,1] byng) = g(np(x,q)),Vx € X then

I n% is a doubt Q-fuzzy JU-ideal of X.
ii. Ifgnp(1,q)) =1 then n% is normal

ii. If g(t) <t Vt e [1,np(1,q)] thennd) Cnp

Proof. 1. Suppose np is a doubt Q-fuzzy JU-ideal of X. Then
n}(1,q9) =gmp(1,q9)) <gmp(x,q)) =nd(x,q). And,

n3(y,q9) =9(Mp(y,q)) < g(max{np(x,q),mp(x*y,q)})
=max{g(mp(x,q)),9Mp(x*y,q))}
= max{n%(x,q),ﬂ%(x *Y,q)}

= n% is a doubt Q-fuzzy JU-ideal of X.
ii. If gmp(1,q)) =1=n}(1,q) = 1. Thus, nd) is normal.
iii. Let g(t) < t,Vt € [1,mp(1,q)]. Then,
nd(x,q) =gp(x,q)) <nplx,q),¥x € X. Hence, nY), Cnp O

Theorem 3.2.2.5. Let f: X — Y be an epimorphism of JU-algebras and Q be any nonempty set.
Thennp is a doubt Q-fuzzy JU-ideal of Y if and only if 1 (np) is a doubt Q-fuzzy JU-ideal of X.
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Proof. Assume that np is a doubt Q-fuzzy JU-ideal of Y. We need to show that f~1(np) is a doubt
Q-fuzzy JU-ideal of X. Let x,x xy € X, then f(x),f(x xy) € Y. Now we have

f'(Mp)(y,q) =np(f(y),q)
<max{np(f(x),q),np(f(x *y),q)}
= max{f 1 (np)(x,q),f L (Mp)(x *y,q)}

= £1(np)(y,q) < max{f~'mp)(x, ), F (o) (x *v,q)}.

Conversely, assume that f~1(np) is a doubt Q-fuzzy JU-ideal of X. We need to show that np is a
doubt Q-fuzzy JU-ideal of Y. Let a,b € Y and q € Q. Since f is an epimorphism of JU-algebras,
there exist x,x *y € X such that f(x) = a, f(y) =b. Now

np(b,q) =np(f(y),q)
=f '(mp)(y,q)
<max{f '(np)(x,q),f " (Mp) (x *y,q)}
= max{np(f(x),q), np(f(x*y),q)}
=max{np(a,q),nplaxb,q)}

q
= T]D(bl q) < max{ﬂD(a;q),TlD(a * b/q)}

Therefore, np is a doubt Q-fuzzy JU-ideal of Y. [
Theorem 3.2.2.6. Let np, and Np, be doubt Q-fuzzy JU-ideals of X and Y respectively. Then
Np, X N, is a doubt Q-fuzzy JU-ideal of X X Y.

Proof. Letmp, and np, be any two doubt Q-fuzzy JU-ideals of X and Y respectively. Then

Let(x,y) € X x Y, (np, xnp,)((1,1),q) = max{np, (1,9),Mp,(1,9)}
< maX{nDl (X/ q)/nDz (y/ q)}
= (T]Dl X T]DZ)((X,U), q)

Hence (np, X np,)((1,1),9) < (Mp, x1p,)((x,Y),9).
And let (x1,Y1), (x2,y2) € X x Y and q € Q, then

Mp, X Np,[(Y1,Y2), 9] =np, xnp,((y1,Y2),9)
= max{np, (Y1,9),Mp,(y2,9)}
< max{max{np, (x1,9),Mp, ((x1 *y1),q)}, max{(x2, q),np, ((x2 *y2), q)}}
= max{max{np, (x1,q),Mp, (x2,q)}, max{np, ((x1 *y1),q),Mp, ((x2 *Y2),q)}}
=max{np, X Np, ((x1,%2),q),Mp; X Np, (((x1,%2) * (Y1,Y2),9))}.

Therefore, Np, X Mp, (Y1,Y2), gl <max{np, xnp, ((x1,%2),9),Mp, X np, (((x1,%2) * (y1,Y2),9),9))}.
Hence, np, X Np, is a doubt Q-fuzzy JU-ideal of X x Y. O
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Chapter 4
T-Fuzzy Structures on JU-Algebra

4.1. T-Fuzzy JU-Subalgebras of JU-Algebra
In this section, we introduce the notion of T-fuzzy JU-subalgebra of a JU-algebra and discuss some
of its properties.

Definition 4.1.1. Let @ be a fuzzy set in X. Then the set @ is a T-fuzzy JU-subalgebra with the
binary operation x if ®(x xy) > T{®(x),®(y)},Vx,y € X.

Example 4.1.1. Let X = {1,2,3,4} in which x is defined by the following Cayley table:

x| 1| 23] 4
1|12 3]4
2121122
3112113
4111211

See [3] (X;*,1) is a JU-algebra. Let T :[0,1] x [0,1] — [0,1] be a function. The given T-norm
defined by T(x,y) = max{x +y — 1,0}, Vx,y € [0,1]. Define a fuzzy set @ in X by @(1) =0.8,
@(2)=0.6, ®(3) =0.5and ®(4) =0.3.

Now, take for x =2;y =3, then ®(x xy)=0(2+3)=®(2) =0.6,--- (x) and

TH{o(x),®(y)}= H{®(2),®(3)}=T{0.6,0.5} = max{0.6 + 0.5 — 1,0} = max{0.1,0} = 0.1.- - - ()
Hence, from (*) and (**) 0.6 > 0.1, which is true.

Similarly, the result holds for all values of x and y in X.

Therefore, @ is a T-fuzzy JU-subalgebra of X.

Theorem 4.1.1. If @ is a T-fuzzy JU-subalgebra of X, then @ (1) > @(x)

Proof. Suppose @ is a T-fuzzy JU-subalgebra. Since @ (1) = @(xxx) > TH{@(x),®(x)} = @(x)
O

Theorem 4.1.2. The intersection of any two T-fuzzy JU-subalgebras of X is also a T-fuzzy JU-
subalgebra of X.

Proof. Suppose @1 and @3 are two T-fuzzy JU-subalgebras of X and Vx,y € X. Then,

@1 N@2(x*xy) =min{@1(x xy), @2(x *y)}
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> min{T{@1(x), @1 (y)}, Ho2(x), @2(y)}}
> T{min{@1(x), @2 (x)}, min{@1 (y), @2(y)}

=T{@1 N @3 (x), @1 N@2(y)}
0

Corollary 4.1.3. Let {@; :j € Q} be a family of T-fuzzy JU-subalgebras of X. Then Njcq @ is also
T-fuzzy JU-subalgebra of X, where Njcq@; = {(x,infjeq@;)Ix € X}

Proof. For eachj € Q, let @;bea T-fuzzy JU-subalgebra of X. Hence, for all x,y € X,
®;j(x*xy) = T(@;(x), @;(y))-
Define a fuzzy set @ : X — [0, 1] by

®(x) = inf @;(x), VxeX.
jeQ)

We will show that @ is a T-fuzzy JU-subalgebra of X. For any x,y € X, we have

— inf @;
D(x*y) jlélQG)](X*y)

> jiélff)T(iDj(X)/@j(U))

>T (inf @;(x), inf @; (y))

jeQ) jeQ
=T((x),@(y))
Therefore, mje o @j is a T-fuzzy JU-subalgebra of X. [

Remark 4.1.1. The union of any two T-fuzzy JU-subalgebras of a JU-algebra X may not be a
T-fuzzy JU-subalgebra of X.

Example 4.1.2. Let X ={1,2,3,4} in which * is defined by the following Cayley table:

x| 1| 2] 3] 4
117234
2111141
3|1 (1|11
41114141

See [3] (X;*,1) is a JU-algebra. Let T :[0,1] x [0,1] — [0,1] be a function. The given T-norm
defined by T(x,y) = min{x,y}, Vx,y € [0,1]. Let us define the fuzzy set ®1 and @, in X by
®1(1) =0.7, ®1(2) =0.5, ®1(3) =0.7,®1(4) = 0.5 and @,(1) = 0.8, @,(2) = 0.6, ®»(3) =
0.4,@,(4) =0.4. Then, ®1U @2(2*3) = max{®1(2*3),@2(2*3)} = max{@1(4),07(4)} =
max{0.5,0.4} =0.5---(x)
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And,

max{@1(2*3),®2(2 % 3)} > max{T(®1(2),®1(3)), T(®2(2), @2(3))}
®1(3 ,@2(3)}}
= min{max{®1(2), @2(2 @2(3)}}
= min{max{0.5,0.6},max{0.7,0.4}}
— min{0.6,0.7} = 0.6- - - (%)

=max{min{®1(2), b, min{@,(2

)
)

—_— —

}, max{@1(3

7

From (x) and (xx) we get 0.5 > 0.6 which is false.
Therefore, we showed that the union of any two T-fuzzy JU-subalgebras of a JU-algebra X may not
be a T-fuzzy JU-subalgebra of X.

Theorem 4.1.4. Let S be a nonempty subset of a JU-algebra X. Then the characteristics function
Xs is a T-fuzzy JU-subalgebra of X if and only if S is a JU-subalgebra of X.

Proof. Suppose Xs is a T-fuzzy JU-subalgebras of X and S # (). Let x,y € S implies that Xg(x) =
1=Xs(y). Now

Xj(xxy) = T{Xs(x), Xs(y)} =T{1,1} =1

= Xs(x*y) > 1but Xs(x*xy) <1

= Xs(x*xy) =1

=X*xYy €S

= S is a JU-subalgebra of X.
Conversely, suppose S is a JU-subalgebra of X. We need to show that Xs is a T-fuzzy JU-subalgebra

of X. Now consider the following cases:

Case 1. if x,y € X where x *y € S then

Xs(xxy) =12=T{Xs(x),Xs(y)}
Case 2. ifx € Sandy ¢ S(orx ¢ S and y € S),then

Xs(x) =1,Xs(y) =0. Thus

Xs(x*xy) =2 0=T{1,0} =T{0,1} = T{Xs(x),Xs(y)}
Case 3. Suppose x,y ¢ S then

Xs(x) =0=Xs(y). Thus

Xs(x*xy) =2 0=T{0,0} = T{Xs(x),Xs(y)}

]

Theorem 4.1.5. Let U(@ : t) be nonempty and V't € [0,1]. A fuzzy subset ® of a JU-algebra X is
a T-fuzzy JU-subalgebra of X, if and only if U(® : t) is a JU-subalgebra of X.
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Proof. Suppose that @ is a T-fuzzy JU-subalgebra of X such that U(® : t) # (). Then for any
x,y € Xand let x,y € U(@ : t). Then, @(x) >t and @(y) > t. We have

®(xxy) > Ho(x),®y)l >t
This implies that x xy € U(® : t) and hence U(@ : t) is a subalgebra of X.
Conversely, suppose that U (@ : t) is a JU-subalgebra of X for any t € [0,1] and U(@ : t) # (.
Assume that @ is not T-fuzzy JU-subalgebra of X. Then there exist some zy,z; € X such that
®(z0 *21) < T{@(z0), @(21)}
Take B = 3[@(z0 * 1) + T{@(z0), @ (z1)}]

= ®(z0*21) < B < H(z0), ®(21)}

= zoxz1 € U(® : ), a contradiction, since U(@ : ) is a JU-subalgebra of X. Therefore,
®(zg*z1) = T{o(z9),®(2z1)} for any zg,z1 € X. O

Theorem 4.1.6. Let T be a T-norm and let @ be a fuzzy set in a JU-algebra of X with Im(@) =
{t1,t2, ..., ta} where t; < tj whenever 1 >j. Assume that there exist an ascending chain of sub-
algebra So C S1 C S5 C,...,C Sp = X of X such that ®(Swm) = tm, where Sy = Sm/Sm_1 for
m=1,2,3,...,nand Sy = So. Then @ is a T-fuzzy JU-subalgebra of X.

Proof. Suppose that there exist an ascending chain of subalgebra S, CS1 C S, C,...,C Sy =X of
X such that @ (S) = tm, wherem=1,2,3,...,n. Let x,y € Xandletx,y € Smthen @(x) =ty =
®(y) and x xy € Sp. Now

®(x*xy) 2 tm =min{o(x),®(y)} = H{o(x),®(y)}
Suppose that x € S~p andy € S~q for p # q Without loss of generality, we may assume that p > .
Then @(x) =t, <tqg=@(y)andx xy € S~p. Thus

®(xxy) > tp =min{@(x),®(y)} > T{@(x), ®(y)}
Hence @ is a T-fuzzy JU-subalgebra of X. O]

Theorem 4.1.7. let S be a JU-subalgebra of X and @ be a fuzzy set in X given by

p,ifxeSs
o(x) =
q, otherwise Vp,q € [0,1]

With p > q. Then @ is a Ty fuzzy JU-subalgebra of X. Particularly if p =1 and q =0 then @ is
Truk fuzzy subalgebra X. Additionally, Im(@) =S

Proof. Suppose S is a JU-subalgebra of X and let x,y € X. Then consider the following cases:
Case 1. If x,y € S, then

Truw(@(x), @(y)) = Truk(p,p) = max(2p —1,0)

2p—1,ifp=>1/2
0, Otherwise

<p
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=®(x*y)

Case 2. If x,y ¢ S,then

Truw(@(x), @(y)) = Truk(g,q) = max(2q —1,0)

2q—1,ifq>1/2
0, Otherwise

<q
=@ (x*Yy)

Case3. If xeSandy ¢ S (orx ¢ Sand y € S), then
Touk(@(x), @(y)) = Truk(p, q) = max(p + q —1,0)

p+q—1,ifp+q=>1
0, Otherwise

<q

=@ (x*Yy)

Hence @ is a T-fuzzy JU-subalgebra of X.
Suppose that p =1 and q = 0. Then Tk (p,p) = max{p +p — 1,0} =1 =p and Trk(q,q) =
max{q+q—1,0l=0=qgand Im(®) =S H

4.2. T-fuzzy JU-Ideals of JU-Algebras

In this section, we introduce the notion of T-fuzzy JU-ideals of JU-algebra and discuss some of

their properties.

Definition 4.2.1. Let @ be a fuzzy set in X. Then the set @ is a T-fuzzy JU-ideal with the binary
operation x if it satisfies the following axioms:

a)®(1) > @(x)

b)@(y) > THo(x),@(x*xy)},Vx,yeX.

Example 4.2.1. Let X ={1,2,3,4,5,6} in which * is defined by the following Cayley table:
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*x 11121314156
1]1]2]3[4]|5]|6
211(1]3]3[5]6
311{1]1]2]5]6
411 |1]1[1]5]6
SIS|5(5]5|1]1
6|1 |1[2]1]1]1

See [3] (X;*,1) is a JU-algebra. Let T :[0,1] x [0,1] — [0,1] be a function. The given T-norm
defined by T(x,y) =x.y, for all x,y € [0,1]. Define a fuzzy set ® in X by ®(1) =0.9, ®(2) =0.7,
@(3)=05=@(4), ®(5) =0.3=@(6). Now let we take x =1 andy =4, then ®(4) =0.5--- (%)
and T{o(1),®(1x4)} =T{0.9,0.5} = (0.9).(0.5) =0.45- - - ().

From (*) and (**) we get 0.5 > 0.45, which is true.

Similarly, the result holds for all values of x and y in X.

Therefore, @ is a T-fuzzy JU-ideal of X.

Theorem 4.2.1. The intersection of any two T-fuzzy JU-ideals of X is also a T-fuzzy JU-ideal of X.

Proof. Suppose @1 and @ are two T-fuzzy JU-ideals of X and Vx,y € X. Then,
@1 N®(1) = min{@(1),@2(1)} =2 min{o; (x), @2(x)} = @1 N @D2(x)
And,

@1 N@2(y) = min{o1(y), @2(y)}
= min{T{@1(x), @1(x *y)}, {@2(x), @2(x xy)}}
(x), @2 (x)}, min{@1 (x * y), @2(x *y)}
=T N@a(x), @1 N@2(x *y)}

> T{min{®o7(x

O

Corollary 4.2.2. Let{®@; :j € Q} be a family of T-fuzzy JU-ideals of X. Then Njcq@j is also T-fuzzy
JU-ideal of X, where Njcq@; = {(x,infjeq@;)x € X}

Proof. For each j € Q, let @;j be a T-fuzzy JU-ideal of X. Hence, for all x,y € X, the following
properties hold:

) @;(1) = @j(x),

(i) @j(x*y) = T(@5(x), @;(y)).
Define a fuzzy set @ : X — [0, 1] by

®(x) = inf @;(x), VxeX.
jeQ)

We will show that @ is a T-fuzzy JU-ideal of X.
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(1) For any x € X,

_ . S () — .
@(1) jlélé@l(l) /jlgémj(x) @ (x)

Hence, @(1) > @(x).

(i1) And for any x,y € X,
wly) = inf @; Yy
( ) jleQ )( )

> ji&sz(a)j(x),wj(x *y))

>T (inf @j(x), inf @;(x *U))

jeQ jeQ)
=T(@(x),@(x*y)).
Hence,
@(y) = T(@(x),@(x *y)).
Therefore, (). @j is a T-fuzzy JU-ideal of X. O

Theorem 4.2.3. Let J be a nonempty subset of a JU-algebra X. Then the characteristics function
Xj is a T-fuzzy JU-ideal of X if and only if J is an ideal of X.

Proof. Suppose Xj is a T-fuzzy JU-ideals of X and J # (.
Let x € ] implies that Xj(x) = 1.
Hence, Xj(1) = Xj(x * x) > T{Xj(x), Xj(x)} = T{1,1} =1
= Xj(1) > 1 but Xj(1) < 1 implies that Xj(1) =1. Thus 1 €]
And let x,x *y € ] implies that Xj(x) =1 = Xj(x *y). Now
Xjy) = T{Xj(x), Xj(x xy)} =T{1,1} =1
= Xj(y) > 1but Xj(y) <1=Xj(y) =1
=y € ]. Therefore, | is a JU-ideal of X.
Conversely, suppose J is a JU-ideal of X. We need to show that Xj is a T-fuzzy JU-ideal of X. Now

consider the following cases:

Case 1. If x,x xy € ] where y € ] then
Xj(y) =12 T{Xj(x),Xj(x xy)}

Case 2. If x€Jandx*y ¢ J (orx ¢ ] and x *y € J),then Xj(x) =1,Xj(x *y) = 0. Thus

Case 3. If x,x xy & ] then Xj(x) =0 = Xj(x *y). Thus
Xjly) = 0=T{0,0} = T{Xj(x), Xj(x xy)}
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Theorem 4.2.4. Let U(® : t) be nonempty for all t € [0,1]. A fuzzy subset @ of a JU-algebra X is
a T-fuzzy JU-ideal of X if and only if U(® : t) is a JU-ideal of X.

Proof. Suppose @ is a T-fuzzy JU-ideal of X. Let t € [0,1] and assume U (@ : t) # (.

For any x € U(®, t) such that @ (x) > t. Since @ is a T-fuzzy JU-ideal of X, we have @ (1) > @ (x),
for all x € X. Thus @(1) > @(x) > t. Therefore 1 € U(®,t).

Andlet x,x xy € U(@ :t). Then @ (x) > t and @ (x *y) > t. Hence

DY) > THo(x),@(x*xy)} >t

=y € U(®:t), hence U(@ : t) is a JU-ideal of X.

Conversely, suppose that U (@ : t) is a JU-ideal of X for every t € [0,1] with U(@ : t) # 0. Assume,
for contradiction, that @ is not a T-fuzzy JU-ideal of X.

Then there exists some zy € X such that @ (1) < @(zg). Take

B=1(o(1)+@(z)).

Then @ (1) < B < @(zp), which implies zp € U(@: 3) and 1 ¢ U(® : ) — a contradiction, since
U(@ :B) is assumed to be a JU-ideal of X. Therefore, we must have @ (1) > @(x) for all x € X.
Next, assume that zg,z1 € X such that

®@(z1) < T{@(z0), @(z0 * 21)}.

Take
B=1(@(z1) + H@(z0), @ (20 %21)}).

Then
®(z1) < B < TH®@(z0), @(z0 * z1)}-

This implies 3 > @(z1) and B < T{®(zg), ®(zp * z1)}. Hence z; ¢ U(® : B), a contradiction since
U(@:B) is aJU-ideal of X.
Therefore, @(z1) > T{®@(zp), @ (2 * z1)} for all zg,z1 € X. Thus, @ is a T-fuzzy JU-ideal of X. [

Theorem 4.2.5. Let @ be a T-fuzzy JU-ideals of X. Then the set Xo ={x € X|@(x) = ®(1)}is an
ideal of X.

Proof. Let @ be a T-fuzzy JU-ideals of X. Obviously, 1 € X5. Let x,x *y € Xgp implies that
D(x)=o(1) =@(x*y). Now

®(y) =2 Ho(x),@(xxy)}=To(1),o(1)}=x(1)

= ®(y) > ®(1) but ®(y) < @(1) by Definition 4.2.1

= o(y)=a(1)

=Yy € Xgu, hence Xy is JU-ideals of X. O]

Theorem 4.2.6. If every T-fuzzy JU-ideal @ of X has a finite image, then every descending chain
of JU-ideals of X converges at finite steps.

87



Proof. Assume that there exists a strictly descending chain J; D J» 2 J3... of JU-ideal of X which

does not converge at a finite step. Define a fuzzy set @ in X by
B AP E Ja \ Tt

1L, xenX Jn

o(x) =

,wheren € N and J; = X.
Since1 € J,,Vn, @(1)=12> @(x),Vx € X.
And for any x,y € X, then by the above assumption, consider the following cases.

Case 1. If x € Jqu \ Jnaq and x*xy € J;y \ Jieq forn=1,2,3,...; m =1,2,3,... Without loss of

generality, we may assume that n < m.
Then x and x * Yy € Jn, (since J;n € Jn). Thusy € J, since Jy, is a JU-ideals of X. Hence,

o(y) >l =T{ox),o(x*y)}.

Case 2. If x,x *y € N°° ;1 Jn, theny € N2, Jn.

Thus @(y) =1=T{@(x),@(x *y)}.

Case 3. If x € N2 yJn and x xy € N2, ], then there exists a positive integer p such that x € J;, \
]p—i—l-
It follows thaty € J,, then @ (y) > p;—l =T{@(x),®(x*y)}

Or, if x € N2 ;Jn and x *y € NS>, ], then there exists a positive integer q such that x x y €

Jq \ Jq+1. Implies thaty € Jq, then @(y) > gg—l =T{®@(x),®(x*y)}
Thus, @ is a T-fuzzy JU-ideal with an infinite number of different values, which is a contra-

diction.

]

Theorem 4.2.7. Every ascending chain of JU-ideals of X terminates at a finite step if and only if
the set of values of any T-fuzzy JU-ideals is a well-ordered subset of [0, 1].

Proof. Let @ be a T-fuzzy JU-ideal of X. Assume that the set of values of @ is not a well-ordered
subset of [0,1]. Then there exist a strictly decreasing sequence {yn} such that ®(x,,) = yn. This
implies that U(® :vy1) € W(@ :y2) € U(® :vy3) € ... is a strictly ascending chain of JU-ideal of
X which is not terminating. This is impossible.
Conversely, assume that there exists a strictly ascending chain

J1CT2 &3 & (™
,of JU-ideals of X which does not converge at a finite step. Remember that | = UnenJn is the
JU-ideals of X. Now let us define a fuzzy set @ in X by
1 ift=minfn e Njx € Jn}

0, if X ¢ Jn

o(x) =

We went to show that @ is a T-fuzzy JU-ideal of X. Since 1 € J,,, Vn, @(1) > % =w(x),Vx e X.

And for any x,y € X, then by the above assumption consider the following cases.
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Case 1. if x,x*y € Jn \ Jn_1 forn=2,3,...theny € J, \ J,_1 implies that
o(y) >3 =T{o[x),o(x*y)}

Case 2. If x € Jpandx*xy € Jn \ Jm and x xy € J, for any m < n. Since @ is a JU-ideal of X, then

y€JnThus @(y) > £ > 15 > @(x*y).

Or,If x € Jn \ Jm and x xy € J,, and x € J, for any m < n. Since @ is a JU-ideal of X, then
yeJnThus@(y) > L > 1o >@(xx*y).

n = m+l

Therefore, @ is a T-fuzzy JU-ideal of X. Since the sequence (*) does not converge, @ has a strictly
descending sequence of values. This contradicts the value set of any T-fuzzy JU-ideal is well-
ordered. O]

4.3. Cartesian Product of T-Fuzzy JU-Algebras

In this section, the Cartesian product of T-fuzzy JU-subalgebras and T-fuzzy JU-ideals of X is

discussed and some of their properties are investigated.

Theorem 4.3.1. The Cartesian product of any two T-fuzzy JU-subalgebras of X is also a T-fuzzy
JU-subalgebra of X.

Proof. Suppose @1 and @ be two T-fuzzy JU-subalgebras of a JU-algebra X. Let (x1,%2), (y1,Y2) €
X %Y. Then

[@1 x @al7((x1,%2) * (Y1,Y2)) = [@1 x @2l71((x1 * Y1), (X2 % Y2)
=T(@1(x1 *y1),@2(x2 *y2)) (By Definition 1.3.4)
T(T(@1(x1), ®1(y1)), T(@2(x2), @2(y2)))
T(T(@1(x1), @2(x2)), T(@1(y1), @2(y2)))
T([

@1 X @2l7(x1,%2), [@1 X D2l7(yY1,Y2))

]

Theorem 4.3.2. Let {Xj}?zl be the finite family of JU-algebras and X = ﬂ}‘lej the Cartesian prod-
uct of JU-algebras of {X;}. Let @; be a T-fuzzy JU-subalgebra of X;, where 1 <j <n. Then @ =
T, @; is defined by @ (x1,X2, ..., %n) = (T @j)1(x1, X2, ., Xn) = Tn(@1(x1), @2(X2), ..., @n(xn))
is also T-fuzzy JU-subalgebra of X.

Proof. Letx = (xq1,X2,...,xn) and y = (y1,Y2,...,Yn) be any elements of X = n;;lxj. Then

@ (x*xy) = D((x1,%X2, -, Xn) * (Y1,Y2,---,Yn))
= ®(X1 *Y1,X2 ¥ Y2, ..., Xn * Yn)

=Th(®@1(x1 *xy1), @2(x2 *Y2),..., On(xn *yn)) (By Definition 1.3.4)
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\%

Ta(T(@1(x1), @1(y1)), T(@2(x2), @2(y2)), -+, T(@n (xn), @n(yn)))
T(Ta(@1(x1), @2(x2), ., @n(xn)), Tn(@1(y1), @2(Y2), ., @n(yn)))
T(@(x1,%2, -+, %n), ®(Y1,Y2, -+, Yn))

T(

@(x), @(y))

]

Theorem 4.3.3. Let @1 and @7 be T-fuzzy JU-subalgebras of X. If T' is a T-norm which dominates
T ieT (T(p,q),T(r,s)) =T(T (p,7v),T'(q,s)),VYp,q,r,s € [0,1]. Then the T' fuzzy product of @1
and @3, [©1.@2]7/ is a T-fuzzy JU-subalgebra of X.

Proof. Let x,y € X, then

[@1.@2]1/(x*xy) =T (@1(x*y),@2(x *y)) (By Definition 1.3.5)
> T'(T(@1(x), @1(y)), T(@2(x), @2(y)))
> T(T'(@1(x),@2(x)), T'(@1(y), @2(y)))(By Lemma 1.3.1)

= T([@1.@2]1/(x), [@1.@2]7/(y))
OJ

Theorem 4.3.4. The Cartesian product of any two T-fuzzy JU-ideals of X is also a T-fuzzy JU-ideal
of X.

Proof. : Suppose @1 = (X, @1) and @y = (Y, @7) be two T-fuzzy JU-ideals of a JU-algebra X.
Let x,y € X xY. Then [®1 X @7l7(1,1) = T(@1(1),@2(1)) = T(@1(x),@2(y)) = [@1 x

(Dz]T(XzU)-
And, let (x1,%2),(y1,92) € X x Y. Then

[@1 X @2l1(y1,y2) = T(®@1(y1),@2(y2)) (By Definition 1.3.4)
T(T(@1(x1),@1(x1 *y1)), T(@2(x2), @2(x2 * Y2)))
=T(T(@1(x1), @2(x2)), T(@1(x1 * Y1), @2(x2 * y2)))
(

(

= T{[@1 x @2]7((x1,%2), [@1 X @2]7(
(

WV

X1 * Y1, (X2 *Y2)}

= T{[@1 x @2]7((x1,%2), [@1 X @2]7((x1,%2) * (y1,Y2))}
OJ

Theorem 4.3.5. Let @1 and @, be T-fuzzy JU-ideals of X. If T is a T-norm which dominates T, i.e
T (T(p,q),T(r,s)) =T(T'(p,7),T'(q,s)),Yp,q,r,s € [0,1]. Then the T' fuzzy product of @1 and
@9, [@1.@2]7/ is a T-fuzzy JU-ideal of X.

Proof. Let x,y € X, then
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[@1.@2]1/(1) =T (@1(1), @2(1)) = T (@1(x), @2(x)) = [@1.@2]7/ ()

'(@1(y),@2(y)) (By Definition 1.3.5)
(T(@1(x),@1(x *y)), T(@2(x),@2(x *y)))
(T'(@1(x),@2(x)), T (@1(x *y),@2(x*y))) (By Lemma 1.3.1)

([@1.@2]1‘/(7{), [@1.@2]1-/(7( * y))

[@1.@201/(y) =
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Chapter 5
Interval valued Fuzzy Structures on
JU-Algebra

In this study, we introduce the concept of interval valued fuzzy JU-subalgebras and JU-ideals
(abbreviated as I-V fuzzy JU-subalgebras and JU-ideals), and we discuss level set, homomorphism

and Cartesian product within the framework of JU-algebras.

5.1. Interval valued Fuzzy JU-Subalgebras of JU-Algebras

In this section, we introduce the notion of interval valued fuzzy JU-subalgebras of JU-algebras,

and some of their properties are discussed.

Definition 5.1.1. Let & be an I-V fuzzy set in X. Then the set & is an I-V fuzzy JU-subalgebra of X
with the binary operation x if

$(x xy) = rmin{dp(x),d(y)}, Vx,yeX.

Example 5.1.1. Let X ={1,2,3,4} in which x is defined by the following Cayley table:

BN =] *
DD = N po
—_ =N W
— W N A

1
1
2
1
1

See [3] (X;*,1) is a JU-algebra. Define $(x) as follows:

- [0.5,0.8] ifxe{l,2}
P(x) =
[0.3,0.4] otherwise

For § to be an I-V fuzzy JU-subalgebra of X, the following condition must hold for all x,y € X:

b (x *y) = min{d(x), d(y)}.

Now from the Cayley table: let we take,
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forx=1andy =2, then $(1%2) = $(2) =[0.5,0.8],--- (*) and
min{$ (1), $(2)} = min{[0.5,0.8],[0.5,0.8]} = [0.5,0.8]. - - - (xx)

From (*) and (**) we get [0.5,0.8] > [0.5,0.8], which is true.
Likewise,

Forx =2andy =3, then (2 x3) = $(2) =1[0.5,0.8],--- (x x ) and
min{$(2), $(3)} = min{[0.5,0.8],[0.3,0.4]} = [0.3,0.4]. - - - ( * %x)
From (***) and (****) we get [0.5,0.8] > [0.3,0.4], which is true.
Similarly, the result holds for all values of x and y in X.

Therefore, § is an I-V fuzzy JU-subalgebra of X.

Theorem 5.1.1. An I-V fuzzy set & = {(x, [dp*(x), dY(x)]),x € X} is an I-V fuzzy JU-subalgebra of
X if and only if d" and dY are fuzzy JU-subalgebra of X.

Proof. Let ¢ and ¢! be fuzzy JU-subalgebras of X and x,y € X. Then
Glxxy) = [b (x*y),¢" (x xy)]
> [min{"(x), ¢ (y)}, min{"! (x), " (y)}]

= rmin{[$p"(x), dY(x)], [d"(y), d" (y)]}
= rmin{(x), d(y)}.

Conversely, suppose ¢ is an I-V fuzzy JU-subalgebra of X and Vx,y € X. Then

[ (x xy), ¢ (x xy)l = P(x xy)

This implies:
b"(x *y) = min{p"(x),d (y)} and
¢! (x xy) = min{$p" (x), ¢! ()}
Thus ¢* and Y are fuzzy JU-subalgebras of X. [

Theorem 5.1.2. If § is an I-V fuzzy JU-subalgebra of X, then $(1) > $(x), for all x € X.

Proof. Suppose ¢ is an I-V fuzzy JU-subalgebra of X. Then for any x € X:

d(1) =P(x*x) (ByLemma 1.6.1)
> rmin{$(x), d(x)}
= rmin{[¢p"(x), ¢! (x)], [$"(x), $ (x)]}
= [min{$"(x), b (x)}, min{$p" (x), b (x)}]
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O

Theorem 5.1.3. The intersection of any two I-V fuzzy JU-subalgebras of X is also an I-V fuzzy
JU-subalgebra of X.

Proof. Suppose ¢ and ¢, are two I-V fuzzy JU-subalgebra of X and Vx,y € X.Then,

(b1 N d2)(x *y) = min{d1 (x *y), P2 (x *y)}
=min{[p](x *y), b (x * y)], [P5(x *y), b5 (x * y)I}
= min{[p](x *y), 5 (x *y), d1' (x x y), 5 (x * y)I}

> | min { min(@}(x), b} (y)}, min{$F(x), 5y},

min { min{¢}!(x), b} (y)}, min{o} (x), &3 (y)}}]

= | min { min{¢} (), 95 (x)}, min{ok (), G5 ()3},

min { min{}! (x), ¢} (x)}, min{} (y), o4 (y)}}

= [min {(o} N5 x), (6} N dHI (W)},
min { (4} N o) (x), (6} N 43 (y) )

=min {($1 N $2)(x), (b1 N d2)(y)}

O

Corollary 5.1.4. Let {{pi[i € A} be a family of I-V fuzzy JU-subalgebras of X. Then (i p $i is also
an I-V fuzzy JU-subalgebra of X.

Proof. Let x,y € X be arbitrary. For each i € A, since ¢; is an I-V fuzzy JU-subalgebra, we have

di(x *xy) = min{di(x), bi(y))
Define the intersection ¢ : X — C[0,1] by

§(x) = linf G (x), inf §i(x))

Then, ) 3 3
$(xy) = linf §i(xy), inf i(x + y)]
> (inf min(s(x), bs(y)}, inf min(: (), i (y))
= min{inf b;(x), inf §:(y)},min{in §: (x), inf Gs(y)}]
= min{$(x), d(y)}.
Therefore, (};cx ®1 is an I-V fuzzy JU-subalgebra of X. O
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Remark 5.1.1. The union of any two I-V fuzzy JU-subalgebras of a JU-algebra X may not be an
I-V fuzzy JU-subalgebra of X.

Example 5.1.2. Let X = {1,2,3,4} in which x is defined by the following table.

2
2
1
1
4

A=W W

4
4
1
1
1

=W N| = %
el B Bl B

See [3] (X;*,1) is a JU-algebra. Define $1(x) and $(x) as follows:

. [0.8,09] ifxe{1,3}
$1(x) =
[0.4,0.5] otherwise

and
[0.9,1] ifx=1

$2(x) =410.6,0.8] ifx=2
[0.2,0.3] otherwise

Then, ($1 U $2)(2 % 3) = rmax{d;(2*3), P2(2 % 3)}
= rmax{d1(4), $2(4)}
=rmax{[0.4,0.5],[0.2,0.3]} = [0.4,0.5]}- - - (%)

And,

rmax{1 (2 *3), $2(2 * 3)} = rmax{rmin{d1 (2), 1(3)}, rmin{d2(2), $2(3)}}
= rmax{rmin{[0.4,0.5],[0.8,0.9]}},rmin{[0.6,0.8],[0.2,0.3]}}
= [rmin{max{0.4,0.8}, max{0.5,0.9}, rmin{max{0.6,0.2},max{0.8,0.3}}]
=rmin{[0.8,0.9],[0.6,0.8]}
= [min{0.8,0.6},min{0.9,0.8}] = [0.6,0.8] - - - (xx)

From (x) and (xx) we get [0.4,0.5] > [0.6,0.8] which is false.
Therefore, we verfied that the union of any two I-V fuzzy JU-subalgebras of a JU-algebra X may
not be an I-V fuzzy JU-subalgebra of X.

Theorem 5.1.5. Let U (P : [t1,to]) ={x € X|b(x) > [t1, t2]} be nonempty set and V[t1,t5] € C[0,1].
A fuzzy subset & of a JU-algebra X is an interval Valued fuzzy JU-subalgebra of X, if and only if

U(d : [ty,t2]) is JU-subalgebra of X.
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Proof. Suppose ¢ is an interval Valued fuzzy JU-subalgebra of X. Let [tq,t,] € C[0,1] and U(d:
[t1,t2]) Z 0. Let x,y € U(P : [ty,tp]) implies that G(x) > [ty,to] and $(y) > [ty,to]. Then,
$(x *xy) = rmin{$(x), d(y)} > rmin{[ty, to], [t1, to]} = [t1, 2]

This implies that x xy € U( : [tq,t2]) and hence U( : [t,t]) is a JU-subalgebra of X.
Conversely, suppose that U (¢ : [tq,t5]) is a JU-subalgebra of X for any [t1,tp] € C[0,1] and that
U( : [ty,t2]) # 0. Assume that § is not an interval valued fuzzy JU-subalgebra of X. Then there
exist some zg,z1 € X such that

$(z0 * z1) < rmin{P(zo), d(z1)}.
Let $(z9) = [B1, B2l ®(z1) = [B3, Bal, and P(zg * z1) = [t1, o). Then

[tlrtZ] < rmin{[ﬁ1, BZ]/ [ﬁ3/ ﬁ4]}

Take
[o1, 0] = %(@(Zo *z1) + rmin{(z9), (z1)}) = %([’q,tz] + rmin{[B1, B2, [B3, B4l})
1 1
— (3t + min(Ba, Bab), 5 (t2 + min(Ba, ) ).
Hence, .
min{f1, B3} > g = E(tl +min{B1,33}) > t1,
and ,
min{B, B4} > ap = §(t2 +min{3, B4}) > to.
Therefore,

(min{B1, B3}, min{Bo, B4}) > [og, o] > [t1, to] = B(z * z1).

This implies that zg * z; & U(d : [x1, xo]).
Moreover,

$(z0) = [B1, B2) > (min{B1, B3}, min{B2, Ba}) > [a1, 2,

and

$(z1) = [B3, B4l > (min{B1, B3}, min{B2, B4}) > [0y, .

Hence zg,z1 € U($ : [x1, x3]), which contradicts the assumption that U( : [xq, xp]) is a JU-
subalgebra of X.

Therefore,
$(z0*z1) = rmin{d(z0), b(z1)}, Vzo,21 € X.

]

Theorem 5.1.6. Let & be an interval valued fuzzy subset of a JU-algebra X. Then &€ is an interval
valued fuzzy JU-subalgebra of X if and only if L($, [t1,t2]) is either empty or a JU-subalgebra of
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X for [t1,tp] € C[0,1].

Proof. Let ¢ be an interval valued fuzzy subset of a JU-algebra X. Suppose ¢€ is an interval
valued fuzzy JU-subalgebra of X and L(, [t1,to]) # 0. We need to prove that L(, [tq,tp]) is a
JU-subalgebra of X. Since ¢€ is an interval valued fuzzy JU-subalgebra of X, we have

¢ (x *y) = rmin{d°(x),d(y)}, forall x,y € X and [tq,t,] € C[0,1].

It follows that

Hence,

Thus, G(x xy) < [tq,to], implies that x xy € L(, [t1,t2]). Hence, L(, [tq,to]), is a JU-subalgebra
of X.

Conversely, assume that L(, [tq,t,]) is a nonempty JU-subalgebra of X. We need to show that p°
is an interval valued fuzzy JU-subalgebra of X.
Let cT)(x),cT)(y) € C[0,1] for x,y € X and [tq, 5] € C[0,1]. Choose

[tlltZ] = rmax{&) (X)/ (I) (U )}

Then ¢(x) < [t1, to] and d(y) < [ty, to] imply that x,y € L(, [t1, ta]) # 0. Since L(, [ty, to]) is
a JU-subalgebra of X, we have x xy € L(, [tq,t2]).
Thus,

b(x*+y) < [ty to] = rmax{d(x), d(y)},

which gives

Hence,

¢ (x *y) = rmin{d°(x), d°(y)}.
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Therefore, §€ is an interval valued fuzzy JU-subalgebra of X. [l

Theorem 5.1.7. If  is an I-V fuzzy JU-subalgebra of X, then the set X ={x e Xld(x)=(1)}
is a JU-subalgebra of X.

Proof. Letx,y € Xg. Then (x) = d(1) = P(y), and so

$(x)
d(x*y) = rmin{d(x), d(y)} = rmin{d(1),H(1)}.
= $(x*y) = p(1) but p(x xy) < (1), ¥x,y € X  (by Theorem 5.1.1.1)

= $lx*y) = (1)
=xx*xy e Xg.
Hence X is a JU-subalgebra of X. ]

Theorem 5.1.8. Every interval valued fuzzy JU-subalgebra of a JU-algebra X can be realized as
a level JU-subalgebra of an interval valued fuzzy JU-subalgebra of X.

Proof. Let S be a JU-subalgebra of X and let ¢ be an interval valued fuzzy set in X defined by

[t1,tp], ifxes,
$(x) =

[0,0], otherwise,

where [t1,tp] € C[0,1] with t; < t»
We claim that ¢ is an interval valued fuzzy JU-subalgebra of X. Let x,y € X. Consider the

following cases:
Case 1. If x,y € S, thenx xy € S, and so
b (x *y) = [ty to] = rmin{[ty, to], [ty, 2]} = rmin{d (x), d(y)}.
Case 2. If x,y ¢ S, then $(x) = [0,0] = $(y) and thus
$(x xy) = [0,0] = rmin{[0,0], (0,01} = rmin{P(x), d(y)}.
Case 3. If xe Sandy ¢ S, then

b (x +y) =10,0] = rmin{[t;, to], (0,07} = rmin{(x), (y)}.

Similarly, for the case x ¢ S andy € S, we get
b(x*y) =rmin{d(x), d(y)}.
Therefore, ¢ is an interval valued fuzzy JU-subalgebra of X. U

Theorem 5.1.9. Let {S;} be any family of JU-subalgebras of JU-algebra X such that Sg C S1 C Sy C
-+ C Sy = X. Then there exist an I-V fuzzy JU-subalgebras which are exactly the JU-subalgebras
of this chain {S}.
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Proof. Consider a set of numbers [to, t)] > [t1,t]] > [to,t)] > --- > [tn,t]] where each [t;t]] €
C[0,1]. Let ¢ : X — C[0,1] be an I-V fuzzy set defined by

dN)(x) _ [to,to], if x € Sy

[ti/t{]/ ifxeS;—Si_1,0<i<n.

Now, we claim that ¢ is an I-V fuzzy JU-subalgebra of X and U(¢, [t;, t 1) =Sifor0<i<n. Let

x,y € X, then we consider the following cases:

Casei. If x,y € S; — Si_1 for some i, then x,y € S;. Therefore, by definition of ¢, we have ¢ (x) =
[ti,t]] = ¢(y). Since S; is a JU-subalgebra of X, it follows that x *y € S; and so either
x*Y,E€ Si —Si_1 or x xy,€ S;_1 . Implies that G(x) > [ti, t]] or b(x) > [t; —1,t/ — 1] >
[ti,t{]. In any case we get P(xxy) > [ti,t]] =min{Pp(x), d(y)}

Case ii. Fori>j, [tj,t] > [ty, t/] and S; CSi. Letx € S;—Si_qandy € S5 — Sj_1 implies o(x) =
[ti,t]], Ply) = [tj,t].] [ti, t{]. Since S; is a JU-subalgebra of X and S; C S;, then x xy € S;.
Now, d(x xy) > [t;, t] = min{}(x),P(y)}. Thus ¢ is an I-V fuzzy JU-subalgebra of X.
Also, from the definition of ¢, it follows that Im(p) = {[to, tol, [t1, t1], [to, 15, ..., [tn, t]]).
Hence the upper level JU-subalgebras of ¢ are given by the chain of JU-subalgebras:

U(, [to, tg]) € W(P, [ty,t1]) C U(, [ta, t5]) C - CU(D, [tn, th]) =X, forO0<i<m.

Now, U(, [to, ty]) ={x € X: b(x) > [to, tj]} = So. Finally, we prove that U(, [t;, t]]) =S,
for 0 <i<mn. Now letx € S, then $(x) > [t;, t{]. This implies x € U(, [t;, t/]. Hence, S; C
U(, [ty t]]). If x € U(, [t;, t]]), then d(x) > [ti, t{]. Which implies that x ¢ S; for j > i.
Otherwise, if x € S;, then b(x) > [t], t{], which implies [t;, t{] > b(x) > [t), t/]. This contra-
dicts the assumption that x € U(d, [tl,tl]). Hence $(x) € [to, t4), [ta, 1], [tz,tz], ooy [t tH
So, x € Sy for some k <1i. As Sy C Sy, it follows that x € S;. Hence U(d, [ti, t]]) C Si.
Therefore, U(, [ti, t]]) = Si, for 0 < i< m.

Theorem 5.1.10. Let S be a subset of X and let $ be an I-V fuzzy set on X, given by

Blx) = [a1,a2] ifx €S,

[b1,by]  otherwise,

for all [ay,as],[by,bs] € Cl0,1] with aq > by and ay > by. Then § is an I-V fuzzy JU-subalgebra
of X if and only if S is a JU-subalgebra of X. Moreover, in this case, Xy = S.

Proof. Let § be an I-V fuzzy JU-subalgebra of X, and let x,y € S then,
d(x) = [ay, az] = d(y)

$(x xy) = rmin{d(x), d(y)} = rmin{[ay, as], [a1, az]} = [a1, as]
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= d(x*xy) > lag, az] but h(x *y) < [ay, az

= $(xxy) =lay, ay]

=xx*y € S.

= S is a JU-subalgebra of X.
Conversely, suppose that S is a JU-subalgebra of X, let x,y € X. Let us consider the following
cases.

Case 1. If x,y € Sthen x xy € S, thus

b (x *xy) = lay, ap] = rmin{d(x), b(y)}
Case 2. If x ¢ Sory ¢ S, then

b(x xy) = [bg,ba] = rmin{d(x), d(y)}
Case 3. If xe Sory ¢ S, then

&)(X * U) 2 [blle] — T’Inin{[(ll/ (12], [blle]} = T’mln{&)(x)/é(y)}
Similarly, If x ¢ S ory € S, then

$(x *y) > [by,by] = rmin{[by, by}, [a1, al} = rmin{P(x), d(y)}

Thus, ¢ is an I-V fuzzy JU-subalgebra.

Moreover, we have
Xg=xeXId(x)=b(1)}={xe X[ d(x) =laj,al} =S O

Theorem 5.1.11. Let (X,*,1) and (Y,*I,ll) be JU- algebras and a map g : X — Y be an onto
homomorphism and let G be an I-V fuzzy subset of X. If § be an I-V fuzzy JU-subalgebra of X, then
the image (), is an I-V fuzzy JU-subalgebra of Y with sup property.

Proof. Let g : X — Y be an onto homomorphism of JU- algebra and let ¢ be an I-V fuzzy JU-
subalgebra of X. We went to show that g(ﬂ)) is an I-V fuzzy JU-subalgebra in Y. Let yi,yz € Y.
Since g is onto, there exist x1,x € X such that g(xq) =yj and g(x3) = y».
Also g is a homomorphism, g(x1 * x2) = g(x1) *’ g(x2) =y1 *" y2. Now
() (Y1 * Y2) = SUP, ryeq1(yy ) (P (X1 % X2)}
= [supxl*meg,l(yl*yz){d>L(x1 %x2), P (%1 * x2)}].(by Lemma 1.4.1)
> [min{sup, ¢ g1y, {0 (x1),5Up,, g1y, (DT (x2) ]}, min{
SUP, g1y (P (x1),8UP,, g1 (y,) D1 (X2) -
- min{supxﬁg Hy1) {d)L(Xl) SupX1€9*1(yl){¢u(X1)}}’ min{supxﬁgfl(yz)
{d"(x2),5up,, ¢ g1(y,) DY (X2
— rmin{sup, g 11y, (B (1)}, SUPy g1y B2
= rmin{g($)(y1)}, 9((13)( 2) O

Theorem 5.1.12. Let (X,x,1) and (Y, ,1') be JU-algebras and a map g : X — Y be homomor-
phism. Let & be an I-V fuzzy subset of Y. If § be an I-V fuzzy JU-subalgebra of Y, then the Per-image
g Y(P) is an I-V fuzzy JU-subalgebras of X.
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Proof. Let g: X — Y be a homomorphism of JU- algebra and let ¢ be an I-V fuzzy JU-subalgebra
of Y. We went to show that g~ () is an I-V fuzzy JU-subalgebra in X.
For any xq,x; € X and y1,yz € Y such that g(x1) =y1, g(x2) =y». Since g is a homomorphism,
g(x1 #x2) = g(x1) *’ g(x2) =y1 *"yo. Then,
g (@) (x1#x2) = [g7H (M) (x1 % x2), 971 (&) (x1 * x2)] ( by Lemma 1.4.1)

d'(g(x1x2)), P (gx1 % x2))]
dH(g(x1) * g(x2)), dH(g(x1) *’ g(x2))]
o (Y1 + y2), oY (y1 * yo)]
min{$"(y1), d-(y2)}, min{d (y1), o (y2)}]
min{*(y1), " (Y1)}, min{d*(v2), ¢" (y2))]

= rmin{d(y1), d(y2)}

= rmin{$(g(x1), d(g(x2))}
=rmin{g~ ($)(x1), g () (x2)} O

Theorem 5.1.13. Let X,Y,Z be JU-algebras. Then the function f: X — Y and g:Y — Z be JU-
homomorphism then the following holds:

(a) If f,q are surjective then (g o f)($) is an I-V fuzzy JU-subalgebra of Z, for any I-V fuzzy
JU-subalgebra ¢ of X, provided that sup property holds.

(b) (go )" () is an I-V fuzzy JU-subalgebra of X, for any I-V fuzzy JU-subalgebra \p of Z.
Proof. (a) Let ¢ be an [-V fuzzy JU-subalgebra of X, for any z1,zp € Z . there exist x,xp € X
such that (g o f)(x1) =21,(g o f)(x2) = z5. Then

b(s) = SUPyegof)1(z) (P (1)} and B () = SUP,(gof)-1(2,){D(1)]} for some s, t € X. Also f,g
are homomorphism, so is g o f, and hence s xt € (go f) L(z1 % z5). Now,

(gof)(P)(z1%22) = b(s *t)
=[p (s 1), pY(s * t)]
2 [min{sup, . (4o6)-1(2) {d) (T)},SUP. e (gor)- {cI)L(r)},min{

SUP, ¢ (gof)—1 (2 LD (1)1 5UP, ¢ (gof)~1(2y) {d> (m)}}]
= [min{¢"(s), " (t)}, min{d"(s), " (t)}]
= [min{$"(s), p"(s)}, min{d"(t), $U(t))]
=rmin{p(s)}, d(t)}.
=rmin(g o f)($)(z1),(g o f)()(22)}
(b) Let ) be a fuzzy JU-subalgebra of Z and for any x,y € X. Then,

(gof) M) (x*y) =b((gof)(x*y))
=" ((gof)(x*y)), b ((gof)(x*y))]
> min{yp"((g o f)(x)), b ((g o )(y))}, minfh (g o f)(x)),
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Y(gof)(y))}
= min{h*((g o f)(x)),b"(g o f) (x)}, minfb(g o f)(y),
Y ((gof)(y))}
=min{(go )" (YL (x), (g o /)T (N (x)}, min{(g o /)1 (PF) (y),
(go )W) (y)}
= rmin{(g o )~ (P))(x), (g o ) (D)) (y)}
O

Theorem 5.1.14. The Cartesian product of any two I-V fuzzy JU-subalgebras of X are also I-V
fuzzy JU-subalgebra of X.

Proof. Suppose $1 and ¢, be any two I-V fuzzy JU-subalgebras of X. Let (x1,%2),(Yy1,Y2) €
X x X. Then

$1 % Pal(x1,%2) * (Y1,42)) = [T x b5 ((x1,%2) * (Y1,Y2)), dF x b5 ((x1,%2) * (y1,Y2))]

[
= [b% x d5((x1 *y1), (x2 % y2)), &Y x P53 ((x1 * Y1), (x2 ¥ y2))]
[min{d] (%1 * Y1), &5 (x2 *y2)}, min{d} (x1 *y1), b5 (x2 * yo)}]
> [min{min{$] (x1), d (Y1)}, min{d5(x2), d5(y2)}},
min{min{$f' (x1), {' (y1)}, min{} (x2), d5 (y2)}}]
= [min{min{¢] (x1), §3 (x2)}, min{d} (y1), d5(y2)},
min{min{$1' (x1), b3 (x2)}, min{dT (y1), d5 (y2)}}
= [min{d] x §5(x1,%2), ] x b5 (y1,y2)},
min{d}' x 5 (x1,%2), &Y x d5(y1,y2)}
= [min{d] x 5 (x1,%2), b x by (x1,%2)},
min{] x 5 (y1,Y2), O} x b (y1,y2)}]
=rmin{}; x a(x1,%2),$1 x P2(y1,Y2)}

]

Corollary 5.1.15. Let {X; })T‘:l be the finite family of JU-algebras and X = ﬂ};lxj the Cartesian
product of JU-algebras of {X;}. Let d~)j be I-V fuzzy JU-subalgebras of X;, where 1 <j < n. Then
¢ = ﬂ}‘zl cf)j is defined by:

blxa, X2, xn) = (T dy) (X1, %2, -, Xn)

=rinf{d1 (x1), P2(x2),-.., Pn(xn)}

is also an I-V fuzzy JU-subalgebra of X.

Proof. We verify the defining properties of an I-V fuzzy JU—subalgebra for ¢, working compo-

nentwise and using that each d~>j satisfies the same properties on Xj.
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Let x = (X1,...,Xn), Y = (Y1,...,yn) € X. The product in X is componentwise: x x Yy = (X1 *1
Y1,..-,Xn *n Yn), Where *;j is the operation on X;.
Using the definition of ¢ and the fact that each cf)j is an [-V fuzzy JU-subalgebra, we have for

every component j

d))(x) ]U)) rlnf{d))(x)) d))(y])}

Taking the r-infimum across components and using the monotonicity of rinf, we get

b (x *y) = rinf{dq (x1 *1 Y1), .., Pn(xn *n Yn))
> rinf{rinf{d1 (x1), d1(y1)}, ..., rinf{Pn (xn), Pnlyn)}}
=rinf{$1(x1),..., dn(xn), d1(y1),-.., Pn(yn)}
=rinf{$(x), d(y)).

Thus ¢(x *y) = rinf{$(x), $(y)}. Therefore P is an I-V fuzzy JU-subalgebra on X. ]

5.1.1 S-Interval Valued Fuzzy JU-Subalgebras

Definition 5.1.2. Let (T)g be an S-interval valued fuzzy set in a JU-algebra X and let S € C[0,1].
Then (I)g of X is called the S-interval valued fuzzy JU-subalgebra of X if

bs(x*y) > rmin{ds(x), bs(y)}, VxyeX.

The S-interval valued fuzzy JU-subalgebra of X extends the concept of an interval valued fuzzy JU-
subalgebra of X, and an interval valued fuzzy JU-subalgebra of X is a special case of an S-interval

valued fuzzy JU-subalgebra of X when S equal to 1.

Example 5.1.1.1. Let X ={1,2,3,4} in which * is defined by the following Cayley table:

1
1
2
1
1

\OJN ST ST}
—_ =N W
— W N A

BN = *

See [3] (X;*,1) is a JU-algebra. Let § = [1,1] and let us define S-interval valued fuzzy subset
s : X — C[0,1] by
rmin{s,[0.6,0.7]} ifx €{1,2}

bs(x) = .
rmin{s, [0.2,0.3]} otherwise

We now verify that §s is §-interval valued fuzzy JU-subalgebra of X. Now, let we take x =1 and

y =3, then bs(1+3) = d5(3) = [0.2,0.3] - (%)
and rmin{$;(1), P5(3)} = rmin{[0.6,0.7],[0.2,0.3]} = [0.2,0.3] - - - (%)
From (*) and (**) we have [0.2,0.3] > [0.2,0.3], which is true.
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Similarly, the result holds for all values of x and y in X.
Therefore, S-interval valued fuzzy JU-subalgebra of X.

Theorem 5.1.1.1. Ifﬂ)g is an § interval valued fuzzy JU-subalgebra of X, then (T)g(l) > dg(x), for
all x € X and S € C[0,1].

Proof. Suppose cT)g is an § interval valued fuzzy JU-subalgebra of X. Then for any x € X and
SeClo1]

]

Theorem 5.1.1.2. The intersection of any two § interval valued fuzzy JU-subalgebra of X is also §
interval valued fuzzy JU-subalgebra of X.

Proof. Suppose ¢ g, and ) g, are two § interval valued fuzzy JU-subalgebra of X and Vx,y € X and
S € C[0,1].Then,

(bg, Ndg,)(x *y) =min{dg (x *y), s, (x xy)}
> min { min{$g, (x), ds, (y)}, min{Pg;, (x), b, (y)}}
= min { min{g (x), s, (x)}, min{dg, (y), bs, (y)}}
=min{(dg, N bs,)(x), bs, N g, (y)}
Thus, (d)s ﬂd)sz)(x*y) mln{ (bs m¢52)(x)r(1~)5”1ﬂ(1~)§2(9)} O

Corollary 5.1.1.3. Let {&)gl It € A} be a family of §-interval valued fuzzy JU-subalgebra of X. Then
Niea (T)gi is also an §-interval valued fuzzy JU-subalgebra of X.

Proof. Define
=) s, (x) =rinf{ds (x)}, VxeEX.
ien ot

ieN

We show that ¢ is $-interval valued fuzzy JU-subalgebra of X.

Since each (135i is §-interval valued fuzzy JU-subalgebra of X, we have for all x,y € X,

bs. (xxy) > rmin{ds (x), s, (y),5}.

Now for any x,y € X,

§(x)=rinfds,(x),  dly) =rinf s, (v)

ieN
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and
blery) =rinf g (x+y).

Applying the JU-subalgebra condition for each 1 € A, we have

bs (x +y) = rmin{ds_(x), bs, (y),3).
Taking rinf;c A on both sides yields
inf R = inf in{ds ’ bs s S1).
rinf g, (x +y) = vinf (rmin{$s, (x), s, (y),3))
Since rinf preserves order and distributes over rmin, we get
. f . e _ , T _ , ~ — . . f 1 _ , . f T _ , ~ .
T ilél/\(rmm{tbsi (x), ds, (y),8}) = rmin{r inf s, (x), vinf ds, (y), )
Thus,
$lxxy) =rinf s, (x +y) > rmin(§(x), §(y),3)
Therefore, (;cp ) 5, 1s S-interval valued fuzzy JU-subalgebra of X. ]

Theorem 5.1.16. Let U(qu (g, t]) ={x € X| cf)g(x) > [tq,to]} be a nonempty set for all [t1,t5] €
Cl0,1]. A fuzzy subset 5 of a JU-algebra X is an interval valued fuzzy JU-subalgebra of X if and
only ifU((I)g : [tq,t2]) is a JU-subalgebra of X.

Proof. Suppose ¢ is an interval valued fuzzy JU-subalgebra of X. Let [t,t] € C[0,1] and assume
U(JDS D[ty ta]) #0. Letx,y € U(&Jg : [t1,t2]). Then d)g(x) > [t1,tp] and (T)g(y) > [t1,t5]. Hence,

$s(x xy) = rmin{ds(x), bs(y)} = rmin{[ty, to], [t1, t2]} = [t1, ta].

Thus, x xy € U((T)g : [t1,t2]), and therefore U((f)g : [t1,to]) is a JU-subalgebra of X.

Conversely, suppose that U.(&)g : [t1,t2]) is a JU-subalgebra of X for every [t1,tp] € C[0,1] and
U(ds : [t1,t2]) # 0. Assume that §g is not an interval valued fuzzy JU-subalgebra of X. Then

there exist some zg,z1 € X such that

$g(z0 *z1) < rmin{ds(z0), bs(z1)}

Let
ds(z0) =[B1,B2l,  bs(z1) =[B3,Bal, Pslzox21) =[ty, tol.
Then
[tlrtZ] < T‘min{[BL BZ]/ [[53/ (54]}
Now take

(1, &) = = (Pg(z0 * z1) + rmin{ds(z0), b5 (z1)}),

N~
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which gives

loty, 0tp] = %([tptz] + rmin{[B1, B2], [B3, Bal}) = ;(tl +min{f1, 33}), (tz +min{B2,B4}) |-
Hence,
min{p1, fa} > 1 = %(’H + min{f, B3}) > t1,
and
min{@y, B4} > xp = %(tz + min{B2, B4}) > to.
Thus,

(min{B1, B3}, min{By, B4}) > [0, ap] > [t1,t2] = Pg(zo * z1).
This implies that z * z1 ¢ U(d~)§ : [otq, xp]), while

$z(z0) = [B1,B2] > (min{B1, B3}, min{Bo, B4}) > [ot1, xa],

and

$5(z1) = [B3, B4l > (min{B1, B3}, min{B2, B4}) > [a1, x2].

Hence zg,z1 € U.(d)s [t1, x2]), which contradicts the assumption that U(d)S (g, xp]) is a JU-
subalgebra of X. Therefore, $g(z * z1) = rmin{ds(zo), d5(z1)}, Vz0,21 € X. Hence, Pg is S-
interval valued fuzzy JU-subalgebra of X. [

Theorem 5.1.1.4. Let cT)S is S-interval valued fuzzy set in a JU-algebra X. Then if (T)9 is S-interval
valued fuzzy JU-subalgebra of X if and only if L(cl)s, ') is either empty or a JU-subalgebra of X
fort' € C[0,1] and S € [0,1].

Proof. Suppose (l)C is a §-interval valued fuzzy JU-subalgebra of X and L( cbs, ) # (). We need to
prove that L(cbs,t’ ) is a JU-subalgebra of X. Since d)§ is a S-interval valued fuzzy JU-subalgebra
of X, then

J)%(x*y) >rmin{d~)s( x), (13%( )}, forallx,y € XandS e C[0,1].

It follows that

1— JDS(X*U)>TH11H{ — ds(x),1—ds(y)}

|
—
|
=
oY)
L
R
wn
Ka?
R
wn
«
=

(By Lemma 1.1.1)

hence

1 > )
= s(xxy) < rmax{ds(x), bs(y)} < rmax{t/, t’} =1

t’). Hence, L(&)g,f’) is a JU-subalgebra of X.

-e-l

Thus, cbs(x xy) < t/, implies that x xy € L(ds
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Conversely, assume that L(d~)§,t~’ ) is a nonempty JU-subalgebra of X. We need to show that &)% is
a §-interval valued fuzzy JU-subalgebra of X.
Let (T)g(x),(T)g(y) € C[0,1] for x,y € X and S € C[0,1]. Choose

t’ =rmax{dg(x), ds(y)}.

Then (T)S( ) <t’and d)s( ) <t/ imply that x,y € L( t’) # 0. Since L((T) t’) is a JU-subalgebra
of X, Wehavex*yel_( e, t!).
Thus,

bs(xxy) <t/ =rmax{ds(x), ds(y)},

which gives

bs(x*y) =1—ds(x *y)
>1—rmax{ds(x), bs(y))
1-

=rmin{l — $5(x),1— Ps(y)} By Lemma 1.1.1
:rmin{cf)g( x), ® g( )}

Hence,
dS (x * y) > rmin{d§(x), b§(y))-

Therefore, cT)g is a S-interval valued fuzzy JU-subalgebra of X. [

Theorem 5.1.1.5. If &5 is §-interval valued fuzzy JU-subalgebra of X, then the set Xpe = {x e
X|Ps(x) = bs(1)} is a JU-subalgebra of X.

Proof. Letx,y € Xg_. Then ¢g
bs(x *y) = rmin{ds(x), bs
= ds(x*y) > s(1) but Ps
= bs(xxy) = ds(1)
= x*Y € Xg..

Hence Xy _ is a JU-subalgebra of X. O]

xy) < Ps(1), Vx,y € X  (by Theorem 5.1.1.1)

Theorem 5.1.1.6. Let (X,*,1) and (Y,* ,1") be JU-algebras and a map g : X — Y be an onto
homomorphism and let $z be an §-interval valued fuzzy subset of X. If &s be an 3-interval valued
fuzzy JU-subalgebra of X, then the image g($s), is an §-interval valued fuzzy JU-subalgebra of Y
with sup property.

Proof. Let g: X — Y be an onto homomorphism of JU-algebra and let ¢z be an 3-interval valued
fuzzy JU-subalgebra of X. We want to show that g( ;) is an 3-interval valued fuzzy JU-subalgebra
inY. Let y1,y2 € Y. Since g is onto, there exist x1,xp € X such that g(x1) =y and g(x2) = yp.
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Also g is a homomorphism, g(x1 * x2) = g(x1) *' g(x2) =y1 *' yo. Now

9(ds)(y1 xy2) = sup $s(x1 % x2)

(x1¥x2)€g 1 (y1%y2)

>rmin{ sup  ds(x1), sup @g(xz)}

x1€97Hy1) x2€9Hyz)

=rmin{g(ds)(y1),9(bs)(y2)}
O

Theorem 5.1.1.7. Let (X,*,1z) and (Y,*I,ll) be JU-algebras and a map g : X — Y be homo-
morphism. Let &gz be an §-interval valued fuzzy subset of Y. If ds be an 3-interval valued fuzzy
JU-subalgebra of Y, then the pre-image g\ ($s) is an §-interval valued fuzzy JU-subalgebras of
X.

Proof. Let g: X — Y be a homomorphism of JU-algebra and let ¢z be an $-interval valued fuzzy
JU-subalgebra of Y. We want to show that g~!(s) is an 3-interval valued fuzzy JU-subalgebra in
X.

For any x1,x, € X and y1,y» € Y such that g(x1) =y1, g(x2) =yp. Since g is a homomorphism,

g(x1 *x2) = g(x1) *’ g(x2) =y1 *"yp. Then,

g (ds) (x1 ¥ x2) = bs(g(x1 % x2))

= ds(g(x1) " g(x2))

= ds(y1 ' y2)

> rmin{s(y1), ds(y2))

=rmin{ds(g(x1)), bs(g(x2))}
(

=rmin{g (ds)(x1),9 " (ds)(x2)}
O

Theorem 5.1.1.8. The Cartesian product of any two §-interval valued fuzzy JU-ideals of X is also
§-interval valued fuzzy JU-ideal of X.

Proof. Suppose ¢1 and ¢, be any two $-interval valued fuzzy JU- ideals of X. Let (x1,%2), (y1,Y2) €
X x X. Then,

(ds; X dsy)((x1,%2) * (Y1,Y2)) = (dg; X bsy)((x1 % Y1), (x2 ¥ Y2))
= rmin{dg; (x1 ¥ Y1), s, (x2 ¥ y2)}
> rmin{rmin{dg, (x1), s, (Y1)}, rmin{ds, (x2), bs, (y2)}}
= rmin{rmin{dg, (x1), s, (x2)}, rmin{dg; (y1), bs, (y2)}}
= rmin{(dg; X bg;)((x1,%2)), (ds; X by ((y1,y2))}
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5.1.2 Interval Valued (E,F)-Fuzzy JU-Subalgebras

Definition 5.1.2.1. Let E,F € C[0,1] and 0 < E < F < 1. An interval valued fuzzy subset & of X is
called an interval valued (E,F)-fuzzy JU-subalgebra of X if

rmax{$(x*y),E} = rmin{d(x), b(y),F}, ¥x,y € X.

In what follows, let E,F € C[0,1] be such that 0 < E < F < 1.

Example 5.1.2.1. Let X ={1,2,3,4} in which * is defined by the following Cayley table:

1
1
2
1
1

D = ] o
—_| = DN W
—_— W

BRI = ¥

See [3] X;x,1) is a JU-algebra. Define $(x) as follows:

d~) [0.7,0.9] ifx €{1,2}
[0.4,0.5] otherwise

Let £ =[0.2,0.3] and F =[0.6,0.7]. Then we claim that ¢ is an interval valued (E,F)-fuzzy JU-
subalgebra of X. We verify that for all x,y € X, rmax{$(x xy), E} > rmin{d(x), d(y), F}.
Forx=1andy =2, then

rmax{$(x*xy), E} =rmax{P(1x2),E} =rmax{d(2), E} =rmax{[0.7,0.9],[0.2,0.3]} =1[0.7,0.9] - - - (%)
And, rmin{$(x), d(y), F} =rmin{d (1), $(2),F} =rmin{[0.7,0.9],[0.7,0.9],[0.6,0.7]} = [0.6,0.7]. - - - ()
From (*) and (**) we get [0.7,0.9] > [0.6,0.7]

Similarly, the result holds for all values of x and y in X. Therefore, we conclude that & is an interval

valued (E,F)-fuzzy JU-subalgebra of X.

=r
ol

Theorem 5.1.2.1. If § is an interval valued (E, F)-fuzzy JU-subalgebra of X, then rmax{$(1),E} >
rmin{d(x),F}, Vx € X.

Proof. Suppose ¢ is an interval valued (E, F)-fuzzy JU-subalgebra of X.
Since, rmax{$(1),E} = rmax{d(x *x), E}
> rmin{$(x), d(x),F} (By Lemma 1.6.1)
= rmin{p(x),F) ]

Theorem 5.1.2.2. The intersection of any two interval valued (E,F)-fuzzy JU-subalgebras of X is
also interval valued (E,F)-fuzzy JU-subalgebra of X.
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Proof. Suppose ¢1 and ¢, are any two interval valued (E,F)-fuzzy JU-subalgebras of X and let
x,y € X. Then, we have

), a(x xy)), B}

), B}, rmax{da(x * y), E}}
> rmin{rmin{d (x), $1(y), F},rmin{P>(x), $2(y), F}}
= rmin{rmin{$ (x), d2(x)}, rmin{P1 (y), d2(y)}, F}
=rmin{(b1 N P2)(x), (b1 N d2)(y), F.

rmax{($1 N $2)(x xy), E} = rmax{rmin{d (x *
(

X *

e«

= rmin{rmax{$;

Hence, ¢; N ¢, is also an interval valued (E, F)-fuzzy JU-subalgebra of X. H

Corollary 5.1.2.3. Let {$pi|i € A} be interval valued (E, F)-fuzzy JU-subalgebra of X. Then (Nien Pi=
rinfica{x € X|Ky, (x)}, is also interval valued (E,F)-fuzzy JU-subalgebra of X.

Proof. Letx,y € X. Since each j is an interval valued (E, F)-fuzzy JU-subalgebra, we have
rmax{;(x *y), E} > rmin{d; (x), hi(y),F}, Vie A
Define ¢ = Miea i = rinficA{Pi(x)}. Then, by properties of rmax and rmin, we get

rmax{d(x xy), £} = rmax {rin/f\CTDi(X * U),E}
> rinf rmax{d;(x xy), £}
ieN
2 T .il’lffmin{dsi(x)/ &)1(9)/?}
ieN
= rmin {riig/{@(X),riig{@i(y)f}
— rmin{&)(x), (T)(U)/T:}

Hence,
rmax{$(x xy), B} > rmin{d(x), d(y),F}, ¥x,y€X,

which proves that ¢ is an interval valued (E, F)-fuzzy JU-subalgebra of X. Il

Remark 5.1.2.1. The union of any two interval valued (E,F)-fuzzy JU-subalgebras of a JU-algebra
X may not be an interval valued (E,F)-fuzzy JU-subalgebra of X.

Example 5.1.2.2. Let X = {1,2,3,4} in which x is defined by the following table.

4
4
1
1
1

A== o
A=W w

Al w| o] —| %
—_| = = =

See [3] (X;*,1) is a JU-algebra. Define $1(x) and $o(x) as follows:
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) {[0.8,0.9] ifx € (1,2}

1(x) =
[0.4,0.5] otherwise
and

09,1 ifx=1
$2(x) =14 [0.6,0.8] ifx=2

[0.2,0.3] otherwise
Let (E,F) = ([0.2,0.3],[0.6,0.7]). Then,

rmax{¢p; U do(1 % 3),E} = rmax{rmax{d; (1% 3),$»(1%3)},E}
= rmax{rmax{¢(3), $2(3)}, E}
= rmax{rmax{[0.4,0.5],(0.2,0.3]},[0.2,0.3]}
=1[0.4,0.5]--- (%)

And,

rmax{rmax{d(1*3),$2(1 *3)}, E} = rmax{rmax{d(1 % 3),E},rmax{d,(1%3),E}}
> rmax{rmin{¢; (1), $1(3), F},rmin{$2(1), $1(3), [F}}
= rmin{rmax{¢1(1), $2(1), F},rmax{¢1(3), $2(3), F}}
= rmin{rmax{[0.8,0.9],[0.9,1],[0.6,0.7]},rmax{[0.4,0.5],
[0.2,0.3],[0.6,0.7]}}
=rmin{[0.9,1],[0.6,0.7]}
=10.6,0.7] - - - (%)

From (*) and (x*) we get [0.4,0.5] > [0.6,0.7] which is false.

Theorem 5.1.2.4. If an interval valued fuzzy subset § is an interval valued (E, F)-fuzzy JU-subalgebra
of X, then the set ‘T)E ={x € X|b(x) > £} is a JU-subalgebra of X.

Proof. Let ¢ be an interval valued (E,F)-fuzzy JU-subalgebra of X and let x,y € X such that
x,Y € ¢ implies that G(x) > E and $(y) > E. Then

rmax{$(x *y),E} = rmin{d(x), b(y),F} > rmin{E,E,F} = E.

= rmax{p(x*xy),E} > E

= d(xxy) > E.

=X*YE cT)E.
Hence, J’E is a JU-subalgebra of X. [
Theorem 5.1.2.5. A nonempty subset S of X is a JU-subalgebra of X if and only if the interval

valued (E,F)-fuzzy subset & of X defined as follows:
_ F ifxes
d(x) =19 _
E ifx¢s,
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is an interval valued (E,F)-fuzzy JU-subalgebra of X.

Proof. Suppose that S is a JU-subalgebra of X and let x,y € X. Then consider the following cases.

Case 1. If x,y € S, then x xy € S, thus,
rmax{$(x xy),E} > F=rmin{d(x), d(y), F}
Case2. If x ¢ Sory ¢S, then
rmax{$(x xy),E} > E =rmin{d(x), d(y), F}.
Case 3. If x ¢ Sory € S, then
rmax{$(x xy),E} > E = rmin{E, F,F} = rmin{d(x), $(y), F}.
Or,If x e Sory ¢ S, then
rmax{¢(x xy),E} > E = rmin{F, £, F} = rmin{d(x), d(y), F}.

Consequently ¢ is an interval valued (E, F)-fuzzy JU-subalgebra of X.

Conversely, suppose that ¢ is an interval valued (E, F)-fuzzy JU-subalgebra of X. Let x,y € S, then
b(x) > F, d(y) = F. Now,

rmax{$(x *y),E} = rmin{d(x), d(y),F} > rmin{F, F,F} =T.

= rmax{{(x xy),E} > F . Since d(x *y) > E by Theorem 5.1.2.4.

= xxy) =T

= x*Yy € S, hence S is a JU-subalgebra of X. O]

Remark 5.1.2.2. An interval valued fuzzy JU-subalgebra is an interval valued (E,F)-fuzzy JU-
subalgebra of X with £ =[0,0] and F = [1,1].

Theorem 5.1.2.6. Let U(P : [tq,12]) = {x € X|P(x) > [t1,t2]} be nonempty set and V[tq,t5] €
Cl0,1]. A fuzzy subset & of a JU-algebra X is an interval valued (E,F)-fuzzy JU-subalgebra of X,
if and only if U( : [tq, 1)) is JU-subalgebra of X, for E < [t1,ty] < F.

Proof. Suppose ¢ is an interval valued (E,F)- -fuzzy JU-subalgebra of X. Let [t1,t] € C[0,1] and
U(d:[ty,ta]) #0. Let x,y € U( : [ty,to]) implies that (x) > [tq,to] and G (y) > [t1,t2]. Then,
rmax{$(x *y), B} = rmin{d(x), d(y), F}

> rmin{[ty, to], [t1, to], F}
= [ty, t2]
= $(x*y) > [t1,tp] implies that x xy € U(P : [ty,to])
Hence U( : [ty,tp]) is a JU-subalgebra of X for E < [t1,t,] < F.
Conversely, Suppose that U( : [t1,1p]) is a JU-subalgebra of X for any [t1,tp] € C[0,1] and U( :
[t1,t2]) # 0. Assume that ¢ is not an interval valued (E,F)-fuzzy JU-subalgebra of X. Then there
exist some zg,z; € X such that rmax{(zg * z1), E} < rmin{P(z0), P(z1), F.

Let d(zo) = [B1, B2l, (z1) = [B3, Bal, Bzo * z1) = [t1, t2], and E = [eq, €], F = [y, f2]. Then
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rmax{[t1, to], [e1, e2]} < rmin{[B1, B2], (B3, B4l, [f1,T2]}.

Take [xq, 0tp] = %(rmax{d) (zg * z1), E} + rmin{d(zo), &)(7,1),?})
= % (max{’% e1} +min{f1, B3, 1}, max{ty, e2} + min{B,, f54,f2}>
= min{fq,B3,f1} > x; = %(max{tlf e1}+min{R1, B3, f1}) > max{ty, e},
min{By, B4, f2} > ap = %(max{tzf €2} + min{By, B4, f2}) > max{ty, €3},

= (min{ﬁlr B3/f1}/min{621 [34/ fz}) > [“1/0('2] > (max{tl,el},max{tz, 62}) - Tmax{(b(lo * Zl)/E}/

= $(zo* z1) = [ty, ta] < [, 2],

=zox2z1 ¢ U(P: [, ),

$(z0) = [B1, B2) = (min{B1, B3, f1}, min{Po, Bs, f2}) > [a1, a2,
$(z1) = [B3, B4l = (min{B1, B3, f1}, min{Po, Bs, f2}) > [a1, a2,

= 20,21 € WP : [og, x2])

Which is contradict to U(¢ : [¢1, «p]) is a JU-subalgebra of X.
Hence, rmax{¢(zo * z1), £} > rmin{(z0), d(21), F} for any zg,2; € X. O

Theorem 5.1.2.7. Let (X,x,1) and (Y,*',1") be JU- algebras and a map g : X — Y be an onto
homomorphism and let & be an interval valued (E,F)-fuzzy subset of X. If § be an interval val-
ued (E,F)-fuzzy JU-subalgebra of X, then the image (&), is an interval valued (E,F)-fuzzy JU-
subalgebra of Y with sup property.

Proof. Let g: X — Y be an onto homomorphism of JU- algebra and let ¢ be an interval valued
(E,F)-fuzzy JU-subalgebra of X. We went to show that g(¢) is an interval valued (E, F)-fuzzy JU-
subalgebra in Y. Let y1,yp € Y. Since g is onto, there exist xq,x € X such that g(xq) =y and
g(x2) =ya.
Also g is a homomorphism, g(x1 * x2) = g(x1) *' g(x2) =y1 *' yo. Now
rmax{g($)(y1 * ya), B} = rmax{sup, , 10y, P(x1 % x2), E}
z Tmin{su?’ﬂeg*l(yl)~¢(xl)’sup><z€9*1(yz) b0x2), F}
=rmin{g($)(y1),9(d)(y2)} O

Theorem 5.1.2.8. Let (X,x,1) and (Y,*/,l/) be JU-algebras and a map g: X — Y be homomor-
phism. Let & be an interval valued (E,F)- fuzzy subset of Y. If § be an interval valued (E,F)-fuzzy
JU-subalgebra of Y, then the Per-image g~ (&) is an interval valued (E,F)-fuzzy JU-subalgebras
of X.

Proof. Let g: X — Y be a homomorphism of JU- algebra and let ¢ be an interval valued (E,F)-
fuzzy JU-subalgebra of Y. We went to show that g~ () is an interval valued (E,F)-fuzzy JU-
subalgebra in X.
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For any x1,x, € X and yq,yz € Y such that g(x1) =y1, g(x2) =yp. Since g is a homomorphism,
g(x1 xx2) = g(x1) ¥’ g(x2) =y1 *"yo. Then,

rmax{g () (x1 * x2), E} = rmax{P(g(x1 *x2)), E}
= rmax{(g(x1) " g(x2)), E}
=rmax{$(y1 ' y2),E}
> rmin{$(y1), d(y2), B}
=rmin{$(g(x1)), d(g(x2)),F}
=rmin{g " ($)(x1), 97 (d)(x2), F} =

Theorem 5.1.2.9. The Cartesian product of any two interval valued (€, F)-fuzzy JU-subalgebras
of X are also interval valued (€, F)-fuzzy JU-subalgebra of X.

Proof. : Suppose ¢1 and ¢, be two interval valued (E,f:)—fuzzy JU-subalgebras of X. Then let
(x1,%2), (Y1,Y2) € X x X. Then
rmax{$1 x $1((x1,%2) * (y1,92)), B} = rmax{d1 x ¢1((x1 *y1), (x2 xy2)), E}
= rmax{rmin{¢1 (x1 * Y1), P2 (x2 * y2)}, E}
= rmin{rmax{d1 (x1 *y1), £}, rmax{da(x2 * y2),
B}
> rmin{rmin{$; (x1), $1(y1), F}, rmin{d2(xz),
$2(y2), F}
= rmin{rmin{c1 (x1), P2 (x2), F}, rmin{d1 (y1),
$2(y2), F)
=rmin{$; X $2(x1,%2), $1 X b1(y1,Y2),F} O

Corollary 5.1.2.10. Let {X)} L | be the finite family of JU- algebras and X = ﬂ) 1Xj the Cartesian
product of JU- algebras of {X;}. Let d)) be interval valued (E,F)-fuzzy JU-subalgebras of Xj, where
1<j<n. Thend = IT 1(])J is defined by rsup{d(x1,x2, ...,xn), £} = rsup{ﬂ}‘zl J)j (x1,%X2, ..., xn ), E} =
rinf{dq(x1), d2(x2), ..., Pn(xn), F}} is also interval valued (E F) -fuzzy JU-subalgebras of X.

Proof. Let (x1,%2,...,%n), (Y1,Y2,...,yn) € X. Then the binary operation in X is defined compo-
nentwise as

(x1,%2,---,Xn) * (Y1,Y2,.--,Yn) = (X1 *Y1,X2 ¥ Y2,...,Xn ¥ Yn ).

‘We need to show that

rmax{&)((xl,xz,...,xn) * (91192/- . -/Un))/E} P rmin{(ﬁ(Xl/in~-/Xn)/&)(91/92/- --rUn)/TZ}

Now, by the definition of (13, we have

d((x1, X2, xn) * (Y1,Y2,...,yn)) =7 _inf Pj(xj * yj).

1<
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Since each (T)j is an interval valued (E, F)-fuzzy JU-subalgebra of Xj, we have for all xj,y; € Xj:
rmax{;(x; * yj), E} = rmin{d;(x;), d;(y;), F.
Taking the r-infimum over all j =1,2,...,n, we get

rmax{r inf (T)j(xj*yj),ﬁ} 2rmin{r inf cf)j(x]-),r inf (T)j(yj),?}.

1<j<n 1<j<n 1<jsn
By the definition of ¢, this inequality becomes
rmax{&)((xl,xz, .. -/Xn) * (91192/ .. -/Un))/ﬁ} > rmin{&)(XLXZ/ .. -/Xn)la)(yllyZ/ . -/Un)/?}

Hence, ¢ is an interval valued (E, F)-fuzzy JU-subalgebra of X. O

5.2. Interval valued Fuzzy JU-Ideals of JU-Algebras

In this section, we introduce the notion of interval valued fuzzy JU-ideals of JU-algebra, and some

of their properties are discussed.

Definition 5.2.1. Let & be an I-V fuzzy set in X. The set ¢ is an I-V fuzzy JU-ideal of X, with the
binary operation x if it satisfies the following axioms:

a) b(1) = d(x),

b) (y) = rmin{d(x), d(x *y)}, forall x,y € X.

Example 5.2.1. Let X ={1,2,3,4,5,6} in which * is defined by the following Cayley table:

—| N =] = =]
DN DN = =] W] W
— | =] W AN
| —| N | N DNy
—| QN N NN

AN N B W N| =] %
e A e et e S

See [3] (X;*,1) is a JU-algebra. Define $(x) as follows:

) 05,08 ifxe{1,2)
[0.3,0.4] otherwise

Let we verify § is an interval valued fuzzy JU-ideal of X.

(i) (1) = d(x) for all x € X.
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Since ¢(1) = [0.5,0.8], and for any x € X, either $(x) = [0.5,0.8] (when x € {1,2}) or ¢(x) =
[0.3,0.4] (when x € {3,4,5,6}), we have in both cases:

[0.5,0.8] >[0.5,0.8] and [0.5,0.8] >[0.3,0.4].

Thus, condition (i) holds.

(ii) For all x,y € X, we have

©r

$(y) = rmin{d(x), d(x *y)}

Letx =1andy =2. Then

dy) =d(2) =10.5,0.8]--- (x)

and
rmin{$(x), d(x xy)} = rmin{P(1), $(1 *2)} = rmin{[0.5,0.8],[0.5,0.8]} = [0.5,0.8]. - - - ()

From (*) and (**) we get [0.5,0.8] > [0.5,0.8], which is true.
Similarly, the result holds for all values of x and y in X.
Therefore, we conclude that, ® is an interval valued fuzzy JU-ideal of X.

Theorem 5.2.1. An I-V fuzzy set & ={(x, [d"(x), ¥ (x)]),x € X} is an I-V fuzzy JU-ideal of X if
and only if ®- and &Y are fuzzy JU-ideal of X.

Proof. Let ¢" and ¢! be fuzzy JU-ideals of X and let x € X. Then,
b(1) = [6M(1), ¢ (1)] = [bM(x), ¢! ()] = d(x)
And let x,y € X.
d(y) = [ (y), " (y)] > [minf{" (x), b (x * y)}, min{d™ (x), ! (x * y)}]
= rmin{[$p"(x), " ()], (6" (X *y), U (X x y)]}
= rmin{$(x), d(x *y)}.
Conversely, suppose ¢ is an I-V fuzzy JU-ideal of X and Vx € X. Then
[6"(1), ¢ (D] = b(1) = d(x) = [d"(x), d™ (x)]
= ¢"(1) > ¢ (x) and $Y(1) > HY(x)
And Vx,y € X
[b"(y), dU(Y)] = b(y) = rmin{d(x), b(X * y)}
= rmin{[¢"(x), U ()], [d" (x ¥ y), dU (x x y)]}
= [min{¢"(x), d"(x * y)}, min{dp! (x), $ (x * y)}.
= ¢ (y) > min{d"(x), ¢ (x xy)}and $Y(y) > min{[dY (x), pY(x xy)}.
Thus ¢' and Y are fuzzy JU-ideal of X. O

Theorem 5.2.2. Every I-V fuzzy JU-ideals of X is order reversing.
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Proof. Let ¢ be anI-V fuzzy JU-ideals of X and for any x,y € X be such that x <y, theny * x = 1.

Now

b(x) > rmin{d(y *x), d(y)}

=rmin{$(1), $(y)}
= d(y)
O
Theorem 5.2.3. Let § be an I-V fuzzy JU-ideals of X. Then $((x xy) xy) = $(x).
Proof. Since (x * [(x xy) *y]) =1 (By Lemma 1.6.1)
Then, ((x *y) xy) = rmin{d(x), b(x  [(x *y) xy])}
= rmin{¢(x), (1)}
= d(x) 0

Theorem 5.2.0.11. Every I-V fuzzy JU-ideals of X is I-V fuzzy JU-subalgebra.

Proof. Suppose ¢ is I-V fuzzy JU-ideals of X. That is:

a) ¢(1) > d(x),

b) ¢(y) = rmin{P(x), d(x xy)}, for all x,y € X.

We claim that ¢ is an I-V fuzzy JU-subalgebra. That is, for all x,y € X
d(x*y) = rmin{d(x), d(y)}-

Assume that without loss of generality:

$(x) < dly) = rmin{d(x), d(y)} = d(x)

Now we consider two cases:

Case 1.

Case 2.

If $(x xy) > P(x), then

b(x*y) = d(x) = rmin{d(x), d(y)}
= (x*y) = rmin{d(x), d(y)}

The inequality is satisfied directly.

If (x*y) < $(x), then from the assumption that ¢ is an I-V fuzzy JU-ideal, apply condition
(b):

d(y) = rmin{d(x), d(xxy)} = d(x *y)

= dy) > b(x*y)

Since we also know, ¢(x *y) < $(x) and P(x) < P(y), it follows that

dlx*y) < b(x) < bly) = b(x +y) < rmin{d(x), d(y)}

Which is contradict the inequality ¢ (x *y) > rmin{d(x), P(y)}
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Thus, Case 1 must always hold, which implies:

d(x*y) = d(x) =rmin{d(x), d(y)}
Hence, ¢ is I-V fuzzy JU-subalgebra of X.

Remark 5.2.1. The converse of the above theorem may not be true.

Example 5.2.2. Let X ={1,2,3,4} in which * is defined by the following table.

x| 11234
111234
211 |11(4]1
3111171
41114141

See [3] X;x,1) is a JU-algebra. Define $(x) as follows:

[09,1] ifx=1
d(x) =< 107,08 ifxec{2,4},
[0.4,0.5] ifx=3.

Since, ¢ is an I-V fuzzy JU-subalgebra of X.

The I-V fuzzy JU-ideal condition requires, $(y) = rmin{dp(x), P (x xy)}, for all x,y € X
Letx=2,y=3=x*xy=4and

Then, $(y) = $(3) =[0.4,0.5] --- ()

And, rmin$(x), p(x *y)} =rmin$(2), $(2 *4)} = rmin{[0.7,0.8],[0.7,0.8]} = [0.7,0.8] - - - (%)
From (*) and (**) we get [0.4,0.5] > [0.7,0.8] which is false.

Theorem 5.2.4. The intersection of any two I-V fuzzy JU-ideals of X is also I-V fuzzy JU-ideal of
X.

Proof. Suppose ¢1 and ¢, are any two I-V fuzzy JU-ideals of X and Vx,y € X.Then,
$1 N P2(1) = min{d1 (1), h2(1)}
= min{[of(1), b (1]}, [d5(1), d5 (1)1}
> [min{¢}(x), b (x)}, min{d} (x), b5 (x))]
= 1 N d2(x).
And,
$1 N d2(y) =min{P1(y), d2(y)}
=min{[bf(y), &3 ()], [D5(y), &5 (y)]}
= [min{d(y), d5(y)} min{[df (y), &' (y))]
> [min{min{7(x), 7 (x * y)}, min{dy(x), 3 (x * y)}}, min{min{y' (x),
oF (x+y)}, min{ds! (x), d3 (x + y) )l
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= [min{min{¢(x), o5 (x)}, min{d] (x xy), d5(x xy)}, min{min{} (x),
$5H)}, min{df (x *y), b5 (x +y) ]
=rmin{$1 N P2(x), $1 N P2 (x *y)} O

Corollary 5.2.5. Let {{pili € A} be a family of I-V fuzzy JU-ideals of X. Then (i $i is also an
I-V fuzzy JU-ideal of X.

Proof. Let {$i|1i€ Al be a family of interval valued fuzzy JU-ideals of X, and define

d(x) = () bilx) =rinf{di(x)}, vxeX.

ieA
We shall show that ¢ satisfies the defining conditions of an interval valued fuzzy JU-ideal of X.

(1) For any x € X, since each ¢ is an interval valued fuzzy JU-ideal, we have

bi(1) > dilx), VieA
Taking the infimum over all 1 € A, we get
rinf{di(1)} > rinf{ds(x)},
ieA ieA

which means that
d(1) > d(x), VxeX.

Hence, condition (i) of the definition of I-V fuzzy JU-ideal holds.

(i) For all x,y € X, since each cT)i is an interval valued fuzzy JU-ideal, we have

$i(y) = rmin{d;(x), pi(x xy)}, VieA.
Taking the infimum over 1 € /A on both sides, we obtain

rinf{$i(y)} > rinf{rmin{;(x), di(x xy)}}.

ieN ieN

Since the infimum operator preserves the order relation under rmin, we can write
rinf{i(y)} = rmin{r inf{; (x)}, 7 inf{d; (x *y)}}.
ieA ieA ieA

That is,
$(y) = rmin{d(x), d(x xy)}.

Thus, both axioms of an interval valued fuzzy JU-ideal are satisfied by ¢.

Therefore, ﬂ ¢ is an interval valued fuzzy JU-ideal of X. O
ieA
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Remark 5.2.2. The union of any two I-V fuzzy JU-ideals of a JU-algebra X may not be an I-V fuzzy
JU-ideal of X.

Example 5.2.3. Let X ={1,2,3,4,5,6} in which * is defined by the following Cayley table:

*x 1112131456
1]1]2]3[4]|5]6
211(1]3]3[5]6
311{1]1]2]5]6
411 |1]1[1]5]6
S|5(5]5|5]1]6
6|1 |1[2]1]1]1

See [3] (X;*,1) is a JU-algebra. Let us define $1(x) and $1(x) by:
- [0.7,0.8] ifxe{l1,2}
1\X) =
[0.4,0.5] otherwise

and

09,11  ifxef{1,2}
$2(x) =< [0.6,0.7) ifx €{3,4}

[0.1,0.3] otherwise
Then, K¢, ug,(3) = rmax{$1(3), $2(3)} = rmax{[0.4,0.5],0.6,0.7]} = [0.6,0.7] - - - (x)
And, vmax{¢1(3), $2(3)} > rmax{rmin{d (2), $1(2 * 3)},rmin{P2(2), $2(2 *3)}}
= rmax{rmin{1 (2), $1(3)},rmin{$2(2), $(3)}}
= rmin{rmax{[0.7,0.8],[0.4,0.5]},rmax{[0.9,1],[0.6,0.71}}
= [rmin{[0.7,0.8],[0.9,1]}] = [0.7,0.8]
From (x) and (x*) we get [0.6,0.7] > [0.7,0.8] which is false.

Theorem 5.2.6. Let U( : [tq,t0]) = {x € X|(x) > [t1,t2]} be nonempty set and V[t1,t,] € C[0,1].
A fuzzy subset G of a JU-algebra X is an I-V fuzzy JU-ideal of X , if and only if U($ : [t1,t2]) is
JU-ideal of X.

Proof. Suppose ¢ is an -V fuzzy JU-ideal of X. Let [t1,tp] € C[0,1] and U(P: [tq,t2]) # (). For
any x € U( : [t1,to]) such that $(x) > [ty,t]. Since § is an I-V fuzzy JU-ideal of X, we have
d(1) > d(x), forall x € X. Thus $(1) > d(x) > [ty,t2]. Therefore 1 € U(d : [t1,to]).
And let x,x xy € U( : [t1,to]) implies that §(x) > [t1,to] and G(x *y) > [ty,to]. Then, (y) >
rmin{$(x), (x xy)} > rmin{[ty, to], [t1, t2]} = [t1, t2]
This implies thaty € U( : [t1,t5]) and hence U( : [t1,to]) is a JU-ideal of X.
Conversely, Suppose that U( : [tq,tp]) is a JU-ideal of X for any [t1,tp] € C[0,1] and U( :
[t1,t2]) # 0. Assume that ¢ is not I-V fuzzy JU- ideal of X. Then there exist some zg € X such that
d(1) < d(zo).
Take [B1,B2] = (H(1) + H(x))

= $(1) < [B1, B2l < b(x)
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zo € U(P:[B1,B2]) and 1 & U( : [B1,B2]), which is contradict to our assumption that U(¢ :
[B1,B2]) is a JU-ideal of X. Therefore, $(1) > p(x), Vx € X.
And assume that zp,z1 € X such that
b(z1) < rmin{d(z0), b(zo * 21)}
Let §(zo) = [B1,B2] and P(zg *z1) = [B3, B4l and b(z1) = [ty, t2]. Then

[t1,t2] < Tmin{[B1, B2, B3, Bal}-
Take [o0t1, 0] = 3 (B (z1) + rmin{P(zo), (z0 * 21)})

= 1 ([t1, to] + rmin{(B1, B2], [B3, Bal}

= 3 (t1 + min{B1, B3}), 3 (t2 + min{By, B4})
It follows that min{fq, B3} > o1 = %(tl + min{B1,B3}) > t1 and min{P,, B4} > A» = %(tz +
min{fo, B4}) > tp, so that

(min{B1, B3}, min{Ba, Ba}) > [x1, 000] > [t1, t2] = P(z1).

=z; ¢ U(d: [xq,x]) and

$(z0) = [B3, Bal < [o, o] < (min{By, B3}, min{B2, B4}) > [ty, t2], and

$(z0 *21) = [B1, B2l < [og, o] < (min{By, B3}, min{B2, B4}) > [t, t2].

= 20,20 x21 € U(d : [xq, x0])
Which is contradict to U( : [, otp]) is a JU-ideal of X. Hence ¢(z1) = rmin{d(zg), b (zo * z1)}
for any zg,z1 € X. ]

Theorem 5.2.7. Let § be I-V fuzzy subset of a JU-algebra X. Then &° is I-V fuzzy JU-ideal of X if
and only if L(b,t") is either empty or a JU-ideal of X for t’ € C[0,1] .

Proof. Suppose $€ is a I-V fuzzy JU-ideal of X and L(¢,t’) # (). We need to prove that L(,t’)
is a JU-ideal of X. Then there exists xg € L(,t’) such that $(xq) < t’. Since ¢° is an I-V fuzzy
JU-ideal of X, we have $¢(1) > $¢(x), forall x € X. Then,

(1) = d°0(x0) = 1—d(1) > 1—db(xo) = b(1) < d(xp) < t/, hence 1 € L(P, ).
Next, for x,y € X such that x,x *y € L($,t’), we have $(x) <t and d(x *y) < t’. Then,

d(y) = rmind®(x), d(x *y)}, forallx,x xy € X.

It follows that

1—¢(y) > rmin{l — ¢(x),1— d(x*y)}
=1 —rmaxd(x),d(x*y)}, ByLemma 1.1.1

hence

>1—rmaxd(x), d(x*y)}
= ¢(y) <rmaxd(x), d(x*y)} < rmax{t/, t'} =t

Thus, $(y) < t/, implies thaty € L(,t’). Thus, L(p,t’) is a JU-ideal of X.
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Conversely, assume that L(p,t") is a nonempty JU-ideal of X. We need to show that ¢ isal-V
fuzzy JU-ideal of X.
Let $(x),P(x xy) € C[0,1] for x,x *y € X. Choose

t/ =rmaxd(x), P(x xy)}.

Then G(x) < t" and $(x *y) <t/ imply that x,x xy € L(P,t") # 0. Since L(Pp,t’) is a JU-ideal
of X, we have y € L(,t/).
Thus,

which gives

,dlxxy)}
,1—¢(x*y)} ByLemma 1.1.1

=rmind©(x), ¢ (x xy)}

=rmin{I — $(x

Hence,

$°(y) = rmin¢°(x), ¢ (x * y)}.
Therefore, ¢¢ is a I-V fuzzy JU-ideal of X. O

Theorem 5.2.8. If ¢ is an I-V fuzzy JU-ideal of X, then the set X3 = xeXdx)=d(1)}isa
JU-ideal of X.

Proof. Letx,x Y € Xg. Then $(x) = d(1) = (x *y), and so
$(y) = rmin{d(x), ¢(x *y)} = rmin{P (1), p(1)}.
= $(y) = $(1) but d(y) < (1), Vy € J (by Definition 5.2.1)
= dly) =¢(1)
=y € Xg. Thus Xg is a JU-ideal of X. [

Theorem 5.2.9. Every I-V fuzzy JU-ideal of a JU-algebra X can be realized as a level JU-ideal of
an I-V fuzzy JU-ideal of X.

Proof. Let] be a JU-ideal of X and let ¢ be an I-V fuzzy set in X defined by
~ [t,ta] ifxe]
X)) =
[0,0] other wise

, where [t1,t5] € C[0,1] with t; < to.
We claim that ¢ is I-V fuzzy JU-ideal of X. Let x,y € X. Then consider the following cases.
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Case 1. If x,x*xy €], theny € ], and so

$(y) = [ty, to] = rminfty, ta], [t1, to]} = rmin{d (x), d(x xy)}.
Case 2. If x,x*y ¢ J, then $(x) = [0,0] = P(x *y) and thus

$(y) > [0,0] = rmin{[0,0], (0,01} = rmin{P (x), d(x *y)).

Case 3. If x € Jand x xy ¢ ], then

$(y) = 10,0] = rmin{[ty, to], [0,01} = rmin{d(x), (x * y)}.
y

),
Similarly for the case x ¢ J and x *xy € ] we get $(y) = rmin{d(x), P(x xy)}.

Therefore, ¢ is an I-V fuzzy JU-ideal of X. L]

Theorem 5.2.10. Let {]i} be any family of JU-ideals of JU-algebra X such that Jo C J1 C Jo C
-+ C Jn = X. Then there exist an I-V fuzzy JU-ideals which are exactly the JU-ideals of this chain

ik

Proof. Consider a set of numbers [to, ty] > [t1,t{] > [to,t)] > --- > [ty, t}] where each [t;,t]] €
C[0,1]. Let ¢ : X — C[0,1] be an I-V fuzzy set defined by

. [to, t], ifx€e]Jp
b(x) = o _
[ti,t]], ifxe]i—Ji, 0<i<n

Now, we claim that ¢ is an I-V fuzzy JU-ideal of X and U(¢, [ti,t]]) =J; for 0 <i<n. Let

x,y € X, then we consider the following cases:

Casei). If x,x xy € J; — J;_ for some i, then x,x *y € J;. Therefore, by definition of ¢, we have
o(x) = [ti,t]] = d(x *y). Since J; is a JU-ideal of X, it follows that y € J; and so either
y€Ji—Jirory € Ji 1. Implies that G(y) > [ty, t{] or d(y) > [t; — 1, t{ — 1] > [t;, t]]. In
any case we get d(y) > [ti, t{] = min{d(x), d(x * y)}

Case ii). Fori>j, [tj,tj’] > [ty t{] and J; C Ji. Let x € J; — Ji—q1 and x * y € J; — J;_1 implies d(x) =
[ti,t]], P(xxy) = [tj,tj’] > [ty, t{]. Since J; is a JU-ideal of X and J; C J;, then y € J;. Now,
$(y) = [ti, t]] = min{d(x), $(y)}. Thus § is an I-V fuzzy JU-ideal of X. Also, from the
definition of ¢, it follows that Im(¢) = {lto, tyl, [t1, t1], [t2, t5], ..., [tn, t]]}. Hence the upper
level JU-ideals of ¢ are given by the chain of JU-ideals:

U(, [to, tg]) € W(P, [ty,t1]) C U(, [to, t5]) C - CU(D, [tn, th]) =X, forO0<i<m.

Now, U(d, [to, t3)) ={x € X P(x) > [to, t)]} = Jo. Finally, we prove that u(d, [ti, t]]) =T,
for 0 < i< n. Now let x € J;, then p(x) > [t;, t{]. This implies x € U(d, [ty t{]. Hence,
Ji CU(, [ti, t]]). If x € U(, [t;, t]]), then P (x) > [ti, t{]. Which implies that x ¢ J; forj > 1.
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Otherwise, if x € Jj, then d(x) > [tj,tj’ | which implies [t;, t{] > d(x) > [tj,tj’ ]. This contra-
dicts the assumption that x € U(, [t, t{]). Hence d(x) € {lto, to), [t1, t1), [t2, 1), - . [t 1.
So, x € Jy for some k < i. As Ji C J;, it follows that x € J;. Hence U(d, [ti,t{]) C Ji. There-
fore, U(, [t, t]]) =Ji, for0 <i< n.

Theorem 5.2.11. Let | be a subset of X and let & be an I-V fuzzy set on X, given by

Blx) = la1,a2] ifxe],

[b1,bo] otherwise,

for all [ay, as], [by,bo] € C[0,1] with ay > by and ay > by. Then & is an I-V fuzzy JU-ideal of X if
and only if ] is a JU-ideal of X. Moreover, in this case, X = J.

Proof. Let ¢ be an I-V fuzzy JU-ideal of X, and let x,x * y € J then,
d(x) = lay, az) = h(x xy)
$(y) = rmin{d(x), d(x * y)} = rmin{la;, az], [ay, azl} = [a1, az]
= $(y) > lag, az] but $(y) < [ay, ;]
= d(y) = lay, a2
=y € ]. Thus, J is a JU-ideal of X.

Conversely, suppose that J is a JU-ideal of X, let x,x xy € X. Let us consider the following cases.

Case 1. If x,x xy € J theny € J, thus

$(y) = [a1, ax] = rmin{P(x), d(x * y)}
Case2. Ifx ¢ Jorx#y ¢ J, then
d(y) > [by, bo] = rmin{d(x), b(x *y))
Case 3. Ifx € J or x 1y ¢ J, then
$(y) > [b1,b2] = rmin{[ay, as], [by, bal} = rmin{d(x), d(x * y)}
Similarly, Tf x ¢ J or x %y € J, then
$(y) > [b1,ba] = rmin{[by, by], [a1, az]} = rmin{P(x), d(x * y)}
Thus, ¢ is an I-V fuzzy JU-ideal.

Moreover, we have
Xg=xeX[dx)=b(1)} ={xeX|d(x) =la, al} =] O

Theorem 5.2.12. Let (X,*,1) and (Y,*,1') be JU-algebras and a map g : X — Y be an onto
homomorphism and let & be an I-V fuzzy subset of X. If & is an I-V fuzzy JU-ideal of X, then the

image (&) is an I-V fuzzy JU-ideal of Y with the sup property.
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Proof. Let g: X — Y be an onto homomorphism of JU-algebras and let ¢ be an I-V fuzzy JU-ideal
of X. We want to show that g($) is an I-V fuzzy JU-ideal in Y. Let y € Y. Since g is onto, there
exist x € X such that g(x) =y
Also g is a homomorphism, g(1) =1'. Thus,

9(B)(1') =sup;y 111 {B(1)} > sup,cy 1y BT = 9(d)(y)
And let y1,yo € Y. Since g is onto, there exist x1,xp € X such that g(x1) =y and g(x2) =ys.
Also, since g is a homomorphism, g(xq * x2) = g(x1) *" g(x2) =y1 *' yo.

Now,

g(dP)(y2) = sup {d(x2)}

x2€97 1 (y2)
= sup {[¢"(x2), 6" (x2)]} (byLemma 1.4.1)
x2€971(y2)

> lmin{ sup ¢ (x1),  sup d(x1 *Xz)},

x1€97 (Y1) x1#%2€9 7 Hy1%'y2)

min{ sup dY(xq), sup oY (x1 *x2) }]
)

x1€97 1 (y1) x13x2697 Hy1%'yn

= rmin {g($)(y1),9(P)(y1 *'y2)}-

]

Theorem 5.2.13. Let (X,*,1) and (Y, ,1) be JU-algebras and a map g : X — Y be a homomor-
phism. Let & be an I-V fuzzy subset of Y. If & is an I-V fuzzy JU-ideal of Y, then the pre-image
g Y(P) is an I-V fuzzy JU-ideal of X.

Proof. Let g: X — Y be a homomorphism of JU-algebras and let ¢ be an I-V fuzzy JU-ideal of Y.
We want to show that g~ () is an I-V fuzzy JU-ideal of X. For any x € X and y € Y such that
g(x) =y. Since g is a homomorphism, g(1) = 1’. Then,

g (P)1) =d(g(1)) =d(1) > bly) = d(g(x)) = g (d(x))

And for any x1,xp € X and y1,yp € Y such that g(x1) =y1, g(x2) =y». Since g is a homomor-
phism, g(x1 *x2) = g(x1) *" g(x2) =y1 *’' yo. Then,

g ($)(x2) = [d"(g(x2)), d" (g(x2))]
= [$"(y2), d" (y2)]
> [min{$"(y1), " (y1 * y2)}, min{dp™ (y1), ¢ (y1 + y2)]
= [min{¢"(y1), 6" (y1)}, min{d"(y1 " y2), 6" (y1 +" y2)
=rmin{$(y1), (y1 " y2)}
=rmin{}(g(x1)),d(g(x1) ¥ g(x2))}

=rmin{p(g(x1)), $(g(x1 *x2))} Since g is a homomorphism
1
(

$)(x1), g (D) (x1 % x2)}

=rmin{g~
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]

Theorem 5.2.14. Let X,Y,Z be JU-algebras. Let f: X — Y and g:Y — Z be JU-homomorphisms.
Then the following hold:
(a) If f and g are surjective, then (g o f)($) is an I-V fuzzy JU-ideal of Z, for any I-V fuzzy
JU-ideal & of X, provided that the sup property holds.
(b) (gof)" YD) is an I-V fuzzy JU-ideal of X, for any I-V fuzzy JU-ideal \p of Z.
Proof.  (a) Let ¢ be an I-V fuzzy JU-ideal of X. For z € Z,there exist x € X such that,

(gof)(x) =z Then,
(gof)(®)(12) =supy (gor)-1(1,) 1P (1)} = SUP; (gor)-1o) (P (X)) = (g o ) (D)(2)

And for any zq,z; € Z, there exist x1,X € X such that (g of)(x1) =z1, (gof)(x2) =2z5.
Then, for some s,t € X,

b(s)= sup  d(r), d(t)= sup (v

re(gof)~1(z1) re(gof)~1(zp)

Also, g o f is a homomorphism, so s * t € (g o f)71(z; % z5). Now,

(gof)(P)(z2) > d)(t)

[mm{ sup CIDL(T), sup CPL(T)},
z1%23)

€(gof)— re(gof)—1(

{ sup ~ ¢U(r),  sup <I>U(T)H
€(gof)~1(zq) re(gof)~1(zyxzp)

= [min{$"(s), b (s * 1)}, min{$p"(s), o (s * t)}]
= [min{$"(s), d"(s)}, min{p" (s x t), o (s * t)}]
= rmin{(s), (s = )}

=rmin{(go f)($)(z1), (g o F)(P)(z1 * z2)}.

(b) Let ) be a fuzzy JU-ideal of Z. Let x € X, z € Z such that (g o f)(1x) = 17. Then,
(gof) 1) (1x) =((g o f)(1x)) = P((gof)(x)) = go ) (b(x).
And for any x,y € X,

P((gof)(y)

(g o f)(y)), b ((gof)(y))l

> [minfh"((g o f)(x)), " ((g o f)(x *y))},
min{p"((g o f)(x)),p"((g o f) (x *y))}

(gof) 1) (y)
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= min{"((g o f)(x)), " ((g o F)(x))},
min{h"((g o f)(x*y)), " ((g o f)(x *y))}]
= rmin{(g o)~ (B)(x),(g o )" (P) (x *y)).

]

Theorem 5.2.15. The Cartesian product of any two I-V fuzzy JU-ideals of X is also I-V fuzzy
JU-ideal of X.

Proof. : Suppose ¢ and $; be two I-V fuzzy JU- ideals of X. Then let (x,y) € X x X. Now
b1 % $2(1,1) = [bf x d5(1,1), b5 x §5'(1,1)]
= min{$(1), $5(1)}, min{} (1), b5 (1)}
> min{$7(x), o5 (y)}, min{o} (x), d5 (y)
= min{¢}(x), d5 (x)}, min{dp}(y), d5 (y)
=rmin{d; x 2(x), 1 x d2(y)}
= d1 x d2(x,y)
And, let Let (x1,%2), (y1,y2) € X x X. Then
$1 % d2(y1,Y2) = [d] x d5(y1,2), bt x 5 (y1,y2)]
= min{¢}(y1), d5(y2)}, min{dbf (y1), d5' (y2))]
> [min{min{¢](x1), dF(x1 *y1)}, min{d5(x2), b5 (x2 *y2)}}, min{
min{og (x1), T (x1 * y1)}, min{es (x2), d3 (x2 * y2) M
= [min{min{¢] (x1), d5 (x1)}, min{dh (x1 *y1), 5 (x1 * y1)}}, min{
min{¢l(x2), o5 (x2)}, min{dl (x2 xyz2), d5 (%2 * y2)})]
=rmin{d; x ba(x1,%2), b1 x da(x1,x2) * (y1,Y2)} O

1
1

Corollary 5.2.16. Let {Xj}?:l be the finite family of JU- algebras and X = ﬂ;;lxj the Cartesian
product of JU- algebras of {X;}. Let (13]- be I-V fuzzy JU- ideals of Xj, where 1 <j <n. Then ¢ =

T, ®; is defined by $(x1,%2, ..., xn) = (MY, d;)(x1,%2, ..., xn) =Tinf{($1(x1), P2(x2), ..., P (xn))
is also I-V fuzzy JU-ideals of X.

Proof. We know that an interval valued (I-V) fuzzy set ¢ in a JU-algebra X is an I-V fuzzy JU-ideal

if it satisfies the following axioms:
i. (1) > P(x) forall x € X.
ii. $(y)=rmin{Pp(x),P(x*y)}forall x,y € X, where * is the JU-algebra operation.

Now, consider the Cartesian product
n n
X=]]X and &=]]d;.
j=1 j=1

(1) Verification of the first condition:

d)(l,l,.. /1) :Tinf{d)l(l)/ ¢2(1)/ . /d)n(l)} > Tinf{(bl(Xl),d)z(Xz),...,Cbn(Xn)}: J)(XLXZ/"'/XTJ/
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since each cT)j is an [-V fuzzy JU-ideal of X;.
(ii) Verification of the second condition: For all (x1,...,xn), (Y1,...,Yyn) € X, we have

&(Ulr- /Yn) = Tinf{CT)l(yﬂ,- . -zén(yn)}
> vinf{ rmin(f1(x1), &1 (1 1)}, rmin{n(xen), b (xn Y} |

= rmin{(f)(xl,. . .,Xn),&)((X1 * yl)/"'/ (XTL * yn))}/

since each (I)i satisfies the second axiom.
Hence, § = H]lel (13]-, is also an I-V fuzzy JU-ideal of X [

5.2.1 S-Interval Valued Fuzzy JU-Ideals

Definition 5.2.2. Let (I)g be an S-interval valued fuzzy set in a JU-algebra X and let S € C[0,1].
Then cT)g of X is called the S-interval valued fuzzy JU-ideal of X it satisfies the following axioms:
a) $5(1) = ds(x),
b) Bs(y) > rmin{s(x), bs(x +y)) for allx,y € X
The S-interval valued fuzzy JU-ideal of X extends the concept of an interval valued fuzzy JU-ideal

of X, and an interval valued fuzzy JU-ideal of X is a special case of an S-interval valued fuzzy

JU-ideal of X when S equal to 1.

Example 5.2.1.1. Let X ={1,2,3,4,5,6} in which * is defined by the following Cayley table:

— | =W AN
—| =] | | | DNy
— A\ O\ O O N o

2
2
1
1
1
5
1

DO N = =] W W]

—_ N = = = = e

QN N W —| ¥

See [3] (X;%,1) is a JU-algebra. Let S = [1,1] and let us define S- interval valued fuzzy subset
$s: X — C[0,1] by
rmin{S,[0.7,0.9]} if xe{1,2}

dg(x) = -
rmin{S, [0.4,0.5]} otherwise

To verify that ¢ gisan S-interval valued fuzzy JU-ideal of X, we check the two conditions.

(i) §5(1) > ds(x) for all x € X.
We have d~)§(1) =1[0.7,0.9]. If x € {1,2}, then &)g(x) =1[0.7,09]. If x € {3,4,5,6}, then cf)g(x) =
[0.4,0.5]. Thus, [0.7,0.9] > [0.7,0.9] and [0.7,0.9] > [0.4,0.5]. Hence, condition (i) holds.

(ii) For all x,y € X, 5(y) > rmin{ps(x), b5 (x * y)}.
Forx=1,y=2 Thenxxy=2.
Then, cf)g(y) = (T)g(Z) =1[0.7,09]--- (%)
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And, rmin{s(x), bs(x xy)} =rmin{Pps(1), ps(1*2)} =rmin{[0.7,0.9],[0.7,0.9]} = [0.7,0.9] - - - ().
From (*) and (**) we get [0.7,0.9] > [0.7,0.9], which is true. Hence, condition (ii) holds.

Similarly, forx =2,y =3. Then x xy = 3.

Then, ds(y) = $5(3) =[0.4,0.5]- - (* * *)

And, rmin{$s(x), s (x *y)} =rmin{ds(2), d5(2*3)} =rmin{[0.7,0.9],[0.4,0.5]} = [0.4,0.5] - - - ( *
From (**%*) and (****) we get [0.4,0.5 > [0.4,0.5], which is true.

Similarly, the result holds for all values of x and y in X.

Therefore, we conclude that g isan S-interval valued fuzzy JU-ideal of X.

Theorem 5.2.1.1. Every S - interval valued fuzzy JU-ideals of X is order reversing.

Proof. Let cf)g be S-interval valued fuzzy JU-ideals of X and for any x,y € X be such that x <y,
theny * x = 1. Now

ds(x) = rmin{ds(y *x), bs(y)}

= rmin{ds(1), bs(y)}
= ds(y). O
Theorem 5.2.1.2. Let d~)§ be S - interval valued fuzzy JU-ideals of X. Then (f)g((x xyY)xy) =

ds(x).
Proof. Since (x * [(x xy) *y]) =1 (By Lemma 1.6.1)

Then, $s((x *y) xy) > rmm{&)g(X),ég(X* [(x *y) *y])}
min{ds(x), d5(1)}
=cT>

5(x) O
Theorem 5.2.1.3. Every S-interval valued fuzzy JU-ideals of X is S-interval valued fuzzy JU-
subalgebra.

Proof. Suppose ¢ is S - interval valued fuzzy JU-ideals of X. That is:

a) ds(1) = bs(x)),
b) ds(y) = rmin{ds(x), ds(x *y)}, for all x,y € X.

We claim that <1~>§ is S - interval valued fuzzy JU-subalgebra. That is, for all x,y € X
b5 (x *y) = rmin{ds(x), bs(y)})

Assume that without loss of generality:
$s(x) < ds(y) = rmin{ds(x), ds(y)} = dg(x)
Now we consider two cases:
Case 1. If gg(x xy) = ds(x), then
bs(x+y) = rmin{ds(x)} = rmin{ds(x), b5 (y)}
= $5(x*y) > rmin{ds(x), ds(y)}

The inequality is satisfied directly.
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Case 2. If d s(xxy) < (135 (x), then from the assumption that ¢ g is S - interval valued fuzzy JU-ideal,
apply condition (b):
bs(y) = rmin{dg(x), bs(x +y)} = rmin{ds(x *y)}
= bs(y) > rmin{ds(x *xy))
Since we also know, ¢ slxxy) < d~)§ (x) and J)g (x) < J)g (y), it follows that

(x), ds(y)}.
)

(T)g(x*y) < (T)g(x) < (f)g(y) = rmax{(f)g(x*y) < rmin{

wn

S
Which is contradict the inequality d~)g(x xy) > rmin{(f)g (x), ds(y)}
Thus, Case 1 must always hold, which implies:
bs(xxy) = ds(x) = rmin{ds(x), Ps(y)}

Hence, ¢ g is S - interval valued fuzzy JU-subalgebra of X.

Remark 5.2.1.1. The converse of the above theorem may not be true.

Example 5.2.1.2. Let X ={1,2,3,4} in which x is defined by the following table.

DW= %
(S U S [ =
A== NN
A=W W
e R ES

See [3] X;x,1) is a JU-algebra. Define (T)g(x) as follows:

ds(x) =< 1[0.7,0.8] ifxc{2,4}
0.4,05] ifx=3

Since, d~)§ is S-interval valued fuzzy JU-subalgebra of X.
The S - interval valued fuzzy JU-ideal condition requires:
Bs(y) > rmin{ds(x), §sx +y)) forall x,y € X
Letx=2,y=3=x*xy=4and
Then, $5(y)} = $35(3)} = [0.4,0.5],0.2,0.3]} = [0.4,0.5] - - - ()
And, rmin{dps(x), s (x *xy)} =rmin{Ps(2), d5(2*4)} =rmin{[0.7,0.8],[0.7,0.8]}=[0.7,0.8] - - - ()
From (*) and (%) we get [0.4,0.5] > [0.7,0.8] which is false.

Theorem 5.2.1.4. The intersection of any two S - interval valued fuzzy JU-ideals of X is also S -
interval valued fuzzy JU-ideals of X.
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Proof. Suppose (T)SH and cf)gz are any two S - interval valued fuzzy JU-ideals of X and Vx,y € X.
Then,

bs, Mg, (1) = rmin{ds, (1), §s, (1)) > rmin(ds, (x), bs, (x)} = bs, N b, ()
And,
&)s] ﬂ&)gz(y) :rmin{cT)gl( )/ "Z(U)}
> rmin{rmin{dg, (x), g, (x *y)},rmin{ds, (x), s, (x * y)}}
= rmin{rmin{ds; (x), bs, (x)}, rmin{dg, (x xy), dg, (x * y)}}
(x),

bs
—rmm{d)s1 ﬂd)s X (13 S ﬂd)sz(x*y)} O

Corollary 5.2.1.5. Let {(T)S}H € Q} be a family of S-interval valued fuzzy JU-ideals of X. Then
ﬂieﬁ{&)s} =rinfica{x € X|{(I)S~i (x)} is also S-interval valued fuzzy JU-ideals of X.
Proof. Let{$ S, |1 € Q) be a family of S-interval valued fuzzy JU-ideals of X. Define
d(x) = (] bs,(x) =rinf{dg,(x)}, VxeX.
ieQ
We shall show that ¢ is also an S-interval valued fuzzy JU-ideal of X.

(i) For every x € X,

(f)(l)_rmfcl)s() and J)(x)zrinf(f)gi(x).

1eQ ieQ

Since each (T)gi satisfies J)gi(l) > bg, (x), we have

> rinf de
rllgédk() rg&gd)gi(X),

Thus, ¢(1) > $(x). Hence, the first condition holds.
(ii) For all x,y € X,

> rinf rmin{cT)Sz (x), d~)s~ (xxy)}
ieQ t t
— . . f ird - , . f T - .
rmin{r inf s, (x), 7 inf s, (x + )
Thus, $(y) > rmin{Pp(x), d(x *y)}. Hence, § satisfies both conditions of S-interval valued fuzzy

JU-ideal of X. Therefore, ;. d~) (x) = rmfieQ{d)gi( x)} is also an S-interval valued fuzzy JU-
ideal of X. [

Theorem 5.2.1.6. Let U(ds : [t1, t2]) = {x € X|Pg(x) > [t1,ta]} be nonempty set and V[ty,t2],S €
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CIl0,1]. A fuzzy subset (T)g of a JU-algebra X is an S-interval valued fuzzy JU-ideal of X , if and
only lfU.(d)S [t1,t2]) is JU-ideal of X.

Proof. Suppose d~)g is an S-interval valued fuzzy JU-ideal of X. Let [t,tp] € C[0,1] and U((T)g :
[t1,t2]) # 0. Let x, € U(ds : [t1,to]) implies that cf)g(x) > [ty,1o]. Since cT)g is an S-interval valued
fuzzy JU-ideal of X, then cf)g( ) > (T)g( ) > [tqy,t2].

= $g(1) > [t1, o], implies that 1 € U(ds : [t,ta]).
And, let x,x xy € U(d)s [t1,t2]) implies that Cbg( x) > [t1,t2] and d~)§(x xy) = [t1,t2]. Then,
$s(y) = rmin{ds(x), ds(x xy)} = rmin{[ty, to], [t1, to]} = [t1, 1]
This implies that y € U.(d)S [t1,to]) and hence U(cI)S [t1,1o]) is a JU-ideal of X.
Conversely, Suppose that U(cl)s [t1,12]) is a JU-ideal of X for any [tq,t,] € C[0,1] and U(J)g :
[t1,t2]) # 0. Assume that d)s is not S-interval valued fuzzy JU-ideal of X. Then there exist some
zp € X such that J)g(l) < (f)g(zo).
Take [B1, B2) = 3($s(1) + ds(x))

= $s(1) < [B1, B2l < ds(x)

zy € U(d)s [B1,P2]) and 1 ¢ U(d)s [B1,P2]), which is contradict to our assumption that

(d)s [B1,R2]) is a JU-ideal of X. Therefore, d)s( ) > J)g(x), Vx € X.

And assume that z(,z1 € X such that
$s(z1) < rmin{ds(zo), ds(zo *z1)}
Let dg(zo) = [B1,B2] and bg(zo * z1) = [B3, B4l and bg(z1) = [t1,t2]. Then

[t1,t2] < Tmin{[B1, B2], [B3, Bal}-
Take [0y, 0] = 3(Ps(z1) + rmin{s(z0), ds(z0 * z1)}) = 3([t1, to] + rmin{[B1, B2], [B3, Bal} =
3(t1 + min{B1, B3}), 3 (t2 + min{By, B4})
It follows that min{pq, B3} > x1 = %(tl + min{p1,B3}) > t1 and min{fo, B4} > A = %(tz +
min{f,, B4}) > tp, so that

(min{B1, B3}, min{Bo, B}) > [, o] > [t1,to] = bs(z1).

=z1 & U(ds: [0, oxp]) and

bs(z0) = [B3, Bal < lotg, 0] < (min{B1, B3}, min{Bz, B4}) > [t1, 2], and

ds(zo * z1) = [B1, B2l < [x1, 0] < (Min{B1, Bz}, min{Bo, B4}) > [t1, ta].
= 20,20 %21 € U.(cl)s (1, o)), which is contradict to U.(d)S (1, o)) is a JU-ideal of X.

Hence cl)s(zl) > rmm{d)s(zo),d)s(zo * z1)} for any zg,z1 € X. O

Theorem 5.2.1.7. Let &)g be S-interval valued fuzzy subset of a JU-algebra X. Then CTJC is S-interval
valued fuzzy JU-ideal of X if and only lfL(cl)S, t') is either empty or a JU-ideal of X for t’ € C[0,1]

Proof. Suppose cT)C is a S-interval valued fuzzy JU-ideal of X and L(g, t’) # (). We need to prove
that L(d)s, /) is a JU-ideal of X. Then there exists xg € L(cl)g t’) such that dJs(Xo) t’. Since d)%
is an S-interval valued fuzzy JU-ideal of X, we have d) (1) > J)g( x), forall x € X. Then,
< ¢s

$S(1) = dE(x0) = 1 —ds(1) = 1 — ds(xo) = Ps(1) (xo) </, hence 1 € L(dg, t).
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Next, for x,y € X such that x,x xy € L(d~) t’), we have d)s( x) < t’ and J)g(x xy) < t’. Then,

$$(y) > rmin{pg(x), pg(x xy)}, forall x,x xy € X.

It follows that

1—ds(y) > rmin{l — dg(x),1— bg(x *y)}
=1—rmax{ds(x), ds(x*y)}, ByLemmal.1.1

hence

> 1 —rmax{ds(x), bs(x*y)}
< rmax{dg(x), ds(x *y)} < rmax{t/, t'} =t

|
S
wn

1 (y)
= ds(y)

Thus, (f)g(y) < t'. Hence, L(cf)g, t’) is a JU-ideal of X.

Conversely, assume that L(&)g,f’ ) is a nonempty JU-ideal of X. We need to show that d)~ is a
S-interval valued fuzzy JU-ideal of X.

Let (T)g(x),(T)g(x xy) € C[0,1] for x,x xy € X. Choose

£ = rmax{s (1), s (x +y)).

Then $g(x) < t’ and Pg(x *y) <t/ imply that x,x xy € L(dg, t’) # 0. Since L(Pg,t’) is a
JU-ideal of X, we have y € L(dg, t).
Thus,

bs(y) <t/ =rmax{ds(x), ds(x *y)},

which gives

—rmax{ps(x), bg(x *xy)}
,1—ds(x+y)} ByLemma l.1.1

Hence,
$$(y) = rmin{d§ (x), g (x * y)}.

Therefore, (T)g is a S-interval valued fuzzy JU-ideal of X. ]

Theorem 5.2.1.8. If & is an S-interval valued fuzzy JU-ideal of X, then the set X‘fs ={x e
X|$s(x) = s(1)} is a JU-ideal of X.
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Proof. Letx,xxy € X&), Then (T)g(x) = cf)g(l) = cT)g(x *y), and so

bs(y) > rmin{ds(x), bs(x *y)} = rmin{ds(1), d5(1)} = ds(1).

= (])5( ) > cl)s( ) but (TJg(y) < (T)g(l), Yy € J (by Definition 5.2.1)

= bs(y) = ds(1)

=yc X%, hence X@g is a JU-ideal of X. ]
Theorem 5.2.1.9. Let (X,,1) and (Y,*',1') be JU- algebras and a map g : X — Y be an onto
homomorphism and let § g bean S-interval valued fuzzy subset of X. If g bean S-interval valued
fuzzy JU-ideal of X, then the image g((T)g), is an S-interval valued fuzzy JU-ideal of Y with sup
property.

Proof. Let g: X — Y be an onto homomorphism of JU- algebra and let ¢ g bean S-interval valued
fuzzy JU-ideal of X. We went to show that g(cbg) is an S-interval valued fuzzy JU-ideal in Y. Let
y1,Y2 € Y. Since g is onto, there exist x1,xp € X such that g(x1) =yp and g(x2) =ya.
Also g is a homomorphism, g(x1 * x2) = g(x1) *" g(x2) =y1 *" ya.
Since g is a homomorphism, g(1) =1’. Thus:

9(3) (1) = 5up; cg-1(41){s(1)) > sup,c 1) bs(0)} = g(s)(y). And,

g(Ps)(y2) = sup  ds(xo)

(x2)eg~(y2)
> rmin{ sup  Ps(xq), sup Ps(x1 * Xz)}
x1€97 1 (y1) (x1¥x2) €971 (y1%y2)

=rmin {g(ds)(y1),9(Ps)((y1 *y2) }

]

Theorem 5.2.1.10. Let (X,%,1) and (Y,*/,ll) be JU-algebras and a map g : X — Y be homo-
morphism. Let (I)g be an S-interval valued fuzzy subset of Y. If d~)§ be an S-interval valued fuzzy
JU-ideal of Y, then the Per-image g+ (cT)g) is an S-interval valued fuzzy JU-ideals of X.

Proof. Let g: X — Y be a homomorphism of JU-algebras and let ¢ g bean S-interval valued fuzzy
JU-ideal of Y. We want to show that 9*1 (d) ) is an S-interval valued fuzzy JU-ideal of X. For any
x € X and y € Y such that g(x) =y. Since g is a homomorphism, g(1) =1’. Then,

g (ds)(1) = bs(g(1)) = bs(1) > bs(y) = bs(g(x) = g (ds)(x)
And for any x1,x2 € X and y1,yz € Y such that g(x1) =y, g(x2) =yp. Since g is a homomor-
phism, g(x1 * x2) = g(x1) *' g(x2) =y1 *’ yo. Then,

~—

g ($g)(x2) = Ps(g(x2)) = Ps(y2
> rmin{ds(y1), bs(y1 *' yo)}

), ds(gix1) *" g(x2))}

g(x1)), ds(g(x1 xx2))} Since g is a homomorphism

Hhg)(x1), g7 (Dg) (x1 % x2)}



]

Theorem 5.2.1.11. The Cartesian product of any two S-interval valued fuzzy JU-ideals of X are
also S-interval valued fuzzy JU-ideal of X.

Proof. Suppose (13% and (T)g be any two S-interval valued fuzzy JU-ideals of X. Let (x,y) € X x X.
Then

(b5 X ds,)(1,1) = rmin{ds; (1), bs; (1)} = min{ds; (x), s, (Y)} = (ds; x bsg) (x,y)-

And, Let (x1,%x2), (y1,y2) € X x X. Then

(bs; X bs;)(Y1,42) = rmin{ds; (Y1), b, (y2)}
> rmin{rmin{dg (x1), CTD (x1 % y1)}, rmin{dg, (x2), bs, (x1 *y2)}}
= rmin{rmin{$g; (x1), s, (x2)}, Tmm{ bsy (x1 % Y1), sy (x2 % y2)})
=rmin{(bg; X bg)((x1,%2)), (Ps $s, ) ((x1 * Y1), (x2 ¥ y2))}
(

=rmin{(dg x $g)(x1,%2), (Ps; X Psy) ((x1,%2) * (Y1,Y2))}

)
(s

5.2.2 Interval valued (E,F)-Fuzzy JU-Ideals

In this section, we introduce the notion of interval valued (E,F)-fuzzy subalgebras of JU-algebras,

and some of their properties are discussed.

Definition 5.2.2.1. Let § be an interval valued fuzzy set in X. Then & is an interval valued (E,F)-
fuzzy JU-ideal of X, with the binary operation x if it satisfies the following axioms:

a) rmax{®(1),E} > rmin{d(x),F)},
b) rmax{(f)(y),ﬁ} > rmin{(x), d(x *y),f:}, forallx,y € X.

Example 5.2.2.1. Let X ={1,2,3,4,5,6} in which * is defined by the following Cayley table:

DN | = =] W W
— ] =N W AN
—| = N | N DNy
— O\ O\ O\ O\ | o

»—*LJ]»—A»—A»—A[\)N

QN N B WD =] *
el A e e el Bl
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See [3] (X;*,1) is a JU-algebra. Define $(x) as follows:

09,1 ifx=1
$(x) =<10.6,07] ifx=2
[0.3,0.4] otherwise

,with E =1[0.3,0.4] and F =[0.6,0.7].

Let we check condition (i) that is, rmax{$(1),E} > rmin{d(x),F}, Vx € X

Forx =2, then rmax{®(1),E} = rmax{[0.9,1],[0.3,0.4]} = [0.9,1] - - - (%)

And, rmin{®(x), F} = rmin{[0.6,0.7],[0.6,0.7]} = [0.6,0.7] - - - (xx)

From (*) and (**) we get [0.9,1] > [0.6,0.7] which is true. Hence, rmax{$(1),E} > rmin{dp(x),F}, Vx¢&
X. Thus condition (i) holds.

Likewise, for Condition (ii)

rmax{$(y), B} > rmin{d(x), d(x xy),F}, ¥x,yeX
Forx=4,y=2
rmax{$(y), E} = rmax{$(2), E} = rmax{[0.6,0.7],[0.3,0.4]} = [0.6,0.7] - - - (%)
And,

rmin{(f)(x),(f)(x*y),F}:rmin{(T)(él) d(4%2),F}
=rmin{$(4),d(1),F)
=1min{[0.3,0.4],[0.9,1],[0.6,0.7]} = [0.3,0.4] - - - (%)

From (*) and (**) we get [0.6,0.7] > [0.3,0.4] which is true.
Similarly, the result holds for all values of x and y in X.
Therefore, we conclude that & is an interval valued ([0.3,0.4],[0.6,0.7] )-fuzzy JU-ideal of X.

Theorem 5.2.2.1. Every interval valued (E,F)-fuzzy JU-ideals of X is order reversing.

Proof. Let ¢ be an interval valued (E,F)-fuzzy JU-ideals of X and for any x,y € X be such that
x <y, theny xx =1. Now
rmax{$(x), E} > rmin{d(y *x), d(y),F}
—rmin{$(1),b(y), F}
=rmin{d(y),F}. O
Theorem 5.2.2.2. Let ¢ be an interval valued (E,F)-fuzzy JU-ideals of X. Then rmax{d((x *y) *
y), B} > rmin{$(x), F}.

Proof. Since (x * [(x xy) *xy]) =1 (By Lemma 1.6.1)
Then, rmax{}((x xy) *y), E} > rmin{p(x), d(x  [(x x y) xy]),F}
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=rmin{p(x),F} O

Theorem 5.2.2.3. Every interval valued (E,F)-fuzzy JU-ideals of X is interval valued (E,F)-fuzzy
JU-subalgebra.

Proof. Suppose ¢ is interval valued (E,F)-fuzzy JU-ideals of X. That is:
a) rmax{(1), E} > rmin{d(x), F},
b) rmax{P(y),E} > rmin{d(x), d(x *y),F}, for all x,y € X.

We claim that ¢ is an interval valued (E, F)-fuzzy JU-subalgebra. That is, for all x,y € X

rmax{d(x xy), B} > rmin{d(x), d(y)}, F.
Assume that without loss of generality:

$(x) < b(y) = rmin{d(x), d(y)} = d(x)
Now we consider two cases:
Case 1. If $(x *y) > P(x), then
rmax{$(x xy), £} = rmin{p(x), F} = rmin{p(x), d(y), F}
= rmax{}(x xy),E} > rmin{p(x), d(y),F}

The inequality is satisfied directly.

Case 2. If (x *y) < $(x), then from the assumption that ¢ is an interval valued (E,F)-fuzzy JU-
ideal, apply condition (b):

rmax{$(y), E} = rmin{d(x), (x * y), F} = rmin{p(x xy), F}
= rmax{P(y),E} > rmin{p(x *y),F}
Since we also know, d(x *y) < $(x) and P(x) < P(y), it follows that

d(xxy) < d(x) < d(y) = rmax{d(x xy), £} < rmin{d(x), d(y), F}.
Which is contradict the inequality rmax{d(x *y),E} > rmin{d(x), b(y), F}

Thus, Case 1 must always hold, which implies:

d(xxy) = d(x) =rmin{d(x), d(y)}
Hence, ¢ is interval valued (E, F)-fuzzy JU-subalgebra of X.

Remark 5.2.2.1. The converse of the above theorem may not be true.

Example 5.2.2.2. Let X = {1,2,3,4} in which x is defined by the following table.
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x| 11234
111234
211 |11]4]1
3111171
41114141

See [3] X;,1), is a JU-algebra. Define &(x) as follows:

[09,1] ifx=1
d(x) =410.7,08] ifxec{2,4}
0.4,05] ifx=3

Since, cT) is an interval valued ([0.2, 0.3],[0.6, 0.7])-fuzzy JU-subalgebra of X.
The interval valued (E,F)-fuzzy JU-ideal condition requires:
rmax{(y), E} = rmin{Pp(x), (x xy),F}, for all x,y € X
Letx=2,y=3=xxy=4and
Then, rmax{$(y), E} = rmax{d(3), E} = rmax{[0.4,0.5],[0.2,0.3]} = [0.4,0.5] - - - (%) and,

rmind(x), p(x xy), F} =rmind(2), (2 x4), F}
$(3),F}
=rmin{[0.7,0.8],[0.7,0.8],[0.6,0.7]}
=1[0.6,0.7] - - - (%)

=rmind(2),

From (x) and (xx) we get [0.4,0.5] > [0.6,0.7] which is false.

Theorem 5.2.2.4. The intersection of any two an interval valued (E,F)-fuzzy JU-ideals of X is also
an interval valued (E, F)-fuzzy JU-ideals of X.

Proof. Suppose ¢ and ¢, are any two an interval valued (E, F)-fuzzy JU-ideals of X and Vx,y € X.
Then,

rmax{$1 N (1), B} = rmax{rmin{¢; (1), $»(1)}, E}
= rmin{rmax{$; (1), E}, rmax{d,(1),E}
> rmin{rmin{¢ (x), } rmin{¢,(x), F}}
= rmin{rmin{1 (x), $»(x)}, F}}

= rmin{¢1 N a(x), F}
And,
rmax{$1 N §2(y), ) = rmax{rmin{d (y), §2(y)), E)
= rmin{rmax{$1 (y), B}, rmax{$a(y), E}}
> {rmin{rmin{$1 (x), $1(x *y), F), rmin{d(x), b2 (x x y), F}

= rmin{rmin{¢ (x), $2(x)}, rmin{d; (x xy), d2(x xy)}, F}
= rmin{$1 N P2(x), d1 N P2 (x xy), F} O
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Corollary 5.2.2.5. Let {$i|i € A} be a family of interval valued (E,F)-fuzzy JU-ideals of X. Then
MNien i = rinfica{x € X|di(x)} is also an interval valued (E, F)-fuzzy JU-ideals of X.

Proof. Let ¢; be interval valued (E,?)—fuzzy JU-ideals of X, satisfying the conditions:
(1) rmax{cﬁi(l),ﬁ} = Tmin{dv)i(x)lif}/ Vx € XI

(i) rmax{di(y), B} > rmin{di(x), bi(x *y),F}, WxyeX,

Condition (i)
For all x € X, consider

b(x) = inf di(x).

ieA
Then
rmax{P(1),E} = rmax{in/{cf)i(l),ﬁ} .
ie

Since each ; satisfies condition (i), we have
rmax{di(1),E} > rmin{di(x),F}, VieA.

Taking the infimum over 1 € A on the right-hand side gives

rmax { inf (T)i(l),ﬁ} > inf rmin{d;(x), F} = rmin{$ (x), F}.
ien ieN

Hence, condition (i) is satisfied by ¢.

Condition (i1) Similarly, for all x,y € X, we have
d(x) =infdi(x), by)=infPi(y), blxxy)=infdi(x*y).
ieA ieA ieA
Since each ¢; satisfies condition (ii), we have
rmax{};(y), E} = rmin{di(x), hi(x xy),F}, VieA.

Taking the infimum over 1 € A yields
rmax((y), £} =rmax { .in{cbi(y),ﬁ} > inf rmin{@; (x), i (xy), F} = rmin{(x), p(x+y), F).

S LS

Hence, condition (ii) is also satisfied by ¢.

Therefore, ¢ = infic A ¢ is an interval valued (E, F)-fuzzy JU-ideal of X. U O

Theorem 5.2.2.6. If an interval valued fuzzy subset § is an interval valued (E,F)-fuzzy JU-ideal
of X, then the set (13,:: ={x € X|®b(x) = £} is a JU-ideal of X.
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Proof. Let ¢ be an interval valued (E, F)-fuzzy JU-ideal of X and let x,y € X . Then,
For any x € CT)E we have ¢(x) > E. Since ¢ is an interval valued (E, F)-fuzzy JU-ideal of X, then
rmax{$(1),E} > rmin{d(x),F} > E.
= ¢(1) > E, hence 1 € (13,;.
And, for any x,x xy € (T)E implies that ¢(x) > E and $(x *y) > E. Then,
rmax{$(y), E} > rmin{p(x), (x xy),F} > rmin{E, E,F}
= rmax{dp(y),E} > E
= (I)(y) > E, implies thaty € (f)f:_. Hence, &)E is a JU-ideal of X. [

Il
rmh

Theorem 5.2.2.7. A nonempty subset J of X is a JU-ideal of X if and only if the interval valued
fuzzy subset G of X defined as follows:

- F ifxe] Lo
d(x) =< _ is an interval valued (&, F)-fuzzy JU-ideal of X.
E ifx¢],

Proof. Suppose that J is a JU-ideal of X and let x,y € X. Then consider the following cases.

Case 1. If x,x *y € J, then y € J, thus,
rmax{¢(y),E} > F = rmin{d(x), d(x xy),F}

Case 2. If x ¢ Jorx*y ¢ J, then
rmax{d(y), £} > E =rmin{d(x), d(x *y), F}.

Case 3. If x ¢ Jorx xy € J, then
rmax{d(y),E} = E = rmin{E, F, B} = rmin{d(x), §(x * y), F}.
Or,If x € Jorx*xy ¢ J, then

rmax{P(y),E} > £ = rmin{F,E,F} = rmin{d(x), (x xy), F.
Consequently @ is an interval valued (E, F)-fuzzy JU-ideal of X.

Conversely, suppose that ¢ is an interval valued (E,F)-fuzzy JU-ideal of X. Let x,x *y € J, then
b(x) > F. b(x+y) > F. Now,

rmax{$(y), E} = rmin{p(x), d(x xy),F} > rmin{F, F,F} =F.

= rmax{d(y),E} > F. (Since $(y) > E (by Theorem 5.2.2.6)

= dly) >F

=y € ], hence J is a JU-ideal of X. [

Remark 5.2.2.2. An interval valued fuzzy JU-ideal is an interval valued (E,F)-fuzzy JU-ideal of X
when E =10,0] and F = [1,1].

Theorem 5.2.2.8. Ler U(d : [t1,t2]) = {x € X|d(x) > [t1,12]} be nonempty set and V[ty,t5] €
Cl0,1]. A fuzzy subset & of a JU-algebra X is an interval valued (E,F)-fuzzy JU-ideal of X , if and
only if U( : [t1,t2]) is JU-ideal of X, for E < [t1,t2] < F.
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Proof. Suppose ¢ is an interval valued (E,F)-fuzzy JU-ideal of X. Let [t1,t5] € C[0,1] and U( :
[t1,t2]) # 0. Let x € U( : [t1,t5]) implies that $(x) > [tq,t5]. Then,
rmax{$(1), £} = rmin{p(x), F} = rmin{[ty, t5], F} = [t1, t2]
=1eU(d:[ty,t])
And let x,x xy € U( : [t1,to]) implies that p(x) > [t1,to] and $(x *y) > [t1,to]. Then
rmax($(y), £} > rmin(d(x), $(x +y), F)
= rmin{[ty, to], [t1, t2], F}
= [tq, t2]
= rmax{d(y),E} > [t1,t]. (Since d(y) > E (by Theorem 5.2.2.6)
= dly) = [ty, ta
=yeU(d:t,t])
Hence U( : [t1,tp]) is a JU-ideal of X for E < [t1,tp] < F.
Conversely, Suppose that U( : [tq,tp]) is a JU-ideal of X for any [t1,ty] € C[0,1] and U( :
[t1,t2]) # 0. Assume that ¢ is not an interval valued (E,F)-fuzzy JU-ideal of X. Then there exist
some zg,z1 € X such that
rmax{$(z1), B} < rmin{d(zo), d(zo * z1), F}
Let $(z0) = [B1,Bal, d(z0 *z1) = [B3, Bal, d(z1) = [t1, 2], and E = [ey, €3], F = [f, f2]. Then
rmax{[t1, to], [e1, e2]} < rmin{[B1, B2], B3, B4l, [f1,T2]}.
Take [ot, o] = 5(rmax{P(z1), E} + rmin{d(zo), (2o * z1), F})
(rmax{[ty, to], [e1, e2]} + rmin{[B1, B2], [B3, B4l, [f1, f21})
(max{ty, e}, max{ty, e2} + min{B1, B3, f1}, min{P2, B4, f2})
(max{ty, er} + min{B1, B3, f1}), 3 (max{ty, €2} + min{Bo, B4, f2})
= min{p1, B3, f1}> 1 = %(max{tl,el} + min{f1, B3, f1}) > max{ty, e} and
min{By, B4, f2} > o = 1 (Mmax{ty, e} + min{Bo, B4, f2}) > max{ty, es}
= (min{B1, B3, f1}, min{By, B4, f2}) > log, 2] > (max{ty, e1}, max{ty, e2}) = rmax{d(z1), E}.
= ¢(z1) = [t1, t2] < [ox1, o]
=21 ¢ U(P: [xq,x2]) and
$(z0) = [B1, B2l = (min{By, B3, f1}, min{Pa2, By, f2}) > oy, atp], and
$(z % 21) = [B3, Bal = (Min{B, B3, f1}, min{B2, B4}, f2) > lovg, cta).
= 20,20 21 € U(d : [y, xa])
Which is contradict to U(d : [x7, x2]) is a JU-ideal of X.
Hence, rmax{$(z1, E} > rmin{d(zg), $(zq * z1),F} for any zg,z; € X. Il

NI= NI= NI—= NI—

Theorem 5.2.2.9. Let (X,x,1) and (Y,*',1") be JU- algebras and a map g : X — Y be an onto
homomorphism and let & be an interval valued (E,F)-fuzzy subset of X. If § be an interval valued
(E,F)-fuzzy JU-ideal of X, then the image g($), is an interval valued (E,F)-fuzzy JU-ideal of Y
with sup property.

Proof. Let g: X — Y be an onto homomorphism of JU- algebra and let ¢ be an interval valued
(E,F)-fuzzy JU-ideal of X. We went to show that g(¢) is an interval valued (E, F)-fuzzy JU-ideal
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inY. Lety €Y. Since g is onto, there exist x € X such that g(x) =y. Also g is a homomorphism,
g(1) =1'. Thus,
rmax{g($)(1"), E}_rmax{supleg_l 1) ¢(1),E}
> rmm{supxgg,l d(x),EL
= rmin{g($)(y), E}-
And, let yq,yz € Y. Since g is onto, there exist x1,x2 € X such that g(xq) =yj and g(xz) = yp.
Also g is a homomorphism, g(x1 * x2) = g(x1) *’ g(x2) =y1 *" y2. Now
rmax(g($)(y), ) = rmax{sup,_., 1, b(x2), E)
> Tmin{sup, g1y, cT)(xl) supxl*x2€g_1 (y1+"v2) J)(xl % x3), F}
= rmin{g(d) (y1), ( )(y1 +' ya2), F} O

Theorem 5.2.2.10. Let (X,*,1) and (Y, */,1/) be JU-algebras and a map g : X — Y be homomor-
phism. Let G be an interval valued (E,F)-fuzzy subset of Y. If & be an interval valued (E,F)-fuzzy
JU-ideal of Y, then the Per-image g~ () is an interval valued (E,F)-fuzzy JU-ideals of X.

Proof. Let g: X — Y be a homomorphism of JU- algebra and let ¢ be an interval valued (E,F)-
fuzzy JU-ideal of Y. We went to show that g~!(&) is an interval valued (E, F)-fuzzy JU-ideal in X.
For any x € X and y € Y such that g(x) =y. Since g is a homomorphism, g(1) =1’. Then,

rmax{g($)(1),E} = rmax{P(g(1)), E}
=rmax{¢p(1’), E}
> rmin{$(y), F}
=rmin{$(g(x)), F}

= rmin{g~ () (x), F}
And, for any x1,x2 € X and y1,yz € Y such that g(x1) =y, g(x2) =yp. Since g is a homomor-
phism, g(x1 * x2) = g(x1) * g(x2) =y1 *"yo. Then,
rmax{g~!($)(x2), E} = rmax{d(g(x2)), E}
=rmax{$(yz2), B}
> rmin{$(y1), d(y1 +'y2), B}
), (9( 1) *" g(x2)), F}
), dlg(x1 % x2)), F}
x1), g () (x1 % x2), F} O

(U1
= rmin{$(g(x1) CTJ
= rmin{$(g(x1)),
1)
Theorem 5.2.2.11. The Cartesian product of any two interval valued (E, F)-fuzzy JU-ideals of X is
also interval valued (E,F)-fuzzy JU-ideal of X.

=Trmin{g~

Proof. : Suppose ¢ and ¢, be any two interval valued (E,F)-fuzzy JU- ideals of X. Then let
(x,y) € X x X. Now
rmax{$1 x $2(1,1), B} = rmax{rmin{; (1), $2(1),E}
= rmin{rmax{¢$; (1), E},rmax{P,(1),E}}

), L, rmin{é2(y), F}}
= rmin{rmin{¢, (x), $2(y), F}}
y),F

=rmin{$1 x $2(x,y),F)

> rmin{rmin{¢; (x
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And, let (x1,%2), (y1,y2) € X x X. Then
rmax{$1 x $2(y1,Y2), B} = rmax{rmin{d (y1), $1(y2), E}}

= rmin{rmax{¢; (y1), £}, rmax{2(y2), E}}

> rmin{rmin{d1 (x1), $1(x1 *y1), F}, rmin{d2(x2), $2(x2
*ya), F}}

= rmin{rmin{d1(x1), $2(x2), F},rmin{d1 (x1 *y1), d2(x2
+y2), F}}

=rmin{$1 x P2(x1,%2),H1 X G2((x1,%2) * (y1,Y2)), F}
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Conclusion and Future Works

In this section, we summarize the key contributions of this dissertation and outline potential direc-
tions for future research.

I. Conclusion
This dissertation has undertaken a comprehensive exploration of fuzzy algebraic structures within
the framework of JU-algebras. We have extended the concepts of fuzzy sets, Q-fuzzy sets, T-fuzzy
sets, and interval-valued fuzzy sets to JU-algebras. Many interesting and important results about
level subset, homomorphism, and Cartesian product of JU-subalgebras, JU-ideals, doubt relation,

Normal, p-multiplicative, and p-translation in JU-algebra have been investigated.

The concept of JU-subalgebra and JU-ideal of a JU-algebra have been extended to fuzzy JU-
subalgebra and fuzzy JU-ideal. We have studied the relation between fuzzy JU-subalgebras and
fuzzy JU-ideals and investigated their algebraic behavior under operations such as intersection,
homomorphism, and Cartesian product. Notably, we demonstrated that while the intersection of
fuzzy JU-subalgebras (ideals) are preserved but the unions are not necessarily preserved, as il-
lustrated by counter examples. We have proved that if a function f is a homomorphism from a
JU-algebra X to a JU-algebra Y and if ¥ is a fuzzy JU-subalgebra (ideal) of Y, then the pre-image
f~1(9) is a fuzzy JU-subalgebra(ideal) of X, respectively, and if 9 is a fuzzy JU-subalgebra (ideal)
of X, then the homomorphic image of f(9) ) is a fuzzy JU-subalgebra(ideal) of Y, respectively.
Also, we have proved that the Cartesian product of fuzzy JU-Subalgebras (ideals) is a fuzzy JU-
Subalgebra(ideal) in JU-algebra, respectively. We have also studied the relations between fuzzy
sets and fuzzy p-multiplicative in JU-algebra. We proved that the lower and upper level subsets of
a fuzzy JU-subalgebra or fuzzy JU-ideal are also a JU-subalgebra or JU-ideal Moreover, we have
proved some theorems using the concepts of the strongest fuzzy relation on fuzzy JU-subalgebras
(ideals) in JU-algebra.

Finally, the notions of Q-fuzzy JU-subalgebras and Q-fuzzy JU-ideals in a JU-algebra have been
introduced. We proved that the lower and upper level subsets of a Q-fuzzy JU-subalgebra or
Q-fuzzy JU-ideal are also a JU-subalgebra or JU-ideals Next, we have proved that every JU-
subalgebra (ideal) of a JU-algebra is also the level JU-subalgebra (ideal) of a Q-fuzzy JU-subalgebra
(ideal) of a JU-algebra. The relationships between doubt Q-fuzzy and normal Q-fuzzy JU-subalgebras
and ideals were also examined. We have proved for a Q-fuzzy JU-subalgebra (ideal) of n of a JU-
algebra X, we can generate as a normal Q-fuzzy JU-subalgebra (ideal) of X which contains 7.

Moreover, the JU-homomorphic images and inverse images of Q-fuzzy JU-subalgebras (ideals)
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are also shown to be Q-fuzzy JU-subalgebras (ideals), respectively. Further, we have proved that
the Cartesian product of Q-fuzzy JU-subalgebras (ideals) is a Q-fuzzy JU-subalgebra (ideal) in a
JU-algebra, respectively.

Furthermore, we have introduced the concept of T-fuzzy JU-subalgebras and T-fuzzy JU-ideas of
JU-algebras and obtained important results. We demonstrated that the intersection of fuzzy JU-
subalgebras (ideals) are preserved but the unions are not necessarily preserved, as illustrated by
counter examples. Also We proved that if every T-fuzzy JU-ideals has a finite image, then every
descending chain of JU-ideals converges at finite step and every ascending chain of JU-ideals con-
verges at finite step if and only if the set of values of any T-fuzzy JU-ideals is a well ordered subset
of [0, 1]. Moreover, the Cartesian product of any two T-fuzzy JU-subalgebras and T-fuzzy JU-ideals
of a JU-algebra are also a T-fuzzy JU-subalgebra and T-fuzzy JU-ideal respectively.

We have introduced the concept of interval valued fuzzy JU-subalgebras and interval valued fuzzy
JU-ideals of JU-algebras and obtained important results. We proved that every interval valued fuzzy
JU-ideals of a JU-algebra is an interval valued fuzzy JU-subalgebra but the converse is not hold, as
illustrated by counter examples. We proved that the lower and upper level subsets of a interval val-
ued fuzzy JU-subalgebra or interval valued fuzzy JU-ideal are also a JU-subalgebra or JU-ideals.
Also, we proved that the image and inverse image of interval valued fuzzy JU-subalgebra and JU-
ideal under homomorphism preserve their respective interval valued fuzzy properties. Moreover,
we have demonstrated that the Cartesian product of any two interval valued fuzzy JU-subalgebras
and JU-ideals of JU-algebras are also interval valued fuzzy JU-subalgebra and JU-ideal respec-
tively. Furthermore, we have introduced interval valued fuzzy sets and their refined variants, such
as §-interval valued and (E,F)-interval valued fuzzy JU-subalgebras and ideals. Their properties
were analyzed with respect to level subsets, homomorphisms, and Cartesian products.

I1. Future Works
For future research, our results can be applied to various algebraic structures, including areas such
as topology, coding theory, and so on. In our upcoming study of JU-algebras, we aim to extend our
work to:

1. Bipolar Fuzzy Ideals in JU-Algebras

2. Soft Neutrosophic JU-Algebras

3. Fuzzy congruence relation of JU-algebra

4. Fuzzy Uniform topology space on JU-algebra
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