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Abstract
This dissertation presents an in-depth study of fuzzy algebraic structures, specifically focusing on
TM-algebras and pseudo-TM algebras by using various extensions of fuzzy set theory such as hes-
itant fuzzy sets, and bipolar hesitant fuzzy soft sets. These theories help to deal with uncertainty,
hesitation, and vagueness in mathematical modeling. In this study, we also define and investigate
fuzzy subsets within pseudo-TM algebras. Important structures like fuzzy pseudo-TM subalgebras
and fuzzy pseudo-TM ideals are introduced. Their properties are discussed using operations such
as Cartesian product and homomorphism. It is shown that the intersection of two fuzzy pseudo-
TM-subalgebras is also a fuzzy pseudo-TM subalgebra, but their union may not be. The study
deals with the idea of fuzzy congruence relations more deeply. A fuzzy congruence relation is a
fuzzy equivalence relation that respects the algebraic structure. It is shown how such relations can
preserve the fuzzy structure under mappings and how they can be used to simplify the algebra into
equivalent classes. The connection between fuzzy pseudo-ideals and fuzzy congruence relations is
also discussed, providing a strong algebraic framework for fuzzy systems. The study moves from
fuzzy sets to hesitant fuzzy sets. It introduces hesitant fuzzy TM-subalgebras, hesitant fuzzy T-
ideals, hesitant fuzzy pseudo-TM subalgebras, and hesitant fuzzy pseudo-ideals. These structures
allow multiple degrees of membership for each element, capturing hesitation in decision-making.
Various properties of these structures are analyzed. It is shown that Cartesian products and ho-
momorphic images of hesitant fuzzy ideals preserve the structure, under certain conditions. This
provides a useful tool for modeling uncertain systems in mathematics and applications. The notions
of bipolar hesitant fuzzy soft sets in TM-algebras are introduced. The combination of bipolarity
(positive and negative views), hesitation (multiple values), and soft sets (parameter-based uncer-
tainty) creates a powerful structure. These structures are applied to decision-making problems,
especially when both satisfaction and dissatisfaction need to be considered. A numerical example
is provided on selecting the best alcoholic drink based on multiple criteria, such as taste, health
impact, and cost. Each criterion is evaluated with both positive and negative opinions, along with
hesitation. The bipolar hesitant fuzzy soft set model is used to combine these opinions and find
the best option. This shows the practical usefulness of the theoretical framework developed in this
work. This research not only advances the theoretical understanding of fuzzy and hesitant fuzzy
structures in algebra but also offers practical tools for modeling complex decision-making prob-
lems. The findings have potential applications in artificial intelligence, computer science, medical
diagnosis, and other fields where human hesitation, dual opinions, and uncertainty are common.
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Introduction
Mathematics is a powerful tool used in many areas of life, from natural sciences to technology,
economics, and decision-making. Classical mathematics is built on the idea that things are either
true or false, or belong to a set or not. The study of classical set theory was first introduced by
Georg Cantor in 1874 [12]. In classical set theory, each element of a set is either a member or not
a member of the set. This type of set is called a crisp set (also known as a Cantor set). It is defined
by a membership function that assigns each element a value of either 0 or 1 where 1 means the
element belongs to the set, and 0 means it does not. However, in real-life situations, we often deal
with uncertainty, hesitation, or vague conditions. To handle such situations, researchers introduced
the idea of fuzzy sets. A fuzzy set allows an element to partly belong to a set with a membership
value between 0 and 1. This concept was introduced by Zadeh in 1965 [72] and has since become
a major topic of research in mathematics and applied sciences. Molodtsov in 2010 [31] introduced
the concept of a soft set, which serves as a novel mathematical tool for addressing uncertainty. One
of the key features of soft set theory is that it eliminates the need to define a membership function,
making it highly adaptable and applicable across various fields. Soft set theory is a mathematical
framework to deal with uncertainty and vagueness.
Later, different generalizations of fuzzy sets were developed to deal with more complex uncer-
tainties. Atanassov’s in 1986 [6] introduced intuitionistic fuzzy sets (IFS), Mendel in 2017 [45]
introduced type-2 fuzzy sets (T2FS), Turksen in 1992 [66] introduced interval-valued fuzzy sets
(IVFS) and Miyamoto in 2000 [46] introduced fuzzy multisets. Also , more generalized and flex-
ible extension of the classical fuzzy set theory which allows for more expressive modeling of
uncertainty called hesitant fuzzy set which is introduced by Torra in 2010 see [1, 56, 64, 65]. A
hesitant fuzzy set allows multiple possible membership values for a single element, which models
hesitation in the degree of belonging. The concept of hesitant fuzzy soft set was first introduced by
Babitha and John in 2013 [7]. This model combines the ideas of soft sets and hesitant fuzzy sets
to represent uncertain information in cases where there is hesitation in the membership degrees of
elements with respect to certain parameters.
Real world decision making often involves both positive and negative judgments simultaneously.
To capture the dual aspect of human thinking, the concept of bipolar fuzzy set was introduced
by Zhang in 1994 [75]. In a bipolar fuzzy set, each element is associated with two membership
degrees: A positive membership value in the interval [0,1], representing the degree of satisfac-
tion or agreement. A negative membership value in the interval [−1,0], representing the degree
of dissatisfaction or disagreement. This framework allows us to model complex situations where
a decision-maker may have both support and opposition toward a particular element. To integrate
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soft set theory with bipolar fuzzy logic, researchers developed the concept of bipolar fuzzy soft
set introduced by Abdullaha in 2014 [2]. This model provides a more flexible way to deal with
parameter based decision-making problems that include both positive and negative information.
In this structure, each parameter is associated with a bipolar fuzzy set over the universe. Fur-
ther advancing this field, Zhang in 2013 [73] introduced the bipolar hesitant fuzzy soft set, which
combines the ideas of bipolar fuzzy sets, hesitant fuzzy sets (which allow multiple membership
degrees), and soft sets. In this model, each element under a given parameter is associated with a set
of possible positive membership degrees from [0,1] and a set of negative membership degrees from
[−1,0]. This representation is especially useful in situations where the decision-maker hesitates
among several degrees of satisfaction and dissatisfaction at the same time. These models bipolar
fuzzy sets, bipolar fuzzy soft sets, and bipolar hesitant fuzzy soft sets have been widely applied in
fields such as artificial intelligence, multicriteria decision making, medical diagnosis, and expert
systems, where uncertainty, hesitation, and bipolar judgments frequently appear together. In addi-
tion to fuzzy structures, algebraic structures are another important area of mathematics. Algebraic
systems like groups, rings, and algebras are used to understand logical operations and relationships
among elements. Tanaka in 1978 [24] inroduced BCK-algebras and BCI-algebras introduced by
Iséki in 1980 [25]. It is known that the class of BCK-algebras is a proper subclass of the class
of BCI-algebras. Neggers in 2001 [51] introduced Q-algebras which is a generalization of BCK /
BCI-algebras and several results are obtained. Megalai in 2010 [44] introduced a class of abstract
algebras: TM-algebras which is a generalization of Q / BCK / BCI / BCH- algebras. TM-algebra
can provide an algebraic framework for certain types of decision-making processes or learning al-
gorithms. In artificial intelligence (AI), particularly in machine learning algorithms, understanding
the algebraic properties of decision-making processes (e.g., decision trees, reinforcement learning)
may involve the use of Turing machine models. Megalai in 2011 [43] introduced and explored
various properties of fuzzy TM-subalgebras and fuzzy TM-ideals within TM-algebras. Prabpayak
in 2017 [54] also presented the concept of homomorphisms in fuzzy TM-algebra and established
several properties.
Georgescu in 2001 [19] proposed the concept of pseudo-BCK algebra as a generalization of BCK-
algebra. Later, Dudek in 2008 [15] introduced the notion of pseudo-BCI algebra, which naturally
extends both BCI-algebra and pseudo-BCK algebra. Jun in 2006 [27] introduced the notion of
pseudo-BCI ideal (filter) of pseudo-BCI algebras. Romano in 2020 [57] introduced the concept
of pseudo-UP ideals and pseudo-UP filters and derived basic properties. Nouri in 2019 [52] in-
troduced the notion of Pseudo TM-Algebra which is an extension of TM-algebra. A pseudo-TM
algebra is a generalization of TM-algebra, itself a generalization of several algebraic systems like
BCK, BCI, Q-algebra, and BCH-algebra [See [52],[24], [25] ].
The exploration of fuzzy subsets and their integration into various mathematical fields has led to the
emergence of what is now known as fuzzy mathematics. One of the significant branches of this dis-
cipline is fuzzy algebra, which deals with the fuzzification of classical algebraic structures. These
fuzzified forms are particularly relevant to the development of this thesis. Various researchers have
contributed to this area, and key developments in the literature are summarized as follows: The

2



foundation of fuzzy algebraic structures was laid by Rosenfeld in 1971 [58], who introduced the
concept of fuzzy subgroups using the idea of fuzzy sets within the context of group theory. He
extended traditional group theory into the fuzzy setting by defining fuzzy subgroups and proving
several important results. This work marked the beginning of fuzzifying classical algebraic sys-
tems. Following Rosenfeld’s pioneering contribution, numerous scholars have devoted their efforts
to extending the principles and results of abstract algebra into the fuzzy domain. However, it should
be noted that not all classical results in group and ring theory can be directly translated or fuzzified
in a consistent manner (see [30], [34]). Liu in 1982 [38] made a notable contribution by applying
fuzzy set theory to ring theory . This was followed by Xi in 1991 [69], who extended fuzzy set
concepts to BCK-algebras and introduced the idea of fuzzy ideals within these structures.
Murali in 1991 [50] introduced the concept of a fuzzy congruence relation, which generalizes clas-
sical congruence by assigning a degree of equivalence between elements of an algebraic structure,
rather than relying on a strict binary classification. This approach facilitates the preservation of
algebraic structure in a fuzzy or approximate sense and is particularly valuable in situations where
rigid equivalence is too restrictive. Fuzzy congruences have been investigated in several standard
algebraic systems, extending their classical analogs. In classical group theory, a congruence cor-
responds to a normal subgroup, leading to the construction of quotient groups. In the fuzzy case,
fuzzy normal subgroups define equivalence classes with degrees of belonging, allowing for fuzzy
quotient groups. Similarly, in semigroups, fuzzy congruences help identify fuzzy ideals and par-
tition the semigroup into fuzzy equivalence classes, as explored by Mondal in 2012 [47]. In ring
theory, congruence relations correspond to ideals. Fuzzy ideals and fuzzy congruences have been
applied to extend the construction of quotient rings under uncertainty. These ideas also carry over
to modules and vector spaces, where fuzzy linear subspaces and congruence relations help model
vagueness in algebraic linear systems. In lattice theory, congruences help decompose complex
structures. Fuzzy congruences in lattices play an important role in fuzzy logic, fuzzy ordering,
and database theory, where elements may not be completely comparable or belong to a class with
absolute certainty. In non-classical and logical algebraic structures like BCK and BCI-Algebras
fuzzy congruences are linked with fuzzy ideals, and various studies have explored their behavior
under fuzzy relations, especially for constructing fuzzy quotient BCK-algebras. In Pseudo-BCK
and Pseudo-BCI-Algebras these are non-commutative generalizations of BCK/BCI-algebras, ac-
commodating asymmetric or non-standard logical operations. Fuzzy congruence relations in these
algebras involve intricate compatibility conditions due to relaxed axioms. They are important in
non-classical logics and soft computing frameworks. Intuitionistic fuzzy congruences involve a
pair of functions representing degrees of membership and non-membership, respectively. These
relations are especially useful in settings with incomplete information. Bipolar fuzzy congruences
incorporate both positive and negative degrees, ideal for modeling contradictory or dual-nature
data. Such congruences can help study algebraic structures with opposing tendencies. Hesitant
fuzzy congruences allow multiple membership degrees for a single pair, capturing the idea of hes-
itation or multiple expert opinions. These are particularly useful in decision-support systems and
social network modeling. These advanced models support the construction of generalized fuzzy
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quotient structures, allowing complex systems to be abstracted and analyzed under multifaceted un-
certainty. Building upon this, Ahamed in 1993 [3] formulated the concept of fuzzy BCI-algebras,
establishing their fundamental properties. Further developments include the work of Mostafa in
1995 [49], who defined fuzzy KU-ideals in KU-algebras and examined key properties, including
the behavior of these ideals under homomorphic images and inverse images. He also demonstrated
that the Cartesian product of fuzzy KU-ideals in the Cartesian product of KU-algebras results in an-
other fuzzy KU-ideal. Somjanta in 2016 [62] introduced the concepts of fuzzy UP-subalgebras and
fuzzy UP-ideals within the framework of UP-algebras, thereby enriching the field with new appli-
cations. The study of pseudo algebraic structures has also made progress in the fuzzy context. For
example, Jun in 2003 [28] introduced the concept of fuzzy pseudo-ideals in pseudo BCK-algebras.
Later, Lee in 2004 [37] extended this idea by fuzzifying pseudo ideals in pseudo BCI-algebras,
offering further generalization of classical ideals into fuzzy settings. These foundational studies
collectively form the basis for ongoing research in fuzzy algebra, enabling the application of fuzzy
logic and set theory to more generalized algebraic structures. Jun in 2016 [29] introduced Hesitant
fuzzy set theory applied to BCK/BCI-algebras. Bo in 2018 [74] investigated the lattice generated
by hesitant fuzzy filters in pseudo-BCI algebras. Shao in 2018 [60] introduced neutrosophic hes-
itant fuzzy subalgebras and filters in pseudo-BCI algebras. Mechderso in 2023 [41] investigated
the concept of fuzzy pseudo-UP ideals of pseudo-UP algebra. To the best of our knowledge, no
research has yet explored the hesitant fuzzy structures of pseudo-TM algebra. This gap in the lit-
erature motivated us to initiate a study on hesitant fuzzy algebraic structures within the framework
of pseudo -TM algebras.
The main goal of this dissertation is to study and develop hesitant fuzzy algebraic structures on
pseudo-TM algebras. The study focuses on defining new types of fuzzy subalgebras, ideals, and
congruence relations in the setting of pseudo-TM algebras and analyzing their properties. Fur-
thermore, the study explores their generalizations to hesitant fuzzy, bipolar fuzzy, and soft set
frameworks. These extended fuzzy algebraic structures provide better tools to handle uncertainty,
hesitation, and decision-making problems.
This research is motivated by the need to combine algebraic logic with uncertain data. In many
real-world problems, decisions need to be made with incomplete or vague information. For ex-
ample, in selecting a suitable product, treatment, or plan, people often face multiple criteria with
unclear values. Classical logic does not work well in these cases, but fuzzy logic and soft set theory
offer better solutions. By building fuzzy structures on algebraic systems like pseudo-TM algebra
and TM-algebera, we can model these problems more effectively.
The dissertation is organized into five chapters. Each chapter contributes to building a comprehen-
sive theory of hesitant fuzzy algebraic structures on Pseudo-TM algebra with multicriteria decision
making .
The first chapter presents the preliminary concepts, including definitions and properties of fuzzy
sets, hesitant fuzzy sets, soft sets, and hesitant fuzzy soft sets. It also reviewes TM-algebras, pseudo
TM-algebra and the newly introduced pseudo-TM algebras. Furthermore, subalgebras, ideals, ho-
momorphisms, and Cartesian productsare provided to establish the background for the subsequent
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chapters.
In the second chapter focuses on fuzzy subsets in pseudo-TM algebras. Here, we define fuzzy
pseudo-TM subalgebras and fuzzy pseudo-TM ideals. Their behavior under operations like Carte-
sian product and homomorphisms is studied. For instance, it is shown that the intersection of two
fuzzy pseudo-TM subalgebras is again a fuzzy pseudo-TM subalgebra, but their union may not be.
Fuzzy congruence relations are also introduced, and their link with fuzzy ideals is explained. This
sections provides a foundational understanding of fuzzy logic in pseudo-TM algebraic systems.
In the third chapter develops the idea of fuzzy congruence relations on pseudo-TM algebras. It
introduces new types of congruence relations in fuzzy settings and proves theorems about their
properties. The study explains how these fuzzy congruence relations relate to fuzzy ideals and how
they preserve algebraic structures under mappings. This is important because congruence relations
help classify elements in an algebra based on equivalence, there by simplifying complex structures
into more manageable parts.
In the fourth chapter introduces hesitant fuzzy TM-subalgebras, hesitant fuzzy T-ideals, and hes-
itant fuzzy pseudo-TM subalgebras. These are extensions of fuzzy sets by allowing hesitation in
membership values. The properties of these new structures are explored using level subsets, Carte-
sian products, and homomorphisms. The hesitant fuzzy structures are shown to be more flexible
in modeling situations where multiple opinions or data values exist. This chapter demonstrates the
advantage of using hesitant fuzzy logic in algebraic systems.
In the fifth chapter applies the idea of hesitant fuzzy soft sets to TM-algebra. In particular, bipo-
lar hesitant fuzzy soft sets are introduced, which consider both positive and negative membership
values. These sets are powerful tools in decision-making since they capture both satisfaction and
dissatisfaction levels. The chapter includes multicriteria a decision-making problem—selecting an
alcoholic drink based on different attributes. A numerical example is provided to show how the
proposed model can be used in real-world decision-making. This demonstrates the practical benefit
of the theoretical framework developed in the earlier chapters.
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Chapter 1
Preliminaries

In this chapter, we present a review of fundamental definitions and results that are essential for our
study. The chapter is organized into six sections. Section 1 introduces basic concepts and results
from fuzzy set theory. Section 2 reviews the foundational definitions and results related to hesitant
fuzzy sets. Section 3 covers the core concepts of hesitant fuzzy soft sets and reintroduces the
definition of hesitant fuzzy soft sets for clarity using examples. Section 4 outlines the definitions
pertinent to bipolar hesitant fuzzy soft sets. Section 5 summarizes key definitions and results from
algebraic structures such as BCK/BCI, Q, TM, and related algebras. Finally, Section 6 discusses
the fundamental definitions and results associated with pseudo-TM algebras.

1.1. Fuzzy Set Theory

In this section, we review and introduce some basic concepts and results from fuzzy set theory.

Definition 1.1.1. [72] Let ψ be a fuzzy subset of a nonempty set X. This means that ψ is a function

ψ : X→ [0, 1] called a membership function. For each element x ∈ X, the value ψ(x) represents

the degree of membership of x in the fuzzy subset defined by ψ. The complement of ψ denoted by

ψc, where ψc = 1 −ψ(x) for all x ∈ X.

Definition 1.1.2. [72] Let ψ andω be any two fuzzy subset of X. Then we have the following:

(i). ψ⊆ω if and only if ψ(x)6ω(x), for all x ∈ X,

(ii). ψ=ω if and only if ψ(x) =ω(x), for all x ∈ X,

(iii). (ψ∩ω)(x) =min{ψ(x),ω(x)}. for all x ∈ X,

(iv). (ψ∪ω)(x) =max{ψ(x),ω(x)}, for all x ∈ X.

Definition 1.1.3. [71] Let ψ be a fuzzy set in X. For a fixed t ∈ [0,1], the set U(ψ, t) =ψt = {x ∈
X/ψ(x) > t} is called an upper level of ψ. And , L(ψ, t) = ψt = {x ∈ X/ψ(x) 6 t} is called a

lower level of ψ. Also, we can define upper-strong and lower-strong level subset of ψ respectively

as:

U+(ψ, t) =ψt = {x ∈ X/ψ(x)> t} and L−(ψ, t) =ψt = {x ∈ X/ψ(x)< t}.
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Remark 1.1.1. [72] If t1 6 t2, then U(ψ, t2) ⊆ U(ψ, t1) and L(ψ, t1) ⊆ L(ψ, t2), for all

t1,t2 ∈ [0,1].

Definition 1.1.4. [61] Let f : X→ Y be a mapping where X and Y are non-empty subset. If ψ and

ω be a fuzzy subset of X and Y respectively. Then the image of ψ under f denoted by f(ψ) is a fuzzy

subset of Y such that

f(ψ)(y) =

{
sup{ψ(x)/x ∈ f−1(y)} if f−1(y) 6= ∅
0, otherwise.

,where y ∈ Y

The inverse image ofω under f is denoted by f−1(ω) is a fuzzy subset of Y defined by f−1(ω)(x) =

ω(f(x)), for all x ∈ X.

Definition 1.1.5. [4] Let f be a function from X to Y, and ψ, ω be fuzzy subset of X. Then

1. f(f−1(ψ)) =ψ.

2. ψ⊆ f−1(f(ψ)).

3. ψ⊆ω⇒ f(ψ)⊆ f(ω).

Definition 1.1.6 ([72]). Let {ψi : i ∈ I} be an indexed collection of fuzzy subsets of X. Then, the

fuzzy subsets ∩i∈Iψi and ∪i∈Iψi are defined by:

1. (∩i∈Iψi)(x) = infi∈I{ψi(x)}, for all x ∈ X.

2. (∪i∈Iψi)(x) = supi∈I{ψi(x)}, for all x ∈ X.

Lemma 1.1.1. [71] Let ψ be any fuzzy subset of X. Then the following holds true for all x,y ∈ X.

1. 1 −min{ψ(x),ψ(y)}=max{1 −ψ(x),1 −ψ(y)}.

2. 1 −max{ψ(x),ψ(y)}=min{1 −ψ(x),1 −ψ(y)}.

Definition 1.1.7. [9] Letψ andω be any fuzzy subsets of X and Y, respectively. Then the Cartesian

product ψ×ω with membership function ψ×ω : X× Y → [0,1] is defined by (ψ×ω)(x,y) =
min{ψ(x),ω(y)}, for all (x,y) ∈ X× Y.

Definition 1.1.8. [9] A fuzzy relation on a nonempty set X is a fuzzy set θ with a membership

function θ : X×X→ [0,1].

Definition 1.1.9. [9] Let ψ be a fuzzy subset on a set X, then the strongest fuzzy relation on X,

that is, a fuzzy relation θ on ψ and whose membership function θ : X × X→ [0,1] is given by

θ(x,y) = min {ψ(x),ψ(y)}, for all x,y ∈ X.

Definition 1.1.10. [58] A fuzzy subset ψ in X is said to have the sup-property if for any subset

T ⊆ X there exist x0 ∈ T such that ψ(x0) = supt∈T ψ(t).
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Definition 1.1.11. [58] Let f : X→ Y be a mapping. A fuzzy subset ψ of X is said to be f-invariant,

if f(x) = f(y) implies ψ(x) =ψ(y), where x,y ∈ X.

Definition 1.1.12. [23] Let θ be an equivalence relation on the set X. Then θ is called congruence

relation on X if it satisfies the following axioms: for all x,y,z ∈ X

1. (x,y) ∈ θ=⇒ x ? z, y ? z ∈ θ(right compatible),

2. (x,y) ∈ θ=⇒ z ? x, z ? y ∈ θ(left compatible.)

Definition 1.1.13. [4] A fuzzy relation θ on X is said to be:

1. Reflexive, if θ(x,x) = 1, for all x ∈ X.

2. Symmetric, if θ(x,y) = θ(y,x), for all x, y ∈ X.

3. Transitive, if θ(x,z)> Supz∈X {min{θ(x,y),θ(y,z)}} , for all x, y, z ∈ X.

Definition 1.1.14. [4] Suppose θ1 and θ2 are two fuzzy relations on X. Then their composition

denoted by θ1 ◦ θ2 is defined as

(θ1 ◦ θ2)(x,z) = sup
y∈X

{min{θ1(x,y),θ2(y,z)}}

If θ1 = θ2 = θ and θ ◦ θ⊆ θ, then the fuzzy relation ψ is called transitive.

A fuzzy relation θ on X is said to be a fuzzy equivalence relation if ψ is reflexive, symmetric and
transitive.

1.2. Hesitant Fuzzy Set

In this section, we recall basic definitions and concepts of hesitant fuzzy sets of a non-empty set X.

Definition 1.2.1. [33] Let X be a reference set, a hesitant fuzzy set h on X denoted by (HFS(X)) is

defined in terms of a function h that when applied to X returns a subset of [0,1].

Definition 1.2.2. [48] Let h be a hesitant fuzzy set on X. The hesitant fuzzy set hc defined by

hc(x) = [0,1] − h(x), for all x ∈ X is said to be the complement of h on X. For all hesitant fuzzy

set h on X we have (hc)c = h.

[70] expressed an HFS(X) by the following mathematical expression:

H= {〈x,h(x)〉/x ∈ X}

where h(x) is a set of some values in [0,1] denoting the possible membership degrees of the element
x ∈ X to the set H. For agreements, [70] called h(x) a hesitant fuzzy element HFE(X).
In H as special cases: h0 = {〈x, {0}〉 | ∀x ∈ X} is the empty hesitant set, h1 = {〈x, {1}〉 | ∀x ∈ X} is
the full hesitant set, h[0,1] = {〈x, [0,1]〉 | ∀x∈X} is the set to represent complete ignorance for x∈X
and h∅ = {〈x,∅〉 | ∀x ∈ X} is the non-sense set [53].
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Definition 1.2.3. [64] Let h,h1 and h2 ∈HFS(X). Then for all x in X. We have:

1. Empty set: h(x) = {0}.

2. Full set: h(x) = {1}.

3. Complete ignorance (all is possible): h(x) = [0,1].

4. Set for a non-sense x : h(x) = ∅.

5. Lower bound: h−(x) = min h(x).

6. Upper bound: h+(x) = max h(x).

7. Involutive: (hc(x))c = h(x).

8. α-upper bound: h+α(x) = {h ∈ h(x) | h> α}

9. α-lower bound: h−α(x) = {h ∈ h(x) | h 6 α}. α-upper bound and α-lower bounds are a

crucial requirement for determining the union and intersection of HFS(X). That is

10. (h1 ∪ h2)(x) =
{
h ∈ (h1(x)∪ h2(x)) | h> max

(
h−1 ,h−2

)}
= (h1(x)∪ h2(x))

+
α

for α= max
(
h−1 (x),h

−
2 (x)

)
.

11. (h1 ∩ h2)(x) =
{
h ∈ (h1(x)∩ h2(x)) | h6 min

(
h+1 ,h+2

)}
= (h1(x)∩ h2(x))

−
α

for α= min
(
h+1 (x),h

+
2 (x)

)
.

12. h1 ⊗ h2 =
⋃
γ1∈h1
γ2∈h2

{γ1γ2}.

13. h1 ⊕ h2 =
⋃
γ1∈h1
γ2∈h2

{γ1 + γ2 − γ1γ2}

Lemma 1.2.1. [45] Let H = {(x,h(x)) |x ∈ X} be a hesitant fuzzy set on X. Then the following

statements hold: for all x,y ∈ X,

(1). [0,1] − (h(x)∪ h(y)) = ([0,1] − h(x))∩ ([0,1] − h(y)),

(2). [0,1] − (h(x)∩ h(y)) = ([0,1] − h(x))∪ ([0,1] − h(y)).

Definition 1.2.4. [32] Let hA= (x,hA(x)) and hB= (x,hB(x)) be a hesitant fuzzy sets onX and Y,

respectively. Then the Cartesian product hA×hB = (x,h(x)) defined by h(x,y) = hA(x)∩hB(y)
, where A and B are a subset of X and Y respectively and h : X× Y → P[0,1] for all x ∈ X and

y ∈ Y.

Definition 1.2.5. [32] Let (hi)i∈I ⊆ HFS(X) be an indexed collection of finite hesitant fuzzy sets.

Then
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1. the union of (hi)i∈I denoted by
⋃
i∈Ihi, is a hesitant fuzzy set in X defined as follows: for all

x ∈ X: (⋃
i∈I
hi

)
(x) =

⋃
γi∈hi(x)

∨
i∈I
γi.

2. the intersection of (hi)i∈I denoted by
⋂
i∈Ihi is a hesitant fuzzy set in X defined as follows:

for all x ∈ X (⋂
i∈I
hi

)
(x) =

⋃
γi∈hi(x)

∧
i∈I
γi.

[32] expressed images and pre-images of HFS(X) and HFS(Y) in the following ways:

Let X and Y be a non-empty sets. For any hX ∈ HFS(X) and hY ∈ HFS(Y)) and f : X→ Y be a

mapping. Then

1. the image of hX under f denoted by f(hX) is a hesitant fuzzy set in Y defined as follows: for

each y ∈ Y,

f(hX)(y) =


⋃
x∈f−1(y)hX(x) if f−1(y) 6= ∅

∅ otherwise

2. the pre-image of hY under f denoted by f−1 (hY) is a hesitant fuzzy set in Y defined as follows:

for all x ∈ X
f−1 (hY)(x) = hY ◦ f(x).

Example 1.2.1. [53] Let X = {x1,x2,x3} be the reference set and let h1,h2 ∈ HFS(X) be two

hesitant fuzzy sets such that

h1 = {〈x1, {0.3,0.4}〉 ,〈x2, {0.6,0.8}〉 ,〈x3, {0.3,0.4,0.5,0.7}〉} ,

and

h2 = {〈x1, {0.5,0.6}〉 ,〈x2, {0.4,0.5}〉 ,〈x3, {0.2,0.3,0.4,0.6}〉} .

Then we have

1. (h1)
− (x1) = min{0.3,0.4}= 0.3,(h1)

+ (x1) = max{0.3,0.4}= 0.4

2. (h1)
+
0.3 (x1) = {γ ∈ h1 (x1) | γ> 0.3}= {0.3,0.4}= h1 (x1);

3. (h1)
−
0.4 (x1) = {γ ∈ h1 (x1) | γ6 0.4}= {0.3,0.4}= h1 (x1)

4. (h1)
−
0.45 (x3) = {γ ∈ h1 (x3) | γ6 0.45}= {0.3,0.4};

5. (h1)
+
0.45 (x3) = {γ ∈ h1 (x3) | γ> 0.45}= {0.5,0.7};

6. (h1)
c (x2) = ∪γ∈h1(x2){1 − γ}= {1 − 0.6,1− 0.8}= {0.4,0.2}
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7. (h1 ∪ h2)(x3) = {γ ∈ h1 (x3)∪ h2 (x3) | γ> max
{
(h1)

− (x3) ,(h2)
− (x3)

}}
={γ ∈ h1 (x3)∪ h2 (x3) | γ> max{0.3,0.2}}= {0.3,0.4,0.5,0.6,0.7};

8. (h1 ∩ h2)(x3)= {γ ∈ h1 (x3)∪ h2 (x3) | γ6 min
{
(h1)

+ (x3) ,(h2)
+ (x3)

}}
= {γ ∈ h1 (x3)∪

h2 (x3) | γ6 min{0.7,0.6}}= {0.2,0.3,0.4,0.5,0.6};

9. (h1 ⊕ h2)(x1) = {γ1 + γ2 − γ1γ2 | γ1 ∈ h1 (x1) ,γ2 ∈ h2 (x1)}= {0.65,0.72,0.7,0.76};

10. (h1 ⊗ h2)(x1) = {γ1γ2 | γ1 ∈ h1 (x1) ,γ2 ∈ h2 (x1)}= {0.15,0.18,0.2,0.24}.

1.3. Hesitant Fuzzy Soft Set

Now, we recall some fundamental definitions from hesitant fuzzy soft set theory. Molodtsov [31]
introduced the concept of a soft set, which serves as a novel mathematical tool for addressing
uncertainty. One of the key features of soft set theory is that it eliminates the need to define a
membership function, making it highly adaptable and applicable across various fields.

Definition 1.3.1. [11] Let U be refer to an initial universe, E be a set of parameters, P(U) is the

power set of U, and A⊆ E. A pair (F,A) is called a soft set over U where F is a mapping given by

F :A→ P(U).

Definition 1.3.2. [11] A fuzzy soft set ξA over P(U) is a set defined by a function ξA representing

a mapping

ξA : E→ F(U) such that ξA(x) = ∅ if x /∈A.

Here, ξA is called fuzzy approximate function of the fuzzy soft set ξA, and the value ξA(x) is a set

called x-element of the fuzzy set for all x ∈ E. Thus, a fuzzy set ξA over U can be represented by

the set of ordered pairs

ξA = {(x,ξA(x)) : x ∈ E, ξA(x) ∈ P(U)}

Example 1.3.1. [11] Let the universe of discourse be U = {apple, banana, orange} and the set of

parameters be E= {sweet, ripe, cheap}.
The subset of parameters under consideration be A= {sweet, cheap}⊆ E
Now, define the fuzzy soft set ξA : E→ F(U) such that:

For x ∈A, ξA(x) is a fuzzy subset of U and for x /∈A, ξA(x) = ∅.
Then, we can define:

ξA(sweet) = {(apple, 0.9), (banana, 0.8), (orange, 0.6)}

ξA(cheap) = {(apple, 0.5), (banana, 0.7), (orange, 0.4)}

ξA(ripe) = ∅

We can representation of the Fuzzy Soft Set as follows:
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ξA =

{
(sweet, {(apple, 0.9), (banana, 0.8), (orange, 0.6)}),

(cheap, {(apple, 0.5), (banana, 0.7), (orange,0.4)})

}
The fuzzy soft set ξA describes the fuzziness of fruits with respect to some parameters (like sweet

and cheap). For parameters not in A (like ripe), the fuzzy value is empty. Each fuzzy set value

represents degree of membership of elements in U under a particular parameter.

Definition 1.3.3. [39] For two fuzzy soft sets ( ξ1,A ) and ( ξ2,B ) in a soft class ( U,E ), we say

that

1. ( ξ1,A ) is a fuzzy soft subset of ( ξ2,B ), if

(i). A⊆ B

(ii). ξ1(ε)⊆ ξ2(ε) and is written as (ξ1,A)⊆ (ξ2,B), for all ε ∈A.

2. The extended union of two fuzzy soft sets ( ξ1,A ) and ( ξ2,B ) in a soft class ( U,E ) is a

fuzzy soft set ( ξ,C ), where C=A∪B and, for all ε ∈ C,

ξ(ε) =


ξ1(ε), if ε ∈A−B

ξ2(ε), if ε ∈ B−A

ξ1(ε)∪ ξ2(ε), if ε ∈A∩B

and is written as (ξ,A)∪̃(ξ2,B) = (ξ,C).

3. The extended intersection of two fuzzy soft sets (ξ1,A) and (ξ2,B) in a soft class ( U,E ) is a

fuzzy soft set ( ξ,C ) where C=A∩B and ∀ε ∈ C,

ξ(ε) =


ξ1(ε), if ε ∈A−B

ξ2(ε), if ε ∈ B−A

ξ1(ε)∩ ξ2(ε), if ε ∈A∩B

and is written as (ξ1,A) ∩̃ (ξ2,B) = (ξ,C).

4. ( ξ1,A ) AND ( ξ2,B ) is a fuzzy soft set denoted by (ξ1,A) ∧ (ξ2,B) and is defined by

(ξ1,A)∧ (ξ2,B) = (H,A× B), where H(x,y) = ξ1(x)∩ ξ2(y), for all x ∈ A and, for all

y ∈ B, where ∩ is the operation intersection of two fuzzy sets.

5. ( ξ1,A ) OR ( ξ2,B ) is a fuzzy soft set denoted by (ξ1,A)∨ (ξ2,B) and is defined by (ξ1,A)∨
(ξ2,B) = (K,A×B), where K(x,y) = ξ1(x)∪ ξ2(y), for all x ∈A and, for all y ∈ B, where

∪ is the operation union of two fuzzy sets.

6. The complement of a fuzzy soft set (ξ1,A) is denoted by (ξ1,A)c and is defined by (ξ1,A)c =(
ξc1,A

)
, where ξc1 :A→ P̃(U) is a mapping given by ξc1(ε) = [ξ1(ε)]

c for all ε ∈A.
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Definition 1.3.4. [26] A pair (ξh,A) is said to be a hesitant fuzzy soft set over a reference set U ,

where ξ is a mapping given by

ξh : A→HFS(U)

Example 1.3.2. A hesitant fuzzy soft set (HFSS) in a decision-making problem, such as choosing

the best job candidate. A company wants to hire a new software developer. There are 3 candidates:

C1: Alice, C2: Bob and C3: Charlie. The decision criteria (parameters) are: e1: Technical Skills,

e2: Communication Skills and e3: Teamwork. Because different managers have varying opinions

(hesitations) on candidates’ ratings, we use hesitant fuzzy soft sets to model these uncertainties.

Hesitant Fuzzy Soft Set Representation: Let U = {C1,C2,C3} be the universe of candidates, and

E = {e1,e2,e3} the set of parameters. Now define a hesitant fuzzy soft set F is a mapping F : E→
ξ(U), where ξ(U) denotes hesitant fuzzy subsets of U. For example:

For e1 (Technical Skills):

F(e1) = {(C1, {0.8,0.9}),(C2, {0.6,0.7}),(C3, {0.4,0.5})}.
For e2 (Communication Skills):

F(e2) = {(C1, {0.6,0.7}),(C2, {0.8}),(C3, {0.5,0.6})}.
For e3 (Teamwork): F(e3) = {(C1, {0.7,0.8}),(C2, {0.5,0.6}),(C3, {0.8,0.9})}
Decision Making:

To decide the best candidate:

1. Aggregate the hesitant values for each candidate under all parameters.

2. Defuzzify or rank them using score functions (e.g., average, max-min). Let’s compute average

scores for simplicity:

Candidate C1:

Tech: Avg(0.8, 0.9) = 0.85

Comm: Avg(0.6, 0.7) = 0.65

Team: Avg(0.7, 0.8) = 0.75

Overall Avg = (0.85 + 0.65 + 0.75) / 3 = 0.75

Candidate C2:

Tech: Avg(0.6, 0.7) = 0.65

Comm: 0.8

Team: Avg(0.5, 0.6) = 0.55

Overall Avg = (0.65 + 0.8 + 0.55) / 3 = 0.667

Candidate C3:

Tech: Avg(0.4, 0.5) = 0.45

Comm: Avg(0.5, 0.6) = 0.55

Team: Avg(0.8, 0.9) = 0.85

Overall Avg = (0.45 + 0.55 + 0.85) / 3 = 0.617.

Therefore; candidate C1 (Alice) has the highest average score (0.75), so she is the best choice

based on this hesitant fuzzy soft set model.
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Definition 1.3.5. [39] Let f : X→ Y and g :A→ B be two functions, A and B are parametric sets

from the crisp sets X and Y, respectively. Then the pair ( f,g ) is called a bipolar fuzzy soft function

from X to Y.

Definition 1.3.6. [39] Let ( ξ1h,A ) and ( ξ2h,B ) be two hesitant fuzzy soft sets over X and Y,

respectively and let (f,g) be a hesitant fuzzy soft function from a TM-algebra X to a TM-algebra Y.

1) The image of ( ξ1h,A ) under a hesitant fuzzy soft function ( f,g ), denoted by (f,g)(ξ1h,A),
is a hesitant fuzzy soft set on Y defined by (f,g)(ξ1h,A) = (f(ξ1h),g(A)), where for all

k ∈ g(A),y ∈ Y

hf(ξ1h)k(y) =

{ ∨
f(x)=y

∨
g(a)=kξ1h(x) if x ∈ g−1(y),
∅ otherwise,

2) The pre-image of ( ξ2h,B ) under a hesitant fuzzy soft function ( f,g ), denoted by (f,g)−1(ξ2h,B),
is a hesitant fuzzy soft set over X defined by (f,g)−1(ξ2h,B) =

(
f−1(ξ2h),g−1(B)

)
, where

for all a ∈ g−1(A), for all x ∈ X,

Definition 1.3.7. [26] Let ( f,g ) be a hesitant fuzzy soft function from X to Y. If f is a homo-

morphism from X to Y then ( f,g ) is said to be a hesitant fuzzy soft homomorphism. If f is a

isomorphism from X to Y and g is one-to-one mapping from A onto B then ( f,g ) is said to be

hesitant fuzzy soft isomorphism.

1.4. Bipolar Hesitant Fuzzy Soft Set

Now, we recall some basic concepts from the theory of bipolar hesitant fuzzy soft sets. In classical
fuzzy soft sets, only the membership degree of elements is taken into account. However, Zhang
and Lee[73] extended this idea by introducing the concept of bipolar hesitant fuzzy soft sets, where
both positive membership values (indicating satisfaction or agreement) and negative membership
values (indicating dissatisfaction or disagreement) are considered simultaneously. This approach
allows for a more refined representation of uncertainty by capturing both supportive and opposing
evaluations in decision-making scenarios.

Definition 1.4.1. [59] A triplet (ξ1,ξ2,A) is called a bipolar soft set over U, where ξ1 and ξ2 are

mappings, given by ξ1 : A→ P(U) and ξ2 : ¬A→ P(U) such that ξ1(ε) ∩ ξ2(¬ε) = ∅, for all

ε ∈A.

Definition 1.4.2. [36] A bipolar fuzzy set in a non-empty set X is an object having the form,

ξ= {(x,ξ+(x),ξ−(x)) : x ∈ X}, where ξ+ : X→ [0,1], ξ− : X→ [−1,0]. So ξ+A denote for positive

information and ξ−denote for negative information.

Definition 1.4.3. [35] For every two bipolar fuzzy sets ξ1 = (ξ+1 ,ξ−1 ) and ξ2 = (ξ+2 ,ξ−2 ) in X, then

the following operations hold:
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1. ξ1 ⊆ ξ2 if and only if ξ+1 (x)6 ξ
+
2 (x) and ξ−1 (x)> ξ

−
2 (x), for all x ∈ X,

2. (ξ1 ∪ ξ2)(x) = (max{ξ+1 (x),ξ
+
2 (x)},min{ξ

−
1 (x),ξ

−
2 (x)}), for all x ∈ X

3. (ξ1 ∩ ξ2)(x) = (min{ξ+1 (x),ξ
+
2 (x)},max{ξ

−
1 (x),ξ

−
2 (x)}), for all x ∈ X.

4. (ξ)c(x) = (1 − ξ+(x),−1 − ξ−(x)), for all x ∈ X.

Definition 1.4.4. [75] Let ξ be a bipolar fuzzy set on X. For (s,t) ∈ [−1,0]× [0,1] then

U(ξ+,t) = {x ∈ X : ξ+(x)> t}

and

L(ξ−,s) = {x ∈ X : ξ−(x)6 s}

U(ξ+,t) is called positive t-level and L(ξ−,s) is called negative s- level set of ξ = (ξ+,ξ−),
respectively. The set A(ξ,(t,s)) =U(ξ+,t)∩ L(ξ−,s) is called (t,s)-level set of ξ= (ξ+,ξ−).

Definition 1.4.5. [75] Let ξ1 and ξ2 be any two bipolar fuzzy sets defined on universes of discourse

X and Y, respectively. We call a mapping ξ1× ξ2 = (ξ+1 × ξ
+
2 ,ξ−1 × ξ

−
2 ) : X× Y→ [0,1]× [−1,0],

a bipolar fuzzy relation from ξ1 to ξ2 such that

(ξ+1 × ξ
+
2 )(x,y) =min{ξ+1 (x),ξ

+
2 (y)}

and

(ξ−1 × ξ
−
2 )(x,y) =max{ξ−1 (x),ξ

−
2 (y)}.

In fuzzy set theory, fuzzy subsets are assumed to satisfy sup-property. Analogously, in the follow-
ing the notion sup-inf property is defined for a bipolar fuzzy set ξ of X.

Definition 1.4.6. [40] A bipolar fuzzy set ξ = (ξ+,ξ−) in a set X with positive membership ξ+ :

X→ [0,1] and negative membership ξ− : X→ [−1,0] is indicated to have sup-inf property, if for

every nonempty subset T of X, there exists x0 ∈ T such that

ξ+(x0) = sup
t∈T

ξ+(t) and ξ−(x0) = inf
t∈T
ξ−(t).

Definition 1.4.7. [40] Let f : X→ Y be a function and let ξ = (ξ+,ξ−) and σ = (σ+,σ−) be the

bipolar fuzzy sets of X and Y , respectively. Then

1. The image of ξ under f is defined as f(ξ) = (f(ξ)+, f(ξ)−)such that

f(ξ)+(y) =

{
supx∈f−1(y)ξ

+(x) if f−1(y) = {x ∈ X : f(x) = y} 6= φ
0 otherwise
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And

f(ξ)−(y) =

{
infx∈f−1(y)ξ

−(x) if f−1(y) = {x ∈ X : f(x) = y} 6= φ
0 otherwise

2. The inverse image of σ under f is defined as f−1(σ)=
(
f−1(σ)+, f−1(σ)−

)
such that f−1(σ)+(x)=

σ+(f(x)) and f−1(σ)−(x) = σ−(f(x)), for all x ∈ X.

Definition 1.4.8. [2] Let U be a universe, E a set of parameters and A ⊂ E. Define F : A→ BF,

where BF is the collection of all bipolar fuzzy subsets of U. Then ( F,A ) is said to be a bipolar

fuzzy soft set over a universe U. It is defined by

1. (F,A) = F(ei)

2. F(ei) = (xi, ξ+ (xi) , ξ− (xi)), for all xi ∈U, ei ∈A

Definition 1.4.9. [14] Let U be a universe, E a set of parameters and A ⊆ E. Define ξ : A→ BF,

where BF is the collection of all bipolar fuzzy subsets of U. Then, (ξ,A) is said to be a bipolar

fuzzy soft set over a universe U. It is defined by

(ξ,A) =
{(
x, ξ+e (x), ξ

−
e (x)

)
, for all x ∈U,e ∈A

}
.

Definition 1.4.10. [68] A bipolar hesitant fuzzy set (BHFS) ξh on the universe U is defined as

ξh =
{(
x, ξ+h , ξ−h

) ∣∣ x ∈ U
}

,

where:

(i). ξ+h is called the hesitant fuzzy positive membership, and it is a finite subset of [0,1] repre-

senting the possible degrees of satisfaction of the element x ∈ U with respect to the property

described by ξh.

(ii). ξ−h is called the hesitant fuzzy negative membership, and it is a finite subset of [−1,0] repre-

senting the possible degrees of satisfaction of the element x ∈ U with respect to the opposite

(or counter) property of ξh.

(iii). The pair ξh(x) =
(
ξ+h , ξ−h

)
is referred to as the bipolar hesitant fuzzy element, which assigns

a set of membership values from [0,1]× [−1,0] , for all x ∈ U.

Definition 1.4.11. [68] A pair (ξh,A) is called a bipolar hesitant fuzzy soft set on U, where ξh is

a mapping given by ξh :A−→ BHFS(U) and ξh(ε) = {〈x,ξεh(x)〉 | x ∈ U}, for all ε ∈A.

Example 1.4.1. Let the universe of discourse be U= {coffee, tea, juice}, and the set of parameters

be E= {bitter, healthy, cheap} with A= {bitter, cheap}⊆ E.

Define the mapping ξh :A→ BHFS(U) as follows:

Case 1: For ε= bitter. Then
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ξh(bitter)=
{
(coffee, ({0.9}, {−0.1})) , (tea, ({0.6,0.7}, {−0.2})) ,(juice, ({0.2}, {−0.6,−0.7}))

}
Case 2: For ε= cheap. Then

ξh(cheap)=
{
(coffee, ({0.4,0.5}, {−0.4})) , (tea, ({0.7}, {−0.3})) ,(juice, ({0.6,0.8}, {−0.1}))

}
Thus, the pair (ξh,A) forms a bipolar hesitant fuzzy soft set on U.

1.5. Some Types of Algebras

In this section, we recall the definitions of different types of algebras that arise from propositional
and implicational calculi.

Definition 1.5.1. [24] A BCK-algebra (X; ?,0) is a nonempty set X with a constant 0 and a binary

operation ? satisfying the following axioms:

(i). ((x ? y) ? (x ? z)) ? (z ? y) = 0,

(ii). (x ? (x ? y)) ? y= 0,

(iii). x ? x= 0,

(iv). x ? y= 0 and y ? x= 0 imply x= y,

(v). 0 ? x= 0, for all x,y,z ∈ X.

Definition 1.5.2. [25] A BCI-algebra (X; ?,0) is a nonempty set X with a constant 0 and a binary

operation ? satisfying the following axioms:

(i). ((x ? y) ? (x ? z)) ? (z ? y) = 0,

(ii). (x ? (x ? y)) ? y= 0,

(iii). x ? x= 0,

(iv). x ? y= 0 and y ? x= 0 imply x= y, for all x,y,z ∈ X.

Definition 1.5.3. [51] A Q-algebra (X; ?,0) is a nonempty set X with a constant 0 and a binary

operation ? satisfying axioms:

(i). x ? x= 0,

(ii). x ? 0 = x,

(iii). (x ? y) ? z= (x ? z) ? y, for all x,y,z ∈ X.

Definition 1.5.4. [13] An algebra (X; ?,0) of type (2,0) is called a BCH-algebra if the following

conditions are satisfied:

(i). x ? x= 0,
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(ii). x ? y= 0 = y ? x⇒ x= y,

(iii). (x ? y) ? z= (x ? z) ? y; for all x,y,z ∈ X.

Definition 1.5.5. [19] A pseudo-BCK algebra is a structure (X; �,?,0), where ” � ” and ” ? ”
are binary operations on X and 0 is an element of X, for all x,y,z ∈ X, satisfying the axioms:

(i). (x� y) ? (x� z) ? (z� y) = 0, (x ? y)� (x ? z)� (z ? y) = 0,

(ii). x� (x ? y)� y= 0, x ? (x� y) ? y= 0,

(iii). x� x= 0 = x ? x,

(iv). x� 0 = x= x ? 0,

(v). x6 y, y6 x⇒ x= y,

(vi). x6 y⇔ x� y= 0⇔ x ? y= 0.

Definition 1.5.6. [15] A pseudo-BCI algebras is a structure (X; �,?,0), where, ”� ” and ” ? ”
are binary operations on X and 0 is an element of X which satisfys the following axioms: for all

x,y,z ∈ X

(i). (x� y) ? (x� z) ? (z� y) = 0, (x ? y)� (x ? z)� (z ? y) = 0,

(ii). x� (x ? y)� y= 0, x ? (x� y) ? y= 0,

(iii). x� x= 0 = x ? x,

(iv). x6 y and y6 x⇒ x= y,

(v). x6 y⇔x� y= 0⇔ x ? y= 0.

Definition 1.5.7. [16] An algebra (X; ?,0) of type (2,0) is called an BCC-algebra if it satisfies the

following axioms: for all x,y,z ∈ X

(i). (y ? z) ? ((x ? y) ? (x ? z)) = 0,

(ii). 0 ? x= x,

(iii). x ? 0 = 0,

(iv). x ? y= 0 and y ? x= 0⇒ x= y.

Definition 1.5.8. [44] A TM-algebra (X; ?,0) is a non-empty set X with a constant 0 and a binary

operation ? satisfying the following axioms : for all x,y,z ∈ X

(i). x ? 0 = x,

(ii). (x ? y) ? (x ? z) = z ? y.
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Example 1.5.1. [5] Let X = {0,1,2,3,4,5} and a binary operations ? defined by the following

Cayley tables:

? 0 1 2 3 4 5
0 0 3 4 1 2 5
1 1 0 2 3 5 4
2 2 4 0 5 1 3
3 3 1 5 0 4 2
4 4 5 3 2 0 1
5 5 2 1 4 3 0

Table 1.1

See [43] (X; ?,0) is a TM-algebra.

Lemma 1.5.1. [18] The following properties hold in a TM-algebra X.

1. x ? x= 0,

2. (x ? y) ? x= 0 ? y,

3. x ? (x ? y) = y,

4. (x ? y) ? z= (x ? z) ? y,

5. x ? 0 = 0⇒ x= 0. In other words x6 0⇒ x= 0,

6. (x ? y) ? y= x,

7. 0 ? (x ? y) = y ? x= (0 ? x) ? (0 ? y),

8. (x ? z) ? (y ? z) = (x ? y), for all x,y,z ∈ X.

Definition 1.5.9. [18] In any TM-algebra X, we define a partial order 6 by putting x 6 y if and

only if x ? y= 0.

Definition 1.5.10. [63] A non-empty subset S of a TM-algebra X is called a TM-subalgebra of X

if x ? y ∈ S, for all x,y ∈ S.

Definition 1.5.11. [55] Let (X; ?,0) be a TM-algebra. A non-empty subset I of X is called an ideal

of X if it satisfies the following conditions:

(i). 0 ∈ I,

(ii). x ? y ∈ I and y ∈ I⇒ x ∈ I, for all x,y ∈ X.

Definition 1.5.12. [55] Let ( X; ?,0 ) be a TM-algebra. A non-empty subset I of X is called a

T-ideal of X if it satisfies the following conditions
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(i). 0 ∈ I,

(ii). (x ? y) ? z ∈ I and y ∈ I⇒ x ? z ∈ I, for all x,y,z ∈ X.

Definition 1.5.13. [55] An ideal I of a TM-algebra X is said to be closed if 0 ? x ∈ I, for all x ∈ I.

Definition 1.5.14. [17] Let (X; ?,0) and (Y; ?,0) be two TM algebras. The direct product X× Y
is also a TM-algebra with the binary operation ? defined as (x1,y1) ? (x2,y2) = (x1 ? x2,y1 ? y2)

for all (x1,y1) ,(x2,y2) ∈ X× Y.

Definition 1.5.15. [21] Let (X; ?,0) and (Y; ?,0) be two TM-algebras. A mapping f : X→ Y is

called a homomorphism from X into Y, if f(x ? y) = f(x) ? f(y), for all x,y ∈ X.

(i.) A homomorphism f is called an monomorphism if it is injuctive,

(ii.) A homomorphism f is called an epimorphism if it is surjective,

(iii.) A bijective homomorphism is called an isomorphism.

Let f : X→ Y be a homomorphism of TM-algebras. Then the set {x ∈ X/f(x) = 0Y} is called the

kernel of f and denote by Ker(f). Moreover the set {f(x) ∈ Y | x ∈ X} is called the image of f and

denote by Im(f).

Proposition 1.5.2. [22] Let (X; ?,0X) and (Y; ?,0Y) be any two TM-algebras. If f : X→ Y is a

homomorphism, then

(i). f(0X) = 0Y ,

(ii). If x ? y= 0 for all x,y ∈ X, then f(x) ? f(y) = 0Y ,

(iii). Ker(f) is an ideal of X.

Definition 1.5.16. [42] Let f : X→ X be an endomorphism and ψ a fuzzy set in X. Define a new

fuzzy set ψf in X by ψf(x) =ψ(f(x)) for all x in X.

Definition 1.5.17. [43] A fuzzy setA=(X, ψA) of a TM-algebraX is called a fuzzy TM-subalgebra

of X if ψA(x ? y)> min {ψA(x),ψA(y)}. for all x,y ∈ X.

Definition 1.5.18. [20] A fuzzy subset ψ in a TM-algebra X is called a fuzzy ideal of X , if:

(i). ψ(0)>ψ(x),

(ii). ψ(x)> min {ψ(x ? y) ,ψ(y)}, for all x,y,z ∈ X.

Definition 1.5.19. [20] A fuzzy subset ψ in a TM-algebra X is called a fuzzy T-ideal of X, if:

(i). ψ(0)>ψ(x),

(ii). ψ(x ? z)> min {ψ((x ? y) ? z) ,ψ(y)}, for all x,y,z ∈ X.
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Example 1.5.2. Consider the set X={0,1,2,3} with Cayley Table 1.2

? 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Table 1.2

See [43](X;?,0) is a TM algebra.

Define a fuzzy set ψ in X as by ψ(0) = 0.8,ψ(1) = 0.7,ψ(2) =ψ(3) = 0.3. It is easy to verify that

ψ is a fuzzy T -ideal of X.

1.6. Basic Concepts of Pseudo-TM Algebra

In this section, we present the formal definition of recently introduced algebraic structure called
pseudo-TM algebra. This structure originally proposed by [52] is formulated based on the princi-
ples of propositional calculus.

Definition 1.6.1. [52] A pseudo-TM algebra is algebra (X; �,?,0) of type (2, 2, 0) which satisfies

the following axioms: for all x,y, and z ∈ X.

(i). x� 0 = x ? 0 = x,

(ii). (x� y) ? (x� z) = z� y and (x ? y)� (x ? z) = z ? y.

In a pseudo-TM algebra X define a binary operation 6 by x 6 y if and only if x � y = 0 and
x ? y= 0.
Every pseudo-TM algebra X satisfying x� y= x ? y, for all x,y ∈ X is a TM algebra.

Example 1.6.1. [52] Let X= {0,1,2} be a set with the following Cayley tables:

� 0 1 2
0 0 1 2
1 1 1 1
2 2 2 2

? 0 1 2
0 0 1 2
1 1 2 2
2 2 1 1

Table 1.3

See [52]( X; �,?,0 ) is a pseudo-TM algebra.

Lemma 1.6.1. [52] In a pseudo-TM algebra X the following holds: for all x,y ∈ X.

1. x� x= x ? x= 0,

2. y� (x ? y) = y= y ? (x� y),
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3. (x ? y)� x= 0 ? y and (x� y) ? x= 0� y,

4. x� (x ? (x ? y)) = x ? y, x ? (x� (x� y)) = x� y,

5. 0� (x ? y) = y, 0 ? (x� y) = y,

6. 0� (y ? x) = x ? y, 0 ? (y� x) = x� y,

7. (x� (x ? y))� y= 0, (x ? (x� y)) ? y= 0,

8. x� (x ? y) = y, x ? (x� y) = y,

9. x� (y ? x) = x, x ? (y� x) = x,

10. y� (y ? x) = x, y ? (y� x) = x.

Definition 1.6.2. [52] A non-empty subset I of pseudo-TM algebra X is called a pseudo ideal of X

if

(i). 0 ∈ I,

(ii). x� y, x ? y ∈ I and y ∈ I⇒ x ∈ I, for all x,y ∈ X.
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Chapter 2
Fuzzy Subsets on Pseudo-TM Algebra

In this chapter, the algebraic structure known as pseudo-TM algebra is extended to the fuzzy set-
ting, there by introducing and studying new fuzzy counterparts of this structure. In particular,
the notions of fuzzy pseudo-TM subalgebras and fuzzy pseudo-TM ideals are introduced and sys-
tematically examined. The definitions of these fuzzy structures are formulated with reference to
their level subsets within the underlying pseudo-TM algebra. In addition to foundational defini-
tions, the chapter presents new theoretical results concerning the behavior and properties of fuzzy
pseudo-TM subalgebras and fuzzy pseudo-TM ideals. Special attention is given to the preservation
and transformation of these structures under homomorphisms and Cartesian product operations.
Through this investigation, the chapter contributes to a deeper understanding of fuzzy generaliza-
tions of pseudo-TM algebras and provides a basis for further algebraic and fuzzy logical studies.

2.1. Fuzzy Pseudo-TM Subalgebra of Pseudo-TM algebra

In this section, we study a fuzzy pseudo TM-subalgebra of pseudo-TM algebra and study some
basic properties of fuzzy pseudo-TM subalgebra of pseudo-TM algebra. Let X and Y denote a
pseudo-TM algebras unless otherwise specified throughout this and the following section.

Definition 2.1.1. A fuzzy subsetψ :X→ [0,1] of a pseudo-TM algebra X is called fuzzy pseudo-TM

subalgebra of X if

1. ψ(x� y)>min{ψ(x),ψ(y)} and

2. ψ(x ? y)>min{ψ(x),ψ(y)}, for all x ∈ X.

Example 2.1.1. Let X= {0,1,2,3} be a set with two binary operations � and ? which are given by

table.

� 0 1 2 3
0 0 0 0 0
1 1 0 0 0
2 2 2 0 0
3 3 2 2 0

? 0 1 2 3
0 0 0 0 0
1 1 0 0 0
2 2 2 0 0
3 3 3 1 0

Table 2.1
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See [52] (X; �,?,0) is a pseudo -TM algebra. Let ψ andω be a fuzzy subsets of X defined by

ψ(x) =


1, if x = 0;

0.3, if x = 3;

0. otherwise.

andω(x) =


0.7, if x=0;

0.5, if x=3;

0. otherwise.

By routine calculation, ψ andω are a fuzzy pseudo-TM subalgebra of X.

Lemma 2.1.1. If ψ is a fuzzy pseudo-TM subalgebra of X, then ψ(0)>ψ(x), for all x ∈ X.

Proof. Suppose that ψ is a fuzzy pseudo-TM subalgebra of X. By Lemma 1.6.1 we have

ψ(0) =ψ(x� x)

>min{ψ(x),ψ(x)}

=ψ(x) and

ψ(0) =ψ(x ? x)

>min{ψ(x),ψ(x)} =ψ(x).

Hence, ψ(0)>ψ(x), for all x ∈ X.

Theorem 2.1.2. Let ψ be a fuzzy pseudo-TM subalgebra of X. Then

(i.) ψ(x� y) =ψ(y) if and only if ψ(x) =ψ(0), for all x,y ∈ X.

(ii.) ψ(x ? y) =ψ(y) if and only if ψ(x) =ψ(0), for all x,y ∈ X.

Proof. Suppose that ψ(x� y) = ψ(y), for all x,y,∈ X. We need to prove that ψ(x) = ψ(0), for
all x ∈ X. By Definition 1.6.1 we have x� 0 = 0 and x ? 0 = 0, for all x ∈ X. Since (x� 0)� 0 =

x� 0 = x and (x ? 0) ? 0 = x ? 0 = x. Then

ψ(x) =ψ((x� 0)� 0)

>min{ψ(x� 0),ψ(0)}

=min{ψ(0),ψ(0)}

= {ψ(0)} and ψ(x) =ψ((x ? 0) ? 0)

>min{ψ(x ? 0),ψ(0)}

=min{ψ(0),ψ(0)}

=ψ(0). By Lemma 2.1.1

ψ(0)>ψ(x).

Hence,ψ(x) =ψ(0).
Conversely, assume that ψ(x) = ψ(0), for all x ∈ X. We need to show that ψ(x� y) = ψ(y) and
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ψ(x ? y) =ψ(y). By Lemma 2.1.1 we have ψ(0)>ψ(y) for any y ∈ X. Then

ψ(x)>ψ(y) but

ψ(x� y)>min{ψ(x),ψ(y)}

=ψ(y) and

ψ(x ? y)>min{ψ(x),ψ(y)}

=ψ(y) also

ψ(y) =ψ(0� (x ? y)

>min{ψ(0),ψ(x ? y)}

=min{ψ(x),ψ(x ? y)}

=ψ(x ? y) and

ψ(y) =ψ(0 ? (x� y)

>min{ψ(0),ψ(x� y)}

=min{ψ(x),ψ(x� y)}

=ψ(x� y).

Hence, ψ(x ? y) =ψ(y) and ψ(x� y) =ψ(y)

Theorem 2.1.3. If ψ andω be two fuzzy pseudo-TM subalgebras of X. Then ψ∩ω is also a fuzzy

pseudo-TM subalgebra of X.

Proof. Let ψ andω be two fuzzy pseudo-TM subalgebras of X. Then we need to prove that ψ∩ω
is a fuzzy pseudo-TM subalgebra of X. Let x,y ∈ X, we have

(ψ∩ω)(x� y) =min{ψ(x� y),ω(x� y)}

>min{min{ψ(x),ψ(y)},min{ω(x),ω(y)}}

=min{min{ψ(x),ω(x)},min{ψ(y),ω(y)}}.

⇒ (ψ∩ω)(x� y)

>min{(ψ∩ω)(x),(ψ∩ω)(y)} and

(ψ∩ω)(x ? y) =min{ψ(x ? y),ω(x ? y)}

>min{min{ψ(x),ψ(y)},min{ω(x),ω(y)}}

=min{min{ψ(x),ω(x)},min{ψ(y),ω(y)}}.

⇒ (ψ∩ω)(x� y)>min{(ψ∩ω)(x),(ψ∩ω)(y)}

Therefore, ψ∩ω is also a fuzzy pseudo-TM subalgebra of X.

Corollary 2.1.4. Let {ψi/i ∈ I) be a family of fuzzy pseudo-TM subalgebra of X. Then ∩i∈Iψi is

also a fuzzy pseudo-TM subalgebra of X.

Proof. Suppose that {ψi/i ∈ I) be a family of fuzzy pseudo-TM subalgebra of X. Recall that the
intersection of fuzzy sets is taken pointwise, i.e. for every x ∈ X

(⋂
i∈Iψi

)
(x) = infi∈Iψi(x). We
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must show the two defining inequalities hold for this pointwise infimum. For any x,y ∈ X. For
each i ∈ I, since ψi is a fuzzy pseudo-TM subalgebra we have:
ψi(x� y) > min {ψi(x),ψi(y)} . Taking the infimum over (i) on both sides gives infi∈Iψi(x�
y)> infi∈Imin {ψi(x),ψi(y)} . Now, infi∈Imin {ψi(x),ψi(y)}>min {infi∈Iψi(x), infi∈Iψi(y)} .
Combining the two displayed inequalities gives(⋂

i∈Iψi
)
(x�y) = infiψi(x�y)> min {infiψi(x), infiψi(y)}= min {(

⋂
iψi)(x),(

⋂
iψi)(y)}

.
Also,

(⋂
i∈Iψi

)
(x?y)= infiψi(x?y)>min {infiψi(x), infiψi(y)}=min {(

⋂
iψi)(x),(

⋂
iψi)(y)}

.
Thus (

⋂
i∈Iψi) satisfies both conditions of Definition (2.1.1), so it is a fuzzy pseudo-TM subalge-

bra of (X).

Remark 2.1.1. The union of any two fuzzy pseudo-TM subalgebras of X is not necessarily a fuzzy

pseudo-TM subalgebras of X.

Example 2.1.2. Let Q be the set of all rational numbers. Let � and ? be two binary operations on

Q defined by

x� y= x− y and x ? y= x− y, for all x,y ∈Q,

where “−” is the usual subtraction of Q. Then (Q; �, ?, 0) is a pseudo-TM algebra.

Let ψ andω be any fuzzy subsets of the set Q defined by

ψ(x) =

0.9, if x ∈ 〈5〉,

0.2, otherwise,
and ω(x) =

0.8, if x ∈ 〈4〉,

0.1, otherwise.

By routine calculation, ψ(x) andω(x) are fuzzy pseudo-TM subalgebras of Q.

Now, define (ψ∪ω)(x) by

(ψ∪ω)(x) =


0.9, if x ∈ 〈5〉,

0.8, if x ∈ 〈4〉 \ 〈5〉,

0.2, if x /∈ 〈5〉 and x /∈ 〈4〉.

Let x= 5 and y= 4. Then

(ψ∪ω)(x) = (ψ∪ω)(5) = 0.9, (ψ∪ω)(y) = (ψ∪ω)(4) = 0.8.

Now,
(ψ∪ω)(x� y)

= max{ψ(x� y),ω(x� y)}

= max{ψ(x− y),ω(x− y)}

= max{ψ(5 − 4),ω(5 − 4)}

= max{0.2,0.1}= 0.2, and
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(ψ∪ω)(x ? y) = max{ψ(x ? y),ω(x ? y)}

= max{ψ(x− y),ω(x− y)}

= max{0.2,0.1}

= 0.2.

Hence,

(ψ∪ω)(5� 4) = 0.2 = (ψ∪ω)(5 ? 4).

Now consider

min {(ψ∪ω)(x), (ψ∪ω)(y)}= min {(ψ∪ω)(5), (ψ∪ω)(4)}= min{0.9, 0.8}= 0.8.

Therefore, 0.2 > 0.8, which is not true. This implies that the union of two fuzzy pseudo-TM subal-

gebras may not be a fuzzy pseudo-TM subalgebra of X.

Theorem 2.1.5. Letψ is a fuzzy pseudo-TM subalgebra ofX. Then the setGψ= {x ∈ X/ψ(x) =ψ(0)}
is a pseudo-TM subalgebra of X.

Proof. Suppose that ψ is a fuzzy pseudo-TM subalgebra of X. Let x,y ∈Gψ. Then

ψ(x) =ψ(0) =ψ(y). Now

ψ(x� y)>min {ψ(x),ψ(y)}

=ψ(0).

⇒ψ(x� y)>ψ(0). by Lemma 2.1.1,

ψ(0)>ψ(x� y), for allx,y ∈ X. It follows that

ψ(x� y) =ψ(0).

⇒x� y ∈Gψ and,

ψ(x ? y)>min {ψ(x),ψ(y)}

=ψ(0).

⇒ψ(x ? y)>ψ(0).By Lemma 2.1.1

ψ(0)>ψ(x ? y), for all x,y ∈ X.

It follows that ψ(x ? y) =ψ(0). It implies that x ? y ∈Gψ.
Hence, Gψ is a pseudo-TM subalgebra of X.

Theorem 2.1.6. A fuzzy subset ψ of a pseudo-TM algebra X is a fuzzy pseudo-TM subalgebra if

and only if for all t ∈ [0,1] the non-empty level set U(ψ,t) is a pseudo-TM subalgebra of X.

Proof. Assume that ψ be a fuzzy pseudo-TM subalgebra of X. We need to show that the level
subset U(ψ,t) is either empty or a pseudo-TM subalgebra of X. Suppose that the level subset
U(ψ,t) 6= ∅. For all x,y ∈U(ψ,t), we have ψ(x)> t and ψ(y)> t. Then

ψ(x� y) > min {ψ(x),ψ(y)}>min {t,t}= t and
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ψ(x ? y) > min {ψ(x),ψ(y)}>min {t,t}= t.

Hence, x� y,x ? y ∈U(ψ,t). Therefore, U(ψ,t) is a pseudo-TM subalgebra of X.
Conversely, assume that U(ψ,t) is a pseudo-TM subalgebra of X. We need to show that ψ is a
fuzzy pseudo- TM subalgebra of X.
For all x,y ∈ X. Take t = min {ψ(x),ψ(y)} . Then x � y, x ? y ∈ U(ψ,t) which implies that
ψ(x� y)> t=min {ψ(x),ψ(y)} and ψ(x ? y)> t=min {ψ(x),ψ(y)} .
Hence,x� y,x ? y ∈ψ.
Therefore, ψ is a pseudo-TM subalgebra of X.

Corollary 2.1.7. Let (X,�,?,0) be a pseudo TM-algebra and let ψ : X→ [0,1] be a fuzzy subset.

Then ψ is a fuzzy pseudo-TM subalgebra of X if and only if the non-empty upper level set

U(ψ,t) = {x ∈ X |ψ(x)> t },

for t ∈ [0,1], is a pseudo-TM subalgebra of X for t= 1.

Proof. Suppose that ψ is a fuzzy pseudo-TM algebra subalgebra of X. We need to show that
the non-empty level subset U(ψ,1) is a pseudo-TM subalgebra of X. Assume that U(ψ,1) is non-
empty. Then there exists x,y∈U(ψ,1) such thatψ(x) =ψ(y) = 1. Sinceψ is a fuzzy pseudo-TM
subalgebra of X. Then ψ(x� y)>min {ψ(x),ψ(y)}= 1 and ψ(x ? y)>min {ψ(x),ψ(y)}= 1.
Hence, x� y, x ? y ∈U(ψ,1).
Therefore, U(ψ,t) is a pseudo-TM algebra of X.
Conversely, the non-empty upper level set U(ψ,t) = {x ∈ X |ψ(x)> t }, for t ∈ [0,1], is a pseudo-
TM subalgebra of X for t= 1. We need to show that ψ is a fuzzy pseudo-TM subalgebra of X.
For all x,y ∈ X. Take t = 1. Then x� y, x ? y ∈ U(ψ,1) which implies that ψ(x� y) > 1 >

min {ψ(x),ψ(y)} and ψ(x ? y)> 1 >min {ψ(x),ψ(y)} .Hence,x� y,x ? y ∈ψ.
Therefore, ψ is a pseudo-TM subalgebra of X.

Proposition 2.1.8. If ψ is a fuzzy pseudo-TM subalgebra of X, then we have the following results

(i). ψ(0� x)>ψ(x) and ψ(0 ? x)>ψ(x).

(ii). If there exists a sequence xk in X such that limx→∞ ψ(xk) = 1, then ψ(0) = 1.

Proof. Suppose that ψ is a fuzzy pseudo-TM subalgebra of X. We need to prove that ψ(0� x)>
ψ(x) and ψ(0 ? x)>ψ(x).

(i). Since ψ(0� x)>min {ψ(0),ψ(x)} . It implies that ψ(0� x)>ψ(x)
and ψ(0 ? x)>min {ψ(0),ψ(x)}⇒ψ(0 ? x)>ψ(x).

(ii). Suppose thatψ is a fuzzy pseudo-TM subalgebra of X. By Lemma 2.1.1ψ(0)>ψ(x), for all
x∈X. If xk is a sequence in X, then 1 >ψ(0) =ψ(xk� xk)>min {ψ(xk),ψ(xk)}=ψ(xk).
As k→∞, we have limx→∞ψ(1)> limx→∞ψ(0)> limx→∞ ψ(xk).
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Hence, ψ(0) = 1 and 1 > ψ(0) = ψ(xk ? xk)>min {ψ(xk),ψ(kk)} = ψ(xk). As k→∞.
It follows that limx→∞ψ(1)> limx→∞ψ(0)> limx→∞ ψ(xk).
Hence, ψ(0) = 1.

Theorem 2.1.9. Let X be a pseudo-TM algebra. If {Bi} is any sequence of a pseudo-TM subalge-

bras of X such that B0 ⊆ B1 ⊆ ·· · ⊆ Bm = X, then there exists a fuzzy pseudo-TM subalgebra ψ of

X whose level a pseudo-subalgebras are exactly the pseudo-subalgebras {Bi}.

Proof. Assume that s0 > s1 > · · · > sm be a set of numbers, where each si ∈ [0,1]. Let ψ be a
fuzzy set defined by ψ(B0) = s0 and ψ(Bi −Bi−1) = si,0 < i6m. We need to show that ψ is a
fuzzy pseudo-TM subalgebra of X.

Case 1. If x,y ∈ Bi − Bi−1, for all x,y ∈ X. Then, x,y ∈ Bi ⇒ x� y ∈ Bi and x ? y ∈ Bi. Also
x,y∈Bi−Bi−1⇒ψ(x) = si =ψ(y)⇒min{ψ(x),ψ(y)}= si. Now x�y∈Bi and x ?y∈
Bi⇒ x� y and x ? y ∈ Bi − Bi−1 or x� y and x ? y ∈ Bi−1. ⇒ ψ(x� y) = ψ(x ? y) =
si ⇒ ψ(x� y) = ψ(x ? y) > si. Thus ψ(x ? y) > si = min{ψ(x),ψ(y)} and ψ(x� y) >
si = min{ψ(x),ψ(y)}.

Case 2. For i > j⇒ sj > si⇒ Bj ⊂ Bi. Let x ∈ Bi − Bi−1 and y ∈ Bj − Bj−1. Then ψ(x) = si and
ψ(y) = sj > ti.
Hence min{ψ(x),ψ(y)}= min

{
si,sj
}
= si. Adationally, , y∈ Bj−Bj−1⇒ y∈ Bj ⊂ Bi⇒

x,y ∈ Bi. Since Bi is a pseudo-TM subalgebra of X,x � y ∈ Bi and x ? y ∈ Bi. There-
fore, ψ(x� y)> ti = min{ψ(x),ψ(y)} and ψ(x ? y)> ti = min{ψ(x),ψ(y)} Thus in both
the cases, ψ is a fuzzy pseudo- TM subalgebra of X. From the definition of ψ, it follows
that Im(ψ) = {s0,s1, · · · ,sm}. Hence ψsi = {x ∈ X/ψ(x)> si}, for 0 6 i 6m are the level
pseudo-TM subalgebras of X. By Theorem 2.1.6 {ψsi} the sequence of level pseudo-TM
subalgebras ofψ of the formψs0 ⊂ψs1 ⊂ ·· ·ψtm =X Nowψt0 = {x ∈ X/ψ(x)> t0}=A0.
Finally we prove ψti = Ai, for 0 < i 6 n. Clearly, Ai ⊆ ψti . If x ∈ ψsi , then ψ(x) > si
which implies ψ(x) ∈ {s1,s2, · · ·sn}. Hence x ∈ B0 or B1 or · · · or Bi. It implies that x ∈ Bi.

Therefore ψsi = Bi for 0 6 i 6 n. Hence the level pseudo-TM subalgebras of ψ are a pseudo
TM-subalgebras of X.

Theorem 2.1.10. Let B be any non-empty subset of a pseudo-TM algebra X andψ is a fuzzy subset

of X defined by

ψ(x) =

{
u, if x ∈ B;

v, if x /∈ B, for all u,v ∈ [0,1] with u> v.

Then ψ is a fuzzy pseudo-TM subalgebra of X if and only if B is a pseudo-TM subalgebra of X.
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Proof. Assume that ψ is a fuzzy pseudo-TM subalgebra of X. Then we need to show that B is a
pseudo-TM subalgebra of X.
Let x,y ∈ B. Since ψ is a fuzzy pseudo-TM subalgebra of X, we have

ψ(x� y) > min {ψ(x),ψ(y)}=min {u,u}= u and

ψ(x ? y) > min {ψ(x),ψ(y)}=min {u,u}= u.

Hence, x� y, x ? y ∈ B.
Therefore, B is a fuzzy pseudo-TM subalgebra of X.
Conversely, assume that B is a pseudo-TM subalgebra of X. We need to show that ψ is a fuzzy
pseudo-TM subalgebra of X. Consider the following cases

Case 1. If x,y ∈ B, then x� y, x ? y ∈ B.

ψ(x� y) = u > min {ψ(x),ψ(y)} and

ψ(x ? y) = u > min {ψ(x),ψ(y)} .

Hence, x� y, x ? y ∈ψ.

Case 2. If x ∈ B and y /∈ B, then ψ(x) = u and ψ(y) = v.Thus

ψ(x� y) > min {u,v}=min {ψ(x),ψ(y)} and

ψ(x ? y) > min {u,v}=min {ψ(x),ψ(y)} .

Hence, x� y,x ? y ∈ψ.

Case 3. If x /∈ B and y ∈ B, then interchanging the role of x and y in case(2) yields similar results.

ψ(x� y) > min {v,u}=min {ψ(y),ψ(x)}=min {ψ(x),ψ(y)} and

ψ(x ? y) > min {v,u}=min {ψ(y),ψ(x)}=min {ψ(y),ψ(x)} .

Hence, x� y,x ? y ∈ψ.

Case 4. If x /∈ B,y /∈ B, then ψ(x) = v and ψ(y) = v.Thus

ψ(x� y) > min {v,v}=min {ψ(x),ψ(y)} and

ψ(x ? y) > min {v,v}=min {ψ(x),ψ(y)} .

Hence, x� y, x ? y ∈ψ.
Therefore, by all cases we have ψ is a fuzzy pseudo-TM subalgebra of X.

Lemma 2.1.11. Any pseudo-TM subalgebra of a pseudo-TM algebra X can be realized as a level

pseudo-TM subalgebra of some fuzzy pseudo-TM subalgebra of X.

30



Proof. Let B be a pseudo-TM subalgebra of a pseudo-TM algebra X. For α ∈ [0,1]. Let ψ be a
fuzzy subset of X defined by

ψ(x) =

{
α, if x ∈ B;
0, otherwise.

If x, y ∈ B, then x� y, x ? y ∈ B. Then by definition ψ(x) =ψ(y) =ψ(x� y) =ψ(x ? y) = α.

ψ(x� y) = α > min {ψ(x),ψ(y)} and

ψ(x ? y) = α > min {ψ(x),ψ(y)} .

Hence, x� y, x ? y ∈ψ.
and, if x, y /∈ B, then ψ(x) =ψ(y) = 0.

ψ(x� y) > 0 =min {ψ(x),ψ(y)} and

ψ(x ? y) > 0 =min {ψ(x),ψ(y)}

Hence, x� y, x ? y ∈ψ.
If at least one of x,y ∈ B, then ψ(x) or ψ(y) is equal to 0.

ψ(x� y) > 0 =min {ψ(x),ψ(y)} and

ψ(x ? y) > 0 =min {ψ(x),ψ(y)} .

Hence, x� y, x ? y ∈ψ.
This shows that B is level pseudo-TM subalgebra of X corresponding to a fuzzy pseudo-TM sub-
algebra of X.

Corollary 2.1.12. Let B be a subset of a pseudo-TM algebra X. Then the characterstics function

defined by

χB(x) =

{
1, if x ∈ B,

0, x /∈ B.

is a fuzzy pseudo-TM subalgebra of X if and only if B is a pseudo-TM subalgebra of X.

Proof. Suppose that B is a pseudo- TM subalgebra of X. We need to show that χB is a fuzzy
pseudo-TM subalgebra of X. Let x, y ∈ X. Then

Case 1. If x,y ∈ B, since B is a TM-subalgebra of X, x� y, x ? y ∈ B.
Hence, χB(x) = 1, χB(y) = 1, χB(x� y) = 1 and χB(x ? y) = 1. Then

i. χB(x� y)> min{χB(x),χB(y)}, for all x,y ∈ X.

ii. χB(x ? y)> min {χB(x),χB(y)}, for all x,y ∈ X.

Case 2. If both x, y /∈ B, then χB(x) = 0, χB(y) = 0. In this case,

i. χB(x� y)> 0 = min{0,0}= min {χB(x),χB(y)}, for all x,y ∈ X.
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ii. χB(x ? y)> 0 = min{0,0}= min{χB(x),χB(y)}, for all x,y ∈ X..

Case 3. If x ∈ B,y /∈ B,χB(x) = 1,χB(y) = 0. Then

i. χB(x� y)> 0 = min{0,1}= min {χB(x),χB(y)} , for all x,y ∈ X..

ii. χB(x ? y)> 0 = min{0,1}= min{χB(x),χB(y)}, for all x,y ∈ X.

Case 4. Interchanging the roles of x and y in case 3 we can prove that χB is a fuzzy pseudo-TM
subalgebra of X when x /∈ B and y ∈ B.

Conversely, suppose that χB be a fuzzy pseudo-TM algebra of X. For all x, y ∈ B,χB(x) = 1 =

χB(y). Therefore, χB(x�y)> min {χB(x),χB(y)}= min{1,1}= 1. Hence, χB(x�y) = 1⇒ x�
y ∈ B. Also, χB(x ? y)> min {χB(x),χB(y)}= min{1,1}= 1. Hence, χB(x ? y) = 1⇒ x ? y ∈ B
Therefore, B is a pseudo-TM subalgebra of X.

Theorem 2.1.13. Let ψ be a fuzzy pseudo-TM subalgebra of a pseudo-TM algebra X such that

ψ(0) 6= 0. Let ω be a fuzzy pseudo-TM algebra defined by ω(x) =
ψ(x)
ψ(0) , for all x ∈ X. Then ω is

a fuzzy pseudo-TM subalgebra of X.

Proof. Suppose that ψ be a fuzzy pseudo-TM subalgebra of a pseudo-TM algebra X such that
ψ(0) 6= 0 and letω be a fuzzy pseudo-TM algebra defined byω(x) =

ψ(x)
ψ(0) , for all x ∈ X. Then we

need to show thatω is a fuzzy pseudo-TM subalgebra of X.Let x,y ∈ X. Then

ω(x� y) = ψ(x� y)
ψ(0)

>
1

ψ(0)
min{ψ(x),ψ(y)}

= min
{
ψ(x)

ψ(0)
,
ψ(y)

ψ(0)

}
= min{ω(x),ω(y)} and

ω(x ? y) =
ψ(x ? y)

ψ(0)

>
1

ψ(0)
min{ψ(x),ψ(y)}

= min
{
ψ(x)

ψ(0)
,
ψ(y)

ψ(0)

}
= min{ω(x),ω(y)}.

Therefore,ω is a fuzzy pseudo TM-subalgebra of X.

2.2. Homomorphism On Fuzzy Pseudo-TM Subalgebra

In this section, we discuss on fuzzy pseudo TM-subalgebras in a pseudo-TM algebra under ho-
momorphism. We examine the homomorphic image and inverse image of fuzzy pseudo-TM sub-
algebras of a pseudo- TM algebra. Also, we disscus a compostion of two epimorphic image and
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inverse image of a fuzzy pseudo-TM subalgebras of a pseudo-TM algebra ,as well as other results,
are examined.

Theorem 2.2.1. Let (X; �,?,0) and (Y; �,?,0) be two pseudo TM-algebras. Let f : X→ Y be

an epimorphism of a pseudo TM-algebras. If ψ is a fuzzy pseudo-TM subalgebra of X with sup-

property, then f(ψ) is a fuzzy pseudo-TM subalgebra of Y.

Proof. Let f : X→ Y be an epimorphism of a pseudo-TM algebras. Assume that ψ be a fuzzy
pseudo-TM subalgebra of X with sup-property. Then we need to show that f(ψ) is a fuzzy
pseudo-TM subalgebra of Y. Let a,b ∈ Y, since f is an epimorphism then there exists x,y ∈ X
such that f(x) = a, f(y) = b. By Definition 1.1.10 we have ψ(x) = Supt∈f−1(a)ψ(t) and
ψ(y) = Supt∈f−1(b)ψ(t),So

f(ψ(a� b)) = Supt∈f−1(a�b)ψ(t) and

f(ψ(a ? b)) = Supt∈f−1(a?b)ψ(t). Now,

f(ψ(a� b)) = Supt∈f−1(a�b)ψ(t)

=ψ(x� y)

>min {ψ(x),ψ(y)}

=min
{
Supt∈f−1(a)ψ(t),Supt∈f−1(b)ψ(t)

}
=min {f(ψ)(x),f(ψ)(y)} and,

f(ψ(a ? b)) = Supt∈f−1(a?b)ψ(t)

=ψ(x ? y)

>min {ψ(x),ψ(y)}

=min
{
Supt∈f−1(a)ψ(t),Supt∈f−1(b)ψ(t)

}
=min {f(ψ)(x),f(ψ)(y)} , for somex,y ∈ X.

Therefore, f(ψ) is a fuzzy pseudo-TM subalgebra of X.

Theorem 2.2.2. Let (X; �,?,0)and(Y; �,?,0) be two pseudo-TM algebras. Let f : X→ Y be an

homomorphism of a pseudo-TM algebra. Ifω is a fuzzy pseudo-TM subalgebra of Y , then f−1(ω)

is a fuzzy pseudo-TM subalgebra of X.

Proof. Assume that ω be a fuzzy pseudo-TM subalgebra of Y. We need to show that f−1(ω) is a
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fuzzy pseudo-TM subalgebra of X. For all x,y ∈ X, we have

f−1(ω(x� y)) =ω(f(x� y))

=ω(f(x)f(y))

>min {ω(f(x)),ω(f(y))}

=min
{
f−1(ω)(x),f−1(ω)(y)

}
and,

f−1(ω(x ? y)) =ω(f(x ? y))

=ω(f(x) ? f(y))

>min {ω(f(x)),ω(f(y))}

=min
{
f−1(ω)(x),f−1(ω)(y)

}
Therefore, f−1(ω) is a fuzzy pseudo-TM subalgebra of X.

Theorem 2.2.3. Let f : X→ Y be an epimorphism and ω be a fuzzy set in Y. If f−1(ω) is a fuzzy

pseudo-TM subalgebra of X, thenω is a fuzzy pseudo-TM subalgebra of Y.

Proof. Suppose that f is an epimorphism and f−1(ω) be a fuzzy pseudo-TM subalgebra of X.
We need to show that ω is a fuzzy pseudo-TM subalgebra of Y. Let y1,y2 ∈ Y. Since f is an
epimorphism then there exists x1,x2 ∈ X such that f(x1) = y1 and f(x2) = y2. Now,

ω(y1 � y2) =ω(f(x1)� f(x2))

=ω(f(x1 � x2))

= f−1(ω)(x1 � x2)

>min
{
f−1(ω)(x1),f−1(ω)(x2)

}
=min {ω(f(x1)),ω(f(x2))}

=min {ω(y1),ω(y2)} and

ω(y1 ? y2) =ω(f(x1) ? f(x2))

=ω(f(x1 ? x2))

= f−1(ω)(x1 ? x2)

>min
{
f−1(ω)(x1),f−1(ω)(x2)

}
=min {ω(f(x1)),ω(f(x2))}

=min {ω(y1),ω(y2)} .

Therefore,ω is a fuzzy pseudo-TM subalgebra of Y.

Theorem 2.2.4. Let f : X→ Y be an epimorphism of a pseudo-TM algebra. Then the fuzzy set ψ is

a fuzzy pseudo-TM subalgebra of Y if and only if ψf is a fuzzy pseudo-TM subalgebra of X.

Proof. Assume that ψ is a fuzzy pseudo TM- subalgebra of Y. We need to show that ψf is a fuzzy
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pseudo TM-subalgebra of X. Let x,y ∈ X. By Definition 1.5.16 we have

ψf(x� y) = ψ(f(x� y))

= ψ(f(x)� f(y))

> min {ψ(f(x)),ψ(f(y))}

= min
{
ψf(x),ψf(y)

}
and

ψf(x ? y) = ψ(f(x ? y))

= ψ(f(x) ? f(y))

> min {ψ(f(x)),ψ(f(y))}

= min
{
ψf(x),ψf(y)

}
Hence, ψf is fuzzy pseudo-TM subalgebra of X.
Conversely, let ψf is a fuzzy pseudo-TM subalgebra in X. We need to show that ψ is a fuzzy
pseudo-TM subalgebra of Y. Let y1, y2 ∈ Y. Since f is an epimorphism then there exists x1,x2 ∈X
such that f(x1) = y1 and f(x2) = y2

ψ(y1 � y2) = ψ(f(x1)� f(x2))

= ψ(f(x1 � x2))

= (ψ)f(x1 � x2)

> min
{
ψf(x1),ψf(x2)

}
= min {ψ(f(x1)),ψ(f(x2))}

= min {ψ(y1),ψ(y2)} and

ψ(y1 ? y2) = ψ(f(x1) ? f(x2))

= ψ(f(x1 ? x2))

= (ψ)f(x1 ? x2)

> min
{
ψf(x1),ψf(x2)

}
= min {ψ(f(x1)),ψ(f(x2))}

= min {ψ(y1),ψ(y2)}

Therefore, ψ is a fuzzy pseudo-TM subalgebra of Y.

Proposition 2.2.5. Let f : X→ Y and g : Y→ Z be an epimorphism of a pseudo-TM algebras and

ψ be a fuzzy pseudo-TM subalgebra. Then (gof)−1 (ψ) is a fuzzy pseudo-TM subalgebra of X if

and only if (gof)(ψ) is a fuzzy pseduo-TM subalgebra of Z, provided that sup-property holds.

Proof. Suppose that (gof)−1 (ψ) is a fuzzy pseudo-TM subalgebra of X . Letψ be a fuzzy pseudo-
TM subalgebra of X. We need to prove that (gof)(ψ) is a fuzzy pseudo-TM subalgebra of Z.
By Definition 1.1.14 we have for all z,w ∈ Z, there exist x,y ∈ X such that (g ◦ f)(x) = z and
(g ◦ f)(y) =w. Since ψ provided sup properties we have ψ(x) = supt∈(g◦f)−1(z)ψ(t) and ψ(y) =
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supt∈(g◦f)−1(w)ψ(t) for some x,y ∈ X. But, f,g are surjective. It implies that g ◦ f is surjective.
Therefore, x� y ∈ f−1(z�w) and x ? y ∈ f−1(z ?w). Hence,

(g ◦ f)(ψ)(z�w) = sup
t∈(g◦f)−1(z�w)

ψ(t)

=ψ(x� y)

>min{ψ(x),ψ(y)}

=min
{
supt∈(g◦f)−1(z)ψ(t),supt∈(g◦f)−1(w)ψ(t)

}
=min{(g ◦ f)(ψ)(z),(g ◦ f)(ψ)(w) and

(g ◦ f)(ψ)(z ?w) = sup
t∈(g◦f)−1(z?w)

ψ(t)

=ψ(x� y)

>min{ψ(x),ψ(y)}

= min
{
supt∈(g◦f)−1(z)ψ(t),supt∈(g◦f)−1(w)ψ(t)

}
= min{(g ◦ f)(ψ)(z),(g ◦ f)(ψ)(w)}.

Therefore, (g ◦ f)(ψ) is a fuzzy pseudo-TM subalgebra of Z.
Conversely, suppose that (g ◦ f)(ψ) is a fuzzy pseduo-TM subalgebra of Z. We need to prove that
(g ◦ f)−1 (ψ) is a fuzzy pseudo-TM subalgebra of X.
Let ψ be a fuzzy pseudo-TM subalgebra of Z. For x,y ∈ X. We have

(g ◦ f)−1(ψ)(x� y) =ψ(g ◦ f)(x� y)

=ψ((g ◦ f)(x)� (g ◦ f)(y))

> min{ψ(g ◦ f)(x),ψ(g ◦ f)(y)}

= min
{
(g ◦ f)−1(ψ)(x),(g ◦ f)−1(ψ)(y)

}
and

(g ◦ f)−1(ψ)(x ? y) =ψ((g ◦ f)(x ? y))

=ψ((g ◦ f)(x) ? (g ◦ f)(y))

> min{ψ((g ◦ f)(x)),ψ((g ◦ f)(y))}

= min
{
(g ◦ f)−1(ψ)(x),(g ◦ f)−1(ψ)(y)

}
Therefore, (g ◦ f)−1(ψ) is a fuzzy pseudo-TM subalgebra of X.

2.3. Cartesian Product of Fuzzy Pseudo-TM Subalgebra

In this section, we discuss the concept of cartesian product under level subset of a fuzzy pseudo-
TM subalgebras. We prove that the cartesian product of two fuzzy pseudo-TM subalgebra is again
a fuzzy pseudo-TM subalgebra and some other results are also investigated.
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Lemma 2.3.1. Let ψ1 and ψ2 be any two fuzzy pseudo-TM subalgebra of X and Y respectively.

Then (ψ1 ×ψ2)(0,0)> (ψ1 ×ψ2)(x,y), for all (x,y) ∈ X× Y.

Proof. Suppose that ψ1 and ψ2 be any two fuzzy pseudo-TM subalgebra of X and Y respectively.
Then we need to show that (ψ1 ×ψ2)(0,0)> (ψ1 ×ψ2)(x,y), for all (x,y) ∈ X× Y.
For all (x,y) ∈ X× Y. By Definition 1.1.7 we have

(ψ1 ×ψ2)(0,0) = (ψ1 ×ψ2)(x� x,y� y)

= min {ψ1(x� x),ψ2(y� y)}

> min {min {ψ1(x),ψ1(x)} ,min {ψ2(y),ψ2(y)}}

= min {ψ1(x),ψ2(y)}

= (ψ1 ×ψ2)(x,y) and

(ψ1 ×ψ2)(0,0) = (ψ1 ×ψ2)(x ? x,y ? y)

= min {ψ1(x ? x),ψ2(y ? y)}

> min {min {ψ1(x),ψ1(x)} ,min {ψ2(y),ψ2(y)}}

= min {ψ1(x),ψ2(y)}

= (ψ1 ×ψ2)(x,y)

Hence, (ψ1 ×ψ2)(0,0)> (ψ1 ×ψ2)(x,y), for all (x,y) ∈ X× Y.

Theorem 2.3.2. If ψ1 and ψ1 be a fuzzy pseudo-TM subalgebra of X and Y respectively, then

ψ=ψ1 ×ψ2 is a fuzzy pseudo-TM subalgebra of X× Y.

Proof. Assume that ψ1 and ψ2 be a fuzzy pseudo-TM subalgebra of X and Y respectively. We
need to show that ψ=ψ1 ×ψ2 is a fuzzy pseudo-TM subalgebra of X× Y.
For all (x1,x2) and (y1,y2) ∈ X× Y.

ψ((x1,x2)� (y1,y2)) = ψ(x1 � y1,x2 � y2)

= (ψ1 ×ψ2)(x1 � y1,x2 � y2)

= min {ψ1(x1 � y1),ψ2(x2 � y2))}

> min {min {ψ1(x1),ψ1(y1)} ,min {ψ2(x2),ψ2(y2)}}

= min {min {ψ1(x1),ψ2(x2)} ,min {ψ1(y1),ψ2(y2)}}

= min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}

= min {ψ(x1,x2),ψ(y1,y2)} and

ψ((x1,x2) ? (y1,y2)) = ψ(x1 ? y1,x2 ? y2)

= (ψ1 ×ψ2)(x1 ? y1,x2 ? y2)

= min {ψ1(x1 ? y1),ψ2(x2 ? y2)}

> min {min {ψ1(x1),ψ1(y1)} ,min {ψ2(x2),ψ2(y2)}}

= min {min {ψ1(x1),ψ2(x2)} ,min {ψ1(y1),ψ2(y2)}}
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= min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}

= min {ψ(x1,x2),ψ(y1,y2)}

Therefore, ψ=ψ1 ×ψ2 is a fuzzy pseudo-TM subalgebra of X× Y.

Theorem 2.3.3. Let {Xi}
n
i=1 be a finite collection of a pseudo-TM algebras and X =

∏n
i=1Xi is

the direct product psedo-TM algebra of {Xi}. Let ψi be a fuzzy psedo-TM subalgebra of xi,where

1 6 i6 n.

Then ψ=
∏n
i=1ψi defined by X=

∏n
i=1ψi(x1,x2, ...,xn) = ((ψ1)(x1),(ψ2)(x2), ...,(ψn)(xn)) is

a fuzzy psedo-TM subalgebra of X.

Proof. Suppose that ψi be a fuzzy psedo-TM subalgebra of xi,where 1 6 i6 n. Then we need to
show thatψ=

∏n
i=1ψi defined byX=

∏n
i=1ψi(x1,x2, ...,xn) = ((ψ1)(x1),(ψ2)(x2), ...,(ψn)(xn))

is a fuzzy psedo-TM subalgebra of X. Let x = (x1,x2, ...,xn) and x = (y1,y2, ...,yn) be any fuzzy
elements of X=

∏n
i=1xi. Then

ψ(x� y) =ψ(x1 � y1,x2 � y2, ...,xn � yn)

=

n∏
i=1

ψi(x1 � y1,x2 � y2, ...,xn � yn)

= (ψ1(x1 � y1),ψ2(x2 � y2), ...,ψn(xn � yn))

>min {ψ1(x1),ψ1(x1),ψ2(x2),ψ2(x2), ...,ψn(xn),ψn(xn)} and

ψ(x ? y) =ψ(x1 ? y1,x2 ? y2, ...,xn ? yn)

=

n∏
i=1

ψi(x1 ? y1,x2 ? y2, ...,xn ? yn)

= (ψ1(x1 ? y1),ψ2(x2 ? y2), ...,ψn(xn ? yn))

>min {ψ1(x1),ψ1(x1),ψ2(x2),ψ2(x2), ...,ψn(xn),ψn(xn).}

Therefore, ψ=
∏n
i=1ψi is a fuzzy psudo-TM subalgebra of X.

Theorem 2.3.4. Letψ1 andψ2 be two fuzzy subset of X and Y respectively. Thenψ1×ψ2 is a fuzzy

pseudo-TM subalgebra of X× Y if and only if the non-empty upper t-level subset U(ψ1×ψ2,t) is

a fuzzy pseudo-TM subalgebra of X× Y.

Proof. Let ψ1 ×ψ2 is a fuzzy pseudo-TM subalgebra of X× Y. We need to show that U(ψ1 ×
ψ2,t) is a fuzzy pseudo-TM subalgebra ofX×Y. Let (x1,x2),(y1, y2)∈X×Y such that (x1, x2), (y1, y2)∈
U(ψ1 ×ψ2,t), for all t ∈ [0,1]. Then (ψ1 ×ψ2)(x1,x2) > t and (ψ1 ×ψ2)(y1,y2) > t. Since

38



ψ1 ×ψ2 is a fuzzy pseudo-TM subalgebra of X× Y,we have

(ψ1 ×ψ2)((x1,x2)� (y1,y2)) = (ψ1 ×ψ2)(x1 � y1,x2 � y2)

=min {ψ1(x1 � y1),ψ2(x2 � y2)}

>min {min {ψ1(x1),ψ1(y1)} ,min {ψ2(x2),ψ2(y2)}}

=min {min {ψ1(x1),ψ2(x2)} ,min {ψ1(y1),ψ2(y2)}}

=min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}

>min {t,t}= t and

Hence, (x1,x2)� (y1,y2) ∈U(ψ1 ×ψ2,t)

(ψ1 ×ψ2)((x1,x2) ? (y1,y2)) = (ψ1 ×ψ2)(x1 ? y1,x2 ? y2)

=min {ψ1(x1 � y1),ψ2(x2 ? y2)}

>min {min {ψ1(x1),ψ1(y1)} ,min {ψ2(x2),ψ2(y2)}}

=min {min {ψ1(x1),ψ2(x2)} ,min {ψ1(y1),ψ2(y2)}}

=min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}

>min {t,t}= t.

Hence, (x1,x2) ? (y1,y2) ∈U(ψ1 ×ψ2,t)
Therefore, U(ψ1 ×ψ2,t) is a fuzzy pseudo-TM subalgebra of X.
Conversely, suppose that U(ψ1 ×ψ2,t) be a fuzzy pseudo-TM subalgebra of X. We need to show
that ψ1 × ψ2 is a fuzzy pseudo-TM subalgebra of X× Y. Assume that ψ1 × ψ2 is not a fuzzy
pseudo-TM subalgebra of X × Y. Then there exists (x1,x2),(y1,y2) ∈ X × Y such that (ψ1 ×
ψ2)((x1,x2)� (y1,y2))<min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}. Consider t0 = 1

2 {(ψ1 ×ψ2)((x1,x2)� (y1,y2)) +min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}}.
We have (ψ1 ×ψ2)((x1,x2)� (y1,y2)) < t0 < min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}. So
(x1,x2)� (y1,y2) /∈U(ψ1×ψ2,t0). But (x1,x2),(y1,y2)∈U(ψ1×ψ2,t0). And, (ψ1×ψ2)((x1,x2)?

(y1,y2))<min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}.
Consider t0 = 1

2 {(ψ1 ×ψ2)((x1,x2) ? (y1,y2)) +min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}}. We
have (ψ1×ψ2)(x1,x2)? (y1,y2)<t0<min {(ψ1 ×ψ2)(x1,x2),(ψ1 ×ψ2)(y1,y2)}. So (x1,x2)?

(y1,y2) /∈ U(ψ1 ×ψ2,t0). But (x1,x2),(y1,y2) ∈ U(ψ1 ×ψ2,t0). Which implies that U(ψ1 ×
ψ2,t0) is not a fuzzy pseudo-TM algebra of X× Y which is a contradiction.
Therefore, ψ1 ×ψ2 is a fuzzy pseudo-TM subalgebra of X× Y.

2.4. Fuzzy Pseudo ideal in Pseudo-TM Algebra

In this section, we study the basic definition of a fuzzy pseudo ideal in a pseudo-TM algebra. Also,
we discuss the basic properties of fuzzy pseudo ideals in a pseudo-TM algebra are investigate and
the relationship between fuzzy pseudo ideal of a pseudo- TM algebra and their level set of a pseudo-
TM algebra. Let X and Y denote a pseudo-TM algebras unless otherwise specfied throughout this
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and the following section.

Definition 2.4.1. A fuzzy subset ψ : X→ [0,1] is called a fuzzy Pseudo ideal of X if it satisfies

1. ψ(0)>ψ(x), for all x ∈ X

2. ψ(x)> min{ψ(x� y),ψ(x ? y),ψ(y)}, for all x,y ∈ X.

Example 2.4.1. Let X = {0,1,2,3,4,5,6} be a set with two binary operations � and ? which are

given by table.

� 0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
2 2 2 0 0 0 0 0
3 3 2 2 0 0 0 0
4 4 0 0 0 0 0 0
5 5 0 0 0 0 0 0
6 6 0 0 0 0 0 0

? 0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
2 2 2 0 0 0 0 0
3 3 3 3 0 0 0 0
4 4 0 0 0 0 0 0
5 5 0 0 0 0 0 0
6 6 0 0 0 0 0 0

Table 2.2

See[57] (X; �,?,0) is a pseudo-TM algebra.

Let ψ andω be a fuzzy subsets of X defined by

ψ(x) =

{
0.6, if x = 0;
0.3, if x = 1,2,3,4,5,6.

andω(x) =

{
0.7, if x=0;
0.5, if x=1,2,3,4,5,6.

By routine calculation, ψ andω are a fuzzy pseudo-ideal of X.

Example 2.4.2. Consider a pseudo-TM algebra X in Example 2.4.1. Let ψ : X→ [0,1] be a fuzzy

set in X defined by

ψ(x) =


1, if x = 0,

0.1, if x = 1,

0.4, if x = 2,3,4,5,6.

By routine calculation, ψ is a fuzzy pseudo-ideal of X.

Theorem 2.4.1. If ψ andω are fuzzy pseudo-ideal of a pseudo-TM algebra X. Then ψ∩ω is also

fuzzy pseudo-ideal of X.

Proof. Suppose that ψ and ω are fuzzy pseudo-ideal of a pseudo-TM algebra X. Then we need to
show thatψ∩ω is also fuzzy pseudo-ideal of X. Let x, y∈X. Then (ψ∩ω)(0)=min{ψ(0),ω(0)}
> min{ψ(x),ω(x)}= (ψ∩ω)(x).
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These implies that (ψ∩ω)(0)> (ψ∩ω)(x).
Again, (ψ∩ω)(x) = min{ψ(x),ω(x)}

>min{min{ψ(x� y),ψ(x ? y),ψ(y)},min{ω(x� y),ω(x ? y),ψ(y)}}

=min{min{ψ(x� y),ω(x� y))},min{ψ(x ? y),ω(x ? y))},min{ψ(y),ω(y)}}

=min{(ψ∩ω)(x� y),(ψ∩ω)(x ? y),(ψ∩ω)(y)}.

⇒(ψ∩ω)(x)> min{(ψ∩ω)(x� y),(ψ∩ω)(x ? y),(ψ∩ω)(y)}.

Hence, ψ∩ω is a fuzzy pseudo-ideal of a pseudo-TM algebra X.

Corollary 2.4.2. Let {ψi | i ∈ I} be a family of a fuzzy pseudo ideal of a pseudo-TM algebra X.

Then ∩i∈Iψi is a fuzzy pseudo-ideal of X.

Proof. Let {ψi | i ∈ I} be a family of fuzzy pseudo-ideal of X. We need to show that ∩i∈Iψi is a
fuzzy pseudo-ideal of X.
1) Let x ∈ X. Then

⋂
i∈Iψi(0) = inf {ψi(0) | i ∈ I}

)
>ψi(x). Since ψi(0)>ψi(x) ∀i ∈ I.

2) Let x,y ∈ X. Then, we have
⋂
i∈Iψi(x) = inf {ψi(x) | i ∈ I}> inf {ψi (x� y) ,ψi(x ? y),ψi(y)} .

Because ψi(x) = inf {ψi(x) | i ∈ I}> inf{ψi(x� y),ψi(x ? y),ψi(y)},∀i ∈ I
⇒
⋂

i∈Iψi > inf {ψi (x� y) ,ψi(x ? y),ψi(y)} .
Therefore,

⋂
i∈Iψi is a fuzzy pseudo-ideal of X.

Proposition 2.4.3. Every fuzzy pseudo-ideal of a pseudo-TM algebra X is order reversing.

Proof. If x6 y, then x� y= 0 and x ? y= 0 ∈ I where I is Pseudo-ideal of X and,

So,ψ(x) > min {ψ(x� y),ψ(x ? y),ψ(y)}

= min {ψ(0),ψ(0),ψ(y)}

= min {ψ(0),ψ(y)}

= ψ(y), since ψ(0)>ψ(y).

Thus, x6 y implies ψ(x)>ψ(y). This shows that ψ is order reversing.

Remark 2.4.1. The union of any two fuzzy pseudo- ideal of a pseudo-TM algebra X is not neces-

sarily a fuzzy pseudo-ideal of X.

Example 2.4.3. Let X= {0,1,2,3} be a set with binary operatiom � and ? by the following Cayley

table.

See [57] (X,�,?,0) is a valid pseudo-TM algebra.

Define a fuzzy Pseudo-Ideals ψ1 and ψ2 as follows:

ψ1(x) =



1 if x= 0,

0.5 if x= 1,

0.3 if x= 2,

0.1 if x= 3,

ψ2(x) =



0.3 if x= 0,

0.3 if x= 1,

0.3 if x= 2,

0.3 if x= 3.
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� 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

? 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Table 2.3

It is easly verify that ψ1 and ψ2 are fuzzy pseudo-ideals. Then taking the union ψ = ψ1 ∪ ψ2

defined by:

ψ(x) =



1 if x= 0,

0.5 if x= 1,

0.6 if x= 2,

0.3 if x= 3.

Let x= 3 and y= 1. Then

ψ(3) = 0.3 > min{ψ(3� 1),ψ(3 ? 1),ψ(1)}

= min{ψ(2),ψ(2),0.5}

= min{0.6,0.6,0.5}= 0.5. But,0.3 6> 0.5 which is not true.

Therefore, the union of two fuzzy pseudo-ideals in a pseudo-TM algebra is not necessarily a fuzzy

pseudo-ideal in a pseudo-TM algebra.

Theorem 2.4.4. Assume that X is a pseudo-TM algebra and let ψ be a fuzzy subset of X. Then ψ

is a fuzzy pseudo-ideal of X if and only if the non-empty upper level set U(ψ,t) is a pseudo-ideal

of X , for all t ∈ [0,1].

Proof. Suppose that ψ is a fuzzy pseudo-ideal of X. We need to show that U(ψ,t) is a pseudo-
ideal of X or empty of X, for all t ∈ [0,1]. Let ψ be a fuzzy pseudo-ideal of a pseudo-TM algebra
X and U(ψ,t) 6= ∅ for every t ∈ [0,1]. Obviously, 0 ∈U(ψ,t). Since ψ(0)> t. Assume x,y ∈ X
such that (x� y), (x ? y) and y ∈U(ψ,t) , then ψ(x� y)> t, ψ(x ? y)> t and ψ(y)> t.
It follows that ψ(x)> min {ψ(x� y) ,ψ(x ? y) ,ψ(y)}> t. It implies that x ∈U(ψ,t) .
Therefore, U(ψ,t) is a pseudo-ideal of X.
Conversely, that U(ψ,t) is a pseudo-ideal of X or empty of X, for all t ∈ [0,1]. We need to show
that ψ is a fuzzy pseudo-ideal of X. For every t ∈ [0,1] and U(ψ,t) a pseudo-ideal, ∀x ∈ X.
Let ψ(x) = t then x ∈ U(ψ,t) and U(ψ,t) 6= ∅. Since U(ψ,t) is a pseudo-ideal of X which
implies that 0 ∈U (ψ,t).
Hence, ψ(0)> t=ψ(x), for all x ∈ X.
Suppose that for every x,y ∈ X such that ψ(x)<min {ψ(x� y) ,ψ(x ? y) ,ψ(y)}.
Assume that t1 = 1

2 (ψ(x) + min {ψ(x� y) ,ψ(x ? y) ,ψ(y)}),
then ψ(x)< t1 <min {ψ(x� y) ,ψ(x ? y) ,ψ(y)}.
Hence, x /∈U(ψ,t1) and ψ(x� y) ,ψ(x ? y) ,ψ(y) ∈U(ψ,t1).This is impossible.
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Therefore, ψ is a fuzzy pseudo-ideal of a pseudo-TM algebra X.

Theorem 2.4.5. If ψ is a fuzzy pseudo -ideal of a pseudo-TM algebra,then the set

J= {x ∈ X |ψ(x) =ψ(0)}

is a pseudo -ideal of X.

Proof. Suppose that ψ is a fuzzy pseudo -ideal of a pseudo-TM algebra. We need to show that
J = {x ∈ X |ψ(x) =ψ(0)} is a pseudo -ideal of X. Since ψ is a fuzzy pseudo -ideal of a pseudo-
TM algebra. So 0 ∈ J.
Let x,y ∈ X be such that x � y, x ? y ∈ J and y ∈ J. Then ψ(x � y) = ψ(0) = ψ(x ? y) and
ψ(y) =ψ(0) which implies that ψ(x)> min{ψ(x� y),ψ(x ? y),ψ(y)}=ψ(0). But ψ is a fuzzy
pseudo -ideal of a pseudo-TM algebra. Hence ψ(0)>ψ(x). It follows that ψ(x) =ψ(0).
Therefore, x ∈ J, and thus J is a pseudo-ideal of X.

Proposition 2.4.6. If ψ is a fuzzy pseudo-ideal of a pseudo-TM -algebra X, then the set J =
{x ∈ X |ψ(x)>ψ(b)} is a pseudo -ideal of X for any b ∈ X.

Proof. Suppose that ψ is a fuzzy pseudo-ideal of X.We need to show that J is a pseudo-ideal of X.
Let x,y ∈ X such that x� y ∈ J, x ? y ∈ J and y ∈ J. Then

ψ(x� y)>ψ(b),ψ(x ? y)>ψ(b) and

ψ(y)>ψ(b)

⇒ψ(x)> min{ψ(x� y),ψ(x ? y),ψ(y)}>ψ(b).

It follows that ψ(x)>ψ(b).

Hence, x ∈ J, and thus J is a pseudo-ideal of X.

Theorem 2.4.7. Let ψ be any fuzzy subset of X. Then the fuzzy subset ψ? of X defined by ψ? =

sup{t ∈ [0,1] | x ∈ 〈U(ψ,t)〉} for all x ∈ X. Then ψ? is the least fuzzy pseudo-ideal of X that

contains ψ and 〈U(ψ,t)〉 is the least pseudo-ideal contains U(ψ,t).

Proof. Suppose that ψ is a fuzzy subset of X and ψ? = sup{t ∈ [0,1] | x ∈ 〈U(ψ,t)〉}.
We need to prove that ψ? is a fuzzy pseudo-ideal of X. Let k ∈ Im(ψ?). For any ε > 0 such that
s= k− ε.
If x ∈U(ψ?,K), then ψ?(x)> k.
It implies that sup{t ∈ [0,1] | x ∈ 〈U(ψ;t)〉}> k > k− ε= s.
⇒ s6 K.
Hence, there exists t1 ∈ {t ∈ [0,1] | x ∈ 〈U(ψ,t)〉} such that t1 > s.
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⇒U(ψ,t1)⊆U(ψ,s)

x ∈ 〈U(ψ,t1)〉

⊆〈U(ψ,s)〉

⇒x ∈ 〈U(ψ,s)〉 .

⇒U(ψ?,K)⊆ 〈U(ψ,s)〉 and

Let x ∈ 〈U(ψ,s)〉, then

s ∈ {t ∈ [0,1] | x ∈ 〈U(ψ,t)〉}

⇒s6 Sup{t ∈ [0,1] | x ∈ 〈U(ψ,t)〉}=ψ?(x)

⇒s6ψ?(x)

⇒U(ψ?,K) =U(ψ,s) .

Hence, U(ψ?,K) is a pseudo-ideal of X.
Therefore, ψ? is a fuzzy pseudo-ideal of X.
Again we need to show that ψ? contains ψ.
Suppose that for any x ∈ X. Let k ∈ {t ∈ [0,1] | x ∈U(ψ,t)}.
Then x ∈U(ψ,k) and that x ∈ 〈U(ψ,t)〉.
So, k ∈ {t ∈ [0,1] | x ∈ 〈U(ψ,t)〉}.
This implies that t ∈ [0,1] | x ∈U(ψ,t)⊆ t ∈ [0,1] | x ∈ 〈U(ψ,t)〉.
⇒ψ(x) = Sup{t ∈ [0,1] | x ∈U(ψ,t)} 6 Sup{t ∈ [0,1] | x ∈ 〈U(ψ,t)〉}=ψ? 6ψ?

⇒ψ⊆ψ?.
Finally, letω be a fuzzy pseudo-ideal of X containing ψ. For any x ∈ X.

Case 1. If ψ? = 0 implies ψ?(x)6ω(x).

Case 2. Assume that ψ?(x) = k 6= 0.Then x ∈U(ψ?,k) = 〈U(ψ,s)〉.
⇒ x ∈ 〈U(ψ,s)〉
⇒ω(x)>ψ(x)> s= k− ε

⇒ω(x)> s=ψ?(x).
It follows that ψ? is contained inω.

Theorem 2.4.8. Every fuzzy pseudo-ideal of a pseudo-TM algebra is a fuzzy pseudo-subalgebra.

Proof. Let ψ be a fuzzy pseudo-ideal of a pseudo-TM algebra X. We want to show that ψ is a
fuzzy pseudo-TM subalgebra, i.e., for all x,y ∈ X,

(i) ψ(x� y)> min{ψ(x),ψ(y)},

(ii) ψ(x ? y)> min{ψ(x),ψ(y)}.
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We first prove (i). Since ψ is a fuzzy pseudo-ideal, for any x,y ∈ X, we have

ψ(x� y)> min {ψ((x� y)� y),ψ((x� y) ? y),ψ(y)} .

By Lemma 1.5.1 we have

ψ(x� y)> min {ψ(x),ψ((x� y) ? y),ψ(y)} . (2.4.1)

Now, consider ψ((x� y) ? y). Using the fuzzy pseudo-ideal condition again with x replaced by
(x� y) ? y and y replaced by x, we get

ψ((x� y) ? y)> min {ψ(((x� y) ? y)� x),ψ(((x� y) ? y) ? x),ψ(x)} . (2.4.2)

Assume, without loss of generality ((x�y) ?y)�x= 0 and ((x�y) ?y) ?x= 0. Therefore, since
ψ(0)>ψ(z) for all z∈X, we haveψ(((x�y) ?y)� x) =ψ(0) andψ(((x�y) ?y) ? x) =ψ(0).
Hence, (2.4.2) becomes ψ((x� y) ? y) > min {ψ(0),ψ(0),ψ(x)} = ψ(x). So, ψ((x� y) ? y) >
ψ(x). Substituting this into (2.4.1) yieldsψ(x�y)>min {ψ(x),ψ(x),ψ(y)}=min {ψ(x),ψ(y)} .
This proves (i). Similarly, for any x,y ∈ X, using the fuzzy pseudo-ideal condition with x replaced
by x ? y and y replaced by y, we have ψ(x ? y) > min {ψ((x ? y)� y),ψ((x ? y) ? y),ψ(y)} .
Since (x?y)?y= x in a pseudo-TM algebra, this becomesψ(x?y)>min {ψ(x),ψ((x ? y)� y),ψ(y)} .
Now, consider ψ((x ? y) � y). By Lemma 1.5.1 and y replaced by x, we get ψ((x ? y) �
y) > min {ψ(((x ? y)� y)� x),ψ(((x ? y)� y) ? x),ψ(x)} . Assume, without loss of generality
((x?y)�y)�x= 0 and ((x?y)�y)?x= 0. So thenψ((x?y)�y)>min {ψ(0),ψ(0),ψ(x)}=
ψ(x). Thus,ψ((x?y)�y)>ψ(x), and henceψ(x?y)>min {ψ(x),ψ(x),ψ(y)}=min {ψ(x),ψ(y)} .
This proves (ii). Therefore, ψ is a fuzzy pseudo-TM subalgebra of X.

Remark 2.4.2. The converse of Theorem 2.4.8 is may not be necessarly true.

Example 2.4.4. Let the set X= {0,1,2}, and define two binary operations � and ?, and constant 0

such that:

� 0 1 2
0 0 1 2
1 1 1 1
2 2 1 2

? 0 1 2
0 0 1 2
1 1 1 1
2 2 1 2

Table 2.4

See [57](X; �, ?,0) is a pseudo TM-algebra. Define a fuzzy subset ψ : X→ [0,1] by

ψ(x) =


0 if x = 0,

0.3 if x = 1,

0.2 if x = 2.

Then ψ is a fuzzy pseudo-TM subalgebra. We must check ψ(x�y)> min{ψ(x),ψ(y)} and ψ(x ?

y)> min{ψ(x),ψ(y)}
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Now, ψ is not a fuzzy pseudo-ideal. By Lemma 2.1.1 ψ(0) > ψ(x) for all x ∈ X. Here ψ(0) = 0,

but ψ(1) = 0.3> 0. Hence ψ(0)>ψ(1) fails, so ψ is not a fuzzy pseudo-ideal.

Therefore, every fuzzy pseudo-TM subalgebra need not be a fuzzy pseudo-ideal.

2.5. Homomorphism of Fuzzy Pseudo ideal of Pseudo-TM
Algebra

In this section, we give several characterizations for fuzzy pseudo-ideals and fuzzy homomor-
phisms of a pseudo-TM algebra.

Theorem 2.5.1. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let f : X→ Y be a

homomorphism and ψ be a fuzzy pseudo-ideal of Y. Then f−1(ψ) is a fuzzy pseudo-ideal of X.

Proof. Suppose that ψ be a fuzzy pseudo-ideal of Y. We need to show that f−1(ψ) is a fuzzy
pseudo-ideal of X. Let x ∈ X. Then f(x) ∈ Y and ψ is a fuzzy pseudo-ideal of Y,we have
f−1(ψ)(0) =ψ(f(0))>ψ(f(x)). Thus we get f−1(ψ)(0)> f−1(ψ)(x), for all x ∈ X.
Let x,y ∈ X. Since ψ is a fuzzy pseudo-ideal of Y, we have

f−1(ψ(x)) =ψ(f(x)) > min {ψ(f(x)� f(y)) ,ψ(f(x) ? f(y)),ψ(f(y))}

= min {ψ(f(x� y)),ψ(f(x ? y)),ψ(f(y))}

= min
{
f−1(ψ)(x� y),f−1(ψ)(x ? y),f−1(ψ)(y)

}
⇒ f−1(ψ(x)) > min

{
f−1(ψ)(x� y),f−1(ψ)(x ? y),f−1(ψ)(y)

}
That is f−1(ψ) satisfies Definition 2.4.1.
Therefore, f−1(ψ(x)) is a fuzzy pseudo-ideal of X.

Lemma 2.5.2. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let f : X→ Y be a

homomorphism and ψ be a fuzzy pseudo-ideal of X. If ψ is constant on Ker(f) = f−1(0), then

f−1(f)(ψ) =ψ.

Proof. Suppose that ψ be a fuzzy pseudo-ideal of X and if ψ is constant on Ker(f) = f−1(0). We
need to show that that f−1(f)(ψ) =ψ.
Let x ∈ X and f(x) = y. Hence

f−1(f)(ψ)(x) = f(ψ)f(x)

= f(ψ)(y)

= Sup
{
ψ(b) : b ∈ f−1(y)

}
For all b ∈ f−1(y), we have f(x) = f(b). Hence, f(b� x) = f(b ? x) = 0
⇒ b� x,b ? x ∈ Ker(f). It follows that ψ(b� x) =ψ(0) =ψ(b ? x).Then
ψ(b)>min {ψ(b� x),ψ(b ? x),ψ(x)}=min {ψ(0),ψ(x)}=ψ(x)
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We get,ψ(b)>ψ(x). Since by Proposition 2.4.6 ψ(x)>ψ(b).
Hence, ψ(x) =ψ(b).
Thus ,

(
f−1(f)(ψ)

)
(x) = Sup

{
ψ(b) : b ∈ f−1(y)

}
=ψ(x).

Therefore, f−1(f)(ψ) =ψ.

Theorem 2.5.3. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let f : X→ Y be an

epimorphism and ψ be a fuzzy pseudo-ideal of X such that ψ is constant on Ker(f). Then f(ψ) is

a fuzzy pseudo-ideal of Y, provided that the sup property holds.

Proof. Suppose that ψ be a fuzzy pseudo-ideal of X such that ψ is constant on Ker(f). We need to
show that f(ψ) is a fuzzy pseudo-ideal of Y, provided that the sup property holds.
Let 0 ∈ Y, then there exist 0 ∈ X such that f(0) = 0. Now, f(ψ)(0) =

{
supψ(k) | k ∈ f−1(0)

}
=

ψ(0) > ψ(x), for all x ∈ X. Let y ∈ Y. Since f is an epimorphism, we have f−1(y) 6= ∅ and
ψ(0)>ψ(k) | k∈ f−1(y). Which implies that f(ψ)(0)>

{
supψ(k) | k ∈ f−1(y)

}
= f(ψ)(y), for

all y ∈ Y. Hence, f(ψ)(0)> f(ψ)(y),∀y ∈ Y.
Thus f(ψ) satisfies Definition 2.4.1.
Assume that (f(ψ))(a)<min {(f(ψ))(a� b),(f(ψ))(a ? b),(f(ψ))(b)} for some a,b∈ Y. Since
f is an epimorphism there exists x,y ∈ X such that f(x) = a and f(x) = b.
Hence,(f(ψ))(f(x))<min {(f(ψ))(f(x� y)),(f(ψ))(f(x ? y)),(f(ψ))(f(y))} .
Then

(
f−1(f(ψ)

)
)(x)<min

{(
f−1(f(ψ)

)
)(x� y),

(
f−1(f(ψ)

)
)(x ? y),

(
f−1(f(ψ)

)
)(y)
}

.
Butψ is constant onKer(f). Then by Lemma 4.5.3, we getψ(x)<min {ψ(x� y),ψ(x ? y),ψ(y)}
which is a contradiction with the fact that ψ is a fuzzy pseudo-ideal of X.
Therefore, f(ψ) is a fuzzy pseudo-ideal of Y.

2.6. Cartesian product of Fuzzy Pseudo ideal of Pseudo-TM
Algebra

In this section, we introduced the notion of fuzzy pseudo-ideals in pseudo-TM algebra in terms of
Cartesian product of any two pseudo-TM algebra.

Theorem 2.6.1. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let ψ and ω be any

two fuzzy pseudo-ideal of X and Y respectively. Then ψ×ω is a fuzzy pseudo-ideals of X× Y.

Proof. Suppose that ψ and ω be a pseudo-TM algebras of X and Y respectively. We need to show
that ψ×ω is a fuzzy pseudo-ideals of X× Y.

(i) Let (x,y) ∈ X× Y. Then (ψ×ω)(0,0) =min {ψ(0),ω(0)}>min {ψ(x),ω(y)} .
Hence, (ψ×ω)(0,0)> (ψ×ω)(x,y).

(ii) Let (x1,x2),(y1,y2) ∈ X× Y.

Then

(ψ×ω)(x1,x2) = min {ψ(x1),ω(x2)}
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> min
{

min {ψ(x1 � y1),ψ(x1 ? y1),ψ(y1)} ,

min {ω(x2 � y2),ω(x2 ? y2),ω(y2)}
}

= min
{

min {ψ(x1 � y1),ω(x2 � y2)} ,

min {ψ(x1 ? y1),ω(x2 ? y2)} ,

min {ψ(y1),ω(y2)}
}

= min
{
(ψ×ω)((x1,x2)� (y1,y2)) ,

(ψ×ω)((x1,x2) ? (y1,y2)) ,

(ψ×ω)(y1,y2)
}

Hence, (ψ×ω)(x1,x2)>min {(ψ×ω)(x1,x2)� (y1,y2),(ψ×ω)(x1,x2) ? (y1,y2),(ψ×ω)(y1,y2)} .
By (i) and (ii) above, we have that ψ×ω is a fuzzy pseudo-ideal of X.

Theorem 2.6.2. Let (X,�,?,0) and (Y,�,?,0) is a pseudo-TM algebras. If ψ ×ω is a fuzzy

pseudo-ideal of X× Y for any fuzzy subsets ψ and ω of a pseudo-TM algebra of X and Y respec-

tively, then either ψ is a fuzzy pseudo-ideal of X orω is a fuzzy pseudo-ideal of Y.

Proof. Suppose that ψ×ω is a fuzzy pseudo-ideal of X× Y such that ψ and ω is a fuzzy sub-
set of X and Y respectively. We need to show that either ψ is a fuzzy pseudo-ideal of X or ω is
a fuzzy pseudo-ideal of Y. Then ψ×ω(0,0) = min {ψ(0),ω(0)} >min {ψ(x),ω(y)}, for all
(x,y) ∈ X× Y.
Suppose that ψ(x)>ψ(0) andω(y)>ω(0), for some (x,y) ∈ X× Y.
Now, (ψ×ω)(x,y) =min {ψ(x),ω(y)}>min {ψ(0),ω(0)}= (ψ×ω)(0,0) which is a contra-
diction.
Thus, ψ(0)>ψ(x) orω(0)>ω(x), for all (x,y) ∈ X× Y.
Let (x1,x2),(y1,y2) ∈ X× Y. Then

(ψ×ω)(x1,x2) = min {ψ(x1),ω(x2)}

> min
{
(ψ×ω)((x1,x2)� (y1,y2)), (ψ×ω)((x1,x2) ? (y1,y2)), (ψ×ω)(y1,y2)

}
= min

{
min {ψ(x1 � y1),ψ(x1 ? y1),ψ(y1)} , min {ω(x2 � y2),ω(x2 ? y2),ω(y2)}

}
= min

{
min {ψ(x1 � y1),ω(x2 � y2)} , min {ψ(x1 ? y1),ω(x2 ? y2)} ,

min {ψ(y1),ω(y2)}
}

⇒ ψ(x1)> min {ψ(x1 � y1),ψ(x1 ? y1),ψ(y1)}

orω(x2)> min {ω(x2 � y2),ω(x2 ? y2),ω(y2)} .

Hence, either ψ(x1)>min {ψ(x1 � y1),ψ(x1 ? y1),ψ(y1)}

or ω(x2)>min {ω(x2 � y2),ω(x2 ? y2),ω(y2)} .
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Remark 2.6.1. The converse of Theorem 2.6.2 is may not be necessarly true.

Example 2.6.1. Let X = {0,1,2,3} with the binary operations � and ? given by the Cayley tables

defined in 2.4.3. Define the fuzzy subset ψ : X→ [0,1] by

ψ(x) =


1 if x= 0,

0.6 if x= 1,

0.5 if x= 2,3.

We verify the two conditions of a fuzzy pseudo-ideal.

(1) ψ(0)>ψ(x) for all x ∈ X:

ψ(0) = 1 > 0.6 =ψ(1), 1 > 0.5 =ψ(2), 1 > 0.5 =ψ(3).

Thus condition (1) holds.

(2) For all x,y ∈ X,

ψ(x)> min{ψ(x� y),ψ(x ? y),ψ(y)}.

Note that the image of ψ is the set {1,0.6,0.5}. Hence for any x,y the right-hand side

min{ψ(x� y),ψ(x ? y),ψ(y)} is one of 1,0.6,0.5. Since every value ψ(x) is at least 0.5
(indeed ψ(x) ∈ {1,0.6,0.5}), we have ψ(x) > 0.5 for all x. Therefore for every x,y the

inequality ψ(x)> min{ψ(x�y),ψ(x ?y),ψ(y)} holds. Consequently, ψ is a fuzzy pseudo-

ideal of X.

Define the fuzzy subsetω : X→ [0,1] by

ω(x) =

0.1 if x= 0,

0.6 if x= 1,2,3.

Now, consider for any (x,y)∈X×Y. Then (ψ×ω)(0,0)=min {ψ(0),ω(0)}>min {ψ(x),ω(y)} .
Taking x = 0 and y = 2 implies min {1,0.1} = 0.1 � min {ψ(x),ω(y)} = min {ψ(0),ω(2)} =
min {1,0.6}= 0.6. Hence the converse of Theorem 2.6.2 is may not be necessarly true.

Definition 2.6.1. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let ψ and ω be

any two fuzzy subset of X and Y respectively. Then ψ×ω is a fuzzy pseudo-ideals of X× Y. For

t∈ [0,1], the setU(ψ×ω,t) = {(x,y) ∈ X× Y | (ψ×ω)(x,y)> t} is called the upper t-level set

of ψ×ω.

Theorem 2.6.3. Let (X;�,?,0) and (Y;�,?,0) be a pseudo-TM algebras and let ψ and ω be any

two fuzzy pseudo-ideal of X and Y respectively. Then ψ×ω is a fuzzy pseudo-ideals of X× Y
if and only if the non-empty upper t−level set U(ψ×ω,t) is a pseudo-ideal of X× Y for any

t ∈ [0,1].
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Proof. Let ψ×ω be a fuzzy pseudo-ideals of X× Y such that U(ψ×ω,t) 6= ∅ for all t ∈ [0,1].
We need to show that U(ψ×ω,t) is a pseudo-ideal of X× Y for any t ∈ [0,1]. Now, there exists
(x,y)∈U(ψ×ω,t) . Thus (ψ×ω)(x,y)> t. Sinceψ×ω is a fuzzy pseudo-ideal of X× Y. For
all (x,y) ∈ X× Y. We have

(ψ×ω)(0,0)> (ψ×ω)(x,y)

⇒(ψ×ω)(0,0)

>(ψ×ω)(x,y)> t

⇒(ψ×ω)(0,0)> t

⇒(0,0) ∈U(ψ×ω,t) .

Suppose that (x1,y1),(x2,y2)∈U(ψ×ω,t) such that (x1,y1)� (x2,y2),(x1,y1)? (x2,y2),(x2,y2)∈
U(ψ×ω,t)
⇒ (ψ×ω)((x1,y1)� (x2,y2))> t,(ψ×ω)((x1,y1) ? (x2,y2))> t and (ψ×ω)((x2,y2)> t.
Since ψ×ω is a fuzzy pseudo-ideal of X× Y. We have

(ψ×ω)(x1,y1) > min {(ψ×ω)((x1,y1)� (x2,y2)) ,(ψ×ω)((x1,y1) ? (x2,y2)) ,(ψ×ω)(x2,y2)}

> min {t,t,t}= t

⇒ (ψ×ω)(x1,y1)> t

⇒ (x1,y1) ∈U(ψ×ω,t)

Hence, U(ψ×ω,t) is a pseudo-ideal of X× Y.
Conversely, assume that the set U(ψ×ω,t) be a pseudo-ideal of X× Y, for each t ∈ [0,1].
Let (x,y) ∈ X× Y such that (ψ×ω) = t. Then (x,y) ∈ U(ψ×ω,t) . Since (ψ×ω) is a fuzzy
pseudo-ideal of X× Y, then (0,0) ∈U(ψ×ω,t) .
Hence, (ψ×ω)(0,0)> t= (ψ×ω)(x,y) for all (x,y) ∈ X× Y. Assume that
t1 =

1
2 {(ψ×ω)(x,x) +min {(ψ×ω)((x,x)� (x1,y1)) ,(ψ×ω)((x,x) ? (x1,y1)) ,(ψ×ω)(x1,y1)}} .

Then (ψ×ω)(x,x)<t1<min {(ψ×ω)((x,x)� (x1,y1)) ,(ψ×ω)((x,x) ? (x1,y1)) ,(ψ×ω)(x1,y1)} .
It follows that (x,x) 6=U(ψ×ω,t1). Also, (ψ×ω)((x,x)� (x1,y1)) ,(ψ×ω)((x,x) ? (x1,y1))∈
U(ψ×ω,t1) and (ψ×ω)(x1,y1)∈U(ψ×ω,t1) which is a contradiction. SinceU(ψ×ω,t1)
is a pseudo-ideal of X× Y. Therefore, ψ×ω is a fuzzy pseudo-ideal of X× Y.

Theorem 2.6.4. Let (X; �,?,0) and (Y; �,?,0) be a pseudo-TM algebras and let ψ and ω be

any two fuzzy pseudo-ideal of X and Y respectively such that ψ×ω is a fuzzy pseudo-ideals of

X× Y.Then

(i) Either ψ(0)>ψ(x) orω(0)>ω(x), for all x ∈ X.

(ii) If ψ(0)>ψ(x) for all x ∈ X, then eitherω(0)> ψ(x) orω(0)>ω(x)

(iii) Ifω(0)>ψ(x) for all x ∈ X, then either ψ(0)> ψ(x) or ψ(0)>ω(x).
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Proof. let ψ and ω be any two fuzzy pseudo-ideal of X and Y respectively such that ψ×ω is a
fuzzy pseudo-ideals of X× Y.

(i) If ψ(0)<ψ(x) andω(0)<ω(y) for some x,y ∈ X. Then
(ψ×ω)(x,y) = min {ψ(x),ω(y)}>min {ψ(0),ω(0)}= (ψ×ω)(0,0), which is a contra-
diction. Hence, either ψ(0)>ψ(x) orω(0)>ω(x) for all x ∈ X.

(ii) Let ψ(0) > ψ(x) for all x ∈ X. Assume there exist x,y ∈ X such that ω(0) < ψ(x) and
ω(0)<ω(y).
Then, (ψ×ω)(0,0) = min {ψ(0),ω(0)}=ω(0), and

(ψ×ω)(x,y) = min {ψ(x),ω(y)}>ω(0) = (ψ×ω)(0,0).

Therefore, (ψ×ω)(x,y)> (ψ×ω)(0,0), which is a contradiction.
Hence, eitherω(0)>ω(x) or ψ(0)>ψ(x) for all x ∈ X.

(iii) This result is obtained by interchanging the roles of ψ andω in part (ii).
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Chapter 3
Fuzzy Congruence Relation on Pseudo-TM

Algebra
In algebra, a congruence relation is a special type of equivalence relation that is compatible with
the operations of an algebraic structure, such as a group, ring, or lattice. This means if two ele-
ments are related by a congruence, their algebraic combinations with other elements will also be
related. Congruence relations play a central role in constructing quotient structures and studying
homomorphisms. Extending this concept, a fuzzy congruence relation arises from fuzzy set the-
ory, which allows elements to be related to varying degrees, rather than in an absolute true/false
manner. In a fuzzy congruence, elements of an algebraic structure are said to be congruent to each
other with a degree of membership in the interval [0,1]. This generalization supports the study
of algebraic systems under uncertainty or partial information and is useful in fields like computer
science, decision-making, and control systems.
In this chapter, we apply the idea of congruence relation on a pseudo-TM algebra. We introduce the
notion congruence relation in pseudo-TM algebras, considering the concept of fuzzy congruence
relation in pseudo-TM algebra and investigate some associated properties. Moreover, we investi-
gate the relationship between fuzzy pseudo-ideals and fuzzy congruence relations of pseudo-TM
algebra and obtain some important results. Moreover, we discussed the relationship between fuzzy
permutable congruence relations and fuzzy pseudo-ideals of a pseudo TM-algebra are investigate.

3.1. Congrunce Relation On Pseudo-TM Algebra

In this section we introduce the notion of congruence relations and quotients on pseudo-TM algebra
and investigate some of its properties. Also, we prove that the quotient algebra is a pseudo-TM
algebra and the quotient algebra is isomorphic to the image of pseudo-TM algebra under some
conditions.

Definition 3.1.1. Let (X, �,?,0) be a pseudo-TM algebra . An equivalence relation φ is said to

be congurence relation on X. If

(i) (x,y) ∈ φ⇒ (z� x,z� y) ∈ φ and (z ? x,z ? y) ∈ φ, for all z ∈ X.

(ii) (x,y) ∈ φ⇒ (x� z,y� z) ∈ φ and (x ? z,y ? z) ∈ φ, for all z ∈ X.
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(iii) If for any (x,y),(z,w) ∈ φ. We have (x� z,y�w) ∈ φ and (x ? z,y ?w) ∈ φ.

Example 3.1.1. Let X = {0,1,2,3,4,5} be a set with two binary operations � and ? which are

given by table.

� 0 1 2 3 4 5
0 0 0 0 0 0 0
1 1 0 0 0 0 0
2 2 2 0 0 0 0
3 3 2 2 0 0 0
4 4 0 0 0 0 0
5 5 0 0 0 0 0

? 0 1 2 3 4 5
0 0 0 0 0 0 0
1 1 0 0 0 0 0
2 2 2 0 0 0 0
3 3 3 1 0 0 0
4 4 0 0 0 0 0
5 5 0 0 0 0 0

Table 3.1

See [57] (X,�,?,0) is a pseudo-TM algebra. Consider the followingφ= {(0,0),(1,1),(2,2),(3,3),(4,4),(5,5)}
is a congruence relation on X. If we defineφ= {(0,0),(1,1),(2,2),(3,3),(0,2),(2,0),(2,3),(3,2)},
then φ is satisfied congruence relation on Definition 3.1.1(i), but it is not congruence relation on
Definition 3.1.1(ii) because if (3,2) ∈φ, but (3 ? 2,2 ? 2) = (1,0) /∈φ. Let Con(X) denote the set
of all congruence on X. For φ ∈ Con(X) write φ[x] for the equivalence class containing x, such
that φ[x] = {y ∈ X : y ∼ x} . The preservation conditions make it possible to define operations of ¨�
and ¨? on the set of equivalence classes: for any two equivalence classes φ[x] and φ[y] we have
φ[x�y] = φ[x] �φ[y] and φ[x?y] = φ[x] ?φ[y]

Theorem 3.1.1. Let φ be a congruence relation on a pseudo-TM algebra X. Then the set φ[0] =

{x ∈ X : x ∼ 0} is a pseudo ideals of a pseudo-TM algebra X.

Proof. Suppose that φ be a congruence relation on a pseudo-TM algebra X. Since φ is a reflexive
relation, we see that (0,0) ∈φ. Hence 0 ∼ 0. Let x,y ∈ X such that x�y,x ?y ∈φ[x] and y ∈φ[x].
So, x� y ∼ 0,x ? y ∼ 0 and y ∼ 0. From y ∼ 0 it follows that x� y ∼ x� 0,x ? y ∼ x ? 0.
Thus, x� y ∼ x, x ? y ∼ x. Since x� y ∼ 0 and x� y ∼ x. Also, x ? y ∼ 0 and x ? y ∼ x. In both
sides we have 0 ∼ x. But φ is symmetric we have x ∼ 0. Therefore, φ[0] is a pseudo ideals of X.

Definition 3.1.2. Let φ ∈ Con(X). Define f : X→ X/φ be such that f(x) = φ[x] for all x ∈ X.

Then the mapping f is called the canonical epimorphism, or natural epimorphism from X→ X/φ.

Theorem 3.1.2. Let φ ∈ Con(X). Then
(
X/φ; �, ?, φ[0]

)
is a pseudo -TM algebra.

Proof. Suppose that φ[x],φ[y],φ[z] ∈ X/φ, for all x,y,z ∈ X, then we have

1)
φ[x] �φ[0] = φ[x�0]

= φ[x] and

φ[x] ?φ[0] = φ[x?0] = φ[x]

53



2) (
φ[x] �φ[y]

)
?
(
φ[x] �φ[z]

)
= φ[x�y] ?φ[x�z]

= φ[(x�y)?(x�z)]

= φ[z�y] and(
φ[x] ?φ[y]

)
�
(
φ[x] �φ[z]

)
= φ[x�y] �φ[x�z]

= φ[(x?y)�(x?z)]

= φ[z?y]

Therefore,
(
X/φ; �, ?, φ[0]

)
is a pseudo -TM algebra.

Corollary 3.1.3. The kernel of a pseudo-TM homomorphism of pseudo-TM algebras X is always

a pseudo-ideal of X.

Proof. Obviously 0 ∈ kerf, since f(0) = 0y. Let x ? y, x� y ∈ kerf, and y ∈ kerf. So f(x ? y) =
0y, f(x� y) = 0y and f(y) = 0y. That is f(x) ? f(y) = 0y and f(x)� f(y) = 0y

⇒ f(x) ? 0y = 0y and f(x)� 0y = 0y

⇒ f(x) = 0y

Hence x ∈ kerf, So kerf is a pseudo ideal of X.

Theorem 3.1.4. Let f :X→ Y be a pseudo-TM epimorphism . If I is a pseudo-ideal of a pseudo-TM

algebra X, then f(I) is a pseudo-ideal of X.

Proof. Suppose that I is a pseudo-ideal of X. We need to show that f(I) is a pseudo-ideal of X.
Since I is a pseudo-ideal of X. Then 0 ∈ I. It implies that f(0) is in f(I) and therefore f(I) is
non-empty
Let x,y∈ Y such that x�y,x ?y∈ f(I) and y∈ f(I). Since f is an epimorphism. Then there exists
a ∈ X and b ∈ I such that f(a) = x and f(b) = y.
Thus, x� y = f(a)� f(b) = f(a� b) ∈ f(I) and x ? y = f(a) ? f(b) = f(a ? b) ∈ f(I). So, a�
b,a ? b ∈ I. Since I is a pseudo-ideal of X and b ∈ I. It follows that a ∈ I. Hence x= f(a) ∈ f(I).
Therefore, x ∈ f(I).

Theorem 3.1.5. Let f be a pseudo-TM homomorphism from X onto Y. If φ = {(x,y)|f(x) = f(y)}
is a congruence relation on X, then X/φ ∼= f(X).

Proof. Let h be the mapping from X/φ→ f(X) defined by h(φ[x]) = f(x), for all φ[x] ∈ X/φ. See
the diagram below.
We need to show that h is well defined. Suppose that φ[x] = φ[y] for all x,y ∈ X, then (x,y) ∈ φ.
Hence f(x) = f(y). Therefore, h(φ[x]) = h(φ[y]). Also, we need to show that h is a monomor-
phism.
Now

Ker(h) =
{
φ[x]|h(φ[x]) = 0

}
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X Y

X/ϕ

f

h

=
{
φ[x]|h(φ[x]) = f(x) = 0 = f(0)

}
=
{
φ[x]|(x,0) ∈ φ

}
= φ[0].

Thus, h is a monomorphism and f maps X onto Y. It implies that h is an epimorphism. The proof
that h preserves � and ? makes use of the definitions of � and ? in X/φ the definition of h, and
the homomorphism properties of f.
Let φ[x],φ[y] ∈ X/φ. Then h(φ[x] � φ[y]) = h(φ[x�y]) = f(x � y) = f(x) � f(y) = h(φ[x]) �
h(φ[y]) and h(φ[x] ?φ[x]) = h(φ[x?y]) = f(x ? y) = f(x) ? f(y) = h(φ[x]) ? h(φ[y]). Thus h is a
homomorphism.
Therefore, X/φ ∼= f(X).

Theorem 3.1.6. Let f : X→ Y be a pseudo-TM homomorphism between pseudo-TM algebras with

congruence relation φ, and the canonical map from h : X→ X/φ. Then there exist a unique

monomorphism g : X/φ→ Y such that f= goh.

Proof. Suppose that Y0 be the image of X under f. Then the quotients X/φ is isomorphic to Y0

via an isomorphism g that maps each costs X/φ to f(x) by Theorem 3.1.5 and the commutative
diagram below g is monomorphism of X/φ in to Y. The composition goh coincides with f because
it maps each elements x ∈ X to the element g(h(x)) = g(X/φ) = f(x). Assume that k be any
homomorphism from X/φ into Y for which the composition koh coincides with f, then k(h(x)) =
k(X/φ) = f(x).
Hence k coincides with g. Therefore, g is unique.
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X Y

X/ϕ

h

f

g

Corollary 3.1.7. Let I be a pseudo-ideal of a pseudo-TM algebra X. Then there exist an epimor-

phism f : X→ X/I and Kerf= I.

Proof. Suppose that I be a pseudo-ideal of a pseudo-TM algebra X. We need to show that there
exist an epimorphism f : X→ X/I and Kerf= I.
To prove this statement, first, construct the quotient algebra X/I and the canonical projection map
f : X→ X/I, which is an epimorphism by definition of a quotient structure and a pseudo-ideal.
Then, prove that the kernel of this map, Ker(f), is precisely the pseudo-ideal I by showing two
inclusions: I ⊆ Ker(f) and Ker(f) ⊆ I. The first inclusion is true by the definition of the kernel
and the quotient structure’s relation to the pseudo-ideal, and the second inclusion follows from the
properties of the quotient map and the definition of a pseudo-ideal.
First constructing an epimorphism map. Define X/I for a pseudo-up algebra X and a pseudo-ideal
I, the quotient algebra X/I is formed by considering the equivalence classes of X under the relation
x ∼ y if and only if x ? y ∈ I, x� y ∈ I and y ∈ I . Now, define the canonical projection map
f : X→ X/I by f(x) = [x], where [x] is the equivalence class of x in X/I. We need to prove f is
an epimorphism: By the construction of the quotient algebra and the definition of f, the map f is
surjective (onto), meaning for every element in X/I, there’s an element in X that maps to it. This
makes f an epimorphism (a surjective homomorphism). Next we need to show that Ker(f) = I.
We show how I ⊆ Ker(f). An element x is in Ker(f) if f(x) = 0X/I (the zero equivalence class
in X/I). This means that x ∼ 0, which implies x ? 0 ∈ I, x� 0 ∈ I and 0 ∈ I. Since 0 ∈ I and I is
a pseudo-ideal, these conditions imply that x ∈ I. Therefore, I ⊆ Ker(f). Show Ker(f) ⊆ I. Let
x ∈ Ker(f). Then, f(x) = 0X/I, which means x ∼ 0. By the definition of the equivalence relation
for a quotient algebra, x ∼ 0 if and only if x ? 0 ∈ I, x� 0 ∈ I and 0 ∈ I. Since 0 ∈ I is an element
of a pseudo-ideal and I satisfies the properties of a pseudo-ideal (specifically, the closure under the
pseudo-operations), x ∗ 0 ∈ I , x� 0 ∈ I and 0 ∈ I implies x ∈ I. Thus, Ker(f) ⊆ I. Therefore,
Ker(f) = I.

3.2. Fuzzy Congruence Relations on Pseudo-TM Algebra

In this section, we define the notion of fuzzy congruence relations on pseudo-TM algebra and
discuss basic properties of fuzzy congruence relations on pseudo-TM algebras. Characterizations
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of fuzzy pseudo-ideals of a pseudo-TM algebra are given. Let X be a pseudo-TM algebra unless
otherwise specified.

Definition 3.2.1. A fuzzy relation θ on X is called a fuzzy congruence relation on a pseudo-TM

algebra of X, if it satisfies the following axioms: for any x,y,z ∈ X

1. θ(x,x) = 1 (fuzzy reflexive)

2. θ(x,y) = θ(y,x) (fuzzy symmetric)

3. θ(x,z)> supy∈X {min{θ(x,y),θ(y,z)}} (fuzzy transitive)

4. θ is called fuzzy right compatible, if θ(x� z,y� z)> θ(x,y) and θ(x ? z,y ? z)> θ(x,y)

5. θ is called fuzzy left compatible, if θ(z� x,z� y)> θ(x,y) and θ(z ? x,z ? y)> θ(x,y) .

6. θ is called compatible, if θ(x � u,y � v) > min{θ(x,y),θ(u,v)} and θ(x ? u,y ? v) >

min{θ(x,y),θ(u,v)}, for all x,y,u,v ∈ X.

Example 3.2.1. Consider a pseudo-TM algebra defined in Example 3.1.1.

Let θ : X×X→ [0,1] be a fuzzy relation on X defined by

θ 0 1 2 3 4 5
0 0.5 0.3 0.3 0.3 0.3 0.3
1 0.3 0.5 0.3 0.3 0.3 0.3
2 0.3 0.3 0.5 0.3 0.3 0.3
3 0.3 0.3 0.3 0.5 0.3 0.3
4 0.3 0.3 0.3 0.3 0.5 0.3
5 0.3 0.3 0.3 0.3 0.3 0.5

Table 3.2

By routine calculation θ is a fuzzy congruence relation on X.

Definition 3.2.2. A fuzzy equivalence relation θ of X is a fuzzy congruence relation on a pseudo-

TM algebra X if for all x,y,z,w ∈ X satisfying θ(x� z,y�w)> min{θ(x,y),θ(z,w)} and θ(x?

z,y ?w)> min{θ(x,y),θ(z,w)}.

Theorem 3.2.1. If θ is a fuzzy congruence relation on a pseudo-TM algebra X. Then

1. θ(0,0)> θ(x,y)

2. θ(x� y,0)> θ(x,y), and θ(x ? y,0)> θ(x,y), for all x,y ∈ X.

Proof. Suppose that θ is a fuzzy congruence relation on a pseudo-TM algebra X. We need to show
that

1. θ(0,0)> θ(x,y)
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2. θ(x� y,0)> θ(x,y), and θ(x ? y,0)> θ(x,y), for all x,y ∈ X.

Since θ is a fuzzy congruence relation on X. By Definition 3.2.1, we have θ(0,0) = 1 = θ(x,x)>
min {θ(x,y) ,θ(y,x)}=min {θ(x,y) ,θ(x,y)}= θ(x,y).
Hence, θ(0,0)> θ(x,y).
Similarly, θ is a fuzzy congruence relation on X. Definition 3.2.1, we have θ(x� y,0) = θ(x�
y,y� y)> θ(x,y).
Also, θ(x ? y,0) = θ(x ? y,y ? y)> θ(x,y).

Theorem 3.2.2. If θ and ρ are fuzzy congruence relations on X. Then θ∩ ρ is a fuzzy congruence

relation on X.

Proof. Suppose that θ and ρ are fuzzy congruence relations on X. Then we need to show that θ∩ ρ
is a fuzzy congruence relation on X.

1. Let x ∈ X. Then,
(θ∩ ρ)(x,x) = min{θ(x,x),ρ(x,x)}

= min{1,1}

= 1.

2. Let x,y ∈ X.
(θ∩ ρ)(x,y) = min {θ(x,y),ρ(x,y)}

= min {θ(y,x) ,ρ(y,x)}

= (θ∩ ρ)(y,x) .

3. Let x,y,z ∈ X.

(θ∩ ρ)(x,z) = min {θ(x,z),ρ(x,z)}

> min {min {θ(x,y) ,θ(y,z)} ,min {ρ(x,y) ,ρ(y,z)}}

> min {min {θ(x,y) ,ρ(x,y)} ,min {θ(y,z) ,ρ(y,z)}}

>min {(θ∩ ρ)(x,y) ,(θ∩ ρ)(y,z)} .

4. Let x,y,z,k ∈ X.

(θ∩ ρ)( (x,y) ? (z,k))

=min {θ(x ? z,y ? k) ,ρ(x ? z,y ? k)}

>min {min {θ(x,y) ,θ(z,k)} , min {ρ(x,y) ,ρ(z,k)}}

=min {min {θ(x,y) ,ρ(x,y)} , min {θ(z,k) ,ρ(z,k)}}

=min {(θ∩ ρ)(x,y) ,(θ∩ ρ)(z,k)} and

For x,y,z,k ∈ X.
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(θ∩ ρ)( (x,y)� (z,k))

=min {θ(x� z,y� k) ,ρ(x� z,y� k)}

>min {min {θ(x,y) ,θ(z,k)} , min {ρ(x,y) ,ρ(z,k)}}

=min {min {θ(x,y) ,ρ(x,y)} , min {θ(z,k) ,ρ(z,k)}}

=min {(θ∩ ρ)(x,y) ,(θ∩ ρ)(z,k)} .

Therefore, θ∩ ρ is a fuzzy congruence relation on X.

Corollary 3.2.3. If {θi : i ∈ I} is a family of fuzzy congruence relation on a pseudo-TM algebra X.

Then ∩i∈Iθi is a fuzzy congruence relation on X.

Proof. Suppose that {θi : i ∈ I} is a family of fuzzy congruence relation on a pseudo-TM algebra
X. Then we need to show that ∩i∈Iθi is a fuzzy congruence relation on X.

1. Let x∈X and suppose that∩i∈Iθi(x,x)= infi∈I (θi(x,x)). Then infi∈I (θi(x,x))= infi∈I (1)=
∩i∈I (1) = 1. Hence, ∩i∈Iθi(x,x) = 1

2. For x,y ∈ X, ∩i∈Iθi(x,y) = infi∈Iθi(x,y) = infi∈Iθi(y,x) = ∩i∈Iθi(y,x).

3. For any x,y,z ∈ X, ∩i∈Iθi(x,z) = infi∈Iθi(x,z)> infi∈Imin {θi(x,y),θi(y,z)}
= min {infi∈I θi(x,y), infi∈Iθi(y,z)}= min {∩∈Iθi(x,y),∩i∈Iθi (y,z)}.

4. For any x,y,z∈X, ∩i∈Iθ(x� z,y� z= infi∈I (θi(x� z,y�z))> infi∈Iθi(x,y)= ∩i∈Iθi(x,y)
and ∩i∈Iθ(x ? z,y ? z) = infi∈I (θi(x ? z,y ? z)) > infi∈Iθi(x,y) = ∩i∈Iθi(x,y). Simi-
larly, ∩i∈Iθ(z�x,z�y= infi∈I (θi(z� x,z� y))> infi∈Iθi(x,y)=∩i∈Iθi(x,y) and∩i∈Iθ(z?
x,z ? y) = infi∈I (θi(z ? x,z ? y))> infi∈Iθi(x,y) = ∩i∈Iθi(x,y).

Therefore, ∩i∈Iθi is a fuzzy congruence relation on X.

Remark 3.2.1. The union of any two fuzzy congruence relation on X is not necessarily a fuzzy

congruence relation on X.

Example 3.2.2. Let X= {0,1,2,3} be a finite pseudo-TM algebra with operations � and ? defined

by:

� 0 1 2 3
0 0 1 2 3
1 1 0 0 0
2 2 0 0 0
3 3 0 0 0

? 0 1 2 3
0 0 1 2 3
1 2 0 0 0
2 2 0 0 0
3 2 0 0 0

Table 3.3

See[57] (X; �,?,0) is a pseudo-TM algebra. Now define two fuzzy relations θ1 and θ2 on X×X:
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θ1 0 1 2 3
0 0.6 0.1 0.1 0.1
1 0.1 0.6 0.2 0.2
2 0.1 0.2 0.6 0.2
3 0.1 0.2 0.2 0.6

θ2 0 1 2 3
0 0.4 0.2 0.2 0.2
1 0.2 0.4 0.3 0.3
2 0.2 0.3 0.4 0.2
3 0.1 0.2 0.3 0.4

It’s easy to check that both θ1 and θ2 satisfy the fuzzy congruence axioms individually. Now

consider the union (θ1 ∪ θ2)(x,y) = max{θ1(x,y),θ2(x,y)}. Then by routine calculation the fuzzy

transitivity condition fails.

Therefore, θ1 ∪ θ2 is not a fuzzy congruence relation.

Theorem 3.2.4. Let θ and ρ be fuzzy congruences on a pseudo-TM algebra X. If θ ◦ ρ is a fuzzy

congruence, then θ ◦ ρ= ρ ◦ θ.

Proof. Let θ and ρ be fuzzy congruences on X. Assume that θ ◦ ρ is a fuzzy congruences. We need
to show that θ ◦ ρ= ρ ◦ θ.
Let (a,b) ∈ X×X. Then, since ρ and θ are fuzzy congruences, we have

(θ ◦ ρ)(a,b) = sup
z∈X

{min{θ(a,z),ρ(z,b)}}

= sup
z∈X

{min{ρ(b,z),θ(z,a)}}

= (ρ ◦ θ)(b,a)

= (ρ ◦ θ)(a,b), since fuzzy congruences.

Thus we obtain that ρ ◦ θ= θ ◦ ρ.

Corollary 3.2.5. Let {θi : i ∈ I} be a family of a fuzzy congruence relations on X. If θ1 ◦ θ2 ◦ θ3 ◦
... ◦ θn be a fuzzy congruence relations on a pseudo-TM algebra X, then θ1 ◦ θ2 ◦ θ3 ◦ ... ◦ θn =

sup {θ1,θ2,θ3, ...,θn} .

Proof. Suppose that θ1 ◦ θ2 ◦ θ3 ◦ ... ◦ θn be a fuzzy congruence relations on a pseudo-TM algebra
X. Then we need to show that θ1 ◦ θ2 ◦ θ3 ◦ ... ◦ θn = sup {θ1,θ2,θ3, ...,θn} . We will prove this by
establishing both inequalities. First, we show that θ1 ◦ θ2 ◦ θ3 ◦ · · · ◦ θn 6 sup{θ1,θ2,θ3, . . . ,θn}.
By definition of the composition of fuzzy relations, for any x,z ∈ X. We have
(θ1 ◦ θ2 ◦ · · · ◦ θn)(x,z) = supy1,...,yn−1∈X {min{θ1(x,y1),θ2(y1,y2), . . . ,θn(yn−1,z)}} .
For any choice of y1, . . . ,yn−1 ∈ X, we have
min{θ1(x,y1),θ2(y1,y2), . . . ,θn(yn−1,z)}6 sup{θ1,θ2, . . . ,θn}(x,z).
Since each θi(x,y)6 sup{θ1,θ2, . . . ,θn}(x,y) for all x,y ∈ X.
Taking supremum over all y1, . . . ,yn−1 ∈ X which implies that
(θ1 ◦ θ2 ◦ · · · ◦ θn)(x,z)6 sup{θ1,θ2, . . . ,θn}(x,z). Now, we prove the reverse inequality
sup{θ1,θ2, . . . ,θn}6 θ1 ◦ θ2 ◦ · · · ◦ θn. Since θ1 ◦ θ2 ◦ · · · ◦ θn is a fuzzy congruence relation, it is
fuzzy reflexive.
Therefore, for any x,z ∈ X θi(x,z) 6 (θ1 ◦ θ2 ◦ · · · ◦ θn)(x,z) for each i = 1,2, . . . ,n. This is
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because we can take y1 = y2 = · · · = yn−1 = z when i = 1, y1 = x,y2 = · · · = yn−1 = z when
i = 2, and similarly for other indices, using the fuzzy reflexivity property θj(a,a) = 1 for all
j. To show θ1(x,z) 6 (θ1 ◦ θ2 ◦ · · · ◦ θn)(x,z), take y1 = z and y2 = · · · = yn−1 = z. Then
min{θ1(x,z),θ2(z,z),θ3(z,z), . . . ,θn(z,z)}= min{θ1(x,z),1,1, . . . ,1}= θ1(x,z). Thus, (θ1 ◦ θ2 ◦
· · · ◦ θn)(x,z)> θ1(x,z). Similarly, we can show this for each θi.
Hence, for each i= 1,2, . . . ,n and for all x,z∈X θi(x,z)6 (θ1 ◦θ2 ◦ · · · ◦θn)(x,z), which implies
sup{θ1,θ2, . . . ,θn}(x,z)6 (θ1 ◦ θ2 ◦ · · · ◦ θn)(x,z).
Therefore, θ1 ◦ θ2 ◦ θ3 ◦ · · · ◦ θn = sup{θ1,θ2,θ3, . . . ,θn}.

Theorem 3.2.6. A fuzzy relation θ is fuzzy congruence on a pseudo-TM algebra X if and only if

for each t ∈ [0,1], the non-empty subset U(θ,t) is a congruence relations.

Proof. Assume that θ is a fuzzy congruence on X. We need to show that for each t ∈ [0,1], the set

U(θ,t) = {(x,y) ∈ X×X | θ(x,y)> t}

is a congruence relation on X, i.e., an equivalence relation that is compatible with � and ?.

(i) Reflexivity. Let t ∈ [0,1] be such that U(θ,t) 6= ∅. Let x,y ∈ X such that (x,y) ∈ U(θ, t).
Then ψ(x,y) > t. Since θ is fuzzy congruence relation, then we have t 6 ψ(x,y) 6 1 =

ψ(x,x). Which implies that (x,x) ∈U(θ, t),∀t ∈ [0,1]. Thus U(θ, t) is reflexive.

(ii) Symmetry. If (x,y) ∈U(θ,t), then θ(x,y)> t⇒ θ(y,x) = θ(x,y)> t⇒ (y,x) ∈U(θ,t).
So symmetry holds.

(iii) Transitivity. If (x,y),(y,z)∈U(θ,t), then θ(x,y)> t, θ(y,z)> t. From fuzzy transitivity
θ(x,z)> min{θ(x,y),θ(y,z)}> t⇒ (x,z) ∈U(θ,t). So transitivity holds.

(iv) Compatibility with operations. Let (x1,y1),(x2,y2)∈U(θ,t), so θ(x1,y1)> t, θ(x2,y2)>

t. Since θ is a fuzzy congruence, we have θ(x1� x2,y1�y2)> min{θ(x1,y1),θ(x2,y2)}>

t. So, (x1 � x2,y1 � y2) ∈ U(θ,t) and θ(x1 ? x2,y1 ? y2) > min{θ(x1,y1),θ(x2,y2)} > t.
So, (x1 ? x2,y1 ? y2) ∈ U(θ,t). Hence, for each t ∈ [0,1], U(θ,t) is a crisp congruence
relation on X.

Conversely, assume a level subset U(θ, t) is a congruence relation on X . We need to show that
θ is a fuzzy congruence relation on X. Let t ∈ [0,1] be such that U(θ,t) 6= ∅. Let x ∈ X such
that (x,x) ∈ U(θ, t). Then θ(x,x) > t and take t = θ(x,x). Since U(θ, t) is a congruence relation
on X, we have 1 ∈ U(θ, t) such that 1 > t = θ(x,x). Similarly, we have θ(x,x) > 1. Hence,
θ(x,x) = 1. Let θ(x,y) = t, then (x,y) ∈ U(θ,t) and (y,x) ∈ U(θ,t). Because U(θ,t) is a
congruence relation on X. Thus θ(y,x)> t= θ(x,y). Similarly, we have θ(x,y)> θ(y,x). Hence,
θ(x,y) = θ(y,x). Let (x,y),(y,z) ∈ U(θ,t), then θ(x,y) = t1 and θ(y,z) = t2 and take t =
min {t1,t2}. Since U(θ,t) is a congruence relation, we have (x,z) ∈ U(θ, t). Then θ(x,z) >
t = min {t1, t2} = min{θ(x,y),θ(y,z)}. Assume that θ(x,y) = t, then (x,y) ∈ U(θ, t). Since,
U(θ, t) is a congruence relation on X , we have (x� z,y� z) and (x ? z,y ? z) ∈ U(θ, t). Then
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θ(x� z,y� z)> t= θ(x,y) implies that θ(x� z,y� z)> θ(x,y) and θ(x ? z,y ? z)> t= θ(x,y)
implies that θ(x ? z,y ? z) > θ(x,y). Similarly, θ(z� x,z� y) > t = θ(x,y) implies that θ(z�
x,z�y)> θ(x,y) and θ(z ? x,z ?y)> t= θ(x,y) implies that θ(z ? x,z ?y)> θ(x,y).Therefore,
θ is a fuzzy congruence relation on pseudo-TM algebra of X.

Theorem 3.2.7. A congruence relation θ is a fuzzy congruence relation on X if and only if its

characteristic function χθ is a fuzzy congruence relation on X.

Proof. Suppose that θ is a fuzzy congruence relation on X. We need to show that the characteristic
function χθ is a fuzzy congruence relation on X. Let χθ : X × X→ {0,1} be the characteristic
function of θ, defined as:

χθ(x,y) =

1, if (x,y) ∈ θ,

0, otherwise.

Suppose θ is a congruence relation. We show that χθ is a fuzzy congruence relation. To do this,
we verify that χθ satisfies the conditions of a fuzzy congruence:

(i) Fuzzy reflexivity. Since θ is reflexive, (x,x) ∈ θ⇒ χθ(x,x) = 1. Thus, χθ(x,x) = 1 for all
x ∈ X.

(ii) Fuzzy symmetry. If χθ(x,y) = 1, then (x,y)∈ θ⇒ (y,x)∈ θ⇒ χθ(y,x) = 1. So χθ(x,y) =
χθ(y,x).

(iii) Fuzzy transitivity. If χθ(x,y) = χθ(y,z) = 1, then (x,y),(y,z)∈ θ⇒ (x,z)∈ θ⇒ χθ(x,z) =
1. Hence, χθ(x,z)> min{χθ(x,y),χθ(y,z)}.

(iv) Compatibility with operations� and ?. Let χθ(x1,y1)=χθ(x2,y2)= 1⇒ (x1,y1),(x2,y2)∈
θ. Since θ is a congruence, (x1 � x2,y1 � y2), (x1 ? x2,y1 ? y2) ∈ θ⇒ χθ(x1 � x2,y1 �
y2) = χθ(x1 ? x2,y1 ? y2) = 1. So, χθ(x1 � x2,y1 � y2)> min{χθ(x1,y1),χθ(x2,y2)}, and
χθ(x1 ? x2,y1 ?y2)> min{χθ(x1,y1),χθ(x2,y2)}. Hence, χθ is a fuzzy congruence relation.
Conversely, suppose χθ is a fuzzy congruence relation. We must show that θ = {(x,y) ∈
X×X | χθ(x,y) = 1} is a crisp congruence relation.

(i) Reflexivity. For all x ∈ X, χθ(x,x) = 1⇒ (x,x) ∈ θ.

(ii) Symmetry. If (x,y) ∈ θ⇒ χθ(x,y) = 1⇒ χθ(y,x) = 1⇒ (y,x) ∈ θ.

(iii) Transitivity. If (x,y),(y,z) ∈ θ⇒ χθ(x,y) = χθ(y,z) = 1⇒ χθ(x,z) > min{1,1} = 1⇒
(x,z) ∈ θ.

(iii) Compatibility with operations. If (x1,y1),(x2,y2) ∈ θ⇒ χθ(x1,y1) = χθ(x2,y2) = 1. Then
χθ(x1 � x2,y1 � y2)> min{1,1} = 1⇒ (x1 � x2,y1 � y2) ∈ θ, and χθ(x1 ? x2,y1 ? y2)>

min{1,1}= 1⇒ (x1 ? x2,y1 ? y2) ∈ θ.

Hence, θ is a ongruence relation.
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Definition 3.2.3. Let θ be a fuzzy congruence relation on a pseudo-TM algebra X. For each x ∈ X,
define a fuzzy subset by θ[x](y) = θ(x,y) for any y ∈ X is called a fuzzy congruence relation

containing x. Hence, X/θ[x] be the set of all fuzzy congruence classes of θ[x].

Definition 3.2.4. Let θ be a fuzzy congruence relation on a pseudo-TM algebra X. Then the set

X/θ=
{
θ[x]/x ∈ X

}
is called quotient pseudo-TM algebra.

Definition 3.2.5. Let f : X→ Y be a mapping between pseudo-TM algebras. Let θ and ρ be fuzzy

congruence relations of X and Y, respectively. Then, the inverse image f−1(ρ) is a fuzzy subset on

X defined by

f−1 (ρ)(x,y) = ρ(f(x),f(y)),

for all x ∈ X. The image f(θ) of θ is a fuzzy relation on Y defined by

f(θ)(x,y) =

sup(a,b)∈f−1(x,y)θ(a,b) if f−1(x,y) 6= ∅,

0 in all other cases

for all x,y ∈ Y,xi,yi ∈ X.

Remark 3.2.2. For any fuzzy congruence θ on a pseudo-Tm algebra X satisfying θ ⊆ f−1(f(θ)).

If f is injective, then θ= f−1(f(θ)).

Theorem 3.2.8. Let f be a homomorphism from a pseudo-TM algebra X to a pseudo-TM algebra

Y. If θ is a fuzzy congruence relation on Y, then the inverse image f−1 (θ) is a fuzzy congruence

relation on X.

Proof. Suppose that θ is a fuzzy congruence relation on Y. We need to show that f−1 (θ) is a fuzzy
congruence relation on X.

1) Let x ∈ X. We have
f−1(θ)(x,x) = θ(f(x),f(x))

= 1

Hence f−1(θ) is reflexive.

2) Let x,y ∈ X. We have
f−1(θ)(x,y) = θ(f(x),f(y))

= θ(f(y),f(x))

= f−1(θ(y,x)).

Hence f−1(θ) is symmetric.

63



3) Let x,y ∈ X. We have

f−1(θ)(x,y) = θ(f(x),f(y))

> supz∈X {min {θ(f(x),f(z)),θ(f(z),f(y))}}

= supz∈X

{
min

{
f−1(θ)(x,z),f−1(θ)(z,y)

}}

Hence f−1(θ) is transitive

4) Let x,y,z,w ∈ X,it follows from Definition (3.2.2) that

f−1 (θ)(x� z,y�w) = θ(f(x� z,y�w))

= θ(f(x� z),f(y�w))

= θ(f(x)� f(z),f(y)� f(w))

> min {θ(f(x)� f(y)) ,θ(f(z)� f(w))}

= min {θ(f(x� y)) ,θ(f(z�w))}

= min
{
f−1 (θ)(x� y) ,f−1 (θ)(z�w)

}
.

and, f−1 (θ)(x ? z,y ?w) = θ(f(x ? z,y ?w))

= θ(f(x ? z),f(y ?w))

= θ(f(x) ? f(z),f(y) ? f(w))

> min {θ(f(x) ? f(y)) ,θ(f(z) ? f(w))}

= min {θ(f(x ? y)) ,θ(f(z ?w))}

= min
{
f−1 (θ)(x ? y) ,f−1 (θ)(z ?w)

}
.

Therefore, the relation f−1 (θ) is a fuzzy congruence relation on X.

Theorem 3.2.9. Let f be an epimorphism from a pseudo-TM algebra X to a pseudo-TM algebra Y.

If θ is a fuzzy congruence on X, then the image f(θ) is a fuzzy congruence relation on Y provided

that the sup property holds.

Proof. Let f be an epimorphism on a pseudo-TM algebra X into a pseudo-TM algebra Y . Suppose
that θ is a fuzzy congruence relation on X. We need to show that f(θ) is a fuzzy congruence relation
on Y. Let y ∈ Y, then

f(θ)(y,y) = sup
{
θ(x,x),x ∈ f−1(y) 6= ∅

}
= 1
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Let y1,y2 ∈ Y. Then

f(θ)(y1,y2) = sup
{
θ(x1,x2) , x1 ∈ f−1 (y1) ,x2 ∈ f−1 (y2)

}
= sup

{
θ(x2,x1) , x2 ∈ f−1 (y2) ,x1 ∈ f−1 (y1)

}
= f(θ)(y2,y1)

⇒f(θ)(y1,y2)

= f(θ)(y2,y1)

Next, we prove that f(θ) is fuzzy transitive. For any y1,y2 ∈ Y.

(f(θ) ◦ f(θ))(y1,y2) = sup
y3∈Y

{min {f(θ)(y1,y3), f(θ)(y3,y2)}}

= sup
y3∈Y

{
min

{
sup

x1∈f−1(y1)

θ(x1,x3), sup
x3∈f−1(y3)

θ(x3,x2)

}}

6 sup
y3∈Y

{
min

{
sup

x1∈f−1(y1)

{θ(x1,x3),θ(x3,x2) }

}}

6 sup
x1∈f−1(y1)

x2∈f−1(y2)

{
sup

x3∈f−1(y3)

min{θ(x1,x3),θ(x3,x2)}

}

6 sup
x1∈f−1(y1)

x2∈f−1(y2)

θ(x1,x2) = f(θ)(y1,y2).

⇒ (f(θ) ◦ f(θ))(y1,y2)6 f(θ)(y1,y2).

Next, we need to show that f(θ) is left and right fuzzy compatible. let h1,h2,k1,k2 ∈ Y. Since f
is an epimorphism then there exists f1,f2,g1,g2 ∈ X such that f(fi) = hi and f(gi) = ki for all
i= 1,2.
Also θ satisfies sup property,we have :

θ(a,b) = sup
{
θ(t1,t2)/(t1,t2) ∈ f−1(h1,h2)

}
θ(c,d) = sup

{
θ(t1,t2)/(t1,t2) ∈ f−1(k1,k2)

}
.

It follows that
f(θ(h1 � k1,h2 � k2))> θ((a,b)� (c,d)) = θ(a� c,b� d)

>min {θ(a,b),θ(c,d)}

=min
{
sup
{
θ(t1,t2)/(t1,t2) ∈ f−1(h1,h2)

}
,sup

{
θ(t1,t2)/(t1,t2) ∈ f−1(k1,k2)

}}
=min {f(θ(h1,h2)),f(θ(k1,k2))} .
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and f(θ(h1 ? k1,h2 ? k2))> θ((a,b) ? (c,d)) = θ(a ? c,b ? d)

>min {θ(a,b),θ(c,d)}

=min
{
sup
{
θ(t1,t2)/(t1,t2) ∈ f−1(h1,h2)

}
,sup

{
θ(t1,t2)/(t1,t2) ∈ f−1(k1,k2)

}}
=min {f(θ(h1,h2)),f(θ(k1,k2))} .

Hence, f(θ) is a fuzzy congruence relation on Y.

Theorem 3.2.10. Let f be an epimorphism from a pseudo-TM algebra X to a pseudo-TM algebra

Y. If θ is a fuzzy congruence on Y, then X/f−1(θ) ∼= Y/θ.

Proof. Suppose that θ is a fuzzy congruence on Y. We need to show that X/f−1(θ) ∼= Y/θ.
By Theorem 3.2.8 we have f−1(θ) is a fuzzy congruence on Y. Also, X/f−1(θ) and Y/θ are
pseudo-TM algebras. Now, define a map h : X/f−1(θ) −→ Y/θ by h(f−1(θ)(x)) = θ(f(x)) for
x ∈ X. We need to show that

(i) h is well defined and is one to one.

(ii) h is a homomorphism.

(iii) h is onto.

Let x,y ∈ X such that f−1(θ)(x) = f−1(θ)(y). Then

(i)
f−1(θ)(x) = f−1(θ)(y)⇔ f−1(θ)(x,y) = f−1(θ)(0,0)

⇔ f−1(θ)(x,y) = f−(θ)(0,0)

⇔ θ(f(x),f(y)) = θ(f(0),f(0))

⇔ θ(f(x)) = θ(f(y))

⇔ h(f−1(θ)(x)) = h(f−1(θ)(y))

This shows that h is well defined and one-to-one.

(ii) To show h is homomorphism; let f−1(θ)(x),f−1(θ)(y) ∈ X/f−1(θ). Then,

h
(
f−1(θ)(x)� f−1(θ)(y)

)
= h

(
f−1(θ)(x� y)

)
= θ(f(x� y))

= θ(f(x)� f(y))

= θ(f(x))� θ(f(y))

= h(f−1(θ)(x))� h(f−1(θ)(y))
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and
h
(
f−1(θ)(x) ? f−1(θ)(y)

)
= h

(
f−1(θ)(x ? y)

)
= θ(f(x ? y))

= θ(f(x) ? f(y))

= θ(f(x)) ? θ(f(y))

= h(f−1(θ)(x)) ? h(f−1(θ)(y)

Hence, h : X/f−1(θ)−→ Y/θ is homomorthetasm.

(iii) To show h is onto. Let θ(y) ∈ Y/θ for some y ∈ Y. Since, f is onto there exists x ∈ X such
that f(x) = y. Then, h(f−1(θ)(x)) = θ(f(x)) = θ(y). This shows that h is onto. Hence, h is
an isomorthetasm.
Therefore, X/f−1(θ) ∼= Y/θ.

Theorem 3.2.11. Let f be an endomorphism of X. If θ1 be a fuzzy congurence relation on a pseudo

TM-algebra X, then θ is defined by θ(x,y) = θ1(f(x),f(y)) is a fuzzy congurence relation on X.

Proof. Suppose that θ1 be a fuzzy congurence relation on a pseudo TM-algebra X. We need to
show that θ(x,y) = θ1(f(x),f(y)) is a fuzzy congurence relation on X. By routine calculation θ is
well-defined. Let x,y,z,u,v ∈ X.

1. θ(x,x) = θ1(f(x),f(x)) = 1

2. θ(x,y) = θ1(f(x),f(y)) = θ1(f(y),f(x)) = θ(y,x)

3. θ(x,y) = θ1(f(x),f(y))> min[θ1(f(x),f(z)),θ1(f(z),f(y))] = min[θ(x,z),θ(z,y)]

4. θ(x� u,y� u) = θ1(f(x� u),f(y� u))
= θ1(f(x)� f(u),f(y)� f(u))
> θ1(f(x),f(y)) = θ(x,y)
Similarly, θ(v� x,v� y) = θ1(f(v� x),f(v� y))
= θ1(f(v)� f(x),f(v)� f(y))
> θ1(f(x),f(y)) = θ(x,y)

5. θ(x ? u,y ? u) = θ1(f(x ? u),f(y ? u))
= θ1(f(x) ? f(u),f(y) ? f(u))
> θ1(f(x),f(y)) = θ1(x,y).
Similarly, θ(v ? x,v ? y) = θ1(f(v ? x),f(v ? y))
= θ1(f(v) ? f(x),f(v) ? f(y))
> θ1(f(x),f(y)) = θ(x,y).
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Theorem 3.2.12. Let θ and ρ be a fuzzy congruence relations on a pseudo-TM algebra X and

assume that θ⊆ ρ. Then X
θ/

ρ
θ
∼= X
ρ .

Proof. Suppose that θ and ρ be a fuzzy congruence relations on a pseudo-TM algebraX and assume
that θ⊆ ρ. To show that Xθ/

ρ
θ
∼= X
ρ . Now, we have consider the following conditions. Consider, the

map h : X/θ→ X/ρ by h
(
θ[x]
)
= ρ[x], for all x ∈ X.

(i) We need to show that h is well defined.
Assume that θ[x] = θ[y], for all x,y ∈ X, then θ(x,y) = 0. By assumption θ ⊆ ρ, thus
ρ(x,y)> θ(x,y) = 0, so ρ(x,y) = 0. It implies that ρ[x] = θ[y].
Hence h is well defined.

(ii) To show that h is homomorphism.
Let x,y ∈ X, we have: h(θ[x] � θ[y]) = h(θ[x�y]) = ρ[x�y] = ρ[x] � ρ[y] = h(θ[x])� h(θ[y]),
and h(θ[x] ? θ[y]) = h(θ[x?y]) = ρ[x?y] = ρ[x] ? ρ[y] = h(θ[x]) ? h(θ[y]).
Hence, h is a homomorphism.

(iii) To show that h is an epimorphism.
For any ρ[x] ∈ X/ρ, there exist θ[x] ∈ X/θ such that h(θ[x]) = ρ[x], so h is an epimorphism.

(iv) To show ker (h) = ρ/θ. Now,

ker(h) =
{
θ[x] ∈ X/θ | h

(
θ[x]
)
= ρ[0]

}
=
{
θ[x] ∈ X/θ | ρ[x] = ρ[0]

}
=
{
θ[x] ∈ X/φ | ρ(x,0) = 1

}
=
{
θ[x] ∈ X/θ | ρ(0,x) = 1

}
=
{
θ[x] ∈ X/θ | ρ[x] ∈ X/ρ

}
= ρ/θ.

Therefore, (
X

θ

)
/
(ρ
θ

)
∼=
X

ρ
.

3.3. Fuzzy Congruence Relations Induced by Fuzzy Pseudo-
ideal

In this section, we discuss the new notions concerning the relationship between fuzzy pseudo-ideals
and fuzzy congruence relations of pseudo-TM algebras and investigate some important results.
Moreover, we discuss the relationship between fuzzy permutable congruence relations and fuzzy
pseudo-ideals of a TM-algebra.
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Theorem 3.3.1. If θ be a fuzzy congruence relation in a pseudo-TM algebra, then θ[0] is a fuzzy

pseudo-ideal of X.

Proof. Suppose that θ be a fuzzy congruence relation in a pseudo-TM algebra. We need to show
that θ[0] is a fuzzy pseudo-ideal of X. Let x,y ∈ X. Since by Theorem (3.2.1) we have θ(0,0) =
1 > θ(x,y). It implies that θ[0](0)> θ(x,y). If y= 0, then θ[0](0)> θ(x,0) = θ(0,x) = θ[0](x). It
follows that θ[0](0)> θ[0](x). On the other hands

θ[0](x) = θ(0,x)> {θ(0,y),θ(y,x)}

=min
{
θ[0](y),θ(y ? x,0),θ(y� x,0

}
)

=min
{
θ[0](y),θ(0,y ? x),θ(0,y� x

}
)

=min
{
θ[0](y),θ[0](y ? x),θ[0](y� x

}
)

=min
{
θ[0](y),θ[0](x ? y),θ0(x� y

}
)

Therefore, θ[0](x)>min
{
θ
[0]
(y),θ[0](x ? y),θ[0](x� y

}
)

Definition 3.3.1. Let θ and ρ be a fuzzy congruence relations on a pseudo-TM algebra X. Then θ

and ρ are said to be permutable fuzzy congruence relation if θ ◦ ρ= ρ ◦ θ.

Definition 3.3.2. A fuzzy congruence relation of a pseudo-TM algebra X is called permutable if

every pair of congruence relation are permutable.

Example 3.3.1. Let X = {0,1,2} be a finite pseudo-TM algebra with operations � and ? defined

by:

� 0 a b

0 0 a b

a a a b

b b a b

? 0 a b

0 0 0 0
a a 0 0
b b 0 0

Table 3.4

See[57] (X; �,?,0) is a pseudo TM-algebra. Now define two fuzzy congruence relations θ1 and

θ2 on X×X:

θ1 0 a b

0 1 0.1 0
a 0 1 0.5
b 0 0.5 1

θ2 0 a b

0 1 0 0.5
a 0 1 0
b 0.5 0 1

It can be verified that both θ2 and θ1 are valid fuzzy congruence relations for this pseudoalgebra.

To check if θ2 and θ1 permute, we must compute their compositions and verify that θ2 ◦θ1 = θ1 ◦θ2.
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Theorem 3.3.2. let θ1 and θ2 be any two fuzzy pseudo-ideals of X. If θ1 and θ2 are a fuzzy

congruence permutable relation on X, then θ1 ◦ θ2 is a fuzzy congruence relation on X.

Proof. Suppose that θ1 and θ2 be fuzzy congruence permutable relations on X. We need to show
that θ1 ◦ θ2 be a fuzzy congruence relation on X.

1) Let x ∈ X. We have

(θ1 ◦ θ2)(x,x) = supz∈Xmin {θ1(x,x),θ2(x,x)}

>min {1,1}

= 1.

It follows that (θ1 ◦ θ2)(x,x)> 1. But (θ1 ◦ θ2)(x,x)6 1.
Hence, (θ1 ◦ θ2)(x,x) = 1.
Therefore, θ1 ◦ θ2 is reflexive.

2) Let x,y ∈ X. We have

(θ1 ◦ θ2)(x,y) = supz∈Xmin {θ1(x,y),θ2(x,y)}

= supz∈Xmin {θ2(z,y),θ1(x,z)}

= (θ2 ◦ θ1)(y,x)

= (θ1 ◦ θ2)(y,x) by permutablity.

Hence, θ1 ◦ θ2 is symmetric.

3) Let x,y,z ∈ X. We have

(θ1 ◦ θ2)(x,z) = supy∈Xmin {θ1(x,y),θ2(y,z)}

> supy∈Xmin {min {θ1(x,z),θ1(z,y)} ,min {θ2(y,y),θ1(y,z)}}

= supy∈Xmin {min {θ1(x,z),θ2(y,z)} ,min {θ1(z,y),θ2(y,y)}}

= supy∈Xmin {min {θ1(x,z),θ2(y,z)} ,min {θ1(y,z),θ2(y,y)}}

> supy∈Xmin {min {θ1(x,z),θ2(y,z)} ,min {θ1(y,z),θ2(z,y)}}

= supy∈Xmin {supz∈Xmin {θ1(x,z),θ2(y,z)} ,supz∈Xmin {θ1(y,z),θ2(z,y)}}

= supy∈Xmin {θ1 ◦ θ2(x,y),θ1 ◦ θ2(y,y)}

>min {θ1 ◦ θ2(x,y),θ1 ◦ θ2(y,y)}

>min {θ1 ◦ θ2(x,y),θ1 ◦ θ2(y,z)}

Hence, (θ1 ◦ θ2)(x,z)>min {θ1 ◦ θ2(x,y),θ1 ◦ θ2(y,z)}
Therefore, θ1 ◦ θ2 is transitive.
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4) Let x,y,z,w ∈ X. We have

(θ1 ◦ θ2)(x� z,y�w) = supu∈Xmin {θ1(x� z,u),θ2(u,y�w)}

> supa,b∈Xmin {θ1(x� z,a� b),θ2(a� b,y�w)}

> supa,b∈Xmin {min {θ1(x,a),θ1(z,b)} ,min {θ2(a,y),θ2(b,w)}}

>min {supa∈Xmin {θ1(x,a),θ2(a,y)} ,supb∈Xmin {θ2(z,b),θ2(b,w)}}

=min {θ1 ◦ θ2(x,y),θ1 ◦ θ2(z,w)}

and

(θ1 ◦ θ2)(x ? z,y ?w) = supz∈Xmin {θ1(x ? z,u),θ2(u,y ?w)}

> supa,b∈Xmin {θ1(x ? z,a ? b),θ2(a ? b,y ?w)}

> supa,b∈Xmin {min {θ1(x,a),θ1(z,b)} ,min {θ2(a,y),θ2(b,w)}}

>min {supa∈Xmin {θ1(x,a),θ2(a,y)} ,supb∈Xmin {θ2(z,b),θ2(b,w)}}

=min {θ1 ◦ θ2(x,y),θ1 ◦ θ2(z,w)}

Therefore, θ1 ◦ θ2 is a fuzzy congruence relation on a pseudo-TM algebra X.

Theorem 3.3.3. Let θ1, θ2, and θ3 be a fuzzy congurence relation on a pseudo TM-algebra X.

Then θ1 ◦ (θ2 ∩ θ3)6 (θ3 ◦ θ2)∩ (θ1 ◦ θ3).

Proof. Assume that θ1,θ2, and θ3 be a fuzzy congurence relation on a pseudo TM-algebra X. We
need to show θ1 ◦ (θ2 ∩ θ3)6 (θ3 ◦ θ2)∩ (θ1 ◦ θ3). Let (x,y) ∈ X×X. Then

[θ1 ◦ (θ2 ∩ θ3)](x,y) = sup
z∈X

{min {θ1(x,z),(θ2 ∩ θ3)(z,y)}}

= sup
z∈X

{min {θ1(x,z),min{θ2(z,y),θ3(z,y)}}}

6 min

{
sup
z∈X

{min {θ1(x,z),θ2(z,y)}}, sup
z∈X

{min[θ1(x,z),θ3(z,y)]}

}
= min{(θ1 ◦ θ2)(x,y),(θ1 ◦ θ3)(x,y)}

= {(θ1 ◦ θ2)∩ (θ1 ◦ θ3)}(x,y).

Therefore, θ1 ◦ (θ2 ∩ θ3)6 (θ3 ◦ θ2)∩ (θ1 ◦ θ3)
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Chapter 4
Hesitant Fuzzy Subset on Pseudo-TM

algebra
In the study of algebraic structures, a TM algebra is a specific type of algebraic system character-
ized by certain operations and properties. A subalgebra of a TM algebra is a subset that itself forms
a TM algebra under the same operations. When uncertainty or hesitation is involved in determin-
ing membership of elements in these subalgebras, classical fuzzy sets may not fully capture this
ambiguity. In such cases, hesitant fuzzy sets provide a more suitable framework. Hesitant fuzzy set
theory is applied to many scientific and engineering fields, and also applied to algebraic structures.
Unlike standard fuzzy sets, hesitant fuzzy sets allow the membership degree of an element to be
represented by a set of possible values rather than a single number. This approach models situa-
tions where there is hesitation or indecision about the exact membership degree. A hesitant fuzzy
TM-subalgebra is thus a generalization of fuzzy TM-subalgebra defined with hesitant fuzzy sets.
It assigns to each element a set of membership degrees reflecting hesitation, providing a richer and
more flexible framework to handle uncertainty in TM algebraic structures. Studying hesitant fuzzy
TM-subalgebras helps in better understanding and modeling complex systems where ambiguity or
multiple perspectives on membership are natural.
In this section, the notions of hesitant fuzzy TM-subalgebra of a TM-algebras, hesitant fuzzy T-
ideals of TM algebras, the concept of hesitant fuzzy sets(HFS) applied to pseudo-TM subalge-
bra(PTMS) in pseudo-TM algebra(PTMA), the notions of hesitant fuzzy pesudo ideal of a pseudo
TM-algebras, and some intersting properties are introduced.

4.1. Hesitant Fuzzy TM-Subalgebra of TM-algebra

In this section, we introduce the concepts of hesitant fuzzy TM-subalgebras of TM algebras and
presents some interesting properties. Let X, Y denote a TM-algebras, let P([0,1]) denote the power
set of [0,1], let A and B are a non-empty asubset of a TM-algebras X and Y respectively unless
otherwise specfied throughout this and the following section.

Definition 4.1.1. Let X be a TM-algebra. Given a non-empty subset S of X, a hesitant fuzzy set on

X satisfying

HX = {(x,hX(x)) | x ∈ X} and
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hX(x) = ∅ for all x /∈ S

this is called a hesitant fuzzy set related to S (briefly, S-hesitant fuzzy set) on X, and is represented

by HS = {(x,hS(x)) | x ∈ X}, where hS is a mapping from X to P[0,1] with hS(x) = ∅ for all x /∈ S.

Definition 4.1.2. A hesitant fuzzy setH= {(x,h(x)) |x ∈ X} is called a hesitant fuzzy TM-subalgebra

of a TM algebra X if
(∀x,y ∈ X)(h(x)∩ h(y))⊆ h(x ? y).

Definition 4.1.3. A non-empty subset S of a TM-algebra X is called an A hesitant fuzzy subalgebra

of X related to S, HS = {(x,hS(x)) |x ∈ X} if it satisfies the following condition:

(∀x,y ∈ S)(hS(x)∩ hS(y))⊆ hS(x ? y).

An S-hesitant fuzzy subalgebra of X with S= X is called a hesitant fuzzy subalgebra of X.

Example 4.1.1. Let X= {0,1,2,3,4} with the following Cayley table:

? 0 1 2 3 4
0 0 4 3 2 1
1 1 0 4 3 2
2 2 1 0 4 3
3 3 2 1 0 4
4 4 3 2 1 0

Table 4.1

See [43] (X,?,0) is a TM algebra. We define the hesitant fuzzy set H= {(x,h(x))} on X as follows
h(0) = {0.1,0.3} ,h(1) = h(2) = h(3) = h(4) = {0.3} .
Then h is a hesitant fuzzy TM-subalgebra of X.

Theorem 4.1.1. Let H= {(x,h(x)) |x ∈ X} be a hesitant fuzzy TM-subalgebra of a TM-algebra X,

then the following property holds:

(∀x ∈ X)h(x)⊆ h(0).

Proof. Suppose that H= {(x,h(x)) |x ∈ X} be a hesitant fuzzy TM-subalgebra of a TM algebra X.
We need to show that (∀x ∈ X)h(x)⊆ h(0). For any x ∈ X, we have

h(0) = h(x ? x)⊇ h(x)∩ h(x) = h(x).

Corollary 4.1.2. Let X be a TM-algebra. If H =
{(
x,h(x)

)
|x ∈ X

}
be a hesitant fuzzy TM-

subalgebra of a TM -algebra X, then for all x,y ∈ X|h(x)∩ h(y)⊆ h(x ? (0 ? y)).
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Proof. Suppose that H =
{(
x,h(x)

)
|x ∈ X

}
be a hesitant fuzzy TM-subalgebra of a TM -algebra

X. We need to show that for all x,y ∈ X|h(x)∩ h(y)⊆ h(x ? (0 ? y)). Now,

h(x ? (0 ? y)) ⊇ h(x)∩ h(0 ? y)

⊇ h(x)∩ h(0)∩ h(y)

⊇ h(x)∩ h(y)

Definition 4.1.4. The characteristic hesitant fuzzy set (CHFS) of a subset S of a set X is defined to

be the structure χS = (x,hχS), where

hχS(x) =

[0,1] if x ∈ S

∅ otherwise

Corollary 4.1.3. In a non-empty subset S of X, hχS(0)⊇ hχS(x), for all x ∈ X.

Proof. Suppose that S is a non-empty subset of X. If 0 ∈ S, then hχS(0) = [0,1]. Thus, hχS(0) =
[0,1] ⊇ hχS(x) for all x ∈ X. Also, if 0 /∈ S hχS(0) = ∅. Then hχS(0) = ∅ ⊆ hχS(x) for all
x ∈ X.

Theorem 4.1.4. A non-empty subset S of a TM-algebra (X,?,0) is a TM-subalgebra of X if and

only if the (CHFS χS) is a hesitant fuzzy TM-subalgebra of X.

Proof. Assume that S is a subalgebra of a TM-algebra X. We need to show that(CHFS χS) is a
hesitant fuzzy TM-subalgebra of X. Let x,y ∈ X.

Case 1: If x,y ∈ S, then hχS(x) = [0,1] and hχS(y) = [0,1]. Thus, hχS(x) ∩ hχS(y) = [0,1]. Since
S is a subalgebra of X. Then x ? y ∈ S and thus, hχS(x ? y) = [0,1]. Then hχS(x ? y) =
[0,1]⊇ [0,1] = hχS(x)∩ hχS(y).

Case 2: If x ∈ S and y /∈ S, then hχS(x) = [0,1] and hχS(y) = ∅. Thus, hχS(x)∩ hχS(y) = ∅. Then
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).

Case 3: If x /∈ S and y ∈ S, then hχS(x) = ∅ and hχS(y) = [0,1]. Thus, hχS(x)∩ hχS(y) = ∅. Then
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).

Case 4: If x /∈ S and y /∈ S, then hχS(x) = ∅ and hχS(y) = ∅. Thus, hχS(x) ∩ hχS(y) = ∅. So,
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).
Therefore, χS is a hesitant fuzzy TM-subalgebra of X.
Conversely, assume that χS is a hesitant fuzzy TM-subalgebra of X. We need to show that
S is a TM-subalgebra of X. Let x,y ∈ S. Then hχS(x) = [0,1] and hχS(y) = [0,1]. Thus,
hχS(x ? y)⊇ hχS(x)∩ hχS(y) = [0,1], so hχS(x ? y) = [0,1].
Hence, x ? y ∈ S. Therefore, S is a subalgebra of X.
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Theorem 4.1.5. If H = {(x,h(x)) |x ∈ X} is a hesitant fuzzy TM-subalgebra of a TM-algebra

(X,?,0), then the set Xh = {x ∈ X | h(x) = h(0)} is a subalgebras of X.

Proof. Suppose that H = {(x,h(x)) |x ∈ X} is a hesitant fuzzy TM-subalgebra of a TM-algebra
(X,?,0). We need to show that Xh = {x ∈ X | h(x) = h(0)} is a subalgebras of X. Our aim is
we need to show that if x,y ∈ Xh, then x ? y ∈ Xh. We need to show that 0 ∈ Xh. Now, h(0) =
h(0)⇒ 0 ∈ Xh. We need to show that Xh is closed under ?. Take any x,y ∈ Xh, i.e., h(x) =
h(0) and h(y) = h(0). We want to show that h(x ? y) = h(0). We use the hesitant fuzzy
subalgebra condition h(x ? y) ⊇ h(x) ∩ h(y). But, h(x) = h(0) and h(y) = h(0). So, h(x) ∩
h(y) = h(0)⇒ h(x ?y)⊇ h(0). Also, by the property of the hesitant fuzzy subalgebra h(x ?y)⊆
h(0). So, we have both h(x ? y) ⊆ h(0) and h(x ? y) ⊇ h(0). Therefore, h(x ? y) = h(0)⇒
x ? y ∈ Xh.

Corollary 4.1.6. Let X be a TM-algebra. Let H = {(x,h(x)) |x ∈ X} be a hesitant fuzzy TM-

subalgebra of a TM -algebra X. Then h(y)⊆ h(x ? y)) if and only if h(x) = h(0).

Definition 4.1.5. Let h : X→ P[0,1]. For any Λ ∈ P[0,1], the sets U(h,Λ) = {x ∈ X | h(x) ⊇ Λ}
and U+(h,Λ) = {x∈X | h(x)⊃Λ} are called an upperΛ-level subset and an upperΛ-strong level

subset of h respectively. The sets L(h,Λ) = {x∈X | h(x)⊆Λ} and L−(h,Λ) = {x∈X | h(x)⊂Λ}
are called a lower Λ-level subset and a lower Λ-strong level subset of h respectively. The set

E(h,Λ) = {x ∈ X | h(x) =Λ} is called an equal Λ-level subset of h. Then U(h,Λ) = U+(h,Λ)∪
E(h,Λ) and L(h,Λ) = L−(h,Λ)∪ E(h,Λ).

Theorem 4.1.7. A hesitant fuzzy set H = {(x,h(x)) |x ∈ X} on a TM-algebra (X,?,0) is a hesitant

fuzzy TM-subalgebra of X if and only if for all Λ ∈ P[0,1], the non-empty subset U(h,Λ) of X is a

subalgebra.

Proof. Suppose thatH is a hesitant fuzzy TM-subalgebra of X. We need to show that U(h,Λ) of X
is a subalgebra. Let Λ ∈ P[0,1] such that U(h,Λ) 6= ∅ and let x,y ∈ U(h,Λ). Then h(x)⊇Λ and
h(y)⊇Λ. Since H is a hesitant fuzzy TM-subalgebra of X, we have h(x ? y)⊇ h(x)∩ h(y)⊇Λ
and thus x ? y ∈ U(h,Λ). Thus, U(h,Λ) is a subalgebra of X.
Conversely, assume that for every Λ ∈ P[0,1], the nonempty subset U(h,Λ) is subalgebra of X.
We need to show that H is a hesitant fuzzy TM-subalgebra of X. Let x,y ∈ X. Choose Λ =

h(x) ∩ h(y) ∈ P[0,1]. Then h(x) ⊇ Λ and h(y) ⊇ Λ. Thus, x,y ∈ U(h,Λ) 6= ∅. By assumption,
U(h,Λ) is a subalgebra of X and thus x ?y∈U(h,Λ). So, h(x ?y)⊇Λ=h(x)∩h(y). Therefore,
H is a hesitant fuzzy TM-subalgebra of X.

Theorem 4.1.8. Let h1 and h2 be two hesitant fuzzy TM-subalgebra of a TM-algebra X. Then

h1 ∩ h2 is a hesitant fuzzy TM-subalgebra of X.

Proof. Assume that h1 and h2 be a hesitant fuzzy TM-subalgebras of a TM-algebra X. We need to
show that (h1 ∩ h2)(x ? y)⊇ (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y), for all x,y ∈ X.
We need to consider the following three cases:

75



Case (i). h1(x ? y)⊆ h2(x ? y). By Definition 1.2.3

(h1 ∩ h2)(x ? y) =
{
h ∈ (h1(x ? y)∩ h2(x ? y)) | h6 min

(
h+1 (x ? y),h

+
2 (x ? y)

)}
=
{
h ∈ h1(x ? y) | h6 min

(
h+1 (x ? y),h

+
1 (x ? y)

)}
⊇
{
h ∈ (h1(x)∩ h1(y)) | h6 min

(
h+1 (x ? y),h

+
1 (x ? y)

)}
⊇
{
h ∈ ((h1 ∩ h2)(x)∩ (h1 ∩ h2)(y)) | h6 min

(
(h1 ∩ h2)

+(x),(h1 ∩ h2)
+(y)

)}
= (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).

Case (ii). h1(x ? y)⊇ h2(x ? y)

(h1 ∩ h2)(x ? y) =
{
h ∈ (h1(x ? y)∩ h2(x ? y)) | h6 min

(
h+1 (x ? y),h

+
2 (x ? y)

)}
=
{
h ∈ h2(x ? y) | h6 min

(
h+2 (x ? y),h

+
2 (x ? y)

)}
⊇
{
h ∈ (h2(x)∩ h2(y)) | h6 min

(
h+2 (x),h

+
2 (y)

)}
⊇
{
h ∈ ((h1 ∩ h2)(x)∩ (h1 ∩ h2)(y)) | h6 min

(
(h1 ∩ h2)

+(x),(h1 ∩ h2)
+(y)

)}
= (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).

Case (iii). h1(x ? y)≈ h2(x ? y)

(h1 ∩ h2)(x ? y) = h1(x ? y)∩ h2(x ? y)

≈ h1(x ? y)

⊇ h1(x)∩ h1(y)

⊇ (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).

Corollary 4.1.9. If {hi | i ∈ I} is a family of hesitant fuzzy TM-subalgebra of a TM-algebra (X,?,0),
then ∩ı∈Ihi is a hesitant fuzzy TM-subalgebra of X.

Remark 4.1.1. The union of two hesitant fuzzy TM-subalgebra of a TM-algebra does not need to

be a hesitant fuzzy TM-subalgebra. This is illustrated in the following example:

Example 4.1.2. Consider a TM-algebra defined in Example 4.1.1.
Let h1 and h2 be two hesitant fuzzy sets in Z defined by

h1(x) =

{0.4,0.5,0.6} if x is odd

{0.7,0.8,0.9} if x is even,
and h2(x) =

{0.8,0.9} if x= 7n,n ∈Z

{0.4,0.5} otherwise.

By Definition 4.1.2, h1 and h2 are a hesitant fuzzy TM-subalgebra of Z. Now, taking x = 7 and

y= 2. By Definition 1.2.3. We have
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(h1 ∪ h2)(7 − 2) = (h1 ∪ h2)(5)

=
{
h ∈ (h1(5)∪ h2(5)) | h> max

(
h−1 (5),h

−
2 (5)

)}
= {0.4,0.5,0.6} . But(h1 ∪ h2)(7)∩ (h1 ∪ h2)(2) = {0.8,0.9}.

Therefore, (h1 ∪ h2)(7−2)) (h1 ∪ h2)(7)∩ (h1 ∪ h2)(2). Hence, h1∪h2 is not a hesitant fuzzy

TM-subalgebra of Z.

Theorem 4.1.10. Let h1 and h2 be two hesitant fuzzy TM-subalgebra of a TM-algebra X. Then

h1 ⊗ h2 and h1 ⊕ h2 are a hesitant fuzzy TM-subalgebra of X.

Proof. Assume that h1 and h2 be a hesitant fuzzy TM-subalgebras of a TM-algebra X. We need to
show that (h1 ⊗ h2)(x ? y) ⊇ (h1 ⊗ h2)(x) ∩ (h1 ⊗ h2)(y), for all x,y ∈ X. By Definition 1.2.3
we have

(h1 ⊗ h2)(x)∩ (h1 ⊗ h2)(y)

=
{⋃

γ1γ2 : γ1 ∈ h1(x),γ2 ∈ h2(x)
}

∩
{⋃

λ1λ2 : λ1 ∈ h1(y),λ2 ∈ h2(y)
}

= {α1α2 : α1 ∈ h1(x)∩ h1(y),α2 ∈ h2(x)∩ h2(y)}

⊆ {α1α2 : α1 ∈ h1(x ? y),α2 ∈ h2(x ? y)}

= (h1 ⊗ h2)(x ? y).

Therefore, h1 ⊗ h2 is a hesitant fuzzy TM-subalgebra of X.
and

(h1 ⊕ h2)(x)∩ (h1 ⊕ h2)(y)

=
{⋃

γ1 + γ2 − γ1γ2 : γ1 ∈ h1(x),γ2 ∈ h2(x)
}

∩
{⋃

λ1 + λ2 − λ1λ2 : λ1 ∈ h1(y),λ2 ∈ h2(y)
}

= {α1 +α2 −α1α2 : α1 ∈ h1(x)∩ h1(y),α2 ∈ h2(x)∩ h2(y)}

⊆ {α1α2 : α1 ∈ h1(x ? y),α2 ∈ h2(x ? y)}

= (h1 ⊕ h2)(x ? y).

Therefore, h1 ⊕ h2 is a hesitant fuzzy TM-subalgebra of X.

Theorem 4.1.11. If h : X→ P[0,1] is a hesitant fuzzy TM-subalgebra of a TM-algebra X. Then

1) (α-upper bounded) h+α is a hesitant furzy TM-subalgebra of X.

2) (α-lower bounded) h−α is a hesitant fuzzy TM-subalgebra of X.

Proof. Assume that h(x) is a hesitant TM-subalgebra of X. Let x,y ∈ X. By Definition(1.2.3) we
have:
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1) h+α(x ? y) = {h ∈ h(x ? y) : h> α}

⊇ {h ∈ h(x)∩ h ∈ h(y) : h> α}

= {h ∈ h(x) : h> α∩ h ∈ h(y) : h> α}

= {h ∈ h(x) : h> α}∩ {h ∈ h(y) : h> α}

= h+α(x)∩ h+α(y).

Therefore, h+α(x ? y)⊇ h+α(x)∩ h+α(y).
2) h−α(x ? y) = {h ∈ h(x ? y) : h6 α}

⊇ {h ∈ h(x)∩ h ∈ h(y) : h6 α}

= {h ∈ h(x) : h6 α∩ h ∈ h(y) : h6 α}

= {h ∈ h(x) : h6 α}∩ {h ∈ h(y) : h> α}

= h−α(x)∩ h−α(y).

Therefore, h−α(x ? y)⊇ h−α(x)∩ h−α(y).

Theorem 4.1.12. Let h be a hesitant fuzzy set on X. Then hc is a hesitant fuzzy TM-subalgebra of

X if and only if for all Λ ∈ P[0,1], a non-empty subset L(h,Λ) of X is a TM-subalgebra of X.

Proof. Suppose that hc is a hesitant fuzzy TM-subalgebra of X. We need to show that L(h,Λ) of
X is a TM-subalgebra of X. Let Λ ∈ P[0,1] such that L(h,Λ) 6= ∅ and let x,y ∈ L(h,Λ). Then
h(x) ⊆ Λ and h(y) ⊆ Λ. Since hc is a hesitant fuzzy TM-subalgebra of X, we have hc(x ? y) ⊇
hc(x)∩hc(y). By Definitions 1.2.2, we have [0,1] −h(x ?y)⊇ ([0,1] −h(x))∩ ([0,1] −h(y)) =
[0,1] − (h(x) ∪ h(y)). Hence, h(x ? y) ⊆ h(x) ∪ h(y) ⊆ Λ. Thus, x ? y ∈ L(h,Λ). Therefore,
L(h,Λ) is a TM-subalgebra of X.
Conversely, suppose that for all Λ ∈ P[0,1], a non-empty subset L(h,Λ) of X is a TM-subalgebra
of X. Let x,y∈ X. ChooseΛ= h(x)∪h(y) ∈ P[0,1]. Then h(x)⊆Λ and h(y)⊆Λ. Thus, x,y∈
L(h,Λ) 6=∅. By assumption, we have L(h,Λ) is a TM-subalgebra of X and thus, x ?y∈L(h,Λ).
Hence, h(x ? y)⊆Λ= h(x)∪ h(y).
By Definitions 1.2.2, we have

hc(x ? y) = [0,1] − h(x ? y)

⊇ [0,1] − (h(x)∪ h(y))

= ([0,1] − h(x))∩ ([0,1] − h(y))

= hc(x)∩ hc(y).

Therefore, hc is a hesitant fuzzy TM-subalgebra of X.
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Proposition 4.1.13. For a hesitant fuzzy set h on X, let h̃ be a hesitant fuzzy set on X defined by

h̃ : X→ P[0,1],x 7→

h(x) if x ∈ U(h,Λ),

∅ otherwise

where Λ ∈ P[0,1]\{∅}. If h is a hesitant fuzzy TM-subalgebra of X, then h̃ is also a hesitant fuzzy

TM-subalgebra of X.

Proof. Assume that h is a hesitant fuzzy TM-subalgebra of X. By Theorem 4.1.7 U(h,Λ) is a
subalgebra of X, for all Λ ∈ P[0,1] with U(h,Λ) 6= ∅. Let x,y ∈ X.
Case 1: If x ∈ U(h,Λ) and y ∈ U(h,Λ), then x ? y ∈ U(h,Λ). Thus

h̃(x ? y) = h(x ? y)⊇ h(x)∩ h(y) = h̃(x)∩ h̃(y).

Case 2: If x /∈ U(h,Λ) or y /∈ U(h,Λ), then h̃(x) = ∅ or h̃(y) = ∅.
Hence,

h̃(x ? y)⊇ ∅= h̃(x)∩ h̃(y).

Therefore, h̃ is a hesitant fuzzy TM-subalgebra of X.

Theorem 4.1.14. If hX = (x,hX(x)) and hY = (y,hY(y)) are two hesitant fuzzy TM-subalgebras

of TM-algebras X and Y, respectively, then the Cartesian product hX×hY is also an hesitant fuzzy

TM-subalgebra of X× Y.

Proof: Suppose that hX=(x,hX(x)) and hY =(y,hY(y)) are two hesitant fuzzy TM-subalgebras
of TM-algebras X and Y, respectively. We need to show that hX×hY is also an hesitant fuzzy TM-
subalgebra of X× Y. Let (x1,y1) ,(x2,y2) ∈ X× Y. By Definition (1.2.4) we have

h((x1,y1) ? (x2,y2)) = h((x1 ? x2) ,(y1 ? y2))

= hA (x1 ? x2)∩ hB (y1 ? y2)

⊇ (hA (x1)∩ hA (x2))∩ (hB (y1)∩ hB (y2))

= (hA (x1)∩ hB (y1))∩ (hA (x2)∩ hB (y2))

= h(x1,y1)∩ h(x2,y2) .

Hence, hA × hB is a hesitant fuzzy TM-subalgebra of X× Y.

Theorem 4.1.15. Let h be a hesitant fuzzy TM-subalgebra of a TM-algebra X and f be a homo-

morphism from a TM-algebra X to a TM-algebra Y. Then f(h) is a hesitant fuzzy TM-subalgebra

over Y.

Proof. Suppose that be a hesitant fuzzy TM-subalgebra of a TM-algebra X. We needc to show that
f(h) is a hesitant fuzzy TM-subalgebra over Y. Let y1,y2 ∈ Y. If f−1 (y1) = ∅ or f−1 (y2) = ∅, then
we have

f(h)(y1)∩ f(h)(y2) =∅.
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Therefore,

f(h)(y1 ? y2)⊇ f(h)(y1)∩ f(h)(y2) .

Hence, f(h) is a hesitant fuzzy TM-subalgebra of Y.
If f−1 (y1) 6= ∅ and f−1 (y2) 6= ∅, then f−1 (y1 ? y2) 6= ∅ . Let us assume that there exist x1,x2 ∈ X
such that x1 ∈ f−1 (y1) and x2 ∈ f−1 (y2). By Definition 1.2.5 we have

f(h)(y1 ? y2) =
⋃

x∈f−1(y1?y2)

h(x)

⊇ h(x1 ? x2)

⊇ [h(x1)∩ h(x2)] .

Therefore, f(h) is a hesitant fuzzy TM-subalgebra of Y.

Theorem 4.1.16. Let f be a homomorphism of TM-algebras. If H= (y,h(y)/y ∈ Y) is a hesitant

fuzzy TM-subalgebra of Y, then f−1(H) = (x,(h ◦ f)(x)) is a hesitant fuzzy TM-subalgebra of X.

Proof. Assume that H = (y,h(y)) is a hesitant fuzzy TM-subalgebra of Y. We need to show that
f−1(H) = (x,(h ◦ f)(x)) is a hesitant fuzzy TM-subalgebra of X.
Let x,y ∈ X. Then

(h ◦ f)(x ? y) = h(f(x ? y))

= h(f(x) ? f(y))

⊇ h(f(x))∩ h(f(y))

= (h ◦ f)(x)∩ (h ◦ f)(y),

Therfore, f−1(h) is a hesitant fuzzy TM-subalgebra of X.

4.2. Hesitant Fuzzy T-ideals of TM-algebra

In this section, we introduce the concepts of hesitant fuzzy TM-ideal of TM-algebras and present
some interesting properties.

Definition 4.2.1. A subset h of a TM-algebra X is called hesitant fuzzy ideal of X if it satisfies the

following condition

(∀x,y ∈ X)
(

h(0)⊇ h(x)
h(x)⊇ h(x ? y)∩ h(y)

)
Definition 4.2.2. A subset h of a TM-algebra X is called hesitant fuzzy TM-ideal of X if it satisfies

the following condition

(∀x,y,z ∈ X)
(

h(0)⊇ h(x)
h(x ? y)⊇ h(x ? z)∩ h(z ? y)

)
Example 4.2.1. Let X= {0,1,2,3} with the following Cayley table:
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? 0 1 2 3
0 0 1 3 2
1 1 0 2 3
2 2 3 0 1
3 3 2 1 0

Table 4.2

See [43] (X,?,0) is a TM -algebra. We define the hesitant fuzzy set HX = {(x,hX(x)) | x ∈ X} on
X as follows:
h(0) = [0,1] ,h(1) = {0.1} ,h(2) = ∅,h(3) = {0.2,0.3} . Then I is a hesitant fuzzy TM-ideal of X.

Definition 4.2.3. A subset h of a TM-algebra X is called hesitant fuzzy T-ideal of X if it satisfies

the following condition:

(∀x,y,z ∈ X)
(

h(0)⊇ h(x)
h(x ? z)⊇ h((x ? y) ? z)∩ h(y)

)
Example 4.2.2. Let X= {0,1,2,3} with the following Cayley table:

? 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

Table 4.3

See [43] (X,?,0) is a TM- algebra. We define the hesitant fuzzy set HX := {(x,hX(x)) | x ∈ X} on
X as follows:
h(0) = {1.0, 0.8} , h(1) = {0.8} , h(2) = h(3) = {0.8} . It is easly verify that h is a hesitant fuzzy
T-ideal of X.

Theorem 4.2.1. A hesitant fuzzy set h in a TM -algebra X is ahesitant fuzzy T-ideal if and only if

it is a hesitant fuzzy ideal of X.

Proof. Let h be a hesitant fuzzy T-ideal of X. Then h(x ? z)⊇ h((x ? y) ? z)∩ h(y),∀x,y,z ∈ X.
Assuming z= 0 we have h(x)⊇ h((x ? y)∩ h(y).
Also, h(0)⊇ h(x) .
Hence, h is a hesitant fuzzy ideal of X.
Conversely, suppose that h is a hesitant fuzzy ideal of X. Then h(x)⊇ h((x ? y)∩h(y),∀x,y ∈ X.
It follows that for all x,y,z ∈ X we have h(x ? z) ⊇ h((x ? y) ? z) ∩ h(y). This complate the
proof.

Theorem 4.2.2. A hesitant fuzzy ideal of a TM -algebra X is order reversing.
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Proof. Let x,y,z ∈ X be such that x 6 y. Then x ? y = 0, and so h(x) ⊇ h(x ? y) ∩ h(y) =
h(0)∩ h(y) = h(y).

Lemma 4.2.3. The constant of a TM -algebraX is a non-empty subset S ofX if and only if hXS(0)⊇
hXS(x)

Proof. By Definition 4.1.4 we have
If 0 ∈ S, then hχS(0) = [0,1]. Thus hχS(0) = [0,1]⊇ hχS(x), for all x ∈ X.
Coversely, assume that hχS(0) ⊇ hχS(x) , for all x ∈ X. Since S is a non-empty subset of S, we
have there exists t ∈ S for some t ∈ X. Then hχS(0)⊇ hS(t) = [0,1]. So, hχS(0) = [0,1].
Hence, 0 ∈ S.

Theorem 4.2.4. A non-empty subset h of X is a TM-ideal of X if and only if the characteristic

hesitant fuzzy set is a hesitant fuzzy TM-ideal of X.

Proof. Assume that h is a TM-ideal of X. Since 0 ∈ h it follows from Lemma 4.2.3 that hh(0) =
[0,1]⊇ hh(x) for all x ∈ X. Next, let x,z ∈ X.
Case 1: If x,z ∈ h, then hh(x) = [0,1] and hh(z) = [0,1].
Hence, hh(x) = [0,1]⊇ hh(x ? z) = hh(x ? z)∩ hh(z).
Case 2: If x ∈ h and z /∈ h , then hh(x) = [0,1] and hh(z) = ∅.
Hence, hh(x) = [0,1]⊇ ∅= hh(x ? z)∩ hh(z).
Case 3: If x /∈ h and z ∈ h, which is similar to case(2).
Case 4: If x /∈ h and z /∈ h, then hh(x) = ∅ and hh(z) = ∅.
Hence, hh(x)⊇ ∅= hh(x ? z)∩ hh(z).
Hence, hh is an hesitant fuzzy ideal of X.
Conversely, assume that hh is an hesitant fuzzy ideal of X. Since hh(0) ⊇ hh(x) for all x ∈ X,
it follows from Lemma 4.2.3 that 0 ∈ h. Let x,z ∈ X be such that x ? z ∈ I and z ∈ h. Then,
hh(x ? z) = hh(z) = [0,1]. Thus, hh(x)⊇ hh(x ? z) ∩ hh(z), so hh(x) = [0,1]. Hence, x ∈ I and
so, h is an ideal of X.

Definition 4.2.4. Given a non-empty subset S of X, an S-hesitnat fuzzy setHS= {(x,hS(x)) | x ∈ X}
on X is called a hesitant fuzzy closed T-ideal of X related to S (brifely, S-hesitant fuzzy closed T-

ideal of X) if it satisfies:

(∀x,y,z ∈ S)
(

hS(0 ? x)⊇ hS(x)
hS(x ? z)⊇ hS((x ? y) ? z)∩ hS(y)

)
Theorem 4.2.5. LetHS = {(x,hX(x)) | x ∈ X} be a hesitant fuzzy closed T-ideal of a TM-algebra X

if and only if the non-empty upperΛ-level set U(hS,Λ) is a closed T-ideal of X, for anyΛ∈P[0,1].

Proof. Suppose that HX = {(x,hX(x)) | x ∈ X} be a hesitant fuzzy T-ideal of a TM-algebra X. We
need to show that U(hS,Λ) is a closed T-ideal of X, for any Λ ∈ P[0,1]. For any Λ ∈ P[0,1]. We
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define the sets U(hS,Λ) = {x ∈ X⊇Λ}. Since U(hS,Λ) 6= ∅, for x ∈ U(hS,Λ) . Then

⇒hS(x)⊇Λ

⇒hS(0 ? x)⊇ hS(0)∩ hS(x) = hS(x)⊇Λ

⇒hS(0 ? x)⊇Λ

⇒0 ? x ∈ U(hS,Λ) .

Assume that (x ? y) ? z ∈ U(hS,Λ) and y ∈ U(hS,Λ). It implies that (hS((x ? y) ? z)) ⊇ Λ and
hS(y)⊇Λ. Since hS(x ? z)⊇ hS((x ? y) ? z)∩ hS(y)⊇Λ∩Λ=Λ. Thus, hS(x ? z)⊇Λ.
Therefore, U(hS,Λ) is a closed T-ideal of X.
Conversely, suppose that for any Λ ∈ P[0,1] the non-empty subset U(hS,Λ) is a closed T-ideal
of X. Let x ∈ X. Then hS(x) ∈ P[0,1]. Choose Λ = hS(x) ∈ P[0,1]. Then hS(x) ⊇ Λ. So, x ∈
U(hS,Λ) is a closed T-ideal of X and thus 0∈U(hS,Λ). Thus, hS(0)⊇Λ= hS(x). Let x,y,z∈X.
Then hS(y),hS((x ? y) ? z) ∈ P[0,1]. Now, taking Λ = hS((x ? y) ? z) ∩ hS(y) ∈ P[0,1]. So,
hS((x ?y) ? z)⊇Λ and hS(y)⊇Λ. It implies that y,(x ?y) ? z∈U(hS,Λ) 6= ∅. Since U(hS,Λ) is
a closed T-ideal of X. Hence, (x ? z) ∈ U(hS,Λ). Thus, hS(x ? z)⊇Λ= hS((x ? y) ? z)∩ hS(y).
Therefore, H is a hesitant fuzzy T-ideal of a TM -algebra X.

Theorem 4.2.6. HX = {(x,hS(x)) | x ∈ X} be a hesitant fuzzy T-ideal of a TM-algebra X if and

only if the non-empty upper Λ-level set U(hS,Λ) is a T-ideal of X, for any Λ ∈ P[0,1].

Proof. Suppose that HX = {(x,hX(x)) | x ∈ X} be a hesitant fuzzy T-ideal of a TM-algebra X.
For any Λ ∈ P[0,1]. We define the sets U(hS,Λ) = {x ∈ X⊇Λ}. Since U(hS,Λ) 6= ∅, for
x ∈ U(hS,Λ) . Then

⇒hS(x)⊇Λ

⇒hS(0)⊇ hA(x)⊇Λ

⇒hS(0)⊇Λ

⇒0 ∈ U(hS,Λ) .

Assume that (x ? y) ? z ∈ U(hS,Λ) and y ∈ U(hS,Λ). It implies that (hS((x ? y) ? z)) ⊇ Λ and
hS(y)⊇Λ. Since hS(x ? z)⊇ hS((x ? y) ? z)∩ hS(y)⊇Λ∩Λ=Λ. Thus, hS(x ? z)⊇Λ.
Therefore, U(hS,t1) is a T-ideal of X.
Conversely, suppose that for any Λ ∈ P[0,1] the non-empty subset U(hS,Λ) is a T-ideal of X. Let
x ∈ X. Then hS(x) ∈ P[0,1]. Choose Λ= hS(x) ∈ P[0,1]. Then hS(x)⊇Λ. So, x ∈ U(hS,Λ) is a
T-ideal of X and thus 0∈U(hS,Λ). Thus, hS(0)⊇Λ=hS(x). Let x,y,z∈X. Then hS(y),hS((x ?
y) ? z) ∈ P[0,1]. Now, taking Λ = hS((x ? y) ? z) ∩ hS(y) ∈ P[0,1]. So, hS((x ? y) ? z) ⊇ t and
hS(y)⊇Λ. It implies that y,(x ? y) ? z ∈ U(hS,Λ) 6= ∅. Since U(hS,Λ) is a T-ideal of X. Hence,
(x ? z) ∈ U(hS,Λ). Thus, hS(x ? z)⊇Λ= hS((x ? y) ? z)∩ hS(y).
Therefore, H is a hesitant fuzzy T-ideal of a TM -algebra X.

Theorem 4.2.7. The intersection of two hesitant fuzzy T-ideals of X is also a hesitant fuzzy T-ideal

of X.
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Proof. Let h1 and h2 be two hesitant fuzzy T-ideals of X. We need to show that h1∩h2 is a hesitant
fuzzy T-ideal of X. Let x,y,z ∈ X. Then

(h1 ∩ h2)(0) = (h1 ∩ h2)(x ? x) =min {h1(0),h2(0)}

⊇min {h1(x),h2(x)}

= (h1 ∩ h2)(x)

(h1 ∩ h2)(x ? z) =min {h1(x ? z),h2(x ? z)}

⊇min {h1((x ? y) ? z)∩ h1(y),h2((x ? y) ? z)∩ h2(y)}

=min {h1((x ? y) ? z)∩ h1(y),h2((x ? y) ? z)∩ h2(y)}

=min {min {h1((x ? y) ? z),h1(y)} ,min {h2((x ? y) ? z),h2(y)}}

=min {min {h1((x ? y) ? z),h2((x ? y) ? z)} ,min {h1(y),h2(y)}}

=min {(h1 ∩ h2)((x ? y) ? z),(h1 ∩ h2)(y)}

= (h1 ∩ h2)((x ? y) ? z)∩ (h1 ∩ h2)(y)

Therefore, the intersection of two hesitant fuzzy T-ideals of X is also a hesitant fuzzy T-ideal of
X.

Definition 4.2.5. Let {Hi | i ∈ I} be a family of hesitant fuzzy sets on a reference set X. We define

the hesitant fuzzy set
⋂
i∈IHi =

(⋂
i∈Ihi

)
by
(⋂

i∈Ihi
)
(x) =

⋂
i∈Ihi(x) and for all x ∈ X, which

is called the hesitant intersection of hesitant fuzzy sets.

Theorem 4.2.8. If {hi | i ∈ I} is a family of hesitant fuzzy T -ideal of X, then
⋂
i∈Ihi is an hesitant

fuzzy T-ideal of X.

Proof. Let {hi | i ∈ I} be a family of hesitant fuzzy T-ideal of X. Let x ∈ X. We need to show that⋂
i∈Ihi is an hesitant fuzzy T-ideal of X. Then(⋂

i∈I
hi

)
(0) =

⋂
i∈I
hi(0)⊇

⋂
i∈I
hi(x) =

(⋂
i∈I
hi

)
(x)

.

Let x,y,z ∈ X. Then(⋂
i∈I
hi

)
(x ? z) =

⋂
i∈I
hi(x ? z)

⊇
⋂
i∈I

(hi((x ? y) ? z)∩ hi(y))

=

(⋂
i∈I
hi((x ? y) ? z)

)
∩

(⋂
i∈I
hi(y)

)

=

(⋂
i∈I
hi

)
((x ? y) ? z)∩

(⋂
i∈I
hi

)
(y)
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Hence,
⋂
i∈Ihi is hesitant fuzzy T-ideal of X.

Theorem 4.2.9. Let hA = {(x,hA(x)) | x ∈ X} and hB = {(z,hB(z)) | z ∈ Y} are two hesitant fuzzy

T-ideals on a TM-algebra X and Y respectively, then the Cartesian product hA× hB is also a

hesitant fuzzy T-ideal of X× Y where A and B are a non-empty asubset of a TM-algebra X and Y

respectively.

Proof. Suppose that hA = {(x,hA(x)) | x ∈ X} and hB = {(z,hB(z)) | z ∈ Y} are two hesitant fuzzy
T-ideals on a TM-algebra X and Y respectively. We need to show that hA× hB is also a hesitant
fuzzy T-ideal of X× Y. Let (x,z),(w,y) ∈ X× Y. Then by Definition 1.2.4 we have

h((x,z) ? (w,y)) = h((x ?w,z ? y))

= hA(x ?w)∩ hB(z ? y)

⊇ hA((x ?m) ?w)∩ hA(m)∩ hB((z ?n) · y)∩ hB(n)

= hA((x ?m) ?w)∩ hB((z ?n) ? y)∩ hA(m)∩ hB(n)

= h((x ?m) ?w),z ?n) ? y))∩ h(m,n)

= h((x,z) ? (m,n)) ? (w,y)∩ h(m,n)

Again, let (x,z) ∈ X× Y. Then

h(0X,0Y) = hA(0X)∩ hB(0Y)

⊇ hA(x)∩ hB(z)

= h(x,z)

Therefore, the Cartesian product hA× hB is a hesitant fuzzy T-ideal of X× Y.

Theorem 4.2.10. Let hA = {(x,hA(x)) | x ∈ X} and hB = {(y,hB(y)) | y ∈ Y} are two hesitant

fuzzy closed T-ideals on a TM-algebra X and Y respectively, then the Cartesian product hA× hB
is also a hesitant fuzzy closed T-ideal of X× Y.

Proof. Let (x,z),(w,y) ∈ X× Y. Then by Definition 1.2.4 . We have

h((0,0) ? (x,z) = hA(0 ? x)∩ hB(0 ? z)

⊇ hA(x)∩ hB(z)

= h(x,z), again

h((x,z) ? (w,y)) = h((x ?w,z · y))

= hA(x ?w)∩ hB(z ? y)

⊇ hA((x ?m) ?w)∩ hA(m)∩ hB((z ?n) · y)∩ hB(n)

= hA((x ?m) ?w)∩ hB((z ?n) ? y)∩ hA(m)∩ hB(n)

= h((x ?m) ?w),z ?n) ? y))∩ h(m,n)

= h((x,z) ? (m,n)) ? (w,y)∩ h(m,n)
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Therefore, the Cartesian product hA× hB is a hesitant fuzzy T-ideal of X× Y.

Definition 4.2.6. Let f be a mapping from a TM-algebra X to Y and A be a subset of a TM-algebra

X. IfH= {(x,hA(x)/x ∈ X)} is a hesitant fuzzy set on Y, then the hesitant fuzzy set f−1(H) =hA ◦ f
in X is called the pre-image of H under f.

Theorem 4.2.11. Let f be a homomorphism from a TM-algebra X to Y and A be a subset of a

TM-algebra X. If H= {(x,hA(x)/x ∈ X)} is a hesitant fuzzy T-ideals of Y, then f−1(H) = hAof in

X is a hesitant fuzzy T-ideal of X.

Proof. Suppose thatH= {(x,hA(x)/x ∈ X)} is a hesitant fuzzy T-ideals of Y. We need to show that
f−1(H) = hAof in X is a hesitant fuzzy T-ideal of X. We know that hA(f(0X)) = hA(0Y)⊇ hA(x),
for all x ∈ X.
Let x,y,z ∈ X. Then

(hA ◦ f)(x ? z) = hA(f(x ? z))

= hA(f(x) ? f(z))

⊇ hA((f(x) ? f(y)) ? f(z))∩ hA(f(y))

= hA(f((x ? y) ? z))∩ hA(f(y))

= (hAof)((x ? y) ? z)∩ (hAof)(z)

Therefore, f−1(H) is a hesitant fuzzy T-ideal of X.

Proposition 4.2.12. Let f be a homomorphism from a TM-algebraX to Y and A be a subset of a TM-

algebra X. If H= {(x,hA(x)/x ∈ X)} is a hesitant fuzzy closed T-ideals of Y, then f−1(H) = hAof

in X is a hesitant fuzzy closed T-ideal of X.

Proof. Suppose that H = {(x,hA(x)/x ∈ X)} is a hesitant fuzzy closed T-ideals of Y. We need
to show that f−1(H) = hAof in X is a hesitant fuzzy closed T-ideal of X. Since hA(f(0 ? x)) =

hA(f(0) ? f(x))⊇ hA(f(x)), for all x ∈ X.
Let x,y,z ∈ X. Then

(hAof)(x ? z) = hA(f(x ? z))

= hA(f(x) ? f(z))

⊇ hA((f(x) ? f(y)) ? f(z))∩ hA(f(y))

= hA(f((x ? y) ? f(z)))∩ hA(f(y))

= (hAof)((x ? y) ? z)∩ (hAof)(y)

Therefore, f−1(H) is a hesitant fuzzy T-ideal of X.

4.3. Hesitant Fuzzy Pseudo-TM Subalgebra (HFPTMSA)

In this section, we introduce the concepts of hesitant FPTMSAs of a pseudo TM -algebras and
present some interesting properties.
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Definition 4.3.1. A hesitant fuzzy set H = {(x,h(x)) |x ∈ X} is called a hesitant FPTMSA of a

pseudo TM- algebra X if the following holds:

(∀x,y ∈ X)
(
h(x� y)⊇ h(x)∩ h(y)
h(x ? y)⊇ h(x)∩ h(y)

)
.

Example 4.3.1. Let X= {0,1,2,3,4} be a set with two binary operations � and ? which are given

by table.

� 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 0 0
2 2 2 0 0 0
3 3 2 2 0 0
4 4 0 0 0 0

? 0 1 2 3 4
0 0 0 0 0 0
1 1 0 0 0 0
2 2 2 0 0 0
3 3 3 3 0 0
4 4 0 0 0 0

Table 4.4

See [52] (X,�,?,0) is a pseudo TM-algebra. Let h be a fuzzy subsets of X defined by

h(x) =

{
0.5, if x = 0,
0.2, if x = 1, 2, 3, 4.

We define the hesitant fuzzy set H= {(x,h(x))} on X as follows:
h(0) = {0.1,0.3} ,h(1) = h(2) = h(3) = h(4) = {0.3} .
Then h is a hesitant FPTMSA of X.

Proposition 4.3.1. Let H = {(x,h(x)) |x ∈ X} is a hesitant FPTMSA of a pseudo TM- algebra X

then the following property holds:

(∀x ∈ X)h(x)⊆ h(0).

Proof. Suppose that H= {(x,h(x)) |x ∈ X} is a hesitant FPTMSA of a pseudo TM- algebra X. We
need to show that (∀x ∈ X)h(x)⊆ h(0). For any x ∈ X, we have

h(x) = h(x)∩ h(x)⊆ h(x� x) = h(0) and

h(x) = h(x)∩ h(x)⊆ h(x ? x) = h(0).

Proposition 4.3.2. Let X be a pseudo TM-algebra. If H= {(x,h(x)) |x ∈ X} is a hesitant FPTMSA

of a pseudo TM- algebra X. Then

1. h(x)∩ h(y)⊆ h(x� (0� y),
2. h(x)∩ h(y)⊆ h(x ? (0 ? y)), for all x,y ∈ X.
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Proof. Suppose that H= {(x,h(x)) |x ∈ X} is a hesitant FPTMSA of a pseudo TM- algebra X. Let
x,y ∈ X. Since h is a hesitant fuzzy pseudo TM-subalgebra of X. Then

h(x� (0� y)⊇ h(x)∩ h(0� y)⊇ h(x)∩ h(0)∩ h(y)

= h(x)∩ h(y) and

h(x ? (0 ? y)⊇ h(x)∩ h(0 ? y)⊇ h(x)∩ h(0)∩ h(y)

= h(x)∩ h(y)

Lemma 4.3.3. Let X be a TM-algebra. Let H = {(x,h(x)) |x ∈ X} is a hesitant FPTMSA of a

pseudo TM- algebra X. Then

1. h(y)⊆ h(x� y) if and only if h(x) = h(0).
2. h(y)⊆ h(x ? y) if and only if h(x) = h(0).

Proof. Assume that H= {(x,h(x)) |x ∈ X} is a hesitant FPTMSA of a pseudo TM- algebra X.
1) Suppose that h(y) ⊆ h(x� y). We need to show that h(x) = h(0). Since h is a hesitant fuzzy
pseudo TM-subalgebra of X. Since X is a pseudo TM-algebra, we know that x � x = 0. Let’s
substitute y= x in our assumption. We get h(x)⊆ h(x� x). This simplifies to h(x)⊆ h(0). Also,
from the definition of a FPTMSA, we know that h(x� y) ⊇ h(x) ∩ h(y). Setting y = 0 in the
FPTMSA property gives h(x� 0)⊇ h(x)∩ h(0). Using the pseudo TM-algebra property x� 0 =

x, this becomes h(x)⊇ h(x)∩ h(0), which is a trivial truth. Let’s consider the FPTMSA property
on h(x� 0). We have h(x� 0)⊇h(x)∩h(0). Since x� 0= x, we have h(x)⊇h(x)∩h(0). Now
consider the property h(y)⊆ h(x� y). Let’s set x= 0. We have h(y)⊆ h(0� y). By the pseudo
TM-algebra property, 0� y = 0. So we have h(y) ⊆ h(0). We have shown that h(x) ⊆ h(0) for
any x ∈ X and h(y) ⊆ h(0) for any y ∈ X. we have h(x) ⊆ h(0) for any x ∈ X. Let’s consider
the case when x takes the value 0 . We have h(0) ⊆ h(0), which is trivially true. Combining
h(x) ⊆ h(0) and the FPTMSA property h(x� x) ⊇ h(x) ∩ h(x) = h(x), we have h(0) ⊇ h(x).
This means that h(x) = h(0) for all x ∈ X. Thus, if h(y) ⊆ h(x� y) holds for all x,y ∈ X, then
h(x) = h(0) for all x ∈ X.
Conversely, assume h(x) = h(0) we need to prove h(y) ⊆ h(x� y). Since h(x) = h(0) for all
x ∈ X. By our assumption, h(y) = h(0) and h(x� y) = h(0). Since h(y) = h(0) and h(x� y) =
h(0), it follows that h(y) = h(x� y). From this, we trivially have h(y)⊆ h(x� y).
2) Suppose that h(y) ⊆ h(x ? y). We need to show that h(x) = h(0). Since h is a hesitant fuzzy
pseudo TM-subalgebra of X. Since X is a pseudo TM-algebra, we know that x ? x = 0. Let’s
substitute y= x in our assumption. We get h(x)⊆ h(x ? x). This simplifies to h(x)⊆ h(0). Also,
from the definition of a FPTMSA, we know that h(x ? y) ⊇ h(x) ∩ h(y). Setting y = 0 in the
FPTMSA property gives h(x ? 0)⊇ h(x)∩h(0). Using the pseudo TM-algebra property x ? 0 = x,
this becomes h(x)⊇ h(x)∩h(0), which is a trivial truth. Let’s consider the FPTMSA property on
h(x ? 0). We have h(x ? 0) ⊇ h(x) ∩ h(0). Since x ? 0 = x, we have h(x) ⊇ h(x) ∩ h(0). Now
consider the property h(y)⊆ h(x ? y). Let’s set x = 0. We have h(y)⊆ h(0 ? y). By the pseudo
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TM-algebra property, 0 ?y= 0. So we have h(y)⊆ h(0). We have shown that h(x)⊆ h(0) for any
x ∈ X and h(y)⊆ h(0) for any y ∈ X. we have h(x)⊆ h(0) for any x ∈ X. Let’s consider the case
when x takes the value 0 . We have h(0)⊆ h(0), which is trivially true. Combining h(x)⊆ h(0)
and the FPTMSA property h(x ? x)⊇ h(x)∩h(x) = h(x), we have h(0)⊇ h(x). This means that
h(x) = h(0) for all x ∈ X. Thus, if h(y)⊆ h(x ? y) holds for all x,y ∈ X, then h(x) = h(0) for all
x ∈ X.
Conversely, assume h(x) = h(0) we need to prove h(y)⊆ h(x ? y). Since h(x) = h(0) for all x ∈
X. By our assumption, h(y) = h(0) and h(x ?y) = h(0). Since h(y) = h(0) and h(x ?y) = h(0),
it follows that h(y) = h(x ? y). From this, we trivially have h(y)⊆ h(x ? y).

Theorem 4.3.4. A non-empty subset S of a pseudo TM -algebra (X,�,?,0) is a TM-subalgebra of

X if and only if the (CHFS χS) is a hesitant FPTMSA of X.

Proof. Assume that S is a subalgebra of a TM-algebra X. Let x,y ∈ X. We need to show that χS is
a hesitant FPTMSA of X.
Case 1. If x,y ∈ S, then hχS(x) = [0,1] and hχS(y) = [0,1]. Thus, hχS(x) ∩ hχS(y) = [0,1].
Since S is a subalgebra of X. Then x� y ∈ S and thus, hχS(x� y) = [0,1]. Then hχS(x� y) =
[0,1]⊇ [0,1] = hχS(x)∩ hχS(y).
Case 2. If x ∈ S and y /∈ S, then hχS(x) = [0,1] and hχS(y) = ∅. Thus, hχS(x)∩ hχS(y) = ∅. Then
hχS(x� y)⊇ ∅= hχS(x)∩ hχS(y).
Case 3. If x /∈ S and y ∈ S, then hχS(x) = ∅ and hχS(y) = [0,1]. Thus, hχS(x)∩ hχS(y) = ∅. Then
hχS(x� y)⊇ ∅= hχS(x)∩ hχS(y).
Case 4. If x /∈ S and y /∈ S, then hχS(x) = ∅ and hχS(y) = ∅. Thus, hχS(x) ∩ hχS(y) = ∅. So,
hχS(x� y)⊇ ∅= hχS(x)∩ hχS(y).
Similarly, Case 1. If x,y ∈ S, then hχS(x) = [0,1] and hχS(y) = [0,1]. Thus, hχS(x) ∩ hχS(y) =
[0,1]. Since S is a subalgebra of X. Then x ?y∈ S and thus, hχS(x ?y) = [0,1]. Then hχS(x ?y) =
[0,1]⊇ [0,1] = hχS(x)∩ hχS(y).
Case 2. If x ∈ S and y /∈ S, then hχS(x) = [0,1] and hχS(y) = ∅. Thus, hχS(x)∩ hχS(y) = ∅. Then
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).
Case 3. If x /∈ S and y ∈ S, then hχS(x) = ∅ and hχS(y) = [0,1]. Thus, hχS(x)∩ hχS(y) = ∅. Then
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).
Case 4. If x /∈ S and y /∈ S, then hχS(x) = ∅ and hχS(y) = ∅. Thus, hχS(x) ∩ hχS(y) = ∅. So,
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).
Therefore, χS is a hesitant fuzzy pseudo TM-subalgebra of X. Conversely, assume that χS is a
hesitant fuzzy TM-subalgebra of X. Let x,y ∈ S. Then hχS(x) = [0,1] and hχS(y) = [0,1]. Thus,
hχS(x� y)⊇ hχS(x)∩ hχS(y) = [0,1], so hχS(x� y) = [0,1].
Therefore, x� y ∈ S, hence, S is a subalgebra of X and
Case 1. If x,y ∈ S, then hχS(x) = [0,1] and hχS(y) = [0,1]. Thus, hχS(x) ∩ hχS(y) = [0,1].
Since S is a subalgebra of X. Then x ? y ∈ S and thus, hχS(x ? y) = [0,1]. Then hχS(x ? y) =
[0,1]⊇ [0,1] = hχS(x)∩ hχS(y).
Case 2. If x ∈ S and y /∈ S, then hχS(x) = [0,1] and hχS(y) = ∅. Thus, hχS(x)∩ hχS(y) = ∅. Then
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hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).
Case 3. If x /∈ S and y ∈ S, then hχS(x) = ∅ and hχS(y) = [0,1]. Thus, hχS(x)∩ hχS(y) = ∅. Then
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y).
Case 4. If x /∈ S and y /∈ S, then hχS(x) = ∅ and hχS(y) = ∅. Thus, hχS(x) ∩ hχS(y) = ∅. So,
hχS(x ? y)⊇ ∅= hχS(x)∩ hχS(y). Therefore, χS is a hesitant fuzzy pseudo TM-subalgebra of X.
Conversely, assume that χS is a hesitant fuzzy TM-subalgebra of X. Let x,y ∈ S. Then hχS(x) =
[0,1] and hχS(y) = [0,1]. Thus, hχS(x ? y)⊇ hχS(x)∩ hχS(y) = [0,1], so hχS(x ? y) = [0,1].
Therefore, x ? y ∈ S. Hence, S is a subalgebra of X.

Theorem 4.3.5. A hesitant fuzzy set H = {(x,h(x)) |x ∈ X} on a pseudo TM-algebra (X,�,?,0) is

a hesitant FPTMSA of X if and only if for all Λ ∈ P[0,1], the non-empty subset U(h,Λ) of X is a

pseudo TM-subalgebra.

Proof. Suppose thatH is a hesitant FPTMSA of X. LetΛ∈ P[0,1] be such that U(h,Λ) 6= ∅ and let
x,y∈U(h,Λ). Then h(x)⊇Λ and h(y)⊇Λ. SinceH is a hesitant fuzzy PTMASA of X, we have

(∀x,y ∈ X)
(
h(x� y)⊇ h(x)∩ h(y)⊇Λ
h(x ? y)⊇ h(x)∩ h(y)⊇Λ

)
.

Thus, x� y and x ? y ∈ U(h,Λ). Hence, U(h,Λ) is a pseudo-TM subalgebra of X.
Conversely, assume that for every t ∈ P[0,1], the non-empty subset U(h,Λ) is a pseudo-TM sub-
algebra of X. Let x,y ∈ X. Choose Λ = Λ1 ∩ Λ2 ∈ P[0,1]. Then h(x) = Λ1 and h(y) = Λ2.
Thus, x,y ∈ U(h,Λ) 6= ∅. By assumption, U(h,Λ) is a pseudo-TM subalgebra of X and thus
x� y and x ? y ∈ U(h,Λ). So, h(x� y) ⊇ Λ = Λ1 ∩Λ2 = h(x) ∩ h(y) and h(x ? y) ⊇ Λ =

Λ1 ∩ h(x)∩ h(y).
Therefore, H is a hesitant FPTMSA of X.

Proposition 4.3.6. Let h1 and h2 be two hesitant FPTMSA of a pseudo TM-algebra X. Then

h1 ∩ h2 is a hesitant FPTMSA of X.

Proof. Assume that h1 and h2 be a hesitant fuzzy PTMASAs of a pseudo TM-algebra X. We need
to show that (h1 ∩ h2)(x?y)⊇ (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y) and (h1 ∩ h2)(x?y)⊇ (h1 ∩ h2)(x)∩
(h1 ∩ h2)(y), for all x,y ∈ X.
We need to consider the following three cases:

Case (i). h1(x� y)⊆ h2(x� y). By Definition (1.2.3)

(h1 ∩ h2)(x� y) =
{
h ∈ (h1(x� y)∪ h2(x� y)) | h6 min

(
h+1 (x� y),h

+
2 (x� y)

)}
=
{
h ∈ h2(x� y) | h6 min

(
h+2 (x� y),h

+
2 (x� y)

)}
⊇
{
h ∈ (h2(x)∩ h2(y)) | h6 min

(
h+2 (x� y),h

+
2 (x� y)

)}
⊇
{
h ∈ ((h1 ∩ h2)(x)∩ (h1 ∩ h2)(y)) | h6 min

(
(h1 ∩ h2)

+(x),(h1 ∩ h2)
+(y)

)}
= (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).
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Case (ii). h1(x� y)⊇ h2(x� y)

(h1 ∩ h2)(x� y) =
{
h ∈ (h1(x� y)∪ h2(x� y)) | h6 min

(
h+1 (x� y),h

+
2 (x� y)

)}
=
{
h ∈ h1(x� y) | h6 min

(
h+1 (x� y),h

+
1 (x� y)

)}
⊇
{
h ∈ (h1(x)∩ h1(y)) | h6 min

(
h+1 (x),h

+
1 (y)

)}
⊇
{
h ∈ ((h1 ∩ h2)(x)∩ (h1 ∩ h2)(y)) | h6 min

(
(h1 ∩ h2)

+(x),(h1 ∩ h2)
+(y)

)}
= (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).

Case (iii). h1(x� y)≈ h2(x� y)

(h1 ∩ h2)(x� y) = h1(x� y)∪ h2(x� y)

≈ h1(x� y)

⊇ h1(x)∩ h1(y)

⊇ (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y) and

Case (i). h1(x ? y)⊆ h2(x ? y). By Definition (1.2.3)

(h1 ∩ h2)(x ? y) =
{
h ∈ (h1(x ? y)∪ h2(x ? y)) | h6 min

(
h+1 (x ? y),h

+
2 (x ? y)

)}
=
{
h ∈ h2(x ? y) | h6 min

(
h+2 (x ? y),h

+
2 (x ? y)

)}
⊇
{
h ∈ (h2(x)∩ h2(y)) | h6 min

(
h+2 (x ? y),h

+
2 (x ? y)

)}
⊇
{
h ∈ ((h1 ∩ h2)(x)∩ (h1 ∩ h2)(y)) | h6 min

(
(h1 ∩ h2)

+(x),(h1 ∩ h2)
+(y)

)}
= (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).

Case (ii). h1(x ? y)⊇ h2(x ? y)

(h1 ∩ h2)(x ? y) =
{
h ∈ (h1(x ? y)∪ h2(x ? y)) | h6 min

(
h+1 (x ? y),h

+
2 (x ? y)

)}
=
{
h ∈ h1(x ? y) | h6 min

(
h+1 (x ? y),h

+
1 (x ? y)

)}
⊇
{
h ∈ (h1(x)∩ h1(y)) | h6 min

(
h+1 (x),h

+
1 (y)

)}
⊇
{
h ∈ ((h1 ∩ h2)(x)∩ (h1 ∩ h2)(y)) | h6 min

(
(h1 ∩ h2)

+(x),(h1 ∩ h2)
+(y)

)}
= (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).

Case (iii). h1(x ? y)≈ h2(x ? y)

(h1 ∩ h2)(x ? y) = h1(x ? y)∪ h2(x ? y)

≈ h1(x ? y)

⊇ h1(x)∩ h1(y)

⊇ (h1 ∩ h2)(x)∩ (h1 ∩ h2)(y).

Hence, in both cases h1 ∩ h2 is a hesitant FPTMSA of X.
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Corollary 4.3.7. If {hi | i ∈ I} is a family of hesitant FPTMSA of a pseudo TM-algebra (X,�,?,0),
then ∩i∈Ihi is a hesitant FPTMSA of X.

Remark 4.3.1. The union of two hesitant FPTMSA of a pseudo TM-algebra need not be a hesitant

FPTMSA. This is illustrated by the following example:

Example 4.3.2. Consider a pseudo TM-algebra defined in example 4.3.1.
Let h1 and h2 be two HFS in Z defined by

h1(x) =

{0.4,0.5,0.6} if x is odd

{0.6,0.7,0.8} if x is even,
and h2(x) =

{0.8,0.9} if x= 9n,n ∈Z

{0.3,0.4} otherwise.

By Definition 4.3.1, h1 and h2 are a hesitant FPTMSA of Z using the usual subtraction operation.

Now, taking x = 9 and y = 4. By Definition 1.2.3, we have (h1 ∪ h2)(9� 2) = (h1 ∪ h2)(5) ={
h ∈ (h1(5)∪ h2(5)) | h> max

(
h−1 (5),h

−
2 (5)

)}
= {0.4,0.5,0.6} . But (h1 ∪ h2)(9) ∩ (h1 ∪ h2)(4) = {0.8,0.9}. Therefore, (h1 ∪ h2)(9 � 4) )
(h1 ∪ h2)(9)∩ (h1 ∪ h2)(4)

Hence, h1 ∪ h2 is not a hesitant FPTMSA of Z.
By routine calculation (h1 ∪ h2)(x ? y) is not a hesitant FPTMSA of Z.

Theorem 4.3.8. If h : X→ P[0,1] is a hesitant FPTMSA of a pseudo TM-algebra X. Then

1) h+α is a hesitant FPTMSA of X.

2) h−α is a hesitant FPTMSA of X.

Proof. Assume that h is a hesitant FPTMSA of X. Let x,y ∈ X. By Definition 1.2.3 we have
1) h+α(x� y) = {h ∈ h(x� y) : h> α}

⊇ {h ∈ h(x)∩ h ∈ h(y) : h> α}

= {h ∈ h(x) : h> α∩ h ∈ h(y) : h> α}

= {h ∈ h(x) : h> α}∩ {h ∈ h(y) : h> α}

= h+α(x)∩ h+α(y).

Therefore, h+α(x� y)⊇ h+α(x)∩ h+α(y).
Similarly, h+α(x ? y) = {h ∈ h(x ? y) : h> α}

⊇ {h ∈ h(x)∩ h ∈ h(y) : h> α}

= {h ∈ h(x) : h> α∩ h ∈ h(y) : h> α}

= {h ∈ h(x) : h> α}∩ {h ∈ h(y) : h> α}

= h+α(x)∩ h+α(y).

Therefore, h+α(x ? y)⊇ h+α(x)∩ h+α(y).
2) Proof of (2) is similar to (1).
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Theorem 4.3.9. Let h be a hesitant fuzzy set on X. Then hc is a hesitant FPTMSA of X if and only

if for all Λ ∈ P[0,1], a non-empty subset L(h,Λ) of X is a pseudo TM-subalgebra of X.

Proof. Suppose that hc is a hesitant FPTMSA of X. Let Λ ∈ P[0,1] be such that L(h,Λ) 6=∅ and
let x,y ∈ L(h,Λ). Then h(x)⊆Λ and h(y)⊆Λ. But hc is a hesitant FPTMSA of X, we have:

(∀x,y ∈ X)
(
hc(x� y)⊇ hc(x)∩ hc(y)
hc(x ? y)⊇ hc(x)∩ hc(y)

)
.

By Lemma 1.2.1, we have

(∀x,y ∈ X)
(
[0,1] − h(x� y)⊇ ([0,1] − h(x))∩ ([0,1] − h(y)) = [0,1] − (h(x)∪ h(y))
[0,1] − h(x ? y)⊇ ([0,1] − h(x))∩ ([0,1] − h(y)) = [0,1] − (h(x)∪ h(y))

)
.

Hence,

(∀x,y ∈ X)
(
h(x� y)⊆ h(x)∪ h(y)⊆Λ
h(x ? y)⊆ h(x)∪ h(y)⊆Λ

)
.

Thus, x� y and x ? y ∈ L(h,Λ).
Therefore, L(h,Λ) is a pseudo TM-subalgebra of X.
Conversely, suppose that for all Λ ∈ P[0,1], a non-empty subset L(h,Λ) of X is a pseudo TM-
subalgebra of X. Let x,y ∈ X. Choose t = h(x) ∪ h(y) ∈ P[0,1]. Then h(x) ⊆ Λ and h(y) ⊆ Λ.
Thus, x,y ∈ L(h,Λ) 6= ∅. By assumption, we have L(h,Λ) is a TM-subalgebra of X and thus,
x ? y ∈ L(h,Λ). Hence, h(x ? y)⊆Λ= h(x)∪ h(y).
By Lemma 1.2.1, we have:

hc(x ? y) = [0,1] − h(x ? y)

⊇ [0,1] − (h(x)∪ h(y))

= ([0,1] − h(x))∩ ([0,1] − h(y))

= hc(x)∩ hc(y).

Therefore, hc is a hesitant fuzzy TM-subalgebra of X.

Proposition 4.3.10. For a hesitant fuzzy set h on X, let h̃ be a hesitant fuzzy set on X defined by

h̃ : X→ P[0,1],x 7→

h(x) if x ∈ U(h,Λ),

∅ otherwise

where Λ ∈ P[0,1]\{∅}. If h is a hesitant FPTMSA of X, then h̃ is also a hesitant FPTMSA of X.

Proof. Assume that h is a hesitant FPTMSA of X. By Theorem 4.3.5 U(h,Λ) is a PTMASA of X
for all Λ ∈ P[0,1] with U(h,Λ) 6= ∅. Let x,y ∈ X.
Case 1: If x ∈ U(h,Λ) and y ∈ U(h,Λ), then x ? y ∈ U(h,Λ). Thus

h̃(x ? y) = h(x ? y)⊇ h(x)∩ h(y) = h̃(x)∩ h̃(y).
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Case 2: If x /∈ U(h,Λ) or y /∈ U(h,Λ), then h̃(x) = ∅ or h̃(y) = ∅. Hence,

h̃(x ? y)⊇ ∅= h̃(x)∩ h̃(y) and

h̃(x� y)⊇ ∅= h̃(x)∩ h̃(y).

Therefore h̃ is a hesitant FPTMSA of X.

Theorem 4.3.11. If hA = (x,hA(x)) and hB = (x,hB(x)) are two hesitant FPTMSAs of pseudo

TM-algebrasX and Y, respectively, then the Cartesian product hA×hB is also an hesitant FPTMSA

of X× Y.

Proof: Let (x1,y1) ,(x2,y2) ∈ X× Y. By Definition 1.2.4 we have

h((x1,y1)� (x2,y2)) = h((x1 ? x2) ,(y1 ? y2))

= hA (x1 ? x2)∩ hB (y1 � y2)

⊇ (hA (x1)∩ hA (x2))∩ (hB (y1)∩ hB (y2))

= (hA (x1)∩ hB (y1))∩ (hA (x2)∩ hB (y2))

= h(x1,y1)∩ h(x2,y2)and

h((x1,y1) ? (x2,y2)) = h((x1 ? x2) ,(y1 ? y2))

= hA (x1 ? x2)∩ hB (y1 ? y2)

⊇ (hA (x1)∩ hA (x2))∩ (hB (y1)∩ hB (y2))

= (hA (x1)∩ hB (y1))∩ (hA (x2)∩ hB (y2))

= h(x1,y1)∩ h(x2,y2) .

Hence, hA × hB is a hesitant FPTMSA of X× Y.

Theorem 4.3.12. Let h be a hesitant FPTMSA of a pseudo TM-algebraX and f be a homomorphism

from a TM-algebra X to a pseudo TM-algebra Y. Then f(h) is a hesitant FPTMSA over Y.

Proof. Let y1,y2 ∈ Y. Then we have the following cases:
Case 1: If f−1 (y1) = ∅ or f−1 (y2) = ∅, then we have

f(h)(y1)∩ f(h)(y2) =∅.

Therefore,

f(h)(y1 ? y2)⊇ f(h)(y1)∩ f(h)(y2) .

Case 2: If f−1 (y1) 6= ∅ and f−1 (y2) 6= ∅, then f−1 (y1 ? y2) 6= ∅. Let us assume that there exist
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x1,x2 ∈ X such that x1 ∈ f−1 (y1) and x2 ∈ f−1 (y2). Then by Definition 1.2.5

f(h)(y1 ? y2) =
⋃

x∈f−1(y1?y2)

h(x)

⊇ h(x1 ? x2)

⊇ h(x1)∩ h(x2) .

Without loss of generality, assume that f(x1) = y1 and f(x2) = y2. Then we have:

f(h)(y1 ? y2)⊇

 ⋃
f(x1)=y1

h(x)

∩
 ⋃
f(x1)=y1

h(x)


= f(h)(y1)∩ f(h)(y2) and

If f−1 (y1) 6= ∅ and f−1 (y2) 6= ∅, then f−1 (y1 � y2) 6= h. Let us assume that there exist x1,x2 ∈ X
such that x1 ∈ f−1 (y1) and x2 ∈ f−1 (y2). Then by Definition 1.2.5

f(h)(y1 � y2) =
⋃

x∈f−1(y1�y2)

h(x)

⊇ h(x1 � x2)

⊇ h(x1)∩ h(x2) .

Without loss of generality, assume that f(x1) = y1 and f(x2) = y2. Then we have:

f(h)(y1 � y2)⊇

 ⋃
f(x1)=y1

h(x)

∩
 ⋃
f(x1)=y1

h(x)


= f(h)(y1)∩ f(h)(y2).

Therefore, f(h) is a hesitant fuzzy TM-subalgebra of Y.

Theorem 4.3.13. Let f : (X,?,0X)→ (Y,?,0Y) be a homomorphism of a pseudo TM-algebras. If

H = {(y,h(y))/y ∈ Y)} is a hesitant fuzzy pseudo TM-subalgebra of Y, then f−1(H) = (x,(h ◦
f)(x)) is a hesitant fuzzy pseudo TM-subalgebra of X.

Proof. Assume that H= (y,h(y)) is a hesitant FPTMSA of Y.
Let x,y ∈ X. Then Similarly,

f−1(h)(x� y) = (h ◦ f)(x� y) = h(f(x� y))

= h(f(x)� f(y))

⊇ h(f(x))∩ h(f(y))

= (h ◦ f)(x)∩ (h ◦ f)(y)

= f−1(h)(x)∩ f−1(h)(y) and
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f−1(h)(x ? y) = (h ◦ f)(x ? y) = h(f(x ? y))

= h(f(x) ? f(y))

⊇ h(f(x))∩ h(f(y))

= (h ◦ f)(x)∩ (h ◦ f)(y)

= f−1(h)(x)∩ f−1(h)(y).

Therfore, f−1(H) is a hesitant fuzzy pseudo TM-subalgebra of X.

Theorem 4.3.14. Let f : (X,?,0X)→ (Y,?,0Y) be an epimorphism of TM-algebras and A be a

hesitant fuzzy set on Y. Then A is a hesitant FPTMSA of Y if and only if Af is a hesitant FPTMSA

of X.

Proof. Suppose that A is a hesitant FPTMSA of Y.
Claim: Af is a hesitant fuzzy TM-subalgebra of X.
Now, let x,y ∈ X. We have:

hAf(x)∩ hAf(y) = hAf(x)∩ hAf(y)

⊆ hA(f(x)� f(y))

= hA(f(x� y)

= hAf(x� y) and

hAf(x)∩ hAf(y) = hAf(x)∩ hAf(y)

⊆ hA(f(x) ? f(y))

= hA(f(x ? y)

= hAf(x ? y).

Therfore, Af is a hesitant FPTMSA of X.
Conversely, suppose that Af is a hesitant FPTMSA of X.
Claim: A is a hesitant FPTMSA of Y.
Since f is surjective, then there exists x,y ∈ Y such that f(u) = x&f(v) = y. We have

hA(x)∩ hA(y) = hAf(u)∩ hAf(v)

= hAf(u)∩ hAf(v)

⊆ hAf(u� v)

= hAf(u� v)

= hA(f(u)� f(v))

= hA(x� y) and
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hA(x)∩ hA(y) = hAf(u)∩ hAf(v)

= hAf(u)∩ hAf(v)

⊆ hAf(u ? v)

= hAf(u ? v)

= hA(f(u) ? f(v))

= hA(x ? y).

Therfore, A is a hesitant fuzzy TM-subalgebra of y.

Theorem 4.3.15. Let f : X→ Y is homomorphism of a pseudo TM-algebras, let h1 be a hesitant

fuzzy pseudo TM- subalgebra of X and let h2 be a hesitant fuzzy pseudo subalgebra of Y .

(1) If h1 has the sup-property, then f(h1) is a hesitant fuzzy pseudo subalgebra of Y.

(2) f−1 (h2) is also a hesitant fuzzy pseudo subalgebra of X .

Proof. Let h1 be a hesitant fuzzy pseudo-TM subalgebra of X and by Definition 1.2.5(1). let a,b∈
Y with x0 ∈ f−1(a), y0 ∈ f−1( b) such that h1 (x0)=∪t∈f−1(a){h1(t)}, h1 (y0)=∪t∈f−1( b){h1(t)}.
Now,

f(h1)(a� b) = ∪t∈f−1(a�b){h1(t)}⊇ h1 (x0 · y0)

⊇ h1 (x0)∩ h1(y0)

= ∪t∈f−1(a){h1(t)}∩∪t∈f−1(b){h1(t)}

= f(h1)(a)∩ f(h1)(b).

f(h1)(a ? b) = ∪t∈f−1(a?b){h1(t)}⊇ h1 (x0 ? y0)

⊇ h1 (x0)∩ h1(y0)

= ∪t∈f−1(a){h1(t)}∩∪t∈f−1(b){h1(t)}

= f(h1)(a)∩ f(h1)(b).

Hence, f(h1) is a hesitant fuzzy pseudo-TM subalgebra of Y
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and let h2 be a hesitant fuzzy pseudo-TM subalgebra of Y and for all x,y ∈ X . Then,

f−1(h2)(x� y) = h2(f(x� y))

= h2(f(x� y))

= h2(f(x)� f(y))

⊇ h2(f(x))∩ h2(f(y))

= f−1(h2)(x)∩ f−1(h2)(y).

=⇒ f−1(h2)(x� y)⊇ f−1(h2)(x)∩ f−1(h2)(y).

f−1(h2)(x ? y) = h2(f(x ? y))

= h2(f(x ? y))

= h2(f(x) ? f(y))

⊇ h2(f(x))∩ h2(f(y))

= f−1(h2)(x)∩ f−1(h2)(y).

=⇒ f−1(h2)(x ? y)⊇ f−1(h2)(x),f−1(h2)(y).

Hence, f−1(h2) is a hesitant fuzzy pseudo-TM subalgebra of X.

Theorem 4.3.16. Let h be a HFPTMS of a PTMA of X and f be surjective homomorphism from a

pseudo TM-algebra X to a pseudo TM- algebra Y. Then f(h) is a hesitant fuzzy PTMASA of Y.

Proof. Assume that h be a HFPTMS of a PTMA of X and f be surjective homomorphism from a
pseudo TM-algebra X to a pseudo TM- algebra Y. We need to show that f(h) is a hesitant fuzzy
PTMASA of Y. Let y1,y2 ∈ Y. Let us assume that there exist x1,x2 ∈ X such that x1 ∈ f−1 (y1)

and x2 ∈ f−1 (y2). By definition 1.2.5

f(h)(y1 � y2) =
⋃

f(x)=y1?y2

h(x)

⊇ h(x1 · x2)

⊇ h(x1)∩ h(x2) .

Since for each x1,x2 ∈ X satisfying f(x1) = y1 and f(x2) = y2, we have

f(h)(y1 ? y2)⊇

 ⋃
f(x)=y1

h(x)

∩
 ⋃
f(x)=y2

h(x)


= f(h)(y1)∩ f(h)(y2) .

Thus, f(h) is a hesitant fuzzy TM-Subalgebra of X.
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4.4. Hesitant Fuzzy Pseudo-ideal of a pseudo-TM Algebra

In this section, we define the notion of a hesitant fuzzy pseudo-ideal in pseudo-TM algebras and
study the properties of this concept.

Definition 4.4.1. A hesitant fuzzy subset h of a pseudoTM -algebra X is called a hesitant fuzzy

pseudo ideal, denoted by HF.pseudo I of X if it satisfies:for all x,y ∈ X

(i) h(0)⊇ h(x)

(ii) h(x)⊇ h(x� y)∩ h(x ? y)∩ h(y).

Example 4.4.1. Let X = {0,1,2,3} be a pseudo TM with the following tables

� 0 1 2 3
0 0 3 2 0
1 1 0 2 0
2 2 2 0 3
3 3 3 1 0

? 0 1 2 3
0 0 1 0 0
1 2 0 0 0
2 2 2 0 3
3 3 3 3 0

Table 4.5

See [52] (X;�,?,) is a pseudo TM-algebra.

Define h be a hesitant fuzzy subset of X by h(x) =

{
0.7 if x= 0
0.6 otherwise

Then h is a hesitant fuzzy pseudo-ideal of a TM -algebra X.

Definition 4.4.2. Let h and σ be hesitant fuzzy subsets of a pseudo-TM algebra X such that h⊆ σ
. Then σ is called a hesitant fuzzy pseudo-ideal of X related to h denoted by HF pseudo-ideal if it

satisfies: for all x,y ∈ X.

(i) σ(0)⊇ σ(x)

(ii) σ(x)⊇ h(x� y)∩ h(x ? y)∩ h(y).

Example 4.4.2. Let X = {0,1,2,3} be a pseudo TM -algebra with the following tables

� 0 1 2 3
0 0 1 0 0
1 1 0 0 0
2 2 2 0 3
3 3 3 3 0

? 0 1 2 3
0 0 1 0 1
1 1 0 3 0
2 2 2 0 3
3 3 3 2 0

Table 4.6

See [52] (X;�,?,0) is a pseudo TM-algebra.
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Define h and σ a hesitant fuzzy subsets of X by h(x)=

{
{0.9} if x= 0
{0.4} if x= 1,2,3

and σ(x) =

{
{0.9,0.4} if x= 0
{0.4} if x= 1,2,3

Clearly h(x)⊆ σ(x) for every x ∈ X, so h⊆ σ. We check the two defining properties of a hesitant

fuzzy pseudo ideal related to h.

(i) σ(0)⊇ σ(x) for all x. Hence, σ(1) = σ(2) = σ(3) = {0.4}⊆ {0.9,0.4}= σ(0).

(ii) σ(x)⊇ h(x� y)∩ h(x ? y)∩ h(y) for all x,y ∈ X.

Note that for every y ∈ 1,2,3. We have h(y) = 0.4, while h(0) = 0.9. Thus for any pair

(x,y) there are only two possibilities for the triple h(x� y),h(x ? y),h(y) either at least

one of them equals h(0)=0.9 in which case the intersection h(x� y)∩ h(x ? y)∩ h(y) = ∅,
and ∅⊆ σ(x) holds trivially or all three are equal to 0.4, in which case h(x�y)∩h(x ?y)∩
h(y) = 0.4, and 0.4 ⊆ σ(x) holds because σ(x) = 0.4 for x = 1,2,3 or σ(0) also contains

(0.4). Concretely, using the Cayley tables one checks that whenever both x� y and x ? y

lie in 1,2,3 and y ∈ 1,2,3, the intersection is 0.4 and is contained in σ(x); otherwise the

intersection is ∅. Thus (ii) holds for every x,y ∈ X.

Therefore, σ is a hesitant fuzzy pseudo ideal of X related to h.

Example 4.4.3. Let X = {0,1,2,3} be a pseudo TM -algebra with the following tables

� 0 1 2 3
0 0 0 0 0
1 2 0 3 1
2 2 3 0 2
3 3 3 3 0

? 0 1 2 3
0 0 0 0 0
1 1 0 1 1
2 2 2 0 2
3 3 0 0 0

Table 4.7

See [52] (X; �, ?, 0) is a pseudo TM-algebra.

Define h and σ fuzzy subsets of X by

h(x) =


0.7 if x= 0
0.8 if x= 2
0.5 if x= 1,3

σ(x) =

{
0.9 if x= 0,2
0.6 if x= 1,3

Then σ is a hesitant fuzzy pseudo ideal of X related to h, but σ is not a hesitant fuzzy pseudo ideal

of TM -algebra related to h since σ(3) = 0.6<min {h(3 ? 1),h(2)}= 0.7.

Example 4.4.4. Let X = {0,1,2,3} be a pseudo TM -algebra with the following tables

See [52] (X;�,?,) is a pseudo TM-algebra.
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� 0 1 2 3
0 0 3 3 3
1 1 0 3 3
2 2 3 0 3
3 3 3 1 0

? 0 1 2 3
0 0 3 3 3
1 1 0 3 3
2 2 3 0 3
3 3 3 2 0

Table 4.8

and let

h1(x) =


0.6 if x= 0
0.4 if x= 1
0.1 if x= 2,3

σ1(x) =


0.7 if x= 0
0.4 if x= 1
0.1 if x= 2,3

h2(x) =


0.8 if x= 0
0.6 if x= 2
0.1 if x= 1,3

σ2(x) =


0.8 if x= 0
0.5 if x= 2
0.3 if x= 1,3

Then σ1 and σ2 are a hesitant fuzzy pseudo ideal of X related to h1 and h2 respectively.

h1 ∪ h2(x) =


0.6 if x= 0
0.4 if x= 1,2
0.1 if x= 3

σ1 ∪ σ2(x) =


0.8 if x= 0
0.5 if x= 1
0.4 if x= 2
0.2 if x= 3

But σ1 ∪ σ2 is not hesitant fuzzy pseudo ideal of X related to h1 ∪ h2, since

(σ1 ∪ σ2)(c) = 0.3< h1 ∪ h2 (3� 2) ,h1 ∪ h2(3 ? 2),h1 ∪ h2(2) = 0.5.

Theorem 4.4.1. If H = {(x,h(x)) |x ∈ X} is a hesitant fuzzy pseudo-deal of a pseudo TM- algebra

X. Then

(∀x,y ∈ X)(x6 y⇒ h(y)⊆ h(x)) .

Proof. Assume thatH= {(x,h(x)) |x ∈ X} is a hesitant fuzzy pseudo ideal of a pseudo TM- algebra
X. We need to show that (∀x,y ∈ X)(x6 y⇒ h(y)⊆ h(x)). Let x,y ∈ X such that x 6 y. We
have x� y = 0 and x ? y = 0 . Since h is hesitant fuzzy pseudo ideal of a pseudo TM- algebra X.
Then

h(x) ⊇ h(x� y)∩ h(x ? y)∩ h(y)

⊇ h(0)∩ h(0)∩ h(y)

= h(y)

Theorem 4.4.2. Let {hi | i ∈ I} be a family of hesitant fuzzy pseudo ideal of a pseudoTM -algebra

X related to a hesitant fuzzy subset h of X. Then ∩i∈Ihi is a hesitant hesitant fuzzy pseudo-ideal of

X related to h.
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Proof. Let {hi | i ∈ I} be a family of hesitant fuzzy pseudo ideals of X. We need to show that ∩i∈Ihi
is a hesitant hesitant fuzzy pseudo ideal of X related to h.

(i) Let x ∈ X. Then ∩i∈Ihi(0) = ∩ {hi(0) | i ∈ I})⊇ h(x). Since hi(0)⊇ h(x) , for all i ∈ I.

(ii) Let x,y ∈ X. Then, we have ∩i∈Ihi(x) = ∩ {hi(x) | i ∈ I} ⊇ h(x� y) ∩ h(x ? y) ∩ h(y).
Since hi(x) = ∩ {hi(x) | i ∈ I}⊇ h(x� y)∩ h(x ? y)∩ h(y),∀i ∈ I
⇒∩i∈Ihi ⊇ h(x� y)∩ h(x ? y)∩ h(y).
Hence, ∩i∈Ihi is a hesitant fuzzy pseudo ideal of X related to h.

Theorem 4.4.3. Let X be a pseudoTM -algebra h and σ be a hesitant fuzzy subsets of X. Then σ

is a hesitant fuzzy pseudo ideal of X related to h if and only if the level subset σΛ is a pseudo ideal

of X related to hΛ,∀Λ ∈ P[0,σ(0)],σ(0) =
⋃
x∈Xσ(x).

Proof. Let σ be a hesitant fuzzy pseudo ideal of X related to h and Λ ∈ P[0,σ(0)]. We need to
show that σt is a pseudo ideal of X related to hΛ.

(i) It is clear that hΛ ⊆ σΛ and σ(0)⊇Λ⇒ 0 ∈ σt.

(ii) Let x,y ∈ X such that x� y,x ? y ∈ hΛ and y ∈ hΛ
⇒ h(x� y)⊇Λ,h(x ? y)⊇Λ and h(y)⊇Λ
h(x� y)∩ h(x ? y)∩ h(y)⊇Λ
But, σ(x)⊇h(x� y)∩h(x?y)∩h(y). Since σ is a hesitant fuzzy pseudo ideal of X related
to h. It implies that σ(x)⊇Λ⇒ x ∈ σΛ.
Hence, σΛ is a pseudo ideal of X related to hΛ.

Conversely, let σt be a pseudo ideal of X related to hΛ of X,∀Λ ∈ P[0,σ(0)],σ(0) =∪x∈X h(x).
We need to show that σ is a hesitant fuzzy pseudo ideal of X related to h.

(i) It is clear that σ(0)⊇ σ(x),∀x ∈ X.

(ii) Let x,y ∈ X such that h(x� y)∩ h(x ? y)∩ h(y) =Λ
⇒ h(x� y)⊇Λ,h(x ? y)⊇Λ and h(y)⊇Λ
⇒ x� y,x ? y ∈ hΛ and y ∈ hΛ⇒ x ∈ BΛ. Since σΛ is a pseudo ideal of X related to hΛ
⇒ σ(x)⊇Λ⇒ σ(x)⊇ h(x� y)∩ h(x ? y)∩ h(y)
Therefore, σ be a hesitant fuzzy pseudo ideal of X related to h of a pseudo-TM algebra X.

Theorem 4.4.4. Assume that X is a pseudo-TM algebra and let h be a hesitant fuzzy subset of

X. Then h is a hesitant fuzzy pseudo-ideal of X if and only if the upper level set U(h,Λ) is a

pseudo-ideal of X or empty of X,∀Λ ∈ P[0,1].
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Proof. Let h be a hesitant fuzzy pseudo-ideal of a pseudo-TM algebra X and U (h,Λ) 6= ∅ for
everyΛ ∈ P[0,1] Clearly 0 ∈U(h,Λ) since h(0)⊇Λ. Suppose that x,y ∈ X such that x�y,x ?y
and y ∈U(h,Λ) , then h(x� y)⊇Λ,h(x ? y)⊇Λ and h(y)⊇Λ.
It follows that h(x)⊇ h((x� y))∩ h((x ? y))∩ h(y)⊇Λ. It implies that x ∈U(h,Λ) .
Therefore, U(h,Λ) is a pseudo-ideal of X.
Conversely, for every Λ ∈ P[0,1] and non-empty subset U(h,Λ) is a pseudo-ideal of X, ∀x ∈ X.
Let x ∈ X. Then h(x) ∈ P[0,1]. Then, h(x)⊇Λ. Thus, x ∈U(h,Λ) 6= ∅. By assumption, we have
U(h,Λ) is a pseudo ideal of X and thus, 0 ∈ U(h,Λ1). So, h(0) ⊇ Λ = h(x). Next, let x,y,∈ X.
Then h(x� y),h(x ? y),h(y) ∈ P[0,1]. Choose Λ = h(x� y) ∩ h(x ? y) ∩ h(y) ∈ P[0,1]. Then
h(x� y)⊇Λ, h(x ? y)⊇Λ and h(y)⊇Λ. Thus x� y,x ? y,y ∈U(h;Λ) 6=∅. By assumption,
we have U(h;Λ) is a pseudo ideal of X. So x ∈U(h;Λ). Thus h(x)⊇Λ= h(x� y)∩h(x ? y)∩
h(y).

Therefore, h is a fuzzy pseudo-ideal of a pseudo-TM algebra X.

Definition 4.4.3. Let σ be a hesitant fuzzy subset of a pseudo-TM algebra X. The set {x∈X :σ(x) =

σ(0)} is denoted by Xσ which represents the level set of the hesitant fuzzy set σ where all elements

in Xσ have the same membership value as the element 0 under σ.

Theorem 4.4.5. Let X be a pseudo-TM algebra X. If σ is a hesitant fuzzy pseudo ideal related to h

such that σ(0) = h(0).Then the set Xσ is a pseudo ideal related to Xh.

Proof. Let σ be a hesitant fuzzy pseudo ideal related to h. We need to show that Xσ is a pseudo
ideal related to Xh.

(i) Let x� y,x ? y,y ∈ Xh⇒ h(x� y) = h(x ? y) = h(y) = h(0)
⇒ h(x� y)∩ h(x ? y)∩ h(y) = h(0)
But σ(x)⊇ h(x� y)∩ h(x ? y)∩ h(y) = h(0)
⇒ σ(x) = h(0)⇒ σ(x) = σ(0)⇒ x ∈ Xh.
Hence Xσ is a pseudo ideal related to Xh.

Definition 4.4.4. Let X be a pseudo TM–algebra and let σ= {(x,σ(x)) : x ∈ X} be a hesitant fuzzy

subset of X, where σ(x)⊆P[0,1] denotes the set of all possible membership degrees of x in σ. Then

the hesitant fuzzy complement or hesitant fuzzy derived set of σ, denoted by σ′, is defined by σ′(x) =
{σ(x) + 1 − σ(0)}∩ [0,1], ∀x∈ X, where the operations (+) and (−) are applied elementwise to

all membership degrees. That is, for each x ∈ X, σ′(x) = {α+ 1 −β/α ∈ σ(x),β ∈ σ(0)}∩ [0,1].

Example 4.4.5. Let X = {0, 1, 2, 3} be a pseudo TM–algebra Defined in 4.4.2. Define a hesitant

fuzzy subset σ of X by σ = (0, {0.7,0.8}),(1, {0.5,0.6}),(2, {0.4}),(3, {0.3,0.4}). We compute the

hesitant fuzzy complement σ′ using Definition 4.4.4 we have :

σ(0) = {0.7,0.8} .
Hence, for each x ∈ X, σ′(x) = {α+ 1 −β | α ∈ σ(x),β ∈ {0.7,0.8}}∩ [0,1].
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Now, compute each

σ′(0) = {0.7 + 1 − 0.7, 0.7 + 1 − 0.8, 0.8 + 1 − 0.7, 0.8 + 1 − 0.8}∩ [0,1]

= {0.9, 1.0}

σ′(1) = {0.5 + 1 − 0.7, 0.5 + 1 − 0.8, 0.6 + 1 − 0.7, 0.6 + 1 − 0.8}∩ [0,1]

= {0.7, 0.8, 0.9}

σ′(2) = {0.4 + 1 − 0.7, 0.4 + 1 − 0.8}∩ [0,1] = {0.6, 0.7}

σ′(3) = {0.3 + 1 − 0.7, 0.3 + 1 − 0.8, 0.4 + 1 − 0.7, 0.4 + 1 − 0.8}∩ [0,1]

= {0.5, 0.6, 0.7} .

Therefore, σ′ = (0, {0.9, 1.0}),(1, {0.7, 0.8, 0.9}), (2, {0.6, 0.7}),(3, {0.5, 0.6, 0.7}).

Theorem 4.4.6. Let h and σ be a hesitant fuzzy subsets of a pseudoTM X such that σ(0) = h(0).
Then σ is a hesitant fuzzy pseudo ideal of X related to h if and only if σ

′
is a hesitant fuzzy pseudo

ideal of X related to h
′
.

Proof. Let σ be a hesitant fuzzy pseudo ideal of X related to h. We need to show that σ
′

is a
hesitant fuzzy pseudo ideal of X related to h

′
.

(i) σ′(0) = σ(0) + 1 − σ(0)⇒ σ′(0) = 1⇒ σ′(0)⊇ σ′(x)∀x ∈ X.

(ii) Let x,y ∈ X. Then

σ′(x) = σ(x) + 1 − σ(0)⊇ {h(x� y)∩ h(x ? y)∩ h(y)}+ 1 − h(0)

⊇ {h(x� y) + 1 − h(0)∩ h(x ? y) + 1 − h(0)∩ h(y) + 1 − h(0)}

⊇ h′ (x� y)∩ h′(x ? y)∩ h′(y)

⇒ σ′(x)⊇ h′ (x� y)∩ h′(x ? y)∩ h′(y)

⇒ h′ is a hesitant fuzzy pseudo ideal of X related to h′.

Conversely,

(i) Let x ∈ X. Then σ′(0)⊇ σ′(x)⇒ σ(0)⊇ h(x).

(ii) Let x,y ∈ X. We have σ′(x)⊇ h′ (x� y)∩ h′(x ? y)∩ h′(y)
⊇ h(x� y) − 1 + h(0)∩ h(x ? y) − 1 + h(0)∩ h(y) − 1 + h(0)
⊇ h(x� y)∩ h(x ? y)∩ h(y)}− 1 + h(0).
⇒ σ(x)⊇ h(x� y)∩ h(x ? y)∩ h(y)
⇒ σ is a hesitant fuzzy pseudo ideal of X related to h.

Definition 4.4.5. A hesitant fuzzy set h is upward closed ↑ with respect to a hesitant fuzzy set σ if

for every x ∈ X, the membership degrees of h dominate those of σ in the following sense:

∀γ ∈ hσ(x), ∃β ∈ hh(x) such that β⊇ γ.
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In other words, for every possible membership degree γ in hσ(x), there exists a membership degree

β in hh(x) that is greater than or equal to γ.

Theorem 4.4.7. Let X be a pseudo-TM algebra and h ∈ X. If σ is a hesitant fuzzy pseudo ideal of

X related to h such that σ(h) = h(h). Then ↑ σ(h) is a pseudo ideal of X related to ↑ h(h).

Proof. Let σ be a hesitant fuzzy pseudo ideal of X related to h. We need to show that ↑ σ(h) is a
pseudo ideal of X related to ↑ h(h).

(i) Since σ(0)⊇ σ(h)⇒ 0 ∈↑ σ(h).

(ii) Let x ∈ X and y ∈↑ h(h) such that (x� y),(x ? y) ∈↑ h(h) and y ∈↑ h(h)
⇒ h(x� y)⊇ h(h),h(x ? y)⊇ h(h) and h(y)⊇ h(h).
⇒h(h)⊆h(x� y) ,h(h)⊆h(x?y) and h(h)⊆h(y)⇒h(h)⊆h(x� y)∩h(x?y)∩ (y).
But, σ(x)⊇ h(x� y)∩ h(x ? y)∩ h(y)⇒ h(h)⊆ σ(x)⇒ hσ(h)⊆ σ(x)⇒ x ∈↑ σ(h).
⇒↑ σ(h) is a pseudo ideal of X related to ↑ h(h).

4.5. Homomorphism of Fuzzy Pseudo ideal of Pseudo-TM
Algebra

In this section, we give the characterizations of hesitant fuzzy pseudo-ideals and hesitant fuzzy
homomorphisms of a pseudo-TM algebra.

Theorem 4.5.1. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let f : X→ Y be

a homomorphism and h be a hesitant fuzzy pseudo-ideal of Y. Then f−1(h) is a hesitant fuzzy

pseudo-ideal of X.

Proof. Assume that h be a hesitant fuzzy pseudo-ideal of Y. We need to show that f−1(h) is a
hesitant fuzzy pseudo-ideal of X. Let x ∈ X. Then f(x) ∈ Y and h is a hesitant fuzzy pseudo-ideal
of Y, we have
f−1(h)(0) = h(f(0))⊇ h(f(x)).Thus we get f−1(h)(0)⊇ f−1(h)(x) for any x ∈ X.
Let x,y ∈ X. Since f(h) is a fuzzy pseudo-ideal of Y,we have:

f−1(h(x)) = h(f(x)) ⊇ h(f(x)� f(y))∩ h(f(x) ? f(y))∩ h(f(y))

= h(f(x� y))∩ h(f(x ? y))∩ h(f(y))

= f−1(h)(x� y)∩ f−1(h)(x ? y)∩ f−1(h)(y)

⇒ f−1(h(x)) ⊇ f−1(h)(x� y)∩ f−1(h)(x ? y)∩ f−1(h)(y)

Therefore, f−1(h(x)) is a hesitant fuzzy pseudo-ideal of X.

Corollary 4.5.2. If h is a hesitant fuzzy pseudo-ideal of a pseudo-TM -algebra X, then the set

H= {x ∈ X | h(x)⊇ h(b)} is a hesitant fuzzy pseudo -ideal of X for any b ∈ X.

105



Proof. Suppose that h is a hesitant fuzzy pseudo-ideal of X. We need to show that H is a hesitant
fuzzy pseudo-ideal of X.
Let x,y ∈ X such that x� y ∈H, x ? y ∈H and y ∈H. Then

h(x� y)⊇ h(b), h(x ? y)⊇ h(b) and h(y)⊇ h(b)

⇒ h(x)⊇ h(x� y)∩ h(x ? y)∩ h(y)}⊇ h(b).

Therefore, h(x)⊇ h(b).

Lemma 4.5.3. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let f : X→ Y be a

homomorphism and h be a hesitant fuzzy pseudo-ideal of X. If h is constant on Ker(f) = f−1(0),
then f−1(f)(h) = h.

Proof. Assume that h be a hesitant fuzzy pseudo-ideal of X and h is constant on Ker(f) = f−1(0).
We need to show that f−1(f)(h) = h. Let x ∈ X and f(x) = y. Hence

f−1(f)(h)(x) = f(h)f(x)

= f(h)(y)

=
⋃{

h(b) : b ∈ f−1(y)
}

For all b ∈ f−1(y), we have f(x) = f(b).
Hence, f(b� x) = f(b ? x) = 0
⇒ b� x,b ? x ∈ Ker(f). It follows that h(b� x) = h(0) = h(b ? x). Then
h(b)⊇ h(b� x)∩ h(b ? x)∩ h(x) = h(0)∩ h(x) = h(x)
We get, h(b)⊇ h(x). Since by Corollary 4.5.2 h(x)⊇ h(b).

Hence, h(x) = h(b).
Thus ,

(
f−1(f)(h)

)
(x) =

⋃{
h(b) : b ∈ f−1(y)

}
= h(x).

Therefore, f−1(f)(h) = h.

Theorem 4.5.4. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let f : X→ Y be an

epimorphism and h be a hesitant fuzzy pseudo-ideal of X such that h is constant on Ker(f). Then

f(h) is a hesitant fuzzy pseudo-ideal of Y, provided that the sup property holds.

Proof. Suppose that h be a fuzzy pseudo-ideal of X such that h is constant on Ker(f).We need to
show that f(h) is a hesitant fuzzy pseudo-ideal of Y, provided that the sup property holds. Let 0∈ Y,
then there exist 0∈X such that f(0) = 0. Now, f(h)(0) =

⋃
h(k) | k∈ f−1(0) = h(0)⊇ h(x),∀x∈

X. Let y∈ Y. Since f is an epimorphism, we have f−1(y) 6= ∅ and h(0)⊇h(k) | k∈ f−1(y). Which
implies that f(h)(0)⊇

⋃
h(k) | k ∈ f−1(y) = f(h)(y),∀y ∈ Y. Hence, f(h)(0)⊇ f(h)(y),∀y ∈ Y.

Thus f(h) satisfies Definition 4.4.1 .
Assume that f(h)(a) ⊂ f(h)(a � b) ∩ f(h)(a ? b) ∩ f(h)(b) for some a,b ∈ Y. Since f is an
epimorphism there exists x,y ∈ X such that f(x) = a and f(x) = b.
Hence, f(h)(f(x))⊂ f(h)(f(x� y))∩ f(h)f(x ? y)∩ f(h)f(y).
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Then f−1(f(h))(x)⊂ f−1(f(h))(x� y)∩ f−1(f(h))(x ? y)∩ f−1(f(h)(y)).
But h is constant on Kerf.
Then by Lemma (4.5.3), we get h(x)⊂ h(x� y)∩ h(x ? y)∩ h(y) which is a contradiction with
the fact that h is a hesitant fuzzy pseudo-ideal of X.
Therefore, f(h) is a hesitant fuzzy pseudo-ideal of Y.

4.6. Cartesian Product of Hesitant Fuzzy Pseudo ideal of
Pseudo-TM Algebra

In this section, we introduce the notion of hesitant fuzzy pseudo-ideals in pseudo-TM algebras in
terms of Cartesian product of any two pseudo-TM algebras.

Theorem 4.6.1. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras and let h and σ be any

two hesitant fuzzy pseudo-ideal of X and Y respectively. Then h× σ is a hesitant fuzzy pseudo-

ideals of X× Y.

Proof. Suppose that h and σ be a hesitant fuzzy pseudo-TM algebras of X and Y respectively.
(a) Let (x,y)∈X×Y. Then (h× σ)(0,0)=h(0)∩σ(0)⊇h(x)∩σ(y). Hence, (h× σ)(0,0)⊇
(h× σ)(x,y).
(b) Let (x1,x2),(y1,y2) ∈ X× Y. Then

(h× σ)(x1,x2) = h(x1)∩ σ(x2)

⊇ h(x1 � y1)∩ h(x1 ? y1)∩ h(y1)∩ σ(x2 � y2)∩ σ(x2 ? y2)∩ σ(y2).

= h(x1 � y1)∩ σ(x2 � y2)∩ h(x1 ? y1)∩ σ(x2 ? y2)∩ h(y1)∩ σ(y2).

= (h× σ)(x1,x2)� (y1,y2)∩ (h× σ)(x1,x2) ? (y1,y2)∩ (h× σ)(y1,y2)

Hence, (h× σ)(x1,x2)⊇ (h× σ)(x1,x2)� (y1,y2)∩ (h× σ)(x1,x2)? (y1,y2)∩ (h× σ)(y1,y2).
By (a) and (b) above, we have that h× σ is a hesitant fuzzy pseudo-ideal of X.

Theorem 4.6.2. Let (X,�,?,0) and (Y,�,?,0) be a pseudo-TM algebras. If h× σ be a hesitant

fuzzy pseudo-ideal of X× Y for any hesitant fuzzy subset of h and σ of a pseudo-algebra of X

and Y respectively, then either h is a hesitant fuzzy pseudo-ideal of X or σ be a hesitant fuzzy

pseudo-ideal of Y.

Proof. Suppose that h×σ is a hesitant fuzzy pseudo-ideal of X× Y such that h and σ be a hesitant
fuzzy subset of X and Y respectively. Then (h× σ)(0,0) = h(0) ∩ σ(0) ⊇ h(x) ∩ σ(y) for all
(x,y) ∈ X× Y.
Suppose that h(x)⊃ h(0) and σ(y)⊃ σ(0) for some (x,y) ∈ X× Y.
Now, (h× σ)(x,y) =min {h(x),σ(y)}⊃ h(0)∩ σ(0) = (h× σ)(0,0) which is a contradiction.
Thus, h(0)⊇ h(x) or σ(0)⊇ σ(x) for all (x,y) ∈ X× Y.
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Let (x1,x2),(y1,y2) ∈ X× Y. Then

(h× σ)(x1,x2) = h(x1)∩ σ(x2)

⊇ (h× σ)(x1,x2)� (y1,y2)∩ (h× σ)(x1,x2) ? (y1,y2)∩ (h× σ)(y1,y2)

= h(x1 � y1)∩ h(x1 ? y1)∩ h(y1)∩ σ(x2 � y2)∩ σ(x2 ? y2)∩ σ(y2).

= h(x1 � y1)∩ σ(x2 � y2)∩ h(x1 ? y1)∩ σ(x2 ? y2)∩ h(y1)∩ σ(y2).

⇒ h(x1)⊇ h(x1 � y1)∩ h(x1 ? y1)∩ h(y1)

or σ(x2)⊇ σ(x2 � y2)∩ σ(x2 ? y2)∩ σ(y2)

Hence, either h(x1)⊇ h(x1 � y1)∩ h(x1 ? y1)∩ h(y1)

or σ(x2)⊇ σ(x2 � y2)∩ σ(x2 ? y2)∩ σ(y2).

Theorem 4.6.3. Let (X;�,?,0) and (Y;�,?,0) be a pseudo-TM algebras and let h and σ be any

two hesitant fuzzy pseudo-ideal of X and Y respectively. Then h× σ is a hesitant fuzzy pseudo-

ideals of X× Y if and only if the non-empty upper Λ−level set U(h× σ,t) is a pseudo-ideal of

X× Y for any Λ ∈ P[0,1].

Proof. Let h× σ be a fuzzy pseudo-ideals of X× Y such that U(h× σ,Λ) 6= ∅, for all Λ ∈ [0,1].
We need to show that U(h× σ,t) is a pseudo-ideal of X× Y for any Λ ∈ P[0,1]. Then there exists
(x,y) ∈U(h× σ,Λ) . Thus (h× σ)(x,y)⊇Λ. Since h× σ is a fuzzy pseudo-ideal of X× Y. We
have (h× σ)(0,0)⊇ (h× σ)(x,y) for all (x,y) ∈ X× Y.
⇒ (h× σ)(0,0)⊇ (h× σ)(x,y)⊇Λ
⇒ (h× σ)(0,0)⊇Λ
⇒ (0,0) ∈U(h× σ,t)
Suppose that (x1,y1),(x2,y2)∈U(h× σ,Λ) such that (x1,y1)� (x2,y2),(x1,y1)? (x2,y2),(x2,y2)∈
U(h× σ,Λ)
⇒ (h× σ)((x1,y1)� (x2,y2))⊇Λ,(h× σ)((x1,y1) ? (x2,y2))⊇Λ and (h× σ)((x2,y2)⊇Λ.
Since h× σ is a fuzzy pseudo-ideal of X× Y. We have

(h× σ)(x1,y1) ⊇ min {(h× σ)((x1,y1)� (x2,y2)) ,(h× σ)((x1,y1) ? (x2,y2)) ,(h× σ)(x2,y2)}

⊇ min {Λ,Λ,Λ}=Λ

⇒ (h× σ)(x1,y1)⊇Λ

⇒ (x1,y1) ∈U(h× σ,Λ)

Hence, U(h× σ,Λ) is a pseudo-ideal of X× Y.
Conversely, assume that the set U(h× σ,Λ) be a pseudo-ideal of X× Y, for each Λ ∈ [0,1].
Let (x,y) ∈ X× Y such that (h× σ) = Λ. Then (x,y) ∈ U(h× σ,Λ) . Since (h× σ) is a fuzzy
pseudo-ideal of X× Y, then (0,0) ∈U(h× σ,Λ) .
Hence, (h× σ)(0,0)⊇Λ= (h× σ)(x,y) for all (x,y) ∈ X× Y. Assume that
Λ1 =

1
2 {(h× σ)(x,x) +min {(h× σ)((x,x)� (x1,y1)) ,(h× σ)((x,x) ? (x1,y1)) ,(h× σ)(x1,y1)}} .

Then (h×σ)(x,x)⊃Λ1<min {(h× σ)((x,x)� (x1,y1)) ,(h× σ)((x,x) ? (x1,y1)) ,(h× σ)(x1,y1)} .
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It follows that (x,x) 6=U(h× σ,t1). Also, (h× σ)((x,x)� (x1,y1)) ,(h× σ)((x,x) ? (x1,y1))∈
U(h× σ,Λ1) and (h× σ)(x1,y1) ∈U(h× σ,Λ1) which is a contradiction. Since U(h× σ,Λ1)

is a pseudo-ideal of X× Y. Therefore, h× σ is a fuzzy pseudo-ideal of X× Y.

Theorem 4.6.4. Let (X;�,?,0) and (Y;�,?,0) be a pseudo-TM algebras and let h and σ be any

two hesitant fuzzy pseudo-ideal of X and Y respectively such that h× σ is a hesitant fuzzy pseudo-

ideals of X× Y.Then:

i) either h(0)⊇ h(x) or σ(0)⊇ σ(y), for all (x,y) ∈ X× Y.

ii) If (0)⊇ h(x), for all x ∈ X, then either σ(0)⊇ σ(y) or σ(0)⊇ h(x), for all (x,y) ∈ X× Y.

iii) If σ(0)⊇ σ(y), for all y ∈ Y, then either h(0)> h(x) or h(0)⊇ σ(y), for all (x,y) ∈ X× Y.

Proof. Let h× σ be a hesitant fuzzy pseudo- ideal of X× Y. Then
i) Suppose that h(0) ⊂ h(x), for some x ∈ X and σ(0) ⊂ σ(y), for some y ∈ Y. Then (h×
σ)(x,y) = h(x) ∩ σ(y) ⊃ h(0) ∩ σ(0) = (h × σ)(0,0). This is a contradiction to the fact that
h× σ is a hesitant fuzzy pseudo ideal of X× Y.
Therefore, either h(0)⊇ h(x) or σ(0)⊇ σ(y), for all (x,y) ∈ X× Y.
ii) Suppose that h(0) ⊇ h(x), for all x ∈ X. Assume that there exist x ∈ X and y ∈ Y such that
σ(0) ⊂ h(x) and σ(0) ⊂ σ(y). Then σ(0) ⊂ h(x) ⊆ h(0). Thus (h× σ)(x,y) = h(x) ∩ σ(y) ⊃
σ(0)∩σ(0) = σ(0) = h(0)∩σ(0) = (h×σ)(0,0). This is a contradiction since h×σ is a hesitant
fuzzy pseudo ideal of X×Y. Hence, either σ(0)⊇ σ(y), for all y∈ Y or σ(0)⊇ h(x), for all x∈X.
iii) Assume that σ(0) ⊇ σ(y), for all y ∈ Y. Assume that there exist x ∈ X and y ∈ Y such that
h(0) ⊂ h(x) and h(0) ⊂ σ(y). Then h(0) ⊂ σ(y) ⊆ σ(y). Thus (h× σ)(x,y) = h(x) ∩ σ(y) ⊆
h(0)∩ h(0) = h(0) = h(0)∩ σ(0) = (h× σ)(0,0) which is a contradiction.
Hence, either h(0)⊇ h(x), for all x ∈ X or h(0)⊇ σ(y), for all y ∈ Y.
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Chapter 5
Bipolar Hesitant Fuzzy Soft Set in

TM-Algebra with Multicriteria Decision
Making

In this chapter, we introduce bipolar hesitant fuzzy soft sets in TM-algebras and discuss their appli-
cations in real-world problems. The combination of bipolarity (positive and negative views), hesi-
tation (multiple values), and soft sets (parameter-based uncertainty) creates a powerful framework.
These structures are applied to decision-making problems, when both satisfaction and dissatisfac-
tion need to be considered. A numerical example is provided for selecting the best alcoholic drink
based on multiple criteria, such as taste, health impact, and cost. Each criterion is evaluated with
both positive and negative opinions, along with hesitation. The bipolar hesitant fuzzy soft set model
is used to combine these opinions and find the best option. This shows the practical usefulness of
the theoretical framework developed in this work.

5.1. Hesitant Fuzzy Soft TM-Subalgebra of TM -algebra

In this section, we introduce the concepts of hesitant fuzzy soft TM-subalgebras of TM -algebras
and provide some interesting properties. In what follows let U be a universal set, let E be a set of
parameters and A and B are a subset of E and we take a TM-algebra X as a reference set unless
otherwise specified.

Definition 5.1.1. For a subset A of E, a hesitant fuzzy soft set ( ξh,A ) over X is called a hesitant

fuzzy soft subalgebra based on ε∈A (briefly, ε-hesitant fuzzy soft subalgebra) overX if the hesitant

fuzzy set

ξh[ε] =
{(
x,hξh[ε](x)

)
| x ∈ X

}
on X is a hesitant fuzzy subalgebra of X. If (ξh[ε],A) is an ε hesitant fuzzy soft subalgebra over X

for all ε ∈A, we say that (ξh,A) is a hesitant fuzzy soft subalgebra.
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Example 5.1.1. Let X = {0,1,2} with the binary operation “?” defined by the following Cayley

table:

? 0 1 2
0 0 1 2
1 1 1 1
2 2 1 0

Table 5.1

See [43], where it is shown that (X,?,0) is a TM–algebra.

Let E = {e1,e2} be a set of parameters and let A = {e1,e2} ⊆ E. Define a hesitant fuzzy soft set

(ξh,A) over X by

ξh(e1) =


(0, {0.8,0.9}),

(1, {0.6,0.7}),

(2, {0.5,0.6})

 , ξh(e2) =


(0, {0.9,1.0}),

(1, {0.7,0.8}),

(2, {0.6,0.7})

 .

For the parameter ε= e1, the corresponding hesitant fuzzy set on X is

ξh[e1] = {(0, {0.8,0.9}),(1, {0.6,0.7}),(2, {0.5,0.6})}.

We verify that ξh[e1] is a hesitant fuzzy subalgebra of X. For all x,y ∈ X,

hξh[e1](x ? y)⊇ hξh[e1](x)∩ hξh[e1](y).

Now,
Let x= 1,y= 2. Then 1 ? 2 = 1, so

hξh[e1](1 ? 2) = {0.6,0.7},

hξh[e1](1)∩ hξh[e1](2) = {0.6}⊆ {0.6,0.7}.

All other combinations satisfy the same inclusion, so ξh[e1] is a hesitant fuzzy subalgebra of X.

Similarly, for ε= e2,

ξh[e2] = {(0, {0.9,1.0}),(1, {0.7,0.8}),(2, {0.6,0.7})},

and by similar computation,

hξh[e2](x ? y)⊇ hξh[e2](x)∩ hξh[e2](y), ∀x,y ∈ X.

Hence, ξh[e2] is also a hesitant fuzzy subalgebra of X.

Therefore, since both ξh[e1] and ξh[e2] are hesitant fuzzy subalgebras of X, the hesitant fuzzy soft

set (ξh,A) is an ε-hesitant fuzzy soft subalgebra of X for all ε ∈ A. Thus, (ξh,A) is a hesitant

fuzzy soft subalgebra of X.

111



Example 5.1.2. Let X= {0,1,2,3,4} with the following Cayley table:

? 0 1 2 3 4
0 0 1 2 3 4
1 1 1 1 1 1
2 2 1 2 2 2
3 3 1 2 3 3
4 4 1 2 3 4

Table 5.2

See [43] (X,?,0) is a TM -algebra. Define a hesitant fuzzy soft Set A = {ε1,ε2}. Now define the

hesitant fuzzy set values for each element in X, under each parameter in A.

ξh[ε] 0 1 2 3 4

ε1 {1.0} {0.9,1.0} {0.8} {0.8} {0.7}
ε2 {1.0} {0.85} {0.75,0.8} {0.7} {0.6}

Hence, both ξh[ε1] and ξh[ε2] are hesitant fuzzy subalgebras. The hesitant fuzzy soft set (ξh,A)
has each ξh[ε] being a hesitant fuzzy subalgebra.

Therefore, (ξh,A) is a hesitant fuzzy soft subalgebra over X.

Theorem 5.1.1. If (ξh,A) is a hesitant fuzzy soft subalgebra over a TM-algebra X, then

(∀x ∈ X)
(
hξh[ε](0)⊇ hξh[ε](x)

)
,

where ε is any parameter in A.

Proof. Assume that ( ξh,A ) is a hesitant fuzzy soft subalgebra of X and let ε∈A and x∈X. Then
ξh[ε] is a hesitant fuzzy subalgebra of X. Thus,

hξh[ε](0) = hξh[ε](x ? x)⊇ hξh[ε](x)∩ hξh[ε](x)hξh[ε](x).

Definition 5.1.2. Let (ξh,A) be a hesitant fuzzy soft set over a universe X, where A ⊆ E and E is

a set of parameters. If Ω⊆A, then the restriction of (ξh,A) to Ω is denoted by (ξh|Ω ,Ω) and is

defined as a mapping ξh|Ω :Ω−→HFS(X) such that ξh|Ω (ε) = ξh(ε), for all ε ∈Ω.

Proposition 5.1.2. Let (ξh,A) be a hesitant fuzzy soft subalgebra over X. If Ω is a subset of A,

then (ξh|Ω ,Ω) is a hesitant fuzzy soft subalgebra over X.

Proof. Let X be a TM -algebra and A be a set of parameters. (ξh,A) be a hesitant fuzzy soft set
over X, where

ξh :A→HFS(X)
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assigns to each parameter ε∈A a hesitant fuzzy subset ξh(A) ofX. Further, suppose that (ξh,A) is
a hesitant fuzzy soft subalgebra, which means for eachA∈A, ξh(A) is a hesitant fuzzy subalgebra
of X. ConsiderΩ⊆A we aim to show

(ξh|Ω ,Ω) is a hesitant fuzzy soft subalgebra over X

Since for every ε∈Ω⊆A, we already have that ξh(A) is a hesitant fuzzy subalgebra of X (because
it was true for all elements ofA). Then for everyA∈Ω, ξh|Ω (A) = ξh(A) is also a hesitant fuzzy
subalgebra of X.
Hence, the pair (ξh|Ω ,Ω) satisfies the definition of a hesitant fuzzy soft subalgebra.

Example 5.1.3. Let X= {0,1,2} with the following Cayley table:

? 0 1 2
0 0 1 2
1 1 1 1
2 2 1 1

Table 5.3

See [43] (x,?,0) is a TM -algebra.

Define A= {ε1,ε2},Ω= {ε1} the hesitant fuzzy soft set ξh(ε) defined by

ξh(ε1)(0) = {0.8}, ξh(ε1)(1) = {0.6}, ξh(ε1)(2) = {0.5}

ξh(ε2)(0) = {0.2}, ξh(ε2)(1) = {0.05}, ξh(ε2)(2) = {0.1}

Then (ξh|Ω ,Ω) is a hesitant fuzzy soft subalgebra but (ξh,A) is not because ε2 fails the condition.

Definition 5.1.3. Let (ξh,A) be a hesitant fuzzy soft set over X. For each Λ ∈ P[0,1], the set

U(ξh,A)Λ = U
(
ξΛh ,A

)
is called an Λ-level soft set of (ξh,A) and is defined by

U(ξΛεh) = {x ∈ X | ξhAε(x)⊇Λ, ξhAε(x)⊆Λ} for all ε ∈ A. Clearly, (ξh,A)Λ is a soft set over

X.

Theorem 5.1.3. Let (ξh,A) be a hesitant fuzzy soft subalgebra over X. (ξh,A) is a hesitant fuzzy

soft subalgebra of X if and only if U(ξh,A)Λ is a subalgebra over X for each Λ ∈ P[0,1].

Proof. Suppose that (ξh,A) is a hesitant fuzzy soft subalgebra of X. For each Λ ∈ P[0,1], ε ∈ A
and let x,y ∈ ξΛh . Then hξh[ε] (x)⊇Λ and hξh[ε] (y)⊇Λ. Thus

hξh[ε] (x ? y)⊇ hξh[ε] (x)∩ hξh[ε](y)⊇Λ.

This implies that x ? y ∈ U(ξh,A)Λ.
Therefore, U(ξh,A)Λ is a subalgebra over X.
Conversely, assume that U(ξh,A)Λ is a subalgebra over X for each Λ ∈ P[0,1]. For each ε ∈A.
Let x,y∈X. Assume that hξh[ε](x) =Λx and hξh[ε](y) =Λy. TakeΛ=Λx∩Λy. Then x,y∈ ξhΛ
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and so x ? y ∈ U((ξh,A))Λ.
Hence,

hξh[ε](x ? y)⊇Λ=Λx ∩Λy = hξh[ε](x)∩ hξh[ε](y)

Then by Definition 4.1.2 ( ξh,A ) is a hesitant fuzzy subalgebra over X.
Therefore, (ξh,A) is a hesitant fuzzy soft subalgebra of X.

Definition 5.1.4. Let X be a reference set. If ξh ⊆ X, the characteristic hesitant fuzzy soft set χξh
on X is a function of X into P[0,1] defined as for all x ∈ X

χξh(x) =

[0,1], if x ∈ ξh
∅, otherwise

Theorem 5.1.4. A non-empty subset ξh of X is a subalgebra of X if and only if the characteristic

hesitant fuzzy soft set χξh is a hesitant fuzzy soft subalgebra of X.

Proof. Assume that ξh is subalgebra of X. Assume that x,y ∈ X. We proceed by examining three
distinct cases.

(i) Let x,y ∈ ξh.
Hence, χξh(x) = [0,1] and χξh(y) = [0,1]. So, χξh(x) ∩ χH̃(y) = [0,1]. Since ξh is a
subalgebra of X. We have x ? y ∈ ξh. As a result, χξh(x ? y) = [0,1].
Therefore, χξh(x ? y)⊇ χξh(x)∩ χξh(y).

(ii) Let x ∈ ξh and y /∈ ξh. Then, χξh(x) = [0,1] and χξh(y) =∅. So, χξh(x)∩ χξh(y) =∅.
Hence, χξh(x ? y)⊇∅.
Therefore, χξh(x ? y)⊇ χξh(x)∩ χH̃(y).

(iii) Let x /∈ ξh and y /∈ ξh. Then, χξh(x) =∅ and χξh(y) =∅. So, χξh(x)∩ χξh(y) =∅.
Hence, χξh(x ? y)⊇∅.
Therefore, χξh(x ? y)⊇ χξh(x)∩ χξh(y).

Again, consider the following three cases.

(i) Let x,y ∈ ξh.
Hence, χξh(x) = [0,1] and χξh(y) = [0,1]. So, χξh(x) ∩ χH(y) = [0,1]. Since ξh is a
subalgebra of X. We have x ? y ∈ ξh. As a result, χξh(x ? y) = [0,1].
Therefore, χξh(x ? y)⊇ χξh(x)∩ χξh(y).

(ii) Let x ∈ ξh and y /∈ ξh.
Then, χξh(x) = [0,1] and χξh(y) =∅. So, χξh(x)∩ chiξh(y) =∅.
Hence, χξh(x ? y)⊇∅.
Therefore, χξh(x ? y)⊇ χξh(x)∩ χξh(y).
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(iii) Let x /∈ ξh and y /∈ ξh.
Then, χξh(x) =∅ and χξh(y) =∅. So, χξh(x)∩ χξh(y) =∅.
Hence, χξh(x ? y)⊇ ∅. Therefore, χξh(x ? y)⊇ χξh(x)∩ χξh(y).

Conversely, assume that χξh is a hesitant fuzzy soft subalgebra of X. We need to show that ξh is a
subalgebra of X.

(i) We need to show that 0 ∈ ξh. Since χξh(0) ⊇ χξh(x), for all x ∈ X. By Theorem 5.1.1, we
have 0 ∈ ξh.

(ii) Let x,y ∈ ξh. Then, χξh(x) = [0,1] and χξh(y) = [0,1]. Since χξh is a hesitant fuzzy soft
subalgebra of X. Then χξh(x ? y)⊇ χξh(x)∩ χξh(y) = [0,1]. Thus, χξh(x ? y) = [0,1].
Hence, x ? y ∈ ξh.

(iii) Let x ∈ ξh and y /∈ ξh.
Then, χξh(x) = [0,1] and χξh(y) =∅. So, χξh(x)∩ χξh(y) =∅.
Hence, χξh(x ? y)⊇∅.
Therefore, x ? y ∈ ξh.

(iv) Let x /∈ ξh and y /∈ ξh.
Then, χξh(x) =∅ and χξh(y) =∅. So, χξh(x)∩ χξh(y) =∅.
So, χξh(x ? y)⊇ ∅. Hence, x ? y ∈ ξh.

Therefore, ξh is subalgebra of X.

Definition 5.1.5. Let (ξ1h,A ) and (ξ2h,B ) be two hesitant fuzzy soft sets overX, then (ξ1h,A)AND(ξ2h,B)
is a hesitant fuzzy soft set denoted by (ξ1h,A)∧ (ξ2h,B), and is defined by (ξ1h,A)∧ (ξ2h,B) =
(ξ1h,A× B) where, ξh(x,y) = ξh(x) ∩ ξh(y), for all (a,b) ∈ A× B. Here ∩ is the operation of

a hesitant fuzzy soft intersection.

Definition 5.1.6. Let (ξ1h,A ) and (ξ2h,B ) be two hesitant fuzzy soft sets over X. Then their

extended intersection is a hesitant fuzzy soft set denoted by (ϕ,C), where C=A∪B and

ξh(ε) =


ξ1h(ε) if ε ∈A−B,

ξ2h(ε) if ε ∈ B−A,

ξ1h(ε)∩ ξ2h(ε) if ε ∈A∩B,

for all ε ∈ C. This is denoted by (ξh,C) = (ξ1h,A)∩̃(ξ2h,B).

Theorem 5.1.5. Let (ξ1h,A) and (ξ2h,B) be a hesitant fuzzy soft subalgebras over a TM -algebra,

then (ξ1h,A)∩̃(ξ2h,B) and (ξ1h,A)∧ (ξ2h,B) are a hesitant fuzzy soft TM-subalgebras over a

TM-algebra.

Proof. Suppose that (ξ1h,A) and (ξ2h,B) are hesitant fuzzy soft TM-subalgebras over a TM-
algebra X. We need to show that (ξh,C) is a hesitant fuzzy soft subalgebra of X.
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We proceed by examining three distinct cases.
Case 1: For ε ∈ A− B or ε ∈ B−A, the values come directly from ξ1h or ξ2h, which are TM-
subalgebras. So closure is preserved.
Case 2: For ε ∈A∩B, and x,y ∈ X. We have hξh(ε)(x ? y) = hξ1h(ε)(x ? y)∩ hξ2h(ε)(x ? y) and

hξh(ε)(x) = hξh(ε)(x)∩ hξ2h(ε)(x), hξh(ε)(y) = hξ1h(ε)(y)∩ hξ2h(ε)(y)

Using the closure property of hesitant fuzzy subalgebras

hξih(ε)(x ? y)⊇ hξih(ε)(x)∩ hξih(ε)(y), i= 1,2.

Then
hξh(ε)(x ? y)⊇ hξ1h(ε)(x)∩ hξh(ε)(y)

So the closure is preserved in intersection.
Therefore, (ξ1h,A)∩̃(ξ2h,B) is a hesitant fuzzy soft TM-subalgebra over X.
Similarly, it is easly prove that (ξ1h,A) ∧ (ξ2h,B) is a hesitant fuzzy soft TM-subalgebra over
X.

Definition 5.1.7. Let (ξ1h,A ) and (ξ2h,B ) be two hesitant fuzzy soft sets over X. Then their

extended union denoted by ( ξh,C ), where C=A∪B and

ξh(ε) =


ξ1h(ε) if ε ∈A−B,

ξ2h(ε) if ε ∈ B−A,

ξ1h(ε)∪ ξ2h(ε) if ε ∈A∩B,

for all ε ∈ C. This is denoted by (ξh,C) = (ξ1h,A)∪̃(ξ1h,B).

Theorem 5.1.6. Let (ξ1h,A) and (ξ2h,B) be a hesitant fuzzy soft TM- subalgebras over X. If

A∩B= ∅, then the union of (ξ1h,A)∪̃(ξ2h,B) is a hesitant fuzzy soft TM-subalgebra over X.

Proof. Using 5.1.7, we can write (ξh,C) = (ξ1h,A)∪̃(ξ2h,B), where C=A∪B and for all x ∈C,

ξ1h(x) =


ξ1h(x), if x ∈A−B

ξ2h(x), if x ∈ B−A

ξ1h(x)∪ ξ2h(x), if x ∈A∩B

Since A ∩ B = ∅, either x ∈ A− B and x ∈ B−A for all x ∈ C. We will consider the following
cases:
Case 1: If x ∈A−B, then H̃1(x) is a hesitant fuzzy soft TM-subalgebra of X because of (ξ1h,A)
is a hesitant fuzzy soft TM-subalgebra over X.
Case 2: If x ∈ B−A, then ξ2h is a a hesitant fuzzy soft TM-subalgebra of X because of (ξ2h,B)
is a soft PMS-algebra over X. Hence (H,C) = (ξ1h,A)∪̃(ξ2h,B) is a hesitant fuzzy soft TM-
subalgebra over X.
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Definition 5.1.8. Let (ξ1h,A) be a hesitant fuzzy soft set over X and (ξ2h,B) be a hesitant fuzzy

soft set over Y. The Cartesian product of ( ξ1h,A ) and ( ξ2h,B ) is defined as a hesitant fuzzy soft

set (ξh,A×B) = (ξ1h,A)× (ξ2h,B), where ξh(x,y) = ξ1h(x)× ξ2h(y), for all (x,y) ∈A×B.

Theorem 5.1.7. Let (ξ1h,A) and (ξ2h,B) be hesitant fuzzy soft TM-subalgebra over X and Y,

respectively. Then the Cartesian product (ξ1h,A) × (ξ2h,B) is a hesitant fuzzy soft soft TM-

subalgebra over X× Y.

Proof. Suppose that (ξ1h,A)× (ξ1h,B) = (ξh,C), where C = A× B and ξh(x,y) = ξ1h(x)×
ξ2h(y). Let a = (x,y) ∈ sup(ξh,C). Then ξh(x,y) 6= ∅ for all (x,y) ∈ C. Since (ξ1h,A) and
( ξ2h,B ) are hesitant fuzzy soft TM-subalgebra, then ξ1h(x) and ξ1h(y) are a hesitant fuzzy
soft TM-subalgebras of X and Y rspectively, for all x ∈ A and for all y ∈ B. So we have that
ξ1h(x)× ξ1h(y) is a hesitant fuzzy soft TM-subalgebra of X× Y.
Hence, the Cartesian product (ξ1h,A)× (ξ2h,B) is a hesitant fuzzy soft soft TM-subalgebra over
X× Y.

Corollary 5.1.8. Let (ξ1h,A) be a hesitant fuzzy soft TM-subalgebra overX and let {(ξih,Bi) | i ∈ I}
be a non-empty family of a hesitant fuzzy soft X-subalgebras of ( ξ1h,A ). Then

1)
⋂̃
i∈I (ξih,Bi) is a hesitant fuzzy soft TM-subalgebra of (ξ1h,A),

2)
∧
i∈I (ξih,Bi) is a hesitant fuzzy soft TM-subalgebra of

∧
i∈I(ξ1h,A),

Theorem 5.1.9. Let (ξ2h,B) be a hesitant fuzzy soft TM-subalgebra over a TM -algebra Y and let

( f,g ) be a hesitant fuzzy soft homomorphism from X to Y. Then (f,g)−1(ξ2h,B) is a hesitant fuzzy

soft TM-subalgebra over X.

Proof. Assume that let ( f,g ) be a hesitant fuzzy soft homomorphism from X to Y. We need to
show that (f,g)−1(ξ2h,B) is a hesitant fuzzy soft TM-subalgebra over X. Let x1,x2 ∈ X, then

f−1 (hgξ2h

)
(x1 ? x2) = hξ2h (f(x1 ? x2)) = hgH̃2

(f(x1) ? f(x2))

⊇ hgξ2h (f(x1))∩ hgξ2h (f(x2))

= f−1 (hgξ2h

)
(x1)∩ f−1 (hgξ2h

)
(x2)

Therefore, (f,g)−1(ξ2h,B)is a hesitant fuzzy soft TM-subalgebra over X.

5.2. Hesitant fuzzy Soft T-ideals of TM -algebra

In this section, we introduce the concept of hesitant fuzzy soft T-ideals in TM-algebra and investi-
gate their properties.

Definition 5.2.1. A hesitant fuzzy set ξh =
{(
x,hξh(x)

)
: x ∈ X

}
is called a hesitant fuzzy ideal of

X if for every x,y ∈ X satisfies

(1) hξh(0)⊇ hH̃(x) and ,

(2) hξh(x)⊇ hξh(x ? y)∩ hξh(y).
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Definition 5.2.2. A hesitant fuzzy set ξh =
{(
x,hξh(x)

)
: x ∈ X

}
is called a hesitant fuzzy soft T -

ideal of X if for every x,y,z ∈ X satisfies

(1) hξh(0)⊇ hξh(x) and,

(2) hξh(x ? z)⊇ hξh((x ? y) ? z)∩ hξh(y).

Example 5.2.1. Let X= {0,1,2,3} with the following Cayley table:

? 0 1 2 3
0 0 1 2 3
1 2 0 3 2
2 2 3 0 1
3 3 2 1 0

Table 5.4

See [42] (X,?,0) is a TM -algebra. Now, define a hesitant Fuzzy ideal and T-Ideal in the following
ways:
Define ξh with the following hesitant fuzzy set hξh(0) = [0,1] (full membership), hξh(1) = [0,0.6],
hξh(2) = [0,0.4] and hξh(3) = [0,0.2]. It is easly verify that the given example satisfyed on Def-
inition (5.2.1) and Definition (5.2.2). Thus, ξh is both a hesitant fuzzy ideal and a hesitant fuzzy
T-ideal.

Definition 5.2.3. For a subset A of E, A hesitant fuzzy soft set ( ξh,A ) over X. We say that ( ξh,A
) is a hesitant fuzzy soft ideal if the hesitant fuzzy set ξh =

{(
x,hξh(x)

)
: x ∈ X

}
and ε ∈A} is a

hesitant fuzzy ideal over X.

Definition 5.2.4. Let ( ξh,A ) be a hesitant fuzzy soft set over X and A⊆ E. We say that ( ξh,A )

is a hesitant fuzzy soft T -ideal if the hesitant fuzzy set ξh =
{(
x,hξh(x)

)
: x ∈ X

}
and ε ∈A} is a

hesitant fuzzy T -ideal over X.

Example 5.2.2. Consider the Caylay table defined in 5.2.1

Now, let us construct a hesitant fuzzy soft ideal and a hesitant fuzzy soft T-Ideal in the following
ways:
Let E = {ε1,ε2} (set of parameters) and A = {ε1}⊆ E. We define a hesitant fuzzy soft set (ξh,A).
For ε1 ∈A, ξh(ε1) is a hesitant fuzzy set on X. Define ξh(ε1) as: hξh(ε1)(0) = [0,1], hξh(ε1)(1) =
[0,0.7], hξh(ε1)(2) = [0,0.5] and hξh(ε1)(3) = [0,0.3].
Thus, (ξh,A) is a hesitant fuzzy soft ideal. Similarly, it is also a hesitant fuzzy Soft T-Ideal Use
the same ξh(ε1) and verify the T-ideal condition.

Corollary 5.2.1. Every hesitant fuzzy soft ideal over a TM-algebra is also a hesitant fuzzy soft

T-ideal.

Proof. Let (ξh = (x,hξh(x))/x ∈ X) be a hesitant fuzzy soft ideal of the TM-algebra (X); so ξh
satisfies Definition (5.2.1). We show ξh satisfies Definition (5.2.2), i.e. it is a hesitant fuzzy soft
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T-ideal.
Condition (1) of Definition (5.2.2). Definition (5.2.1)(1) gives hξh(0) ⊇ hH̃(x) for every x. In
particular (interpreting h

H̃
(x) as the hesitant-values of (x) used in the ideal-definition) we obtain

hξh(0)⊇ hξh(x) for every x ∈ X. Thus Definition (5.2.2)(1) holds.
Condition (2) of Definition (5.2.2). From Definition (5.2.1)(2) we have, for everyu,v∈X, hξh(u)⊇
hξh(u ? v)∩hξh(v). Put u= x ? z and v= y. Then hξh(x ? z)⊇ hξh

(
(x ? z) ? y

)
∩hξh(y). Now

use the TM-algebra identity (x ? z) ? y = (x ? y) ? z this equality holds in a TM-algebra by the
TM-law/associativity–commutativity property of ?. Replacing (x ? z) ? y by (x ? y) ? z yields
hξh(x ? z)⊇ hξh

(
(x ? y) ? z

)
∩ hξh(y), which is exactly Definition (5.2.2)(2). Since both condi-

tions of Definition (5.2.2) are satisfied, ξh is a hesitant fuzzy soft T-ideal. Therefore every hesitant
fuzzy soft ideal over a TM-algebra is also a hesitant fuzzy soft T-ideal.

Theorem 5.2.2. If (ξ1h,A) and (ξ2h,B) are two hesitant fuzzy soft T-ideals of a TM-algebras X,

then ξ1h∩̃ξ2h is a hesitant fuzzy soft T-ideal of a TM-algebras X.

Proof. Let (X,?,0) be a TM-algebra, and let (ξ1h,A) and (ξ2h,B) be two hesitant fuzzy soft T-
ideals over X. We need to show that ξ1h∩̃ξ2h is a hesitant fuzzy soft T-ideal of a TM-algebras X.
Define their intersection (ξh,A∩B) = (ξ1h,A)∩ (ξ2h,B) where for each ε ∈A and x ∈ X:

hξh(ε)(x) = hξ1h(ε)(x)∩ hξ2h(ε)(x).

We need to verify that the two condition for hesitant fuzzy soft T-ideal of a TM -algebra defined in
5.2.2.

(i) Since ξ1h and ξ2h are T-ideals, for all ε ∈A and x ∈ X:

hξ1h(ε)(0)⊇ hξ1h(ε)(x), hξ2h(ε)(0)⊇ hH̃2(ε)
(x).

Taking the intersection:

hξh(ε)(0) = hξ1h(ε)(0)∩ hξ2h(ε)(0)⊇ hξ1h(ε)(x)∩ hξ2h(ε)(x) = hξh(ε)(x).

Thus, ξh satisfies 5.2.2(1).

(ii) For all ε ∈ A− B and ε ∈ B−A and x,y,z ∈ X, since ξ1h and ξ2h are hesitant fuzzy soft
T-ideals:

hξ1h(ε)(x ? z)⊇ hξ1h(ε)((x ? y) ? z)∩ hξ1h(ε)(y),

hξ2h(ε)(x ? z)⊇ hξ2h(ε)((x ? y) ? z)∩ hξ2h(ε)(y).

Taking intersections:

hξh(ε)(x ? z) = hξ1h(ε)(x ? z)∩ hξ2h(ε)(x ? z)
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⊇
(
hξ1h(ε)((x ? y) ? z)∩ hξ1h(ε)(y)

)
∩
(
hξ2h(ε)((x ? y) ? z)∩ hξ2h(ε)(y)

)
=

(
hξ2h(ε)((x ? y) ? z)∩ hξ2h(ε)((x ? y) ? z)

)
∩
(
hξ2h(ε)(y)∩ hξ2h(ε)(z)

)
= hξh(ε)((x ? y) ? z)∩ hξh(ε)(y).

(iii) for ε ∈A∩B a hesitant fuzzy soft T-ideal of X.
Thus, ξh satisfies 5.2.2(2). Hence, (ξh,A∩B) satisfies definition 5.2.2.

Therefore, (ξh,A∩B) is also a hesitant fuzzy soft T-ideal.

Remark 5.2.1. If (ξ1h,A) and (ξ2h,B) are two hesitant fuzzy soft T-ideals of a TM-algebras X,

then ξ1h∪̃ξ2h is not necessarily a hesitant fuzzy soft T-ideal of a TM-algebras X.

Example 5.2.3. Let X= {0,1,2} with the following Cayley table:

? 0 1 2
0 0 1 2
1 2 0 2
2 2 1 2

Table 5.5

See [42] Then (x,?,0) is a TM -algebra.
Let hξh(1) = {0.3},hξh(2) = {0.2},hξh(0) = {0.3,0.2}, hξ2h(1) = {0.5},hξ2h(2) = {0.6},hξ2h(0) =
{0.5,0.6}. So, hξh(1) = {0.3,0.5},hξh(b) = {0.2,0.6},hξh(0) = {0.2,0.3,0.5,0.6}, Let’s take x =
1,y= 2,z= 0. Assume that x ? z= 1, so (x ?y) ? z= 1 ? 0 = a, x ?y= 1 ? 2 = 2. Then h(x ? z) =
h(2) = {0.2,0.6}, h((x ? y) ? z)∩ h(y) = h(1)∩ h(0) = {0.3,0.5}∩ {0.2,0.3,0.5,0.6}= {0.3,0.5}.
It implies that {0.2, 0.6} 6⊇ {0.3, 0.5}. Thus, the union of two hesitant fuzzy soft T-ideals is not
necessarily a hesitant fuzzy soft T-ideal in a TM-algebra.
Therefore, ξ1h∪̃ξ2h is not necessarily a hesitant fuzzy soft T-ideal.

Definition 5.2.5. Let (ξh,A) be a hesitant fuzzy soft set over X , then the complement of hesitant

fuzzy soft set (ξh,A) is defined by (ξh,A)C = (ξh,¬A), where ξCh : ¬A→ HF(X) is a mapping

given by ξCh [ε] = ξh[¬ε] for all ε ∈ ¬A.

Definition 5.2.6. Let (ξh,A)C be a hesitant furzy soft set overX andA⊆E. We say that (ξh,A)C is

a hesitant fuzzy soft T -ideal of X if the hesitant fuzzy set ξCh [ε] =
{(
x,hξCh [ε](x)x ∈ X and ε ∈ ¬A

)}
is

a hesitant fuzzy T-ideal over X.

Definition 5.2.7. Let (ξh,A)C be a hesitant fuzzyt soft set over X andA⊆ E. We say that (ξh,A)C

is a hesitant fuzzy soft ideal if the hesitant fuzzy set ξCh [ε] =
{(
x,hξCh [ε](x) : x ∈ X and ε ∈ ¬A

)}
is a hesitant fuzzy ideal over X.
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Definition 5.2.8. Let m be any non-negative integer and given that a hesitant fuzzy soft set (ξh,A),
the power-m operation is defined as

ξmh [ε] =
{(
x,hξmh [ε](x)

)
: x ∈ X,ε ∈A

}
, where the membership are modified based on the parameterm and

hξmh [ε](x) = {φm : φ ∈ hξh[ε](x)}

Remark 5.2.2.

1) Form> 1, it shrinks values less than one. It emphasizing lower certainty.

2) For 0<m< 1, it increases values less than one. It emphasizing uncertainty more softly.

3) m= 1 gives back the original HFSS.

Theorem 5.2.3. If (ξh,A) is a hesitant fuzzy soft T-ideal over X, then (ξh,A)C is a hesitant fuzzy

soft T-ideal over X.

Proof. Suppose that (ξh,A) be a hesitant fuzzy soft T -ideal of X. We need to show that (ξh,A)C

is a hesitant fuzzy soft T-ideal over X.
(i) Let x ∈ X and ε ∈ ¬A. Then

hξCh [ε](0) = hξh[¬ε](0)

= hξh[¬ε](x ∗ x).

⊇ hξh[¬ε](x)∩ hξh[¬ε](x)

= hξh[¬ε](x)

= hξCh [ε](x).

(ii) For all x,y,z ∈ X and ε ∈ ¬A, we have

hξCh [ε](x ? z) = hξh[¬ε](x ? z)

⊇ hξh[¬ε]((x ? y) ? z)∩ hξh[¬ε](y)

= hξCh [ε]((x ? y) ? z)∩ hξCh [ε](y)

Hence, (ξh,A)C is a hesitant fuzzy soft T -ideal of a TM -algebra X.

Theorem 5.2.4. If (ξh,A) is a hesitant fuzzey soft T-ideal over X, then (ξh,A)m is a hesitant fuzzy

soft T -ideal over X.

Proof. Suppose that (ξh,A) be a hesitant fuzzy soft T -ideal of X. We need to show that (ξh,A)m

is a hesitant fuzzy soft T -ideal over X.
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(i) Let x ∈ X and ε ∈A. Then

hξmh [ε](0) =
{
hξh[ε](0)

}m
=
{
hξh[ε](x ∗ x)

}m .

⊇
{
hξh[ε](x)∩ hξh[ε](x)

}m
=
{
hξh[ε](x)

}m
= hξmh [ε](x).

(ii) For every x,y,z ∈ X and ε ∈A, we have

hξmh [ε](x ? z) =
{
hξh[ε](x ? y)

}m
⊇
{
hξh[ε]((x ? y) ? z)∩ hξh[ε](y)

}m
⊇
{
hξmh [ε]((x ? y) ? z)

}m
∩
{
hξCh [ε](y)

}m
Hence, (ξh,A)m is a hesitant fuzzy soft T -ideal of a TM -algebra X.

5.3. Bipolar Hesitant Fuzzy Soft Set in TM-Algebra

In this section, we present the bipolar hesitant fuzzy soft subalgebra and bipolar hesitant fuzzy soft
ideal of a TM -algebra and examine some of their properties.

5.3.1 Bipolar Hesitant Fuzzy Soft Subalgebra of TM -algebra

Definition 5.3.1. A bipolar hesitant fuzzy set (BHFS) of a TM-algebra X is defined as ξh ={(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
where ξ+h : X→ [0,1] and ξ−h : X→ [−1,0] are the mappings. The

positive membership function ξ+h (x) denote the satisfaction degree of the element x to the property

corresponding to the hesitant fuzzy set ξh =
{(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
and the negative member-

ship degree ξ−h (x) denotes the satisfaction degree of an element x to some implicit counter part of

ξh =
{(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
.

Definition 5.3.2. Let U be a universal set and A ⊆ E be a set of parameters. A bipolar hesitant

fuzzy soft set over U is a pair

(B̃H,A),

where

B̃H :A→ BHF(U),

that is, for all ε∈A,ξεh = {〈x,ξ+εh(x),ξ
−
εh(x)〉 : x∈U}, with ξ+εh(x)⊆ [0,1] and ξ−εh(x)⊆ [−1,0],

representing the sets of possible positive and negative membership degrees (i.e., hesitant values)
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for element x ∈U under parameter ε ∈A.

Definition 5.3.3. A Bipolar hesitant fuzzy soft set B̃H =
{(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
is called a

bipolar hesitant fuzzy soft subalgebrea of X if it satisfies

1. ξ+h (x ? y)⊇ ξ
+
h (x)∩ ξ

+
h (y),

2. ξ−h (x ? y)⊆ ξ
−
h (x)∪ ξ

−
h (y) for all x,y ∈ X.

Example 5.3.1. Consider the set X= {0,1,2,3,4,5} with the following Cayley table

? 0 1 2 3 4 5
0 0 3 4 1 2 5
1 1 0 2 3 5 4
2 2 4 0 5 1 3
3 3 1 5 0 4 2
4 4 5 3 2 0 1
5 5 2 1 4 3 0

Table 5.6

See [42] (X, ?, 0) is a TM-algebra.

Define a bipolar hesitant fuzzy soft set B̃H on X as follows:

For the positive membership part ξ+h :

ξ+h (0) = [0.8,0.9],

ξ+h (1) = [0.3,0.5],

ξ+h (2) = [0.3,0.5],

ξ+h (3) = [0.3,0.5],

ξ+h (4) = [0.3,0.5],

ξ+h (5) = [0.3,0.5].

For the negative membership part ξ−h :

ξ−h (0) = [−0.9,−0.7],

ξ−h (1) = [−0.5,−0.3],

ξ−h (2) = [−0.5,−0.3],

ξ−h (3) = [−0.5,−0.3],

ξ−h (4) = [−0.5,−0.3],

ξ−h (5) = [−0.5,−0.3].

We verify that B̃H is a bipolar hesitant fuzzy soft subalgebra of X.

Condition (1): ξ+h (x ?y)⊇ ξ
+
h (x)∩ξ

+
h (y) for all x,y∈X. ξ+h (x)∩ξ

+
h (y) equals [0.8,0.9] if x= 0
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and y= 0 [0.3,0.5] otherwise

We check several representative cases:

For x= 0,y= 0: ξ+h (0 ? 0) = ξ+h (0) = [0.8,0.9]⊇ [0.8,0.9]
For x= 0,y= 1: ξ+h (0 ? 1) = ξ+h (3) = [0.3,0.5]⊇ [0.3,0.5]
For x= 1,y= 2: ξ+h (1 ? 2) = ξ+h (2) = [0.3,0.5]⊇ [0.3,0.5]
For x= 2,y= 3: ξ+h (2 ? 3) = ξ+h (5) = [0.3,0.5]⊇ [0.3,0.5]
For x= 4,y= 5: ξ+h (4 ? 5) = ξ+h (1) = [0.3,0.5]⊇ [0.3,0.5]
The pattern continues for all pairs: whenever the result contains element 0, we get [0.8,0.9] which

contains [0.3,0.5]; otherwise we get equality. Thus condition 1 is satisfied.

Condition (2): ξ−h (x ? y) ⊆ ξ
−
h (x) ∪ ξ

−
h (y) for all x,y ∈ X. Note that ξ−h (x) ∪ ξ

−
h (y) equals

[−0.9,−0.7] if x = 0 or y = 0 [−0.5,−0.3] otherwise. We check representative cases: For x =

0,y= 0: ξ−h (0 ? 0) = ξ−h (0) = [−0.9,−0.7]⊆ [−0.9,−0.7]
For x= 0,y= 1: ξ−h (0 ? 1) = ξ−h (3) = [−0.5,−0.3]⊆ [−0.9,−0.7]
For x= 1,y= 2: ξ−h (1 ? 2) = ξ−h (2) = [−0.5,−0.3]⊆ [−0.5,−0.3]
For x= 2,y= 3: ξ−h (2 ? 3) = ξ−h (5) = [−0.5,−0.3]⊆ [−0.5,−0.3]
For x= 4,y= 5: ξ−h (4 ? 5) = ξ−h (1) = [−0.5,−0.3]⊆ [−0.5,−0.3].
The pattern continues whenever the result contains element 0, we get [−0.9,−0.7] which is con-

tained in any union; otherwise we get equality. Thus Condition 2 is satisfied. Since both conditions

are satisfied for all x,y ∈ X.

Therfore, B̃H is a bipolar hesitant fuzzy soft subalgebra of X.

Lemma 5.3.1. If ξh =
(
X; ξ−h ,ξ+h

)
is a bipolar hesitant fuzzy soft subalgebra of a TM -algebra

X, then ξ−(0)⊆ ξ−h (x) and ξ+h (0)⊇ ξ
+(x), for all x ∈ X.

Proof. Suppose ξh =
(
ξ+h ,ξ−h

)
is a bipolar hesitant fuzzy soft subalgebra of X. We need to show

that ξ−(0)⊆ ξ−h (x) and ξ+h (0)⊇ ξ
+(x), for all x ∈ X. Since x ? x= 0 by Definition 5.3.3, we have

ξ+h (0) = ξ
+
h (x ? x)⊇ ξ

+
h (x)∩ ξ

+
h (x) = ξ

+
h (x) and

ξ−h (0) = ξ
−
h (x ? x)⊆ ξ

−
h (x)∪ ξ

−
h (x) = ξ

−
h (x)

Hence, ξ+h (0)⊇ ξ
+
h (x) and ξ−h (0)⊆ ξ

−
h (x), for all x ∈ X.

Definition 5.3.4. Let ( ξ1h,A ) and ( ξ2h,B ) be a bipolar hesitant fuzzy soft subalgebras over a

TM-algebra X. Then (B̃H1,A) is a bipolar hesitant fuzzy soft subalgebra of (B̃H2,B) if

1) A⊆ B and

2) ξ1h(x) is a bipolar hesitant fuzzy soft subalgebra of ξ2h(x), for all x ∈A.

Definition 5.3.5. Let (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soft set X. Then (ξ1h,A)
AND (ξ2h,B) , denoted by (ξ1h,A)∧ (ξ2h,B) is known as (ξ1h,A)∧ (ξ2h,B) = (ξh,C) where

C=A×B and ξh(a,b) = ξ1h(a)∩ ξ2h(b),∀(a,b) ∈ C=A×B.
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Definition 5.3.6. Let (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soft set X. Then (ξ1h,A)
OR (ξ2h,B), denoted by(ξ1h,A)∨ (ξ2h,B) is known as (ξ1h,A)∨ (ξ2h,B) = (ξh,W) where C=

A×B and (ξ1h,A)∧ (ξ2h,B)= (ξh,W) whereW=A×B and ξh(a,b)= ξ1h(a)∪ξ2h(b),∀(a,b)∈
C=A×B.

Theorem 5.3.2. If (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soft TM-subalgebra over X,

then (ξ1h,A)∧ (ξ2h,B) is also a bipolar hesitant fuzzy soft TM-subalgebra over X.

Proof. Suppose that (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soft TM-subalgebra over
X. We need to show that (ξ1h,A)∧ (ξ2h,B) is also a bipolar hesitant fuzzy soft TM-subalgebra
over X. Let x,y ∈ X. Then by Definition 5.3.5 we have:

ξ+(a,b)h(x ? y) = ξ
+
a1h(x ? y)∩ ξ

+
b2h(x ? y)⊇ ξ

+
a1h(x)∩ ξ

+
a1h(y)

∩ξ+b2h(x)∩ ξ
+
b2h(y) = ξ

+
(a,b)h(x)∩ ξ

+
(a,b)h(y) and

ξ−(a,b)h(x ? y) = ξ
−
a1h(x ? y)∩ ξ

−
b2h(x ? y)⊆

{
ξ−a1h(x)∪ ξ

+
a1h(y)

}
∩
{
ξ+b2h(x)∪ ξ

+
b2h(y)

}
= ξ+(a,b)h(x)∪ ξ

+
(a,b)h(y)

Therefore, (ξ1h,A)∧ (ξ2h,B) is a bipolar hesitant fuzzy soft TM-subalgebra over X.

Theorem 5.3.3. If (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soft TM-subalgebra over X,

then (ξ1h,A)∨ (ξ2h,B) is also a bipolar hesitant fuzzy soft TM-subalgebra over X.

Proof. Suppose that (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soTM-subalgebra over X.
We need to show that (ξ1h,A)∨ (ξ2h,B) is also a bipolar hesitant fuzzy soft TM-subalgebra over
X. Let x,y,z ∈ X. Then by Definition 5.3.6 we have:

ξ+(a,b)h(x ? y) = ξ
+
a1h(x ? y)∩ ξ

+
b2h(x ? y)⊇ ξ

+
a1h(x)∩ ξ

+
a1h(y)

∩ξ+b2h((x)∩ ξ
+
b2h(y) = ξ

+
(a,b)h((x)∩ ξ

+
(a,b)h(y) and

ξ−(a,b)h(x ? y) = ξ
−
a1h(x ? y)∩ ξ

−
b2h(x ? y)⊆

{
ξ−a1h((x)∪ ξ

+
a1h(y)

}
∩
{
ξ+b2h((x ? y) ? z)∪ ξ

+
b2h(y)

}
= ξ+(a,b)h(x)∪ ξ

+
(a,b)h(y)

Therefore, (ξ1h,A)∧ (ξ2h,B) is a bipolar hesitant fuzzy soft TM-subalgebra over X.

Theorem 5.3.4. Let ξ1h =
{(
x,ξ+1h(x),ξ

−
1h(x)

)
: x ∈ X

}
and ξ2h =

{(
x,ξ+2h(x),ξ

−
2h(x)

)
: x ∈ X

}
be two bipolar hesitant fuzzy soft subalgebra of X . Then their extended intersection ξ1h∩̃ξ2h is a

bipolar hesitant fuzzy soft subalgebra of X.

Proof. Suppose that (ξ1h,A) and (ξ2h,B) are bipolar hesitant fuzzy soft subalgebras over X. We
need to show that (ξ1h,A)∩̃(ξ2h,B) is also a bipolar hesitant fuzzy soft subalgebra of X. Let
(ξ1h,A ∩ B) = (ξ1h,A)∩̃(ξ2h,B) be the extended intersection of two bipolar hesitant fuzzy soft
subalgebras. The extended union is defined as:
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ξh(ε) =


ξ1h(ε) if ε ∈A−B,

ξ2h(ε) if ε ∈ B−A,

ξ1h(ε)∩ ξ2h(ε) if ε ∈A∩B,

Then, we consider the following cases: For any x,y ∈ X
Case 1: If ε ∈A−B, then

ξ+h (x ? y) = ξ
+
1h(x ? y)

⊇ ξ+1h((x)∩ ξ
+
1h(y)and

ξ−h (x ? y) = ξ
−
1h(x ? y)

⊆ ξ−1h(x)∪ ξ
−
1h(y)

Case 2: If ε ∈ B−A, then

ξ+h (x ? y) = ξ
+
2h(x ? y)

⊇ ξ+2h((x)∩ ξ
+
2h(y)and

ξ−h (x ? y) = ξ
−
2h(x ? y)

⊆ ξ−2h(x)∪ ξ
−
2h(y)

Case 3: If ε ∈A∩B, then

ξ+h (x ? y) = ξ
+
1h(x ? y)∩ ξ

+
2h(x ? z)

⊇ ξ+1h(x)∩ ξ
+
1h(y)∩ ξ

+
2h(x)∩ ξ

+
2h(y)

= ξ+h (x)∩ ξ
+
h (y)

ξ−h (x ? y) = ξ
−
1h(x ? y)∩ ξ

−
2h(x ? y)

⊆ ξ−1h(x)∪ ξ
−
1h(y)∪ ξ

−
2h(x)∪ ξ

+
2h(y)

= ξ−h (x)∪ ξ
−
h (y)

Therefore, (ξ1h,A)∩̃(ξ2h,B) is a bipolar hesitant fuzzy soft TM-subalgebra of X

Theorem 5.3.5. Let (ξ1h,A) and (ξ2h,B) be a bipolar hesitant fuzzy soft subalgebras over a TM-

algebra X. If A ∩ B = ∅, then (ξ1h,A)∪̃(ξ1h,B) is a bipolar hesitant fuzzy soft subalgebra of X

where A,B⊆ E(the set of parameters).

Proof. Suppose that (ξ1h,A) and (ξ2h,B) are bipolar hesitant fuzzy soft subalgebras over X with
the property that A ∩ B = ∅. We need to show that (ξ1h,A)∪̃(ξ2h,B) is also a bipolar hesitant
fuzzy soft subalgebra of X. Let (ξ1h,A ∪ B) = (ξ1h,A)∪̃(ξ2h,B) be the extended union of two
bipolar hesitant fuzzy soft subalgebras. Since A∩B= ∅, the extended union is defined as:

ξh(ε) =


ξ1h(ε) if ε ∈A−B,

ξ2h(ε) if ε ∈ B−A,

ξ1h(ε)∪ ξ2h(ε) if ε ∈A∩B,
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For ε ∈A−B, ξh(ε) = ξ2h. For ε ∈ B−A, ξh(ε) = ξ2h(ε). For every parameter ε ∈A∪B, and
for all x,y ∈ X, the conditions ξ+h (x ? y)⊇ ξ

+
h (x)∩ ξ

+
h (y), ξ−h (x ? y)⊆ ξ

−
h (x)∪ ξ

−
h (y) hold for

the corresponding hesitant membership functions.
Case 1: If ε∈A−B. Then by construction, ξh = ξ1h(ε). Since (ξ1h,A) is a bipolar hesitant fuzzy
soft subalgebra, for all x,y∈X, ξ+1h(x?y)⊇ ξ

+
1h(x)∩ξ

+
1h(y), and ξ−1h(x?y)⊆ ξ

−
1h(x)∪ξ

−
1h(y)

But ξ±h (x) = ξ
±
1h(x), so the condition holds for ξh(ε).

Case 2: If ε ∈ B−A. Then similarly, ξh(ε) = ξ2h(ε). Since (ξ2h,B) is a bipolar hesitant fuzzy
soft subalgebra, for all x,y∈X, ξ+2h(x ?y)⊇ ξ

+
2h(x)∩ξ

+
2h(y),and ξ−2h(x ?y)⊆ ξ

−
2h(x)∪ξ

−
2h(y)

Again, since ξ±h = ξ±2h in this case, the condition holds.
Case 3: If ε ∈A∩B, then no justification is needed since A∩B= ∅.
But, for each ε ∈ A ∪ B, the corresponding bipolar hesitant fuzzy set ξh(ε) satisfies the required
conditions of Definition 5.3.3.
Therefore, (ξ1h,A)∪̃(ξ2h,B) is a bipolar hesitant fuzzy soft subalgebra of the TM-algebra X.

Definition 5.3.7. Let ξh be a bipolar hesitant fuzzy soft set overU. For eachΛ1 ∈P[0,1] andΛ2 ∈
P[−1,0], the set U(ξh,Λ1) is called an Λ1-level soft set of (ξh,A), where U(ξh,Λ1) = {x ∈ U |

ξ+εh(x)⊇Λ1, ξ−εh(x)⊆Λ2
}

, for all ε ∈A.

Theorem 5.3.6. Let (ξh,A) be a bipolar hesitant fuzzy soft set over X. (ξh,A) is a bipolar hesitant

fuzzy soft TM-subalgebra if and only if U(ξh,Λ1) is a soft TM-subalgebra over X for all Λ1 ∈
P[0,1] and Λ2 ∈ P[−1,0].

Proof. Suppose that (ξh,A) is a bipolar hesitant fuzzy soft TM-subalgebra. For eachΛ1 ∈P[0,1],ε∈
A and let x1,x2 ∈ U(ξh,Λ1), then ξ+εh (x1) ⊇ Λ1,ξ+

εh(x2)
⊇ Λ1 and ξ−εh (x1) ⊆ Λ2, ξ−

εh(x2)
⊆ Λ2.

Since U(ξh,Λ1) is a bipolar hesitant fuzzy TM-subalgebra over X. Thus ξ+εh (x1 ? x2)⊇ ξ+εh (x1)∩
ξ+εh (x2). It implies that ξ+εh (x1 ? x2) ⊇ Λ1, and ξ−εh (x1 ? x2) ⊆ ξ−εh (x1) ∪ ξ−εh (x2). Implies
ξ−ε (x1 ? x2)⊆Λ. This implies that x1 ? x2 ∈U(ξh,Λ1). Therefore, U(ξh,Λ1) is a TM-subalgebra
over X. By Definition 5.3.7 U(ξh,Λ2) is a soft TM-subalgebra over X for each Λ ∈ P[0,1].
Conversely, assume that U(ξh,Λ1) is a soft TM-subalgebra over X for each Λ1 ∈ P[0,1]. For
all ε ∈ A and x1,x2 ∈ X, let Λ1 = ξ+εh (x1) ∩ ξ+εh (x2) and let Λ2 = ξ−ε (x1) ∪ ξ−εh (x2), then
x1,x2 ∈U(ξεh,Λ2). Since U(ξh,Λ1) is a TM-subalgebra over X, then x1 ? x2 ∈U(ξεh,Λ1). This
means that ξ+εh (x1 ? x2)⊆ ξ+εh (x1)∩ξ+εh (x2), ξ−εh (x1 ? x2)⊆ ξ−εh (x1)∪ξ−εh (x2), i.e., U(ξεh,Λ1)

is a bipolar hesitant fuzzy TM-subalgebra over X. According to Definition 5.3.7, (ξh,A) is a bipo-
lar hesitant fuzzy soft TM-subalgebra over X.

Definition 5.3.8. Let f : X→ Y and g :A→ B be two functions, A and B are parametric sets from

the crisp set X and Y, respectively. Then the pair ( f,g ) is called a bipolar hesitant fuzzy soft

function from X to Y.

Definition 5.3.9. Let (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soft sets over X and Y,

respectively and let ( f,g ) be a bipolar fuzzy soft function from X to Y.
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(i) The image of ( ξ1h,A ) under the bipolar hesitant fuzzy soft function ( f,g ), denoted

by (f,g)(ξ1h,A), is the bipolar hesitant fuzzy soft set on Y defined by (f,g)(ξ1h,A) =
(f(ξ1h),g(A)), where for all w ∈ g(A),y ∈ Y

ξ+
f(ξ1h)w

(y) =

{ ⋃
f(x)=y

⋃
g(a)=wξ1ha(x) if x ∈ g−1(y),

1 otherwise

ξ−
f(ξ1h)w

(y) =

{ ⋂
f(x)=y

⋂
g(a)=wξ1ha(x) if x ∈ g−1(y),
−1 otherwise.

(ii) The pre-image of (ξ2h,B) under the bipolar hesitant fuzzy soft function ( f,g ), denoted by

(f,g)−1(ξ2h,B), is the bipolar hesitant fuzzy soft set over X defined by (f,g)−1(ξ1h,B) =(
f−1(ξ1h),g−1(B)

)
, where for all a ∈ g−1(A), for all x ∈ X,

ξ+
f−1(ξ1h)a

(x) = ξ+ξ1hg(a)
(f(x))

ξ−
f−1(ξ1h)a

(x) = ξ−ξ1hg(a)
(f(x))

Theorem 5.3.7. Let (ξ2h,B) be a bipolar hesitant fuzzy soft TM-subalgebra over Y and let (f,g) be

a bipolar hesitant fuzzy soft homomorphism from X to Y. Then (f,g)−1(ξ2h,B) is a bipolar hesitant

fuzzy soft TM-subalgebra over X.

Proof. Let x1,x2 ∈ X, then

f−1
(
ξ+ξ2hw

)
(x1 ? x2) = ξ

+
ξ2hg(x)

(f(x1 ? x2)) = ξ
+
ξ2hg(x)

(f(x1) ? f(x2))

⊇ ξ+
ξ2hg(w)

(f(x1))∩ ξ+ξ2hg(w)
(f(x2))

= f−1 (ξ+gw

)
(x1)∩ f−1 (ξ+gw

)
(x2)

f−1
(
ξ−ξ2hw

)
(x1 ? x2) = ξ

−
ξ2hg(x)

(f(x1 ? x2)) = ξ
−
ξ2hg(x)

(f(x1) ? f(x2))

⊆ ξ−
ξ2hg(w)

(f(x1))∪ ξ−ξ2hg(w)
(f(x2))

= f−1
(
ξ−gk

)
(x1)∪ f−1

(
ξ−gk

)
(x2)

Hence (f,g)−1(ξ2h,B) is a bipolar hesitant fuzzy soft TM-subalgebra over X.

5.3.2 Bipolar Hesitant Fuzzy Soft T-ideal of TM -algebra

Definition 5.3.10. A bipolar hesitant fuzzy soft set ξh =
{(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
is called a

bipolar hesitant fuzzy soft T-ideal of X if it satisfies: for all x,y,z ∈ X.

1. ξ+h (0)⊇ ξ
+
h (x) and ξ+h (0)⊆ ξ

−
h (x);

2. ξ+h (x ? z)⊇ ξ+h ((x ? y) ? z)∩ ξ+h (y)
}

and ξ−h (x ? z)⊆ ξ−h ((x ? y) ? z)∪ ξ−h (y)

Theorem 5.3.8. A bipolar hesitant fuzzy soft set ξh =
{(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
is a bipolar

hesitant fuzzy soft T-ideal of X if and only if ξh is a bipolar hesitant fuzzy soft ideal of X.
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Proof. (⇒) If we put z= 0 in Definition 5.3.10[2] , then ξ−h (x)⊆ ξ
−
h (x ? y)∪ ξ−h (y) and

ξ+h (x) ⊇ ξ
+
h (x ? y) ∩ ξ+h (y). Hence, ξh =

{(
x,ξ+h (x),ξ

−
h (x)

)}
is a bipolar hesitant fuzzy soft set

ideal of X.
(⇐ ) Suppose that ξh =

{(
x,ξ+h (x),ξ

−
h (x)

)}
be a bipolar hesitant fuzzy soft set ideal of X, then

ξ+h (x ? z)⊇ ξ+h ((x ? y) ? z)∩ ξ+h (y)
}

and ξ−h (x ? z)⊆ ξ−h ((x ?y) ? z)∪ξ−h (y). And by Definition
5.3.10[2], we get ξ+h (x ? z)⊇ ξ+h ((x ? y) ? z)∩ ξ+h (y)

}
and ξ−h (x ? z)⊆ ξ−h ((x ? y) ? z)∪ ξ−h (y).

Hence ξh =
{(
x,ξ+h (x),ξ

−
h (x)

)}
is a bipolar hesitant fuzzy soft set T-ideal of X of X.

Theorem 5.3.9. If ξh =
{(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
is a bipolar hesitant fuzzy soft T -ideal of X,

then the sets

ξh =
{
x ∈ X : ξ+h (x) = ξ

+
h (0) and ξ−h (x) = ξ

−
h (0)
}

are T -ideals of X.

Proof. Assume that ξh =
{(
x,ξ+h (x),ξ

−
h (x)

)
: x ∈ X

}
is a bipolar hesitant fuzzy soft T -ideal of X.

We need to show that ξh =
{
x ∈ X : ξ+h (x) = ξ

+
h (0) and ξ−h (x) = ξ

−
h (0)
}

. Since 0 ∈ X, we have
ξ+h (0) = ξ

+
h (0) and ξ−h (0) = ξ

−
h (0), which implies 0 ∈ ξ. Therefore, ξ 6= ∅.

Let (x ? y) ? z ∈ ξ and y ∈ ξ. This implies:

ξ+h ((x ? y) ? z) = ξ
+
h (0) and ξ+h (y) = ξ

+
h (0).

Since
ξ+h (x ? z)⊇min

{
ξ+h ((x ? y) ? z),ξ

+
h (y)
}
= ξ+h (0),

we have
ξ+h (x ? z)⊇ ξ

+
h (0).

But also,
ξ+h (x ? z) = ξ

+
h (0).

It follows that (x ? z) ∈ ξ for all x,y,z ∈ X. Hence, ξ is a T -ideal of X.
Similarly, the condition ξ−h (x) = ξ

−
h (0) also implies that ξ is a T -ideal of X with respect to the

negative membership function.

Theorem 5.3.10. Let (ξ1h,A) and (ξ2h,B) be two bipolar hesitant fuzzy soft T-ideal of X . Then

their intersection (ξ1h,A)∩̃(ξ2h,B) is a bipolar hesitant fuzzy soft T-ideal of X.

Proof. Suppose that (ξ1h,A) and (ξ2h,B) are bipolar hesitant fuzzy soft subalgebras over X with
the property that A ∩ B = ∅. We need to show that (ξ1h,A)∩̃(ξ2h,B) is also a bipolar hesitant
fuzzy soft subalgebra of X. Let (ξ1h,A ∩ B) = (ξ1h,A)∩̃(ξ2h,B) be the extended union of two
bipolar hesitant fuzzy soft subalgebras. Since A∩B= ∅, the extended union is defined as:

129



ξh(ε) =


ξ1h(ε) if ε ∈A−B,

ξ2h(ε) if ε ∈ B−A,

ξ1h(ε)∩ ξ2h(ε) if ε ∈A∩B,

Then we have the following cases: For any x,y,z ∈ X
Case 1: If ε ∈A−B, then

ξh = ξ+1h(0)⊇ ξ
+
1h(x) and ξh = ξ−1h(0)⊆ ξ

−
1h(x)

ξ+h (x ? z) = ξ
+
1h(x ? z)

⊇ ξ+1h((x ? y) ? z)∩ ξ+1h(y)

ξ−h (x ? z) = ξ
−
1h(x ? z)

⊆ ξ−1h((x ? y) ? z)∪ ξ−1h(y)

Case 2: If ε ∈A−B, then

ξh = ξ+2h(0)⊇ ξ
+
2h(x) and ξh = ξ−1h(0)⊆ ξ

−
2h(x)

ξ+h (x ? z) = ξ
+
2h(x ? z)

⊇ ξ+2h((x ? y) ? z)∩ ξ+2h(y)

ξ−h (x ? z) = ξ
−
2h(x ? z)

⊆ ξ−2h((x ? y) ? z)∪ ξ−2h(y)

Case 3: If ε ∈A∩B, then

ξ+h (0) = ξ
+
1h(0)∩ ξ

+
2h(0)

⊇ ξ+1h(x)∩ ξ
+
2h(x) = ξ

+(x) and

ξ−h (0) = ξ
−
1h(0)∩ ξ

−
2h(0)

⊆ ξ−1h(x)∪ ξ
−
2h(x) = ξ

−(x)

ξ+h (x ? z) = ξ
+
1h(x ? z)∩ ξ

+
2h(x ? z)

⊇ ξ+1h((x ? y) ? z)∩ ξ+1h(y)∩ ξ
+
2h((x ? y) ? z)∩ ξ+2h(y)

= ξ+h ((x ? y) ? z)∩ ξ+h (y)

ξ−h (x ? z) = ξ
−
1h(x ? z)∩ ξ

−
2h(x ? z)

⊆ ξ−1h((x ? y) ? z)∪ ξ−1h(y)∪ ξ
−
2h((x ? y) ? z)∪ ξ+2h(y)

= ξ−h ((x ? y) ? z)∪ ξ−h (y)

Therefore, (ξ1h,A)∩̃(ξ2h,B) is a bipolar hesitant fuzzy soft T-ideal of X

Theorem 5.3.11. If (ξ1h,A) and (ξ2h,B) are two bipolar hesitant fuzzy soft T-ideals over X such

that (ξ1h,A)⊆ (ξ2h,B) , then ((ξ1h,A)∪̃(ξ2h,B) is also a bipolar hesitant fuzzy soft T-ideal over
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X.

Proof. Let (ξ1h,A) ) and (ξ2h,B) be two bipolar hesitant fuzzy soft T-ideals overX. Then (ξ1h,A)∪
(ξ2h,B) = (ξh,C), where C=A∪B and

ξh =


ξ1h if ε ∈A−B

ξ2h if ε ∈A−B for all ε ∈ C.

ξ1h ∪ ξ2h if ε ∈A∩B

Then we have the following cases:
Case 1: If ε ∈A−B, then

ξh = ξ+1h(0)⊇ ξ
+
1h(x) and ξh = ξ−1h(0)⊆ ξ

−
1h(x)

ξ+h (x ? z) = ξ
+
1h(x ? z)

⊇ ξ+1h((x ? y) ? z)∩ ξ+1h(y)

ξ−h (x ? z) = ξ
−
1h(x ? z)

⊆ ξ−1h((x ? y) ? z)∪ ξ−1h(y)

Case 2: If ε ∈A−B, then

ξh = ξ+2h(0)⊇ ξ
+
2h(x) and ξh = ξ−1h(0)⊆ ξ

−
2h(x)

ξ+h (x ? z) = ξ
+
2h(x ? z)

⊇ ξ+2h((x ? y) ? z)∩ ξ+2h(y)

ξ−h (x ? z) = ξ
−
2h(x ? z)

⊆ ξ−2h((x ? y) ? z)∪ ξ−2h(y)

Case 3: If ε ∈A∩B, then

ξ+h (0) = ξ
+
1h(0)∪ ξ

+
2h(0)

⊇ ξ+1h(x)∪ ξ
+
2h(x) = ξ

+(x) and

ξ−h (0) = ξ
−
1h(0)∪ ξ

−
2h(0)

⊆ ξ−1h(x)∪ ξ
−
2h(x) = ξ

−(x)

ξ+h (x ? z) = ξ
+
1h(x ? z)∪ ξ

+
2h(x ? z)

⊇ ξ+1h((x ? y) ? z)∩ ξ+1h(y)∪ ξ
+
2h((x ? y) ? z)∩ ξ+2h(y)

= ξ+h ((x ? y) ? z)∩ ξ+h (y)

ξ−h (x ? z) = ξ
−
1h(x ? z)∪ ξ

−
2h(x ? z)

⊆ ξ−1h((x ? y) ? z)∪ ξ−1h(y)∪ ξ
−
2h((x ? y) ? z)∪ ξ+2h(y)

= ξ−h ((x ? y) ? z)∪ ξ−h (y)
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Therefore, (ξ1h,A)∪̃(ξ2h,B) is a bipolar hesitant fuzzy soft T-ideal of X.

Definition 5.3.11. Let f : X→ Y be a hesitant fuzzy soft homomorphism, and let Φ̃ be a bipolar

hesitant fuzzy soft set over Y. Then the inverse image of Φ̃ under f, denoted by f−1(Φ̃) is a bipolar

hesitant fuzzy soft set over X defined by:

f−1
(
ξ+
Φ̃h

)
(x) = ξ+

Φ̃h
(f(x)), f−1

(
ξ−
Φ̃h

)
(x) = ξ−

Φ̃h
(f(x)), ∀x ∈ X.

Conversely, let A be a bipolar hesitant fuzzy soft set over X. The image of A under f, denoted by

f(A) is a bipolar hesitant fuzzy soft set over Y defined as follows:

f(ξ+h )(y) =


⋃

t∈f−1(y)

ξ+h (t), if f−1(y) 6= ∅,

0, otherwise,

f(ξ−h )(y) =


⋂

t∈f−1(y)

ξ−h (t), if f−1(y) 6= ∅,

0, otherwise,

∀y ∈ Y.

where

f−1(y) = {x ∈ X | f(x) = y}.

Theorem 5.3.12. Suppose that f : X→ Y be an epimorphism mapping. let Φ̃ is a bipolar hesitant

fuzzy soft T-ideal. Then f(Φ̃) is a bipolar hesitant fuzzy soft T-ideal of Y if and only if f−1(Φ̃) is a

is a bipolar hesitant fuzzy soft T-ideal of X.

Proof. Suppose that f(Φ̃) is a bipolar hesitant fuzzy soft T-ideal of Y. We need to show that f−1(Φ̃)

is a is a bipolar hesitant fuzzy soft T-ideal of X. For any y ∈ Y there exists x ∈ X such that f(x) = y
we have

f−1
(
ξ+
Φ̃h

)
(0) = ξ+

Φ̃h
(f(0)) = ξ+

Φ̃h

(
0′
)
⊇ ξ+

Φ̃h
(y) = ξ+

Φ̃h
(f(x)) = f−1

(
ξ+
Φ̃h

)
(x)

and ξ−
Φ̃h

(0) = ξ−
Φ̃h

(f(0)) = ξ−
Φ̃h

(0′)⊇ xi−
Φ̃h

(y) = ξ−
Φ̃h

(f(x)) = f−1
(
ξ−
Φ̃h

)
(x).

Let x,y,z ∈ X,τ′ ∈ Y then ∃τ ∈ X such that f(τ) = τ′. We have

f−1
(
ξ+
Φ̃h

)
(x ? z) = ξ+

Φ̃h
(f(x ? z)) = ξ+

Φ̃h
(f(x) ? f(z))⊇min

{
ξ+
Φ̃h

(
f(x) ? τ′

)
? f(z)

)
,ϑ+(τ)

}
= min

{
ξ+
Φ̃h

((f(x) ? f(τ)) ? f(z)),xi+
Φ̃h

(f(τ))
}

= min
{
f−1
(
ξ+
Φ̃h

)
((x ? τ) ? z),f−1

(
ξ+
Φ̃h

)
(τ)
}

And
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f−1
(
ξ−
Φ̃h

)
(x ? z) = ξ+

Φ̃h
(f(x ? z)) = ξ−

Φ̃h
(f(x) ? f(z))

⊆max
{
ξ−
Φ̃h

(
f(x) ? τ′

)
? f(z),ξ−

Φ̃h
(f(τ))

}
= max

{
ξ−
Φ̃h

(f(x) ? f(τ) ? f(z)),ξ−
Φ̃h

(f(τ))
}

= max
{
f−1
(
ξ−
Φ̃h

)
((x ? τ) ? z),f−1

(
ξ−
Φ̃h

)
(f(τ))

}
Hence f−1 (ξ

Φ̃h

)
is a bipolar hesitant fuzzy soft T-ideal of X. Conversely, since f : X→ Y

is an onto mapping, then for any x,τ,z ∈ Y. It follows that, there exists a,b,c ∈ X ’such that
f(a) = x,f(b) = τ and f(c) = z. we have

ξ+
Φ̃h

(x ? z) = ξ+
Φ̃h

(f(a) ? f(c)) = ξ+
Φ̃h

(f(a ? c)) = f−1
(
ξ+
Φ̃h

)
(a ? c)

⊇min
{
f−1
(
ξ+
Φ̃h

)
((a ? b) ? c),f−1

(
ξ+
Φ̃h

)
(b)
}

= min
{
ξ+
Φ̃h

(f(a) ? f(b)) ? f(c),ξ+
Φ̃h

(f(b))
}
= min

{
ξ+
Φ̃h

((x ? τ) ? z),ξ+
Φ̃h

(τ)
}

and

ξ−
Φ̃h

(x ? z) = ξ−
Φ̃h

(f(a) ? f(c)) = ξ−
Φ̃h

(f(a ? c)) = f−1
(
ξ−
Φ̃h

)
(a ? c)

⊆max
{
f−1
(
ξ−
Φ̃h

)
((a ? b) ? c),f−1

(
ξ−
Φ̃h

)
(b)
}

= max
{
ξ−
Φ̃h

((f(a) ? f(b)) ? f(c)),ξ−
Φ̃h

(f(b))
}

= max
{
ξ−
Φ̃h

((x ? τ) ? z),ξ−
Φ̃h

(τ)
}

Therefore f(Φ̃)is a bipolar hesitant fuzzy soft T-ideal of Y.

Definition 5.3.12. Let ξ1h =
{(
ξ+1h,ξ−1h

)}
and ξ2h =

{(
ξ+2h,ξ−2h

)}
be two bipolar hesitant fuzzy

soft set of X. Then the Cartesian product ξ1h × ξ2h =
(
(x× y),ξ+1h × ξ

+
2h,ξ−1h × ξ

−
2h

)
is defined

by the following:

1.
(
ξ+1h × ξ

+
2h

)
(x,y) = min

{
ξ+1h(x),ξ

+
2h(y)

}
2.
(
ξ−1h × ξ

−
2h

)
(x,y) = max

{
ξ−1h(x),ξ

−
2h(y)

}
, where ξ−1h × ξ

−
2h : X× Y→ [−1,0] and ξ+1h ×

ξ+2h : X× Y→ [0,1],∀(x,y) ∈ X× Y.

Theorem 5.3.13. Let ξ1h =
{(
ξ+1h,ξ−1h

)}
and ξ2h =

{(
ξ+2h,ξ−2h

)}
be two bipolar hesitant fuzzy

soft T-ideals of X and Y respectively, then ξ1h×ξ2h is a bipolar hesitant fuzzy soft T-ideal of X×Y.

Proof. Suppose that ξ1h=
{(
ξ+1h,ξ−1h

)}
and ξ2h=

{(
ξ+2h,ξ−2h

)}
be two bipolar hesitant fuzzy soft

T-ideals of X and Y respectively. We need to show that ξ1h × ξ2h is a bipolar hesitant fuzzy soft
T-ideal of X× Y. For any (x,y) ∈ X× Y, we have

(
ξ+1h × ξ

+
2h
)
(0,0) = min

{
ξ+1h(0),ξ

+
2h(0)

}
⊇min

{
ξ+1h(x),ξ

+
2h(y)

}
=
(
ξ+1h × ξ

+
2h
)
(x,y)and
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(
ξ−1h × ξ2h

−
)
(0,0) = max

{
ξ−1h(0),ξ

−
2h(0)

}
⊆max

{
ξ−1h(x),ξ

−
2h(y)

}
=
(
ξ−1h × ξ

−
2h
)
(x,y)

Let (x1,x2) ,(y1,y2) and (z1,z2) ∈ X× Y, then

(ξ+1h × ξ
+
2h)(x1 ? z1,x2 ? z2) = min{ξ+1h(x1 ? z1), ξ+2h(x2 ? z2)}

⊇min
{

min{ξ+1h((x1 ? y1) ? z1), ξ+1h(y1)}, min{ξ+2h((x2 ? y2) ? z2), ξ+2h(y2)}
}

= min
{

min{ξ+1h((x1 ? y1) ? z1), ξ+2h((x2 ? y2) ? z2)}, min{ξ+1h(y1), ξ+2h(y2)}
}

= min
{
(ξ+1h × ξ

+
2h)((x1 ? y1) ? z1, (x2 ? y2) ? z2), (ξ+1h × ξ

+
2h)(y1,y2)

}
.

Also,

(ξ−1h × ξ
−
2h)(x1 ? z1,x2 ? z2) = max{ξ−1h(x1 ? z1), ξ−2h(x2 ? z2)}

⊆max
{

max{ξ−1h((x1 ? y1) ? z1), ξ−1h(y1)}, max{ξ−2h((x2 ? y2) ? z2), ξ−2h(y2)}
}

= max
{

max{ξ−1h((x1 ? y1) ? z1), ξ−2h((x2 ? y2) ? z2)}, max{ξ−1h(y1), ξ−2h(y2)}
}

= max
{
(ξ−1h × ξ

−
2h)((x1 ? y1) ? z1, (x2 ? y2) ? z2), (ξ−1h × ξ

−
2h)(y1,y2)

}
.

Therefore, ξ1h × ξ2h is a bipolar hesitant fuzzy soft T-ideal of X× Y.

5.3.3 Bipolar Hesitant Fuzzy Soft Sets with Multicriteria Decision Making

The bipolar hesitant fuzzy soft set (BHFSS) based decision-making model offers a robust mech-
anism to evaluate alternatives under hesitant, bipolar, and fuzzy conditions, making it highly ap-
plicable to real-world multi-criteria decision problems like selecting suitable products, services, or
strategies.
The BHFSS is a powerful tool for handling uncertainty, vagueness, and bipolarity in decision-
making problems. Real-life scenarios often involve conflicting and hesitant information, which
cannot be effectively captured using classical models. In this section, we explore how the BHFSS
framework can be applied to solve a prevailing multi-criteria decision-making problem: the se-
lection of an appropriate alcoholic beverage based on various subjective and objective criteria. We
employ the theoretical foundations of BHFSS to model the evaluation process of different alcoholic
drinks across multiple critria, each possessing both positive and negative degrees of hesitation. A
systematic approach is presented to construct the BHFSS model, followed by a decision-making
algorithm that identifies the most suitable alternative. The methodology is validated through an
illustrative example. The algorithm proposed provides a generalized set of rules to assist decision-
makers in selecting the best alternative based on the input data (See Algorithm 5.3.17 ).

Definition 5.3.13. (Score Function of a Bipolar Hesitant Fuzzy Element) Let ξh(x)= (ξ+h (x),ξ
−
h (x))

be a bipolar hesitant fuzzy element, where:ξ+h (x)⊆ [0,1] is the set of positive membership degrees,

ξ−h (x) ⊆ [−1,0] is the set of negative membership degrees. Then, the score function S(ξh(x)) of
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the bipolar hesitant fuzzy element is defined as:

S(ξh(x)) =

 1
l+(ξh(x))

∑
γ+∈ξ+h (x)

γ+,
1

l−(ξh(x))

∑
γ−∈ξ−h (x)

γ−


where:

(i) l+(ξh(x)) is the number of elements in ξ+h (x),

(ii) l−(ξh(x)) is the number of elements in ξ−h (x).

Definition 5.3.14. (Score Matrix of a Bipolar Hesitant Fuzzy Soft Set) Let (F,A) be a bipolar

hesitant fuzzy soft set, where F : A→ B̃H(U), and B̃H(U) is the set of all bipolar hesitant fuzzy

subsets of universe U. Then, the score matrix is a bipolar fuzzy soft set (Fs,A), where each entry

of Fs(ε)(x) is the score function of the corresponding bipolar hesitant fuzzy element F(ε)(x), i.e.,

Fs(ε)(x) = S(F(ε)(x)) =
(
S+(F(ε)(x)),S−(F(ε)(x))

)
, for all x ∈U,∀ε ∈A.

Definition 5.3.15. (Bipolar Decision Table) The bipolar decision table is created by listing the

score values Fs(ε)(dj) for every object dj ∈ U and for each parameter ε ∈ A. The entries are

tuples (s+,s−) showing both positive and negative scores. This decision table helps in determining

the best alternative, allowing decision-makers to weigh both favorable and unfavorable aspects.

Definition 5.3.16. (Bipolar Comparison Table) Let d1,d2, . . . ,dn be objects in the universe. The

bipolar comparison table is a square matrix of size n× n, where each entry εij represents the

number of parameters ε ∈A for which:

S+(F(ε)(di))> S
+(F(ε)(dj)) and S−(F(ε)(di))> S

−(F(ε)(dj)).

That is, εij counts how many parameters indicate that di is at least as preferable as dj based on
both positive and negative scores.

5.3.4 Numerical Example: Alcoholic Drink Selection Using Bipolar Hesitant
Fuzzy Soft Set

Let’s consider a real-world decision-making scenario. Let U= {d1,d2,d3,d4} be the set of four al-
coholic drinks under consideration such as, whiskey, wine, beer, vodka. Let E= {ε1,ε2,ε3,ε4,ε5},
where: ε1 = Expensive ε2 = Taste ε3 = Health Impact ε4 = Brand Reputation ε5 = Popularity be
a set of parameters. Suppose a person, Mr. Y, wants to select an alcoholic drink based on a few
parameters important to him.
Assume that Mr. Y’s desired parameters (subset A⊆ E) :A= {ε1,ε4,ε5}. Now, define the bipolar
hesitant Fuzzy Soft Set.The Bipolar Hesitant Fuzzy Soft Set F is given below. For each selected
parameter, the hesitant fuzzy values (positive and negative) for each drink are provided.
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Drink Positive Memberships Negative Memberships
d1 {0.9, 0.85} {−0.3, −0.2}
d2 {0.6, 0.5} {−0.4, −0.35}
d3 {0.7, 0.65} {−0.6, −0.3}
d4 {0.95, 0.8} {−0.2, −0.1}

Table 5.7: F(ε1)– Expensive.

Drink Positive Memberships Negative Memberships
d1 {0.7, 0.65} {−0.4, −0.35}
d2 {0.85, 0.8} {−0.3, −0.25}
d3 {0.6, 0.55} {−0.5, −0.45}
d4 {0.75, 0.7} {−0.2, −0.15}

Table 5.8: F(ε4) – Brand Reputation.

Drink Positive Memberships Negative Memberships
d1 {0.8, 0.75} {−0.35, −0.3}
d2 {0.7, 0.6} {−0.4, −0.3}
d3 {0.65, 0.6} {−0.45, −0.4}
d4 {0.85, 0.8} {−0.2, −0.15}

Table 5.9: F(ε5)– Popularity.

Definition 5.3.17. (Algorithm)[See[8]]

To compute the comparison tables for the positive information function and negative information
function, we follow these steps:

Step 1 Extract Positive and Negative Membership Values
For each drink di and parameter εj, we have:

(i) Positive memberships (PM): Represent how well the drink satisfies the parameter.

(ii) Negative memberships (NM): Represent dissatisfaction or drawbacks.

Given A= {ε1,ε4,ε5}, we consider the tables for these parameters.
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Algorithm : To find the best choice of drinks according to Mr. Y interest
Step Description

1 Define the set of drinks as U, the set of evaluation parameters as E, and
the set of desired parameters as A.

2 Provide the bipolar hesitant fuzzy values for each drink with respect to
each parameter.

3 Compute the score for each drink using the for-
mula: Score = Average of positive membership degrees −
Average of absolute negative membership degrees

4 Rank all the drinks based on their computed scores and select the best
option.

Table 5.10: Algorithm to Select Best drinks Based on Mr. Y Preferences

Drink ε1 ε4 ε5
d1 {0.9, 0.85} {0.8, 0.95} {0.8, 0.75}
d2 {0.6, 0.5} {0.85, 0.8} {0.7, 0.6}
d3 {0.7, 0.65} {0.6, 0.55} {0.65, 0.6}
d4 {0.95, 0.8} {0.75, 0.7} {0.85, 0.8}

Table 5.11: Positive Membership Values (ξ+ij).

Drink ε1 ε4 ε5
d1 {−0.3, −0.2} {−0.4, −0.35} {−0.35, −0.3}
d2 {−0.4, −0.35} {−0.3, −0.25} {−0.4, −0.3}
d3 {−0.6, −0.3} {−0.5, −0.45} {−0.45, −0.4}
d4 {−0.2, −0.1} {−0.2, −0.15} {−0.2, −0.15}

Table 5.12: Negative Membership Values (ξ−ij).

Step 2 Compute the Positive Comparison Table
For each pair of drinks (di,dj) the entries dij where dij = the number of parameters for
which the value of di exceeds or equal to the value of dj . Here, we compare the average of
the positive memberships for each parameter.

Drink ε1 ε4 ε5
d1 0.875 0.875 0.775
d2 0.55 0.825 0.65
d3 0.675 0.575 0.625
d4 0.875 0.725 0.825

Table 5.13: Average Positive Memberships.

Positive Comparison Table (ξ+):
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For each (di,dj), count how many parameters di is better than or equal to dj.

d1 d2 d3 d4
d1 − 3 3 1
d2 1 − 2 0
d3 0 1 − 0
d4 2 3 3 −

Table 5.14

Row Sums (Ri): d1= 7, d2= 3, d3= 1, d4= 8

Step 3 Compute the Negative Comparison Table
For each pair (di,dj)the entries dij where dij = the number of parameters for which the value
of di exceeds or equal to the value of dj . (since less negative is better). Negative Comparison

Drink ε1 ε4 ε5
d1 −0.25 −0.375 −0.325
d2 −0.375 −0.275 −0.35
d3 −0.45 −0.475 −0.425
d4 −0.15 −0.175 −0.175

Table 5.15: Average Negative Memberships

Table (ξ−) for each (di,dj), count how many parameters di is better than or equal to dj.

d1 d2 d3 d4
d1 − 2 3 0
d2 1 − 3 0
d3 0 0 − 0
d4 3 3 3 −

Table 5.16

Row Sums (Si): d1= 5, d2= 4, d3= 0, d4= 9

Step 4 Compute Total Scores (ti = ri − si)
d1 = 7 − 5 = 2, d2 = 3 − 4 =−1, d3 = 1 − 0 = 1, d4 = 8 − 9 =−1
Final Ranking:
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(i) d1 (Score= 2)

(ii) d2 (Score= -1)

(iii) d3 (Score= 1)

(iv) d4 (Score= -1)

Finally, the most preferred drink is d1 , while d2, d3, and d4 are less favorable based on Mr. Y’s
criteria. It scores highest based on the combination of being expensive, reputable, and popular.
This method uses the bipolar hesitant fuzzy soft set approach, allowing nuanced decision-making
with both positive and negative uncertainty.
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Conclusion and Future Works
In this section, we present what we have done in this dissertation and then indicate our future work.

I. Conclusion

Mathematics serves as a foundational tool in across a wide range of disciplines, including natural
sciences, technology, economics, and decision-making. Traditionally, classical mathematics and
set theory operate under binary logic, where elements either belong to a set or do not, as initially
formalized by Georg Cantor in 1874 [12]. This led to the notion of crisp sets, characterized by
membership values strictly in {0,1}. However, real-world situations are rarely black and white;
they often involve ambiguity, vagueness, and hesitation. To model such uncertainties, various ex-
tensions of classical set theory have been developed. A major advancement in this regard was fuzzy
set theory, introduced by Zadeh in 1965 [72], which permits partial membership of elements in a
set with values in the interval [0,1].
Parallel to this, soft set theory, introduced by Molodtsov in 2010 [31], offers a parameterized
framework to model uncertainty without requiring a membership function. These two frameworks
laid the groundwork for hybrid models such as hesitant fuzzy sets introduced by Torra in 2010
[1, 56, 64, 65], which allow multiple possible membership values for each element, capturing hes-
itation in assigning a precise degree of belonging. Further generalizations such as intuitionistic
fuzzy sets by Atanassov in 1986 , interval-valued fuzzy sets by Turksen in 1992, type-2 fuzzy
sets by Mendel in 2017, and fuzzy multisets by Miyamoto in 2000 [1, 6, 45, 46, 66] were devel-
oped to address increasingly complex types of uncertainty. Among these, hesitant fuzzy sets and
soft sets have gained significant attention for their flexibility and applicability in decision-making
environments.
Babitha in 2013 [7] introduced the hesitant fuzzy soft set merging hesitant fuzzy sets with soft
sets. This model is particularly effective in situations where decisions are influenced by multiple,
possibly conflicting, expert opinions or criteria. To further reflect the bipolar nature of real-life
judgments where both positive and negative aspects may co-exist bipolar fuzzy sets were intro-
duced by Zhang in 1994 [75]. These sets assign two membership degrees to each element: a
positive one in [0,1] and a negative one in [−1,0]. Abdullaha in 2014 [2] extended this idea into
bipolar fuzzy soft sets , where bipolar assessments are parameterized by soft sets.
Building on this, Zhang in 2013 [73] proposed the bipolar hesitant fuzzy soft set , which combines
bipolarity, hesitation, and parameterization. This model allows multiple degrees of positive and
negative membership per element and has been applied in domains like AI, medical diagnosis,
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and multi-criteria decision-making. In parallel with fuzzy modeling, algebraic structures such as
groups, rings, and algebras are central to abstract mathematical reasoning. Specialized algebras
such as BCK-algebras and BCI-algebras, introduced by Tanaka in 1978 [24] and Iséki in 1980 [25]
respectively and have been explored for their logical and computational significance. These were
generalized into Q-algebras by Neggers in 2001 [51], and further into TM-algebras by Megalai and
Tamilarasi [44], which unify properties from BCK, BCI, and Q-algebras.
TM-algebras provide an algebraic framework for modeling reasoning processes and decision-
making algorithms, especially in AI contexts. Fuzzy variants, such as fuzzy TM-subalgebras and
fuzzy TM-ideals, were introduced by Megalai in 2011 [43], while homomorphisms in fuzzy TM-
algebras were studied by Prabpayak in 2017 [54]. Georgescu in 2001 [19] proposed the concept
of pseudo-BCK algebra as a generalization of BCK-algebra. Later, Dudek in 2008 [15] intro-
duced the notion of pseudo-BCI algebra this extends the classical structures by relaxing certain
axioms, accommodating asymmetry in operations. Pseudo-BCI ideals and filters have been stud-
ied extensively by Jun in 2006 [27], and more recently, pseudo-TM algebras were introduced as
a generalization of TM-algebras by Nouri in 2019 [52]. Fuzzy algebra, as a discipline, focuses
on incorporating fuzziness into algebraic systems. The foundation was laid by Rosenfeld in 1971
[58], who introduced fuzzy subgroups, thereby fuzzifying group theory. Over time, this idea ex-
panded to rings, modules, lattices, and logical algebras. While not all classical results carry over
directly [30, 34], many have been successfully adapted. Notable developments include fuzzy ide-
als in rings Liu 1982 [38], BCK-algebras Xi 1991 [69], and fuzzy congruences Murali, 1991 [50].
Fuzzy congruence relations generalize classical congruence by allowing degrees of equivalence
and have been investigated in various algebraic systems. In groups and rings, fuzzy congruences
allow for the construction of fuzzy quotient structures, extending ideas like normal subgroups and
ideals into the fuzzy domain. Similar extensions are seen in lattices, modules, semigroups, and
logical algebras.
In more specialized settings, intuitionistic fuzzy congruences, bipolar fuzzy congruences, and hes-
itant fuzzy congruences have emerged. These advanced models address situations involving with
incomplete, contradictory, or hesitant information, and they find applications in social networks,
decision support systems, and soft computing. Building upon this, Ahamed introduced fuzzy BCI-
algebras in 1993 [3], followed by Mostafa in 1995 [49] work on fuzzy KU-ideals, and Somjanta
2016 [62] study of fuzzy UP-subalgebras. Notably, Jun in 2016 [29] hesitant fuzzy structures have
been applied to BCK/BCI-algebras, and even neutrosophic hesitant fuzzy subalgebras have been
studied. Despite the rich development of fuzzy and hesitant fuzzy algebraic structures, a notable
gap remains in the study of such structures in the context of pseudo-TM and TM-algebras. This dis-
sertation aims to bridge that gap by developing a systematic framework for hesitant fuzzy algebraic
structures on pseudo-TM and TM-algebras.
The primary objective of this research is to define and analyze new types of fuzzy subalgebras,
ideals, and congruences , and to extend them into hesitant fuzzy, bipolar fuzzy, and soft set frame-
works. These extensions are essential for modeling real-world problems that involve uncertainty,
hesitation, and multiple criteria. The first major contribution of this dissertation is the development
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of fuzzy pseudo-TM subalgebras and fuzzy pseudo-TM ideals. In this context, the study defined
fuzzy pseudo-TM subalgebras and examined their properties. It was shown that the intersection
of fuzzy pseudo-TM subalgebras yields another fuzzy pseudo-TM subalgebra, whereas their union
does not necessarily hold. The concept of fuzzy congruence relations was also introduced, and
their relation with fuzzy ideals was analyzed. These results provide a solid theoretical foundation
for extending classical algebraic properties into fuzzy environments.
Another important contribution of the dissertation is the introduction of homomorphisms and
Cartesian product operations in these new fuzzy algebraic structures. Homomorphisms help in
understanding how structure-preserving mappings behave under fuzzification. For example, it was
proven that the image and pre-image of a fuzzy pseudo-ideal under a homomorphism are again
fuzzy pseudo-ideals under some conditions. Similar results were found for hesitant fuzzy and hesi-
tant fuzzy soft structures. The use of Cartesian products helps in constructing new fuzzy structures
from existing ones and is particularly useful for building compound systems in applications. The
study also explored the concept of fuzzy congruence relations in pseudo-TM algebras. These are
fuzzy generalizations of classical equivalence relations. It was shown that such fuzzy congruences
are closely connected to fuzzy ideals, and they help classify elements in fuzzy algebraic systems.
This classification simplifies the structure and allows for modular construction of larger fuzzy sys-
tems.
Next, the research focused on hesitant fuzzy structures. Hesitant fuzzy TM-subalgebras and hes-
itant fuzzy T-ideals were defined for TM-algebras. Their behaviors were explored using level
subsets and Cartesian products. One of the significant results is that the Cartesian product of two
hesitant fuzzy T-ideals is again a hesitant fuzzy T-ideal. Demonstrating that the structure is stable
under Cartesian operations. The behavior of these hesitant fuzzy sets under homomorphisms was
also investigated, yielding important results regarding the preservation of images and pre-images
of the algebraic structure. This part of the study shows that hesitant fuzzy logic provides a flexi-
ble and precise framework for modeling algebraic systems when there is hesitation in membership
degrees.
Further, the study developed the concept of hesitant fuzzy soft TM-algebras, which combines hesi-
tant fuzzy sets with soft set theory. In these systems, elements are evaluated with respect to several
parameters, and for each parameter, there can be multiple hesitant membership values. This model
is very suitable for decision-making scenarios where opinions vary, and decisions must be made
under uncertainty and hesitation. The study defined hesitant fuzzy soft TM-subalgebras and soft
T-ideals and investigated their algebraic properties.
In addition to theoretical development, the study provided bipolar hesitant fuzzy soft sets in a
multicriteria decision-making. A numerical example was given on selecting an alcoholic drink
based on different criteria. This example demonstrated how bipolar hesitant fuzzy soft sets can
systematically compare and evaluate alternatives based on multiple criteria with both positive and
negative hesitations. Such applications are essential because they show how abstract mathematical
models can help in real-life decision problems such as product selection, medical diagnosis, risk
evaluation, and so on.
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The combination of fuzzy logic, hesitant fuzzy logic, soft sets, and bipolar evaluations allows
handling complex, uncertain, and vague information. This makes the developed algebraic models
suitable for various applications, including artificial intelligence, decision sciences, expert systems,
and machine learning. Specifically, TM and pseudo-TM algebras, when enriched with fuzzy logic,
provide a strong algebraic foundation to represent and process human-like reasoning and vague
judgments.
In summary, the main contributions of the dissertation are:

1. Introduction and definition of fuzzy pseudo-TM subalgebras and fuzzy pseudo-TM ideals.

2. Study of their properties under intersection, union, homomorphism, and Cartesian product.

3. Development of fuzzy congruence relations and their connection with fuzzy pseudo-ideals.

4. Definition of hesitant fuzzy TM-subalgebras and hesitant fuzzy T-ideals, along with their
theoretical analysis.

5. Extension of these concepts to hesitant fuzzy soft TM-algebras.

6. Establishment of key algebraic properties (homomorphism, Cartesian product, level sets) for
all these structures.

7. Develope bipolar hesitant fuzzy soft sets to multicriteria decision-making problems.

8. Provision of numerical examples showing practical relevance.

In conclusion, this dissertation provides a deep theoretical understanding of fuzzy algebraic struc-
tures and introduces new tools for modeling uncertainty, hesitation, and decision-making in alge-
braic frameworks. The results form a strong foundation for both academic exploration and practical
applications, especially in situations where decisions are made under vague or conflicting informa-
tion.

II. Future Works

Although the dissertation achieved its objectives, it also opens new directions for further research:

1. Investigating interval-valued hesitant fuzzy soft subalgebras in TM-algebras and pseudo-TM
algebras.

2. Exploring neutrosophic fuzzy and hesitant neutrosophic fuzzy algebraic structures on pseudo-
TM algebra.

3. Intuitionistic fuzzy pseudo-TM algebra.

4. Developing decision-making algorithms based on hesitant fuzzy soft TM-ideals.
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5. Applying the proposed models to medical diagnosis, risk assessment, and artificial intelli-
gence.

6. Studying the computational complexity and implementation of the theoretical results in soft-
ware tools.
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