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Abstract

This dissertation presents det ailed and thorough research on the notions of hyper BCL–algebra,

fuzzy substructures in hyper BCL–algebra, fuzzy substructures in BCL–algebra, Pythagorean fuzzy

substructures in BCL–algebra, fuzzy substructures in LiuB–algebra and Pythagorean fuzzy substruc-

tures in LiuB–algebra. It provides new theoretical understanding, well refined definitions and rigor-

ous characterizations that contribute to the development of algebraic knowledge about these struc-

tures. The research begins by introducing the hyper BCL–algebraic structures, supported by proven

properties, under which (weak, strong) hyper subalgebras, (weak, strong) hyper deductive systems

and (weak, strong) hyper ideals of hyper BCL–algebra are defined and several relevant properties

are investigated. The relations among strong hyper subalgebras, weak hyper subalgebras and hyper

subalgebras, as well as among strong hyper ideals, weak hyper ideals and hyper ideals of hyper BCL–

algebra are clearly demonstrated in the context of hyper BCL–algebras. In hyper BCL–algebras, the

relationship between hyper deductive systems and weak deductive systems is established. The inter-

section and union of corresponding (weak, strong) hyper substructures of hyper BCL–algebras are

shown to be conserved. Following the introduction of hyper substructures, the notions of fuzzy hy-

per algebras are introduced, characterized as fuzzy (weak, strong) hyper subalgebras, fuzzy (weak,

strong) hyper deductive systems and fuzzy (weak, strong) hyper ideals. The conservation of inter-

sections of corresponding substructures is established; however, unions of such substructures are

generally not conserved justified by examples. The relationships among fuzzy (weak, strong) hyper

substructures are also explored. After investigating additional relevant properties, we introduce the

notions of fuzzy subalgebra, fuzzy deductive system and fuzzy ideal of BCL–algebra. Moreover, we

prove that the complements of fuzzy substructures of BCL–algebra and its characteristic functions

correspond to fuzzy substructures of BCL–algebra. In the BCL–algebra, we also prove that intersec-

tions of fuzzy subalgebras, fuzzy deductive systems and fuzzy ideals are fuzzy subalgebra, fuzzy de-

ductive system and fuzzy ideal of BCL–algebra, respectively; however, unions of such substructures

are not conserved justified by counter examples. Several additional properties of fuzzy substructures

of BCL–algebra are also demonstrated. Following the introduction and investigation of fuzzy sub-

sets of BCL–algebra, we extend these notions to Pythagorean fuzzy substructures of BCL–algebra;
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namely, Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive system and Pythagorean fuzzy

ideal of BCL–algebra along with an investigation of their relevant properties. After introducing

the Pythagorean fuzzy substructures of BCL–algebra, we present new definitions of LiuB–algebra

based on BCL–algebra combined with a semi–group. These definitions are illustrated with examples

and their properties are explored. Following these investigations, we introduce fuzzy substructures

of LiuB–algebras, including fuzzy subalgebras, fuzzy deductive systems and fuzzy ideals. In re-

lation to substructures of LiuB–algebra, we extend these notions to Pythagorean fuzzy subalgebra,

Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal and relevant results are derived,

with their properties explored in detail. Finally, the fuzzy subsets of BCL-algebra and LiuB–algebra

and Pythagorean fuzzy sets of BCL-algebra and LiuB–algebra are described by making use of some

basic tools. These include the Cartesian products of fuzzy subalgebras in BCL-algebra, the level sets

in Pythagorean fuzzy deductive systems of BCL-algebra, and the homomorphisms of Pythagorean

fuzzy deductive systems of LiuB–algebra. In addition, LiuB–algebra is also described through the

Pythagorean (β, θ)–fuzzy ideal, and related properties arising from each of these descriptions are

carefully examined.
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Introduction
Around 300 BC, the Greek philosopher Aristotle formalized the law of asserting that any proposition

must be either true or false which is a binary logic that dominated different thoughts. This principle

underpinned Georg Cantor’s inspiring work in [13] on classical set theory, where elements crisply

belong or do not belong to a set. Such crisp sets, defined by binary membership functions, became

the bedrock of mathematical reasoning. However, their rigidity clashes with the pervasive ambiguity

of real-world phenomena. Concepts like ”tall,” ”intelligent,” or ”beautiful” resist binary classifica-

tion, revealing a critical gap that classical sets cannot model partial truths or graded membership.

A transformative shift began with Iseki and Tanaka’s introduction of BCK–algebras in [28] and

Iseki’s subsequent development of BCI–algebras in [27]. These structures abstracted logical impli-

cation and set-theoretic difference into algebraic axioms, enabling formal study of deductive sys-

tems. This sparked decades of generalization: BCH–algebras developed by Hu and Li [24] broad-

ened BCI–algebras, BCC–algebras introduced by Dudek in [21]) and BH–algebras by Jun in [30])

further expanded the landscape, KU–algebras explored by Prabayak and Leerawat in [60] unified

BCK/BCI/BCC systems, UP–algebras by Iampan in [25]) generalized KU/BCI/BCK–algebras, Ro-

mano in [65]) extended UP–algebras to multi-operational settings. Each innovation addressed struc-

tural limitations, enriching algebra’s capacity to model complex logical relationships. Yet, they

remained confined to deterministic frameworks.

Lotfi Zadeh’s [81] breakthrough fuzzy sets revolutionized mathematics by introducing degrees of

membership. In a fuzzy set, elements belong to a value in [0,1], where 0 represents non-membership

and 1 represents full membership. This continuum captures vagueness like ”warm weather” or

”high risk”, etc. far better than crisp sets. Rosenfeld in [66] soon applied fuzzy sets to group the-

ory, catalyzing ”fuzzy algebra”. Fuzzy ideals, subalgebras, and homomorphisms were defined for

BCK/BCI–algebras by Meng and Guo in [52], ideals in KU–algebras by Mostafa in [53], and UP–

algebras by Somjanta [69]. B. Oavvaz in [16] defined fuzzy subhypergroup of a hypergroup or fuzzy

H–groups and then proved some results.

Despite their utility, fuzzy sets use a single membership function, ignoring non-membership explic-

itly. Krassimir Atanassov addressed this in [7] with intuitionistic fuzzy sets, assigning each element,

a membership degree η(m)∈ [0, 1] and a non-membership degree τ(m) ∈ [0, 1] with the condition

1



0 6 η(m)+ τ(m) 6 1. Intuitionistic fuzzy sets better modeled hesitation like voting with ”abstain”

options. Yet, the constraint 0 6 η(m)+ τ(m) 6 1 proved limiting.

R. R. Yager’s Pythagorean fuzzy sets in [78, 79] solved a major limitation that was present in in-

tuitionistic fuzzy sets. This was done by allowing the sum of the squares of membership and non-

membership degrees to be at most 1. This means we have a bigger range to describe uncertainty.

Specifically, Pythagorean fuzzy sets can include cases where the sum of the squares of membership

and non-membership degrees is greater than the linear sum of the membership and non-membership

degrees but still less than or equal to 1. This makes Pythagorean fuzzy sets more flexible and useful

in many real-world problems with the condition that 0 6 (η(m))2+ (τ(m))2 6 1. Because of their

rich ability to handle uncertainty, Pythagorean fuzzy sets are helpful in decision making and further

mathematical structures.

Parallel developments arose in hyper–algebra, where operations map to sets of outcomes m@n

yields a set with at least one element, which may not be singleton set. Initiated by Marty [49],

hyper-structures model non-deterministic systems, such as parallel computing or biological net-

works. Y. Jun [30, 31] applied hyper-operations to BCK–algebras, defining hyper-BCK/BCI–algebras

and ideals. Later, Xiao [75] refined hyper-ideal theory, linking hyper–algebras to group theory.

In the middle of these new developments and advances, Y. H. Liu [42] - [46] introduced notions of

algebras different but related algebras as BCL–algebra, BCL+–algebra and Liu–algebra with their

partial orders and different algebraic structures as subalgebras, deductive systems and ideals. Liu’s

later BCL+—algebras, using a constant 1 instead of 0, and Liu–algebras, integrating semi-groups

with BCL+–algebra further broadened the field where these algebras provided a very helpful frame-

work or setting to combine hyper-structures with fuzzy concepts and see how they work together,

however having the gap of combining semi-group with BCL–algebra.

Having investigated and gone through each end every literatures introduced and developed so far,

we observed the following research gaps and Motivation: Despite progress, critical voids persisted,

hyper BCL–algebras lacked systematic study, fuzzy hyper substructures, merging hyper-operations

with fuzzy sets were underdeveloped, Pythagorean fuzzy algebra, especially for substructures like

subalgebras, deductive systems and ideals of BCL–algebra and LiuB–algebra, remained unexplored.

LiuB–algebras (LBA), a recent extension of BCL–algebra, to fill the gap of combining semi-group

with BCL–algebra that Liu left out with no fuzzy/Pythagorean fuzzy framework are seen unexplored.

This dissertation bridges these gaps by unifying three powerful paradigms: Hyper-structures for

non-determinism, fuzzy sets for graded membership, and Pythagorean fuzzy sets for independent

membership versus non-membership grades within BCL–algebras and LiuB–algebras.

2



In this dissertation, therefore, we aim to: Formalize Hyper BCL-Algebras by defining hyper sub-

algebras, hyper deductive systems, and hyper ideals, establishing their core properties within hyper

BCL–algebra, by developing Fuzzy Hyper Structures in Hyper BCL–Algebra as constructing fuzzy

hyper subalgebras, fuzzy hyper deductive systems and fuzzy hyper ideals for Hyper BCL–algebra.

Pioneering Pythagorean fuzzy algebra, we define Pythagorean fuzzy subalgebras, Pythagorean fuzzy

deductive systems and Pythagorean fuzzy ideals for BCL–algebras.

Furthermore, we Extend Pythagorean fuzzy sets to LiuB–algebras, introducing LiuB–algebra along

with corresponding substructures, analyze fundamental structures as homomorphisms of Pythagorean

fuzzy deductive systems, level-set representations linking Pythagorean fuzzy sets to classical sub-

structures, Cartesian products of fuzzy subalgebras of BCL–algebra and Pythagorean (β, θ)–fuzzy

ideals of LiuB–algebra with refined membership constraints.

Within the key innovations, we explored comprehensive framework for Pythagorean fuzzy ideals in

logical algebras, syn dissertation of hyper-operations with fuzzy and Pythagorean fuzzy logic, char-

acterization theorems and equivalence conditions for novel substructures, hierarchical relationships

between classical, hyper, fuzzy, and Pythagorean fuzzy substructures.

Working out this much, we want to address implications and applications of this work which ad-

vances abstract algebra by enhancing uncertainty modeling, Pythagorean fuzzy substructures cap-

ture complex real-world hesitancy like ethical dilemmas in AI. To generalizing Prior Work, fuzzy

hyper ideals subsume classical ideals and Pythagorean fuzzy frameworks extend intuitionistic fuzzy

algebra. The dissertation structure is of the following way:

Chapter 1: Preliminaries:- revising literatures related to our work and those on which our work bases

like BCL–algebra, hyper-structures, fuzzy/Pythagorean fuzzy set-theory by reviewing the main ideas

from previous works that we use in this dissertation. It explains BCL-Algebra, hyper-structures,

fuzzy sets, Pythagorean fuzzy sets, and related mathematical concepts. This forms a strong base for

developing new structures and methods in subsequent chapters.

Chapter 2: Hyper BCL–algebras and their substructures: - introducing hyper BCL-Algebra, a new

way to combine elements with set operations instead of standard operations. It also studies hyper

subalgebras, hyper deductive systems, and hyper ideals of hyper BCL–algebra.

Chapter 3: Fuzzy hyper substructures in Hyper BCL–algebras: - focusing on fuzzy hyper substruc-

tures within hyper BCL-Algebra. Fuzzy subsets help us handle uncertainty, while hyper structures

enable us to deal with multiple outcomes. This combination forms a rich mathematical framework

for analyzing complex or imprecise information
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Chapter 4: Pythagorean fuzzy substructures for BCL–algebra: - after exploring different notions of

fuzzy BCL–algebra, we introduce Pythagorean fuzzy substructures for BCL-Algebra. Pythagorean

fuzzy sets are more flexible than ordinary fuzzy sets, allowing us to represent uncertainty in a more

realistic way. This lets us describe relationships and properties in BCL-Algebra more accurately

under uncertainty.

Chapter 5: Pythagorean fuzzy substructures for LiuB–algebras: - applying Pythagorean fuzzy sets

to LiuB-Algebra, a new algebra that combines group-like operations with logical structures. The

Pythagorean fuzzy substructures enable us to handle uncertainty while preserving mathematical

properties, adding depth and robustness to these algebraic models

Chapter 6: Fundamental structures like homomorphisms, level sets, Cartesian products, and

(β, θ)-ideals) - covering homomorphisms, level sets, Cartesian products, and (β, θ)-ideals related

to Pythagorean fuzzy structures. These structures enable us to connect different algebras, transfer

properties from one to another, and combine them in a systematic way. This forms a strong mathe-

matical framework for further applications and study.

In finalizing the introduction, the dissertation explored the wide range concepts by unifying hyper-

structures, fuzzy logic, and Pythagorean fuzzy sets within BCL–algebra and LiuB–algebra, and

therefore, this dissertation constructs a robust algebraic toolkit for the era of uncertainty. It lays

groundwork for future explorations, from computational logic to ethical AI—demonstrating how

abstract algebra evolves to address the ambiguities of human experience.

This dissertation concludes by providing a comprehensive conclusion that summarizes all the main

results, contributions, and findings of the study including future work. After that, a complete list of

references and sources used in this research is presented in the bibliography at the end.
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Chapter 1
Preliminaries

This chapter presents a summary of foundational concepts established in prior literature, forming

the basis for the developments in this dissertation. It begins with well-known algebraic structures

defined through axioms involving binary operations and constants, along with commonly studied

substructures such as subalgebras, deductive systems, and ideals. The discussion extends to hyper-

structures, where operations are generalized to set-valued mappings, leading to the notions of hyper

subalgebras, hyper deductive systems, and hyper ideals. Additionally, fuzzy set theory and its gen-

eralization via Pythagorean fuzzy sets are revisited, offering novel ideas for modeling uncertainty.

These concepts underpin fuzzy substructures like fuzzy subalgebras, fuzzy deductive systems, fuzzy

ideals, and advanced notions including (β, θ)-fuzzy ideals, all of which have been investigated in

existing works.

We also use ”∃” for ”there exist(s)” or ”for some” and ”∀” represents ”for every” or ”for each” or

”for all”, for the whole of this dissertation.

1.1. Some Types of Algebras, Substructures and BCL−Algebra

This section restates various algebraic structures along with their defining axioms, substructures,
subalgebras, ideals and deductive systems, providing foundational concepts for further algebraic ex-
ploration.

Definition 1.1.1. [27] A BCI–algebra is an algebra (R; ~, 0) of type (2, 0) satisfying the following

conditions; ∀m,n,w ∈ R:

(i) m~m = 0,

(ii) ((m~n)~ (m~w))~ (w~n) = 0,

(iii) (m~ (m~n))~n =0

(iv) m~n = 0 and n~m= 0⇒m= n.

5



Definition 1.1.2. [33] An algebra (R; ~, 1) with a non-empty set R, a constant 1 and a binary oper-

ation “~” is called a GE–algebra if it satisfies the following axioms, ∀m, n, w ∈ R:

(i) m ~m = 1,

(ii) 1 ~m =m,

(iii) m ~ (n ~ w) =m ~ (n ~ (m ~ w)).

Definition 1.1.3. [14] A Hilbert algebra is an algebra (R; ~, 1) satisfying the following conditions:

(i) m ~ (n ~m) = 1,

(ii) (m ~ (n ~ w)) ~ ((m ~ n) ~ (m ~ w)) = 1,

(iii) m ~ n = n ~m = 1⇒m = n.

Definition 1.1.4. [80] A nonempty subset S of a pseudo–UP algebra R is called a pseudo–UP sub-

algebra of R if it satisfies the following axioms:

(i) 0 ∈ S,

(ii) m ~ n,m�n ∈ S, ∀m, n ∈ S.

Definition 1.1.5. [12] A nonempty subset D of GE–algebra R is called a deductive system of R if it

satisfies the following axioms, ∀m, n, w ∈ R:

(i) R ~ D := {m ~ a: a ∈ D} ⊆ D,

(ii) m, n ∈ D⇒ (m ~ (n ~ w)) ~ w ∈ D.

Definition 1.1.6. [18] A subset D of Hilbert algebra R is called deductive system of R if it satisfies:

(i) 1 ∈ D,

(ii) m,m ~ n ∈ D ⇒ n ∈ D.

Definition 1.1.7. [56] Let R be a BCI–algebra and let I be a non empty subset of R. Then I is called

an ideal of R if, ∀m, n ∈ R:

(i) 0 ∈ I,

(ii) m~n ∈ I and n ∈ I⇒m ∈ I.
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Definition 1.1.8. [42] An algebra (B; ~, 0) of type (2, 0) is said to be a BCL–algebra if and only if

the following conditions hold, ∀m, n, w ∈ B:

(i) m~m = 0,

(ii) m~n = 0 and n~m = 0⇒m = n,

(iii)
[(
(m~n)~w

)
~
(
(m~w~n

)]
~
(
(w~n)~m

)
= 0 .

Remark 1.1.1. [44] Let m6 n if and only if m~n = 0, then Definition 1.1.8 for BCL–algebra B,

can be written as follows, ∀m, n, w ∈ B:

(i) m6m,

(ii) m6 n and n6m⇒m = n,

(iii) [(m ~ n) ~w] ~ [(m ~ w) ~n] 6 [(w ~ n) ~m].

Let the binary relation ” 6 ” on B be such that m 6 n ⇔ m~ n = 0, for any m, n ∈ B, then

the BCL-ordering ” 6 ” is called ordered relation on B.

Example 1.1.1. [42] Let B = {0, p, q, r} and define a binary operation ~ on B by the table below:

~ 0 p q r

0 0 0 0 0
p p 0 r p
q q r 0 q
r r 0 0 0

Table 1.1: A table that defines a binary operation ~ on BCL–algebra, B

From the Table 1.1 above, (B; ~, 0) is a BCL–algebra.

Definition 1.1.9. [43] An algebra (B; ~, 1) of type (2, 0) is said to be a BCL+–algebra if and only

if the following conditions hold, ∀m, n, w ∈ B:

(i) m~m = 1,

(ii) m~n = 1 and n~m = 1⇒m = n,

(iii)
[(
(m~n)~w

)
~
(
(m~w~n

)]
=
(
(w~n)~m

)
.

Let the relation “6” on B be defined bym 6 n if and only ifm ~ n = 1, ∀m, n ∈ B. Then,

the BCL–ordering “6” is called an ordered relation on B.
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Definition 1.1.10. [44] Let (B; ~, 1) be a BCL+–algebra. Any non-empty subset S of the BCL+−algebra

B, is called subalgebra of B ifm~n ∈ S, ∀m, n ∈ S.

Definition 1.1.11. [45] If D is a nonempty subset of a BCL+−algebra (B; ~, 1), then we say that

D is a deductive system of B if the following axioms are satisfied, ∀m, n ∈ R:

(i) 1 ∈ D,

(ii)m ∈ D andm~n ∈ D⇒ n ∈ D.

Definition 1.1.12. [46] A Liu algebra L = (L; ~, �, 1), where L is a nonempty set, two binary op-

erations ~ and � are defined on L and 1 is fixed element of L is called Liu–algebra if the following

axioms hold ∀m, n, w ∈ L:

(i) (L; ~, 1) is a BCL+ algebra,

(ii) (L; �) is a semi-group,

(iii) m � (n ~ w) = (m � n) ~ (m � w),

(iv) (n ~m) � w = (n � w) ~ (m � w).

Definition 1.1.13. [46] Let (L; ~, �, 1) be a Liu algebra. A nonemy set S ⊆ L is a subalgebra if S

is closed under the two binary operations ~ and � in L; alternatively, ∀m, n∈S, m~ n, m�n∈S

(of course, (S; ~, �, 1) is also a Liu–algebra).

Definition 1.1.14. [46] Let I be a nonempty subset of BCL+- algebra (B; ~, 1). We say that I is

called an ideal of B if, the following are satisfied, ∀m, n, w in B:

(i) 1 ∈ I,

(ii) m ~ n, n ∈ I⇒m ∈ I,

(iii)
(
m~(n~w)

)
~w∈ I.

Definition 1.1.15. [46] Let I be a nonempty subset of Liu–algebra (L; ~, �, 1), I is called an ideal

of L if, ∀m, n ∈ L:

(i) m ~ n, n ∈ I⇒m ∈ I

(ii) n �m,m � n ∈ I⇒m ∈ I.
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Definition 1.1.16. [46] If D is a nonempty subset of a Liu–algebra (L; ~, �, 1), then D is said to

be a deductive system of L if the following two axioms are satisfied, ∀m, n ∈ L:

(i) 1 ∈ D and

(ii) m ∈ D,m ~ n ∈ D,m � n ∈ D⇒ n ∈ D.

1.2. Some Types of Hyper Algebras

In this section, we recall fundamental definitions related to hyper–algebraic structures. Key con-

cepts such as hyper-operations, hyper ordered relations and various forms of substructures including

strong hyper, weak hyper and hyper substructures are presented to establish the groundwork for our

exploration. For this subsection, we denote P(R) to be power set of R 6= ∅ and P∗(R) = P(R)\{∅}.

Definition 1.2.1. [75] An algebra (R; @, 0) is called hyper BCI–algebra if R is a non-empty set
endowed with a hyper-operation @, a constant ”0” and a hyper relation � satisfying the axioms
below, ∀m, n, w∈R

(i) (m @ w) @ (n @ w) � (m @ n),

(ii) (m @ n) @ w = (m @ w) @ n,

(iii) m �m,

(iv) m � n and n �m⇒m = n,

(v) 0 @ (0 @m) �m ,m 6= 0;

wherem � n is defined by 0 ∈m @n and for every A, B ⊆ R, A � B is defined by for all a∈A,

there exists b ∈ B such that a� b. In such a case, ”�” is called the hyper ordered relation in R.

Definition 1.2.2. [36] Let R be a non-empty set with a constant ”0” and ”@” be a hyper operation
defined on R. Then (R; @, 0) is said to be a hyper BCH–algebra if the following axioms are satisfied,
∀m, n, w ∈ R:

(i) m �m,

(ii) (m @ n) @ w = (m @ w) @ n,

(iii) m � n and n �m )⇒m = n,

where the hyper ordered relation � is such thatm � n is defined by 0 ∈m @ n.

Definition 1.2.3. [75] Let R be a nonempty set and @ : R × R→ P∗(R) be a hyper-operation.
Then (R; @, 1) is called a hyper BE–algebra, if it satisfies the following axioms, ∀m, n, w ∈ L:

(i) m � 1 andm �m,
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(ii) m @ (n @ w) = n @(m@ w),

(iii) m ∈ 1 @m,

(iv) 1 �m⇒m = 1,

where the hyper relation ”�” is defined by m � n ⇔ 1 ∈ m @ n and for any two nonempty
subsets A and B of R, we define A � B if and only if there existm ∈ A and n ∈ B such thatm � n ,
and A @ B =

⋃
m∈A,
n∈B

(m@n).

Definition 1.2.4. [63] An algebra (R; @, 1), where @ : R × R→ P∗(R) is a hyper-operation and 1
is a constant, is called a hyper CI–algebra, if for allm, n, w ∈ R, it satisfies:

(i) m @ (n @ w) = n @ (m @ w),

(ii) 1 ∈m @m,

(iii) m ∈ 1 @m.

The relation ”�” is defined bym � n⇔ 1 ∈m@n. Let G and K be two non-empty subsets of R.

Define G @ K =
⋃
m∈G,
n∈K

(m @ n) and G � K⇔ there existm ∈ G and n ∈ K such thatm � n.

Definition 1.2.5. [62] Let R be hyper BE–algebra. A hyper-operation ”@” on R is a function
from R × R → P∗(R) satisfying the following conditions:

(i) m @ B =
⋃
n∈B

(m@n), wherem is fixed element of R and B ⊆ R,

(ii) A @ n =
⋃
m∈A

(m@n), where n is fixed element of R and A ⊆ R.

Definition 1.2.6. [34] A hyper MV–algebra is a non-empty set M endowed with a hyper operation
“@”, a unary operation “∗” and a constant “0” satisfying the following axioms, ∀m, n, w ∈ M:

(i) m @ (n @ w) = (m @ n) @ w,

(ii) m @ n = n @ m,

(iii) (m∗)∗ = m,

(iv) (m∗ @ n)∗ @ n = (n∗ @ m)∗ @ m,

(v) 0∗ ∈ m @ 0∗,

(vi) 0∗ ∈ m @ m∗.

Definition 1.2.7. [62] A non-empty subset S of a hyper BE–algebra R is said to be a hyper subalge-
bra of R, ifm @ n ⊆ S, for allm, n ∈ S.
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Definition 1.2.8. [35] A nonempty subset D of M is called a hyper MV-deductive system of M if it
satisfies the following axioms:

(i) 0 ∈ D,

(ii) (∀m, n ∈ M)(m∗ @n)∗ � D, n ∈ D⇒m ∈ D).

Definition 1.2.9. [75] Let L be a non-empty subset of a hyper BCI–algebra R. Then L is said to be
a hyper BCI-ideal of R if, ∀m, n ∈ R:

(i) 0 ∈ L ,

(ii) m @ n � L and n ∈ L⇒m ∈ L.

Definition 1.2.10. [75] Let L be a non-empty subset of a hyper BCI–algebra R. Then L is said to
be a strong hyper BCI-ideal of R if, ∀m, n ∈ R:

(i) 0 ∈ L ,

(ii) (m @ n)∩I 6= ∅ and n ∈ L⇒m ∈ L.

Definition 1.2.11. [62] Let I be a non-empty subset of a hyper BE–algebra R, � be hyper relation
such that 0 ∈ I, then:

(i) I is a hyper BE-ideal of R if for allm, n ∈ R,m @ n � I and n ∈ I⇒m ∈ I,

(ii) I is a weak hyper BE-ideal of R if for allm, n ∈ R,m @ n ⊆ I and n ∈ I⇒m ∈ I,

(iii) I is a strong hyper BE-ideal of R if, ∀m, n ∈ R, (m @ n) ∩ I 6= ∅ and n ∈ I⇒m∈ I.

1.3. Basic Concepts of Fuzzy Sets

This section recalls fundamental definitions of fuzzy structures, including fuzzy sets, operations,
and relations, as well as fuzzy subalgebras, fuzzy deductive systems, and fuzzy ideals, laying the
groundwork for further exploration that follows the preliminary. Besides, we restate fuzzy hyper
substructures, defining various fuzzy ideals, subalgebras, and deductive systems in different hyper
algebras using order-based and other defining conditions.

Definition 1.3.1. [81] A fuzzy set A of a non-empty set R is the set of ordered pairs defined as

A = {〈m, η
A
(m)〉 : m ∈ R}, where η

A
: R→ [0, 1] is a function called the membership function

of A which assigns to every element m of R, a degree of membership η
A
(m) in the fuzzy set A.

The omplement of η
A

is the fuzzy subset denoted by η
A
(m) is the fuzzy subset in R with

η
A
(m) = 1 − η

A
(m), ∀m ∈ R.
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Definition 1.3.2. [39] Let R 6= ∅, η1 : R→ [0, 1] and η2 : R→ [0, 1] be fuzzy sets in R, then:

(i) η1 ⊆ η2 ⇔ η1(m) 6 η2(m), ∀m ∈ R, where ⊆ is the inclusion,

(ii) η1 ⊂ η2 ⇔ η1(m) < η2(m), ∀m ∈ R, where ⊂ is the strict inclusion,

(iii) η1 = η2 ⇔ η1(m) = η2(m), ∀m ∈ R, where = is the equality,

(iv) (η1∪ η2)(m) = max{η1(m), η2(m)}, ∀m ∈ R,

(v) (η1∩ η2)(m) = min{η1(m), η2(m)}, ∀m ∈ R,

(vi) η1(m)∨η2(n) = max{η1(m), η2(n)} and η1(m)∧η2(n) = max{η1(m), η2(n)}, ∀m, n∈R,

Definition 1.3.3. [39] Let R 6= ∅ and {η
i

: i ∈ I} be a family of fuzzy subsets in R, then:

(i)
⋃
i∈I

(η
i
(m)) = sup

i∈I
{η
i
(m)}, ∀m ∈ R,

(ii)
⋂
i∈I

(η
i
(m)) = inf

i∈I
{η
i
(m)}, ∀m ∈ R,

Definition 1.3.4. [57] Fuzzy subset η in BCI–algebra R is called fuzzy ideal of R if:

(i) η(0)> η(m), ∀m ∈ R,

(ii) η(m) > min{η(m~n), η(n)}, ∀m, n ∈ R.

Definition 1.3.5. [73] A fuzzy subset η is called a fuzzy subalgebra of a CI–algebra R if it satisfies,

∀m , n ∈ R, η(m~n) > η(m) ∧ η(n).

Definition 1.3.6. [56] A fuzzy subset η in a hyper BCI–algebra R with a hyper relation � is said to

be a fuzzy hyper BCI-ideal of R if the axioms hereunder hold, ∀m, n ∈ R:

(i) m � n⇒ η(m) > η(n)

(ii) η(m) > min
{

inf
w∈(m@n)

η(w), η(n)
}

Definition 1.3.7. [6] Let (R; @, 0) be a hyper AT–algebra. A fuzzy subset η in R is called a fuzzy

hyper subalgebra of R if, ∀m, n ∈ R; inf
w∈(m@n)

η(m~n) > min{η(m), η(n)}

Definition 1.3.8. [34] A fuzzy subset η of M is called a fuzzy hyper-MV-subalgebra of M if the

following hold, ∀m, n ∈ M:
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(i) η(m∗) > η(m), where ∗ is a unary operation such that (m∗)∗ =m

(ii) inf
u∈(m@n)

η(u) > min{η(m), η(n)}

Definition 1.3.9. [34] A fuzzy subset η of M is called a fuzzy hyper-MV-deductive system of M if the

following hold, ∀m, n ∈ M:

(i) η(m) > min
{

inf
w∈(m∗@n)∗

(η(w), η(n)
}

(ii) m � n⇒ η(m) > η(n)

Definition 1.3.10. [34] A fuzzy subset η of M is called a fuzzy weak hyper-MV-deductive system of

M if the following hold, ∀m, n ∈ M:

(i) η(0) > η(m),

(ii) η(m) > min
{

inf
w∈(m∗@n)∗

(η(w), η(n)
}

Definition 1.3.11. [34] A fuzzy subset η of M is called a fuzzy strong hyper-MV-deductive system

of M if the following hold, ∀m, n ∈M: inf
u∈(m∗@m)∗

η(u) > η(m) > min
{

sup
w∈(m∗@n)∗

η(w), η(n)
}

Definition 1.3.12. [45] Let (H; @, 0) be a hyper BCI–algebra, then a fuzzy subset η is called be

hyper fuzzy BCI-subalgebra of H, if ∀ m, n, u ∈ H: inf
w∈m@n

{η(w)} > {η(m), η(n)}

Definition 1.3.13. [45] Let (R; @, 0) be a hyper BCI–algebra, then a fuzzy subset η is said to be

hyper fuzzy BCI-ideal of R if, ∀m, n, u ∈ R

(i) η(0) > η(m) ,

(ii) m� n⇒ η(n) > η(m),

(iii) η(m) > min{ inf
u∈m@n

η(u), η(n)}

Definition 1.3.14. [47] Let (R; @, 0) be a hyper BCK–algebra. Then ∀m, n, w ∈ R, a fuzzy subset

η in R is said to be:

(i) a fuzzy weak hyper p-ideal of R if:

η(0) > η(m) > min
{

inf
u∈(m@w)@(n@w)

η(u), η(n)
}

,
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(ii) a fuzzy hyper p-ideal of R if

m� n⇒ η(m)> η(n) and η(m) > min
{

inf
u∈(m@w)@(n@w)

η(u), η(n)
}

,

(iii) a fuzzy strong hyper p-ideal of R if:

inf
u∈(m@m)

η(u) > η(m) > min
{

sup
w∈(m@w)@(n@w)

η(w), η(n)
}

.

1.4. Basic Concepts of Pythagorean Fuzzy Sets

This section recalls Pythagorean fuzzy sets as a generalization of intuitionistic fuzzy sets. Also, we

recall related functions like score function, accuracy function, and the degree indeterminacy, and

compare them through examples and tabular analysis.

Definition 1.4.1. [7] An intuitionistic fuzzy set I in a non-empty set R is an object having the form:

{〈m, η(m), τ(m)〉: m ∈ R}, where the functions: η : R→ [0, 1] and τ(m) : R→ [0, 1] define the

degree of membership and the degree of non-membership, respectively satisfying the condition:

0 6 η(m) + τ(m) 6 1

Definition 1.4.2. [78, 84] A Pythagorean fuzzy set P in a non-empty set R is an object having the

form: P = {〈 m, η(m), τ(m)〉: m ∈ R} or simply P =
(
η, τ

)
, where the functions η: R → [0, 1]

and τ: R→ [0, 1] define the degree of membership and the degree of non-membership, respectively

satisfying the condition: 0 6 (η(m))2 + (τ(m))2 6 1. In such cases where P is a Pythagorean

fuzzy set, there is a degree of indeterminacy ofm ∈ R to P defined by:

π
P
(m)=

√
1 −

[(
η(m)

)2
+
(
τ(m)

)2] and hence π(m) ∈ [0, 1]

Definition 1.4.3. [79, 84] Let P be Pythagorean fuzzy set. Then, the score function s of P is defined

by: s
P
(m) = (η(m))2 − (τ(m))2, and hence s

P
(m) ∈ [-1, 1].

Definition 1.4.4. [79] Let P be a Pythagorean fuzzy set. Then, the accuracy function a of P is de-

fined by: a
P

(m) = (η(m))2 + (τ(m))2 and hence a
P

(m) ∈ [0, 1]
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Example 1.4.1. Let P and Q be in R 6= ∅ such that η
P
, τ

P
, η

Q
and τ

Q
are defined as follows:

Mappings m n

η
P

0.6 0.5

τ
P

0.4 0.4

η
P
+ τ

P
1 0.9

(η
P
)2 0.36 0.25

(τ
P
)2 0.16 0.16

(η
P
)2 + (τ

P
)2 0.52 0.41

Mappings m n

η
Q

0.7 0.5

τ
Q

0.5 0.4

η
Q

+ η
Q

1.2 0.9

(η
Q
)2 0.49 0.25

(τ
Q
)2 0.25 0.16

(η
Q
)2 + (τ

Q
)2 0.74 0.41

Table 1.2: Tables comparing intuitionistic and Pythagorean fuzzy sets

From the above tables, it is observed that:

P = {〈m, η
P
(m), τ

P
(m) 〉 : m ∈ R} R is both Pythagorean and intuitionistic fuzzy sets.

However, Q = {〈m, η
Q
(m), τ

Q
(m) 〉 : m ∈ R} is a Pythagorean fuzzy set but not an

intuitionistic fuzzy set and:

a
P

(m) = 0.36 + 0.16 = 0.52, a
P

(n) = 0.25 + 0.16 = 0.41,

s
P
m)) = 0.36 − 0.16 = 0.2, s

P
(n)) = 0.25 − 0.16 = 0.09,

π
P
(m) = 1 −0.36 − 0.16 = 1 −0.52 = 0.48, π

P
(n) = 1 − 0.25 − 0.16 = 1 − 0.41 = 0.59

and similarly one can follow similar calculations to determine the accuracy function, the score func-

tion and the indeterminacy degrees for Q.

Remark 1.4.1. (1) Pythagorean fuzzy set is the generalization of intuitionistic fuzzy set as the

preceding example, for instance, indicates how Pythagorean fuzzy set generalizes the intu-

itionistic fuzzy set as particular case.

(2) As X. Peng & J. Dai [58] in 2017 and [59] in 2018 explored descriptions of the three basic

concepts: accuracy function, score function and degee of indeterminacy, the concepts meant

as follows:

(i) Accuracy Function: It determines the intensity of expressed judgment whether it is large or

small in expression. It is an indicator of the general conviction or determination of the assess-

ment. The higher the accuracy function, the lower the hesitation in making a decision; and

the lower the accuracy, the higher the hesitation,
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(ii) Score Function: It measures the net dip or slant of a judgment, that is, in favor or against a

given option. Its uses are to rank or compare alternatives. The more the score the higher the

support and the less the score the higher the opposition,

(iii) Degree of Indeterminacy: It is the level of indeterminacy reflecting the extent of doubt in

a Pythagorean fuzzy assessment. It determines the amount of the information that remains

undecided-neither obviously to the affirmative, nor to the negation. The degree of indeter-

minacy shows less clearness in judgment and the judgment is more hesitant. The higher the

degree of indeterminacy, the greater the doubt; the lower the degree, the more decisive the

judgment.

1.5. Basic Concepts of Some Fundamental Structures
(Homomorphisms, Level sets, Cartesian Products and (β, θ)−Fuzzy Structures)

This section reviews key background concepts including homomorphisms, level sets, and Cartesian
products of fuzzy sets, as well as the framework of (β, θ)-fuzzy structures, all foundational in earlier
studies of fuzzy algebraic systems.

Definition 1.5.1. [9] A mapping f : R→ Y of BE–algebras (R; ~, 1) is called a homomorphism if

f(m ~ n) = f(m) ~ f(n), ∀m, n ∈ R.

Definition 1.5.2. [15] Let η be a fuzzy subset in a non-empty set S. For t ∈ [0, I], then the set

A = {m ∈ S : η(m) > t} is called a level subset of the set S.

Definition 1.5.3. [74] Let R be PMS-algebra and A = (η, τ) be intuitionistic fuzzy PMS- ideal of R.

For t, s ∈ [0, 1], the ideals U(η, t) = {m ∈ R : η > t} and L(τ, t) = {m ∈ R : τ 6 s} are called

the upper and lower level PMS-ideals of R, respectively.

Definition 1.5.4. [51, 61, 71] Let η be fuzzy sets of an algebra R. Then the Cartesian product

η×η : R × R→ [0, 1] is defined by (η × η)(m, n) = min{η(m), η(n)}, ∀m, n∈R, and then

(m1 , n1)~(m2 , n2) = (m1~m2 , n1~n2), ∀m1 ,m2 , n1 , n2 ∈ B, so that for fuzzy sets η1 , η2 :

(η1×η2)(m, n) = min{(η1(m), (η2(n)}, ∀m, n ∈ R and

(η1 × η2)(m1 ,m2) ~ (n1 , n2) = (η1 × η2)(m1 ~ n1 ,m2 ~ n2), ∀m1 ,m2 , n1 , n2 ∈ B.
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Definition 1.5.5. [8] Let η be any fuzzy subsets of R and Y. Then the Cartesian product η× η with

membership function η× η : R× Y→ [0,1] is defined by:

(η× η)(m, n) =min{η(m),η(n)}, ∀(m, n) ∈ R× Y.

Definition 1.5.6. [73] A fuzzy subset η is called a (β, θ)-fuzzy subalgebra of CI–algebra R if it

satisfies, ∀m, n ∈ R and 0 6 β < θ 6 1:

η(m~n) ∨ β > η(m) ∧ η(n) ∧ θ

Definition 1.5.7. [73] An intuitionistic fuzzy set A = (η, τ) of CI–algebra R is called the intuitionis-

tic (β, θ)-fuzzy subalgebra of R if it satisfies: for allm, n ∈ R

(i) η(m~n) ∨ β > η(m) ∧ η(n) ∧ θ

(ii) τ(m~n) ∧ θ 6 τ(m) ∨ τ(n) ∨ β

Example 1.5.1. [73] Let R = {1, p, q, r} in which ~ is defined by the table below:

~ 1 p q r

1 1 p q r
p 1 1 q q
q 1 p 1 p
r 1 1 r 1

Table 1.3: A table of CI–algebra, (R; ~, 1)

Define membership and non-membership fuzzy sets η1 and τ1 respectively as follows:

η1(m) =

1, if m = 1, q, r

0, if m = p
and τ1(m) =

0, if m = 1, q, r

1, if m = p

Then A = (η1 , τ1) is an intuitionistic (β, θ)−fuzzy subalgebra of R.

But if we define membership and non-membership fuzzy sets η2 and τ2 respectively as follows:

η2(m) =

0.4, if m = 1, q

0.6, if m = p, r
and τ2(m) =

0.6, if m = 1, q

0.4, if m = p, r

Then B = (η2 , τ2) is NOT an intuitionistic (β, θ)−fuzzy subalgebra of R.
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Chapter 2
Hyper Structures of BCL–Algebra

2.1. Hyper BCL–Algebra

Under this section, we introduce different notions of hyper BCL–algebra, different types of these

hyper substructures like hyper subalgebra, weak hyper subalgebra, strong hyper subalgebra, hyper

deductive system, weak hyper deductive system, strong hyper deductive system, hyper ideal, weak

hyper ideal and strong hyper ideal of hyper BCL–algebra, state and prove theorems and properties

of the hyper BCL–algebra and its hyper substructures.

By (weak, strong) hyper substructure, we mean weak hyper substructure, strong hyper substructure,

hyper substructure, and by weak/strong hyper substructure, we mean weak hyper substructure and

strong hyper substructure.

At this stage, since the entire dissertation is based on the BCL–algebra, we discuss some new and

relevant properties of the BCL–algebra defined in Definition 1.1.8, which have not been discussed

before. These properties are important because we will use each of them in different subsections and

sections of the study.

Proposition 2.1.1. If (B; ~, 0) is BCL–algebra then the following statements hold, ∀m ∈ B.

(1) 0 ~ (0 ~m) = 0,

(2) 0 ~
(
0 ~ (0 ~m)

)
= 0

(
and generally, ... 0 ~

(
0 ~

(
0 ~ (0 ~m)

)))
= 0
)
,

(3) 0 ~m = 0,

(4) m ~ 0 = 0⇒m = 0,

(5) m ~ 0 =m.

Proof. Let B be a BCL–algebra and supposem ∈ B.
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(1) Then we need to prove that 0 ~ (0 ~m) = 0 , ∀m ∈ B.

From Definition 1.1.8 (3), we have the following:[(
(m~m)~m

)
~
(
(m~m)~m

)]
~
(
(m~m) ~m

)
= 0⇒ 0 ~ (0 ~m) = 0, since for:

k = (m~m)~m, we have k~k = 0 andm~m = 0 by Definition 1.1.8

Hence 0 ~ (0 ~m) = 0 , ∀m ∈ B.

(2) Here we need to show 0 ~
(
0 ~ (0 ~m)

)
= 0 , ∀m ∈ B.

⇒ 0 ~
(
0~ (0~m)

)
= 0 ~ (0 ~ 0) = 0 ~ 0 = 0 , ∀m ∈ B, since 0~(0~m) = 0, ∀m ∈ B, by (1)

above, and it holds for such similar successive equations.

(3) Under this proposition, we need to prove 0 ~m = 0, by (1) above

Suppose: 0 ~m 6= 0 and let 0 ~m = n, where n 6= 0. Now, 0 ~ (0 ~m) = 0 , ∀m ∈ B

⇒ 0 ~ n = 0 , ∀m ∈ B, ∀n = 0~m and n 6= 0 which is a contradiction to our assumption:

0 ~m =n 6= 0 ⇒ 0 ~m = 0, ∀m∈B. Again, by the definition of binary relation on B, we have:

0 ~m = 0 , if and only if 0 6m , ∀m ∈ B so that it implies that 0 is the least element of B.

(4) Supposingm ~ 0 = 0, then we need show thatm = 0

From 0 ~m = 0 andm ~ 0 = 0, we getm = 0 by Definition 1.1.8 (2).

(5) To show thatm~ 0 =m, first we need shaw (m~ 0)~m = 0 andm~ (m~ 0) = 0 to get

m~ 0 =m by Definition 1.1.8 (2).

(i) We claim (m~ 0)~m = 0. Then from Definition 1.1.8 (3), by letting n = 0 and w =m,

we have:
[(
(m~ 0)~m

)
~
(
(m~m)~ 0

)]
~
(
(m~ 0)~m

)
= 0 and by letting

p = (m~ 0)~m, we get: (p~ 0)~ p = 0, ∀p ∈ B, asm~m = 0⇒ (m~m)~ 0 = 0 ∀m∈B.

(ii) We claim p~ (p~ 0) = 0.

From Definition 1.1.8 (3), by lettingm p, w = 0 and then n = p~ 0, we have:[(
(p~ (p~ 0))~ 0

)
~
(
(p~ 0)~ (p~ 0)

)]
~
(
(0 ~ (p~ 0))~ p

)
= 0

⇒
[(
(p~ (p~ 0))~ 0

)
~
(
(p~ 0)~ (p~ 0)

)]
~ 0 = 0, by (3) above

⇒
(
(p~ (p~ 0))~ 0

)
~
(
(p~ 0)~ (p~ 0)

)
= 0, by (4) above
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⇒
(
(p~ (p~ 0))~ 0

)
~ 0 = 0, since (p~ 0)~ (p~ 0) = 0, by Definition 1.1.8 (1)

⇒ (p~ (p~ 0))~ 0 = 0 and then p~ (p~ 0) = 0, ∀p ∈ B, by (4) above.

Then from (i) and (ii) above, we have the following, as a whole:

(p~ 0)~ p = 0 and p~ (p~ 0) = 0⇒ (p~ 0) = p, ∀p ∈ B, by Definition 1.1.8 (2)

Definition 2.1.1. An algebra B =
(
B; @, 0

)
, with a hyper operation @ :B×B→ B© and a constant

0 is called a hyper BCL–algebra, if ∀m, n, w ∈ B and a hyper relation � on a non-empty set B the

following axioms are satisfied:

(1) 0 �m, m �m,

(2) m � n and n �m ⇒ m = n,

(3) ((m @ n) @ w) @ ((m @ w) @ n) � (w @ n) @m,

where the hyper relation “�” is defined by: m � n⇔ 0 ∈m @ n and B© = P(B)–{∅},

P(B) is power set of a non-empty set B.

Remark 2.1.1. Let (B; @, 0) be a hyper BCL–algebra and m � n ⇔ 0 ∈ m @ n as defined in

Definition 2.1.1. Then the axioms for hyper BCL–algebra can be written as follows, ∀m, n,w ∈ B:

(1) 0 ∈ 0 @m, 0 ∈m @m,

(2) 0 ∈m @ n and 0 ∈ n @m ⇒ m = n,

(3) 0 ∈
[(
(m @ n) @ w

)
@
(
(m @ w) @ n

)]
@
(
(w @ n) @m

)
,

Definition 2.1.2. For non-empty subsets G and K of the hyper BCL–algebra B; a, b ∈ B, and two

hyper relations ≺ and � , the following are defined:

(1) (i) G @ K =
⋃
g∈G,
k∈K

(g @ k), (ii) a @ K =
⋃
k∈K

(a@k), (iii) G @ b =
⋃
g∈G

(g@b),

(2) G ≺ K ⇔ (∃g∈G) (∃k∈K) such that g � k,

(3) G � K ⇔ (∃g∈G) (∀k∈K) such that g � k,

(4) G � K ⇔ (∀g∈G) (∃k∈K) such that g � k,

(5) m @ n ⊆ G⇔ ∀g ∈m @ n⇒ g ∈ G
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Example 2.1.1. If (B; ~, 0) is a BCL–algebra and @ is a hyper operation on B defined by:

m @ n = {m ~ n}, ∀m, n ∈ B, then
(
B; @, 0

)
is a hyper BCL–algebra as justified below:

Let (B; ~, 0) be a BCL–algebra and @ be a hyper operation on B, then we need to show that

(B; @, 0) is a hyper BCL–algebar where {m ~ n} = m @ n. In other words, we justify that the

three axioms for Definition 2.1.1 are satisfide in the sense that m @ n = {m ~ n}, ∀m, n ∈ B, as

follows:

Definition 2.1.1 (i): From Definition 1.1.8 (1), we have,m~m = 0⇒ 0 ∈ {m~m} =m @m

⇒ 0 ∈m @m⇒m�m, by definition of ”�”,

Again, as proved in Proposition 2.1.1 (3), we have: 0 ~m = 0

⇒ 0 ∈ {0 ~m} = 0 @m⇒ 0 ∈ 0 @m⇒ 0 �m, by definition of ”�”.

Definition 2.1.1 (ii): From Definition 1.1.8 (2),m~n = 0 and n~m = 0⇒m = n

⇒ 0 ∈ {m~n} =m @ n and 0 ∈ {n~m} =m @ n⇒m = n

⇒ 0 ∈m @ n and 0 ∈m @ n⇒m = n and

0 ∈m @ n⇔m � n and 0 ∈ n @m⇔ n � m, by definition of ”�”

⇒m � n andm � n⇒m = n

Definition 2.1.1 (iii): From Definition 1.1.8 (3), ∀m, n, w ∈ B, we have:

Since (B; ~, 0) is a BCL–algebra, by 2.1.1 (iii), for arbitrarym, n,w∈ B, we have:(
((m~n)~w)~ ((m~w)~n)

)
~
(
(w~n)~m

)
= 0 and then,

{
(
((m~n)~w)~ ((m~w)~n)

)
~
(
(w~n)~m

)}
= {0}

⇒ 0 ∈ {0} = {
(
((m~n)~w)~ ((m~w)~n)

)
~
(
(w~n)~m

)}
=
[
((m @ n) @ w) @ ((m @ w) @ n)

]
@ ((w @ n) @ n) @m)

⇒ ((m @ n) @ w) @ ((m @ w) @ n) � (w @ n) @ n) @m, by defonition of ”�”.
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Example 2.1.2. Let B = {0, p, q, r} and define a hyper operation @ on B by the following table:

@ 0 p q r

0 {0} {0, p} {0} {0, p, q}

p {p, r} {0, q} {0, q, r} {p, q, r}

q {q} {p, r} {0, p} {p, q}

r {p, q, r} {0} {0, p, r} {0, p}

Table 2.1: A te describing a hyper BCL–algebra, B =
(
B; @, 0

)
:

From Table 2.1 of Example 2.1.2 above, we have (B; @, 0) is a hyper BCL–algebra.

Lemma 2.1.1. Let (B; @, 0) be hyper BCL–algebra such that ∅ 6= C ⊆ B.

Ifm @ n ⊆ C, ∀m, n ∈ C, then 0 ∈ C.

Proof. Suppose ∅ 6= C ⊆ B where B is a hyper BCL–algebra such thatm @ n ⊆ C, ∀m, n ∈ C

⇒ Since ∅ 6= C, ∃m ∈ C such thatm@m ⊆ C then by Definition 2.1.1 (1), 0 ∈m@m ⊆ C

⇒ 0 ∈ C.

Lemma 2.1.2. Let (B; @, 0) be a hyper BCL–algebra such that ∅ 6= C ⊆ B.

(1) If 0 6=m ∈ C then 0 /∈m @ 0, ∀m ∈ C, and hence 0 @ 0 = {0}.

(2) m ∈m @ 0, ∀m ∈ B.

Proof. (1) Let ∅ 6= C ⊆ B such that 0 6=m ∈ C. Assume 0 ∈m @ 0. Then by Definition 2.1.1 (2),

and as 0 ∈ 0 @m, ∀m ∈ B by Definition 2.1.1 (1); we get; 0 ∈ 0 @m and 0 ∈m @ 0⇒m = 0

by Definition 2.1.1 (2), which is a contradiction to the hypothesis 0 6=m.

Hence 0 /∈m @ 0, ∀m ∈ B, butm = 0⇒ 0 @ 0 = {0}, by the next Remark 2.1.2.

(2) Since @ : B→ B© is hyper operation, we have,m@0 6= ∅, ∀m ∈ B.

Using Definition 2.1.1 (3):
[(
(m@n)@w

)
@
(
(m@w)@n

)]
�
(
(w@n)@m

)
, ∀m, n, w∈B

⇒
[(
(m@0)@m

)
@
(
(m@m)@0

)]
�
(
(m@0)@m

)
, when n = 0 and w =m, ∀m ∈ B

⇒ ∃a ∈
(
(m@0)@m

)
@
(
(m@m)@0

)
� such that a � b, ∀b ∈

(
(m@0)@m

)
, ∀m ∈ B

⇒ a � b⇔ 0 ∈ a@b, ∀b ∈ (m@0)@m, ∀m ∈ B ⇒ There is a possibility for b = 0
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⇒ 0 = b ∈ (m@0)@m, ∀m ∈ B

⇒ 0 ∈m @ 0 orm ∈m @ 0, ∀m ∈ B, by Definition 2.1.1 (1)

But 0 ∈m@ 0, ∀m ∈ B ⇒ m = 0, by Lemma 2.1.1, which is a contradiction sincem is arbitrary

⇒ 0 /∈m @ 0, form 6= 0 and hencem ∈m @ 0, ∀m ∈ B.

Remark 2.1.2. (1) The Contra-positive form of Lemma 2.1.2 above, stated as: ”For the hyper

BCL–algebra, (B; @, 0) and ∅ 6= C ⊆ B; 0 ∈ m @ 0⇒ m = 0, ∀m ∈ C” holds; in other

words,m � 0 ⇒ m = 0,

(2) In general, from Remark 2.1.2 (1) and by Lemma 2.1.2 above, we infer thatm � 0 if and only

if m = 0.

Proposition 2.1.2. Let (B; ~, 0) be a hyper BCL–algebra. Then, the following hold, ∀m, n,w∈B:

(i) 0 ∈ 0 @ (m @ n),

(ii) 0 ∈ (0 @m) @ (0 @ n),

(iii) 0 ∈ (0 @m) @ (n @ w),

(iv) 0 ∈
(
m @ (m @m)

)
@m.

Proof. Let B be hyper BCL–algebra. Then by Definition 2.1.1 (1), 0 ∈ 0 @m, ∀m ∈ B and then,

(i) m @ n ⊆ B⇒ 0 ∈ 0 @ (m @ n), by Definition 4.1.1 (i)

(ii) 0 ∈ 0 @ 0⇒ 0 ∈ (0 @m) @ (0 @ n), by Definition 2.1.1 (1) and (i) above

(iii) 0 ∈ 0 @ (m @ n)⇒ 0 ∈ (0 @m) @ (n @ w), as n @ w ⊆ B, by (i) above.

(iv) 0 ∈ 0 @m, ∀m ∈ B, by Definition 2.1.1 (1)

⇒ 0 ∈ (m @ 0) @m, asm ∈m @ 0, ∀m ∈ B, by Lemma 2.1.2 (2)

⇒ 0 ∈
(
m @ (m @m)

)
@m, ∀m ∈ B, as 0 ∈m @m, by Definition 2.1.1 (1)

Proposition 2.1.3. Let
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= C ⊆ B.

Then the following hold, ∀m, n ∈ B:

(i) 0 � 0 @m,
[
and generally, 0 � ...0 @

(
0 @ (0 @m)

)]
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(ii) 0 @m ≺ {n},

(iii) 0 @m � {n},

(iv) C @ {0} = {0} ⇒ C = {0}.

Proof. (i) By the axioms of Definition 2.1.1 (3) of the hyper BCL–algebra B and �, we have:

0 ∈ [((m@m)@m)@((m@m)@m)]@((m@m)@m), ∀m ∈ B (translating definition of �)

⇒ 0 ∈ [(0 @m) @ (0 @m)] @ (0 @m) ⇒ 0 ∈ (0 @ 0) @ (0 @m), ∀m ∈ B

⇒ 0 ∈ 0 @ (0 @m)⇒ 0 � 0 @m, ∀m ∈ B

Or as 0 @m ⊆ B, we have 0 ∈ 0 @ (0 @m)⇒ 0 � 0 @m, ∀m ∈ B

Furthermore, along the steps of the above proof, it is observed that:

0 ∈
(
0 @ (0 @ (0 @m))

)
and hence 0�0 @ (m @ (n @ w)), ∀m, n, w ∈ B

(ii) Let 0 �m⇒ ∃0 ∈ 0 @m such that 0 ∈ (0 @m) @ n⇒ 0 @m ≺ {n}

(iii) Follows from (ii), since {n} is singleton set.

(iv) Let ∅ 6= C ⊆ B and C @ {0} =
⋃
m∈C,
0∈{0}

(m @ 0) =
⋃
m∈C

(m @ 0) = {0}

⇒m @ 0 = {0}, ∀m ∈ C⇒m = 0⇒ C = {0} which is automatic by Remark 2.1.2.

Proposition 2.1.4. B =
(
B; @, 0

)
be hyper BCL–algebra. Then the following hold, for ∅ 6= C ⊆ B,

∅ 6= D ⊆ B, ∀m ∈ B:

1. C � C, C � C, 7. 0 @m ≺ C,

2. C @ D ⊆ B, 8. C ∩ D 6= ∅ ⇒ C ≺ D, D ≺ C,

3. C ⊆ D⇒ C ≺ D, C � D, D � C, 9. C � D⇒ C ≺ D,

4. {0} � C, {0} � C, 10. C � D⇒ C ≺ D,

5. C � {0} ⇒ C = {0}, 11. C ∩ D ≺ C ∪ D, for C ∩ D 6= ∅,

6. 0 ∈ C⇒ C � D, 12. C ∩ D ≺ C, C ∩ D ≺ D, for C ∩ D 6= ∅.
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Proof. Let (B; @, 0) be hyper BCL–algebra, ∅ 6= C, ∅ 6= D such that C, D⊆B,m, n, c, d, p, q∈B:

(1) Since ∀m ∈ C; 0 ∈m @m hence C � C and C � C, are straightforward,

(2) C @ D =
⋃

m∈C(⊆B),
n∈D(⊆B)

(m @ n) ⊆
⋃
p∈B,
q∈B

(p @ q) =
⋃
p, q∈B

(p @ q) = B,

(3) Suppose C ⊆ D

(i) ∃m ∈ C such thatm ∈ D⇒ 0 ∈m @m⇒ C ≺ D,

(ii) Letm ∈ C⇒m ∈ D⇒ 0 ∈m @m, ∀m ∈ C⇒ C � D, and

(iii) m ∈ C⇒m ∈ D⇒ ∃m∈D such thatm�m, ∀m ∈ C⇒ D � C,

(4) For ∅ 6= C ⊆ B, 0 ∈ 0@m, ∀m ∈ C by Definition 2.1.1 (1) and since {0} is singleton set it

follows than {0} � C and {0} � C.

(5) Suppose C �{0} ⇒ (∀m∈C)(∃0∈{0}) such that 0 ∈m @ 0 and by Proposition 2.1.3 (ii)

or by Remark 2.1.2 we have: m = 0, ∀m∈C⇒ C = {0},

(6) 0 ∈ C⇒ 0 �m or 0 ∈ 0 @m, ∀m ∈ D⇒ C � D,

(7) ∃0 ∈ (0@m) such that 0� n (or 0 ∈ 0 @ n), for some n ∈ C⇒ 0@m ≺ C,

(8) Since C ∩ D 6= ∅, ∃m ∈ C∩D⇒m ∈ C andm ∈ D⇒ 0 ∈m @m⇒ C ≺ D and D ≺ C,

(9) C�D⇒ ∃m∈C, ∀n∈D such that 0 ∈m@n⇒ (∃m∈C)(∃n∈D) such that 0∈m@n⇒ C≺D,

(10) Suppose C � D⇒ (∀m ∈ C)(∃n ∈ D) such that 0 ∈m@n⇒ (∃m ∈ C)(∃n ∈ D) such that

0 ∈m @ n⇒ C ≺ D,

(11) As C ∩ D 6= ∅, ∃m ∈ C ∩ D and thenm ∈ C ∪ D such that 0∈m @m⇒ C ∩ D ≺ C ∪ D.

(12) As C ∩ D 6= ∅, ∃m ∈ C ∩ D andm ∈ C such that 0∈m @m⇒ C ∩ D ≺ C, and

as C ∩ D 6= ∅, ∃m ∈ C ∩ D andm ∈ D such that 0∈m @m⇒ C ∩ D ≺ D.

Remark 2.1.3. For the hyper BCL–algebra (B; @, 0) if C and D are non-empty subsets of B then

the following may not be necessarily true justified by the succeeding counter example:
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(i) C � D⇔ D � C,

(ii) C ∪ D = C @ D, C ∪ D =
⋃
c∈C,
d∈D

(c @ d), where
⋃

represents the crisp union.

(iii) C � D and D � C ( or C � D and D � C)⇒ C = D.

Example 2.1.3. Based on Table 2.1 of Example 2.1.2, we present counterexamples that support the

assertions made in Remark 2.1.3.

(i) {r}� q@ p or {r}� {p, r} holds true but q@ p� {r} does not hold true and for the converse,

0 @ q� p @ r or {0} � {p, q, r} holds true but p @ r� 0 @ q does not hold true and hence

neither C � D⇒ D � C nor D � C⇒ C � D

(ii) For C = {0} and D = {0, r}, C ∪ D = {0, r} but

C @ D =
⋃
c∈C,
d∈D

(c @ d) = (0 @ 0) ∪ (0 @ r) = {0} ∪ {0, p, q} = {0, p, q} :

⇒ C ∪ D = {0, r} 6= {0, p, q} = C @ D

(iii) {0} � {0, p} and {0, p} � {0} hold but {0} = {0, p} does not hold.

Lemma 2.1.3. If the hyper BCL–algebra (B; @, 0) is such that each column entry in column m is

{0}, then B = {0}.

Proof. As B is hyper BCL–algebra, 0 ∈ 0 @m by Definition 2.1.1 and by the hypothesis,

m@0 = {0}, ∀m ∈ B. Then by Definition 2.1.1 (2) 0 ∈ 0@m and 0 ∈m@0, ∀m ∈ B

⇒m = 0, ∀m ∈ B⇒ B = {0}.

Lemma 2.1.4. In a hyper BCL–algebra (B; @, 0), if B is such that all row entries in row-m are {0},(
0 @ m = {0}, for one element m of B

)
, then m = 0 and the number of elements (cardinality) of B

is reduced by one. Again since m and 0 are not distinct the cardinality is reduced by the number of

elements that are the same as 0, and for this.

Proof. Since 0 ∈ 0 @m, for ∀m∈ B, by Definition 2.1.1 (2), andm @ 0 = {0}, by the hypothesis,

we havem = 0, by Definition 2.1.1 (1) andm @ 0 = {0} by the hypothesis, it followsm = 0

by Definition 2.1.1 (2).
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2.2. Hyper Subalgebras of Hyper BCL–Algebra

In this section, the idea of subalgebra is expanded to hyper subalgebras in a hyper BCL–algebra,

where one operation can give several results. We show what conditions make a subset a hyper sub-

algebra and explain its main kinds: weak hyper subalgebra, strong hyper subalgebra, and hyper

subalgebra. Their properties and differences are presented through clear definitions, examples, and

well-proved theorems to show their correctness. The union and intersection of hyper subalgebras

are also discussed and properly justified. Finally, the relationships among weak hyper subalgebra,

strong hyper subalgebra, and hyper subalgebra are explained with convincing reasons.

Definition 2.2.1. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= S ⊆ B. Then S is a hyper

subalgebra of B if and only if the following is satisfied, ∀m, n ∈ B: m, n ∈ S⇒m @ n ⊆ S.

Definition 2.2.2. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= S ⊆ B. Then S is weak hyper

subalgebra of B if and only if the following is satisfied, ∀m, n ∈ B: m, n ∈ S⇒m @ n ≺ S.

Definition 2.2.3. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= S⊆ B. Then S is strong hyper

subalgebra of B if and only if the following is satisfied, ∀m, n ∈ B: m, n ∈ S⇒m @ n � S.

Example 2.2.1. From Table 2.1 of Example 2.1.2 above, we have:

(i) {0}, {0, q} and B are hyper subalgebras of B,

(ii) {0}, {0, p}, {0, r}, {0, p, q}, {q}, {r}, {p, r}, B are weak hyper subalgebras of B,

(iii) {0} is strong hyper subalgebra of B.

Example 2.2.2. Let B = {0, p, q, r} and define a hyper operation @ on B by the table as follows:

@ 0 p q r

0 {0} {0, p} {0} {0, p, q}

p {p, q} {0, q} {0, r} {p, q, r}

q {q} {p, q, r} {0} {p, q}

r {p, q, r} {0} {0, p, r} {0, p}

Table 2.2: A table describing a hyper BCL–algebra, B =
(
B; @, 0

)
:

From Table 2.2 of Example 2.2.2 above, (B; @, 0) is a hyper BCL–algebra. Furthermore:
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(i) {0}, {0, p, q}, B are hyper subalgebras.

(ii) {0}, {0, q}, {0, r}, {0, p, q}, {0, q, r}, B are weak hyper subalgebras of B.

(iii) {0}, {p}, {q}, {r}, {p, q}, {p, r} is strong hyper subalgebra of B.

Proposition 2.2.1. Let (B; @, 0) be a hyper BCL–algebra. Then:

(1) {0} is a (weak, strong) hyper subalgebra of B.

(2) B is (weak) hyper subalgebra but not strong hyper subalgebra of B.

Proof. Let (B; @, 0) be a hyper BCL–algebra.

(1) Clearly, 0 ∈ B. Now since 0@0 = {0}, we have: {0} = 0@0 ⊆ {0}, {0} = 0@0 ≺ {0} and

{0} = 0 @ 0 � {0} and hence {0} is a hyper subalgebra, weak hyper subalgebra and strong

hyper subalgebra of B.

(2) The proof for B is (weak) hyper subalgebra:

Since the hyper operation @ : R × R→ B©, we havem@n ⊆ B, ∀m, n ∈ B ⇒ B is hyper

subalgebra of B.

Furthermore,m@n ⊆ Bm@n � B, ∀m, n ∈ B by Proposition 2.1.4 (3) and hence B is weak

hyper subalgebra of B.

For B is not strong hyper subalgebra of B can be justified by considering q@r of Example 2.2.2

for B = {0, p, q, r} since there is no element say k ∈ q@r such that ∀m∈ B, 0 ∈ k@m

as q@r = {p, q} � {0, p, q, r} = B in that 0 /∈ p@0 or 0 /∈ q@r

Lemma 2.2.1. Let (B; @ , 0) be a hyper BCL–algebra. Then the following hold:

(1) If Ss is a strong hyper subalgebra of B, then Ss = {0}.

(2) If S
h

is hyper subalgebra of B, then, 0 ∈ S
h

.

Proof. Let (B; @, 0) be a hyper BCL–algebra.

(1) Let Ss be strong hyper subalgebra of B. Then since Ss 6= ∅ by definition of strong hyper

subalgebra of B, ∃m ∈ Ss such thatm@m � Ss and then 0 ∈m@m � S .

Then {0,m} � Ss or {0} � Ss ifm = 0.

Now, we claim thatm = 0, ∀m ∈ Ss but since 0,m ∈ Ss m @ 0 � Ss

⇒ (∃p ∈m@ 0) (∀q ∈ Ss) (0 ∈ p@q)
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⇒ 0 ∈ p@ 0, since q is arbitrary element of Ss ⇒ p = 0 by Remark 2.1.1

⇒ 0∈m@0, ∀m ∈ Ss

⇒m = 0 by Definition 2.1.1 (2), ∀m ∈ Ss and therefore, Ss = {0}

(2) Let S
h

be hyper subalgebra of B. Then by the definition of S
h
6= ∅ ⇒ ∃m ∈ S

h
such that

0 ∈m@m ⊆ S
h
⇒ 0 ∈ S

h
.

Proposition 2.2.2. Let (B; @, 0) be a hyper BCL–algebra. Then:

(1) Every strong hyper subalgebra of B is hyper subalgebra of B,

(2) Every hyper subalgebra of B is weak hyper subalgebra of B.

(3) Every strong hyper subalgebra of B is weak hyper subalgebra of B.

Proof. Let (B; @, 0) be a hyper BCL–algebra and ∅ 6= Ss ⊆ B.

(1) Suppose Ss is strong hyper subalgebra of B. Then by Lemma 2.2.1 (1), Ss = {0} and since for

every hyper subalgebra S
h

of B, {0} ⊆ S
h

, by Proposition 2.2.1 and hence the proof.

(2) Suppose S
h

is a hyper subalgebra of B; that is m, n ∈ S
h

,m@ n⊆ S
h

. Then by Proposition
2.1.4 (3),m @ n ≺S

h
. Hence S

h
is weak hyper subalgebra of B.

(3) Every hyper subalgebra of B is weak hyper subalgebra of B holds by transitivity of (1) to (2)
above in this proposition.

Note: Generally, for Ss , S
h

and Sw denoting the set of all strong hyper subalgebras, set of all

hyper subalgebras and the set of all weak hyper subalgebras of a hyper BCL–algebra,

respectively, we have: Ss ⊆ S
h
⊆ Sw .

Remark 2.2.1. The converses of each statement in Proposition 2.2.2 may not be necessary true as
explicitly seen in Examples 2.2.2 as for instance that {0, q} is hyper subalgebra but not strong hyper
subalgebra of B.

Example 2.2.3. Let (B; @, 0) be hyper BCL–algebra where B = {0, p, q, r} and let @ be the
hyper oparation defined in Table 2.2 of Example 2.2.2 above. Then:

(1) {0, q} is hyper subalgebra of B (as listed in Example 2.2.2 (i))

but not strong hyper subalgebra of B, because of the following reasons:

q @ 0 � {0, q} is false as q@ 0 = {q} � {0, q}

or
(
∃s ∈ q@ 0

) (
∀t ∈ {0, q}

)(
s�t or 0 ∈ s@t

)
is nnot true, by definition of �.

Hence S is hyper subalgebra of B does not necessarily imply S is strong hyper subalgebra of B.

29



(2) {0, r} is weak hyper subalgebra of B (as listed in Example 2.2.2 (ii))

but not hyper subalgebra of B, because of the following reasons:

r @ 0 ⊆ {0, r} is false as r@ 0 = {p, q, r} * {0, r}

Hence S is weak hyper subalgebra of B does not necessarily imply S is hyper subalgebra of B.

(3) {0, r} is weak hyper subalgebra of B (as listed in Example 2.2.2 (ii))

but not strong hyper subalgebra of B, because of the following reasons:

r @ 0 � {0, r} is false as r@ 0 = {p, q, r} � {0, r} or(
∃s ∈ r@ 0

) (
∀t ∈ {0, q}

)(
s�t or 0 ∈ {0, r} s@t

)
is nnot true for t = 0, by definition of�.

Hence S is weak hyper subalgebra of B does not imply S is strong hyper subalgebra of B.

Theorem 2.2.1. Let (B; @, 0) be a hyper BCL–algebra and S1 and S2 be (weak, strong) hyper
subalgebras of the hyper BCL–algebra B. Then the non-empty intersection, S1 ∩ S2 , of any two
(weak, strong) hyper subalgebras of B is also (weak, strong) hyper subalgebra of B, respectively.

Proof. (1) Let S1and S2 be any two hyper subalgebras of the hyper BCL–algebra B.

Supposem, n∈S1∩ S2 , and we need to show thatm @ n ⊆ S1∩ S2 .

Now, sincem, n ∈ S1 ,m, n∈ S2 and S1 , S2 are both hyper subalgebras of B, we have:

m @ n ⊆ S1 andm @ n ⊆ S2 and thenm @ n ⊆ S1∩ S2 .

Therefore, S1∩ S2 is a hyper subalgebra of B.

(2) Let S1 and S2 be any two weak hyper subalgebras of B and supposem, n ∈ S1∩ S2 .

Then we claim thatm @ n ≺ S1∩S2 , meaning: (∃p ∈m @ n)(p ∈ S1∩ S2) (0 ∈ p @ p).

Now, sincem, n ∈ S1 ,m, n ∈ S2 and S1 , S2 are both weak hyper subalgebras of B, we have:

m@n ⊆ S1∩ S2 and then ∃p ∈m@n and p ∈ S1 and p ∈ S2 such that 0 ∈ p@p

⇒ (∃p ∈m@n)(p ∈ S1∩ S2) such that 0 ∈ p@p⇒m@n ≺ S1 .

Or alternatively, followingm@n ⊆ S1∩ S2 (proved in (1) above) and by Proposition 2.1.4 (3),

we get m@n ≺ S1∩ S2 .

Therefore, in any ways, we get S1∩ S2 is weak hyper subalgebra of B.

(3) Let S1 and S2 be any two strong hyper subalgebras of B. Then, by Lemma 2.2.1 (4),

S1 = S2 = {0} and hence S1∩ S2 = {0} which is also strong hyper subalgebra.
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Corollary 2.2.1. The non-empty intersection,
⋂
i∈I
Si, of any family of (weak, strong) hyper

subalgebras {Si : i ∈ I} of hyper BCL–algebra B is (weak, strong) hyper subalgebra of the

hyper BCL–algebra B, respectively.

Proof. (1) Let S
i
, ∀i ∈ I be family of hyper subalgebras of the hyper BCL–algebra B such that⋂

i∈I
Si 6= ∅. Supposem, n∈ S

i
, ∀i ∈ I, and we need to show thatm @ n ⊆

⋂
i∈I
Si.

Now, sincem, n ∈
⋂
i∈I
Si and S

i
, ∀i ∈ I, are hyper subalgebras of B, we have: m @ n⊆

⋂
i∈I
Si.

Therefore,
⋂
i∈I
Si is a hyper subalgebra of B.

(2) Let Si, ∀i ∈ I, be weak hyper subalgebras of B and supposem, n ∈
⋂
i∈I
Si.

Then we claim thatm @ n ≺
⋂
i∈I
Si, meaning: (∃p ∈m @ n)(∃q ∈

⋂
i∈I
Si) (0 ∈ p @ q).

Now, sincem, n ∈ S
i
, ∀i ∈ I, and S

i
, ∀i ∈ I, are all weak hyper subalgebras of B, we have:

m@n ⊆
⋂
i∈I
Si and then ∃p ∈m@n and q = p ∈ S

i
, ∀i ∈ I, such that 0 ∈ p@q = p@p

⇒ (∃p ∈m@n)(∃q ∈
⋂
i∈I
Si) such that 0 ∈ p@q⇒m@n ≺ S

i
, ∀i ∈ I.

Or alternatively, followingm@n ⊆
⋂
i∈I
Si (proved in (1) above) and by Proposition 2.1.4 (3),

we get m@n ≺
⋂
i∈I
Si.

Therefore, in any ways, we get
⋂
i∈I
Si is weak hyper subalgebra of B.

(3) Let S
i
, ∀i ∈ I, be strong hyper subalgebras of B. Then, by Lemma 2.2.1 (4),

S
i

= {0}, ∀i ∈ I, and hence
⋂
i∈I
Si = {0} which is also strong hyper subalgebra.

Remark 2.2.2. The union of any two (weak, strong) hyper syubalgebras of a hyper BCL–algebra

may not always be a (weak, strong) hyper subalgebra of the hyper algebra B, respectively. We give

a counterexample for one of the (weak, strong) hyper subalgebras as follows, and the others can be

explained in a similar way.

Example 2.2.4. Let (B; @, 0) be hyper BCL–algebra where B = {0, p, q, r} and the hyper

operation @ be as defined in Table 2.2 of Example 2.2.2 above. Then as listed in Example 2.2.2 (iii),

{0} and {p} are strong hyper subalgebras of B but the unions, {0}∪{p} = {0, p} is not strong

hyper subalgebra of B because of the following justifications:

Taking 0, p ∈ {0, p} but p~ 0 = {p, q}� {0, p}, since there does not exist k ∈ {p, q} such thet

0 ∈ k~t, ∀t ∈ {p, q} so that the union of strong hyoer subalgebra of B is not necessarily strong

hyoer subalgebra of B.
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2.3. Hyper Deductive Systems of Hyper BCL–Algebra

In this section, we define and explore hyper deductive systems in the setting of hyper BCL–algebras,

where operations may produce sets of results. We discuss various kinds of hyper deductive systems

as weak hyper deductive system, strong hyper deductive system, and hyper deductive systems and

give examples to show how they behave differently and how they relate to other hyper substructures.

Under this section we use DS for deductive system.

Definition 2.3.1. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= D ⊆ B. Then D is a hyper

deductive system ( DS ) of B if and only if the following are satisfied, ∀m, n, u, w ∈ B:

(i) m ∈ D⇒ (m @ u) @ u ⊆ D,

(ii) m, n ∈ D⇒m @ (n @ w) ⊆ D.

Definition 2.3.2. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= D⊆ B. Then D is weak hyper

DS of B if and only if the following are satisfied, ∀m, n, u, w ∈ B:

(i) m ∈ D⇒ (m @ u) @ u ≺ D,

(ii) m, n ∈ D⇒m @ (n @ w) ≺ D.

Definition 2.3.3. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= D ⊆ B. Then D is strong

hyper DS of B if and only if the following are satisfied, ∀m, n, u, w ∈ B:

(i) m ∈ D⇒ (m @ u) @ u � D,

(ii) m, n ∈ D⇒m @ (n @ w) � D.

Example 2.3.1. Let B = {0, p, q, r} and define a hyper operation @ on B by the table as follows:

@ 0 p q r

0 {0} {0, q} {0} {0, r}

p {p} {0, p} {p, r} {p, r}

q {q} {q, r} {0} {q, r}

r {r} {0} {0, p} {0, r}

Table 2.3: A table describing a hyper BCL–algebra, B =
(
B; @, 0

)
:

(1) From Table 2.3, above, B = (B; @, 0) is a hyper BCL–algebra. Furthermore:
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(i) B is the only hyper DS of B,

(ii) {0}, {0, p}, {0, q}, {0, r}, {0, p, q}, {0, p, r}, {0, q, r}, B are weak hyper DSs of B,

(iii) {0}, {p}, {q}, {r} are strong hyper DSs of B.

(2) From Table 2.1 of Example 2.1.2 above, we have the following:

(i) B is the only hyper DS of B,

(ii) All subsets of B containing 0 are weak hyper DSs of B,

(iii) B is strong hyper DS of B.

Proposition 2.3.1. Let B = (B; @; 0) be any hyper BCL–algebra. Then the following hold:

(1) B is the only hyper DS of B.

(2) If D is weak hyper DS of B, then 0 ∈ D.

(3) {0} is weak hyper DS of B,

(4) B is weak hyper DS of B.

Proof. Suppose B is a hyper BCL–algebra:

(1) Suppose D is hyper DS of B. Then by its two axioms:

m ∈ D⇒ (m@u)@u∈ D andm, n∈ D⇒m@(n@w)∈ D, for arbitrary u and w ∈ B which

could yield non-subset of D but as B is hyper BCL–algebra, the results are contained in B.

Then B is the only hyper DS of B.

(2) Suppose D is weak hyper DS of B

Then, since D 6= ∅, ∃m ∈ D such that (m @m) @m ≺ D, m @ (m @m) ≺ D,

⇒ 0 @m ≺ (m @m) @m ≺ D, m @ 0 �m @ (m @m) � D,

⇒ 0 ∈ 0 @m ≺ D, 0 ∈m @ 0 � D, (and then by Definition 2.1.1 (2), we get the following:)

⇒m = 0 ∈ D, for any weak hyper DS D of B.

(3) 0 ∈ {0} ⇒ 0 ∈ (0 @ u) @ u and 0 ∈ 0 @ (0 @ w), ∀u, w ∈ B

⇒ 0 ∈ (0 @ u) @ u ≺ {0} and 0 ∈ 0 @ (0 @ w) ≺ {0}, ∀u, w ∈ B

Therefore, {0} is weak hyper DS of B

(4) Since ∃0 ∈ B such that (0 @ u) @ u ≺ B and 0 @ (0 @ w) ≺ B, ∀u, w ∈ B.
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Therefore, B is weak hyper DS of B.

But, B may not be strong hyper DS of B could be explained as from Example 2.3.1:

r ∈ B⇒ (r@0)@0 = {r}@0 = {r} � B as {r} � r (or 0 /∈ r@r = r)

Proposition 2.3.2. Let (B; @, 0) be a hyper BCL–algebra. Then, every hyper DS of B is weak
hyper DS of B.

Proof. Let (B; @, 0) be a weak hyper BCL–algebra and ∅ 6= D ⊆ B such that 0 ∈ D.

Suppose D is hyper DS of B: Then:

m∈D⇒ (m @ u) @ u⊆D andm, n ∈ D⇒m @ (n @ w) ⊆ D, ∀u, w ∈ B.

Then by Proposition 2.1.4 (3),m∈D⇒ (m@u)@u≺D;m, n ∈ D⇒m@(n@w)≺D, ∀u,w∈B.

Hence D is weak hyper DS of B.

Remark 2.3.1. As shown in Example 2.3.2 below, the following are explained:

(1) The converses of the statement in Proposition 2.3.2 may not be necessary true.

(2) Strong hyper DS of B cannot be related to (weak) hyper DS of B.

Example 2.3.2. Let (B; @, 0) hyper BCL–algebra where B = {0, p, q, r} and the hyper operation

@ is as defined in Table 2.3 above. then Remark 2.3.1 could be explained as follows:

(1) As described in the Example, D = {0, p} is weak hyper DS of B.

However, taking 0 ∈ D and r ∈ B we have the following:

(0@r)@r = {0, r} @ r = (0@r)∪(r@r) = {0, r} ∪ {0, r} = {0, r} * D = {0, p}

Therefore, D = {0, p} is weak hyper DS of B but not hyper DS of B.

(2) To justify, ”Strong hyper DS of B cannot be related to (weak) hyper DS of B”, we give counter

examples to assure the following four cases:

(i) D is strong hyper DS of B; D is weak hyper DS of B,

(ii) D is strong hyper DS of B; D is hyper DS of B,

(iii) D is weak hyper DS of B; D is strong hyper DS of B,

(iv) D is hyper DS of B; D is strong hyper DS of B,

(i) Let D = {p}, then as describe in Example 2.3.1, above, D is strong hyper DS of B. But taking

p∈D and 0, q∈B, then, (p@0)@q = {p}@q = {q, r}⊀ D = {p} and hence D is not weak hyper

DS of B.
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(ii) Let D = {0}, then as describe in Example 2.3.1, above, D is strong hyper DS of B. But taking

0 ∈ D and 0, p ∈ B, then, (0@0)@p = {0}@p = {0, q} * D and hence D is not hyper DS of B.

(iii) Let D = {0, p}, then as describe in Example 2.3.1, above, D is weak hyper DS of B. But taking

p ∈ D and 0, q ∈ B, then, (p@0)@p = {p}@q = {q, r} � D and hence D is not strong hyper

DS of B.

(iv) Let D = B, then as describe in Example 2.3.1, above, D is hyper DS of B. But taking q ∈ D

and 0, r∈B, then, (q@0)@r = {q}@q = {q, r} � B, since r ∈ {q, r} and 0 ∈ B but q � 0.

and therefore B is not strong hyper DS of B.

Theorem 2.3.1. The non-empty intersection, D1 ∩D2 , of any two (weak, strong) hyper DSs,

D1 and D2 , of a hyper BCL–algebra (B; @, 0) is also (weak, strong) hyper DS of B, respectively.

Proof. (1) Let D1 and D2 be any two hyper DSs of B such that D1 ∩D2 6= ∅. Then:

(i) Supposem ∈ D1∩D2 . We need to show that (m @ u) @ u ⊆ D1∩D2 , ∀u ∈ B.

Now, sincem ∈ D1∩D2 , we havem ∈ D1 andm ∈ D2

⇒ (m @ u) @ u ⊆ D1 and (m @ u) @ u ⊆ D2 , ∀u∈ B, as D1 and D2 are hyper DSs

⇒ (m @ u) @ u ⊆ D1∩D2 , ∀u∈ B.

(ii) Supposem, n ∈ D1∩D2 . We need to show thatm @ (n @ w) ⊆ D1∩D2 , ∀w∈ B

Sincem, n ∈ D1∩D2 , we havem, n ∈ D1 andm, n ∈ D2

⇒m @ (n @ w) ⊆ D1 and (m @ w) @ w ⊆ D2 , ∀w∈ B, as D1 and D2 are hyper DSs of B

⇒ m @ (n @ w) ⊆ D1∩D2 , ∀w∈ B

Hence, by (i) and (ii) above, D1∩D2 is a hyper DS of B.

(2) Let D1 and D2 be any two weak hyper DSs of B.

(i) Supposem ∈ D1∩D2 . We need to show that (m @ u) @ u ≺ D1∩D2 , ∀u ∈ B

But from (1) above, we have: (m @ u) @ u ⊆ D1∩D2 , ∀u ∈ B

Then by Proposition 2.1.4 (3), (m @ u) @ u ≺ D1∩D2 , ∀u ∈ B.

(ii) Similarly,m, n ∈ D1 andm, n ∈ D2 ⇒m @ (n @ w) ≺ D1∩D2 , ∀w ∈ B.

Hence D1∩D2 is a weak hyper DS of B.
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(3) Let D1 and D2 be any two strong hyper DSs of B. Then:

(i) Supposem ∈ D1∩D2 . We need to show that (m @ u) @ u � D1∩D2 , ∀u ∈ B.

Sincem ∈ D1∩D2 , we havem ∈ D1 andm ∈ D2

⇒ (m @ u) @ u �D1 and (m @ u) @ u �D2 , ∀u∈ B, as D1 and D2 are strong hyper DSs of B

⇒
(
∃p ∈

(
(m @ u) @ u

)) (
∀q ∈

(
D1 ∩D2

))(
p � q

)
, ∀u∈ B, for p = 0 andm = u

⇒ (m @ u) @ u � D1∩D2 , ∀u∈ B.

(ii) Similarly, m @ (n @ w) � D1∩D2 , for n =m and w = 0.

Hence, by (i) and (ii) above, D1∩D2 is a strong hyper DS of B.

Corollary 2.3.1. The non-empty intersection,
⋂
i∈I
Di, of any family of (weak, strong) hyper DS

{Di : i ∈ I} of BCL–algebra, B is (weak, strong) hyper deductive system of the hyper BCL–algebra

B,respectively.

Proof. (1) Let {Di : i ∈ I} be family of hyper DSs of B such that
⋂
i∈I
Di, 6= ∅. Then:

(i) Supposem ∈
⋂
i∈I
Di,. We need to show that (m @ u) @ u ⊆

⋂
i∈I
Di, ∀u ∈ B.

Now, sincem ∈
⋂
i∈I
Di, we havem ∈ Di, ∀i ∈ I

⇒ (m @ u) @ u ⊆ Di, ∀i ∈ I , ∀u∈ B, as Di, ∀i ∈ I, are hyper DSs

⇒ (m @ u) @ u ⊆
⋂
i∈I
Di, ∀u∈ B.

(ii) Supposem, n ∈
⋂
i∈I
Di. We need to show thatm @ (n @ w) ⊆

⋂
i∈I
Di, ∀w∈ B

Sincem, n ∈
⋂
i∈I
Di, we havem, n ∈ Di, ∀i ∈ I.

⇒m @ (n @ w) ⊆ Di, ∀i ∈ I, ∀w∈ B, as Di, ∀i ∈ I, are hyper DSs of B

⇒ m @ (n @ w) ⊆
⋂
i∈I
Di, ∀w∈ B

Hence, by (i) and (ii) above,
⋂
i∈I
Di, is a hyper DS of B.

(2) Let Di, ∀i ∈ I, be weak hyper DSs of B.
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(i) Supposem ∈
⋂
i∈I
Di. We need to show that (m @ u) @ u ≺

⋂
i∈I
Di, ∀u ∈ B

But from (1) above, we have: (m @ u) @ u ⊆
⋂
i∈I
Di, ∀u ∈ B

Then by Proposition 2.1.4 (3), (m @ u) @ u ≺
⋂
i∈I
Di, ∀u ∈ B.

(ii) Similarly,m, n ∈ Di, ∀i ∈ I⇒m @ (n @ w) ≺
⋂
i∈I
Di, ∀w ∈ B.

Hence
⋂
i∈I
Di is a weak hyper DS of B.

(3) Let Di, ∀i ∈ I, be strong hyper DSs of B. Then:

(i) Supposem ∈
⋂
i∈I
Di. We need to show that (m @ u) @ u �

⋂
i∈I
Di, ∀u ∈ B.

Sincem ∈
⋂
i∈I
Di, we havem ∈ Di, ∀i ∈ I

⇒ (m @ u) @ u Di, ∀i ∈ I, ∀u∈ B, as Di, ∀i ∈ I, are strong hyper DSs of B

⇒
(
∃p ∈ (m @ u) @ u

) (
∀q ∈

⋂
i∈I
Di,
)(
p � q

)
, ∀u∈ B, for p = 0 whenm = u

⇒ (m @ u) @ u �
⋂
i∈I
Di, ∀u∈ B.

(ii) Similarly, m @ (n @ w) �
⋂
i∈I
Di, for n =m and w = 0.

Hence, by (i) and (ii) above,
⋂
i∈I
Di is a strong hyper DS of B.

Remark 2.3.2. The union of any two (weak, strong) hyper DSs of a hyper BCL–algebra may not

always be a (weak, strong) hyper DS of the hyper algebra B, respectively. We give a counterexample

for one of the (weak or strong) hyper DSs below, and the others can be explained in a similar way.

Example 2.3.3. Let (B; @, 0) be hyper BCL–algebra where B = {0, p, q, r} and the hyper

operation @ be as defined in Table 2.3 of Example 2.3.1 above.

As listed in Example 2.3.1 (1) (iii), {p} and {q} are strong hyper DSs of B but {p}∪{q} = {p, q}

is not strong hyper DS of B because of the following justifications:

Taking p, q ∈ {p}∪{q} = {p, q} and q ∈ B, we have:

p@(q@q) = p@{0} = {p} � {p, q} as p � q (or 0 /∈ p @ q).
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2.4. Hyper Ideals of Hyper BCL–Algebra

This section introduces hyper ideals in hyper BCL–algebra by defining weak hyper ideal, strong

hyper ideal and hyper ideal and investigate their relationships. The section includes theorems and

proofs that explain how (weak, strong) hyper ideals behave, especially corresponding intersections

and limitations such as when a strong hyper ideal can only contain the zero element.

Definition 2.4.1. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= I ⊆ B. Then I is called

hyper ideal of B if and only if the following are satisfied, ∀m, n, w ∈ B:

(i) n ∈ I,m @ n ⊆ I⇒m ∈ I ;

(ii) m, n ∈ I⇒
(
m @ (n @ w)

)
@ w ⊆ I .

Definition 2.4.2. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= I ⊆ B. Then I is weak hyper

ideal of B if and only if the following are satisfied, ∀m, n, w ∈ B:

(i) 0 ∈ I;

(ii) n ∈ I,m @ n ≺ I⇒m ∈ I ;

(iii) m, n ∈ I⇒
(
m @ (n @ w)

)
@ w ≺ I .

Definition 2.4.3. Let B =
(
B; @, 0

)
be a hyper BCL–algebra and ∅ 6= I ⊆ B. Then I is strong hyper

ideal of B if and only if the following are satisfied, ∀m, n, w ∈ B:

(i) 0 ∈ I;

(ii) n ∈ I,m @ n � I⇒m ∈ I ;

(iii) m, n ∈ I⇒
(
m @ (n @ w)

)
@ w � I .

Example 2.4.1. Let B1 = {0, p, q} and define a hyper operation @ on B1 by the table as follows:

@ 0 p q

0 {0} {0} {0}

p {p} {0} {0, p}

q {q} {p, q} {0}

Table 2.4: A table describing a hyper BCL–algebra,
(
B1; @, 0

)
:

From Table 2.4 of Example 2.4.1 above, (B1; @, 0) is a hyper BCL–algebra. Furthermore:
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(i) {0}, {0, p} and B1 are hyper ideals of B1 ,

(ii) {0} and B1 are weak hyper ideals of B1 ,

(iii) {0} is strong hyper ideal of B1 .

Example 2.4.2. Let (B2; ~, 0) be a BCL–algebra where B2 = {0, p, q, r}, ~ is a binary

operation on B2 and define a hyper operation @ on B2 by m @ n = {m ~ n}, ∀m, n ∈ B2 , then(
B2; @, 0

)
is a hyper BCL–algebra if ~ is as defined in Table 1.1 of Example 1.1.1 as explained in

Example 2.1.1. Then:

(1) {0}, {0, r}, B2 are hyper ideals of B2 ,

(2) {0}, {0, r}, B2 are weak hyper ideals of B2 ,

(3) {0} is strong hyper ideals of B2 .

Lemma 2.4.1. Let (B; @, 0) be a hyper BCL–algebra. If I is hyper ideal of B, then 0 ∈ I.

Proof. Let (B; @, 0) be a hyper BCL–algebra and suppose I is hyper ideal of B.

Then by the second axiom of definition of hyper ideal, we have:

m, n ∈ I⇒ (m @ (n @ w)) @ w ⊆ I, ∀w ∈ B

As I is non-empty, takem =n =w⇒ (m@ (n@w)) @w andm∈ I⇒ (m@ (m@m)) @m⊆ I

But (m @ (m @m)) @m ⊆ I⇒ (m @ 0) @m ⊆ (m @m) @m ⊆ I, since 0 ∈m @m,
(
by

Definition 2.1.1 (1)
)
⇒ m @m ⊆ I⇒ 0 ∈m @m ⊆ I⇒ 0 ∈ I

Proposition 2.4.1. For any hyper BCL–algebra, B; the following hold:

(1) {0} is (weak, strong) hyper ideal of B,

(2) B is (weak) hyper ideal of B.

Proof. Suppose B is a hyper BCL–algebra and:

(1) Suppose I is hyper ideal of B.

Then, since 0 ∈ I such that (0 @ 0) @ 0 ⊆ I, (0 @ 0) @ 0 � I, (0 @ 0) @ 0 ≺ I,

⇒ 0 @ 0 ⊆ I, 0 @ 0 � I, 0 @ 0 ≺ I ⇒ {0} ⊆ I, {0} � I, and {0} ≺ I,

Thus {0} is (weak, strong) hyper ideal of B
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(2) Let (B; @, 0) be hyper BCL–algebra and I = B, then to prove that I is (weak hyper ideal

of B, we proceed to prove the same/similar axioms side by side:

(i) Since B is hyper BCL–algebra, 0 ∈ B = I so that the first axioms for weak hyper ideals

of of B are satisfied,

(ii) ∀m, n ∈ B, let n ∈ I (= B) and
(
m@n ⊆ I, m@n ≺ I)⇒m ∈ I = B

(by definitions of (weak) hyper ideals of B), and therefore, the first axiom of hyper ideals

and the second axioms for weak ideals of B are satisfied,

(iii) ∀m, n, w ∈ B, letm, n ∈ I (= B) then we need to show:

(a) (m@(n@w))@w ⊆ I, (for hyper ideal)

(b) (m@(n@w))@w ≺ I, (for weak hyper ideal)

Now, proving (a) guarantees that (b) is proved by Proposition 2.1.4 (3) or (9), and hence

we only prove (a) as follows:

(a) By definition of the hyper operation, @ : B × B→ B© = P(B) – ∅
(
Definition 2.1.1

)
,

we have, ∀m, n, w ∈ B, (m@(n@w))@w ⊆ B = I,

Therefore, I = B is (weak) hyper ideal of B.

Proposition 2.4.2. Let (B; @, 0) be a hyper BCL–algebra. Then:

(1) Every hyper ideal of B is weak hyper ideal of B,

(2) Every strong hyper ideal of B is (weak) hyper ideal of B.

Proof. Let (B; @, 0) be a hyper BCL–algebra and ∅ 6= I ⊆ B such that 0 ∈ I.

(1) Suppose I is hyper ideal of B. Then:

m∈I⇒ (m @ u) @ u ⊆ I andm, n ∈ I⇒m @ (n @ w) ⊆ I, ∀u, w ∈ B

By Proposition 2.1.4 (3), (m @ u) @ u ≺ I andm, n ∈ I ⇒m @ (n @ w) ≺ I, ∀u, w ∈ B.

Hence I is weak hyper ideal of B.

(2) Suppose I is strong hyper ideal of B:

(m∈I⇒ (m @ u) @ u � I andm, n ∈ I⇒ (m @ (n @ w))@ w � I, ∀u, w ∈ B)

Then by Proposition 2.1.4 (9), (m @ u) @ u ≺ I and⇒ (m @ (n @ u))@ u ≺ I, ∀u, w ∈ B.

Hence, I is weak hyper ideal of B.

In addition, by Proposition 2.1.3 (ii) or by Remark 2.1.2, I is hyper ideal of B.
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Note: Generally, if Is , I
h

and Iw denote the set of all strong hyper ideals, the set of all hyper ideals

and the set of all weak hyper ideals of a hyper BCL–algebra, respectively then, Is ⊆ I
h
⊆ Iw .

Remark 2.4.1. The converses of each statement in Proposition 2.4.2 may not be necessary true as

explicitly seen in the following Example.

Example 2.4.3. From Examples 2.4.1 and 2.4.2 {0, p} and {0, q} are hyper ideals but not strong

hyper ideals of the hyper BCL–algebra B1 and B2 , respectively.

Moreover, from Table 2.3 in Example 2.3.1, {0, r} is weak hyper ideal but not hyper ideal of the

corresponding hyper BCL–algebra B = {0, p, q, r} because of the following justifications that:

{0, r} is weak hyper ideal of B but not hyper ideal of; r@0 = {r} ≺ {0, r} since:

r @ 0 = {r} ≺ {0, r}; r @ r = {0, r} ≺ {0, r}; 0 @ r = {0, r} ≺ {0, r};

0 @ 0 = {0} ≺ {0, r} but r @ 0 = {r} � {0, r} as r � 0 or 0 /∈ r @ 0.

Remark 2.4.2. Let (B; @, 0) be a hyper BCL–algebra and S ⊆ B. The following statements are
justified by the example provided below:

(1) S being a (weak) hyper subalgebra of B does not necessarily imply that S is (weak) hyper

deductive system of B, respectively, and vice versa.

(2) S being a (weak) hyper subalgebra of B does not necessarily imply that S is a (weak) hyper

ideal of B, respectively, and vice versa..

(3) S being a (weak) hyper DS of B does not necessarily imply that S is a (weak) hyper ideal of B,

respectively, and vice versa..

(4) Strong hyper ideal and strong hyper Ds could have elements other than 0 unlike strong hyper

subalgebra, respectively.

Example 2.4.4. Let us justify some of these properties by the next example based on Table 2.4
of Example 2.4.1, above, and the others could be simply explained in similar ways:

(1) (i) {0} is (weak) hyper subalgebra of B but not (weak) hyper DS of B, respectively,

(ii) {0, p} is (weak) hyper DS but not (weak) hyper subalgebra of B, respectively.

(2) {0, p} is (weak) hyper ideal but not (weak) hyper subalgebra of B, respectively.

(3) {0} is (weak) hyper ideal of B but not (weak) hyper DS of B, respectively.

(4) {0, p, q} is a strong hyper ideal with an element p 6= 0 or q 6= 0.
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Theorem 2.4.1. The non-empty intersection, I1 ∩ I2 , of any two (weak, strong) hyper ideals

I1 and I2 of a hyper BCL–algebra (B; @, 0) is also (weak, strong) hyper ideal of B, respectively.

Proof. (1) Suppose I1and I2 are any two hyper ideals of B:

(i) Suppose n ∈ I1∩ I2 ,m @ n ⊆ I1∩ I2 . Then We need to show thatm ∈ I1∩ I2

Since n ∈ I1∩ I2 ,m @ n ⊆ I1∩ I2 , then, n ∈ I1 , n ∈ I2 ,m @ n ⊆ I1 ,m @ n ⊆ I2

⇒m ∈ I1 andm ∈ I2 ⇒ m∈ I1∩I2

(ii) Supposem, n ∈ I1∩ I2 . We need to show that (m @ (n @ w)) @ w ⊆ I1∩ I2

Now, sincem, n ∈ I1∩ I2 , we havem, n ∈ I1 andm, n ∈ I2

⇒ (m @ (n @ w)) @ w ⊆ I1 and (m @ (n @ w)) @ w ⊆ I2 ⇒ (m @ (n @ w)) @ w ⊆ I1∩ I2

Hence I1∩ I2 is a hyper ideal of B (by (i) − (ii) above).

(2) Suppose I1 and I2 are any two strong hyper ideals of B:

(i) As I1 and I1 are strong hyper ideals of B, we have: 0 ∈ I1 and 0 ∈ I 2 ⇒ 0 ∈ I1∩ I2 .

(ii) Suppose n ∈ I1∩ I2 ,m @ n � I1∩ I2 . We need to show thatm ∈ I1∩ I2 .

As n ∈ I1 ∩ I2 ,m @ n � I1∩ I2 , we have: n ∈ I1 , n ∈ I2 ,m @ n � I1 andm @ n � I2 .

⇒m ∈ I1 andm ∈ I2 ⇒ m∈ I1∩ I2

(iii) Supposem, n ∈ I1∩ I2 . We need to show that (m @ (n @ w)) @ w � I1∩ I2 .

Now, sincem, n ∈ I1∩ I2 , we havem, n ∈ I1 andm, n ∈ I2 .

⇒ (m @ (n @ w)) @ w � I1 , (m @ (n @ w)) @ w � I2 ⇒ (m @ (n @ w)) @ w � I1∩ I2 .

Hence I1∩ I2 is a strong hyper ideal of B (by (i) − (iii) above).

(3) Let I1 and I2 be any two weak hyper ideals of B.

Then since I1∩ I2 is (strong) hyper ideal of B as proved above in (1) and (2), then following this

and by Proposition 2.1.4 (3) or by Proposition 2.4.2 (1), I1∩ I2 is weak hyper ideal of B.

Corollary 2.4.1. The intersection,
⋂
i∈J
Ii, of any family of (weak, strong) hyper ideal {Ii : i ∈ J}

of hyper BCL–algebra, B is also (weak, strong) hyper ideal of B, respectively.

Proof. (1) Let I
i
, ∀i ∈ J be family of hyper ideals of B:
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(i) Suppose n ∈
⋂
i∈J
Ii,m @ n ⊆

⋂
i∈J
Ii. Then We need to show thatm ∈

⋂
i∈J
Ii

Since n ∈
⋂
i∈J
Ii,m @ n ⊆

⋂
i∈J
Ii, then, n ∈ I

i
, ∀i ∈ J,m @ n ⊆ I

i
, ∀i ∈ J

⇒m ∈ I
i
, ∀i ∈ J⇒ m∈

⋂
i∈J
Ii

(ii) Supposem, n ∈
⋂
i∈J
Ii. We need to show that (m @ (n @ w)) @ w ⊆

⋂
i∈J
Ii

Now, sincem, n ∈
⋂
i∈J
Ii, we havem, n ∈ I

i
, ∀i ∈ J

⇒ (m @ (n @ w)) @ w ⊆ I
i
, ∀i ∈ J⇒ (m @ (n @ w)) @ w ⊆

⋂
i∈J
Ii

Hence
⋂
i∈J
Ii is a hyper ideal of B (by (i) − (iii) above).

(2) Suppose I
i
, ∀i ∈ J are strong hyper ideals of B:

(i) As I
i
, ∀i ∈ J are strong hyper ideals of B, we have: 0 ∈ I

i
, ∀i ∈ J ⇒ 0 ∈

⋂
i∈J
Ii.

(ii) Suppose n ∈
⋂
i∈J
Ii,m @ n �

⋂
i∈J
Ii. We need to show thatm ∈

⋂
i∈J
Ii.

As n ∈ I
i
, ∀i ∈ J,m @ n �

⋂
i∈J
Ii, we have: n ∈ I

i
, ∀i ∈ J,m @ n � I1 ∀i ∈ J.

⇒m ∈ I
i
, ∀i ∈ J andm ∈ I2 ⇒ m∈

⋂
i∈J
Ii

(iii) Supposem, n, w ∈
⋂
i∈J
Ii. We need to show that (m @ (n @ w)) @ w �

⋂
i∈J
Ii.

Now, sincem, n, w ∈
⋂
i∈J
Ii, we havem, n, w ∈ I

i
, ∀i ∈ J andm, n, w ∈ I2 .

⇒ (m @ (n @ w)) @ w � I
i
, ∀i ∈ J⇒ (m @ (n @ w)) @ w �

⋂
i∈J
Ii.

Hence
⋂
i∈J
Ii is strong hyper ideal of B (by (i) − (iii) above).

(3) Let I
i
, ∀i ∈ J be weak hyper ideals of B.

Then since
⋂
i∈J
Ii is (strong) hyper ideal of B as proved above in (1) and (2), then following this

and by Proposition 2.1.4 (3) or by Proposition 2.4.2 (1),
⋂
i∈J
Ii is weak hyper ideal of B.
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Chapter 3
Fuzzy Hyper Structures of BCL–Algebra

3.1. Fuzzy Hyper Subalgebras of Hyper BCL–Algebra

In this section, we introduce the idea of a fuzzy hyper subalgebra in a hyper BCL–algebra. A fuzzy
hyper subalgebra uses fuzzy subsets to describe how strongly elements belong to a subalgebra, even
when operations give multiple outputs. We define fuzzy weak hyper subalgebra, fuzzy hyper sub-
algebra, and fuzzy strong hyper subalgebra, and provide examples and theorems that explain their
structure.

Definition 3.1.1. Let (B; @ , 0) be a hyper BCL–algebra. Then a fuzzy subset η : B → [0, 1] is
called a fuzzy hyper subalgebra of B if, ∀m, n ∈ B:

(i) η(0) > η(m)

(ii) inf
u∈m@n

η(u) > min{η(m), η(n)}.

Definition 3.1.2. Let (B; @ , 0) be a hyper BCL–algebra. Then a fuzzy subset η : B → [0, 1] is
called a fuzzy weak hyper subalgebra of B if, ∀m, n ∈ B:

(i) η(0) > η(m)

(ii) sup
u∈m@n

η(u) > min{η(m), η(n)}.

Definition 3.1.3. Let (B; @ , 0) be a hyper BCL–algebra. Then a fuzzy subset η : B→ [0, 1] is
called a fuzzy strong hyper subalgebra of B if, ∀m, n ∈ B:

(i) η(0) > η(m)

(ii) inf
u∈m@n

η(u) > max{η(m), η(n)}.

Example 3.1.1. Let B = {0, p, q, r} be a set and (B; @, 0) be a hyper BCL–algebra as defined in

Table 2.3 of Example 2.3.1 above. Define fuzzy subsets η1 , η2 , η2: B→[0, 1] by:
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η1(m) =


1, if m= 0,

0.8, if m= p,

0.6, if m= q, r,

η2(m) =



0.9, if m= 0,

0.8, if m= p,

0.4, if m= q,

0.2, if m= r,

η3(m) = 1, if m = 0, p, q, r.

Then η1 is fuzzy (weak) hyper subalgebra but not fuzzy strong hyper subalgebra of B; η3 is fuzzy

(weak, strong) hyper subalgebra of B and η2 is fuzzy weak hyper subalgebra but η2 is neither fuzzy

hyper subalgebra nor fuzzy strong hyper subalgebra of B by the following explained reason:

inf
u∈p@q

η2(u) = inf
u∈{p, r}

η2(u) =min{η2(p), η2(r)} = min{0.8, 0.2} = 0.2

> min{η2(p), η2(q)} = min{0.8, 0.4} = 0.4 is not true

This assures that it is not fuzzy hyper subalgebra of B.

From the preceding illustration, we have the following for fuzzy strong hyper subalgebra of B:

inf
u∈p@q

η2(u) = inf
u∈{p, r}

η2(u) = min{η2(p), η2(r)} = min{0.8, 0.2} = 0.2

> max{η2(p), η2(q)} = max{0.8, 0.4} = 0.8 is not true.

This also assures that η2 is not fuzzy strong hyper subalgebra of B.

Lemma 3.1.1. Let η : B → [0, 1] be a fuzzy (weak, strong) hyper subalgebra of a hyper

BCL–algebra B. If η is onto then η(0) = 1.

Proof. If η is onto, ∃n∈B such that η(n) = 1 and since η(0) > η(n), ∀n ∈ B, then, η(0) = 1.

Or if η is onto, η(0) must attain the maximum value 1 of [0, 1] since η(0)>η(m), ∀m∈B.

Theorem 3.1.1. Let η : B→ [0, 1] be a fuzzy (weak) hyper subalgebra of a hyper BCL–algebra B,

then the set Bη = {m ∈ B : η(m) = η(0)} is a (weak) hyper subalgebra of B, respectively.

Proof. Let Bη = {m ∈ B : η(m) = η(0)}, where η is a fuzzy (weak,) hyper subalgebra of B.

We need to show that Bη satisfies the conditions of a (weak) hyper subalgebra.

By the first axiom of any one of Definition 3.1.1, 3.1.2, 3.1.3, we have:

η(0)> η(m), ∀m ∈ B. Thus, η(0) is the maximum membership value.

Then, 0 ∈ Bη since η(0) = η(0), 0 ∈ B and therefore, Bη 6= ∅.

(1) Letm,n ∈ Bη. Then, by definition of Bη (hypothesis), η(m) = η(n) = η(0).

Since η is a fuzzy hyper subalgebra, we have:
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inf
u∈m@n

η(u) > min {η(m), η(n)}, ∀m,n ∈ B, by Definition 3.1.1 (ii)

⇒ inf
u∈m@n

η(u) > min {η(0), η(0)} = η(0). This means that ∀u ∈m@n, η(u)> η(0).

But since every u ∈m@n satisfies η(u)> η(0) and η(0) is the maximum possible value in Bη,

then it follows that η(u) = η(0), ∀u ∈m@n. Thus,m@n⊆ Bη.

Therefore, Bη is a hyper subalgebra of B.

(2) Let η be a fuzzy weak hyper subalgebra. By Definition 3.1.2, ∀m, n ∈ B, the following hold:

(i) η(0) > η(m),

(ii) sup
u∈m@n

η(u) > min {η(m), η(n)}.

The fact that Bη 6= ∅ is the same as prove in (1) above so that Bη 6= ∅

Now, letm,n ∈ Bη then η(m) = η(n) = η(0)⇒ sup
u∈m@n

η(u) > min{η(m), η(n)} = η(0).

Since η(0) is the maximum value in Bη, it follows that ∀u ∈m@n, η(u)> η(0), and thus

η(u) = η(0). Hencem@n⊆ Bη and thenm@n≺ Bη, (by Proposition 2.1.4 (3)).

Therefore, Bη is a weak hyper subalgebra of B.

Remark 3.1.1. As proved in Lemma 2.2.1 (1), Ss is any strong hyper subalgebra of a hyper

hyper BCL–algebra B, implies Ss = {0}, guides us to B = {0} is strong hyper subalgebra

of B is seen trivial.

Theorem 3.1.2. Let S be a nonempty subset of a hyper BCL–algebra B and δ, σ∈[0, 1] with

δ > σ and let η be a fuzzy subset of B defined by: η(m) =


δ, if m ∈ S,

σ, if m /∈ S.
Then:

(1) η is a fuzzy (weak) hyper subalgebra of B if and only if S is a (weak) hyper subalgebra of B,

respectively.

(2) If η is a fuzzy strong hyper subalgebra of B then S is a strong hyper subalgebra of B but not

the converse.

Proof. Suppose S ⊆ B and η is a fuzzy (weak, strong) hyper subalgebra of B. Then we need to
prove S is a (weak, strong) hyper subalgebra of B.
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(1) (i) To prove S is hyper subalgebra of B if and only if η is fuzzy hyper subalgebra of B:

Suppose S is hyper subalgebra of B.

Letm, n ∈ S. By definition η(m) = η(n) = δ, and since η is a fuzzy hyper subalgebra,

we have inf
u∈m@n

η(u) > min{η(m), η(n)} = δ⇒ η(u) > δ, ∀u m@n.

But η(u) 6 δ, ∀u ∈M and η(u) > δ, ∀u∈m@n⇒ η(u) = δ, ∀u∈m@n, u ∈ B⇒m@n ⊆M

⇒ S is hyper subalgebra of M.

Conversely, suppose S is hyper subalgebra of M.

Then we need to show that η is a fuzzy hyper subalgebra of B.

(a) Since S is hyper subalgebra of B, 0 ∈ S, by Lemma 2.2.1

⇒ η(0) = δ, ∀m ∈ S.

(b) For arbitrarym, n ∈ B, we consider three cases as follows:

(i) m, n ∈ S⇒m@n ⊆ S, since S is hyper subalgebra of B

⇒ η(m) = δ = η(n) = η(m@n), by definition

⇒ inf
u∈m@n

η(u) = δ, ∀u ∈m@n and ∀m, n ∈ S

⇒ inf
u∈m@n

η(u) = δ > min{η(m), η(n)} = min{δ, δ} = δ

(ii) m ∈ S and n 6= S (or n ∈ S andm 6= S)⇒ eitherm@n ⊆ S orm@n * S

⇒ η(m) = δ, η(n) = σ (or η(n) = δ, η(m) = σ) and η(m@n) > σ, by definition

⇒ inf
u∈m@n

η(u) = σ, ∀u ∈m@n and ∀m, n ∈ S

⇒ inf
u∈m@n

η(u) = σ > min{η(m), η(n)} = min{δ, σ} = σ

(iii) m, n 6= S⇒ eitherm@n ⊆ S orm@n * S

⇒ η(m) = σ = η(n) and η(m@n) > σ, by definition

⇒ inf
u∈m@n

η(u) = σ, ∀u ∈m@n and ∀m, n ∈ S

⇒ inf
u∈m@n

η(u) = σ > min{η(m), η(n)} = min{σ, σ} = σ

In either case, inf
u∈m@n

η(u) > min{η(m), η(n)}, ∀m, n ∈ B.

Thus, η is fuzzy hyper subalgebra of B, by (a) and (b) above.

(ii) To prove S is weak hyper subalgebra of B if and only if η is fuzzy weak hyper subalgebra of B :
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Suppose η is weak hyper subalgebra of B, then we show S is weak hyper subalgebra of B.

(a) As shown in (1) above, and by Proposition 2.2.2 (2) that every hyper subalgebra is weak

hyper subalgebra, η(0) = δ so that 0 ∈ S. By Theorem 3.1.1 (second part) implies the level

set Bη = S is a weak hyper subalgebra of B. (Or from (1) above, we have shown that:

m@n ⊆ S⇒m@n ≺ B, by Proposition 2.1.4 (3)). Thus, S is weak hyper subalgebra of B.

Conversely, suppose S is weak hyper subalgebra of B.

Then we need to show that η is a fuzzy weak hyper subalgebra of B.

But from (1) above, S is hyper subalgebra of B⇒ S is weak hyper subalgebra of B)

⇒ inf
u∈m@n

η(u) > min{η(m), η(n)}, ∀m, n ∈ B

⇒ sup
u∈m@n

η(u) > inf
u∈m@n

η(u) > min{η(m), η(n)}, ∀m, n ∈ B

⇒ sup
u∈m@n

η(u) > min{η(m), η(n)}, ∀m, n ∈ B

Thus, η is weak fuzzy hyper subalgebra of B as shown above.

(2) (i) To prove if S is strong hyper subalgebra of B then η is fuzzy strong hyper subalgebra of B:

Suppose η is strong hyper subalgebra of B, then we show S is strong hyper subalgebra of B.

Since sup
u∈m@n

η(u) > max{η(m), η(n)}, ∀m, n ∈ B, ∀m, n ∈ S and by the first axiom of

definition of fuzzy strong hyper subalgebra of B, η(0) > η(m), ∀m ∈ S and η(m) 6 δ, ∀m ∈ B

⇒ η(0) 6 δ and hence η(0) = δ ⇒ 0 ∈ S = {0} ⇒ S is strong hyper subalgebra of B.

(ii) For ”the converse may not be true”, suppose S is strong hyper subalgebra of B.

Then we need to justify that η is not a fuzzy strong hyper subalgebra of B.

Let B = {0, p, q} as define by Table 2.4 and S = {0} is strong hyper subalgebra of B.

Now when n = 0 ∈ S andm = p /∈ S⇒ p@0 = {p} * S ⇒ η(m) = δ, and η(n) = σ =η(m@n)

⇒ inf
u∈m@n

η(u) = σ > max{η(m), η(n)} = max{δ, σ} = δ, which is not true as δ > σ.

Therefore , the converse for Theorem 3.3.3 (2) is not necessarily true.
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Corollary 3.1.1. Let S be a nonempty subset of a hyper BCL–algebra B and χ
S

be the Characteristic

function defined by: χ
S
(m) =


1, if m ∈ S,

0, if m /∈ S,

Then χ
S

is a fuzzy (weak, strong) hyper subalgebra of B if and only if S is a (weak, strong) hyper

subalgebra of B, respectively.

Proof. The proof of this corollary is similar to the proof of Theorem 3.1.2 above as η in Theorem
3.1.2 is the generalization of this Characteristic function, χ

S
and all the steps are the same except

changing δ by 1 and σ by 0 for this case.

Proposition 3.1.1. Let η : B→ [0, 1] be fuzzy (weak, strong) hyper subalgebra of B. Then,

the following hold ∀m, n ∈ B:

(1) {m} ≺ {n} ⇒ sup
u∈m@n

η(u) >min{η(m), η(n)},

(2) {m} � {n} ⇒ sup
u∈m@n

η(u) >min{η(m), η(n)}.

Proof.

(1) {m} ≺ {n}⇒ 0 ∈m @ n⇒ sup
u∈m@n

η(u) >min{η(m), η(n)}; since η(0) > η(m), ∀m∈ B.

(2) {m}� {n}⇒ 0 ∈m@n⇒ sup
u∈m@n

η(u)>min{η(m), η(n)}; since η(0)> η(m), ∀m∈ B.

Theorem 3.1.3. Let (B; @ , 0) be a hyper BCL–algebra and η be fuzzy hyper subalgebra of B such

thatm, n, w ∈ B. Then

(1) {w} ⊆m@n⇒ η(w) > min{η(m), η(n)},

(2) w@n ⊆m@n⇒ sup
u∈w@n

η(u) > min{η(m), η(n)}.

Proof. (1) Let {w} ⊆m@n. From Definition 3.1.1 we have: {w} ⊆m @ n (or w ∈m@n)

By definition of fuzzy hyper subalgebra, inf
u∈m@n

η(u) > min{η(m), η(n)} and

by definition of infimum, ∀u ∈m@n, we have η(u) > inf
v∈m@n

η(v).

In Particular, taking u = w, η(w) > inf
u∈m@n

η(u).
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Combining the two inequalities gives: η(w) > inf
u∈m@n

η(u) > min{η(m), η(n)}
⇒ η(w) > min{η(m), η(n)}

(2) Assume w@n ⊆m@n. Then by (1) above, ∀u ∈ w@n, we have η(u) > min{η(m), η(n)}

⇒ sup
u∈w@n

η(u) > η(u) > min{η(m), η(n)} ⇒ sup
u∈w@n

η(u) > min{η(m), η(n)}

Theorem 3.1.4. Let η be a fuzzy (weak, strong) hyper subalgebra of a hyper BCL–algebra B. Then

for any α ∈ [0,1], the set Bα
η

= {m : η(m) > α, m ∈ B} is a (weak, strong) hyper subalgebra of B,

respectively.

Proof. Letm, n ∈ Bαη . Then η(m) > α, η(n) > α. If η is fuzzy hyper subalgebra, then:

inf
u∈m@n

η(u) > min{η(m), η(n)} > α ⇒ inf
u∈m@n

η(u) > α ⇒ η(u) > α, ∀u ∈m@n

⇒ inf
u∈m@n

η(u) > α , ∀u ∈ Bα
η
⇒ m@n ⊆ Bα

η
and hence Bα

η
is hyper subalgebra of B

and then the weak and strong cases follow similarly.

Remark 3.1.2. Let η : B→ [0,1] be a constant function and c ∈ [0, 1). Then following

Theorem 3.1.4 and Corollary 3.1.1, we can generalize the following:

(1) If η(m) = 1, ∀m ∈ B, then η is a fuzzy (weak, strong) hyper subalgebra of B.

(2) If η(m) = c, ∀m ∈ B then η is fuzzy (weak) hyper subalgebra of B, but not

strong hyper subalgebra of B.

Theorem 3.1.5. Let η1, η2 be fuzzy (weak, strong) hyper subalgebras of B such that ∀m ∈ B,

η1(m)> η2(m), and suppose Bα
η

is as defined in Theorem 3.1.4. Then, Bα
η2
⊆ Bα

η1
.

Proof. If m ∈ Bα
η2

, then η2(m)> α. Since η1(m)> η2(m) > α ⇒ η1(m)> α ⇒ m ∈ Bα
η1

.

⇒ Bα
η2
⊆ Bα

η1
and hence the proof.

Proposition 3.1.2. Let Bα
η

be as defined in 3.1.4 and η : B→ (0,1] be a fuzzy subset. Then η is a

fuzzy (weak, strong) hyper subalgebra of B if and only if the set Bαη is a (weak, strong) hyper subal-

gebra of B, ∀α ∈ [0,1].

Proof. Follows directly from the proofs of Lemma 3.1.4 (for the sufficient condition) and Theorem

3.1.5 (for the necessary condition).
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3.2. Fuzzy Hyper Deductive Systems of Hyper BCL–algebra

This section focuses on fuzzy hyper deductive systems in hyper BCL–algebra. These systems com-

bine fuzzy set theory with hyper-operations to represent uncertain logical reasoning. We define fuzzy

weak hyper deductive system, fuzzy hyper deductive system, and fuzzy strong hyper deductive sys-

tem, and explain how fuzzy membership values behave under complex hyper-operations. Through

examples and theorems, we show how these systems support generalized logical deductions in un-

certain environments. Here we denote DS to represent deductive system.

Definition 3.2.1. Let (B; @ , 0) be a hyper BCL–algebra. Then a fuzzy subset η : B → [0, 1] is

called fuzzy hyper deductive system (DS) of B if the following are satisfied, ∀m, n, w, u, v ∈ B:

(i) sup
v∈(m@u)@u

η(v) > η(m)

(ii) inf
v∈m@(n@w)

η(v) > min{η(m), η(n)}.

Definition 3.2.2. Let (B; @ , 0) be hyper BCL–algebra. Then a fuzzy subset η : B→ [0, 1] is called

a fuzzy weak hyper DS of B if the following are satisfied, ∀m, n, w, u, v ∈ B:

(i) sup
v∈(m@u)@u

η(v) > η(m)

(ii) sup
v∈m@(n@w)

η(v) > min{η(m), η(n)}.

Definition 3.2.3. Let (B; @ , 0) be hyper BCL–algebra. Then a fuzzy subset η : B→ [0, 1] is called

a strong fuzzy hyper DS of B if the following are satisfied, ∀m, n, w, u, v ∈ B:

(i) inf
v∈(m@u)@u

η(v) > η(m)

(ii) inf
v∈m@(n@w)

η(v) > min{η(m), η(n)}.

Example 3.2.1. Let (B; @, 0) be a hyper BCL–algebra as defined in Table 2.3 of Example 2.3.1 and

define fuzzy subsets by η1 , η2 , η3 : B→ [0, 1] by:

η1(m) =


1, if m= 0,

0.5, if m= p, r,

0.2, if m= q,

η2(m) =



0.8, if m= 0,

0.6, if m= p,

0.3, if m= q,

0.1, if m= r,

η3(m) =

 0.7, if m= 0,

0.4, if m= p, q, r.
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Then η3 is fuzzy (weak, strong) hyper DS of B. In contrast, η1 is fuzzy (weak) hyper DS of B but

not fuzzy strong hyper DS of B, and η2 is fuzzy weak hyper DS of B but η2 is neither fuzzy hyper DS

of B nor fuzzy strong hyper DS of B by the the following counter examples:

(i) inf
v∈0@(0@r)

η1(v) = min{η1(0), η1(r)} = min{1, 0.5} = 0.5

> min{η1(0), η1(0)} = η1(0) = 1, is not true confirming that η1 is not fuzzy

strong hyper DS of B.

(ii) inf
v∈p@(0@r)

η2(v) = min{η2(p), η2(r)} = min{0.6, 0.1} = 0.1

> min{η2(p), η2(0)} = min{0.6, 0.8} = 0.6, is not true confirming that η2 is

not fuzzy hyper DS of B, and again

inf
v∈0@(0@r)

η2(v) = min{η2(0), η2(r)} = min{0.8, 0.1} = 0.1

> min{η2(0), η2(0)} = η2(0) = 0.8, is not true confirming that η2 is not

fuzzy strong hyper DS of B.

Lemma 3.2.1. Let η : B→ [0, 1] be fuzzy subset where η is a fuzzy (weak, strong) hyper DS of B.

Then the following hold:

(1) η(0) > η(m); ∀m ∈ B.

(2) η is onto ⇒ η(0) = 1.

Proof. (1) Definitions 3.2.1 – 3.2.3, condition (i) requires η(0) > η(m), ∀m ∈ B.

Since B 6= ∅ ∃m ∈ B such that 0 ∈m@m. Then by hypothesis pickm ∈ B such that

(m@m)@m ={0}. Or more clearly:

Since η satisfies axiom (i) of the corresponding fuzzy DS,

sup
v∈(m@m)@m

η(v) > η(m) (respectively, inf
v∈(m@u)@u

η(v) > η(m)).

But (m@m)@m= {0}. Then the left-hand side equals η(0).

Hence η(0) > η(m). Asm is arbitrary, the result follows.

(2) η is onto⇒ η(0) = 1 (which is immediate), as it is similar to the proof of Lemma 3.1.1.

More clearly, if η is onto, ∃n ∈ B such that η(n) = 1 and since η(0) > η(n), ∀n ∈ B, by (1),

we have, η(0) = 1 or if η is onto, η(0) must attain the maximum value 1 of [0, 1],

since η(0) > η(m), ∀m ∈ B.
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Theorem 3.2.1. If η : B→ [0, 1] is a (weak, strong) hyper DS of a hyper BCL–algebra B, then Bη
is a (weak, strong) hyper DS of B where the set Bη = {m ∈ B : η(m) = η(0)}.

Proof. Form, n, u, w ∈ Bη , we have; η(m) = η(n) = η(0) = η(u) = η(w)

(i) Supposem∈Bη . Then using the first axioms of (weak, strong) hyper DS B, we have:

sup
v∈(m@u)@u

η(v) > inf
v∈(m@u)@u

η(v) > η(m) = η(0) ............................................................ (?)

⇒ sup
v∈(m@u)@u

η(v) > inf
v∈(m@u)@u

η(v) > η(0)

But η(0) > η(m), ∀m∈ B by Lemma 3.2.1 above.

⇒ η(0) > sup
v∈(m@u)@u

η(v) > inf
v∈(m@u)@u

η(v), ∀v∈m@u)@u ......................................... (??)

⇒ η(0) = sup
v∈(m@u)@u

η(v) = inf
v∈(m@u)@u

η(v), ∀v∈(m@u)@u, by (?) and (??) above.

(ii) using the second axioms of (weak, strong) hyper DS B, we have:

sup
v∈m@(n@w)

η(v) > inf
v∈m@(n@w)

η(v) > min{η(m), η(n)} = η(0)

⇒ sup
v∈m@(n@w)

η(v) > inf
v∈m@(n@w)

η(v) > η(0)

But η(0) > η(m), ∀m∈ B by Lemma 3.2.1 above.

⇒ η(0) > sup
v∈m@(n@w)

η(v) > inf
v∈m@(n@w)

η(v), ∀v∈m@(n@w)

⇒ η(0) = sup
v∈m@(n@w)

η(v) = inf
v∈m@(n@w)

η(v), ∀v∈m@(n@w)

Therefore, by (i) and (ii) above, we ratified that Bη is a (weak, strong) hyper DS of B.

Theorem 3.2.2. Let M be a nonempty subset of a hyper BCL–algebra B; δ, σ ∈ [0, 1] such

that δ >σ and let η be a fuzzy subset of B defined by: η(m) =

δ, if m ∈ M,

σ, if m /∈ S.

Then, η is a fuzzy (weak, strong) hyper DS of B if and only if M is a (weak, strong hyper) hyper DS

of B, respectively.
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Proof. Suppose M ⊆ B and η is a fuzzy (weak, strong) hyper DS of B. Then we need to prove M is
a (weak, strong) hyper DS of B.

(1) To prove M is hyper DS of B if and only if η is fuzzy hyper DS of B:

Suppose M is hyper DS of B.

Letm, n ∈M. By definition η(m) = η(n) = δ, and since η is a fuzzy hyper DS, we have:

(i) sup
v∈(m@u)@u

η(v) >η(m) = δ⇒ η(v) > δ, ∀v ∈m@n. But

η(v) 6 δ, ∀v ∈M and η(v) > δ, ∀u∈m@n⇒ η(v) = δ, ∀v∈m@n, v ∈M

⇒m@n ⊆M, (sincem@n contains 0, whenm = n).

(ii) inf
v∈m@(n@w)

η(v) > min{η(m), η(n)} = δ⇒ η(v) > δ, ∀v m@n. But

η(v) 6 δ, ∀v ∈ B⇒ η(v) > δ, ∀v∈m@n⇒ η(v) = δ, ∀v∈m@n⇒ v ∈ B

⇒m@n ⊆M, (sincem@n contains 0, whenm = n).

⇒M is hyper DS of B, (by (i) and (ii) above).

Conversely, suppose M is hyper DS of B.

Then we need to show that η is a fuzzy hyper DS of B.

Since M is hyper DS of B, M = B and hence 0 ∈ B, by Proposition 2.3.1 (1)

For arbitrarym, n ∈ B, we consider three cases as follows:

(i)m, n ∈M⇒ (m@u)@u ⊆M andm@(n@w) ⊆M, since M is hyper DS of B

⇒ η(m) = δ = η(n) = η((m@u)@u) = η(m@(n@w)), by definition

⇒ sup
v∈(m@u)@u

η(v) = δ and inf
v∈m@(n@w)

η(v) = δ, ∀v ∈m@n and ∀m, n ∈M

⇒ sup
v∈(m@u)@u

η(v) = δ > η(m) = δ and

inf
v∈m@(n@w)

η(v) = δ > min{η(m), η(n)} = min{δ, δ} = δ

(ii)m ∈M and n 6= M (or n ∈M andm 6= S)⇒ either (m@u)@u ⊆M or (m@u)@u *M;

m@(n@w) ⊆M orm@(n@w) *M

⇒ η(m) = δ, η(n) = σ (or η(n) = δ, η(m) = σ) and
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η(m@u)@u > σ and η(m@(n@w)) > σ, by definition

⇒ sup
v∈(m@n)@u

η(v) = σ, inf
v∈m@(n@w)

η(v) = σ, ∀v ∈ (m@u)@u, ∀v ∈m@(n@w), ∀m, n ∈M

⇒ sup
u∈(m@n)@u

η(v) = σ > η(m) = σ and

⇒ inf
v∈m@(n@w)

η(v) = σ > min{η(m), η(n)} = min{δ, σ} = σ

(iii)m, n 6= M⇒ (m@n)@u ⊆M or (m@n)@u *M;m@(n@w) ⊆M orm@(n@w) *M

⇒ η(m) = σ = η(n) and η((m@u)@u)) > σ, η(m@(n@w)) > σ,, by definition

⇒ sup
u∈(m@n)@u

η(v) = σ > η(m) = σ and

⇒ inf
v∈m@(n@w)

η(v) = σ > min{η(m), η(n)} = min{δ, σ} = σ

In either case, inf
u∈m@n

η(u) > min{η(m), η(n)}, ∀m, n ∈ B.

Thus, η is fuzzy hyper DS of B, by (a) and (b) above.

(2) To prove M is weak/strong hyper DS of B if and only if η is fuzzy weak/strong hyper DS of B.

We follow similar steps as for (1) above by simply changing ”inf” by ”sup” or vice-versa which

do not violate the persistences.

Therefore, η is weak fuzzy hyper DS of B as shown above.

Corollary 3.2.1. Let D be a nonempty subset of a hyper BCL–algebra B and χ be the

Characteristic function defined by: χ(m) =

1, if m ∈ D,

0, if m /∈ D.

Then χ is a fuzzy (weak, strong) hyper DS of B if and only if D is a (weak, strong) hyper

DS of B, respectively.

Proof. Following directly from Theorem 3.2.2, by setting δ = 1 and σ = 0 so that χ is just the special
case of η when the membership values are chosen at extreme levels of the interval [0, 1].

Therefore, χ is fuzzy (weak, strong) hyper DS of B if and only if D is (weak, strong) DS of B.

Corollary 3.2.2. Let the fuzzy subset η : B→ [0, 1] be a constant function on B such that

η(m) = c, ∀m∈ B where c∈ [0, 1], then η is a fuzzy (weak, strong) hyper DS of B.

Proof. The proof for this is also a particular case of Theorem 3.2.2 such that if δ = c, then the

function η is constant on all of B and in such a case, Bη = {m ∈ B : η(m) = η(0) = c} = B.
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But B itself is always a (weak, strong) hyper DS of a hyper BCL–algebra (since it is closed under all

the operations). Therefore, η is a fuzzy (weak, strong) hyper DS of B.

Theorem 3.2.3. Let η be a fuzzy (weak, strong) hyper DS of B. Then for each α ∈ [0,1], the

level set: Bα
η

= {m ∈ B : η(m) > α} is a (weak, strong) hyper DS of B.

Proof. Suppose B is hyper DS and α ∈ [0, 1]

(1) Since B 6= ∅, ∃m ∈ B such that η(0) > η(m) (by Lemma 3.2.1 (1)) and combining this with

the hypothesis, we obtain, η(0) > η(m) > α ⇒ η(0) > α ⇒ 0 ∈ Bα
η

.

(2) Letm ∈ Bα
η

. Then η(m) > α. By the first axiom of definition of fuzzy strong hyper DS, or

Definition 3.2.3 (1) with the hypothesis: inf
v∈(m@u)@u

η(v) > η(m) > α⇒ inf
v∈(m@u)@u

η(v) > α

Furthermore, from definitions 3.2.1 (1) and 3.2.1 (1) and since sup
v∈(m@u)@u

η(v)> inf
v∈(m@u)@u

η(v)

We obtain, sup
v∈(m@u)@u

η(v) > inf
v∈(m@u)@u

η(v) > η(m) > α ⇒ v ∈ Bα
η

, ∀v ∈ (m@u)@u

(3) Letm, n ∈ Bα
η

. Then η(m) > α, η(n) > α. By definitions of fuzzy hyper DS Definition

3.2.1 (2) and fuzzy strong hyper DS Definition 3.2.3 (2) with the hypothesis:

inf
v∈m@(n@w

η(v) > min{η(m), η(n)} > min{α, α} = α ⇒ inf
v∈(m@u)@u

η(v) > α

Furthermore, from definitions 3.2.1 (2) and since sup
v∈(m@(n@w)

η(v) > inf
v∈(m@(n@w)

η(v) > v

sup
v∈(m@(n@w)

η(v) > v ⇒ v ∈ Bα
η

, ∀v ∈ (m@(n@w)

Thus Bα
η

is a (weak, strong) hyper DS

Proposition 3.2.1. Let η : B→ [0,1] be fuzzy (strong, weak) hyper DS of B. Then the following hold:

(1) {m}≺ {n} ⇒ , inf
u∈m@n

η(u) > η(m) , ∀m, n ∈ B,

(2) {m}� {n} ⇒ inf
u∈m@n

η(u) > η(m) , ∀m, n ∈ B.

Proof. Let η : B→ [0,1] be a fuzzy (strong, weak) hyper DS of the hyper BCL–algebra B. By the
definition of such systems (see Definition 3.2.1–3.2.3), for anym, n ∈ B, we have:
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η(m) 6 min
{
η(n), inf

u∈m@n
η(u)
}

=⇒ η(m) 6 η(n); η(m) 6 inf
u∈m@n

η(u)

⇒ inf
u∈m@n

η(u) > η(m) always holds under the given condition.

If {m}� {n} then {m}≺ {n} by 2.1.4 (9)

⇒ {m}� {n} then {m}≺ {n}⇒η(m) 6 inf
u∈m@m

η(u).

Hence, If {m}� {n} then inf
u∈m@n

η(u) > η(m).

In both cases, inf
u∈m@n

η(u) > η(m) holds which completes the proof.

Remark 3.2.1. From Proposition 3.2.1 since: {m}≺ {n} ⇒ inf
u∈m@n

η(u) > η(m) and {m}� {n}

⇒ inf
u∈m@n

η(u) > η(m) and sup
u∈m@n

η(u) > infu∈m@nη(u) > η(m) and inf
u∈m@n

η(u) > η(m).

Then, (1) If {m}≺ {n}, then sup
u∈m@n

η(u) > η(m).

(2) If {m}� {n}, then sup
u∈m@n

η(u) > η(m).

Proposition 3.2.2. Let B be a hyper BCL–algebra and η: B→ [0, 1] be a fuzzy subset such that

η(m) 6 η(n), ∀m, n ∈ B. Then the following hold:

(1) If η is a fuzzy (weak) hyper DS of B, then sup
v∈m@n

η(v) > η(m), and

(2) If η is a fuzzy strong hyper DS of B, then inf
v∈m@n

η(v) > min{η(m), η(n)}.

Proof. Letm, n ∈ B and assume that η(m) 6 η(n).

(1) Since η is a fuzzy (weak) hyper DS B, it satisfies:

sup
v∈m@u

η(v) > η(m), ∀m∈ B by Definitions 3.2.1 and 3.2.1, and

Now taking u= n, we have: sup
v∈m@n

η(v) > η(m) .

(2) Since η is a fuzzy strong hyper DS of B, it satisfies:

inf
v∈m@u

η(v) > η(m), (by Definition 3.2.3) and then inf
v∈m@n

η(v) > η(m), when u = n.

Moreover, since η(m) 6 η(n), it follows that: min{η(m), η(n)} = η(m) and then

inf
v∈m@n

η(v) > η(m) = min{η(m), η(n)} and therefore, inf
v∈m@n

η(v) > min{η(m), η(n)}.
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Theorem 3.2.4. For a hyper BCL–algebra B and a fuzzy subset η : B→ [0, 1], the following

hierarchy holds:

(1) If η is fuzzy strong hyper DS of B, then η is fuzzy hyper DS of B.

(2) If η is fuzzy hyper DS of B, then η is fuzzy weak hyper DS of B.

(3) If η is fuzzy strong hyper DS of B, then η is fuzzy weak hyper DS of B

Proof. Since the axioms for the definitions of fuzzy (weak, strong) hyper DS of B are inter-related
by exchanging inf to sup or sup to inf and since the following:

sup
v∈(m@u)@u

η(v) > inf
v∈(m@u)@u

η(v), ∀m ∈ B, sup
v∈m@(n@w)

η(v) > inf
v∈m@(n@w)

η(v), ∀m, n ∈ B,

we get the proofs for (1) – (2) become straightforward and (3) can be verified by transitivity from
(1) to (2).

Remark 3.2.2. The converses of each of the three statements in Theorem 3.2.4 may not be true,

demonstrated by the subsequent counter example.

Example 3.2.2. Let (B: @, 0) be a hyper BCL–algebra as defined by Table 2.3 of Example 2.3.1

and η1 , η2 : B → [0, 1] be fuzzy subsets. Then the converses of the three statements in Theorem

3.2.4 may not be necessarily true which we explain each converse as follows:

Suppose, η1(m) =


0.9, if m= 0,

0.5, if m= p,

0.1, if m= q, r,

and η2(m) =



0.9, if m= 0,

0.8, if m= p,

0.6, if m= q,

0.2, if m= r.

Then, by mechanical calculations, it has been checked that η1 is fuzzy hyper DS of B and η2 is fuzzy

weak hyper DS of B.

(1) As stated above η1 is fuzzy hyper DS of B and from Table 2.3, since

(p@r)@r = {p, r}@ r = {0, p, r} and inf
v∈(p@r)@r

η1(v) = inf
v∈{0, p, r}

η1(v) = 0.1 > η1(p) = 0.5

which is false ratifying that: η1 is fuzzy strong hyper DS of B if η1 is fuzzy hyper DS of B is not true.

Therefore, the converse: η1 is fuzzy strong hyper DS of B if η1 is fuzzy hyper DS of B is not true.

(2) As stated above η2 is fuzzy weak hyper DS of B. and from Table 2.3, since:
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(p@r)@r= {p, r}@r = {0, p, p} and inf
v∈(p@r)@r

η2(v) = inf
v∈{0, p, r}

η2(v) = 0.2 > η2(p) = 0.8

which is false showing that: η2 is not fuzzy hyper DS of B.

Therefore, η2 is fuzzy hyper DS of B if η2 is fuzzy weak hyper DS of B is not true.

(3) As stated above η2 is fuzzy weak hyper DS of B. and from Table 2.3, since:

p @ (q @ 0) = p @ {q} = {p, r} and

inf
v∈p@(q@0)

η2(v) = inf
v∈{p, r}

η2(v) = 0.2 > min{η2(p), η2(q)} = min{0.8, 0.6} = 0.6 which is false

showing that η2 is not fuzzy strong hyper DS of B.

Therefore, η2 is fuzzy strong hyper DS of B if η2 is fuzzy weak hyper DS of B is not true.

3.3. Fuzzy Hyper Ideals of Hyper BCL–algebra

Under this section, we explore fuzzy hyper ideals in hyper BCL–algebras, which generalize the clas-

sical notion of ideals using fuzzy logic and hyper-operations. Fuzzy hyper ideals measure how well

elements fit into an ideal based on their degree of membership. We define fuzzy weak hyper ideal,

fuzzy hyper ideal, and fuzzy strong hyper ideals, and their properties are analyzed through theorems

and illustrative examples. Their relationships and differences are also discussed in detail.

Definition 3.3.1. Let (B; @ , 0) be hyper BCL–algebra. Then a fuzzy subset η : B→ [0, 1] is called

a fuzzy hyper ideal of B if, ∀m, n, u, v w ∈ B:

(i) η(m) > min{η(n), sup
u∈m@n

η(u)}

(ii) sup
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}

Definition 3.3.2. Let (B; @ , 0) be hyper BCL–algebra. Then a fuzzy subset η : B→ [0, 1] is called

a fuzzy weak hyper ideal of B if, ∀m, n, u, v w ∈ B:

(i) η(m) > min{η(n), inf
u∈m@n

η(u)}

(ii) sup
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}
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Definition 3.3.3. Let (B; @ , 0) be hyper BCL–algebra. Then a fuzzy subset η : B→ [0, 1] is
called a fuzzy strong hyper ideal of B if, ∀m, n, u, v w ∈ B:

(i) η(m) > min{η(n), sup
u∈m@n

η(u)}

(ii) inf
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}

Example 3.3.1. Let (B; @, 0) be a hyper BCL–algebra as defined in Table 2.3 of Example 2.3.1 and
define fuzzy subsets η1 , η2 , η3 : B→ [0, 1] by:

η1(m) =


0.9, if m= 0,

0.7, if m= p,

0.1, if m= q, r,

, η2(m) =



0.9, if m= 0,

0.5, if m= p,

0.4, if m= q,

0.2, if m= r,

, η3(m) =

{
0.8, if m= 0,

0.3, if m= p, q, r.

From Example 3.3.1, fuzzy subset η1 is fuzzy (weak) hyper ideal of B but not fuzzy strong hyper ideal

of B. Also, η2 is fuzzy weak hyper ideal of B but not fuzzy hyper ideal of B nor fuzzy strong hyper

ideal of B. Additionally, η3 is fuzzy (weak, strong) hyper ideal of B with the following explanations,

taking some cases and similar steps can follow for all the remaining cases.

(1) First we show for is fuzzy (weak) hyper ideal of B but not fuzzy strong hyper ideal of B by taking

the casem = p, n = 0, and w = q:

(i) η1(p) > min{ η1(0), sup
u∈p@0

η1(u)} ⇒ η1(p) > min{ η1(0), η1(p)}, as p@ 0 = {p}

⇒ 0.7 > min{0.9, 0.7} = 0.7, (the first axiom for fuzzy hyper ideal holds) and

η1(p) > min{ η1(0), inf
u∈p@0

η1(u)} ⇒ η1(p) > min{ η1(0), η1(p)}, as p@ 0 = {p}

⇒ 0.7 > min{0.9, 0.7} = 0.7, (the first axiom for fuzzy weak hyper ideal also holds)

(ii) sup
v∈(p@(0@q))@q

η1(v) > min{ η1(0), η1(p)}

⇒ sup
v∈{ p, r}

η1(v) > min{ η1(0), η1(p)}, as (p@(0@q))@q = (p@{0})@q = {p}@q = {p, r}

⇒ sup
v∈{p, r}

η1(v) = max{η1(p), η1(r)} = max{0.7, 0.1} = 0.7

> min{ η1(0), η1(p)} = min{0.9, 0.7} = 0.7,

(the second axioms for fuzzy (weak) hyper ideals hold since both have the same second axiom)

(iii) But taking the second axiom of fuzzy strong hyper ideal of B, we have the following:
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inf
v∈(p@(0@q))@q

η1(v) > min{ η1(0), η1(p)} and (p@(0@q))@q = (p@{0})@q = {p}@q = {p, r}

⇒ inf
v∈{p, r}

η1(v) > min{ η1(0), η1(p)}, and

inf
v∈{p, r}

η1(v) = min{η1(p), η1(r)} = min{0.7, 0.1} = 0.1

⇒ sup
v∈{p, r}

η1(v) = η1(r) = 0.1 > min{ η1(0), η1(p)} = min{0.9, 0.7} = 0.7, which is false

and hence, η1 is not fuzzy strong hyper ideal of B because the second axiom does not

hold, as shown above.

(2) Second we show for η2 is fuzzy weak hyper ideal of B but not fuzzy (strong) hyper ideal of B,

by taking the casem = p, n = 0, and w = r:

(i) η2(p) > min{ η2(p), inf
u∈p@p

η2(u)} ⇒ η2(p) > min{ η2(p), inf
u∈{0, p}

η2(u)}, as p@p = {0, p}

⇒ η2(p) > min{ η2(p), η2(p)}, as inf
u∈{0, p}

η2(u) = η2(p) since η2(0) > η2(p), ∀p ∈ B

⇒ 0.5 > min{0.5, 0.5} = 0.5, (the first axiom for fuzzy weak hyper ideal holds) and

(ii) sup
v∈(p@p(@r))@r

η2(v) > min{ η2(p), η2(p)} = η2(p)

⇒ sup
v∈{0, p, r}

η2(v) > min{ η2(p), η2(p)} = η2(p), as (p@(p@r))@r = {0, p, r}

⇒ sup
v∈{0, p, r}

η2(v) = η2(0) = 0.9 > η2(p)} = 0.5,

(the second axiom for fuzzy weak hyper ideal holds)

(iii) But taking the first axioms of fuzzy (strong) hyper ideal of B (as both have the same

first axioms), we have the following:

η2(p) > min{ η2(0), sup
u∈p@p

η2(u)} ⇒ η2(p) > min{ η2(0), sup
u∈{0, p}

η2(u)}, as p@p = {0, p}

⇒ η2(p)> min{ η2(0), η2(0)} = η2(0), as sup
u∈{0, p}

η2(u) = η2(0) since η2(0)> η2(p), ∀p ∈ B

⇒ 0.5 > 0.9, which is false (the first axioms for fuzzy (strong) hyper ideal do not hold)

and hence, η2 is not fuzzy (strong) hyper ideal of B because the first axioms do not

hold, as shown above.

(3) In a similar fashion, we can justify that η3 is fuzzy (weak, strong) hyper ideal of B by taking
different cases like for (1) and (2) above.
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Proposition 3.3.1. For a hyper BCL–algebra B, the following hold:

(1) Every fuzzy strong hyper ideal of B is fuzzy hyper ideal of B.

(2) Every fuzzy hyper ideal of B is fuzzy weak hyper ideal of B.

(3) Every fuzzy strong hyper ideal of B is fuzzy weak hyper ideal of B.

(4) Let η : B→ [0, 1] be fuzzy (weak) hyper ideal of B. Then η(0) > η(m), ∀m ∈ B.

Proof. (1) Let η be fuzzy strong hyper ideal of B. Then we need to prove η is fuzzy hyper ideal:

Definition 3.3.1 (i) and Definition 3.3.3 (i) are the same, so we need to prove Definition 3.3.3 (ii)

and Definition 3.3.1 (ii).

Then Definition 3.3.3 (ii): inf
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}

⇒ sup
v∈(m@(n@w))@w

η(v) > inf
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}

⇒ sup
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}

since, sup
v∈(m@(n@w))@w

η(v) > inf
v∈(m@(n@w))@w

η(v), ∀m, n ∈ B

Therefore, by the above justifications, we ratify that every fuzzy strong hyper ideal is fuzzy hyper
ideal of a hyper BCL–algebra

(2) Definition 3.3.1 (ii) and Definition 3.3.2 (ii) are the same so we need to prove Definition

3.3.1 (i) implies Definition 3.3.2 (i) and then:

Definition 3.3.1 (i): η(m) > min
{
η(n), sup

u∈m@n
η(u)
}

⇒ η(m) > min
{
η(n), sup

u∈m@n
η(u)
}
> min

{
η(n), inf

u∈m@n
η(u)
}

since, sup
u∈m@n

η(u) > inf
u∈m@n

η(u)

Thus, n η(m) > min
{
η(n), inf

u∈m@n
η(u)
}

Therefore, by the above justifications, we ratify that every fuzzy hyper ideal is fuzzy weak hyper
ideal of a hyper BCL–algebra

(3) Definition 3.3.3 (ii) and Definition 3.3.1 (ii) are the same. Thus we only need to show that

(i) Definition 3.3.3 (i) implies Definition 3.3.1 (i) so that:

Definition 3.3.3 (i): η(m) > min
{
η(n), sup

u∈m@n
η(u)
}
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η(m) > min{η(n), sup
u∈m@n

η(u)} > min{η(n), inf
u∈m@n

η(u)

since, sup
u∈m@n

η(u) > inf
u∈m@n

η(u)

Thus, η(m) > min{η(n), inf
u∈m@n

η(u)}, Definition 3.3.1 (i)

(ii) Definition 3.3.3 (ii): inf
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}

sup
v∈(m@(n@w))@w

η(v) > inf
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)},

since, sup
v∈(m@(n@w))@w

η(v) > inf
v∈(m@(n@w))@w

η(v)

Thus, sup
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}, Definition 3.3.1 (ii).

Therefore, by the above justifications, we ratify that every fuzzy strong hyper ideal is fuzzy weak
hyper ideal of a hyper BCL–algebra

(4) Suppose η : B→ [0, 1] is fuzzy (weak) hyper ideal of B.

Then since B 6= ∅, ∃m ∈ B such that 0 ∈ (m@(m@m))@m by Proposition 2.1.2 (iv),

sup
v∈(m@(m@m))@m

η(v) = η(0) and by Definitions 3.3.1 (ii) and 3.3.2 (ii) we have:

η(0) = sup
v∈(m@(m@m))@m

η(v) > min{η(m), η(m)} = η(m)⇒ η(0) > η(m), ∀m ∈ B.

Note: Let η be a fuzzy hyper set in a hyper BCL–algebra. Then, generally;

η is fuzzy strong hyper ideal⇒ η is fuzzy hyper ideal⇒ η is fuzzy weak hyper ideal of B.

Remark 3.3.1. For a hyper BCL–algebra B, the converses in Proposition 3.3.1 (1), (2) and (3) are
not necessarily true; in other words the following may not be necessarily true:

(1) Every fuzzy weak hyper ideal of B may not be fuzzy strong hyper ideal of B.

(2) Every fuzzy hyper ideal of B may not be fuzzy weak hyper ideal of B.

(3) Every fuzzy hyper ideal of B may not be fuzzy strong hyper ideal of B.

All of these statements, (1) – (3) above, are demonstrated by the subsequent counter example.

63



Example 3.3.2. Let the fuzzy subset η on the BCL–algebra B of Example 2.2 Table 2.2 be defined

as follows: η(m) =


0.9, if m= 0,

0.7, if m= q,

0.4, if m= p, r.

(1) Then, based on Table 2.2 of Example 2.2.2, η is a fuzzy weak hyper ideal but we have the
following for fuzzy strong hyper ideal as axiom (iii) of fuzzy strong hyper ideal fails:

(iii) inf
u∈(m@(n@w))@w

η(u) > min{η(m), η(n)}
)
, for (q@(q@q))@q = {0, p, q, r}, and

sup
u∈(q@(q@q))@q

η(u) = sup{η(0), η(p), η(q), η(r)} = sup{0.9, 0.7, 0.4, 0.4} = 0.9

> min{η(m), η(n), η(w)} = min{η(q), η(q), η(q)} = η(q) = 0.7

which is true axiom (iii) of fuzzy (weak) hyper ideal

inf
u∈(q@(q@q))@q

η(u) = inf{η(0), η(p), η(q), η(r)} = inf{0.9, 0.7, 0.4, 0.4} = 0.4 > 0.7

which is false showing that axiom (iii) for fuzzy strong hyper ideal fails. Hence η is a fuzzy

(weak) hyper ideal but not fuzzy strong hyper ideal of B, when the hyper operation is as defined

in Table 2.2 of Example 2.2.2, above.

(2) Based on Table 2.3 of Example 2.3.1, above, η is fuzzy weak hyper ideal but not fuzzy hyper

ideal of B since p@q = {q, r} leads to show η is a fuzzy weak hyper ideal of B but not fuzzy

hyper ideal of B as the second axiom of fuzzy weak hyper ideal holds while for fuzzy hyper

ideal fails to hold as explained below:

(ii) η(p) > min{η(q), inf
u∈p@q

η(u)}; η(p) > min{η(q), sup
u∈p@q

η(u)}; p@q = {q, r}

η(p) = 0.4 > min{η(q), inf
u∈p@q

η(u)} = min{0.7, min{0.7, 0.4}} = min{0.7, 0.4}} = 0.4

which is true showing that η is weak hyper ideal, however, checking for fuzzy hyper ideal:

η(p) = 0.4 > min{η(q), sup
u∈p@q

η(u)} = min{0.7, sup{0.7, 0.4}} = min{0.7, 0.7} = = 0.7

which is false showing that η is not fuzzy hyper ideal of B.

Therefore, η is a fuzzy weak hyper ideal but not a fuzzy hyper ideal of B, when the hyper

operation is as defined as in Table 2.3 of Example 2.3.1, above.

(3) η is fuzzy weak hyper ideal of B; η is fuzzy strong hyper ideal of B and

η is fuzzy hyper ideal of B; η is fuzzy weak hyper ideal of B.

⇒ η is fuzzy hyper ideal of B; η is fuzzy strong hyper ideal of B, by transitivity
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⇒ If η is fuzzy hyper ideal of B then ηmay not be fuzzy strong hyper ideal of B, by transitivity

⇒ Every fuzzy hyper ideal of B may not be fuzzy strong hyper ideal of B, by transitivity.

Theorem 3.3.1. Let η be a fuzzy weak hyper ideal of B such that η is injective and satisfies:

η(m) = min{η(n), sup
u∈m@n

η(u)}, inf
v∈(m@(n@w))@w

η(v) = min{η(m), η(n)}, ∀m, n ∈ B.

Then η is a fuzzy strong hyper ideal of B.

Proof. We are given that η is a fuzzy weak hyper ideal. To prove that η is a fuzzy strong hyper ideal,
we must verify the following two axioms (as in Definition 3.3.3:

(i) η(m)>min{η(n), sup
u∈m@n

η(u)}, ∀m, n ∈ B.

(ii) inf
v∈(m@(n@w))@w

η(v)>min{η(m), η(n)}, ∀m, n, w ∈ B.

(i) By assumption, for everym, n ∈ B, we have, η(m) = min {η(n), sup
u∈m@n

η(u)}.

This is a stronger condition than what is required in the definition of fuzzy strong hyper

ideal because: η(m) > min {η(n), sup
u∈m@n

η(u)} and hence axiom (i) is satisfied.

(ii) The key part is to check that: inf
v∈(m@(n@w))@w

η(v) > min{η(m), η(n), η(w)}.

We are given that ∀v ∈ (m@(n@w))@w, η(v) = min{η(m), η(n)}.

Taking the infimum over all such v gives: inf
v∈(m@(n@w))@w

η(v) = min{η(m), η(n)}.

Therefore, inf
v∈(m@(n@w))@w

η(v) >min{η(m),η(n)}, which establishes axiom (ii).

In conclusion, the injectivity of the fuzzy subset η ensures that no two distinct elements in B share

the same membership degree, making the equality conditions meaningful and avoiding trivial cases

where η is constant. This guarantees that the given equalities in the hypothesis enforce the exact

structure required by axioms (i) and (ii). Since the two axioms of fuzzy strong hyper ideals are sat-

isfied, we conclude that η is a fuzzy strong hyper ideal of B.

Proposition 3.3.2. Let η : B→ [0, 1] be fuzzy (weak, strong) hyper ideal of B and m, n, w ∈ B.
Then the following hold:

(1) {n} =m @ n⇒ η(m) > η(n)

(2) {m} ≺ {n} ⇒ η(m) > η(n);

(3) m � n ⇒ η(m) > η(n).
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Proof. (1) Let {n} =m @ n ⊆ I ⇒ η(n) = sup
u∈m@n

η(u) = inf
u∈m@n

η(u) = η(m@n) and by

axiom (i) of either of Definitions 3.3.1, 3.3.2, 3.3.3, we have:

η(m) > min{η(n), sup
u∈m@n

η(u)} = min{η(n), η(n)} = η(n)} ⇒ η(m) > η(n)}.

Therefore, η(m) > η(n)

(2) Let {m} ≺ {n} ⇒ 0 ∈m @ n ⇒ η(0) = sup
u∈m@n

η(u)

By Definitions 3.3.2 (i), 3.3.3 (i) we have; η(m) > min{η(n), sup
u∈m@n

η(u)}

⇒ η(m) > min{η(n), η(0)} = η(n) as η(0)} = η(n), ∀n ∈ B, by Proposition 3.3.1 (4)

⇒ η(m) > η(n)

(3) Letm � n. Thus 0 ∈m @ n.

Following similar patterns as (2), we obtain: η(m)>min{η(n), sup
u∈m∈m@n

η(u)} > η(n)

Lemma 3.3.1. Let η be a fuzzy (weak, strong) hyper ideal of B. Then if η is onto then η(0) = 1.

Proof. If η is onto, ∃n ∈ B such that η(n) = 1 and since η(0) > η(n), ∀n ∈ B, implies η(0) = 1.
Then Definitions 3.3.1 - enforces η(0) > η(m), ∀m ∈ B, (similar to the proof of Lemma 3.1.1).

Theorem 3.3.2. Let ∅ 6= M be a subset of a hyper BCL–algebra B and let δ, σ∈[0, 1] with δ>σ.

Let η be a fuzzy subset in B defined by η(m) =

δ, if m ∈ M,

σ, if m /∈ M.

Then η is a fuzzy (weak, strong) hyper ideal of B if and only if M is a (weak, strong) hyper

ideal of B, respectively.

Proof. We prove the theorem by considering both directions (in a similar way as Theorem 3.2.2

except the difference with structures of the axioms so that we want to show some directions to relate

these two theorems).

Assume that η is a fuzzy (weak, strong) hyper ideal of B.

We need to show thatM is a (weak, strong) hyper ideal of B.

(i) For the defining conditions of fuzzy hyper ideals, ifm,n ∈M, then:

η(m) = δ, η(n) = δ.

Thus, from the fuzzy hyper ideal axiom we have: δ = η(m) > min
{
η(n), sup

u∈m@n
η(u)
}

.
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Since δ > σ, it follows that sup
u∈m@n

η(u) = δ so that u ∈M for all u ∈m@n.

Hence,m@n⊆M.

(ii) Similarly, from axiom (ii) of fuzzy (weak, strong) hyper ideal we have:

sup
v∈(m@(n@w))@w

η(v) > min{η(m), η(n)}.

Ifm,n ∈M, then the right-hand side equals δ, so that sup
v∈(m@(n@w))@w

η(v) = δ,

which implies v ∈M, ∀v ∈ (m@(n@w))@w.

Therefore,M is a (weak, strong) hyper ideal of B.

Conversely, assume thatM is a (weak, strong) hyper ideal of B.

Then, we need to show that η is a fuzzy (weak, strong) hyper ideal of B.

(i) Letm,n ∈ B. Ifm ∈M, then η(m) = δ.

SinceM is a hyper ideal, for all u ∈m@n we have u ∈M, and hence η(u) = δ.

Therefore, η(m) = δ > min{η(n), sup
u∈m@n

η(u)}.

Ifm /∈M, then η(m) = σ. Since σ < δ, the inequality still holds because the minimum

on the right-hand side is always bounded above by σ.

(ii) For axiom (ii), letm,n,w ∈ B.

Ifm,n ∈M, then for every v ∈ (m@(n@w))@w, by closure v ∈M, so η(v) = δ.

Hence, sup
v∈(m@(n@w))@w

η(v) = δ > min{η(m), η(n)}.

If at least one of m,n is not in M, then the right-hand side is σ, and the inequality holds
automatically.

Thus η satisfies the axioms of fuzzy (weak, strong) hyper ideal of B.

Then, we conclude that η is a fuzzy (weak, strong) hyper ideal of B if and only ifM is a

(weak, strong) hyper ideal of B.

Corollary 3.3.1. Let I be a nonempty subset of a hyper BCL–algebra B and χ be the Characteristic

function defined by: χ(m) =

1, if m ∈ I,

0, if m /∈ I.

Then χ is a fuzzy (weak, strong) hyper ideal of B if and only if I is a (weak, strong) hyper ideal
of B, respectively.
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Proof. Following directly from Theorem 3.3.2, by setting δ = 1 and σ = 0 so that χ is just the

special case of η when the membership values are chosen at extreme levels of the interval [0, 1].

Therefore, χ is fuzzy (weak, strong) hyper DS of B if and only if I is (weak, strong) DS of B.

Theorem 3.3.3. Let η be a fuzzy (weak, strong) hyper ideal of a hyper BCL–algebra B, and let
α ∈ (0,1]. Then the non-empty set: Bα

η
= {m ∈ B : η(m) > α} is a (weak, strong) hyper ideal of B.

Proof. Let B be hyper BCL–algebra and η : B→ [0, 1] be fuzzy (weak, strong) hyper ideal in B

such that Bα
η

= {m ∈ B : η(m) > α}. Then we claim that Bα
η

is (weak, strong) hyper ideal of B.

(1) Let n ∈ Bα
η

and m@n⊆ Bα
η

, then η(v) > α, ∀v ∈m@n and η(n) > α

⇒ sup
v∈m@n

η(v) > α and η(n) > α.

From a fuzzy hyper ideal (Definition 3.3.1 (i)), we have: η(m) > min{η(n), sup
u∈m@n

η(u)}.

⇒ η(m) > min{η(n), sup
u∈m@n

η(u)} > min{α, α} α⇒ η(m) > α ⇒m ∈m ∈ Bα
η

,

Thus, the first axiom for hyper ideal holds.

(2) Letm, n, w ∈ Bα
η
⇒ η(m) > α, η(n) > α and from Definition 3.3.1 (ii):

sup
v∈(m@(n@w))@w

η(v) > min{η(n), η(m)} > min{α, α} = α

⇒ sup
v∈(m@(n@w))@w

η(v) > α ⇒ v ∈ Bα
η

, ∀v ∈ (m@(n@w))@w⇒ (m@(n@w))@w ⊆ Bα
η

Thus, the second axiom for hyper ideal holds.

Therefore, By (1) and (2) above, Bα
η

is hyper ideal of B.

(3) Since 0 ∈ B⇒ η(0) > η(m) > α⇒ η(0) > α⇒ 0 ∈ Bα
η

Thus, the first axioms for weak hyper ideal strong hyper ideal hold.

(4) Let n ∈ Bα
η

andm@n ≺ Bα
η
⇒ η(n) > α and (∃u ∈m@n) (∃v ∈ Bα

η
) (0 ∈ u@v)

⇒ η(n) > α and sup
w∈u@v

η(w) > α⇒ η(n) > α and sup
u∈m@n

η(u) > α

From Definition 3.3.1 (i): η(m) > min{η(n), sup
u∈m@n

η(u)} > min{η(n), inf
u∈m@n

η(u)}

> min{α, inf
u∈m@n

η(u)} > α ⇒ η(m) > α⇒m ∈ Bα
η

Therefor, by (2), (3) and (4) above, Bα
η

is weak hyper ideal of B.

(5) By (3) for the first axiom, following similar patterns as for the above for the second and third

axioms of definition of strong hyper ideal, we can show that Bα
η

is strong hyper ideal of B.
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Lemma 3.3.2. Let (B; @ , 0) be a hyper BCL–algebra and η be fuzzy (weak, strong) hyper ideal
of B such thatm, n, w ∈ B. Then the following hold:

(1) m@n � {w}⇒ η(m) > η(n);

(2) m@n ≺ {w} ⇒ η(m) > η(n)

Proof. (1) Letm @ n � {w} ⇒ u � w, ∀u ∈m @ n

By the fuzzy hyper ideal property, (order-reversing), η(u) > η(w)

By Definition 3.3.1 (ii): η(m) > min{η(n), inf
u∈m∈m@n

η(u)}

⇒ inf
u∈m∈m@n

η(u) > η(w) and η(w) > η(n) ⇒ η(m) > η(n)

(2) Letm @ n ≺ {w}. Then ∃u ∈m @ n 3/ u � w.

Then, following similar patterns as (1) above, we get:

η(m) > min{η(n), η(u)}. n ∈ I andm @ n � {w}⇒ η(m) > η(n)

Remark 3.3.2. In a hyper BCL-algebra, there is no correspondence among fuzzy (weak, strong)

hyper subalgebras, fuzzy (weak, strong) hyper deductive systems, and fuzzy (weak, strong) hyper

ideals, as for one of the cases that a fuzzy hyper SA may not be fuzzy hyper ideal and the converse

deos not hold either is demonstrated by the following counterexample, and also similar results apply

to the other similar correspondences

Example 3.3.3. Suppose (B; @, 0) is a hyper BCL-algebra where B = {0, p, q, r} is as defined in
Table 2.3 and define two fuzzy subsets η1 and η2 as follows:

η1(m) =


1, if m= 0

0.8, if m= q,

0.3, if m= p, r

η2(m) =

{
0.8, if m= p,

0.3, if m= 0, q, r

Then, η1 is fuzzy hyper SA but not fuzzy hyper ideal and η2 is fuzzy hyper ideal but not fuzzy

hyper SA as justified below:

(1) To show that η1 is fuzzy hyper SA but not fuzzy hyper ideal of B, we takem = r, n = q,

as a demonstrating example:

(i) η1(0) = 1 > η1(m), ∀m ∈ B

(ii) inf
u∈m@n

η1(u) = inf
u∈r@q

η1(u) = inf
u∈{0, p}

η1(u) = 0.3 > min{η1(r, η1(q}= min{0.8, 0.3}= 0.3

holds and also it holds for all the others in similar ways and hence η1 is fuzzy hyper SA of B.
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However, since η1(m) η1(r) = 0.3 > {η1(n), sup
u∈(m@n)

η1(u)} = {η1(q), sup
u∈(r@q)

η1(u)}

= {η1(q), sup
u∈(0, p)

η1(u)} = {0.8, max{1, 0.3}} = min{0.8, 1} = 0.8 which is false so that

η1 is not fuzzy hyper ideal of B.

(2) To show η2 is fuzzy hyper ideal but not fuzzy hyper SA, we takem = r, n = q, w = r

as a demonstrating example:

(i) η2(m) η2(r) = 0.3 > {η2(n), sup
u∈(m@n)

η2(u)} = {η2(q), sup
u∈(r@q)

η2(u)}

inf
u∈r@q

η2(u) = inf
u∈{0, p}

η2(u) = min{η−2(0), η−2(p)}= 0.3 > min{η2(r), η2(q)}

= min{0.3, 0.8} = 0.3 holds and similarly for the other choices ofm, n ∈ B.

(ii) Since (m@(n@w))@w = (r@(q@r))@r = (r@{q, r})@r = {0, p, r}@r = {0, p, r}

sup
u∈(m@(n@w))@w

η2(u) = sup
u∈(r@(q@)r))@r

η2(u) = sup
u∈{0, p, r}

η2(u) = max{η2(0), η2(p), η2(r)}

= max{0.3, 0.8, 0.3} = 0.8 > min{η2(r), η2(q)} = min{0.3, 0.3} = 0.3 holds

inf
u∈r@q

η2(u) = inf
u∈{0, p}

η2(u) = min{η−2(0), η−2(p)}= 0.3 > min{η2(r), η2(q)}

= min{0.3, 0.8} = 0.3 holds and similarly for the other choices ofm, n ∈ B.

Hence, η2 is fuzzy hyper ideal of B; however, η2 is not fuzzy hyper SA of B by the next reason:

η2(0) = 0.3 > η2(p) = 0.8 is false which tells us that one of the axioms for fuzzy hyper SA does

not hold so that η2 is not fuzzy hyper SA of B.
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Chapter 4
Pythagorean Fuzzy Structures of

BCL–Algebra

In this chapter, we introduce the notions of a fuzzy subalgebra, fuzzy deductive system, fuzzy ideal

and Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive system, and Pythagorean fuzzy

ideal of BCL–algebra. Alongside, we state and prove different theorems, explore the relations among

each structures, discuss some properties of the operations like intersection and union of each of the

structures, and attempt to investigate some relevant results.

For this section and the subsequent sections; unless otherwise specified, we denote B and BP for

”BCL–Algebra (B; ~, 0)” and ”Pythagorean fuzzy set (η, τ)”, respectively, where the functions:

η : L→ [0, 1] and τ : L→ [0, 1] define the degrees of membership and non-membership,

respectively, satisfying the condition: 0 6 (η(m))2 + (τ(m))2 6 1.

In this chapter and the subsequent ones, we shall use the abbreviations SA and DS
to denote subalgebra and deductive system, respectively.

4.1. Fuzzy Substructures of BCL–Algebra

Under this section, we define fuzzy subalgebra (SA) of BCL–algebra and then discuss some proper-

ties and theorems on fuzzy SA of BCL–algebra accompanied by corresponding proofs.

In this section, we newly define SA, fuzzy SA, DS, fuzzy DS, ideal and fuzzy ideal of the BCL–

algebra; (B, ~, 0) one by one and then following each of these definitions, we explore different

relevant properties as theorems, lemmas, propositions with proofs.

Definition 4.1.1. Let η : B→ [0, 1] be a fuzzy subset on the BCL–algebra, B. Then we call the

fuzzy subset η on B is square deviation of η, if and only if
(
η(m)

)2 = 1 − (η(m))2, ∀m ∈ B.
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Remark 4.1.1.

(1) For the square deviation η on B, η : B→ [–1, 1] since ∀m ∈ B,
(
η(m)

)2 = 1 − (η(m))2

⇒ η(m) = ±
√

1 −
(
η(m)

)2 ⇒ η : B→ [–1, 1].

(2) The Square deviation η could be also defined in any non-empty set R of any algebra like

BCI/BCK-algebra as η : R→ [–1, 1].

(3) For a fuzzy subset η : R→ [0, 1] and its square deviation η : R→ [0, 1] of a non-empty set

R we have the following:
(
η(m)

)2 +
(
η(m)

)2 =
(
η(m)

)2 +
(
1–
(
η(m)

)2) = 1

⇒
(
η(m)

)2 +
(
η(m)

)2 = 1⇒ 0 6
(
η(m)

)2 +
(
η(m)

)2
6 1

Proposition 4.1.1. Let (B; ~, 0) be a BCL–algebra and let η : B→ [0, 1] be a fuzzy subset. For the

complement η and square deviation η of η, we have the following:

(1)
(
η(m)

)2 > η(m), ∀m ∈ B,

(2)
(
η(m)

)2 >
(
η(m))2), ∀m ∈ B.

Proof. (1) Since η(m) ∈ [0, 1], ∀m ∈ B⇒ η(m) >
(
η(m)

)2⇒ – η(m) 6 –
(
η(m)

)2

⇒ 1– η(m) 6 1–
(
η(m)

)2 ⇒ 1– η(m) = η 6 1–
(
η(m)

)2 =
(
η(m)

)2

⇒ η(m) 6
(
η(m)

)2 or
(
η(m)

)2
> η(m)

(2)
(
η(m)

)2 =
(
1 − η(m)

)2 =
(
1 − η(m)

)(
1 − η(m)

)
6
(
1 − η(m)

)(
1 + η(m)

)
= 1 –

(
η(m)

)2 =
(
η(m)

)2

⇒
(
η(m)

)2
6
(
η(m)

)2 or
(
η(m)

)2
>
(
η(m)

)2

Definition 4.1.2. Let S be a nonempty subset of the BCL–algebra, B. Then S is called subalgebra

(SA) of B if and only ifm ~ n ∈ S, ∀m, n ∈ S.

Example 4.1.1. Let B =
{

0, p, q, r
}

be a set and let ~ as defined in Table 1.1 of Example 1.1.1

above. Then (B; ~, 0) is a BCL–algebra (See [42]), and besides, we have the following:

(1) {0}, {0, p}, {0, q}, {0, r}, {0, p, r}, B are SAs of B,

(2) {0, p, q}, {p, q}, {p, r}, {q, r}, {p, q, r} are not SAs of B, for 0 6= p, 0 6= q, 0 6= r.

Exampes 4.1.1 (1) and (2) are explained as follows taking some cases :
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(1) 0 ~ 0 = 0 ∈ {0}, 0 ~ 0 = 0 ~ p = p ~ p = 0 ∈ {0, p}, p ~ 0 = p ∈ {0, p};

0 ~ p = 0 ~ r = p ~p = r ~ r = r ~p = 0 ~ 0 = 0 ∈ {0, p, r},

p ~ 0 = p ~ r = p = {0, p, r}, and so on, and hence all listed in (1) are SAs of B..

(2) p~q = r /∈ {0, p, q}; p~q = r /∈ {p, q}; r~p = 0 /∈{p, r}; r~q = 0 /∈ {q, r};

r ~ p = 0 /∈ {p, q, r} and hence all listed in (2) are not SAs of B.

Lemma 4.1.1. Let B be a BCL–algebra and S be SA of B, then 0 ∈ S.

Proof. Since S 6= ∅, ∃m ∈ S such thatm~m = 0 ∈ S⇒ 0 ∈ S (by Definition 1.1.8 (i)

Proposition 4.1.2. Let S be SA of a BCL–algebra B. Then ∀m ∈ S,m~ 0 ∈ S.

Proof. By Lemma 4.1.1, we have 0 ∈ S and by definition of SA, form ∈ S, we have:

0 ~m,m~ 0 ∈ S⇒m~ 0 ∈ S.

Theorem 4.1.1. Let B be a BCL–algebra. Then B and {0} are (trivial) SAs of B.

Proof. Since B is a BCL–algebra, B is closed under ~ and by definition and 0 ~ 0 = 0 ∈ {0}.
Therefore B and {0} are (trivial) SA of B.

Definition 4.1.3. A non-empty subset D of BCL–algebra (B; ~, 0) is called a deductive system (DS)

of B if it satisfies, ∀m, n, u, w ∈ B:

(i) m ∈ D⇒ (m ~ u) ~ u ∈ D,

(ii) m, n ∈ D⇒m ~ (n ~ w) ∈ D.

Example 4.1.2. Let ~ be as defined in Table 1.1 of Example 1.1.1 of B =
{

0, p, q, r
}

.

Then in Table 1.1, it has been shown that B is a BCL–algebra. Furthermore, by mechanical calcu-

lations, we have checked that:

(1) {0}, {0, p, r}, {0, q, r} and B are DSs of B but

(2) {p}, {q}, {r}, {0, p}, {0, q}, {p, r}, {p, r}, {q, r}, {0, p, q}, {p, q, r} are not DSs of B.

We can explain Example 4.1.2 by looking at a few cases to show the pattern for the others in

the following ways:

(1) Take D ={0, p, r} and u = w = q. Then:

(i) (0~q)~q = 0~q = 0 ∈ D, (p~q)~q = r~q = 0 ∈ D, (r~q)~q = 0~q = 0 ∈ D, and so on

(ii) 0~(p~q) = 0~r= 0∈D, p~(r~q) = p~0 = p∈D, (r~(p~q) = r~r= 0∈D, and so on
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(2) Take E = {0, p, q} and w = r ∈ B and we justifying that in one of the expressions one

axiom fails to be satisfied and hence:

(q~(p~r) = q~p = r /∈ E, showing that the second axion for DS of B fails, and so on

Lemma 4.1.2. If D is a DS of the BCL–algebra, (B; ~, 0), then 0 ∈ D.

Proof. Suppose D is DS of B.

D 6= ∅ ⇒ ∃m ∈ D such that (m ~m) ~m ∈ D⇒ 0 ~m = 0 ∈ D (by Definition 1.1.8 (i)).

Proposition 4.1.3. Let D be DS of a BCL–algebra B. Ifm ∈ D thenm~ 0 ∈ D

Proof. Let D be DS of a BCL–algebra B such thatm ∈ D. Also by Lemma 4.1.2

0 ∈ D. Now take n = 0 and using Definition 4.1.3 (ii), we have,m, n ∈ D⇒ m~ (n~w) ∈ D

⇒ m~ (0 ~w) ∈ D ⇒ m~ 0 ∈ D, since 0 ~w = 0 by Proposition 2.1.1 (3).

Alternatively, sincem ~ 0 =m, ∀m ∈ B by Proposition 2.1.1 (5), thenm ∈ D⇒m ~ 0 =m ∈ D.

Therefore,m~ 0 ∈ D, ∀m ∈ D.

Definition 4.1.4. For a non-empty-subset I of B, we say that I is called an ideal of B if and only if

the following axioms are satisfied, ∀m, n, w ∈ B

(i) m~n ∈ I and n ∈ I⇒m ∈ I, and

(ii) m, n ∈ I ⇒
(
m~ (n~w)

)
~w ∈ I.

Example 4.1.3. Let the BCL–algebra (B; ~, 0) be as defined in Table 1.1 of Example 1.1.1. Thus

from the table, the following can be easily obtained:

(1) {0}, {0, r}, B are ideals of BCL–algebra, B,

(2) {p}, {0, p}, {p, r}, {q, r}, {0, p, q} and {0, p, r} are not ideals of B.

We can explain Example 4.1.3 by looking at a few cases to show the pattern for the others in

the following ways:

(1) Take I = {0, r}:

(i) 0, r~0 = r ∈ I⇒ q ∈ I and r, 0~r = 0 ∈ I⇒ 0 ∈ I, hold, and so on.

(ii) Let w = p :
(
0 ~ (r~ p)

)
~ p =

(
0 ~ 0

)
~ p = 0 ~ p = 0 ∈ I holds,

and
(
r~ (0 ~ p)

)
~ p =

(
r~ 0

)
~ p = r~ p = 0 ∈ I holds, and so on.

(2) Take J = {0, p}, w = q, then:
(
p~ (0 ~ q)

)
~ q =

(
p~ 0

)
~ q = p~ q = r /∈ J,

that is one condition for one of the axioms fails, and so on.
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Lemma 4.1.3. If I is an ideal of a BCL–algebra, (B; ~, 0), then 0 ∈ I.

Proof. Suppose I is an ideal of a BCL–algebra B.

I 6= ∅ ⇒ ∃m ∈ I such that (m~ (m~m))~m ∈ I (by Definition 4.1.4 (ii))

⇒ (m~ 0))~m ∈ I, sincem~m = 0 by Definition 1.1.8 (i)

⇒m~m ∈ I, sincem~ 0 =m by Proposition 2.1.1 (4)

⇒m~m = 0 ∈ I (sincem~m = 0 by Definition 1.1.8 (i)).

Proposition 4.1.4. Let I be an ideal of a BCL–algebra with m, n ∈ B and 6 be the binary relation

on B. Ifm6 n and n ∈ I thenm ∈ I.

Proof. Suppose I is an ideal of a BCL–algebra B and 6 be the binary relation on B. Then ∀m, n ∈
B, we havem~n = 0 ∈ I. Nowm~n = 0 ∈ I, n ∈ I⇒m ∈ I, by definition of ideal in B.

Corollary 4.1.1. Let I be an ideal of a BCL–algebra withm, n, p ∈ B and 6 be the binary relation

on B. If n ∈ I, P 6 n andm~ p ∈ I thenm ∈ I.

Proof. Suppose I is an ideal of a BCL–algebra B, 6 is the binary relation on B and m, n ∈ B, such

that n ∈ I, p 6 n and m~ p ∈ I. Then we have n ∈ I and p~ n = 0 ∈ I⇒ p ∈ I by Proposition

4.1.4. Again, p ∈ I andm~ p ∈ I⇒m ∈ I, by Definition 4.1.4 (i).

Theorem 4.1.2. If I is an ideal of a BCL–algebra B then I is a SA of B.

Proof. Let (B; ~, 0) be a BCL–algebra. Suppose I is an ideal of B. We need to show that I is SA of

B; in other words, we claim that I is closed under ~.

Now, supposem, n ∈ I ⊆ B⇒ (m~ (n~w))~w ∈ I, ∀w ∈ B.

Since w ∈ B is arbitrary, choose w = n⇒ (m~ (n~n))~n ∈ I

⇒ (m~ 0)~n ∈ I, since n~n = 0 by Definition 1.1.8 (i)

⇒m~n ∈ I, sincem~ 0 =m by Proposition 2.1.1 (5)

Therefore,m~n ∈ I⇒ I is SA of B.

Remark 4.1.2. For the converses of Theorem 4.1.2, we sate the following remarks which are illus-

trated by the next example:

(1) The converse of Theorem 4.1.2 is not necessarily true, .

(2) Except Theorem 4.1.2, a SA may not be deductive system, a deductive system may be neither

SA nor ideal and ideal may not be deductive system.
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Example 4.1.4. We justify the above remark by the following counter examples:

(1) From Example 4.1.1, it has been checked and listed that {0, p, r} is SA of B; however, from

Example 4.1.3, it has been checked and listed that {0, p, r} is not ideal of B.

(2) For other than (1), we provide the following counter examples from Examples 4.1.1, 4.1.2 and

4.1.3 given above

(i) From Example 4.1.1, it has been checked and listed that {0, p} is SA of B; however, from

Example 4.1.2, it has been checked and listed that {0, p} is not deductive system of B.

(ii) From Example 4.1.2, it has been checked and listed that {0, p, q} is deductive system of B;

however, from Example 4.1.1, it has been checked that {0, p, q} is not SA of B.

(iii) From Example 4.1.2, it has been checked and listed that {0, p, q} is deductive system of B;

however, from Example 4.1.3, it has been checked and listed that {0, p, q} is not ideal of B.

(iv) From Example 4.1.3, it has been checked and listed that {0, q} is ideal of B; however, from

Example 4.1.2, it has been checked and listed that {0, p, r} is not deductive system of B.

4.1.1 Fuzzy Subalgebra of BCL–Algebra

Under this subsection, we introduce and define SA and fuzzy SA of BCL–algebra which had not

been defined nor discussed in the prior literatures so far.

Definition 4.1.1.1. Let η be a fuzzy subset in B. Then η is called a fuzzy SA of B if and only

if η(m~n) > min
{
η(m), η(n)

}
, ∀m, n ∈ B.

Example 4.1.1.1. Let B =
{

0, p, q, r
}

and ~ be a binary operation as defined in Table 1.1 and

let the fuzzy subset: η : B→ [0, 1] be defined as: η(m) =


0.7, if m = 0,

0.3, if m = q,

0.1, if m = p, r.

Then (B; ~, 0) is a BCL–algebra (see Table 1.1), and besides, η is fuzzy SA of B by the following

explanations for some cases and possibly, it will be similar to explain the remaining cases:

Takem = p, and n = q⇒ p~q = r, and then

η(p~ q) = η(r) = 0.1 > min{η(p), η(q)} = min{0.1, 0.3} = 0.1 holds, and so on.

Lemma 4.1.1.1. Let B be a BCL–algebra and η : B→ [0, 1] be a fuzzy subset. If η is a fuzzy SA of

B, then η(0) > η(m), ∀m ∈ B.

76



Proof. Form ∈ B, we have: m ~m = 0. Then by definition of fuzzy SA of B, we have;

η(0) = η(m~m) > min{η(m), η(m)} = η(m)⇒ η(0) > (η(m)

Proposition 4.1.1.1. Let S be a non-empty subset of a BCL–algebra B and χ
S

be the Characteristic

function. Then χ
S

is fuzzy SA of B if and only if S is SA of B.

Proof. Suppose χ
S

: S→{0, 1} is a Characteristic function defined as: χ
S
(m) =

1 , if m ∈ S,

0 , if m /∈ S.

Let χ
S

be fuzzy SA of B, and letm, n ∈ S. Now, we need to show S is SA of B. Then,

m ~ n ∈ S. ⇒ χ
S
(m) = χ

S
(n) = 1 and χ

S
(m~n) > min{χ

S
(m), χ

S
(n)} = min{1, 1} = 1

⇒ χ
S
(m~n) > 1. But 1 > χ

S
(m~n) and by definition of χ

S
, we have:

χ
S
(m~n) = 1⇒m~n ∈ S

Hence,m, n ∈ S⇒m~n ∈ S and therefore S is a SA of B.

Conversely, suppose S is a SA of B

We need show that χ
S
(m~n) > min{χ

S
(m), χ

S
(n)}, ∀m, n ∈ B.

Then following three cases we show: χ
S
(m~n) > min{χ

S
(m), χ

S
(n)}, ∀m, n ∈ B.

Case(1) : Ifm, n ∈ S, then m ~ n ∈ S (by the closure property of the binary operation ~)

⇒ χ
S
(m~n) = 1 > min{1, 1} = min{χ

S
(m), χ

S
(n)} ⇒ χ

S
(m~n) > min{χ

S
(m), χ

S
(n)},

Case(2) : Ifm /∈ S, n /∈ S, (butm, n ∈ B), then, χ
S
(m) = 0 = χ

S
(n), and χ

S
(m~n) > 0

⇒ χ
S
(m~n) > 0 = min{χ

S
(m), χ

S
(m)} ⇒ χ

S
(m~n) > min{χ

S
(m), χ

S
(m)}

Case(3) : Ifm ∈ S and n /∈ S (or n ∈ S andm /∈ S)

⇒ χ
S
(m) = 1 and χ

S
(n) = 0 (or χ

S
(n) = 1 and χ

S
(m) = 0)

⇒ min{χ
S
(m), χ

S
(n)} = min{1, 0} = 0 and χ

S
(m~n) > 0

⇒ χ
S
(m~n) > 0 = min{χ

S
(m), χ

S
(n)} ⇒ χ

S
(m~n) > min{χ

S
(m), χ

S
(n)}

Hence, in all the cases (1 − 3), we have checked that:

χ
S
(m~n) > min{χ

S
(m), χ

S
(n)}, ∀m, n ∈ B.

Thus, χ
S

is a membership function of B and hence, χ
S

is fuzzy SA of B.

Theorem 4.1.1.1. Let ∅ 6= S ⊆ B and consider the fuzzy subset η of B such that:

η(m) =

δ, if m ∈ S,

γ , otherwise,
∀ γ, δ ∈ [0, 1] with γ 6 δ
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Then, η is fuzzy SA of B if and only if S is SA of B.

Proof. Similar to the proof of Theorem 4.1.1.1, above, by replacing δ for 1 and γ for 0.

Theorem 4.1.1.2. Let η be a fuzzy subset in a BCL–algebra B and η be its square deviation such

that the sets: Bη = {m ∈ B : η(m) = η(0)} and Bη = {m ∈ B : η(m) = 1 − η(0) = η(0)}.

Then Bη and Bη are SAs of B.

Proof. Let B be a BCL–algebra andm, n ∈ B. We prove that: Bη and Bη are SAs of B.

Let m, n ∈ Bη or η(m) = η(0) = η(n) and η(m) = 1 − η(0) = η(n) = η(m)

Then η(m~n) = η(0) = η(m) = η(n) > min{η(m), η(n)}

And η(m~n) = 1 − η(0)

> min{1 − η(0), 1 − η(0)} = min{η(m), (η(n)}

Thus, Bη and Bη are SAs of B.

Theorem 4.1.1.3. Let η be a fuzzy subset in B. Then, form, n ∈ B, η is fuzzy SA of B

if η(m ~ n) = η(0), ∀m, n ∈ B.

Proof. Let η be a fuzzy subset in B such that η(m ~ n) = η(0), ∀m, n ∈ B is a fuzzy subset in B.

Then we need to prove that η is fuzzy SA of B.

η(m ~ n) = η(0) = min{η(0), η(0)}> min{η(m), η(n)}⇒ (η(m ~ n)> min{η(m), η(n)}

Thus η fuzzy a SA of B.

Remark 4.1.1.1. The converse of the preceding theorem is not true which we confirm it by the

example below.

Example 4.1.1.2. Let B = {p, q, r, 0} and the binary operation ~ be as defined in Table 1.1 of

Example 1.1.1 above, and define a fuzzy subset η as follows:

η(m) =


0.8, if m = 0,

0.6, if m = p,

0.2, if m = q, r.

Then from the BCL–algebra (B; ~, 0), η is a fuzzy SA of B.

But by takingm = q and n = p, we have:m~n = q~ p = r

η (m~n) = η(q~ p) = η(r) = 0.2 6= η(0) = 0.8

Then η is a fuzzy SA of B does not imply η
B
(m ~ n) = η

B
(0).

78



Theorem 4.1.1.4. The intersection of any two fuzzy SAs η1 and η2 of B is also a fuzzy SAs of B.

Proof. Let η1 and η2 be any fuzzy SA of B withm, n, w∈ B.

Then we need to prove that η1∩ η2 is a fuzzy SA of B.

η1∩ η2(m~n) = min{(η1(m~n), η2(m~n)}

> min{min{η1(m), η1(n)}, min{η2(m), η2(n)}}

= min
{

min{η1(m), (η2(m)}, min{η1(n), η2(n)}
}

= min
{
η1∩ η2(m), η1∩ η2(n)

}
and

Hence , η1 and η2 is a fuzzy SA of B.

The above theorem can also be generalized to any family of fuzzy SAs of B as in the following

corollary.

Corollary 4.1.1.1. The intersection of any family of fuzzy SAs, η
i

where {η
i
: i ∈ I} in B

is also a fuzzy SA of B, where
⋂
i∈I
η
i
(m) = inf

i∈I

{
η
i
(m))

}
.

Proof. Let η
i
, ∀i ∈ I, be family of fuzzy SAs of B withm, n, w∈ B.

Then we need to prove that
⋂
i∈I
η
i

is a fuzzy SA of B.⋂
i∈I
η
i
(m~n) = inf

i∈I
{η
i
(m~n)}

> inf
i∈I

{min{η
i
(m), η

i
(n)}}

> min{inf
i∈I

{η
i
(m), η

i
(n)}}

= min{inf
i∈I

{η
i
(m)}, {inf

i∈I
{η
i
(n)}}

= min
{⋂
i∈I
η
i
(m),

⋂
i∈I
η
i
(n)
}

Hence ,
⋂
i∈I
η
i

is a fuzzy SA of B.

Remark 4.1.1.2. The union of any two fuzzy SAs of a BCL–algebra B need not be fuzzy SA of B,

which we show it by a counter example as follows.

Example 4.1.1.3. Let (B; ~, 0), where B = {p, q, r, 0} be BCL–algebra with binary operation

” ~ ” defined by the Table 4.1 below, and define two fuzzy SAs of B, say η1 and η2 as follows:
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~ 0 p q r

0 0 0 0 0
p p 0 r p
q q r 0 q
r r 0 p 0

Table 4.1: A Cayley table showing BCL–algebra (B; ~, 0) (See [42])

From Table 4.1 above, (B; ~, 0) is BCL–algebra and now define η1 and η2 as follows:

η1(m) =


1, if m = 0,

0.4, if m = p,

0, if m = q, r;

η2(m) =


0.9, if m = 0,

0.5, if m = q,

0, if m = p, r;

⇒
(
η1 ∪ η2

)
(m) =



1, if m = 0,

0.4, if m = p,

0.5, if m = q,

0, if m = r.

Takem = p and n = q⇒m ~ n = p ~ q = r, then we need to show that:(
η1 ∪ η2

)
(p~ q) > min

{
(η1 ∪ η2) (p), (η1 ∪ η2)(q)

}
is not true.

Now,
(
η1 ∪ η2

)
(p~ q) =

(
η1 ∪ η2

)
(r) = 0

> min
{

(η1 ∪ η2)(p), (η1 ∪ η2)(q)
}

= min
{

0.4, 0.5
}

= 0.4 which is false,

Therefore, the union of any two fuzzy SAs of BCL–algebra, B is not necessarily a fuzzy SA of B.

4.1.2 Fuzzy Deductive Systems of BCL–Algebra

Under this subsection, we introduce and define deductive system deductive system (DS) and fuzzy

DS of BCL–algebra B.

Definition 4.1.2.1. A fuzzy subset η in a BCL–algebra B is called a fuzzy deductive system (DS)
of B, if the following axioms are satisfied,∀m, n, u, w ∈ B:

(i) η((m~ u)~ u) > η(m)

(ii) η
(
m~ (n~w)

)
>min{η(m), η(n)}

Example 4.1.2.1. Let ~ be as defined in Table 4.1 of Example 4.1.1.3 of B =
{

0, p, q,r
}

.

Define a fuzzy subset η : B→ [0, 1] by: η(m) =


0.8, if m = 0,

0.6, if m = p, r,

0.2, if m = q.

Then, η is fuzzy DS of B by the following explanations for some cases and possibly, it will be similar
to explain the remaining cases:
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Letm = r, n = p, w = u = q, then:

(i) η((r~ q)~ q) = η(p~ q) = η(r) = 0.6 > η((r) = 0.6 holds,

(ii) η
(
r~ (p~q)

)
= η(r~r) = η(0) = 0.8 > min{η(r), η(q)} = min{0.6, 0.2} = 0.2 holds,

and so on.

Lemma 4.1.2.1. Let η be a fuzzy subset in B. If η is a fuzzy DS of B, then the following hold:

(i) η(0) > η(m), ∀m ∈ B

(ii) m ~ n = n ⇒ η(n) > η(m) and hence η(n) > min{η(m), η(n)}, ∀m, n ∈ B

(iii)m~n= n~m⇒ η((m~w) ~w
)
> η(w), η((m~w)~w

)
> min{η(m), η(w)}, ∀m, n,w ∈ B

Proof. Let η be fuzzy DS of B. Then B 6= ∅ by definition of BCL–algebra

(i) Letm ∈ B, then we have: m ~m = (m ~m) ~m = 0 ~m = 0, ∀m ∈ B

Then η(0) = η((m~m)~m) > η(m)⇒ η(0) > (η(m), ∀m ∈ B.

(ii) Letm ~ n = n, ∀m ∈ B

⇒ η((m~n)~n) > η(m) by Definition 4.1.2.1 (i), where w = n, we have:

(η(m~n)~n) = η(n) > η(m) and then η(n) > η(m)⇒ η(n) > min{η(m), η(n)}.

(iii) Let m ~ n = n ~m

⇒ η((m~w)~w
)

= η((w~ (m~w)
)

= η((w~ (w~m)
)

> min
{
η(w), η(w)

}
= η(w) .

Thus, η((m~w)~w
)
> η(w).

Proposition 4.1.2.1. Let U be a nonempty subset of B such that χ
U

is Characteristic function.

Then χ
U

is fuzzy DS of B if and only if U is DS of B.

Proof. Let χ
U

: U→{0, 1} be Characteristic function defined as: χ
U
(m) =

1, if m ∈U,

0, if m /∈U.

Suppose χ
U

is fuzzy DS of B

⇒ χ
U
((m~w)~w) > χ

U
(m) and χ

U
((m~ (n~w) > min{χ

U
(m), χ

U
(n)}

Now, we need to prove that U is DS of B.

(i) Letm ∈ U⇒ χ
U
(m) = 1

Then χ
U
((m~w)~w) > χ

U
(m) = 1. But χ

U
((m~w)~w) 6 1 by definition of χ

U

⇒ χ
U
((m~w~w) = 1⇒ (m~w)~w) ∈ U.
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(ii) Again, letm, n∈U⇒ χ
U
(m)=1 = χ

U
(n) Then χ

U
(m~ (n~w))>min{χ

U
(m), χ

U
(n)}=1.

But χ
U
(m~ (n~w)) 6 1 by definition⇒ χ

U
(m~ (n~w)) = 1⇒ m~ (n~w) ∈ U

Thus, by (i) and (ii) above, U is DS of B.

Conversely, suppose U is DS of B. We claim that χ
U

is fuzzy DS of B, which means we shaw:

(1) χ
U
((m~w)~w) > χ

U
(m)

(2) χ
U
(m~ (n~ u)) >min{χ

U
(m), χ

U
(n)}

(1) Now we prove: χ
U
((m~w)~w) > χ

U
(m) by taking the following two cases:

Case (i) Letm ∈ U⇒ (m~w)~w ∈U by the hypothesis

⇒ χ
U
((m~w)~w) = χ

U
(m) = 1⇒ χ

U
((m~w)~w) = 1 > χ

U
(m)

Case (ii) Letm /∈ U then
(

either (m~w)~w ∈U or (m~w)~w /∈U
)

⇒ χ
U
(m) = 0 and either χ

U
((m~w)~w) = 1 or χ

U
((m~w)~w) = 0

⇒ χ
U
((m~w)~w) > 0 = χ

U
(m) ⇒ χ

U
((m~w)~w) >χ

U
(m)

By cases (i) − (ii) above, we obtain: χ
U
((m~w)~w) > χ

U
(m)

(2) We also prove χ
U
(m~ (n~ u) >min{χ

U
(m), χ

U
(n)} by following three cases:

Case (i) Letm, n ∈ U⇒m~ (n~w) ∈U by the hypothesis

⇒ χ
U
(m~ (n~w)) = χ

U
(m) = 1 = χ

U
(n)

⇒ χ
U
(m~ (n~w)) = 1 > min{χ

U
(m), χ

U
(n)}

⇒ χ
U
(m~ (n~w)) > min{χ

U
(m), χ

U
(n)}

Case (ii) Letm ∈ U, n /∈ U
(
or m /∈ U, n ∈ U

)
⇒ eitherm~ (n~w) ∈U or (m~ (n~w) /∈U holds

⇒ χ
U
(m~ (n~w)) > 0 and χ

U
(m) = 1, χ

U
(n) = 0

(
or χ

U
(m) = 0, χ

U
(n) = 1

)
⇒ χ

U
(m~ (n~w)) > 0 = min{χ

U
(m), χ

U
(n)} = min{1, 0}

⇒ χ
U
(m~ (n~w)) > min{χ

U
(m), χ

U
(n)}

Case (iii) Letm /∈ U or n /∈ U and (eitherm~ (n~w) ∈ U orm~ (n~w) /∈U

⇒ χ
U
(m) = 0 = χ

U
(n) and either χ

U
(m~ (n~w)) =1 or χ

U
(m~ (n~w)) = 0

⇒ χ
U
(m~ (n~w)) > 0 = min{χ

U
(m), χ

U
(n)} = min{1, 0}

Then by cases (i) − (iii) above, we arrive at the result: χ
U
(m~ (n~u)>min{χ

U
(m), χ

U
(n)}.

As a whole, by (1) and (2) above, we conclude that χ
U

is fuzzy DS of B.
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Theorem 4.1.2.1. The intersection, η1 ∩ η2 , of any two fuzzy DSs, η1 and η2 , of BCL–algebra B is
fuzzy DS of B.

Proof. Let η1 and η2 be any two fuzzy DSs of B.

Then we need to prove that η1∩ η2 is a fuzzy DS of B and letm, n, w ∈ B.

(i) (η1 ∩ η2)((m~w)~w) = min{η1((m~w)~w), η2((m~w)~w)}

> min{η1(m), η2(m)} = (η1 ∩ η2)(m) and

(ii) (η1 ∩ η2)(m~ (n~w)) = min{η1(m~ (n~w)), η2(m~ (n~w))}

> min
{

min{η1(m), η1(n)}, min{η2((m)), η2(n)}
}

= min
{

min{η1(m), η2((m)} , min{η1(n)}, η2(n)}
}

= min
{
(η1 ∩ η2)(m), (η1 ∩ η2)(n)

}
and

Hence by (i) and (ii) above, η1∩ η2 is a fuzzy DS of B.

The above theorem can also be generalized to any family of fuzzy DSs as in the following corollary.

Corollary 4.1.2.1. The intersection of any family {ηi : i∈ I} of fuzzy DS, in B is also a fuzzy DS of B.

Proof. Let η
i
, ∀i ∈ I, be family of fuzzy DSs of B. Then we need to prove that

⋂
i∈I
η
i

is a fuzzy DS

of B. Betm, n, w ∈ B.

(i)
⋂
i∈I
η
i
((m~w)~w) = inf

i∈I
{η
i
((m~w)~w)}

> inf
i∈I
{η
i
(m)}

>
⋂
i∈I
η
i
(m), ∀m, w ∈ B and

(ii)
(⋂
i∈I
η
i

)
(m~ (n~w)) = inf

i∈I
{η
i
(m~ (n~w))}

> inf
i∈I

{
min{η

i
(m), η

i
(n)}
}

> min
{

inf
i∈I
{η
i
(m), η

i
((n)}

}
= min

{
inf
i∈I
{η
i
(m)}, inf

i∈I
{η
i
((n)}

}
= min

{⋂
i∈I
η
i
(m),

⋂
i∈I
η
i
(n)
}

, ∀m, n ∈ B.

Hence by (i) and (ii) above, η1∩ η2 is a fuzzy DS of B.
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Remark 4.1.2.1. The union of any two fuzzy DSs. of B is not necessarily fuzzy DS of B.

Example 4.1.2.2. Let (B; ~, 0) be a BCL–algebra, where B = {0, p, q, r} and ”~” be as defined

in the Table 1.1 in Example 1.1.1 above, and define two fuzzy DSs., η1 and η2 of B as follows:

η1(m) =


0.8, if m = 0,

0.5, if m = p,

0.1, if m = q, r,

and η2(m) =


0.6, if m = 0,

0.5, if m = q,

0.2, if m = p, r,

and then (η1 ∪ η2)(m) =


0.8, if m = 0,

0.5, if m = p, q,

0.2, if m = r.

It is easy to check that η1 and η2 are fuzzy DSs of B but to show that their union is not necessarily

fuzzy DS of B, we justify it as follows using the above pairs of fuzzy DSs of B which are η1 and η2 .

Take m = q, n = p and w = 0 ⇒ q~ (p~ 0)
)

= q~ p = r Then

(i) (η1 ∪ η2)
(
p~ (r~ q)

)
= (η1 ∪ η2)(r) = 0.2 > min{(η1 ∪ η2)(q), (η1 ∪ η2)(p)}

= min{0.5, 0.5} = 0.5 which is not true.

Thus, by the above justifications, the union of any two fuzzy DS. of B is not necessarily
a fuzzy DS of B.

Theorem 4.1.2.2. Let η : B→ [0, 1] be fuzzy subset in B such that for some b ∈B

Bb = {∀m ∈ B : η(m) > η(b)}. Then, if η is fuzzy DS of B then Bb is DS of B.

Proof. Suppose η is fuzzy DS of B. We need to show that Bb is DS of B.

(1) Letm ∈ Bb⇒ η(m) > η(b)⇒ η((m~ u)~ u) > η(m) > η(b)

⇒ η((m~ u)~ u) > η(b)⇒ ((m~ u)~ u) ∈ Bb

(2) Letm, n ∈ Bb⇒ η(m) > η(b); η(n) > η(b)

⇒ η
(
m~ (n~w)

)
> min

{
η(m), η(n)

}
> min{η(b), η(b)} = η(b)

⇒ η
(
m~ (n~w)

)
> η(b)⇒ ((m~w)~w) ∈ Bb

Therefore, by (1) and (2) above, Bb is DS of B.

Remark 4.1.2.2. The converse of Theorem 4.1.2.2 above may not be true, which is justified by the
following counter example.
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Example 4.1.2.3. Suppose η : B→ [0, 1] is fuzzy subset in (B; ~, 0) discussed in Example 4.1.2
and take the fuzzy DS η of B defined in Example 4.1.2.1.

Now, take Bb = {p, r} = {∀m ∈ B : η(m) = η(b)}, where b = p, r. Then, after careful

checking, it has been listed that Bb = {0, p, r} is not DS of B.

Thus, η is fuzzy DS of B but Bb is not DS of B.

4.1.3 Fuzzy Ideal of BCL–Algebra

Under this subsection, we introduce and define ideal and fuzzy ideal of BCL–algebra B which had
not been defined nor discussed in the prior literatures so far.

Definition 4.1.3.1. A fuzzy subset η : B→ [0, 1], where the mapping η define the degrees of mem-
bership satisfying the following axioms,∀m, n, w ∈ B is called fuzzy ideal of B.

(i) η(m) > min{η(m~n), η(n)},

(ii) η
((
m~ (n~w)

)
~w

)
> min{η(m), η(n)}

Example 4.1.3.1. Let the set B and the binary operation ~ be as defined in Table 1.1 of
Example 1.1.1, above and define a fuzzy subset η : B→ [0, 1] by

η1(m) =

{
0.7, if m = 0,

0.3, if m = p, q, r ;
η2(m) =


1, if m = 0,

0.6, if m = p, r,

0.4, if m = q ;

η3(m) =


1, if m = 0,

0.7, if m = p,

0.4, if m = q, r.

Then, η1 , η2 and η3 are fuzzy ideals of the BCL–algebra B by the following explanations for

some cases and possibly, it will be similar to explain the remaining cases:

Letm = r, n = q, w = p, then:

(i) η1(r) = 0.3 > min{η1(r~ q), η1(q)} = min{η1(0), η1(q)} = min{0.7, 0.3} = 0.3 holds;

η2(r) = 0.6 > min{η2(r~ q), η2(q)} = min{η2(0), η2(q)} = min{1, 0.4} = 0.4 holds;

η3(r) = 0.4 > min{η3(r~ q), η3(q)} = min{η3(0), η3(q)} = min{1, 0.4} = 0.4 holds;

(ii) η1

(
(r~ (q~ p))~ p

)
= η1

(
(r~ r)~ p

)
= η1(0) = 0.7

> min{η1(r~ q), η1(q)} = min{η1(r), η1(q)}

= min{0.3, 0.3} = 0.3 holds;
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η2

(
(r~ (q~ p))~ p

)
= η2

(
(r~ r)~ p

)
= η2(0) = 1

> min{η2(r~ q), η2(q)} = min{η2(r), η2(q)}

= min{0.6, 0.4} = 0.4 holds;

η3

(
(r~ (q~ p))~ p

)
= η3

(
(r~ r)~ p

)
= η3(0) = 1

> min{η3(r~ q), η3(q)} = min{η3(r), η3(q)}

= min{0.4, 0.4} = 0.4 holds; and so on.

Lemma 4.1.3.1. Let η be fuzzy ideal of BCL–algebra B . Then η(0) > η(m), ∀m ∈ B.

Proof. Since B 6= ∅, letm ∈ B, then as proved in the proof of Lemma 4.1.3 we have:

(m~ (m~))~m = 0

⇒ η
(
(m~m)~m

)
= η(0) > min{η(m), η(m)} = η(m)

⇒ η(0) > η(m)

Proposition 4.1.3.1. Let η be fuzzy ideal of BCL–algebra B such that m 6 n, ∀m, n∈B. Then

η(m) > η(n), that is, in a fuzzy ideal, η is order reversing, where ”6” is a binary relation on B

defined by Definition 1.1.8, above.

Proof. Let η be a fuzzy ideal of BCL–algebra B such thatm 6 n, ∀m, n ∈ B.

We need to prove: η(m) > η(n) , ∀m, n ∈ B.

By the binary relation ”6” defined on B, we have:m 6 n, if wand only ifm ~ n = 0

Now, η(m) > min{η(m~n), η(n)} = min{η(0), η(n)} = η(n)

⇒ η(m) > η(n)
(
since, η(0) > η(n), ∀n ∈ B, by Lemma 4.1.3.1

)
That ism 6 n ⇒ η(m) > η(n) or η is order reversing.

Proposition 4.1.3.2. Let η be a fuzzy ideal of B, and ”6” be a binary relation on B. Then the fol-
lowing hold, ∀m, n, w∈B:

(1) η(m~n) = η(0)⇒ η(m) > η(n)

(2) n 6m~n⇒ η(m) > η(m~n) and

(3) m~n 6 n⇒ η(m) > η(n)

(4) w~n 6m⇒ η(w) > min{η(m~n), η(n)}

Proof. Suppose η is fuzzy ideal of BCL–algebra B, then we claim (1), (2), (3), (4), ∀m, n, w∈B.

Now, letm, n, w ∈ B.
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(1) Suppose η(m ~ n) = η(0) , then we need to prove: η(m) > η(n)

η(m) > min{η(m~n), η(n)}

= min{η(0), η(n)} = η(n)

⇒ η(m) > η(n), which is the required result.

(2) Suppose n 6m ~ n⇒ η(n) > η(m~n), by the order reversing property of the binary

relation ”6” on fuzzy ideal of B so that we need to prove that: η(m) > η(m~n) :

η(m) > min{η(m~n), η(n)} = η(m~n)

⇒ η(m) > η(m~n), which is the required result.

(3) Supposem ~ n 6 n⇒ η(m~n) > η(n), by the the order reversing property of the binary

relation ”6” on fuzzy ideal of B.

Then we need to prove that: η(m) > η(n): η(m) > min{η(m~n), η(n)} = η(n)

⇒ η(m) > η(n), which is the required result.

(4) Suppose w~n 6m⇒ η(w~n) > η(m), by the the order reversing property of the binary

relation ”6” on fuzzy ideal of B.

Then we need to prove that: η(w) > min{η(m~n), η(n)}

η(w) > min{η(w~n), η(n)} > min{η(m), η(n)}

> min
{

min{η(m~n), η(n)}, η(n)
}

= min{η(m~n), η(n)}

Thus, η(w) > min{η(m~n), η(n)}

Theorem 4.1.3.1. The intersection of any two fuzzy ideals, η1 and η2 , of the BCL–algebra, B is

also a fuzzy ideal of B.

Proof. Let η1 and η2 be any two fuzzy ideals of B. Then we need to prove that η1∩ η2 is a fuzzy
ideal of B, ∀m, n, w ∈ B.

(i)
(
η1 ∩ η2

)
(m) = min{η1(m), η2(m)}

> min
{

min{η1(n), η1(m~n)}, min{η2(n), η2(m~n)}
}

= min
{

min{η1(n), η2(n)}, min{η1(m~n), η2(m~n)}
}

= min
{

(η1∩ η2)(n), (η1∩ η2)(m~n)
}

and

(ii)
(
η1∩ η2

)(
(m~ (n~w))~w

)
= min{

(
η1

(
(m~ (n~w))~w

)
,
(
η2

(
m~ (n~w))~w

)
}

> min{min{η1(m), η1(n)}, min{η2(m),
(
η2(n)}}
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> min{min{η1(m), η2(m)}, min{η1(n),
(
η2(n)}}

= min{(η1∩ η2)(m), (η1∩ η2)(n)
)
}.

Hence by (i) and (ii) above, η1∩ η2 is a fuzzy ideal of BCL–algebra.

The above theorem can also be generalized to any family of fuzzy ideals as stated in the

corollary following.

Corollary 4.1.3.1. The intersection
⋂
i∈I
η
i

of any family of fuzzy ideals, {η
i
: i ∈ I}, in B is a fuzzy

ideal of BCL–algebra B.

Proof. Let η
i
, ∀i ∈ I, be family of fuzzy ideals of B and,m, n, w ∈ B. Then we need to prove that⋂

i∈I
η
i

is a fuzzy ideal of B.

(i)
⋂
i∈I
η
i
(m) = inf

i∈I
{η
i
(m)}

> inf
i∈I
{min{η

i
(n), η

i
(m~n)}}

> min{inf
i∈I
{η
i
(n), η

i
(m~n)}}

= {min{inf
i∈I
{η
i
(n)}, inf

i∈I
{η
i
(m~n)}}

= min
{⋂
i∈I
η
i
(n),

⋂
i∈I
η
i
(m~n)

}
, ∀m, n ∈ B and

(ii)
⋂
i∈I
η
i
[(m~ (n~w))~w] = inf

i∈I
{η
i
[(m~ (n~w))~w]}

> inf
i∈I
{min{η

i
(m), η

i
(n)}}

> min{inf
i∈I
{η
i
(m), η

i
(n)}}

= min{inf
i∈I
{η
i
(m)}, inf

i∈I
{η
i
(n)}}

= min
{⋂
i∈I
η
i
(m),

⋂
i∈I
η
i
(n)
}

, ∀m, n, w ∈ B.

Hence by (i) and (ii) above, η1∩ η2 is a fuzzy ideal of BCL–algebra.

Remark 4.1.3.1. The union of any two fuzzy ideals of a BCL–algebra, B is not necessarily fuzzy
ideal of BCL–algebra B.

(
We justify this remark by the following example.

)
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Example 4.1.3.2. Let (B; ~, 0) be a BCL–algebra , as defined in Table 1.1 of Example 1.1.1 and
take two fuzzy ideals; η2 and η3 in Example 4.1.3.1 above:

We have checked that η2 and η3 are fuzzy ideals of B but to show that their union is not
necessarily a fuzzy ideal of B, we justify it as follows using the pairs of fuzzy ideals of B:

(
η2 ∪ η3

)
(m) =



1, if m = 0,

0.7, if m = r,

0.6, if m = p,

0.4, if m = q.

Take m = r, n = 0, w = q

⇒
[(
m~ (n~w)

)
~w

]
=
[(
r~ (0 ~ q)

)
~q
]

=
[(
r~0

)
~q
]

= r~q = p.

Then we show that at least one of the axioms for ideals fails as follows:(
η2 ∪ η3

) [(
r~ (0 ~ q)

)
~q
]

=
(
η2 ∪ η3

)
(p) = 0.6

> min
{(
η2 ∪ η3

)
(r),

(
η2 ∪ η3

)
(0)
}

= min{0.7, 1} = 0.7, which is not true.

Thus, we deduce that the union of two fuzzy ideals of BCL–algebras B may not be fuzzy ideal of B.

Theorem 4.1.3.2. Let η : B→ [0, 1] be a fuzzy subset in a BCL–algebra (B; ~, 0) such that

Bb = {∀m ∈ B : η(m) > η(b), for some b∈B}. If η is fuzzy ideal of B then Bb is ideal of B.

Proof. Suppose η is fuzzy ideal of B, or ∀m, n, w ∈ B, the following hold:

(1) η(m) > min{η(m~n), η(n)} and

(2) η
((
m~ (n~w)

)
~w

)
> min{η(m), η(n)}

We need to prove that Bb is ideal of B; in other words, we need to show the following:

(a) m~n, n ∈ Bb⇒m ∈ Bb ,

(b) m, n ∈ Bb⇒ (m~ (n~w))~w) ∈ Bb

(a) Letm~n, n ∈ Bb, for some b∈B⇒ η(m~n) > η(b) and η(n) > η(b)

But by (1): η(m) > min{η(m~n), η(n)} > min{η(b), η(b)} = η(b)

⇒ η(m) > η(b)⇒m ∈ Bb, for some b ∈ B.

(b) Letm, n ∈ Bb, for some b ∈ B. Then η(m) > η(b), η(n) > η(b)

And by (2), η
((
m~ (n~w)

)
~w

)
> min{η(m), η(n)}

> min{η(b), η(b)} = η(b)
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⇒ η
[(
m~ (n~w)

)
~w

]
> η(b)⇒

(
m~ (n~w)

)
~w ∈ Bb

Then, by (a), (b) above, Bb is a fuzzy ideal of B.

Remark 4.1.3.2. The converse of Theorem 4.1.3.2 above may not be true, which is justified by
the following counter example.

Example 4.1.3.3. Suppose η : B→ [0, 1] is fuzzy subset in (B; ~, 0) discussed in Example

4.1.3 and take the fuzzy subset η defined in Example 4.1.3.1, which has been checked that η is

fuzzy DS of B.

Now, take Bb = {p, r} = {∀m ∈ B : η(m) = η(b)}, where b = p, r.

Then, after careful checking, it has been listed that Bb = {0, p, r} is not DS of B.

Thus, η is fuzzy DS of B but Bb is not DS of B.

Lemma 4.1.3.2. Let η be fuzzy subset in B. If η(m) = η(0), ∀m ∈ B, then η is fuzzy ideal of B.

Proof. Suppose η is fuzzy subset in B such that η(m) = η(0). We need to prove: η is a fuzzy ideal

of BCL–algebra B:

(i) Again from the hypothesis, η(0) = η(m), ∀m ∈ B

⇒ η(0) = η(m) = η(n) = η(m~n), ∀m, n ∈ B (since, alsom~n ∈ B)

⇒ η(m) = η(0) = min{η(0) , η(0)} = min{η(m~n), η(n)}

⇒ η(m) = min{η(m~n), η(n)} ⇒ η(m) > min{η(m~n) , η(n)}

(ii) Similar to (i) above, since η(0) = η(m), ∀m ∈ B

⇒ η(0) = η(m) = η(n) = η(w) = η
[(
m~ (n~w)

)
~w

]
, ∀m, n, w ∈ B

⇒ η
((
m~ (n~w)

)
~w

)
> min{η(m), η(n)}

Thus, by (i) and (ii) above, η is fuzzy ideal of B.

Theorem 4.1.3.3. Let (B; ~, 0) be a BCL–algebra. Then the following hold:

(1) Every fuzzy deductive system of B is fuzzy SA of B.

(2) Every fuzzy ideal of B is fuzzy SA of B.

Proof. Suppose B is BCL–algebra and η : B→ [0, 1] is fuzzy subset.
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(1) Suppose η is fuzzy DS of B. Then we need to show that η is fuzzy SA of B. Now as η is fuzzy

DS of B, then ∀m, n, w∈B; η(m~ (n~w)) > min{η(m), η(n)} by Definition 4.1.2.1 (ii)

(second axiom of definition of fuzzy DS).

Then, since w ∈ B is arbitrary, put w = 0

⇒ η(m~ (n~ 0)) > min{η(m), η(n)}

⇒ η(m~n) > min{η(m), η(n)}, since n~ 0 = n by Proposition 2.1.1 (5)

⇒ η(m~n) > min{η(m), η(n)} that the axiom for fuzzy SA is satisfied.

Therefore the fuzzy DS η of B is fuzzy SA of B.

(2) Suppose η if fuzzy ideal of B. Then we need to show that η is fuzzy SA of B. Now as η is
fuzzy ideal of B, we have, ∀m, n, w ∈ B; η((m~ (n~w))~w) > min{η(m), η(n)} by
definition 4.1.3.1 (ii) (third axiom of definition of fuzzy ideal).

Then since w ∈ B is arbitrary, put w = n

⇒ η((m~ (n~n))~n) > min{η(m), η(n)}

⇒ η(m~ 0)~n) > min{η(m), η(n)} since n~n = 0 by Definition 1.1.8 (BCL–algebra)

⇒ η(m~n) > min{η(m), η(n)} sincem~ 0 =m by Proposition 2.1.1 (5)

⇒ η(m~n) > min{η(m), η(n)} that the axiom for fuzzy SA is satisfied.

Therefore the fuzzy ideal η of B is fuzzy SA of B.

The converses of the two valid statements in Theorem 4.1.3.3 (1) and (2), as well as the other
relationships between fuzzy deductive systems and fuzzy ideals, are stated in the following remark
and justified by the succeeding counterexample for all being not necessarily true.

Remark 4.1.3.3. The only general links between the three fuzzy substructures; fuzzy SA, fuzzy DS

and fuzzy ideal, in a BCL–algebra involve the statements that any fuzzy DS is a fuzzy SA and any

fuzzy ideal is a fuzzy SA as proved in Theorem 4.1.3.3.The converse of either of these two facts, and

any other general connection whatsoever between the three structures, is not true in general.

Example 4.1.3.4. Apart from the statements proved in Theorem 4.1.3.3, we provide justifications

for the remaining statements given in Remark 4.1.3.3 by the following counter examples.

(1) Every fuzzy SA of B may not be fuzzy DS of B (converse of Theorem 4.1.3.3 (1)).

Suppose η is fuzzy SA of B as defined in Example 4.1.1.1 defined on the BCL–algebra B in
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Table 1.1 of Example 1.1.1, and takem = q, n = p and w = 0 so that,

η((m~n)~w) = η((q~ p)~ 0) = η(r~ 0) (since q~ p = r from Table 1.1)

= η(r) (since r~ 0 = r from Table 1.1)

= 0.1, but that

η((m~n)~w) = η(q~ (p~ 0)) = 0.1 > η(q) by Definition 4.1.2.1 (i) (one axiom of DS)

= 0.3 which is false or one axiom of fuzzy DS fails.

Therefore, fuzzy SA of a BCL–algebra is not necessarily fuzzy DS of B.

(2) Every fuzzy SA of B may not be fuzzy ideal of B (converse of Theorem 4.1.3.3 (2)).

Suppose η is fuzzy SA of B as defined in Example 4.1.1.1 defined on the BCL–algebra B in

Table 1.1 of Example 1.1.1, and takem = r and n = q

η((m) = η((r) = 0.1 = min{η(r~ q), η(q)} (Definition 4.1.3.1(ii)) (axiom of fuzzy ideal)

= min{η(0), η(q)} (since r~ q = 0 from Table 1.1)

= min{0.7, 0.3}

= 0.3 which is false and hence one axiom of fuzzy ideal fails.

Therefore, fuzzy SA of a BCL–algebra is not necessarily fuzzy ideal of B.

(3) Every fuzzy DS of B may not be fuzzy ideal of B.

Suppose η is fuzzy DS of B as defined in Example 4.1.2.1 defined on the BCL–algebra B in

Table 4.1 and takem = q, n = p which implies q ~ p = r

η(m) = η(q) = 0.2 > min{ η(q~ p), η(p)} = min{ η(r), η(p)} = min{ 0.6, 0.6}

= 0.6 which is false clarifying that one axiom of fuzzy ideal fails.

Therefore, fuzzy DS of a BCL–algebra is not necessarily fuzzy ideal of B.

(4) Every fuzzy ideal of B may not be fuzzy DS of B.

Suppose η is fuzzy ideal of B where η = η2 as defined in Example 4.1.3.1 defined on the BCL–

algebra B in Table 1.1 of Example 1.1.1, and takem = p, w = r and n = r

η((m~w)~w = η((p~ r)~ r = η((q~ r) = η(q) = 0.4

> η(p) (Definition 4.1.2.1(i)) (first axiom of fuzzy DS)

= 0.6 which is false or one axiom of fuzzy ideal fails.

Therefore, fuzzy SA of a BCL–algebra is not necessarily fuzzy DS of B fails.

92



4.2. Pythagorean Fuzzy Substructures of BCL–Algebra

In this section, we introduce Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive System

and Pythagorean fuzzy ideal of BCL–algebra, state and prove different properties and theorems for

each of the Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive System and Pythagorean

fuzzy Ideal of BCL–algebra.

4.2.1 Pythagorean Fuzzy Subalgebras of BCL–Algebra

Definition 4.2.1.1. Let (B; ~, 0) be a BCL–algebra. A Pythagorean fuzzy set BP =
(
η, τ
)

in B,

where the fuzzy mappings η : B→ [0, 1] and τ : B→ [0, 1] define the degree of membership

and the degree of non-membership, respectively in B such that 0 6 (η(m))2 + (τ(m))2 6 1 is called

Pythagorean fuzzy SA of B if the following two axioms are satisfied; ∀m, n ∈ B:

(η(m~n))2 > min{(η(m))2, (η(n))2} and (τ(m~n))2 6 max{(τ(m))2, (τ(n))2}

Example 4.2.1.1. Let ~ be as defined in Table 4.1 of Example 4.1.1.3 of B =
{

0, p, q, r
}

. Let the

fuzzy subsets η: B→ [0, 1] and τ : B→ [0, 1] where (η(m))2 + (τ(m))2 6 1 be defined as follows:

η(m) =


0.8, if m = 0,

0.6, if m = p,

0.3, if m = q, r,

and τ(m) =


0.4, if m = 0,

0.7, if m = p,

0.9, if m = q, r.

Then by using basic calculations, we check that BP = (η, τ) is Pythagorean fuzzy SA of B as follows:

Takem = q, n = p⇒m ~ n = r, and then

(i)
(
η(q~ p)

)2 =
(
η(r)

)2 = 0.09 >{
(
η(q)

)2,
(
η(p)

)2} = min{0.09, 0.36} = 0.09 hold and

(ii)
(
τ(q~ p)

)2 =
(
τ(r)

)2 = 0.81 6{
(
τ(q)

)2,
(
τ(p)

)2} = max{0.81, 0.49} = 0.81 also hold

and for all the other cases, similarly the two fuzzy subasets hold so that BP = (η, τ) is a

Pythagorean fuzzy SA of B.

Lemma 4.2.1.1. If BP = (η, τ) is a Pythagorean fuzzy SA of B, where η and τ are square deviations

of η and τ of B, , respectively, then ∀m ∈ B, we have:

(η(0))2 > (η(m))2 and (τ(0))2 6 (τ(m))2; (τ(0))2 > (τ(m))2and (η(0))2 6 (η(m))2.
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Proof. Since B 6= ∅, form ∈ B, we have: m ~m = 0. Then asm~m = 0, then:

(η(0))2 = (η(m~m))2 > min{(η(m))2, (η(m))2}, since (η, τ) is a Pythagorean fuzzy SA of B

= (η(m))2

⇒ (η(0))2 > (η(m))2 and

(τ(0))2 = (τ(m~m))2 6 max{(τ(m))2, (τ(m))2}, since (η, τ) is a Pythagorean fuzzy SA of B

= (τ(m))2

⇒ (τ(0))2 6 (τ(m))2,

(τ(0))2 = 1 − (τ(0))2 > 1 − (τ(m))2, since (τ(0))2 6 (τ(m))2 ⇒ –(τ(0))2 > –(τ(m))2

= (τ(m))2

⇒ (τ(0))2 > (τ(m))2 and

(η(0))2 = 1 − (η(0))2 6 1 − (η(m))2, since (η(0))2 > (η(m))2 ⇒ –(η(0))2 6 –(η(m))2

= (η(m))2 ⇒ (η(0))2 6 (η(m))2

Proposition 4.2.1.1. Let S be a non-empty subset of a BCL–algebra B and χ
S

be the Characteristic

function with square deviation χ
S
. Then:

(1) χ
S
(m) = χ

S
(m) , and

(2) BP =
(
χ
S
, χ

S

)
is a Pythagorean fuzzy SA of B if and only if S is SA of B.

Proof. (1) Suppose χ
S

: S→ {0, 1} is a Characteristic function. Then it is defined as:

χ
S
(m) = (χ

S
(m))2 =

1, if m ∈ S,

0, if m /∈ S
⇒ χ

S
(m) = χ

S
(m) =

0, if m ∈ S,

1, if m /∈ S
=
(
χ
S
(m)

)2

(2) Let χ
S

be a a membership function of B, and letm, n ∈ S,

Now, we show S is SA of B ⇒ m ~ n ∈ S⇒ χ
S

is a fuzzy SA of B andm, n ∈ S

⇒ χ
S
(m) = χ

S
(n) = 1; χ

S
(m~n) > min

{
χ
S
(m), χ

S
(n)
}

= min
{

1, 1
}

= 1⇒ χ
S
(m~n) > 1

But 1 > χ
S
(m~n)⇒ χ

S
(m~n) = 1⇒m~n ∈ S. Similarly, χ

S
(m~n) = 0⇒m~n ∈ S

Hence,m, n ∈ S⇒m~n ∈ S and therefore, S is a SA of B.

Conversely, suppose S is a SA of B.
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Thus at first, for the non-membership function χ
S
, let us show that(

χ
S
(m~n)

)2
6 max

({
χ
S
(m)

)2,
(
χ
S
(n)
)2}, ∀m, n ∈ B.

Then after, following similar steps for the membership function χ
S
, one can show that(

χ
S
(m~n)

)2
> min

{(
χ
S
(m)

)2,
(
χ
S
(n)
)2}, ∀m, n ∈ B so that we omit the proof for this part.

Case(1) : Ifm, n ∈ S ⇒ m ~ n∈ S
( (
χ
S
(m)

)2 = 0 =
(
χ
S
(n)
)2 =

(
η(m ~ n)

)2), then

m ~ n ∈ S⇒
(
χ
S
(m~n)

)2 = 0 6 max{0, 0} = max
{(
χ
S
(m)

)2,
(
χ
S
(n)
)2}

⇒
(
χ
S
(m~n)

)2
6 max

{(
χ
S
(m)

)2,
(
χ
S
(n)
)2},

Case(2) : Ifm /∈ S, n /∈ S, (butm, n ∈ B)

⇒
(
χ
S
(m)

)2 = 1 =
(
χ
S
(n)
)2, and

(
χ
S
(m~n)

)2
6 1

(since any fuzzy subset is less that or equal to 1)

⇒
(
χ
S
(m~n)

)2
6 1 = max

{(
χ
S
(m)

)2,
(
χ
S
(m)

)2}
⇒
(
χ
S
(m~n)

)2
6 max

{(
χ
S
(m)

)2,
(
χ
S
(m)

)2}
Case(3) : Ifm ∈ S and n /∈ S (or n ∈ S andm /∈ S)

⇒ χ
S
(m) = 0 and χ

S
(n) = 1

(
or χ

S
(n) = 0 and χ

S
(m) = 1

)
⇒ max

({
χ
S
(m)

)2,
(
χ
S
(n)
)2} = max

{
1, 0
}

= 1 and
(
χ
S
(m~n)

)2
6 1

⇒
(
χ
S
(m~n)

)2
6 1 = max

{(
χ
S
(m)

)2,
(
χ
S
(n)
)2}

⇒
(
χ
S
(m~n)

)2
6 max

{(
χ
S
(m)

)2,
(
χ
S
(n)
)2}

Hence, in all the cases (1) − (3), we have checked that:(
χ
S
(m~n)

)2
6 max

{(
χ
S
(m)

)2,
(
χ
S
(n)
)2}, ∀m, n ∈ B (and similarly for χ

S
).

Thus, χ
S

is non-membership function on B (but χ
S

is membership function on B).

Thus BP = (χ
S
, χ

S
) is Pythagorean fuzzy SA of B if and only if S is SA of B.

Theorem 4.2.1.1. Let ∅ 6= S⊆ B and consider the fuzzy subset η and its complement in B such that:

η(m) =

δ, if m ∈ S

γ, otherwise,
and then η(m) =

1 − δ, if m ∈ S

1 − γ, otherwise,
∀γ, δ ∈ [0, 1] with γ 6 δ

Then BP =
(
η, η

)
is Pythagorean fuzzy SA of B if and only if S is SA of B.
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Proof. The proof follows similar reasoning as Theorem 4.2.1.1 above, with the substitution of

1 by δ and 0 by σ for η, and 0 by 1–δ, 1 for 1–σ for η

Lemma 4.2.1.2. Let η: B→ [0, 1] be a fuzzy subset on a BCL–algebra, B such that η and η are the

complement and the square deviation of η, respectively. Then,

(1) (η(m))2 = η(m) ⇔ η(m) = 0 or η(m) =1

(2) η(m) = η(m) ⇔ η(m) = 0 or η(m) =1

Proof. (1) Suppose (η(m))2 = η(m)

⇔
(
η(m))2 =

(
1 − η(m)

)2
= 1 − 2 η(m) + (η(m))2 = η(m) = 1 −

(
η(m)

)2

⇔ 1 − 2η(m) + (η(m)
)2

= 1 −
(
η(m)

)2 ⇔ 1 + 2(η(m)
)2

− 1 − 2η(m) = 0

⇔ (η(m)
)2

− η(m) = 0 ⇔ η(m)
(
η(m) − 1

)
= 0 ⇔ η(m) = 0 or η(m) = 1.

(2) Suppose η(m) = η(m)⇔ η(m) = 1 − η(m) = η(m) = 1−
(
η(m)

)2⇔ (η(m)
)2

− η(m) = 0

⇔ η(m)
(
1–η(m)

)
= 0 ⇔ η(m) = 0 or η(m) = 1.

Theorem 4.2.1.2. Let η be a fuzzy subset in B and η be its square deviation such that the sets:

Bη = {m ∈ B : (η(m))2 = (η(0))2} and Bη = {m ∈ B : (η(m))2 = (η(0))2}. Then Bη

and Bη are SAs of B if and only if
(
η, η

)
is Pythagorean fuzzy SA of B.

Proof. Let B be a BCL–algebra and supposem, n ∈ B such that (η, η) is a Pythagorean fuzzy SA

of B, so that (η(m~n))2 > min{(η(m))2, (η(n)2} and (η(m~n))2 6 max{(η(m))2, (η(n))2}

So, we need to prove that: Bη and Bη are SAs of B.

Letm, n ∈ Bη or (η(m))2 = (η(0))2 = (η(n))2 and (η(m))2 = 1 − (η(0))2 = (η(n))2

But (η(m~n))2 = (η(0))2 = (η(m))2 = (η(m))2 > min{(η(m))2, (η(n))2}

= min{(η(0))2, (η(0))2} = (η(0))2

And
(
η(m~n)

)2
6 max{(η(m))2, (η(n))2} = max{(η(0))2, (η(0))2} = (η(0))2

Then, (η(m~n))2 > (η(0))2 and
(
η(m~n)

)2
6
(
η(0)

)2

⇒ By Lemma 4.2.1.1 above, we have:

(η(0))2 > (η(m~n))2⇒ (η(0))2 6 (η(m~n))2, ∀m, n ∈ B
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⇒ (η(m~n))2 = (η(0))2 and (η(0))2 = (η(m~n))2, ∀m, n ∈ B

⇒m ~ n ∈ Bη andm ~ n ∈ Bη ; ∀m, n ∈ B. Thus Bη and Bη are SAs of B.

Conversely, let Bη and Bη be SAs of B⇒m ~ n ∈ Bη andm ~ n ∈ Bη , ∀m, n ∈ B

⇒ (η(m~n))2 = (η(0))2 and η(m~n) = η(0) , ∀m, n ∈ B

Then we need to prove that (η, (η)2), is Pythagorean fuzzy SA of B

Letm, n ∈ Bη andm, n ∈ Bη

⇒m ~ n ∈ Bη, ∀m, n ∈ B and thenm, n,m ~ n ∈ Bη(
m ~ n ∈ Bη , ∀m, n ∈ B and thenm, n,m ~ n ∈ Bη

)
⇒ (η(m))2 = (η(0))2 = (η(n))2 and (η(m))2 = (η(0))2 = (η(n))2

⇒ (η(m~n))2 = (η(0))2 and (η(m~n))2 = (η(0))2

⇒ (η(m~n))2 = (η(0))2 > min{(η(0))2, (η(0))2} = min{(η(m))2, (η(n))2} and

(η(m~n))2 = (η(0))2 6 max{(η(0))2, (η(0))2} = max{(η(m))2, (η(n))2}

Therefore,
(
η, η

)
is Pythagorean fuzzy SA of B.

Theorem 4.2.1.3. Let η be a fuzzy subset in B. Then, form, n ∈ B, (η, η) is Pythagorean fuzzy SA

of B if
(
η(m ~ n)

)2 =
(
η(0)

)2 and
(
η
S
(m ~ n)

)2 =
(
η(0)

)2.

Proof. Let η be a fuzzy subset in B such that
(
η(m ~ n)

)2 =
(
η(0)

)2 and
(
η(m)

)2 =
(
η(0)

)2,

∀m, n∈B is a fuzzy subset in B. Then we need to prove: (η, η) is Pythagorean fuzzy SA of B.(
η(m ~ n)

)2 =
(
η(0)

)2 = max
{
(η(0))2, (η(0))2} 6 max

{
(η(m))2, (η(n))2}

⇒
(
η(m ~ n)

)2
6 max

{(
η(m)

)2,
(
η(n)

)2} (and similarly, (η(m ~ n))2 > min
{
(η(m))2, (η(n))2})

Thus
(
η, η

)
is Pythagorean fuzzy SAof B.

Remark 4.2.1.1. The converse of the preceding theorem (Theorem 4.2.1.3) is not true which we

confirm it by the next example (Example 4.2.1.2 below).

Example 4.2.1.2. Let the fuzzy subsets η and η in B be defined as follows:
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η(m) =


0.8, if m = 0,

0.7, if m = p,

0.3, if m = q, r,

⇒ (η (m))2 =


0.36, if m = 0,

0.51, if m = p,

0.91, if m = q, r.

Now, from Table 4.1 in Example 4.1.1.3 above, (B; ~, 0) is BCL–algebra and

BP =
(
η, η

)
is a Pythagorean fuzzy SA of B. But by takingm = q and n = p, we have:

(η (m~n))2 = (η(q~ p))2 = (η(r))2 = 0.91 6= (η(0))2 = 0.36 and(
η(m~n)

)2 =
(
η(q~ p)

)2 =
(
η(r)

)2 = 0.09 6=
(
η(0)

)2 = 0.64

Then BP = (η
S
, η) is a Pythagorean fuzzy SA of B does not imply (η(m~n))2) = (η(0))2

nor (η(m ~ n))2 = (η(0))2.

Theorem 4.2.1.4. The intersection of any two Pythagorean fuzzy SAs of a BCL–algebra B is Pythagorean

fuzzy SA of B.

Proof. Let B1 =
(
η1 , τ1

)
and B2 =

(
η2 , τ2

)
be any two Pythagorean fuzzy SAs of B. Then we

need to prove that B1 ∩B2 is a Pythagorean fuzzy SA of B. Thus, letm, n ∈ B.

((
η1 ∩ η2

)(
m~n

))2
= min

{(
η1

(
m~n

)2,
(
η2

(
m~n

)2}
> min

{
min
{(
η1(m))2,

(
η1(n))

2}, min
{(
η2(m))2,

(
η2(n))

2}}
= min

{
min
{(
η1(m))2,

(
η2(m))2}, min

{(
η1(n))

2, (
(
η2(n))

2}}
= min

{((
η1∩ η2

)
(m)

)2,
((
η1∩ η2

)
(n)
)2}

((
η1 ∩ η2

)(
m~n

))2
> min

{((
η1∩ η2

)
(m)

)2,
((
η1∩ η2

)
(n)
)2} and

((
τ1 ∩ τ2

)(
m~n

))2
= max

{(
τ1

(
m~n

)2,
(
τ2

(
m~n

)2}
6 max

{
max
{(
τ1(m))2,

(
τ1(n))

2}, max
{(
τ2(m))2,

(
τ2(n))

2}}
= max

{
max
{(
τ1(m))2,

(
τ2(m))2}, max

{(
τ1(n))

2, (
(
τ2(n))

2}}
= max

{((
τ1∩ τ2

)
(m)

)2,
((
τ1∩ τ2

)
(n)
)2}

((
τ1 ∩ τ2

)(
m~n

))2
6 max

{((
τ1∩ τ2

)
(m)

)2,
((
τ1∩ τ2

)
(n)
)2}

Hence, the intersection of two Pythagorean fuzzy SAs of a BCL–algebra B is also Pythagorean fuzzy
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SA of B as proved above, B1∩B2 is a Pythagorean fuzzy SA of B.

The above theorem can also be generalized to any family of Pythagorean fuzzy SA of B as in the

corollary below.

Corollary 4.2.1.1. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of Pythagorean fuzzy SAs,{(

η
i
, τ

i

)
: i ∈ I

}
, of B is also a Pythagorean fuzzy SA of B.

Proof. Let
{(
η
i
, τ

i

)
: i ∈ I

}
, and B2 =

(
η2 , τ2

)
be family of Pythagorean fuzzy SAs of B. Then

we need to prove that
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, is a Pythagorean fuzzy SA of B. Thus, letm, n ∈ B.

⋂
i∈I

(
η
i

(
m~n

))2
= inf
i∈I

{(
η
i

(
m~n

))2}
> inf
i∈I

{
min
{(
η
i
(m)

)2,
(
η
i
(n)
)2}}

> min
{

inf
i∈I

{(
η
i
(m)

)2,
(
η
i
(n)
)2}}

= min
{

inf
i∈I

{(
η
i
(m)

)2}, inf
i∈I

{(
η
i
(n)
)2}}

= min
{⋂
i∈I

(
η
i

(
m
))2

,
⋂
i∈I

(
η
i

(
n
))2}

, ∀m, n ∈ B and

⋂
i∈I

(
τ
i

(
m~n

))2
= sup

i∈I

{(
τ
i

(
m~n

))2}
6 sup

i∈I

{
max
{(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}

6 max
{

sup
i∈I

{(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}

= max
{

sup
i∈I

{(
τ
i
(m)

)2}, sup
i∈I

{(
τ
i
(n)
)2}}

= max
{⋂
i∈I

(
τ
i

(
m
))2

,
⋂
i∈I

(
τ
i

(
n
))2}

, ∀m, n ∈ B

Therefore,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
is a Pythagorean fuzzy SA of B.

Remark 4.2.1.2. The union of any two Pythagorean fuzzy SAs of a BCL–algebra B need not

be Pythagorean fuzzy SA of B, which we show it by an example as follows.
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Example 4.2.1.3. Let (B; ~, 0) be as defined in Table 4.1 of Example 4.1.1.3 and define two member-

ship functions η1 and η2 of the Pythagorean fuzzy SAs B1 =
(
η1 , τ1

)
, B2 =

(
η2 , τ2

)
of B respectively

to show that the union fails by using only the membership functions, as follows :

η1(m) =


1, if m = 0,

0.8, if m = p,

0.2, if m = q, r,

and η2(m) =


0.7, if m = 0,

0.6, if m = q,

0.1, if m = p, r,

and we get:

(
η1 ∪ η2

)
(m) =



1, if m = 0,

0.8, if m = p,

0.6, if m = q,

0.2, if m = r,

⇒
((
η1 ∪ η2

)
(m)

)2 =



1, if m = 0,

0.64, if m = p,

0.36, if m = q,

0.04, if m = r.

Takem = p and n = q⇒m ~ n = p ~ q = r, then we need to show that((
η1 ∪ η2

)
(p~ q)

)2
> min

{(
(η1 ∪ η2)(p)

)2,
(
(η1 ∪ η2)(q)

)2} is not true.

Now,
((
η1 ∪ η2

)
(p~ q)

)2 =
((
η1 ∪ η2

)
(r)
)2 = 0.04

> min
{(

(η1 ∪ η2)(p)
)2,

(
(η1 ∪ η2)(p)

)2}
= min

{
0.64, 0.36

}
= 0.36 which is false,

⇒
(
η ∪ η

)
(p~ p)

)2 = 0.04 > min
{((
η ∪ η

)
(p)
)2,

((
η ∪ η

)
(q)
)2} = 0.36 is false.

Therefore, the union of two Pythagorean fuzzy SAs of BCL–algebra B is not necessarily a Pythagorean

fuzzy SA of B.

Proposition 4.2.1.2. Let U be non-empty subset of B such that χ
U

is Characteristic function and the

square deviation; (χ
U
(m))2 = 1 − (χ

U
(m))2. Then for Pythagorean fuzzy SA, BP =

(
χ
U

, χ
U

)
of B,

the accuracy function a
P

, the score function s
P

and the degree of indeterminacy π
P

are respectively

given as follows, ∀m ∈ B:

(a) a
P
(m) = 1, (b) s

P
(m) =

 1, if m ∈U,

−1, if m /∈U,
(c) π

P
(m) = 0.

Proof. Let χ
U

: U→ {0, 1} be Characteristic function and the square deviation χ
U

: U→ {0, 1} be

such that (χ
U
(m))2 = 1 − (χ

U
(m))2.
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Then: χ
U
(m) =

1 , if m ∈U,

0 , if m /∈U,
and then (χ

U
(m))2 =

0, if m ∈U,

1, if m /∈U.

Hence, as proved in Theorem 4.2.1.1, BP =
(
χ
U

, χ
U

)
is a Pythagorean fuzzy SA of B, and then:

(a) The accuracy function:

a
P
(m) =

(
χ
U
(m)

)2 +
(
χ
U
(m)

)2 =

1 + 0 , if m ∈U,

0 + 1 , if m /∈U
= 1, ∀m ∈ B

(b) The score function:

s
P
(m) =

(
χ
U
(m)

)2
−
(
χ
U
(m)

)2 =

1 − 0 , if m ∈U,

0 − 1 , if m /∈U
=

 1 , if m ∈U,

−1 , if m /∈U,
, ∀m∈B,

(c) The degree of indeterminacy:

π
P
(m) =

√
1 −

((
χ
U
(m)

)2
+
(
χ
U
(m)

)2 )
=
√

1 − a
P
(m) =

√
1 − 1 = 0, ∀m∈B.

Proposition 4.2.1.3. Let η be a fuzzy subset in a BCL–algebra B such that

η(m) =

δ, if m ∈M,

γ, if m /∈M,
⇒ (η(m))2 =

1 − δ2, if m ∈M,

1 − γ2, if m /∈M,
where δ, γ ∈ [0, 1] and δ > γ.

Then M is SA of B if and only if BP =
(
η, η

)
is a Pythagorean fuzzy SA of B.

Proof. Let M be SA of B, then we need to prove that
(
η, η

)
is a Pythagorean fuzzy SA of B.

Case(i) : Letm ∈M, n ∈M⇒m~n ∈M, since M is SA of B

Then η(m) = η(n) = δ⇒ η(m~n) = δ⇒ η(m~n) = η(m) = η(n) = δ

⇒ η(m~n) > δ = min{η(m), η(n)} and also,

(η(m~n))2 = 1 − δ2 = (η(m))2 = (η(n))2 6 1 − δ2 = min{(η(m))2, (η(n))2}

Case(ii) : Letm ∈M, n /∈M (or similarly letm /∈M, n ∈M)

(This second part can be completed in a similar way as the first part.)

⇒ η(m) = δ, η(n) = γ⇒ η(m~n) > γ = min{η(m), η(n)} = min{δ, γ}

⇒ η(m~n) > γ = min{η(m), η(n)} and

(η(m~n))2 6 1 − γ2 = max{1 − δ2, 1 − γ2} = max{(η(m))2, (η(n))2}

Case(iii) : Letm /∈M, n /∈M⇒η(m) = η(n) = γ
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⇒ η(m~n)> γ = η(m) = η(n)⇒ η(m~n) > γ = min{η(m), η(n)} and also,

(η(m~n))2 6 1 − γ2 = (η(m))2 = (η(n))2 = min{(η(m))2, (η(n))2}

Hence
(
η, η

)
is a Pythagorean fuzzy SA of B.

Conversely, suppose
(
η, η

)
is a Pythagorean fuzzy SA of B.

Then we show the M is SA of B,
(
here we can use either η or η so that we simply use η

)
.

Letm, n ∈M⇒ η(m) = η(n) = δ and η(m~n) > min{η(m), η(n)} = min{δ, δ} = δ

but (η(m~n) 6 δ, by the hypothesis ⇒ η(m~n) = δ⇒m~n ∈M

Therefore, M is SA. of B.

Theorem 4.2.1.5. Let η be a fuzzy subset in B such that η(m~n) = η(n). Then

(η(m~n))2 = (η(n))2, ∀m, n ∈ B. Furthermore, BP =
(
η, η

)
is a Pythagorean fuzzy

SA of B if and only if η and η are constants.

Proof. Suppose η(m~n) = η(n)⇒ (η(m~n))2 = (η(n))2.

Then (η(m~n))2 = 1 − (η(m~n))2 = 1 − (η(n))2 = (η(n))2.

Let BP =
(
η2, η

)
be Pythagorean fuzzy SA of B. Then:

(η(m~n))2 = (η(n))2 and then (η(m~n))2 = (η(n)
)2.

Now we need to prove that η and then η are constants, for ∀m, n ∈ B(
or (η(m))2 = (η(n))2 and then (η(m))2 = (η(n))2, ∀m, n ∈ B.

)
Since BP =

(
η, η

)
is a Pythagorean fuzzy SA of B, η is a fuzzy SA of B, and also we have:

⇒ (η(0))2 = (η(0 ~m))2 = (η(m))2, ∀m ∈ B, and again

(η(0))2 = (η(0 ~n))2 = (η(n))2, ∀n ∈ B (since 0~m = 0 by Proposition 2.1.1 (3))

⇒ (η(0))2 = (η(m))2 = (η(n))2, ∀m, n ∈ B

⇒ (η(m))2 = (η(n))2, ∀m, n ∈ B and hence, η is constant.

Additionally, (η(m))2 = 1 − (η(m))2 = 1 − (η(n))2 = ((η(n))2 so that η is constant, too.

Conversely, suppose η and η are constants, or η(m) = η(n) and (η(m))2=(η(n))2
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such that, ∀m, n ∈ B: η(m~n) = η(n) and (η(m~n))2 = (η(n))2 .

Then we need to prove that: BP =
(
η, η

)
is a Pythagorean fuzzy SA of B.

η(m) = η(n) = η(m~n) = min{η(m), η(n)} > min{η(m), η(n)}

⇒ (η(m~n))2 > min{(η(m))2, (η(n))2}
(
and then (η(m~n)2 6 max{(η(m))2, η(n)}

)
Therefore, BP =

(
η, η

)
is a Pythagorean fuzzy SA of B.

Theorem 4.2.1.6. Let η be a fuzzy subset such that η is a membership function and η is its square

deviation in a BCL–algebra B. Suppose Bb
1

= {∀m ∈ B :
(
η(m)

)2
>
(
η(b)

)2, for some b∈B.} and

then Bb
2

= {∀m ∈ B :
(
η(m)

)2
6
(
η(b)

)2, for some b ∈ B}.

If BP =
(
η, η

)
is Pythagorean fuzzy SA of B then Bb

1
and Bb

2
are SAs of B.

Proof. Suppose BP =
(
η, η

)
is Pythagorean fuzzy SA of B, or we need to show that:

(1) m, n ∈ Bb
1
⇒
(
η(m~n)

)2
> min{

(
η(m)

)2,
(
η(n)

)2}

(2) m, n ∈ Bb
1
⇒
(
η(m�n)

)2
> min{

(
η(m)

)2,
(
η(n)

)2}

(3) m, n ∈ Bb
2
⇒
(
η(m~n)

)2
6 min{

(
η(m)

)2,
(
η(n)

)2}

(4) m, n ∈ Bb
2
⇒
(
η(m�n)

)2
6 min{

(
η(m)

)2,
(
η(n)

)2}

We prove all the four as follows:

(1) m, n ∈ Bb
1
⇒
(
η(m~n)

)2
> min{

(
η(m)

)2,
(
η(n)

)2}

> min{
(
η(b)

)2,
(
η(b)

)2}

=
(
η(b)

)2 and

⇒
(
η((m~n)

)2
>
(
η(b)

)2, for some b ∈ B⇒ (m~n) ∈ Bb
1

⇒m, n ∈ Bb
1
⇒ (m~n) ∈ Bb

1

(2) m, n ∈ Bb
1
⇒
(
η(m�n)

)2
> min{

(
η(m)

)2,
(
η(n)

)2}

> min{
(
η(b)

)2,
(
η(b)

)2}

=
(
η(b)

)2 and
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⇒
(
η((m~n)

)2
>
(
η(b)

)2, for some b ∈ B⇒ (m�n) ∈ Bb
1

⇒m, n ∈ Bb
1
⇒ (m~n) ∈ Bb

1

Therefore, from (1) and (2) above, Bb
1

is SA of B.

(3) m, n ∈ Bb2 ⇒
(
η(m~n)

)2
6 max{

(
η(m)

)2,
(
η(n)

)2}

6 max{
(
η(b)

)2,
(
η(b)

)2}

=
(
η(b)

)2 and

⇒
(
η((m~n)

)2
6
(
η(b)

)2, for some b ∈ B⇒ (m~n) ∈ Bb
2

⇒m, n ∈ Bb
2
⇒ (m~n) ∈ Bb

2

(4) m, n ∈ Bb
2
⇒
(
η(m�n)

)2
6 max{

(
η(m)

)2,
(
η(n)

)2}

6 max{
(
η(b)

)2,
(
η(b)

)2}

=
(
η(b)

)2 and

⇒
(
η((m~n)

)2
6
(
η(b)

)2, for some b ∈ B⇒ (m�n) ∈ Bb
2

⇒m, n ∈ Bb
2
⇒ (m~n) ∈ Bb

2

Therefore, from (3) and (4) above, Bb
2

is SA of B.

Corollary 4.2.1.2. Let η be a fuzzy subset and η be its square deviation in B. Then BP =
(
η, η

)
is

Pythagorean fuzzy SA of B if and only if η is fuzzy SA of B. Furthermore, the accuracy function a
P

,

the score function s
P

and the degree of indeterminacy π
P

are respectively given as follows, ∀m ∈ B:

(i) a
P
(m) = 1, (ii) s

P
(m) = 2

(
η(m)

)2
− 1 = 1 − 2

(
η(m)

)2, (iii) π
P
(m) = 0.

Proof. Suppose BP =
(
η, η

)
is Pythagorean fuzzy SA of B. Then we prove that η is fuzzy SA of B.(

η, η
)

is Pythagorean fuzzy SA of B implies(
η(m~n)

)2
> min{(η(m))2, (η(n))2} and

(
η(m~n)

)2
> min{(η(m))2, (η(n))2}

From these two inequalities:
(
η(m~n)

)2
> min{(η(m))2, (η(n))2} is the axiom for the

definition of fuzzy SA η of B so that η is fuzzy SA of B.

Conversely, suppose η is fuzzy SA of B and then we show
(
η, η

)
is Pythagorean fuzzy SA of B.
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As η is fuzzy SA of B, we have:
(
η(m~n)

)2
> min{(η(m))2, (η(n))2}

⇒ −
(
η(m~n)

)2
6− min{(η(m))2, (η(n))2} ⇒ −

(
η(m~n)

)2
6 max{−(η(m))2, −(η(n))2}

⇒ 1 −
(
η(m~n)

)2
6 max{1−(η(m))2, 1−(η(n))2}⇒

(
η(m~n)

)2
6 max{(η(m))2, (η(n))2}

Hence, BP =
(
η, η

)
is Pythagorean fuzzy SA of B.

Furthermore, the values for a
P

, s
P

and π
P

are justified as follows:

(i) a
P
(m) =

(
η(m)

)2 +
(
η(m))2)2

=
(
η(m)

)2 +
(
1 − η(m)

)2
= 1

(ii) s
P
(m) =

(
η(m)

)2
−
(
η(m))2) = (η(m)

)2
−
(
1 − η(m)

)2
= 2(η(m))2 − 1

= 2
(
1 − η(m))2 − 1 = 1 − 2

(
η(m))2

(iii) π
P
(m) =

√
1 − a

P
(m) =

√
1 − 1 = 0.

Remark 4.2.1.3. The converse of Theorem 4.2.1.6 is not necessarily true, which is justified by the

next counter example.

Example 4.2.1.4. Suppose η : B→ [0, 1] is fuzzy subset in (B; ~, 0) discussed in Example 4.1.1

and take the fuzzy subset η defined in Example 4.2.1.1, which has been checked that η is fuzzy SA of

B which implies (η, η) is Pythagorean fuzzy SA of B, by Corollary 4.2.1.2 above.

Now, take Bb = {p, r} = {∀m ∈ B : η(m) = η(b)}, where b = p, r. Then, after careful checking,

it has been listed that Bb = {p, r} is not SA of B.

Thus, η is fuzzy SA of B but Bb is not SA of B.

Theorem 4.2.1.7. Let BP = (η, τ) be a Pythagorean fuzzy SA of B andm, n ∈ B.

If η(m~n) = η(n), and τ(m~n) = τ(n), ∀m, y ∈ B, then the following hold:

(1) The accuracy function: aP(m) 6 2 –
[
(η(0))2 + (τ(0))2] ,

(2) The score function: sP(m) 6 1 – 2(τ(0))2,

(3) The degree of indeterminacy: π
P
(m) is such that

(
π
P
(m)

)2
> (η(m))2 − (η

B
(0))2.

Proof. Let BP = (η, τ) be a Pythagorean fuzzy SA of B; η(m~n) = η(n), τ(m~n) = τ(n)

Since, B 6= ∅, ∃m ∈ B such that 0 = 0 ~m⇒ η(0) = η(0 ~m) = η(m), ∀m ∈ B

⇒ η(0) = η(m) = η(n) = η(w), ∀m, n, w∈ B
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And similarly, τ(0) = τ(m) = τ(n) = τ(w), ∀m, n, w∈ B

But 0 6 (η(m))2 + (τ(m))2 6 1⇒ 0 6 (η(m))2 + (τ(0))2 6 1

⇒ (η(m))2 6 1 − (τ(0))2 ....................................................................................................... (∗)

0 6 (η(m))2 + (τ(m))2 6 1⇒ 0 6 (η(0))2 + (τ(m))2 6 1⇒ (τ(m))2 6 1 − (η(0))2 ........ (∗∗)

Then, ∀m ∈ B, we have the following:

(1) The accuracy function:

a
P
(m) = (η(m))2 + (τ(m))2 6 (1 − (η(0))2) + (1 − (τ(0))2) ..........

(
From (∗) and (∗∗))

)
= 2 − (η(0))2) − (τ(0))2

(2) The score function:

s
P
(m) =

(
η(m)

)2
−
(
τ(m)

)2
6
(
1 −

(
η(0)

)2)
−
(
τ(0)

)2
= 1 −

(
η(0)

)2
−
(
τ(0)

)2

(3) The degree of indeterminacy:(
π
P
(m)

)2
= 1 −

(
η(m)

)2
−
(
τ(m)

)2
> 1 −

(
η(m)

)2
− (1 − (η(0))2 =

(
η(0)

)2
− (η(m))2

⇒
(
π
P
(m)

)2
=
(
η(0)

)2
− (η(m))2.

Theorem 4.2.1.8. If BP =
(
η, τ

)
is Pythagorean fuzzy SA of B such that η and η are square

deviations and complements of η, respectively and τ and τ are square deviations and complements

of τ, respectively, then the following ordered pairs are each Pythagorean fuzzy SAs of B:

(1)
(
η, η

)
(2)

(
η, η

)
(3)

(
τ, η

)
(4)

(
τ, η

)
(5)

(
τ, τ

)
(6)

(
τ, τ

)
(7)

(
τ, η

)
(8)

(
τ, η

)
Proof. BP =

(
η, τ

)
is Pythagorean fuzzy SA of B means η is membership function and τ is non-

membership function of B. As explained by Corollary 4.2.1.2 for η (which is similar for η) and

for the non-membership map τ:
(
τ(m~n)

)2
6 max{(τ(m))2, (τ(n))2}

⇒ −
(
τ(m~n)

)2
>− min{(τ(m))2, (τ(n))2} ⇒ −

(
τ(m~n)

)2
> min{−(τ(m))2, −(τ(n))2}

⇒ 1 −
(
τ(m~n)

)2
> min{1−(τ(m))2, 1−(τ(n))2}⇒

(
τ(m~n)

)2
> min{(τ(m))2, (τ(n))2}

Then we deduce that τ is membership map (and similarly the complement τ is also membership map]

for the Pythagorean fuzzy SA (η, τ) of B.
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This implies the square deviations; τ is membership function and η is non-membership function of

the Pythagorean fuzzy SA of B.

Hence η, τ and τ are membership functions, and τ, η and η are non-membership functions of B.

Then pairing each membership function with any of the non-membership function of B, we obtain

Pythagorean fuzzy SAs of B and hence the proofs of the above and other similar pairs are assured as

proved previously for different forms.

4.2.2 Pythagorean Fuzzy Deductive Systems of BCL–Algebra

In this subsection, we introduce and define Pythagorean fuzzy DS of BCL–algebra, state and prove

some important and novel properties of the Pythagorean fuzzy DS of BCL–algebra.

Definition 4.2.2.1. A Pythagorean fuzzy setBP =
(
η, τ
)
, in a BCL–algebra B is called a Pythagorean

fuzzy deductive system of B where the functions η : B→ [0, 1] and τ : B→ [0, 1] define the de-

gree of membership and degree of non-membership, respectively, if and only if the following axioms

are satisfied, ∀m, n, w ∈ B:

(i)
(
η((m~ u)~ u)

)2
>
(
η(m)

)2 and
(
τ((m~ u)~ u)

)2
6
(
τ(m)

)2

(ii)
(
η(m~ (n~w))

)2
>min{

(
η(m)

)2,
(
η(n)

)2} and(
τ(m~ (n~w))

)2
6max{

(
τ(m)

)2,
(
τ(n)

)2}.

Example 4.2.2.1. Let B and the binary operation ~ be as defined as in Table 1.1 of Example 1.1.1

above and let the fuzzy subsets η : B→ [0, 1] and τ : B→ [0, 1] be defined as follows:

η(m) =


0.8, if m = 0,

0.5, if m = r,

0.1 if m = p, q,

and τ(m) =


0.2, if m = 0,

0.4, if m = r,

0.7, if m = p, q.

By manipulating basic calculations, we check that BP =
(
η, τ

)
is Pythagorean fuzzy DS of B as

follows:

Takem = r, n = p, u = 0,w = q, and then (r~ 0)~ 0) = r~0 = r and (r~ (p~ q)) = r~r = 0

(i)
(
η(r~ 0)~ 0)

)2 =
(
η(r)

)2 = 0.25 >
(
η(r)

)2 = 0.25 holds and(
τ(r~ 0)~ 0)

)2 =
(
τ(r)

)2 = 0.16 6
(
τ(r)

)2 = 0.16 holds
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(ii)
(
η(r~ (p~q))

)2 =
(
η(0)

)2 = 0.64 > min{
(
η(r)

)2,
(
η(p)

)2} = min{0.64, 0.01} = 0.01 holds(
τ(r~ (p~q))

)2 =
(
τ(0)

)2 = 0.04 6 max{
(
τ(r)

)2,
(
τ(p)

)2} = max{0.16, 0.49} = 0.49 holds

The other cases, aslo hold similarly so that BP = (η, τ) is Pythagorean fuzzy DS of B.

Theorem 4.2.2.1. Let BP =
(
η, τ
)

be Pythagorean fuzzy set in B. If BP is Pythagorean fuzzy

DS of B, then the following hold, ∀m, n, u ∈ B:

(i)
(
η(0)

)2
>
(
η(m)

)2 and
(
τ(0)

)2
6
(
τ(m)

)2

(ii) m ~ n = n⇒
(
η(n)

)2
>
(
η(m)

)2 and
(
τ(n)

)2
6
(
τ(m)

)2 ;(
η(m~ (n~w)

)2 =
(
η(w)

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and(
τ(m~ (n~w)

)2 =
(
τ(w)

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}

(iii) m~n = n~m⇒
(
η
(
m~w)~m)

))2
>
(
η(m)

)2 and
(
η
(
m~w)~m

))2
>
(
η(w)

)2;(
τ
(
(m~w)~m

))2
6
(
τ(m)

)2 and
(
τ
(
(m~w)~m

))2
6
(
η(w)

)2.

Proof. Let BP =
(
η, τ
)

be Pythagorean fuzzy DS of

(i)) From the first axiom of the Pythagorean fuzzy DS; (η, τ):
(
η(m~ u)~ u

)2
> η(m), since

u is arbitrary element of B, put u =m. Then, (m~u)~u = (m~m)~m = 0~m = 0 and

then
(
η(m~ u)~ u

)2
> (η(m))2⇒

(
η(0
)2

> (η(m))2

(ii)) Letm ~ n = n, then from the first axiom of Pythagorean fuzzy DS of B, we have:

⇒
(
η(m~n)~n

)2
>
(
η(m)

)2 and
(
τ(m~n)~n)

)2
6
(
τ(m)

)2

⇒
(
η(m~n)~n

)2 =
(
η(n

)2
>
(
η(m)

)2 and

(
τ(m~n)~n

)2 =
(
τ(n)

)2
6
(
τ(m)

)2 and also from the second axiom:(
η(m~ (n~w)

)2 =
(
η(n~w)

)2 =
(
η(w)

)2 =
(
η(w)

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and

(
τ(m~ (n~w)

)2 =
(
τ(n~w)

)2 =
(
τ(w)

)2 =
(
τ(w)

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}

(iii) Letm~n = n~m and by the axioms of Pythagorean fuzzy DS of B, we have:

⇒
(
η
(
m~w)~m)

))2 =
(
η
(
m~ (m~w)

))2
> min{

(
η(m)

)2,
(
η(m)

)2} =
(
η(m)

)2 and

⇒
(
η
(
m~w)~m)

))2
>
(
η(m)

)2 (by the second axiom) and
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⇒
(
η
(
m~w)~m)

))2 =
(
η
(
w~m)~m)

))2
>
(
η(w)

)2 and

⇒
(
η
(
m~w)~m)

))2
>
(
η(w)

)2 (by the first axiom) and for τ:

⇒
(
τ
(
m~w)~m)

))2 =
(
τ
(
m~ (m~w)

))2
6 max{

(
τ(m)

)2,
(
τ(m)

)2} =
(
τ(m)

)2 and

⇒
(
τ
(
m~w)~m)

))2
6
(
τ(m)

)2 (by the second axiom) and

⇒
(
τ
(
m~w)~m)

))2 =
(
τ
(
w~m)~m)

))2
6
(
τ(w)

)2 and

⇒
(
τ
(
m~w)~m)

))2
6
(
τ(w)

)2 (by the first axiom)

Theorem 4.2.2.2. Let η and its square deviation η be fuzzy subsets in BCL–algebra B such

that
(
η(m~n)

)2 =
(
η(n)

)2. Then
(
η(m~n)

)2 =
(
η(n)

)2, ∀m, n ∈ B. Additionally,

BP =
(
η, η

)
is Pythagorean fuzzy DS of B if and only if η and then η are constants.

Furthermore, the accuracy function a
D
(m), the score function s

D
(m) and the degree of

indeterminacy π
D
(m) are respectively given as: ∀m ∈ B:

(a) a
D
(m) = 1, (b) s

D
(m) = 2

(
η(m)

)2
− 1, (c) π

D
(m) = 0.

Proof. Suppose
(
η(m~n)

)2 =
(
η(n)

)2

Then
(
η(m~n)

)2 = 1 −
(
η(m~n)

)2 = 1 −
(
η(n)

)2 =
(
η(n)

)2 and

Let BP =
(
η, η

)
be Pythagorean fuzzy ideal of B,

(
and then

(
η(m~n)

)2 =
(
η(n)

))2),
Now, we claim to verify that η and η are constants,(
or
(
η(m)

)2 =
(
η(n)

)2 and then
(
η(m)

)2 =
(
η(n)

)2, ∀m, n ∈ B.
)

As BP =
(
η, η

)
is a Pythagorean fuzzy DS of B, η is a fuzzy DS of B, and hence

we have: η(0) = η(0 ~m), ∀m ∈ B,
(
since 0 = 0 ~m, ∀m∈B by Proposition 2.1.1

)
⇒
(
η(0)

)2 =
(
η
(
(0 ~m)~m)

)2 =
(
η(m)

)2, ∀m ∈ B, and again(
η(0)

)2 =
(
η
(
(0 ~n)~n)

)2 =
(
η(n)

)2, ∀m ∈ B

⇒
(
η(0)

)2 =
(
η(m)

)2 =
(
η(n)

)2 ⇒ η(0))2 = η(m))2 =η(n))2 =, ∀m, n ∈ B,

Or
(
η(m)

)2 =
(
η(n)

)2, ∀m, n ∈ B and hence , η is constant, and analogously, η is, too.

Conversely, let η and η be constants, or: η(m) = η(n) and η(m) = η(n), ∀m, n∈B
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⇒
(
η(m~n)

)2 =
(
η(n)

)2 and
(
η(m~n)

)2 =
(
η(n)

)2.

Now, we prove: BP =
(
η, η

)
is a Pythagorean fuzzy DS of BCL–algebra B, as follows:

(i)
(
η(m)

)2 =
(
η(n)

)2 =
(
η((m~n)~n)

)2

⇒
(
η((m~n)~n)

)2
>
(
η(m)

)2,
(
and then {

(
η((m~n)~n)

)2
6
(
η(m)

)2)
(ii)

(
η(m~ (n~w))

)2 =
(
η(m)

)2 =
(
η(n)

)2
> min

{(
η(m)

)2,
(
η(n)

)2} and then(
η(m~ (n~w))

)2 =
(
η(m)

)2 =
(
η(n)

)2
6 min

{(
η(m)

)2,
(
η(n)

)2}
Therefore, by (i) and (ii) above, BP =

(
η, η

)
is Pythagorean fuzzy DS of B. Furthermore:

(a) a
P
(m) =

(
η(m)

)2 +
(
η(m)

)2 =
(
η(m)

)2 +
(
1 −

(
η(m)

)2) = 1

(b) s
P
(m) =

(
η(m)

)2
−
(
η(m)

)2 =
(
η(m)

)2
−
(
1 −

(
η(m)

)2) = 2
(
η(m)

)2
− 1

(c) π
P
(m) =

√
1 − a

P
(m) = 0.

Proposition 4.2.2.1. Let U be a non-empty subset of B such that χ
U

is Characteristic function

and χ
U

is its square deviation. Then BP =
(
χ
U

, χ
U

)
is Pythagorean fuzzy DS of B if and only

if U is DS of B.

Proof. Let χ
U

: U→{0, 1} be Characteristic function and the square deviation χ
U

: U→ {0, 1} be

defined as: χ
U
(m) =

1, if m ∈U,

0, if m /∈U,
and then

(
χ
U
(m)

)2 =

0, if m ∈ U,

1, if m /∈U.

Under such particular case where 12 = 1 and 02 = 0, we omit squaring the membership and non-

membership expressions. Now, suppose BP =
(
χ
U

, χ
U

)
is Pythagorean fuzzy DS of B. Then,

(1) χ
U
((m~ u)~ u) > χ

U
(m) and χ

U
((m~ u)~ u) 6 χ

U
(m)

(2) χ
U
(m~ (n~w)) > min{χ

U
(m), χ

U
(n)} and χ

U
(m~ (n~w)) 6 max{χ

U
(m), χ

U
(n)}.

Then we claim U is DS of B orm, n ∈ U⇒ (m~ u)~ u ∈ U and

m, n ∈ U⇒m~ (n~w) ∈ U, ∀u, w∈B.

Letm, n ∈ U⇒ χ
U
(m) = 1 = χ

U
(n) and χ

U
(m) = 0 = χ

U
(n)

Then χ
U
((m~ u)~ u) > χ

U
(m) = 1; χ

U
((m~ u)~ u) 6 χ

U
(m) = 0 and

χ
U
((m~u)~u)> 1; χ

U
((m~u)~u)6 0 and χ

U
(m~ (n~w))> 1; χ

U
(m~ (n~w))60

But by the definitions of χ
U

and χ
U

, we also have:
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χ
U
((m~u)~u)6 1; χ

U
((m~u)~u)> 0 and χ

U
(m~ (n~w))6 1; χ

U
(m~ (n~w))>0

Therefore, we deduce the following:

χ
U
((m~u)~u) = 1; χ

U
((m~u)~u) = 0 and χ

U
(m~ (n~w))= 1; χ

U
(m~ (n~w))=0

(m~ u)~ u) ∈ U and (m~ (n~w)) ∈ U and hence U is DS of B.

Therefore, U is DS of B.

Conversely, suppose U is DS of B.

We claim that BP =
(
χ
U

, χ
U

)
is Pythagorean fuzzy DS of B, or the following:

(1) χ
U
((m~ u)~ u) > χ

U
(m) and χ

U
((m~ u)~ u) 6 χ

U
(m)

(2) χ
U
(m~ (n~w) > min{χ

U
(m), χ

U
(n)} and χ

U
(m~ (n~w)) 6 min{χ

U
(m), χ

U
(n)}

To prove each, we follow different cases as below:

Claim (1): χ
U
((m~ u)~ u) > χ

U
(m) and χ

U
((m~n)~n) 6 χ

U
(m), ∀u ∈ U

Case (1.1) Letm ∈ U and u ∈ B⇒ ((m~ u)~ u) ∈U
(
by hypothesis, since U is DS of B.

)
⇒ χ

U
((m~ u)~ u) = χ

U
(m) = 1⇒ χ

U
((m~ u)~ u) > χ

U
(m) and

⇒ χ
U
((m~ u)~ u) = χ

U
(m) = 0⇒ χ

U
((m~ u)~ u) 6 χ

U
(m)

Case (1.2) Letm /∈ U and (m~n)~n ∈U, u ∈ B

⇒ χ
U
((m~n)~n) = 1 and χ

U
(m) = 0⇒ χ

U
((m~n)~n) > χ

U
(m) and

χ
U
((m~n)~n) = 0 and χ

U
(m) = 1⇒ χ

U
((m~n)~n) 6 χ

U
(m)

Case (1.3) Letm /∈ U and ((m~n)~n) /∈ U , u ∈ B

⇒ χ
U
((m~n)~n) = χ

U
(m) = 0⇒ χ

U
((m~n)~n) > χ

U
(m) and

⇒ χ
U
((m~n)~n) = χ

U
(m) = 1⇒ χ

U
((m~n)~n) 6 χ

U
(m).

Claim (2): χ
U
(m~ (n~w)>min{χ

U
(m), χ

U
(n)} and χ

U
(m~ (n~w)6 max{χ

U
(m), χ

U
(n)}

Case (2.1) Letm, n ∈ U and w ∈ B⇒ (m~ (n~w)) ∈ U by hypothesis, since U is DS of B.

⇒ χ
U
((m~ (n~w)) = 1 = χ

U
(m) = χ

U
(n)⇒ χ

U
(m~ (n~w))> min{χ

U
(m), χ

U
(n)} and

χ
U
((m~ (n~w) = 0 = χ

U
(m) = χ

U
(n)⇒ χ

U
((m~n)~n) 6 max{χ

U
(m), χ

U
(n)}

Case (2.2) Letm /∈ U and n ∈ U. But either (m~n)~n ∈U or (m~n)~n /∈U

⇒ χ
U
((m~ (n~w))>0; χ

U
(m)=0, χ

U
(n) = 1⇒ χ

U
(m~ (n~w))>min{χ

U
(m), χ

U
(n)} = 0;
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χ
U
((m~ (n~w) 6 1, χ

U
(m) = 1, χ

U
(n) = 0⇒ χ

U
((m~n)~n) 6 max{χ

U
(m), χ

U
(n)}

(And the same results hold whenm /∈ U and n ∈ U)

Case (2.3) Letm /∈ U and n /∈ U. But either (m~n)~n ∈U or (m~n)~n /∈U

⇒ χ
U
((m~ (n~w))>0; χ

U
(m) = 0 = χ

U
(n)⇒ χ

U
(m~ (n~w))>min{χ

U
(m), χ

U
(n)}=0;

χ
U
((m~ (n~w) 6 1, χ

U
(m) = 1 = χ

U
(n)⇒ χ

U
((m~n)~n) 6 max{χ

U
(m), χ

U
(n)}

Therefore, by the three corresponding cases of the two claims above, BP =
(
χ
U

, χ
U

)
is Pythagorean fuzzy DS of B.

Theorem 4.2.2.3. The intersection of any two Pythagorean fuzzy DSs., D1 and D2 , of B is also a

Pythagorean fuzzy DS of B.

Proof. Let D1 =
(
η1 , τ1

)
and D2 =

(
η2 , τ2

)
be any two Pythagorean fuzzy DSs of B.

Then we need to prove that D1 ∩ D2 is a Pythagorean fuzzy DS of B. Letm, n, u, w ∈ B.

(i)
(
η1 ∩ η2

)
((m~ u)~ u)

)2 = min{
(
η1((m~ u)~ u)

)2,
(
η2((m~ u)~ u)

)2}

> min{
(
η1(m)

)2,
(
η2(m)

)2} =
(
η1 ∩ η2(m)

)2 and(
τ1 ∩ τ2((m~ u)~ u)

)2 = max{
(
τ1((m~ u)~ u)

)2,
(
τ2((m~n)~ u)

)2}

6 max{
(
τ1(m)

)2,
(
τ2(m)

)2} =
(
τ1 ∩ τ2(m)

)2, ∀m, u ∈ B

(ii)
(
τ1 ∩ τ2(m~ (n~w))

)2 = max{
(
τ1(m~ (n~w))

)2,
(
τ2(m~ (n~w))

)2}

6 max
{

max{
(
τ1(m)

)2,
(
τ1(n)

)2}, max{
(
τ2((m))

)2,
(
τ2(n)

)2
}
}

= max
{

max{
(
τ1(m)

)2,
(
τ2((m)

)2 , max{
(
τ1(n)

)2},
(
τ2(n)

)2
}
}

= max
{(
τ1 ∩ τ2(m)

)2,
(
τ1 ∩ τ2(n)

)2}, ∀m, n,w ∈ B and similarly:(
η1 ∩ η2(m~ (n~w))

)2
> min

{(
η1 ∩ η2((m)

)2,
(
η1 ∩ η2(n)

)2}, ∀m, n, w ∈ B.(
also proved in fuzzy DS of B in Theorem 4.1.2.1 (ii) above

)
. Hence by (i) and (ii) above,

D1 ∩D2 is a Pythagorean fuzzy DS of B.

Corollary 4.2.2.1. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of Pythagorean fuzzy DSs,{(

η
i
, τ

i

)
: i ∈ I

}
, of B is also a Pythagorean fuzzy DS of B.
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Proof. Let
(
η
i
, τ
i

)
be family of Pythagorean fuzzy DSs of B. Then we need to prove that(⋂

i∈I
η
i
,
⋂
i∈I
τ
i

)
, is a Pythagorean fuzzy DS of B. Betm, n, w ∈ B.

(i)
⋂
i∈I

(
η
i
((m~ u)~ u)

)2
= inf
i∈I

{(
η
i

(
(m~ u)~ u

))2}
> inf
i∈I

{(
η
i
(m)

)2}
=
⋂
i∈I

(
η
i
(m)

)2
, ∀m, u ∈ B and

⋂
i∈I

(
τ
i
((m~ u)~ u)

)2
= sup
i∈I

{(
τ
i
((m~ u)~ u)

)2}
6 sup

i∈I

{(
τ
i
(m)

)2}
=
⋂
i∈I

(
τ
i
(m)

)2
, ∀m, u ∈ B

(ii)
⋂
i∈I

(
τ
i
(m~ (n~w))

)2
= sup
i∈I

{(
τ
i
(m~ (n~w))

)2}
6 sup

i∈I

{
max
{(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}

6 max
{(

sup
i∈I

{(
τ
i
(m)

)2,
(
τ
i
((n)

)2}}
= max

{(
sup
i∈I
{
(
τ
i
(m)

)2},
(

sup
i∈I
{
(
τ
i
((n)

)2}
= max

{⋂
i∈I

(
τ
i
(m)

)2
,
⋂
i∈I

(
τ
i
((n)

)2}
and

⋂
i∈I

(
η
i

(
m~ (n~w)

))2
= inf
i∈I

{(
η
i
(m~ (n~w))

)2}
> inf
i∈I

{
min
{(
η
i
(m)

)2,
(
η
i
(n)
)2}}

> min
{

inf
i∈I

{(
η
i
(m)

)2,
(
η
i
((n)

)2}}
= min

{
inf
i∈I
{
(
η
i
(m)

)2}, inf
i∈I
{
(
η
i
((n)

)2}}
= min

{⋂
i∈I

(
η
i
(m)

)2,
⋂
i∈I

(
η
i
((n)

)2
}

, ∀m, n, w ∈ B.
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Therefore, by (i) and (ii) above,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, is a Pythagorean fuzzy DS of B.

Remark 4.2.2.1. The union of any two Pythagorean fuzzyDSs. of B is not necessarily Pythagorean

fuzzy DS. of B, justified by the next counter example
(
Example 4.2.2.2, below

)
.

Example 4.2.2.2. Let (B; ~, 0) be a BCL–algebra, where B = {a, b, c, 0} and let ”~” be as

defined in the Table 1.1 of Example 1.1.1 above, and define two Pythagorean fuzzy DSs

D1 =
(
η1 , τ1

)
and D2 =

(
η2 , τ2

)
as follows:

(
η1(m)

)2 =


0.8, if m = 0,

0.5, if m = p,

0.1, if m = q, r,

and
(
τ1(m)

)2 =


0.2, if m = 0,

0.4, if m = p, r,

0.7, if m = q,

(
η2(m)

)2 =


0.5, if m = 0,

0.4, if m = q,

0.2, if m = p, r,

and
(
τ2(m)

)2 =


0.1, if m = 0,

0.2, if m = p,

0.6, ifm = q, r.

It is easy to check that D1 and D2 are Pythagorean fuzzy DSs. of B; however, to show that their

union, D1∪D2 , is not necessarily a Pythagorean fuzzy DS. of B, we justify it as follows using the

above pairs of Pythagorean fuzzy DSs of B, where
(
B; ~, 0

)
is as defined in Table 1.1, above:

((
η1 ∪ η2

)
(m)

)2 =



0.8, if m = 0,

0.5, if m = p,

0.4, if m = q,

0.2, if m = r,

and
((
τ1 ∪ τ2

)
(m)

)2 =



0.1, if m = 0,

0.2, if m = p,

0.4, if m = r,

0.6, if m = q.

Now, take m = p, n = q and u = 0⇒
(
m~ (n~u)

)
=
(
p~ (q~ 0)

)
=
(
p~ q)

)
= r. Then((

η1 ∪ η2

)(
p~ (q~ 0)

))2 =
(
η1 ∪ η2

)
(r)
)2 = 0.2

> min{
((
η1 ∪ η2

)))
(p)
)2,

((
η1 ∪ η2

)))
(q)
)2}

= min{0.5, 0.4} = 0.4, which is not true.

which is not true. Thus, by the above justifications, the union of any two Pythagorean fuzzy DSs. of

B is not necessarily a Pythagorean fuzzy DS. of B.

Theorem 4.2.2.4. Let η be a fuzzy subset such that η is a membership function and η is its square de-

viation in B. Suppose ηb = {∀m∈B:
(
η(m)

)2
>
(
η(b)

)2, for some b ∈ B} and then ηb = {∀m∈B:
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(
η(m)

)2
6
(
η(b)

)2, for some b∈B}. Then BP =
(
η, η

)
is Pythagorean fuzzy DS of B if and only if

Bb =
(
ηb, ηb

)
is Pythagorean fuzzy DS of B.

Proof. Suppose BP =
(
η, η

)
is Pythagorean fuzzy DS of B, or ∀m, n, u, ∈ B:

We need to show that Bb =
(
ηb, ηb

)
is Pythagorean fuzzy DS of B.

(1) Form ∈ ηb;
(
η((m~n)~n)

)2
>
(
η(m)

)2
>
(
η(b)

)2, for some b ∈ B and(
η((m~n)~n)

)2
6
(
η(m)

)2
6
(
η(b)

)2; for some b ∈ B

(2) Form, n ∈ ηb, ∃b∈B;
(
η
(
m~ (n~ u)

))2
> min{

(
η(m)

)2,
(
η(n)

)2} >
(
η(b)

)2, and(
η
(
m~ (n~ u)

))2
6 max{

(
η(m)

)2,
(
η(n)

)2} 6
(
η(b)

)2; some b ∈ B.

Therefore, Bb =
(
ηb, ηb

)
is a Pythagorean fuzzy DS of B.

Conversely, suppose ηb = {m ∈ B:
(
η(m)

)2
>
(
η(b)

)2, some b ∈ B} and

η
b = {m ∈ B:

(
η(m)

)2
6
(
η(b)

)2, some b ∈ B} such that Bb =
(
ηb
D

, ηb
)

is Pythagorean

fuzzy DS of B. We need to prove that BP =
(
η, η

)
is Pythagorean fuzzy DS of B. By the

hypothesis we have the following:

(1) m ∈ ηb⇒ ((m~n)~n) ∈ ηb andm ∈ ηb⇒ ((m~n)~n) ∈ ηb:

⇒
(
η((m~n)~n)

)2
>
(
η(b)

)2,
(
η((m~n)~n)

)2
6
(
η(b)

)2; some b ∈ B

(2) m, n ∈ ηb⇒ m~ (n~ u) ∈ ηb andm, n ∈ ηb⇒m~ (n~ u) ∈ ηb

⇒
(
ηb
D

(m ~(n~ u))
)2

>
(
η(b)

)2, and η
b
(m~ (n~ u))

)2
6
(
η(b)

)2 , some b ∈ B.

Thus, by (1) and (2), Bb =
(
ηb, ηb

)
is Pythagorean fuzzy DS of B.

4.2.3 Pythagorean Fuzzy Ideals of BCL–Algebra

Under this subsection, we introduce Pythagorean fuzzy ideal of BCL–algebra and following this we

explore different properties as theorem and justify then with corresponding proofs.

Definition 4.2.3.1. A Pythagorean fuzzy set P =
(
η, τ
)
, where the mappings: η : B→ [0, 1] and

τ : B→ [0, 1] define the degrees of membership and non-membership, respectively in B is called

a Pythagorean fuzzy ideal of BCL–algebra B, if the following axioms are satisfied, ∀m, n, w ∈ B:
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(i)
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} and
(
τ(m)

)2
6 max

{(
τ(m~n)

)2,
(
τ(n)

)2},

(ii)
(
η
((
m~ (n~w)

)
~w

))2
>min

{(
η(m)

)2,
(
η(n)

)2} and(
τ
((
m~ (n~w)

)
~w

))2
6max

{(
τ(m)

)2,
(
τ(n)

)2}
Example 4.2.3.1. Let B be a BCL–algebra and the binary operation ~ be as defined in Table 4.1

above and let the fuzzy subsets η : B→ [0, 1] and τ : B→ [0, 1] be defined as follows:

η(m) =

0.8, if m = 0,

0.5, if m = p, q, r,
and τ(m) =

0.5, if m = 0,

0.7, if m = p, q, r.

Then by manipulating basic calculations, we check that P =
(
η, τ

)
is a Pythagorean fuzzy ideal of

BCL–algebra B as follows:

Takem = q, n = r, w = p, q ~ r = q, (q ~ (r ~ p)) ~ p = (q ~ 0) ~ p = q ~ p = r and

(i)
(
η(q)

)2
> {
(
η(q~ r)

)2,
(
η(r
)
)2}

⇒
(
η(q)

)2 = 0.25 > min{
(
η(q)

)2,
(
η(r
)
)2} = min{0.25, 0.25} = 0.25 holds and(

τ(q)
)2

6 max{
(
τ(q~ r)

)2,
(
τ(r
)
)2}

⇒
(
τ(q)

)2 = 0.25 6 max{
(
τ(q)

)2,
(
τ(r
)
)2} = max{0.25, 0.25} = 0.25 also holds

(ii)
(
η(q~ (r~ p))~ p

)2
> min{

(
η(q)

)2,
(
η(r)

)2}

⇒
(
η(r)

)2 = 0.25 > min{
(
η(q)

)2,
(
η(r
)
)2} = min{0.25, 0.25} = 0.25 holds and(

τ(q~ (r~ p))~ p
)2

6 max{
(
τ(q)

)2,
(
τ(r)

)2}

⇒
(
η(r)

)2 = 0.25 6 max{
(
η(q)

)2,
(
η(r
)
)2} = max{0.25, 0.25} = 0.25 holds

And aslo, the other cases similarly hold and then P = (η, τ) is Pythagorean fuzzy ideal of B.

Lemma 4.2.3.1. Let P =
(
η, τ
)

be Pythagorean fuzzy ideal of BCL–algebra B. Then, ∀m∈B(
η(0)

)2
>
(
η(m)

)2 and
(
τ(0)

)2
6
(
τ(m)

)2

Proof. Let B be a BCL–algebra. B 6= ∅ and hence ∃m ∈ B such that:

(m~ (m~m))~m = (m~ 0)~m =m~m = 0, (as proved in Lemma 4.1.3 ).

Thus
(
η((m~ (m~m))~m)

)2 =
(
η(0)

)2
> min{

(
η(m)

)2,
(
η(m)

)2} =
(
η(m)

)2

⇒
(
η(0)

)2
>
(
η(m)

)2 and then it is analogous to show
(
τ(0)

)2
6
(
τ(m)

)2
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Proposition 4.2.3.1. Let P =
(
η, τ

)
be Pythagorean fuzzy ideal of BCL–algebra B such that

m 6 n, ∀m, n∈B. Then
(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2, that is, in a Pythagorean

fuzzy ideal of BCL–algebra P =
(
η, τ
)
, the fuzzy subsets η and τ are order reversing and order

preserving, respectively.

Proof. Let
(
η, τ

)
be a Pythagorean fuzzy ideal of BCL–algebra B such thatm 6 n, ∀m, n ∈ B.

We need to prove:
(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2, ∀m, n ∈ B.

Then by the binary relation ”6” defined on B, we have:m 6 n , if m ~ n = 0

⇒
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} = min{
(
η(0)

)2,
(
η(n)

)2} =
(
η(n)

)2

Thus,m 6 n ⇒
(
η(m)

)2
>
(
η(n)

)2 ⇒ η is order reversing, and(
τ(m)

)2
6 max{

(
τ(m ~ n)

)2,
(
τ(n)

)2} = max{
(
τ(0)

)2,
(
τ(n)

)2} =
(
τ(n)

)2

⇒m 6 n ⇒
(
τ(m)

)2
6
(
τ(n)

)2 ⇒ τ is order preserving.

Proposition 4.2.3.2. Let P = (η, τ) be a Pythagorean fuzzy ideal of BCL–algebra B. Then the fol-

lowing hold true, ∀m, n, w∈ B:

(1)
(
η(m~n)

)2 =
(
η(0)

)2⇒
(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2

(2) n 6m~n⇒
(
η(m)

)2
>
(
η(m~n)

)2 and
(
τ(m)

)2
6
(
τ(m)

)2

(3) m~n 6 n⇒
(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2

(4) w~n6m⇒
(
η(w)

)2
>min{

(
η(m~n)

)2,
(
η(n)

)2} and
(
τ(w)

)2
6max{

(
τ(m)

)2,
(
τ(n)

)2}

Proof. Suppose
(
η, τ
)

is a Pythagorean fuzzy ideal of BCL–algebra B,

(1) Suppose
(
η(m~n)

)2 =
(
η(0)

)2 , and then we need to prove:(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2

Now,
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} = min{
(
η(0)

)2,
(
η(n)

)2} =
(
η(n)

)2

⇒
(
η(m)

)2
>
(
η(n)

)2 and(
τ(m)

)2
6 max{

(
τ(m~n)

)2,
(
τ(n)

)2} = max{
(
τ(0)

)2,
(
τ(n)

)2} =
(
τ(n)

)2

⇒
(
τ(m)

)2
6
(
τ(n)

)2.
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Thus,
(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2

(2) Supposen6m~ n⇒
(
η(n)

)2
>
(
η(m~n)

)2 and
(
τ(n)

)2
6
(
τ(m)

)2, by Proposition 4.2.3.1

so that we need to prove that:
(
η(m)

)2
>
(
η(m~n)

)2 and
(
τ(m)

)2
6
(
τ(m~n)

)2:(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} =
(
η(m~n)

)2⇒
(
η(m)

)2
>
(
η(m~n)

)2, and(
τ(m)

)2
6 max{

(
τ(m~n)

)2,
(
τ(n)

)2} =
(
τ(m~n)

)2⇒
(
τ(m)

)2
6
(
τ(m~n)

)2,

Thus,
(
η(m)

)2
>
(
η(m~n)

)2 and
(
τ(m)

)2
6
(
τ(m~n)

)2

(3) Letm~ n6 n⇒
(
η(n)

)2
6
(
η(m~n)

)2 and
(
τ(n)

)2
>
(
τ(m~n)

)2, by Proposition 4.2.3.1

then we prove that
(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2:

⇒
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} =
(
η(n)

)2⇒
(
η(m)

)2
>
(
η(n)

)2 and

⇒
(
τ(m)

)2
6 max{

(
τ(m~n)

)2,
(
τ(n)

)2} =
(
τ(n)

)2⇒
(
τ(m~n)

)2
6
(
τ(n)

)2

Thus,
(
η(m)

)2
>
(
η(n)

)2 and
(
τ(m)

)2
6
(
τ(n)

)2

(4) Let w~n 6m⇒
(
η(m)

)2
6
(
η(w~n)

)2 and
(
τ(m)

)2
> τ(m~n)

)2),
by Proposition 4.2.3.1.

Then we need to prove that
(
η(w)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2}

⇒
(
η(w)

)2
> min{

(
η(w~n)

)2,
(
η(n)

)2} > min{
(
η(m)

)2,
(
η(n)

)2} and

> min
{

min{
(
η(m~n)

)2,
(
η(n)

)2},
(
η(n)

)2} = min{
(
η(m~n)

)2,
(
η(n)

)2}

Thus,
(
η(w)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} and(
τ(w)

)2
6 max{

(
τ(w~n)

)2,
(
τ(n)

)2} 6 max{
(
τ(m)

)2,
(
τ(n)

)2}

6 max
{

max{
(
τ(m)

)2,
(
τ(n)

)2},
(
τ(n)

)2} = max{
(
τ(m)

)2,
(
τ(n)

)2}.

Thus,
(
τ(w)

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}

Proposition 4.2.3.3. Let U be a non-empty subset of B such that χ
U

is Characteristic function in B

with the square deviation such that
(
χ
U
(m)

)2 = 1 − (χ
U
(m))2. Then P =

(
χ
U

, χ
U

)
is Pythagorean

fuzzy ideal of BCL–algebra B if and only if U is ideal of B. Furthermore, the accuracy function

a, the score function s and the degree of indeterminacy π are, respectively given as follows, ∀m ∈ B:

118



(a) a(m) = 1, (b) s(m) =

 1 , if m ∈ U,

−1 , if m /∈U.
(c) π(m) = 0.

Proof. Let χ
U

: U→ {0, 1} be a Characteristic function and the square deviation χ
U

: U→ {0, 1}

be defined as: χ
U
(m) =

1, if m ∈ U,

0 , if m /∈U,
and then

(
χ
U
(m)

)2 =

0, if m ∈ U,

1, if m /∈U.

Let P =
(
χ
U

, χ
U

)
be a Pythagorean fuzzy ideal of BCL–algebra B,

Now we need to prove that U is ideal of BCL–algebra B:

(i) Let n,m~n ∈ U⇒
(
χ
U
(n)
)2 =

(
χ
U
(m~n)

)2 = 1 and
(
χ
U
(n)
)2 =

(
χ
U
(m~n)

)2 = 0

⇒
(
χ
U
(m)

)2
> min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} = min{1, 1} = 1 and

(
χ
U
(m)

)2
6 max{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} = min{0, 0} = 0,

since
(
χ, χ

)
is Pythagorean fuzz idea

But
(
χ
U
(m)

)2
6 1 and

(
χ
U
(m)

)2
> 0 , ∀m ∈ B, by the definitions.

Hence
(
χ
U
(m)

)2 = 1 and
(
χ
U
(m)

)2 = 0⇒m ∈ U

(ii) Letm, n ∈ U⇒
(
χ
U
(m)

)2 =
(
χ
U
(n)
)2 = 1 and

(
χ
U
(m)

)2 =
(
χ
U
(n)
)2 = 0

⇒
(
χ
U

((
m~ (n~w)

)
~w

))2
> min{

(
χ
U
(m)

)2,
(
χ
U
(n)
)2} = min{1, 1} = 1 and(

χ
U

((
m~ (n~w)

)
~w

))2
6 max{

(
χ
U
(m)

)2,
(
χ
U
(n)
)2} = min{0, 0} = 0

But
(
χ
U

((
m~ (n~w)

)
~w

))2
6 1 and

(
χ
U

((
m~ (n~w)

)
~w

))2
> 0 , ∀m, n,w∈ B, by

the definitions of χ
U

and its square deviation χ of the BCL–algebra.

Hence
(
χ
U

((
m~ (n~w)

)
~w

))2 = 1 and
(
χ
U

((
m~ (n~w)

)
~w

))2 = 0

Then,
(
m~ (n~w)

)
~w∈ U, which means U is ideal of B, by the above (i) and (ii).

Conversely, for an ideal U of B, we need to prove that P is a Pythagorean fuzzy ideal of B:

Part (A): First, we need to show that:(
χ
U
(m)

)2
>min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} and(
χ
U
(m)

)2
6max{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2}, ∀m, n∈U
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We show this proof by considering the following four cases:

Case(1) : If n,m~n ∈ U, thenm ∈ U

⇒
(
χ
U
(m)

)2 = 1 > min{1, 1} = min{
(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} and(
χ
U
(m)

)2 = 0 6 max{0, 0} = max{
(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2}

⇒
(
χ
U
(m)

)2
> min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} and(
χ
U
(m)

)2
6 max{

(
χ
U
(n)
)2,

(
χ
U
(m~n)

)2}.

Case(2) : If n /∈ U,m~m /∈ U

⇒
(
χ
U
(n)
)2 = 0 =

(
χ
U
(m~n)

)2,
(
χ
U
(m)

)2
> 0 , ∀m ∈ B by definition of χ

U
and(

χ
U
(n)
)2 = 1 =

(
χ
U
(m~n)

)2,
(
χ
U
(m)

)2
6 1, ∀m ∈ B

⇒
(
χ
U
(m)

)2
> 0 = min{χ(n), χ(m~n)} and

(
χ
U
(m)

)2
6 1 = max{χ(n), χ(m~n)}

⇒
(
χ
U
(m)

)2
> min{

(
η(n)

)2,
(
η(m~n)

)2} and
(
χ
U
(m)

)2
6 max{χ(n), χ(m~n)}

Case(3) : If n ∈ U andm~n /∈ U

⇒
(
χ
U
(n)
)2 = 1,

(
χ
U
(m~n)

)2 = 0 and
(
χ
U
(n)
)2 = 0,

(
χ
U
(m~n)

)2 = 1

⇒
(
χ
U
(m)

)2
> 0 = min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} = min{1, 0} = 0 and

⇒
(
χ
U
(m)

)2
6 1 = max{

(
χ(n)

)2,
(
χ(m~n)

)2} = max{1, 0} = 1

Hence,
(
χ
U
(m)

)2
> min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} and(
χ
U
(m)

)2
6 max{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2}, ∀m, n ∈ U.

Case(4) : If n /∈ U andm~n ∈ U

⇒
(
χ
U
(n)
)2 = 0,

(
χ
U
(m~n)

)2 = 1 and
(
χ
U
(n)
)2 = 1,

(
χ
U
(m~n)

)2 = 0

⇒
(
χ
U
(m)

)2
> 0 = min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} = min{0, 1} = 0 and

⇒
(
χ
U
(m~n)

)2
6 1 = max{χ(n), χ(m)} = max{1, 0} = 1

Hence,
(
χ
U
(m)

)2
> min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} and(
χ
U
(m)

)2
6 max{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2}, ∀m, n ∈ U

120



Therefore, in all the cases (1-4) above, we see that:(
χ
U
(m)

)2
> min{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2} and(
χ
U
(m)

)2
6 max{

(
χ
U
(n)
)2,
(
χ
U
(m~n)

)2}, ∀m, n ∈ U.

Part (B): Second, we can simply show that(
χ
U

[(
m~ (n~w)~w

)])2
>min{

(
χ
U
(m)

)2,
(
χ
U
(n)
)2} and(

χ
U

[(
m~ (n~w)~w

)))2
6 max

{(
χ
U
(m)

)2,
(
χ
U
(n)
)2}

The proof of this part is analogous to the proof of Part A above.

Therefore,
(
χ
U

, χ
U

)
is Pythagorean fuzzy ideal of B, by (A) and (B) above.

(a) The accuracy function:

a(m) =
(
χ
U
(m)

)2 +
(
χ
U
(m)

)2 =

{
1 + 0 , if m ∈ U,
0 + 1 , if m /∈U

= 1, ∀m ∈ B

(b) The score function:

s(m) =
(
χ
U
(m)

)2
−
(
χ
U
(m)

)2 =

{
1 − 0 , if m ∈U,
0 − 1 , if m /∈U

=

{
1 , if m ∈U,
−1 , if m /∈U.

(c) The degree of indeterminacy:

π(m) =
√

1 −
[(
χ
U
(m)

)2
+
(
χ
U
(m)

)2] =


√

1 − (1 + 0), if m ∈U,√
1 − (0 + 1), if m /∈U

= 0.

Corollary 4.2.3.1. Let U be a non-empty subset of B such that χ
U

is Characteristic function with

the complement χ
U

such that χ
U
(m) = 1 − χ

U
(m), ∀m ∈ U. Then P =

(
χ
U

, χ
U

)
is Pythagorean

fuzzy ideal of BCL–algebra B if and only if U is ideal of B. Furthermore, the accuracy function

a, the score function s and the degree of indeterminacy π respectively have the same Corresponding

values as in Proposition 4.2.3.3 above.

Proof. The proof for P =
(
χ
U

, χ
U

)
is Pythagorean fuzzy ideal of BCL–algebra B if and only if U

is ideal of B and deriving functional values are analogous to the proof and corresponding functional

values of Proposition 4.2.3.3 above.

Theorem 4.2.3.1. Let η be a fuzzy subset with the square deviation η in a BCL–algebra B such that(
η(m~n)

)2 =
(
η(n)

)2 and then
(
η(m~n)

)2 =
(
η(n)

)2, ∀m, n ∈ B.

Then P=
(
η, η

)
is Pythagorean fuzzy ideal of BCL–algebra B if and only if η and then η

are constants. Furthermore, the accuracy function a(m), the score function, s(m) and the
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degree of indeterminacy π(m) are respectively given as follows, ∀m ∈ B,:

(a) a(m) = 1, (b) s(m) = 2
(
η(m)

)
− 1 (c) π(m) = 0.

Proof. Suppose
(
η(m~n)

)2 =
(
η(n)

)2.

Then
(
η(m~n)

)2 = 1 −
(
η(m~n)

)2 = 1 −
(
η(n)

)2 =
(
η
U
(n)
)2.

Now, let P =
(
η, η

)
be a Pythagorean fuzzy ideal of BCL–algebra B and(

η(m~n)
)2 =

(
η(n)

)2 (
and then

(
η(m~n)

)2 =
(
η(n)

)2)
We prove that: η and then η are constants, or ∀m, n ∈ B,

(
η(m)

)2 =
(
η(n)

)2

and then
(
η(m)

)2 =
(
η(n)

)2.

Since P =
(
η, η

)
is a Pythagorean fuzzy ideal of BCL–algebra B, η is a fuzzy ideal of

BCL–algebra B, and hence by one of its axioms, we have:(
η(0)

)2 =
(
η(m~m)

)2 , ∀m ∈ B,⇒
(
η(0)

)2 =
(
η(m~m)

)2 =
(
η(m)

)2, ∀m ∈ B.

Again,
(
η(0)

)2=
(
η(0 ~n)

)2=
(
η(n)

)2, ∀n ∈ B⇒
(
η(0)

)2=
(
η(m)

)2=
(
η(n)

)2, ∀m, n∈B

Or η(0) = η(m) = η(n), ∀m, n ∈ B and similarly, η(0) = η(m) = η(n), ∀m, n ∈ B and hence,

η is a constant, and η is, too.

Conversely, suppose η and η are constants, or
(
η(m)

)2 =
(
η(n)

)2 and
(
η(m)

)2 =
(
η
U
(n)
)2

such that
(
η(m~n)

)2 =
(
η(n)

)2 and
(
η(m~n)

)2 =
(
η
U
(n)
)2, ∀m, n ∈ B.

We need to prove that P =
(
η, η

)
is a Pythagorean fuzzy ideal of BCL–algebra B, or simply η is a

fuzzy ideal of BCL–algebra B.

(i)
(
η(0)

)2=
(
η(m~m)

)2=
(
η(m)

)2⇒
(
η(0)

)2
>
(
η(m)

)2 and then
(
η(0)

)2
6
(
η(m)

)2

(ii)
(
η(m)

)2 =
(
η(n)

)2 =
(
η(m~n)

)2 = min{
(
η(m~n)

)2,
(
η(n)

)2}

> min{
(
η(m~n)

)2,
(
η(n)

)2}

⇒
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} and
(
η(m)

)2)
6 max{

(
η(m~n)

)2,
(
η(n)

)2}

(iii) η is constant, and then(
η
[(
m~ (n~w)

)
~w

))2 =
(
η(m)

)2 =
(
η(n)

)2, ∀m, n, w ∈ B.
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⇒
(
η
[(
m~ (n~w)~w

)))2
> min{

(
η(m)

)2,
(
η(n)

)2}(
and then

(
η
[(
m~ (n~w)~w

)))2
6 max{

(
η(m)

)2,
(
η(n)

)2}.

Therefore, by (i), (ii) and (iii) above, η is a fuzzy ideal of BCL–algebra B and η is the complement

of η so that P =
(
η,
(
η
)

is a Pythagorean fuzzy ideal of BCL–algebra B.

(a) a(m) =
(
η(m)

)2 +
(
η(m)

)2 =
(
η(m)

)2 + 1 –
(
η(m)

)2 = 1

(b) s(m) =
(
η(m)

)2
−
(
η(m)

)2 =
(
η(m)

)2
−
(
1 −

(
η(m)

)2) = 2
(
η(m)

)2
− 1

(c) π(m) =
√

1 − a(m) =
√

1 − 1 = 0

Theorem 4.2.3.2. The intersection of any two Pythagorean fuzzy ideals of the BCL–algebra B of B1

and B2 , is also a Pythagorean fuzzy ideal of B.

Proof. Let B1 =
(
η1 , τ1

)
and B2 =

(
η2 , τ2

)
be any two Pythagorean fuzzy ideals of B. Then we

need to prove that B1∩ B2 is a Pythagorean fuzzy ideal of B and letm, n, w∈ B.

(i)
(
η1 ∩ η2(m)

)2 = min{
(
η1(m)

)2,
(
η2(m)

)2}

> min
{

min{
(
η1(n)

)2,
(
η1(m~n)

)2}, min{
(
η2(n)

)2,
(
η2(m~n)

)2
}
}

= min
{

min{
(
η1(n)

)2,
(
η2(n)

)2}, min{
(
η1(m~n)

)2,
(
η2(m~n)}

)2}
= min

{(
η1 ∩ η2(n)

)2,
(
η1 ∩ η2(m~n)

)2} and(
τ1 ∩ τ2(m)

)2 = max{
(
τ1(m)

)2,
(
τ2(m)

)2}

6 max{max{
(
τ1(n)

)2,
(
τ1(m~n)

)2}, max{
(
τ2(n)

)2,
(
τ2(m~n)}

)2}

= max{max{
(
τ1(n)

)2,
(
τ2(n)

)2}, max{
(
τ1(m~n)

)2,
(
τ2(m~n)

)2}}

= max{
(
η1 ∩ η2(n)

)2,
(
η1 ∩ η2(m~n)

)2} and

(ii)
(
η1 ∩ η2

((
m~ (n~w)

)
~w

))2 = min{
(
η1

((
m~ (n~w)

)
~w

))2,
(
η2

((
m~ (n~w)

)
~w

))2}

> min{min{
(
η1(m)

)2,
(
η1(n)

)2}, min{
(
η2(m)

)2,
(
η2(n)

)2}}

= min{
(
η1 ∩ η2(m)

)2,
(
η1 ∩ η2(n)

)2} and(
τ1 ∩τ2

((
m~ (n~w)

)
~w

))2 = max
{(
τ1

((
m~ (n~w)

)
~w

))2,
(
τ2

((
m~ (n~w)

)
~w

))2}
> max

{
max{

(
τ1(m)

)2,
(
τ1(n)

)2}, max{
(
τ2(m)

)2,
(
τ2(n)

)2}
}
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> max
{

max{
(
τ1(m)

)2,
(
τ2(m)

)2}, max{
(
τ1(n)

)2,
(
τ2(n)

)2}
}

= max
{(
τ1 ∩ τ2(m)

)2,
(
τ1 ∩ τ2(n)

)2}
Hence by (i) and (ii) above, B1 ∩B2 is a Pythagorean fuzzy ideal of BCL–algebra B.

The above theorem can also be generalized to any family of Pythagorean fuzzy ideals as in the

following corollary.

Corollary 4.2.3.2. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of Pythagorean fuzzy ideals,

{(
η
i
, τ

i

)
: i ∈ I

}
, of B is also a Pythagorean fuzzy ideal of B.

Proof. Let {
(
η
i
, τ

i

)
: i ∈ I}, be family of Pythagorean fuzzy ideals of B. Then we need to prove

that
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, is a Pythagorean fuzzy ideal of B and letm, n, w∈ B.

(i)
⋂
i∈I

(
η
i
(m)

)2 = inf
i∈I
{η
i
(m)}

)2

> inf
i∈I

{
min{

(
η
i
(n)
)2,

(
η
i
(m~n)

)2
}
}

> min
{

inf
i∈I
{
(
η
i
(n)
)2,

(
η
i
(m~n)

)2
}
}

= min
{

inf
i∈I
{
(
η
i
(n)
)2}, inf

i∈I
{
(
η
i
(m~n)

)2
}
}

= min
{⋂
i∈I

(
η
i
(n)
)2,

⋂
i∈I

(
η
i
(m~n)

)2
}

and

⋂
i∈I

(
τ
i
(m)

)2 = sup
i∈I
{
(
τ
i
(m)

)2}
6 sup

i∈I

{
max
{(
τ
i
(n)
)2,

(
τ
i
(m~n)

)2}}
6 max

{
sup
i∈I

{(
τ
i
(n)
)2,

(
τ
i
(m~n)

)2}}
= max

{
sup
i∈I
{
(
τ
i
(n)
)2}, sup

i∈I
{
(
τ
i
(m~n)

)2}
= max

{⋂
i∈I

(
τ
i
(n)
)2

,
⋂
i∈I

(
τ
i
(m~n)

)2}
, ∀m, n ∈ B.

(ii)
⋂
i∈I

(
η
i

((
m~ (n~w)

)
~w

))2
= inf
i∈I

{(
η
i

((
m~ (n~w)

)
~w

))2}
> inf
i∈I

{
min{

(
η
i
(m)
)2,

(
η
i
(n)
)2}}
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> min
{

inf
i∈I

{(
η
i
(m)
)2,

(
η
i
(n)
)2}}

= min
{

inf
i∈I

{(
η
i
(m)
)2}, inf

i∈I

{(
η
i
(n)
)2}}

= min
{⋂
i∈I

(
η
i
(m)
)2,

⋂
i∈I

(
η
i
(n)
)2
}

and

⋂
i∈I

(
τ
i

((
m~ (n~w)

)
~w

))2
= sup
i∈I

{(
τ
i

((
m~ (n~w)

)
~w

))2}
6 sup

i∈I

{
max{

(
τ
i
(m)
)2,

(
τ
i
(n)
)2}}

6 max
{

sup
i∈I

{(
τ
i
(m)
)2,

(
τ
i
(n)
)2}}

= max
{

sup
i∈I

{(
τ
i
(m)
)2}, sup

i∈I

{(
τ
i
(n)
)2}}

= max
{⋂
i∈I

(
τ
i
(m)
)2,

⋂
i∈I

(
τ
i
(n)
)2
}

, ∀m, n ∈ B.

Hence by (i) and (ii) above,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
is a Pythagorean fuzzy ideal of B.

Remark 4.2.3.1. The union of two Pythagorean fuzzy ideals of a BCL–algebra B is not

necessarily a Pythagorean fuzzy ideal of BCL–algebra B which we justify it as follows.

Example 4.2.3.2. Let (B; ~, 0) be a BCL–algebra, where B = {0, p, q, r} and let ”~” be as

defined in the Table 4.1 of Example 4.1.1.3, above and define the next two Pythagorean fuzzy ideals:

B1 =
(
η1 , τ1

)
and B2 =

(
η2 , τ

B2

)
as follows:

(
η1(m)

)2 =


0.6, if m = 0,

0.5, if m = r,

0.1, if m = p, q,

and
(
τ1(m)

)2 =


0.2, if m = 0,

0.4, if m = p, r,

0.7, if m = q,

(
η2(m)

)2 =


0.5, if m = 0,

0.4, if m = p, r,

0.2, if m = q,

and
(
τ2(m)

)2 =


0.1, if m = 0,

0.2, if m = r,

0.6, if m = p, q.

It is easy to check that B1 and B2 are Pythagorean fuzzy ideals of B but to show that their union

is not necessarily a Pythagorean fuzzy ideal of B, we justify it as follows using the above pairs of

Pythagorean fuzzy ideals of B:
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((
η1 ∪ η2

)
(m)

)2 =



0.6, if m = 0,

0.5, if m = r,

0.4, if m = p,

0.2, if m = q,

and
((
τ1 ∪ τ2

)
(m)

)2 =



0.1, if m = 0,

0.2, if m = r,

0.4, if m = p,

0.6, if m = q.

Takem = r, n = 0, w= q⇒
(
m~ (n~w)

)
~w =

(
r~ (0 ~ q)

)
~q =

(
r~ 0

)
~q = r~ q = p.

Then
(
η1 ∪ η2

[(
r~ (0 ~ q)

)
~q
])2 =

(
η1 ∪ η2(p)

)2 = 0.4

> min{
((
η1 ∪ η2

)
(r)
)2,
((
η1 ∪ η2

)
(0)
)2}

= min{0.5, 0.6} = 0.5 is not true.

Thus, the union of two Pythagorean fuzzy ideals of BCL–algebras of B is not necessarily a Pythagorean

fuzzy ideal of B.

Theorem 4.2.3.3. Let η be a fuzzy subset such that η is a membership function and η is its square

deviation in a BCL–algebra B. Suppose ηb = {∀m ∈ B:
(
η(m)

)2
>
(
η(b)

)2, for some b∈B}

and then η
b = {∀m ∈ B :

(
η(m)

)2
6
(
η(b)

)2, for some b ∈ B}. Then BP =
(
η, η

)
is

Pythagorean fuzzy ideal of B if and only if Bb =
(
ηb, ηb

)
is Pythagorean fuzzy ideal of B.

Proof. Suppose P =
(
ηb, ηb

)
is Pythagorean fuzzy ideal of BCL–algebra B, or ∀m, n, w, ∈ B:

(1)
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} and
(
η(m)

)2
6 max{

(
η(m~n)

)2,
(
η(n)

)2}

(2)
(
η
[(
(m~n)~w

)
~w

])2
> min{

(
η(m)

)2,
(
η(n)

)2} and

(
η
[(
(m~n)~w

)
~w

])2
6 max{

(
η(m)

)2,
(
η(n)

)2}

We need to prove that Bb =
(
ηb, ηb

)
is a Pythagorean fuzzy ideal of BCL–algebra B.

(i) Letm~n, n ∈ ηb, for some b∈B⇒
(
η(m~n)

)2
>
(
η(b)

)2 and
(
η(n)

)2
>
(
η(b)

)2

But by (2),
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} > min{
(
η(b)

)2,
(
η(b)

)2} =
((
η(b)

)2

⇒
(
η(m)

)2
>
((
η(b)

)2⇒m ∈ ηb, for some b ∈ B⇒m~n, n ∈ ηb⇒m ∈ ηb and

m~n, n ∈ ηb , for some b ∈ B⇒
(
η(m~n)

)2
6 η(b)

)2 and
(
η(n)

)2
6
(
η(b)

)2

But by (2),
(
η(m)

)2
6 max{

(
η(m~n)

)2,
(
η(n)

)2} 6 max{η(b)
)2,
(
η(b)

)2} = η(b)
)2

⇒
(
η(m)

)2
6
(
η(b)

)2⇒m ∈ ηb , for some b ∈ B.
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Which meansm, n ∈ B⇒m~n, n ∈ ηb ⇒ m ∈ ηb

(ii) Letm, n, w∈ ηb, for some b ∈ B⇒
(
η(m)

)2
>
(
η(b)

)2,
(
η(n)

)2
>
(
η(b)

)2

And by (2),
(
η
[(
(m~n)~w

)
~w

])2
> min{

(
η(m)

)2,
(
η(n)

)2
}> min{

(
η(b)

)2,
(
η(b)

)2}=
(
η(b)

)2

⇒
(
η
[(
(m~n)~w

)
~w

])2
>
(
η(b)

)2⇒
(
(m~n)~w

)
~w∈ ηb and

Form, n∈ ηb , for some b ∈ B: ⇒
(
η(m)

)2
6
(
η(b)

)2,
(
η(n)

)2
6
(
η(b)

)2

And by (2),
(
η
[(
(m~n)~w

)
~w

])2
6 max{

(
η(m)

)2,
(
η(n)

)2}6 max{
(
η(b)

)2,
(
η(b)

)2}=
(
η(b)

)2

⇒
(
η
[(
(m~n)~w

)
~w

])2
6
(
η(b)

)2⇒
(
(m~n)~w

)
~w∈ ηb

Thus, by (i), (ii) and (iii) above, P =
(
η, η

)
is Pythagorean fuzzy ideal of BCL–algebra B

Then Bb =
(
ηb, ηb

)
is a Pythagorean fuzzy ideal of BCL–algebra B.

Conversely, suppose ηb = {∀m ∈ B :
(
η(m)

)2
>
(
η(b)

)2, for some b ∈ B} and

η
b = {∀m ∈ B :

(
η(m)

)2
6
(
η(b)

)2, for some b ∈ B} are such that Bb = (ηb,
(
η
b) is a Pythagorean

fuzzy ideal of BCL–algebra B. Then we need to prove that P =
((
η, η

)
is Pythagorean fuzzy ideal

of BCL–algebra B. By the hypothesis we have the following:

(1) m~n, n ∈ ηb⇒m ∈ ηb andm~n, n ∈ ηb⇒m ∈ ηb :

⇒
(
η(m~n)

)2
>
(
η(b)

)2,
(
η(n)

)2
>
(
η(b)

)2⇒
(
η(m)

)2
>
(
η(b)

)2, for some b ∈ B

⇒
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} >
((
η(b)

)2, for some b ∈ B

⇒
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} and similarly

⇒
(
η(m)

)2
6 max{

(
η(m~n)

)2,
(
η(n)

)2}

(2) m, n ∈ ηb⇒
(
m~ (n~w)

)
~w∈ ηb andm, n ∈ ηb⇒

(
m~ (n~w)

)
~w∈

(
η
b)2

⇒
(
η(m)

)2
>
(
η(b)

)2,
(
η(n)

)2
>
(
η(b)

)2

⇒
(
η
[(
m~ (n~w)

)])2
>
(
η(b)

)2 , for some b ∈ B

⇒
(
η
[(
m~ (n~w)

)])2
> min{

(
η(m)

)2,
(
η(n)

)2}>
((
η(b)

)2 , for some b∈B and similarly,

⇒
(
η
[(
m~ (n~w)

)])2
>
((
η(b)

)2 , for some b∈B and similarly,(
η
[(
m~ (n~w)

)])2
6 max{

(
η(m)

)2,
(
η(n)

)2} 6
(
η(b)

)2, for some b ∈ B
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⇒
(
η
[(
m~ (n~w)

)])2
6
(
η(b)

)2, for some b ∈ B

Thus, by (1) and (2) above, P =
(
η, η

)
is Pythagorean fuzzy ideal of BCL–algebra B.

Lemma 4.2.3.2. Let η be a fuzzy subset and η be its square deviation in a BCL–algebra B.

If
(
η(m)

)2 =
(
η(0)

)2 and
(
η(m)

)2 =
(
η(0)

)2, ∀m ∈ B, then P =
(
η, η

)
is a

Pythagorean fuzzy ideal of B.

Proof. Suppose η and η are fuzzy subsets in B such that
(
η(m)

)2=
(
η(0)

)2 and
(
η(m)

)2=
(
η(0)

)2.

Then we prove: P =
((
η, η

)
is a Pythagorean fuzzy ideal of B:

(i) Again from the hypothesis,
(
η(0)

)2 =
(
η(m)

)2, ∀m ∈ B

⇒
(
η(0)

)2 =
(
η(m)

)2 =
(
η(n)

)2 =
(
η(m~n)

)2, ∀m, n ∈ B (since, alsom~n ∈ B)

⇒
(
η(m)

)2 =
(
η(0)

)2 = min{
(
η(0)

)2 ,
(
η(0)

)2} = min{
(
η(m~n)

)2,
(
η(n)

)2}

⇒
(
η(m)

)2 = min{
(
η(m~n)

)2,
(
η(n)

)2} ⇒
(
η(m)

)2
> min{

(
η(m~n)

)2 ,
(
η(n)

)2}

and
(
η(0)

)2 =
(
η(m)

)2, ∀m ∈ B (by the hypothesis)

⇒
(
η(0)

)2 =
(
η(m)

)2 =
(
η(n)

)2 =
(
η(m~n)

)2, ∀m, n ∈ B (since, alsom~n ∈ B)

⇒
(
η(m)

)2 =
(
η(0)

)2 = max{
(
η(0)

)2 ,
(
η(0)

)2} = max{
(
η(m~n)

)2,
(
η(n)

)2}

⇒
(
η(m)

)2 = max{
(
η(m~n)

)2 ,
(
η(n)

)2} ⇒
((
η(m)

)2
6 max{

(
η(m~n)

)2 ,
(
η(n)

)2}

(ii) Similarly as (i) above, since
(
η(0)

)2 =
(
η(m)

)2, ∀m ∈ B

⇒
(
η(0)

)2 =
(
η(m)

)2 =
(
η(n)

)2 =
(
η
[(
m~ (n~w)

)
~z
])2, ∀m, n, w∈ B(

η
[(
m~ (n~w)

)
~z
])2

> min{
(
η(m)

)2,
(
η(n)

)2}

and similarly, for η:
(
η
[(
m~ (n~w)

)
~z
])2

6 max{
(
η(m)

)2,
(
η(n)

)2}

Thus, by (i) and (ii) above, P =
(
η, η

)
is Pythagorean fuzzy ideal of BCL–algebra B.

Theorem 4.2.3.4. Let P =
(
η, τ
)

be Pythagorean fuzzy ideal of B andm, n ∈ B. ∀m ∈ B, if(
η(m~n)

)2 =
(
η(m)

)2 and
(
τ(m~n)

)2 =
(
τ(m)

)2 then, ∀m, n ∈ B, the following hold:

(1) The accuracy function: a(m) 6 2 −
[
(η(0))2 + (τ(0))2] ,

(2) The score function: s(m) 6 1 − η(0))2 − τ(0))2,

(3) The degree of indeterminacy: π(m) is such that
(
π(m)

)2
> (η(0))2 + (τ(0))2 − 1.
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Proof. Let P =
(
η, τ
)

be a Pythagorean fuzzy ideal of BCL–algebra B such that;(
η(m~n)

)2 =
(
η(m)

)2 and
(
τ(m~n)

)2 =
(
τ(m)

)2

Since, ∀m ∈ B, 0 =m ~m⇒
(
η(0)

)2 =
(
η(m~m)

)2 =
(
η(m)

)2⇒
(
η(0)

)2 =
(
η(m)

)2,

⇒
(
η(0)

)2 =
(
η(m)

)2 =
(
η(n)

)2, ∀m, n ∈ B

And similarly,
(
τ(0)

)2 =
(
τ(m)

)2 =
(
τ(n)

)
, ∀m, n ∈ B, But, ∀m, n ∈ B, we have:

0 6 (η(m))2 + (τ(m))2 6 1⇒ 0 6 (η(m))2 + (τ(0))2 6 1⇒ (η(m))2 6 1 − (τ(0))2.

And, 06(η(m))2 + (τ(m))261⇒ 06(η(0))2 + (τ(m))2 6 1⇒ (τ(m))2 6 1 − (η(0))2

(1) The accuracy function:

a(m) = (η(m))2 + (τ(m))2 6
(
1 − (η(0))2 + 1 − (τ(0))2) = 2 − (η(0))2 − (τ(0))2

⇒ a(m) 6 2 − (η(0))2 − (τ(0))2 = 2 −
[
(η(0))2 + (τ(0))2] , ∀m, n ∈ B

(2) The score function:

s(m) =
(
η(m)

)2
−
(
τ(m)

)2
6
(
1 −

(
η(0)

)2)
−
(
τ(m)

)2

=
(
1 −

(
η(0)

)2
−
(
τ(0)

)2, as τ(m) = τ(0)

= 1 −
(
η(0)

)2
−
(
τ(0)

)2

⇒ s(m) 6 1 −
(
η(0)

)2
−
(
τ(0)

)2 , ∀m, n ∈ B

(3) The degree of indeterminacy:(
π(m)

)2 = 1-
(
η(m)

)2 -
(
τ(m)

)2 = 1 − a(m) > 1 −
(
2 −

(
(η(0))2 − (τ(0))2))

(
since, a(m) 6 2 − (η(0))2 − (τ(0))2⇒ −a(m) > −

(
2 − (η(0))2 − (τ(0))2))

⇒
(
π(m)

)2
> (η(0))2 + (τ(0))2 − 1, ∀m ∈ B.

Remark 4.2.3.2. As the relationships whether the fuzzy SA, fuzzy DS, and fuzzy ideal of BCL–

algebra B discussed in Theorem 4.1.3.3 and Remark 4.1.3.3, as justified by Example 4.1.3.4, then the

same results also hold for the relationships among Pythagorean fuzzy substructures of B (Pythagorean

fuzzy SA, Pythagorean fuzzy DS and Pythagorean fuzzy ideal).
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Chapter 5
Pythagorean Fuzzy Structures of

LiuB−Algebra
Under this chapter, we introduce the notions of fuzzy substructures (fuzzy subalgebra, fuzzy deduc-

tive system and fuzzy ideal) and Pythagorean fuzzy substructures (Pythagorean fuzzy subalgebra,

Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal) of LiuB− algebra by using the

concept of the newly introduced LiuB−algebra under which we have stated and justified different

properties. The related concepts to Pythagorean fuzzy sets of LiuB−algebra like accuracy function,

score function, degree of indeterminacy and square deviation are also discussed.

Under this section and the subsequent subsections, we abbreviate ”LBA” for the ”LiuB–algebra”.

We also denote ”L” for the set in the LiuB–algebra (L; ~, �, 0) and ”LB” for the the ”Pythagorean

fuzzy substructure LB =
(
η, τ
)

of LiuB–algebra L”, unless otherwise specified.

5.1. Basic Concepts of LiuB−Algebra and Its Substructures

In this subsection, we introduce new definitions and examples of LiuB–algebra under which subal-

gebra, deductive system and ideal are explored where LiuB–algebra (L; ~, �, 0) is newly defined

based on the BCL–algebra (B; ~, 0),
(
not on BCL+–algebra (B; ~, 1), as previously defined in Def-

inition 1.1.12, for Liu-algebra [46]
)
, and the substructures of LiuB–algebra are originally defined

correspondingly.

Definition 5.1.1. An algebra (L; ~, �, 0) in which L is a non-empty set; ~ and � are two binary

operations defined on L; 0 is constant in L, where for every element m, n, w ∈ L, the following

axioms are satisfied is called LiuB−algebra (LBA):

(1) (L; ~, 0) is BCL–algebra;

(2) (L; �) is a semi-group (� is associative in L);

(3) � is both right and left distributive over ~
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or

m� (n~w) = (m�n)~ (m�w),

(n~w)�m= (n�m)~ (w�m),
∀m, n, w ∈ L.

Example 5.1.1. Let L = {0, m, n, w} be a set and let two binary operations ~ and � on L be

defined by the tables below:

~ 0 m n w

0 0 0 0 0
m m 0 w m

n n w 0 w

w w 0 m 0

� 0 m n w

0 0 0 0 0
m 0 m n w

n 0 n n 0
w 0 w 0 w

Table 5.1: Tables that define binary operations on LBA , (L, ~, �, 0) (See [42] for ~)

From the table above, all algebraic calculations are checked that (L, ~, �, 0) is LBA and for one

case let us show for some cases as follows:

(1) (L; ~, 0) is BCL–algebra ((See [42])

(2) (m�n)�w = n�w = 0 =m� (n�w) =m� 0⇒� is associative,

(3) (m~n)�w = w�w = w = (m�w)~ (n�w) = w~ 0 and

w� (m~n) = w�w = w = (w�m)~ (w�n) = w~ 0

⇒� is both right and left distributive over ~

Most of the above justifications are for some particular cases, similarly, one can check that

all the axioms hold for every element of L, the above is to show the way as there is no need
to show every step unlike proof of a theorem..

Remark 5.1.1.

(1) The properties of the binary operation ”~” and the binary order relation ”6” discussed in

the BCL–algebra (B; ~, 0) in the preceding sections also hold for this section.

(2) The LiuB–algebra defined in Definition 5.1.1 above is denoted by LiuB−algebra for it is de-

fined based on BCL–algebra just to make the distinction from Liu−algebra which was previ-

ously defined based on BCL+−algebra by Y. H. Liu in 2017 [46] since the two notions are

quite different.

Example 5.1.2. Let L1 = {–1, 0, 1} be a set ∀m, n ∈ L1 and define:
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m~n =


0, if m= n,

m, if m 6= n,

0, if m= 0,

and m�n =

m, if m= n,

0, if m 6= n.

Then
(
L1; ~, �, 0

)
is LiuB–algebra (LBA), by the following, particular cases as examples,

form = 1, n = 0 and w = −1:

(i) m~m = 0 hold by the particular definition of ~,

(ii) m~n = 0 and n~m = 0⇒m = n also hold by the particular definition of ~,

(iii)
[(
(m~n)~w

)
~
(
(m~w~n

)]
~
(
(w~n)~m

)
=
[(
(1 ~ 0)~ (−1)

)
~
(
(1 ~ (−1))~ 0

)]
~
(
((−1)~ 0)~ 1

)
=
[(

1 ~ (−1)
)
~
(
1 ~ 0

)]
~
(
− 1 ~ 1

)
=
(
1 ~ 1

)
~ (−1) = 0~(−1) = 0 hold.

(2) (1� 0)� (−1) = 0� (−1) = 0 = 1� (0� (−1)) = 1� 0⇒� is associative,

(3) (1 ~ 0)� (−1) = 1� (−1) = 0 = (1� (−1))~ (0� (−1)) = 0 ~ 0 and

(−1)� (1 ~ 0) = (−1)� 1 = 0 = ((−1)� 1)~ ((−1)� 0) = 0 ~ 0

⇒� is both right and left distributive over ~

Most of the above justifications are for some particular cases, similarly, one can check that
all the axioms hold for every element of L, the above is to show the way as there is no need
to show every step unlike proof of a theorem.

Example 5.1.3. Let L2 = {–i, 0, i}; where i =
√
−1 and ∀m, n ∈ L2 define:

m~n =


0, if m= n,

m, if m 6= n and m 6= 0,

0, if m= 0,

and m�n =

m, if m= n,

0, otherwise .

Then
(
L2; ~, �, 0

)
is LBA which could be justified in a similar way as Example 5.1.2 above

with the difference that we replace 1 by i and −1 by −i for this case.

Proposition 5.1.1. Let (L; ~, �, 0) be LBA Then the statements hereunder hold ∀m, n∈L:

(a) 0 � 0 = 0

(b) 0 �m = 0 =m � 0 = 0

(c) m � (n~n) = (n~n) �m = 0

132



Proof. Suppose (L; ~, �, 0) is a LiuB–algebra andm ∈ L:

(a) 0 = (0 �m) ~ (0 �m) = 0 � (m ~m), since k ~ k = 0 by Definition 1.1.8 (1)

= 0 � 0, ∀m ∈ L, since � is distributive over ~ by Definition 5.1.1 (3)

(b) 0 = (0 �m) ~ (0 �m) = (0 ~ 0) �m = 0 �m, similarly as (a) above

= (m � 0) ~ (m � 0) =m � (0 ~ 0) =m � 0, ∀m ∈ L

(c) Holds true by (b) as n ~ n = 0

Generally, 0 � 0 = 0 �m =m � 0 = 0, by (a) and (b) above

=m � (n~n) = (n~n) �m, ∀m, n ∈ L, as n~n = 0, ∀n ∈ L.

Theorem 5.1.1. Let (L; ~, �, 0) be LBA and 6 be a binary relation on the BCL–algebra (L; ~, 0).

Then the statements hereunder hold, ∀m, n, w ∈ L:

(i) m 6 n⇒ w �m 6 w � n

(ii) m 6 n⇒m � w 6 n � w

Proof. Let (L; ~, �, 0) be a LiuB–algebra and letm, n, w ∈ L:

(i) m 6 n⇒m ~ n = 0 and (w �m) ~ (w � n) = 0 = w � (m ~ n) = w � 0 = 0,

by Proposition 5.1.1

⇒ (w �m) ~ (w � n) = 0⇒ w �m 6 w � n, by definition of 6.

(ii) (m � w) ~ (n � w) = (m ~ n) � w = 0 � w = 0 by Proposition 5.1.1 (b)

⇒m � w 6 n � w by definition of 6.

Remark 5.1.2. The definition for square deviation η in Definition 4.1.1 could be extended to the

LBA (L; ~, �, 0) such that η(m) ∈ [–1, 1], ∀m ∈ L is a fuzzy subset and the properties discussed

in Proposition 4.1.1 and Remark 4.1.1 also hold in LBA L

Definition 5.1.2. Let (L; ~,�, 0) be LBA and suppose S is a non-empty subset of L. Thus S is known

as subalgebra (SA) of L if m~n ∈ S andm�n ∈ S, ∀m, n ∈ S.

Example 5.1.4. Let L = {0, m, n, w} be a set and let two binary operations ~ and � on L be

defined by the tables below:
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~ 0 m n w

0 0 0 0 0
m m 0 w m

n n w 0 w

w w 0 m 0

� 0 m n w

0 0 0 0 0
m 0 m n w

n 0 0 n 0
w 0 w 0 w

Table 5.2: Tables that define binary operations on LBA , (L, ~, �, 0) (See [42] for ~)

From Table 5.2 above, by checking algebraic calculations, we have checked that (L, ~, �, 0) is

LBA and we have checked the following as well:

(1) L, {0}, {0,m} , {0, n} , {0, w} , {0,m, w} are SAs of L,

(2) {m}, {n}, {w}, {m, n}, {m, w}, {n, w}, {0,m, n}, {0, n, w}, {m, n, w} are

not SAs of L, for m 6= 0, n 6= 0, w 6= 0.

Inorder to explain the above two, we take one set for each and show as follows:

(1) Take S = {0,m, w}. We shaw that S is SA of L, so that for the given operations, we have:

0~m = 0~w =m~m = w~w = w~m = 0 ∈ S,m~w =m~0 =m ∈ S, w~0 = w ∈ S.

Also, 0�m =m�0 = 0�w =w�0 = 0 ∈ S,m�w =w�m =w�m =w ∈ S,m�m =m ∈ S.

Therefore, all results of the operations remain in S, and satisfies the axioms of SA. Furthermore, for

the other sets listed in (1) above, the results of both binary operations also stay within S and satisfy

the axioms of SA.

(2) Take N = {0, n, w} and we show that N is not SA of L

w, n ∈ N but w~n =m /∈ N so that N is not SA of L.

Similarly, the other sets listed in (2) above are also not SAs of L.

Example 5.1.5. Let L = {0, −1, 1} be a set and let the two binary operations ~ and � on L be as

defined as in Example 5.1.2 above. Then, we have checked that (L, ~, �, 0) is LBA and we have

also checked the following as well:

(1) L, {0}, {0, −1} , {0, 1} are SAs of L,

(2) {−1}, {1}, {−1, 1} are not SAs of L.

which could be explained as follows:

(A) First we explain how (L; ~, �, 0) is LBA:

(1) (L; ~, 0) is BCL–algebra since:
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(i) 1~1 = (−1)~(−1) = 0~0 =0 by Definition of ~ in Example 5.1.2,

(ii) From (i) above, we generalizem~n = 0 and n~m = 0⇒m = n, from Example 5.1.2

(iii) To show that the following axiom is satisfied, we take some cases among several as follows:

(a) Taking (−1), 1, 0 at a time:
(
(((−1)~1)~0)~(((−1)~0)~1)

)
~
(
(0~1)~(−1))

)
=
(
(−1)~0)

)
~
(
(−1)~1)

)
~
(
0~(−1))

)
= ((−1)~(−1))~0 = 0~0 = 0

(b) Taking 1, 1, (−1) at a time:
(
((1~1)~(−1))~((1~(−1))~1)

)
~
(
((−1)~1)~1)

)
=
(
(0~(−1))~(1~1)

)
~
(
(−1)~1)

)
= (0~0)~(−1) = 0~(−1) = 0 and so on

Hence (L; ~, 0) is a BCL–algebra.

(2) (L; �) is a semi-group (� is associative):

(a) Taking (−1), 1, 0 at a time: (−1) � (1�0) = (−1) � 0 = 0 = ((−1) � 1)�0 = 0 � 0 = 0

(b) Taking 1, 1, (−1): 1�(1�(−1)) = 1� 0 = 0 = (1� 1)�(−1) = 1�(−1) = 0 and so on

(3) � is distributive over ~:

(a) Taking (−1), 1: (−1) � (1~0) = (−1) � 1 = 0 = ((−1) � 1)~((−1) � 0) = 0 ~ 0 = 0

(b) Taking 1, 1, (−1): 1�(1~(−1)) = 1� 1 = 1 = (1� 1)~(1�(−1)) = 1~0 = 1 and so on

We showed some random cases hold for each axioms so that (L; ~, �, 0) is LBA.

(B) We show some of L, {0, 1}, {0, −1} are SAs of L:

(1) S = {0, 1}: 0 ~ 0 = 0 ~ 1 = 1 ~ 1 = 0 � 0 = 0 � 1 = 1 � 0= 0 ∈ S, 1~ 0 = 1 � 1 = 1 ∈ S

(2) S = {0, −1}: 0 ~ 0 = 0 ~ −1 = −1 ~ −1 = 0 � 0 = 0 � −1 = −1 � 0 = 0 ∈ S,

−1 ~ 0 = −1 � −1 = −1 ∈ S and so on.

(C) We show {1}, {−1}, {1, −1} are not SAs of L:

(1) 1 ~ 1 = 0 6= {1}, −1 ~ −1 = 0 6= {−1}, 1 � −1 = 0 6= {1, −1},
~ 1 = 1 ~ 1 = 0 � 0 = 0 � 1 = 1 � 0= 0 ∈ S, 1~ 0 = 1 � 1 = 1 ∈ S

(2) S = {0, −1}: 0 ~ 0 = 0 ~ −1 = −1 ~ −1 = 0 � 0 = 0 � −1 = −1 � 0 = 0 ∈ S,

−1 ~ 0 = −1 � −1 = −1 ∈ S and so on.

Lemma 5.1.1. Suppose (L, ~, �, 0) is LBA , and S is SA of L. Then 0 ∈ S.

Proof. Since S 6= ∅, letm ∈ S⇒m ∈ L⇒m ~m = 0 ∈ S,

since (L; ~, 0) is BCL–algebra by Definition 5.1.1.
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Definition 5.1.3. Suppose D is a non-empty subset of L of LBA , (L; ~, �, 0). Thus D is known as

deductive system (DS) of L if and only if the following are satisfied, ∀m, n , w∈ L:

(1) m, n ∈ D⇒m ~ (n ~ w) ∈ D,

(2) m ∈ D⇒m � w � w ∈ D.

Example 5.1.6. Let L = {0,m, n,w} be a set and let two binary operations ~ and � on the LBA L

be as defined by Tables 5.1 of Example 5.1.1 above. Then, (L, ~, �, 0) is LBA and we have checked

that we also have the following:

(1) L, {0}, {0, n} are DSs of L,

(2) {0,m}, {0, w}, {m, n}, {m, n, w}, {0, n, w} are not DSs of L form 6= 0, n 6= 0, w 6= 0.

Example 5.1.7. Let L = {0, −1, 1} be a set and let two binary operations ~ and � on L be as

defined in Example 5.1.2 above. Then, (L, ~, �, 0) is LBA and we have the following as well:

(1) L, {0}, {0, −1} , {0, 1} are DSs of L,

(2) {−1}, {1}, {−1, 1} are not DSs of L.

(A) As (L, ~, �, 0) is LBA is explained in Example 5.1.5 above, we only need to explain (1) and (2)

as follows:

(B) We show some of L, {0, 1}, {0, −1} are DSs of L:

(1) D = {0, 1}, w = −1: (0 ~ 1) ~ −1 = 0 ~ −1 = 0 ∈ D, (1 ~ 1) ~ −1 = 0 ~ −1 = 0 ∈ D,

(0 ~ 0) ~ −1 = 0 ~ −1 = 0 ∈ D, (1 ~ 0) ~ −1 = 1 ~ −1 = 1 ∈ D and

0 � −1 � −1 = 0 � −1 = 0 ∈ D, 1 � −1 � −1 = 0 � −1 = 0 ∈ D, and so on.

(2) D = {−1, 1}, w = 0: 1 � 0 � 0 = 0 � 0 = 0 /∈ D which suffices to conform that {−, 1} is

not DS of L and neither {1} is DS of L, and so on.

Lemma 5.1.2. Suppose
(
L; ~, �, 0

)
is LBA , and D is DS of L. Then 0 ∈ D.

Proof. Since D 6= ∅, let m ∈ D⇒m ∈ L⇒m � 0 � 0 = m � 0 = 0 � 0 = 0 ∈ D, since 0 ∈ L,

by Definition 5.1.3 (2) and hence 0 ∈ D.

Definition 5.1.4. Let I be a non-empty subset of LBA L. Thus I is called ideal of LBA (L; ~, �, 0) if

the following axioms are satisfied, ∀m, n, w ∈ L:

(1) m~n ∈ I , and n ∈ I⇒m ∈ I,

(2) m, n ∈ I⇒ (m~n) � (n~w) ∈ I.

136



Example 5.1.8. Let L = {0,m, n,w} and two binary operations ~ and � on L be as defined as the

following table:

~ 0 m n w

0 0 0 0 0
m m 0 m m

n n n 0 n

w w w w 0

� 0 m n w

0 0 0 0 0
m 0 m 0 0
n 0 0 n 0
w 0 0 0 w

Table 5.3: Tables for the LBA (L, ~, �, 0) (See [42] for ~)

Then, by checking algebraic calculations, we have checked that (L, ~, �, 0) is LBA and we have

checked the following as well:

(1) L, {0}, {0,m}, {0, n}, {0, w}, {0,m, n}, {0,m, w}, {0, n, w} are ideals of L.

(2) {m}, {n, w}, {m, n}, {m, n, w} are not ideals of L, form 6= 0, n 6= 0, w 6= 0.

Inorder to explain the above two, we take one set for each and show as follows:

Take I = {0, w}. We shaw that I is ideal of L, so that we have:

(1) 0~w = 0 ∈ I and w ∈ I⇒ 0 ∈ I, w~0 = w ∈ I and 0 ∈ I⇒ w ∈ I,

0~0 = 0 ∈ I and 0 ∈ I⇒ 0 ∈ I, w~w = 0 ∈ I and w ∈ I⇒ w ∈ I, and so on.

(2) 0, w ∈ I, n ∈ L⇒ (0~w)�(w~n) = 0�w = 0 ∈ I,

0, w ∈ I, n ∈ L⇒ (w~0)�(0~n) = w�0 = 0 ∈ I,

w ∈ I, n ∈ L⇒ (w~w)�(w~n) = 0�w = 0 ∈ I, and so on.

Therefore, all results of the operations satisfy the two axioms of ideal, I, Furthermore, for the

other sets listed in (1) above, the results of both axioms also stay within I and satisfy the axioms of

ideal.

(2) Take N = {0, n, w} and we show that N is not SA of L

w, n ∈ N but w~n =m /∈ N so that N is not SA of L.

Similarly, the other sets listed in (2) above are also not SAs of L.

Example 5.1.9. Let L = {−i, −1, 0, i, 1} be a set, where i =
√
−1 and two binary operations

~ and� on L be as defined as follows: Then, (L, ~,�, 0) is LBA and we have the following as well:

m~n =


0, if m= n,

m, if m 6= n and m 6= 0,

0, if m= 0,

and m�n =

m, if m= n,

0, otherwise .
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Then, we have the following as well:

(1) {0},{0, −i}, {0, i}, {0, −1}, {0, 1}, {0, −i, −1, 1}, {0, −1, i}, L are ideals of L,

as for example, if I = {0, −i, −1, 1}, and m = −i, and n = −1, then by the first axiom of I:

m~n = (−i)~(−1) = (−i) ∈ I, n = −1 ∈ I⇒m = (−i) ∈ I hold and for the others hold, too;

andm=−i, n=−1 ∈ I⇒ (m~n)� (n~w)=((−i)~(−1))� ((−i)~1)=(−i)�(−i)=(−i)∈I,

when w = 1 also hold, and for the other listed elements, the axioms for ideals in L hold, too.

(2) {i}, {−1}, {−1, 1}, {(−i), −1}, {i, −1, 1}, L − {0} are not ideals of L;

since for example as discussed in (1) above, the first axiom of I fails for most of the sets listed

in (2) whenm =−i and n = −1.

Example 5.1.10. Suppose L = {0,m, n} is a set and two binary operations ~ and� on L are given

by the table below:

~ 0 m n

0 0 0 0
m m 0 0
n n n 0

� 0 m n

0 0 0 0
m 0 m 0
n 0 0 n

Table 5.4: Tables for the LBA (L, ~, �, 0) (See [42] for ~)

From the above tables, we have checked that (L, ~, �, 0) is LBA and we have the following as well:

(1) {0}, {0,m}, {0, n}, L are ideals of L.

as for example, if I {0,m}, then by the first axiom of I:m~ 0 =m ∈ I, 0 ∈ I⇒m ∈ I hold and

for the others hold, too; andm, 0 ∈ I⇒ (m~0)� (0~n) = (m~0)� (0~n) =m�0 =m ∈ I,

also hold, and for the other listed elements, the axioms for ideals in L hold, too.

(2) {m}, {n}, {m, n} are not ideals of L form 6= 0, n 6= 0.

since for example as discussed in (1) above, the first axiom of I fails for most of the sets listed

in (2) when I = {m, n}, we have: m, n ∈ I⇒ (n~m)� (m~0) = (n�m) = 0 /∈ I = {m, n}.

Lemma 5.1.3. Suppose
(
L; ~, �, 0

)
is LBA Then if I is ideal of L, then 0 ∈ I.

Proof. Since I 6= ∅, ∃n∈ I ⊆ L such that (n~n) � (n~n) = 0 � 0 = 0 ∈ I by Definition 5.1.4 (2)

Thus 0 ∈ I.
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Proposition 5.1.2. Suppose I is a non-empty subset of LBA (L; ~ , �, 0) and 6 is a binary relation

on the BCL–algebra (L; ~, 0). Then:

(1) I is an ideal of LBA L if the following axioms are satisfied, for the binary relation 6 in

a BCL–algebra B and ∀m, n, w ∈ L:

(i) m6 n and n ∈ I⇒m ∈ I,

(ii) m, n ∈ I⇒ (m~n) � (n~w) ∈ I.

(2) If I is an ideal of L such that w ∈ I and n6w then n ∈ I.

Proof. Suppose L is LBA and I ⊆ L.

(i) m6 n , and n ∈ I⇒m ∈ I⇒m~n = 0 and n ∈ I with 0 ∈ I by Lemma 5.1.3

Then 0 =m~n ∈ I and n ∈ I⇒m ∈ I, here the first axiom for ideal is satisfied.

(ii) m, n ∈ I⇒ (m~n) � (n~w) ∈ I is the second axiom of an ideal.

Thus, since (i) and (ii) describe the two axioms for ideal being satisfied, I is an ideal of L.

(2) Let w ∈ I and n6w⇒ w ∈ I and n~w = 0⇒ w ∈ I and 0 = n~w ∈ I

Thus w ∈ I and n~w ∈ I⇒ n ∈ I by Definition 5.1.4 (1).

5.2. Fuzzy Substructures of LiuB–Algebra

Under this section, we explore three fundamental fuzzy substructures within LiuB–algebras (LBAs.):
fuzzy subalgebras, fuzzy deductive systems, and fuzzy ideals. We introduce precise definitions for
each, supported by illustrative examples that clarify their structures and behavior. Key properties
are established through rigorous justifications, including the dominance of the zero element’s mem-
bership grade across all substructures, the preservation of substructure properties under intersection
(with counter examples demonstrating failure under union), equivalence conditions linking crisp
substructures to their fuzzy counterparts via characteristic functions.

Theorems, lemmas, and propositions validate fundamental results, while examples and remarks

highlight critical distinctions between each pair of substructures . This systematic treatment lays

the groundwork for understanding hierarchical relationships and operational compatibility within

fuzzy LBA substructures.
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5.2.1 Fuzzy Subalgebra of LiuB−Algebra

Under this subsection, we introduce definitions and give examples of fuzzy subalgebra of LBA ,

state and prove the properties and theorems of fuzzy subalgebra of LBA

Definition 5.2.1.1. A fuzzy subset η in (L, ~, �, 0) in a non-empty set L where η : L → [0, 1]

define the membership function is known as a fuzzy subalgebra of L if the two pairs of statements

hereunder are satisfied; ∀m, n ∈ L:

(i) η(m~n) > min{η(m), η(n)}

(ii) η(m�n) > min{η(m), η(n)} .

Example 5.2.1.1. Let L = {0, m, n, w} be a set and two binary operations ~ and � on L be given

as in Table 5.2 of Example 5.1.4 above and the fuzzy subset η : L→ [0, 1] given by:

η(k) =


0.9, if k = 0,

0.7, if k = m,w,

0.4, if k = n.

Thus, applying mathematical manipulations, like:

η(m~n) = η(w) = 0.7 > min{η(m), η(n)} = min{0.7, 0.4} = 0.4 and

η(m�n) = η(n) = 0.4 > min{η(m), η(n)} = min{0.7, 0.4} = 0.4, both hold and similarly

all the others hold which could be verified for each of the elements in L in a similar fashion.

Lemma 5.2.1.1. Let (L, ~, �, 0) be LBA If η is a fuzzy SA of L, then η(0) > η(m); ∀m ∈ L.

Proof. Letm ∈ L, then we have: m ~m = 0, by Definition 1.1.8 (1).

Hence, from the first axiom of fuzzy SA of L, we have

η(0) = η(m~m) > min{η(m), η(m)} = η(m) ⇒ η(0) > η(m), ∀m ∈ L.

Theorem 5.2.1.1. Let (L; ~, �, 0) be LBA, M be a non-empty subset of L and η be a fuzzy

subset in L such that η(m) =

δ, if m ∈M,

σ, if m /∈M,
where δ, σ ∈ [0, 1], δ > σ.

Then M is SA of L if and only if η is a fuzzy SA of L.
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Proof. Let M be SA of L, we claim that η is a fuzzy SA of L.

(1) First we prove: η(m�n) > min{η(m), η(n)}, ∀m, n ∈ L.

Case(i) : Letm, n ∈M⇒m�n ∈M (since M is SA of L by hypothesis)

Then η(m) = η(n) = δ⇒ η(m�n) = δ

⇒ η(m�n) > min{η(m), η(n)} = min{δ, δ} = δ, ∀m, n ∈ L.

Case(ii) : Let n ∈M,m /∈M (orm ∈M, n /∈M)

Then η(m) = σ, η(n) = δ
(
or η(m) = δ, η(n) = δ

)
And again, m�n /∈M orm�n ∈M ⇒ η(m�n) = σ, η(m�n) = δ

⇒ η(m�n) > σ = min{η(m), η(n)} = min{σ, δ} = σ.

Case(iii) : Letm /∈M, n /∈M. Then η(m) = σ =η(n)

⇒ Either m�n /∈M orm�n ∈M ⇒ η(m�n)
)

= σ or η(m�n) = δ.

⇒ η(m�n) > σ = min{η(m), η(n)} = min{σ, σ} = σ

By Cases (i), (ii) and (iii), above we deduce that: η(m�n) > min{η(m), η(n)}, ∀m, n ∈ L.

(2) Similar steps can be followed to show that: η(m~n) > min{η(m), η(n)}, ∀m, n ∈ L.

Hence η is fuzzy SA of L.

Conversely, suppose η is a fuzzy SA of L, then we claim that M is SA of L.

Let n,m ∈M⇒ η(m) = η(n) = δ and

η(m~n) > min{η(m), η(n)} = min{δ, δ} = δ ⇒ η(m~n) > δ

and since δ, σ ∈ [0, 1] , δ > σ, we have η(m�n) 6 δ
(
by definition of η

)
, hypothesis

⇒ η(m�n) = δ⇒m�n ∈M

Again, for n,m ∈M it is easy to show that,m~n ∈M, following the preceding similar steps.

Therefore, M is SA of L.

Corollary 5.2.1.1. Let (L; ~, �, 0) be LBA, M be a non-empty subset of L and χ
M

be the

Characteristic function on M. Then χ
M

is a fuzzy SA of L if and only if M is SA of L.

Proof. Suppose the Characteristic function χ
M

: M→{0, 1} is defined as: χ
M
(m) =

1, if m ∈M,

0, if m /∈M.

This proof can be completed by following the steps for Theorem 5.2.1.1 above by simply replac-

ing δ by 1 and σ by 0.

141



Theorem 5.2.1.2. The intersection of any two fuzzy SAs, η1 and η2 of LBA L is also a fuzzy SA of L.

Proof. Let η1 and η2 be any two fuzzy SAs of L. Then we claim; η1∩ η2 is a fuzzy.

SA of L. Letm, n ∈ L, then, we have:

(1)
(
η1∩ η2

)
(m~n) = min

{(
η1∩ η2

)
(m~n),

(
η1∩ η2

)
(m~n)

}
> min

{
min{η1(m),

(
η1(n)}, min{

(
η2(m),

(
η2

)
(n)}
}

= min
{
min{η1(m), η2(m), min{η1(n),

(
η2(n)}

}
= min

{(
η1 ∩ η2

)
(m),

(
η1∩ η2

)
(n)
}

⇒
(
η1∩ η2

)
(m~n) > min

{(
η1∩ η2

)
(m),

(
η1∩ η2

)
(n)
}

, ∀m, n∈L.

(2) Similarly, it is possible to verify that
(
η1∩ η2

)
(m�n) > min{

(
η1∩ η2

)
(m),

(
η1∩ η2

)
(n)}

of fuzzy SAs of L is fuzzy SA of L.

Corollary 5.2.1.2. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of fuzzy SAs,

{(
η
i
, τ

i

)
: i ∈ I

}
,

of LBA L is also a fuzzy SA of L.

Proof. Let
{(
η
i
, τ

i

)
: i ∈ I

}
, be family of fuzzy SAs of L. Then we claim;

(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, is a

fuzzy SA of L and letm, n ∈ L, then, we have:

(1)
⋂
i∈I
η
i
(m~n) = inf

i∈I

{
η
i
(m~n)

}
> inf
i∈I

{
min
{
η
i
(m), η

i
(n)
}}

> min
{

inf
i∈I

{
η
i
(m), η

i
(n)}
}

= min
{

inf
i∈I

{
η
i
(m), inf

i∈I

{
{η
i
(n)
}}

= min
{⋂
i∈I
η
i
(m),

⋂
i∈I
η
i
(n)
}

, ∀m, n ∈ B.

(2)
⋂
i∈I
η
i
(m�n) = inf

i∈I

{
η
i
(m�n)

}
> inf
i∈I

{
min{η

i
(m), η

i
(n)}
}

> min
{

inf
i∈I

{
η
i
(m), η

i
(n)}
}

= min
{

inf
i∈I

{
η
i
(m)
}

, inf
i∈I

{
η
i
(n)
}}

= min
{⋂
i∈I
η
i
(m),

⋂
i∈I
η
i
(n)
}

, ∀m, n ∈ B.

Thus, by (1) and (2) above, intersection of fuzzy SAs of L is fuzzy SA of L.
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Remark 5.2.1.1. The union of two fuzzy SAs of LBA L may not be fuzzy SA of L, justified by the

following counter example.

Example 5.2.1.2. Let (L, ~, �, 0) where L = {0, m, n, w} and two binary operations ~ and � on

L be as defined in Table 5.2 of Example 5.1.4 above and define two fuzzy SAs η1 and η2 of L as in

Table 5.6 below:

Elements of L η1 η2 η1∪η2

0 0.9 0.8 0.9

m 0.3 0.7 0.7

n 0.5 0.3 0.5

w 0.3 0.3 0.3

Table 5.5: A table that defines fuzzy SAs and their unions

Hence, sincem~n = w: then we have:(
η1∪ η2

)
(m~n) =

(
η1∪ η2

)
(w) = 0.3 > min

{(
η1∪η2

)
(m),

(
η1∪η2

)
(n)
}

= min
{

0.7, 0.5
}

= 0.5, which is false, and this shows that the union

of two fuzzy SA of L is not necessarily fuzzy SA of L.

5.2.2 Fuzzy Deductive System of LiuB—Algebra

Under this subsection, we introduce definitions and give examples of fuzzy deductive systems of

LBA , state and prove some properties and theorems of fuzzy deductive systems of LBA

Definition 5.2.2.1. A fuzzy subset η in L, where (L; ~, �, 0) is LBA , is known as a fuzzy DS of L if

the statements hereunder are satisfied ∀m, n , w ∈ L:

(i) η
(
m~ (n~w)

)
> min{η(m), η(n)}

(ii) η(m�w�w) > η(m).

Example 5.2.2.1. Let L = {0, m, n, w} and two binary operations ~ and � on LBA L be given as

in Table 5.2 of Example 5.1.4 above and the fuzzy subset η : L→ [0, 1] given by:

η(k) =

0.8, if k = 0,

0.3, if k = m, n, w .
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Thus, it has been checked that η is fuzzy DS of L explained for some cases as follows taking random

elements w, 0, n ∈ L (as one case):

(i) η
(
w~ (0 ~n)

)
= η
(
w~ 0)

)
= η
(
w)
)

= 0.3 > min{η(w), η(0)} = {0.3, 0.3} = 0.3 holds

and so do other cases,

(ii) η(w�n�n) = η(0) = 0.8 = > η(w) 0.3 holds and so do other cases,

Lemma 5.2.2.1. Let (L; ~, �, 0) be LBA If η is a fuzzy DS of L, then η(0) > η(m), ∀m∈L.

Proof. Form ∈ L, we have: m � 0 � 0 = 0. Then

⇒ η(m � 0 � 0) > η(m) ⇒ η(m � 0 � 0) = η(0) > η(m) , ∀m ∈ L,

Hence, η(0) > η(m), ∀m ∈ L.

Proposition 5.2.2.1. Let (L; ~, �, 0) be LBA and M be a non-empty subset of L, then the Charac-

teristic function χ
M

on M is a fuzzy DS of L if and only if M is DS of L.

Proof. Suppose the Characteristic function, χ
M

, is fuzzy DS of L where χ
M

: M→ {0, 1} is

defined as: χ
M
(k) =

1, if k ∈M,

0, if k /∈M.

We need to verify that M is DS of L, that is;

(1) m∈M⇒m�w�w∈M and

(2) m, n∈M⇒
(
m~(n~w)

)
∈M.

(1) Let m∈M ⇒ χ
M
(m) = 1. Then χ

M
(m�w�w) > χ

M
(m) = 1⇒ χ

M
(m�w�w) > 1

But χ
M

(m�w�w) 6 1 , by definition of Characteristic function.

⇒ χ
M

(m�w�w) = 1 ⇒ m�w�w∈M.

(2) Let m, n ∈M ⇒ χ
M
(m) = χ

M
(n) = 1

Then χ
M

(
m~(n~w)

)
> min{χ

M
(m), χ

M
(n)} = min{1, 1} = 1

But χ
M

(
m~(n~w)

)
6 1, by definition of Characteristic function.

⇒ χ
M

(
m~(n~w)

)
= 1 ⇒ m~(n~w) ∈M

Therefore, M is a DS of L, by (1) and (2) above.

Conversely, assume M is DS of L. We need to assert that the Characteristic function χ
M

is a fuzzy

DS of L, claiming to verify the two defining axioms. Then we prove this part by verifying the two
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defining axioms where we consider three cases for one and two case for the other as follows:

Axiom (1): χ
M
(m~ (n~w)) > min{χ

M
(m), χ

M
(n)}; ∀m, n, w ∈ L, (by 3 Cases).

Claim (1): Asserting axiom 1 by considering 3 cases as follows:

Case(i) : Supposem, n ∈M and w ∈ L⇒m~(n~w) ∈M; since M is DS of L

⇒ χ
M
(m) = 1 = χ

M
(n) = χ

M
(m~ (n~w))

⇒ χ
M
(m~ (n~w) > min{χ

M
(m), (χ

M
(n)} = min{1, 1} = 1

Case(ii) : Supposem∈M, n /∈M
(
or similarly m /∈M, n ∈M

)
⇒ χ

M
(m) = 1, χ

M
(n) = 0 (or similarly, χ

M
(m) = 0, χ

M
(n) = 1), and

either χ
M
(m~ (n~w)) = 1 or χ

M
(m~ (n~w)) = 0 ⇒ χ

M
(m~ (n~w) > 0

⇒ χ
M
(m~ (n~w)) > min{χ

M
(m), χ

M
(n)} = min{1, 0} = 0

Case(iii) : Supposem /∈M, n /∈M ⇒ χ
M
(m) = 0 = χ

M
(n), and

either χ
M
(m~ (n~w)) = 1 or χ

M
(m~ (n~w)) = 0 ⇒ χ

M
(m~ (n~w)) > 0

⇒ χ
M
(m~ (n~w)) > min{χ

M
(m), (χ

M
(n)} = min{0, 0} = 0

Then by Cases (i) − (iii) above, χ
M
(m~ (n~w)) > min{χ

M
(m), (χ

M
(n)}, ∀m, w ∈ L.

Axiom (2): χ
M
(m�w�w) > χ

M
(m); ∀m ∈M, ∀ w ∈ L

Claim (2): Asserting axiom 2 by considering 2 cases as follows:

Case(i) : Supposem ∈M⇒ (m�w)�w ∈M; since M is DS of L

⇒ χ
M
(m) = 1 = χ

M
(m�w�w) ⇒ χ

M
(m�w�w) > χ

M
(m) = 1

Case(ii) : Letm /∈M. Then χ
M
(m) = 0, and either χ

M
(m�w�w) = 1 or χ

M
(m�w�w) = 0

⇒ χ
M
(m�w�w) > 0 ⇒ χ

M
(m�w�w) > χ

M
(m) = 0

By Cases (i) − (ii) above, we deduce that χ
M
(m�w�w) > χ

M
(m), ∀m, w ∈ L.

Therefore, by axioms (1) and (2)
(
Conclusions of claims (1) and (2)

)
above, we conclude that χ

M
is

fuzzy DS of L.

Corollary 5.2.2.1. Let (L; ~, �, 0) be LBA , ∅ 6= M ⊆ L and η
M

: M→ [0, 1] be a

fuzzy subset in L such that δ, σ ∈ [0, 1], and δ > σ , where η
M
(m) =

δ, if m ∈M,

σ, if m /∈M.
Then M is DS of L if and only if η

M
is a fuzzy DS of L.
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Proof. Similar to the proof of Proposition 5.2.2.1 above with the exception that 1 is replaced by δ

and 0 is replaced by σ.

Theorem 5.2.2.1. Intersection of any two fuzzy DSs, η1 and η2 of LBA L is fuzzy DS of L.

Proof. Let η1 and η2 be any two fuzzy DSs of L. Then we need to prove:

η1∩ η2 is a fuzzy DS of L, which is justified as follows:

(i)
(
η1∩ η2

)
(m�w�w) = min

{
η1(m�w�w), η2(m�w�w)

}
> min{η1(m),

(
η2(m)

}
⇒
(
η1∩ η2

)
(m�w�w) > η1(m) , ∀m ∈ L,

(ii)
(
η1 ∩ η2

)
(m~ (n~w)) = min

{
η1(m~ (n~w)), η2(m~ (n~w))

}
>min

{
min
{
η1(m), η1(n)

}
, min

{
η2(m), η2(n)

}}
= min

{
min
{
η1(m), η2(m)

}
,min

{(
η1(n), η2(n)

}}
,

= min
{
η1 ∩ η2

)
(m),

(
η1 ∩ η2

)
(n)
}

Thus, intersection of two fuzzy DSs of L is fuzzy DS of L.

The above theorem can also be generalized to any family of fuzzy DSs of L as in the corollary below.

Corollary 5.2.2.2. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of fuzzy DSs,

{(
η
i
, τ

i

)
: i ∈ I

}
,

of LBA L is also a fuzzy DS of L.

Proof. Let
{(
η
i
, τ

i

)
: i ∈ I

}
, be family of fuzzy DSs of L and letm, n, w ∈ L. Then we need

to prove that:
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, is a fuzzy DS of L, which is justified as follows:

(i)
(⋂
i∈I
η
i

)
(m�w�w) = inf

i∈I

{
η
i
(m�w�w)

}
> inf
i∈I

{
η
i
(m)
}

=
⋂
i∈I
η
i
(m), ∀m, w ∈ B.

(ii)
(⋂
i∈I
η
i

)
(m~ (n~ u)) = inf

i∈I

{
η
i
(m~ (n~ u))

}
> inf
i∈I

{
min
{
η
i
(m), η

i
(n)
}}

> min
{

inf
i∈I

{
η
i
(m), η

i
(n)
}}

= min
{

inf
i∈I

{
η
i
(m)
}

, inf
i∈I

{
η
i
(n)
}}
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= min
{⋂
i∈I
η
i
(m),

⋂
i∈I
η
i
(n)
}

, ∀m, n, u ∈ B.

Thus, by (i) and (ii) above, intersection of two fuzzy DSs of L is fuzzy DS of L.

Remark 5.2.2.1. The union of two fuzzy DSs of LBA L may not be fuzzy DS of L, justified by the

following counter example.

Example 5.2.2.2. Let L = {0, m, n, w } and the two binary operations ~ and � on L be as defined

in Table 5.2 of Example 5.1.4 above and define two fuzzy DSs η1 and η2 of L as follows:

Elements of L η1(k) η2(k) (η1∪η2)(k)

0 0.8 1 1

m 0.4 0.6 0.6

n 0.4 0.7 0.7

w 0.8 0.7 0.8

Table 5.6: A table that defines fuzzy SAs and their unions

Then, from Table 5.2 of Example 5.1.4 above , we have that: w~ (n~ 0) = w~n = m.

Also, from Table 5.6 of Example 5.2.2.2 above, we have:

⇒ (η1 ∪ η2)(w~ (n~ 0)) = (η1 ∪ η2)(m) = 0.6

⇒ (η1 ∪ η2)(w~ (n~ 0)) = 0.6 > min{η1 ∪ η2(w), η1 ∪ η2(n)}

= min{0.8, 0.7} = 0.7, which is false confirming that

the union of two fuzzy DSs of LBA L is not necessarily fuzzy DS of L.

5.2.3 Fuzzy Ideal of LiuB−Algebra

Under this subsection, we introduce definition and give examples of fuzzy ideal of LBA , state and

prove some properties and theorems on fuzzy ideal of LBA

Definition 5.2.3.1. A fuzzy subset η in LBA (L; ~,�, 0) is called a fuzzy ideal of LBA if the following

statements are satisfied ∀m, n ∈ L:

(i) η(m) > min{η(m~n), η(n)}

(ii) η
(
(m~n)� (n~w)

)
> min{η(m), η(n)}.
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Example 5.2.3.1. Let L1 = {0,m, n,w}, L2 = {0,m, n} be sets and binary operations ~ and �

on both L1 and L2 be as defined in Table 5.3 and Table 5.4 above, respectively and let the fuzzy

subsets η1 in L1 and η2 in L2 be defined as follows, and let η1 : L1 → [0, 1], η2 : L2 → [0, 1] be

given by: η1(k) =


0.9, if k = 0,

0.4, if k = m, w,

0.2, if k = n,

and η2(k) =


0.8, if k = 0,

0.5, if k = m, n.

η1 is fuzzy ideal of L1 and η2 is fuzzy ideal of L2 , where we explain these examples as follows

for some cases taking some randomly selected elements of L1 and L2 like for instance; n, 0, w ∈ L1

andm, n, 0 ∈ L2 .

(1) (i) η1(n) = 0.2 > min{η1(n~ 0), η1(0)} = min{η1(n), η1(0)} = min{0.2, 0.9} = 0.2 holds

and so do the others for any arbitrary choices of elements of L1 .

(ii) η1(n~ 0)� (0 ~m) = η1(n� 0) = η1(0) = 0.9

> min{η1(n), η1(0)} = min{0.2, 0.9} = 0.2 holds and so do the

others for any arbitrary choices of elements of L1 .

(2) (i) η2(m) = 0.5 > min{η2(m~n), η2(n)} = min{η2(m), η2(n)} = min{0.5, 0.5} = 0.5

holds and so do the others for any arbitrary choices of elements of L2 .

(ii) η2(m~n)� (n~ 0) = η2(m�n) = η2(0) = 0.8

> min{η2(m), η2(n)} = min{0.5, 0.5} = 0.5 holds and so do the

others for any arbitrary choices of elements of L2 .

Lemma 5.2.3.1. Let (L; ~, �, 0) be LBA If η is fuzzy ideal of L, then η(0) > η(m), ∀m ∈ L.

Proof. As L 6= ∅, ∃m∈L such that η
(
(m~m)� (m~m)

)
>min{η(m), η(m)} = η(m)

⇒ η
(
(m~m)� (m~m)

)
= η
(
0� 0

)
= η(0), ∀m ∈ L, asm~m = 0 and 0 ~ 0 = 0, ∀m ∈ L

and η
(
(m~m)� (m~m)

)
= η(0) > min{η(m), η(m)} = η(m), ∀m ∈ L

Therefore, η(0) > η(m), ∀m ∈ L

Proposition 5.2.3.1. Let M be a non-empty subset of L and χ
M

be the Characteristic function,

then χ
M

is a fuzzy ideal of L if and only if M is ideal of L.
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Proof. Suppose χ
M

: M→ {0, 1} is a Characteristic function, then: χ
M
(m) =

1, if m ∈M,

0, if m /∈M.

Suppose χ
M

is a fuzzy ideal of L. We need to verify that M is an ideal of L.

(1) Letm ~ n, n ∈M⇒ χ
M
(m~n) = χ

M
(n) = 1, and then we claim thatm ∈M

But χ
M
(m) > min{χ

M
(m~n), χ

M
(n)} = min{1, 1} = 1

⇒ χ
M
(m) > 1 but χ

M
(m) 6 1, ∀m ∈M, by definition of χ

M

⇒ χ
M
(m) = 1⇒m ∈M

Hence,m ~ n, n ∈M⇒m ∈M

(2) Again, letm, n ∈M⇒ χ
M
(m) = χ

M
(n) = 1.

Here also we claim that (m~n) � (n~w) ∈M, ∀m, n, w ∈ L

Now, χ
M

(
(m~n) � (n~w)

)
> min{χ

M
(m),

(
χ
M
(n)} = min{1, 1} = 1

⇒ χ
M

(
(m~n) � (n~w)

)
> 1, ∀m, n ∈M

but χ
M

(
(m~n) � (n~w)

)
6 1 , ∀m, n ∈M, by definition of χ

M

⇒ χ
M

(
(m~n) � (n~w)

)
= 1⇒ (m~n) � (n~w) ∈M

Thus,m, n∈M⇒ (m~n)�(n~w)∈M and therefore, M is a ideal of L if χ
M

is fuzzy ideal of L.

Conversely, suppose M is ideal of L. We need to prove χ
M

is a fuzzy ideal of L, ∀m, n, w ∈ L.

That means we need to show that:

(1) χ
M
(m) > min{χ

M
(m~n), χ

M
(n)}, ∀m, n ∈ L

(2) χ
M

(
(m~n) � (n~w)

)
> min{χ

M
(m), χ

M
(n)}, ∀m, n, w ∈ L

(1) To show χ
M
(m) > min{χ

M
(m~n), χ

M
(n)}, we follow the following three cases:

Case(i) : Let m~n, n ∈M ⇒ m ∈M, since M is ideal of L.

But from the hypothesis, χ
M
(m~n) = χ

M
(n) = 1⇒ χ

M
(m) = 1

⇒ χ
M
(m) = 1 > min{χ

M
(m~n), χ

M
(n)}

Case(ii) : Letm~n ∈M, n /∈M
(
orm~n /∈M, n ∈M

)
, proving one of these is similar to

proving the other and so we prove the first part.

⇒ χ
M
(m~n) = 1 and χ

M
(n) = 0 but eitherm ∈M orm /∈M⇒ χ

M
(m) = 1 or χ

M
(m) = 0

⇒ χ
M
(m) > 0 = min{χ

M
(m~n), χ

M
(n)} = min{1, 0} ⇒ χ

M
(m) >min{χ

M
(m~n), χ

M
(n)}

Case(iii) : Letm~n /∈M, n /∈M ⇒ χ
M
(m~n) = 0 =

(
χ
M
(n).
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But eitherm ∈M orm /∈M⇒ χ
M
(m) = 1 or χ

M
(m) = 0

⇒ χ
M
(m) > 0 = min{χ

M
(m~n), χ

M
(n)} = min{0, 0}

Thus, by all the Cases (i) − (iii), above, we obtain χ
M
(m) > min{χ

M
(m~n, χ

M
(n)}.

(2) To show χ
M

(
(m~n) � (n~w)

)
> min{χ

M
(m), χ

M
(n)}, we follow the following

the three cases as similarly as (1) above

Case(i) : Letm, n ∈M ⇒ (m~n) � (n~w) ∈M, ∀w ∈ L, since M is ideal of L.

But from the hypothesis, χ
M
(m) = χ

M
(n) = 1⇒ χ

M
((m~n) � (n~w)) = 1

⇒ χ
M
((m~n) � (n~w)) = 1 > min{χ

M
(m), χ

M
(n)}

Case(ii) : Letm ∈M, n /∈M
(
orm /∈M, n ∈M

)
, proving one of these is similar to proving

the other and so we prove the first part.

⇒ χ
M
(m) = 1 and χ

M
(n) = 0 but either (m~n)�(n~w) ∈M or (m~n)�(n~w) /∈M

⇒ χ
M
((m~n) � (n~w)) = 1 or χ

M
((m~n) � (n~w)) = 0

⇒ χ
M
((m~n) � (n~w)) > 0 = min{χ

M
(m), χ

M
(n)} = min{1, 0}

⇒ χ
M
((m~n) � (n~w)) > min{χ

M
(m), χ

M
(n)}

Case(iii) : Letm /∈M, n /∈M ⇒ χ
M
(m) = 0 =

(
χ
M
(n).

But either (m~n) � (n~w) ∈M or (m~n) � (n~w) /∈M

⇒ χ
M
((m~n) � (n~w)) = 1 or χ

M
((m~n) � (n~w)) = 0

⇒ χ
M
((m~n) � (n~w)) > 0 = min{χ

M
(m), χ

M
(n)} = min{0, 0}

Thus, by the Cases (i) − (iii), above we obtain: χ
M
((m~n) � (n~w)) > min{χ

M
(m), χ

M
(n)}.

In general, by (1) and (2) above, we have ratified that the Characteristic function, χ
M

is fuzzy ideal

of L if M is ideal of L.

Theorem 5.2.3.1. The intersection of any two fuzzy ideals, η1 and η2 of LBA L is a fuzzy ideal of L.

Proof. Let η1 and η2 be any two fuzzy ideals of L. Then we need to prove:

(i)
(
η1∩ η2

)
(m) > min{

(
η1∩ η2

)
(m~n),

(
η1∩ η2

)
(n)} and then:(

η1∩ η2

)
(m) = min{η1(m),

(
η2

)
(m)}

> min
{

min{
(
η1(m~n), η1(n)}, min{

(
η2(m~n), η2(n)}

}
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= min
{
min{η1(m~n), η2(m~n)}, min{η1(n), η2(n)}

}
= min

{(
η1∩ η2

)
(m~n), (η1∩ η2

)
(n)
}

(ii)
(
η1∩ η2

)
((m~n) � (n~w)

)
= min

{
η1((m~n) � (n~w)

)
, η2((m~n) � (n~w))

}
> min

{
min
{(
η1(m),

(
η1

)
(n)
}

, min{
(
η2(m),

(
η2

)
(n)}
}

= min
{

min
{(
η1(m),

(
η2

)
(m)
}

, min{
(
η1(n),

(
η2

)
(n)}
}

= min
{(
η1 ∩ η2

)
(m),

(
η1 ∩ η2

)
(n)
}

Thus by (i) and (ii) above, we ratified that η1∩ η2 is a fuzzy ideal of L.

Therefore, intersection of any two fuzzy ideals of L is also fuzzy ideal of L.

The above theorem can also be generalized to any family of ideals of L as in the corollary below.

Corollary 5.2.3.1. The intersection,
⋂
i∈I
η
i
, of any family of fuzzy ideals,

{(
η
i
, τ
i

)
: i ∈ I

}
,

of LBA L is also a fuzzy ideal of L.

Proof. Let
{(
η
i
, τ
i

)
: i ∈ I

}
, be family of fuzzy ideals of L. Then we need to prove

(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
,

is fuzzy ideal of L, and then:

(i)
(⋂
i∈I
η
i

)
(m) = inf

i∈I

{
η
i
(m)
}

> inf
i∈I

{
min{η

i
(m~n), η

i
(n)}
}

> min
{

inf
i∈I

{
η
i
(m~n), η

i
(n)}
}

= min
{

inf
i∈I

{
η
i
(m~n)}, inf

i∈I
{η
i
(n)}
}

= min
{⋂
i∈I
η
i
(m~n)},

⋂
i∈I
η
i
(n)
}

, ∀m, n ∈ L.

(ii)
⋂
i∈I
η
i

(
(m~n) � (n~w)

)
= inf
i∈I

{
η
i
((m~n) � (n~w)

)}
> inf
i∈I

{
min
{(
η
i
(m),

(
η
i

)
(n)
}}

> min
{

inf
i∈I

{(
η
i
(m),

(
η
i

)
(n)
}}
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= min
{

inf
i∈I

{(
η
i
(m)}, inf

i∈I

{(
η
i

)
(n)
}}

= min
{⋂
i∈I

(
η
i
(m),

⋂
i∈I

(
η
i
(n)
}

, ∀m, n, w ∈ L.

Thus by (i) and (ii) above, we ratified that
⋂
i∈I
η
i

is a fuzzy ideal of L.

Therefore, intersection of any family fuzzy ideals of LBA L is also fuzzy ideal of L.

Remark 5.2.3.1. The union of two fuzzy ideals of L may not be necessarily fuzzy ideal of L which is

illustrated by Example 5.2.3.2 below.

Example 5.2.3.2. Let (L, ~, �, 0) where L = {0, m, n, w} and two binary operations ~ and � on L

be as defined in Table 5.7 below, and the two fuzzy ideals η1 and η2 of L as define below:

η1(k) =


0.9, if k = 0,

0.6, if k = n,

0.4, if k = m , w,

and η2(k) =


0.8, if k = 0,

0.7, if k = m,

0.5, if k = n, w,

⇒
(
η1∪η2

)
(k) =


0.9, if k = 0,

0.7, if k = m,

0.6, if k = n,

0.5, if k = w.

~ 0 m n w

0 0 0 0 0
m m 0 w m

n n w 0 n

w w w n 0

� 0 m n w

0 0 0 0 0
m 0 m w n

n 0 w n m

w 0 n m w

Table 5.7: Tables for the LBA (L, ~, �, 0) (See [42] for ~)

From Table 5.7 above, it has been shown that (L, ~, �, 0) is LBA and we have:

Since w is an arbitrary element of L, choose,m = w so that:

(m~n)� (n~m) = w�w = w, and then(
η1∪ η2

)(
(m~n)� (n~m)

)
=
(
η1∪ η2

)
(w) = 0.5

> min
{(
η1∪ η2

)
(m),

(
η1∪ η2

)
(n)
}

= min{0.7, 0.6} = 0.6

which is false, confirming that union of two fuzzy ideals of L is not necessarily fuzzy ideal of L.

Proposition 5.2.3.2. Let η be a fuzzy subset in LBA L such that η(m) =

δ, if m ∈M,

σ, if m /∈M.

where δ, σ ∈ [0, 1], and δ > σ . Then M is ideal of L if and only if η is a fuzzy ideal of L.
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Proof. The proof this proposition is Similar to the proof of Proposition 5.2.3.1 above with the ex-

ception that 1 is replaced by δ and 0 is replaced by σ.

Remark 5.2.3.2. In a LiuB–algebra (LBA), the classes of fuzzy subalgebras, fuzzy DS, and fuzzy

ideals are mutually non-equivalent; in other words, a fuzzy subset satisfying the conditions of one

of these structures does not necessarily satisfy the axioms of the others, and hence none of the three

notions implies (or is implied by) the others.

Example 5.2.3.3. To justify some of the relations of any two, let us take some examples as follows

and the rest could be elaborated in similar ways. Let η : L → [0, 1] be a fuzzy subset in LBA L

where the binary operations are defined as in Table 5.7 of Example 5.2.3.2.

(1) Let η be fuzzy ideal of L such that η(0) = 0.9, η(m) = 0.8 = η(n), η(m~ n) = η(w) = 0.3,

but one of the axioms for fuzzy subalgebra of L fails as:

η(m~ n) = η(w) = 0.3 > min{η(m), η(n)} = min{0.8, 0.8} = 0.8 which is false showing

fuzzy ideal of L may not be fuzzy subalgebra of L.

(2) On the other hand, let η be fuzzy subalgebra of L where η(0) = 0.9 = η(w.), η(m) = 0.6,

η(n) = 0.8, and η(m~n) =η(w) = 0.9 implies:

η(m) = 0.6 > min{η(m~ n), η(n)} = min{η(w), η(n)} = min{0.9, 0.8} = 0.8, showing

one axiom for fuzzy ideal of L fails meaning every fuzzy deductive system of L may not be fuzzy

ideal of L. The other justifications could be explained in similar ways as the above.

5.3. Pythagorean Fuzzy Substructures of LiuB−Algebra

Under this section, we investigate Pythagorean fuzzy substructures in LiuB–algebra (LBA), introduc-

ing Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal

of LiuB–algebra. We examine properties like membership deviations, accuracy functions, and their

interrelations through theorems and examples, establishing foundational results for Pythagorean

fuzzy LiuB–algebraic frameworks.

For the whole of this subsection and subsequent subsections, we denote LB for the Pythagorean fuzzy

substructure LB =
(
η, τ
)

of LiuB–algebra (L; ~, �, 0), unless otherwise specified.

Before proceeding to this subsection, we briefly recall some concepts in the form of a remark. We

then develop the basic subsection to establish the foundational notions and properties of Pythagorean

fuzzy LBA and their substructures. In particular, we examine the fundamental behavior of member-

ship and non-membership functions, introduce the concept of square deviation for fuzzy subsets, and

characterize Pythagorean fuzzy substructures through key theorems.
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Remark 5.3.1.

For the fuzzy subset η : L→ [0, 1] in the LiuB–algebra (L; ~, �, 0), ∀m ∈ L:

(1) η(m) >
(
η(m)

)2 and τ(m) >
(
τ(m)

)2, since η(m) ∈ [0, 1] and τ(m) ∈ [0, 1]

⇒ η(m) −
(
η(m)

)2
> 0 and τ(m) −

(
τ(m)

)2
> 0

⇒ η(m)
(
1 − η(m)

)
> 0 and τ(m)

(
1 − τ(m)

)
> 0

⇒ η(m)
(
η(m)

)
> 0 and τ(m)

(
τ(m)

)
> 0.

(2) As proved in Proposition 4.1.1 for the BCL–algebra (B; ~, 0), the expressions stated below

also hold for the LiuB–algebra (L; ~, �, 0) for the fuzzy subset η : L→ [0, 1], the complement

η : L→ [0, 1] of η and square deviation η : L→ [−1, 1] of η as defined by Definition

4.1.1, and also we have the following:

(i)
(
η(m)

)2 > η(m), ∀m ∈ B,

(ii)
(
η(m)

)2 >
(
η(m))2), ∀m ∈ B.

5.3.1 Pythagorean Fuzzy Subalgebra of LiuB−Algebra

Under this subsection, we introduce definition and give example of Pythagorean fuzzy subalgebra

(SA) of LiuB—algebra (LBA), state and prove some properties and theorems of Pythagorean fuzzy

SA of LBA

Definition 5.3.1.1. A Pythagorean fuzzy set LB =
(
η, τ

)
in LBA (L; ~, �, 0) in which the func-

tions η : L→ [0, 1] and τ : L→ [0, 1] define the membership and the non-membership degrees

respectively in L is called a Pythagorean fuzzy SA of L if the following two pairs of statements are

satisfied; ∀m, n ∈ L:

(i)
(
η(m~n)

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and
(
τ(m~n)

)2
6 max{

(
τ(m))2,

(
τ(n)

)2}

(ii)
(
η(m�n)

)2
> min{

(
η)
)2,
(
η(m)

)2} and
(
τ(m�n)

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}.

Example 5.3.1.1. Suppose L = {0,m, n, w} and two binary operations ~ and � on L are given

by the tables 5.2 of Example 5.1.4 above. Let the Pythagorean fuzzy set LB =
(
η, τ
)

such that

η : L→ [0, 1] and τ : L→ [0, 1] are given by

η(k)=

0.9, if k = 0,

0.4, if k = m, n, w,
and τ(k)=

0.3, if k = 0,

0.7, if k = m, n, w .
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In Example 5.3.1.1, we explain how the membership function η and non-membership function τ rep-

resent the Pythagorean fuzzy SA of (L; ~, �, 0), where L = {0,m, n, w}, as follows:(
η(m~n)

)2 =
(
η(w)

)2 = 0.16 > min{
(
η(m)

)2,
(
η(n)

)2} = min{0.16, 0.16} = 0.16, and(
τ(m~n)

)2 =
(
τ(w)

)2 = 0.49 6 min{
(
τ(m)

)2,
(
τ(n)

)2} = max{0.49, 0.49} = 0.49,

(
η(m�n)

)2 =
(
η(n)

)2 = 0.16 > min{
(
η(m)

)2,
(
η(n)

)2} = min{0.16, 0.16} = 0.16 and(
τ(m�n)

)2 =
(
τ(n)

)2 = 0.49 6 min{
(
τ(m)

)2,
(
τ(n)

)2}= max{0.49, 0.49}= 0.49, and so on.

Lemma 5.3.1.1. If LB =
(
η, τ
)

is a Pythagorean fuzzy SA of L, then ∀m ∈ L;(
η(0)

)2
>
(
η(m)

)2 and
(
τ(0)

)2
6
(
τ(m)

)2.

Proof. Since L 6= ∅, letm ∈ L, we have: m ~m = 0, by Definition 1.1.8 (1). Then(
η(0)

)2
=
(
η(m~m)

)2
> min{

(
η(m)

)2,
(
η(m)

)2} = η(m), ∀m ∈ L, and(
τ(0)

)2 =
(
τ(m~m)

)2
6 max{

(
τ(m)

)2,
(
τ(m)

)2} =
(
τ(m)

)2, ∀m∈L

⇒
(
η(0)

)2
>
(
η(m)

)2, and
(
τ(0)

)2
6
(
τ(m)

)2, ∀m ∈ L.

Proposition 5.3.1.1. Let M be a non-empty subset of a LiuB–algebra L and LP =
(
χ
M

, χ
M

)
, where

χ
M

is the Characteristic function and χ
M

is the square deviation of χ
M

. Then
(
χ
M

, χ
M

)
is a

Pythagorean fuzzy SA of L if and only if M is SA of L.

Proof. Suppose χ
M

: M→ {0, 1} is a Characteristic function defined as:

χ
M
(m) =

1, if m ∈M,

0, if m /∈M.
and hence χ

M
(m) =

(
χ
M
(m)

)2
=

0, if m ∈M,

1, if m /∈M.

Now, suppose LP =
(
χ
M

, χ
M

)
is Pythagorean fuzzy SA of L andm, n ∈ L which implies the

Characteristic function χ
M

is a fuzzy SA of L, by Proposition 4.2.1.1.

We need to verify that M is a SA of L.

Here, we need to justify this claim by using the non-membership part as follows since using the

membership part can be justified similarly :

Now, we show M is SA of L ⇒ m ~ n ∈ S andm � n ∈ S, ∀m, n ∈ L

Letm, n ∈ L⇒
(
χ
M
(m)

)2 =
(
χ
M
(n)
)2 = 0 and
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χ
M
(m~n) 6 max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2} = max

{
0, 0
}

= 0

⇒
(
χ
M
(m~n)

)2
6 0

But 0 6
(
χ
M
(m~n)

)2⇒
(
χ
M
(m~n)

)2 = 0⇒m~n ∈ S.

Similarly,
(
χ
M
(m�n)

)2 = 0⇒m~n ∈M

Hence,m, n ∈M⇒m~n ∈M;m�n ∈M and therefore M is a SA of L.

Conversely, suppose M is a SA of L

Thus at first, for the non-membership function χ
M

, let us show that(
χ
M
(m~n)

)2
> max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}, ∀m, n ∈ L.

Then after, following similar steps for the membership function χ
M

, one can show that(
χ
M
(m~n)

)2
6 min

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}, ∀m, n ∈ L so that, understanding this,

we omit the proof for this part.

Case(1) : Ifm, n ∈M ⇒ m ~ n∈M⇒
(
χ
M
(m)

)2 = 0 =
(
χ
M
(n)
)2 =

(
η(m ~ n)

)2, then

m ~ n ∈M⇒
(
χ
M
(m~n)

)2 = 0 6 max{0, 0} = max
{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}

⇒
(
χ
M
(m~n)

)2
6 max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2},

Case(2) : Ifm /∈ S, n /∈ S, (butm, n ∈ L)

⇒
(
χ
M
(m)

)2 = 1 =
(
χ
M
(n)
)2, and

(
χ
M
(m~n)

)2
6 1

(since any fuzzy subset is less that or equal to 1)

⇒
(
χ
M
(m~n)

)2
6 1 = max

{(
χ
M
(m)

)2,
(
χ
M
(m)

)2} = max{1, 1}

⇒
(
χ
M
(m~n)

)2
6 max

{(
χ
M
(m)

)2,
(
χ
M
(m)

)2}
Case(3) : Ifm ∈M and n /∈M (or n ∈M andm /∈ S)

⇒
(
χ
M
(m)

)2 = 0 and
(
χ
M
(n)
)2 = 1

(
or
(
χ
M
(n)
)2 = 0 and

(
χ
M
(m)

)2 = 1
)

⇒ max
({
χ
M
(m)

)2,
(
χ
M
(n)
)2} = max

{
1, 0
}

= 1 and
(
χ
M
(m~n)

)2
6 1

⇒
(
χ
M
(m~n)

)2
6 1 = max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}

⇒
(
χ
M
(m~n)

)2
6 max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}
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Hence, in all the cases (1) − (3), we have checked that:(
χ
M
(m~n)

)2
6 max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}, ∀m, n ∈ L and similarly for χ

M
:(

χ
M
(m�n)

)2
6 max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}, ∀m, n ∈ L.

Thus LP = (χ
M

, χ
M

) is Pythagorean fuzzy SA of L if and only if M is SA of L.

Theorem 5.3.1.1. The intersection of any two Pythagorean fuzzy SAs, LBT =
(
η1 ∩ η2 , τ1 ∩ τ2

)
,

of LBA L is also a Pythagorean fuzzy SA of L.

Proof. Let LB1 and LB2 be any two Pythagorean fuzzy SA of L. Then we need to prove:

LBT =
(
η1 ∩ η2 , τ1 ∩ τ2

)
is a Pythagorean fuzzy SA of L. Form, n ∈ L, we have:

(i)
((
η1 ∩ η2

)
(m~n)

)2
= min

{(
η1(m~n)

)2,
(
η2(m~n)

)2}
> min

{
min{

(
η1(m)

)2,
(
η1(n)

)2}, min{
(
η2(m)

)2,
(
η2(n)

)2}
= min

{
min{

(
η1(m)

)2,
(
η2(m)

)2, min{
(
η1(n)

)2},
(
η2(n)

)2}
= min{

((
η1 ∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2}

= min{
((
η1∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2}, ∀m, n ∈ L.

Hence,
((
η1 ∩ η2

)
(m~n)

)2
> min{

((
η1∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2}, ∀m, n ∈ L.

Similarly,
((
τ1 ∩ τ2

)
(m~n)

)2
6 max{

((
τ1∩ τ2

)
(m)

)2,
((
τ1 ∩ τ2

)
(n)
)2}, ∀m, n ∈ L.

(ii)
((
η1 ∩ η2

)
(m�n)

)2
= min

{(
η1(m�n)

)2,
(
η2(m�n)

)2}
> min

{
min{

(
η1(m)

)2,
(
η1(n)

)2}, min{
(
η2(m)

)2,
(
η2(n)

)2}
= min

{
min{

(
η1(m)

)2,
(
η2(m)

)2, min{
(
η1(n)

)2},
(
η2(n)

)2}
= min{

((
η1 ∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2}

= min{
((
η1∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2}, ∀m, n ∈ L.

Hence,
((
η1 ∩ η2

)
(m�n)

)2
> min{

((
η1∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2}, ∀m, n ∈ L.

Similarly,
((
τ1 ∩ τ2

)
(m�n)

)2
6 max{

((
τ1∩ τ2

)
(m)

)2,
((
τ1 ∩ τ2

)
(n)
)2}, ∀m, n ∈ L.

Thus, intersection of any two Pythagorean fuzzy SAs of LBA L is Pythagorean fuzzy SA of L.

Corollary 5.3.1.1. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of Pythagorean fuzzy SAs,

{(
η
i
, τ

i

)
: i ∈ I

}
, of LBA L is also a Pythagorean fuzzy SA of L.
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Proof. Let
{(
η
i
, τ

i

)
: i ∈ I

}
, be family of Pythagorean fuzzy SAs of L. Then we need to prove:(⋂

i∈I
η
i
,
⋂
i∈I
τ
i

)
, is a Pythagorean fuzzy SA of L. Then form, n ∈ L, we have:

(i)
⋂
i∈I

(
η
i
(m~n)

)2
= inf
i∈I

(
η
i
(m~n)

)2

> inf
i∈I

{
min{

(
η
i
(m)

)2,
(
η
i
(n)
)2}

> min
{

inf
i∈I

{(
η
i
(m)

)2,
(
η
i
(n)
)2}}

= min
{

inf
i∈I

{(
η
i
(m)

)2}, inf
i∈I

{(
η
i
(n)
)2
}

= min
{⋂
i∈I

(
η
i
(m)

)2,
⋂
i∈I

(
η
i
(n)
)2
}

and

⋂
i∈I

(
τ
i
(m~n)

)2
= sup

i∈I

(
τ
i
(m~n)

)2

6 sup
i∈I

{
max{

(
τ
i
(m)

)2,
(
τ
i
(n)
)2}

6 max
{

sup
i∈I

{(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}

= max
{

sup
i∈I

{(
τ
i
(m)

)2}, sup
i∈I

{(
τ
i
(n)
)2
}

= max
{⋂
i∈I

(
τ
i
(m)

)2,
⋂
i∈I

(
τ
i
(n)
)2
}

, ∀m, n ∈ L.

(ii)
⋂
i∈I

(
η
i
(m�n)

)2
= inf
i∈I

(
η
i
(m�n)

)2

> inf
i∈I

{
min{

(
η
i
(m)

)2,
(
η
i
(n)
)2}

> min
{

inf
i∈I

{(
η
i
(m)

)2,
(
η
i
(n)
)2}}

= min
{

inf
i∈I

{(
η
i
(m)

)2}, inf
i∈I

{(
η
i
(n)
)2
}

= min
{⋂
i∈I

(
η
i
(m)

)2,
⋂
i∈I

(
η
i
(n)
)2
}

and

⋂
i∈I

(
τ
i
(m�n)

)2
= sup

i∈I

(
τ
i
(m�n)

)2

6 sup
i∈I

{
max{

(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}

6 max
{

sup
i∈I

{(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}
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= max
{

sup
i∈I

{(
τ
i
(m)

)2}, sup
i∈I

{(
τ
i
(n)
)2}}

= max
{⋂
i∈I

(
τ
i
(m)

)2,
⋂
i∈I

(
τ
i
(n)
)2
}

, ∀m, n ∈ L.

Thus, intersection of Pythagorean fuzzy SAs of L is Pythagorean fuzzy SA of L.

Remark 5.3.1.1. The union of two Pythagorean fuzzy SA of a LiuB–algebra L may not be Pythagorean

fuzzy SA of L which is justified by Example 5.3.1.2 below.

Example 5.3.1.2. Assume L = {0, m, n} and two binary operations ~ and � on L as defined in

Table 5.2 of Example 5.1.4 above. Then it has been shown that (L, ~, �, 0) is a LiuB–algebra.

Define two Pythagorean fuzzy SA of LBA LB
1
= (η1 , τ1) and LB

2
= (η2 , τ2), as follows:

η1(k) =


0.9, if k = 0,

0.6, if k = m,

0.4, if k = n, w,

and τ1(k) =


0, if k = 0,

0.5, if k = n,

0.3, if k = m, w,

and

η2(k) =


0.8, if k = 0,

0.7, if k = m, n,

0.5, if k = w,

and τ2(k) =


0.2, if k = 0,

0.4, if k = m,

0.6, if k = n, w .

then

(
η1 ∪ η2

)
(k) =


0.9, if k = 0,

0.7, if k = m, n,

0.5, if k = w,

and
(
τ1 ∪ τ2

)
(k) =


0, if k = 0,

0.3, if k = m, w,

0.5, if k = n.

From the table of ~ in Table 5.2, asm~n = w: we have:(
η1 ∪ η2

)
(m~n)

)2
=
(
η1 ∪ η2

)
(w)

)2
= (0.5)2 = 0.25

> min
{((
η1 ∪ η2

)
(m)
)2,
((
η1 ∪ η2

)
(n)
)2}

= min
{

0.49, 0.49
}

= 0.49, which is false.

This tells us that the union of two Pythagorean fuzzy SA of LBA is not necessarily

Pythagorean fuzzy SA of LBA

Proposition 5.3.1.2. Let M be a non-empty subset of LBA L and η be a fuzzy subset in LBA L

such that (η(m))2 =

δ2, if m ∈M,

σ2, if m /∈M,
and then

(
η(m)

)2
=

1 − δ2, if m ∈M,

1 − σ2, if m /∈M,
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where δ, σ ∈ [0, 1], δ > σ ⇒ δ2, σ2 ∈ [0, 1], δ2 > σ2

Then M is SA of L if and only if
(
η, η

)
is a Pythagorean fuzzy SA of L.

Proof. Suppose M is SA of L, we prove that
(
η, η

)
is a Pythagorean fuzzy SA of L.

Case(i) : Letm, n ∈M⇒m~n ∈M

Then
(
η(m)

)2
=
(
η(n)

)2
= δ2⇒

(
η(m~n)

)2
= δ2 and(

η(m)
)2

=
(
η(n)

)2
= 1 − δ2⇒

(
η(m~n)

)2
= 1 − δ2

⇒
(
η(m~n)

)2
> δ2 = min{

(
η(m)

)2,
(
η(n)

)2} and also,(
η(m~n)

)2
6 1 − δ2 = max{

((
η(m)

)2, η(n)
)2}

Similarly,m, n ∈M⇒m�n ∈M⇒
(
η(m)

)2
=
(
η(n)

)2
= δ2⇒

(
η(m�n)

)2
= δ2 and(

η(m)
)2

=
(
η(n)

)2
= 1 − δ2⇒

(
η(m�n)

)2
= 1 − δ2

⇒
(
η(m�n)

)2
> δ2 = min{

(
η(m)

)2,
(
η(n)

)2}, and similarly

⇒
(
η(m�n)

)2
6 1 − δ2 = max{

(
η(m)

)2,
(
η(n)

)2}

Case(ii) : Let n ∈M,m /∈M (orm ∈M, n /∈M)⇒m~n /∈M orm~n ∈M

⇒
(
η(m)

)2
=δ2,

(
η(m)

)2
= σ2⇒

(
η(m~n)

)2
= σ2 or

(
η(m~n)

)2
=δ2 (for first case)

⇒
(
η(m~n)

)2
> σ2 = min{

(
η(m)

)2,
(
η(n)

)2} = min{σ2, δ2} = σ2 and(
η(m~n)

)2
6 σ2 = max{

(
η(m)

)2,
(
η(n)

)2} = max{δ2, σ2} = σ2

Similarly, form ∈M, n /∈M, orm, n /∈M, we obtain similar deductions.

Thus,
(
η, η

)
is Pythagorean SA of L.

Conversely, suppose
(
η, η

)
is a Pythagorean fuzzy SA of L.

Let n,m ∈M⇒
(
η(m)

)2
=
(
η(n)

)2
= δ2 and(

η(m~n)
)2

> min{
(
η(m)

)2,
(
η(n)

)2} = min{δ2, δ2} = δ2⇒
(
η(m~n)

)2
> δ2 and since

δ2, σ2 ∈ [0, 1] , δ2 > σ2, we have
(
η(m~n)

)2
6 δ2⇒

(
η(m~n)

)2
= δ2⇒m~n ∈M.

Following similar steps as above for n,m ∈M, we can show that,m�n∈M.

Therefore, M is SA of L.
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5.3.2 Pythagorean Fuzzy Deductive System of LiuB−Algebra

Under this subsection, we introduce definitions and give examples of deductive system (DS),

fuzzy DS and Pythagorean fuzzy DS of LBA , state and prove some properties and theorems on

Pythagorean fuzzy DS of LBA , which are our wide range focuses.

Definition 5.3.2.1. A Pythagorean fuzzy set LB =
(
η, τ

)
in LBA (L; ~, �, 0) in which the func-

tions η : L→ [0, 1] and τ : L→ [0, 1] define the membership and the non-membership degrees,
respectively, in L is known as a Pythagorean fuzzy DS of L if the two pairs of statements hereunder
are satisfied; ∀m, n ∈ L:

(i)
(
η(m~ (n~u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and
(
τ(m~ (n~u))

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}

(ii)
(
η(m�w�w)

)2
>
(
η(m)

)2 and
(
τ(m�w�w)

)2
6
(
τ(m)

)2

Example 5.3.2.1. Let (L; ~, �, 0) be LBA , where L = {0, m, n, w} and two binary operations
~ and � on L be as given by Table 5.4 of Example 5.1.10, above.

Let the fuzzy subset η : L→ [0, 1] and τ : L→ [0, 1] be defined by:

η(k) =

0.8, if k = 0,

0.3, if k = m, n,
and τ(k) =

0.2, if k = 0,

0.8, if k = m, n.

In Example 5.3.2.1, we explain how the membership function η and non-membership function τ rep-
resent the Pythagorean fuzzy DS of (L; ~, �, 0), where L = {0,m, n}, as follows:(

η(m~ (n~0))
)2 =

(
η(0)

)2 = 0.64 > min{
(
η(m)

)2,
(
η(n)

)2}= min{0.09, 0.09}= 0.09, and(
τ(m~ (n~ 0)

)2 =
(
τ(0)

)2 = 0.04 6 min{
(
τ(m)

)2,
(
τ(n)

)2} = max{0.64, 0.64} = 0.64,

(
η(m�n� 0)

)2 =
(
η(0)

)2 = 0.64 >
(
η(m)

)2 = 0.09 and(
τ(m�n� 0)

)2 =
(
τ(0)

)2 = 0.04 6
(
τ(m)

)2 = 0.64, and so on.

Theorem 5.3.2.1. Let η : L→ [0, 1] be a fuzzy subset in LBA L and η be its square deviation. Then
η is fuzzy DS of L if and only if (η, η) is Pythagorean fuzzy DS of L.

Proof. Let η be a fuzzy subset in LBA L and η be its square deviation such that η is fuzzy DS of L:

(i) η(m~ (n~ u)) > min{η(m), η(n)}

(ii) η(m�w�w) > η(m)
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Then we claim that (η, η) is Pythagorean fuzzy DS of L:

(i) η(m~ (n~u))> min{η(m), η(n)}⇒
(
η(m~ (n~u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and

η(m~ (n~u))6 max{
(
η(m), η(n)} ⇒

(
η(m~ (n~u))

)2
6 max{

((
η(m)

)2,
(
η(n)

)2}

(ii) η(m�w�w) > η(m)⇒
(
η(m�w�w)

)2
>
(
η(m)

)2 and(
η(m�w�w)

)2
6
(
η(m)

)2

Therefore, (η, η) is Pythagorean fuzzy DS of L.

Conversely, suppose (η, η) is Pythagorean fuzzy DS of L, the we claim that η is fuzzy DS of L

and hence:

(i)
(
η(m~ (n~ u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} ⇒ η(m~ (n~ u)) > min{η(m), η(n)}

(ii)
(
η(m�w�w)

)2
>
(
η(m)

)2 ⇒ η(m�w�w) > η(m).

Hence, η is fuzzy DS of L.

Proposition 5.3.2.1. Let M be a non-empty subset of L and LB =
(
χ
M

, χ
M

)
, where χ

M
is the Char-

acteristic function and χ
M

is its complement, then LB is a Pythagorean fuzzy DS of L if and only if
M is DS of L.

Proof. Suppose χ
M

: M→ {0, 1} is a Characteristic function defined as:

χ
M
(k) =

1, if k ∈M,

0, if k /∈M,
and then χ

M
(k) =

0, if k ∈M,

1, if k /∈M.

⇒
(
χ
M
(k)
)2

=

0, if k ∈M,

1, if k /∈M.
=

(
χ
M
(k)
)2

=

0, if k ∈M,

1, if k /∈M.

and as proved in Theorem 5.3.2.1, the Characteristic function χ
M

is a fuzzy DS of L and this implies(
χ
M

, χ
)

is Pythagorean fuzzy DS of L, where η is the square deviation Of η and then we only need
to show the inequalities for the non–membership part, the complement, as for the membership part
is justified by the proof of Theorem 5.3.2.1 and using the fact that

(
χ(m)

)2
=
(
χ(m)

)2, ∀m ∈ L,
we proceed as follows::

(i)
(
χ(m~ (n~ u))

)2
=
(
χ(m~ (n~ u))

)2
6 max{

(
χ(m)

)2,
(
χ(n)

)2}

= max{
(
χ(m)

)2,
(
χ(n)

)2}

⇒
(
χ(m~w~w))

)2
6 max{

(
χ(m)

)2,
(
χ(n)

)2} and

(ii)
(
χ(m�w�w)

)2
=
(
χ(m�w�w)

)2
6
(
χ(m)

)2
=
(
χ(m)

)2

⇒
(
χ(m� (n� u))

)2
6 max{

(
χ(m)

)2,
(
χ(n)

)2}

Thus,
(
χ
M

, χ
M

)
is a Pythagorean fuzzy DS of L.
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Theorem 5.3.2.2. The intersection of any two Pythagorean fuzzy DS of L is also a Pythagorean
fuzzy DS of L.

Proof. Let LB1 and LB2 be any two Pythagorean fuzzy DS of L. Then we need to prove:

LB∩ =
(
η1 ∩ η2 , τ1 ∩ τ2

)
is a Pythagorean fuzzy DS of L.

(i)
((
η1 ∩ η2

)
(m~ (n~w))

)2
= min

{(
η1(m~ (n~w))

)2,
(
η2(m~ (n~w))

)2}
> min{min{

(
η1(m)

)2,
(
η1(n)

)2
}, min{

(
η2(m)

)2,
(
η2(n)

)2
}}

= min{min{
(
η1(m)

)2,
(
η2(m)

)2
}, min{

(
η1(n)

)2,
(
η2(n)

)2
}}

= min{
((
η1 ∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2} , ∀m, n ∈ L, and

((
τ1 ∩ τ2

)
(m~ (n~w))

)2
= max

{(
τ1(m~ (n~w))

)2,
(
τ2(m~ (n~w))

)2}
6 max{max{

(
τ1(m)

)2,
(
τ1(n)

)2
}, max{

(
τ2(m)

)2,
(
τ2(n)

)2
}}

= max{max{
(
τ1(m)

)2,
(
τ2(m)

)2
}, max{

(
τ1(n)

)2,
(
τ2(n)

)2
}}

= max{
((
τ1 ∩ τ2

)
(m)

)2,
((
τ1 ∩ τ2

)
(n)
)2} , ∀m, n ∈ L.

(ii)
((
η1 ∩ η2

)
(m�w�w)

)2
= min

{(
η1(m�w�w)

)2,
(
η2(m�w�w)

)2}
> min{

(
η1(m)

)2,
(
η2(m)

)2}

=
((
η1 ∩ η2

)
(m)

)2, ∀m, n ∈ L, and

((
τ1 ∩ τ2

)
(m�w�w))

)2
= max

{(
τ1(m�w�w))

)2,
(
τ2(m�w� w))

)2}
6 max{

(
τ1(m)

)2,
(
τ2(m)

)2}

=
((
τ1 ∩ τ2

)
(m)

)2, ∀m, n ∈ L.

Thus, intersection of any two Pythagorean fuzzy DSs of L is Pythagorean fuzzy DS of L.

The preceding theorem can also be generalized to any family of DSs of L as in the corollary below.

Corollary 5.3.2.1. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of Pythagorean fuzzy DSs,{(

η
i
, τ

i

)
: i ∈ I

}
, of LBA L is also a Pythagorean fuzzy DS of L.

Proof. Let LB1 and LB2 be any two Pythagorean fuzzy DS of L. Then we need to prove:
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(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
is a Pythagorean fuzzy DS of L, we follow the following steps:

(i)
(⋂
i∈I

(
η
i
(m~ (n~w))

)2
= inf
i∈I

{(
η
i
(m~ (n~w))

)2}
> inf
i∈I
{min{

(
η1(m)

)2,
(
η2(n)

)2}}

> min{inf
i∈I
{
(
η1(m)

)2},
(
η2(n)

)2}}

> min{inf
i∈I
{
(
η1(m)

)2}, inf
i∈I
{
(
η2(n)

)2}}

> min
{⋂
i∈I

(
η1(m)

)2,
⋂
i∈I

(
η2(n)

)2
}

, and

(⋂
i∈I

(
τ
i
(m~ (n~w))

)2
= sup

i∈I

{(
τ
i
(m~ (n~w))

)2}
6 sup

i∈I
{max{

(
τ1(m)

)2,
(
τ2(n)

)2
}}

6 max
{

sup
i∈I
{
(
τ1(m)

)2,
(
τ2(n)

)2
}
}

= max{sup
i∈I
{
(
τ1(m)

)2}, sup
i∈I
{
(
τ2(n)

)2
}}

= max
{⋂
i∈I

(
τ1(m)

)2,
⋂
i∈I

(
τ2(n)

)2
}

, ∀m, n, w ∈ L.

(ii)
⋂
i∈I

(
η
i
(m�w�w)

)2
= inf
i∈I

{(
η
i
(m�w�w)

)2}
> inf
i∈I
{
(
η
i
(m)

)2}

=
⋂
i∈I

(
η
i
(m)

)2 , ∀m, w ∈ L and

⋂
i∈I

(
τ
i
(m�w�w)

)2
= sup

i∈I

{(
τ
i
(m�w�w)

)2}
6 sup

i∈I
{
(
τ
i
(m)

)2}

=
⋂
i∈I

(
τ
i
(m)

)2, ∀m, w ∈ L.

Thus, intersection of any family of Pythagorean fuzzy DSs of L is Pythagorean fuzzy DS of L.
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Remark 5.3.2.1. Union of two Pythagorean fuzzy DS of LBA L may not be necessarily Pythagorean
fuzzy DS of L illustrated by the following counter example

(
Example 5.3.2.2 below

)
.

Example 5.3.2.2. Let L = {0, m, n, w } be a set and the two binary operations ~ and � on L be as
defined in Table 5.2 of Example 5.1.4 above and define two fuzzy DSs η

D1
and η

D2
of L as follows:

k η1(k) η2(k) (η1 ∪ η2)(k) τ1(k) τ2(k) (τ1 ∪ τ2)(k)

0 0.8 1 1 0.2 0.3 0.2

m 0.4 0.6 0.6 0.6 0.6 0.6

n 0.4 0.7 0.7 0.6 0.4 0.4

w 0.8 0.7 0.8 0.2 0.4 0.2

Table 5.8: A table that defines fuzzy SAs and their unions

Then, from Table 5.2 of Example 5.1.4 above , we have that: w~ (n~ 0) = w~n = m.

Also, from Table 5.8 of Example 5.3.2.2 above, we have:

⇒
(
(η1 ∪ η2)(w~ (n~ 0))

)2 =
(
(η1 ∪ η2)(m)

)2 = 0.36

⇒
(
(η1 ∪ η2)(w~ (n~ 0))

)2 = 0.36 > min{
(
(η1 ∪ η2)(w)

)2,
(
(η1 ∪ η1)(n)

)2}

= min{0.64, 0.49} = 0.49, which is false

confirming that the union of two fuzzy DSs of LBA L is not necessarily fuzzy DS of L.

Theorem 5.3.2.3. Let η be a fuzzy subset in LBA L and M ⊆ L such that for δ, σ ∈ [0, 1], and δ > σ

η(m) =

δ, if m ∈M,

σ, if m /∈M,
then the square deviation:

(
η(m)

)2
=

1 − δ2, if m ∈M,

1 − σ2, if m /∈M.

Then M is DS of L if LB =
(
η, η

)
is a Pythagorean fuzzy DS of L.

Proof. (1) It is simple mathematical computation that 0 6
(
η(m)

)2 +
(
η(m)

)2
6 1, ∀m∈M, since(

η(m)
)2 +

(
η(m)

)2 =
(
η(m)

)2 +
(
1–
(
η(m)

)2) = 1

(2) To check that the axioms of Pythagorean fuzzy DS are satisfied, we proceed as follows:

η(m) ∈ [σ, δ] ⊆ [0, 1] and
(
η(m)

)2 ∈ [1−δ2, 1−σ2] ⊆ [0, 1]

Suppose M is DS of L, then we prove that LB =
(
η, η

)
is a Pythagorean fuzzy DS of L with

the following two pairs of Claim:
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(i)
(
η(m~ (n~ u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and(
η(m~ (n~ u))

)2
6 max{

(
η(m)

)2,
(
η(n)

)2}

(ii)
(
η(m�w�w)

)2
>
(
η(m)

)2 and
(
η(m�w�w)

)2
6
(
η(m)

)2

Then we prove this claims by following three cases as follows:

Case(i) : Letm, n ∈M⇒m~ (n~ u) ∈M

Then
(
η(m)

)2
=
(
η(n)

)2
= δ2⇒

(
η(m~ (n~ u))

)2
= δ2 and(

η(m)
)2

=
(
η(n)

)2
= 1 − δ2⇒

(
η(m~ (n~ u))

)2
= 1 − δ2

⇒
(
η(m~ (n~ u))

)2
> δ2 = min{

(
η(m)

)2,
(
η(n)

)2} and(
η(m~ (n~ u))

)2
6 1 − δ2 = max{

(
η(m)

)2,
(
η(n)

)2}

⇒
(
η(m~ (n~ u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and(
η(m~ (n~ u))

)2
6 max{

(
η(m)

)2,
(
η(n)

)2}

Case(ii) : Letm ∈M, n /∈M(
or the case form /∈M, n ∈M, is similar and hence left

)
⇒
(
η(m)

)2
= δ2 and

(
η(n)

)2
= σ2

but
(
η(m~ (n~ u))

)2
> σ2 and η(m~ (n~ u))

)2
6 1 − δ2, by the hypothesis

⇒
(
η(m~ (n~ u))

)2
> σ2 = min{

(
η(m)

)2,
(
η(n)

)2} and

η(m~ (n~ u))
)2

6 1 − δ2 = max{η(m))
)2, η(n))

)2}

⇒
(
η(m~ (n~ u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and

η(m~ (n~ u))
)2

6 max{η(m))
)2, η(n))

)2}

Case(iii) : Letm /∈M, n /∈M⇒
(
η(m)

)2
= σ2 =

(
η(n)

)2

but
(
η(m~ (n~ u))

)2
> σ2 and η(m~ (n~ u))

)2
6 1 − δ2, by the hypothesis

⇒
(
η(m~ (n~ u))

)2
> σ2 = min{

(
η(m)

)2,
(
η(n)

)2} and

η(m~ (n~ u))
)2

6 1 − δ2 = max{η(m))
)2, η(n))

)2}
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⇒
(
η(m~ (n~ u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and

η(m~ (n~ u))
)2

6 max{
(
η(m))

)2, η(n))
)2}

Therefore, by the cases (i) − (iii) above, we have shown that
(
η, η

)
is Pythagorean fuzzy DS

of L provided M is DS of L.

Conversely, suppose
(
η, η

)
is Pythagorean fuzzy DS of L so that we claim that M is DS of L.

Now,
(
η, η

)
is Pythagorean fuzzy DS of L is followed by:

(i)
(
η(m~ (n~u))

)2
>min{

(
η(m)

)2,
(
η(n)

)2} and
(
η(m~ (n~u))

)2
6 max{

(
η(m)

)2,
(
η(n)

)2}

(ii)
(
η(m�w�w)

)2
>
(
η(m)

)2 and
(
η(m�w�w)

)2
6
(
η(m)

)2

and we use only one of the inequalities from each pair of axiom (the membership for one

and the non-membership for the other) as follows:

(i)
(
η(m~ (n~ u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and letm, n ∈M

⇒ (η(m))2 = (η(m))2 = δ2 and
(
η(m~ (n~ u))

)2
> min{

(
η(m)

)2,
(
η(n)

)2}

= min{δ2, δ2} = δ2

⇒
(
η(m~ (n~ u))

)2
> δ2⇒m~ (n~ u) ∈M

(ii)
(
η(m�w�w)

)2
6
(
η(m)

)2 = 1 − δ2

⇒
(
η(m�w�w)

)2
6 1 − δ2 ⇒ m�w�w ∈M.

Therefore, by (i) and (ii) above, M is DS of L provided
(
η, η

)
Pythagorean fuzzy DS of L.

Corollary 5.3.2.2. Let M be a non-empty subset of LBA L and LB =
(
χ
M

, χ
M

)
, where χ

M
is the

Characteristic function and χ
M

is its square deviation, then LB is a Pythagorean fuzzy DS of L if
and only if M is DS of L.

Proof. The proof of this corollary is similar to the proof of Theorem 5.3.2.3 above with the execution
that δ2 is replaced by 1, σ2 is replaced by 0 for χ

M
(membership function) and 1 − δ2 is replaced by

0 and 1 − σ2 is replaced by 1 for χ
M

(non–membership function).

Theorem 5.3.2.4. Let (L; ~, �, 0) be LiuB–algebra and LB =
(
η, τ
)

be a Pythagorean fuzzy DS of
L such that η, η, τ, τ are square deviations and complements of η and τ, respectively. Then all
the following are also Pythagorean fuzzy DSs of L:

(1)
(
η, η

)
(2)

(
η, η

)
(3)

(
τ, η

)
(4)

(
τ, η

)
(5)

(
τ, τ

)
(6)

(
τ, τ

)
(7)

(
τ, η

)
(8)

(
τ, η

)
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Proof. Since the pairs:
(
η, τ

)
and

(
η, η

)
are Pythagorean fuzzy DSs by the hypothesis and as

proved in Theorem 5.3.2.3, respectively, it follows that η is a membership function and hence DS

of L. Here η and η serve as the complement and square deviation functioning of η acting as non-

membership components. Furthermore, τ represents the non-membership part of the Pythagorean

fuzzy DS,
(
η, τ

)
, where τ and τ are its complement and square deviation, respectively, acting as a

membership functions) where both of these also form DSs on L.

Therefore, each pairing of a membership function with a non-membership function or square devia-

tion yields a Pythagorean fuzzy DS For clarification, consider the pair (η, τ) as a Pythagorean fuzzy

DS on L. In this case, η and τ represent the membership and non-membership functions respec-

tively), and their corresponding complements form the ordered pair (τ, η). Now we claim to show

that (τ, η) is Pythagorean fuzzy DS of L and then the others could be proved similarly. Then, suppose

(η, τ) is Pythagorean fuzzy DS of L so that (η, τ) is ordered pair of corresponding complements.

Then:

(
η(m~ (n~ u

)2
> min{

(
η(m)

)2,
(
η(n)

)2
} and

(
η
(
m�w�w)

)2
>
(
η(m)

)2

⇒ –
(
η(m~ (n~ u

)2
6 –min{

(
η(m)

)2,
(
η(n)

)2
} and –

(
η
(
m�w�w)

)2
6 –
(
η(m)

)2

⇒ 1–
(
η(m~ (n~u

)2
6 1–min{

(
η(m)

)2,
(
η(n)

)2
} and 1–

(
η
(
m�w�w)

)2
6 1–

(
η(m)

)2

⇒ 1–
(
η(m~ (n~ u

)2
6 max{1–

(
η(m)

)2, 1–
(
η(n)

)2
} and

1–
(
η
(
m�w�w)

)2
6 1–

(
η(m)

)2

⇒
(
η(m~ (n~ u

)2
6 max{

(
η(m)

)2,
(
η(n)

)2
} and

(
η(m�w�w)

)2
6
(
η(m)

)2

This shows that η is non–membership function which satisfies the inequality for the non-membership

part of Pythagorean fuzzy DS.

Similarly, applying some convenient mathematical arithmetic, we have:(
η(m)

)2
6 max{

(
η(m~n)

)2,
(
η(n)

)2
}, and

(
η
(
m�w�w)

)2
6
(
η(m)

)2

And also, we have the following corresponding to the non-membership function τ yielding

membership functions as:(
τ(m~ (n~ u

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2
} and

(
τ
(
m�w�w)

)2
>
(
τ(m)

)2

⇒ –
(
τ(m~ (n~ u))

)2
> –max{

(
τ(m)

)2,
(
τ(n)

)2
} and –

(
τ
(
m�w�w)

)2
> –
(
τ(m)

)2

⇒ 1–
(
τ(m~ (n~u))

)2
> 1–max{

(
τ(m)

)2,
(
τ(n)

)2
} and 1–

(
τ
(
m�w�w)

)2
> 1–

(
τ(m)

)2
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⇒ 1 –
(
τ(m~ (n~ u))

)2
> min{1 –

(
τ(m)

)2, 1 –
(
τ(n)

)2
} and

1 –
(
τ
(
m�w�w)

)2
> 1 –

(
τ(m)

)2

⇒
(
τ(m~ (n~ u

)2
> min{

(
τ(m)

)2,
(
τ(n)

)2
} and

(
τ
(
m�w�w)

)2
>
(
τ(m)

)2

This shows that τ is membership function which satisfies the inequality for the membership

part of Pythagorean fuzzy DS. Applying some convenient mathematical arithmetic, we have:(
τ(m)

)2
> min{

(
τ(m~n)

)2,
(
τ(n)

)2
}, and

(
τ
(
m�w�w)

)2
6
(
τ(m)

)2

That means τ is non–membership function which guides us to τ as membership function and hence
Pairing any membership function with any of the non–membership function as (η, τ) and (η, τ)
are Pythagorean fuzzy DSs of L and so form Pythagorean fuzzy DS of L. Therefore,

(
η, τ

)
is

Pythagorean fuzzy DS of L implies
(
τ, η

)
is also Pythagorean fuzzy DS of L and hence all the

claims in this theorem also hold true which can be justified in similar ways.

5.3.3 Pythagorean Fuzzy Ideal of LiuB−Algebra

Under this subsection, we introduce definition and give examples of Pythagorean fuzzy ideal of
LBA, state and prove some properties and theorems on Pythagorean fuzzy ideal of LBA

Definition 5.3.3.1. A Pythagorean fuzzy set LB =
(
η, τ

)
in (L; ~, �, 0) in which the functions

η : L→ [0, 1] and τ : L→ [0, 1] define the membership and the non-membership degrees respec-

tively in L is known as a Pythagorean fuzzy ideal of L if the two pair of statements hereunder are

satisfied; ∀m, n ∈ L:

(i)
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} and
(
τ(m)

)2
6 max{

(
τ(m~n)

)2,
(
τ(n)

)2}

(ii)
(
η((m~n)� (n~w))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and(
τ((m~n)� (n~w))

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}.

Example 5.3.3.1. Suppose L = {0,m, n} and two binary operations ~ and � on L are as given by

the Table 5.4 of Example 5.1.10 above and let the Pythagorean fuzzy set LB =
(
η, τ
)

be such that:

η : L→ [0, 1] and τ : L→ [0, 1] are given by:

η(k)=

0.9, if k = 0,

0.4, if k =m, n,
and τ(k)=

0.3, if k = 0,

0.7, if k = m, n.

In Example 5.3.3.1, we explain how the Pythagorean fuzzy set
(
η, τ

)
represent the Pythagorean

fuzzy ideal of (L; ~, �, 0), where L = {0,m, n}, as follows:
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(η(m))2 = 0.16

> min{
(
η(m~n)

)2,
(
η(n)

)2} = min{
(
η(0)

)2,
(
η(n)

)2}

= min{0.81, 0.16}

= 0.16, and

(τ(m))2 = 0.49

6 max{
(
τ(m~n)

)2,
(
τ(n)

)2}

= max{
(
τ(0)

)2,
(
τ(n)

)2}

= max{0.09, 0.49}

= 0.49,(
η((m~n)� (n~ 0))

)2 =
(
η((0)� (n))

)2 =
(
η(0)

)2 = 0.81

> min{
(
η(m)

)2,
(
η(m)

)2 }

= min{0.16, 0.16}

= 0.16

(
τ((m~n)� (n~ 0))

)2 =
(
τ((0)� (n))

)2 =
(
τ(0)

)2 = 0.09

6 max{
(
τ(m)

)2,
(
τ(m)

)2 }

= max{0.49, 0.49}

= 0.49 and so on.

Lemma 5.3.3.1. If LB =
(
η, τ
)

is a Pythagorean fuzzy ideal of L, then ∀m ∈ B;(
η(0)

)2
>
(
η(m)

)2 and
(
τ(0)

)2
6
(
τ(m)

)2.

Proof. Since L 6= ∅, ∃m ∈ L such thatm ~m = 0 and (m~m)� (m~m) = 0 �0 = 0 and then,(
η
(
(m~m)� (m~m)

))2 =
(
η(0)

)2
> min{

(
η(m)

)2,
(
η(m)

)2} = {
(
η(m)

)2}

⇒
(
η(0)

)2
>
(
η(m)

)2, ∀m ∈ L, and similarly,(
τ
(
(m~m)� (m~m)

))2 =
(
τ(0)

)2
6 max{

(
τ(m)

)2,
(
τ(m)

)2} = {
(
τ(m)

)2}

⇒
(
τ(0)

)2
6
(
τ(m)

)2, ∀m ∈ L,

Therefore,
(
η(0)

)2
>
(
η(m)

)2, and
(
τ(0)

)2
6
(
τ(m)

)2, ∀m ∈ L.
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Proposition 5.3.3.1. Let M be a non-empty subset of L and LB =
(
χ
M

, χ
M

)
, where χ

M
is the Char-

acteristic function and χ
M

is its complement, then LB is a Pythagorean fuzzy ideal of L if and only

if M is ideal of L. Furthermore, the accuracy function a
M

, the score function s
M

and the degree of

indeterminacy π
M

are respectively given hereunder, ∀m ∈ L:

(a) a
M
(m) = 1, (b) s

M
(m) =

 1, if m ∈ M,

−1, if m /∈M.
(c) π

M
(m) = 0.

Proof. Suppose χ
M

: M→ {0, 1} is a Characteristic function defined as:

χ
M
(k) =

(
χ
M
(k)
)2

=

1, if k ∈M,

0, if k /∈M,
and then χ

M
(k) =

(
χ
M
(k)
)2

=

0, if k ∈M,

1, if k /∈M.

and suppose LB =
(
χ
M

, χ
M

)
is a Pythagorean fuzzy ideal of L. We verify M is ideal of L.

Clearly,
(
χ
M
(m)

)2 = χ
M
(m) and

(
χ
M
(m)

)2 = χ
M
(m)

(1) Letm ~ n, n ∈M⇒
(
χ
M
(m~n)

)2 =
(
χ
M
(n)
)2 = 1, and then we claim thatm ∈M

But
(
χ
M
(m)

)2
> min{

(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2} = min{1, 1} = 1

⇒
(
χ
M
(m)

)2
> 1 but

(
χ
M
(m)

)2
6 1, ∀m ∈M, by definition of χ

M

⇒
(
χ
M
(m)

)2 = 1⇒m ∈M

And similarly,
(
χ
M
(m)

)2 = 0⇒m ∈M and hence,m ~ n, n ∈M⇒m ∈M

(2) Again, letm, n ∈M⇒
(
χ
M
(m)

)2 =
(
χ
M
(n)
)2 = 1.

Here also we claim that (m~n) � (n~w) ∈M, ∀w ∈ L as χ
M

is fuzzy ideal of L.

Now,
(
χ
M

(
(m~n) � (n~w)

))2
> min{

(
χ
M
(m)

)2,
(
χ
M
(n)
)2} = min{1, 1} = 1

⇒ χ
M

(
(m~n) � (n~w)

)2
> 1, , ∀m, n ∈M

but χ
M

(
(m~n) � (n~w)

)2
6 1 , ∀m, n ∈M, by definition of χ

M

⇒ χ
M

(
(m~n) � (n~w)

)2 = 1⇒ (m~n) � (n~w) ∈M

Again, following similar steps, we could show that:

⇒
(
χ
M

(
(m~n) � (n~w)

))2 = 0⇒ (m~n) � (n~w) ∈M

Thusm, n ∈M⇒ (m~n) � (n~w) ∈M

Therefore, M is a ideal of L if LB =
(
χ
M

, χ
M

)
is Pythagorean fuzzy ideal of L.
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Conversely, suppose M is an ideal of L. We need to prove that LB =
(
χ
M

, χ
M

)
is a Pythagorean

fuzzy ideal of L, ∀m, n∈L, that means we show the following two pairs of statements hold:

(1)
(
χ
M
(m)

)2
> min

{(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2} and

(
χ
M
(m)

)2
6 max

{(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2}

(2)
(
χ
M

(
(m~n) � (n~w)

))2
> min

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2} and

(
χ
M

(
(m~n) � (n~w)

))2
6 max

{(
χ
M
(m)

)2,
(
χ
M
(n)
)2}

(1) To show
(
χ
M
(m)

)2
> min

{(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2}, we follow three cases:

Case(i) : Let m~n, n ∈M ⇒ m ∈M, since M is ideal of L.

But from the hypothesis,
(
χ
M
(m~n)

)2 =
(
χ
M
(n)
)2 = 1⇒

(
χ
M
(m)

)2 = 1

⇒
(
χ
M
(m)

)2 = 1 > min{
(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2} = min{1, 1}

⇒
(
χ
M
(m)

)2
> min{

(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2}

Case(ii) : Let m~n ∈M, n /∈M
(
orm~n /∈M, n ∈M

)
, and we prove one as the other is similar.

⇒
(
χ
M
(m~n)

)2 = 1 and
(
χ
M
(n)
)2 = 0.

But eitherm ∈M orm /∈M⇒
(
χ
M
(m)
)2 = 1 or

(
χ
M
(m)

)2 = 0

⇒
(
χ
M
(m)

)2
> 0 = min{

(
χ
M

(m~n)
)2,
(
χ
M
(n)
)2} = min{1, 0}

⇒
(
χ
M
(m)

)2
> min{

(
χ
M

(m~n)
)2,
(
χ
M
(n)
)2}

Case(iii) : Let m~n /∈M, n /∈M ⇒
(
χ
M
(m~n)

))2 = 0 =
(
χ
M
(n)
)2.

But eitherm ∈M orm /∈M⇒
(
χ
M
(m)
)2 = 1 or

(
χ
M
(m)

)2 = 0

⇒
(
χ
M
(m)

)2
> 0 = min{

(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2} = min{0, 0}

⇒
(
χ
M
(m)

)2
> min{

(
χ
M
(m~n)

)2,
(
χ
M
(n)
)2}

Thus, by all the Cases (i) − (iii), above we obtain
(
χ
M
(m)

)2
> min

{(
χ
M

(m~n, χ
M
(n)
)2}.

Following each similar step of the membership part for the non-membership part, we have:(
χ
M
(m)

)2
6 max

{(
χ
M

(m~n, χ
M
(n)
)2}.

(2) To show
(
χ
M

(
(m~n) � (n~w)

))2
> min{

(
χ
M
(m)

)2,
(
χ
M
(n)
)2}, similar to (1)

above, we follow the following three cases:
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Case(i) : Let m, n ∈M ⇒ (m~n) � (n~w) ∈M, since M is ideal of L.

But from the hypothesis,
(
χ
M
(m)

)2 =
(
χ
M
(n)
)2 = 1⇒

(
χ
M
((m~n) � (n~w))

)2 = 1

⇒
(
χ
M
((m~n) � (n~w))

)2 = 1 > min{
(
χ
M
(m)

)2,
(
χ
M
(n)
)2}

Case(ii) : Let m ∈M, n /∈M
(
orm /∈M, n ∈M

)
, and we prove one as the other similar.

⇒
(
χ
M
(m)

)2 = 1 and
(
χ
M
(n)
)2 = 0.

But either (m~n) � (n~w) ∈M or (m~n) � (n~w) /∈M

⇒
(
χ
M
((m~n) � (n~w))

)2 = 1 or
(
χ
M
((m~n) � (n~w))

)2 = 0

⇒
(
χ
M
((m~n) � (n~w))

)2
> 0 = min{

(
χ
M

(m)
)2,
(
χ
M
(n)
)2} = min{1, 0}

⇒
(
χ
M
((m~n) � (n~w))

)2
> min{

(
χ
M

(m)
)2,
(
χ
M
(n)
)2}

Case(iii) : Let m /∈M, n /∈M

⇒
(
χ
M
(m)

)2 = 0 =
(
χ
M
(n)
)2.

But either (m~n) � (n~w) ∈M or (m~n) � (n~w) /∈M

⇒
(
χ
M
((m~n) � (n~w))

)2 = 1 or
(
χ
M
((m~n) � (n~w))

)2 = 0

⇒
(
χ
M
((m~n) � (n~w))

)2
> 0 = min{

(
χ
M
(m)

)2,
(
χ
M
(n)
)2} = min{0, 0}

Thus, by all the Cases (i) − (iii), above we obtain:(
χ
M
((m~n) � (n~w))

)2
> min{

(
χ
M
(m)

)2,
(
χ
M
(n)
)2}.

Following each step for the non-membership part, we can also obtain the result:(
χ
M
((m~n) � (n~w))

)2
6 max{

(
χ
M
(m)

)2,
(
χ
M
(n)
)2}.

In general, by (1) and (2) above, we have assured that the Characteristic function along with its com-

plement, LB =
(
χ
M

, χ
M

)
is Pythagorean fuzzy ideal of L if M is ideal of L. Furthermore, we have

the next justifications for a
M

, s
M

and π
M

:

(a) The accuracy function:

a
M
(m) =

(
χ
M
(m)

)2 +
(
χ
M
(m)

)2
=

1 + 0, if m ∈ M,

0 + 1, if m /∈ M
= 1, ∀m ∈ L

(b) The score function:

s
M
(m) =

(
χ
M
(m)

)2
−
(
χ
M
(m)

)2
=

1 − 0, if m ∈ M,

0 − 1, if m /∈ M,
=

 1, if m ∈ M,

−1, ifm /∈ M.

(c) The degree of indeterminacy:
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π
M
(m) =

√
1 −

[(
χ
M
(m)

)2
+
(
χ
M
(m)

)2
]

=


√

0 − (1 + 0) , if m ∈M,√
0 − (0 + 1 , if m /∈M

= 0, ∀m ∈ L.

Corollary 5.3.3.1. Let η be a fuzzy subset in LBA L and M be a non-empty subset of L such that

η
M
(m) =

δ, if m ∈M,

σ, if m /∈M,
and its complement η

M
(m) =

1 − δ, if m ∈M,

1 − σ, if m /∈M.

where δ, σ ∈ [0, 1], δ > σ. Then M is ideal of L if and only if
(
η
M

, η
M

)
is Pythagorean fuzzy

ideal of L.

Proof. Analogous to the proof of Theorem 5.3.3.1 above.

Remark 5.3.3.1. In LBA, as the membership parts of the classes of Pythagorean Structures, which

are fuzzy subalgebras, fuzzy deductive systems, and fuzzy ideals are mutually non-equivalent as

discussed in Remark 5.2.3.2 and demonstrated by Example 5.2.3.2, the same non-equivalence also

hold among the classes of Pythagorean fuzzy subalgebras, Pythagorean fuzzy deductive systems, and

Pythagorean fuzzy ideals.

Theorem 5.3.3.1. Let (L; ~, �, 0) be LBA and the fuzzy subset η : L→ [0, 1] be fuzzy ideal

of L and η : L→ [0, 1] such that η(m) = 1 − η(m), ∀m ∈ L be the complement of η on L.

Then LB =
(
η, η

)
is Pythagorean fuzzy ideal of L.

Proof. From the hypothesis that η is fuzzy ideal of L, we have:

η(m) > min{η(m~n), η(n)} and η
(
(m~n)� (n~w)

)
> min{η(m), η(n)}

⇒
(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2} and(
η
(
(m~n)� (n~w)

))2
> min{

(
η(m)

)2,
(
η(n)

)2}, and again by Remark 5.3.1 (2) (ii):(
η(m)

)2
6
(
η(m)

)2
6 1−

(
η(m)

)2
6 1 − min{

(
η(m~n)

)2,
(
η(n)

)2}

= max{1 − η(m~n)
)2, 1 − η(n)

)2
} and

= max{(η(m~n)
)2, (η(n)

)2
} which means(

η(m)
)2

6 max{(η(m~n)
)2, (η(n)

)2
} and similarly,(

η
(
(m~n)� (n~w)

))2
6 min{

(
η(m)

)2,
(
η(n)

)2}.

Therefore, LB =
(
η, η

)
is Pythagorean fuzzy ideal of L.

Theorem 5.3.3.2. Let L be LBA and η : L→ [0, 1] be fuzzy subset and η be the square deviation of

η in L. Then, LB =
(
η, η

)
is a Pythagorean fuzzy ideal of L if and only if η is fuzzy ideal of L.
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Furthermore, the accuracy function a
L
, the score function s

L
and the degree of indeterminacy π

L

are respectively given as follows, ∀m ∈ L:

(a) a
L
(m) = 1, (b) s

L
(m) = 2

(
η(m)

)2
− 1, (c) π

L
(m) = 0.

Proof. The forward implication that: if LB =
(
η, η

)
is a Pythagorean fuzzy ideal of L, then η is

fuzzy ideal of L is straightforward. Thus it suffices to prove the Converse that:

LB =
(
η, η

)
is a Pythagorean fuzzy ideal of L if η is fuzzy ideal of L and hence the following.

Suppose η is fuzzy ideal of L and letm ∈ L.

⇒ η(m) > min{η(m~n), η(n)} and η
(
(m~n)� (n~w)

)
> min{η(m), η(n)}

⇒ − η(m)6 − min{η(m~n), η(n)} and − η
(
(m~n)� (n~w)

)
6 − min{η(m), η(n)}

⇒ 1 −
(
η(m)

)2
6 1 − min{

(
η(m~n)

)2,
(
η(n)

)2} and

1 −
(
η
(
(m~n)� (m~n)

))2
6 1 − min{

(
η(m)

)2,
(
η(n)

)2}, and

⇒
(
η(m)

)2
6 max{1 −

(
η(m~n)

)2, 1 −
(
η(n)

)2} and(
η
(
(m~n)� (m~n)

))2
6 max{

(
1 − η(m)

)2, 1 −
(
η(n)

)2}, and

⇒
(
η(m)

)2
6 min{

(
η(m~n)

)2,
(
η(n)

)2}, ∀m ∈ L and(
η
(
(m~n)� (m~n)

))2
6 max{

(
η(m)

)2,
(
η(n)

)2}, ∀m ∈ L and

Therefore, LB =
(
η, η

)
is Pythagorean fuzzy ideal of L. Furthermore, we have the following:

(a) a
L
(m) =

(
η(m)

)2
+
(
η(m)

)2 =
(
η(m)

)2
+
(

1 −
(
η(m)

)2
)
= 1

(b) s
L
(m) =

(
η(m)

)2
−
(
η(m)

)2
=
(
η(m)

)2
−
(

1 −
(
η(m)

)2
)
= 2
(
η(m)

)2
− 1

(c) π
L
(m) =

√
1 − a

L
(m) = 0

Remark 5.3.3.2. Let L be LBA By Theorem 5.3.3.1, since L ⊆ L and because χ
L
(m) = χ

L
(m),

∀m ∈ L, where χ
L

is the Characteristic function on L; χ
L

and χ
L

are its complement and square

deviation, respectively, it follows that LB
1
=
(
χ
L
, χ

L

)
is a Pythagorean fuzzy ideal of L.

Similarly LB
2
=
(
χ
L
, χ

L

)
is also a Pythagorean fuzzy ideal of L.

Theorem 5.3.3.3. Let L be LBA , ∅ 6= M ⊆ L and η
M

: L→ [0, 1] be a fuzzy subset in LBA L such

that η
M
(m) =

δ, if m ∈M,

σ, if m /∈M,
and the square deviation

(
η
M
(m)

)2
=


1 − δ2, if m ∈M,

1 − σ2, if m /∈M.
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where δ, σ ∈ [0, 1], δ > σ⇒ 1 − δ2 6 1 − σ2.

Then M is ideal of L if and only if LB =
(
η
M

, η
M

)
is a Pythagorean fuzzy ideal of L.

Proof. η
M

is fuzzy ideal of L if and only if M is ideal of L as stated in Corollary 5.3.3.1 followed by

Theorem 5.3.3.1 above. Then we only need to show that: M is ideal of L if and only if the following

two axioms hold for the non-membership part as follows:

(1)
(
η
M
(m)

)2
6 max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2} and

(2)
(
η
M

(
(m~n)� (n~w)

))2
6 max{

(
η
M
(m)

)2,
(
η
M
(n)
)2}

Let M be ideal of L, then we need to prove:

Case(i) : Let n ∈M,m~n ∈M⇒m ∈M

Then
(
η
M
(m~n)

)2
=
(
η
M
(m)

)2
=
(
η
M
(n)
)2

= 1 − δ2⇒
(
η
M
(m)

)2
= 1 −δ2

⇒
(
η
M
(m)

)2
6 1 − δ2 = max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

⇒
(
η
M
(m)

)2
6 max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2} and similarly,

⇒
(
η
M

(
(m~n)� (n~w

))2
6 max{

(
η
M
(m)

)2,
(
η
M
(n)
)2}.

Case(ii) : Let n ∈M,m~n /∈M⇒m /∈M orm ∈M

⇒
(
η
M
(n)
)2=1 − δ2,

(
η
M
(m~n)

)2
=1 − σ2 but

(
η
M
(m)

)2
=1 − σ2 or

(
η
M
(m)

)2
=1 − δ2

⇒
(
η
M
(m)

)2
61 − δ2 = max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2} = max{1 − σ2, 1 − δ2}

⇒
(
η
M
(m)

)2
6 max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

Similarly,
(
η
M

(
(m~n)� (n~w)

))2
6 max{

(
η
M
(m)

)2,
(
η
M
(n)
)2}

Now we arrive at similar deductions for Case(iii) : when n /∈M,m~n ∈M⇒m ∈M

orm /∈M and Case(iv) : when n /∈M,m~n /∈M⇒m ∈M orm /∈M

Thus, based on all the above cases, we conclude that both conditions (1) and (2) are satisfied.

Therefore,
(
η
M

, η
M

)
is Pythagorean fuzzy ideal of LBA L.

Conversely, suppose (1)
(
η
M
(m)

)2
6 max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2} and

(2)
(
η
M

(
(m~n)� (n~w)

))2
6 max{

(
η
M
(m)

)2,
(
η
M
(n)
)2} hold.

BP = (η, τ) is a Pythagorean fuzzy SA of B

176



Then, we need to show that M is ideal of L, which means:

(a) n,m~n ∈M⇒m ∈M and

(b)m, n ∈M⇒ (m~n)� (n~w) ∈M Then:

(a) Let n,m~n ∈M⇒
(
η
M
(n~m)

)2
=
(
η
M
(n)
)2

=1 − δ2 and(
η
M
(m)

)2
6 max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2} = max{1 − δ2, 1 − δ2} = 1 − δ2

⇒
(
η
M
(m)

)2
61 − δ2 and since δ, σ ∈ [0, 1] , δ > σ⇒ 1 − σ2 > 1 − δ2, we have:(

η
M
(m)

)2
>1 − δ2 ⇒

(
η
M
(m)

)2
=1 − δ2 ⇒m ∈M

(b) Let n,m ∈M, then we need to show that (m~n)� (n~w) ∈M.

Now
(
η
M
(m)

)2
=
(
η
M
(n)
)2

=1 − δ2 and(
η
M

(
(m~n)� (n~w)

))2
6 max{

(
η
M
(m)

)2,
(
η
M
(n)
)2}= max{1 − δ2, 1 − δ2}= 1 − δ2

⇒
(
η
M

(
(m~n)� (n~w)

))2
61 − δ2 and by similar implications as (a) above, we have:(

η
M

(
(m~n)� (n~w)

))2
>1 − δ2 by definition of η

M

⇒
(
η
M

(
(m~n)� (n~w)

))2
=1 − δ2 ⇒ (m~n)� (n~w) ∈M

Therefore, based on cases (a) and (b) shown above, we have confirmed that M is ideal of L.

Theorem 5.3.3.4. Let L be LBA η : L→ [0, 1] be a fuzzy subset and η : L→ [0, 1] be the square

deviation of η in L such that
(
η(m~n)

)2
=
(
η(n)

)2 and
(
η(m�n)

)2
=
(
η(n)

)2. Then(
η(m~n)

)2
=
(
η(n)

)2;
(
η(m�n)

)2
=
(
η(n)

)2, ∀m, n ∈ L, and η and η are constants.

Proof. Suppose
(
η(m~n)

)2
=
(
η(n)

)2 and
(
η(m�n)

)2
=
(
η(n)

)2.

Then
(
η(m~n)

)2
= 1 −

(
η(m~n)

)2
= 1 −

(
η(n)

)2
=
(
η(n)

)2 and(
η(m�n)

)2
= 1 −

(
η(m�n)

)2
= 1 −

(
η(n)

)2
=
(
η(n)

)2.

As proved in Theorem 5.3.3.2 above, L =
(
η, η

)
is Pythagorean fuzzy ideal of L,

⇒
(
η(m~n)

)2
=
(
η(n)

)2 and
(
η(m�n)

)2
=
(
η(n)

)2 and then(
η(m~n)

)2
=
(
η(n)

))2 and
(
η(m�n)

)2
=
(
η(n)

)2

Now we need to verify that η and η are constants,
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((
η(m)

)2
=
(
η(n)

)2 and then
(
η(m)

)2
=
(
η(n)

)2, ∀m, n ∈ L.
)

Since LB =
(
η, η

)
is a Pythagorean fuzzy ideal of L, η is a fuzzy ideal of L, and hence

by Proposition 2.1.1 (3) and Proposition 5.1.1 (b), we have:

0 = (0 ~m) = (0�m), ∀m ∈ L and then η(0) = η(0 ~m) = η(0�m), ∀m ∈ L,

⇒
(
η(0)

)2
=
(
η(0 ~m)

)2
=
(
η(m)

)2
=
(
η(0�m)

)2, ∀m ∈ L, and again(
η(0)

)2
=
(
η(0 ~n)

)2
=
(
η(0�n)

)2
=
(
η(n)

)2, ∀n ∈ L

⇒
(
η(0)

)2
=
(
η(m)

)2
=
(
η(n)

)2, ∀m, n∈ L,

Or
(
η(m)

)2
=
(
η(n)

)2, ∀m, n ∈ L and hence , η is constant, and analogously, η is, too.

Theorem 5.3.3.5. Let LB = (η, τ) be Pythagorean fuzzy ideal of LBA L andm, n ∈ L.

If η(m~n) = η(n), τ(m~n) = τ(n), η(m�n) = η(n), τ(m�n) = τ(n) then,

∀m, n ∈ L, the following hold:

(1) The accuracy function: aL(m) 6 2 −
[
(η(0))2 + (τ(0))2],

(2) The score function: sL(m) 6 1 −
[
η(0))2 + τ(0))2)

]
,

(3) The degree of indeterminacy: π
L
(m) is such that:

(
π
L
(m)

)2
6 (η(0))2+(τ(0))2 − 1.

Proof. Let LB = (η, τ) be a Pythagorean fuzzy ideal of L;(
η(m~n)

)2
=
(
η(n)

)2,
(
τ(m~n)

)2
=
(
τ(n)

)2 and(
η(m�n)

)2
=
(
η(n)

)2,
(
τ(m�n)

)2
=
(
τ(n)

)2

Since, ∀m ∈ L, 0 = 0 ~m = 0 �m (by Proposition 2.1.1 (3) and Proposition 5.1.1 (b))

⇒
(
η(0)

)2
=
(
η(0 ~m)

)2
=
(
η(0�m)

)2
=
(
η(m)

)2
=
(
η(0 ~n)

)2
=
(
η(0�n)

)2
=
(
η(n)

)2

⇒
(
η(0)

)2
=
(
η(m)

)2
=
(
η(n)

)2, ∀m, n ∈ L

Similarly,
(
τ(0)

)2
=
(
τ(m)

)2
=
(
τ(n)

)2, ∀m, n ∈ L

But 0 6 (η(m))2 + (τ(m))2 6 1⇒ 0 6 (η(m))2 + (τ(0))2 6 1

⇒ (η(m))2 6 1 − (τ(0))2. And, 0 6 (η(m))2 + (τ(m))2 6 1
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⇒ 0 6 (η(0))2 + (τ(m))2 6 1⇒ (τ(m))2 6 1 − (η(0))2

Then ∀m ∈ L, we have the following:

(1) The accuracy function:

a
L
(m) = (η(m))2 + (τ(m))2 6 (1 − (η(0))2) + (1 − (τ(0))2) = 2−(η(0))2−(τ(0))2

(2) The score function:

s
L
(m) =

(
η(m)

)2
−
(
τ(m)

)2
6
(
1 −

(
η(0)

)2)
−
(
τ(0)

)2
= 1 −

(
η(0)

)2
−
(
τ(0)

)2

(3) The degree of indeterminacy:(
π
L
(m)

)2
= 1 −

(
η(m)

)2 -
(
τ(m)

)2
= 1 − a

L
(m) 6 1 −

[
2 −

(
η(0)

)2
− (τ(0))2)]

= (η(0))2 + (τ(0))2 − 1.

Theorem 5.3.3.6. Let L =
(
η, τ
)

be a Pythagorean fuzzy ideal of LBA L, η, τ are complements and

η, τ are square deviations of η, τ, respectively. Then ordered pairs hereunder are each Pythagorean

fuzzy ideals of L:

(1)
(
η, η

)
(2)

(
η, η

)
(3)

(
τ, η

)
(4)

(
τ, η

)
(5)

(
τ, τ

)
(6)

(
τ, τ

)
(7)

(
τ, η

)
(8)

(
τ, η

)
Proof. Since the pairs:

(
η, τ

)
,
(
η, η

)
and

(
η, η

)
are Pythagorean fuzzy ideals as established in

Corollary 5.3.3.1, Theorem 5.3.3.1 and Theorem 5.3.3.2, respectively, it follows that η is a mem-

bership function and hence ideal of L Here η and η serve as its complement and square deviation

functioning as non-membership components. Furthermore, τ represents the non-membership part of

the Pythagorean fuzzy ideal,
(
η, τ
)
, where τ and τ are its complement and square deviation acting a

membership functions) where both of these also form ideals on L.

Therefore, each pairing of a membership function with a non-membership function or square devi-

ation yields a Pythagorean fuzzy ideal. For clarification, consider the pair (η, τ) as a Pythagorean

fuzzy ideal on L. In this case, η and τ represent the membership and non-membership functions

respectively), and their corresponding complements form the ordered pair (τ, η). Now we claim

to show that (τ, η) is Pythagorean fuzzy ideal of L and then the others could be proved similarly.

Suppose (η, τ) is Pythagorean fuzzy ideal of L so that (η, τ) is ordered pair of corresponding com-

plements. Then:(
η(m)

)2
> min{

(
η(m~n)

)2,
(
η(n)

)2
} and

(
η
(
m~n)� (n~w)

))2
> min{

(
η(m)

)2,
(
η(n)

)2}

⇒ –
(
η(m)

)2
6 – min{

(
η(m~n)

)2,
(
η(n)

)2}, and
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–
(
η
(
(m~n)� (n~w)

))2
6 – min{

(
η(m)

)2,
(
η(n)

)2}

⇒ 1 –
(
η(m)

)2
6 1 – min{

(
η(m~n)

)2,
(
η(n)

)2}, and

1 –
(
η
(
(m~n)� (n~w)

))2
6 1 – min{

(
η(m)

)2,
(
η(n)

)2
}

⇒
(
η(m)

)2
6 max{

(
η(m~n)

)2,
(
η(n)

)2
}, and(

η
(
(m~n)� (n~w)

))2
6 max{

(
η(m)

)2,
(
η(n)

)2
}

That means η is membership function which guides us to η as non-membership function and hence

(η, η) is Pythagorean fuzzy ideal of L. Again, going back from the last to the first of the preceding

steps for the non-membership function τ to get the membership function τ, we have got (τ, τ) is

Pythagorean fuzzy ideal of L. Therefore,
(
η, τ

)
is Pythagorean fuzzy ideal of L implies

(
τ, η

)
is

also Pythagorean fuzzy ideal of L and hence all the claims in this theorem also hold which can be

justified in similar ways.

Theorem 5.3.3.7. The intersection of any two Pythagorean fuzzy ideals of LBA L is also a Pythagorean

fuzzy ideal of L.

Proof. Let LB1 =
(
η1 , τ1

)
and LB2 =

(
η2 , τ2

)
be any two Pythagorean fuzzy ideal of L and let us

denote LB∩ =
(
η1 ∩ η2 , τ1 ∩ τ2

)
. Then we need to prove: LB∩ =

(
η1 ∩ η2 , τ1 ∩ τ2

)
is Pythagorean

fuzzy ideal of L. Now, letm, n ∈ L. Then,

(i)
((
η1 ∩ η2

)
(m)

)2
= min

{(
η1(m)

)2,
(
η2(m)

)2}
> min

{
min
{(
η1(m~n)

)2,
(
η1(n)

)2}, min
{(
η2(m~n)

)2,
(
η2(n)

)2}
= min

{
min{

(
η1(m~n)

)2,
(
η2(m~n)

)2, min
{(
η1(n)

)2,
(
η2(n)

)2}}
= min

{((
η1∩ η2

)
(m~n)

)2,
((
η1 ∩ η2

)
(n)
)2} and((

τ1 ∩ τ2

)
(m)

)2
= max

{(
τ1(m)

)2,
(
τ2(m)

)2}
6 max

{
max{

(
τ1(m~n)

)2,
(
τ1(n)

)2}, max
{(
τ2(m~n)

)2,
(
τ2(n)

)2}
= max

{
max{

(
τ1(m~n)

)2,
(
τ2(m~n)

)2, max
{(
τ1(n)

)2,
(
τ2(n)

)2}}
= max

{((
τ1∩ τ2

)
(m~n)

)2,
(
(τ1 ∩ τ2

)
(n)
)2}

(ii)
((
η1 ∩ η2

)(
(m~n)� (n~w)

))2

= min
{(
η1

)(
(m~n)

)
�
(
(n~w)

))2,
(
η2

(
(m~n)

)
�
(
(n~w)

))2}
> min

{
min{

(
η1(m)

)2,
(
η1(n)

)2}, min
{(
η2(m)

)2,
(
η2(n)

)2}
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= min
{

min{
(
η1(m)

)2,
(
η2(m)

)2, min
{(
η1(n)

)2,
(
η2(n)

)2}}
= min

{((
η1∩ η2

)
(m)

)2,
(
(η1 ∩ η2

)
(n)
)2} and(

τ1 ∩ τ2

)(
(m~n)

)
�
(
(n~w)

)))2

= max
{(
τ1

(
(m~n)

)
�
(
(n~w)

))2,
(
τ2

(
(m~n)

)
�
(
(n~w)

))2}
6 max

{
max
{(
τ1(m)

)2,
(
τ1(n)

)2}, max
{(
τ2(m)

)2,
(
τ2(n)

)2}
= max

{
max{

(
τ1(m)

)2,
(
τ2(m)

)2, max
{(
τ1(n)

)2,
(
τ2(n)

)2}}
= max

{((
τ1∩ τ2

)
(m)

)2,
(
(τ1 ∩ τ2

)
(n)
)2}

Thus, by (i) and (ii) above, intersection of any two Pythagorean fuzzy ideals of LBA L is Pythagorean

fuzzy ideal of L.

Corollary 5.3.3.2. The intersection,
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
, of any family of Pythagorean fuzzy ideals,{(

η
i
, τ

i

)
: i ∈ I

}
, of LBA L is also a Pythagorean fuzzy ideal of L.

Proof. Let
{(
η
i
, τ

i

)
: i ∈ I

}
, be family of Pythagorean fuzzy ideals of L and letm, n ∈ L. Then,

(i)
⋂
i∈I

(
η
i
(m)

)2
= inf
i∈I

{(
η
i
(m)

)2}
> inf
i∈I

{
min
{(
η
i
(m~n)

)2,
(
η
i
(n)
)2}}

> min
{

inf
i∈I

{(
η
i
(m~n)

)2,
(
η
i
(n)
)2}}

= min
{

inf
i∈I

{(
η
i
(m~n)

)2}, inf
i∈I

{(
η
i
(n)
)2}}

= min
{⋂
i∈I

(
η
i
(m~n)

)2,
⋂
i∈I

(
η
i
(n)
)2
}

and

⋂
i∈I

(
τ
i
(m)

)2
= sup

i∈I

{(
τ
i
(m)

)2}
6 sup

i∈I

{
max
{(
τ
i
(m~n)

)2,
(
τ
i
(n)
)2}}

6 max
{

sup
i∈I

{(
τ
i
(m~n)

)2,
(
τ
i
(n)
)2}}

= max
{

sup
i∈I

{(
τ
i
(m~n)

)2}, sup
i∈I

{(
τ
i
(n)
)2}}

= max
{⋂
i∈I

(
τ
i
(m~n)

)2},
⋂
i∈I

(
τ
i
(n)
)2}}, ∀m, n ∈ L.
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(ii)
⋂
i∈I

(
η
i

(
(m~n)

)
�
(
(n~w)

)))2 = inf
i∈I

{
(η
i

(
(m~n)

)
�
(
(n~w)

)))2}
> inf
i∈I

{
min
{(
η
i
(m)

)2,
(
η
i
(n)
)2}}

> min
{

inf
i∈I

{(
η
i
(m)

)2,
(
η
i
(n)
)2}}

= min
{

inf
i∈I

{(
η
i
(m)

)2}, inf
i∈I

{(
η
i
(n)
)2}}

= min
{⋂
i∈I

(
η
i
(m)

)2,
⋂
i∈I

(
η
i
(n)
)2
}

and

⋂
i∈I

(
τ
i

(
(m~n)

)
�
(
(n~w)

)))2 = sup
i∈I

{
(τ
i

(
(m~n)

)
�
(
(n~w)

)))2}
6 sup

i∈I

{
max
{(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}

6 max
{

sup
i∈I

{(
τ
i
(m)

)2,
(
τ
i
(n)
)2}}

= max
{

sup
i∈I

{(
τ
i
(m)

)2}, sup
i∈I

{(
τ
i
(n)
)2}}

= max
{⋂
i∈I

(
τ
i
(m)

)2,
⋂
i∈I

(
τ
i
(n)
)2
}

, , ∀m, n, w ∈ L.

Thus, intersection of Pythagorean fuzzy ideal of L is Pythagorean fuzzy ideal of L.

Remark 5.3.3.3. Union of two Pythagorean fuzzy ideals of LBA L may not be Pythagorean fuzzy

ideal of L illustrated by Example 5.3.3.2 below.

Example 5.3.3.2. It suffices to show that one part of an axiom fails so that we show the failure of

the membership part of the first axiom as follows:

Then let (L; ~, �, 0) where L = {0, m, n, w} and two binary operations ~ and � on L be as

defined in Table 5.7 of Example 5.2.3.2 above and define two fuzzy ideals η1 and η2 of L as follows:

k η1(k) η2(k) (η1 ∪ η2)(k) τ1(k) τ2(k) (τ1 ∪ τ2)(k)

0 0.8 0.9 0.9 0.2 0.3 0.2

m 0.4 0.7 0.7 0.7 0.4 0.4

n 0.7 0.5 0.7 0.5 0.6 0.5

w 0.4 0.5 0.5 0.7 0.6 0.6

Table 5.9: A table that defines fuzzy ideal and their unions
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Hence, from Table 5.7 above, as (n~m)� (m~n) = w�w = w, we have:

((
η1 ∪ η2

)(
(n~m)� (m~n)

))2 =
((
η1 ∪ η2

)
(w)

)2
= (0.5)2 = 0.25

> min
{(
η1 ∪ η2

)
(n),

(
η1 ∪ η2

)
(m)
}

= min{(0.7)2, (0.7)2} = min{0.49, 0.49} = 0.49

which is false, ratifying that union of two fuzzy ideals of L is not necessarily fuzzy ideal of L.

Remark 5.3.3.4. Let P1 =
(
η1 , τ1

)
, P2 =

(
η2 , τ2

)
, and P3 =

(
η3 , τ3

)
represent a Pythagorean fuzzy

SA, a Pythagorean fuzzy DS, and a Pythagorean fuzzy ideal of the LiuB–algebra L, respectively. The

connections, whether one implies another or not, among these three depend on the corresponding

relationships between fuzzy subalgebra, fuzzy DS, and fuzzy ideal of L as discussed earlier in Re-

mark 5.2.3.2 and shown in Example 5.2.3.3. In short, the same kind of result also applies to these

Pythagorean fuzzy substructures; that is, there is no implication or inclusion relation between any

two of P1, P2 , and P3 .
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Chapter 6
Fundamental Structures in (Pythagorean)

Fuzzy Composite Structures

In this chapter, we introduce the notions and explore different properties of ”Cartesian product” on

fuzzy SA of BCL–algebra, ”level sets” on Pythagorean fuzzy DS of BCL–algebra, ”homomorphisms”

on Pythagorean fuzzy DS of LiuB–algebra, ”Pythagorean
(
β, θ

)
–fuzzy ideal” on Pythagorean fuzzy

LiuB–algebra, The fundamental structures: ”homomorphisms”, ”level sets”, ”Cartesian product”

and the parameters (β, θ) applied to other substructures are well introduced with essential guidance.

However, certain extended or overlapping concepts are intentionally omitted to avoid redundancy

and remain open for systematic exploration in subsequent research endeavor or are reserved to be

explored in our future works.

6.1. Cartesian Products in Fuzzy Subalgebra of BCL–Algebra

Under this section, we discuss the notion of Cartesian product on fuzzy SAs of BCL–algebras. We
demonstrate that the Cartesian product of two such fuzzy SAs is itself a fuzzy SA of BCL–algebra,
and we investigate several other related results.

Remark 6.1.1. Definitions 1.5.4 of Chapter 1 above about the Cartesian product of fuzzy subsets

η1 and η2 on an algebra R can be summarized as:

(η1×η2)(m, n) = min{ (η1(m), (η2(n)}, ∀m, n ∈ R and

(η1×η2)
(
(m1 , n1)~(m2 , n2)

)
= (η1×η2)

(
m1~m2 , n1~n2

)
= min{η1

(
m1~m2

)
, η2

(
n1~n2

)
}, ∀m1 ,m2 , n1 , n2 ∈ R.

Example 6.1.1. Let the fuzzy subsets η1 and η2 be as defined in Table 5.6 of Example 5.2.1.2, and
let the binary operation ~ be as defined in Table 5.1 of Example 5.1.1 above, and take:

m1 =m,m2 = n, n1 = w, n2 =m. Then:(
m1 , n1

)
~
(
m2 , n2

)
= (m, w)~ (n,m) =

(
m~n, w~m

)
= (w, 0) and then
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η1 × η2

(
(m1 , n1)~ (m

2
, n2

))
= η1 × η2(w, 0) = min{η1(w), η2(0)}

= min{0.8, 0.8} = 0.8 and

η1 × η1(m1 ,m2) = min{η1(m1), η1(m2)} = min{η1(m), η1(n)} = min{0.4, 0.4} = 0.4

Theorem 6.1.1. Let η1 and η2 be two fuzzy SAs of a BCL–algebra B. Then, (η1×η2) is also fuzzy

SAs of B×B, that is to say the Cartesian product of two fuzzy SAs of B is also fuzzy SA of B×B.

Proof. Suppose the fuzzy subsets η1 and η2 are fuzzy SAs of B. We claim that (η1×η2) is also
fuzzy SA of B×B, in other words we need to show that:

η1 × η1

(
(m1 , n1)~ (m

2
, n2

))
= min{η1 × η2

(
m1 , n1

)
, (η1 × η2)(m2

, n2

)
} and then

η1 × η2

(
(m1 , n1)~ (m

2
, n2

))
= η1 × η2

(
(m1~m2

, n1 ~n2

))
= min{η1

(
m1 ~m2

)
, η2

(
n1 ~n2

)
}

> min{min{η1(m1), η1(m2)}, min{η2(n1
), η2(n2

)}}

= min{min{η1(m1), η2(n1)}, min{η1(m2
), η2(n2

)}}

= min{(η1 × η2)(m1 , n1), (η1 × η2)(m2
, n

2
)}

Corollary 6.1.1. Let {η
i

: i ∈ I} be family of fuzzy SAs of a BCL–algebra B. Then,

the Cartesian product,
∏
i∈I
ηi is also SA of

∏
i∈I
B.

Proof. Let the fuzzy subsets {η
i

: i ∈ I} be family of fuzzy SAs of B. We claim that
∏
i∈I
ηi is also

fuzzy SA of
∏
i∈I

B, in other words we need to show that:

∏
i∈I
ηi
(
(m

i
, n

i
)~ (u

i
, w

i

))
= min

{∏
i∈I
ηi
(
m
i
, n

i

)
,
∏
i∈I
ηi
(
u
i
, w

i

)}
.

∏
i∈I
ηi
(
(m

i
, n

i
)~ (u

i
, w

i

))
=
∏
i∈I
ηi
(
(m

i
~u

i
, n

i
~w

i

))

= min
{∏
i∈I
ηi
(
m
i
~ u

i

)
,
∏
i∈I
ηi
(
n
i
~w

i

}

= min{min{
∏
i∈I

(m
i
),
∏
i∈I

(u
i
)}, min{

∏
i∈I

(n
i
),
∏
i∈I

(w
i
)}}

= min
{∏
i∈I
ηi
(
m
i
, n

i

)
,
∏
i∈I
ηi
(
u
i
, w

i

)}
.
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Remark 6.1.2. The converse of Theorem 6.3.1 may not be necessarily true, that is if η
i
× η2 is fuzzy

SA of BCL–algebra B, then η1 , η2 may not be SA(s) of B.

Example 6.1.2. Let (B; ~, 0) be a BCL–algebra defined by Table 1.1 of Example 1.1.1 and define
two fuzzy subsets η1 and η2 of B as follows:

η1(m) =


0.9, if m= 0,

0.7, if m= p, q,

0.2, if m= r,

and η2(m) =


0.8, if m= 0,

0.6, if m= p, r,

0.5, if m= q.

Then (η1 × η2)(m, n) =



0.8, if m= 0 ; n= 0 ,

0.7, if m= p, q ; n= 0 ,

0.6, if m= 0, p, q ; n= p, r ,

0.5, if m= 0, p, q ; n= q ,

0.2, if m= r ; n= 0, p, q, r.

Now, by following algebraic calculation, we have checked that η1 × η2 is fuzzy SA of
∏
i∈I
B. How-

ever, η1 is not SAs of B by the following justification:

η1(p~q) = η1(r) = 0.2 > min{η1(p), η1(q)} = min{0.7, 0.7} = 0.7 which is false showing

that η1 is not SA of B.

Proposition 6.1.1. Let η be fuzzy SA of the BCL–algebra (B; ~, 0), then the following hold ∀m, n,
u, w ∈ B:

(1) (η×η)
(
(m, n)~(m, n)

)
= η(0), and then (η×η)(0) = η(0)

(2) (η×η)
(
(m,m)~(n, n)

)
= η(m~n)

(3) (η×η)
(
(m, n)×(u, n)

)
= η(m~ u),

(4) (η×η)
(
(m, n)×(m, w)

)
= η(n~w).

Proof. Suppose η is fuzzy SA of the BCL–algebra B and m, n, u, w ∈ B. Then since

η(0) > η(m), ∀m ∈ B by Lemma 4.1.1.1, the following hold:

(1) (η×η)
(
(m, n)~(m, n)

)
= (η×η)

(
m~m, n~n

)
= (η×η)

(
0, 0
)

= min{η(0), η(0)} = η(0),

and then (η×η)(0) = (η×η)
(
(m, n)~(m, n)

)
= η(0)

(2) (η×η)
(
(m,m)~(n, n)

)
= (η×η)

(
m~n,m~n

)
= min{η(m~n), η(m~n} = η(m~n)

(3) (η×η)
(
(m, n)×(u, n)

)
= (η×η)

(
m~ u, n~n

)
= min{η(m~ u), η(n~n}
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= min{η(m~ u), η(0)} = η(m~ u),

(4) (η×η)
(
(m, n)×(m, w)

)
= (η×η)

(
m~m, n~w

)
= min{η(0), η(n~w}

= min{η(0), η(n~w} = η(n~w).

Lemma 6.1.1. Let η1 and η2 be fuzzy SAs of B, then (η1×η2)(0, 0) > (η1×η2)(m, n),
∀m, n ∈ B.

Proof. Let η1 and η2 be fuzzy SAs B. Then

(η1×η2)(0, 0) = min{η1(0), η2(0)} > min{η1(m), η2(n)}, since

η1(0) > η1(m) and η2(0) > η2(n), ∀m, n∈B, by Lemma 4.1.1.1

Hence, (η1×η2)(0, 0) > (η1×η2)(m, n), ∀m, n ∈ B.

Corollary 6.1.2. Let η1 and η2 be two fuzzy SAs of a BCL–algebra B. Then,

(η1×η2)
(
(0, 0)~ (m, n)

)
> (η1 × η2)(m, n).

Proof. Suppose η1 and η2 are fuzzy SAs of a BCL–algebra B. Then, ∀m, n ∈ B:

(η1×η2)
(
(0, 0)~ (m, n)

)
= η1 × η2

(
(0 ~m), (0 ~n)

)
= η1 × η2

(
0, 0
)
, since 0 ~m = 0, ∀m ∈ B by Proposition 2.1.1 (3)

= min{η1

(
0), η2(0)

)
}

> min{η1

(
m), η2(n)

)
}, as η1(0) > η1(m), η2(0) > η2(n), ∀m, n∈B

= (η1 × η2)(m, n).

Therefore, (η1 × η2)
(
(0, 0)~ (m, n)

)
> (η1 × η2)(m, n).

Corollary 6.1.3. Let {η
i

: i ∈ I} be family of fuzzy SAs of a BCL–algebra B. Then, the following
hold:

(1)
∏
i∈I
ηi(0i) >

∏
i∈I
ηi(mi

), ∀m
i
∈ B; i ∈ I

(2)
∏
i∈I
ηi
(
(0
i
)× (m

i
)
)
>
∏
i∈I
ηi(mi

), ∀m
i
∈ B; i ∈ I

Proof. (1) Let {η
i

: i ∈ I} be family of fuzzy SAs of B. Then
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∏
i∈I
ηi(0i) = min{

∏
i∈I
ηi(0)}

>min{
∏
i∈I
ηi(mi

)}, since η
i
(0) > η

i
(m) , ∀m

i
∈ B, and ∀i ∈ I

by Lemma 4.1.1.1 and Lemma 6.1.1

Hence,
∏
i∈I
ηi(0i) = min{

∏
i∈I
ηi(0)}, ∀mi

∈ B and ∀i, ∈ I.

(2) Suppose {η
i

: i ∈ I} are fuzzy SAs of a BCL–algebra B. Then, ∀m
i
∈ B and ∀i ∈ I:∏

i∈I
ηi
(
(0
i
)× (m

i
)
)
=
∏
i∈I
ηi
(
(0
i
~m

i
)
)

=
∏
i∈I
ηi
(
0
)
, since 0 ~m = 0, ∀m ∈ B and ∀i ∈ I by Proposition 2.1.1 (3)

=
∏
i∈I
ηi
(
0
i

)
>
∏
i∈I
ηi
(
m
i

)
, ∀m

i
∈ B and ∀i, ∈ I.

Theorem 6.1.2. Let η1 and η2 be the fuzzy SAs of the BCL–algebra (B; ~, 0). Then the Cartesian
product (η1×η2) : B×B→ [0, 1] has the property: (η1×η2)(m, n) = η2×η1(n, m)

Proof. Suppose η1 and η2 are the fuzzy SAs of the BCL–algebra B. Then, ∀m, n∈B:

(η1×η2)(m, n) = min{η1(m), η2(n)} = min{ η2(n), η1(m),} = η2×η1(n, m)

Proposition 6.1.2. Let η1 and η2 be two fuzzy subsets in B. If (η1×η2) is a fuzzy SA of B×B, then,
the following hold:

(1) Either η1(0) > η1(m) or η2(0) > η2(m), ∀m ∈ B.

(2) If η1(0) > η1(m), ∀m ∈ B, then either η2(0) > η1(m) or η2(0) > η2(m).

(3) If η2(0) > η2(m), ∀m ∈ B, then either η1(0) > η2(m) or η1(0) > η1(m).

(4) Either η1 or η2 is fuzzy SA of B.

Proof. We prove (1), (2), and (3) by contradiction as in the following ways:

(1) Suppose that η1(0) < η1(m) and η2(0) < η2(m) , for somem, n ∈ B, then:(
(η1×η2))(m, n

)
= min{η1(m), η1(n)} > min{ η1(0), η2(0)} = ((η1×η2))(0, 0), a contradiction

to η1× η2 is a fuzzy SA of B. Hence η1(0) > η1(m) or η2(0) > η2(m), ∀m ∈ B.

188



(2) Suppose that η2(0) < η1(m) and η2(0) < η2(n), ∀m, n ∈ B, then

((η1×η2))(m, n) = min{ η1(m), η2(n)} > min{η2(0), η2(0)} = η2(0) = min{ η1(0), η2(0)}

= ((η1×η2))(0, 0),

which is a contradiction to (η1×η2) is a fuzzy SA of B.

Hence either η2(0) > η1(m) or η2(0) > η2(m).

(3) Similar to Proof (2).

(4) By (1) if η1(0) > η1(m), ∀m∈B then by (2), we have the following:

η2(0) > η1(m) or η2(0) > η2(m).

Now η1(m) = min{ η1(m), η1(m)} = min{ η1(m), η2(0)} =((η1×η2))(m, 0).

Hence, form, w∈B, we have:

η1(m + w) = min{ η1(m + w), η2(0)} = ((η1×η2))(m + w, 0) = ((η1×η2))(m + w, 0+0)

= ((η1×η2))((m, 0) + (w, 0)) = min{( (η1×η2))(m, 0), ((η1×η2))(w, 0)}

= min{min{η1(m), η2(0)}, min{ η1(w), η2(0)}}

= min{η1(m), η1(w)}. η1(m) = min{ η1(m), η2(0)}

= ((η1×η2))(m, 0) > min{((η1×η2))((m,0)−(w,0),( (η1×η2))(w,0)}

= min{((η1×η2))(m − w, 0),((η1×η2))(w, 0)}

= min{min{η1(m −w), η2(0)},min{η1(w), η2(0)}

= min{η1(m − w), η1(w)}.

Hence η1 is a fuzzy SA of B, and similarly, we can prove that η2 is a fuzzy SA of B.

6.2. Level Sets in Pythagorean Fuzzy Deductive System of
BCL–Algebra

In this section, we study the notion of level sets of fuzzy DSs of BCL–algebra. Characterizations of
fuzzy DSs of BCL–algebra in terms of its level subsets are also given.

Definition 6.2.1. Let BD =
(
η, τ
)

be Pythagorean fuzzy DS of a BCL–algebra B. Then the set:

BD
(δ, σ)

= {m ∈ B : (η(m))2 > δ2, (τ(m))2 6 σ2} is called Pythagorean fuzzy level DS of B.

189



Definition 6.2.2. Let BD =
(
η, τ
)

be Pythagorean fuzzy DS of a BCL–algebra B such that

t, s ∈ [0, 1]. Then DS: U
(
η, t
)

= {m ∈ B : (η(m))2 > t2} is called an upper t-level DS of

B and DS: L
(
(τ(m), s

)
= {m ∈ B : (τ(m))2 6 s2} is called a lower s–level DS of B.

Remark 6.2.1. Let BD =
(
η, τ
)

be Pythagorean fuzzy DS of BCL–algebra B such that t, s ∈ [0, 1].

If s 6 t then U
(
η, t)

)
⊆ U

(
η, s
)

and L
(
τ, s
)
⊆ L

(
τ, t
)
.(

There are order–preserving correspondence between 6 and ⊆ under lower level DS of B
and also order-reversing correspondence between 6 and ⊆ under upper level DS of B

)
.

Theorem 6.2.1. If BD = (η, τ) is a Pythagorean fuzzy DS of BCL–algebra B, then the sets

Bη = {m ∈ B :
(
η(m)

)2
=
(
η(0)

)2} and Bτ = {m ∈ B :
(
τ(m)

)2
=
(
τ(0)

)2} are DSs of

BCL–algebra of B.

Proof. Assume that BD =
(
η, τ
)

is a Pythagorean fuzzy DS of BCL–algebra of B, then we claim

to show Bη and Bτ are DS of B (fulfilling the axioms defined in Definition 4.1.3).

Clearly, both Bη and Bτ contain the element zero.

(i) Letm ∈ Bη , u ∈ B. Then (η(m)2 = (η(0))2.

So, (η((m~ u)~ u))2 > (η(m))2 = min{(η(0))2, (η(0))2} = (η(0))2.

⇒ (η(m~ u)~ u)2 > (η(0))2 but (η(m~ u)~ u)2 6 (η(0))2, as η is a fuzzy subset.

⇒ (η
(
(m~ u)~ u)

)2 = (η(0))2

⇒ (m~ u)~ u ∈ Bη , ∀u ∈ B, by the hypothesis.

Similarly,m, n ∈ Bη ⇒ m~ (n~ w) ∈ Bη , ∀w ∈ B.

(ii) Letm, n ∈ Bτ ⇒ (τ(m) = τ(0))2 = τ(n)

⇒
(
τ(m~ (n~w))

)2
6 max{(τ(m))2, (τ(n))2} = max{(τ(0))2, (τ(0))2} = (τ(0))2.

⇒ (τ(m~ (n~w))2 6 (τ(0))2 but
(
τ(m~ (n~w))

)2
>
(
τ(0)

)2, since τ is fuzzy subset

⇒
(
τ(m~ (n~w))

)2 =
(
τ(0)

)2

⇒m~ (n~w) ∈ Bτ , ∀w ∈ B, by the hypothesis.

Similarly,m ∈ Bτ ⇒ (m~ u)~ u ∈ Bτ , ∀u ∈ B

Hence, by (i) and (ii), the sets Bη and Bτ are DS of BCL–algebra of B.
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Theorem 6.2.2. A Pythagorean fuzzy set BD =
(
η, τ
)

of a BCL–algebra B is a Pythagorean

fuzzy DS of B if and only if the level subsets U
(
η, t
)

and L
(
τ, s
)

are DSs of B, ∀t ∈ Im(η),

∀s∈Im(τ) with t2 + s2 6 1, where Im(η) and Im(τ) represent images of the level subsets η

and τ, respectively.

Proof. Assume that BD =
(
η, τ
)

is a Pythagorean fuzzy DS of B.

(i) Letm, u ∈ B such thatm ∈ U
(
η, t
)
. Then, (η(m)

)2
> t2. Since BD =

(
η, τ
)

is a Pythagorean fuzzy DS of B, we have: (η((m ~ u) ~ u))2 > (η(m))2 > t2

⇒ (η((m ~ u) ~ u))2 > t2. Then we justified thatm∈U
(
η, t
)
⇒ (m ~ u) ~ u∈U

(
η, t
)
.

Similarly,m, n ∈ U
(
η, t

)
⇒m~ (n~w) ∈ U(η, t), ∀w ∈ B

Hence, U
(
η, t
)

is a DS of B.

(ii) Also, letm, u ∈ B such thatm ∈ L
(
τ, s
)
. Then, (τ(m))2 6 s2.

Since BD =
(
η, τ
)

is a Pythagorean fuzzy DS of B, we have:

(τ((m ~ u) ~ u))2 6 (τ(m)
)2

6 s2. ⇒ (τ((m ~ u) ~ u))2 6 s2

⇒ (m ~ u) ~ u ∈ L
(
τ, s
)
, ∀u ∈ B.

Similarly,m, n ∈ L
(
τ, s

)
⇒m~ (n~w) ∈ L(τ, s), ∀w ∈ B

Hence, L
(
τ, s
)

is a DS of B.

Conversely, assume that, the level subsets U
(
η, t
)

and L
(
τ, s
)

are DSs of B

for any t ∈ Im(η) and s ∈ Im(τ) with t2 + s2 6 1.

(1) Letm, u ∈ B and let t ∈ Im(η) such that t2 = (η(m))2. Then, (η(m))2 > t2

⇒ m ∈ U
(
η, t
)
. As U

(
η, t
)

is a DS of B, it follows: (m ~u)~u∈ U
(
η, t
)

⇒ (η((m ~u)~u))2>t2 = (η(m))2⇒ (η((m ~ u)~u))2>(η(m))2.

Also, letm, u ∈ B and let s ∈ Im(τ) such that s2 =
(
τ(m)

)2.

⇒ (τ(m))2 6 s2⇒m∈L
(
τ, s
)
⇒ Since L

(
η, s
)

is a DS of B, we have:

(m ~ u) ~ u∈L
(
τ, s
)
⇒ (τ((m ~ u) ~ u))2 6 s2 = (τ(m))2

⇒ (τ((m ~ u) ~ u))2 6 (τ(m))2.

(2) Letm, n, w∈B, t∈Im(η) such that t2 = min{(η(m))2, (η(n))2}
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⇒ min{(η(m))2, (η(n))2} > t2⇒ (η(m))2 > t2, (η(n))2 > t2⇒m, n∈U
(
η, t
)
.

Now, since U
(
η, t
)

is a DS of B, we have: m ~ (n ~ w)∈U
(
η, t)

⇒ (η(m ~ (n ~ w)))2>t2 = (η(m))2⇒ (η(m ~ (n ~ w)))2>(η(m))2.

Again, letm, n, w ∈ B and let s ∈ Im(τ) such that s2 = max{(τ(m))2, (τ(n))2}.

Then, we have (τ(m))2 6 s2, (τ(n))2 6 s2 ⇒ m, n ∈ L
(
τ, t
)

Also, since U
(
τ, s
)

is a DS of B, we have:

m ~ (n ~ w) ∈ U
(
τ, s
)
. ⇒ (τ(m ~ (n ~ w)))2 6 s2 = 6 max{(τ(m))2, (τ(n))2}.

Then, (τ(m ~ (n ~ w))2 6 max{(τ(m))2, (τ(n))2. Hence, by (1) and (2) above,

we deduce that: BD =
(
η, τ
)

is a Pythagorean fuzzy DS of B.

The following theorem shows that every DS of B can be characterized as level DS of a
Pythagorean fuzzy DS of the BCL–algebra, B.

Theorem 6.2.3. Every DS of a BCL–algebra B is a level DS of a Pythagorean fuzzy DS

BD =
(
η, τ
)

of B.

Proof. Let M be a DS of B and BD =
(
η, τ
)

be a Pythagorean fuzzy DS in B defined by:

η(m) =

t, if m ∈M,

0, if m /∈M,
and τ(m) =

s, if m ∈M,

1, if m /∈M,
∀t, s ∈ [0, 1], t2 + s2 6 1

Clearly, U
(
η, t
)

= M = L
(
τ, s
)
. And since, 0 ∈M, we have: (η(0))2 = t2 and (τ(0))2 = s2

⇒ (η(0))2 > (η(m))2 and (τ(0))2 6 (τ(m))2, ∀m ∈ B.

Then we need to prove the following two pairs of statements, ∀m, n u, w ∈ B:

(1) (η((m~ u)~ u))2 > (η(m))2 and (τ((m~ u)~ u))2 6 (η(m))2

(2) (η(m~ (n~w)))2 > min{(η(m))2, (η(n))2} and

(τ(m~ (n~w)))2 6 max{(τ(m))2, (τ(n))2}

(1) Claim:- (η((m~ u)~ u))2 > (η(m))2 and (τ((m~ u)~ u))2 6 (η(m))2, and by two cases:

Case(i) : Letm ∈M, then we have: (m ~u)~ u ∈M, since M is a DS of B.

⇒ (η(m))2 = t2 = (η((m ~u)~ u))2 and (τ(m))2 = s2 = (η((m ~u)~ u)))2

⇒ (η((m ~u)~ u))2 > (η(m))2 and (η((m ~u)~ u))2 6 (τ(m))2
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Case(ii) : Letm /∈M; however, we have either: (m ~u)~ u ∈M or (m ~u)~ u /∈M.

⇒ (η(m))2 = 0; and either
(
(η((m ~u)~ u))2 = t2 or

(
η((m ~u)~ u))2 = 0

)
,

and also, (τ(m))2 = 1; but either
(
(τ((m ~u) ~ u))2 = s2 or (τ((m ~u)~ u))2 = 1

)
⇒ (η((m ~u)~ u))2 > 0 = (η(m))2, and (τ((m ~u) ~ u))2 6 1 = (τ(m))2

⇒ (η((m ~u)~ u))2 > (η(m))2, and (τ((m ~u) ~ u))2 6 (τ(m))2

(2) (η(m~n~w))2>min{(η(m))2, (η(n))2} and

(τ((m~ u)~ u))26max{(τ(m))2, (τ(n))2} could be proved following three cases:

Case(i) : Letm, n ∈M, then we have: m~(n~ w)∈M, since M is a DS of B.

⇒ (η(m))2 = t2 = (η(n))2 = (η(m~(n~w))2 and (τ(m))2 = s2 = (τ(n))2 = (τ(m~(n~w)))2

⇒ (η(m~(n~w)))2 > min{(η(m))2, (η(n))2} and (τ(m~(u~u)))2 6 max{(τ(m))2, (τ(n))2}

Case(ii) : Letm ∈M and n /∈M (or n ∈M and m /∈M), but we have either:

(m ~u)~ u∈M or (m ~u)~ u/∈M⇒ (η(m))2=t2, (η(n))2 =0
(
or (η(m))2=0, (η(n))2 = t2

)
but (η((m ~u)~ u))2 = t2 or (η((m ~u)~ u))2 = 0

)
, and

(τ(m))2 = s2, (τ(n))2 = 1 (or (τ(m))2 = 1, (τ(n))2 = s2)

but (τ((m ~u) ~ u))2 = s2 (or (τ((m ~u)~ u))2 = 1
)

⇒ (η((m ~u)~ u))2 > 0 = min{(η(m))2, (η(n))2} and

(τ((m ~u) ~ u))2 6 1 = max{(τ(m))2, (τ(n))2}

⇒ (η((m ~u)~ u))2 > min{(η(m))2, (η(n))2} and

(τ((m ~u) ~ u))2 6 max{(τ(m))2, (τ(n))2}

Case(iii) : Letm /∈M, n /∈M, but we have either (m ~u)~ u ∈M or (m ~u)~ u /∈M.

⇒ (η(m))2 = 0 = (η(m))2 and (η((m ~u)~ u))2 = t2 or (η((m ~u)~ u))2 = 0
)
, and

(τ(m))2 = 1 = (τ(n))2 and (τ((m ~u) ~ u))2 = s2 or (τ((m ~u)~ u))2 = 1

⇒ (η((m ~u)~ u))2 > 0 = min{η(m))2, η(n))2} and

(τ((m ~u) ~ u))2 6 1 = max{
(
τ(m)

)2,
(
τ(n)

)2}
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⇒ (η((m ~u)~ u))2 > min{(η(m))2, (η(n))2} and

(τ((m ~u) ~ u))2 6 max{(τ(m))2, (τ(n))2}

Therefore, BD =
(
η, τ
)

is a Pythagorean fuzzy DS in B, and hence, M is a level DS of B

corresponding to Pythagorean fuzzy DS BD =
(
η, τ
)

of B.

We can also prove the following theorem as a generalization of Theorem 6.2.3, above.

Theorem 6.2.4. Let M be any nonempty subset of a BCL–algebra B and BD =
(
η
M

, τ
M

)
be

Pythagorean fuzzy set in B defined by:

η
M
(m) =

{
δ, if m ∈M,

σ, if m /∈M
and τ

M
(m) =

{
α, if m ∈M,

γ, if m /∈M

∀δ, σ, α, γ ∈ [0, 1] with δ > σ, α 6 γ and δ2 + α2 6 1, σ2 + γ2 6 1.

Then BD is a Pythagorean fuzzy DS of B if and only if M is DS of B.

Proof. Let BD be a Pythagorean fuzzy DS of B then we need to prove that M is DS of B.

Then (η(0))2 > (η(m))2 = δ2 and (τ(0))2 6 (τ(m))2 = α2. Hence 0 ∈M.

(1)m ∈M⇒ (η
M
(m~ u)~ u))2 > (η

M
m))2 = δ2 and (τ

M
(m~ u)~ u))2 6 (τ

M
m))2 = α2

Hence (m~ u)~ u ∈M.

(2)m, n ∈M⇒ (η
M(m~ (n~w)))2 > (η

M
(m))2 = δ2 and(

τ
M
(m~ (n~w))

)2
6 τ

M
(m))2 = α2

Hence,m~ (n~w) ∈M. Thus. by (1) and (2) above, we deduce that M is DS of B.

Conversely, let M be DS of B. So we prove: BD =
(
η
M

, τ
M

)
is Pythagorean fuzzy DS of B.

(a) (i) Letm ∈ B ⇒ (m~ u)~ u ∈M and, we have:

(η((m~ u)~ u))2 > (η(m))2 = δ2 and (τ((m~ u)~ u))2 6 (τ(m))2 = α2

⇒ (η((m~ u)~ u))2 > (η(m))2 and (τ((m~ u)~ u))2 6 (τ(m))2, ∀m ∈M.

(ii) Letm /∈ B ⇒ (m~ u)~ u ∈M or (m~ u)~ u /∈M and, we have:

(η((m~ u)~ u))2 > (η(m))2 = σ2 and (τ((m~ u)~ u))2 6 (τ(m))2 = γ2

⇒ (η((m~ u)~ u))2 > (η(m))2 and (τ((m~ u)~ u))2 6 (τ(m))2, ∀m ∈M.

(b) To prove: (η(m~ (n~w)))2 > min{(η(m))2, (η(n))2} and
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(τ(m~ (n~ u)))2 6 max{(τ(m))2, (τ(n))2}, ∀m, n ∈ B; we follow three cases:

(i) Letm, n ∈ B ⇒ (m~ (n~w)) ∈M and, we have:

(η(m~ (n~w)))2 > min{(η(m))2, (η(n))2} = δ2 and

(τ(m~ (n~w)))2 6 max{(τ(m))2, (τ(n))2} = γ2

(ii) Letm ∈ B, n /∈ B
(
or m /∈ B, n ∈ B

)
then, we have:

(η(m~ (n~w)))2 > min{(η(m))2, (η(n))2} = min{δ2, σ2} = σ2 and

(τ(m~ u)~ u))2 6 max{(τ(m))2, (τ(n))2} = max{α2, γ2} = γ2

(iii) Letm /∈ B, n /∈ B then, we have:

(η(m~ (n~w)))2 > σ2 = min{(η(m))2, (η(n))2} = min{σ2, σ2} and

(τ(m~ u)~ u))2 6 γ2 = max{(τ(m))2, (τ(n))2} = max{γ2, γ2}

Thus, in all the three cases (i), (ii) and (iii) above, we deduce that:(
η((m~ (n~w))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and(
τ((m~ u)~ u)

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}, ∀m, n ∈ B.

Thus, by cases (a) and (b) above, we deduce that BD =
(
η
M

, τ
M

)
is Pythagorean fuzzy DS of B.

Theorem 6.2.5. Let {M
i

: i = 0, 1, 2, ..., n} be any of a BCL–algebra B such that

M0 ⊂M1 ⊂M2 ⊂ ... ⊂Mn = B, then there exists a Pythagorean fuzzy DS BD =
(
η, τ
)

of B whose level DSs of B are exactly the DSs {M
i
} of B.

Proof. Consider the following set of numbers:

δ0 > σ1 > δ2 > ... > δ
n−1 > δn and σ0 < σ1 < σ2 < ... < σ

n−1 < δn , where each δ
i
, σ

i
∈ [0, 1]

with (δ
i
)2 + (σ

i
)2 6 1.

Now, suppose BD =
(
η, τ
)

is Pythagorean fuzzy set defined by:

η(m) =

{
δ0 , if m ∈M0 ,

δ
i
, if m ∈M

i
−M

i−1 ,
and τ(m) =

{
σ0 , if m ∈M0 ,

σ
i
, if m ∈M

i
−M

i−1 ,
0 < i 6 n.

Clearly, 0 ∈M
I
, for i = 0, 1, 2, ..., n, since eachM

i
is a DS of B.

Then,
(
η(0)

)2 =
(
δ0

)2 =
(
η(m)

)2 and
(
τ(0)

)2 =
(
σ0

)2 =
(
τ(m)

)2, ifm ∈M0 , and
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(
η(0)

)2 =
(
δ
i

)2 =
(
η(m)

)2 and
(
τ(0)

)2 =
(
δ
i

)2 =
(
τ(m)

)2, ifm ∈M
i
−M

i−1 .

In any case,
(
η(0)

)2
>
(
η(m)

)2 and
(
τ(0)

)2
6
(
τ(m)

)2, ∀m ∈ B.

Claims: (1)
(
η((m~ u)~ u)

)2
>
(
η(m)

)2 and
(
τ((m~ u)~ u)

)2
6
(
τ(m)

)2,

(2)
(
η(m~ (n~w))

)2
> min{

(
η(m)

)2,
(
η(n)

)2} and(
τ(m~ (n~w)

)2
6 max{

(
τ(m)

)2,
(
τ(n)

)2}

Letting Wn = {0, 1, 2, ..., n}, we prove (1) by taking two cases and (2) by taking three cases:

(1) Case(i) : Letm ∈M
i
− M

i−1 , for i ∈Wn . Then
(
η(m)

)2 =
(
δ
i

)2 and
(
τ(m)

)2 =
(
σ
i

)2

As M
i

is DS of B, it follows that: (m~ u)~ u ∈M
i
. So, either (m~ u)~ u ∈M

i
− M

i−1 or

(m~ u)~ u ∈M
i−1 . In any case, we can deduce that:(

η((m~ u)~ u)
)2

>
(
δ
i

)2 = min{(η(m))2, (η(n))2} and(
τ((m~ u)~ u)

)2
6
(
σ
i

)2 = max{(τ(m))2, (τ(n))2}

Case(ii) : Letm, n ∈M
i
− M

i−1 , for i ∈Wn . Then(
η(m)

)2 =
(
δ
i

)2 =
(
η(n)

)2 and
(
τ(m)

)2 =
(
σ
i

)2 =
(
τ(n)

)2.

Then since M
i

is DS of B, it follows that: m~ (n~w) ∈M
i
.

So, eitherm~ (n~w)∈M
i
− M

i−1 orm~ (n~w)∈M
i−1 .

In any case, we can deduce that:(
η(m~ (n~w))

)2
>
(
δ
i

)2 = min{(η(m))2, (η(n))2} and(
τ(m~ (n~w))

)2
6
(
σ
i

)2 = max{(τ(m))2, (τ(n))2}

Case(iii) : Letm ∈M
i
− M

i−1 and n ∈M
j
− M

j−1 , for i, j ∈Wn and i > j

Then
(
η(m)

)2 =
(
δ
i

)2,
(
η(n)

)2 =
(
δ
j

)2 and
(
τ(m)

)2 =
(
σ
i

)2,
(
τ(n)

)2 =
(
σ
j

)2.

AS M
i

is DS of B:m~ (n~w)∈M
i

butm~ (n~w)∈M
i

M
i−1 orm~ (n~w)∈M

i−1

Then, we can deduce that:
(
η(m~ (n~w))

)2
>
(
δ
i

)2 = min{(η(m))2, (η(n))2} and(
τ(m~ (n~w))

)2
6
(
σ
i

)2 = max{(τ(m))2, (τ(n))2} ⇒m ∈M
i

and n ∈M
j
.

Then since M
j
⊆M

i
, we have n ∈M

i
and hencem~ (n~w) ∈M

i
as M

i
is DS of B.

Thus,
(
η(m~ (n~w))

)2
> min{(η(m))2, (η(n))2} and
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(
τ(m~ (n~w))

)2
6 max{(τ(m))2, (τ(n))2}

Then, BD =
(
η, τ
)

is Pythagorean fuzzy DS of B. Again, from the definition of

BD =
(
η, τ
)
, we have: Im(η) = {δ0 , δ1 , δ2 , ..., δn} and Im(τ) = {σ0 , σ1 , σ2 , ..., σn}.

Then the level DS of BD=
(
η, τ
)

are given by the chain of DSs:

U
(
η, δ0

)
⊂ U

(
η, δ1

)
⊂ U

(
η ⊂ ... ⊂ U

(
η, δn

)
= B

and L
(
τ, σ0

)
⊂ L

(
τ, σ1

)
⊂ L

(
τ, σ2

)
⊂ ... ⊂ L

(
τ, σn

)
= B. Now

U
(
η, δ0

)
= {m ∈ B :

(
η(m)

)2
>
(
δ0

)2 } = M0 = {m ∈ B :
(
τ(m)

)2
6
(
σ0

)2 }=L
(
τ, σ0

)
.

Finally, we need to prove that: U
(
η, δ

i

)
= M

i
= L
(
τ, σ

i

)
, for 0 < i 6 n.

Letm ∈M
i
⇒
(
η(m)

)2 =
(
δ
i

)2 and
(
τ(m)

)2 =
(
σ
i

)2

⇒m ∈ U
(
η, δ

i

)
andm∈L

(
τ, σ

i

)
⇒M

i
⊆ U

(
η, δ

i

)
and M

i
⊆ L

(
τ, σ

i

)
If m ∈ U

(
η, δ

i

)
andm ∈ L

(
τ, σ

i

)
then,

(
η(m)

)2
>
(
δ
i

)2 and
(
τ(m)

)2
6
(
σ
i

)2

⇒m /∈M
j
, for j > i. Otherwise,m ∈M

j
, for j > i⇒

(
η(m)

)2
>
(
δ
j

)2 and
(
τ(m)

)2
6
(
σ
j

)2,

⇒
(
δ
i

)2
>
(
η(m)

)2
>
(
δ
j

)2 and
(
δ
i

)2
6
(
τ(m)

)2
6
(
δ
j

)2, which is a contradiction to the

assumption that: m ∈ U
(
η, δ

i

)
andm ∈ L

(
τ, σ

i

)
. Hence, η(m) ∈ {δ0 , δ1 , δ2 , ..., δn} and

τ(m) ∈ {σ0 , σ1 , σ2 , ..., σn}. Thus,m ∈M
k
, form some k 6 i. As M

k
⊆M

i
⇒m ∈M

i

⇒ U
(
η, δ

i

)
⊆M

i
and L

(
τ, σ

i

)
⊆M

i
. Thus, U

(
η, δ

i

)
= M

i
= L
(
τ, σ

i

)
Remark 6.2.2. If B is a finite BCL–algebra, the number of DSs of B is finite. Similarly, the number

of level DSs, related to a fuzzy DS M also appears finite. However, since every level DS of M is

inherently a DS of B, not all such level DSs are necessarily distinct. The conditions governing this

relationship are detailed in the following theorem.

Theorem 6.2.6. Let BD =
(
η, τ
)

be a Pythagorean fuzzy DS of B, then:

(a) The upper level DSs U
(
η, δ1

)
and U

(
η, δ2

)
with δ1 < δ2 of a Pythagorean fuzzy DS M of B

are equal if there is nom ∈ B such that
(
δ1

)2
6
(
η(m)

)2
<
(
δ2

)2.

(b) The lower level DSs L
(
τ, σ1

)
and U

(
τ, σ2

)
with σ1 > σ2 of a Pythagorean fuzzy DS M of B

are equal if there is nom ∈ B such that
(
σ1

)2
>
(
τ(m)

)2
>
(
σ2

)2.
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Proof. (a) Let BD=(η, τ) be Pythagorean fuzzy DS of B, U(η, δ1)= U(η, δ2), for some δ1<δ2 .

(i) Suppose there existm ∈ B such that
(
δ1

)2
6
(
η(m)

)2
<
(
δ2

)2.

This impliesm ∈ (η, δ1) butm 6= U(η, δ2), which is a contradiction to the assumption.

U(η, δ1) = U(η, δ2). Hence there is nom ∈ B such that
(
δ1

)2
6
(
η(m)

)2
<
(
δ2

)2.

Conversely, suppose there is nom ∈ B such that δ1 6 η(m) < δ2 . Since δ1 < δ2 , we get:

U(η, δ2) ⊆ (η, δ1)

(ii) Now,m ∈ (η, δ1)⇒
(
η(m)

)2
>
(
δ1

)2. So
(
η(m)

)2
>
(
δ2

)2, because
(
η(m)

)2 does not lie

between
(
δ1

)2 and
(
δ2

)2. Hence, m ∈U(η, δ2) and thus , (η, δ1) ⊆ U(η, δ2). Thus, by (i)

and (ii) above, U(η, δ1) = U(η, δ2)

(b) The proof of (b) is similar to (a) above.

(iii) Assume that there existm∈B such that
(
σ1

)2
>
(
τ)
)2
>
(
δ2

)2. By definition,

m ∈ L
(
τ, σ1

)
as
(
σ1

)2
>
(
τ(m)

)2. But as
(
τ(m)

)2
>
(
σ2

)2, m /∈ L
(
τ, σ2

)
which is a contradiction to L

(
τ, σ1

)
= L
(
τ, σ2

)
, so that no suchm exists.

Conversely, assume there is nom ∈ B such that
(
σ1

)2
>
(
τ(m)

)2
>
(
σ2

)2.

Then we show, L
(
τ, σ1

)
= L
(
τ, σ2

)
As σ1 > σ2 , we get, L

(
τ, σ1

)
⊆ L

(
τ, σ2

)
(iv) Again, letm ∈ L

(
τ, σ2

)
⇒
(
τ(m)

)2
6
(
σ2

)2, and as σ2 < σ1 and nom satisfies(
σ1

)2
>
(
τD(m)

)2
>
(
σ2

)2, we get that,
(
τD(m)

)2
6
(
σ2

)2
6
(
σ1

)2. Thus,

m ∈ L
(
τ, σ1

)
⇒ L

(
τ, σ2

)
⊆ L

(
τ, σ1

)
Thus, by (iii) and (iv), L

(
τ, σ2

)
= L
(
τ, σ1

)
.

Theorem 6.2.7. Let BD = (η, τ) be a Pythagorean fuzzy DS of B with finite images.

If U(η, δ1) = U(η, δ2) and L(τ, σ1) = L(τ, σ2), for any δ1 , δ2∈ Im(η) and σ1 , σ2∈ Im(τ),

then δ1 = δ2 and σ1 = σ2 .

Proof. Let BD = (η, τ) be a Pythagorean fuzzy DS of B with finite images such that

U(η, δ1) = U(η, δ2) and L(τ, σ1) = L(τ, σ2), for some δ1 , δ2 ∈ Im(η) and σ1 , σ2 ∈ Im(τ).

So we need to prove that δ1 = δ2 and σ1 = σ2 and so assume that δ1 6=δ2 and σ1 6= σ2 .

Without loss of generality, assume that δ1 < δ2 and σ1 > σ2 .

Letm ∈ U(η, δ2), then
(
η(m)

)2
>
(
δ2

)2
>
(
δ1

)2⇒
(
η(m)

)2
>
(
δ1

)2.
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Hence,m ∈ U(η, δ1), and so letm ∈ B such that
(
δ1

)2
<
(
η(m)

)2
<
(
δ2

)2.

Then,m ∈ U(η, δ1) butm /∈ U(η, δ2)⇒ U(η, δ2) ⊂ U(η, δ1)⇒U(η, δ1) 6=U(η, δ2)

which contradicts the hypo dissertation that: U(η, δ1) = U(η, δ2). Therefore, δ1 = δ2 .

Theorem 6.2.8. Let BD = (η, τ) be a Pythagorean fuzzy DS of B and letm ∈ B. Then:

(i)
(
η(m)

)2 =
(
δ1

)2 if and only ifm ∈ U(η, δ1) butm /∈ U(η, δ2), ∀δ2 > δ1 .

(ii)
(
τ(m)

)2 =
(
σ1

)2 if and only ifm ∈ L(τ, σ1) butm /∈ L(τ, δ2), ∀σ2 < σ1 .

Proof. Let BD = (η, τ) be a Pythagorean fuzzy DS of B and letm ∈ B.

(i) Assume
(
η
)2
(m) =

(
δ1

)2 so thatm ∈ U(η, δ1) and letm ∈ U(η, δ2), for δ2 > δ1 .

Then
(
η(m)

)2
>
(
δ2

)2
>
(
δ1

)2 which contradicts the fact that
(
η(m)

)2 =
(
δ1

)2.

Hencem ∈ U(η, δ1) butm /∈ U(η, δ2), ∀δ2 > δ1 .

Conversely, letm ∈ (η, δ1) butm /∈ U(η, δ2), ∀δ1 > δ1 , thenm ∈ U(η, δ1)

⇒
(
η(m)

)2
>
(
δ1

)2, sincem /∈ U(η, δ2), ∀δ2 > δ1 , we have
(
η(m)

)2 =
(
δ1

)2.

(ii) Assume
(
τ(m)

)2 =
(
σ1

)2 so thatm ∈ L(τ, σ1). Letm ∈ L(τ, σ2) for σ2 < σ1 .

Then
(
τ(m)

)2
6
(
σ2

)2
< σ1

)2, which contradicts the fact that
(
τ(m)

)2 =
(
σ1

)2.

Hencem ∈ L(τ, σ2) butm /∈ L(τ, δ2), ∀σ2 < σ1 .

Conversely, letm ∈ (τ, δ1) butm /∈ L(τ, σ2), ∀σ2 < σ1 , thenm ∈ L(τ, σ1)

⇒
(
τ(m)

)2
6
(
σ1

)2, sincem /∈ L(τ, σ2), ∀σ2 < σ1 .

6.3. Homomorphism of Pythagorean Fuzzy Deductive System
of LiuB–algebra.

Under this section, we explore how Pythagorean fuzzy DSs in LBA behave under homomorphisms.
It introduces fuzzy subset transformations through algebraic homomorphisms and establishes preser-
vation theorems, including direct, inverse, and epimorphic mappings, highlighting their role in main-
taining deductive structure across related algebras.

Definition 6.3.1. Let (L; ~
L

, �
L

, 0
L

) and (M; ~
M

, �
M

, 0
M

) be LiuB–algebras. Let f : L→ M

be a homomorphism on LBA Then for any fuzzy subset η in M, we define a new fuzzy subset ηf in L

by: (ηf(m))2 = (η(f(m)))2, ∀m ∈ L.

199



Definition 6.3.2. A Pythagorean fuzzy set LB in a non-empty set L with the degrees of membership

η : L→ [0,1] and non-membership τ : L→ [0,1] is said to have the sup–inf property, if for any non-

empty subset M ⊆ L, ∃m0 ∈ M such that: (η(m0))
2 = sup

t∈M
(η(t))2 and (τ(m0))

2 = inf
t∈M

(τ(t))2.

Definition 6.3.3. Let f : L→ M be a homomorphism of LBAs. Then for any Pythagorean fuzzy set

LB = (η, τ) in M, we define a Pythagorean fuzzy set Lf = (ηf, τf) in L by:

(ηf(m))2 = (η(f(m)))2 and (τf(m))2 = (τ(f(m)))2, ∀m ∈ L.

Lemma 6.3.1. Let f : L→ M be a homomorphic mapping of LBAs. Then f(0) = 0.

Proof. Let L be LBA andm ∈ L (as L 6= ∅). Then:

f(0) = f(m�m) = f(m) � f(m) = 0, as f is homomorphic mapping of LBAs.

Theorem 6.3.1. Let f : L→ M be an epimorphism of LBA. If LB = (η, τ) is a Pythagorean

fuzzy DS of L with the sup–inf property, then the image f(LB) of LB is a Pythagorean fuzzy DS of M.

Proof. Suppose LB = (η, τ) is a Pythagorean fuzzy DS of L with the sup − inf property.

Letm, n ∈M with m0 ∈ f−1(m), n0 ∈ f−1(n) such that:

(η(m0))
2 = sup

t∈f−1(m)

(η(t))2, (τ(m0))
2 = inf

t∈f−1(m)
(τ(t))2

(i) For the first axiom of definition of Pythagorean fuzzy DS of L, we have:

(ηf(m~ (n~ u))2 = sup
t∈f−1(m~(n~u)

(η(t))2 > (ηf(m))2, and again,

(τf(m~ (n~ u))2 = inf
t∈f−1(m~(n~u)

(τ(t))2 6 {(τf(m))2.

(ii) For the second condition of Definition 4.2.2.1, we have:

(ηf(m�w�w)))2 = sup
t∈f−1(a�w�w))

(η(t))2 > min{(ηf(m))2, (ηfw))2},

⇒ (ηf(m�w�w)))2 > min{(ηf(m))2, (ηfw))2}, and similarly,

(τf(m�w�w)))2 = inf
t∈f−1(m)

(τ(t))2 6 max{(τf(m))2, (τfw))2}.

(τf(m�w�w)))2 6 max{(τf(m))2, (τfw))2}.

Hence, f(LB) is a Pythagorean fuzzy DS of M.
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Theorem 6.3.2. Let f : L→M be a homomorphism of LBA If the Pythagorean fuzzy set LB= (η, τ)
is a Pythagorean fuzzy DS of M, then the Pythagorean fuzzy set Lf = (ηf, τf) in L is a Pythagorean

fuzzy DS of L.

Proof. Let f be a homomorphism of LBA and LB = (η,τ) be a Pythagorean fuzzy DS of M. By

Definition 6.3.1 and Lemma 6.3.1, since f(0) = 0, we have:

(i) For allm, n, u, w ∈ L, since f is a homomorphism,

(ηf(m~ (n~ u)))2 = (η(f(m~ (n~ u))))2

= (η(f(m)~ (f(n)~ f(u))))2

> min{(η(f(m)))2, (η(f(n)))2, which gives

(ηf(m~ (n~ u)))2 > min{(ηf(m))2,(ηf(n))2}. and

(τf(m~ (n~ u)))2 = (τ(f(m~ (n~ u))))2

= (τ(f(m)~ (f(n)~ f(u))))2

6 max{(τ(f(m)))2, (τ(f(n)))2, which gives

(τf(m~ (n~ u)))2 > min{(τf(m))2,(τf(n))2}.

(ii) (ηf(m�w�w))2 = (η(f(m�w�w)))2

= (η(f(m)� (f(w)� f(w)))2

> (η(f(m)))2 which gives

(ηf(m�w�w))2 = (η(f(m�w�w)))2 > (η(f(m)))2 and

(τf(m�w�w)))2 = (τ(f(m�w�w))))2

= (τ(f(m)~ (f(w)~ f(w))))2

6 m(τ(f(m)))2,

⇒ (τf(m�w�w)))2 6 (τ(f(m)))2,

Hence, by (i) and (ii), Lf is a Pythagorean fuzzy DS of L.

Remark 6.3.1. The Converse of Theorem 6.3.2 above may not be tru as justified by Example 6.3.1
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Example 6.3.1. Let L = {0, p}, M = {0, p, q}, and define a map

f : L→ M by f(k) =

0, if k= 0,

a, if k= p.

We equip L and M with binary operations ~ and � as follows (all other entries omitted are deter-

mined by the displayed rules or by using the element 0 as the designated zero):

~
L

0 p

0 0 0

p p p

~
M

0 a b

0 0 0 0

a a a a

b a a a

Table 6.1: Tables of two binary oparations ~
L

and �
M

Now, ∀m, n ∈ L, f(u~
L
v) = f(u)~

M
f(v) by the tables above, Like (as a caese):

(i) f(p~
L

0) = f(p~
L
p) = f(p) = a = f(p)~

M
f(0) = a~

M
0 = a = f(p)~

M
f(p) = a~

M
a

and

f(0 ~
L

0) = f(0 ~
L
p) = f(0) = 0 = f(0)~

M
f(0) = 0~

M
0 = f(0)~

M
f(p) = 0~

M
a = 0(

And similarly for �
)
.

Also, f is not surjective (its image is {0,a}).

Define η and τ on M as follows:

η(k) =


1, if k= 0,

0.9, if k= b,

0.7, if k= a,

and τ(k) =


0, if k= 0,

0.5, if k= a,

0.3, if k= b.

Each pair satisfies 0 6 η(p)2 + τ(p)2 6 1:

1 + 0 6 1, 0.49 + 0.25 = 0.74 6 1, 0.81 + 0.09 = 0.90 6 1.

By Definition 6.3.2 the induced Pythagorean fuzzy set Lf = (ηf, τf) on L is:

(ηf(m))2 = (η(f(m)))2, (τf(m))2 = (τ(f(m)))2, and define ηf and τf on L as follows:

ηf(k) =


1, if k= 0,

0.7, if k= p,
and τf(k) =


0, if k= 0,

0.5, if k= p,

(A) Lf is a Pythagorean fuzzy DS of L.

We verify the two Pythagorean fuzzy DS axioms (Definition 5.3.2.1) on L.

(i) For arbitrarym, n, u ∈ L,m= n= u=p, we have: p~
L
(p~

L
p) = p~

L
p = p.
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So,
(
ηf(p~

L
(p~

L
p))
)2 = ηf(p))2 = 0.49 > min{0.49, 0.49}.

Likewise for τf we have: τf(p~
L
(p~

L
p)))2 = 0.25 6 max{0.25, 0.25}.

All other choices involving 0 are: ηf(0) = 1 and τf(0) = 0 give the required inequalities.

(ii) Similar results hild for �
L
.

Therefore, Lf is a Pythagorean fuzzy DS of L.

LB = (η,τ) is not a Pythagorean fuzzy DS ofM.

We check Pythagorean fuzzy DS axiom (i) in M and find a direct failure.

Takem= n= u= b ∈M. Using the table for ~
M

,

b~
M

(b~
M
b) = b~

M
a = a.

Therefore,
(
η(b~

M
(b~

M
b))
)2 = (η(a))2 = 0.49,

while min{(η(b))2, (η(b))2} = min{0.81, 0.81} = 0.81.

Thus, 0.49 � 0.81, and then Pythagorean fuzzy DS axiom (i) fails form= n= u= b.

Hence LB is not a Pythagorean fuzzy DS of M .

Thus, Lf is a Pythagorean fuzzy DS of L does not imply that Lf is a Pythagorean fuzzy DS of L.

Theorem 6.3.3. Let f : L → M be a homomorphism of LBAs. If LB = (η, τ) is a Pythagorean

fuzzy DS of M, then f−1(LB) = (ηf
−1

, τf
−1
) defined by:

(ηf
−1
(m))2 = (η(f(m)))2, (τf

−1
(m))2 = (τ(f(m)))2, ∀m ∈ L, is a Pythagorean fuzzy DS of L.

Proof. We verify the two Pythagorean fuzzy DS axioms (i) and (ii) of Definition 5.3.2.1 for (ηf
−1

, τf
−1
).

(i) Letm,n,u ∈ L. Using that f is a homomorphism,

f
(
m~ (n~ u)

)
= f(m)~

(
f(n)~ f(u)

)
.

⇒
(
ηf

−1
(m~ (n~ u))

)2 =
(
η(f(m~ (n~ u)))

)2 =
(
η(f(m)~ (f(n)~ f(u)))

)2.

Since, (η, τ) is a Pythagorean fuzzy DS of M, applying Pythagorean fuzzy DS condition (i) in M:(
η(f(m)~ (f(n)~ f(u)))

)2
> min{(η(f(m)))2, (η(f(n)))2}.

But (η(f(m)))2 = (ηf
−1
(m))2 and likewise for n, hence(

ηf
−1
(m~ (n~ u))

)2
> min{(ηf−1

(m))2, (ηf
−1
(n))2}.
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The analogous chain of equalities/inequalities for τ (using the Pythagorean fuzzy DS

upper-bound for τ in M) gives:
(
τf

−1
(m~ (n~ u))

)2
6 max{(τf−1

(m))2, (τf
−1
(n))2}.

(ii) For arbitrarym,w ∈ L, f(m�w�w) = f(m)� f(w)� f(w), so(
ηf

−1
(m�w�w)

)2 =
(
η(f(m)� f(w)� f(w))

)2.

By Pythagorean fuzzy DS condition (ii) in M,(
η(f(m)� f(w)� f(w))

)2
> (η(f(m)))2 = (ηf

−1
(m))2, and similarly(

τf
−1
(m�w�w)

)2
6 (τf

−1
(m))2.

Thus both Pythagorean fuzzy DS conditions hold for
(
ηf

−1
, τf

−1)
, so f−1(LB) is

a Pythagorean fuzzy DS of L.

Corollary 6.3.1. Let f : L→M be an epimorphism of LBAs. Then Lf = (ηf,τf) is a Pythagorean

fuzzy DS of L if and only if LB = (η, τ) is a Pythagorean fuzzy DS of M, where (ηf,τf) is given by:

(ηf(x))2 = (η(f(x)))2, (τf(x))2 = (τ(f(x)))2.

Proof. Suppose Lf is a Pythagorean fuzzy DS of L and f is an epimorphism (surjective).

Take arbitrarym,n,u ∈M; choose a,b,c ∈ L with f(a) =m,f(b) = n,f(c) = u.

Then, by Pythagorean fuzzy DS (i) in L for Lf,
(
ηf(a~ (b~ c))

)2
> min{(ηf(a))2, (ηf(b))2}.

Replace ηf by η ◦ f (Definition 6.3.2) to obtain:
(
η(m~ (n~u))

)2
> min{(η(m))2, (η(n))2},

and similarly for τ. Also using Lemma 6.3.1 and Pythagorean fuzzy DS (ii) in L yields

the corresponding zero/double-w inequalities in M. Hence LB is a Pythagorean fuzzy DS of M.

Conversely, assume LB is a Pythagorean fuzzy DS of M. Define ηf,τf on L by composing with f

as above. Then for any x,y,z ∈ L we have, by homomorphism property,

f
(
x~ (y~ z)

)
= f(x)~ (f(y)~ f(z)), and applying Pythagorean fuzzy DS (i) in M gives(

ηf(x~ (y~ z))
)2 =

(
η(f(x~ (y~ z)))

)2
> min{(η(f(x)))2, (η(f(y)))2} which is(

ηf(x~ (y~ z))
)2

> min{(ηf(x))2, (ηf(y))2}.

Analogous reasoning for (ii) and for τf shows Lf is a Pythagorean fuzzy DS of L.
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Theorem 6.3.4. Let f: L1 → L2 be an epimorphism of LBAs. If BP
1

= (η1 , τ1) is a Pythagorean

fuzzy DS in L1 having the sup–inf property, then the image BP
1

= (η2 , τ2) defined for n ∈ L2 by:

(η2(n))
2 = sup{(η1(m))2 : f(m) = n}, (τ2(n))

2 = inf{(τ1(m))2 : f(m) = n}, is a

Pythagorean fuzzy DS in L2.

Proof. We need check Pythagorean fuzzy DS axioms (i) and (ii) for (η2, τ2).

(i) Let n1, n2, u ∈ L2. For each n ∈ {n1, n2, u} pick (since f is surjective) nonempty sets

Fn = {m ∈ L1 : f(m) = n}. By the sup–inf property ∃m1 ∈ Fn1 , m2 ∈ Fn2 , mu ∈ Fu

achieving the sup–inf values for η2 and τ2.

Consider; m1 ~ (m2 ~mu) ∈ L1. Because f is a homomorphism,

f
(
m1 ~ (m2 ~mu)

)
= n1 ~ (n2 ~ u).

Applying Pythagorean fuzzy DS axiom (i) in L1 to (η1, τ1) gives(
η1(m1 ~ (m2 ~mu))

)2
> min{(η1(m1))

2, (η1(m2))
2}.

Taking suprema over all preimages on the left-hand side (and using that chosenm1,m2 attain

the suprema) yields (η2(n1 ~ (n2 ~ u)))2 > min{(η2(n1))
2, (η2(n2))

2}.

The τ2 inequality follows similarly using infima and Pythagorean fuzzy DS (i) for τ1.

(ii) For n ∈ L2 and any w ∈ L2, choosem ∈ L1 and t ∈ L1 with f(m) = n, f(t) =w

and assume the sup–inf are realized atm (for η2) and at some t (for τ2). In L1 Pythagorean

fuzzy DS (ii) gives:
(
η1(m� t� t)

)2
> (η1(m))2.

Applying f and passing to sup/inf over fibres yields

(η2(n�w�w))2 > (η2(n))
2, (τ2(n�w�w))2 6 (τ2(n))

2.

Thus (η2, τ2) satisfies both Pythagorean fuzzy DS conditions in L2.

Theorem 6.3.5. Let L1 anf L2 be LiuB–algebras and let f : L1 → L2 be a monomorphism of LBAs.

If BP2 = (η2, τ2) is a Pythagorean fuzzy DS in L2, then the preimage f−1(BP2 ) = (η1, τ1) with

(η1(m))2 = (η2(f(m)))2, (τ1(m))2 = (τ2(f(m)))2, ∀m∈ L1, is a Pythagorean fuzzy DS in L1.

Proof. We must verify the two Pythagorean fuzzy DS conditions (i) and (ii) from Definition 5.3.2.1
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for the pair (η1, τ1) on L1. By hypothesis we define, for everym∈ L1,

(η1(m))2 = (η2(f(m)))2, (τ1(m))2 = (τ2(f(m)))2.

These equalities will be used repeatedly to translate statements about η1, τ1 on L1 to

statements about η2, τ2 on L2.

Take arbitrary elementsm,n,u ∈ L1. We must prove(
η1(m~ (n~ u))

)2
> min{(η1(m))2, (η1(n))

2}, and(
τ1(m~ (n~ u))

)2
6 max{(τ1(m))2, (τ1(n))

2}.(
η1(m~ (n~ u))

)2 =
(
η2(f(m~ (n~ u)))

)2 by, definition of η1.

Then we use the homomorphism property of f:

f
(
m~ (n~ u)

)
= f(m)~

(
f(n)~ f(u)

)
, and hence,(

η1(m~ (n~ u))
)2 =

(
η2(f(m)~ (f(n)~ f(u)))

)2.

Apply Pythagorean fuzzy DS condition (i) in L2 – Because (η2, τ2) is a Pythagorean fuzzy

DS in L2, Definition 5.3.2.1(i) gives:(
η2(f(m)~ (f(n)~ f(u)))

)2
> min{(η2(f(m)))2, (η2(f(n)))

2}.

Returning to η1 notation – (η2(f(m)))2 = (η1(m))2 and (η2(f(n)))
2 = (η1(n))

2. Thus(
η1(m~ (n~ u))

)2
> min{(η1(m))2, (η1(n))

2},

which is exactly the required η-inequality of Pythagorean fuzzy DS (i) on L1, and again(
τ1(m~ (n~ u))

)2 =
(
τ2(f(m)~ (f(n)~ f(u)))

)2
6 max{(τ2(f(m)))2,

(τ2(f(n)))
2} = max{(τ1(m))2, (τ1(n))

2},

Thus Pythagorean fuzzy DS condition (i) holds for (η1, τ1).

Verifying Pythagorean fuzzy DS condition (ii) on L1) and then take arbitrarym, w ∈ L1.

We must show:
(
η1(m�w�w)

)2
> (η1(m))2,

(
τ1(m�w�w)

)2
6 (τ1(m))2.

Translating the left-hand side for η1, we obtain:
(
η1(m�w�w)

)2 =
(
η2(f(m�w�w))

)2.

Using homomorphism property: f(m�w�w) = f(m)� f(w)� f(w), so that
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(
η1(m�w�w)

)2 =
(
η2(f(m)� f(w)� f(w))

)2.

Applying Pythagorean fuzzy DS condition (ii) in L2 – we have:(
η2(f(m)� f(w)� f(w))

)2
> (η2(f(m)))2.

Returning to η1 notatio: (η2(f(m)))2 = (η1(m))2⇒
(
η1(m�w�w)

)2
> (η1(m))2,

which is the required η-inequality of Pythagorean fuzzy DS (ii) on L1.

Again:
(
τ1(m�w�w)

)2 =
(
τ2(f(m)� f(w)� f(w))

)2
6 (τ2(f(m)))2 = (τ1(m))2,

and also by Pythagorean fuzzy DS (ii) in L2.

Both Pythagorean fuzzy DS conditions (i) and (ii) hold for (η1,τ1) on L1.

Hence f−1(BP2 ) = (η1,τ1) is a Pythagorean fuzzy DS of L1.

Theorem 6.3.6. Let f : L1→ L2 be an isomorphism of LBAs. Define BP2 = (η2, τ2) from

BP1 = (η1, τ1) by (η2(f(m)))2 = (η1(m))2, (τ2(f(m)))2 = (τ1(m))2, (∀m ∈ L1. Equivalently,

for each n ∈ L2 (writingm= f−1(n)), (η2(n))
2 = (η1(f

−1(n)))2, (τ2(n))
2 = (τ1(f

−1(n)))2.

Then BP1 is a Pythagorean fuzzy DS in L1 if and only if BP2 is a Pythagorean fuzzy DS in L2.

Proof. We prove both directions. Throughout we use Definition 5.3.2.1 for PFDS:

(i) For allm, n, u in an LBA: (η(m~ (n~ u)))2 > min{(η(m))2, (η(n))2} and

(τ(m~ (n~ u)))2 6 max{(τ(m))2, (τ(n))2}.

(ii) ∀m, w: (η(m�w�w))2 > (η(m))2 and (τ(m�w�w))2 6 (τ(m))2.

(A) Assume BP1 is a Pythagorean fuzzy DS in L1. Show BP2 is a Pythagorean fuzzy DS in L2.

Since f is bijective, foralln ∈ L2 the elementm = f−1(n) ∈ L1 is unique, so the assignments:

(η2(n))
2 = (η1(f

−1(n)))2, (τ2(n))
2 = (τ1(f

−1(n)))2 are well defined.

(a) Pythagorean fuzzy DS condition (i) in L2. Take arbitrary n1, n2, u ∈ L2.

Put m1 = f−1(n1), m2 = f−1(n2), w = f−1(u) (uniquely defined since f is bijective).

Then f
(
m1 ~ (m2 ~w)

)
= f(m1)~

(
f(m2)~ f(w)

)
= n1 ~ (n2 ~ u),

where we used that f is a homomorphism. Now computing:(
η2(n1 ~ (n2 ~ u))

)2 =
(
η1(f

−1(n1 ~ (n2 ~ u)))
)2 (definition of η2)
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=
(
η1(m1 ~ (m2 ~w))

)2 (since f−1(ni) =mi, f−1(u) =w)

> min{(η1(m1))
2,(η1(m2))

2} (i) for BP1 in L1)

= min{(η2(n1))
2,(η2(n2))

2}, where the last equality uses (η2(ni))
2 = (η1(mi))

2.

Thus the η-inequality of Pythagorean fuzzy DS axiom (i) holds in L2.

Similarly, for τ:(
τ2(n1 ~ (n2 ~ u))

)2 =
(
τ1(m1 ~ (m2 ~w))

)2
6 max{(τ1(m1))

2, (τ1(m2))
2}

= max{(τ2(n1))
2, (τ2(n2))

2}.

HencePythagorean fuzzy DScondition (i) holds for BP2 in L2.

(b) To show Pythagorean fuzzy DS axiom (ii) in L2.

Take arbitrary n ∈ L2 and v ∈ L2, putm = f−1(n) and t = f−1(v). Then

f(m� t� t) = f(m)�f(t)�f(t) = n� v� v.

⇒
(
η2(n� v� v)

)2 =
(
η1(f

−1(n� v� v))
)2 =

(
η1(m� t� t)

)2
> (η1(m))2 = (η2(n))

2.

And similarly,
(
τ2(n� v� v)

)2 =
(
τ1(m� t� t)

)2
6 (τ1(m))2 = (τ2(n))

2.

HencePythagorean fuzzy DS axiom (ii) holds for BP2 in L2.

From Steps (a) and (b), we conclude BP2 is a Pythagorean fuzzy DS in L2.

(B) Conversely, assume BP2 is a Pythagorean fuzzy DS in L2.

We need to show BP1 is aPythagorean fuzzy DS in L1

Since f is an isomorphism, f−1 : L2→ L1 exists and is a homomorphism.

We may therefore transport BP2 back to L1 via f−1. Concretely ∀x ∈ L1,

(η1(x))
2 = (η2(f(x)))

2, (τ1(x))
2 = (τ2(f(x)))

2, by the defining relation of the transported pair.

The argument below mirrors Part (A) with roles of L1 and L2 swapped.

(i) Pythagorean fuzzy DS axiom (i) in L1.

Take arbitrarym1, m2,u ∈ L1. Put ni = f(mi) and v= f(u). Then

f(m1 ~ (m2 ~ u)) = n1 ~ (n2 ~ v).

UsingPythagorean fuzzy DS(i) in L2 for BP2 ,(
η2(n1 ~ (n2 ~ v))

)2
> min{(η2(n1))

2, (η2(n2))
2}.
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Translating back via (η1(x))
2 = (η2(f(x)))

2 gives(
η1(x1 ~ (x2 ~ u))

)2
> min{(η1(x1))

2, (η1(x2))
2},

and the analogous τ–inequality holds. ThusPythagorean fuzzy DS(i) holds for BP1 .

(ii) Pythagorean fuzzy DS(ii) in L1. Take arbitrarym, w ∈ L1 and put n= f(m), v= f(w).

Then f(m�w�w) = n� v� v,

andPythagorean fuzzy DS(ii) in L2 gives
(
η2(n� v� v)

)2
> (η2(n))

2.

Translate back to L1 using (η1(m))2 = (η2(f(m)))2 to obtain(
η1(m�w�w)

)2
> (η1(m))2, and similarly for τ.

Hence Pythagorean fuzzy DS axiom (ii) holds for BP1 .

Combining Steps B1 and B2 we conclude BP1 is a Pythagorean fuzzy DS in L1.

6.4. Pythagorean (β, θ)−Fuzzy Ideal of LiuB–Algebra

Under this section, we discuss the notion of (β, θ)–fuzzy ideals on fuzzy LiuB–algebra under
which we demonstrate that the (β, θ)–fuzzy ideals structure of two such fuzzy ideals is itself a
fuzzy ideal of LiuB–algebra, and we investigate several other related results.

Definition 6.4.1. Let LB =
(
η, τ
)

be the Pythagorean fuzzy set in the non-empty set L. Then:

LB =
(
η, τ
)

is called Pythagorean (β, θ)–fuzzy ideal of the LBA L if the following

two pairs of statements are satisfied; ∀m, n, w ∈ L and 0 6 β < θ 6 1:

(i) max
{(
η(m)

)2, β
}
> min

{
min
{(
η(m~n)

)2,
(
η(n)

)2}, θ
}

and

min
{(
τ(m)

)2, θ
}
6 max

{
max
{(
τ(m~n)

)2,
(
τ(n)

)2}, β
}

(ii) max
{(
η
(
(m~n)� (n~w)

)2, β
}
> min

{
min
{(
η(m)

)2,
(
η(n)

)2}, θ
}

and

min
{(
τ
(
(m~n)� (n~w)

))2, θ
}
6 max

{
max
{(
τ(m)

)2,
(
τ(n)

)2}, β
}

.

Remark 6.4.1. Let (L, ~, �, 0) be LBA and 0 6 β < θ 6 1, then the following hold, ∀m, n ∈ L:

(1) min{min{m, n}, θ} = min{m, n, θ}

(2) max{max{m, n}, β} = max{m, n, β}
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(3) Taking into account Remarks (1) and (2) above, Definition 6.4.1 can be redefined as:

(i) max
{(
η(m)

)2, β
}
> min

{(
η(m~n)

)2,
(
η(n)

)2, θ
}

and

min
{(
τ(m)

)2, θ
}
6 max

{(
τ(m~n)

)2,
(
τ(n)

)2, β
}

(ii) max
{(
η
(
(m~n)� (n~w)

)2, β
}
> min

{(
η(m)

)2,
(
η(n)

)2, θ
}

and

min
{(
τ
(
(m~n)� (n~w)

))2, θ
}
6 max

{(
τ(m)

)2,
(
τ(n)

)2, β
}

.

Example 6.4.1. Suppose L = {0,m, n} and two binary operations ~ and � on L are as given

by Table 5.4 of Example 5.1.10 above and the Pythagorean fuzzy set LB =
(
η, τ
)

be defined as:

η(k)=

0.9, if k = 0,

0.4, if k = m, n,
and τ(k)=

0.3, if k = 0,

0.7, if k = m, n.

Now, take β = 0.1 and θ = 0.2, where w =m; so that:

(i) max
{(
η(m)

)2, β
}

= max
{(
η(m)

)2, 0.1
}

= max
{

0.16, 0.1
}
= 0.16 and

min
{(
η(m~n)

)2,
(
η(n)

)2, 0.2
}

= min
{(
η(0)

)2,
(
η(n)

)2, 0.2
}

= min
{

0.81, 0.16, 0.2
}

= 0.16, and thus

max
{(
η(m)

)2, 0.1
}

= 0.16 > min
{(
η(m~n)

)2,
(
η(n)

)2, 0.2
}

= 0.16 is true, and

min
{(
τ(m)

)2, θ
}

= min
{(
τ(m)

)2, 0.2
}

= min
{

0.49, 0.2
}
= 0.2

6 max
{(
τ(m~n)

)2,
(
τ(n)

)2, β
}

= max
{(
τ(0)

)2,
(
τ(n)

)2, 0.1
}

= max
{

0.09, 0.49, 0.1
}

= 0.49, is true.

(ii) max
{(
η(m~n)�(n~w)

)2, β
}

= max
{(
η(0�n)

)2, 0.1
}

= min
{(
η(0)

)2, 0.1
}

= max
{

0.81, 0.1
}

= 0.81 and

min
{(
η(m)

)2,
(
η(n)

)2, θ
}

= min
{

0.16, 0.16, 0.2
}

= 0.16, and thus

max
{(
η(m~n)�(n~w)

)2, β
}

= 0.81 > min
{(
η(m~n)

)2,
(
η(n)

)2, θ
}

= 0.16. and

min
{(
τ(m~n)�(n~w)

)2, θ
}

= min
{(
τ(0�n)

)2, 0.2
}

= min
{(
τ(0)

)2, 0.2
}

= min
{

0.09, 0.2
}

= 0.09 and

max
{(
τ(m)

)2,
(
τ(n)

)2, β
}

= min
{

0.49, 0.49, 0.1
}

= 0.1 and thus
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min
{(
τ(m~n)�(n~w)

)2, θ
}

= 0.09 6 max
{(
τ(m~n)

)2,
(
τ(n)

)2, β
}

= 0.1.

Therefore, LB =
(
η, τ
)

a Pythagorean (β, θ)–fuzzy ideal of L, for particular β and θ

where β = 0.1 and θ = 0.2.

Similarly, for any 0 6 β < θ 6 1, max
{(
η(m)

)2, β
}
> min

{(
η(m~n)

)2,
(
η(n)

)2, θ
}

;

min
{(
τ(m)

)2, θ
}
> max

{(
τ(m~n)

)2,
(
τ(n)

)2, β
}

and therefore,

LB is Pythagorean (β, θ)–fuzzy ideal of L, for these particular η and τ of L.

Lemma 6.4.1. If LB =
(
η, τ

)
is a Pythagorean (β, θ)–fuzzy ideal of L, then ∀m ∈ B; and

for any β, θ such that 0 6 β < θ 6 1, max
{(
η(0)

)2, β
}
> min

{(
η(m)

)2, θ
}

and

min
{(
τ(0)

)2, θ
}
6 max

{(
τ(m)

)2, β
}

.

Proof. From Lemma 5.3.3.1 above we have:
(
η(0)

)2
>
(
η(m)

)2 and
(
τ(0)

)2
6
(
τ(m)

)2, ∀m∈L,

Now, let 0 6 β < θ 6 1, and then

max{
(
η(0)

)2, β} >
(
η(0)

)2
>
(
η(m)

)2
> min

{(
η(m)

)2, θ
}

, ∀β, θ ∈ [0, 1] such that β 6 θ

⇒ max{
(
η(0)

)2, β} > min
{(
η(m)

)2, θ
}

, for 0 6 β < θ 6 1, ∀m ∈ L and again

min{
(
τ(0)

)2, θ} 6 τ(0)
)2

6 τ(m)
)2, ∀β, θ ∈ [0, 1] such that 0 6 β < θ 6 1

6 max
{(
τ(m)

)2, β
}

, since τ(0)
)2

6 τ(m)
)2, ∀m ∈ L

⇒ min{
(
τ(0)

)2, θ} 6 max
{(
τ(m)

)2, β
}

, for 0 6 β < θ 6 1 , ∀m ∈ L

Thus, max{
(
η(0)

)2, β} > min
{(
η(m)

)2, θ
}

and

min{
(
τ(0)

)2, θ} 6 max
{(
η(m)

)2, β
}

, for 0 6 β < θ 6 1, ∀m ∈ L .

Proposition 6.4.1. Let M be an ideal of L and LB =
(
χ
M

, χ
M

)
, where χ

M
is the Characteristic

function and χ
M

is its complement, then LB =
(
χ
M

, χ
M

)
is a Pythagorean (β, θ)–fuzzy ideal of L.

Proof. Suppose 0 6 β < θ 6 1 and χM : M→ {0, 1} is a Characteristic function defined as:

χ
M
(m) =

1, if m ∈M,

0, if m /∈M.
and then χ

M
(m) =

0, if m ∈M,

1, if m /∈M.

⇒ max{(χ
M
(m))2, β} =

max{1, β}, if m ∈M,

max{0, β}, if m /∈M.
and

211



min{(χ
M
(m))2, θ} =

min{0, θ}, if m ∈M,

min{1, θ}, if m /∈M,

⇒ max{(χ
M
(m))2, β} =

1, if m ∈M,

β, if m /∈M.
and min{(χ

M
(m))2, θ} =

0, if m ∈M,

θ, if m /∈M,

⇒ max{(χ
M
(m))2, β} = 1, and min{(χ

M
(m))2, θ} = 0, ∀m ∈M

⇒ max{(χ
M
(m))2, β} = 1 > min{(χ

M
(m))2, θ}; since θ 6 1; (χ

M
(m))2 6 1, ∀m ∈M

> min{(χ
M
(m~n))2, (χ

M
(n))2, θ}; as (χ

M
(0))2 > (χ

M
(m))2

min{(χ
M
(m))2, θ} = 0 6 max{(χ

M
(m))2, β}; since β > 0; (χ

M
(m))2 > 0, ∀m ∈M

6 max{(χ
M
(m~n))2, (χ

M
(n))2, β}; as (χ

M
(0))2 6 (χ

M
(m))2

⇒ max{(χ
M
(m))2, β} > max{(χ

M
(m~n))2, (η(n))2, θ} and

min{(χ
M
(m))2, θ} 6 max{(χ

M
(m~n))2, (η(n))2, β}.

Following similar steps as the above, it can be shown that:

max{(χ
M
(m~n)� (n~w))2, β} > max{(χ

M
(m~n))2, (χ

M
(n))2, θ} and

min{(χ
M
((m~n)� (n~w))2, θ} 6 max{(χ

M
(m~n))2, (χ

M
(n))2, β}.

Thus, LB =
(
χ
M

, χ
M

)
is a Pythagorean (β, θ)–fuzzy ideal of L.

Theorem 6.4.1. Every Pythagorean fuzzy ideal LB =
(
η, τ

)
of LiuB–algebra L is also a

Pythagorean (β, θ)–fuzzy ideal of L.

Proof. Let LBI =
(
η, τ

)
be any Pythagorean fuzzy ideal of LBA L. Then we have:

(i)
(
η(m)

)2
> min

{(
η(m~n)

)2,
(
η(n)

)2};
{(
τ(m)

)2}
6 max

{(
τ(m~n)

)2,
(
τ(n)

)2}
(ii)
{(
η
(
(m~n)� (n~w)

))2}
> min

{(
η(m)

)2,
(
η(n)

)2} and{(
τ
(
(m~n)� (n~w)

))2}
6 max

{(
τ(m)

)2,
(
τ(n)

)2}.

Now, we claim that:

(i) max
{(
η(m)

)2, β
}
> min

{(
η(m~n)

)2,
(
η(n)

)2, θ
}

and
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min
{(
τ(m)

)2, θ
}
6 max

{(
τ(m~n)

)2,
(
τ(n)

)2, β
}

(ii) max
{(
η(m)

)2, β
}
> min

{(
η(m�n)

)2,
(
η(n�m)

)2,
(
η(n)

)2, θ
}

and

min
{(
τ(m)

)2, θ
}
6 max

{(
τ(m�n)

)2,
(
τ(n�m)

)2,
(
τ(n)

)2, β
}

.

Now, the proof proceeds as follows, for every β, and θ such that 0 6 β < θ 6 1:

(i) max
{(
η(m)

)2, β
}
>
(
η(m)

)2
> min

{(
η(m~n)

)2,
(
η(n)

)2}
> min

{(
η(m~n)

)2,
(
η(n)

)2, θ
}

Thus max
{(
η(m)

)2, β
}
> min

{(
η(m~n)

)2,
(
η(n)

)2, θ
}

and

min
{(
τ(m)

)2, θ
}
6
{(
τ(m)

)2}
6 max

{(
τ(m~n)

)2,
(
τ(n)

)2}
6 max

{(
τ(m~n)

)2,
(
τ(n)

)2, β
}

Thus min
{(
τ(m)

)2, θ
}
6 max

{(
τ(m~n)

)2,
(
τ(n)

)2, β
}

(ii) max
{(
η
(
(m~n)� (m~n)

))2, β
}
>
{(
η
(
(m~n)� (m~n)

)2}
> min

{(
η(m)

)2,
(
η(n)

)2}
> min

{(
η(m)

)2,
(
η(n)

)2, θ
}

Thus, max
{(
η
(
(m~n)� (n~w)

))2, β
}
> min

{(
η(m)

)2,
(
η(n)

)2, θ
}

and

min
{(
τ
(
(m~n)� (m~n)

))2, θ
}
6
{(
τ
(
(m~n)� (m~n)

)2}
6 max

{(
τ(m)

)2,
(
η(n)

)2}
6 max

{(
τ(m)

)2,
(
η(n)

)2, β
}

Thus, min
{(
τ
(
(m~n)� (m~n)

))2, θ
}
6 max

{(
τ(m)

)2,
(
τ(n)

)2, β
}

Then LBI =
(
η, τ

)
is Pythagorean (β, θ)–fuzzy ideal of LBA L.

Remark 6.4.2. The converse of Theorem 6.4.1 is not true which we ratify it by the following

counter example as illustrated by the next counter
(
Example below 6.4.2

)
.
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Example 6.4.2. Here we give example for, ”A Pythagorean (β, θ)–fuzzy ideal of LBA L may not be
Pythagorean fuzzy ideal of L, for some β, θ such that 0 6 β < θ 6 1.”

Let the LBA (L, ~, �, 0) be as defined in Tables 5.7 of Example 5.2.3.2 above and define member-
ship and non-membership functions η : L→ [0, 1] and τ : L→ [0, 1, respectively, as follows:

η(k) =


0.6, if k = 0,

0.4, if k = m, n,

0.3, if k = w,

and τ(k) =


0.2, if k = 0,

0.5, if k = m, n,

0.9, if k = w.

Now, we show that (η, τ) is not Pythagorean fuzzy ideal of L, as from Table 5.7, since the following:

w~n = n; and (η(w))2 = (0.3)2 = 0.09 > min{(η(w~n))2, (η(n))2}

= min{η(n), η(n)} = min{(0.4)2, (0.4)2} = 0.16

which is false so that (η, τ) is not Pythagorean fuzzy ideal of L, as shown by this particular case,
above.

However, taking 0.8 = β < θ = 0.9, then we have:

max{(η(w))2, β} = max{0.0.9, 0.8} = 0.8 > min{(η(w~n))2, (η(n))2, θ}

= min{(η(m))2, (η(n))2, θ}

= min{0.16, 0.16, 0.9} = 0.16, which is true.

Furthermore:

min{τ(w))2, θ} = min{0.09, 0.9} = 0.09 6 max{(τ(w~n))2, (τ(n))2, β}

= max{(τ(m))2, (τ(n))2, β}

= max{0.16, 0.16, 0.8} = 0.8 which is also true,

Similarly, the second axiom is true, too, as the first axiom is justified as above.

Therefore, for 0.8 = β < θ 6 0.9 (η, τ) defined above is Pythagorean (β, θ)–fuzzy ideal of L

but not Pythagorean fuzzy ideal of L.

Of course, the above Example holds for any β, θ, where 0 6 β < θ 6 1.

Theorem 6.4.2. The intersection of any two Pythagorean (β, θ)–fuzzy ideals of LBA L is also a
Pythagorean (β, θ)–fuzzy ideal of L.

Proof. Let LB1 =
(
η1 , τ1

)
and LB2 =

(
η2 , τ2

)
be any two Pythagorean (β, θ)–fuzzy ideals of L.

As proved in Theorem 5.3.3.7 above, we have shown that LB1 =
(
η1 , τ1

)
and LB2 =

(
η2 , τ2

)
of L are Pythagorean fuzzy ideals of LBA L implies their intersection LB∩ =

(
η1 ∩ η2 , τ1 ∩ τ2

)
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is a Pythagorean fuzzy ideal of L.

Now, we need to prove that LB∩ =
(
η1 ∩ η2 , τ1 ∩ τ2

)
is a Pythagorean (β, θ)–fuzzy ideal of L.

Then for anym, n, w ∈ L and any β, θ where 0 6 β < θ 6 1; we have the following:

(i) max{
((
η1 ∩ η2

)
(m)

))2, β} > {
((
η1 ∩ η2

)
(m)

))2}

> min
{((
η1 ∩ η2

)
(m~n)

)2,
((
η1 ∩ η2

)
(n)
)2}

> min
((
η1 ∩ η2

)
(m~n)

)2,
((
η1 ∩ η2

)
(n)
)2, θ

}
Thus, max{

((
η1 ∩ η2

)
(m)

))2, β} > min
((
η1 ∩ η2

)
(m~n)

)2,
((
η1 ∩ η2

)
(n)
)2, θ

}
and

min{
((
τ1 ∩ τ2

)
(m)

))2, θ} 6 {
((
τ1 ∩ τ2

)
(m)

))2}

6 max
{((
τ1 ∩ τ2

)
(m~n)

)2,
((
τ1 ∩ τ2(n)

)2}
6 max

{((
τ1 ∩ τ2

)
(m~n)

)2,
((
τ1 ∩ τ2

)
(n)
)2, β

}
Thus, min{

((
τ1 ∩ τ2

)
(m)

))2, θ} 6 max
{((
τ1 ∩ τ2

)
(m~n)

)2,
((
τ1 ∩ τ2

)
(n)
)2, β

}
(ii) max{

((
η1 ∩ η2

)(
(m~n)� (n~w)

))2, β} > {
((
η1 ∩ η2

)(
(m~n)� (n~w)

))2}

> min
{((
η1 ∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2}

> min
{((
η1 ∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2, θ

}
⇒ max{

((
η1 ∩ η2

)(
(m~n)� (n~w)

))2, β} > min
{((
η1 ∩ η2

)
(m)

)2,
((
η1 ∩ η2

)
(n)
)2, θ
}

and

min{
((
τ1 ∩ τ2

)(
(m~n)� (n~w)

))2, θ} 6 {
((
τ1 ∩ τ2

)(
(m~n)� (n~w)

))2}

6 max
{((
τ1 ∩ τ2

)
(m)

)2,
((
τ1 ∩ τ2

)
(n)
)2}

6 max
{((
τ1 ∩ τ2

)
(m)

)2,
((
τ1 ∩ τ2

)
(n)
)2, β

}
⇒ min{

((
τ1 ∩ τ2

)(
(m~n)� (n~w)

))2, θ}6max
{((
τ1 ∩ τ2

)
(m)

)2,
((
τ1 ∩ τ2

)
(n)
)2, β

}
Therefore, by (i) and (ii) above, we asserted that the intersection of any two Pythagorean (β, θ)–
fuzzy ideals of LBA L is Pythagorean (β, θ)–fuzzy ideal of L.

The above theorem can also be generalized to any family of Pythagorean (β, θ)–fuzzy ideals of L as
in the corollary below.
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Corollary 6.4.1. The intersection of a any family of Pythagorean (β, θ)–fuzzy ideals of L is also a

Pythagorean (β, θ)–fuzzy ideal of LBA L.

Proof. Let
{(
η
i
, τ

i

)
: i ∈ I

}
be a family of Pythagorean (β, θ)–fuzzy ideals of L.

Then, we need to prove that
(⋂
i∈I
η
i
,
⋂
i∈I
τ
i

)
is a Pythagorean (β, θ)–fuzzy ideal of L.

Then for anym, n, w ∈ L and any β, θ where 0 6 β < θ 6 1; we have the following:

(i) max
{⋂
i∈I

(
η
i
(m)

)2, β
}
>
⋂
i∈I

(
η
i
(m)

)2

= inf
i∈I

{(
η
i
(m)

)2}
> inf
i∈I

{
min
{(
η
i
(m~n)

)2,
(
η
i
(n)
)2}}

> min
{

inf
i∈I

{(
η
i
(m~n)

)2,
(
η
i
(n)
)2}}

= min
{

inf
i∈I

{(
η
i
(m~n)

)2}, inf
i∈I

{(
η
i
(n)
)2}}

= min
{⋂
i∈I

(
η
i
(m~n)

)2,
⋂
i∈I

(
η
i
(n)
)2
}

= min
{⋂
i∈I

(
η
i
(m~n)

)2,
⋂
i∈I

(
η
i
(n)
)2, θ

}
and

min
{⋂
i∈I

(
τ
i
(m)

))2, θ
}
6
⋂
i∈I

(
τ
i
(m)

)2

= sup
i∈I

{(
τ
i
(m)

)2}
6 sup

i∈I

{
max
{(
τ
i
(m~n)

)2,
(
τ
i
(n)
)2}}

6 max
{

sup
i∈I

{(
τ
i
(m~n)

)2,
(
τ
i
(n)
)2}}

= max
{

sup
i∈I

{(
τ
i
(m~n)

)2}, sup
i∈I

{(
τ
i
(n)
)2}}

= max
{⋂
i∈I

(
τ
i
(m~n)

)2,
⋂
i∈I

(
τ
i
(n)
)2
}
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= max
{⋂
i∈I

(
τ
i
(m~n)

)2,
⋂
i∈I

(
τ
i
(n)
)2, β

}
, ∀m, n ∈ L.

(ii) max
{⋂
i∈I

(
η
i

(
(m~n)� (n~w)

))2, β
}
>
⋂
i∈I

(
η
i

(
(m~n)� (n~w)

))2

= inf
i∈I

{(
η
i

(
(m~n)� (n~w)

))2}
> inf
i∈I

{
min
{(
η
i
(m)

)2,
(
η
i

)
(n)
)2}}

> min
{

inf
i∈I

{(
η
i
(m)

)2,
(
η
i

)
(n)
)2}}

= min
{

inf
i∈I

{(
η
i

)
(m)

)2}, inf
i∈I

{(
η
i
(n)
)2}}

= min
{⋂
i∈I

(
η
i
(m)

)2,
⋂
i∈I

(
η
i
(n)
)2
}

= min
{⋂
i∈I

(
η
i
(m)

)2,
⋂
i∈I

(
η
i
(n)
)2, θ

}
and

min
{⋂
i∈I

{(
τ
i

(
(m~n)� (n~w)

))2, θ
}
6
⋂
i∈I

(
τ
i

(
(m~n)� (n~w)

))2

= sup
i∈I

{(
τ
i

(
(m~n)� (n~w)

))2}
> sup

i∈I

{
max
{(
τ
i
(m)

)2,
(
τ
i

)
(n)
)2}}

6 max
{

sup
i∈I

{(
τ
i
(m)

)2,
(
τ
i

)
(n)
)2}}

= max
{

sup
i∈I

{(
τ
i

)
(m)

)2}, sup
i∈I

{(
τ
i
(n)
)2}}

= max
{⋂
i∈I

(
τ
i

)
(m)

)2,
⋂
i∈I

(
τ
i
(n)
)2
}

= max
{⋂
i∈I

(
τ
i

)
(m)

)2,
⋂
i∈I

(
τ
i
(n)
)2, θ
}

, ∀m, n, w ∈ L.

Therefore, by (i) and (ii) above, we asserted that the intersection of two Pythagorean (β, θ)–fuzzy
ideals of LBA L is Pythagorean (β, θ)–fuzzy ideal of L.

Remark 6.4.3. The union of two Pythagorean (β, θ)–fuzzy ideals of LBA L may not be Pythagorean
(β, θ)–fuzzy ideal of L which is illustrated by Example 6.4.3 below.
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Example 6.4.3. It suffices to show for either union of the membership or the non-membership of one
of the axioms fails and then we show the membership of the first axiom fails as shown below:

Let (L, ~, �, 0) be LBA where L = {0, m, n} and two binary operations ~ and � on L are as de-
fined in Table 5.4 of Example 5.1.10 above and define two pairs of fuzzy ideals η1 and η2; τ1 and τ2

of L as follows:

k η1(k) η2(k) (η1 ∪ η2)(k) τ1(k) τ2(k) (τ1 ∪ τI2)(k)

m 0.4 0.7 0.7 0.5 0.3 0.3

n 0.6 0.3 0.6 0.2 0.5 0.2

0 0.8 0.9 0.9 0.1 0.2 0.1

Table 6.2: A table that defines fuzzy ideals and their unions

Hence, from Table 6.2 above, as m~ 0 =m, and taking β = 0.1, θ = 0.2; we have:

max{
((
η1∪ η2

)
(m)

)2, β}=max{0.16, 0.1}=0.16 > min
{(
η1∪ η2

)
(m~ 0)

)2,
((
η1∪ η2

)
(0)
)2, θ

}
= min

{((
η1∪ η2

)
(m)

)2,
((
η1∪ η2

)
(0)
)2 , θ

}
= min

{
0.49, 0.81, 0.2

}
= 0.2,

which is false, describing that the union of two Pythagorean (β, θ)–fuzzy ideals of L is not necessar-
ily Pythagorean (β, θ)–fuzzy ideal of L.

Proposition 6.4.2. Let η
M

be a fuzzy subset in LBA L, where M is non-empty subset of L such that

η
M
(m) =

δ, if m ∈M,

σ, if m /∈M,
and the square deviation η

M
(m) =

1 − δ2, if m ∈M,

1 − σ2, if m /∈M.

where δ, σ ∈ [0, 1], δ > σ. Then M is ideal of L if and only if LB =
(
η
M

, η
M

)
is a Pythagorean

(β, θ)–fuzzy ideal of L.

Proof. Let M be ideal of L, and 0 6 β < θ 6 1. Then we need to prove that LB =
(
η
M

, η
M

)
is

a Pythagorean (β, θ)–fuzzy ideal of L, that is:

(1) max
{(
η
M
(m)

)2, β
}
> min

{(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ
}

and

min
{(
η
M
(m)

)2, θ
}
6 max

{(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β

}
(2) max

{(
η
M

(
(m~n)� (n~w)

)2, β
}
> min

{(
η
M
(m)

)2,
(
η
M
(n)
)2, θ
}

and
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min
{(
η
M

(
(m~n)� (n~w)

))2, θ
}
6 max

{(
η
M
(m)

)2,
(
η
M
(n)
)2, β

}
.

(1) Now, we prove these pairs of axioms following the three cases below:

Case(i) : Let n ∈M,m~n ∈M⇒m ∈M

Then
(
η
M
(m~n)

)2
=
(
η
M
(n)
)2

= δ2⇒
(
η
M
(m)

)2
= δ2 and(

η
M
(m~n)

)2
=
(
η
M
(n)
)2

= 1 – δ2⇒
(
η
M
(m)

)2
= 1 – δ2

⇒ max{
(
η
M
(m)

)2, β
)2} >

(
η
M
(m)

)2
> δ2 > min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

> min{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ} = min{δ2, δ2, θ}

⇒ max{
(
η
M
(m)

)2, β
)2} > min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ} and also

min{
(
η
M
(m)

)2, θ} 6
(
η
M
(m)

)2
6 1 –δ2 6 max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

6 max{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β} = max{δ2, δ2, β}

Case(ii) : Let n ∈M,m~n /∈M
(
or n /∈M,m~n ∈M

)
⇒ eitherm ∈M orm /∈M

⇒
(
η
M
(m~n)

)2
= δ2,

(
η
M
(n)
)2

= 1 –δ2 (or
(
η
M
(m~n)

)2
= 1 – δ2,

(
η
M
(n)
)2

= δ2 )
⇒ either

(
η
M
(m)

)2
= δ2 or

(
η
M
(m)

)2
= 1 – δ2

Now, max{
(
η
M
(m)

)2, β
)2} >

(
η
M
(m)

)2
> 1 – δ2 = min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

> min{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

⇒ max{
(
η
M
(m)

)2, β
)2} > min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

and following similar steps as the preceding steps, we obtain:

min{
(
η
M
(m)

)2, θ} 6 max{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β}

Case(iii) : Let n /∈M,m~n /∈M⇒ eitherm ∈M orm /∈M

⇒
(
η
M
(m~n)

)2
= 1 – δ2 =

(
η
M
(n)
)2⇒ either

(
η
M
(m)

)2
= δ2 or

(
η
M
(m)

)2
= 1 – δ2

Now, max{
(
η
M
(m)

)2, β
)2} >

(
η
M
(m)

)2
> 1 – δ2 = min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

> min{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

⇒ max{
(
η
M
(m)

)2, β
)2} > min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

and following similar steps as the preceding steps, we obtain:
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min{
(
η
M
(m)

)2, θ} 6 max{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β}

(2) In a similar fashion, we can simply show that:

max
{(
η
M

(
(m~n)� (n~w)

)2, β
}
> min

{(
η
M
(m)

)2,
(
η
M
(n)
)2, θ
}

and

min
{(
η
M

(
(m~n)� (n~w)

))2, θ
}
6 max

{(
η
M
(m)

)2,
(
η
M
(n)
)2, β

}
.

Therefore,
(
η
M

, η
M

)
is a Pythagorean (β, θ)–fuzzy ideal of L.

Conversely, suppose
(
η
M

, η
M

)
is a Pythagorean (β, θ)–fuzzy ideal of L.

Then we need to shaw M is ideal of L; in other words:

(i) m~n ∈M and n∈M⇒m ∈M;

(ii) m, n ∈M⇒
(
(m~n)� (n~w)

)
m ∈M.

Now, we show the second axiom and similarly it becomes simple to prove axiom (i):

Then we, for m, n ∈M ⊆ L, we need to show (m~n)� (n~w) ∈M, ∀m, n, w ∈ L:

Letm, n ∈M⇒
(
η
M
(m)

)2
=
(
η
M
(n)
)2

= δ2

(
η
M
(m~n)� (n~w)

)2
> min{

(
η
M
(m)

)2,
(
η
M
(n)
)2}

⇒
(
η
M
(m~n)� (n~w)

)2
> min{

(
η
M
(m)

)2,
(
η
M
(n)
)2} = min{δ2, δ2} = δ2

⇒
(
η
M
(m~n)� (n~w)

)2
> δ2 and by definition

(
η
M
(m~n)� (n~w)

)2
6 δ2

⇒
(
η
M
(m~n)� (n~w)

)2
= δ2⇒ (m~n)� (n~w) ∈M

Similarly, it is simple to show thatm~n ∈M, n ∈M⇒m ∈M.

Therefore, M is ideal of L.

Corollary 6.4.2. Let η be a fuzzy subset and η be its complement in LBA L and ∅ 6= M⊆ L such that

η
M
(m) =

δ, if m ∈M,

σ, if m /∈M,
and η

M
(m) =

1 − δ, if m ∈M,

1 − σ, if m /∈M,
where δ, σ ∈ [0, 1], δ > σ.

Then M is ideal of L if and only if
(
η
M

, η
M

)
is a Pythagorean (β, θ)–fuzzy ideal of L.

Proof. Let M be ideal of L, and 0 6 β < θ 6 1. Then we need to prove that LB =
(
η
M

, η
M

)
is

a Pythagorean (β, θ)–fuzzy ideal of L, that is:
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(1) max
{(
η
M
(m)

)2, β
}
> min

{(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ
}

and

min
{(
η
M
(m)

)2, θ
}
6 max

{(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β

}
(2) max

{(
η
M

(
(m~n)� (n~w)

)2, β
}
> min

{(
η
M
(m)

)2,
(
η
M
(n)
)2, θ
}

and

min
{(
η
M

(
(m~n)� (n~w)

))2, θ
}
6 max

{(
η
M
(m)

)2,
(
η
M
(n)
)2, β

}
.

(1) Now, we prove these pairs of axioms following the three cases below:(
From Proposition 4.1.1, 1 − δ2 =

(
η
M
(m)

)2
>
(
η
M
(m)

)2
= (1 - δ)2 = δ2 + 1 − 2δ

)
:

Case(i) : Let n ∈M,m~n ∈M⇒m ∈M

Then
(
η
M
(m~n)

)2
=
(
η
M
(n)
)2

= δ2⇒
(
η
M
(m)

)2
= δ2 and(

η
M
(m~n)

)2
=
(
η
M
(n)
)2

= δ2 + 1 − 2δ⇒
(
η
M
(m)

)2
= δ2 + 1 − 2δ

⇒ max{
(
η
M
(m)

)2, β
)2} >

(
η
M
(m)

)2
> δ2 = min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

> min{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

⇒ max{
(
η
M
(m)

)2, β
)2} > min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ} and also

min{
(
η
M
(m)

)2, θ} 6
(
η
M
(m)

)2
6 δ2 + 1 − 2δ = max{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

6 max{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β}

Case(ii) : Let n ∈M,m~n /∈M
(
or n /∈M,m~n ∈M

)
⇒ eitherm ∈M orm /∈M

⇒
(
η
M
(m~n)

)2
= σ2,

(
η
M
(n)
)2

= δ2

(
or
(
η
M
(m~n)

)2
= δ2,

(
η
M
(n)
)2

= σ2 )
⇒ either

(
η
M
(m)

)2
= δ2 or

(
η
M
(m)

)2
= σ2

Now, max{
(
η
M
(m)

)2, β
)2} >

(
η
M
(m)

)2
> σ2 = min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

> min{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

⇒ max{
(
η
M
(m)

)2, β
)2} > min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

and following similar steps as the preceding steps, we obtain:

min{
(
η
M
(m)

)2, θ} 6 max{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β}

Case(iii) : Let n /∈M,m~n /∈M⇒ eitherm ∈M orm /∈M

⇒
(
η
M
(m~n)

)2
= σ2 =

(
η
M
(n)
)2
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⇒ either
(
η
M
(m)

)2
= σ2 or

(
η
M
(m)

)2
= δ2

Now, max{
(
η
M
(m)

)2, β
)2} >

(
η
M
(m)

)2
> σ2 = min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2}

> min{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

⇒ max{
(
η
M
(m)

)2, β
)2} > min{

(
η
M
(m~n)

)2,
(
η
M
(n)
)2, θ}

and following similar steps as the preceding steps, we obtain:

min{
(
η
M
(m)

)2, θ} 6 max{
(
η
M
(m~n)

)2,
(
η
M
(n)
)2, β}

(2) In a similar fashion, we can show that:

max
{(
η
M

(
(m~n)� (n~w)

)2, β
}
> min

{(
η
M
(m)

)2,
(
η
M
(n)
)2, θ
}

and

min
{(
η
M

(
(m~n)� (n~w)

))2, θ
}
6 max

{(
η
M
(m)

)2,
(
η
M
(n)
)2, β

}
, ∀m, n, e ∈ L.

Therefore,
(
η
M

, η
M

)
is a Pythagorean (β, θ)−fuzzy ideal of L.

Conversely, suppose
(
η
M

, η
M

)
is a Pythagorean (β, θ)−fuzzy ideal of L.

We claim that M is ideal of M; in other words:

(i) m~n, n ∈M⇒m ∈M;

(ii) m, n ∈M⇒
(
(m~n)� (n~w)

)
∈M.

Now, we show the second axiom and similarly it becomes simple to prove axiom (i):

Letm, n ∈M⇒
(
η
M
(m)

)2
=
(
η
M
(n)
)2

= δ2

(
η
M
(m~n)� (n~w)

)2
> min{

(
η
M
(m)

)2,
(
η
M
(n)
)2} = min{δ2, δ2} = δ2

⇒
(
η
M
(m~n)� (n~w)

)2
> δ2 but

(
η
M
(m~n)� (n~w)

)2
6 δ2, by the hypothesis

⇒
(
η
M
(m~n)� (n~w)

)2
= δ2 ⇒ (m~n)� (n~w) ∈M, ∀m, n, w ∈ L.(

η
M
(n)
)2} = min{δ2 + 1-2δ, δ2 + 1 − 2δ} = δ2 + 1 − 2δ

⇒
(
η
M
(m~n)� (n~w)

)2
> δ2 + 1 − 2δ and

by definition
(
η
M
(m~n)� (n~w)

)2
6 δ2 + 1 − 2δ

⇒
(
η
M
(m~n)� (n~w)

)2
= δ2 + 1 − 2δ⇒ (m~n)� (n~w) ∈M

Similarly, it is simple to show thatm~n ∈M, n ∈M⇒m ∈M.

Therefore, M is ideal of L.
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Conclusion and Future Works

This section gives a summary of the main ideas and findings of our dissertation. It also suggests

possible future research directions that can extend and improve the concepts discussed, focusing on

algebraic structures under uncertainty and their practical applications.

I. Conclusion

This dissertation attempts to explore comprehensive study of the advanced structures in algebra,

particularly focusing on BCL–algebras and Pythagorean fuzzy set, through the integration of hyper–

structures, fuzzy subsets and Pythagorean fuzzy sets. The main purpose of this research has been

to extend classical logical algebraic structures by incorporating new mathematical concepts to better

model uncertainty, non–determinism and hesitation.

The research began by revisiting the foundational structures of algebra, especially BCL–algebras,

which are logical algebras characterized by implication like operations. These algebras serve as an

excellent framework for analyzing logical statements, deductive reasoning and structure preserving

transformations. Although the classical theory of BCL–algebra is well–developed by Y. Liu in 2011

[42], the limitations of binary operations and crisp set membership in dealing with complex or vague

situations are significant. To address this, three major generalizations were explored and combined

which are hyper structures, fuzzy subsets and Pythagorean fuzzy sets. The foundational concepts,

hyper structures, fuzzy subsets and Pythagorean fuzzy sets were originally introduced by F. Marty

in 1934 [49], L. A. Zadeh in 1965 [81] and R. Yager in 2013 [78], respectively. Each of these

frameworks offers additional flexibility and expressiveness in dealing with uncertainty and ambigu-

ity within algebraic systems.

The first major advancement involved the introduction and formal development of Hyper BCL–

algebras. These are generalizations of classical BCL–algebras where binary operations are replaced

by hyper operations which are set–valued mappings that reflect the possibility of multiple outcomes

rather than a single one. In this setting, beginning with introducing hyper BCL–algebra starting by

defining the concepts of (weak, strong) hyper subalgebras, (weak, strong) hyper deductive systems

and (weak, strong) hyper ideals were rigorously defined and studied. The properties of these struc-
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tures were analyzed in detail, including how they relate to their classical counterparts and how they

behave under basic algebraic operations.

After establishing hyper BCL–algebra and its hyper substructures, the research moved into the realm

of fuzzy logic. Fuzzy set theory, introduced and developed by Zadeh in 1965 [81, 82] allows ele-

ments to belong to sets with varying degrees of membership, providing a better framework for han-

dling uncertainty than classical (crisp) sets. Building upon the hyper BCL–algebra framework , the

dissertation introduced fuzzy (weak, strong) hyper substructures such as fuzzy (weak, strong) hyper

subalgebras, fuzzy (weak, strong) hyper deductive systems and fuzzy (weak, strong) hyper ide-

als. These are sophisticated constructs that allow for a graded understanding of logical implications

within systems that already accommodate multiple outcomes. Several characterizations, lemmas and

theorems were proven to provide structural insights and support deeper classification of these fuzzy

hyper constructions.

However, even fuzzy subsets have limitations because they rely on a single membership function,

this shortcoming was addressed by moving to Pythagorean fuzzy sets, a significant innovation in

this work. Pythagorean fuzzy sets, as introduced and developed by R. Yager (2013) [78, 79], allow

each element to be assigned two independent degrees which are the pair of membership and non–

membership mappings, with the condition that the square sum of these two values does not exceed

one, symbolical expressed as 0 6 (η(m))2 + (τ(m))2 6 1, for each element of the set under discus-

sion. This condition offers a more flexible and realistic model of hesitation or indeterminacy, which

is often present in practical decision–making and reasoning processes. Thus, the Pythagorean fuzzy

setting captures more types of uncertainty compared to ordinary fuzzy or intuitionistic fuzzy subsets.

Pythagorean fuzzy substructures of BCL–algebras are systematically developed including Pythagorean

fuzzy subalgebra , Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal. In each case,

these structures were rigorously defined, their necessary and sufficient conditions were derived and

their properties were studied. Various theorems and propositions helped to understand how these

structures relate to each other and to their classical or fuzzy analogues.

The Pythagorean fuzzy extension to Pythagorean fuzzy LiuB–algebras (LBAs.) is a particularly

novel contribution of the dissertation. Pythagorean fuzzy LiuB–algebras are relatively new alge-

braic structures that combine features of BCL–algebras and semi–groups. This dissertation is one

of the first works to rigorously define and analyze fuzzy and Pythagorean fuzzy substructures within

this new Pythagorean fuzzy LiuB–algebras context. Definitions and properties were provided for

Pythagorean fuzzy LiuB–subalgebras, Pythagorean fuzzy deductive systems and Pythagorean fuzzy

ideals. A strong emphasis was placed on analyzing how these structures behave under algebraic

operations, such as intersection, union and implication–like operations defined in Pythagorean fuzzy

LiuB–algebras.
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The final chapter of the dissertation introduces and investigates more fundamental constructions and

advanced relationships between the developed structures. One such concept is the homomorphism

of Pythagorean fuzzy deductive systems, which involves studying how structure-preserving maps

(homomorphisms) affect the behavior of fuzzy and Pythagorean fuzzy substructures. This analysis

includes results on homomorphic images and pre–images, which are essential in understanding how

algebraic properties are maintained under mappings between different algebras.

In addition, the level set representation of Pythagorean fuzzy structures was developed. This in-

volves slicing the fuzzy structure at a specific degree of membership or non–membership to obtain

classical substructures. These level sets bridge the gap between fuzzy logic and classical algebra,

offering a visual and analytical tool for converting uncertain data into more manageable crisp subsets.

Another important contribution is the study of Cartesian products of fuzzy subalgebras whose con-

struction is used to combine two or more fuzzy structures to analyze their joint behavior. The in-

teraction between the components of the Cartesian product was analyzed and results were presented

showing how membership values propagate in the combined system.

The dissertation also introduced and studied a specialized type of fuzzy ideal called the (β, θ)–

Pythagorean fuzzy ideal defined using refined conditions involving thresholds (β, θ). These ideals

provide sharper classification dissertation and enable finer control over the uncertainty sense, espe-

cially in practical settings where certain bounds must be respected.

Along sides of introducing all these new ideas, this dissertation also explains important related con-

cepts such as the complement of fuzzy subsets, the square deviation in fuzzy comparisons and special

functions like the accuracy function, score function and the degree of indeterminacy. These concepts

are discussed in detail under the appropriate sections and subsections of the dissertation.

The results presented in this dissertation are supported by numerous examples, counterexamples and

diagrams, which illustrate the definitions and make the abstract concepts more accessible. Where

applicable, comparative studies between fuzzy, hyper and Pythagorean fuzzy substructures were

conducted to highlight the strengths and weaknesses of each approach.

This dissertation successfully integrates hyper operations, fuzzy subsets and Pythagorean fuzzy sets

into the existing theory of BCL–algebra and newly introduced Pythagorean fuzzy sets. It introduces

new algebraic structures, proves important theoretical results and develops a robust foundation for

future research.
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II. Future Works

This dissertation has presented some new directions for further studies, especially in the area of al-
gebraic structures under uncertainty. One of the important future works is to develop the theory of
Pythagorean fuzzy hyper structures of Hyper BCL–algebra and hyper LiuB–algebra. Since we have
already seen the usefulness of hyper structures in BCL–algebras, it would be natural and interesting
to define and study hyper subalgebras, hyper deductive systems and hyper ideals in Pythagorean
fuzzy set. This would help us to model systems where the operation may have multiple possible
outcomes, which is common in uncertain or multi–agent environments.

In addition, future studies may focus on bipolar fuzzy subsets applied to both BCL–algebras and
Pythagorean fuzzy set. Bipolar fuzzy subsets use both positive and negative membership functions,
which are useful to represent situations involving both satisfaction and dissatisfaction. This can ex-
pand our understanding of decision-making models and logical frameworks where both acceptance
and rejection play a role.

Another important direction is to develop interval-valued fuzzy structures in BCL–algebra and
LiuB–algebra. These allow each element to be associated not with a single number, but with an
interval that shows the range of possible membership values.

Moreover, studying fuzzy congruence relations on these algebras can give us better classification
and decomposition dissertation. Along with this, building topological fuzzy structures could help to
connect fuzzy algebra with topology, which is useful in logic, analysis and computer science.

More advanced mathematical dissertation such as category theory, graph theory and soft and fuzzy
soft set theory could be used to explore the relationships between all these algebraic structures.

Finally, the potential applications of fuzzy hyper BCL–algebras such as Decision-making and
knowledge representation, Artificial intelligence and soft computing, Knowledge and database sys-
tems, Control systems and decision logic, Algebraic logic and computer science, Information fusion
and pattern recognition, and the real life application of the Pythagoreran fuzzy BCL-algebra
and LiuB–algebra such as Medical diagnosis systems, Multi-agent and expert systems, Robotics
and autonomous systems, Image processing and pattern recognition, Economics and social systems,
Cybersecurity and risk analysis could be adressed as critically as possible.

These future directions will continue to build on the strong foundation developed in this dissertation
and help researchers in Mathematics contribute more to global knowledge in algebra and fuzzy logic.
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