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Abstract

This dissertation presents det ailed and thorough research on the notions of hyper BCL—-algebra,
fuzzy substructures in hyper BCL-algebra, fuzzy substructures in BCL—-algebra, Pythagorean fuzzy
substructures in BCL-algebra, fuzzy substructures in LiuP—algebra and Pythagorean fuzzy substruc-
tures in LiuB-algebra. It provides new theoretical understanding, well refined definitions and rigor-
ous characterizations that contribute to the development of algebraic knowledge about these struc-
tures. The research begins by introducing the hyper BCL-algebraic structures, supported by proven
properties, under which (weak, strong) hyper subalgebras, (weak, strong) hyper deductive systems
and (weak, strong) hyper ideals of hyper BCL—algebra are defined and several relevant properties
are investigated. The relations among strong hyper subalgebras, weak hyper subalgebras and hyper
subalgebras, as well as among strong hyper ideals, weak hyper ideals and hyper ideals of hyper BCL—
algebra are clearly demonstrated in the context of hyper BCL—-algebras. In hyper BCL—algebras, the
relationship between hyper deductive systems and weak deductive systems is established. The inter-
section and union of corresponding (weak, strong) hyper substructures of hyper BCL-algebras are
shown to be conserved. Following the introduction of hyper substructures, the notions of fuzzy hy-
per algebras are introduced, characterized as fuzzy (weak, strong) hyper subalgebras, fuzzy (weak,
strong) hyper deductive systems and fuzzy (weak, strong) hyper ideals. The conservation of inter-
sections of corresponding substructures is established; however, unions of such substructures are
generally not conserved justified by examples. The relationships among fuzzy (weak, strong) hyper
substructures are also explored. After investigating additional relevant properties, we introduce the
notions of fuzzy subalgebra, fuzzy deductive system and fuzzy ideal of BCL—-algebra. Moreover, we
prove that the complements of fuzzy substructures of BCL-algebra and its characteristic functions
correspond to fuzzy substructures of BCL-algebra. In the BCL—-algebra, we also prove that intersec-
tions of fuzzy subalgebras, fuzzy deductive systems and fuzzy ideals are fuzzy subalgebra, fuzzy de-
ductive system and fuzzy ideal of BCL-algebra, respectively; however, unions of such substructures
are not conserved justified by counter examples. Several additional properties of fuzzy substructures
of BCL-algebra are also demonstrated. Following the introduction and investigation of fuzzy sub-

sets of BCL—algebra, we extend these notions to Pythagorean fuzzy substructures of BCL—algebra;
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namely, Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive system and Pythagorean fuzzy
ideal of BCL-algebra along with an investigation of their relevant properties. After introducing
the Pythagorean fuzzy substructures of BCL-algebra, we present new definitions of LiuP—algebra
based on BCL—-algebra combined with a semi—group. These definitions are illustrated with examples
and their properties are explored. Following these investigations, we introduce fuzzy substructures
of LiuB-algebras, including fuzzy subalgebras, fuzzy deductive systems and fuzzy ideals. In re-
lation to substructures of LiuP—algebra, we extend these notions to Pythagorean fuzzy subalgebra,
Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal and relevant results are derived,
with their properties explored in detail. Finally, the fuzzy subsets of BCL-algebra and LiuB-algebra
and Pythagorean fuzzy sets of BCL-algebra and LiuB—algebra are described by making use of some
basic tools. These include the Cartesian products of fuzzy subalgebras in BCL-algebra, the level sets
in Pythagorean fuzzy deductive systems of BCL-algebra, and the homomorphisms of Pythagorean
fuzzy deductive systems of LiuP—algebra. In addition, LiuB-algebra is also described through the
Pythagorean ([3, 8)-fuzzy ideal, and related properties arising from each of these descriptions are

carefully examined.
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Introduction

Around 300 BC, the Greek philosopher Aristotle formalized the law of asserting that any proposition
must be either true or false which is a binary logic that dominated different thoughts. This principle
underpinned Georg Cantor’s inspiring work in [13] on classical set theory, where elements crisply
belong or do not belong to a set. Such crisp sets, defined by binary membership functions, became
the bedrock of mathematical reasoning. However, their rigidity clashes with the pervasive ambiguity
of real-world phenomena. Concepts like ’tall,” "intelligent,” or “beautiful” resist binary classifica-

tion, revealing a critical gap that classical sets cannot model partial truths or graded membership.

A transformative shift began with Iseki and Tanaka’s introduction of BCK-algebras in [28] and
Iseki’s subsequent development of BCl—algebras in [27]. These structures abstracted logical impli-
cation and set-theoretic difference into algebraic axioms, enabling formal study of deductive sys-
tems. This sparked decades of generalization: BCH-algebras developed by Hu and Li [24] broad-
ened BCl-algebras, BCC—-algebras introduced by Dudek in [21]) and BH-algebras by Jun in [30])
further expanded the landscape, KU-algebras explored by Prabayak and Leerawat in [60] unified
BCK/BCI/BCC systems, UP—algebras by lampan in [25]) generalized KU/BCI/BCK-algebras, Ro-
mano in [65]) extended UP—algebras to multi-operational settings. Each innovation addressed struc-
tural limitations, enriching algebra’s capacity to model complex logical relationships. Yet, they

remained confined to deterministic frameworks.

Lotfi Zadeh’s [81] breakthrough fuzzy sets revolutionized mathematics by introducing degrees of
membership. In a fuzzy set, elements belong to a value in [0,1], where O represents non-membership
and 1 represents full membership. This continuum captures vagueness like “warm weather” or
“high risk”, etc. far better than crisp sets. Rosenfeld in [66] soon applied fuzzy sets to group the-
ory, catalyzing “fuzzy algebra”. Fuzzy ideals, subalgebras, and homomorphisms were defined for
BCK/BCl-algebras by Meng and Guo in [52], ideals in KU—-algebras by Mostafa in [53], and UP—
algebras by Somjanta [69]. B. Oavvaz in [16] defined fuzzy subhypergroup of a hypergroup or fuzzy

H—groups and then proved some results.

Despite their utility, fuzzy sets use a single membership function, ignoring non-membership explic-
itly. Krassimir Atanassov addressed this in [7] with intuitionistic fuzzy sets, assigning each element,

a membership degree n(m)€ [0, 1] and a non-membership degree T(m) € [0, 1] with the condition



0 <n(m)+ t(m) < 1. Intuitionistic fuzzy sets better modeled hesitation like voting with “abstain”

options. Yet, the constraint 0 < n(m)+ t(m) < 1 proved limiting.

R. R. Yager’s Pythagorean fuzzy sets in [78, 79] solved a major limitation that was present in in-
tuitionistic fuzzy sets. This was done by allowing the sum of the squares of membership and non-
membership degrees to be at most 1. This means we have a bigger range to describe uncertainty.
Specifically, Pythagorean fuzzy sets can include cases where the sum of the squares of membership
and non-membership degrees is greater than the linear sum of the membership and non-membership
degrees but still less than or equal to 1. This makes Pythagorean fuzzy sets more flexible and useful

2+ (t(m))? < 1. Because of their

in many real-world problems with the condition that 0 < (n(m))
rich ability to handle uncertainty, Pythagorean fuzzy sets are helpful in decision making and further

mathematical structures.

Parallel developments arose in hyper—algebra, where operations map to sets of outcomes m@n
yields a set with at least one element, which may not be singleton set. Initiated by Marty [49],
hyper-structures model non-deterministic systems, such as parallel computing or biological net-
works. Y. Jun [30, 31] applied hyper-operations to BCK—-algebras, defining hyper-BCK/BCI-algebras
and ideals. Later, Xiao [75] refined hyper-ideal theory, linking hyper—algebras to group theory.

In the middle of these new developments and advances, Y. H. Liu [42] - [46] introduced notions of
algebras different but related algebras as BCL—algebra, BCL'—algebra and Liu—algebra with their
partial orders and different algebraic structures as subalgebras, deductive systems and ideals. Liu’s
later BCL"—algebras, using a constant 1 instead of 0, and Liu-algebras, integrating semi-groups
with BCL " -algebra further broadened the field where these algebras provided a very helpful frame-
work or setting to combine hyper-structures with fuzzy concepts and see how they work together,

however having the gap of combining semi-group with BCL-algebra.

Having investigated and gone through each end every literatures introduced and developed so far,
we observed the following research gaps and Motivation: Despite progress, critical voids persisted,
hyper BCL-algebras lacked systematic study, fuzzy hyper substructures, merging hyper-operations
with fuzzy sets were underdeveloped, Pythagorean fuzzy algebra, especially for substructures like
subalgebras, deductive systems and ideals of BCL—algebra and LiuP—algebra, remained unexplored.
LiuB-algebras (LBA), a recent extension of BCL-algebra, to fill the gap of combining semi-group

with BCL—-algebra that Liu left out with no fuzzy/Pythagorean fuzzy framework are seen unexplored.

This dissertation bridges these gaps by unifying three powerful paradigms: Hyper-structures for
non-determinism, fuzzy sets for graded membership, and Pythagorean fuzzy sets for independent

membership versus non-membership grades within BCL—algebras and Liu®—algebras.



In this dissertation, therefore, we aim to: Formalize Hyper BCL-Algebras by defining hyper sub-
algebras, hyper deductive systems, and hyper ideals, establishing their core properties within hyper
BCL-algebra, by developing Fuzzy Hyper Structures in Hyper BCL—Algebra as constructing fuzzy
hyper subalgebras, fuzzy hyper deductive systems and fuzzy hyper ideals for Hyper BCL-algebra.
Pioneering Pythagorean fuzzy algebra, we define Pythagorean fuzzy subalgebras, Pythagorean fuzzy

deductive systems and Pythagorean fuzzy ideals for BCL—algebras.

Furthermore, we Extend Pythagorean fuzzy sets to LiuB—algebras, introducing LiuP—algebra along
with corresponding substructures, analyze fundamental structures as homomorphisms of Pythagorean
fuzzy deductive systems, level-set representations linking Pythagorean fuzzy sets to classical sub-
structures, Cartesian products of fuzzy subalgebras of BCL—-algebra and Pythagorean (3, 0)-fuzzy

ideals of LiuP—algebra with refined membership constraints.

Within the key innovations, we explored comprehensive framework for Pythagorean fuzzy ideals in
logical algebras, syn dissertation of hyper-operations with fuzzy and Pythagorean fuzzy logic, char-
acterization theorems and equivalence conditions for novel substructures, hierarchical relationships

between classical, hyper, fuzzy, and Pythagorean fuzzy substructures.

Working out this much, we want to address implications and applications of this work which ad-
vances abstract algebra by enhancing uncertainty modeling, Pythagorean fuzzy substructures cap-
ture complex real-world hesitancy like ethical dilemmas in Al. To generalizing Prior Work, fuzzy
hyper ideals subsume classical ideals and Pythagorean fuzzy frameworks extend intuitionistic fuzzy

algebra. The dissertation structure is of the following way:

Chapter 1: Preliminaries:- revising literatures related to our work and those on which our work bases
like BCL—algebra, hyper-structures, fuzzy/Pythagorean fuzzy set-theory by reviewing the main ideas
from previous works that we use in this dissertation. It explains BCL-Algebra, hyper-structures,
fuzzy sets, Pythagorean fuzzy sets, and related mathematical concepts. This forms a strong base for

developing new structures and methods in subsequent chapters.

Chapter 2: Hyper BCL-algebras and their substructures: - introducing hyper BCL-Algebra, a new
way to combine elements with set operations instead of standard operations. It also studies hyper

subalgebras, hyper deductive systems, and hyper ideals of hyper BCL—algebra.

Chapter 3: Fuzzy hyper substructures in Hyper BCL—algebras: - focusing on fuzzy hyper substruc-
tures within hyper BCL-Algebra. Fuzzy subsets help us handle uncertainty, while hyper structures
enable us to deal with multiple outcomes. This combination forms a rich mathematical framework

for analyzing complex or imprecise information



Chapter 4: Pythagorean fuzzy substructures for BCL—-algebra: - after exploring different notions of
fuzzy BCL—-algebra, we introduce Pythagorean fuzzy substructures for BCL-Algebra. Pythagorean
fuzzy sets are more flexible than ordinary fuzzy sets, allowing us to represent uncertainty in a more
realistic way. This lets us describe relationships and properties in BCL-Algebra more accurately

under uncertainty.

Chapter 5: Pythagorean fuzzy substructures for LiuP—algebras: - applying Pythagorean fuzzy sets
to LiuB-Algebra, a new algebra that combines group-like operations with logical structures. The
Pythagorean fuzzy substructures enable us to handle uncertainty while preserving mathematical

properties, adding depth and robustness to these algebraic models

Chapter 6: Fundamental structures like homomorphisms, level sets, Cartesian products, and
(P, 9)-ideals) - covering homomorphisms, level sets, Cartesian products, and (3, 0)-ideals related
to Pythagorean fuzzy structures. These structures enable us to connect different algebras, transfer
properties from one to another, and combine them in a systematic way. This forms a strong mathe-

matical framework for further applications and study.

In finalizing the introduction, the dissertation explored the wide range concepts by unifying hyper-
structures, fuzzy logic, and Pythagorean fuzzy sets within BCL-algebra and LiuP-algebra, and
therefore, this dissertation constructs a robust algebraic toolkit for the era of uncertainty. It lays
groundwork for future explorations, from computational logic to ethical Al—demonstrating how

abstract algebra evolves to address the ambiguities of human experience.

This dissertation concludes by providing a comprehensive conclusion that summarizes all the main
results, contributions, and findings of the study including future work. After that, a complete list of

references and sources used in this research is presented in the bibliography at the end.



Chapter 1

Preliminaries

This chapter presents a summary of foundational concepts established in prior literature, forming
the basis for the developments in this dissertation. It begins with well-known algebraic structures
defined through axioms involving binary operations and constants, along with commonly studied
substructures such as subalgebras, deductive systems, and ideals. The discussion extends to hyper-
structures, where operations are generalized to set-valued mappings, leading to the notions of hyper
subalgebras, hyper deductive systems, and hyper ideals. Additionally, fuzzy set theory and its gen-
eralization via Pythagorean fuzzy sets are revisited, offering novel ideas for modeling uncertainty.
These concepts underpin fuzzy substructures like fuzzy subalgebras, fuzzy deductive systems, fuzzy
ideals, and advanced notions including (3, 0)-fuzzy ideals, all of which have been investigated in

existing works.

We also use ”3” for "there exist(s)” or "for some” and V" represents “for every” or “for each” or

”for all”, for the whole of this dissertation.

1.1. Some Types of Algebras, Substructures and BCL—Algebra

This section restates various algebraic structures along with their defining axioms, substructures,
subalgebras, ideals and deductive systems, providing foundational concepts for further algebraic ex-

ploration.
Definition 1.1.1. [27] A BCI-algebra is an algebra (R; ®, 0) of type (2, 0) satisfying the following
conditions; Ym,n,w € R:

(i) m®m=0,

(ii) (Mmen)®(mew))®(wen) =0,

(iii) (mMm® (Mm®n))®n =0

(iv) me®n=0andn®m=0=m=n.



Definition 1.1.2. [33] An algebra (R; ®, 1) with a non-empty set R, a constant 1 and a binary oper-
ation “®” is called a GE-algebra if it satisfies the following axioms, Ym, n, w € R:

(i) mem=1,
(ii) 1 ®m=m,
(iii) MAMAEW) =M M (Mew)).
Definition 1.1.3. [/4] A Hilbert algebra is an algebra (R; ®, 1) satisfying the following conditions:
(i) me®Mmem)=1,
(i) MeMmew))@(men)®mew) =1,

(iii) men=m®m=/=m=n.

Definition 1.1.4. [80] A nonempty subset S of a pseudo—UP algebra R is called a pseudo—UP sub-
algebra of R if it satisfies the following axioms:

(i) 0€8,

(ii) m®&n, meENES, Vm neS.
Definition 1.1.5. [/2] A nonempty subset D of GE—algebra R is called a deductive system of R if it
satisfies the following axioms, Vm, n, w € R:
(i) R®¥D:={m®a:acD}CD,

(ii) MmneD=>M®M®W)) ®wED.

Definition 1.1.6. [/8] A subset D of Hilbert algebra R is called deductive system of R if it satisfies:
(i) 1€D,

(ii) mme®neD = nebD.

Definition 1.1.7. [56] Let R be a BCl-algebra and let I be a non empty subset of R. Then I is called
an ideal of R if, Vm, n € R:

(i) 0€l,

(ii) me®neclandnel=mecl



Definition 1.1.8. [42] An algebra (B; ®, 0) of type (2, 0) is said to be a BCL-algebra if and only if
the following conditions hold, Ym, n, w € B:

(i) me®m =0,

(ii) m®n=0andn®m=0=m=n,

0.

(i) [(men)ew)® (mewen)]® (wen)®m)

Remark 1.1.1. [44] Let m < 1 if and only if m ® n = 0, then Definition 1.1.8 for BCL-algebra B,
can be written as follows, YVm, n, w € B:

(i) m<m,

(ii) m<nandn<m=m = n,

(iii) [(M ® n) @w]®[(m ® w) ®n] <[/(w ® n) ®ml.

Let the binary relation ” < ” on B be such that m < n < m®mn = 0, for any m, n € B, then

the BCL-ordering ” <" is called ordered relation on B.

Example 1.1.1. [42] Let B = {0, p, g, r} and define a binary operation ® on B by the table below:

(@] o]lp|qf r]
oflolo]o]|oO
pllp|O0O|r|p
glg|r|0|qg
r r| O 0 0

Table 1.1: A table that defines a binary operation ® on BCL—-algebra, B

From the Table 1.1 above, (B; ®, 0) is a BCL-algebra.

Definition 1.1.9. [43] An algebra (B; ®, 1) of type (2, 0) is said to be a BCL"—algebra if and only
if the following conditions hold, Ym, n, w € B:

(i) m&m =1,
(ii) m®»n=J]andn®m=7=m=n,
(ii) [(men)ew)® (mewen)] =((wen)®m).

Let the relation “<” on B be defined by m < nifand only if m ® n = 1, Vm, n € B. Then,

the BCL—ordering “<” is called an ordered relation on B.



Definition 1.1.10. [44] Let (B; ®, 1) be a BCL"—algebra. Any non-empty subset S of the BCL* —algebra
B, is called subalgebra of Bif m®mn € §, Vm, n € S.

Definition 1.1.11. [45] If D is a nonempty subset of a BCL™ —algebra (B; ®, 1), then we say that
D is a deductive system of B if the following axioms are satisfied, Vm, n € R:

(i) 1D,

(ii)meDandm&®n €D =necD.

Definition 1.1.12. [46] A Liu algebra L = (L; ®, ®, 1), where L is a nonempty set, two binary op-
erations ® and © are defined on L and 1 is fixed element of L is called Liu—algebra if the following
axioms hold Vm, n, w € L:

(i) (L; ®, 1)isa BCL" algebra,
(ii) (L; ®) is a semi-group,
(ffi) MOMAW)=(mMON)®(MoOw),

(iv) mMe®m)oOw=MmoOw)®(mow)

Definition 1.1.13. [46] Let (L; ®, ®, 1) be a Liu algebra. A nonemy set S C L is a subalgebra if S
is closed under the two binary operations ® and © in L; alternatively, Ym, neS, m ® n, moGneS
(of course, (S; ®, ®, 1) is also a Liu—algebra).

Definition 1.1.14. [46] Let I be a nonempty subset of BCL" - algebra (B; ®, 1). We say that I is

called an ideal of B if, the following are satisfied, Ym, n, w in B:

(i) 1€l

(ii) m®nnel=mel,

(ii) (MM @W)) ® we 1.
Definition 1.1.15. [46] Let I be a nonempty subset of Liu—algebra (L; ®, ®, 1), I is called an ideal
of Lif, vm,n € L:

(i) m®nnel=mel

(ii) nGOMmMoenel=mecl



Definition 1.1.16. [46] If D is a nonempty subset of a Liu—algebra (L; ®, ®, 1), then D is said to

be a deductive system of L if the following two axioms are satisfied, Vm, n € L:
(i) 1€ Dand

(ii) meDme®neD moENeD=necD.

1.2. Some Types of Hyper Algebras

In this section, we recall fundamental definitions related to hyper—algebraic structures. Key con-
cepts such as hyper-operations, hyper ordered relations and various forms of substructures including
strong hyper, weak hyper and hyper substructures are presented to establish the groundwork for our
exploration. For this subsection, we denote P(R) to be power set of R = () and P*(R) = P(R)\{(}.

Definition 1.2.1. [75] An algebra (R; @, 0) is called hyper BCl-algebra if R is a non-empty set
endowed with a hyper-operation @, a constant ”0” and a hyper relation X satisfying the axioms
below, Vm, n, weR

(i) Mme@w)@mew)=(ma@n)
(i) (mMm@n)@w=mMme@w)@n,

(ii)) m=m,

(iv) m=<nadn<m=m=n,

(v) 0@(0@m)=<m,m#0;

where m X n is defined by 0 € m @n and for every A, B C R, A < B is defined by for all acA,

there exists b € B such that a < b. In such a case, ”=<" is called the hyper ordered relation in R.

Definition 1.2.2. [36] Let R be a non-empty set with a constant ”0” and "@” be a hyper operation
defined on R. Then (R; @, 0) is said to be a hyper BCH-algebra if the following axioms are satisfied,
Ym, n, w € R:

(i) m=m,
(ii) (M@n)@w=mMme@w)@n,

(iii) m=nandn<m)=m=n,
where the hyper ordered relation < is such that m < n is defined by 0 € m @ n.

Definition 1.2.3. [75] Let R be a nonempty set and @ : R x R — P*(R) be a hyper-operation.
Then (R; @, 1) is called a hyper BE—algebra, if it satisfies the following axioms, Vm, n, w € L:

(i) m=Iandm=<m,



(ii) Mm@ nM@w)=n@mew),
(iii) mel@m,
(iv) I<m=m=1I,

where the hyper relation ”=X” is defined by m X n < I € m @ n and for any two nonempty
subsets A and B of R, we define A < B if and only if there exist m € A and n € B such that m < n,

and A @B = U (m@n).

meA,
neB

Definition 1.2.4. [63] An algebra (R; @, 1), where @ : R X R — P*(R) is a hyper-operation and 1
is a constant, is called a hyper Cl-algebra, if for all m, n, w € R, it satisfies:

(i) mMm@Mme@w)=n@(me@w,),

(ii) 1em@m,

(iii) mel@m.
The relation ”=" is defined by m <n < I € m@n. Let G and K be two non-empty subsets of R.
Define G @ K = U (Mm@n)and G <X K < there exist m € G and n € K such that m < n.

megG,
nek

Definition 1.2.5. [62] Let R be hyper BE—algebra. A hyper-operation "@” on R is a function
from R x R — P*(R) satisfying the following conditions:

(i) mM@B-= U (m@n), where m is fixed element of R and B C R,

neB

(ii) A@n = U (m@n), where n is fixed element of R and A C R.

meA

Definition 1.2.6. [34] A hyper MV-algebra is a non-empty set M endowed with a hyper operation

€« »

“@”, a unary operation “x” and a constant “0” satisfying the following axioms, Ym, n, w € M:
(i) m@mn@w)=(m@n)@w,
(ii) m@n=n@m,
(iii)  (m*)" =m,
(iv) (m*@n)*@n=(n"@m)* @m,
(v) 0"em@0,
(vi) 0 €em@m*.

Definition 1.2.7. [62] A non-empty subset S of a hyper BE—algebra R is said to be a hyper subalge-
braof R, if m@n C§, forall m,n € S.

10



Definition 1.2.8. [35] A nonempty subset D of M is called a hyper MV-deductive system of M if it
satisfies the following axioms:

(i) 0¢€D,

(ii) (Vm,neM)(m*@n)* <D,neD=mecD,)
Definition 1.2.9. [75] Let L be a non-empty subset of a hyper BCI-algebra R. Then L is said to be
a hyper BCl-ideal of R if, Vm, n € R:

(i) 0cL,

(i) m@n<LandneL=mEeL.

Definition 1.2.10. [75] Let L be a non-empty subset of a hyper BCI-algebra R. Then L is said to
be a strong hyper BCI-ideal of R if, Vm, n € R:

(i) 0cL,

(i) (m@n)N[#£0PandnelL=meL

Definition 1.2.11. [62] Let I be a non-empty subset of a hyper BE—algebra R, = be hyper relation
such that 0 € I, then:

(i) 1is a hyper BE-ideal of R if foralm,m e R m@n <Ilandnec€l=mel,
(ii) Iis a weak hyper BE-ideal of R if forallm,ne R m@n Clandnel=mE¢cl,

(iii) 1is a strong hyper BE-ideal of Rif, Vm,n € R,  m@n)NI# P andn €I = me L

1.3. Basic Concepts of Fuzzy Sets

This section recalls fundamental definitions of fuzzy structures, including fuzzy sets, operations,
and relations, as well as fuzzy subalgebras, fuzzy deductive systems, and fuzzy ideals, laying the
groundwork for further exploration that follows the preliminary. Besides, we restate fuzzy hyper
substructures, defining various fuzzy ideals, subalgebras, and deductive systems in different hyper

algebras using order-based and other defining conditions.

Definition 1.3.1. [8/] A fuzzy set A of a non-empty set R is the set of ordered pairs defined as
A={(m, n,(m)): meR}, where 1, : R— [0, 1] is a function called the membership function
of A which assigns to every element m of R, a degree of membership 1, (m) in the fuzzy set A.
The omplement of m, is the fuzzy subset denoted by T A(m) is the fuzzy subset in R with

f,(m)=71—mn,(m), YmeR.

11



Definition 1.3.2. [39] Let R # (), N, R—[0,1]and n, : R — [0, 1] be fuzzy sets in R, then:

(i) M, €n, & n,(m)<n,(m), vm € R, where C is the inclusion,
(ii) M, Cn, ©n,(m) <n,(m), Vm € R, where C is the strict inclusion,
(iii) m, =n, ©n,(m) =n,(m), Vm € R, where = is the equality,
(iv)  (m,Un,)(m) = max{n,(m), n,(m)}, vm € R,
(v)  (m,Nn,)(m) = min{n,(m), n,(m)}, vm € R,
(vi) m,(m)Vn,(n) = max{n,(m), n,(n)} and n,(m)/\n,(n) = max{n,(m), n,(n)}, Vm, ner,
Definition 1.3.3. [39] Let R # () and {n, : i € I} be a family of fuzzy subsets in R, then:

(i) | Jm,(m)) = sup{n,(m)}, vm € R,

iel iel

(ii) () (m)) = inffn, (m)}, ¥m € R

Definition 1.3.4. [57] Fuzzy subset 1 in BCl-algebra R is called fuzzy ideal of R if:
(i) m(0) =n(m), VmeR,

(i) n(m) > min{n(ma®n), n(n)}, vm neRr.

Definition 1.3.5. [73] A fuzzy subset 1 is called a fuzzy subalgebra of a Cl-algebra R if it satisfies,
Vm,neRr nmaen)=n(m)Anm).

Definition 1.3.6. [56] A fuzzy subset | in a hyper BCl-algebra R with a hyper relation < is said to
be a fuzzy hyper BCI-ideal of R if the axioms hereunder hold, Ym, n € R:

(i) m=n=mn(m)=nn)

(i) n(m)>min{ inf n(w), n(n)}

we(me@n)

Definition 1.3.7. [6] Let (R; @, 0) be a hyper AT-algebra. A fuzzy subset | in R is called a fuzzy
hyper subalgebra of R if, Ym, n € R; inf nm®n) > min{n(m), n(n)}

we(me@n)

Definition 1.3.8. [34] A fuzzy subset M of M is called a fuzzy hyper-MV-subalgebra of M if the
following hold, Ym, n € M:

12



*

(i) m(m*) = n(m), where* is a unary operation such that (m*)* = m

(i) inf m(u) = min{n(m), n(n)}
ue(men)

Definition 1.3.9. [34] A fuzzy subset | of M is called a fuzzy hyper-MV-deductive system of M if the
following hold, Ym, n € M:

(i) n(m) > min{ We(igf@n)*(n(WJ, n(n)}

(i) m=n=mn(m)=nn)

Definition 1.3.10. [34] A fuzzy subset n of M is called a fuzzy weak hyper-MV-deductive system of
M if the following hold, YVm, n € M:

(i) m(m)>min{ inf (n(w) nn)}

we(m*@n)*

Definition 1.3.11. [34] A fuzzy subset | of M is called a fuzzy strong hyper-MV-deductive system
of M if the following hold, Yym,n € M:  inf m(u) > n(m) > min{ sup n(w), nn)}

ue(m*@m)* we(m*@n)*

Definition 1.3.12. [45] Let (H; @, 0) be a hyper BCl-algebra, then a fuzzy subset 1 is called be

hyper fuzzy BCI-subalgebra of H, if V' m, n,u € H:  inf {n(w)} > {n(m), n(n)}

wemen

Definition 1.3.13. [45] Let (R; @, 0) be a hyper BCl-algebra, then a fuzzy subset 1 is said to be
hyper fuzzy BCI-ideal of R if, Vm, n, u € R

(i) n(0) =2n(m),
(ii) m<n=n(n)=n(m),

(iii) m(m)>min{ inf n(u)n(n)}

uemen

Definition 1.3.14. [47] Let (R; @, 0) be a hyper BCK—algebra. Then Ym, n, w € R, a fuzzy subset
1 in R is said to be:

(i) a fuzzy weak hyper p-ideal of R if:

n(0) >n(m) > min{ue(m@g}g (n@w)n(u), nm)},

13



(ii) a fuzzy hyper p-ideal of R if

m=n=mn(m)>nn) and n(m) > mm{ inf  m(w), n(n)},
ue(mew)@(new)

(iii)  a fuzzy strong hyper p-ideal of R if:

inf_n(w>n(m)>min{  sup  nlw) n(n)}.
ue(me@m) we(mew)@(n@w)

1.4. Basic Concepts of Pythagorean Fuzzy Sets

This section recalls Pythagorean fuzzy sets as a generalization of intuitionistic fuzzy sets. Also, we
recall related functions like score function, accuracy function, and the degree indeterminacy, and

compare them through examples and tabular analysis.

Definition 1.4.1. /7] An intuitionistic fuzzy set I in a non-empty set R is an object having the form:
{{(m, n(m), T(m)): m € R}, where the functions: n: R — [0, 1] and t(m) : R — [0, 1] define the
degree of membership and the degree of non-membership, respectively satisfying the condition:

0<n(m)+t(m) <1

Definition 1.4.2. [78, 84] A Pythagorean fuzzy set P in a non-empty set R is an object having the
form: P ={{m, n(m), t(m)): m € R} or simply P = (n, T), where the functions n: R — [0, 1]
and t: R — [0, 1] define the degree of membership and the degree of non-membership, respectively
satisfying the condition: 0 < (m(m))? + (t(m))? < I. In such cases where P is a Pythagorean

fuzzy set, there is a degree of indeterminacy of m € R to P defined by:

np(m):\/l — [(n(m))z—i—('t(m))z} and hence 7(m) € [0, 1]

Definition 1.4.3. [79, 84] Let P be Pythagorean fuzzy set. Then, the score function s of P is defined

by: s,(m) = (m(m))? — (t(m))? and hence s,(m) € [-1, I].

Definition 1.4.4. [79] Let P be a Pythagorean fuzzy set. Then, the accuracy function a of P is de-
fined by: a,(m) = (m(m))2 + (t(m))? and hence a,(m) € [0, 1]

14



Example 1.4.1. Let P and Q be in R # ) such thatn,, T, N, and T, are defined as follows:

Mappings m n Mappings m n
N, 06 | 05 o 07 | 05

T, 04 | 04 T, 05 | 04

Ny + Tp 1 0.9 Mo + Mg 1.2 | 09
(np)? 0.36 | 0.25 (Mg ) 0.49 | 0.25
(T,)? 0.16 | 0.16 (t4)? 0.25 | 0.16
M) + (7,)? | 0.52 | 0.41 (Mo)? + ()% | 0.74 | 0.41

Table 1.2: Tables comparing intuitionistic and Pythagorean fuzzy sets

From the above tables, it is observed that:

P:{<m’ T]P(m

However, Q =

), T,(m)): m & R} R is both Pythagorean and intuitionistic fuzzy sets.

{{m, ny(m), t,(m)): meR} is a Pythagorean fuzzy set but not an

intuitionistic fuzzy set and:

a,(m)=0.36 +0.16 = 0.52,
sp,m)) =0.36 —0.16 = 0.2,

m,(m) =1-0.36 —0.16 =1 —0.52 = 0.48,

a,(m)=0.25+0.16 =041,
sp(n)) =0.25 —0.16 = 0.09,

m,(m)=1-025-0.16=1—-0.41=0.59

and similarly one can follow similar calculations to determine the accuracy function, the score func-

tion and the indeterminacy degrees for Q.

Remark 1.4.1.

(1) Pythagorean fuzzy set is the generalization of intuitionistic fuzzy set as the

preceding example, for instance, indicates how Pythagorean fuzzy set generalizes the intu-

itionistic fuzzy set as particular case.

(2) As X. Peng & J. Dai [58] in 2017 and [59] in 2018 explored descriptions of the three basic

concepts: accuracy function, score function and degee of indeterminacy, the concepts meant

as follows:

(i) Accuracy Function: It determines the intensity of expressed judgment whether it is large or

small in expression. It is an indicator of the general conviction or determination of the assess-

ment. The higher the accuracy function, the lower the hesitation in making a decision; and

the lower the accuracy, the higher the hesitation,
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(ii) Score Function: It measures the net dip or slant of a judgment, that is, in favor or against a
given option. Its uses are to rank or compare alternatives. The more the score the higher the

support and the less the score the higher the opposition,

(iii) Degree of Indeterminacy: It is the level of indeterminacy reflecting the extent of doubt in
a Pythagorean fuzzy assessment. It determines the amount of the information that remains
undecided-neither obviously to the affirmative, nor to the negation. The degree of indeter-
minacy shows less clearness in judgment and the judgment is more hesitant. The higher the
degree of indeterminacy, the greater the doubt; the lower the degree, the more decisive the

Jjudgment.

1.5. Basic Concepts of Some Fundamental Structures

(Homomorphisms, Level sets, Cartesian Products and ([3, 0)—Fuzzy Structures)

This section reviews key background concepts including homomorphisms, level sets, and Cartesian
products of fuzzy sets, as well as the framework of ([3, 8)-fuzzy structures, all foundational in earlier
studies of fuzzy algebraic systems.

Definition 1.5.1. /9] A mapping f: R — Y of BE—algebras (R; ®, 1) is called a homomorphism if
fim ® n) = fim) ® fin), vm, n € R.

Definition 1.5.2. [/5] Let M be a fuzzy subset in a non-empty set S. For t € [0, I], then the set

A ={m e S:n(m) >t} is called a level subset of the set S.

Definition 1.5.3. [74] Let R be PMS-algebra and A = (1, T) be intuitionistic fuzzy PMS- ideal of R.
Fort, s € [0, 1], the ideals Um, t)= {m €R:n >t} and (T, t) = {m € R: T < s} are called

the upper and lower level PMS-ideals of R, respectively.

Definition 1.5.4. [5], 61, 71] Let n be fuzzy sets of an algebra R. Then the Cartesian product
nxn: R x R— [0, 1] is defined by (m x n)(m, n) =min{n(m), n(n)}, Vm, n€R, and then
(m, n)®(m, n,)=(m&m, n,®n,), Ym, m, n, n, € B, so that for fuzzy setsm,, 1, :
(M, xn,)(m, n) = min{(n,(m), (m,(n)}, vm, n € R and

M, xn)m, m,)® (n, n,) =M, xn,)(m &n,, m, ®n,), Vm, m,, n, n, € B.
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Definition 1.5.5. [8] Let 1 be any fuzzy subsets of R and Y. Then the Cartesian product | X 1| with
membership functionn X 1 : R x Y — [0,1] is defined by:

(n xn)(m, n) =min{n(m)n(n)}, v(m, n) eRxY.

Definition 1.5.6. [73] A fuzzy subset 1 is called a (3, ©)-fuzzy subalgebra of Cl-algebra R if it
satisfies, Vm,n € Rand 0 < p <0 < I:

nmen)V e =>nm) Anm) Ao

Definition 1.5.7. [73] An intuitionistic fuzzy set A = (m, T) of Cl-algebra R is called the intuitionis-
tic (B, 0)-fuzzy subalgebra of R if it satisfies: for all m, n € R
(i) nm&n)V R =n(m)Ann)Ae

(i) ttme®n) A< t(m)VIn) VA

Example 1.5.1. [73] Let R = {1, p, g, r} in which ® is defined by the table below:

H

Bl—Q Q| .Q

1] p
1l |p
1|1
1| p
111

K|.Ql|T|~| ®

R |Q B

Table 1.3: A table of Cl-algebra, (R; ®, 1)

Define membership and non-membership fuzzy sets M, and T, respectively as follows:

1, fm=1,qg,r 0, fm=1,q r
n,(m) = and  T,(m)=
O/ lfm:p 1, lfm =p

Then A = (n,, T,) is an intuitionistic (3, 0)—fuzzy subalgebra of R.

But if we define membership and non-membership fuzzy sets 1, and T, respectively as follows:

04, if m=1,9g 06, ifm=19g
n,(m) = and T, (m)=

0.6, if m =p, r ’ 04, if m =p, r

Then B = (n,, T,) is NOT an intuitionistic ({3, ©)—fuzzy subalgebra of R.
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Chapter 2
Hyper Structures of BCL-Algebra

2.1. Hyper BCL-Algebra

Under this section, we introduce different notions of hyper BCL—-algebra, different types of these
hyper substructures like hyper subalgebra, weak hyper subalgebra, strong hyper subalgebra, hyper
deductive system, weak hyper deductive system, strong hyper deductive system, hyper ideal, weak
hyper ideal and strong hyper ideal of hyper BCL—algebra, state and prove theorems and properties
of the hyper BCL—algebra and its hyper substructures.

By (weak, strong) hyper substructure, we mean weak hyper substructure, strong hyper substructure,
hyper substructure, and by weak/strong hyper substructure, we mean weak hyper substructure and

strong hyper substructure.

At this stage, since the entire dissertation is based on the BCL-algebra, we discuss some new and
relevant properties of the BCL-algebra defined in Definition 1.1.8, which have not been discussed
before. These properties are important because we will use each of them in different subsections and

sections of the study.

Proposition 2.1.1. If (B; ®, 0) is BCL-algebra then the following statements hold, Ym € B.
(1) 0® (0®m) =0,
(2) O0® (0 ® (0® m)) =0 (and generally, ... 0 ® (0 ® (0 ® (0® m)))) = 0),
(3) 0®m=0,
(4) mMm®0=0=m=0,

(5) m®0=m.

Proof. Let B be a BCL—-algebra and suppose m € B.
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(1) Then we need to prove that 0 ® (0 ® m) =0, Vm € B.

From Definition 1.1.8 (3), we have the following:
[(mem)em)® (mem)®m)]® (me@m)®m)=0= 0® (0® m) =0, since for:
k = (m® m)®m, we have k®k = 0 and m ® m = 0 by Definition 1.1.8
Hence 0 ® (0 ® m)=0, Vm € B.

(2) Here we need to show 0 ® (() ® (0 ® m)) =0,Vm € B.
=0® (0®(0®m))=0® 0 ®0)=0® 0=0, Vm € B, since 0®(0®m) =0, Ym € B, by (1)
above, and it holds for such similar successive equations.

(3) Under this proposition, we need to prove 0 ® m =0, by (1) above
Suppose: 0 ® m = 0 and let 0 ® m =n, where n 0. Now,0 ® (O® m)=0,Vm € B
=0®n=0,Vm e B, Vn=0®m and n # 0 which is a contradiction to our assumption:
0@m=n#0 = 0®m=0,Vm € B. Again, by the definition of binary relation on B, we have:

0®m=0,if and only if 0 < m, Vm € B so that it implies that O is the least element of B.

(4) Supposing m ® 0 = 0, then we need show that m =0
From 0 ® m =0and m ® 0 =0, we get m = 0 by Definition 1.1.8 (2).
(5) To show that m ® 0 = m, first we need shaw (m®0)® m=0and m® (m® 0) =0 to get
m ® 0 = m by Definition 1.1.8 (2).
(i) We claim (m ® 0) ® m = 0. Then from Definition 1.1.8 (3), by letting n =0 and w = m,
we have: [((m@()) ® m) ® ((m@m) ®O)} ® ((m@O) ®m) =0 and by letting
p=(m®0)®m,weget: (p®0)®p=0,VpeB,asm@®@m=0=(m@&m)® 0=0VmeB.
(ii) We claim p ® (p ® 0) = 0.
From Definition 1.1.8 (3), by letting m p, w = 0 and then n = p ® 0, we have:
[(p®(p®0)®0)® ((p®0)® (p®0))] ® ((0® (p®0)) ®p) =0
= [(pe(p®0)®0)® (p®0) @ (p®0))] ®0=0, by (3) above

= (p®(p®0)®0) ® ((p®0) ® (p®0)) =0, by (4) above
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= ((p ®(p®0))® O) ®0=0, since (p ®0) ® (p ® 0) =0, by Definition 1.1.8 (1)
= (p®(p®0))®0=0and thenp ® (p®0) =0, Vp € B, by (4) above.
Then from (i) and (ii) above, we have the following, as a whole:

(p®0)®p=0andp® (p®0)=0= (p®0) =p, Vp € B, by Definition 1.1.8 (2) -

Definition 2.1.1. An algebra B = (B; @, 0), with a hyper operation @ :BxB— B) and a constant
0 is called a hyper BCL—algebra, if Ym, n, w € B and a hyper relation < on a non-empty set B the

following axioms are satisfied:
(1) 0=m, m=m,
(2) m<nand n=mM = m=n,
(3) (me@n)ew)@(mew)@n)=<(w@n)@m,
where the hyper relation “<" is defined by: m <n < 0€ m@n and B = P(B)-{0},

P(B) is power set of a non-empty set B.

Remark 2.1.1. Let (B; @, 0) be a hyper BCL-algebra and m = n < 0 € m @ n as defined in
Definition 2.1.1. Then the axioms for hyper BCL—algebra can be written as follows, Ym, n, w € B:

(1) 0c0@m, 0em@m,
(2) 0em@n and 0en@m = m=n,
3) 0e[(me@en)@ew)@((m@w)@n)] @ ((wen)@m),

Definition 2.1.2. For non-empty subsets G and K of the hyper BCL—-algebra B; a, b € B, and two
hyper relations < and >, the following are defined:

() (i) Gek= ] (g@Xk), (i) a@K = | (a@K), (i) G@b = | J(g@b),
]%e](g, keK geG
S

(2) G <K < (39€G) (FkeK) such that g 2 k,

(3) G=K < (39€G) (VkeK) such that g 2 k,

(4) G =K < (VgeG) (FkeK) such that g 2 k,

(5) m@ncCG&Vgem@n=9geG
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Example 2.1.1. If(B; ®, 0)is a BCL-algebra and @ is a hyper operation on B defined by:
m@n ={m®n}, Vm, n € B, then (B; @, 0) is a hyper BCL-algebra as justified below:

Let (B; ®, 0) be a BCL—algebra and @ be a hyper operation on B, then we need to show that
(B; @, 0)is a hyper BCL-algebar where {m ® n} = m @ n. In other words, we justify that the
three axioms for Definition 2.1.1 are satisfide in the sense that m @ n = {m ® n}, Ym, n € B, as

follows:
Definition 2.1.1 (i): From Definition 1.1.8 (1), we have, m®@m=0=0€ {m®m}=m@m

=0em@m=m=m, bydefinition of X",

Again, as proved in Proposition 2.1.1 (3), we have: 0 ® m =0

=0c{0®@m}=0@m=0€0@m=0=m, bydefinition of "=<".

Definition 2.1.1 (ii): From Definition 1.1.8 (2), m®n=0andn®@m=0=m=n
==0e{m®n}=m@nanddc{n®m}=me@n=m=n
=0em@nanddem@n=m=n and

oem@nem X nandlen@m << n <X m, bydefinition of "<”

=m=<nandm < n=m=n

Definition 2.1.1 (iii): From Definition 1.1.8 (3), Ym, n, w € B, we have:

Since (B; ®, 0) is a BCL—algebra, by 2.1.1 (iii), for arbitrary m, n, w € B, we have:
(men)ew) @ (mew)@n)) ® (wen)®@m) =0 and then,
{((men)ew) @ (mew)@n))® (wen)®m)} = {0}

=0ec{0}={((men)ew)® (mew)®n))® (wen)®m)}

=[(m@n)@w)@ (mew)@n)|@((w@n)@n)@m)

= (men)e@ew) @(m@w)@n) < (w@n)@n)@m, bydefonition of "<X".
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Example 2.1.2. Let B= {0, p, g, r} and define a hyper operation @ on B by the following table:

0 P q r
{0} {0, p} {0} {0, p, a}
{p, £} | {0, a} [ {0, @, r} | {p, a4, r}
{a} {p. £} | {0, p} {p, a}
{p, o r}| {0} {0, p, r}| {0, p}

Table 2.1: A te describing a hyper BCL-algebra, B = (B; @, 0):

E|lQ|T| o ®

From Table 2.1 of Example 2.1.2 above, we have (B; @, 0) is a hyper BCL-algebra.

Lemma 2.1.1. Let (B; @, 0) be hyper BCL—algebra such that ) # C C B.
Ifm@nCC VmneC, then0ecC.

Proof. Suppose () # C C B where B is a hyper BCL-algebra such that m@n C C, Ym,n € C
= Since () # C, 3m € C such that m@m C C then by Definition 2.1.1 (1), 0 € m@m C C

= 0eC. u

Lemma 2.1.2. Let (B; @, 0) be a hyper BCL-algebra such that () # C C B.

(1) If 0£m e Cthen0 ¢ m @0, Vm € C, and hence 0 @ 0 = {0}.

(2) mem@0, Vm € B.

Proof. (1) Let () #C C B such that 0 # m € C. Assume 0 € m @ 0. Then by Definition 2.1.1 (2),
and as 0 € 0 @ m, Vm € B by Definition 2.1.1 (1); we get; 0 c0@mand0 e m@0 = m=0

by Definition 2.1.1 (2), which is a contradiction to the hypothesis 0 # m.

Hence 0 ¢ m @0, Vm € B,but m=0 = 0@ 0 = {0}, by the next Remark 2.1.2.

(2) Since @ : B — (@) is hyper operation, we have, m@0 (), Vm € B.
Using Definition 2.1.1 (3): [((m@n)@w)@((m@w)@n)] < ((w@n)@m), Ym, n, weB
= [((m@0)@m)@((m@m)@0)]| < ((m@0)@m), whenn =0and w=m,Vm € B
= Ja € ((m@0)@m)@((m@m)@0) < such that a < b, Vb € ((m@0)@m), Vvm € B

= a=<b<0€ a@b,Vb € (m@0)@m, Vm € B = There is a possibility for b = 0
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= 0=b e (m@0)@m,VvmeB

= 0em@0orme m@ 0, Vm € B, by Definition 2.1.1 (1)

But0 e m@0,Vm e B = m=0, by Lemma 2.1.1, which is a contradiction since m is arbitrary
= 0¢m@Q0, form=#0and hence m e m@ 0, Ym € B. O

Remark 2.1.2. (1) The Contra-positive form of Lemma 2.1.2 above, stated as: “For the hyper
BCL—-algebra, (B; @, 0)and D) #CCB; 0em@0=m=0,Vm € C” holds; in other
words, m <0 = m =0,

(2) In general, from Remark 2.1.2 (1) and by Lemma 2.1.2 above, we infer that m = 0 if and only
if m=0.

Proposition 2.1.2. Let (B; ®, 0) be a hyper BCL—algebra. Then, the following hold, Ym, n, weB:
(i) 0ed@(m®@n),

(ii) 0e(0@m)@(0@n),

(iii) 0€e(0@m)@m@w),

(iv) 0 (m@(me@m))@m.

Proof. Let B be hyper BCL—-algebra. Then by Definition 2.1.1 (1), 0 € 0 @ m, Vm € B and then,
1 mM@nCB=0c0@(m@mn), by Definition 4.1.1 (i)
(i) 0e60@0=0€c(0@m)@(0@n), by Definition 2.1.1 (1) and (i) above
(i) 0e0@(Mm@n)=0c(0@m)@n@w),asn@w C B, by (i) above.

@iv) 0€0@m,Vm € B, by Definition 2.1.1 (1)
= 0e(mM@0)@m,asmem@0,Vvm € B, by Lemma 2.1.2 (2)

= 0 (m@(m@m)) @m,Vm € B,as0 € m@m, by Definition 2.1.1 (1)
Proposition 2.1.3. Let (B; @, 0) be a hyper BCL-algebra and ) # C C B.
Then the following hold, Y m, n € B:
(i) 0=<0@m, [and generally, 0 =< ...0 @ (0 @@ m))}
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(i) 0@m < {n},
(iii) 0@m <{n},
(iv) c@{0}={0}=C={0}.

Proof. (1) By the axioms of Definition 2.1.1 (3) of the hyper BCL-algebra B and <, we have:

0 € [(m@m)@m)@((m@m)@m)]@((m@m)@m), Vm € B (translating definition of <)
s0cel@me@e@em)]@e@m) =0c(@0)@O@m),VmeB
=0c0@0@m)=0<0@m,YmeB

Oras 0@mCB,wehave0c0@0@m)=0=<0@m,VmecB
Furthermore, along the steps of the above proof, it is observed that:
0c(0@(0@@O@m)))and hence 0X0@ (M@ (n@w)),Vm,n,w B

(ii)) Let0<m=3J0c0@msuchthat0 e 0@m)@n=0@m < {n}
(iii) Follows from (ii), since {n} is singleton set.

(iv) Let§ #CCBandC@{0} = | Jm@0)= | J(m@0)={0}

meC, meC
0<{0}

=m@0={0},Ym e C= m=0=C={0} which is automatic by Remark 2.1.2.
O

Proposition 2.14. B = (B; @, 0) be hyper BCL—algebra. Then the following hold, for ) # C C B,
) A£DCB, Ym € B:

I. C=C, C>=C, 7. 0@m~<C,

2. C@DCB, 8. CND#(0=C=<D, D<C,

3. CCD=C<D, C=D, D=XC, 9. CXD=C<D,

4. {o}y=c, {0}=C, 10. C>=D=C=<D,

5. Cx{0}=cC={0}, 1. CND<CUD, for CND #§,

6. 0eC=C=D, 122 CND=<C,CND <D, for CND # 0.
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Proof. Let (B; @, 0) be hyper BCL-algebra, () £ C, () # D such that C, DCB, m, n, ¢, d, p, g€B:
yYp g

(1) SinceYm e C;0em@m hence C<XCand C > C, are straightforward,

@ cep= [J memc (Jrey= J xey=B
meC(CB), PEB, p, q€B
neD(CB) qeB

c

(3) Suppose CC D
i) dmeCsuchthat meD=0em@m=C <D,
(i) LetmeC=meD=0em@m,VmeC=C>D, and
(ii1) m e C=m € D = dmeD such that m<m,Vm € C = D < C,

(4) For() #C CB,0 € 0@m, vm € C by Definition 2.1.1 (1) and since {0} is singleton set it
follows than {0} < C and {0} = C.

(5) Suppose C ={0} = (YmeC)(3F0€{0}) such that 0 € m @ 0 and by Proposition 2.1.3 (ii)
or by Remark 2.1.2 we have: m =0, YmeC = C = {0},

©6) 0eC=0=<mor0el0@m,VmeD=C=<D,

(7) 30 € (0@m) such that 0=<n (or 0 € 0 @ n), for somen € C = 0@m < C,

(8) SinceCND#0,ImeCD=meCandmeD=0cm@m=C<DandD <C,

(9) C=D = dmeC, YneD such that 0 € m@n = (ImeC)(dneD) such that 0em@n = C<D,

(10) Suppose C = D = (vVm € C)(dn € D) such that 0 € m@n = (dm € C)(In € D) such that

Dem@n=C<D,
(I1) As CND#(,3Im € CN D and then m € CUD such that 0 em@m = CND < CUD.

(12) As CND#@P,ImeCnDandm e Csuchthatlem@m = CND < C, and

as CND#(,3m e CnNDand m € D such that lem@m = CND <D.
O

Remark 2.1.3. For the hyper BCL—algebra (B, @, 0) if C and D are non-empty subsets of B then

the following may not be necessarily true justified by the succeeding counter example:
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(i) C<D<D=C

(i) Cub=C@D, CUD = U (c @ d), where U represents the crisp union.

ceC,
deD

(iii) CDand D <C(orC>=DandD > C)= C = D.

Example 2.1.3. Based on Table 2.1 of Example 2.1.2, we present counterexamples that support the

assertions made in Remark 2.1.3.

(i) {r}=Xg@por{r} =<{p, r} holds true but g@ p = { r} does not hold true and for the converse,
0@qg>p@ror{0} ={p, g r} holds true but p @ r < 0 @ g does not hold true and hence

neither C<D=D>CnorD>C=C=<D

(ii) For C={0}and D ={0, r}, CUD =10, r} but
cen=|J(c@d=0@0)uO@r)={0}U{0 p q}={0,p q}:

ceC,
deD

=CUD={0,r}#{0,pgt=C@D

(iii) {0} = {0, p} and {0, p} < {0} hold but {0} = {0, p} does not hold.

Lemma 2.1.3. [f the hyper BCL—algebra (B; @, 0) is such that each column entry in column m is
{0}, then B = {0}.
Proof. As B is hyper BCL-algebra, 0 € 0 @ m by Definition 2.1.1 and by the hypothesis,
m@0 = {0}, Vm € B. Then by Definition 2.1.1 (2) 0 € 0@m and 0 € m@0, Vm € B
=m=0,YmeB=B={0}. =

Lemma 2.1.4. In a hyper BCL—algebra (B; @, 0), if B is such that all row entries in row-m are {0},

(0 @ m = {0}, for one element m ofB), then m = 0 and the number of elements (cardinality) of B
is reduced by one. Again since m and 0 are not distinct the cardinality is reduced by the number of

elements that are the same as 0, and for this.

Proof. Since 0 € 0 @ m, for Yme B, by Definition 2.1.1 (2), and m @ 0 = {0}, by the hypothesis,
we have m = 0, by Definition 2.1.1 (1) and m @ 0 = {0} by the hypothesis, it follows m =0
by Definition 2.1.1 (2).
O
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2.2. Hyper Subalgebras of Hyper BCL—-Algebra

In this section, the idea of subalgebra is expanded to hyper subalgebras in a hyper BCL—-algebra,
where one operation can give several results. We show what conditions make a subset a hyper sub-
algebra and explain its main kinds: weak hyper subalgebra, strong hyper subalgebra, and hyper
subalgebra. Their properties and differences are presented through clear definitions, examples, and
well-proved theorems to show their correctness. The union and intersection of hyper subalgebras
are also discussed and properly justified. Finally, the relationships among weak hyper subalgebra,

strong hyper subalgebra, and hyper subalgebra are explained with convincing reasons.

Definition 2.2.1. Let B = (B; @, 0) be a hyper BCL—algebra and () # S C B. Then S is a hyper
subalgebra of B if and only if the following is satisfied, Ym,n € B: m,neS=m@n CS.

Definition 2.2.2. Let B = (B; @, 0) be a hyper BCL-algebra and () # S C B. Then S is weak hyper
subalgebra of B if and only if the following is satisfied, Vm,n € B: m,neS=m@n < S.

Definition 2.2.3. Let B = (B,' @, 0) be a hyper BCL-algebra and ) # S C B. Then S is strong hyper
subalgebra of B if and only if the following is satisfied, Vm,n€ B: m,neS=m@n < S§.

Example 2.2.1. From Table 2.1 of Example 2.1.2 above, we have:

(i) {0}, {0, g} and B are hyper subalgebras of B,

(ii) {0}, {0, p}, {0, r}, {0, p, g}, {q}, {r}, {p r}, B areweak hyper subalgebras of B,

(iii) {0} is strong hyper subalgebra of B.

Example 2.2.2. Let B = {0, p, g, r} and define a hyper operation @ on B by the table as follows:

@ 0 P a r

0 {0} {0, p} {0} {0, p, a}
p || {p, a} {0, a} {0, c} | {p. o r}
q {a {p. a, r} {0} {p, a}
r | {p, a r} {0} {0, p, £} | {0, p}

Table 2.2: A table describing a hyper BCL—-algebra, B = (B; @, O):

From Table 2.2 of Example 2.2.2 above, (B; @, 0) is a hyper BCL-algebra. Furthermore:
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(i) {0}, {0, p, g}, B are hyper subalgebras.
(ii) {0}, {0, g}, {0, =}, {0, b, g}, {0, g r}, B areweak hyper subalgebras of B.

(iii) {0}, {p}, {g}, {r}, {p g}, {p r} isstrong hyper subalgebra of B.

Proposition 2.2.1. Let (B; @, 0) be a hyper BCL—-algebra. Then:
(1) {0} is a (weak, strong) hyper subalgebra of B.

(2) B is (weak) hyper subalgebra but not strong hyper subalgebra of B.

Proof. Let (B; @, 0) be a hyper BCL—-algebra.

(1) Clearly, 0 € B. Now since 0@0 = {0}, we have: {0} = 0@0 C {0}, {0} = 0@0 < {0} and
{0} =0@ 0 < {0} and hence {0} is a hyper subalgebra, weak hyper subalgebra and strong
hyper subalgebra of B.

(2) The proof for B is (weak) hyper subalgebra:
Since the hyper operation @ : R x R — B), we have m@n C B, Vm,n € B = B is hyper
subalgebra of B.

Furthermore, m@n C B m@n < B, Vm, n € B by Proposition 2.1.4 (3) and hence B is weak
hyper subalgebra of B.
For B is not strong hyper subalgebra of B can be justified by considering g@r of Example 2.2.2

forB={0, p, g, r} since there is no element say k € g@r such that Vme B, 0 € k@m

as q@r = {p, g} £{0,p, g, r} =Binthat 0 ¢ p@0 or 0 ¢ g@r -

Lemma 2.2.1. Let (B; @, 0) be a hyper BCL—algebra. Then the following hold:
(1) IfS, is a strong hyper subalgebra of B, then S, = {0}.
(2) IfS, is hyper subalgebra of B, then, 0 € S, .
Proof. Let(B; @, 0) be a hyper BCL-algebra.
(1) LetS, be strong hyper subalgebra of B. Then since S_ # () by definition of strong hyper

subalgebra of B, 3m € S, such that m@m < S_ and then 0 € m@m < S.

Then {0, m} < S_ or {0} <S_ if m=0.

Now, we claim that m =0, Vm € S_ butsince ), me S, m@0 < S

= (dJp em@0) (Vg€ S,) (0 € p@q)
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= 0 € p@ 0, since q is arbitrary element of S, = p =0 by Remark 2.1.1
= 0€e M@0, Vm € S,
= m =0 by Definition 2.1.1 (2), Vm € S_ and therefore, S, = {0}
(2) LetS, be hyper subalgebra of B. Then by the definition of S, # () = Im € S, such that

0em@mcs, = 0€S,.

Proposition 2.2.2. Let (B; @, 0) be a hyper BCL—-algebra. Then:

(1) Every strong hyper subalgebra of B is hyper subalgebra of B,

(2) Every hyper subalgebra of B is weak hyper subalgebra of B.

(3) Every strong hyper subalgebra of B is weak hyper subalgebra of B.
Proof. Let (B; @, 0) be a hyper BCL-algebra and ) # S, C B.

(1) Suppose S, is strong hyper subalgebra of B. Then by Lemma 2.2.1 (1), S, = {0} and since for
every hyper subalgebra S, of B, {0} C S, , by Proposition 2.2.1 and hence the proof.

(2) Suppose S, is a hyper subalgebra of B; thatis m,n €S, ,m@n C S, . Then by Proposition
2.14 (3), m@n <S, . Hence S, is weak hyper subalgebra of B.

(3) Every hyper subalgebra of B is weak hyper subalgebra of B holds by transitivity of (1) to (2)
above in this proposition.

Note: Generally, for S_, S, and S, denoting the set of all strong hyper subalgebras, set of all
hyper subalgebras and the set of all weak hyper subalgebras of a hyper BCL—-algebra,
respectively, we have: S, €S, C S . .

Remark 2.2.1. The converses of each statement in Proposition 2.2.2 may not be necessary true as
explicitly seen in Examples 2.2.2 as for instance that {0, g} is hyper subalgebra but not strong hyper
subalgebra of B.

Example 2.2.3. Let (B; @, 0) be hyper BCL-algebra where B = {0, p, g, r} and let @ be the
hyper oparation defined in Table 2.2 of Example 2.2.2 above. Then:

(1) {0, g} is hyper subalgebra of B (as listed in Example 2.2.2 (i))
but not strong hyper subalgebra of B, because of the following reasons:
q@0 =< {0, g} is false as g@ 0 = {q} £ {0, g}
or (EIS € @ O) (‘v’t € {0, g} ) ( s=<torQ € s@t) is nnot true, by definition of <.

Hence S is hyper subalgebra of B does not necessarily imply S is strong hyper subalgebra of B.
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(2) {0, r} is weak hyper subalgebra of B (as listed in Example 2.2.2 (ii))

but not hyper subalgebra of B, because of the following reasons:
r@0C {0, r}isfalseasr@0={p,q, r} ¢ {0, r}

Hence S is weak hyper subalgebra of B does not necessarily imply S is hyper subalgebra of B.

(3) {0, r} is weak hyper subalgebra of B (as listed in Example 2.2.2 (ii))
but not strong hyper subalgebra of B, because of the following reasons:
r@0={0,r}isfalseas r@0={p,q,r} A{0,r} or
(3ser@0) (Vt€{0,q} )(s=<tor0e {0, r} s@t) is nnot true for t =0, by definition of <.

Hence S is weak hyper subalgebra of B does not imply S is strong hyper subalgebra of B.

Theorem 2.2.1. Let (B; @, 0) be a hyper BCL-algebra and S, and S, be (weak, strong) hyper
subalgebras of the hyper BCL-algebra B. Then the non-empty intersection, S, NS,, of any two
(weak, strong) hyper subalgebras of B is also (weak, strong) hyper subalgebra of B, respectively.
Proof. (1) Let S and S, be any two hyper subalgebras of the hyper BCL-algebra B.

Suppose m,neS, N S,, and we need to show that m@n C SN S,.

Now, since m,n € S, m,ne S, and S,, S, are both hyper subalgebras of B, we have:

m@ncCS andm@ncCS,andthenm@n CSNS,.

Therefore, S,N S, is a hyper subalgebra of B.

(2) LetS, and S, be any two weak hyper subalgebras of B and suppose m,n € SN S,.
Then we claim that m@n < S, NS,, meaning: G3p e m@n)(p € S,NS,) (0 €p @p).
Now, sincem,n €S, m,n €S, and S, S, are both weak hyper subalgebras of B, we have:
m@n C S NS, and then 3p € m@n andp € S, and p € S, such that 0 € p@p
= (dp € m@n)(p € §,N S,) such that 0 € p@p = M@n < §S,.
Or alternatively, following m@n C S N S, (proved in (1) above) and by Proposition 2.1.4 (3),
we get m@n < §,NS,.

Therefore, in any ways, we get S,M S, is weak hyper subalgebra of B.

(3) LetS, and S, be any two strong hyper subalgebras of B. Then, by Lemma 2.2.1 (4),
S, =S, ={0} and hence S,N S, = {0} which is also strong hyper subalgebra.
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Corollary 2.2.1. The non-empty intersection, m Si, of any family of (weak, strong) hyper
i€l

subalgebras {S; : 1 € 1} of hyper BCL-algebra B is (weak, strong) hyper subalgebra of the

hyper BCL—algebra B, respectively.

Proof. (1) Let S, Vi € I be family of hyper subalgebras of the hyper BCL-algebra B such that

ﬂSi # (). Suppose m, ne S.,Viel and we need to show thatm@n C ﬂSi.
iel iel
Now, since m, n € mSi and S, Vi € I, are hyper subalgebras of B, we have: m@n C ﬂ Si.
iel iel
Therefore, ﬂ S; is a hyper subalgebra of B.
iel

(2) Let Sj, Vi € 1, be weak hyper subalgebras of B and suppose m, n € ﬂ Si.

iel
Then we claim that m @ n < ﬂSi, meaning: (dp € m @ n)(dg € ﬂSi) Oep@q).
iel iel

Now, sincem,n € S,,Viel, and S, Vi € I, are all weak hyper subalgebras of B, we have:

me@n C ﬂSi and then dJp € m@nand g=p € S., Vi € I, such that 0 € p@qg = p@p
iel
= (Ip € m@n)(3q € [ |Sy) such that 0 € p@q = m@n < S, Vi€l
iel
Or alternatively, following m@n C ﬂ S; (proved in (1) above) and by Proposition 2.1.4 (3),

i€l
we get m@n < ﬂSi.
iel
Therefore, in any ways, we get ﬂ S; is weak hyper subalgebra of B.

iel
(3) LetS,, Vi€ I, be strong hyper subalgebras of B. Then, by Lemma 2.2.1 (4),

S, ={0}, Vi €I, and hence ﬂSi = {0} which is also strong hyper subalgebra.
iel O
Remark 2.2.2. The union of any two (weak, strong) hyper syubalgebras of a hyper BCL—algebra
may not always be a (weak, strong) hyper subalgebra of the hyper algebra B, respectively. We give
a counterexample for one of the (weak, strong) hyper subalgebras as follows, and the others can be

explained in a similar way.

Example 2.24. Let (B; @, 0) be hyper BCL-algebra where B = {0, p, g, r} and the hyper
operation @ be as defined in Table 2.2 of Example 2.2.2 above. Then as listed in Example 2.2.2 (iii),
{0} and {p} are strong hyper subalgebras of B but the unions, {0}U{p} = {0, p} is not strong
hyper subalgebra of B because of the following justifications:

Taking 0, p € {0, p} butp® 0 ={p, g} £ {0, p}, since there does not exist k € {p, g} such thet
0 € k&t, Vt € {p, g} so that the union of strong hyoer subalgebra of B is not necessarily strong
hyoer subalgebra of B.
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2.3. Hyper Deductive Systems of Hyper BCL—-Algebra

In this section, we define and explore hyper deductive systems in the setting of hyper BCL-algebras,
where operations may produce sets of results. We discuss various kinds of hyper deductive systems
as weak hyper deductive system, strong hyper deductive system, and hyper deductive systems and
give examples to show how they behave differently and how they relate to other hyper substructures.

Under this section we use DS for deductive system.

Definition 2.3.1. Let B = (B; @, 0) be a hyper BCL-algebra and () # D C B. Then D is a hyper
deductive system ( DS ) of B if and only if the following are satisfied, Ym, n, u, w € B:

(i) meD=mMme@u) @uCD,

(i) mneD=m@Mme@w)CD.

Definition 2.3.2. Let B = (B; @, 0) be a hyper BCL-algebra and ) # D C B. Then D is weak hyper
DS of B if and only if the following are satisfied, Ym, n, u, w € B:

(i) meD=M@u) @u=<D,
(i) mneD==m@n@w)-<D.

Definition 2.3.3. Let B = (B; @, 0) be a hyper BCL-algebra and () # D C B. Then D is strong
hyper DS of B if and only if the following are satisfied, Vm, n, u, w € B:

(i) meD=mM@u) @u=<D,

(ii) mneD=m@me@w)=<D.

Example 2.3.1. Let B = {0, p, g, r} and define a hyper operation @ on B by the table as follows:

@ 0 P q r
0| {0} | {0, a} | {0} | {0, r}
p
q

{e} [ {0, p} | {p, r} | {p, r}
{a} [ {a, r} | {0} |{a r}
{r}| {0} | {0, p} | {0, r}

Table 2.3: A table describing a hyper BCL-algebra, B = (B; @, 0):

(1) From Table 2.3, above, B = (B, @, 0) is a hyper BCL—algebra. Furthermore:
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(i) B is the only hyper DS of B,
(ii) {0}, {0, p}, {0, g}, {0, r}, {0, b, g}, {0, p, £}, {0, g r}, B are weak hyper DSs of B,
(iii) {0}, {p}, {q}, {r} are strong hyper DSs of B.
(2) From Table 2.1 of Example 2.1.2 above, we have the following:

(i) B is the only hyper DS of B,
(ii) All subsets of B containing 0 are weak hyper DSs of B,
(iii) B is strong hyper DS of B.

Proposition 2.3.1. Let B = (B; @, 0) be any hyper BCL—algebra. Then the following hold:
(1) B is the only hyper DS of B.

(2) If D is weak hyper DS of B, then 0 € D.
(3) {0} is weak hyper DS of B,

(4) B is weak hyper DS of B.

Proof. Suppose B is a hyper BCL-algebra:

(1) Suppose D is hyper DS of B. Then by its two axioms:
m € D = (m@u)@ue D and m, n€ D = m@n@w)c D, for arbitrary u and w € B which
could yield non-subset of D but as B is hyper BCL—algebra, the results are contained in B.
Then B is the only hyper DS of B.

(2) Suppose D is weak hyper DS of B
Then, since D # (), Im € Dsuchthat(m@m)@m <D, m@ (m @ m) < D,
0@m<(me@me@m<D, m@0<me@(me@m)=<D,
=0€0@m<D, 0 € m@ 0 =< D, (and then by Definition 2.1.1 (2), we get the following:)

= m =0 € D, for any weak hyper DS D of B.

3) 0e{0}=0ce(@@Qu@uand0c0@ (0@w),Vu,w B
=0c(0@Qu@u=<{0}and0c0@O@w) < {0},Vu,weB

Therefore, {0} is weak hyper DS of B

(4) Since 40 € Bsuchthat 0 @u)@u <Band 0 @ (0 @ w) < B, Vu, w € B.
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Therefore, B is weak hyper DS of B.
But, B may not be strong hyper DS of B could be explained as from Example 2.3.1:
reB=(r@0)@0={r}@0={r} ABas{r} Ar(or0 ¢ r@r =r)

Proposition 2.3.2. Let (B; @, 0) be a hyper BCL-algebra. Then, every hyper DS of B is weak
hyper DS of B.

Proof. Let (B; @, 0) be a weak hyper BCL-algebra and () # D C B such that 0 € D.

Suppose D is hyper DS of B: Then:
meD=mMe@u)@uCDandm,neD=m@n@w)CD,Vu,w e B.
Then by Proposition 2.1.4 (3), meD = (m@u)@u<D; m, n € D = m@n@w)<D, Yu, weB.

Hence D is weak hyper DS of B.
O

Remark 2.3.1. As shown in Example 2.3.2 below, the following are explained:

(1) The converses of the statement in Proposition 2.3.2 may not be necessary true.

(2) Strong hyper DS of B cannot be related to (weak) hyper DS of B.

Example 2.3.2. Let (B; @, 0) hyper BCL-algebra where B = {0, p, g, r} and the hyper operation
@ is as defined in Table 2.3 above. then Remark 2.3.1 could be explained as follows:

(1) As described in the Example, D = {0, p} is weak hyper DS of B.
However, taking 0 € D and r € B we have the following:
(0@r)@r={0, r} @ r = (0@r)J(r@r) = {0, r} U{0, r} ={0, r} £ D = {0, p}
Therefore, D = {0, p} is weak hyper DS of B but not hyper DS of B.

(2) To justify, ”Strong hyper DS of B cannot be related to (weak) hyper DS of B”, we give counter

examples to assure the following four cases:

(i) D is strong hyper DS of B # D is weak hyper DS of B,
(ii) D is strong hyper DS of B # D is hyper DS of B,
(iii) D is weak hyper DS of B # D is strong hyper DS of B,

(iv) D is hyper DS of B # D is strong hyper DS of B,
(i) Let D = {p}, then as describe in Example 2.3.1, above, D is strong hyper DS of B. But taking
pED and 0, g€B, then, (p@0)@qg = {p}@qg = {qg, r} £ D = {p} and hence D is not weak hyper

DS of B.
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(ii) Let D = {0}, then as describe in Example 2.3.1, above, D is strong hyper DS of B. But taking
0 € Dand 0, p € B, then, (0@0)@p = {0}@p = {0, g} ¢ D and hence D is not hyper DS of B.

(iii) Let D = {0, p}, then as describe in Example 2.3.1, above, D is weak hyper DS of B. But taking
p€Dand0, g€ B, then, (p@0)@p = {p}@qg = {g, r} £ D and hence D is not strong hyper

DS of B.

(iv) Let D = B, then as describe in Example 2.3.1, above, D is hyper DS of B. But taking g € D
and 0, r€B, then, (q@0)@r = {g}@qg = {q, r} A B, since r € {qg, r} and 0 € B but g £ 0.

and therefore B is not strong hyper DS of B.

Theorem 2.3.1.  The non-empty intersection, D, N D,, of any two (weak, strong) hyper DSs,
D, and D,, of a hyper BCL-algebra (B; @, 0) is also (weak, strong) hyper DS of B, respectively.

Proof. (1) Let D, and D, be any two hyper DSs of B such that D, N D, # (. Then:

(1) Suppose m € D,ND,. We need to show that (m @u) @u C D,ND,, Vu € B.
Now, since m € D,ND,, wehavem € D, and m € D,
== (M@u@uCD, and(m@u)@uC D,, Vue B, as D, and D, are hyper DSs
= (m@u)@uC D ND,, Vue B.

(i) Suppose m,n € D,ND,. We need to show thatm @ n @ w) C D,ND,, Ywe B
Since m,n € D,ND,, wehave m,n €D, andm,n €D,

>m@m@w)CD, and(m@w)@w CD,, Vwe B, as D, and D, are hyper DSs of B
= m@mn@w)C D,ND,, vwe B
Hence, by (i) and (ii) above, D,ND, is a hyper DS of B.

(2) Let D, and D, be any two weak hyper DSs of B.

(1) Suppose m € D,ND,. We need to show that (m@u) @u < D ,ND,,Vu € B

But from (1) above, we have: (m@u) @ u C D,ND,, Vu € B

Then by Proposition 2.1.4 (3),  m@u) @u < D,ND,, Vu € B.
(ii) Similarly, m,n € D, and m,n €D, = m@ mn @w) <D ,ND,, Vw € B.

Hence D,ND, is a weak hyper DS of B.
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(3) Let D, and D, be any two strong hyper DSs of B. Then:
(1) Suppose m € D,ND,. We need to show that(m @ u) @ u < D ND,, Vu € B.
Since m € D,ND,, wehave m € D, and m € D,
== (M@u)@u=D, and(m@u)@u =D,, Vue B, as D, and D, are strong hyper DSs of B
= (Ipe (m@uwe@u)) (Vge (D,ND,))(p X q),Vue B,forp=0and m=u
= (m@u)@u =D, ND,, Vue B.
(i) Similarly, m@ n@w) <D ND,,forn=mandw =0.

Hence, by (i) and (ii) above, D,ND, is a strong hyper DS of B.
]

Corollary 2.3.1. The non-empty intersection, ﬂDi, of any family of (weak, strong) hyper DS
iel
{Dj:1€ 1} of BCL-algebra, B is (weak, strong) hyper deductive system of the hyper BCL-algebra

B,respectively.

Proof. (1) Let{D;:1€ 1} be family of hyper DSs of B such that (|Ds, # 0. Then:
iel
(1) Suppose m € ﬂ D;,. We need to show that (m @ u) @ u C ﬂDi, Yu € B.
i€l iel
Now, since m € ﬂDi, wehave m € D;,Viel
iel

= (Mm@u)@uC Di,Viel,Yue B, as Dy, Vi € I, are hyper DSs

= me@u @ucC ﬂDi, Yue B.
iel
(i) Suppose m,m € ﬂ D;. We need to show that m @ (n @ w) C ﬂ D;, VYwe B
iel iel
Since m, n € ﬂDi, wehave m,n € D, Vie L.
iel

=>m@Mm@w)C Dy, Viel, Ywe B, as Dy, Vi € [, are hyper DSs of B

= me@ene@w)C ﬂDi,VWEB

icl

Hence, by (1) and (i1) above, ﬂ Dj, is a hyper DS of B.

iel

(2) Let Dy, Vi € I, be weak hyper DSs of B.
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(1) Suppose m € ﬂDi. We need to show that (m @ u) @ u < mDi’ YueB
iel iel
But from (1) above, we have: (m @ u) @ u C ﬂDi, Yu e B
iel
Then by Proposition 2.1.4 (3), (m@uw) @ u < |D;, Vu € B.
iel
(il) Similarly, m, n € Di,Vi€eI= m@nm @w) < [ |Di. Vw € B.
iel
Hence ﬂ D; is a weak hyper DS of B.
iel

(3) Let Dy, Vi € 1, be strong hyper DSs of B. Then:

(1) Suppose m € ﬂDi. We need to show that (m @ u) @ u < ﬂDi, Yu € B.
iel iel
Since m € ﬂDi, we have m € Dy, Viel
iel

= (M @u) @u Dy, Vi €1, Yue B, as Dj, Vi € 1, are strong hyper DSs of B

= (Ipem@Rue@u) (Vqe ﬂDi,)(qu),Vue B, forp=0whenm=u

i€l
= (m@u) @u =< ﬂDi, Yue B.
iel
(it) Similarly, m @ (n @ w) < ﬂ D;, forn=mand w=0.
iel
Hence, by (i) and (ii) above, ﬂ D; is a strong hyper DS of B.
iel O

Remark 2.3.2. The union of any two (weak, strong) hyper DSs of a hyper BCL-algebra may not
always be a (weak, strong) hyper DS of the hyper algebra B, respectively. We give a counterexample

for one of the (weak or strong) hyper DSs below, and the others can be explained in a similar way.

Example 2.3.3. Let (B; @, 0) be hyper BCL-algebra where B = {0, p, g, r} and the hyper
operation @ be as defined in Table 2.3 of Example 2.3.1 above.

As listed in Example 2.3.1 (1) (iii), {p} and { g} are strong hyper DSs of B but {p}U{q} = {p, g}
is not strong hyper DS of B because of the following justifications:

Taking p, g € {p}U{q} = {p, g} and g € B, we have:

P@(q@q) = p@{0} = {p} Z{p gt asp A q(or0 ¢ p@ qg).
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2.4. Hyper Ideals of Hyper BCL-Algebra

This section introduces hyper ideals in hyper BCL-algebra by defining weak hyper ideal, strong
hyper ideal and hyper ideal and investigate their relationships. The section includes theorems and
proofs that explain how (weak, strong) hyper ideals behave, especially corresponding intersections

and limitations such as when a strong hyper ideal can only contain the zero element.

Definition 2.4.1. Let B = (B; @, 0) be a hyper BCL-algebra and () 1 C B. Then I is called
hyper ideal of B if and only if the following are satisfied, Ym, n, w € B:
(i) nelm@nCl=mecl;,
(i) mnel=(mMe@mew))@wcl.
Definition 2.4.2. Let B = (B; @, 0) be a hyper BCL-algebra and () # I C B. Then I is weak hyper
ideal of B if and only if the following are satisfied, YVm, n, w € B:
(i) 0el;
(ii) nelm@n<I=mel;
(i) mnel=(me@mew))@w<I.
Definition 2.4.3. Let B = (B; @, 0) be a hyper BCL—-algebra and () # I C B. Then I is strong hyper
ideal of B if and only if the following are satisfied, Vm, n, w € B:
(i) 0el;
(ii) nelm@n=<I=mel;

(ii) mnel=(m@mew))@w=<1.

Example 2.4.1. Let B, = {0, p, q} and define a hyper operation @ on B, by the table as follows:

@| 0 p q
0| {0} | {0} {0}
p
q

{e}t | {0} [{0, p}
{a} | {p, a} | {0}

Table 2.4: A table describing a hyper BCL-algebra, (B1; @, O):

From Table 2.4 of Example 2.4.1 above, (B,; @, 0) is a hyper BCL-algebra. Furthermore:
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(i) {0}, {0, p} and B, are hyper ideals of B,,
(ii) {0} and B, are weak hyper ideals of B,,
(iii) {0} is strong hyper ideal of B,.
Example 2.4.2. Let (B,; ®, 0) be a BCL-algebra where B, = {0, p, g r}, ® is a binary
operation on B, and define a hyper operation @ on B, by m @n = {m ® n}, Vm, n € B,, then

(Bz; @, 0) is a hyper BCL—algebra if ® is as defined in Table 1.1 of Example 1.1.1 as explained in
Example 2.1.1. Then:

(1) {0}, {0, r}, B, are hyper ideals of B,,
(2) {0}, {0, r}, B, are weak hyper ideals of B,,

(3) {0} is strong hyper ideals of B,.

Lemma 2.4.1. Let (B; @, 0) be a hyper BCL—algebra. If I is hyper ideal of B, then 0 € L.

Proof. Let (B; @, 0) be a hyper BCL-algebra and suppose I is hyper ideal of B.
Then by the second axiom of definition of hyper ideal, we have:
mnel=me@mnhe@ew)@wCIVweB
Aslisnon-empty,takem=n=w=mMme@n@w))@wandmel=me@(m@m))@mcCl

But(im@(mem)@mcCl=amed)emc(mem)@mcCI, since0 € m@m, (by

Definition 2.1.1 (1)) = m@mCI=0em@mCI=0¢cl
O

Proposition 2.4.1. For any hyper BCL—algebra, B; the following hold:
(1) {0} is (weak, strong) hyper ideal of B,
(2) B is (weak) hyper ideal of B.
Proof. Suppose B is a hyper BCL—-algebra and:
(1) Suppose I is hyper ideal of B.
Then, since 0 € Isuchthat 0 @0)@0CI, 0@0)@0 =<1, 0@0)@0 <1,
=0@0CL 0@0<L 0@0<1I={0}CI {0} <Iand {0} <1,

Thus {0} is (weak, strong) hyper ideal of B
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(2) Let(B; @, 0)be hyper BCL-algebra and I = B, then to prove that I is (weak hyper ideal

of B, we proceed to prove the same/similar axioms side by side:

(1) Since B is hyper BCL-algebra, 0 € B =1 so that the first axioms for weak hyper ideals
of of B are satisfied,

(i) Ym,n€B, letnel(=B) and (m@n CI, m@n <)== mel=B
(by definitions of (weak) hyper ideals of B), and therefore, the first axiom of hyper ideals

and the second axioms for weak ideals of B are satisfied,

(i) Ym,n,w € B,let m, n € I (=B) then we need to show:
(a) (m@m@w))@w C I, (for hyper ideal)
(b) (Mm@m@w))@w < 1, (for weak hyper ideal)

Now, proving (a) guarantees that (b) is proved by Proposition 2.1.4 (3) or (9), and hence

we only prove (a) as follows:

(a) By definition of the hyper operation, @ : B x B — B =P(B) - ) (Deﬁnition 2.1.1),
we have, Ym, n, w € B, (m@n@w))@w C B =1,

Therefore, I = B is (weak) hyper ideal of B.

Proposition 2.4.2. Let (B; @, 0) be a hyper BCL-algebra. Then:
(1) Every hyper ideal of B is weak hyper ideal of B,

(2) Every strong hyper ideal of B is (weak) hyper ideal of B.

Proof. Let (B; @, 0) be a hyper BCL-algebra and () £ I C B such that 0 € 1.

(1) Suppose I is hyper ideal of B. Then:
mel=mMme@u@uClandmnel=m@mne@w)CLVuweB
By Proposition 2.1.4 3),  m@u)@u <landm,nel =m@ nh@w) <1, Vu, w € B.
Hence I is weak hyper ideal of B.
(2) Suppose I is strong hyper ideal of B:
(mel=me@eu@u<lTandm,nel=mMme@n@w)@w I, Vu wec B)
Then by Proposition 2.1.4 (9),  m@u)@u <land= (Mm@ n@u))@u < I, Vu, w € B.
Hence, I is weak hyper ideal of B.

In addition, by Proposition 2.1.3 (i1) or by Remark 2.1.2, I is hyper ideal of B.
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]

Note: Generally, if I_, I, and I, denote the set of all strong hyper ideals, the set of all hyper ideals

and the set of all weak hyper ideals of a hyper BCL-algebra, respectively then, I, C 1, C1I .

Remark 2.4.1. The converses of each statement in Proposition 2.4.2 may not be necessary true as

explicitly seen in the following Example.

Example 2.4.3. From Examples 2.4.1 and 2.4.2 {0, p} and {0, g} are hyper ideals but not strong
hyper ideals of the hyper BCL—algebra B, and B,, respectively.

Moreover, from Table 2.3 in Example 2.3.1, {0, r} is weak hyper ideal but not hyper ideal of the
corresponding hyper BCL-algebra B = {0, p, g, r} because of the following justifications that:

{0, r} is weak hyper ideal of B but not hyper ideal of; r@0 = {r} < {0, r} since:
r@0={r} <{0,r}; r@r={0,r} <{0, r}; 0@r={0 r} <{0 r};
0@0={0} <{0, r}burr@0={r} <{0, rtasr£0 or 0¢ r@0Q0.

Remark 2.4.2. Let (B; @, 0) be a hyper BCL—algebra and S C B. The following statements are

Jjustified by the example provided below:

(1) S being a (weak) hyper subalgebra of B does not necessarily imply that S is (weak) hyper

deductive system of B, respectively, and vice versa.

(2) S being a (weak) hyper subalgebra of B does not necessarily imply that S is a (weak) hyper

ideal of B, respectively, and vice versa..

(3) S being a (weak) hyper DS of B does not necessarily imply that S is a (weak) hyper ideal of B,

respectively, and vice versa..

(4) Strong hyper ideal and strong hyper Ds could have elements other than 0 unlike strong hyper

subalgebra, respectively.

Example 2.4.4. Let us justify some of these properties by the next example based on Table 2.4

of Example 2.4.1, above, and the others could be simply explained in similar ways:
(1) (i) {0} is (weak) hyper subalgebra of B but not (weak) hyper DS of B, respectively,
(ii) {0, p} is (weak) hyper DS but not (weak) hyper subalgebra of B, respectively.
(2) {0, p} is(weak) hyper ideal but not (weak) hyper subalgebra of B, respectively.
(3) {0} is (weak) hyper ideal of B but not (weak) hyper DS of B, respectively.

(4) {0, p, g} is a strong hyper ideal with an element p # 0 or g # 0.
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Theorem 2.4.1. The non-empty intersection, 1, N1,, of any two (weak, strong) hyper ideals

I, and 1, of a hyper BCL—algebra (B; @, 0) is also (weak, strong) hyper ideal of B, respectively.

Proof. (1) Suppose I and I, are any two hyper ideals of B:

(1) Supposen el NI, m@n CI NI, Then We need to show that m € [, N I,
SincenelNl,m@ncClnl,thennel,nel,m@ncl,m@ncCl,
==mel andmel, = melnl,

(i1) Suppose m,n € ;N I,. We need to show that( m@(m@w)) @w C 1 N1,
Now, sincem,ne€ [ NL,wehave m,ne€l andm,n €1,
=Mm@ne@w)@wCl andm@m@w)@wCl,=Mma@mne@ew)@wcClNI,
Hence I,N I, is a hyper ideal of B (by (1) — (ii) above).

(2) Suppose I, and I, are any two strong hyper ideals of B:

(1) AsI, and I, are strong hyper ideals of B, we have: 0€l, and0€cl, = 0l NIL,.

(i) Supposen € NI, m@n <IN I,. We need to show that m € I,N I,.

Asmel Nl,m@n<INI,wehave: nel,nel, m@n=l, andm@n =L,

==meclandmel, = melnNlI

(iii) Suppose m,n € I,N I,. We need to show that (Mm@ (m@w)) @w <[ N L,.
Now, sincem,ne€ I NL,wehave m,ne€l andm,n € L,.
=Mme@mnew)@wl,me@mew)e@ew=L=>memne@ew)@w=1nNL,.
Hence I,N I, is a strong hyper ideal of B (by (1) — (iii) above).

(3) Let I, and I, be any two weak hyper ideals of B.

Then since I,N I, is (strong) hyper ideal of B as proved above in (1) and (2), then following this

and by Proposition 2.1.4 (3) or by Proposition 2.4.2 (1), I, N I, is weak hyper ideal of B.

Corollary 2.4.1. The intersection, ﬂ Li, of any family of (weak, strong) hyper ideal {1; : i € J}
ie]
of hyper BCL—-algebra, B is also (weak, strong) hyper ideal of B, respectively.

Proof. (1) Let I, Vi € J be family of hyper ideals of B:
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(1) Supposen € ﬂ m@nC ﬂ I;. Then We need to show that m € ﬂ I;
i€ i€] i€]
Sincen € (L, m@ncC ()L thennel,Viclm@nCI, Viel
ie] ie]
=mel.Viel= me (L
ie]
(i) Suppose m,n € ﬂ I;. We need to show that(m @ (n @ w)) @ w C ﬂ I;
i€] i€]
Now, since m, n € ﬂ I, wehavem,nel,vie]
ie]
= me@me@w)@wcl.Vicl=me@mew)ewc [k
i€]
Hence ﬂ I; is a hyper ideal of B (by (1) — (iii) above).
ie]
(2) Suppose 1., Vi € J are strong hyper ideals of B:
(1) As I, Vie ] are strong hyper ideals of B, we have: 0€I,Vie]J = 0¢ ﬂ I;.
ie]
(i1) Suppose n € ﬂ m@n =< ﬂ I;. We need to show that m € ﬂ L.
ie] ie] ie]

Asnel,vielm@n= [\l,wehave: nel,Vielm@n<IL Viel

i€]
=mel.Vielandmel, = me [k
ie]
(ii1) Suppose m, n,w € ﬂ ;. We need to show that(m @ (n @ w)) @ w < ﬂ L;.
i€] i€]

Now, since m, n, w € ﬂIi, wehavem,n,wel,VieJandm,n,wel,.
i€]
= me@me@w)@w=I.Vicl=me@mnew)e@w= L
i€]
Hence ﬂ [; is strong hyper ideal of B (by (1) — (iii) above).
ieJ
(3) LetI,, Vi€ J be weak hyper ideals of B.

Then since ﬂ [; is (strong) hyper ideal of B as proved above in (1) and (2), then following this
ie]
and by Proposition 2.1.4 (3) or by Proposition 2.4.2 (1), ﬂ I; is weak hyper ideal of B. [
ie]
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Chapter 3
Fuzzy Hyper Structures of BCL-Algebra

3.1. Fuzzy Hyper Subalgebras of Hyper BCL—-Algebra

In this section, we introduce the idea of a fuzzy hyper subalgebra in a hyper BCL—-algebra. A fuzzy
hyper subalgebra uses fuzzy subsets to describe how strongly elements belong to a subalgebra, even
when operations give multiple outputs. We define fuzzy weak hyper subalgebra, fuzzy hyper sub-
algebra, and fuzzy strong hyper subalgebra, and provide examples and theorems that explain their
structure.

Definition 3.1.1. Let (B, @, 0) be a hyper BCL—algebra. Then a fuzzy subsetn : B — [0, 1] is
called a fuzzy hyper subalgebra of B if, Ym, n € B:

(i) m(0) =n(m)

(i) inf m(u) > min{n(m), n(n)}.

uemen

Definition 3.1.2. Let (B, @, 0) be a hyper BCL-algebra. Then a fuzzy subsetn : B — [0, 1] is
called a fuzzy weak hyper subalgebra of B if, Ym, n € B:

(i) m(0) =>n(m)

(i)  sup m(u) = min{n(m), n(n)}.

uemen

Definition 3.1.3. Let (B; @, 0) be a hyper BCL—algebra. Then a fuzzy subset 1 : B — [0, 1] is
called a fuzzy strong hyper subalgebra of B if, vm, n € B:

(i) m(0) =>n(m)

(ii) éﬂf@n”(u) > max{n(m), n(n)}.

Example 3.1.1. LetB= {0, p, g, r} be a set and (B; @, 0) be a hyper BCL-algebra as defined in
Table 2.3 of Example 2.3.1 above. Define fuzzy subsets m,, M,, M,: B—[0, 1] by:

44



.
0.9, if m=0,
1, if m=0,
0.8, if m=p, )
Tll(m) = 08, lfm:p, nz(m) = n3(m) :]: l‘fmzo’ b 94 L
04, if m=gq,
0.6, if m=gq, r,
02, if m=r,

Then m, is fuzzy (weak) hyper subalgebra but not fuzzy strong hyper subalgebra of B; 1, is fuzzy
(weak, strong) hyper subalgebra of B and 1, is fuzzy weak hyper subalgebra but 1\, is neither fuzzy
hyper subalgebra nor fuzzy strong hyper subalgebra of B by the following explained reason:

inf n,(u) = inf m,(u) =min{n,(p), n,(r)} =min{0.8, 0.2} =0.2
uep@q ue{p, r}

> min{n,(p), n,(q)} = min{0.8, 0.4} = 0.4 is not true

This assures that it is not fuzzy hyper subalgebra of B.

From the preceding illustration, we have the following for fuzzy strong hyper subalgebra of B:

inf n,(u) = inf n,(u) =min{n,(p), n,(r)} = min{0.8, 0.2} =0.2
uep@q ue{p, r}

= max{n,(p), N,(q)} = max{0.8, 0.4} = 0.8 is not true.

This also assures that m, is not fuzzy strong hyper subalgebra of B.

Lemma 3.1.1. Let n: B — [0, 1] be a fuzzy (weak, strong) hyper subalgebra of a hyper
BCL—-algebra B. If n is onto then n(0) = 1.

Proof. 1f 1 is onto, 3n€B such that n(n) = 1 and since n(0) > n(n), Yn € B, then, n(0) = 1.

Or if 1 is onto, 1(0) must attain the maximum value 1 of [0, 1] since n(0)>n(m), YmeB.

Theorem 3.1.1. Letn : B — [0, 1] be a fuzzy (weak) hyper subalgebra of a hyper BCL—algebra B,
then the set By, = {m € B :n(m) =n(0)} is a (weak) hyper subalgebra of B, respectively.

Proof. Let By ={m € B :n(m) =n(0)}, where 1 is a fuzzy (weak,) hyper subalgebra of B.
We need to show that B, satisfies the conditions of a (weak) hyper subalgebra.

By the first axiom of any one of Definition 3.1.1, 3.1.2, 3.1.3, we have:

1n(0) > n(m), vm € B. Thus, 1(0) is the maximum membership value.

Then, 0 € By, since 1(0) =n(0), 0 € B and therefore, By, # (.

(1) Let m,n € By,. Then, by definition of By, (hypothesis), n(m)=n(n) =n(0).
Since n is a fuzzy hyper subalgebra, we have:

45



inf m(u) > min {n(m),n(n)}, vm,n € B, by Definition 3.1.1 (ii)

uemen

= inf m(u) > min {n(0),n(0)} =n(0). This means that Vu € m@n, n(u) > n(0).

uemen

But since every u € m@n satisfies n(u) > 1(0) and n(0) is the maximum possible value in By,

then it follows that n(u) =n1(0), Vu € m@n. Thus, m@n C B,

Therefore, By, is a hyper subalgebra of B.

(2) Letn be a fuzzy weak hyper subalgebra. By Definition 3.1.2, Vm, n € B, the following hold:
@) n(0) =n(m),

(i) sup m(u) > min {n(m),n(n)}.

ueme@n
The fact that B, # () is the same as prove in (1) above so that B, # 0

Now, let m,n € By, thenn(m) =n(n) =n(0) = sup n(u) > min{n(m),n(n)} =n(0).

uemen

Since 11(0) is the maximum value in By, it follows that Yu € m@n, n(u) > 1(0), and thus
n(u) =n(0). Hence m@n C B, and then m@n < By, (by Proposition 2.1.4 (3)).
Therefore, B, is a weak hyper subalgebra of B. [

Remark 3.1.1. As proved in Lemma 2.2.1 (1), S, is any strong hyper subalgebra of a hyper
hyper BCL—algebra B, implies S, = {0}, guides us to B = {0} is strong hyper subalgebra

of B is seen trivial.
Theorem 3.1.2. Let S be a nonempty subset of a hyper BCL-algebra B and b, o€[0, 1] with
S, if m € S,

d > o and letn be a fuzzy subset of B defined by: n(m) = Then:
o, if m ¢ S.

(1) n is a fuzzy (weak) hyper subalgebra of B if and only if S is a (weak) hyper subalgebra of B,

respectively.

(2) If m is a fuzzy strong hyper subalgebra of B then S is a strong hyper subalgebra of B but not

the converse.

Proof. Suppose S C B and n is a fuzzy (weak, strong) hyper subalgebra of B. Then we need to
prove S is a (weak, strong) hyper subalgebra of B.
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(1) (1) To prove S is hyper subalgebra of B if and only if 1] is fuzzy hyper subalgebra of B:
Suppose S is hyper subalgebra of B.

Let m, n € S. By definition n(m) =n(n) = 6, and since 1 is a fuzzy hyper subalgebra,

we have inf mn(u) > min{n(m), n(n)}=90=n(u) > 9, Yu me@n.

uemen

Butn(u) <8, Vu e Mand n(u) > 6, Vvuem@n = n(u) =9, vuem@n,u € B=m@n C M
= S is hyper subalgebra of M.
Conversely, suppose S is hyper subalgebra of M.
Then we need to show that 1 is a fuzzy hyper subalgebra of B.
(a) Since S is hyper subalgebra of B, 0 € S, by Lemma 2.2.1
=1n(0) =5,Vm € S.
(b) For arbitrary m, n € B, we consider three cases as follows:
(i) m,m e S = m@n C S, since S is hyper subalgebra of B
= n(m) =6 =n(n) =n(me@n), by definition

= inf nu)=5,Vvue m@nandvVm,neS
uemen

= inf n(u) =90 > min{n(m),n(n)} =min{s, 6} =5

uemen
(i) meSandn #S (orn € Sand m # S) = either m@n C Sor m@n ¢ S
=1n(m)=5,n(n) =0 (orn(n) =9,n(m) = o) and n(m@n) > o, by definition
= inf nu)=o,Yue m@nandvVm,n €S

ueme@n
= inf n(u)=o0 2= min{n(m),n(n)} =min{d, o} =0
uemen
(iii) m,n#S = either m@n C Sorm@n ¢ S
= 1n(m) = o=n(n) and n(m@n) > o, by definition

= inf nu)=o,Yue m@nandvVm,n €S

ueme@n
= inf n(u)=0 > min{n(m),n(n)} = min{c, o} = o
ueme@n
In either case, inf m(u) > min{n(m),n(n)}, vm,n € B.
uemen

Thus, 1 is fuzzy hyper subalgebra of B, by (a) and (b) above.
(i1) To prove S is weak hyper subalgebra of B if and only if 1 is fuzzy weak hyper subalgebra of B :
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Suppose 1 is weak hyper subalgebra of B, then we show S is weak hyper subalgebra of B.
(a) As shown in (1) above, and by Proposition 2.2.2 (2) that every hyper subalgebra is weak
hyper subalgebra, n(0) =  so that 0 € S. By Theorem 3.1.1 (second part) implies the level
set B, =S is a weak hyper subalgebra of B. (Or from (1) above, we have shown that:
me@n C S = m@n < B, by Proposition 2.1.4 (3)). Thus, S is weak hyper subalgebra of B.
Conversely, suppose S is weak hyper subalgebra of B.

Then we need to show that 1] is a fuzzy weak hyper subalgebra of B.

But from (1) above, S is hyper subalgebra of B = S is weak hyper subalgebra of B)

= inf n(u) > min{n(m),n(n)},vm,n €B
ueme@n

= sup n(u) > inf n(u) > min{n(m),n(n)},Vm,neB
uemen uemen

= sup n(u) > min{n(m),n(n)},vm,neB
uemen

Thus, 1 is weak fuzzy hyper subalgebra of B as shown above.

(2) (i) To prove if S is strong hyper subalgebra of B then 1 is fuzzy strong hyper subalgebra of B:

Suppose 1 is strong hyper subalgebra of B, then we show S is strong hyper subalgebra of B.
Since sup n(u) = max{n(m),n(n)}, vm,n € B, Vm, n € S and by the first axiom of

uemen

definition of fuzzy strong hyper subalgebra of B, n(0) > n(m),vm € Sandn(m) < d,Vm € B

= 1n(0) <6 and hencen(0) =8 = 0€ S={0} = Sis strong hyper subalgebra of B.

(i) For “the converse may not be true”, suppose S is strong hyper subalgebra of B.

Then we need to justify that i) is not a fuzzy strong hyper subalgebra of B.

Let B = {0, p, g} as define by Table 2.4 and S = {0} is strong hyper subalgebra of B.

Now whenn=0€Sandm=p ¢S =p@ ={p} ZS =n(m)=35,and n(n)=o0=n(men)

= inf n(u)=o0 > max{n(m),n(n)} =max{d, o} = 6, which is not true as 6 > o.
ueme@n

Therefore , the converse for Theorem 3.3.3 (2) is not necessarily true.
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Corollary 3.1.1. Let S be a nonempty subset of a hyper BCL-algebra B and X  be the Characteristic

1, if m €S,
function defined by: x(m) =
0,ifm¢gS,

Then X is a fuzzy (weak, strong) hyper subalgebra of B if and only if S is a (weak, strong) hyper
subalgebra of B, respectively.

Proof. The proof of this corollary is similar to the proof of Theorem 3.1.2 above as 1 in Theorem
3.1.2 is the generalization of this Characteristic function, ¥ and all the steps are the same except

changing 6 by 1 and o by O for this case.
[

Proposition 3.1.1. Letn : B — [0, 1] be fuzzy (weak, strong) hyper subalgebra of B. Then,
the following hold ¥Ym, n € B:

(1) {m}<{n} = sup n(u) > min{n(m), n(n}},

uemen

(2) (m}x{n} = sup n(u) > minn(m), n(n)}.

uemen

Proof.

() m}<{n}=0em@n=sup n(u) > min{n(m), n(n)}; since n(0) >n(m), vme B.

uemen

2){m} 2 {n}= 0em@n=sup n(u)>min{n(m), n(n)}; sincen(0) >n(m), vme B. O

uemen

Theorem 3.1.3. Let (B; @, 0) be a hyper BCL—algebra and n be fuzzy hyper subalgebra of B such
that m, n, w € B. Then

(1) {w} € m@n = n(w) > min{n(m), n(n)},

(2) w@n C m@n = sup n(u) = min{n(m), n(n)}.

uewen

Proof. (1) Let {w} C m@n. From Definition 3.1.1 we have: {w} C m@n (or w € m@n)

By definition of fuzzy hyper subalgebra, (u) = min{n(m),n(n)} and

inf
uemen N

by definition of infimum, Yu € m@n, we have n(u) > inf n(v).
veme@n

In Particular, taking w=w, n(w) > inf n(u).
ueme@n
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Combining the two inequalities gives: m(w) > inf n(u) = min{n(m),n(n)}

ueme@n
= n(w) = min{n(m),n(n)}

(2) Assume w@n C m@n. Then by (1) above, Vu € w@n, we have n(u) > min{n(m), n(n)}
= sup n(u) =n(u) > min{n(m),n(n)} = sup n(u) > min{n(m),n(n)} O
uew@n uewan

Theorem 3.1.4. Let 1 be a fuzzy (weak, strong) hyper subalgebra of a hyper BCL—algebra B. Then
for any o € [0,1], the set B"‘ {m:n(m) > «, m € B} is a (weak, strong) hyper subalgebra of B,

respectively.
Proof. Letm,n € B%‘. Thenn(m) > «, n(n) > «. Ifn is fuzzy hyper subalgebra, then:

inf n(u) > min{n(m), nn)} > a = inf nu) >« = nu) > «, Yu € m@n

uemen uemen

= inf n(u) > a,Vue B;" = ma@n C Bg‘ and hence B]‘;‘ is hyper subalgebra of B

uemen

and then the weak and strong cases follow similarly.

Remark 3.1.2. Let 1n:B — [0,1] be a constant function and c € [0, 1). Then following

Theorem 3.1.4 and Corollary 3.1.1, we can generalize the following:
(1) If n(m) =1, Vm € B, then is a fuzzy (weak, strong) hyper subalgebra of B.
(2) If n(m)=c, Vm € B thenn is fuzzy (weak) hyper subalgebra of B, but not

strong hyper subalgebra of B.

Theorem 3.1.5. Let M1, M2 be fuzzy (weak, strong) hyper subalgebras of B such that Ym € B,
n1(m) = np(m), and suppose B“ is as defined in Theorem 3.1.4. Then, B“ C B"c

Proof. 1f meBﬁc ,thenm,(m) > «. Sincen,(m) >n,(m) >« = n,(Mm) > a = meB*.
2

= B% C B% and hence the proof.
b} 1 D

Proposition 3.1.2. Let B;" be as defined in 3.1.4 and 1 : B — (0,1] be a fuzzy subset. Then 1 is a
fuzzy (weak, strong) hyper subalgebra of B if and only if the set BY is a (weak, strong) hyper subal-
gebra of B,V € [0,1].

Proof. Follows directly from the proofs of Lemma 3.1.4 (for the sufficient condition) and Theorem

3.1.5 (for the necessary condition).
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3.2. Fuzzy Hyper Deductive Systems of Hyper BCL-algebra

This section focuses on fuzzy hyper deductive systems in hyper BCL-algebra. These systems com-
bine fuzzy set theory with hyper-operations to represent uncertain logical reasoning. We define fuzzy
weak hyper deductive system, fuzzy hyper deductive system, and fuzzy strong hyper deductive sys-
tem, and explain how fuzzy membership values behave under complex hyper-operations. Through
examples and theorems, we show how these systems support generalized logical deductions in un-

certain environments. Here we denote DS to represent deductive system.

Definition 3.2.1. Let (B; @, 0) be a hyper BCL—-algebra. Then a fuzzy subset 1 : B — [0, 1] is
called fuzzy hyper deductive system (DS) of B if the following are satisfied, Vm, n, w, u, v € B:

(i) sup n(v) = n(m)
ve(m@u)@u

(ii) inf  n(v) > min{n(m),n(n)}.
veme@(n@w)

Definition 3.2.2. Let (B; @, 0) be hyper BCL-algebra. Then a fuzzy subsetn : B — [0, 1] is called
a fuzzy weak hyper DS of B if the following are satisfied, Vm, n, w, u, v € B:

(i) sup 1n(v) = n(m)
ve(m@u)@u

(ii) sup  N(v) = min{n(m), n(n)}.
vem@(n@w)

Definition 3.2.3. Let (B; @, 0) be hyper BCL-algebra. Then a fuzzy subsetn : B — [0, 1] is called
a strong fuzzy hyper DS of B if the following are satisfied, Vm, n, w, u, v € B:

(i) inf mv) = n(m)
ve(m@u)@u

(ii) inf  n(v) > min{n(m), n(n)}.
vem@(n@w)

Example 3.2.1. Let (B; @, 0) be a hyper BCL-algebra as defined in Table 2.3 of Example 2.3.1 and
define fuzzy subsets by m,, M, M, . B— [0, 1] by:

.
0.8, if m=0,
1, if m=0,
0.6, if m=p, 0.7, if m=0,
n, (m) = 05, lf m=p, r, nz(m) = ﬂ3(m) =
0.3, if m= g, 04, if m=p, g, r.
02, if m= g,
\0.1, if m= r,
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Then m, is fuzzy (weak, strong) hyper DS of B. In contrast, n, is fuzzy (weak) hyper DS of B but
not fuzzy strong hyper DS of B, and m, is fuzzy weak hyper DS of B but 1, is neither fuzzy hyper DS
of B nor fuzzy strong hyper DS of B by the the following counter examples:

. : f = { 0 , — . 1’ 05 _ 05
(i) veoéz)r(lO@r)nl(v) min{n, (0), n,(r)} = min{ }
P min{Th (0), n, (0)} = n, (0) = 1, is not true confirming that m, is not fuzzy
strong hyper DS of B.

(11) inf  n,(v) =min{n,(p), n,(r)} = min{0.6, 0.1} =0.1
vep@(0@r)
> min{n,(p), n,(0)} = min{0.6, 0.8} = 0.6, is not true confirming that, is

not fuzzy hyper DS of B, and again
inf = mi 0), =min{0.8, 0.1} =0.1
Veoégo@rjnz(V) min{n,(0), n,(r)} = min{ }
> min{n,(0), n,(0)} =n,(0) = 0.8, is not true confirming that n, is not

fuzzy strong hyper DS of B.

Lemma 3.2.1. Letn : B — [0, 1] be fuzzy subset where M is a fuzzy (weak, strong) hyper DS of B.
Then the following hold:

(1) n(0) =n(m); Ym € B.
(2) nisonto = n(0) = 1.

Proof. (1) Definitions 3.2.1 — 3.2.3, condition (i) requires 1(0) > n(m), Vm € B.
Since B # () 3m € B such that 0 € m@m. Then by hypothesis pick m € B such that
(m@m)@m ={0}. Or more clearly:

Since m satisfies axiom (i) of the corresponding fuzzy DS,

sup  m(v) =>mn(m) (respectively, inf  n(v) >n(m)).
ve(m@m)@m ve(m@u)@u

But (m@m)@m ={0}. Then the left-hand side equals 1(0).
Hence 1n(0) > n(m). As m is arbitrary, the result follows.

(2) nisonto = n(0) =1 (which is immediate), as it is similar to the proof of Lemma 3.1.1.
More clearly, if n) is onto, In € B such that n(n) = 1 and since n(0) > n(n), Yn € B, by (1),
we have, 1(0) = 1 or if ] is onto, 11(0) must attain the maximum value 1 of [0, 1],

since n1(0) > n(m), Vv m € B. O
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Theorem 3.2.1. If n: B — [0, 1] is a (weak, strong) hyper DS of a hyper BCL-algebra B, then By,

is a (weak, strong) hyper DS of B where the set B, = {m € B :n(m) =n(0)}.
Proof. Form,n, u,w € B_, we have; n(m) =n(n) =n(0) =n(u) =n(w)

() Suppose meB, . Then using the first axioms of (weak, strong) hyper DS B, we have:

sup  n(v) = inf NV Z1(M) Z1(0) e (%)
ve(m@u)@u ve(meu)@u
= sup mn(v)> inf n(v)=n(0)
ve(m@u)@u ve(m@u)@u
Butn(0) > n(m), vme B by Lemma 3.2.1 above.
=n0)> sup n)= inf  NWV), WEMRQUW)@U .......ccoocvveieieeee. (%)
ve(me@u)@u ve(meu)@u
=n0)= sup nv)= inf 1), Vwe(m@u)@u, by (x)and (x%) above.
ve(mauw)@u ve(m@u)@u
(i1) using the second axioms of (weak, strong) hyper DS B, we have:
sup m(v)> inf n(v) > min{n(m),n(n)}=n(0)
vem@(naw) veme@(n@w)
= sup m(v)= inf n(v)=n(0)
vEM@(n@w) vEm@(ne@w)
Butn(0) > n(m), vme B by Lemma 3.2.1 above.
=n(0)>=> sup nv)= inf  n(v), Yvem@n@w)
vEM@(n@w) veme@(n@w)
= n0)= sup nv)= inf  n(v), wvem@new)
vem@(naw) veme@(n@w)
Therefore, by (i) and (ii) above, we ratified that By, is a (weak, strong) hyper DS of B.
H
Theorem 3.2.2. Let M be a nonempty subset of a hyper BCL-algebra B; 6, o € [0, 1] such
S, if me M,
that & >0 and let | be a fuzzy subset of B defined by: m(m) =
o, if m & S.

Then, 1 is a fuzzy (weak, strong) hyper DS of B if and only if M is a (weak, strong hyper) hyper DS

of B, respectively.
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Proof. Suppose M C B and 1 is a fuzzy (weak, strong) hyper DS of B. Then we need to prove M is
a (weak, strong) hyper DS of B.

(1) To prove M is hyper DS of B if and only if 1 is fuzzy hyper DS of B:
Suppose M is hyper DS of B.

Let m, n € M. By definition n(m) =n(n) = J, and since 1 is a fuzzy hyper DS, we have:

6)) sup  n(v) >n(m)=06=mn(v) > 9, Vv € m@n. But
ve(m@u)@u
nv) <4,¥v e Mandn(v) > 9, vuem@n = n(v) = 6, Yvem@n,v e M

= m@n C M, (since m@n contains 0, when m = n).
(ii) inf  1(v) 2 min{n(m), n(n)} =06 =n(v) >, ¥v m@n. But
vem@(n@w)
nv) <4,¥v eB=n(v) > 95, Yvem@n = n(v) =95, Yvvem@n = v € B
= m@n C M, (since m@n contains 0, when m = n).
= M is hyper DS of B, (by (i) and (ii) above).
Conversely, suppose M is hyper DS of B.
Then we need to show that 1 is a fuzzy hyper DS of B.
Since M is hyper DS of B, M = B and hence 0 € B, by Proposition 2.3.1 (1)
For arbitrary m, n € B, we consider three cases as follows:
(i) m,neM= (m@u)@u CM and m@(n@w) C M, since M is hyper DS of B

= n(m) =6 =n(n) =n((Mm@u)@u) = n(Mm@(n@w)), by definition

= sup 7(v)=0and inf . nv)=95,Ywem@nandVm,neM
ve(m@u)@u vem@(n@w)

= sup 7Nv)=6=>n(m)=90 and
ve(m@u)@u

inf =08 > mi , =min{d, 8} =06
veml@r[ln@w)n(v) min{n(m), n(n)} = min{ }

(i) m € Mand n #M (or n € M and m # S) = either (m@u)@u C M or (m@u)@u ¢ M;

me@(n@w) C M or m@(n@w) ¢ M

=n(m)=6,n(n)=0c(orn(n)=5%,n(m)=0)and
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n(m@u)@u > o and n(m@(n@w)) > o, by definition

= sup nv)=o, inf  n(v)=o0, Ve (meu@u,Vve m@ne@w),Vm,necM
ve(m@n)@u veme@(n@w)

= sup mnv)=o=2n(m)=o0 and
ue(maen)@u

= inf  m(v) =0 > min{n(m),n(n)} =min{d, 0} =0
vEM@(n@w)

(iii) m, n #M = (m@n)@u C M or (m@n)@u ¢ M; m@(n@w) C M or m@(n@w) ¢ M
= n(m) = o =n(n) and n((Mm@Qu)@u)) > o, n(m@(n@w)) > o,, by definition

= sup mnv)=o=>n(m)=0 and
ue(men)@u

= inf  n(v) =0 > min{n(m),n(n)} =min{d, o} =0
vem@(n@w)

In either case, inf m(u) > min{n(m),n(n)}, vm,n € B.
uemen

Thus, 1 is fuzzy hyper DS of B, by (a) and (b) above.

(2) To prove M is weak/strong hyper DS of B if and only if 1) is fuzzy weak/strong hyper DS of B.

We follow similar steps as for (1) above by simply changing ”inf” by ”sup” or vice-versa which

do not violate the persistences.
Therefore, n is weak fuzzy hyper DS of B as shown above. 0

Corollary 3.2.1. Let D be a nonempty subset of a hyper BCL—algebra B and X be the
1, if m € D,

Characteristic function defined by: x(m) =
0, if m ¢ D.

Then X is a fuzzy (weak, strong) hyper DS of B if and only if D is a (weak, strong) hyper
DS of B, respectively.

Proof. Following directly from Theorem 3.2.2, by setting 6 = 1 and o = 0 so that x is just the special

case of 1 when the membership values are chosen at extreme levels of the interval [0, 1].

Therefore, x is fuzzy (weak, strong) hyper DS of B if and only if D is (weak, strong) DS of B. u

Corollary 3.2.2. Let the fuzzy subset 1 : B — [0, 1] be a constant function on B such that
n(m) = ¢, Vme B where c€ [0, 1], then 1 is a fuzzy (weak, strong) hyper DS of B.
Proof. The proof for this is also a particular case of Theorem 3.2.2 such that if 6 = c, then the

function 1 is constant on all of B and in such a case, B, = {m € B:n(m) = n(0) = c} =B.
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But B itself is always a (weak, strong) hyper DS of a hyper BCL—-algebra (since it is closed under all

the operations). Therefore, 1 is a fuzzy (weak, strong) hyper DS of B. -

Theorem 3.2.3. Let 1 be a fuzzy (weak, strong) hyper DS of B. Then for each « € [0,1], the
level set: Bf]‘ ={m € B:n(m) > «} is a (weak, strong) hyper DS of B.
Proof. Suppose B is hyper DS and « € [0, 1]

(1) Since B # (), 3m € B such that 1(0) > n(m) (by Lemma 3.2.1 (1)) and combining this with

the hypothesis, we obtain, n(0) >n(m) >« = n(0) >« = 0 € Bf]‘.

(2) Letme Bﬁ‘. Then n(m) > . By the first axiom of definition of fuzzy strong hyper DS, or

Definition 3.2.3 (1) with the hypothesis: inf  nv)zZnm)>2a= inf nkHv)>«a
ve(m@u)@u ve(m@u)@u

Furthermore, from definitions 3.2.1 (1) and 3.2.1 (1) and since sup n(v)> inf n(v)
ve(m@u)@u vE(m@u)@u

Weobtain, sup n(v)> _inf n(v)>n(m)>a = vEBY W e (meuQu
ve(meuw)@u vE(m@u)@u n

(3) Letm,n e B]‘;‘. Thenn(m) > «, n(n) > «. By definitions of fuzzy hyper DS Definition
3.2.1 (2) and fuzzy strong hyper DS Definition 3.2.3 (2) with the hypothesis:

inf > mi m),nn)} > min{o, x} =ax = inf V) >«
veml@n(n@wn(\)) mln{n( ) n( )} ' { } ve(m@u)@un( )

Furthermore, from definitions 3.2.1 (2) and since ~ sup n(v) > inf nv)>v
ve(me@(maw) ve(m@(n@w)

sup nv)=v = ve Bg‘, Yv € (m@(n@w)
ve(me@(n@w)

Thus Bg‘ is a (weak, strong) hyper DS
[

Proposition 3.2.1. Letn: B — [0,1] be fuzzy (strong, weak) hyper DS of B. Then the following hold:

(I){m}<{n} =, inf n(u) >n(m), vm, n € B,

uemen

2){m}<{n} = (u) >n(m), Ym, n € B.

inf 1
uemen

Proof. Letn:B — [0,1] be a fuzzy (strong, weak) hyper DS of the hyper BCL-algebra B. By the
definition of such systems (see Definition 3.2.1-3.2.3), for any m, n € B, we have:
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n(m) <min{n(n), inf n(u)} =n(m)<n(n); n(m) < inf n(u)

uemen uemen

= inf n(u) >n(m) always holds under the given condition.
uemen

If {m} <{n} then {m} < {n} by 2.1.4 (9)

= {m} = {n} then {m} < {n} =n(m) < 6iné n(w).

Hence, If {m} < {n}then inf n(u) >n(m).
ueme@n

In both cases, inf m(u) > n(m) holds which completes the proof.
ueme@n

]

Remark 3.2.1. From Proposition 3.2.1 since: {m}<{n} = inf@ n(u) =2n(m) and {m} <{n}
uemen

= inf n(u)=>n(m)and sup n(u) > infyemenn(u) =n(m) and (u) =n(m).

inf 1
uemen ueman uemen

Then, (1) If {m}=<{n}, then sup n(u)>mn(m).

uemen

(2) If {m} ={n}, then sup n(u) =n(m).

uemen

Proposition 3.2.2. Let B be a hyper BCL—algebra andn: B — [0, 1] be a fuzzy subset such that
n(m) <nn), Vm, n € B. Then the following hold.:

(1) If n is a fuzzy (weak) hyper DS of B, then sup n(v) >n(m), and

veEm@n

(2) If m is a fuzzy strong hyper DS of B, then inf m(v) > min{n(m), n(n)}.

veEm@n

Proof. Letm, n € B and assume that n(m) < n(n).

(1) Since n is a fuzzy (weak) hyper DS B, it satisfies:

sup M(v) >n(m), Yme B by Definitions 3.2.1 and 3.2.1, and

vEM@u

Now taking u =n, we have: sup n(v) >n(m).
vem@n

(2) Since 1 is a fuzzy strong hyper DS of B, it satisfies:

inf n(v) >n(m), (by Definition 3.2.3) and then inf n(v) > n(m), when u=n.
vem@u veme@n

Moreover, since 1(m) < n(n), it follows that: min{n(m),n(n)} =n(m) and then

inf n(v) >n(m)=min{n(m),n(n)} and therefore, inf n(v) > min{n(m),n(n)}.
veme@n veme@n

O
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Theorem 3.2.4. For a hyper BCL-algebra B and a fuzzy subsetm : B — [0, 1], the following
hierarchy holds:

(1) If nis fuzzy strong hyper DS of B, then 1 is fuzzy hyper DS of B.
(2) If m is fuzzy hyper DS of B, then 1 is fuzzy weak hyper DS of B.
(3) If M is fuzzy strong hyper DS of B, then 1 is fuzzy weak hyper DS of B

Proof. Since the axioms for the definitions of fuzzy (weak, strong) hyper DS of B are inter-related

by exchanging inf to sup or sup to inf and since the following:

sup n(v)> inf mn(v),ymeB, sup nv)= inf 7n(v),Ym,neB,
vE(m@u)@u ve(meu)@u vem@(n@w) vem@(n@w)

we get the proofs for (1) — (2) become straightforward and (3) can be verified by transitivity from
(1) to (2). O

Remark 3.2.2. The converses of each of the three statements in Theorem 3.2.4 may not be true,

demonstrated by the subsequent counter example.

Example 3.2.2. Let (B: @, 0) be a hyper BCL—-algebra as defined by Table 2.3 of Example 2.3.1
andn,, M, : B — [0, 1] be fuzzy subsets. Then the converses of the three statements in Theorem

3.2.4 may not be necessarily true which we explain each converse as follows:

09, if m=0,
09, if m=0,
0.8, if m=p,
Suppose,n,(m) = ¢ 0.5, if m=p, and n,(m) =
0.6, if m=g,
01, if m=gq, r,
0.2, if m=r.

Then, by mechanical calculations, it has been checked that 1, is fuzzy hyper DS of B and m, is fuzzy
weak hyper DS of B.

(1) As stated above n, is fuzzy hyper DS of B and from Table 2.3, since

(pP@r)@r ={p r}@r={0 p, r} and inf mn,(v)]= inf n,(v)=012>2n,(p)=05
ve(p@r)@r ve{0, p, r}

which is false ratifying that: 1, is fuzzy strong hyper DS of B if n, is fuzzy hyper DS of B is not true.

Therefore, the converse: M, is fuzzy strong hyper DS of B if 1, is fuzzy hyper DS of B is not true.

(2) As stated above 1, is fuzzy weak hyper DS of B. and from Table 2.3, since:
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(p@r)@r={p, r}@r={0, p, p} and inf mn,(v)= inf mn,(v)=0.2>n,(p)=0.38
ve(p@r)@r ve{0, p, r}

which is false showing that: T, is not fuzzy hyper DS of B.
Therefore, M, is fuzzy hyper DS of B if 1, is fuzzy weak hyper DS of B is not true.

(3) As stated above n, is fuzzy weak hyper DS of B. and from Table 2.3, since:
p@(g@0)=p@{qg}={p r} and

inf n,(v)= inf n,(v) =0.2 > min{n,(p), n,(q)} = min{0.8, 0.6} = 0.6 which is false
vep@(q@0) ve(p, r}

showing that 1, is not fuzzy strong hyper DS of B.

Therefore, M, is fuzzy strong hyper DS of B ifn, is fuzzy weak hyper DS of B is not true.

3.3. Fuzzy Hyper Ideals of Hyper BCL-algebra

Under this section, we explore fuzzy hyper ideals in hyper BCL—-algebras, which generalize the clas-
sical notion of ideals using fuzzy logic and hyper-operations. Fuzzy hyper ideals measure how well
elements fit into an ideal based on their degree of membership. We define fuzzy weak hyper ideal,
fuzzy hyper ideal, and fuzzy strong hyper ideals, and their properties are analyzed through theorems

and illustrative examples. Their relationships and differences are also discussed in detail.

Definition 3.3.1. Let (B; @, 0) be hyper BCL-algebra. Then a fuzzy subsetn : B — [0, 1] is called
a fuzzy hyper ideal of B if, Vm, n, u, vw € B:

(i) n(m) = min{n(n), sup n(u)}

uemen

(ii) sup n(v) = min{n(m), n(n)}
ve(m@(ne@w))@w

Definition 3.3.2. Let (B; @, 0) be hyper BCL-algebra. Then a fuzzy subsetm : B — [0, 1] is called
a fuzzy weak hyper ideal of B if, Ym, n, u, vw € B:

(i) n(m) > min{n(n), inf n(u)}

uemen

(ii) sup  n(v) = min{n(m), n(n)}
ve(m@(ne@w))@w
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Definition 3.3.3. Let (B; @, 0) be hyper BCL-algebra. Then a fuzzy subsetm : B — [0, 1] is
called a fuzzy strong hyper ideal of B if, Vm, n, u, vw € B:

(i) n(m) = min{n(n), sup n(u)}

uemen

(ii) ve(m@(igéw ))@Wn(v)>min{n(m), nmn)}

Example 3.3.1. Let (B; @, 0) be a hyper BCL-algebra as defined in Table 2.3 of Example 2.3.1 and
define fuzzy subsets m,, M,, N, : B — [0, 1] by:

0.9, if m=0,
0.9, if m=0, ‘
(m) 07, if (m) 0.5, if m=p, (m) 0.8, if m=0,
n,(m) = S, m=p, , M, \m) = . , M.lm)=
! ) 2 04, if m=g, ’ 03, if m=p, g, .
01, if m=gq, r,
|02, if m=r,

From Example 3.3.1, fuzzy subset m, is fuzzy (weak) hyper ideal of B but not fuzzy strong hyper ideal
of B. Also, n, is fuzzy weak hyper ideal of B but not fuzzy hyper ideal of B nor fuzzy strong hyper
ideal of B. Additionally, n, is fuzzy (weak, strong) hyper ideal of B with the following explanations,

taking some cases and similar steps can follow for all the remaining cases.
(1) First we show for is fuzzy (weak) hyper ideal of B but not fuzzy strong hyper ideal of B by taking

the case m=p, n=0, and w = q:

(i) m,(p) = min{n,(0), sugonl(u)} = 1, (p) = min{n,(0),n,(p)}, as p@0 = {p}
uep

= 0.7 > min{0.9, 0.7} = 0.7, (the first axiom for fuzzy hyper ideal holds) and
N, (p) = min{ n,(0), ug;éom(u)} = 1, (p) = min{n,(0),n,(p)}, as p@0 = {p}
= 0.7 > min{0.9, 0.7} = 0.7, (the first axiom for fuzzy weak hyper ideal also holds)

(ii) sup  1,(v) = min{n,(0),n,(p)}
ve(p@(0@q))@g

= sup 1,(v) =min{n,(0),n,(p)}, as (p@(0@qg))@q = (p@{0})@q = {p}@qg = {p, r}

ve{ p, r}

= sup m,(v) =max{n,(p), n,(r)} = max{0.7, 0.1} = 0.7
velp, r}

> min{ 1,(0), n,(p)} = min{0.9, 0.7} = 0.7,

(the second axioms for fuzzy (weak) hyper ideals hold since both have the same second axiom)

(iii) But taking the second axiom of fuzzy strong hyper ideal of B, we have the following:
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inf N, (v) = min{n,(0), n,(p)} and (p@(0@q))@q = (p@{0})@q = {p}@qg = {p, r}
ve(p@(0@qg))@qg

= inf n,(v) = min{n,(0),n,(p)}, and
velp, r}

inf n,(v) = min{n, (p), n,(r)} = min{0.7, 0.1} = 0.1
ve(p, r}

= sup n,(v) =n,(r) =0.1 > min{n,(0),n,(p)} = min{0.9, 0.7} = 0.7, which is false
ve{p, r}

and hence, n, is not fuzzy strong hyper ideal of B because the second axiom does not

hold, as shown above.

(2) Second we show for 1, is fuzzy weak hyper ideal of B but not fuzzy (strong) hyper ideal of B,

by taking the case m=p, n =0, and w = r:

(i) M,(p) = min{n,(p), inf n,(u)}=mn,(p) > min{n,(p), inf n2 w)}, as p@p = {0, p}
uep@p ue{0, p

= 1,(p) = min{n,(p), n,(p)}. asuel{r(}f }nz( u) =n,(p) sincen,(0) >n,(p), Vo€ B

= 0.5 > min{0.5, 0.5} = 0.5, (the first axiom for fuzzy weak hyper ideal holds) and

(ii) sup M, (v) = min{n,(p), n,(p)} =n,(p)
ve(p@p(@r))@r

= {SuP }nz( v) = min{ n,(p), n,(p)} =n,(p), as (p@(p@r))@r = {0, p, r}
ve{0, p, ¢

= sup M,(v)=n,(0)=09=>n,(p)} =05,
ve(0, p, r}

(the second axiom for fuzzy weak hyper ideal holds)

(iii) But taking the first axioms of fuzzy (strong) hyper ideal of B (as both have the same

first axioms), we have the following:

M,(p) = min{n,(0), sup n,(u)} = n,(p) = min{n,(0), sup n,(u)}, asp@p ={0, p}
uEp@p ue{0, p}

= 1,(p) = min{n,(0),1n,(0)} =n,(0), as sup n,(u)=mn,(0) sincen,(0) >n,(p), Vo€ B
ue{0, p}

= 0.5 > 0.9, which is false (the first axioms for fuzzy (strong) hyper ideal do not hold)

and hence, m, isnot fuzzy (strong) hyper ideal of B because the first axioms do not

hold, as shown above.

(3) In a similar fashion, we can justify that 1, is fuzzy (weak, strong) hyper ideal of B by taking
different cases like for (1) and (2) above.
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Proposition 3.3.1. For a hyper BCL-algebra B, the following hold:

(1) Every fuzzy strong hyper ideal of B is fuzzy hyper ideal of B.

(2) Every fuzzy hyper ideal of B is fuzzy weak hyper ideal of B.

(3) Every fuzzy strong hyper ideal of B is fuzzy weak hyper ideal of B.

(4) Let n: B — [0, 1] be fuzzy (weak) hyper ideal of B. Then1(0) > n(m), Ym € B.

Proof. (1) Letn be fuzzy strong hyper ideal of B. Then we need to prove 1 is fuzzy hyper ideal:
Definition 3.3.1 (i) and Definition 3.3.3 (1) are the same, so we need to prove Definition 3.3.3 (i1)

and Definition 3.3.1 (ii).

Then Definition 3.3.3 (ii): inf n(v) = min{n(m), n(n)}
ve(m@(new))@w

= sup nv) = inf n(v) = min{n(m), n(n)}
ve(m@(new))@w ve(m@(ne@w))@w

= sup n(v) > min{n(m). n(n)}
ve(me@(n@w))@w

since, sup nv) = inf nv),vm,n € B
ve(m@(new))@w ve(m@(new))@ew

Therefore, by the above justifications, we ratify that every fuzzy strong hyper ideal is fuzzy hyper
ideal of a hyper BCL-algebra
(2) Definition 3.3.1 (i1) and Definition 3.3.2 (i1) are the same so we need to prove Definition

3.3.1 (i) implies Definition 3.3.2 (i) and then:

Definition 3.3.1 (i):  m(m) > min{n(n), sup n(u)}

uemen

= n(m) 2 min{n(n), sup n(uw)} >min{n(n), inf n(u)}

ueman uemen

since, sup n(u) > inf n(u)
Lem@n uemen

Thus, nn(m) > min{n(n), inf n(u)}

uemen

Therefore, by the above justifications, we ratify that every fuzzy hyper ideal is fuzzy weak hyper
ideal of a hyper BCL-algebra

(3) Definition 3.3.3 (ii) and Definition 3.3.1 (ii) are the same. Thus we only need to show that

(1) Definition 3.3.3 (i) implies Definition 3.3.1 (i) so that:

Definition 3.3.3 (i): n(m) > min{n(n), sup n(u)}

uemean
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n(m) = min{n(n), sup n(u)} >min{n(n), inf n(u)

ueme@n uemen

since, sup n(u) > inf n(u)
ueme@n ueme@n

Thus, n(m) > min{n(n), inf n(u)}, Definition 3.3.1 (i)

uemen
(i)  Definition 3.3.3 (ii): inf n(v) = min{n(m), n(n)}
ve(me@(new))@w
sup nv) > inf n(v) = min{n(m), n(n)},
veE(m@(n@w))@w ve(me(n@w))@w
since, sup nv) > inf nv)
vE(me@(new))@w ve(m@(new))@w
Thus, sup n(v) = min{n(m), n(n)}, Definition 3.3.1 (ii).

ve(m@(n@w))@w

Therefore, by the above justifications, we ratify that every fuzzy strong hyper ideal is fuzzy weak
hyper ideal of a hyper BCL-algebra

(4) Suppose n: B — [0, 1] is fuzzy (weak) hyper ideal of B.

Then since B # (), 3m € B such that 0 € (m@(m@m))@m by Proposition 2.1.2 (iv),

sup n(v) =n(0) and by Definitions 3.3.1 (ii) and 3.3.2 (ii) we have:
ve(m@(me@m))@m

n(0) = sup N(v) = min{n(m), n(m)} =n(m) =n(0) >n(m), vm € B.
ve(m@(me@m))@m

Note: Let 1 be a fuzzy hyper set in a hyper BCL-algebra. Then, generally;
1 is fuzzy strong hyper ideal = n is fuzzy hyper ideal = 1 is fuzzy weak hyper ideal of B. [

Remark 3.3.1. For a hyper BCL-algebra B, the converses in Proposition 3.3.1 (1), (2) and (3) are
not necessarily true; in other words the following may not be necessarily true:

(1) Every fuzzy weak hyper ideal of B may not be fuzzy strong hyper ideal of B.
(2) Every fuzzy hyper ideal of B may not be fuzzy weak hyper ideal of B.

(3) Every fuzzy hyper ideal of B may not be fuzzy strong hyper ideal of B.

All of these statements, (1) — (3) above, are demonstrated by the subsequent counter example.
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Example 3.3.2. Let the fuzzy subset | on the BCL—algebra B of Example 2.2 Table 2.2 be defined

09, if m=0,
as follows: n(m) =< 0.7, if m= g,
04, if m=p, r.

(1) Then, based on Table 2.2 of Example 2.2.2, 1| is a fuzzy weak hyper ideal but we have the
following for fuzzy strong hyper ideal as axiom (iii) of fuzzy strong hyper ideal fails:

(iii) ug[m@%géw)]@wn(u) > min{n(m), n(n)}), for (q@(q@q))@q = {0, p, g r}, and

sup n(uw) = sup{n(0), n(p), n(q), n(r)} = sup{0.9, 0.7, 0.4, 0.4} = 0.9
ue(q@(q@q))@q

= min{n(m), n(n), n(w)} = min{n(q), n(q). n(q)} =n(q) = 0.7

which is true axiom (iii) of fuzzy (weak) hyper ideal

inf n(u) = inf{n(0), n(p), n(g), n(r)} = inf{0.9, 0.7, 0.4, 0.4} = 0.4 > 0.7
ue(q@(q@q))@q

which is false showing that axiom (iii) for fuzzy strong hyper ideal fails. Hence 1 is a fuzzy
(weak) hyper ideal but not fuzzy strong hyper ideal of B, when the hyper operation is as defined
in Table 2.2 of Example 2.2.2, above.

(2) Based on Table 2.3 of Example 2.3.1, above, 1 is fuzzy weak hyper ideal but not fuzzy hyper
ideal of B since p@q = {q, r} leads to show 1 is a fuzzy weak hyper ideal of B but not fuzzy
hyper ideal of B as the second axiom of fuzzy weak hyper ideal holds while for fuzzy hyper
ideal fails to hold as explained below:

(ii) n(p) = min{n(q), inf n(uw)}; n(p) >min{n(q), sup n(u)}; p@q={qg r}
uEp@q uep@q

n(p) = 0.4 > min{n(q), iné n(w)} = min{0.7, min{0.7, 0.4}} = min{0.7, 0.4}} = 0.4
uep@q

which is true showing that 1 is weak hyper ideal, however, checking for fuzzy hyper ideal:

N(p) = 0.4 > min{n(qg), sup n(uw)} = min{0.7, sup{0.7, 0.4}} = min{0.7, 0.7} = = 0.7
ucEp@q

which is false showing that m is not fuzzy hyper ideal of B.

Therefore, M is a fuzzy weak hyper ideal but not a fuzzy hyper ideal of B, when the hyper
operation is as defined as in Table 2.3 of Example 2.3.1, above.
(3) M is fuzzy weak hyper ideal of B = 1 is fuzzy strong hyper ideal of B and
1M is fuzzy hyper ideal of B # 1 is fuzzy weak hyper ideal of B.

=1 s fuzzy hyper ideal of B # M is fuzzy strong hyper ideal of B, by transitivity
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= If n is fuzzy hyper ideal of B then m| may not be fuzzy strong hyper ideal of B, by transitivity

= Every fuzzy hyper ideal of B may not be fuzzy strong hyper ideal of B, by transitivity.

Theorem 3.3.1. Let n be a fuzzy weak hyper ideal of B such that m is injective and satisfies:

m) = mi nj), su u)l, inf v) = mi m),n(n)}, Vm, n € B.
n(m) = min{n( )uem}énn( )} Ve(m@(r@w))@wn( ) = min{n(m), n(n)}

Then 1 is a fuzzy strong hyper ideal of B.

Proof. We are given that ) is a fuzzy weak hyper ideal. To prove that n is a fuzzy strong hyper ideal,

we must verify the following two axioms (as in Definition 3.3.3:

(i) n(m)=>min{n(n), sup n(u)}, vm, n € B.
uemen

(ii) inf n(v) = min{n(m), n(n)}, vm, n, w € B.
ve(m@(n@w))@w

(i) By assumption, for every m, n € B, we have, n(m) = min {n(n), sup n(u)}.
ueme@n

This is a stronger condition than what is required in the definition of fuzzy strong hyper

ideal because: n(m) > min {n(n), sup m(u)} and hence axiom (i) is satisfied.
uemen

(il) The key part is to check that: inf n(v) = min{n(m), n(n), n(w)}.
ve(m@(n@w))@w

We are given that Vv € (m@(n@w))@w, n(v)=min{n(m),n(n)}.

Taking the infimum over all such v gives: inf v) =min{n(m),n(n)}.
g g ve(m@(n@wn@wn( ) {n(m),n(n)}

Therefore, inf n(v) = min{n(m),n(n)}, which establishes axiom (ii).
ve(me@(new))@w

In conclusion, the injectivity of the fuzzy subset 1 ensures that no two distinct elements in B share
the same membership degree, making the equality conditions meaningful and avoiding trivial cases
where 1 is constant. This guarantees that the given equalities in the hypothesis enforce the exact
structure required by axioms (i) and (i1). Since the two axioms of fuzzy strong hyper ideals are sat-

isfied, we conclude that 1 is a fuzzy strong hyper ideal of B. -

Proposition 3.3.2. Letn : B — [0, 1] be fuzzy (weak, strong) hyper ideal of B and m, n, w € B.
Then the following hold:

(1) {n} =m@n=mn(m)=nn)
(2) {m} <{n} = n(m) =nn);

(3) m=n = n(m)=nn).
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Proof. (1) Let{n}=m@ncCI =n(n)= sup n(u)= inf n(u)=n(me@n) and by

uemen uemen

axiom (1) of either of Definitions 3.3.1, 3.3.2, 3.3.3, we have:

n(m) = min{n(n), sup n(u)}=min{n(n),nn)} =n(n)} = n(m)=nmn)}.

uemen

Therefore, n(m) > n(n)

(2) Let{m}<{n} = 0em@n = n(0)= sup n(u)

uemen

By Definitions 3.3.2 (i), 3.3.3 (i) we have; n(m) > min{n(n), sup n(u)}

uemen

= n(m) = min{n(n),n(0)} =n(n) asn(0)} =n(n), Vn € B, by Proposition 3.3.1 (4)
= n(m) = n(n)

3) Letm <n. Thus0 € m @ n.

Following similar patterns as (2), we obtain: n(m)>min{n(n), sup n(u)} =>n(n)
uememen OJ

Lemma 3.3.1. Let n be a fuzzy (weak, strong) hyper ideal of B. Then if n is onto then n(0) = 1.

Proof. If 1 is onto, In € B such that 1(n) = 1 and since n(0) > n(n), Vn € B, implies n(0) = 1.

Then Definitions 3.3.1 - enforces n1(0) > n(m), Vm € B, (similar to the proof of Lemma 3.1.1).
O

Theorem 3.3.2. Let () # M be a subset of a hyper BCL—-algebra B and let b, o€/[0, 1] with §>o0.
S, if me M,

Let M be a fuzzy subset in B defined by n(m) =
o, if m¢ M.

Thenn is a fuzzy (weak, strong) hyper ideal of B if and only if M is a (weak, strong) hyper
ideal of B, respectively.

Proof. We prove the theorem by considering both directions (in a similar way as Theorem 3.2.2
except the difference with structures of the axioms so that we want to show some directions to relate

these two theorems).
Assume that 1 is a fuzzy (weak, strong) hyper ideal of B.

We need to show that M is a (weak, strong) hyper ideal of B.

(i) For the defining conditions of fuzzy hyper ideals, if m,n € M, then:

Thus, from the fuzzy hyper ideal axiom we have: § =n(m) > min{n(n), sup n(u)}.

uemen
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Since & > o, it follows that sup m(u) = & so that u € M for all u € m@n.

uemen

Hence, m@n C M.

(i1) Similarly, from axiom (ii) of fuzzy (weak, strong) hyper ideal we have:

sup n(v) > min{n(m),n(n)}.
ve(m@(n@w))@w

If m,n € M, then the right-hand side equals J, so that sup nv) =9,
ve(m@(ne@w))@w

which implies v € M, Vv € (m@(n@w))@w.

Therefore, M is a (weak, strong) hyper ideal of B.

Conversely, assume that M is a (weak, strong) hyper ideal of B.

Then, we need to show that 1) is a fuzzy (weak, strong) hyper ideal of B.

(1)

(ii)

Let m,n € B. If m € M, thenn(m) = .
Since M is a hyper ideal, for all u € m@n we have u € M, and hence n(u) = 6.

Therefore, n(m) = > min{n(n), sup n(u)}.

uemen

If m ¢ M, thenn(m) = 0. Since o < 9§, the inequality still holds because the minimum

on the right-hand side is always bounded above by o.

For axiom (i), let m,n,w € B.

If m,n € M, then for every v € (m@(n@w))@w, by closure v € M, son(v) = .

Hence, sup n(v) =6 = min{n(m),n(n)}.
ve(m@(n@w))@w

If at least one of m,n is not in M, then the right-hand side is o, and the inequality holds
automatically.

Thus 1 satisfies the axioms of fuzzy (weak, strong) hyper ideal of B.

Then, we conclude that 1 is a fuzzy (weak, strong) hyper ideal of B if and only if M is a

(weak, strong) hyper ideal of B.
[

Corollary 3.3.1. Let I be a nonempty subset of a hyper BCL—algebra B and X be the Characteristic

1, if m el

function defined by: x(m) =

0, if m¢L

Then X is a fuzzy (weak, strong) hyper ideal of B if and only if I is a (weak, strong) hyper ideal
of B, respectively.
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Proof. Following directly from Theorem 3.3.2, by setting = 1 and o = 0 so that ¥ is just the
special case of 1 when the membership values are chosen at extreme levels of the interval [0, 1].

Therefore, x is fuzzy (weak, strong) hyper DS of B if and only if I is (weak, strong) DS of B.

Theorem 3.3.3. Let n be a fuzzy (weak, strong) hyper ideal of a hyper BCL—algebra B, and let
& € (0,1]. Then the non-empty set: B = {m € B:n(m) > o} is a (weak, strong) hyper ideal of B.

Proof. Let B be hyper BCL-algebra andn : B — [0, 1] be fuzzy (weak, strong) hyper ideal in B

such that B"‘ {m € B :n(m) > «}. Then we claim that Bf]‘ is (weak, strong) hyper ideal of B.

(1) Letne B]‘;‘ and m@n C Bz‘, then n(v) > o, Vv € m@n and n(n) > «

= sup N(v) > « and n(n) > «.

veEm@n

From a fuzzy hyper ideal (Definition 3.3.1 (i)), we have: mn(m) > min{n(n), sup n(u)}.

ueme@n
=1(m) > min{n(n), sup n(w)} > min{x, a} x=n(m) >« =>meme B"‘
ueme@n
Thus, the first axiom for hyper ideal holds.
2) Letm,n,we Bg‘ =1n(m) > «, n(n) > « and from Definition 3.3.1 (ii):
sup nv) = min{n(n),n(m)} > min{e, a} =
ve(m@(n@w))@w
= sup nv)>ao = ve Bg‘, Vv € (m@(n@w))@w = (m@(n@w))@w C Bﬁc

ve(me@(n@w))@w

Thus, the second axiom for hyper ideal holds.
Therefore, By (1) and (2) above, Bg‘ is hyper ideal of B.
(3) Since0€B=n(0) >n(m) > a=n(0) > oc:>O€B°‘

Thus, the first axioms for weak hyper ideal strong hyper ideal hold.
(4) Letn e B"‘ and m@n < B‘x =nn) > xand (Gu € m@n) (Av € B"‘) (0 e u@v)

=1n(n) > aand sup n(w) > a=n(n) > oand sup nu) > «
weu@v uemen

From Definition 3.3.1 (i): n(m) > min{n(n), sup n(u)} > min{n(n), inf n(u)}

ucmen uemen

>min{ea, inf n(w}>a = nim)> oc:>meB°‘

uemen

Therefor, by (2), (3) and (4) above, Bf]‘ is weak hyper ideal of B.

(5) By (3) for the first axiom, following similar patterns as for the above for the second and third

axioms of definition of strong hyper ideal, we can show that Bg‘ is strong hyper ideal of B. [
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Lemma 3.3.2. Let (B; @, 0) be a hyper BCL-algebra and 1 be fuzzy (weak, strong) hyper ideal
of B such that m, n, w € B. Then the following hold:

(1) m@n < {w}=n(m) >n(n);

(2) m@n < {w} = n(m) >n(n)

Proof. (1) Letm@n=<{w} = uw,Vvueme@n

By the fuzzy hyper ideal property, (order-reversing), n(u) > n(w)

By Definition 3.3.1 (ii): n(m) > min{n(n), inf n(u)}

uememen

= inf m(u) =n(w)andn(w) Zn(n) = n(m) >nn)

uememen
(2) Letm@n<{w}. ThenFuem@ns/u<w.
Then, following similar patterns as (1) above, we get:

n(m) = min{n(n),n(w)}. n € land m @n < {w} = n(m) > n(n) -

Remark 3.3.2. In a hyper BCL-algebra, there is no correspondence among fuzzy (weak, strong)
hyper subalgebras, fuzzy (weak, strong) hyper deductive systems, and fuzzy (weak, strong) hyper
ideals, as for one of the cases that a fuzzy hyper SA may not be fuzzy hyper ideal and the converse
deos not hold either is demonstrated by the following counterexample, and also similar results apply

to the other similar correspondences

Example 3.3.3. Suppose (B; @, 0) is a hyper BCL-algebra where B = {0, p, g, r} is as defined in
Table 2.3 and define two fuzzy subsets 1, and 1, as follows:

1, if m=0
. 0.8, if m=p,
m, (m) = 08/ i m= Q9 le(m) =

. 0.3, if m=0, g, r
03, if m=p, r

Then, ), is fuzzy hyper SA but not fuzzy hyper ideal andn, is fuzzy hyper ideal but not fuzzy
hyper SA as justified below:

(1) To show that n, is fuzzy hyper SA but not fuzzy hyper ideal of B, we take m = r, n = g,
as a demonstrating example:
(i) m,(0)=12>m,(m),YmeB
i) inf = inf = inf =03>mi , =min{0.8, 0.3} =0.3
(i) Jof my(u)= inf n,(u)= inf m,(u) min{n, (r,n, (g} = min{ }

holds and also it holds for all the others in similar ways and hence 1, is fuzzy hyper SA of B.
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However, since m,(m)m, () = 0.3 > {n,(n), sup m,(w}={n,(a) sup m,(u)}
ue(men) ue(r@q)

={n,(q), sup n,(u)} ={0.8 max{l, 0.3}} = min{0.8, 1} = 0.8 which is false so that
ue(0, p)

M, is not fuzzy hyper ideal of B.

(2) To show m, is fuzzy hyper ideal but not fuzzy hyper SA, we take m = r,m =g w =r

as a demonstrating example:

(i) n,(m)n,(r)=032>{n,(n), sup m,(u)}={n,(q), sup n,(u)}
ue(men) ue(r@q)

inf n,(u) = inf n,(u) =min{n—-2(0), n—2(p)}= 0.3 > min{n,(r), n,(q)}
uer@q ue{0, p}

= min{0.3, 0.8} = 0.3 holds and similarly for the other choices of m, n € B.

(ii) Since (Mm@(n@w))@w = (r@(g@r))@r = (r@{qg, r})@r = {0, p, r}@r =0, p, r}

sup n,(u) = sup  m,(w) = sup mn,(u)=max{n,(0), n,(p), n,(r)}
ue(me(new))@w ue(r@(q@)r))@r ue{0, p, r}

= max{0.3, 0.8, 0.3} = 0.8 > min{n,(r), n,(q)} = min{0.3, 0.3} = 0.3 holds

uérrlcf@qnz (W) = . ei{r(}fp}nz(u) = min{n—2(0), n—2(p)}= 0.3 > min{n,(r), n,(q)}

=min{0.3, 0.8} = 0.3 holds and similarly for the other choices of m, n € B.
Hence, m, is fuzzy hyper ideal of B; however, n, is not fuzzy hyper SA of B by the next reason:
M,(0) = 0.3 >n,(p) = 0.8 is false which tells us that one of the axioms for fuzzy hyper SA does

not hold so that m, is not fuzzy hyper SA of B.
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Chapter 4
Pythagorean Fuzzy Structures of
BCL-Algebra

In this chapter, we introduce the notions of a fuzzy subalgebra, fuzzy deductive system, fuzzy ideal
and Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive system, and Pythagorean fuzzy
ideal of BCL—algebra. Alongside, we state and prove different theorems, explore the relations among
each structures, discuss some properties of the operations like intersection and union of each of the

structures, and attempt to investigate some relevant results.

For this section and the subsequent sections; unless otherwise specified, we denote B and B® for
"BCL-Algebra (B; ®, 0)” and ”Pythagorean fuzzy set (n, T)”, respectively, where the functions:
N:L—[0,1] and T:L— [0, 1] define the degrees of membership and non-membership,

respectively, satisfying the condition: 0 < (n(m))? + (t(m))? < 1.

In this chapter and the subsequent ones, we shall use the abbreviations SA and DS
to denote subalgebra and deductive system, respectively.

4.1. Fuzzy Substructures of BCL-Algebra

Under this section, we define fuzzy subalgebra (SA) of BCL-algebra and then discuss some proper-

ties and theorems on fuzzy SA of BCL—-algebra accompanied by corresponding proofs.

In this section, we newly define SA, fuzzy SA, DS, fuzzy DS, ideal and fuzzy ideal of the BCL—-
algebra; (B, ®, 0) one by one and then following each of these definitions, we explore different

relevant properties as theorems, lemmas, propositions with proofs.

Definition 4.1.1. Let n : B — [0, 1] be a fuzzy subset on the BCL—algebra, B. Then we call the
fuzzy subset T on B is square deviation of m, if and only if (ﬁ(m))2 =1 — (n(m))? ¥YmeB.
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Remark 4.1.1.

(1) For the square deviationT on B, 7 : B — [, 1] since Ym € B, (n(m))2 =1 — (n(m))?

= F(m) = £y/1—(m(m)* = §:B—[-1 1].

(2) The Square deviation T could be also defined in any non-empty set R of any algebra like
BCI/BCK-algebra asT : R — [-1, 1].

(3) For a fuzzy subsetm : R — [0, 1] and its square deviation T : R — [0, 1] of a non-empty set

Proposition 4.1.1. Let (B; ®, 0) be a BCL-algebra and letm : B — [0, 1] be a fuzzy subset. For the

complement T and square deviation 7| of 1, we have the following:
(1) (A(m))? =7n(m), vm € B,
(2) (W(m))? > (M(m))?), Ym € B.

Proof. (1) Sincen(m) € [0, 1], ¥m € B = n(m) > (n(m))> = -n(m) < - (n(m))*

= 1-n(m) < 1- (n(m))? = 1-n(m) =7 < 1= (n(m))” = {m)*

= A(m) < {m))* or {mM))*=7A(m)

@ ((m)*=(1-n(m)* = (1-n(m))(1—n(m)) < (1-n(m)) (1+n(m))

]

Definition 4.1.2. Let S be a nonempty subset of the BCL-algebra, B. Then S is called subalgebra
(SA)of Bifandonlyif m®n € §, Vm, n € §.

Example 4.1.1. Let B = {0, o G r} be a set and let ® as defined in Table 1.1 of Example 1.1.1
above. Then (B; ®, 0) is a BCL-algebra (See [42]), and besides, we have the following:

(1) {0}, {0, p}, {0, g}, {0, r}, {0, p, r}, B are SAs of B,
(2) {0, p, gt {p g} {p r} {g r}, {p, g r}arenot SAs of B, for 0 # p, 0 # g, 0 # r.

Exampes 4.1.1 (1) and (2) are explained as follows taking some cases :
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(1) 0®0=0€{0},0®0=0®p=p®p=0€{0,p}, p®0=pc{0,p};
O®p=0®r=p@®p=r®r=r@®p=0®0=0€{0, p, r},

p®0=p® r=p={0, p, r}, and so on, and hence all listed in (1) are SAs of B..

2) popg=r¢ {0, p q}; peg=ré¢{p g}, r@p=0¢{p, r}; r®g=0¢{qg r};

r®p=0¢{p, g r}and hence all listed in (2) are not SAs of B.
Lemma 4.1.1. Let B be a BCL—algebra and S be SA of B, then 0 € S.

Proof. Since S # (), 3m € S such that m&m =0 € S = 0 € S (by Definition 1.1.8 (i)

[
Proposition 4.1.2. Let S be SA of a BCL-algebra B. ThenVm € §, m®0 € S.
Proof. By Lemma 4.1.1, we have 0 € S and by definition of SA, for m € S, we have:
O®m,m®0eS=m®0eSs. 0
Theorem 4.1.1. Let B be a BCL-algebra. Then B and {0} are (trivial) SAs of B.
Proof. Since B is a BCL-algebra, B is closed under ® and by definition and 0 ® 0 =0 € {0}.
Therefore B and {0} are (trivial) SA of B. =

Definition 4.1.3. A non-empty subset D of BCL—algebra (B; ®, 0) is called a deductive system (DS)
of B if it satisfies, Ym, n, u, w € B:

(i) meD=mMeau) ®uUeD,

(i) mmeD=>m®M®w)cD.

Example 4.1.2. Let ® be as defined in Table 1.1 of Example 1.1.1 of B = {0, D g, r}.

Then in Table 1.1, it has been shown that B is a BCL—algebra. Furthermore, by mechanical calcu-

lations, we have checked that:
(1) {0}, {0, p, r}, {0, g, r} and B are DSs of B but
2) {p}, {a}, {r}, {0, p}, {0, a}, {p r}. {p r}, {q r}, {0, p, g}, {p, 9 r} arenot DSs of B.

We can explain Example 4.1.2 by looking at a few cases to show the pattern for the others in

the following ways:
(1) Take D ={0, p, r} and u=w = q. Then:
(i) ( O®g)®g=0®g=0€D, (p®g)®g=r®g=0€D, (r®g)®g=0®g=0 € D, and so on

(ii) O®(p®qg)=0®r=0€ D, pR(r®qg)=p®0=p €D, (r®&(p®qg) = r®r=0¢€ D, and so on
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(2) Take E = {0, p, g} and w = r € B and we justifying that in one of the expressions one
axiom fails to be satisfied and hence:

(g®(p®r) = g®p = r & E, showing that the second axion for DS of B fails, and so on

Lemma 4.1.2. If D is a DS of the BCL-algebra, (B; ®, 0), then 0 € D.

Proof. Suppose D is DS of B.
D#()=3dmeDsuchthat(m® m)® me D= 0&® m=0 e D (by Definition 1.1.8 (i)). u

Proposition 4.1.3. Let D be DS of a BCL-algebra B. If m € D then m® 0 € D

Proof. Let D be DS of a BCL-algebra B such that m € D. Also by Lemma 4.1.2

0 € D. Now take n =0 and using Definition 4.1.3 (ii), we have, m,n € D= m® (n®w) € D
= m® (0®w) eD = m® 0 € D, since 0 ®w = 0 by Proposition 2.1.1 (3).

Alternatively, since m ® 0 = m, Vm € B by Proposition 2.1.1 (5), thenm € D= m ® 0 =m € D.

Therefore, m® 0 € D, Vm € D.
O

Definition 4.1.4. For a non-empty-subset I of B, we say that I is called an ideal of B if and only if

the following axioms are satisfied, Vm, n, w € B
(i) m@®nelandnel=mecl and

(i) mnel = (medmaw))@wel

Example 4.1.3. Let the BCL-algebra (B; ®, 0) be as defined in Table 1.1 of Example 1.1.1. Thus
from the table, the following can be easily obtained:

(1) {0}, {0, r}, B are ideals of BCL-algebra, B,
(2) {p}, {0 p}. {p r}, {g r}, {0 p g} and {0, p, r} are not ideals of B.

We can explain Example 4.1.3 by looking at a few cases to show the pattern for the others in

the following ways:

(1) Take I = {0, r}:

(i) 0, r’d0=rel=qg€land r, O®r=0¢€ 1= 0 € I, hold, and so on.

(ii) Let w=p: (0@ (r@p))@p=(0®0)®p=0®p=0¢lholds,
and(r@(O@p))®p= (r®0)®p=r®p=0€lholds,ands00n.

(2) Take J = {0, p}, w = g, then: (p@(O@q))@q: (p®0)®qu®q:r§é],

that is one condition for one of the axioms fails, and so on.
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Lemma 4.1.3. If I is an ideal of a BCL-algebra, (B; ®, 0), then 0 € I.

Proof. Suppose I is an ideal of a BCL—-algebra B.
[#0 = 3meIsuchthat(m® (m®m))®m € I (by Definition 4.1.4 (ii))
= (m®0)) ®m €1, since m® m = 0 by Definition 1.1.8 (i)
= m®m € I, since m ® 0 = m by Proposition 2.1.1 (4)
= m®m=0 &I (sincec m® m =0 by Definition 1.1.8 (1)). O

Proposition 4.1.4. Let I be an ideal of a BCL—algebra with m, n € B and < be the binary relation
onB.lfm<nandn €lthen me€ I

Proof. Suppose I is an ideal of a BCL—algebra B and < be the binary relation on B. Then Vm, n €
B,wehave m®n=0cl.Nowm®n=0¢cI,nel= m el by definition of ideal in B.

Corollary 4.1.1. Let I be an ideal of a BCL—algebra with m, n, p € B and < be the binary relation
onB.IfneLP<mandm®pelthenme L

Proof. Suppose 1 is an ideal of a BCL—-algebra B, < is the binary relation on B and m, n € B, such
thatnelL,p<nand m®p € . Then we have n € land p ®n =0 € I = p € I by Proposition

4.1.4. Again,p € land m® p € I = m € I, by Definition 4.1.4 (1). -

Theorem 4.1.2. If I is an ideal of a BCL-algebra B then I is a SA of B.

Proof. Let (B; ®, 0) be a BCL—algebra. Suppose I is an ideal of B. We need to show that I is SA of

B; in other words, we claim that I is closed under &®.

Now, suppose m,n € ICB= (m® (m®w)) ®w €I, Yw € B.
Since w € B is arbitrary, choose w=n= (m® n&®n))®n el
= (Mm®0)®n €1, sincen®n=0 by Definition 1.1.8 (i)
=m®n €I, since m® 0 =m by Proposition 2.1.1 (5)

Therefore, m®n € I = I is SA of B. O

Remark 4.1.2. For the converses of Theorem 4.1.2, we sate the following remarks which are illus-

trated by the next example:

(1) The converse of Theorem 4.1.2 is not necessarily true, .

(2) Except Theorem 4.1.2, a SA may not be deductive system, a deductive system may be neither

SA nor ideal and ideal may not be deductive system.
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Example 4.1.4. We justify the above remark by the following counter examples:

(1) From Example 4.1.1, it has been checked and listed that {0, p, r}is SA of B; however, from
Example 4.1.3, it has been checked and listed that {0, p, r} is not ideal of B.

(2) For other than (1), we provide the following counter examples from Examples 4.1.1, 4.1.2 and
4.1.3 given above

(i) From Example 4.1.1, it has been checked and listed that {0, p} is SA of B; however, from
Example 4.1.2, it has been checked and listed that {0, p} is not deductive system of B.

(ii) From Example 4.1.2, it has been checked and listed that {0, p, g} is deductive system of B;
however, from Example 4.1.1, it has been checked that {0, p, g} is not SA of B.

(iii) From Example 4.1.2, it has been checked and listed that {0, p, g} is deductive system of B;
however, from Example 4.1.3, it has been checked and listed that {0, p, g} is not ideal of B.

(iv) From Example 4.1.3, it has been checked and listed that {0, g} is ideal of B; however, from
Example 4.1.2, it has been checked and listed that {0, p, r} is not deductive system of B.

4.1.1 Fuzzy Subalgebra of BCL-Algebra

Under this subsection, we introduce and define SA and fuzzy SA of BCL-algebra which had not

been defined nor discussed in the prior literatures so far.

Definition 4.1.1.1. Let ) be a fuzzy subset in B. Thenn is called a fuzzy SA of B if and only
if n(m®mn) > min{n(m),n(n)}, vm, n € B.

Example 4.1.1.1. Let B = {0, JeXes r} and ® be a binary operation as defined in Table 1.1 and
0.7, if m =0,

let the fuzzy subset: m : B — [0, 1] be defined as: n(m) =< 0.3, if m = g,
01, if m =p, r.

Then (B; ®, 0) is a BCL—algebra (see Table 1.1), and besides, n is fuzzy SA of B by the following

explanations for some cases and possibly, it will be similar to explain the remaining cases:
Take m = p, and n = g = p®q = r, and then

nep® q) =n(r) =0.1 > min{n(p), n(q)} = min{0.1, 0.3} = 0.1 holds, and so on.

Lemma 4.1.1.1. Let B be a BCL—algebra andn : B — [0, 1] be a fuzzy subset. If 1 is a fuzzy SA of
B, then n(0) >n(m), Vm € B.
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Proof. For m € B, we have: m ® m = 0. Then by definition of fuzzy SA of B, we have;

n(0) =m(m®m) = min{n(m), n(m)} =n(m) =n(0) > (n(m) B
Proposition 4.1.1.1. Let S be a non-empty subset of a BCL-algebra B and X ; be the Characteristic
function. Then X is fuzzy SA of B if and only if S is SA of B.

1,if mes,
Proof. Suppose X : S — {0, 1} is a Characteristic function defined as: X (m)=
0, if m¢gS.
Let X be fuzzy SA of B, and let m, n € S. Now, we need to show S is SA of B. Then,
me®nes. =x(m)=xs(n)=1and xs,(m®n) > min{xs(m), Xs(n)} =min{l, 1} =1
= Xs(m®mn) > 1. But 1 > X, (m ®n) and by definition of X, we have:
Xs(me®n)=1=>m®neS
Hence, m,n € S = m ®n € S and therefore S is a SA of B.
Conversely, suppose S is a SA of B
We need show that X, (m ®n) > min{x,(m), xs(n)}, vm, n € B.
Then following three cases we show: X, (m ®mn) > min{x,(m), x;(n)}, vm, n € B.
Case(1):If m,n € S,then m®n € S (by the closure property of the binary operation ®)
= Xs(Mm®n)=12>min{l, 1} = min{x,(m n)} = xs(m®n) > min{x,(m), x;(n)},
Case(2):If m¢ S,n ¢ S, (but m, n € B), then, x,(m)=0=x%,(n),and x;(m®n) >0
= Xs(m®mn) > 0=min{x;(m), xs(m)} = xs(m®n) > min{xs(m), xs(m)}
Case(3):If meSandn¢S(orneSand m¢S)
= Xs(m)=1land xs(n) =0 (orxs(n)=1and x,(m)=0)

= min{x,(m n)}=min{1,0} =0 and x;(m®n) >0

= Xs(Mm®@n) > 0=min{xs(m), x;(n)} = xs;(Mm®n) > min{x,(m), x;(n)}
Hence, in all the cases (1 — 3), we have checked that:

Xs (M ®n) > min{x,(m), x;(n)}, vm, n € B.

Thus, X is a membership function of B and hence, X is fuzzy SA of B.

Theorem 4.1.1.1. Let () # S C B and consider the fuzzy subset 1 of B such that:
S, if meS,

nim) = Vy, 6€/[0, 1] withy <96
Y, otherwise,
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Then, m is fuzzy SA of B if and only if S is SA of B.

Proof. Similar to the proof of Theorem 4.1.1.1, above, by replacing & for 1 and y for 0. =
Theorem 4.1.1.2. Let 1 be a fuzzy subset in a BCL-algebra B and W be its square deviation such
that the sets: By ={m e B:n(m) =n(0)} and By ={meB:n(m)=1—n(0) =1(0)}.

Then By, and B are SAs of B.

Proof. Let B be a BCL-algebra and m, n € B. We prove that: B, and By are SAs of B.
Let m,n € By orn(m) =n(0) =n(n) and f(m) =1 —n(0) =n(n) =7(m)
Then n(m®mn)=n(0)=n(m)=n(n) = min{n(m), n(n)}

And f(m®n)=1-—n(0)

> min{l —7(0), 1 —71(0)} =min{n(m), (M)}

Thus, By, and By are SAs of B.

Theorem 4.1.1.3. Let | be a fuzzy subset in B. Then, for m, n € B, 1 is fuzzy SA of B

if n(m ® n)=n(0), Vm, n€B.

Proof. Letn be a fuzzy subset in B such that n(m ® n)=n(0), Ym, n € B is a fuzzy subset in B.
Then we need to prove that 1 is fuzzy SA of B.
n(m @ n)=n(0) =min{n(0),n(0)} > min{n(m),n(n)} = (n(m ® n) > min{n(m),n(n)}

Thus 1 fuzzy a SA of B. 0

Remark 4.1.1.1. The converse of the preceding theorem is not true which we confirm it by the

example below.

Example 4.1.1.2. Let B = {p, g, r, 0} and the binary operation ® be as defined in Table 1.1 of
Example 1.1.1 above, and define a fuzzy subset 1 as follows:

08, if m =0,
nim) =106, if m = p,
02, if m=gqg r.
Then from the BCL—algebra (B; ®, 0), n is a fuzzy SA of B.
But by taking m = gandn = p, we have: m®n=g®p=r
n(men)=n(g®p)=n(r) =0.2#n(0) =038

Then is a fuzzy SA of B does not imply n,(m ® n) =n;(0).
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Theorem 4.1.1.4. The intersection of any two fuzzy SAs M, and 1, of B is also a fuzzy SAs of B.

Proof. Letn, and n, be any fuzzy SA of B with m, n, we B.
Then we need to prove that ), n, is a fuzzy SA of B.
7,71, (m®n) = min{(n, (m®n), n,(m&n)}
> min{min{n, (m), n, (n)}, min{n, (m), n, (n)}}
— min{min{n, (m), (n,(m)}, min{n, (n), n,(n)}}
= min{n,Nn,(m), n,Nn,(n)} and
Hence , 1, and 1, is a fuzzy SA of B. O

The above theorem can also be generalized to any family of fuzzy SAs of B as in the following

corollary.

Corollary 4.1.1.1. The intersection of any family of fuzzy SAs, 1, where {n, :i€ 1} in B
is also a fuzzy SA of B, where ﬂni(m) = mIf {nl(m))}
ic

iel

Proof. Letn,, Vi € 1, be family of fuzzy SAs of B with m, n, we B.

Then we need to prove that ﬂni is a fuzzy SA of B.

iel
[Inmeem) = infin.(m &)
> inffmin{n, (m), n,(n)}}
> rnin{iirellf{ni(m), n,(m)}}
= min{inffn,(m)}, {infn, (n)}}
= min{ﬂni(m), ﬂni(n)}
iel i€l
Hence , ﬂni is a fuzzy SA of B.
iel -

Remark 4.1.1.2. The union of any two fuzzy SAs of a BCL—algebra B need not be fuzzy SA of B,

which we show it by a counter example as follows.

Example 4.1.1.3. Let (B; ®, 0), where B = {p, g, r, 0} be BCL-algebra with binary operation
" ® " defined by the Table 4.1 below, and define two fuzzy SAs of B, say n, and 1, as follows:
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Table 4.1: A Cayley table showing BCL-algebra (B; ®, 0) (See [42])

From Table 4.1 above, (B; ®, 0) is BCL-algebra and now define 1, and n, as follows:

1, if m =0, 09, if m =0,
04, if m
N, (Mm)=404, if m = p, N,(m)=405, if m = g, = (,un, )(m) =
0.5, if m
0, f m=gqgr; 0, if m =p,r;

Take m=pandn=g=mM&®N = p® g= r, then we need to show that:
(n, U, ) (p® q) = min{(m, Umn,) (p), M, Un,)(q)} is not true.
Now, (n, Un,)(p®q) = (n, Un,)(r) =0
> min{(m, Un,)(p), M, Un,)(q)}
= min{0.4, 0.5} = 0.4 which is false,

Therefore, the union of any two fuzzy SAs of BCL—algebra, B is not necessarily a fuzzy SA of B.

4.1.2 Fuzzy Deductive Systems of BCL-Algebra

Under this subsection, we introduce and define deductive system deductive system (DS) and fuzzy
DS of BCL-algebra B.

Definition 4.1.2.1. A fuzzy subset n in a BCL—algebra B is called a fuzzy deductive system (DS)
of B, if the following axioms are satisfied, Y m, n, u, w € B:

(i) n((m®u)®u) =2n(m)
(i) n(m® (n®w)) > minfn(m), n(n)}

Example 4.1.2.1. Let ® be as defined in Table 4.1 of Example 4.1.1.3 of B = {0, o g r}.

0.8, if m = 0,
Define a fuzzy subsetm : B— [0, 1] by: n(m) =406, if m = p, r,
02, if m = g

Then, 1 is fuzzy DS of B by the following explanations for some cases and possibly, it will be similar
to explain the remaining cases:
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Letm=r,n=p w=1u-= q, then:
(i) nl(r®g)®q) =n(p®q) =n(r) =0.6 >2n((r) = 0.6 holds,
(ii) n(r@ (p® q)) =1(r® r) =n(0) = 0.8 > min{n(r), n(qg)} = min{0.6, 0.2} = 0.2 holds,

and so on.

Lemma 4.1.2.1. Let 1 be a fuzzy subset in B. If 1 is a fuzzy DS of B, then the following hold:
(i) n(0) =Zn(m), Vm € B
(i) m@&n=n = n(n) >n(m) and hence n(n) = min{n(m), n(n)}, vm, n € B
(iii) m&N = n®M = n((M & w) ®@wW) = n(w), n((me&w)@w) > min{n(m), n(w)}, vm,n, w € B
Proof. Letn be fuzzy DS of B. Then B # () by definition of BCL-algebra

(i) LetmeB,thenwehave: m@®m=(me®m)®m=0®m=0,YmeB

Thenn(0) =n((m@®m)®m) 2n(m) = n(0) > n(m), vm € B.
(i) Letm®n=n,YmeB

=n((m®n)®n) >n(m) by Definition 4.1.2.1 (i), where w = n, we have:

M(m®n)®n)=n(n) >n(m) and thenn(n) >=n(m) = n(n) = min{n(m), n(n)}.
(i) Let men=ne®m

=n(mew)@w)=n((we (mew)) =n((we® (wem))

> min{n(w), n(w)} =n(w).

Thus, n((m ® w) ®w) >n(w).

Proposition 4.1.2.1. Let U be a nonempty subset of B such that X, is Characteristic function.
Then x,, is fuzzy DS of B if and only if U is DS of B.

1, if mel,
Proof. Letx,: U—={0, 1} be Characteristic function defined as: x,, (m) =
0, if m ¢ U.
Suppose X, is fuzzy DS of B
=Xy ((m@w)®w) > x,(m) and X, ((m® (n®w) = min{x, (m), x, (n)}
Now, we need to prove that U is DS of B.
(i) LetmeU=x,(m)=1
Then x, ((Mm®w) ®w) > x,(m)=1.But x, ((m®w)®w) <1 by definition of x,

= xy((mewew)=1= (mew)e®w) cU.
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(i) Again,let m,neU = x,(m)=1=x,(n) Thenx, (m® (n®w))>min{x, (m), x, (n)}=1.
But x, (m® (n®w)) < 1 by definition = x,(m® ne@w))=1= me®nmhew)cU
Thus, by (i) and (ii) above, U is DS of B.

Conversely, suppose U is DS of B. We claim that ¥, is fuzzy DS of B, which means we shaw:
(D xy((mew)®w) = x,(m)
2) xy(m® m®u)) > minfx,(m), x,(n)}

(1) Now we prove: X, ((m®w) ®w) > x,(m) by taking the following two cases:

Case (i) Let m € U = (m ®w) ® w € U by the hypothesis

= xylmew)ew)=x,(m)=1=x, ((meaw)e®w)=12x,(m)
Case (ii) Let m ¢ U then ( either (m®w)®w e Uor (mew)®@w ¢ U )

= ¥, (m)=0and either x, (Mm®w)®w)=1lorx, (m®w)®w)=0
= Xylmew)ew) 2 0=x,(m) = x,((mew)®w) >x,(m)
By cases (i) — (ii) above, we obtain: X, ((m®w)®w) > x,(m)

(2) We also prove ¥, (m® (n®u) > min{x, (m), x,(n)} by following three cases:
Case (i) Let m,n € U= m® (n ®w) € U by the hypothesis

= xy(Mm® mew))=x,(m)=1=x,Mn)
= xy(Mm® n®w))=12>min{x, (m),x, ()}

= Xy(Mm® (n®w)) = min{x,(m), x,(n)}
Case (ii) Letm e U,n ¢ U (or m¢ U,n € U)

= eitherm® (n®w)eUor( m® (n®w) ¢ U holds
= xu(m®me®w))=0andx,(m)=1, x,(M)=0 (orx,(m)=0, x,(n)=1)
= Xy (M® (n®w)) > 0=min{x,(m), x,(n)} =min{l, 0}

= Xu(m® (n®w)) 2 min{x, (m), x, (n)}

Case (iii) Let m ¢ Uorn ¢ Uand (eitherm® m®w) eUorm® (n®w) ¢ U
= X, (m)=0=x,(n) and either x , (m® (n®w)) =lorx, (m®n®w))=0
=Xy (M® (n®w)) > 0=min{x,(m), x,(n)} =min{l, 0}
Then by cases (i) — (iii) above, we arrive at the result: X, (m® (n®u) > min{x, (m), x, (n)}.

As a whole, by (1) and (2) above, we conclude that ¥, is fuzzy DS of B.
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Theorem 4.1.2.1. The intersection, 1, NM,, of any two fuzzy DSs, n, and n,, of BCL-algebra B is
fuzzy DS of B.

Proof. Letmn, and 1, be any two fuzzy DSs of B.

Then we need to prove that 1,1 1, is a fuzzy DS of B and let m, n, w € B.
@ (m, Nn,)((m@w) ®w) =min{n, (me®w) @w),n,(me&w) ®w)}
> min{n, (m),n,(m)} =M, Nn,)(m) and
(i) (m, Nn,)(m® (n@w)) =min{n,(m® (n@®@w)),n,(m® (n®w))}
> min{min{n, (m), n,(n)}, min{n,((m)), n,(n)}}
= min{min{n, (m), n,(m)} , min{n, (n)}, n,()}}

=min{(n, Nn,)(m), (n, Nn,)(n)} and
Hence by (i) and (i1) above, n,N 1, is a fuzzy DS of B. O

The above theorem can also be generalized to any family of fuzzy DSs as in the following corollary.

Corollary 4.1.2.1. The intersection of any family {n; : i € 1} of fuzzy DS, in B is also a fuzzy DS of B.
Proof. Letn,, Vi € I, be family of fuzzy DSs of B. Then we need to prove that ﬂni is a fuzzy DS

iel
of B. Bet m, n, w € B.

@ {n:((m&w) ®w) =inf{n,(m & w) & w)}

iel
> infin, (m)}
> (n.(m). vm, weB and
iel
@) ((|n)(me (n@w)) =inf{n,(m & (n®w))}
iel

> iilglf{min{ni(m), n.(n)}}
> min{inf{n, (m). n,((n)}}
= min{inf{n (m)}, inf{n (V}}

:min{ﬂni(m), ﬂni(n)}, Ym, n € B.

iel iel

Hence by (i) and (i1) above, n,N 7, is a fuzzy DS of B.
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Remark 4.1.2.1. The union of any two fuzzy DSs. of B is not necessarily fuzzy DS of B.

Example 4.1.2.2. Let (B; ®, 0) be a BCL-algebra, where B = {0, p, g, r} and "®” be as defined
in the Table 1.1 in Example 1.1.1 above, and define two fuzzy DSs., 1, and n, of B as follows:

0.8, if m =0, 0.6, if m =0,

n,(m) =405, if m = p, and M,(m)=405, ifm = g,
01, if m = g, r, 02, if m =p, r,
08, if m =0,

and then (n,Un,)(m)=<0.5, if m = p, q,
02, if m = r.

It is easy to check that v, and 1, are fuzzy DSs of B but to show that their union is not necessarily
fuzzy DS of B, we justify it as follows using the above pairs of fuzzy DSs of B which are 1, and n,.

Take m=qg, n=p and w=0 :>q®(p®0))=q®p=r Then
(i) MuUn)(p@(r®q))=MmUn,)(r)=0.2=>min{(n, Un,)(q), m, Un,)(p)}

= min{0.5, 0.5} = 0.5 which is not true.

Thus, by the above justifications, the union of any two fuzzy DS. of B is not necessarily
a fuzzy DS of B.

Theorem 4.1.2.2. Let n: B — [0, 1] be fuzzy subset in B such that for some b €B
BY = {¥ym € B:n(m) >n(b)}. Then, if n isfuzzy DS of B then BP is DS of B.

Proof. Suppose 1 is fuzzy DS of B. We need to show that BP is DS of B.
(1) Letm € B® = n(m) >n(b) = n((m®u)®u) >n(m) >n(b)

= n((meuw®u)>nb)= (meu)®u) € B

(2) Letm,n € B" = n(m) =n(b); n(n) =n(b)
= n(me (n®w)) > min{n(m),n(n)} > min{n(b), n(b)} =n(b)
= n(m® (new)) =n(b) = ((m®w)®@w) € B®

Therefore, by (1) and (2) above, BY is DS of B. -

Remark 4.1.2.2. The converse of Theorem 4.1.2.2 above may not be true, which is justified by the
following counter example.
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Example 4.1.2.3. Suppose n : B — [0, 1] is fuzzy subset in (B; ®, 0) discussed in Example 4.1.2
and take the fuzzy DS M of B defined in Example 4.1.2.1.

Now, take B® = {p, r} = {¥m € B:n(m) =n(b)}, where b = p, r. Then, after careful
checking, it has been listed that B® = {0, p, r} is not DS of B.

Thus, 1 is fuzzy DS of B but B is not DS of B.

4.1.3 Fuzzy Ideal of BCL-Algebra

Under this subsection, we introduce and define ideal and fuzzy ideal of BCL-algebra B which had
not been defined nor discussed in the prior literatures so far.

Definition 4.1.3.1. A fuzzy subset : B — [0, 1], where the mapping 1 define the degrees of mem-
bership satisfying the following axioms,Ym, n, w € B is called fuzzy ideal of B.

(i) n(m) > min{n(men), n(n)},

(i) n((m® n&w))®w) > min{n(m), n(n)}

Example 4.1.3.1. Let the set B and the binary operation ® be as defined in Table 1.1 of
Example 1.1.1, above and define a fuzzy subset m : B — [0, 1] by

1, if m =0, 1, if m =0,
0.7, if m = 0, _ .
n,(m) = , N,(m)=<06, if m =p, r, M(M)=<07, if m = p,
03, if m=p,qg r;
04, if m= g; 04, if m= g, r

Then, n,, N, and 1, are fuzzy ideals of the BCL—algebra B by the following explanations for

some cases and possibly, it will be similar to explain the remaining cases:

Letm=r,n=qg w=p, then:
(i) n,(r) = 0.3 > min{n,(r® q), n,(q)} = min{n,(0), n,(q)} = min{0.7, 0.3} = 0.3 holds;
M,(r) = 0.6 = min{n,(r® g), n,(q)} = min{n,(0), n,(q)} = min{1, 0.4} = 0.4 holds;

N,(r) = 0.4 = min{n,(r ® q), n,(q)} = min{n,(0), n,(q)} = min{1, 0.4} = 0.4 holds,

(i) n,((r@(g®p))®p) =, ((r®r)®p) =1,(0) = 0.7
> min{n, (r® q), n,(q)} = min{n,(r), n,(q)}

= min{0.3, 0.3} = 0.3 holds;
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n,((r®(g®p))®p) =n,((r®r)®p) =1,(0) =1
> min{n,(r ® q), n,(q)} = min{n,(r), n,(q)}

= min{0.6, 0.4} = 0.4 holds;
n,((r®(g@p))@p) =n,((r®@r)®p) =n,(0) =1

> min{n,(r ® q), n,(q)} = min{n,(r), n,(q)}

= min{0.4, 0.4} = 0.4 holds; and so on.

Lemma 4.1.3.1. Let ) be fuzzy ideal of BCL-algebra B . Thenn(0) > n(m), Vm € B.

Proof. Since B # (), let m € B, then as proved in the proof of Lemma 4.1.3 we have:
(mMm® (m®))®m=0
=n((m®m)®m) =n(0) > min{n(m),n(m)} =n(m)
=mn(0) =2 n(m) O

Proposition 4.1.3.1. Let 1 be fuzzy ideal of BCL-algebra B such that m < n, Ym, neB. Then
n(m) > nn), thatis, in a fuzzy ideal, 1 is order reversing, where ”<” is a binary relation on B
defined by Definition 1.1.8, above.

Proof. Letn be a fuzzy ideal of BCL-algebra B such that m < n, Vm, n € B.
We need to prove: n(m) > n(n),vVm,n € B.

By the binary relation ”<” defined on B, we have: m < n,if wandonlyif m®n=0
Now, n(m) > min{n(m ® n), n(n)} = min{n(0),n(n)} =n(n)
=mn(m) > n(n) (since, n(0) >n(n), Vn € B, by Lemma 4.1.3.1)

n

Thatism <n = n(m) =>n(n) or nis order reversing.

]

Proposition 4.1.3.2. Let 1 be a fuzzy ideal of B, and ”<” be a binary relation on B. Then the fol-
lowing hold, ¥Ym, n, weB:

(1) nfm@&n) =n(0) =n(m) >n(n)
(2) n<m®n=n(m)>n(men) and
(3) men<n=n(m)=>nn)

(4) wen<m=nw)>mn{n(me®n), n(n)}

Proof. Suppose 1 is fuzzy ideal of BCL—-algebra B, then we claim (1), (2), (3), (4), Ym, n, weB.

Now, let m, n, w € B.
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(1) Suppose n(m ® n)=n(0) , then we need to prove: n(m) =>n(n)
n(m) = min{n(m®n),n(n)}
=min{n(0), n(n)} =n(n)
= 1n(m) = n(n), which is the required result.

(2) Suppose n < m ® n = 1(n) = n(m® n), by the order reversing property of the binary

relation ”<” on fuzzy ideal of B so that we need to prove that: n(m) >n(m®&n) :
n(m) 2 min{n(m®n),n(n)} =n(men)
= n(m) = n(m ® n), which is the required result.

(3) Suppose m ® n < n = n(m®mn) = n(n), by the the order reversing property of the binary

relation ”<” on fuzzy ideal of B.
Then we need to prove that: n(m) > n(n): n(m) = min{n(m®n),n(n)} =n(n)
= n(m) > n(n), which is the required result.

(4) Suppose w®n < m = n(w ®n) > n(m), by the the order reversing property of the binary

relation ”<” on fuzzy ideal of B.

Then we need to prove that: 1(w) > min{n(m®mn),n(n)}
n(w) > min{n(w®n),n(n)} > min{n(m),n(n)}

> min{min{n(m ®mn),n(n)},n(n)} =min{n(m ®n),n(n)}

Thus, n(w) > min{n(m ®n), n(n)}

Theorem 4.1.3.1. The intersection of any two fuzzy ideals, 1, and n,, of the BCL-algebra, B is
also a fuzzy ideal of B.

Proof. Letn, and 1, be any two fuzzy ideals of B. Then we need to prove that n,N 1, is a fuzzy
ideal of B, Vm, n, w € B.

i  (n, Nm,)(m) =min{n, (m),n,(m)}
> min{min{n, (n), n, (m ® n)}, min{n,(n), n,(m & n)}}
= min{min{nl(n), n,(M)}, min{n,(M ®n),n,(Mm® n)}}

=min{(M,Nn,)("), (M,Nn,)(m®n)} and

(i) (m,Nn,)((me®Mmew))®w)=min{(n, (m® (new))®@w),(m,(me&mew))ew)}

> min{min{n, (m), n, (M)}, min{n,(m), (n,()}}
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> min{min{n, (m), n,(m)}, min{n, (n), (n,(W)}}
= min{(n, N n,)(m), M,Nn,)())}.

Hence by (i) and (ii) above, n,N 7, is a fuzzy ideal of BCL-algebra.

The above theorem can also be generalized to any family of fuzzy ideals as stated in the

corollary following.

Corollary 4.1.3.1. The intersection ﬂn . of any family of fuzzy ideals, {n, : i€ 1}, in B is a fuzzy
iel
ideal of BCL—-algebra B.

Proof. Letmn,, Vi € I, be family of fuzzy ideals of B and, m, n, w € B. Then we need to prove that

mni is a fuzzy ideal of B.
iel

@ [n.(m)= inf{n, (m)}
iel
> iiglf{min{ni(n), N (m®n)}}

> min{inf(n, (n), n,(m@w)}}
= {min{inf{n,(n)}, inf(n,(m & n)}}

= min{ﬂni(n), ﬂn&m@n)}, ¥Ym, n € B and

iel i€l
@ [Inltme (mew)ewl =infnms (new) o w)
iel

> inf{min{n, (m), n,(n)}}

> min{inf{n(m), n,(n)}}

= min{inf{n, (M)}, inf{n,(m)}}
iel iel

= min{ ﬂni(m), ﬂni(n)}, Ym, n, w € B.
iel iel

Hence by (i) and (ii) above, n,N 7, is a fuzzy ideal of BCL-algebra.

Remark 4.1.3.1. The union of any two fuzzy ideals of a BCL-algebra, B is not necessarily fuzzy
ideal of BCL—algebra B. (We Jjustify this remark by the following example.)
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Example 4.1.3.2. Let (B; ®, 0) be a BCL—algebra, as defined in Table 1.1 of Example 1.1.1 and
take two fuzzy ideals; M, and n, in Example 4.1.3.1 above:

We have checked that m, and m, are fuzzy ideals of B but to show that their union is not
necessarily a fuzzy ideal of B, we justify it as follows using the pairs of fuzzy ideals of B:

,

1, if m =0,

07, if m = 1,

(2 Um) (M = 06, i m = g,
04, if m=aq

Take m=r, n=0, w=gqg
= [(memew))ew] = [(r&(0® q))@q] = [(r@0)®q] = rég=p.
Then we show that at least one of the axioms for ideals fails as follows:
(nz U 113) [(r® O® (]))@(ﬂ = (nz U ns)(p) =06
= min{(n, U m;)(x), (n, U n,)(0)}

=min{0.7, 1} = 0.7, which is not true.

Thus, we deduce that the union of two fuzzy ideals of BCL—algebras B may not be fuzzy ideal of B.

Theorem 4.1.3.2. Letn : B — [0, 1] be a fuzzy subset in a BCL—algebra (B; ®, 0) such that
B® = {¥m € B : (m) > n(b), for some bEB}. If n is fuzzy ideal of B then B is ideal of B.

Proof. Suppose 1 is fuzzy ideal of B, or Vm, n, w € B, the following hold:
(1) n(m) > min{n(m®n), n(n)} and
2) n((m® (n@w)) ®w) > min{n(m),n(n)}

We need to prove that BY is ideal of B; in other words, we need to show the following:
(a) m®n,ne€B?=meBb,

b)) mMneB’=(m® mew))®w) e BP
(a) Let m @ n, n € BY, for some beB = n(m ®mn) >n(b) andn(n) > n(b)
But by (1): 1(m) > min{n(m &n), n(n)} > min{n(b), n(b)} =n(b)

= 1n(m) = n(b) = m € B, for some b € B.

(b) Let m, n € BY, for some b € B. Thenn(m) > n(b), n(n) >n(b)
And by 2),n((m® (n®w)) ®w) > min{n(m),n(n)}
> min{n(b),n(b)} =n(b)
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=n[(menmew)®w] >nb)= (me&mew)) ®@w e BP
Then, by (a), (b) above, B? is a fuzzy ideal of B.

Remark 4.1.3.2. The converse of Theorem 4.1.3.2 above may not be true, which is justified by
the following counter example.

Example 4.1.3.3. Suppose n : B— [0, 1] is fuzzy subset in (B; ®, 0) discussed in Example
4.1.3 and take the fuzzy subset 1 defined in Example 4.1.3.1, which has been checked that 1 is
fuzzy DS of B.

Now, take B® = {p, r} = {¥ym € B:n(m) =n(b)}, where b = p, r.
Then, after careful checking, it has been listed that B® = {0, p, r} is not DS of B.

Thus, 1 is fuzzy DS of B but B is not DS of B.
O

Lemma 4.1.3.2. Let ) be fuzzy subset in B. If n(m) =n1(0), Vm € B, then 1 is fuzzy ideal of B.
Proof. Suppose 1 is fuzzy subset in B such that (m) =1(0). We need to prove: 1 is a fuzzy ideal
of BCL-algebra B:
(i) Again from the hypothesis, 1(0) =n(m), Vm € B
=n(0)=n(m)=n(n) =n(ma®n), Vm, n € B (since, also m® n € B)
= n(m) =n(0) =min{n(0),n(0)} = min{n(m @ n),n(n)}
=n(m) =min{n(m®n),n(n)} =n(m) > min{n(men),nn)}
(i1) Similar to (i) above, since n1(0) =n(m), Vm € B
=1n(0)=n(m)=n(n) =n(w) =1 [(m@ (n@w))@w], Ym,n,weB

=n((m® (n®w))®w) > min{n(m), n(n)}

Thus, by (i) and (ii) above, 1 is fuzzy ideal of B.

Theorem 4.1.3.3. Let (B; ®, 0) be a BCL—algebra. Then the following hold:
(1) Every fuzzy deductive system of B is fuzzy SA of B.

(2) Every fuzzy ideal of B is fuzzy SA of B.

Proof. Suppose B is BCL—-algebra andn : B — [0, 1] is fuzzy subset.
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)

2)

Suppose 1 is fuzzy DS of B. Then we need to show that ) is fuzzy SA of B. Now as 1 is fuzzy
DS of B, then Vm, n, weB; n(m ® (n ® w)) > min{n(m), n(n)} by Definition 4.1.2.1 (ii)
(second axiom of definition of fuzzy DS).

Then, since w € B is arbitrary, put w =0

=n(m® (n®0)) > min{n(m),n(n)}
= n(m®n) > min{n(m), n(n)}, since n® 0 = n by Proposition 2.1.1 (5)
= n(m®n) = min{n(m), n(n)} that the axiom for fuzzy SA is satisfied.

Therefore the fuzzy DS n of B is fuzzy SA of B.

Suppose 1 if fuzzy ideal of B. Then we need to show that 1 is fuzzy SA of B. Now as 1 is
fuzzy ideal of B, we have, Ym, n, w € B;n((m® (n ® w)) ® w) > min{n(m), n(n)} by
definition 4.1.3.1 (ii) (third axiom of definition of fuzzy ideal).

Then since w € B is arbitrary, put w=n
=n((m® (n®n)) ®n) > min{n(m),n(n)}
n(m®0) ®n) > min{n(m), n(n)} since n ® n = 0 by Definition 1.1.8 (BCL-algebra)
= n(m®n) = min{n(m), n(n)} since m ® 0 = m by Proposition 2.1.1 (5)
= n(m®n) = min{n(m), n(n)} that the axiom for fuzzy SA is satisfied.

Therefore the fuzzy ideal 1 of B is fuzzy SA of B. O

The converses of the two valid statements in Theorem 4.1.3.3 (1) and (2), as well as the other

relationships between fuzzy deductive systems and fuzzy ideals, are stated in the following remark

and justified by the succeeding counterexample for all being not necessarily true.

Remark 4.1.3.3. The only general links between the three fuzzy substructures; fuzzy SA, fuzzy DS

and fuzzy ideal, in a BCL—algebra involve the statements that any fuzzy DS is a fuzzy SA and any

fuzzy ideal is a fuzzy SA as proved in Theorem 4.1.3.3.The converse of either of these two facts, and

any other general connection whatsoever between the three structures, is not true in general.

Example 4.1.3.4. Apart from the statements proved in Theorem 4.1.3.3, we provide justifications

(1)

for the remaining statements given in Remark 4.1.3.3 by the following counter examples.

Every fuzzy SA of B may not be fuzzy DS of B (converse of Theorem 4.1.3.3 (1)).
Suppose 1 is fuzzy SA of B as defined in Example 4.1.1.1 defined on the BCL—algebra B in
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(2)

(3)

(4)

Table 1.1 of Example 1.1.1, and take m = g, n = p and w = 0 so that,

nmen)®w)=m((g®p)®0) =n(r®0) (since g® p = r from Table 1.1)
=1(r) (since r®0 = r from Table 1.1)
= 0.1, but that

nmen)®w) =n(g® (p®0)) = 0.1 >n(q) by Definition 4.1.2.1 (i) (one axiom of DS)

= 0.3 which is false or one axiom of fuzzy DS fails.
Therefore, fuzzy SA of a BCL—algebra is not necessarily fuzzy DS of B.

Every fuzzy SA of B may not be fuzzy ideal of B (converse of Theorem 4.1.3.3 (2)).

Suppose 1 is fuzzy SA of B as defined in Example 4.1.1.1 defined on the BCL—-algebra B in
Table 1.1 of Example 1.1.1, and take m = randn = g

n((m) =n((r) = 0.1 = min{n(r® q), n(q)} (Definition 4.1.3.1(ii)) (axiom of fuzzy ideal)
= min{n(0), n(q)} (since r ® g = 0 from Table 1.1)
= min{0.7, 0.3}

= 0.3 which is false and hence one axiom of fuzzy ideal fails.

Therefore, fuzzy SA of a BCL—algebra is not necessarily fuzzy ideal of B.

Every fuzzy DS of B may not be fuzzy ideal of B.

Suppose n is fuzzy DS of B as defined in Example 4.1.2.1 defined on the BCL—-algebra B in
Table 4.1 and take m = g, n = p which implies g® p = r

n(m) =n(qg) = 0.2 > min{ n(g® p), n(p)} = min{ n(r), n(p)} = min{ 0.6, 0.6}
= 0.6 which is false clarifying that one axiom of fuzzy ideal fails.

Therefore, fuzzy DS of a BCL—-algebra is not necessarily fuzzy ideal of B.

Every fuzzy ideal of B may not be fuzzy DS of B.

Suppose n is fuzzy ideal of B where | =, as defined in Example 4.1.3.1 defined on the BCL—
algebra B in Table 1.1 of Example 1.1.1, and take m = p, w = randn = r

nimew)@w=n((p®r)®r=n((g® r) =n(q) = 0.4
>n(p) (Definition 4.1.2.1(i)) (first axiom of fuzzy DS)
= 0.6 which is false or one axiom of fuzzy ideal fails.

Therefore, fuzzy SA of a BCL—algebra is not necessarily fuzzy DS of B fails.
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4.2. Pythagorean Fuzzy Substructures of BCL-Algebra

In this section, we introduce Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive System
and Pythagorean fuzzy ideal of BCL—-algebra, state and prove different properties and theorems for
each of the Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive System and Pythagorean
fuzzy Ideal of BCL—-algebra.

4.2.1 Pythagorean Fuzzy Subalgebras of BCL-Algebra

Definition 4.2.1.1. Let (B; ®, 0) be a BCL-algebra. A Pythagorean fuzzy set B = (T], T) in B,
where the fuzzy mappings n: B — [0, 1] and t: B — [0, 1] define the degree of membership
and the degree of non-membership, respectively in B such that 0 < (n(m))? + (t(m))? < 1 is called
Pythagorean fuzzy SA of B if the following two axioms are satisfied; Ym, n € B:

M(m®n))? > min{(n(m))?, MMn))*} and (t(m®n))* <max{(t(m))? (t(n))?}

Example 4.2.1.1. Let ® be as defined in Table 4.1 of Example 4.1.1.3 of B = {0, D q, r}. Let the
fuzzy subsets n: B— [0, 1] and T: B — [0, 1] where (n(m))? + (t(m))? < I be defined as follows:

0.8, if m= 0, 04, if m= 0,
n(m) =406, if m= p, and T(M)=1<0.7, if m= p,
0.3, if m= g, r, 09, if m= g, r.

Then by using basic calculations, we check that B® = (m, 1) is Pythagorean fuzzy SA of B as follows:
Take m =g n=p=m®mn = r, and then

2, (n(p))*} = min{0.09, 0.36} = 0.09 hold and

. 2 2
(i) (n(g®@p))” = (n(r)" =009 >{(n(q))
(ii) (t(g®p))” = (t(r))? = 0.81 <{(t(q))>, (t(p))’} = max{0.81, 0.49} = 0.81 also hold
and for all the other cases, similarly the two fuzzy subasets hold so that B® = (m, 1) is a

Pythagorean fuzzy SA of B.

Lemma 4.2.1.1. IfB® = (1, 1) is a Pythagorean fuzzy SA of B, where 1] and T are square deviations
ofn and t of B, , respectively, then Ym € B, we have:

(n(0))* > (n(m))* and (¢(0))> < (t(m))% (7(0))> > (T(m))%and (7(0))* < (M(M))*
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Proof. Since B # (), for m € B, we have: m ® m =0. Then as m®m = 0, then:

M(0))? = M(m ®m))? > min{(n(m))?, (n(m))?}, since (1, T) is a Pythagorean fuzzy SA of B

= ([(m))* = ([M(0))* < (M(m))>?
Proposition 4.2.1.1. Let S be a non-empty subset of a BCL-algebra B and X be the Characteristic
function with square deviation ):(S. Then:
(1) Xg(m)=X,(m), and

(2) BY = (Xs’ ):(S) is a Pythagorean fuzzy SA of B if and only if S is SA of B.

Proof. (1) Suppose xs : S — {0, 1} is a Characteristic function. Then it is defined as:

, JL i mes, _ B 0, if mes, _ 2
Xs(m) = (xs(m))*= = X,(m)=X,(m)= = (X (m))

(2) Let X be a a membership function of B, and let m, n € S,

Now, we show Sis SAof B = m&®n e S = xisafuzzy SAof Bandm,ne S

= Xs (M) =xs(n) =1; xs(m®n) > min{x,(m), xs(n)} =min{1, 1} =1 = x,(me&n) > 1
Butl>x;(m®n)=x;(m®n)=1=m®&n € S. Similarly, ):(S(m®n)=0:>m®nes
Hence, m,n € S = m®n € S and therefore, S is a SA of B.

Conversely, suppose S is a SA of B.
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Thus at first, for the non-membership function X, let us show that
(Xs(m@n))® < max({xs(m)), (xs(m)*}. ¥m. n €B.
Then after, following similar steps for the membership function X, one can show that
(xs(m®n))? = min{ (x5 (M) (xs(n))>}, ¥m, n € B so that we omit the proof for this part.
Case(1):Ifm,neS = m®nes ( ():<S(m))2 =0= (X, (n))2 =(nme n))z), then
menes= (X, (m®n))’=0<max{0, 0} = max{(X,(m)? (X, ()}
= (Xs(m@n))® <max{(X,(m)* (x,(n)*}.
Case(2): If m¢ S, n¢S, (butm,n € B)
= (X (m)’=1= (X;(n)* and (X;(m@n))* <1
(since any fuzzy subset is less that or equal to 1)
= (X, (men)® < 1=max{(x,(m)> (x,(m)’}
= (X (m®n))* < max{ (x,(m)* (X, (m))’}
Case(3):If meSandn ¢S (orne Sand m ¢ S)
=Xs(m)=0andX,(n)=1 (orXy(n)=0andX (m)=1)
= max({X,(m))%, (X, (n))*} =max{1,0} =1 and (X, (m®n))*<1
= (Xs(m@n)® < 1=max{(X;(m)* (x,(n)*}
= (X (m®n))® < max{ (x,(m)* (X, (n)*}
Hence, in all the cases (1) — (3), we have checked that:
(Xs(m® n)) < max{ (X, (m )) (Xs(n ) },¥m,n € B (and similarly for x;).
Thus, )z(s is non-membership function on B (but X is membership function on B).

Thus BP = Xs> ):(S) is Pythagorean fuzzy SA of B if and only if S is SA of B. =

Theorem 4.2.1.1. Let () # S C B and consider the fuzzy subset 1 and its complement in B such that:
d, if meS 1-9, if meS '

n(m) = and then n(m) = VY, 8 € [0, 1] withy <
Y, otherwise, 1—7vy, otherwise,

Then BY = (n n) is Pythagorean fuzzy SA of B if and only if S is SA of B.
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Proof. The proof follows similar reasoning as Theorem 4.2.1.1 above, with the substitution of

1 by 6 and 0 by o forn, and 0 by 1-9, 1 for 1-o0 for 1
O

Lemma 4.2.1.2. Letn: B — [0, 1] be a fuzzy subset on a BCL—algebra, B such that 7 and 1 are the

complement and the square deviation of 1, respectively. Then,

(1) A(m))*=a(m) & n(m)=0 or n(m) =I

Proof. (1) Suppose (fj(m))? =(m)
& (\[m)?2=(1-m(m)’>=1-2nm)+@m(m)2 =f{(m) =1— (n(m))>

?=1—(n(m))

& 1—2n(m) + (n(m))

2

& M(m) —n(m)=0 < n(m)(n(m)—1) =0 & n(m)=0 or n(m) =1.
(2) Suppose fi(m) =T(m) < 7{(m) =1—n(m) =F(m) =1— (n(m))* < M(m))*> —n(m) =0
& n(m)(1m(m) ) =0 < n(m) =0 or n(m) =1. -

Theorem 4.2.1.2. Let 1 be a fuzzy subset in B and 7 be its square deviation such that the sets:
By ={meB:(n(m))?>=Mm0)*} and B = {meB:(@{(m))>= (M(0))*}. Then B,
and Bﬁ are SAs of B if and only if (n, 1;1) is Pythagorean fuzzy SA of B.

Proof. Let B be a BCL—algebra and suppose m, n € B such that (1, 77) is a Pythagorean fuzzy SA

of B, so that ((m ®n))? > min{(n(m))?, (n(n)?} and (M(m ®n))? < max{([(m))?, (A(n))*}

So, we need to prove that: By, and Bﬁ are SAs of B.

Let m, n € By or (n(m))*> = (n(0))* = (n(n))*> and (f(m))*>=1— (n(0))* = [(n))?

But (n(m®mn))? = (n(0))? = (n(m))? = (n(m))? > min{(n(m))2, (n(n))?}

= By Lemma 4.2.1.1 above, we have:
M(0)? > m(men))? = [(0)* < @(me®n))?%Vm,neB
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= (n(m@n))*=n(0))? and (7(0))* = (M(m@n))*,vm,n € B

=m®nc By andm@nEBT:l;Vm,neB.Thuan andBﬁ are SAs of B.
Conversely, let By, and Bﬁ be SAsof B==m®neByandm®n € Bﬁ ,Vm,n€B
= (n(m®n))>= (n(0))?and f(m®n) =7(0) , Ym,n € B

Then we need to prove that (n, (7)?), is Pythagorean fuzzy SA of B

Letm,n € By andm,neBﬁ

s=me®necB,,Vm,neBandthenm,n,m®n € By

= (n(m®mn))? = n(0))* = min{(n(0))?, (n(0))*} = min{(n(m))* (M(n))*} and
(M(m®n))? = (71(0))* < max{(7(0))%, ([7(0))*} = max{(7(m))?, (M(n))*}

Therefore, (n, ﬁ) is Pythagorean fuzzy SA of B. 0

Theorem 4.2.1.3. Let 1 be a fuzzy subset in B. Then, for m, n € B, (m, 1) is Pythagorean fuzzy SA

of Bif (n(m ® n))* = (n(0))*and ([y(m ® n))* = (7(0))*.

Proof. Let 1 be a fuzzy subset in B such that (n(m ® n))2 = (n(()))2 and (ﬁ(m))Z = (ﬁ(O))z,

Vm, n € B is afuzzy subset in B. Then we need to prove: (1, 7) is Pythagorean fuzzy SA of B.

@m ® n))* = ([(0))* = max{ (7(0))2 (7(0))2} < max{(@(m))2, [{(n))*}

= (A(m @ n))* <max{(@(m))>, ({i(n))*} (and similarly, (n(m ® n))2 > min{(n(m)) (n(n))*})

Thus (T], ﬁ) is Pythagorean fuzzy SAof B. O

Remark 4.2.1.1. The converse of the preceding theorem (Theorem 4.2.1.3) is not true which we
confirm it by the next example (Example 4.2.1.2 below).

Example 4.2.1.2. Let the fuzzy subsets 1 and 1 in B be defined as follows:
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0.8, if m =0, 0.36, if m =0,
nm)=<0.7,if m = p, = (ﬁ (m))zz 051, if m =p,

03, if m =g, r, 091, if m =g, r.
Now, from Table 4.1 in Example 4.1.1.3 above, (B; ®, 0) is BCL—algebra and
BP = (n, ﬁ) is a Pythagorean fuzzy SA of B. But by taking m = gand n = p, we have:

(M (m@n))* = \(g® p))* = () = 0.91 # (M(0))* = 0.36 and

(nm@n))* = ((g®p))* = (n(r))* = 0.09 # (n(0))* = 0.64

Then B = (Mg, T) is a Pythagorean fuzzy SA of B does not imply (R(m & n))?) = (1(0))?

nor (m(m ® n))? = (n(0))2

Theorem 4.2.1.4. The intersection of any two Pythagorean fuzzy SAs of a BCL—algebra B is Pythagorean
fuzzy SA of B.

Proof. Let B, = (nl, Tl) and B, = (n2, TZ) be any two Pythagorean fuzzy SAs of B. Then we
need to prove that B, N B, is a Pythagorean fuzzy SA of B. Thus, let m, n € B.

((,Nmy) (m@n))* =min{(n, (m@n), (n,(men)’}
> min{min{ (n, (m))?, (n,(n))2}, min{ (n,(m))?, (n,(n))?}}
= min{min{ (n, (m))%, (n,(m))?}, min{ (n,(n))2, ((n,(n))?*}}

— min{ ((n,nn,) (M) ((n,"n,) ()%}

((n,Nmy) (men))* = min{((n,0m,) (m))*, ((n,0m,)(n)°}  and

(v, N7) (m@n))* =max{(x, (men)*, (v,(men)’}
< max{max{ (7, (m))2, (r, ()2}, max{ (v, (m))2, (x,(n))2}}
= max{max{ (7, (m))2, (t,(m))2}. max{ (r, ()2 ((1,(n))?}}
= max{ ((r,n 7,) (), (1,0 ,) (n))*}

(t,N) (men)” < max{((1,05,) ()", ((1,n7,) ()"}

Hence, the intersection of two Pythagorean fuzzy SAs of a BCL—-algebra B is also Pythagorean fuzzy
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SA of B as proved above, B,NB, is a Pythagorean fuzzy SA of B. O

The above theorem can also be generalized to any family of Pythagorean fuzzy SA of B as in the

corollary below.

Corollary 4.2.1.1. The intersection, (ﬂni, ﬂ’ci>, of any family of Pythagorean fuzzy SAs,
i€l iel
{(ni, Ti) i€ I}, of B is also a Pythagorean fuzzy SA of B.
Proof. Let {(n " ’ti) i€ I}, and B, = (nz, Tz) be family of Pythagorean fuzzy SAs of B. Then

we need to prove that (ﬂ Ns» ﬂ’ci>, is a Pythagorean fuzzy SA of B. Thus, let m, n € B.
iel iel

N, (mem))? = inf{ (n, (m & ))*)

< > inf {min{ (n,(m))’, (n,(n))’}}
> min{inf{ (n, (m))*, (n,())*}}
= min{inf { (n,(m))"}, inf{ (n,(n))"}}
=min{ (Y (n(m)" ()} vmones
Q(n(m@an))z=s;1§{(ﬂ(m®“>)2}
< sup {max{ (7, (m)% (t,(n)*}}

iel

< max{sup { (Ti(m))z’ (T, (“))2}}

i€l

= max{s:g) { (Ti(m))z}, s:g) { (Ti(n))z}}

= max{ﬂ (Ti(m)>2, ﬂ (Ti (n))z} Ym,n € B

iel iel

Therefore, <ﬂni, ﬂ'(i> is a Pythagorean fuzzy SA of B.
i€l i€l n

Remark 4.2.1.2. The union of any two Pythagorean fuzzy SAs of a BCL—algebra B need not

be Pythagorean fuzzy SA of B, which we show it by an example as follows.
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Example 4.2.1.3. Let (B; ®, 0) be as defined in Table 4.1 of Example 4.1.1.3 and define two member-
ship functions 11 and ), of the Pythagorean fuzzy SAs B, = (nl, Tl), B, = (T]Z, Tz) of B respectively

to show that the union fails by using only the membership functions, as follows :

1, if m=0, 0.7, if m =0,
n,(m)=<¢08 ifm =p, and n,(m) =106, if m = g,
02, if m =g, r, 01, if m = p, 1,
and we get:
1, if m =0, 1, if m =0,
08, if m = p, , 064 ifm=p,
(n, Um, ) (m) = = ((n,un,)(m)" =
06, if m = g, 036, if m = g,
\0.2, ifm=r, \0.04, if m = r.

Take m=pandn=g=m®nN = p &® qg= r, then we need to show that

((n, Um, ) (p® @) = min{ (M, Un,)(p)*, (M, Un,)(@))*} is not true.

Now, ((nl Un2>(p® q))Z = ((nl Unz)(r)>2 =0.04

> min{ (M, Un,)(p))> (M, Un,)(p))’}

= min{0.64, 0.36} = 0.36 which is false,
= (mun)(p@®p))’ =0.04 = min{((MuUn)(p)> ((Mun)()’} =036 isfalse.

Therefore, the union of two Pythagorean fuzzy SAs of BCL—algebra B is not necessarily a Pythagorean
fuzzy SA of B.

Proposition 4.2.1.2. Let U be non-empty subset of B such that x,, is Characteristic function and the
square deviation; ():(u (m))?>=1— (xu(m))z. Then for Pythagorean fuzzy SA, BY = (Xu’ ):(u) of B,
the accuracy function a, the score function s, and the degree of indeterminacy T, are respectively
given as follows, Ym € B:

1, if mel,

(a) ap(m) = ]’ (b) Sp(m) = (C) ﬂp(m) =0.
—1, if m¢u,

Proof. Letx,, : U— {0, 1} be Characteristic function and the square deviation X, : U — {0, 1} be
such that ():(u(m))2 =1 — (x (m)>
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1,ifmel, _ ) 0, if mel,
Then: x,(m) = and then (X, (m))° =

0,ifmé¢lu, 1,if m¢ U
Hence, as proved in Theorem 4.2.1.1, BP = (Xu’ Xu) is a Pythagorean fuzzy SA of B, and then:

(a) The accuracy function:

ap(m) = (xu(m)* + (X, (m)* = 1+O’l:fm€u' =1, YmeB
0+1,if meu

(b) The score function:
1—-0, if mel, 1, i mel,

sp(m) = (x,(m)* = (X, (M) = | = | . VmeB,
0—1,ifmegu —1,if me&lu,

(c) The degree of indeterminacy:

= \/1— ((Xu(m))z—l— ():(u(m))z) =/1—a,(m)=v1-1=0, VYmeB.

Proposition 4.2.1.3. Let ) be a fuzzy subset in a BCL-algebra B such that

5, if meM, _ 1-8% if meM,
n(m) = = (M(m))? = where 8,y € [0, 1] and & >y.

‘Y/l..fmgM/ 1_‘}/2/lfm¢M/

Then M is SA of B if and only if BY = (n, T:]) is a Pythagorean fuzzy SA of B.

Proof. Let M be SA of B, then we need to prove that (n, T:]) is a Pythagorean fuzzy SA of B.

Case(i):LetmeM,neM=m®n € M, since M is SA of B

Thenn(m)=n(n)=8 =n(men)=58 =n(me®n)=n(m)=n(n)=>=
= n(m®n) = b =min{n(m), n(n)} and also,
Mmen))?=1-58={(m))*={Mn)* <1 -8 =min{(R(m))% [{(n))*}
Case(ii): Let m € M, n ¢ M (or similarly let m ¢ M, n € M)
(This second part can be completed in a similar way as the first part.)
=n(m) =5 n(n)=y=n(me®n) >y =min{n(m),n(n)} =min{d, vy}
= n(m®&n) >y =min{n(m),n(n)} and
Mmen))* <1-y?=max{1 -6 1-v*} =max{(A(m))* (A(n))*}

Case(iii):Letm ¢ M,n ¢ M =1n(m) =n(n) =y



=nme®n)>y=n(m)=n(n)=n(me&n) >vy=min{n(m),n(n)} and also,
Mm®n))* <1—vy*={(m))*= ([{(n)*=min{(M(m))?, [(n))*}

Hence (n, 1 ) is a Pythagorean fuzzy SA of B.

Conversely, suppose (n, n ) is a Pythagorean fuzzy SA of B.

Then we show the M is SA of B, (here we can use either 1) or 7] so that we simply use n).

Letm,neM=n(m)=n(n)=05andn(m®&n) > min{n(m),n(n)} =min{d, 6} =

but (n(m®mn) <4, by the hypothesis = n(men)=0=me®neM

Therefore, M is SA. of B.

Theorem 4.2.1.5. Let n be a fuzzy subset in B such that n(m ®&n) =n(n). Then

A(m®n))? = ([(n))% VYm, n € B. Furthermore, B® = (n, n) is a Pythagorean fuzzy
SA of B if and only if | and T are constants.

Proof. Suppose n(m ®n) =n(n) = (n(men))* = (n(n))>
Then (M(m ®n))>=1— M(m&n))*=1—(n(n))*=mMn))>
Let B? = (nz, ﬁ) be Pythagorean fuzzy SA of B. Then:
(M(m®n))*> = (n(n))? and then ([F(m ®n))* = (fi(n))*.
Now we need to prove that 1) and then 7 are constants, for Vm, n € B
(or (n(m))? = (n(n))? and then ({(m))* = (M(n)) vm, n € B.)
Since BF = (n, ﬁ) is a Pythagorean fuzzy SA of B, n is a fuzzy SA of B, and also we have:
= 1(0))? = (0 ® m))? = (n(m))?, Vm € B, and again
M(0)? =m0 ®n))?=m(n))% ¥n €B (since 0®@m =0 by Proposition 2.1.1 (3))

= (n(0))* = (n(m))*= (n(n))?>,¥m,n € B

n(n))2, ¥m, n € B and hence, 1 is constant.

U

=

2

e
I

Additionally, ((m))?=1— (n(m))?=1— (m(n))?>=((M(n))? so that7 is constant, too.

Conversely, suppose 1 and 7 are constants, or j(m) =1(n) and (7(m))?=(f(n))?
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such that, Vm,n € B: n(m®n)=n(n)and (M(m®n))?={n))?2.

Then we need to prove that: BF = (n n) is a Pythagorean fuzzy SA of B.
n(m) =n(n) =m(m®n) =min{n(m), n(n)} > min{n(m),n(n)}
= (M(m®mn))? > min{(n(m))?, (n(n))?} (and then ((m @ n)* < max{(f(m))%,{(n)})
Therefore, BY = (T] n) is a Pythagorean fuzzy SA of B. ]
Theorem 4.2.1.6. Let 1 be a fuzzy subset such that 1 is a membership function and 1 is its square
deviation in a BCL-algebra B. Suppose Bb {Vm € B: (n( ))2 > (n(b))z, for some beB.} and

then Bb {YmeB: (n(m)) < (ﬁ(b)) , for some b € B}.

If B” = (n, ﬁ) is Pythagorean fuzzy SA of B then B}’ and B;’ are SAs of B.

Proof. Suppose B = (n, n) is Pythagorean fuzzy SA of B, or we need to show that:

(1) m.neBY = (nmen)*>min{(n(m)". (n(n))’}
) m.neB = (nmon))*>min{(n(m)" ()"}
3) m,neBl = (Fmen))’ <min{({Hm)* {Fmn)*}
@) m,neB’ = (fmon)’ <min{({(m)* {mn)*}

We prove all the four as follows:

() m,neB®= (n(men))’>min{(n(m)? ()’

= (n((m@n))2 > (n(b))z, for some b € B= (m@®n) € B

= mneB?= (ma&n)eB?

2) m,neB"= (n(m@n))2 > min{ (n(m))z, (n(n))z}
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= (m((m®n))* > (n(b))? forsome b € B= (m@n) € BY
= m,neB’= (ma&n)eBP
Therefore, from (1) and (2) above, B? is SA of B.
3) m,neB = FHmen))’ <max{({Hm)’ Hn)}
< max{(A(b))*, [A(0))*}
— (7(b))* and
— ([A((m®n))> < ([(b))?, for some b € B= (m@n) € BY
= m,neB’= (ma&n)eB’
@ m.neBl = @mon)? <max{(@m)> {n)*
< max{(A(v))*, [\(0))*}
= ([(b))” and
— (m((m®n))> < (n(b))?, for some b € B= (m@n) € BY

= m,neB’= (ma&n)eB’

Therefore, from (3) and (4) above, B;’ is SA of B. 0

Corollary 4.2.1.2. Let 1 be a fuzzy subset and 1| be its square deviation in B. Then BY = (n, n) is
Pythagorean fuzzy SA of B if and only if 1 is fuzzy SA of B. Furthermore, the accuracy function a,

the score function s, and the degree of indeterminacy T, are respectively given as follows, Vm € B:

(i) a,(m)=1, (ii) s,(m)=2(n(m))>—1=1-2(7m))> (iii) 7,(m) = 0.

Proof. Suppose BF = (n, ﬁ) is Pythagorean fuzzy SA of B. Then we prove that 1 is fuzzy SA of B.
(n, 1:]) is Pythagorean fuzzy SA of B implies
(n(m@mn))* > min{(n(m))2, ((n))%} and (F(m ®n))* > min{(7F(m))2, @(n))*}
From these two inequalities: (n(m ® n))z > min{(n(m))z, (n(n))Z} is the axiom for the
definition of fuzzy SA 1 of B so that 1 is fuzzy SA of B.

Conversely, suppose 1 is fuzzy SA of B and then we show (n, T:1) is Pythagorean fuzzy SA of B.
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As 7 is fuzzy SA of B, we have: (n(m@®n))® > min{(n(m))2, (n(n))?}

= —(n(men))’ < —min{(n(m))2 ()2} = —(n(men))* < max{—n(m))>2 —n(n)>%}
= 1 —(n(m®n))* < max{1—-m(m))% 1-(n(n)%} = \(men))* < max{({(m))2, [@(n))2}
Hence, B = (1, 7) is Pythagorean fuzzy SA of B.

Furthermore, the values for a,, s, and 7t, are justified as follows:

i) a,(m) = mm)*+ @(m)?)> = (m(m)*+ (1—n(m))* =1

2 —

—(@(m))?) = (n(m))

2

(i) sp(m) = (n(m)) — (1=n(m))" =2(n(m))* -1

=2(1-7\(m))?> —1=1-2(7(m))?

(iii) m,(m) = /1—a,(m) = v1—-1 =0.
O

Remark 4.2.1.3. The converse of Theorem 4.2.1.6 is not necessarily true, which is justified by the

next counter example.

Example 4.2.1.4. Suppose n : B — [0, 1] is fuzzy subset in (B; ®, 0) discussed in Example 4.1.1
and take the fuzzy subset M defined in Example 4.2.1.1, which has been checked that 1 is fuzzy SA of
B which implies (m, 1) is Pythagorean fuzzy SA of B, by Corollary 4.2.1.2 above.

Now, take B® = {p, r} = {¥m € B:n(m) =n(b)}, where b = p, r. Then, after careful checking,
it has been listed that B® = {p, r} is not SA of B.

Thus, 1 is fuzzy SA of B but BP is not SA of B.
Theorem 4.2.1.7. Let B” = (1, 1) be a Pythagorean fuzzy SA of B and m, n € B.
If n(m®n) =n(n), and t(m®n) = t(n), Ym, y € B, then the following hold:
(1) The accuracy function: a,(m) < 2 - [(n(O))Z + (T(O))z} ,
(2) The score function: s,(m) < 1—2(7(0))?,

(3) The degree of indeterminacy: m,(m) is such that (WP(m))z > (n(m))? — (Mg (0))2

Proof. Let B” = (1, T) be a Pythagorean fuzzy SA of B; n(m®n)=n(n), tlm®n) =1(n)
Since, B# 0, Im € Bsuchthat0=0® m = n(0) =m(0® m) =n(m),vm € B

=n(0) =n(m) =n(n) =n(w), ¥m,n, we B
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And similarly, t(0) =7t(m)=1(n)=1t(w), Vm, n, we B

But 0 < (n(m))? + (t(m))> < 1=0 < (n(m))? + ((0))* < 1
= (MM))? K 1= (T(0))2 oot (%)
0< (M(m))*+ (t(m))? <1=0< M(0))*+ (t(m))* < 1= (t(m))*> <1 — M(0))* ....... ()

Then, Ym € B, we have the following:

(1) The accuracy function:

Theorem 4.2.1.8. If B = (n, T) is Pythagorean fuzzy SA of B such that  and T are square
deviations and complements of 1, respectively and T and T are square deviations and complements

of 7, respectively, then the following ordered pairs are each Pythagorean fuzzy SAs of B:

)

(5) (T ) 6) (T ) (7) (T 7) (8) (T 7)

3|

(1) (n, 1) 2) (m 7 (3) (T 7) “4) (%

Proof. BP = (n, T) is Pythagorean fuzzy SA of B means 1n is membership function and T is non-
membership function of B. As explained by Corollary 4.2.1.2 for 1 (which is similar for 1) and

for the non-membership map T: (T(m ® n))2 < max{(t(m))?, (t(n))?}
= —(t(m®n))* = —min{(t(m))2 (t(n))?} = —(t(m®n))* > min{—(t(m))?, —(t(n))?}
=1 —(T(m®n))2 > min{1—(t(m))?, 1—(t(n))?} = (%(m@n))z > min{(T(m))?, (T(n))?}

Then we deduce that T is membership map (and similarly the complement T is also membership map]

for the Pythagorean fuzzy SA (n, T) of B.
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This implies the square deviations; T is membership function and T is non-membership function of

the Pythagorean fuzzy SA of B.

Hence 1, T and T are membership functions, and T, ] and 7 are non-membership functions of B.
Then pairing each membership function with any of the non-membership function of B, we obtain
Pythagorean fuzzy SAs of B and hence the proofs of the above and other similar pairs are assured as

proved previously for different forms.
[

4.2.2 Pythagorean Fuzzy Deductive Systems of BCL-Algebra

In this subsection, we introduce and define Pythagorean fuzzy DS of BCL—-algebra, state and prove

some important and novel properties of the Pythagorean fuzzy DS of BCL-algebra.

Definition 4.2.2.1. A Pythagorean fuzzy set BY = (n, T), ina BCL—algebra B is called a Pythagorean
fuzzy deductive system of B where the functions n: B — [0, I]and T: B — [0, 1] define the de-
gree of membership and degree of non-membership, respectively, if and only if the following axioms

are satisfied, Ym, n, w € B:
() M(mew ew)’ > nm)’ ad (t(mew) @)’ < (t(m))”

2 (n(n))z} and

(tm® (n @w)))2 < max{(r(m))z, (T(n))Z}.

(ii) (n(m® (n®w)))* > min{(n(m))

Example 4.2.2.1. Let B and the binary operation ® be as defined as in Table 1.1 of Example 1.1.1
above and let the fuzzy subsets 1 : B — [0, 1] and T : B — [0, 1] be defined as follows:

08, if m =0, 02, if m =0,
nm) =205, if m = r, and t(m)=<04, if m = r,
01 if m=p, g 0.7, if m = p, q.

By manipulating basic calculations, we check that B” = (n, T) is Pythagorean fuzzy DS of B as

follows:

Takem=r,n=pu=0,w=gqg,andthen(r® 0)®0) = r®0=r and (r® (p® q))=r®r=20

(i) (n(r®0)®0))*=m(r)*=025> (n(r))> =025 holds and

(t(r®0)®0))* = (t(r))> = 0.16 < (t(r))* = 0.16 holds
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(n(0))? = 0.64 > min{(n(r))>, (n(p))*} = min{0.64, 0.01} = 0.01 holds

(i) (M(r® (p® q)))’

(T(0))* = 0.04 < max{(t(r))?, (t(p))*} = max{0.16, 0.49} = 0.49 holds

(t(r®(p®q)’

The other cases, aslo hold similarly so that B® = (1, T) is Pythagorean fuzzy DS of B.

Theorem 4.2.2.1. Let B” = (n, T) be Pythagorean fuzzy set in B. If BY is Pythagorean fuzzy

DS of B, then the following hold, Ym, n, u € B:
(i) (n(0)* > (n(m))* and (7(0))

(i) m&n=n= (n(n))
(m® new)’ = (mw))

(tm® (n@w))2 = (T(W))Z < max{ (T(m))2, (T(n))z}

~—
~—
N
WV
—~
=3
2
=
N

(iii) m&n =nem = (n(mew) @m)))2 > (n(m))2 and (M(m&®w)®m

n
=
Z
o

(t((mew)®m))’ < (t(m))* and (t((mew)®m))>
Proof. Let B = (n, T) be Pythagorean fuzzy DS of
(1)) From the first axiom of the Pythagorean fuzzy DS; (n, 7): (n(m®u) & u)2 > n(m), since
u is arbitrary element of B, put wu=m. Then, (m®u)®u=(M®m)®m=0® m=0and

2

then (n(m@w) ®u)” > (n(m))? = (n(0)> = (n(m))?

(ii)) Letm ® n =n, then from the first axiom of Pythagorean fuzzy DS of B, we have:
= (men)®n)’ > (M(m)” and ((men) en)* < (t(m))’
= (nm®n)®n)”= (nn)*> (n(m))* and

(ttm®n) ®n)” = (t(n))* < (t(m)) and also from the second axiom:

(mme mew)’ = mmew)’ = nmw))’ = mw))> = min{(n(m)*, (nn))’} and

(tm® (n@w))2 = (T(n®w))2 = (T(w))2 = (’c(w))2 < max{ (T(m))z, (T(n))z}

(i11)) Let m®n =n®m and by the axioms of Pythagorean fuzzy DS of B, we have:

= (n(mew) ®m)))2 =(m(me (Tn@vv)))2 > min{(n(m))z, (n(m))z} = (n(m))2 and

= Mmew)® m)))2 > (n(m))2 (by the second axiom) and

108



= (M(maw) ®m)))2 = (n(w®m) @m)))2 > (n(w))2 and
= M(mew) @m)))2 > (n(w))z (by the first axiom) and for T:
= (t(mew) ®m)))2 =(t(m® (m@w)))2 < max{ (T(m))z, (T(m))z} = (t(m))” and

= (t(mew)® m)))2 < ('c(m))2 (by the second axiom) and

= (tmew)@m)))’ = (t(wem)®m)))* < (t(w))* and

= (t(maw)® m)))2 < ('t(w))2 (by the first axiom)

Theorem 4.2.2.2. Let M and its square deviation T be fuzzy subsets in BCL-algebra B such
that (n(m@n))® = (M(n))>. Then (M(m®n))® = (F(n))> Vm, n € B. Additionally,
B” = (n, T:]) is Pythagorean fuzzy DS of B if and only if 1 and then T are constants.

Furthermore, the accuracy function a,(m), the score function s_(m) and the degree of

indeterminacy T (m) are respectively given as: Ym € B:

(a) ap(m)=1, (b) sp(m) = 2(11(111))2 — 1, (c) my(m)=0.

Proof. Suppose (n(m@n))z (T](TL))Z
=, 2

Then (ﬁ(m@n))2 =1-— (n(m@n))z =1— (n(n))2 = (A(n))” and

Let B” = (1, 71) be Pythagorean fuzzy ideal of B, (and then (R(m ® n))z = (ﬁ(n)))z),

Now, we claim to verify that 1} and 1] are constants,

(or (n(m))2 = (n(n))2 and then (T:](m))2 = (ﬁ(n))z, vYm,n € B.)

As B” = (n,7) is a Pythagorean fuzzy DS of B, 1 is a fuzzy DS of B, and hence
we have: 1(0) =m(0®m), Vm € B, (since 0 = 0 ® m, YmeB by Proposition 2.1.1)
= (n(0))% = (M((0®m) ®@m))* = (n(m))?, Vm € B, and again

(n(0)*= m((0®n)®n)* = (nm)* ymeB

> = 1(0)2=n(m))? =n(n))® =, vm, n € B,

= (n(n))

Or (n(m))2 = (n (n))z, Vm, n € B and hence , 1 is constant, and analogously, 7 is, too.

Conversely, let 1 and 7 be constants, or: 1(m) =mn(n) and j(m) =7(n), Ym, ncB
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= (men))’=nMm)* and [Hmen))’={n)"

Now, we prove: B” = (n, ﬁ) is a Pythagorean fuzzy DS of BCL-algebra B, as follows:

@ (mm)*=mm)’= m((men)@n))’

2 2

= M((men)®n))” > (n(m))z, (and then {({((m®n) ®n))
n(m))2 = (n(n))z > min{ (n(m))z, (n(n))z} and then

Tim))? = ((n))* < min{ (7m)% [0)}

i) (n(me new))’=

fme (new))’=
Therefore, by (i) and (ii) above, BY = (1, 7j) is Pythagorean fuzzy DS of B. Furthermore:

@ a,(m)=mm)*+ {m)* = mm)*+ (1— m(m)?*) =1

() s,(m) = (n(m))* = @mM)* = ((m))* = (1 (n(m)*) =2(n(m))* — 1

(c) m,(m)=4/1—a,(m) =0.

Proposition 4.2.2.1. Let U be a non-empty subset of B such that X, is Characteristic function

and ):(u is its square deviation. Then BY = (Xu’ ):(u) is Pythagorean fuzzy DS of B if and only

if Uis DS of B.

Proof. Let x: U—{0, 1} be Characteristic function and the square deviation X,,: U— {0, 1} be
1, if mel, ’ 0, if m e U,

defined as: x,(m) = and then ():(u(m)) =
0, if m ¢, 1, if m ¢ U.

Under such particular case where 12 = 1 and 0? = 0, we omit squaring the membership and non-
membership expressions. Now, suppose BF = (Xu’ ):(u) is Pythagorean fuzzy DS of B. Then,

M xy(meuw ®u) >x,(m) and X, ((m&u)®u) <X, (m)

2) Xy (m® (new)) > min{x, (M), x, (M)} and X, (M ® (n®w)) < max{x, (m), X, (n)}.
Then we claimUisDSof Borm,ne U= (m®u) ®u € U and
mneU=m® n®w) € U, Yu, weB.
Letm,neU=x,(m)=1=x,(n) and X, (m)=0=%,(n)
Then x,((m®uw®@u)>x,(m)=1;X, (m®u)®u) <x, (m)=0and
Xy((meweu) > Ly (meuw) e®u) <Oandx, (m® (new))>1; X, (m® new))<0

But by the definitions of x,, and ):(u, we also have:
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Xulmew@u) < Lx, (meu)®u) >0andx, (m® (new))< L X, (m®nme@w))>0
Therefore, we deduce the following:

Xulmeweu) =Lx, (meu)eu)=0andx, (m® new))=1: X,(menew))=0
(me®u)®u) eUand (m® (n®w)) € U and hence U is DS of B.

Therefore, U is DS of B.

Conversely, suppose U is DS of B.

We claim that B” = (x,,, X,,) is Pythagorean fuzzy DS of B, or the following:

D xy((meuw®u) >x,(m) and X, (M&u)®u) <X, (m)

u

2) xy(m® (n@w) = min{x,(m), x,(n)} and X,(m® mew))<min{x, (m), X,(n)}
To prove each, we follow different cases as below:

Claim (1): x,((m®u)®u)>x,(m) and X, ((m®n)®n)<x,(m),vueU

Case (1.1) Letm e Uandu € B = ((m®u) ®u) € U (by hypothesis, since U is DS of B.)
=xylmeu)@u)=x,(m)=1=x,((me®u)®u)>x,(m) and
=X (meuweu) =X, (m)=0=X,(meu)®u) <X, (m)

Case (1.2) Letm ¢ U and (m@n)@necl,ueB
= Xylme®n)®n)=1landx,(m)=0=x,((m&n)®n) >x,(m) and

Xy ((men)@n)=0and X, (m)=1=X, ((m&n)®n) <X, (m)

Case (1.3) Letm ¢ U and (m®n)®n)¢U,ucB
=Xylmen)®n)=x,(m)=0=x,((m&n)®n) >x,(m) and
=X (men)@n)=x,(m)=1=X,((men)en) <x,(m).

Claim (2): X, (m® m®w) >min{x, (m), x,(n)} and X, (m® m&w)<max{x,(m), x, ()}

Case (2.1) Letm,neUandw € B= (m® (n®w)) € U by hypothesis, since U is DS of B.

= Xy((m®mew))=1=x,(m)=x,n)=x,(m® m@&w)) = min{x, (m),x, )} and

Xy ((m® mew)=0=x,(m)=X,(n) =X, (me&n)®n) <max{x, (m),x, (")}

Case 2.2) Let m¢ Uandn € U. Buteither m®n)®neU or (m®n)®n¢ U

= Xy ((m® (n®w))20; x, (M)=0, X, (n) =1 =X, (m® (n®w))Zmin{x, (m), x, (")} =0;
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Xy((memew) <1,X,(m)=1x%,n)=0=X,((m&n)®n) < max{x,(m), X, (n)}

(And the same results hold when m ¢ U and n € U)
Case 2.3) Let m¢ Uandn ¢ U. Buteither m®n)®neU or (me®n)®n¢ U

= Xy ((m® M ew))20; x,(m)=0=x,(n) = x,(m® (n®w))>min{x, (m), x, (n)}=0;

Xy((me mew) <1X,(m)=1=%,(n) =X, (m@&n)®n) < max{X, (m), X, (M)}
Therefore, by the three corresponding cases of the two claims above, B” = (xu, xu)

is Pythagorean fuzzy DS of B. O

Theorem 4.2.2.3. The intersection of any two Pythagorean fuzzy DSs., D, and D,, of B is also a
Pythagorean fuzzy DS of B.

Proof. LetD, = (n,, T,) and D, = (n,, T,) be any two Pythagorean fuzzy DSs of B.
Then we need to prove that D, N D, is a Pythagorean fuzzy DS of B. Let m, n, u, w € B.
@ (n, ) (M@ w) ®w)® = min{(n, (mew) @)’ (n,(meu) @)’}
> min{ (1, (m))*, (n,(m))*} = (n, Nn,(m))*  and
(t, N, (m®u) ® u))2 =max{(t,(m®u) ® u))z, (T,(m®n)® u))z}

2

< max{(t,(m))% (1,(m))*} = (r, N 1,(m))*>, ¥m,ueB

(ii) (t, N, (m® (@& w)))* = max{(r,(m® (n&w)))", (r,(m® (ne&w)))*}
< max{max{(, (m))*, (t,(n))*}, max{(r,((m))’, (r,()’}}
= max{max{(t, (m))*, (t,(m))* , max{ (7, ()"}, (r,)"}}
= max{ (t, N,(m))% (r, nT,m)*}, ¥m,n, weB and similarly:

(nlﬂnz(m(@(n@w)))z>min{(n1ﬂn2(( )) (n, N, (n )} ¥Ym, n, w € B.

(also proved in fuzzy DS of B in Theorem 4.1.2.1 (ii) above). Hence by (i) and (ii) above,
D, ND, is a Pythagorean fuzzy DS of B. O]

Corollary 4.2.2.1. The intersection, (ﬂni, ﬂ’ti>, of any family of Pythagorean fuzzy DSs,
iel iel
{(n o Ti) i€ I}, of B is also a Pythagorean fuzzy DS of B.
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Proof. Let (ni, Ti) be family of Pythagorean fuzzy DSs of B. Then we need to prove that

<ﬂni, ﬂﬂ) , 1s a Pythagorean fuzzy DS of B. Bet m, n, w € B.

= ﬂ(ni(m))z , Vm,ueB and

iel

ﬂ (Ti((m@)u) ®u)>2 :sup{<ri((m®u) ®u)> }

icl tel

<sup{ ()}

iel

- ﬂ(Ti(m)>2’ Ym,u € B

iel

(ii) ﬂ( (ma ( n®w)))2:sup{<’ti(m®(n®w))>2}

icl icl

< sup{max{ (t,(m))?, (Ti(n))z}}

icl

< max{ (sup{ (r,(m))%, (r,((W)*}}

i€l

= max{ (sup{ (r,(m))’}. (sup{ (v, ((n))’}

:max{g(g ) H( >2} »
m<ni(m®(n®w)))2_{2f{< (m® (new)) )2}

iel

> inf{min{ (n,( )2, (ﬂi(n))z}}

iel

> min{inf{ (n,( ))2, (ﬂi((n))z}}

iel

= min{inf{(n, ( ) }, inf{(n,( ) 1

iel iel
- min{ﬂ(ni(m))z, m(ni((n))2}, Vm, n, w € B.
iel iel
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Therefore, by (i) and (ii) above, (ﬂni, ﬂp), is a Pythagorean fuzzy DS of B. L]

iel iel

Remark 4.2.2.1. The union of any two Pythagorean fuzzy DSs. of B is not necessarily Pythagorean
fuzzy DS. of B, justified by the next counter example (Example 4.2.2.2, below).

Example 4.2.2.2. Let (B; ®, 0) be a BCL-algebra, where B = {a, b, ¢, 0} and let "®” be as
defined in the Table 1.1 of Example 1.1.1 above, and define two Pythagorean fuzzy DSs

D, = (nl, Tl) and D, = (nz, Tz) as follows:

)
(0_8,if‘m:0/ 02,lfm:0,
(m,(m)>={05 ifm=p  and (t,(m)* =04 if m = p, r,
\0.1, if m = gq, r, \0.7, if m = g
( (
0.5, if m = 0, 0.1, if m = 0,

((m)?=204, if m=q  and (5,(m)*={02, if m = p,

\O.Z, if m=p,r, \0.6, ifm = g, r.

It is easy to check that D, and D, are Pythagorean fuzzy DSs. of B; however, to show that their
union, D,UD,, is not necessarily a Pythagorean fuzzy DS. of B, we justify it as follows using the
above pairs of Pythagorean fuzzy DSs of B, where (B; ®, 0) is as defined in Table 1.1, above:

(0.8, if m = 0, 0.1, if m =0,

0.5, if m = p, 0.2, if m = p,
((nl Unz)(m))z = and ((Tl UTz)(m))z =

04, if m = g, 04, if m = r,

\0.2, fm=r, 06, if m = q.

Now, take m=p, n=qg and u=0= (m@(n@u)) = (p@(q®0)) = (p®q)) — r. Then
(n, um,) (p®(q® 0)))* = (n, Un,)(r))* = 0.2

> min{((n, Um,))) ()% ((n, Un,))) (@)}

= min{0.5, 0.4} = 0.4, which is not true.

which is not true. Thus, by the above justifications, the union of any two Pythagorean fuzzy DSs. of
B is not necessarily a Pythagorean fuzzy DS. of B.

Theorem 4.2.2.4. Let 1 be a fuzzy subset such that | is a membership function and T is its square de-

viation in B. Suppose 1° = {VmeB: (T](m))z > (n(b))z, for some b € B} and then ﬁb = {VmeB:
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(ﬁ(m))z < (T:](b))z, for some bEBY. Then B® = (n, M) is Pythagorean fuzzy DS of B if and only if

B = (T]b, r:1b) is Pythagorean fuzzy DS of B.

Proof. Suppose B = (n, 7) is Pythagorean fuzzy DS of B, or Vm, n, u, € B:
We need to show that B® = (T]b, ﬁb) is Pythagorean fuzzy DS of B.

(DForm en® (m((men) ®n))2 > (n(m))2 > (n(b))z, for some b € B and

(ﬂ((m®n) @n))z < (ﬁ(m))z < (T:](b))z; for some b € B

(2) Form,n € n® 3beB; (n(m® (n@u)))2 > min{ (n(m))z, (n(n))z} > (n(b))z, and

A(m® ne u)))2 < max{(ﬁ(m))z, (ﬁ(n))z} < (n(b))z; some b € B.
Therefore, B? = (nb, ﬁb) is a Pythagorean fuzzy DS of B.

Conversely, suppose n° = {m € B: (n(m))2 > (n(b))z, some b € B} and

7 = {m € B: (n(m))2 < (ﬁ(b))z, some b € B} such that B® = (n?, ﬁb) is Pythagorean

fuzzy DS of B. We need to prove that BY = (n, n) is Pythagorean fuzzy DS of B. By the

hypothesis we have the following:

1 men®=(men)®n)en® andmeﬁb:> (m®n)®n) eﬁb:

= (m((men)®n))> > M)’ @(men)®n))’ < ([(b))* someb € B

2 mnen’= memeuwecnPandmnen =menmeu) en

2

= (menew)’ > (nb)’

,and (Mm@ (n@u)))z < (ﬁ(b))2 ,some b € B.

Thus, by (1) and (2), B® = (nb, ﬁb) is Pythagorean fuzzy DS of B.

4.2.3 Pythagorean Fuzzy Ideals of BCL-Algebra

Under this subsection, we introduce Pythagorean fuzzy ideal of BCL—algebra and following this we

explore different properties as theorem and justify then with corresponding proofs.

Definition 4.2.3.1. A Pythagorean fuzzy set P = (n, T), where the mappings: 1 : B — [0, 1] and
T.: B — [0, 1] define the degrees of membership and non-membership, respectively in B is called

a Pythagorean fuzzy ideal of BCL—algebra B, if the following axioms are satisfied, Ym, n, w € B:
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(i) (n(m))2 > min{(n(m@n))z, (n(n))z} and (T(m))2 < max{ (T(m@)n))z, (T(n))z},

(i) m((me®mnew)) @w))2 > min{ (T](m))z, (n(n))z} and

(t((m® (new)) ®w))2 < max{ (’t(m))z, (T(n))z}

Example 4.2.3.1. Let B be a BCL—algebra and the binary operation ® be as defined in Table 4.1
above and let the fuzzy subsets 1 : B — [0, 1] and T : B — [0, 1] be defined as follows:

0.8, if m = 0, 0.5, if m = 0,
n(m) = and T(M) =
05 if m = p, g, r,

0.7, if m = p, g, r.

Then by manipulating basic calculations, we check that P = (T], T) is a Pythagorean fuzzy ideal of
BCL—algebra B as follows:

Takem=qg Nn=r, w=p, g®r=qg, (R (r®p)®p=(gR®0)®pPp=g® p=1r and
(i) (n(@)* = {(nlg® )% ()}

= (n(q)? = 0.25 = min{(n(9))>, (n())?} = min{0.25, 0.25} = 0.25 holds and

(t())? < max{(t(g® r))*, (1(x))?}
= (1(q))* = 0.25 < max{(t(q))°, (t(£))?} = max{0.25, 0.25} = 0.25 also holds
(i) ((g® (r@p)®p)° =min{(n(a))> (n(r)*}

= (n(0)? = 0.25 > min{(n(9))*, (n())2} = min{0.25, 0.25} = 0.25 holds and

(t(g® (r®p)) ® p)* < max{(t())’, (t(r))’}

= (n(0)? = 0.25 < max{(n(q))>, (n(r))?} = max{0.25, 0.25} = 0.25 holds

And aslo, the other cases similarly hold and then P = (), T) is Pythagorean fuzzy ideal of B.

Lemma 4.2.3.1. Let P = (n, T) be Pythagorean fuzzy ideal of BCL—algebra B. Then, VmeRB
(n(0)* = (n(m))* and ((0))* < (t(m)*

Proof. Let B be a BCL—-algebra. B # () and hence 3m € B such that:

(Mme(mem))em=m®0)®m=m®m=0, (as proved in Lemma 4.1.3 ).

Thus (n((m® (m®m)) ®m))” = (n(0))* = min{ (n(m))?, (n(m))*} = (n(m))*

= (n(O))z > (T](m))2 and then it is analogous to show (T(O))2 < (T(m))2
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Proposition 4.2.3.1. Let P = (T], T) be Pythagorean fuzzy ideal of BCL—algebra B such that
m < n, Vm, neB. Then (T](m))2 > (n(n))z and (T(Tn))z < (T(n))z, that is, in a Pythagorean
fuzzy ideal of BCL—algebra P = (n, T), the fuzzy subsets M and T are order reversing and order

preserving, respectively.

Proof. Let (n, T) be a Pythagorean fuzzy ideal of BCL—algebra B such that m < n, Vm, n € B.

2

We need to prove: (n(m))2 > (n (n))2 and (t(m))” < (’t(n))z, Ym, n € B.

Then by the binary relation ”<” defined on B, we have: m <n, if m®n =0

= (n(m)* > min{(n(m®&mn))*, (n(n))’} =min{(n(0))*, (n(n))*} = (n(n))”

Thus, m<n = (n ) (n(n))2 = 1 is order reversing, and
(t(m))? < max{(t(m ® n))% (t(n))*} = max{(7(0))%, (x(n))*} = (x(n))?
=m<n = (1 )2 < (t(n) )2 = 7 is order preserving.

Proposition 4.2.3.2. Let P = (m, T) be a Pythagorean fuzzy ideal of BCL—algebra B. Then the fol-
lowing hold true, ¥Ym, n, we B:

2

\%
2
2
)
S
QU
EX
2
e
N
EX
2
e

(1) (n(men))®=n(0)>= (n(m))

2

2) n<me&n= (n(m))” > (n(m@n))2 and (t(m))

2

(3) men<n= (n(m)*> (nn)*and (1(m))

(4) wen<m= (n(w))2>min{ (n(m@n))z, (n(n))z} and (T(w))zgmax{ (T(m))z, (T(TL))Z}

Proof. Suppose (n, T) is a Pythagorean fuzzy ideal of BCL-algebra B,

(1) Suppose (n(m ® n))2 = (n(O))2 , and then we need to prove:

2 < (t(n)

(n(m))* = (n(n))* and (x(m))
Now, (n(m))* > min{ (n(m®n))*, (n(n))*} = min{ (n(0))%, (n(n))*} = (n(n))?
= (n(m))*> > (n(n))* and

(x(m)*< max{ (x(m®n))%, (t(n))*} = max{(v(0))*, (v(n))*} = (v(n))*

= (T(m))2 < (T(TL))Z.
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Thus, (n(m))* = (n(n))? and (t(m))* < (x(n))?

2

(2)Supposen < m@n = (n(n))” > (n(m@n))z and (’t(n))2

< (t(m))?, by Proposition 4.2.3.1
so that we need to prove that: (n(m))2 > (n(m®n))2 and (T(m))z < (fr(m@n))z:

(n(m))* > min{(n(m@n))*, (n(n))*} = (n(m @n))* = (n(m))* > (n(m @n))*, and

(x(m)” < max{(t(m@n))*, (x(n)’} = (x(m@n))* = (t(m))” < ((m@n))?,

Thus, (n(m))* > (n(m®mn))* and (1(m))* < (t(m@n))*

QLletmen<<n= (n(n))2 <(nme n))2 and (T(n))z > (T(m®n))2, by Proposition 4.2.3.1

then we prove that ( ) (n ) and ( (m))2 < (T(n))zz

= (n(m))* = min{(n(men))%, (1(n)*} = ((n)*> = (M(m))* > (n(n))* and
®n)

= (t(m )) < max{(t(m

))
)2 (1)} = (t)* = (tmen))® < (t(n)?
(t(m)* < (x(n))

@ Letw®n <m= (n( ) (n w@n) and (1(m))” >

Thus, (n(m))2 > (n( ) and

by Proposition 4.2.3.1.
Then we need to prove that (n(w))* > min{(n(m®n))*, (n(n))*}
= (nw))* 2 min{((wen))*, (n(n))*} > min{(n(m))*, (n(n))*} and
> min{min{(n(m®n))*, (n(n))*}. (1(n))*} = min{ (n(m &n))* (n(n))*}
Thus, (n(w))” > min{(n(m ®n))*, (n(n))} and
(t(w))? < max{(t(w @))%, (t(n))*} < max{(t(m))*, (x(n))*}
< max{max{(t(m)), (t(n))*}, (t(n))*} = max{ (x(m))*, (x(n))}.

Thus, (T(W))Z < maX{(T(m))Z, (T(“))z} O

Proposition 4.2.3.3. Let U be a non-empty subset of B such that x,, is Characteristic function in B
with the square deviation such that ():(u (m))2 =1—(x, (m) )2. ThenP = (xu, ):(u) is Pythagorean

fuzzy ideal of BCL—algebra B if and only if U is ideal of B. Furthermore, the accuracy function

a, the score function s and the degree of indeterminacy T are, respectively given as follows, Vm € B:
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1,ifmel,
(a) a(m) =1, (b) s(m) = (c) m(m)=0.
—1, if m ¢ .

Proof. Letx,, : U— {0, 1} be a Characteristic function and the square deviation X, : U — {0, 1}
1, if m € U,

be defined as: x, (m) = and then (X, (m))2 =
0,if m ¢U, 1,if m ¢ U

0,if m e U,

Let P = (x,. X,,) be a Pythagorean fuzzy ideal of BCL-algebra B,

Now we need to prove that U is ideal of BCL—-algebra B:

(i) Letn,m@n e U= (x, (n))2 = (Xu(m®n))2 =1and (X, (n))2 = ():(U(m®n))2 =0
= (xu(m))” > min{ (x, (W), (xu (M®n))’} = min{1, 1} = 1 and

(% (m)? < max{(x, (n))*, (%, (m @®n))*} =min{0, 0} =0,

since (X’ x) is Pythagorean fuzz idea
But (x,, (m))z < land (X, (m))2 > 0, Ym € B, by the definitions.

Hence (Xu(m))2 =1 and (xu(m))2 =0=mecU

(i) Letm,n € U= (x,(m)’ = (x,(n)*=1 and (X ,(m)*=(x,(n)*=0

2

= (xy (m® new)) @w))2 > min{(x, (m))", (Xu(n))z} =min{l, 1} = 1 and

?, ()z(u(n))z} =min{0, 0} =0

Xu((menew) ®w))* < max{(x, (m))
But (x, (m® (n@w)) @w))’ < land (X, ((m® (n®w)) @w))* >0, ¥m, n, we B, by
the definitions of x,, and its square deviation X of the BCL~algebra.

Hence (x, (m® (n@w)) @w))*=1and (X, ((me (n®w)) @w))>=0

Then, (m ®(n® w)) ® we U, which means U is ideal of B, by the above (i) and (ii).
Conversely, for an ideal U of B, we need to prove that P is a Pythagorean fuzzy ideal of B:

Part (A): First, we need to show that:
(xy (M) >=min{ (x, (M))*, (x, (m®n))*} and
(xy (m))*<max{ (X, ()%, (X, (m@®n))*}, vm, nev
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We show this proof by considering the following four cases:

Case(1):If n,m®n € U, then m € U
= (xu(m)* =1 > min{1, 1} =min{ (x, (n))*, (x, (m®n))*} and
(X, (m)* = 0 < max{0, 0} = max{ (¥, (n))*, (X, (m @)’}
= (x (m))* = min{ (x, ()%, (x, (m@n))*} and

():(u(m))z < max{ ():(u(n))z, ():(u(m@)n))z},

Case(2): Ifn¢U me®m¢U

= (xy(M)?=0= (x,(m®&n))% (x,(m))*>0,¥meB by definition of x,, and

(X, () =1= (>:<u(m®n))2, (xy(m)><1,ymeB

= (x,(m)* > 0=min{x(n), x(m®n)} and (x, (m))* < 1 =max{X(n), X(m ®n)}

= (x,(m)* > min{(n(n))2, (n(m®n))*} and (X, (m))* < max{x(n), X(m @ n)}
Case(3):IfncUandm®n ¢ U

= (xu ()’ =1 (x,(m@n))*=0 and (X,(n)*=0, (X, (men))’=1

= (xu(m))* = 0=min{(x, ()% (x,(m®n))*} =min{1,0} =0 and

= (%, ()" < 1= max{(X(n))", (x(m ®n))’} = max{1,0} = 1

Hence, (X, (m ) > min{ (x, ( ) (xy(men ) } and

=

N

(Xu(m )) < max{(x, - (X m@n) Lvm,neU.

Case(4):Ifn¢Uandm@n €U
= (xu()* =0, (x,(m@n))>=1and (X, (n)* =1, (X, (m@n))*=0
= (xu(m)” = 0=min{(x,(n))", (xy(M®n))*} =min{0, 1} =0 and
= (X, (m®n))* < 1=max{X(n). X(m)} = max{1,0} =1

Hence, (xu(m))2 > min{ (xu(n))z, (xu(m ® n))z} and

(%, (m)? < max{ (%, ()% (X, (m®n))*}. ¥ym,n e U
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Therefore, in all the cases (1-4) above, we see that:
(xu (m)* = min{ (x, (M))?, (xy(m®n))*} and
(%, (m))* < max{(X,(n)? (X (m@n))’},¥ym,neU.

Part (B): Second, we can simply show that

2, (xu (n))z} and

(xy[(me® nmhew)ew)] )2 > min{(x,, (m))
X [(memew ew)))® <max{(X,(m), ()"}
The proof of this part is analogous to the proof of Part A above.

Therefore, (x,,, X,,) is Pythagorean fuzzy ideal of B, by (A) and (B) above.

(a) The accuracy function:

=1,VmeB

alm) = (x, (M) + (%, (m)? = {1 £0, i mel,

“lo+1,if meu
(b) The score function:

s(m) = (x, (m)” — (iu(m))zz{é:(l)' o EZH :{1, if mel,

(c) The degree of indeterminacy:

1—(1+0), if mel,

() = /1= [(x () + (%, ()] = =0.

VI—(0+1), if m¢Uu

1, if m ¢ U.

]

Corollary 4.2.3.1. Let U be a non-empty subset of B such that X, is Characteristic function with

the complement X, such that’x (m)=1—x,(m), Vm € U. Then P = (Xuw )_(u) is Pythagorean

fuzzy ideal of BCL—algebra B if and only if U is ideal of B. Furthermore, the accuracy function

a, the score function s and the degree of indeterminacy Tt respectively have the same Corresponding

values as in Proposition 4.2.3.3 above.

Proof. The proof for P = (Xu’ )_(U) is Pythagorean fuzzy ideal of BCL-algebra B if and only if U

is ideal of B and deriving functional values are analogous to the proof and corresponding functional

values of Proposition 4.2.3.3 above.

]

Theorem 4.2.3.1. Let 1) be a fuzzy subset with the square deviation 7 in a BCL-algebra B such that

(n(m@n))2 = (n(n))2 and then (ﬁ(m@n))2 = (ﬁ(n))z, Vm, n € B.

Then P= (n, n) is Pythagorean fuzzy ideal of BCL-algebra B if and only if 1 and then T

are constants. Furthermore, the accuracy function a(m), the score function, s(m) and the
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degree of indeterminacy Tt(m) are respectively given as follows, Ym € B,:

(a) a(m) =1, (b) s(m)=2(n(m)) — I (c) m(m) =0.

Proof. Suppose (n(m & n))z = (n(n))z.

2 2 2

Then (f(m@n))’=1— (n(men))*=1- (n(n))*= {7, (n)>

Now, let P = (n, T:]) be a Pythagorean fuzzy ideal of BCL-algebra B and

(mm®n))*=(m(n)* (andthen ({m®n))’ = (7{(n))?)

We prove that: 1 and then 7 are constants, or Ym, n. € B, (n(m))2 = (n(n))2

2 2

and then (T(m))” = (f(n))".

Since P = (1, 7) is a Pythagorean fuzzy ideal of BCL—algebra B, 1 is a fuzzy ideal of

BCL-algebra B, and hence by one of its axioms, we have:

2

M(0))*= m(me®m))*,vmeB, = ((0))* = Mm@ m))* = (n(m))% vm € B.

Again, (n(0))*=(n(0®n))*=(n(n))* ¥n € B = (n(0))’=(n(m))’=(n(n))’, ¥m, neB
Orn(0) =n(m) =n(n), vm, n € B and similarly, 7(0) =f(m) =7q(n), ¥m, n € B and hence,

1 is a constant, and 1 is, too.

2 = 2

Conversely, suppose 1 and T are constants, or (n(m))” = (n(n))z and (T:](m))2 = (,(n))

such that (n(m@n))2 = (n(n))2 and (ﬁ(m@n))2 = (ﬁu(n))z, ¥m, n € B.

We need to prove that P = (n, n ) is a Pythagorean fuzzy ideal of BCL—-algebra B, or simply n is a
fuzzy ideal of BCL—-algebra B.

2 2 2 2

@) (n(0))*=(n(m@m))*=(n(m))> = (n(0))> > (n(m))* and then (7(0))* < (F(m))

= (n(n)) = (n(m®n))2 :min{(n(m®ﬂ))2, (T](n))z}
> min{ (n(m@n))z, (ﬂ(n))z}

= (n(m))* = min{((m@n))*, (n(n))*} and (A(m))*) < max{([{Fm@n))*, {(n))*}
(iii) mn 1is constant, and then

m[(m® mew)) ®w))2 = (n(m))2 = (n(n))z, Ym, n, w € B.
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= (m[(me mew) @w)))z > min{(n(m))z, (n(n))z}
(and then (F[(m® (n@®w)@w)))* < max{([i(m))> {(mn)*}.

Therefore, by (i), (ii) and (ii1) above, 1 is a fuzzy ideal of BCL-algebra B and 7 is the complement

of nsothat P = (n, (n) is a Pythagorean fuzzy ideal of BCL—-algebra B.

2

2+l—(n(m)) =1

= 2

@ a(m) = (n(m))’+ {m)* = (n(m))

®) s(m) = (n(m))* = {Fm))* = (n(m))* = (1 = (n(m))*) = 2(n(m))

() m(m)=+/1—a(m) =v/1—-1=0
O

Theorem 4.2.3.2. The intersection of any two Pythagorean fuzzy ideals of the BCL-algebra B of B,
and B,, is also a Pythagorean fuzzy ideal of B.

Proof. Let B, = (1, T,) and B, = (n,, T,) be any two Pythagorean fuzzy ideals of B. Then we
need to prove that B,N B, is a Pythagorean fuzzy ideal of B and let m, n, we B.

(i) (n, N, (m))? = min{ (n, (m))?, (n,(m))*}

> min{min{ (nl(n))z, (nl(m@)n))z}, min{ (nz(n))z, (nZ(m@Bn))z}}

2

= min{min{(n,(n))", (nz(n))z}, min{ (n,(m ® n))z, (my(m® n)})z}

?, (m, ﬂm(m@n))z} and

= min{ (n, N7, ())
(7, N,(m)* = max{ (r, (), (t,(m))*}
< max{max{ (,m)2. (7, (m ® m)*}, max{ (r,()?. (1,(m & m})*}
= max{max{(t, (), (t,(m)*}, max{(t,(m & m)?, (r,(m @ m))*}}
= max{ (n, Nn,)> (n, NM,(m ®mn)?} and
) (n, P, (me® (n @ w)) @ w))? = min{(n, (m @ (n®w)) &) (n, (M (L& w)) &w))*)
> min{min{ (n,(m))*, (n,())*}, min{ (n,(m))%, (n,())*}}
= min{ (n, N1n,(m)% (n, Nn, ()%} and
(1, N5 ((me mew) @w))* =max{(r,(me (new)) @w))’, (t,((me (mew)) ew))’}

> max{max{ (t,(m))’, (t,0)’}, max{(t,(m))*, (t,())’}}
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> max{max{(t,(m))?, (1,(m))*}, max{(z,()’, (t,(m))*}}
=max{ (7, N T2(m))2, (T, N Tz(n))z}
Hence by (i) and (ii) above, B, N B, is a Pythagorean fuzzy ideal of BCL—-algebra B. U

The above theorem can also be generalized to any family of Pythagorean fuzzy ideals as in the

following corollary.

Corollary 4.2.3.2. The intersection, (ﬂni, ﬂ'ci>, of any family of Pythagorean fuzzy ideals,
iel iel

{(ni, Ti) JE I}, of B is also a Pythagorean fuzzy ideal of B.

Proof. Let {(ni, Ti) : 1 €1}, be family of Pythagorean fuzzy ideals of B. Then we need to prove

that (ﬂni, ﬂTi>, is a Pythagorean fuzzy ideal of B and let m, n, we B.
iel iel
@ () (n(m)* = inffn, (m)})’
iel
> inf{min{(n, (n))z, (m(m® n))z}}

iel

> mln{llrg{ (ni (n))2, (m(m ® Tl))z}}

— min{iirelf{ (n, (n))z}, 1lxe11f{ (m(m® n))z}}

:min{ﬂ(ni(n))z, ﬂ(ni(m@)n))z} and

iel i€l
DI (x,(m))* = sup{ (x,(m)}
gsilel}lj{max{(’ri(n))z, (t,(m®mn)’}}
< max{sup {(r,(n))>, (r(m@n)’}}

i€l

= max{sup{ (T, (n))z}, sup{ (T, (m® n))z}

iel iel
:max{Q(Ti(n)y, Q(Ti(m@)n))z}, ¥Ym, n € B.

(ii) ﬂ(ni((m@)(n@w))@w))zzinf{@i((m@(n@w))®W)>2}

. ie
iel

> iiglf{min{ (ni(m))z, (T]i(n))z}}
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> min{inf{ (n,(m)*% (1)}
.. 2 : 2
= min{inf{ (n,m)*}, inf{ (n, )"} }

=min{ () (n,m)%, ((n,0)*}  and

N(x(me mew) ow)) =sup{(x.(mo mew) ow))}

iel iel

< sup {max{(’ti(m))z, (Ti(n))z}}

i€l

< max{ sup { (Ti(m))z’ (Ti(“))z}}

iel

= max{ sup { (r, )"}, sup{ (,m)°}}

i€l i€l

— max{ ﬂ (Ti(m))z, ﬂ (Ti(n))z}, ¥m,n € B.

iel iel

Hence by (i) and (ii) above, <ﬂ N> ﬂ'ﬁ) is a Pythagorean fuzzy ideal of B. [l
iel iel

Remark 4.2.3.1. The union of two Pythagorean fuzzy ideals of a BCL—algebra B is not
necessarily a Pythagorean fuzzy ideal of BCL—algebra B which we justify it as follows.

Example 4.2.3.2. Let (B; ®, 0) be a BCL-algebra, where B = {0, p, g, r} and let "®” be as
defined in the Table 4.1 of Example 4.1.1.3, above and define the next two Pythagorean fuzzy ideals:

B, = (nl, Tl) and B, = (T]z, TBz) as follows:

(06, if m = 0, (02, if m = 0,
(ﬂl(m))z =405 ifm = r, and (Tl(m))2 ={04, if m=p, r,
\0.1, if m = p,q, \0-7, ifm=gq
(05, if m = 0, 0.1, if m = 0,
(ﬂz(m))z =404, if m = p, r, and (’cz(m))2 =¢02, if m = r,
\0.2, ifm= g, \0.6, ifm=p, q

It is easy to check that B, and B, are Pythagorean fuzzy ideals of B but to show that their union
is not necessarily a Pythagorean fuzzy ideal of B, we justify it as follows using the above pairs of

Pythagorean fuzzy ideals of B:
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(0.6, if m = 0, (0.1, if m = 0,
0.5 if m = r, 02, if m = r,
2 2
((n, Umy)(m)” = and ((t,UT,)(m))" =
04, if m = p, 04, if m = p,
0.2, if m = g, \0.6, ifm= q.

Takem=r,n=0w=g=> (menhew))ew=(re(0®q)eg=(r®d)®g=r®qg=p.

Then (n, Um, [(r® (0@ q))®q])’ = (n, Un,(p))* = 0.4
> min{((n, Un,)())", ((n, Un,)(0))"}

= min{0.5, 0.6} = 0.5 is not true.

Thus, the union of two Pythagorean fuzzy ideals of BCL—algebras of B is not necessarily a Pythagorean
fuzzy ideal of B.

Theorem 4.2.3.3. Let 1 be a fuzzy subset such that 1| is a membership function and 7 is its square
deviation in a BCL—algebra B. Suppose m° = {¥m € B: (n(m))z > (T](b))z, for some bEB}
and then ﬁb = {VmeB: (ﬁ(m))2 < (ﬁ(b))z, for some b € B}. Then B = (n, 7)is

Pythagorean fuzzy ideal of B if and only if B® = (n®, T°) is Pythagorean fuzzy ideal of B.

Proof. Suppose P = (n°, ﬁb) is Pythagorean fuzzy ideal of BCL—algebra B, or Vm, n, w, € B:
(1) (n(m)* > min{(n(m@n))*, (1))} and @(m))* < max{@m&n))*, {(n))*}
@ (n[((m@n) ®w) ®@w])* > min{(n(m))>, (n(n))*} and

@[(men) ®w) @w])? < max{({(m)> @m)*}

We need to prove that B® = (n°, 7°) is a Pythagorean fuzzy ideal of BCL-algebra B.

(i) Let m@®n, n € n®, for some beB = (n(m@n))* > (n(b))* and (n(n))* = (n(b))’
But by (2), (n(m))* > min{(n(m@®n))*, (n(n))*} = min{(n(v))*, (n(b))*} = ((n(b))?
= (n(m)> = ((n(b))* = men® forsomebeB=m@&n,nen®=men® and
memn,nen , forsomeb e B = (Fmen))’ <f{(b))*and ({(n)* < ([{(b))
But by (2), (fi(m))* < max{(f(m ®n))*, (A(n))*} < max{f(b))*, (A(b))*} =7(b))

= (A(m))” < (ﬁ(b))2 = men’, for some b € B.
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. =b =b
Whichmeans m,n€eB=m®n,nen = men

(i) Letm,n, wen®, forsomeb € B = (n(m))2 > (n(b))z, (mmn))” > (n(b))2

2 2 2

Andby (2), (n[((m@n) ®w) @w])*> min{ (n(m))*, (n(n))*} > min{ (n(b))?,

2 2

= n[((men)ew)e@w])” > n(b)) = (men)®w) ®wen® and

2

For m, ne 7, for some b € B: = (n(m))2 < (ﬁ(b))z, (ﬁ(n))z < (n(b))

Andby (2), (A[((m@n) ®w) @w])* < max{ ([(m))*, {(n))*} < max{({(b))* [@(b))*}=(7(b))

= @[(men)ew)@w])’ < @)= (men) ew) @we i
Thus, by (1), (ii) and (iii) above, P = (n, n ) is Pythagorean fuzzy ideal of BCL-algebra B
Then B® = (n°, 71°) is a Pythagorean fuzzy ideal of BCL-algebra B.

Conversely, suppose n® = {¥m € B : (n(m))2 > (n(b))z, for some b € B} and

T:]b ={VmeB: (ﬁ(m))2 < (ﬁ(b))z, for some b € B} are such that B® = (P, (ﬁb) is a Pythagorean
fuzzy ideal of BCL—-algebra B. Then we need to prove that P = ((n, T:]) is Pythagorean fuzzy ideal

of BCL—-algebra B. By the hypothesis we have the following:

(1) m@n,nEnb:>m€nbandm®n,n€ﬁb:>m€ﬁb:

f(m))* < max{({Fm®n))>, {N))*}

2) m,nen®= (ma® (new)) ®wen® andm,n €’ = (m® new)) ®we (Tz]b)Z

)
)
n[(m® mew))])> = min{(n(m))> (n(n))*} = ((n(b))>, for some beB and similarly,
)])? > ((n(b))?, for some beB and similarly,

(ﬁ[(m@ (TL@W))])2 < max{(ﬁ(m))z, (ﬁ(n))z} < (ﬁ(b))z, for some b € B
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= (A[(me (n@w))})z < (T:](b))z, for some b € B

Thus, by (1) and (2) above, P = (n, ﬁ) is Pythagorean fuzzy ideal of BCL-algebra B.

Lemma 4.2.3.2. Letm be a fuzzy subset and 7 be its square deviation in a BCL-algebra B.

If (n(m)* = ((0))* and {(m))> = ({(0))>, Ym eB, then P = (n, 7) is a

Pythagorean fuzzy ideal of B.

2 2

Proof. Suppose 1 and 7] are fuzzy subsets in B such that (n(m))zz(n(O)) and (ﬁ(m))zz(ﬁ(O)) .

Then we prove: P = ((T], n ) is a Pythagorean fuzzy ideal of B:

2 (n(m))z, YmeB

(i) Again from the hypothesis, (n(0))
= (n(n))
=min{(n(0))*, M(0))*} =min{(n(m ®n))*, (n(n))*}

= min{(n(m@n))z, (T](TL))Z} = (n(m))2 > min{(n(m@n))2 , (n(n))z}

2 (n(m@n))z, ¥m, n € B (since, also m ® n € B)

M(m®mn))®, ¥m, n € B (since, alsom ® n € B)
. (A(0))*} = max{ (A(m ®n))*, (7(n))*}
L ([@)%) = ([m)* < max{{men)*, {n)*}
(ii) Similarly as (i) above, since (n(0))” = (n(m))*, vm € B
= (m(0)*= (n(m)*= (1) = [(m® (n@w))®z])*, ¥m, n, we B
(n[(m® (new))®z])* > min{(n(m))>, (n(n))*}

and similarly, for §: (q[(m® (n @w))@z})Z < max{(ﬁ(m))Z, (ﬁ(n))z}

Thus, by (1) and (i1) above, P = (n, ﬁ) is Pythagorean fuzzy ideal of BCL-algebra B.

Theorem 4.2.3.4. Let P = (n, T) be Pythagorean fuzzy ideal of B and m, n € B. Vm € B, if
(n(me® n))2 = (n(m))2 and (t(m ® n))z = (T(m))2 then, YV m, n € B, the following hold:
(1) The accuracy function: a(m) <2 — [(n(O))z + (T(O))z} ,

(2) The score function: s(m) < I —n(0))% —(0))?,

(3) The degree of indeterminacy: m(m) is such that (ﬂ(m))z > 1(0)2 + (t(0))? — 1.
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Proof. LetP = (n, T) be a Pythagorean fuzzy ideal of BCL-algebra B such that;

(n(m@n))2 = (n(m))2 and (T(m®n))2 = (T(m))2

2

Since, Ym € B,0=m® m = (n(0)) = (n(m® m))2 = (n(m))

= (n(O))2 = (n(m))2 = (n(n))z, Vm,n € B

And similarly, (T(O))2 = (T(m))2 = (t(n)), Ym, n € B, But, Ym, n € B, we have:

(n(m))* =1-(m(m))*- (x(m))’=1—a(m) > 1 — (2 — ((M(0))? = ((0))2))
(since, a(m) <2 — (1(0))2 — (1(0))2 = —a(m) > —(2 — (n(0))2 — (t(0))?))

= (n(m)* > M(0))> + (1(0))? — 1, Ym € B. .

Remark 4.2.3.2. As the relationships whether the fuzzy SA, fuzzy DS, and fuzzy ideal of BCL—
algebra B discussed in Theorem 4.1.3.3 and Remark 4.1.3.3, as justified by Example 4.1.3.4, then the
same results also hold for the relationships among Pythagorean fuzzy substructures of B (Pythagorean

fuzzy SA, Pythagorean fuzzy DS and Pythagorean fuzzy ideal).
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Chapter 5
Pythagorean Fuzzy Structures of
Liu® —Algebra

Under this chapter, we introduce the notions of fuzzy substructures (fuzzy subalgebra, fuzzy deduc-
tive system and fuzzy ideal) and Pythagorean fuzzy substructures (Pythagorean fuzzy subalgebra,
Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal) of LiuP— algebra by using the
concept of the newly introduced Liu®—algebra under which we have stated and justified different
properties. The related concepts to Pythagorean fuzzy sets of LiuP—algebra like accuracy function,

score function, degree of indeterminacy and square deviation are also discussed.

Under this section and the subsequent subsections, we abbreviate "LBA” for the ~LiuB-algebra”.
We also denote ’L” for the set in the LiuB—algebra (L; ®, ®, 0) and LB for the the ”Pythagorean

fuzzy substructure LB = (n, T) of LiuB-algebra L”, unless otherwise specified.

5.1. Basic Concepts of Liu®—Algebra and Its Substructures

In this subsection, we introduce new definitions and examples of LiuP—algebra under which subal-
gebra, deductive system and ideal are explored where LiuP—algebra (L; ®, ®, 0) is newly defined
based on the BCL-algebra (B; ®, 0), (not on BCL*-algebra (B; ®, 1), as previously defined in Def-
inition 1.1.12, for Liu-algebra [46]), and the substructures of LiuP—algebra are originally defined

correspondingly.

Definition 5.1.1. An algebra (L; ®, ®, 0) in which L is a non-empty set; ® and © are two binary
operations defined on L; 0 is constant in L, where for every element m, n, w € L, the following

axioms are satisfied is called Liu®—algebra (LBA):
(1) (L; ®, 0)is BCL-algebra;
(2) (L; ®)is a semi-group (© is associative in L);

(3) © is both right and left distributive over ®
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momew) =mon)®(mow),
or Ym, n we L.

mewjom=Mnom)® (wom),

Example 5.1.1. Let L = {0, m, n, w} be a set and let two binary operations ® and ® on L be
defined by the tables below:

@[ o0[m[n]|w] Lo O0[m[n[w]
Ojfo|01]0]O0 Ojfo0] 0|00
mim| O |w|m mi{oO0O|m|n|w
nyin|w,| 0 |w n|fo0|n| nj|oO
wilw| 0 | m|O0 wilO0O]|w]|0]|w

Table 5.1: Tables that define binary operations on LBA , (L, ®, ®, 0) (See [42] for ®)

From the table above, all algebraic calculations are checked that (L, ®, ®, 0) is LBA and for one

case let us show for some cases as follows:
(1) (L; ®, 0) is BCL—algebra ((See [42])
(2) MmMon)ow=neow=0=m06 now)=mo0= O is associative,
(3) (men)ow=wow=w=mow)®(neow)=w®O0and
woOmen)=wow=w=wom)®woen)=w®0
= © is both right and left distributive over ®

Most of the above justifications are for some particular cases, similarly, one can check that

all the axioms hold for every element of L, the above is to show the way as there is no need

to show every step unlike proof of a theorem..

Remark 5.1.1.
(1) The properties of the binary operation "®” and the binary order relation ”<” discussed in

the BCL—algebra (B; ®, 0) in the preceding sections also hold for this section.

(2) The LiuP—algebra defined in Definition 5.1.1 above is denoted by Liu®—algebra for it is de-
fined based on BCL—algebra just to make the distinction from Liu—algebra which was previ-
ously defined based on BCL"™—algebra by Y. H. Liu in 2017 [46] since the two notions are

quite different.

Example 5.1.2. Let L, = {-1, 0, 1} be a set Vm, n € L, and define:
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0, if m=nmn,
m, if m=n,

me®n=<m, if m#n, and mMON =
0, if m#n.

0, if m=0,
Then (L1 ;) ®, O 0) is LiuP—algebra (LBA), by the following, particular cases as examples,
form=I,n=0andw = —1I:
(i) m® m = 0 hold by the particular definition of ®,

(ii) m®n=0andn® m =0 = m = n also hold by the particular definition of ®,

(iii) [(men)ew)® (mewen)]® (wen)®m)
=[(1e0)e (D) e (le(-1))®0)]® () ®0)®1)
=[le(-))e(1l®0)]e(—1®l)=(1®1)®(—1) = 0&(—1) = 0 hold.
2) 16006 (-1)=00(-1)=0=10(006(—1)) =1©0= © is associative,
3) 1®0)e(-1)=10(-1)=0=16(-1)® (006 (-1)) =0® 0 and
(—eo(le0)=(-1)ol=0=((-1)ol)®(-1)©0)=0®0

= O is both right and left distributive over ®

Most of the above justifications are for some particular cases, similarly, one can check that
all the axioms hold for every element of L, the above is to show the way as there is no need
to show every step unlike proof of a theorem.

Example 5.1.3. LetL, = {—i, 0, i}; wherei=+/—1 and Ym, n € L, define:

0, l'fm:TL,
m, if m=n,
m®n=<m, if m#Zn and m#0, and mON =

0, if m=0,

0, otherwise .

Then (Lz; ®, O, 0) is LBA which could be justified in a similar way as Example 5.1.2 above
with the difference that we replace 1 by i and —1 by —1i for this case.
Proposition 5.1.1. Let (L; ®, ©®, 0) be LBA Then the statements hereunder hold Y m, neL:
(a) 0©0=0
(b) 0O>M=0=me0=0

(c) mMmOMAIN)=Mmen)Om=0
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Proof. Suppose (L; ®, ®, 0) is a LiuP-algebra and m € L:

@ 0=0OmM®O®mM)=006 (M ® m), since k ® k =0 by Definition 1.1.8 (1)

=0 © 0, Vm € L, since © is distributive over ® by Definition 5.1.1 (3)
b)) 0=0OoMmM®OEmM)=0®0)©m=0O m, similarly as (a) above
=(MOO)®MO)=mmoO®0)=mo0,VYmecL
(¢c) Holds trueby (b)asn®n =20
Generally, 0 ©0=0© m=m ® 0=0, by (a) and (b) above

=momen)=men)om,vm,nel,aan®n=0,Vn € L.

Theorem 5.1.1. Let (L; ®, ®, 0) be LBA and < be a binary relation on the BCL-algebra (L; ®, 0).

Then the statements hereunder hold, Vm, n, w € L:
(i) m<n=wom<woON
(ii) m<n=moOw<now
Proof. Let (L; ®, ©, 0) beaLiuB—algebra and let m, n, w € L:

G mM<n=m®n=0and(wom®won)=0=wo(M®n)=w0=0,
by Proposition 5.1.1
=Wome®won)=0=w®m<w O n, by definition of <.

i) Mow)y®mow)=(me®n)©®w=06w=0 by Proposition 5.1.1 (b)

= m O w < n O w by definition of <.
O

Remark 5.1.2. The definition for square deviation | in Definition 4.1.1 could be extended to the
LBA (L; ®, ®, 0) such that q(m) € [-1, 1], Vm € L is a fuzzy subset and the properties discussed
in Proposition 4.1.1 and Remark 4.1.1 also hold in LBA L

Definition 5.1.2. Let (L; ®, ©, 0) be LBA and suppose S is a non-empty subset of L. Thus S is known
as subalgebra (SA) of Lif m®neSandmeEne s, Vm nes.

Example 5.1.4. Let L = {0, m, n, w} be a set and let two binary operations ® and ® on L be
defined by the tables below:
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(@0 m[n]|w] o0 m[n[w]
OO0 O0]0]|O0 Ojfo0] 0|00
miim| 0 | w | m mi|0|m|n|w
nyin|w,| 0 |w nyf0]0 | n|O
wilw|] 0 m|O0 wilO0]w/|O0]|w

Table 5.2: Tables that define binary operations on LBA , (L, ®, ©, 0) (See [42] for ®)

From Table 5.2 above, by checking algebraic calculations, we have checked that (L, ®, ®, 0)is
LBA and we have checked the following as well:

(1) L, {0}, {0, m}, {0, n}, {0, w}, {0, m, w} are SAs of L,

(2) {m}, {n}, {w}, {m,n}, {mw} {n,w} {0 m n}, {0 n w} {mn w}are
not SAs of L, for m #0,n#0, w # 0.

Inorder to explain the above two, we take one set for each and show as follows:

(1) Take S = {0, m, w}. We shaw that S is SA of L, so that for the given operations, we have:
Odm=0wW=m@m=wedw=wdm=0€ S, mdw=m®O0=me S, w®d=weS.
Also, 00M =me0 =00OwW =we0=0€ §, MmoOwW=wOm=woOmMm=wec s moGm=meS.

Therefore, all results of the operations remain in S, and satisfies the axioms of SA. Furthermore, for
the other sets listed in (1) above, the results of both binary operations also stay within S and satisfy

the axioms of SA.
(2) Take N = {0, n, w} and we show that N is not SA of L
w, n € N but wen = m & N so that N is not SA of L.

Similarly, the other sets listed in (2) above are also not SAs of L.

Example 5.1.5. Let L = {0, —1, 1} be a set and let the two binary operations ® and ® on L be as
defined as in Example 5.1.2 above. Then, we have checked that (L, ®, ©, 0)is LBA and we have

also checked the following as well:
(1) L {0}, {0, -1}, {0, 1} are SAs of L,

(2) {1}, {1}, {—1, 1} are not SAs of L.

which could be explained as follows:
(A) First we explain how (L; ®, ®, 0) is LBA:

(1) (L; ®, 0)is BCL-algebra since:
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(i) I®l =(—1)®(—1) = 0®0 =0 by Definition of ® in Example 5.1.2,
(ii) From (i) above, we generalize m&n = 0 and n®m = 0 = m =n, from Example 5.1.2
(iii) To show that the following axiom is satisfied, we take some cases among several as follows:
(a) Taking (—1), 1, 0 at a time: ((((—1)®1)®0)®(((—1)®0)®1))® ((0®1)®(—1)))
= (—1)®0)) @ ((—)®1))®(08(—1))) = ((—1)&(—1))®0 = 080 = 0
(b) Taking 1, 1, (—1) at a time: ((1®1)&(—1)®((1®&(—1))®1))®(((—1)®1)®1))
= ((0®(—1))®(1®1))®((—1)®1)) = (080)&(—1) = 08(—1) = 0 and so on
Hence (L; ®, 0) is a BCL-algebra.
(2) (L; ®)is a semi-group (© is associative):
(a) Taking (—1), 1, 0at atime: (—1)©®(100)=(—1)©0=0=((—1)®1)>0=00=0
(b) Taking 1, 1, (—1): 10(10(—1))=100=0= (10 1)o(—1) = 15(—1) =0 and so on
(3) © is distributive over ®:
(a) Taking (—1),1: (—1)©®(I®0)=(—1)©01=0=((—1)01)®(—1)©0)=0®0=0
(b) Taking 1,1, (—1): 16(I®(—1))=101=1=(101)®(15(—1)) =1®0 =1 and so on
We showed some random cases hold for each axioms so that (L; ®, ®, 0) is LBA.
(B) We show some of L, {0, 1}, {0, —1} are SAs of L:
(1) S={0, 1}y 0®0=0®1=1®1=000=001=100=0c€S,I®0=101=1€S
(2) S={0, —1}:0®0=0® —1=—I®—1=000=00—-1=—100=0¢cS,
—I®0=—10—-1=—1€S§ and soon.
(C) We show {1}, {—1}, {1, —1} are not SAs of L:

(1) 1®1=0#{1}, —1®—1=0#{-1},160—-1=0#{1, -1},
®I=1®1=000=001=100=0€S,I®0=101=1€S

(2) S={0, —1}:0®0=0® —1=—I®—1=000=00—-1=—100=0€S,
—1®0=—10—1=—1¢S andsoon.

Lemma 5.1.1. Suppose (L, ®, ©, 0)is LBA, and S is SA of L. Then 0 € S.

Proof. Since S #D,letmeS=meL=>m®m=0¢€S,

since (L; ®, 0) is BCL-algebra by Definition 5.1.1.
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]

Definition 5.1.3. Suppose D is a non-empty subset of L of LBA , (L; ®, ®, 0). Thus D is known as
deductive system (DS) of L if and only if the following are satisfied, Ym, n, we L:

(I) mmeD=>=m®M®W) ED,

(2) meD=moOwoOwEeD.

Example 5.1.6. Let L = {0, m, n, w} be a set and let two binary operations ® and ® on the LBA L
be as defined by Tables 5.1 of Example 5.1.1 above. Then, (L, ®, ®, 0) is LBA and we have checked

that we also have the following:
(1) L, {0}, {0, n} are DSs of L,

(2) {0, m}, {0, w}, {m, n}, {m, n, w}, {0, n, w} are not DSs of L for m # 0, n # 0, w # 0.

Example 5.1.7. Let L = {0, —1, 1} be a set and let two binary operations ® and © on L be as
defined in Example 5.1.2 above. Then, (L, ®, ®, 0) is LBA and we have the following as well:

(1) L {0}, {0, —1}, {0 I} areDSsof L,
(2) {-1}, {1}, {—1, 1} arenot DSsof L.

(A) As (L, ®, ®, 0) is LBA is explained in Example 5.1.5 above, we only need to explain (1) and (2)

as follows:
(B) We show some of L, {0, 1}, {0, —1} are DSs of L:
(1) D=1{0,1}, w=—1: (0®@)®—1=0®—1=0eD,(I®1)®—1=0®—1=0€D,
O®0)®—1=0®—-1=0€D, (I®0)®—I=1®—1=1€D and
00—10—-1=060—-1=0€D, 160—-160—-1=06—-1=0€D, andso on.

(2) D={—-1,1}, w=0: 100 0=00 0=0¢ D which suffices to conform that {—, 1} is
not DS of L and neither {1} is DS of L, and so on.

Lemma 5.1.2. Suppose (L; ®, O, 0) is LBA , and D is DS of L. Then 0 € D.

Proof. SinceD# D, letmeD=meL=me000=m®0=000=0€D,since0 €L,
by Definition 5.1.3 (2) and hence 0 € D. O

Definition 5.1.4. Let I be a non-empty subset of LBA L. Thus I is called ideal of LBA (L; ®, ®, 0) if

the following axioms are satisfied, YVm, n, w € L:
(1) menel, and nel=mel

(2) mnel=mM®n)OMe®w)cl
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Example 5.1.8. Let L = {0, m, n, w} and two binary operations ® and ® on L be as defined as the
following table:

| |

olololollo
ol3|oc|o|lz3
S|olo|lo|s

m
0
m
0
0

o|l3|3 |0

n
0

m
0
w

Table 5.3: Tables for the LBA (L, ®, ®, 0) (See [42] for ®)

Then, by checking algebraic calculations, we have checked that (L, ®, ©, 0) is LBA and we have
checked the following as well:

(1) L, {0}, {0, m}, {0, n}, {0, w}, {0, m, n}, {0, m, w}, {0, n, w} are ideals of L.
(2) {m}, {n, w}, {m, n}, {m, n, w} are not ideals of L, for m #0, n # 0, w # 0.
Inorder to explain the above two, we take one set for each and show as follows:
Take I = {0, w}. We shaw that I is ideal of L, so that we have:
(1) 0w =0€landwel=0€l, w®O=weland0el=wE]
O0®0=0€land0cl=0¢cl, wew=0€clandw €= w € I, and so on.
(2)0,welnelL=(0&ew)o(wen)=00w =0¢€l,
ObwelneL= (w®0)o(0®N)=w>0 =0 € I,
welneL= (w®w)o(wen)=0ow =0¢cl, andso on.

Therefore, all results of the operations satisfy the two axioms of ideal, I, Furthermore, for the
other sets listed in (1) above, the results of both axioms also stay within I and satisfy the axioms of

ideal.

(2) Take N = {0, n, w} and we show that N is not SA of L
w, 1 € N but w®n = m & N so that N is not SA of L.

Similarly, the other sets listed in (2) above are also not SAs of L.

Example 5.1.9. Let L = {—i, —1, 0, i, 1} be a set, where i = \/—1 and two binary operations
® and © on L be as defined as follows: Then, (L, ®, ®, 0) is LBA and we have the following as well:

0, if m=nmn,
men=qm, if m#Znandm#0, and mON=

0, if m=0,

m, if m=mn,

0, otherwise.
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Then, we have the following as well:

(1) {0},{0, —i}, {0, i}, {0, —1}, {0, 1}, {0, —i, —1, 1}, {0, —1, i}, L are ideals of L,
as for example, if 1 =10, —, —1, 1}, and m = —i, and n = —1, then by the first axiom of I:
men=(—1)®(—1)=(—i) e, n=—1€l=m=(—1) €l hold and for the others hold, too;
and m=—i, n=—1 € [ = (Me&N)® (mew)=((—1)®(—1))o ((—)®1)=(—1)o(—1)=(—1)€],

whenw = I also hold, and for the other listed elements, the axioms for ideals in L hold, too.

(2) {i}, {—1}, {1, 1}, {(—), =1}, {i, —1, 1}, L — {0} are not ideals of L;
since for example as discussed in (1) above, the first axiom of I fails for most of the sets listed

in(2) whenm =—iandn = —1.

Example 5.1.10. Suppose L = {0, m, n} is a set and two binary operations ® and © on L are given
by the table below:

l®[0]m]|mn| EIEIEY
Ojfoy| 0|0 oOjfol 0 ]O0
mi{m| O |0 mi{O|m|O
niin|n| o0 nifo]0|n

Table 5.4: Tables for the LBA (L, ®, ®, 0) (See [42] for ®)

From the above tables, we have checked that (L, ®, ©, 0) is LBA and we have the following as well:

(1) {0}, {0, m}, {0, n}, L are ideals of L.
as for example, if I {0, m}, then by the first axiom of . m®0=me¢€ 1,0 €= m €[ hold and
for the others hold, too; and m, 0 € I = (m®0)® (0®n) = (M®0)® (0®n) = mE0 =m € 1,

also hold, and for the other listed elements, the axioms for ideals in L hold, too.

(2) {m}, {n}, {m, n} are not ideals of L for m # 0, n # 0.
since for example as discussed in (1) above, the first axiom of I fails for most of the sets listed
in (2) when I = {m, n}, we have: m, n € [ = (me®m)® (m®0) = (noGM) =0¢ I ={m, n}.

Lemma 5.1.3. Suppose (L; ®, O, 0) is LBA Then if I is ideal of L, then 0 € 1.

Proof. Since I # (), 3ne I C L such that (n®n) ©® (n®n) =0 ® 0 = 0 € I by Definition 5.1.4 (2)

Thus 0 € 1.
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Proposition 5.1.2. Suppose I is a non-empty subset of LBA (L; ® , ®, 0) and < is a binary relation
on the BCL—algebra (L; ®, 0). Then:

(1) Iisanideal of LBA L if the following axioms are satisfied, for the binary relation < in

a BCL-algebra B and Ym, n, w € L:
(i) m<mand nel=mel,

(ii) m nel=mMe®n)OMe®w)cl

(2) Iflisanideal of L such thatw € [ and n < w thenm € L

Proof. Suppose L is LBA and I C L.
1) m<n,and nel=mel=m®n=0and nelwithO e Iby LemmaS5.1.3
Then0=m®n €land n € 1= m €1, here the first axiom for ideal is satisfied.
) mnel=m®n)® nm®w) e lis the second axiom of an ideal.
Thus, since (1) and (i1) describe the two axioms for ideal being satisfied, I is an ideal of L.

2) Letwelandn<w=weclandn®w=0=weland0=n®w el

Thus w € land n ® w € I = n € I by Definition 5.1.4 (1).

5.2. Fuzzy Substructures of Liu®-Algebra

Under this section, we explore three fundamental fuzzy substructures within LiuB—algebras (LBAs.):
fuzzy subalgebras, fuzzy deductive systems, and fuzzy ideals. We introduce precise definitions for
each, supported by illustrative examples that clarify their structures and behavior. Key properties
are established through rigorous justifications, including the dominance of the zero element’s mem-
bership grade across all substructures, the preservation of substructure properties under intersection
(with counter examples demonstrating failure under union), equivalence conditions linking crisp

substructures to their fuzzy counterparts via characteristic functions.

Theorems, lemmas, and propositions validate fundamental results, while examples and remarks
highlight critical distinctions between each pair of substructures . This systematic treatment lays
the groundwork for understanding hierarchical relationships and operational compatibility within

fuzzy LBA substructures.
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5.2.1 Fuzzy Subalgebra of Liu®—Algebra

Under this subsection, we introduce definitions and give examples of fuzzy subalgebra of LBA ,

state and prove the properties and theorems of fuzzy subalgebra of LBA

Definition 5.2.1.1. A fuzzy subsetn in (L, ®, ©, 0) in a non-empty set L wheren : L — [0, 1]
define the membership function is known as a fuzzy subalgebra of L if the two pairs of statements

hereunder are satisfied; Vm, n € L:
(i) n(m®mn) = min{n(m), n(n)}
(i) n(mon) = min{n(m), n(n)} .

Example 5.2.1.1. Let L = {0, m, n, w} be a set and two binary operations ® and © on L be given
as in Table 5.2 of Example 5.1.4 above and the fuzzy subset n : L — [0, 1] given by:

09, if k = 0,
n(k) =407 if k = m,w,
04, if k = n.

Thus, applying mathematical manipulations, like:
nmen) =n(w) = 0.7 > min{n(m), n(n)} = min{0.7, 0.4} = 0.4 and
nmoen) =nn) = 0.4 > min{n(m), n(n)} = min{0.7, 0.4} = 0.4, both hold and similarly

all the others hold which could be verified for each of the elements in L in a similar fashion.

Lemma 5.2.1.1. Let (L, ®, ®, 0) be LBA If n is a fuzzy SA of L, then n(0) > n(m), Vm € L.

Proof. Let m € L, then we have: m ® m = 0, by Definition 1.1.8 (1).
Hence, from the first axiom of fuzzy SA of L, we have

n(0) =n(m®m) > min{n(m),n(m)} =n(m) = n(0) =n(m),vm e L.

Theorem 5.2.1.1. Let (L; ®, ®, 0) be LBA, M be a non-empty subset of L and 1 be a fuzzy

S, if meM,
subset in L such that n(m) = where 6, 0¢€[0,1], 6> o.
o, if m &M,

Then M is SA of L if and only if M is a fuzzy SA of L.
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Proof. Let M be SA of L, we claim that 1 is a fuzzy SA of L.
(1) First we prove: n(m ®n) > min{n(m),n(n)}, vm,n € L.
Case(i):Letm,neM=mo®n €M (since M is SA of L by hypothesis)
Thenn(m)=nn)=6=n(men) =95
=n(moen) > min{n(m),n(n)} =min{d, 8} =5, Vm,n € L.
Case(ii):Letne M, m ¢ M (or m € M, n ¢ M)
Thenn(m) =0, n(n) =6 (or n(m) =35, n(n)=29)
And again, moOnéZ¢MormeONeEM = nmon)=o,n(mon) =95
=n(moen) > o=min{n(m),n(n)} =min{o, 8} = o.
Case(iii):Let m ¢ M, n ¢ M. Thenn(m) =0 =n(n)

= Either mON¢MormOneM =n(men)) =0 or n(men)=54.

=n(mon) > o=min{n(m),n(n)} =min{o, o} =0
By Cases (i), (ii) and (iii), above we deduce that: n(m ®n) > min{n(m),n(n)}, vm,n € L.
(2) Similar steps can be followed to show that: n(m ®n) > min{n(m),n(n)}, vm,n € L.

Hence 1 is fuzzy SA of L.

Conversely, suppose 1 is a fuzzy SA of L, then we claim that M is SA of L.
Letn,meM=n(m)=n(n)=2>5and

nm®n) > min{n(m),n(n)} =min{s, 5} =6 =n(men) > o

and since §, 0 € [0, 1], & > 0, we have n(m ®n) < & (by definition of 17), hypothesis
>nmon)=d=moOneM

Again, for n, m € M it is easy to show that, m ® n € M, following the preceding similar steps.

Therefore, M is SA of L.

[
Corollary 5.2.1.1. Let (L; ®, ©, 0) be LBA, M be a non-empty subset of L and X,, be the
Characteristic function on M. Then X, is a fuzzy SA of L if and only if M is SA of L.
L : : L if meM,
Proof. Suppose the Characteristic function ,, : M — {0, 1} is defined as: x,,(m)=
0, if m¢gM.

This proof can be completed by following the steps for Theorem 5.2.1.1 above by simply replac-

ing by 1 and o by 0. O
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Theorem 5.2.1.2. The intersection of any two fuzzy SAs, 1, and 1, of LBA L is also a fuzzy SA of L.

Proof. Let 1, and 1, be any two fuzzy SAs of L. Then we claim; n,Nn, is a fuzzy.

SA of L. Let m, n € L, then, we have:
(1 (mNn,)(m@n)=min{(n,Nn,)(me&n), (n,Nn,)(ma&n)}
> min{min{n, (m), (n,(n)}, min{(n,(m), (n,) (n)}}
= min{min{n, (m), n,(m), min{n, (n), (n,(n)}}
=min{ (n, N n,)(m), (n,Nn,)(n)}
= (m,Nn,)(m®mn) > min{ (n,Nn,)(m), (n,Nn,)(n)}, vm, neL.

(2) Similarly, it is possible to verify that (nlﬂ nz) (m®n) > min{ (nlﬂ le) (m), (nlﬂ nz) (n)}
of fuzzy SAs of L is fuzzy SA of L. [

Corollary 5.2.1.2. The intersection, <ﬂn o ﬂ’ri>, of any family of fuzzy SAs, {(n o Ti) Sie I},
iel el
of LBA L is also a fuzzy SA of L.

Proof. Let {(ni, Ti) i€ I}, be family of fuzzy SAs of L. Then we claim; (ﬂni, ﬂ'ﬂ) , isa
iel iel
fuzzy SA of L and let m, n € L, then, we have:

M [(n(men)= inf{n,(m®n)}
iel

> mm{ifélf{”i(m)’ n.(n)}}

= min{ iféxf{m(m)’ inf {In,(m)}}

= min{ ﬂni(m), ﬂni(n)}, Ym,n € B.
iel iel
@ (nmoen)= inf{n,(mon)}
iel
> iirellf{min{m(m), n,(n)}}

> min{iirelf{ni (m),n,(n)}}

= min{ inf {ni (m) }, 111;{ {ni (n) }}

iel

= min{ ﬂni(m), ﬂni(n)}, Ym,n € B.
iel iel
Thus, by (1) and (2) above, intersection of fuzzy SAs of L is fuzzy SA of L. O
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Remark 5.2.1.1. The union of two fuzzy SAs of LBA L may not be fuzzy SA of L, justified by the

following counter example.

Example 5.2.1.2. Let (L, ®, ®, 0) where L = {0, m, n, w} and two binary operations ® and ® on
L be as defined in Table 5.2 of Example 5.1.4 above and define two fuzzy SAsm, and m, of L as in
Table 5.6 below:

Elementsof L || n, | n, || n,Un,
0 0.9 | 0.8 0.9
m 0.3 0.7 0.7
n 0.50.3 0.5
w 0.3 0.3 0.3

Table 5.5: A table that defines fuzzy SAs and their unions

Hence, since m ® n = w: then we have:
(ThU nz) (m@&n) = (nlu nz) (W) =0.3> min{ (nlunz) (m), (nlunz) (n)}
= min{O. 7, 0.5 } = 0.5, which is false, and this shows that the union

of two fuzzy SA of L is not necessarily fuzzy SA of L.

5.2.2 Fuzzy Deductive System of Liu®>—Algebra

Under this subsection, we introduce definitions and give examples of fuzzy deductive systems of

LBA , state and prove some properties and theorems of fuzzy deductive systems of LBA

Definition 5.2.2.1. A fuzzy subset n in L, where (L; ®, ©, 0) is LBA , is known as a fuzzy DS of L if

the statements hereunder are satisfied Vm, n, w € L:
(i) n(m® me®w)) >min{n(m), n(n)}
(i) n(mowow) =2n(m).

Example 5.2.2.1. Let L = {0, m, n, w} and two binary operations ® and © on LBA L be given as
in Table 5.2 of Example 5.1.4 above and the fuzzy subset m : L — [0, 1] given by:

08, if k =0,
n(k) =
03, ifk =mn,w.
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Thus, it has been checked that 1 is fuzzy DS of L explained for some cases as follows taking random

elements w, 0, n € L (as one case):
(i) nwa (0®n)) =n(w®0)) =n(w)) = 0.3 = min{n(w), n(0)} = {0.3, 0.3} = 0.3 holds
and so do other cases,

(ii) ntwoneon) =n(0) = 0.8 = > n(w) 0.3 holds and so do other cases,
Lemma 5.2.2.1. Let (L; ®, ®, 0) be LBA If n is a fuzzy DS of L, then n(0) > n(m), VmeL.

Proof. Form € L, we have: m ® 0 ® 0=0. Then

= nNMmo0o0)>2nim) = nmo0©0)=n(0)>n(m),VvmelL,

Hence,n(0) > n(m), vm e L. =

Proposition 5.2.2.1. Let (L; ®, ®, 0) be LBA and M be a non-empty subset of L, then the Charac-
teristic function X,, on M is a fuzzy DS of L if and only if M is DS of L.

Proof. Suppose the Characteristic function, X,,, is fuzzy DS of L where ,, : M — {0, 1} is

1, if ke M,
defined as: x,,(k) = if ke
0, if k¢ M.
We need to verify that M is DS of L, that is;
(I) meM = moOwoOwe M and

(2) m,neM= (manaew)) € M.

(1) Let me M = x,,(m) = 1. Then x,,(MmoOWoOW) = x,,(m) =1 = x,,(moOwWeow) > 1
But x,,(mo&wGw) < 1, by definition of Characteristic function.
= Xp(MOwoOw) =1 = moOwowe M.
(2) Let m,neM = x,,(m)=x,,(n)=1
Then x,, (m®M&w)) > min{x,,(m), x,,(n)} =min{l, 1} =1
But x,, (m@(n@w)) < 1, by definition of Characteristic function.
= Xy (Mmemew)) =1 = menew) e M
Therefore, M is a DS of L, by (1) and (2) above.

Conversely, assume M is DS of L. We need to assert that the Characteristic function x,, is a fuzzy

DS of L, claiming to verify the two defining axioms. Then we prove this part by verifying the two
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defining axioms where we consider three cases for one and two case for the other as follows:
Axiom (1): x,,(m® (n®w)) > min{x,, (m), x,,(n)}; Vm, n, w € L, (by 3 Cases).

Claim (1): Asserting axiom 1 by considering 3 cases as follows:

Case(i) : Suppose m,n € Mandw € L = m®(n®w) € M; since M is DS of L
= xm(m)=1=x, (M) =xy(m®&nmew))
= Xy (Mm® (n®w) > min{x,,(m), (x,,(n)} =min{l, 1} =1
Case(ii) : Suppose me M,n ¢ M (or similarly m ¢ M, n € M)
= Xp(m) =1,%,,(n) =0 (orsimilarly, x,,(m) =0, x,,(n) =1), and
either x,,(m® m®w))=1or x,,(m®Mmew))=0 = x,,(m&@Mme@w) >0
= Xy (Mm® (n®w)) > min{x,,(m), x,,(n)} =min{1, 0} =0
Case(iii) : Suppose m ¢ M,n ¢ M = x,,(m) =0=x,,(n), and

either X,,(m® (n®w))=1 or x,,(m®n®@w))=0 = x,(Mm®&MNe@w)) >0

= Xp (M@ (N @ W) > min{xy, (M), (x,,(n)} =min{0, 0} =0

Then by Cases (i) — (iii) above, X,,(Mm ® (n®w)) > min{x,,(m), (x,,(n)}, vm,w e L.

Axiom (2): x,(moOwoOw) >x,,(m); vmeM, YwelL
Claim (2): Asserting axiom 2 by considering 2 cases as follows:
Case(i) : Suppose m € M = (meGW) ®w € M; since M is DS of L
= Xu(m)=1l=x,(Mmowow) = x,(mowow) 2yx,(m)=1

Case(ii) : Let m ¢ M. Then x,,(m) =0, and either X,,( moOwoOw)=1 or x,,(moOwWOW)=0
= Xu(Mowow) >0 = x,(mowow) =x,,(m)=0

By Cases (i) — (ii) above, we deduce that X,,(moOw o w) > x,,(m), Ym, w € L.

Therefore, by axioms (1) and (2) (Conclusions of claims (1) and (2)) above, we conclude that X, is

f DS of L.
uzzy DS o 0

Corollary 5.2.2.1. Let (L; ®, ®, 0) be LBA, 0 #M C Landn,, : M — [0, 1] be a

S, if me M,

fuzzy subset in L such that §, o € [0, 1], and & > o, where m,,(m) =
o, if m¢& M.

Then M is DS of L if and only if m,, is a fuzzy DS of L.
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Proof. Similar to the proof of Proposition 5.2.2.1 above with the exception that 1 is replaced by 6
and 0 is replaced by o. ]

Theorem 5.2.2.1. Intersection of any two fuzzy DSs, 1, andn, of LBA L is fuzzy DS of L.

Proof. Letmn, and n, be any two fuzzy DSs of L. Then we need to prove:

n,MN 1, is a fuzzy DS of L, which is justified as follows:

i) (m,Nm,)(moewew)=min{n,(Mowew),n,(mewew)} > min{n, (m), (n,(m)}
= (m,Nn,)(mewew) >n,(m),vmelL,
(i) (n,Nm,)(m® (n@®w))=min{n,(m® ne&w)),n,(me new))}
> min{min{n, (m), n,(n)}, min{n,(m), n,(n)}}
= min{min{n, (m), n,(m)}, min{(n,(n), n,(n)}},
=min{n, N n,)(m), (n, N n,)(n)}

Thus, intersection of two fuzzy DSs of L is fuzzy DS of L. ]

The above theorem can also be generalized to any family of fuzzy DSs of L as in the corollary below.

Corollary 5.2.2.2. The intersection, (ﬂn o ﬂ’ﬁ)) of any family of fuzzy DSs, {(n o Ti> RS I},
iel iel
of LBA L is also a fuzzy DS of L.

Proof. Let {(ni, Ti) i€ I}, be family of fuzzy DSs of L and let m, n, w € L. Then we need

to prove that: (ﬂni, ﬂTi>’ is a fuzzy DS of L, which is justified as follows:

el el
@(Qmﬂm®w®ngﬁmmow®ww
> inf{n;(m)}
=(\n.(m), vm, w € B.
iel
(i) (ﬂni)(m®(n®u)) = iirellf{ni(m(@(n@u))}
iel

> iirg{min{ni(m), n; (n) }}

> min{inf {n,(m). n,(n)}}

= min{ inf {n,(m)}, inf {n.(m)}}
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:min{ ﬂni(m), ﬂni(n)},Vm, n,u € B.
iel iel ]
Thus, by (1) and (i1) above, intersection of two fuzzy DSs of L is fuzzy DS of L.

Remark 5.2.2.1. The union of two fuzzy DSs of LBA L may not be fuzzy DS of L, justified by the

following counter example.

Example 5.2.2.2. Let L = {0, m, n, w } and the two binary operations ® and ® on L be as defined
in Table 5.2 of Example 5.1.4 above and define two fuzzy DSsm, and m, of L as follows:

Elements of L || m,(k) | n,(k) || (n,un,)(k)
0 0.8 1 1
m 0.4 0.6 0.6
n 04 0.7 0.7
w 0.8 0.7 0.8

Table 5.6: A table that defines fuzzy SAs and their unions

Then, from Table 5.2 of Example 5.1.4 above , we have that: w® (M ®0) =w®n = m.
Also, from Table 5.6 of Example 5.2.2.2 above, we have:
= M un)we®n®0)) =M Un,)(m) =06
= MuUn,)Jw®nm®0)) =06 =min{n, Un,(w), n,Un,(n)}
= min{0.8, 0.7} = 0.7, which is false confirming that
the union of two fuzzy DSs of LBA L is not necessarily fuzzy DS of L.

5.2.3 Fuzzy Ideal of Liu®—Algebra

Under this subsection, we introduce definition and give examples of fuzzy ideal of LBA , state and

prove some properties and theorems on fuzzy ideal of LBA

Definition 5.2.3.1. A fuzzy subsetn in LBA (L; ®, ®, 0) is called a fuzzy ideal of LBA if the following
statements are satisfied Vm, n € L:

(i) n(m) > min{n(m®mn), n(n)}

(i) n((m®n)© mew)) > min{n(m), n(n)}.
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Example 5.2.3.1. Let L, = {0, m, n, w}, L, = {0, m, n} be sets and binary operations ® and ©
onboth L, and L, be as defined in Table 5.3 and Table 5.4 above, respectively and let the fuzzy

subsets m, in L, and m, in L, be defined as follows, and let n, : L, — [0, 1], n, : L, — [0, 1] be
09, if k =0,
08, if k =0,
given by: nl(k) =404, if k =m,w, and ﬂz(k) =
0.5 if k =m, n.
0.2, if k =mn,

N, is fuzzy ideal of L, and m, is fuzzy ideal of L,, where we explain these examples as follows
for some cases taking some randomly selected elements of L, and L, like for instance; n, 0, w € L,

and m,n, 0 € L,.
(1) (i) n,(n) =0.2 > min{n,(n®0), n,(0)} = min{n,(n), n,(0)} = min{0.2, 0.9} = 0.2 holds
and so do the others for any arbitrary choices of elements of L,.
(i) n,(n®0)®(0®m) =n,(n®0) =n,(0) =09
> min{n,(n), n,(0)} = min{0.2, 0.9} = 0.2 holds and so do the

others for any arbitrary choices of elements of L,.

(2) (i) n,(m) = 0.5 = min{n,(m®n), n,(n)} = min{n,(m), n,(n)} = min{0.5, 0.5} = 0.5
holds and so do the others for any arbitrary choices of elements of L,.
(ii) n,(m®n)©M®0) =n,(men) =n,(0) =0.8
> min{n,(m), n,(n)} = min{0.5, 0.5} = 0.5 holds and so do the

others for any arbitrary choices of elements of L,.

Lemma 5.2.3.1. Let (L; ®, ®, 0) be LBA Ifn is fuzzy ideal of L, then n(0) > n(m), Vm € L.

Proof. AsL # (), 3meL such thatn((m ® m) © (m ® m))>min{n(m), n(m)} =n(m)
= n((mem)e(mem))=n(000)=n(0),ymeL,aam®m=0and0® 0=0,YmeL
and n((m@®m)© (m®m)) =n(0) > min{n(m),n(m)} =n(m), ¥m e L

Therefore, n(0) >n(m), YmeL

Proposition 5.2.3.1. Let M be a non-empty subset of L and x,, be the Characteristic function,
then X, is a fuzzy ideal of L if and only if M is ideal of L.
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1, if meM,
Proof. Suppose X,, : M — {0, 1} is a Characteristic function, then: x,,(m) =
0, if m¢ M.

Suppose X, 1s a fuzzy ideal of L. We need to verify that M is an ideal of L.
(DLetm®n,neM=x,,(m®&n)=x,,(n) =1, and then we claim that m € M

But x,, (m) > min{x,,(m®n), x,,(n)} =min{l, 1} =1

=Xy (m) =1 but x,,(m) <1, Ym € M, by definition of x,,

=xym=l=meM

Hence m®n,neM=meM
(2) Again, let m,n € M= x,,(m) =x,,(n) =1.

Here also we claimthat((m®n) © M ®w) e M, Vm,n,w € L

Now, X, (m®n) ® m@w)) > min{x,, (m), (X,,(n)} =min{1, 1} =1

= xy((menomew)) =1, VYmneM

butx,, (M®&n) © (n®w)) <1,Vm,n €M, by definition of x,,

=>xXy(menomew)=1=(men)o nhew)eM
Thus, m, neM = (m ® n)®(n ® w)eM and therefore, M is a ideal of L if x,, is fuzzy ideal of L.
Conversely, suppose M is ideal of L. We need to prove X,, is a fuzzy ideal of L, Vm, n, w € L.

That means we need to show that:

(1) Xp (M) = min{x,,(m®n),x,,(n)},ym,nelL
2) Xy ((Mmen) ® m@w)) = min{x,, (m), x,, (M)}, Vm,n,weL

(1) To show x,,(m) = min{x,,(m ®n), x,,(n)}, we follow the following three cases:
Case(i):Let m&n,n €M = m €M, since M is ideal of L.

But from the hypothesis, x,,(m®n) =x,,(n)=1=x,,(m) =1

= Xpm(m) =12 min{x,, (m®n), x,,(n)}

Case(ii):Letme&n e M, n¢M (or men¢M,neM ), proving one of these is similar to
proving the other and so we prove the first part.

= Xy (m®n)=1landx,,(n)=0buteither mec Morm ¢ M = x,,(m)=1orx,,(m)=0
= Xp (M) = 0=min{x,,(m®&n), x,, ()} = min{1, 0} = X,, (M) Zmin{x,,(me&n), x,,(n)}

Case(iii): Letma&n ¢ M,n ¢ M = x,,(m&n) =0= (x,,(n).
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Buteitherm e Morm ¢ M = x,,(m)=1orx,,(m)=0
= X (M) = 0=min{x,, (m®n), x,,(n)} =min{0, 0}
Thus, by all the Cases (i) — (iii), above, we obtain x,,(m) > min{x,,(me&n, x,,(n)}.
(2) To show x,, ((m @n)oOnM® W)) > min{x,,(m), X,,(n)}, we follow the following
the three cases as similarly as (1) above
Case(i):Letm,neM = (m®n)® M®w) € M, Yw € L, since M is ideal of L.
But from the hypothesis, x,,(m) =x,,(n)=1=x,(Mmen) o nmew)) =1
= Xu((Me&n) © m®w)) =1 2= min{x,, (m), x,,(n)}
Case(ii): Letm e M,n ¢ M (or m ¢ M, n € M ), proving one of these is similar to proving
the other and so we prove the first part.
= Xy (m)=1andx,,(n)=0buteither ( Mm®n)GM®wW) € Mor  m&N)OGM®W) € M
= xpl(men)omew))=lorx,(men) o mew))=0
=Xy (Mmen) © m®w)) > 0=min{x,,(m), x,,(n)} =min{l, 0}
= Xpu(M®N) © Mm@ w)) > min{x,,(m), x,,(n)}
Case(iii):Letm ¢ M,n ¢ M = x,,(m) =0= (x,, (n).
Buteither ( m®n) O Mm@®w) eMor(m®n)©me®w) €M
= xyl(men)omew))=loryx,(M&n)emew))=0

=Xy ((Mmen) © me®w)) > 0=min{x,,(m), X,,(n)} =min{0, 0}
Thus, by the Cases (i) — (iii), above we obtain: x,, (M ®n) ® M ® w)) > min{x,, (M), x,, (n)}.

In general, by (1) and (2) above, we have ratified that the Characteristic function, x,, is fuzzy ideal

of Lif M is ideal of L. O

Theorem 5.2.3.1. The intersection of any two fuzzy ideals, 1, and 1, of LBA Lis a fuzzy ideal of L.

Proof. Letn, and n, be any two fuzzy ideals of L. Then we need to prove:
(1) (m,Nm,)(m) = min{(n,Nn,)(m@&n), (n,Nn,)(n)} and then:
(n,Nn,) (M) = min{n, (m), (n,)(m)}
> min{min{(n, (m®mn), n,(n)}, min{(n,(m®mn), n,(n)}}
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= min{min{n,(m®n), n,(m®n)}, min{n,(n), n,(n)}}

= min{ (n,Nn,) (m&n), (,Nn,)(n)}

(i) (mNm,)(men) e nme@w)) =min{n,(Me&n)©mew)), n,(men) e new))}
> min{min{ (n,(m), (n,)(n)}, min{(n,(m), (n,)(n)}}
:min{min{(nl(m), (nz)(m)}, min{(nl(n), (ﬂz)(n)}}

= min{ (n, Nn,)(m), (n, Nn,)(n)}

Thus by (i) and (ii) above, we ratified that n,N 7, is a fuzzy ideal of L.

Therefore, intersection of any two fuzzy ideals of L is also fuzzy ideal of L. .

The above theorem can also be generalized to any family of ideals of L as in the corollary below.

Corollary 5.2.3.1. The intersection, mni, of any family of fuzzy ideals, {(n o Ti) t1ie I},
iel
of LBA L is also a fuzzy ideal of L.

Proof. Let {(n,,T,) : i €1}, be family of fuzzy ideals of L. Then we need to prove <ﬂ M., ﬂTi)’
iel el
is fuzzy ideal of L, and then:

@) ([|n,)(m)= inf{n, (m)}

iel

> inf{min{n,(m@n), n,(n)}}

> min{iirellf{ni(m ®Mn), ﬂi(n)}}

— min{iirélf{ni (m®n)}, 111re1f{n1 (m)}}

= min{ﬂni(m ®n)}, ﬂni(n)}, Ym,n L.

iel iel

(i) (n(menomew)=inf{n(menonew)}
iel
> inf{min{(n,(m). (n;)(n)}}

iel

> min{inf{ (n,(m), (n,)(n)}}

iel
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= min{inf{ (n,(m)}, iirelf{(m)(“)}}

i€l
= min{ﬂ(ni(m), ﬂ(ni(n) }, Ym,n,w € L.
iel iel
Thus by (1) and (i1) above, we ratified that mni is a fuzzy ideal of L.
iel
Therefore, intersection of any family fuzzy ideals of LBA L is also fuzzy ideal of L.
O

Remark 5.2.3.1. The union of two fuzzy ideals of L may not be necessarily fuzzy ideal of L which is
illustrated by Example 5.2.3.2 below.

Example 5.2.3.2. Let (L, ®, ®, 0) where L = {0, m, n, w} and two binary operations ® and ® on L
be as defined in Table 5.7 below, and the two fuzzy ideals 1, and 1, of L as define below:

0.9, if k

09, if k =0, 0.8, if k =0, 07, if k

7,

n, (k) =406, if k = n, and 1,(k) =407, if k = m, = (n,Un,) (k) = 06' o

04, if k =m,w, 05 ifk =n,w, "l_f

\O.S,sz
(@[O0 m[nf[w] l©f0][m|n|w]
Ofo|0|0]O0 Of0|]O0|O07]O0
miim| O |w|m mi|0Olm|w|n
nin|iw|0|n n{|0|w|n|m
wililw|lw | n|O0 wilO0ln | m|w

Table 5.7: Tables for the LBA (L, ®, ®, 0) (See [42] for ®)

From Table 5.7 above, it has been shown that (L, ®, ©, 0)is LBA and we have:
Since w is an arbitrary element of L, choose, m = w so that:
(Mmen)eMme®m)=wow=w, and then
(mun,)((men)o mem)) = (n,un,)(w) =05
> min{ (n,Un,)(m), (n,Un,)n)}
=min{0.7, 0.6} =0.6
which is false, confirming that union of two fuzzy ideals of L is not necessarily fuzzy ideal of L.

S, if me M,

Proposition 5.2.3.2. Let 1 be a fuzzy subset in LBA L such that n(m) =
o, if m & M.

where d, 0 € [0, 1], and b > o . Then M is ideal of L if and only if n is a fuzzy ideal of L.
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Proof. The proof this proposition is Similar to the proof of Proposition 5.2.3.1 above with the ex-

ception that 1 is replaced by 6 and 0 is replaced by o. =

Remark 5.2.3.2. In a LiuB-algebra (LBA), the classes of fuzzy subalgebras, fuzzy DS, and fuzzy
ideals are mutually non-equivalent; in other words, a fuzzy subset satisfying the conditions of one
of these structures does not necessarily satisfy the axioms of the others, and hence none of the three

notions implies (or is implied by) the others.

Example 5.2.3.3. To justify some of the relations of any two, let us take some examples as follows
and the rest could be elaborated in similar ways. Letm : L — [0, 1] be a fuzzy subset in LBA L
where the binary operations are defined as in Table 5.7 of Example 5.2.3.2.

(1) Letn be fuzzy ideal of L such thatn(0) = 0.9, n(m) = 0.8 =n(n), n(m®n) =n(w) = 0.3,
but one of the axioms for fuzzy subalgebra of L fails as:

nme&n) =n(w) = 0.3 > min{n(m), n(n)} = min{0.8, 0.8} = 0.8 which is false showing
fuzzy ideal of L may not be fuzzy subalgebra of L.

(2) On the other hand, let 1| be fuzzy subalgebra of L where 1n(0) = 0.9 = n(w.), n(m) = 0.6,
nn) = 0.8, and n(m ® n) =n(w) = 0.9 implies:

nim) = 0.6 > min{n(m®n), n(n)} = min{n(w), n(n)} = min{0.9, 0.8} = 0.8, showing
one axiom for fuzzy ideal of L fails meaning every fuzzy deductive system of L may not be fuzzy

ideal of L. The other justifications could be explained in similar ways as the above.

5.3. Pythagorean Fuzzy Substructures of Liu®—Algebra

Under this section, we investigate Pythagorean fuzzy substructures in Liu®—algebra (LBA), introduc-
ing Pythagorean fuzzy subalgebra, Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal
of LiuP—algebra. We examine properties like membership deviations, accuracy functions, and their
interrelations through theorems and examples, establishing foundational results for Pythagorean

fuzzy LiuP-algebraic frameworks.

For the whole of this subsection and subsequent subsections, we denote L® for the Pythagorean fuzzy

substructure LB = (n, T) of LiuP—algebra (L; ®, ®, 0), unless otherwise specified.

Before proceeding to this subsection, we briefly recall some concepts in the form of a remark. We
then develop the basic subsection to establish the foundational notions and properties of Pythagorean
fuzzy LBA and their substructures. In particular, we examine the fundamental behavior of member-
ship and non-membership functions, introduce the concept of square deviation for fuzzy subsets, and

characterize Pythagorean fuzzy substructures through key theorems.
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Remark 5.3.1.
For the fuzzy subsetm : L — [0, 1] in the LiuB—algebra (L; ® ©®,0), Vm € L:
(1) n(m) > (n(m))2 and t(m) > (T(m))z, sincen(m) € [0, 1] and t(m) € [0, 1]

= n(m) — (n(m))” > 0 and (m) — (x(m))* > 0
= n(m)(/ —n(m)) = 0and t(m)(I —t(m)) >0

= n(m)(fi(m)) > 0and t(m)(T(m)) > 0.

(2) As proved in Proposition 4.1.1 for the BCL-algebra (B; ®, 0), the expressions stated below
also hold for the LiuP—algebra (L; ®, ®, 0) for the fuzzy subsetn : L — [0, 1], the complement
N:L— [0, 1] of 1 and square deviation 1 : L — [—1, 1] of M as defined by Definition
4.1.1, and also we have the following:

(i) (A(m))? >7(m), vm e B,

(i) (A(m))? > (f(m))?), ¥m € B,

5.3.1 Pythagorean Fuzzy Subalgebra of Liu®—Algebra

Under this subsection, we introduce definition and give example of Pythagorean fuzzy subalgebra
(SA) of LiuB—algebra (LBA), state and prove some properties and theorems of Pythagorean fuzzy
SA of LBA

Definition 5.3.1.1. A Pythagorean fuzzy set LB = (n, T) in LBA (L; ®, ®, 0) in which the func-
tions n:L— [0, 1]and Tt : L — [0, 1] define the membership and the non-membership degrees
respectively in L is called a Pythagorean fuzzy SA of L if the following two pairs of statements are
satisfied; Ym, n € L:

2

(i) (mmen)?=min{(n(m))% (n(n))?} and (t(m®n))* < max{ (t(m))% (t(n))’}

(i) (nmon)® =min{()> Mm)’} and (t(mon))® <max{(t(m))?, (t(n)’}.

Example 5.3.1.1. Suppose L = {0, m, n, w} and two binary operations ® and ® on L are given
by the tables 5.2 of Example 5.1.4 above. Let the Pythagorean fuzzy set LB = (n, T) such that

nN:L—[0,1]andT:L— [0, 1] are given by

09, if k =0, 0.3, if k =0,
n(k)= and  t(k)=
04, if k =m, n,w, 0.7, if k =m, n, w.
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In Example 5.3.1.1, we explain how the membership function 1 and non-membership function T rep-

resent the Pythagorean fuzzy SA of (L; ®, ®, 0), where L = {0, m, n, w}, as follows:

(Mw))? = 0.16 > min{(n(m))*, (n(n))*} = min{0.16, 0.16} = 0.16, and

(n(m@n))2

(t(w))? = 0.49 < min{(t(m))?, (t(n))*} = max{0.49, 0.49} = 0.49,

(t(m & n))2

(m(mon))® = (nn)? = 0.16 = min{ (n(m))*, (n(n))’} = min{0.16, 0.16} = 0.16 and

(ttmen))® = (t(n))? = 0.49 < min{(t(m))?, (v(n))*} = max{0.49, 0.49} = 0.49, and 50 on.

Lemma 5.3.1.1. IfLB = (T], T) is a Pythagorean fuzzy SA of L, then Ym € L;

(n(0))

2 2

> (n(m))2 and (t(0))” < (t(m))".

Proof. Since L # (), let m € L, we have: m ® m = 0, by Definition 1.1.8 (1). Then

2

(M(0)* = M(m®m))® = min{(n(m))?, (n(m))*} =n(m), vm € L, and

(t(0))* = (t(m @ m))* < max{(t(m))>, (t(m))*} = (*(m))% VmeL

= (n(0))* = (n(m))? and (1(0))* < (t(m))*, vm € L. .

Proposition 5.3.1.1. Let M be a non-empty subset of a Liu®—algebra L and L” = (XM, ):(M ), where

X IS the Characteristic function and ):(M is the square deviation of X,,. Then (XM, )_(M) is a
Pythagorean fuzzy SA of L if and only if M is SA of L.

Proof. Suppose X,, : M — {0, 1} is a Characteristic function defined as:

1, if meM, _ _ 2 0, if meM,
Xm (M) = and hence X,,(m) = (XM(m)) =
0, if m¢ M. 1, if m¢ M.

Now, suppose L? = (x,,. X, ) is Pythagorean fuzzy SA of L and m, n. € L which implies the
Characteristic function x,, is a fuzzy SA of L, by Proposition 4.2.1.1.

We need to verify that M is a SA of L.
Here, we need to justify this claim by using the non-membership part as follows since using the
membership part can be justified similarly :

Now, we show MisSAof L = m®neSandmodneS,Vm,nelL
Letm,nel = ():(M(m))2: ():(M(n))Z:Oand
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X (m@n) <max{(X,,(m)* (x,,(n)*} =max{0,0} =0
= Xy (m®n))® <0
But 0 < ()z(M(mGBn))Z = ():<M(m®n))2 =0=m®ncSs.
Similartly, (%, (mon))’=0=>meneM
Hence m,neM=m®n € M; m®n € M and therefore M is a SA of L.
Conversely, suppose M is a SA of L
Thus at first, for the non-membership function X, ,, let us show that
(X (m@mn))* > max{ (x,, ()% (x 1))’} vim. n € L.
Then after, following similar steps for the membership function x,,, one can show that
(X, (m®n))® <min{ (x,, (M) (X (n))*}, ¥m, n € L so that, understanding this,
we omit the proof for this part.
Case(1):IfmneM = m@&necM= ():(M(m))2 =0= (>:<M(n))2 =(nme n))z, then
meneM= (X, (men))’=0< max{0, 0} = max{ (X, ,(m))> (X, (n)°}
= (X, (m®n))* <max{(x,,(m)% (X,, ()},
Case(2): If m¢ S, n¢gS, (butm,nel)
= (X (M)*=1= (X, ()% and (X, (m@n))* < 1
(since any fuzzy subset is less that or equal to 1)
= (X (m@n))® < 1=max{(x, (M), (X, ()"} = max{1, 1}
= (X, (m®n))* < max{ (x,,(m)% (X, (M)}
Case(3):If meMandn¢M(orneMand m ¢ S)
= (X, (m)*=0and (X, (n)*=1 (or (X,,(n))*=0and (X, (m))*=1)
= max({X,, (m))% (X,,(n))*} =max{1,0} =1 and (X, (m®n))*<1
= Xy (m®n))® < 1=max{(x,,(m)* (X,,(n)*}

= Xy (m®n)® < max{(x,,(m)* (X,,(n)*}
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Hence, in all the cases (1) — (3), we have checked that:
(X (m® n))z < max{ ():(M(m))z, (X, (n ) },vm,n € L and similarly for x,,:
():<M(m®n))2 < max{()?M(m))z, ()?M(n)) Lvm,nelL.

Thus LP = X ):(M) is Pythagorean fuzzy SA of L if and only if M is SA of L. O]

Theorem 5.3.1.1. The intersection of any two Pythagorean fuzzy SAs, LE = (nl Nn, T, N Tz),
of LBA L is also a Pythagorean fuzzy SA of L.

Proof. Let Llf and L2B be any two Pythagorean fuzzy SA of L. Then we need to prove:
L-]? = (nl Nmn,, T, N Tz) is a Pythagorean fuzzy SA of L. For m, n € L, we have:

@ ((m, Nm,)m®n))* =min{(n,(men))’

,(mymen))’}
> min{min{(n, (m))*, (n, (n))*}, min{ (n,(m))*, (n,(n))*}
. (na(m))* min{ (n, ()}, (n,(n))*}

=min{((n, N nz)(m))z, ((n, ﬂﬂz)(n))z}

— min{min{(n,(m))?

= min{((n,nn,)(m))%, ((n, Nn,)(n))*}, ym,n e L.
Hence, ((1, Nn,)(m@mn))* > min{ ((n,nn,) (m))% ((n, Nn,)(n)*}, vim, n € L.
Similarly, ((t, N1, )m®mn)* < max{((t,n 7,)(m))% ((t, N 7,)(n))*}, ¥m,n € L.

) ((n, Nm,)(mEw)* =min{(n,(mon))* (n,mon)’}

> min{min{ (n, (m))”, (n, (n))*}, min{ (n,(m))*, (n,(n))’}

= min{min{(n,(m))*, (n,(m))", min{ (n,(n))"}, (m,(n))"}

= min{((n, N n,)(m)% ((n, Nm,) ()%}

= min{((n,Nn,) (m))*, ((n, N7,)(n))*}, ¥m.n € L.
Hence, ((n, N7,)(m ©mn)* > min{((n,Nn,)(m)), ((n, Nn,)(n))*}, ¥m. n eL.

Similarly, ((t, N 7,)(m®n))* < max{((r,n7,)(m))> ((r, N 1,)(n))*}, ¥m, n € L.

Thus, intersection of any two Pythagorean fuzzy SAs of LBA L is Pythagorean fuzzy SAof L. [l

Corollary 5.3.1.1. The intersection, <ﬂni, ﬂT1>’ of any family of Pythagorean fuzzy SAs,
iel iel

{(ni, Ti) i€ I}, of LBA L is also a Pythagorean fuzzy SA of L.
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Proof. Let { (ni, Ti) i€ I}, be family of Pythagorean fuzzy SAs of L. Then we need to prove:

(ﬂni, ﬂ’ti), is a Pythagorean fuzzy SA of L. Then for m, n € L, we have:
iel el
2
O () (nmen)” =inf (n,memn)’

i€l

> inf {min{(n,(m))", (n,(n))"}

. 2 2
> min{inf{(n,(m))%, (n,(n))*}}

iel

— min inf { (n,(m)*}..inf {(n,(n)}

iel iel
:min{ﬂ(ni(m))z, ﬂ(ni(n))z} and
iel iel

m <Ti(m ® n))2 =sup (T,(M® n))z

icl el

< sup {max{ (T, (m))z’ (T, (“))2}

iel

< max{sup{ (z,(m))%, (r,(n)*}}
iel

= max{ sup (’ti(m))z}, sup { (Ti(n))z}
iel iel

= max{ ﬂ ('ci(m))z, ﬂ (Ti(n))z}, Ym,n € L.
iel iel

. 2 2
) () (nmomn)” =inf(nmomn)

iel
> inf {min{ (n, (m))°, (n,(n)*)

>min{iirelf{(m(m))2, (m(n))Z}}

= min{ inf{(ni(m))z}, inf{(ﬂi(ﬂ))z}

iel iel
— min{ ﬂ (ni(m))z, ﬂ (ni(n))z} and
iel iel

ﬂ <Ti(m ® n)) ? = sup (Ti(m © n))2

il iel

< sup {max{(t, (m))z’ (T, (n))z}}

iel

< max{ sup { (Ti(m))z’ (Ti(n))z}}

icl

158



= max{ sup {(r,(m))}. sup{(x,(n)*}}

iel i€l
— max{ ﬂ (Ti(m))2, ﬂ (Ti(n))z}, Ym,n € L.
i€l iel
Thus, intersection of Pythagorean fuzzy SAs of L is Pythagorean fuzzy SA of L. [

Remark 5.3.1.1. The union of two Pythagorean fuzzy SA of a LiuP—algebra L may not be Pythagorean
fuzzy SA of L which is justified by Example 5.3.1.2 below.

Example 5.3.1.2. Assume L = {0, m, n} and two binary operations ® and © on L as defined in
Table 5.2 of Example 5.1.4 above. Then it has been shown that (L, ®, ®, 0) is a LiuB—algebra.
Define two Pythagorean fuzzy SA of LBA LF =M, T,) and LE =M, , T,), as follows:

( (
09, ifk =0, 0, if k =0,

n,(k) =406, if k = m, and T,(k) =205, if k = n, and
04, if k =n, w, \0.3, if k =m,w,
( (
0.8, ifk =0, 02, if k =0,

n,(k) =407, if k =m,n, and T,(k) =404, if k = m, then
\0.5,ifk:w, 06, if k =n,w.
0.9, if k = 0, 0, ifk = 0,

M UM)(k)=107 ifk =m,n, and (T,UT,)(k)=<03, if k = m, w,

0.5, if k =w, \0.5, if k =mn.

From the table of ® in Table 5.2, as m ® n = w: we have:

(n, Un,)(men))* = (n, Un,)w))> = (0.5 = 0.25
> min{((n, Un,)(m)’, ((n, Um,)(n))’}
= min{0.49, 0.49}
= 0.49, which is false.

This tells us that the union of two Pythagorean fuzzy SA of LBA is not necessarily

Pythagorean fuzzy SA of LBA

Proposition 5.3.1.2. Let M be a non-empty subset of LBA L and 1 be a fuzzy subset in LBA L
8, if meM,

_ 1-8%, if meM,
such that (n(m))? = and then (T_l(m))z = /
0—2/ lf m ¢M/ 1_0—2/ lf m ¢M/
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where 86, 0€[0,1], 8>0 = &% 02€[0,1], & > o?

Then M is SA of L if and only if (n, 1 ) is a Pythagorean fuzzy SA of L.

Proof. Suppose M is SA of L, we prove that(n, ) is a Pythagorean fuzzy SA of L.

Case(i):Letm,neM=m®ncM

Then (n(m))2 = (n(n))2 =5 = (n(m@n))z =62 and

Am)* = M) =1-8 = @men)’ =1

2

= (n(m@n))z > 5% = min{(n(m))", (n(n))z} and also,

Amen))’ <1 -8 =max{(([(m)* A(n)*}

Similarly, m, neM=moneM= (n(m))> = (n(n))> =82 = (n(mon))*> =52 and
Am)* = @)’ =1-8= @mon)’=1-14
= (n(mon))” > 82 =min{(n(m))°, (n(n))*}. and similarly
= (mon)” <1 -8 =max{(A(m))*, [n)*}
Case(ii):LetneM,mégMormeM,né¢M) = mengMorme&ncM
= (n(m))zzéz, (n(m))2 =0?= (n(m® n))2: o?or (n(m® n))2:62 (for first case)
= (mmen))’ = o? =min{(n(m))%, (n(n))*} = min{o?, 52} = 62 and
(Amen))’ < o2 =max{(A(m)), (fi(n))*} = max {82, 0%} = o2
Similarly, for m € M, n ¢ M, or m, n ¢ M, we obtain similar deductions.
Thus, (1, 7) is Pythagorean SA of L.
Conversely, suppose (1, ) is a Pythagorean fuzzy SA of L.
Letn, m e M= (n(m))’ = (n(n))* = 6% and
(mm® n))2 > min{ (n(m))z, (n(n))z} =min{8%, 5’} =&’ = (n(m® n))2 > 62 and since

52, 0% €0, 1], 8% > 02, we have (n(m@n))z <82 = (n(m@n))2 =% =>m®neM.

Following similar steps as above for n, m € M, we can show that, m ©® neM.

Therefore, M is SA of L. [l
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5.3.2 Pythagorean Fuzzy Deductive System of Liu®—Algebra

Under this subsection, we introduce definitions and give examples of deductive system (DS),
fuzzy DS and Pythagorean fuzzy DS of LBA , state and prove some properties and theorems on

Pythagorean fuzzy DS of LBA , which are our wide range focuses.

Definition 5.3.2.1. A Pythagorean fuzzy set LB = (T], T) in LBA (L; ®, ®, 0) in which the func-
tions n:L— [0, 1]and t: L — [0, 1] define the membership and the non-membership degrees,
respectively, in L is known as a Pythagorean fuzzy DS of L if the two pairs of statements hereunder
are satisfied; Ym, n € L:

(i) (m(me (mew))” = min{(n(m))>, (n(n))*} and (t(m® (n@w)))> < max{(t(m))>, (t(n))*}

(ii) (n(m@w@w))2 > (n(m))2 and (T(m®w®w))2 < (T(m))2

Example 5.3.2.1. Let (L; ®, ©, 0)be LBA, where L = {0, m, n, w} and two binary operations
® and © on L be as given by Table 5.4 of Example 5.1.10, above.

Let the fuzzy subsetm : L — [0, 1] and T : L — [0, 1] be defined by:
08, if k =0, 02, if k =0,

k)= and T(k)=
0.3, if k = m, n, 08, if k = m, n.

In Example 5.3.2.1, we explain how the membership function | and non-membership function T rep-
resent the Pythagorean fuzzy DS of (L; ®, ®, 0), where L = {0, m, n}, as follows:

2

Mme m®0)))* = ((0))* = 0.64 = min{ (n(m))>, (n(n))*} = min{0.09, 0.09} = 0.09, and

(ttm® M ®0))” = (1(0))* = 0.04 < min{(t(m))’, (t(n))’} = max{0.64, 0.64} = 0.64,

Mmene0)’ = (n(0)*=064> (n(m)* =009 and

(ttmen©0)) = (1(0))* = 0.04 < (t(m))” = 0.64, and so on.

Theorem 5.3.2.1. Letn : L — [0, 1] be a fuzzy subset in LBA L and T be its square deviation. Then
M is fuzzy DS of L if and only if (m, i) is Pythagorean fuzzy DS of L.

Proof. Letn be a fuzzy subset in LBA L and 7 be its square deviation such that 1) is fuzzy DS of L:

() nm® m®u)) = min{n(m),n(n)}
(i) n(mowow)>n(m)
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Then we claim that (1, 7]) is Pythagorean fuzzy DS of L:

() n(m® (n®u)) = min{n(m),nM)} = (mme meu))’=min{(n(m))% (n(n))*} and

fm® (n®u) < max{(F(m),fin)} = Fme nmeuw))’ <ma{({m)> Fmn)*}

(i) n(moewow)=n(m)= mmow @w))2 > (n(m))2 and
Amowow)” < [@m)’
Therefore, (1, 7)) is Pythagorean fuzzy DS of L.
Conversely, suppose (1], 1) is Pythagorean fuzzy DS of L, the we claim that 11 is fuzzy DS of L
and hence:
() ((m® (n@w)* > min{(n(m))%, (n(n)*} = n(me (new) > min{n(m), n(n)}

Gi) Mmowow))?=mm)* =nmowow)=n(m).

Hence, 1 is fuzzy DS of L. =

Proposition 5.3.2.1. Let M be a non-empty subset of L and L® = (XM, XM) where X, is the Char-

acteristic function and X, is its complement, then LB is a Pythagorean fuzzy DS of L if and only if
M is DS of L.

Proof. Suppose X,, : M — {0, 1} is a Characteristic function defined as:

X (K) = LifkeM, and then )_(M(k) = 0. if ke M,
0, if kéM, 1, if k¢ M.
0, if ke M, _ 0, if keM,
S (R )2= g TREM g g)p = Y TRE
1, if k¢ M. 1, if k¢ M.

and as proved in Theorem 5.3.2.1, the Characteristic function x,, is a fuzzy DS of L and this implies
(XM, )=() is Pythagorean fuzzy DS of L, where 7 is the square deviation Of 11 and then we only need
to show the inequalities for the non—membership part, the complement, as for the membership part
is justified by the proof of Theorem 5.3.2.1 and using the fact that ()_((m))2 = ():((m))z, VYmelL,
we proceed as follows::

@ (xmemeu))’ = xme neuw))’ <max{(x(m)> (xmn)*}

Thus, (XM, XM) is a Pythagorean fuzzy DS of L.
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Theorem 5.3.2.2. The intersection of any two Pythagorean fuzzy DS of L is also a Pythagorean
fuzzy DS of L.

Proof. Let Lll?’ and LZB be any two Pythagorean fuzzy DS of L. Then we need to prove:
LE = <n1 nmn,, T, N TZ> is a Pythagorean fuzzy DS of L.
. 2 . 2 2
@ ((, Nn,)(m® (n@w)))” =min{(n,(m® me&w))", (n(me new)))"}

> min{min{ (n, (m))2 (n,(n))%}, min{ (n,(m))2 (n,(n))*}}

2

— min{min{ (n, (m))?, (n,(m))?), min{ (n, (n))*, (n, (n))*}}

= min{((n1 ﬂnz)(m))z, ((n1 ﬂnz) (n))z} ,Vm,neL, and

((t, N1,)(m® (n @w)))2 = max{ (1, (m® (n@w)))z, (t,(m® (n@w)))z}

2

, (t,(n)?}, max{ (T, (m)?, (r,(n))*}}

— max{max{ (t,(m))%, (t,(m))*}, max{(7,(n))% (t,(n))*}}

< max{max{ (T, (m))

— max{((t, NT,) (M) ((r, n7,)(n)*}, ¥m, n e L.

@ ((n, Nny)mewew)’ =min{[H,mowow)’ h,mowow)’}
> min{(n, (m))?, (n,(m))*}
= ((n,Nn,)(m))>, ¥m,n € L, and
((r,n7,)(mowew)) =max{(t,(mowow) (Lmowe w))*}
< max{(,(m))*, (x,(m))’}

= ((7, ﬂTz)(m))2, Vm,n € L.

Thus, intersection of any two Pythagorean fuzzy DSs of L is Pythagorean fuzzy DS of L. ]

The preceding theorem can also be generalized to any family of DSs of L as in the corollary below.

Corollary 5.3.2.1. The intersection, (ﬂni, ﬂ’ri), of any family of Pythagorean fuzzy DSs,
iel iel
{(ni, ”ci) i€ I}, of LBA L is also a Pythagorean fuzzy DS of L.

Proof. Let L]f’ and L2B be any two Pythagorean fuzzy DS of L. Then we need to prove:
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(ﬂ n;, ﬂ’ri) is a Pythagorean fuzzy DS of L, we follow the following steps:

iel i€l
' 2 2
O (N (nmemew)) =inf{(n(me new)’}
i€l
> llrelf{mm{ (nl(m))z, (ﬂz(n))z}}
> mm{llrellf{( ))2} (ﬂz(n))z}}
> m1n{111€11f{ (nl(m))z}, lllglf{ (le(n))z}}
> min{ﬂ(nl(m))z, ﬂ(ﬂz(n))z}, and
iel iel
2 2
(ﬂ(Ti(m®(“®W))> —su}I){( (me (mew)))’}
iel €

< sup{max{(t,(m))%, (t,(n))*}}

iel

< max{ sup{ (T1 (m))z, (T2 (n))z}}

iel

= max{sup{ (T, (m))z}, sup{ (T, (n))2}}

iel iel

= max{ ﬂ(Tl(m))Z, ﬂ(’tz(n))z}, Ym,n,w € L.

iel iel

.. 2 2

(ii) ﬂ(ndm@w@w)) mf{( m@w@w))}
iel

2
> inf{(n, (m))"}
2(-](ni(m))2 ,Ym,weL and

iel

ﬂ(Ti(mQWQW))Z = sup{ (T, ( m@w@w))z}

iel iel
< sup{(’ti(m))z}
icl
— ﬂ Vm w € L.
iel

Thus, intersection of any family of Pythagorean fuzzy DSs of L is Pythagorean fuzzy DS of L. [
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Remark 5.3.2.1. Union of two Pythagorean fuzzy DS of LBA L may not be necessarily Pythagorean
fuzzy DS of L illustrated by the following counter example (Example 5.3.2.2 below).

Example 5.3.2.2. Let L = {0, m, n, w } be a set and the two binary operations ® and ® on L be as
defined in Table 5.2 of Example 5.1.4 above and define two fuzzy DSs Mp, and Mp, of L as follows:

kol (k) | (k) (g Unp)(k) (k)| oty(k) | (1 Uy) (k)
01 o8 1 1 02 | 03 0.2
mi| 04 | 0.6 0.6 06 | 06 0.6
ni| 04 | 07 0.7 06 | 04 0.4
w| 08 | 07 0.8 02 | 04 0.2

Table 5.8: A table that defines fuzzy SAs and their unions

Then, from Table 5.2 of Example 5.1.4 above , we have that: w® (M ®0) =w®n = m.
Also, from Table 5.8 of Example 5.3.2.2 above, we have:
= ((,Un,)w® (n®0))* = (M, Un,)(m))* =0.36
= ((n,Un)w® m®0))* =036 > min{((n, Un,)w))% ((n, un,)(n))*}
= min{0.64, 0.49} = 0.49, which is false

confirming that the union of two fuzzy DSs of LBA L is not necessarily fuzzy DS of L.

Theorem 5.3.2.3. Let 1 be a fuzzy subset in LBA L and M C L such that for d, o € [0, 1], and 6 > ©

5, if me M, _ 1-8% if me M,
n(m) = / then the square deviation: (ﬁ (m))2 = /
o, if m¢g M, 1—02,ifm§éM.

Then M is DS of Lif LB = (n, n) is a Pythagorean fuzzy DS of L.

Proof. (1) Itis simple mathematical computation that 0 < (n(m))2 + (n(m))2 < 1, Yme M, since
(n(m))* + [{(m)* = (n(m))* + (1-(n(m))*) =1

(2) To check that the axioms of Pythagorean fuzzy DS are satisfied, we proceed as follows:
n(m) € [o, 8] C [0, 11and ([(m))* € [1-82, 1—02] C [0, 1]
Suppose M is DS of L, then we prove that LB = (n, ﬁ) is a Pythagorean fuzzy DS of L with

the following two pairs of Claim:
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@ (Mmm® mew))®=min{(n(m)* (Mn)’} and

\me mew)® < max{(@m))>% {m))*}

i) mmowow)?> mm)* and @AmMmowow)® < [{m)>

Then we prove this claims by following three cases as follows:

Case(i): Letm,neM=m® n®u) eM

Then (n(m))2 = (n(n))z =5 = (n(me (n@u)))2 = 6% and

Am)’ =@Em)* =1-8= [fime mew)’=1-8

2 (T](TL))Z} and

@Ame® (n®w))® < 1— 8% =max{(F(m))* {m))*}

= (n(me (n®u)))* > 8% =min{ (n(m))

2 (T](TL))Z} and

, (\()*}

= (nme mew)® > min{ (n(m))
(Am® (mew))® < max{ (fi(m))>

Case(ii): LetmeM,n¢M

(or the case for m ¢ M, n € M, is similar and hence left)
2 2 2 2
= (n(m))" =8 and (n(n)) =0

but (n(m® (n@u)))2 > 02 and (M ® (n@u)))2 < 1 — &2, by the hypothesis

= (n(me (n@u)))2 > 02 = min{(n(m))z, (n(n))z} and

Ame meu)) <1 — 82 =max{f(m))%An)’}

= ((me (m®uw))® = min{(n(m))> (n(n))*} and

—~
=3

Ame (new))” < max{fi(m))% [n))*)
Case(iii): Letm¢M, n¢M = (n(m))2 =02 = (T](Tl))z
but (n(m® (n@u)))2 > 02 and (M ® (n@u)))2 < 1 — &2, by the hypothesis

2, (T](Tl))z} and

2 Am)))%y

= (n(m® (neuw))’ > o = min{(n(m))

Ame neu))® <1 — 8 =max{fi(m)))

166



= Mme (n@u)))2 > min{ (n(m))z, (n(n))z} and

fime (meu))’ < max{([{m)))%7n))%}

Therefore, by the cases (1) — (ii1) above, we have shown that (n, ﬁ) is Pythagorean fuzzy DS
of L provided M is DS of L.

Conversely, suppose (n, T:]) is Pythagorean fuzzy DS of L so that we claim that M is DS of L.

Now, (n, n ) is Pythagorean fuzzy DS of L is followed by:

@ (n(m® (n@w)))*>min{(n(m))*, (n(n))*} and ([A(m e (n@w)))’< max{({(m))% {Fn))*}

(i) ((mowow)? > mm)? ad [{(mowow) < [{Tm)

and we use only one of the inequalities from each pair of axiom (the membership for one

and the non-membership for the other) as follows:
O (mme (n@u)))2 > min{ (n(m))z, (n(n))z} andletm,neM
= ((m))?= (m(m)? =8> and (N(m® (n@w))* >min{(n(m))’, (n(n))*}
= min{&?, 62} = &2
= mmemew))’>2=>memheu) eM
i) Fmowow)’< {m)’=1- 28
= (n(m@w@w)) <1-8 = mowoweM.
Therefore, by (i) and (i1) above, M is DS of L provided (n, n ) Pythagorean fuzzy DS of L. [

Corollary 5.3.2.2. Let M be a non-empty subset of LBA L and L® = (XM, XM) where x,, is the

Characteristic function and XM is its square deviation, then L® is a Pythagorean fuzzy DS of L if
and only if M is DS of L.

Proof. The proof of this corollary is similar to the proof of Theorem 5.3.2.3 above with the execution
that &2 is replaced by 1, 02 is replaced by 0 for X (membership function) and 1 — 52 is replaced by
0 and 1 — o2 is replaced by 1 for ):<M (non—membership function). ]

Theorem 5.3.2.4. Let (L; ®, ®, 0) be LiuB—algebra and 1B = (n, T) be a Pythagorean fuzzy DS of
L such thatm, M, T, T are square deviations and complements of 1 and T, respectively. Then all
the following are also Pythagorean fuzzy DSs of L:

(1) (n, 7) 2) (n M) (3) (T 1) (4) (T m)
(5) (T 7 6) (T 1) (7) (% ™) (8 (T m)
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Proof. Since the pairs: (1, T) and (1, 7) are Pythagorean fuzzy DSs by the hypothesis and as
proved in Theorem 5.3.2.3, respectively, it follows that 1 is a membership function and hence DS
of L. Here 7] and 1] serve as the complement and square deviation functioning of 1 acting as non-
membership components. Furthermore, T represents the non-membership part of the Pythagorean
fuzzy DS, (n, T), where T and T are its complement and square deviation, respectively, acting as a

membership functions) where both of these also form DSs on L.

Therefore, each pairing of a membership function with a non-membership function or square devia-
tion yields a Pythagorean fuzzy DS For clarification, consider the pair (n, T) as a Pythagorean fuzzy
DS on L. In this case, 11 and T represent the membership and non-membership functions respec-
tively), and their corresponding complements form the ordered pair (T, 7). Now we claim to show
that (T, ) is Pythagorean fuzzy DS of L and then the others could be proved similarly. Then, suppose
(M, T) 1s Pythagorean fuzzy DS of L so that (1, T) is ordered pair of corresponding complements.
Then:

(nm® (n@w)® > min{(n(m))>, (n(n))*} and (n(mowow)* > (n(m)*
= —(n(m® (neu)’ <-min{(n(m))*, (n(n)* and -(m(meowow))* < -(n(m)’
= I-(n(m® (n@u)2 < 1—min{(n(m))2, (n(n))z} and 1-(n (m@w@w))2 < 1—(n(m))2

= l-n(m® (n@u)z < max{l—(n(m))z, l—(n(n))z} and
1-(n (m@w@w))2 < 1—(n(m))2

= (Ame neu)’ <max{{im)% @n)* ad  GFmowow)’ < {Hm)?

This shows that 7] is non—-membership function which satisfies the inequality for the non-membership
part of Pythagorean fuzzy DS.
Similarly, applying some convenient mathematical arithmetic, we have:

(M) < max{(@(m®n))*, [AN))*}, and AMewow))’ < @m))?

And also, we have the following corresponding to the non-membership function T yielding

membership functions as:
(tm® (n® u)z < max{ (T(m))Z, (T(n))z} and (T(MOWO w))2 > (’r(m))2

= —(t(m® (TL@LL)))2 > —max{(’c(m))z, (T(n))z} and —(T(m®w®w))2 > —('t(m))2

2 2

= 1—(T(m® (n@u)))z > l—max{(’r(m)) , (T(TL))Z} and 1—(T(m®w®w))2 > 1—(T(m))
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= 1-(tme® (n®uw))’=min{l - (t(m))’ 1- (t(n))?} and

- (t(mowow)’>1-(t(m)?

2 2

= (@me meuw)’>min{(t7(m)% (T()*} and Fmowow))® > (T(m))

This shows that T is membership function which satisfies the inequality for the membership
part of Pythagorean fuzzy DS. Applying some convenient mathematical arithmetic, we have:

2

(T(m))* = min{ (A(m®n))?, (t(n))*), and (T(mewow))’ < (t(m))?

That means T is non—membership function which guides us to T as membership function and hence
Pairing any membership function with any of the non—-membership function as (1], T) and (7, T)
are Pythagorean fuzzy DSs of L and so form Pythagorean fuzzy DS of L. Therefore, (n, T) is
Pythagorean fuzzy DS of L implies (?, ﬁ) is also Pythagorean fuzzy DS of L and hence all the

claims in this theorem also hold true which can be justified in similar ways.

O
5.3.3 Pythagorean Fuzzy Ideal of Liu®—Algebra

Under this subsection, we introduce definition and give examples of Pythagorean fuzzy ideal of

LBA, state and prove some properties and theorems on Pythagorean fuzzy ideal of LBA

Definition 5.3.3.1. A Pythagorean fuzzy set LP = (n, T) in(L; ®, ®, 0)inwhich the functions
nN:L— [0 1]and t: L— [0, 1] define the membership and the non-membership degrees respec-
tively in L is known as a Pythagorean fuzzy ideal of L if the two pair of statements hereunder are
satisfied; Ym, n € L:

2

(i) (n(m))2 > min{(n(m®n))~, (T](TL))Z} and (T(m))2 < max{(T(m@n))z, (T(n))z}

(i) (n((men)o mew)’=min{(n(m))?* (nn)*} ad
(t(men) © mew)? < max{(t(m)? (x(n))*).
Example 5.3.3.1. Suppose L = {0, m, n} and two binary operations ® and © on L are as given by

the Table 5.4 of Example 5.1.10 above and let the Pythagorean fuzzy set LB = (n, T) be such that:
n:L—[0,1]andT:L— [0, 1] are given by:

0.9, if k=0,

n(k)= _ = _
04, if k=m, n, 0.7, if k = m, n.

In Example 5.3.3.1, we explain how the Pythagorean fuzzy set (n, T) represent the Pythagorean
fuzzy ideal of (L; ®, ®, 0), where L = {0, m, n}, as follows:
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(n(m))? =0.16
> min{(n(m@n))’, ()} = min{ (n(0))*, (n(n))*}
= min{0.81, 0.16}

=0.16, and

(t(m))? = 0.49
< max{(t(m ® n))z, (T(n))z}
= max{ (1(0))*, (x(n)*}
= max{0.09, 0.49}

= 0.49,

= (n(0))? = 0.81

M(men)e m®0)))* = (n((0)o (1))
> min{(n(m))>, (n(m))*}
= min{0.16, 0.16}

=0.16

(t(men)© (m®0)* = (t(0) © ()" = (1(0)" = 0.09
< max{ (’t(m))z, (T(m))z ¥
= max{0.49, 0.49}

= 0.49 and so on.

Lemma 5.3.3.1. [fLE = (n, T) is a Pythagorean fuzzy ideal of L, then Ym € B;

(M(0)* = (n(m))? and ((0))* < (t(m))>.

Proof. Since L #(), 3m € Lsuchthatm® m=0and (m®m)® (m®m)=0®0=0 and then,

((mem)e (mem))’ = (n0)* > min{(n(m)* (n(m)*} = {(n(m)’}
= (n(0))* > (n(m))% ¥m € L, and similarly,

(t((tmem) © (mem)))? = (t(0))> < max{ (t(m))2, ((m))*} = {(x(m))*}
= (1(0))* < (v(m))%, ¥meL,

Therefore, (n(O))2 > (n(m))z, and (T(O))2 < (T(m))z, Vm e L.
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Proposition 5.3.3.1. Let M be a non-empty subset of L and L® = (XM, XM) where X, is the Char-
acteristic function and X, is its complement, then LB is a Pythagorean fuzzy ideal of L if and only
if M is ideal of L. Furthermore, the accuracy function a,,, the score function s,, and the degree of

indeterminacy m,, are respectively given hereunder, Vm € L:

1, if me M,
(a) ay(m)=1, (b) sy (m)= (c) m,(m)=0.
—1, if m ¢ M.

Proof. Suppose X,, : M — {0, 1} is a Characteristic function defined as:

1, if ke M, 0, if ke M,
X (K) = (x (K)* = e and then X, (k) = (X, (k)" = ke
0, if k¢ M, 1, if k¢ M.

and suppose LB = (XM, XM) is a Pythagorean fuzzy ideal of L. We verify M is ideal of L.
Clearly, (x,,(m))* =x,,(m) and (X,, (m))*=%,,(m)
(HDLetm®n,neM= (XM(m® n))2 = (XM(n))2 =1, and then we claim that m €¢ M
But (XM(m))2 > min{ (XM(m®n)) (X (n ) }=min{l, 1} =1
= (XM(m))z > 1 but (XM(m))2 <1, Vm e M, by definition of X,,
= (XM(m))2= l=meM
And similarly, ()_(M (m))2 =0=m&cMandhence m®n.neM=meM
(2) Again, let m,n € M = (XM(m))2 = (xM(n))2 =1.
Here also we claim that(m®n) © (m®w) € M, Vw € L as Y, is fuzzy ideal of L.
Now, (X, ((m®mn) © m@w)))* = min{(x,, (M)’ (xy (M)} =min{l, 1} =1
=Xy ((m®n) @(n@w))2 >1, ,ym,neM
butx,, (M®n)® (n @w))2 < 1,Vm,n € M, by definition of x,,
= xy(Mmenomew)’=1=(men) e mhew) eM
Again, following similar steps, we could show that:
= Xy (men) o (n@w)))2 =0=(mM®n)® medw)eM
Thusm,neM= m®n)® ne®w)eM

Therefore, M is a ideal of L if LB = (XM, XM) is Pythagorean fuzzy ideal of L.
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Conversely, suppose M is an ideal of L. We need to prove that LB = (XM, XM) is a Pythagorean

fuzzy ideal of L, Vm, ne€L, that means we show the following two pairs of statements hold:

(D) (X () = min{ (x, (M@ 1)), (x,4())*} and
(K (m))? < max{ (x,,(m@n))*, (x,,(n))°}

2@ (xu (Mmoo mew)))® > min{ (x, (M)% (X (W)*} and
(K (e o mew)))? < max{(x,,(m)? (x,, ()%}

(1) To show (XM (m))2 > min{ (XM (m® n)) (XM ) } we follow three cases:

Case(i):Let m&n,neM = m € M, since M is ideal of L.
But from the hypothesis, (x,, (m & n))2 = (Xm (n))2 =1= (Xu (m))2 =1
= (xp (M)7 = 1= min{ (x,,(m®n))% (x,,(n))*} = min{1, 1}
= (Xp (M) = min{ (xy, (M &), (x50 (M)}
Case(ii):Let m&neM,n¢M (or mengM,neM ), and we prove one as the other is similar.

= (XM(m®n))2 =1 and (XM(n))2 =0.

But eitherm e Morm ¢ M = (XM(m))2

=1or (XM(m)) =0
= (X (M))? = 0= min{ (x,,(M®Nn))?, (X, (n))*} = min{1, 0}

= (o (M)? = min{ (xy, (M&M)°, (x,, ()}

Case(iii):Let m®n ¢M,né¢M = (XM(m®n)))2 =0= (XM(n))z.

But cither m € Mor m & M = (x,,(m))” = T or (x,,(m))* =0

= (Xp(M)? = 0= min{ (x,, (M ®n))%, (x,,(n))*} = min{0, 0}

= (X (M) = min{(x,,(m®n))%, (xp (1)}

Thus, by all the Cases (i) — (iii), above we obtain (x,,(m))* > min{ (x,, (m@n, x,, (n))*}.
Following each similar step of the membership part for the non-membership part, we have:
(X (M) < max{ (x,, (mem, %, (n)’}.

(2) To show (X, (M®n) © (n@w)))2 > min{ (x,, (m )) (Xp (0 ) }, similar to (1)

above, we follow the following three cases:
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Case(i):Let m,neM = (mM®n)® Mm®w) € M, since M is ideal of L.

But from the hypothesis, (XM (m))2 = (XM (n))2 =1= (XM((m ®n) O M® w)))2

= (xy(men) e mew)) =12 min{(x,,(m)° (x,, ()}

=1

Case(ii):Let meM,n¢M (or meM,neM ), and we prove one as the other similar.

= (xp (m)? = 1and (x,, (n)* =0.
Buteither(  m®n) O Mm@&w) eMor(medn)©(Mmeaw) ¢M

= (xy(Me&n) o mew) 2 or (X m@n)@(n@w)))zzo

)" =
= (xu((men) e mew)) )2 > 0 = min{ (x,, (M))%, (xp (1))*} = min{1, 0}
= (Xu((men) © maw))* > min{ (X, ()% (1)}
Case(iii):Let m¢&M,n¢M
= (X (M) = 0= (x,, ()%
Buteither  m®n) O n@&w) e Mor(me®n) © (me®w) €M
= (Xu((m®n) 6 mew)))*=1or (xy(me&n) 6 m&w))*=0
= (Xu((M&M) © M @W)))* > 0=min{(x,,(M))*, (X, (M))*} = min{0, 0}
Thus, by all the Cases (i) — (ii1), above we obtain:
(xp (m®1) © M @W))? = min (xy (M), (x,0(0)7}.

Following each step for the non-membership part, we can also obtain the result:

(X, (men) o new))’ <max{(x,(m)> (x, ).

In general, by (1) and (2) above, we have assured that the Characteristic function along with its com-

plement, LB = (XM, XM) is Pythagorean fuzzy ideal of L if M is ideal of L. Furthermore, we have

the next justifications for a,,, s,, and 7,,:

(a) The accuracy function:

1+0, i M,
M(m)z(xM(m))2+(>‘<M(m))2: + ’fm < =1,VmeL
0+1 ifméeM

a

(b) The score function:

1-0, i M, 1 M,
saa (M) = (e (M) = (X, (m)* = 01 ZHT;M R ZCE M

(c) The degree of indeterminacy:
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A/0—(140), i M,
nM(m)z\/1—[(XM(m)>2+(>_<M(m))2}= 10 ‘lfme =0,YmeL.
0—(0+1, f m¢gM -

Corollary 5.3.3.1. Letn be a fuzzy subset in LBA L and M be a non-empty subset of L such that

S, if me M, ' _ 1—-95, if meM,
Ny (m) = and its complement 7, (m) =
o, if m &M, 1—o0, if m & M.

where 6, 0 € [0, 1], 8 > 0. Then M is ideal of L if and only if (T]M, ﬁM) is Pythagorean fuzzy
ideal of L.

Proof. Analogous to the proof of Theorem 5.3.3.1 above. O

Remark 5.3.3.1. In LBA, as the membership parts of the classes of Pythagorean Structures, which
are fuzzy subalgebras, fuzzy deductive systems, and fuzzy ideals are mutually non-equivalent as
discussed in Remark 5.2.3.2 and demonstrated by Example 5.2.3.2, the same non-equivalence also
hold among the classes of Pythagorean fuzzy subalgebras, Pythagorean fuzzy deductive systems, and
Pythagorean fuzzy ideals.

Theorem 5.3.3.1. Let (L; ®, ®, 0) be LBA and the fuzzy subset 1 : L — [0, 1] be fuzzy ideal
of Land M : L — [0, 1] such that qn(m) = I —n(m), Vm € L be the complement of 1 on L.

Then LP = (n, n) is Pythagorean fuzzy ideal of L.

Proof. From the hypothesis that 1 is fuzzy ideal of L, we have:
n(m) = min{n(m®mn),n(n)} and n((m&n)® (n®w)) > min{n(m),n(n)}

= (n(m ) > min{ (n( m@ﬂ))z, (n(n))z} and

> min{ (n(m))z, (n(n))z}, and again by Remark 5.3.1 (2) (ii):

N

n((men)e maew)))
<1—min{(n(men))*, {(n))*}
= max{1 —n(m@n))z, 1 —n(n))z} and

= max{(A(m® n))z, (n(n))z} which means

?, (ﬁ(n))z} and similarly,

(A(m))* < max{(f(m @ n))
[((men) e (new))? < minf([F(m))% (7)),

Therefore, LB = (n, n) is Pythagorean fuzzy ideal of L. 0

Theorem 5.3.3.2. Let L be LBA and 1 : L — [0, 1] be fuzzy subset and 1] be the square deviation of
N in L. Then, LB = (n, n) is a Pythagorean fuzzy ideal of L if and only if 1 is fuzzy ideal of L.
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Furthermore, the accuracy function a,, the score function s, and the degree of indeterminacy 7

are respectively given as follows, Ym € L:

(a) a, (m)=1, (b) s, (m)=2(n(m))* -1, (c) m (m)=0.

Proof. The forward implication that: if LB = (n n) is a Pythagorean fuzzy ideal of L, then 7 is

fuzzy ideal of L is straightforward. Thus it suffices to prove the Converse that:

LB = (n, ﬁ) is a Pythagorean fuzzy ideal of L if 1 is fuzzy ideal of L and hence the following.

Suppose 1 is fuzzy ideal of L and let m € L.

= n(m) = min{n(m®mn),n(n)} and n((m®n)©® (n®w)) > min{n(m),n(n)}
= —n(m) < —min{n(m®n),n(n)} and —n((m@n)© n®w)) < —min{n(m),n(n)}
= 1-— (n(m))2 <1 — min{(n(m@n))z, (n(n))z} and

1— (M(men) e (men))> <1 —min{(n(m)* ((n)*}, and

4
Jll

) < max{l — (n(m@n))z, 1 — (n(n))z} and

JII

(men)o m@n)))z < max{(1 —n(m))z, 1 — (n(n))z}, and

4
3“

(n(
(
({(m))? < min{ {(m@n))’, ({(n))*}, vm € L and

@(men)© (men)))* < max{({m))>, ({i(n))*}, vm €L and

Therefore, L® = (, 1) is Pythagorean fuzzy ideal of L. Furthermore, we have the following:

@ a,(m) = (n(m)*+ @m)* = mm)*+ (1- (nm)?) =1
() s, (m) = (n(m)* = ([{(m)* = (n(m))* = (1 - (n(m))*) =2(n(m)* 1

]

Remark 5.3.3.2. Let L be LBA By Theorem 5.3.3.1, since L C L and because X, (m) = ):(L(m),
Vm € L, where X, is the Characteristic function on L; X, and ):(L are its complement and square

deviation, respectively, it follows that LB (XL’ XL) is a Pythagorean fuzzy ideal of L.

Similarly LB (XL, XL) is also a Pythagorean fuzzy ideal of L.

Theorem 5.3.3.3. Let Lbe LBA, ) #M C Landn,, : L — [0, 1] be a fuzzy subset in LBA L such

5, if me M, _ ) 1—68% if meM,
that M, (M) = and the square deviation (ﬁ " (m)) =

o, if m¢M, 1—02% if m ¢ M.
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where b, 0 € [0,1],6 >0=1—8*><1—

Then M is ideal of L if and only if L® = (nM, ) is a Pythagorean fuzzy ideal of L.

Proof. m,, is fuzzy ideal of L if and only if M is ideal of L as stated in Corollary 5.3.3.1 followed by
Theorem 5.3.3.1 above. Then we only need to show that: M is ideal of L if and only if the following

two axioms hold for the non-membership part as follows:
(1) (ﬁM(m))2 < max{ (7, (m® n)) (M, (n ) } and
_ 2 _ _
@ (A (men)omew)) <max{@,m)* @, mn)%

Let M be ideal of L, then we need to prove:

Case(i):LetneM,m®neM=meM
Then (7, (m®n))* = (7, (m)* = [{,,()* =1 -8 = [@,,(m))* =1 -8
= (ﬁM(m))Z <1—82 = max{(ﬁM(m@)n))z’ (ﬁm(n))z}
= (7, (m)* <max{(f,,(m®n))* (T, (1)} and similarly,
= (@, (men) o mew))’ <max{(d, m)* @, m)

Case(ii):LetneM,m@®ngM=m¢&MormeM

= (A () =1 = &, (7, (m e n)) =1 = o but (7, (m))*=1 = o or (@, (m)*=1 — &

= (7,,(m )) <l -8 = max{(T,, m@n)) , (ﬁM(n))z} = max{1l — 0%, 1 —&°}
= (M (m)” < max{ (7, (m&n)* ([@,,(0)")

i — 2 — 2 = 2
Similarly, (7, (m®n)® mew)))” <max{(7,,(m))", (7,,(n)"}
Now we arrive at similar deductions for Case(iii) : whenn ¢ M, m®neM=meM
orm ¢ Mand Case(iv) : whenn¢é¢M, m@&@n¢M=mecMorm ¢M

Thus, based on all the above cases, we conclude that both conditions (1) and (2) are satisfied.

Therefore, (nM, 1 M) is Pythagorean fuzzy ideal of LBA L.
Conversely, suppose (1) (ﬁM(m))Z < max{ (ﬁM(m(@n)) ([, (n ) } and

@ @, (men)onmew))’ <max{, m)% @, 1)} hold.

BP = (1, 7) is a Pythagorean fuzzy SA of B
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Then, we need to show that M is ideal of L, which means:

@Qn,meneM=mecM and

bymneM=men)® (n®w) €M Then:
(@ Letn,m@neM= ([, (nem))’ = (7, (n)° =1 — 52 and
(T:]M(m))2 < max{ (ﬁM(m@)n))Z, (M, (n))2} —max{l — 8%, 1 — &} =1— &2
= (ﬁM(m))2 <1 —8%andsince 5,0 €[0,1],8>0=1—0%>1— &2, we have:
@, (m)>>1 -8 = [, (m)°=1-8 =>meM
(b) Letn, m € M, then we need to show that (M & n)® (n®w) € M.
= 2 = 2 2
Now (f1,,(m))” = (7,,(n))” =1 — 6% and

%, (M ()7} = max{1 — 82,1 — 82} = 1 — &

(M (Men) o (new)))* < max{(T,,(m))
= (ﬁM ((m AN)ONn® w)))2 <1 — &% and by similar implications as (a) above, we have:

(ﬁM (men)o (n®W)))2 >1— &2 by definition of

= @\, (men)omew))’=1-8 = (men)omew) eM

Therefore, based on cases (a) and (b) shown above, we have confirmed that M is ideal of L. [l

Theorem 5.3.3.4. Let L be LBAM : L — [0, 1] be a fuzzy subset andq : L — [0, 1] be the square

deviation of 1 in L such that (n(m & n))z = (n(n))2 and (M(m® n))2 = (n(n))z. Then

(ﬁ(m@ n))2 = (ﬁ(n))z; (n(m ® n))2 = (ﬁ(n))z, VYm, n € L, and n and 7] are constants.

Proof. Suppose (n(m@n))2 = (n(n))2 and (11(m®n))2 = (n(n))z.
Then (ﬁ(m@n))z =1-— (n(m@n))2 =1-— (n(n))2 = (ﬁ(n))2 and
Amoen)’=1-mmon)’=1- (M)’ = {mn)"

As proved in Theorem 5.3.3.2 above, L = (n, ﬁ) is Pythagorean fuzzy ideal of L,

= (n(m@n))2 = (n(n))2 and (n(m@n))2 = (n(n))z and then

Amen)’ =@ m))* and {Hmon))’ = {Hn))

Now we need to verify that ) and 7 are constants,
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(n(m))* = (n(n))” and then ([(m))* = ({(n))> vm, n € L.)

Since LB = (n, ﬁ) is a Pythagorean fuzzy ideal of L, 1 is a fuzzy ideal of L, and hence

by Proposition 2.1.1 (3) and Proposition 5.1.1 (b), we have:
0=(0®m)=(0®m),Vm e Land thenn(0) =n(0®m) =n(0 ®m),vm € L,
= (n(0))> = MO0®m))* = (n(m))*> = MO0 ©m))?, ¥m € L, and again
(n(0))* = (M0 ®n))* = (0 e ) = (n(n))*, vn e L
= (n(0)* = (n(m))* = (n(n))*, ¥m. ne L,

Or (n(m))2 = (n(n))z, ¥m, n € L and hence , 1 is constant, and analogously, 7 is, too.
O

Theorem 5.3.3.5. Let LB = (1, 1) be Pythagorean fuzzy ideal of LBA L and m, n € L.
Ifnm®n)=nn), ttme®n) =1t(n), n(men) =n(n), t(men) =t(n) then,
Ym, n € L, the following hold:

(1) The accuracy function: a, (m) <2 — [(n(O))z + (T(O))Z},
(2) The score function: s (m) <1 — [n(O))z + T(O))z)} ,

(3) The degree of indeterminacy: 7, (m) is such that: (TEL(m))2 < (M(0))%+(7(0))? —1.

Proof. Let LB = (1, ) be a Pythagorean fuzzy ideal of L;
mmen))’> = mm)?% (t(men))’ = (t(n))* and
(men)’ = mm)% (tmon)’ = (xn)’

Since, Vm € L, 0 =0 ® m =0 ® m (by Proposition 2.1.1 (3) and Proposition 5.1.1 (b))

But 0 < (n(m))? + (t(m))* < 1=0< (n(m))? + (1(0))* < 1

= (M(m))?> < 1 —(1(0))%. And,0< (n(m))? + (t(m))?> < 1
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=0< (M(0)? + (t(m)? < 1 = (t(m))*> < 1 — (1(0))?
Then Vm € L, we have the following:

(1) The accuracy function:
a, (m) = m(m))? + (t1(m))* < 1 — M(0))?) + (1 — ((0))?) = 2—n(0))*—(x(0))?

(2) The score function:

(3) The degree of indeterminacy:

(m (m))* =1—(n(m)*- (1(m))* =1—a,(m) < 1 — [2 — (n(0))* — ((0))?)]

Theorem 5.3.3.6. Let [ = (n, T) be a Pythagorean fuzzy ideal of LBA L, M, T are complements and
M, T are square deviations of 1, T, respectively. Then ordered pairs hereunder are each Pythagorean
fuzzy ideals of L:

() (M) (2) (n 7 (3) (x ) 4 (= )

(5) (% 7 6) (T 1) 7) (= 7) ¢ (= 7)

Proof. Since the pairs: (n, T), (n, ﬁ) and (n, n) are Pythagorean fuzzy ideals as established in
Corollary 5.3.3.1, Theorem 5.3.3.1 and Theorem 5.3.3.2, respectively, it follows that 1 is a mem-
bership function and hence ideal of L Here 7 and 7] serve as its complement and square deviation
functioning as non-membership components. Furthermore, T represents the non-membership part of
the Pythagorean fuzzy ideal, (n, T) , where T and T are its complement and square deviation acting a

membership functions) where both of these also form ideals on L.

Therefore, each pairing of a membership function with a non-membership function or square devi-
ation yields a Pythagorean fuzzy ideal. For clarification, consider the pair (n, T) as a Pythagorean
fuzzy ideal on L. In this case, 1 and T represent the membership and non-membership functions
respectively), and their corresponding complements form the ordered pair (T, 7). Now we claim
to show that (T, 1) is Pythagorean fuzzy ideal of L and then the others could be proved similarly.
Suppose (1, T) is Pythagorean fuzzy ideal of L so that (17, T) is ordered pair of corresponding com-

plements. Then:
(n(m))? = min{(n(m®n))*, (n(n))*} and (n(m&n)© (n@w)))* = min{(n(m))*, (n(n))*}

2 (n (n))z}, and

= - (n(m)* <-min{(n(men))
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- ((men) o mew)))” <-min{nm)? M)’}
= 1-(n(m)* < 1 -min{(n(m@n))*, (n(n))*}. and

1-((men) e mew)))? < 1-min{(n(m)* (nmn)*
= (A(m)* <max{(A(m®n))*, (f(n))’}, and

@((men) o mew)))’ < max{([(m)>, @N))*}

That means 11 is membership function which guides us to 17 as non-membership function and hence
(1, M) is Pythagorean fuzzy ideal of L. Again, going back from the last to the first of the preceding
steps for the non-membership function T to get the membership function T, we have got (T, T) is
Pythagorean fuzzy ideal of L. Therefore, (n, T) is Pythagorean fuzzy ideal of L implies (T, ﬁ) is
also Pythagorean fuzzy ideal of L and hence all the claims in this theorem also hold which can be

justified in similar ways. O

Theorem 5.3.3.7. The intersection of any two Pythagorean fuzzy ideals of LBA L is also a Pythagorean
fuzzy ideal of L.

Proof. Let LP = (n,, 7, ) and L} = (n,, 7,) be any two Pythagorean fuzzy ideal of L and let us
denote LR = (T]1 nn,, T, N TZ). Then we need to prove: LB = (n1 nn,, T, N TZ) is Pythagorean
fuzzy ideal of L. Now, let m, n € L. Then,

(B ((n, Nmy)(m))* =min{ (n, (m))%, (n,(m))*}
> min{min{(n,(m@n))* (n,(n)*}, min{ (n, (m@n))?, (n,(n))*}
= min{min{(n, (m®n))*, (n,(m®n))%, min{ (n,(n))% (n,(n))*}}
= min{((n,Nn,)(m&n))* ((n, Nn,)(n)"}  and
(v, N%y) (m)” = max{ (7, ()", (v, (m))"}
< max{max{(r,(m®mn))*, (r,(n))"}, max{(x,(m@&n))", (r,(n))"}
= max{max{(t,(m®n))*, (n,(men))*, max{ (7, ()", (,(n)*}}
— max{((t,n7,)(m®n))% ((r, n1,)(n)*}
(i) ((n,Nn,) (mem) o mew))’

—min{(n,)((m&n)) & (new))? (,(men) e (mew))?’}

> min{min{(n,(m))*, (n,(n))*}, min{ (n,(m))*, (n,(n))*}
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= min{min{(n, (m))*, (n,(m))*, min{(n, ()", (n,(n))"}}
— min{((n,nn,)(m))% ((n, N'n,)(n)*}  and
(tn.NT) (men) o (new)))’
= max{ (1, (m&n)) © (new))’, (r,((men) © (new)))’}
< max{max{(r,(m))*, (v, (n))*}, max{(z,(m))*, (x,(n))*}
= max{max{(t,(m))", (,(m))’, max{ (r, (n))*, (r,(n))"}}
= max{((r,n%,) (M), (v, N,) (n))*}

Thus, by (1) and (i1) above, intersection of any two Pythagorean fuzzy ideals of LBA L is Pythagorean
fuzzy ideal of L. []

Corollary 5.3.3.2. The intersection, <ﬂni, ﬂ'ﬁ>’ of any family of Pythagorean fuzzy ideals,
iel iel
{(ni, Ti) 1€ I}, of LBA L is also a Pythagorean fuzzy ideal of L.

Proof. Let { (le Ti) NS I}, be family of Pythagorean fuzzy ideals of L and let m, n € L. Then,

@ () (n;(m)* =inf{(n,(m))"}

iel
iel

> inf {min{ (n,(m® )% (n,(n))*}}

> mln{ 1nf{( m® n))z’ (ni(n))z}}

iel

— min{inf{ (n,(m®n))*}, inf{(n,(n))’}}

iel iel
= min{ (. (me n))?, N (m(n))Z} and
iel iel

() (x:(m))* = sup { (r,(m))"}

icl iel

< sup {max{ (t, | m@n))z, (Ti(n))z}}

iel

< max{sup {(t,(m@n))*, (r,(n)*}}

iel

— max{sup { (t,(m®n))’}, sup{(t,(n))*}}

iel i€l
:max{ﬂ( (m®n) } ﬂ }Vm neL.
iel iel
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(i) M (men) o (mew))’ =nf{m (men)o (hnew)))’)

iel
> {Iellf {min{ (n, (m))z, (n, (n))z}}

> min{ inf{(ni(m))z, (ﬂi(n))z}}

iel

= min{inf{(ni(m)f}, inf{(ﬂi(n)>2}}

— min{ ﬂ (ni(m))2, ﬂ (ni(n))z} and
N (men)e (new)) = sup {(7,((m@m) © (n@w))))*}
< sup {max{ (v ()", (x, ()}

< max{sup { (Ti(m))z, (Ti(“))z}}

iel

= max{sup { (Ti(m))z}, sup { (Ti(n))z}}

iel iel
= max{ ﬂ (Ti(m))z, ﬂ (Ti(n))z}, ,vym,n,w e L.
iel iel
Thus, intersection of Pythagorean fuzzy ideal of L is Pythagorean fuzzy ideal of L. ]

Remark 5.3.3.3. Union of two Pythagorean fuzzy ideals of LBA L may not be Pythagorean fuzzy
ideal of L illustrated by Example 5.3.3.2 below.

Example 5.3.3.2. It suffices to show that one part of an axiom fails so that we show the failure of
the membership part of the first axiom as follows:

Then let (L; ®, ®, 0)where L ={0, m, n, w} and two binary operations ® and © on L be as
defined in Table 5.7 of Example 5.2.3.2 above and define two fuzzy ideals v, and n, of L as follows:

k|l (k) | my(k) | (g Umy) (k) | (k) |t (k) [t U ) (k)
0| 08 | 09 0.9 02 | 03 0.2
m| 04 | 07 0.7 07 | 04 0.4
ni| 07 | 05 0.7 05 | 06 0.5
w| 04 | 05 0.5 07 | 06 0.6

Table 5.9: A table that defines fuzzy ideal and their unions
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Hence, from Table 5.7 above, as (n® m) ® (M&n) =w Ow =w, we have:
(n, Um,) (n@m) @ (men))? = (1, Un,) w))? = (05)2 = 0.25

> min{(n, Un,)(n), (n, Un,)(m)}

= min{(0.7)?, (0.7)?} = min{0.49, 0.49} = 0.49

which is false, ratifying that union of two fuzzy ideals of L is not necessarily fuzzy ideal of L.

Remark 5.3.3.4. Let P, = (nl, Tl), P, = (nz, TZ), and P, = (ns, T3) represent a Pythagorean fuzzy
SA, a Pythagorean fuzzy DS, and a Pythagorean fuzzy ideal of the LiuP—algebra L, respectively. The
connections, whether one implies another or not, among these three depend on the corresponding
relationships between fuzzy subalgebra, fuzzy DS, and fuzzy ideal of L as discussed earlier in Re-
mark 5.2.3.2 and shown in Example 5.2.3.3. In short, the same kind of result also applies to these
Pythagorean fuzzy substructures, that is, there is no implication or inclusion relation between any

two of Pq, P,, and P,.
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Chapter 6
Fundamental Structures in (Pythagorean)

Fuzzy Composite Structures

In this chapter, we introduce the notions and explore different properties of ”Cartesian product” on
fuzzy SA of BCL—algebra, level sets” on Pythagorean fuzzy DS of BCL—algebra, ” homomorphisms”
on Pythagorean fuzzy DS of LiuP—algebra,  Pythagorean ([3, 9)—fuzzy ideal” on Pythagorean fuzzy
LiuB—algebm, The fundamental structures: “homomorphisms”, “level sets”, ’Cartesian product”
and the parameters ({3, 0) applied to other substructures are well introduced with essential guidance.
However, certain extended or overlapping concepts are intentionally omitted to avoid redundancy
and remain open for systematic exploration in subsequent research endeavor or are reserved to be

explored in our future works.

6.1. Cartesian Products in Fuzzy Subalgebra of BCL—-Algebra

Under this section, we discuss the notion of Cartesian product on fuzzy SAs of BCL—-algebras. We
demonstrate that the Cartesian product of two such fuzzy SAs is itself a fuzzy SA of BCL-algebra,
and we investigate several other related results.

Remark 6.1.1. Definitions 1.5.4 of Chapter 1 above about the Cartesian product of fuzzy subsets
N, andm, on an algebra R can be summarized as:
(M, xn,)(m, n) = min{ (n,(m), (M,(n)}, vm, n € R and
(nl XT]Z) ((ml’ nl )®(m2’ n2)> = (nl XT]Z) (ml ®m2’ nl ®n2)
= min{n, (m,®m,), n,(n,®n,)}, vm, m,, n,, n, € R.

Example 6.1.1. Let the fuzzy subsets n, and m, be as defined in Table 5.6 of Example 5.2.1.2, and
let the binary operation ® be as defined in Table 5.1 of Example 5.1.1 above, and take:

m, =mm,=nn,=wn, =m Then:

(m,n,)®(m,n,)=(mw)&(mn m)=(me&n wem) = (w,0) and then
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m X M, ((ml’ nl) ® (mz’ Tl2)) =1, X mn, (W: O) = I’I’lll’t{T]l (W)’ 112(0)}
=min{0.8, 0.8} = 0.8 and

n, XM, (m, m,) = min{n,(m,), n,(m,)} = min{n,(m), n,(n)} = min{0.4, 0.4} =0.4

Theorem 6.1.1. Letn, and m, be two fuzzy SAs of a BCL-algebra B. Then, (1, x1,) is also fuzzy
SAs of BXx B, that is to say the Cartesian product of two fuzzy SAs of B is also fuzzy SA of BXB.

Proof. Suppose the fuzzy subsets 1, and m, are fuzzy SAs of B. We claim that (1, xn,) is also
fuzzy SA of B xB, in other words we need to show that:

n, x 1, ((my, n,) ® (m, n,)) =min{n, xn,(m;, n,), (n, xn,)(m, n,)} and then
n, X1, ((my, ) @ (m,n,)) =n, xmn,((mem,n, @n,))

=min{n, (m, ®m,), n,(n, ®n )}

> min{min{n, (m,), n,(m,)}, min{n,(n ), n,(n)}}

= min{min{n, (m,), n,(n,)}. min{n, (m ), n,(n )}}

=min{(n, xn,)(m;, n,), (m, an)(mz’ nz)} O

Corollary 6.1.1. Let {n, : i€ I} be family of fuzzy SAs of a BCL-algebra B. Then,
the Cartesian product, Hni is also SA of HB.

iel iel

Proof. Let the fuzzy subsets {n, : i € I} be family of fuzzy SAs of B. We claim that Hm is also
iel
fuzzy SA of HB, in other words we need to show that:

[T m o) < in{ T . Tl w0}
Hm((mi,ni) ® (u,w,)) = Hm((m@ui, n@ew))
- min{l_[m(mi ou), [[mn, ®wi}
il icl
:min{min{l_!(mi), Hw}’ min{l‘!(ni), n(wi)}}
:min{ Hm(mi, n,), Hm(% Wi)} -
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Remark 6.1.2. The converse of Theorem 6.3.1 may not be necessarily true, that is if 1, X 1, is fuzzy
SA of BCL—algebra B, then 1, 1, may not be SA(s) of B.

Example 6.1.2. Let (B; ®, 0) be a BCL-algebra defined by Table 1.1 of Example 1.1.1 and define
two fuzzy subsets n, and n, of B as follows:

0.9, if m=0, 0.8, if m=0,
nl(m) =07, ifm=p, g and n,(m) = 0.6, if m=p, r,
02, if m=r, 0.5, if m=aq.
0.8, if m=0; n=0,

0.7, if m=p,q; n=0,

Then (m, x1n,)(m, n) =406, if m=0,p, g; n=p, r,
0.5, if m=0,p, g;, n=gq,

0.2, if m=r; n=0,p, g r

Now, by following algebraic calculation, we have checked that 11 X n, is fuzzy SA of H B. How-
iel
ever, M, is not SAs of B by the following justification:

M, (p® q) =n,(r) = 0.2 > min{n, (p), n,(q)} = min{0.7, 0.7} = 0.7 which is false showing
that n, is not SA of B.

Proposition 6.1.1. Let | be fuzzy SA of the BCL-algebra (B; ®, 0), then the following hold ¥Ym, n,

u, w e B:
(1) (mxn)((m, n)@(m, n)) =n(0), and then (nxn)(0) =n(0)
(2) (xn)((m m)®(n, n)) =n(men)
(3) (mxn)((m ;) =n(meu),
(4) (mxn)((m (m, w)) =nnew).

Proof. Suppose 1 is fuzzy SA of the BCL-algebra B and m, n, u, w € B. Then since
1n(0) > n(m), Ym € B by Lemma 4.1.1.1, the following hold:
(D) (mxn)((m,n)®(m,n)) = mxn)(me&m, n®n) = (nxn)(0,0) = min{n(0), n0)} =n(0)

and then (Nxn)(0) = (nxn)((m, n)®(m, n)) =n(0)
2) (mxn)((m, m)@(n,n)) =mxn)(me&n, m&n) =min{n(me&n),n(me®n}=n(men)

3) mxn)((m,n)x(u,n)) = mxn)(m&u,n@n)=min{n(me®u), n(n®n}
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=min{n(m®w),n(0)} =n(m@u),

@ (mxn)((m,n)x(m, w)) =mxn)(m®&m, n®w) =min{n(0), n(n®w}

=min{n(0), n((n®w} =nn@w).

Lemma 6.1.1. Let 1, and n, be fuzzy SAs of B, then (, x1,)(0, 0) > (1, x1n,)(m, n),
¥Ym, n € B.

Proof. Letn, and n, be fuzzy SAs B. Then
(n, xn,)(0, 0) = min{n, (0),n,(0)} = min{n, (M), n,(n)}, since
1,(0) > n,(m) andn,(0) >n,(n), vm, neB, by Lemma 4.1.1.1

Hence, (n, x1,)(0, 0) > (n, xn,)(m, n), vm, n € B.

Corollary 6.1.2. Letn, andn, be two fuzzy SAs of a BCL-algebra B. Then,
(ﬂl Xn2)<(01 0) ® (m/ TL)) 2 (ﬂl X le)(m/ TL)

Proof. Suppose 1, and 1, are fuzzy SAs of a BCL-algebra B. Then, Ym, n € B:
(n,xn,)((0, 0) ® (m, n)) =7, xn,((0®m), (0®n))
1, (0, 0), since 0 ®m = 0, Vm € B by Proposition 2.1.1 (3)
=min{n, (0), n,(0))}
> min{n, (m), n,(n))}, asn,(0) >n,(m),n,(0) >n,(n), vm, neB

=(m, xn,)(m, n).

Therefore, (1, x 1,)((0,0) ® (m, n)) > (n, xn,)(m, n).
O

Corollary 6.1.3. Let {n, : i € I} be family of fuzzy SAs of a BCL-algebra B. Then, the following
hold:

(1) Tmi0) > [ [ni(m), vm, €Briel

iel iel
2 [Ini(0) % (m) = [ni(m,), vm, €B:iel
iel iel

Proof. (1) Let {n, : i € I} be family of fuzzy SAs of B. Then
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[ [n:(0,) = min{] [n:(0)}

iel iel
Zmin{Hm(mi)}, sincen, (0) >n,(m),vm, € B,andViel

iel
by Lemma 4.1.1.1 and Lemma 6.1.1

Hence, Hm(Oi) = min{Hm(O)}, Vm, € Band Vi, € L.

iel i€l

(2) Suppose {n, : i € I} are fuzzy SAs of a BCL-algebra B. Then, Vm, € Band Vi € I:

[Tni(0) x (m) = mi((0, ®m,))

i€l i€l

= Hm(O) since 0 ® m =0, Vm € B and Vi € I by Proposition 2.1.1 (3)

> [ni(m,). vm, € Band Vi, €L
iel O

Theorem 6.1.2. Let, and 1, be the fuzzy SAs of the BCL-algebra (B; ®, 0). Then the Cartesian
product (,xm,) : BxB — [0, 1] has the property: (1, xn,)(m, n) =mn,xn,(n, m)

Proof. Suppose n, and 1, are the fuzzy SAs of the BCL—-algebra B. Then, Ym, ne€B:

(n,xn,)(m, n) =min{n, (m), n,(n)} =min{ n,(n),n,(m),} =n,xn,(n, m)
[

Proposition 6.1.2. Let ), andn, be two fuzzy subsets in B. If (n, xn,) is a fuzzy SA of BxB, then,
the following hold:

(1) Either n,(0) = n,(m) or n,(0) > n,(m), Vm € B.
(2) If n,(0) = n,(m), Vm € B, then either n,(0) > n,(m) or 1,(0) = n,(m).
(3) If n,(0) = n,(m), Vm € B, then eithern,(0) = n,(m) or n,(0) = n,(m).

(4) Either m, or m, is fuzzy SA of B.

Proof. We prove (1), (2), and (3) by contradiction as in the following ways:
(1) Suppose that n,(0) < n,(m) and n,(0) < n,(m), for some m, n € B, then:
((n, xM,))(m, 1) = min{n, (m), n, (M)} > min{ 1, (0), n,(0)} = ((n, x1,))(0, 0), a contradiction

to M, X n, is a fuzzy SA of B. Hence 1n,(0) > n,(m) or 1n,(0) > n,(m), Vm € B.
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(2) Suppose thatn,(0) <n,(m) andn,(0) <n,(n), vm, n € B, then

((n, xn, (M, n) = min{n,(m), n,(W)} > min{n,(0), n,(0)} = n,(0) = min{n,(0), n,(0)}

((m, xn,)(0, 0),

which is a contradiction to (1, x1,) is a fuzzy SA of B.
Hence eithern,(0) > n,(m) or 1n,(0) > n,(m).
(3) Similar to Proof (2).
(4) By (1) if 1,(0) > m,(m), Ym&B then by (2), we have the following:
n,(0) = n,(m) or n,(0) = n,(m).
Now 1, (m) = min{ n,(m), n, (m)} = min{ n,(m), n,(0)} =((n, xn,))(m, 0).
Hence, for m, weB, we have:
n,(m+w) = min{ n,(m +w), n,(0)} = ((n, xn,))(m +w, 0) = ((n, xn,))(m + w, 0+0)
= ((, xn,))((m, 0) + (w, 0)) = min{( (n, xn,))(M, 0), ((n, xn,))(w, 0)}
= min{min{n, (m), n,(0)}, min{ n, (W), n,(0)}}
= min{n, (m), n,(W)}. n,(m) = min{ n, (M), n,(0)}
= ((n, xn,))(m, 0) = min{((n, xn,))((M,0)—W,0),( (n, xn,))(W,0)}
= min{((n, xn,))(m — w, 0),((n, xn,))(w, 0)}
= min{min{n, (m —w), n,(0)},min{n, (W), n,(0)}

= min{n,(m — w), n,(w)}.

Hence n, is a fuzzy SA of B, and similarly, we can prove that n, is a fuzzy SA of B.

6.2. Level Sets in Pythagorean Fuzzy Deductive System of
BCL-Algebra

In this section, we study the notion of level sets of fuzzy DSs of BCL—algebra. Characterizations of
fuzzy DSs of BCL—algebra in terms of its level subsets are also given.

Definition 6.2.1. Let BP = (n, T) be Pythagorean fuzzy DS of a BCL—algebra B. Then the set:

D =fmeB:Mmm)? =8 (t(m))? < 02} is called Pythagorean fuzzy level DS of B.

(5,0)
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Definition 6.2.2. Let BP = (n, T) be Pythagorean fuzzy DS of a BCL-algebra B such that
t, s € [0, 1]. Then DS: U(n, t) = {m € B: (n(m))? > t?} is called an upper t-level DS of
B and DS: L((T(m), s) = {m € B: (t(m))? < s?} is called a lower s—level DS of B.

Remark 6.2.1. Let BP = (n, T) be Pythagorean fuzzy DS of BCL—algebra B such that t, s € [0, 1].
Ifs<tthenU(n, t)) CU(n, s) and L(t, s) CL(T, t).

(There are order—preserving correspondence between < and C under lower level DS of B
and also order-reversing correspondence between < and C under upper level DS of B).

Theorem 6.2.1. If BP = (m, 1) is a Pythagorean fuzzy DS of BCL—algebra B, then the sets
2 2 2 2

B, ={meB: (m(m))” = (n(0))°} and B, ={m € B: (t1(m))” = (1(0))"} are DSs of

BCL-algebra of B.

Proof. Assume that BP = (n, 1) is a Pythagorean fuzzy DS of BCL-algebra of B, then we claim
to show B, and B_ are DS of B (fulfilling the axioms defined in Definition 4.1.3).

Clearly, both B, and B contain the element zero.
(1) Letm € B, u € B. Then (n(m)? = (n(0))2.
So, (((m® W@ u))? > (n(m))* = min{(n(0))?, (n(0))*} = (n(0))*.
= (N(m® wW® u)? > (n(0))* but (n(m® w® u)? < (n(0))%, as 1 is a fuzzy subset.
= ((m® w® u))* = ((0))2
= (m®u)®u € B, , Yu € B, by the hypothesis.
Similarly, m,n € B, = m® (n® w) € B, Vw € B.
(i) Letm,n € B_ = (t(m) = 1(0))?> = t(n)
= (t(m® (n@w)))* < max{(t(m))2 (t(n))?} = max{(7(0))2, (t(0))*} = (x(0))%
= (t(m® (n®w))? < (t(0))? but (t(m® (n®w)))* > ((0))?, since T is fuzzy subset
= (tm® (mew))’ = (1)’
= m® (n®w) € B_, Yw € B, by the hypothesis.
Similarly meB_ = (m®u)®ueB_,VuecB

Hence, by (1) and (ii), the sets B, and B, are DS of BCL-algebra of B.
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Theorem 6.2.2. A Pythagorean fuzzy set BP = (n, T) of a BCL—algebra B is a Pythagorean
fuzzy DS of B if and only if the level subsets U(n, t) and L(T, s) are DSs of B, Yt € Im(n),
Vselm(t) with t2 + s2 < 1, where Im(m) and Im() represent images of the level subsets 1

and T, respectively.
Proof. Assume that BP = (n, T) is a Pythagorean fuzzy DS of B.
(i) Let m, u € B such that m € U(n, t). Then, (n(m))2 > t2. Since BP = (1, 1)
is a Pythagorean fuzzy DS of B, we have: (n(m ® u) ® u))? > (n(m))? > t?
= (M((m ® w) ® u))? > t>. Then we justified that meU(n, t) = (M ® u) ® ucl(n, t).
Similarly, m,n € U(n, t) = m® (n®w) € UM, t), Yw € B
Hence, U(T], t) is a DS of B.
(ii) Also, let m, u € B such that m € L(T, s). Then, (t(m))? < s2.
Since BP = (n, T) is a Pythagorean fuzzy DS of B, we have:
(T(m ® w) ® u))? < (’t(m))2 <2 = (Mm@ w) ®u))? < s?
= me®uw®uecl(t,s), YueB.
Similarly, m,n € L(t, s) = m® (n®w) € L(t, s), Yw € B
Hence, L(’t, s) is a DS of B.
Conversely, assume that, the level subsets U(n), t) and L(t, s) are DSs of B

for any t € Im(n) and s € Im(t) with 2 +s2< 1.

(1) Letm, u e B and let t € Im(n) such that t? = (n(m))2. Then, (n(m))? > t2
= me U(n,t). AsU(n, t) is a DS of B, it follows: (m ®w@ue U(n, t)
= (N((m @wW@u))>>t* = (n(m))> = (M @ weu))>>n(m))>.

Also, let m, u € B and let s € Im(7) such that s = (T(m))z.
= (t(m))? < s> = meL(t, s) = Since L(n, s) is a DS of B, we have:
(m®uw ®uel(t, s) = (((m®w) ® u))? < s? = ((m))?

= (((m®w ®u))? < (t(m))>

(2) Let m, n, weB, teIm(m) such that t? = min{(n(m))?, (n(n))?}
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= min{(n(m))%, (n))?} >t? = Mm))? >4, (nm))? > t2 = m,nel(n, t).
Now, since U(1, t) is a DS of B, we have: m @ (n ® w)eU(n, t)

= MM ® (n ® w)))*>t> = (n(m))? = (Mm@ (n ® w)))*=(n(m))2.

Again, let m, n,w € B and let s € Im(1) such that s> = max{(t(m))?, (t(n))?}.
Then, we have (t(m))? < s2, (tn))? < s> = m,neL(t,t)

Also, since U(T, s) is a DS of B, we have:

menew elU(ts). = (tme® new))? <s? = < max{(t(m))? (t(n))?}.
Then, (t(m ® (n ® w))? < max{(t(m))2, (1(n))2. Hence, by (1) and (2) above,

we deduce that: BP = (n, T) is a Pythagorean fuzzy DS of B.

The following theorem shows that every DS of B can be characterized as level DS of a
Pythagorean fuzzy DS of the BCL-algebra, B. [

Theorem 6.2.3. Every DS of a BCL-algebra B is a level DS of a Pythagorean fuzzy DS
BP = (n, 1) of B.
Proof. LetMbeaDSof B and BP = (n, T) be a Pythagorean fuzzy DS in B defined by:

t, if meM, s, if me M,
n(m) = and T(m)= Vi, s€[0,1], t2+s2< 1
0, if mgM, 1, if m¢ M,

Clearly, U(n, t) =M= L(T, s). And since, 0 € M, we have: (11(0))? =t? and (7(0))? = s>

= (M(0))? > (n(m))? and (7(0))? < (tr(m))% ¥Vm € B.

Then we need to prove the following two pairs of statements, Ym, n u, w € B:
(1) M(meuw)®u)* > (n(m))* and (t((m@u) ®u))* < (n(m))?
2 (m(m® (n®w)))? > min{(n(m))?, (n(n))?} and
(t(m® (n®w)))? < max{(t(m))?, (t(n))*}
(1) Claim:- (n((m & u) ® w))* > (n(m))* and (t((m®u) ®u))* < (n(m))?, and by two cases:
Case(i) : Let m € M, then we have: (m ®uw)® u € M, since M is a DS of B.
= (M(m))* =t =m((mew® u))* and (t(m))*=s>= (N((m W u)))?

= ((mewe w))* > (M(m))* and (M WS 1))* < (t(m))?

192



Case(ii) : Let m ¢ M; however, we have either: (m ®wW® w e M or (m ®uW)® u ¢ M.
= (n(m))* = 0; and either ((N(M @W® u))*=t* or (N((M WS u))*=0),
and also, (t(m))? = 1; but either ((T((m ®u) ® u))? =52 or ((m @W® u))>=1)
= MM ew® u))? >0=Mm(m))? and (t(m&w) ® u))* < 1= (t(m))?
= (n(m ewe w))* > M(m))% and (t((m @w) ® u))? < (t(m))?
(2) (M(m®n®w))?=>min{(n(m))% ((n))*} and
(t((m ®u) ®u))2<max{(t(m))2, (t(n))2} could be proved following three cases:
Case(i) : Let m, n. € M, then we have: m®Mm® w)EM, since M is a DS of B.
= (M(m))?=t*>=n(n))*= (M(m @na@ w))? and (t(m))? = s* = (1(n))* = (x(m @@ w)))?
= (n(me&m® w)))* > min{(n(m))?, (n(n))*} and (t(meu® w)))*> < max{(t(m))?, (t(n))*}
Case(ii): Letm €M and n ¢ M (orn € M and m ¢ M), but we have either:
(M @W® ueM or (M @W® ugM = (n(m))*=t, (n(n))? =0 (or (n(m))*=0, (n(n))* = t?)
but (n((m @w® 1))*=t> or (N((M ®W® u))*=0), and
(t(m))? =52, (t(n))* =1 (or (t(m))* =1, (t(n))* = s?)
but (t(m @w) @ u))?=s> (or ((mewW® u))?=1)
= (n((m @w® u))> > 0 =min{(n(m))? (n(n))*} and
(t((m ®w) ® w))? < 1= max{(t(m))?, (t(n))?}
= (((m @w® u))* > min{(n(m))? (n(n))*} and
(t((m ®w) ® u))? < max{(t(m))?, (t(n))?}
Case(iii) : Let m ¢ M, n ¢ M, but we have either (m W@ uweM or (m dwW® u ¢ M.
= (n(m))*=0=(n(m))? and (n(m @W® u))*=t> or (M((M @W® u))*=0), and
(t(m))?=1= (t(n))* and (t(m &w) ® w))*> =s* or ((M SWS u))*=1
= (MM ew® u))? > 0=min{n(m))*, n(n))*} and

2 2

, (t(n))}

(t((m ®w) ® u))? < 1 = max{(t(m))
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= (M((m @w® u))? > min{(n(m))?, (n(n))*} and
(T((m ®@u) ® u))? < max{(t(m))?, (t(n))?}

Therefore, BP = (1, T) is a Pythagorean fuzzy DS in B, and hence, M is alevel DS of B
corresponding to Pythagorean fuzzy DS BP = (1, 1) of B.

We can also prove the following theorem as a generalization of Theorem 6.2.3, above.

Theorem 6.2.4. Let M be any nonempty subset of a BCL—algebra B and BP = (nM, TM) be
Pythagorean fuzzy set in B defined by:

5, if meM,

nM(m)={GI FmeM and TM(m)={

x, if meM,
Y, if mgM

V8, 0, v E[0, 1]withs >0, «<7y and 8>+ o> <1, o?>+vy>< 1.

Then BP is a Pythagorean fuzzy DS of B if and only if M is DS of B.

Proof. Let BP be a Pythagorean fuzzy DS of B then we need to prove that M is DS of B.

Then (n(0))2 > (m(m))?2 =62 and (t(0))? < (t(m))? = «. Hence 0 € M.
(HmeM=n,(meuw @u)>mn,m)* =5 and (1, (meu)®u))* < (t,m))* = o
Hence (m®u) ®u € M.
@mneM= [, menew))?>n,(m))?>=35 and

(T (m® (n@w)))2 <1y, (M) = o
Hence, m ® (n ® w) € M. Thus. by (1) and (2) above, we deduce that M is DS of B.

Conversely, let M be DS of B. So we prove: BP = (nM, TM) is Pythagorean fuzzy DS of B.

() () LetmeB = (m®u)®ucM and, we have:
m(mew ®u)*> M(m))? =8 and (t(m@uw) ®u))* < (t(m))* = o?
= M((me@u)®u))? > (n(m))? and (t((me@u)®u))? < (t(m))? vm e M.
(i) Letm¢gB = (mMmeau)®uecM or((m®u) ®u ¢ M and, we have:
m(mew) ®uw)*> M(m))*=0? and (t((meu)®u))* < (t(m))* =y
= m((meuw) ®u))* > Mm(m))* and (t((meu)®u))? < (t(m))% ¥m e M,

(b) To prove: (n(m ® (n®w)))? > min{(n(m))2, (n(n))?} and
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(t(m® (m®u)))? < max{(t(m))?, (t(n))?}, Vm, n € B; we follow three cases:

1) Letm,neB = (M® (n®w)) € M and, we have:
n(m® (n®w)))? > min{(n(m))%, (n(n))*} = 5 and

(tm® (m®w)))? < max{(t(m))?, (t(n))?} =v?

(il) LetmeB,n¢B (or m¢B,ne B) then, we have:
Mm® (n®w)))? > min{(n(m))?, M(n))?} = min{s?, 0°} = 02 and

(t(m®u) ® w))* < max{(t(m))?, (1(n))*} = max{o®, y*} = y2

(iii) Let m ¢ B, n ¢ B then, we have:

m(m® (mew)))? > o2 =min{(n(m))2, (n(n))?} = min{o?, 0} and
(tlm ®u) ®w))? < y2 =max{(t(m))?, (t(n))?} = max{y?, v?}

Thus, in all the three cases (i), (ii)) and (iii) above, we deduce that:

2

(n(me (n@w)))* = min{(n(m))*, (n(n))?} and

(t(m®u)® u))z < max{(T(m))z, (T(T‘L))z}, Vm, n € B.

Thus, by cases (a) and (b) above, we deduce that BP = (nM, TM) is Pythagorean fuzzy DS of B.
[

Theorem 6.2.5. Let {M, :1=0,1,2,..,n} be any of a BCL-algebra B such that
M, C M, CM, C... C M, =B, then there exists a Pythagorean fuzzy DS BP = (T], ’c)
of B whose level DSs of B are exactly the DSs {M._} of B.

Proof. Consider the following set of numbers:
6, >0, >06,>..>08 >0 ando,<0,<0,<..<0 ,<d , whereeachd,, o, €[0,1]
with (8,)%+ (0,)? < 1.

Now, suppose BP = (), 1) is Pythagorean fuzzy set defined by:
S5, if meM,, o, if meM,,
nm)=< " / 0 and t(m)=<{ ° / 0 0<ig<n.
5, if meM, —M_,, o, if meM, —M,,,

Clearly, 0 € M, fori=0, 1, 2, ..., n, since each M, is a DS of B.

2

Then, (n(0))* = (5,)° = (n(m))* and (7(0))* = (0,)? = (t(m))?, if m € M,, and
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(m(0))* = (5,)% = (n(m))* and ((0))* = (5,)% = (t(m))*,if me M, — M__,.

(ﬂ(m))z and (T(O))2 < (’t(m))z, VYm € B.

V

In any case, (11(0))2

Claims: (1) (n((m®u) @u))2 > (n(m))2 and (T((m®u) ®u))2 < (T(m))z,

,(n(n))*} and

2 2

, (t(n))7}

Letting W_ = {0, 1, 2, ..., n}, we prove (1) by taking two cases and (2) by taking three cases:

2 (mm® mew)))* = min{(n(m))

(tm® (n® w))2 < max{(t(m))

(1) Case(i): Letm e M, —M._,, fori € W_. Then (T](m))2 = (6.)2 and (T(m))2 = (01)2

1

As M, is DS of B, it follows that: (m ® u) ® u € M,. So, either(m®u) ®uecM, —M, , or
(m®u)®u €M, ,.Inany case, we can deduce that:

((mew) ®w)* > (5,)° = min{(n(m)) (n(n))2} and

(t(mew ®w)* < (0,)° = max{(t(m))2, (t(n))?}

Case(ii): Letm,ne M, —M, ,fori € W_. Then

2 2

(n(m))* = (5,)° = (n(n))” and (x(m))” = (0,)° = (x(n)".
Then since M, is DS of B, it follows that: m ® (n ® w) € M..
So,eitherm® (m®w)e M, — M, jorm® (n®w)ecM_ .

In any case, we can deduce that:

2> (5,)* =min{(n(m))?, (n(n))?} and

Mm® (maw)))
(tm® (new)))” < (0,)% = max{(t(m))2, (t(n))?}
Case(iii): LetmeM; —M, ;andneM, —M, ,,fori,j € W _andi>j

Then (n(m))” = (5,)", (n(n))” = (5,)" and (v(m))” = ()", (v(n))" = (v;)".

ASM,isDSof Bm® n@®w)e M. butm® (nme®w)e M. M,  orm® (n®w)e M,

i—1

Then, we can deduce that: (n(m ®(n® w)))2 > (6.1)2 = min{(n(m))?, (n(n))?} and

(tm® (mew)))* < (0,)% = max{(t(m)), (t(n))*} = m e M, andn € M,.

1

Then since M; C M, we have n € M, and hence m® (n ® w) € M, as M, is DS of B.

Thus, (n(m® (n ®w)))”> min{(n(m))2, (n(n))2} and
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(t(m® (n@®w)))*< max{(x(m))?, (x(n))?}

Then, BP = (n, 1) is Pythagorean fuzzy DS of B. Again, from the definition of

BP = (n, 1), we have: Im(m) = {5, §,, 5,, ..., 8, } and Im(7) = {0, 0,, 0, ..., 0, }.

Then the level DS of BP=(n, ) are given by the chain of DSs:

Umn,§,)cUms,)cUmc..cumns,)=B

and L(t, 0,) CL(t,0,) CL(t,0,) C.. CL(7,0,)=B.Now
U, 8,) ={meB: (n(m)’=(5,)* =M, ={meB: (t(m)’<(c,)* }=L(x, o).
Finally, we need to prove that: U(n, 8,) =M, =L(t, 0,), for 0 <i<n

Letm e M, = (n(m))? = (5,)* and (t(m))” = (o,)’

=me U(n, §,) and meL(t, 0,)

=M, CU(n,5,) and M, C L(t, 0,)

If meU(n,$§,)and m e L(t, 0,) then, (n(m))

= m ¢ M,, forj > i. Otherwise, m € M, forj > i = (n(m))2 > (6].)2 and (T(m))2 < (G].)Z,

2

= (61)2 > (T](m)) > (6].)2 and (61)2 < (T(Tn))2 < (Sj)z, which is a contradiction to the

assumption that: m € U(n, d. ) and m € L(T 0. ) Hence, n(m) € {5,, 9, 9,, ..., 5, } and
m) € {0,,0,,0,,..,0,}. Thus, me M, , formsome k <i. AsM, CM, = m e M,

= UM, §,)CM, andL(t, 0,)C M,. Thus, U(n, §,) =M, =L(7, 0;)
O
Remark 6.2.2. If B is a finite BCL-algebra, the number of DSs of B is finite. Similarly, the number
of level DSs, related to a fuzzy DS M also appears finite. However, since every level DS of M is

inherently a DS of B, not all such level DSs are necessarily distinct. The conditions governing this

relationship are detailed in the following theorem.
Theorem 6.2.6. Let B° = (n, ) be a Pythagorean fuzzy DS of B, then:

(a) The upper level DSs U(n, 61) and U(n, 62) with b, < 0, of a Pythagorean fuzzy DS M of B

2 < (5,)"

(b) The lower level DSs L(T, 0‘1) and U (T, 0'2) with 0, > 0, of a Pythagorean fuzzy DS M of B

are equal if there is no m € B such that (0‘1)2 > (T(m))2 > (02)2.

are equal if there is no m € B such that (51)2 < (n(m))
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Proof. (a) Let BP=(1, 1) be Pythagorean fuzzy DS of B, U(n, 6,)= U, 9,), for some §,<9,.

(i) Suppose there exist m € B such that (61)2 < (n(m))2 < (62)2.

This implies m € (11, §,) but m # U(m, 6,), which is a contradiction to the assumption.

UM, §,) =U(n, §,). Hence there is no m € B such that(él)2 < (T](m))2 < (62)2.

Conversely, suppose there is no m € B such that , <n(m) < 9,. Since 5, < §,, we get:

UM, d,) € (M, 9,

.. 2 2

(i) Now,me @, &)=(n(m))" > (5,)". So (n(m))
between (61)2 and (62)2. Hence, m €U, §,) and thus,, (m, &,) C UM, 5,). Thus, by (i)
and (ii) above, UM, 6,)=UMm, 9,)

2 > (62)2, because (T](m))2 does not lie

(b) The proof of (b) is similar to (a) above.

2

(iii) Assume that there existm&B such that (0'1)2 > (T)) > (62)2. By definition,

meL(t, 0,)as (0,)° > (t(m))’. Butas (t(m))*> (0,)’, m¢L(t, 0,)

which is a contradiction to L(T, 0‘1) = L(T, 02) , so that no such m exists.

2

Conversely, assume there is no m € B such that (0'1)2 > (T(m)) > ((72) )

Then we show, L(t, 0,) =L(t, 0,) As 0, > 0,, we get, L(t, 0,) CL(T, 0,)

(iv) Again, letm € L(T, 02) = (T(m))z < (0‘2)2, and as 0, < 0, and no m satisfies

2

(0,)° = (to(m))* > (0,)%, we get that, (tp(m))* < (0,)* < (0,)°. Thus,

meL(t, 0,) = L(t, 0,) CL(t, 0,) Thus, by (iii) and (iv), L(7, 0,) =L(T, 0,).

Theorem 6.2.7. Let B® = (m, 1) be a Pythagorean fuzzy DS of B with finite images.
If Um, 5,)=UMm, 6,) and L(7, 0,) = L(T, 0,), for any d,, 6,€ Im(m) and o, 0,€ Im(T),

then &, =0, and o, = 0,.

Proof. Let BP® = (m, 1) be a Pythagorean fuzzy DS of B with finite images such that
U, %,)=UM, d,) and L(7, 0,) = L(t, 0,), for some o, 6, € Im(n) and o,, 0, € Im(7).

So we need to prove that , = 6, and o, =0, and so assume that 6, #d, and o, # o0,.
Without loss of generality, assume that 6, < 6, and o, > 0,.

Let m € UM, 5,), then (n(m))* > (5,)° > (5,)° = (n(m))* > (5,)°.
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2 2

<(3,)"

Then, m € U, 8,) but m & U, ,) = U, §,) € U, 8,) =0, 8,) U, 5,)

Hence, m € U(n, §,), and so let m € B such that (61)2 < (n(m))

which contradicts the hypo dissertation that: U(n, 6,) = U(n, 6,). Therefore, 6, = 0,.

Theorem 6.2.8. Letr BP = (1, T) be a Pythagorean fuzzy DS of B and let m € B. Then:
(i) (n(m))? = (5,)% ifand only if m € UM, 8,) but m ¢ UM, 5,), V5, > 5.

(ii) (t(m))® = (0,)” ifand only if m € (v, o,) but m & I(, 5,), Vo, < 0,.
Proof. Let BP = (1, 1) be a Pythagorean fuzzy DS of B and let m € B.

(i) Assume (n)z(m) = (61)2 so that m € U(n, 6,) and let m € U(n, §,), for 8, > 6,.
Then (n(m))2 > (62)2 > (61)2 which contradicts the fact that (n(m))2 = (61)2.
Hence m € U, §,) but m ¢ U(n, 6,), V6, > J,.

Conversely, let m € (1, 8,) but m ¢ U(n, §,), V6, > &, then m € U(n, §,)

= (n( ) 61) , sincem ¢ U, §,), V8, > §,, we have (n(m))2 = (61)2.
(i) Assume (( )2 = ( 1) so that m € L(t, 0,). Let m € L(r, 0,) for 0, < 0,.

Then ( (m )) < ( 2) 1) , which contradicts the fact that (T(m))2 = (0'1)2.

Hence m € L(t, 0,) but m ¢ L(, §,), Vo, < 0.

Conversely, let m € (T, §,) but m € L(t, 0,), Vo, < 0, then m € L(T, 0,)

= (t(m))?> < (0,)%, since m ¢ L(t, 0,), Vo, < 0,.

6.3. Homomorphism of Pythagorean Fuzzy Deductive System
of Liu®-algebra.

Under this section, we explore how Pythagorean fuzzy DSs in LBA behave under homomorphisms.
It introduces fuzzy subset transformations through algebraic homomorphisms and establishes preser-
vation theorems, including direct, inverse, and epimorphic mappings, highlighting their role in main-
taining deductive structure across related algebras.

Definition 6.3.1. Let (L; ®L, @L, OL) and (M; ®,,, ©,,, 0,,) be LiuB—algebras. Letf: L—M
be a homomorphism on LBA Then for any fuzzy subset 1) in M, we define a new fuzzy subset ' in L
by: (nf(m))* = ((f(m)))% vme L.
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Definition 6.3.2. A Pythagorean fuzzy set LB in a non-empty set L with the degrees of membership
n: L — [0,1] and non-membership ©: 1L — [0,1] is said to have the sup—inf property, if for any non-

empty subset M C L, 3mgy € M such that: (n(mg))? = sup(n(t))2 and (t(mg))? = in}&(’c(t))z.
teM te

Definition 6.3.3. Letf: L — M be a homomorphism of LBAs. Then for any Pythagorean fuzzy set
LB = (m, T)inM, we define a Pythagorean fuzzy set L' = (nf, ) in L by:

(n'(m))* = (f(m)))*> and (t(m))* = (t(f(m)))%, vmeL
Lemma 6.3.1. Let f: L — M be a homomorphic mapping of LBAs. Then f{(0) = 0.

Proof. Let L be LBA and m € L (as L # (). Then:

f(0)=f(m®m) =f(m) ® f(m) =0, as fis homomorphic mapping of LBAs. -

Theorem 6.3.1. Letf: L — M be an epimorphism of LBA. If L® = (n, T) is a Pythagorean
fuzzy DS of L with the sup—inf property, then the image f(L®) of LB is a Pythagorean fuzzy DS of M.

Proof. Suppose LB = (n, ) is a Pythagorean fuzzy DS of L with the sup — inf property.

Letm, n € M with mg € f~1(m), ngef!(n) such that:

Mm(me))?= sup (m(t)% (t(mp))?>= inf (t(1))?
tef—1(m) tef—1(m)

(1) For the first axiom of definition of Pythagorean fuzzy DS of L, we have:

Mfme new)?= sup  (M(t))? = (nf(m))% and again,
tef~l(menmeu)

(tfme@ (neu)?= inf (t(t)* < {(xf(m))%
tef~l(me(neu)

(i1) For the second condition of Definition 4.2.2.1, we have:
mfmowow)))?= sup  ((t)* > min{(nf(m)), (n*w))?},
tef~1(aowow))
= Mfmowoew)))? = min{(nf(m))?2 n'w))?}, and similarly,
(tfmeowew)))?= ir}f( )(T(t))z < max{(t"(m))%, (t'w))?}.
tef—(m

(tfmowow)))* < max{(t'(m))?, (t'w))*}.

Hence, f(LP) isa Pythagorean fuzzy DS of M.

200



Theorem 6.3.2. Letf: L — M be a homomorphism of LBA If the Pythagorean fuzzy set LB = (1, 1)
is a Pythagorean fuzzy DS of M, then the Pythagorean fuzzy set LY = (nf, ) in L is a Pythagorean
fuzzy DS of L.

Proof. Let f be a homomorphism of LBA and LB = (1,T) be a Pythagorean fuzzy DS of M. By
Definition 6.3.1 and Lemma 6.3.1, since f(0) = 0, we have:

(i) Forallm, n, u, w € L, since f is a homomorphism,
mfme mew))*=Mnf(me nheu))))?
= (n(f(m) ® (f(n) ® f(u))))?
> min{(n(f(m)))?, (n(f(n)))? which gives
f(m® (n®w)))* > min{(n(m))* (n"(n))*}. and
(tfm® (n®u)))?= (t(f(m® (n®u))))?
= (t(f(m) ® (f(n) ® f(w))))?
< max{(t(f(m)))?, (t(f(n)))% which gives

(t'(m® (n®u)))? = min{(t'(m))? (t'(n))*}.

(i) Mf(mowow)?=nf(mowow)))?
= (n(f(m) ® (f(w) © f(w)))?
> (n(f(m)))* which gives
mfmeowow))>=mf(meowow))? > @(f(m))* and
(tfmowow)))? = (t(f(mowow))))?
= (t(f(m) ® (f(w) ® f(w))))?
< m(t(f(m)))?,
= (t'mewow))? < (t(f(m)))?

Hence, by (i) and (ii), Lf is a Pythagorean fuzzy DS of L. ]

Remark 6.3.1. The Converse of Theorem 6.3.2 above may not be tru as justified by Example 6.3.1
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Example 6.3.1. Let L = {0, p}, M = {0, p, g}, and define a map

0, if k=0,
f:L—>M by flk)=

a, if k=p.

We equip L and M with binary operations ® and © as follows (all other entries omitted are deter-
mined by the displayed rules or by using the element 0 as the designated zero):

o 10 ®y |0]al|b
L P 0 |0/0]O
0 1010

a ([ ajala

P |pP|P

b |alal|a

Table 6.1: Tables of two binary oparations ® and Ou

Now,Vm, ne L, flu®, v) = f(u)®,, f(v) by the tables above, Like (as a caese):
(i) flp® 0) = f(p® p) =f(p) =a="f(p)®,, f(0)=a®,0=a="f(p)®, flp) =a®,a
and

f(0®, 0) = f(0®, p) = f(0) =0 =1(0) ®,, f(0) =0®,,0 = f(0) ®,, f(p) = 0®,,a=0
(And similarly for @).
Also, f is not surjective (its image is {0, a}).
Define n and T on M as follows:
1, if k=0, 0, if k=0,
nk)=<¢09, if k=b, andt(k)=<05, if k=aq,
0.7, if k=aq, 03, if k=D.
Each pair satisfies 0 <n(p)*>+1(p)? < 1:
1+0<1, 049+025=074<1, 081+0.09=090<1.
By Definition 6.3.2 the induced Pythagorean fuzzy set L' = (0, =) on L is:
(nf(m))? = (m(f(m)))?%  (t'(m))? = (x(f(m)))? and definen" and " on L as follows:
1, if k=0, 0, if k=0,

nf(k) = and t' (k) =
0.7, if k=p, 0.5, if k=p,

(A) L' is a Pythagorean fuzzy DS of L.

We verify the two Pythagorean fuzzy DS axioms (Definition 5.3.2.1) on L.

(i) Forarbitrarym, n, ue L, m=n=u=p, we have: p®, (p®, p) =p®, p=p.
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So, (n'(p®, (p®, )))” =n'(p))? = 0.49 > min{0.49, 0.49}.

Likewise for t" we have: T'(p®, (p®, p)))? = 0.25 < max{0.25, 0.25}.

All other choices involving 0 are: n7(0) = 1 and t'(0) = 0 give the required inequalities.
(ii) Similar results hild for ©, .

Therefore, L is a Pythagorean fuzzy DS of L.

LB = (n, 1) is not a Pythagorean fuzzy DS of M.

We check Pythagorean fuzzy DS axiom (i) in M and find a direct failure.

Take m =n =u="b € M. Using the table for ®,,,

b®, (b®, b)=b®,, a=a

Therefore, (n(b ®,, (b ®,, b)))2 = (n(a))? = 0.49,

while min{(m(b))%, M(b))?} = min{0.81, 0.81} = 0.81.

Thus, 0.49 # 0.81, and then Pythagorean fuzzy DS axiom (i) fails for m=n=u=.

Hence LB is not a Pythagorean fuzzy DS of M .

Thus, L™ is a Pythagorean fuzzy DS of L does not imply that L' is a Pythagorean fuzzy DS of L.

Theorem 6.3.3. Let f: L — M be a homomorphism of LBAs. If LB = (n, T) is a Pythagorean
fuzzy DS of M, then f1(LB) = (nfﬁl, qu) defined by:

(nf*1 (m))? = (n(f(m))? (=" (m))? = (t(f(m)))? VYm € L, is a Pythagorean fuzzy DS of L.

Proof. We verify the two Pythagorean fuzzy DS axioms (i) and (ii) of Definition 5.3.2.1 for (nfﬁl, ! ).

(i) Let m,n,u € L. Using that f is a homomorphism,

f(me® (neu) =f(m)® (fin) ® f(u)).

= ("' (memew)’ = MFme mew))’= Mm@ (fn) o fw)

Since, (1, T) is a Pythagorean fuzzy DS of M, applying Pythagorean fuzzy DS condition (i) in M:

(n(f(m) @ (f(n) ® f(w))))* = min{(n(f(m)))% (n(f(n)))%}.

But (n(f(m)))?2 =M’ (m))? and likewise for n, hence

1

M (me mew))’=min{m" (M) ® M)}
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The analogous chain of equalities/inequalities for T (using the Pythagorean fuzzy DS

upper-bound for T in M) gives: (Tf_l (me nh® u)))2 <max{(t" " (m))2, (r ' (n))2}.
(ii) For arbitrary m,w € L, f(mowow) =f(m) o f(w) ® f(w), so

(™ (mowow)’ = ((f(m) © fw) @ f(w)))*.

By Pythagorean fuzzy DS condition (ii) in M,

((f(m) © fw) © f(w)))* > (M(F(m)))2 = ("' (M)}, and similarly

(Tf_l (mow @w))2 < (h

Thus both Pythagorean fuzzy DS conditions hold for (nfil, qu)’ so f1(LB) is

a Pythagorean fuzzy DS of L.
[

Corollary 6.3.1. Let f: L — M be an epimorphism of LBAs. Then Lt = (nf,x") is a Pythagorean
fuzzy DS of L if and only if LB = (n, 7) is a Pythagorean fuzzy DS of M, where (nf,t") is given by:

Proof. Suppose L' is a Pythagorean fuzzy DS of L and f is an epimorphism (surjective).
Take arbitrary m,n,u € M; choose a,b,c € L with f(a) =m,f(b) =n,f(c) =u.
Then, by Pythagorean fuzzy DS (i) in L for L, (nf(a ®(b® c)))2 > min{(nf(a))% (nf(b))?}.
Replace 1 by n o f (Definition 6.3.2) to obtain: (n(m® (n@® u)))2 > min{(n(m))2, (n(n))?},
and similarly for T. Also using Lemma 6.3.1 and Pythagorean fuzzy DS (ii) in L yields
the corresponding zero/double-w inequalities in M. Hence LP is a Pythagorean fuzzy DS of M.
Conversely, assume LB is a Pythagorean fuzzy DS of M. Define i, T on L by composing with f
as above. Then for any x,y,z € L we have, by homomorphism property,
f(x® (y®z)) =f(x) ® (f(y) ®f(z)), and applying Pythagorean fuzzy DS (i) in M gives
(M(x® (y ®2))" = ((f(x® (y ®2))))* > min{(n(£()))2, (N(F(y)))?} which is
(f(x® (y®2))* > min{(n (x))%, (y)>}.

Analogous reasoning for (ii) and for 7 shows L' is a Pythagorean fuzzy DS of L.
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Theorem 6.3.4. Let f: L, — L, be an epimorphism of LBAs. If Bf = (n,, T1) is a Pythagorean

fuzzy DS in L, having the sup—inf property, then the image Bf = (n, T2) defined for n € L, by:

(m,(n))? = sup{(m(m))*: f(m) = n}, (1,(n))* = inf{(t,(m))*>: f(m) = n}, is a

Pythagorean fuzzy DS in L.

Proof. We need check Pythagorean fuzzy DS axioms (i) and (ii) for (12, T2).

(i) Letnq, ny, u € L. For each n € {nq, ny, u} pick (since f is surjective) nonempty sets
Fn={meL;:f(m)=n}. By the sup-inf property 3m; € F,,;, mp € Fy,, my € Fy
achieving the sup-inf values for 1; and 5.

Consider; mq ® (my ® my ) € L;. Because f is a homomorphism,
f(m ® (M @my)) =n; ® (np ®u).
Applying Pythagorean fuzzy DS axiom (i) in L, to (11, T1) gives
2 .
(M (my ® (my ® my)))” > min{(n1(my))% (M1(m2))?}.

Taking suprema over all preimages on the left-hand side (and using that chosen m, m, attain

the suprema) yields (n2(ny ® (ny ® u)))* > min{(n2(n1))%  (M2(n2))?}.
The 17 inequality follows similarly using infima and Pythagorean fuzzy DS (i) for T;.
(i) Forn €L, and any w € L, choose m € L1 and t € L; with f(m) =n, f(t)=w

and assume the sup—inf are realized at m (for 1) and at some t (for 17). In L; Pythagorean

fuzzy DS (ii) gives: (m(motoe t))2 > (m(m))%
Applying f and passing to sup/inf over fibres yields
Mmmeowow)?>Mmn)? (tmowow))? < (r(n)?

Thus (1, T2) satisfies both Pythagorean fuzzy DS conditions in L. [

Theorem 6.3.5. Let L, anf Ly be LiuP—algebras and let f : 1; — L, be a monomorphism of LBAs.
If BzP = (Mo, T2) is a Pythagorean fuzzy DS in Ly, then the preimage f_l(BZP) = (11, T1) with
(1(m))? = (2(f(m)))? (t1(m))* = (t2(f(m)))% ¥V me Ly, is a Pythagorean fuzzy DS in L;.

Proof. We must verify the two Pythagorean fuzzy DS conditions (i) and (ii) from Definition 5.3.2.1
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for the pair (ny, T1) on L1. By hypothesis we define, for every me L,

(ni(m))? = (2(f(m)))% (t1(m))* = (ta(f(m)))>.

These equalities will be used repeatedly to translate statements about ny, T on L1 to

statements about 1p, T on L.

Take arbitrary elements m,n,u € L1. We must prove

(ni(m® (n®w)))® > min{(n(m))2, (n1(n))%}. and

(i(m® (n®w)))* < max{(r;(m))% (t1(n))2}.

(mme new)’= (m(fme (n@w)))® by, definition of ;.
Then we use the homomorphism property of f:
f(m® (n®u)) =f(m)® (f(n) ® f(u)), and hence,
(m(m® mew))® = (ma(f(m) @ (f(n) @ f(u)))”.

Apply Pythagorean fuzzy DS condition (i) in L, — Because (12, T7) is a Pythagorean fuzzy

DS in L, Definition 5.3.2.1(i) gives:

(n2(f(m) @ (fF(n) ® f(w))))* = min{ (2 (f(m)))2, (ma(F(1)))2}.

Returning to 117 notation — (12(f(m)))? = (11 (m))? and (n2(f(n)))? = (m1(n))%. Thus
(mm® (mew))? = min{(ni (M), (mn)2},

which is exactly the required n-inequality of Pythagorean fuzzy DS (i) on L{, and again
(mime mew)’ = (nfm)® (fn) @ fw)* < ma{(r(f(m))?,

(t2(f(n)))?} = max{(t1(m))?, (Ta(n))?},

Thus Pythagorean fuzzy DS condition (i) holds for (11, T1).

Verifying Pythagorean fuzzy DS condition (ii) on L) and then take arbitrary m, w € L;.
We must show: (m(mowow))’> > m(m)2 (umoewew)’ < (t(m)?
Translating the left-hand side for 11, we obtain: (m1(m®w © w))2 = (m(fmowow) ))2.

Using homomorphism property: f(m®w ®w) =f(m)® f(w) ® f(w), so that
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((mowow))® = (maf(m) o flw) © f(w)))”.

Applying Pythagorean fuzzy DS condition (ii) in L, — we have:

2> (ma(f(m)))2

(n2(f(m) @ f(w) © f(w)))
Returning to 1; notatio:  (n2(f(m)))2 = (1(m))2 = (ni(mowew))? > (i(m))?,
which is the required n-inequality of Pythagorean fuzzy DS (ii) on L.

Again: (T1(mew o W)’ = (T(f(m) © f(w) © f(w)))? < (T2 (F(m)))? = (11 (m))?,
and also by Pythagorean fuzzy DS (ii) in Lj.

Both Pythagorean fuzzy DS conditions (i) and (ii) hold for (n1,71) on L;.

Hence f’l(BZP) = (m1,7T1) is a Pythagorean fuzzy DS of L;.

Theorem 6.3.6. Let f: Ly — Ly be an isomorphism of LBAs. Define BY = (o, T2) from
Bf = (1, @) by (2(f(m)))? = (m(m))%  (ta(f(m)))? = (t1(m))% (Vm € L. Equivalently,
for eachn € Ly (writing m = £~ (n)), (n2(n))* = M1 (f71(n)))%  (r2(n))? = (11 (F1(n)))=

Then 31P is a Pythagorean fuzzy DS in Ly if and only if BZP is a Pythagorean fuzzy DS in Lj.
Proof. We prove both directions. Throughout we use Definition 5.3.2.1 for PFDS:
(i) Forall m, n, winan LBA: (n(m ® (n ®u)))? > min{(n(m))?, (n(n))?} and
(t(m® (n®u)))? < max{(t(m))?, (t(n))2}.
(i) vm, w: Mmoweow))? > Mm(m))? and (t(meowow))? < (t(m))2.
(A) Assume 81P is a Pythagorean fuzzy DS in L. Show BZP is a Pythagorean fuzzy DS in L,.
Since f is bijective, foralln € L, the element m = f~1(n) € Ly is unique, so the assignments:

(2(n))? = (i (F 1 (n)))% (2(n))? = (m(f~1(n)))* are well defined.

(a) Pythagorean fuzzy DS condition (i) in L,. Take arbitrary nq, np, u € L.
Put my=f"'(n;), my=f1(nyp), w=f"1(u) (uniquely defined since f is bijective).
Then f(m; & (my ®w)) = f(my) @ (f(my) ® f(w)) =ny & (ny ® ),
where we used that f is a homomorphism. Now computing:
(n2(ny ® (nz @1)))” = (1 (1 (n1 @ (2 ®w))))” (defimition of )
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= (m(ml ® (my @w)))2 (since f1(ny) =my, F1{u) =w)
> min{(n1(m4))?, (M1(m2))?} @) for B} in L)
= min{(n2(n1))%, (M2(n2))?}, where the last equality uses (n2(n))? = (n1(m;))2.

Thus the n-inequality of Pythagorean fuzzy DS axiom (i) holds in L,.

Similarly, for T:
(Ta(ny ® (ny ®w)))” = (1 (my ® (M ®w)))* < max{ (1 (m1))2, (11(my))?}
= max{(12(n1))?, (12(n2))?}.

HencePythagorean fuzzy DScondition (i) holds for B in L,.
(b) To show Pythagorean fuzzy DS axiom (ii) in Lj.

Take arbitrary n € Ly and v € Ly, put m = f ' (n) and t = ! (v). Then
fimotot) =f(m)of(t)of(t) =nevowv.

2—

= (mmovev) = mE ' movev) = mmotot)’ = m(m)? = (mn)?.

And similarly, (T,(n®@vo V)’ = (nmotot)’ < (t(m)? = (1o(n))>2
HencePythagorean fuzzy DS axiom (i1) holds for sz in Lo.
From Steps (a) and (b), we conclude ]32P is a Pythagorean fuzzy DS in L;.
(B) Conversely, assume BzP is a Pythagorean fuzzy DS in L;.
We need to show BlP is aPythagorean fuzzy DS in L,
Since f is an isomorphism, 1. L, — L; exists and is a homomorphism.
We may therefore transport BZP back to Ly via 1. Concretely Vx € L1,
M1(x))? = M2(F(x)))?, (11(x))? = (T2(f(x)))?, by the defining relation of the transported pair.

The argument below mirrors Part (A) with roles of L1 and L, swapped.
(i) Pythagorean fuzzy DS axiom (i) in L;.

Take arbitrary my, mp,u € L1. Put ny = f(m;) and v = f(u). Then
flm® (My®u)) =ng ® (N, ®Vv).
UsingPythagorean fuzzy DS(i) in L, for BY,

(M2(n1 ® (np ®)))* = min{(ma2(n1))2, (Ma2(n2))?}.
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Translating back via (17 (x))? = (n2(f(x)))? gives

(M ® (xp ®w))) = min{ (M1 (x1))% (M1(x2))%},

and the analogous t—inequality holds. ThusPythagorean fuzzy DS(i) holds for B‘l’.
(ii) Pythagorean fuzzy DS(ii) in L. Take arbitrary m, w € L1 and put n = f(m), v = f(w).

Then f(MOWOW)=nOVOV,

andPythagorean fuzzy DS(ii) in L, gives (nz(n OVE v))z > (m2(n))2.
Translate back to L; using (;(m))? = (n2(f(m)))? to obtain

(T]l(m Owe w))2 > (n1(m))?, and similarly for T.

Hence Pythagorean fuzzy DS axiom (ii) holds for Blp.

Combining Steps B1 and B2 we conclude BlP is a Pythagorean fuzzy DS in L;.

6.4. Pythagorean (3, 0)—Fuzzy Ideal of Liu®-Algebra

Under this section, we discuss the notion of (3, 0)—fuzzy ideals on fuzzy LiuP—algebra under
which we demonstrate that the (3, 0)—fuzzy ideals structure of two such fuzzy ideals is itself a

fuzzy ideal of LiuP—algebra, and we investigate several other related results.

Definition 6.4.1. Ler LB = (n, ’t) be the Pythagorean fuzzy set in the non-empty set L. Then:
LB = (n, T) is called Pythagorean (3, 0)—fuzzy ideal of the LBA L if the following
two pairs of statements are satisfied; Vm, n, w € Land 0 < 3 <0 < I:

(i) max{(n(m))>, B} = min{min{(n(m®n))>, (n(n))*}, 0} and

min{(’t(m))z, 0} < max{max{ (T(m®n))2, (’t(n))z}, B}

(i) max{(n((me®n)® (n@w))z, B} > min{min{(n(m))z, (n(n))z}, 0} and

min{ (t((m@n) © (n®w)))?, 0} < max{max{(t(m))? (x(n))*}, B}.

Remark 6.4.1. Let (L, ®, ®, 0) be LBA and 0 < 3 < 0 < 1, then the following hold, Ym, n € L:
(1) min{min{m, n}, 0} = min{m, n, 0}
(2) max{max{m, n}, B} = max{m, n, B}
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(3) Taking into account Remarks (1) and (2) above, Definition 6.4.1 can be redefined as:
(i) max{(n(m))?, B} = min{(m(m@n))?, (n(n))? 0} and
min{ (t(m))?, 0} < max{ (tr(m®n))% (x(n))’ B}

(i) max{(m((me®n)e mew))’ B} = min{(n(m))?, (n(n))> 6} and
min{ (t((m®n)® (n@w)))z, 0} < max{ (’t(m))z, (T(TL))Z, B}.

Example 6.4.1. Suppose L = {0, m, n} and two binary operations ® and ® on L are as given

by Table 5.4 of Example 5.1.10 above and the Pythagorean fuzzy set LB = (n ’t) be defined as:

09, if k =0, 03, if k =0,
k)= and T(k)=
04, if k = m, n, 0.7, if k = m, n.

Now, take 3 = 0.1 and 0 = 0.2, where w = m; so that:

(i) max{(n(m))?, B} = max{(n(m))>, 0.1} = max{0.16, 0.1} = 0.16 and
min{(n(m@n))>, (n(n))% 0.2} = min{ (n(0))>, (n(n))>, 0.2}
= min{0.81, 0.16, 0.2} = 0.16, and thus
max{(n(m))?, 0.1} = 0.16 > min{ (n(m@n))>, (n(n))>, 0.2} = 0.16 is true, and
min{ (t(m))?, 8} = min{ (t(m))’, 0.2} = min{0.49, 0.2} =0.2
<max{(t(m@n))?, (t(n))? B} = max{(t(0)) (x(n))% 0.1}

= max{0.09, 0.49, 0.1} = 0.49, is true.

(ii) max{(n(m@n)omew))>, B} = max{(n(0 ©n))? 0.1} = min{ (n(0))*, 0.1}
= max{0.81, 0.1} =0.81 and
min{ (n(m))?, (n(n))?, 8} = min{0.16, 0.16, 0.2} = 0.16, and thus
max{(n(men)omew))’ B} =081 > min{(n(men))’, (n(n))> 0} =0.16. and
min{ (t(m®n)om@w))?, 8} = min{ (t(0©n))% 0.2} = min{ ((0))? 0.2}
= min{0.09, 0.2} = 0.09 and

max{ (t(m))?, (t(n))% B} = min{0.49, 0.49, 0.1} = 0.1 and thus
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min{(’t(m®n)®(n®w))2, 0} =0.09 < max{ (T(m®n))2, (T(Tl))z, B} =01

Therefore, LB = (T], T) a Pythagorean (3, ©)—fuzzy ideal of L, for particular 3 and 0
where 3 = 0.1 and © = 0.2.

Similarly, forany 0 < B < 0 < I, max{(n(m))> B} > min{(n(men))>, (n(n))? 6};
min{ (t(m))?, 8} = max{(t(m®n))?, (t(n))>, B} and therefore,
LB is Pythagorean (B, 0)—fuzzy ideal of L, for these particularm and T of L.
Lemma 6.4.1. If L® = (n, 1) is a Pythagorean (B, 0)—fuzzy ideal of L, then Ym € B; and
forany B, 0 suchthat 0< B <0<1, max{(n(0))> B} >min{(n(m))>, 0} and
min{ (t(0))>, 8} < max{(x(m))*, B}.
Proof. From Lemma 5.3.3.1 above we have: (n(0))* > (n(m))* and (7(0))” < (t(m))?, ¥meL,
Now, let 0 < B <0< 1, and then
max{(n(0))*, $} > (n(0))* = (n(m))* > min{ (n(m))*, 0}, ¥B. 0 € [0, 1] such that p < O
= max{(n(0))*, p} > min{(n(m)) 0}, for 0< B <O <1, ¥m € L and again

> < t(m))?, VB, 0 €0, 1]suchthat0 < B <0 < 1

min{ (1(0)), 8} < 7(0))

< max{(t(m))%, B}, since 1(0))> < t(m))’, vm eL
= min{ ((0))°, 8} < max{(t(m))%, B}, for 0<KP<O<1,VmeL
Thus, max{(n(0))*, B} > min{ (n(m))* 6} and

min{(T(O))Z, 0} < max{(n(m))z, B}, for 0KP<OLIL, VmeL.

Proposition 6.4.1. Let M be an ideal of L and LB = (Xm’ >—<M ) where X,, s the Characteristic

function and )_(M is its complement, then LB = (XM, )_(M) is a Pythagorean (3, ©)—fuzzy ideal of L.

Proof. Suppose 0 < 3 <0 <1 and xpm : M — {0, 1} is a Characteristic function defined as:

1, if meM, _ 0, if me M,
X. (m)= andthen X (m)=
M 0, if m¢ M. M 1, if m¢ M.

max{1, B}, if meM,
= max{(x,, (m))% B} = and
{max{O, B}, if m¢& M.
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{min{O, 0}, if me M,

min{l, 8}, if m¢ M,

1, if meM

= max{(x,, (m))% B} = { " and min{(x_(m))% 0} = {O’ et

B, if m¢& M. 0, if m¢éM,
— max{(x,, (m))2 B} = 1, and min{(¥_(m))% 0} =0, ¥m € M
= max{(x,, (m))% B} =1=min{(x, (m))? 6};since 8 < I; (x, (M))* < 1,YmeM

> min{(x_ (m&m) (x, ()2 0} as (x,, (01 > (x,, (m))

min{()_(M (m))?,0} =0< max{()_(M (m))?, B}; since B > 0; ()_(M (M))2>0,YmeM

<max{(x,_ (m@n))> (x_(n)>% p}ras (X, (0)) < (X, (m))
= max{(x,, (m))% B} > max{(x, (m®n))2 (n(n))% 6} and
min{(x_(m))2 0} < max{(x_(men)? (n(n))> p}.
Following similar steps as the above, it can be shown that:
max{(x,, (m®n) ® (n@®w))?, p} > max{(x, (m@&n))> (x,, (n)? 6} and

min{()_(M (m®n)o mew))?, 0} <max{(X m@n)) ()_(M (n))2 B}.

Thus, LB = (X X, ) is a Pythagorean (3, 0)—fuzzy ideal of L.

Theorem 6.4.1. Every Pythagorean fuzzy ideal LP = (n T) of LiuB-algebra L is also a
Pythagorean (3, ©)-fuzzy ideal of L.

Proof. Let LB (n T ) be any Pythagorean fuzzy ideal of LBA L. Then we have:

@ (M(m)*=min{ mmen))%, Mm)*}: {(t(m))*} < max{(t(m@n)), (t(n))*}

i) {(((men) e mew)))’} = min{ (n(m)), (n(n))*} and
{(r((men)® (new)))’} <max{(t(m))*, (t(n))’}.

Now, we claim that:

2

(i) max{(n ) [3} >m1n{( m@n) , (n(n))z,(ﬂ} and
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min{(T(m))Z, 0} < max{(T(m®ﬂ))2, (T(n))z, B}

(i) max{(n(m ) B} > min{(n(m®n) )2, (n(n@m))z, (n(n))z,e} and
min{ (t(m))?, 8} < max{ (t(m®n))?, (tx(nem))?, (t(n)* B}.

Now, the proof proceeds as follows, for every (3, and 8 such that 0 < <0 < 1:

(@ max{(n(m)% p} > ((m)* = min{ (n(m®n))* (n(n)*}
> min{ (n(m®n))?, (n(n))?, 6}

2 (n(n))z, 0} and

Thus max{(n(m))z, B} > min{(n(m&n))

min{ (t(m))% 0} <{ (x(m))*} < max{(x(m&mn))*, (x(n)*}
< max{(’t(m@n))z, (T(Tl)>2, B}

Thus min{ (T(m))z, 0} < max{(T(m®n))2, (T(n))z’ B}

(i) max{(n((m@n) o (men)))"} > {(n((men)o (men)’}
>min{(n(m))2, (ﬂ(n))z}
> min{ (n(m))2, (ﬂ(n))z’ 0}

Thus, max{(n((m®n)® (n®&w) ))2 B} = min{ (n( m))z, (n(n))z, 0} and

min{ (t((m®n) © (m®n)))* 0} < {(*((men)© (men)’}
< max{(’t(m))z, (ﬂ(n))z}
< max{('r(m))zz (ﬂ(n))Z’ B}

Thus, min{(t((m®n)© (m®n)))2, 0} < maX{(T(m))z, (T(n))z’ B}

Then LB (n T) is Pythagorean (3, 0)—fuzzy ideal of LBA L.

Remark 6.4.2. The converse of Theorem 6.4.1 is not true which we ratify it by the following

counter example as illustrated by the next counter (Example below 6.4.2).
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Example 6.4.2. Here we give example for, A Pythagorean (3, ©)—fuzzy ideal of LBA L may not be
Pythagorean fuzzy ideal of L, for some 3, © such that 0 < 3 <0 < 1.”

Let the LBA (L, ®, ©, 0) be as defined in Tables 5.7 of Example 5.2.3.2 above and define member-
ship and non-membership functionsm : L — [0, 1] and Tt : L — [0, 1, respectively, as follows:

0.6, if k = 0, 0.2, if k = 0,
nk)=4¢04, ifk =m,n, and 7T(k)=105,if k =m,n,
03, if k =w, 0.9, if k = w.

Now, we show that (m, T) is not Pythagorean fuzzy ideal of L, as from Table 5.7, since the following:
w®n =n; and (M(w))? = (0.3)% = 0.09 > min{(n(w ®n))%, (n(n))?}

= min{n(n), n(n)} = min{(0.4)%, (0.4)?} = 0.16

which is false so that (v, T) is not Pythagorean fuzzy ideal of L, as shown by this particular case,

above.

However, taking 0.8 = 3 < 0 = 0.9, then we have:

max{(m(w))?, B} = max{0.0.9, 0.8} = 0.8 > min{(n(w®n))% (n(n))? 6}
= min{(n(m))%, (n(n))? 6}

=min{0.16, 0.16, 0.9} = 0.16, which is true.

Furthermore:

min{t(w))?, 0} = min{0.09, 0.9} = 0.09 < max{(t(w®n))?, (t(n))% B}
= max{(t(m))? (t(n))% B}
= max{0.16, 0.16, 0.8} = 0.8 which is also true,

Similarly, the second axiom is true, too, as the first axiom is justified as above.

Therefore, for 0.8 = 3 <0 < 0.9 (n, T) defined above is Pythagorean (3, ©)—fuzzy ideal of L

but not Pythagorean fuzzy ideal of L.

Of course, the above Example holds for any 3, 0, where 0 < 3 <0 < 1.

Theorem 6.4.2. The intersection of any two Pythagorean ([3, ©)—fuzzy ideals of LBA L is also a
Pythagorean (3, 0)—fuzzy ideal of L.

Proof. Let L}f = (nl, Tl) and L2B = (n2, Tz) be any two Pythagorean ([3, 8)—fuzzy ideals of L.
As proved in Theorem 5.3.3.7 above, we have shown that L¥ = (,, 7, ) and L8 = (n,, 1,)
of L are Pythagorean fuzzy ideals of LBA L implies their intersection LB = (T]1 nn,, T, N Tz)
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is a Pythagorean fuzzy ideal of L.

Now, we need to prove that L8 = (n, Nm,, T, N1,) is a Pythagorean (3, 0)-fuzzy ideal of L.

Then for any m, n, w € L and any 3, 0 where 0 < 3 < 0 < 1; we have the following:

() max{((n, Nn,)(m)))%, B} > {((n, Nm,)(m)))’}
> min ((n, Nm,) (men)?, ((n, ) ()%}
> min((n, Nm,)(m@n))%, ((n, Nn,) ()%, 0}
Thus, max{((n, Nn,)(m)))*, B} > min((n, Nn,)(m®n)* ((n, Nn,) (), 8} and

2

min{((r, N,)(m)))* 0} < {((r,n5,)(m))’}
< max{((T, ﬂ’t2)(m®n))2, ((T, ﬂTz(n))z}
< max{((T, ﬂ’tz)(m@n))z, ((t, ﬂ’fz)(n))za B}

Thus, min{((t, Nt,)(m)))? 0} < max{((t, N7,)(m®n))% ((t,N,) (M) B}

(i) max{((n, N,) (m&n) © mew)))* B} > {((n,Nn,) (me&n) o mew)))’}
> min{ ((n, Nn,) (M) ((n, Nn,)(n))*}
> min{ ((n, Nn,)(m))’, ((n, Nn,)(n))*, 6}

= max{((n, N,) (m@n)© (new))) B} = min{ ((n, Nn,)(m)) ((n, Nn,)(n))% 0}
and

min{((t, N7,)(men) o (new))? 0} <{((r,ng,)(men) o (new)))’}
< max{((r, ) ()’ (1, N5, ()}
< max{((r, N) (M), (v, N, ()", B}
= min{((t, N7,) (m@n) © (new)))% 0}<max{ ((t, n7,)(m)% ((t,NT,) (1) B}

Therefore, by (i) and (ii) above, we asserted that the intersection of any two Pythagorean ([3, 6)-
fuzzy ideals of LBA L is Pythagorean ([3, 8)—fuzzy ideal of L. [

The above theorem can also be generalized to any family of Pythagorean ([3, 0)—fuzzy ideals of L as

in the corollary below.
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Corollary 6.4.1. The intersection of a any family of Pythagorean ({3, ©)—fuzzy ideals of L is also a
Pythagorean (3, ©)—fuzzy ideal of LBA L.

Proof. Let { (ni, Ti) tie I} be a family of Pythagorean (3, 0)—fuzzy ideals of L.

Then, we need to prove that (ﬂni, ﬂ’ﬁ) is a Pythagorean (3, ©0)—fuzzy ideal of L.
iel el

Then for any m, n, w € L and any 3, © where 0 < 3 < 0 < 1; we have the following:

Gy max{ () (n,(m))%, B} > () (n,(m))?

iel icl
= inf{ (n;(m))"}
> 11r€11f{m1n{ (n(men)? (n,(n)*}}

> mln{lllng{ (ni(m & n))z’ (T]i(n))z}}

= min{inf{ (n,(m®n)*}, inf{(n,(n)*}}

iel

_ min{ (N (me n))z’ N (ﬂi(n))z}

i€l i€l

iel iel
min{ ﬂ (Tl(m)))z, 0} < ﬂ (Tl(m))z
iel iel
= sup { (x,(m))}

< su? {max{(t,(m® n))z, (Ti(n))z}}

< max{s'uF { (Ti(m® n))z’ (Ti(n))z}}

= max{sup {(v,(m&n))*}. sup{(r,(n))’}}

iel el
= max{ (v (mem): ()}
iel =
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— maX{ ﬂ (t,(m® n))z, m (Ti(n))z, B}, Ym,n € L.

iel iel

) max{(\(n,((men) o mew))’, B} =0 (men)onew))’

icl i€l

—inf{(n,(m®n)© mew))*}

iel

> inf {min{ (n, (m)% (n,)(n)*}H}

iel

> min{inf { (n,( ))2’ (ﬂi)(n))z}}

iel

= min{inf{ (n)(m))*}, inf{(n, )’} }

iel iel

= min{ ﬂ (ni(m)>2’ ﬂ (m(n))z}

iel iel
:min{ﬂ(ni(m))z, m(ni(n))z, 6} and

iel iel

mm{m{ (men)oe n@w)))z, 6}<ﬂ(q((m®n)®(n®w)))2

iel iel

=sup{(x,((men) o (new)?)

> sup {max{ (x,(m))%. (x)(n))*}}

iel

< max{ sup { (Ti(m))z’ (Ti) (n))z}}

= max{sup {(v)) ()"}, sup{(x,(m))"} }
= max{ ﬂ (T, (m))Z, ﬂ (T, (n))z}
= max{ ﬂ (Ti) (m))Q’ ﬂ (Ti (n))z, 9}, Ym,n,w € L.

Therefore, by (i) and (ii) above, we asserted that the intersection of two Pythagorean (3, 0)—fuzzy
ideals of LBA L is Pythagorean ({3, 0)—fuzzy ideal of L. ]

Remark 6.4.3. The union of two Pythagorean ([3, 0)—fuzzy ideals of LBA L may not be Pythagorean
(B, 8)—fuzzy ideal of L which is illustrated by Example 6.4.3 below.
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Example 6.4.3. It suffices to show for either union of the membership or the non-membership of one

of the axioms fails and then we show the membership of the first axiom fails as shown below:

Let (L, ®, ®, 0)be LBA where L = {0, m, n} and two binary operations ® and © on L are as de-
fined in Table 5.4 of Example 5.1.10 above and define two pairs of fuzzy ideals n, andn,; T, and T,
of L as follows:

kil my (k) | my(k) | (g Uny)(k) || T (k) | ot (k) | (1 U,k

m 0.4 0.7 0.7 0.5 0.3 0.3
n 0.6 0.3 0.6 0.2 0.5 0.2
0 0.8 0.9 0.9 0.1 0.2 0.1

Table 6.2: A table that defines fuzzy ideals and their unions
Hence, from Table 6.2 above, as m ® 0 = m, and taking 3 = 0.1, 0 = 0.2; we have:

max{((n,un,)(m))?, B}=max{0.16, 0.1}=0.16 > min{ (n,Un,)(m ®0))*, ((n,un,)(0))>, 6}
= min{ ((n,Un,)(m)?, ((n,um,)(0))*, 0}
= min{0.49, 0.81, 0.2} = 0.2,

which is false, describing that the union of two Pythagorean ([3, ©)—fuzzy ideals of L is not necessar-
ily Pythagorean (3, ©)—fuzzy ideal of L.

Proposition 6.4.2. Let N, be a fuzzy subset in LBA L, where M is non-empty subset of L such that

5, if me M, o 1-8%, if meM,
n,, (m) = and the square deviation 71 (m) =
o, if m &M, M 1—02 if m ¢ M.

where §, o € [0, 1], 8 > 0. Then M is ideal of L if and only if LB = (nM, ﬁM) is a Pythagorean
(B, 0)—fuzzy ideal of L.

Proof. Let M be ideal of L, and 0 < < 0 < 1. Then we need to prove that LB = (T]M , T:]M) is

a Pythagorean (3, 0)—fuzzy ideal of L, that is:

(1) max{(n_(m))*% g} =min{(n_ (m@n))* (n_(n)? 0} and

B}

min{ (@ _(m))*, 0} <max{(@ _(m@n))* @ (1)’

2

() max{(nM (men)e (n@w))z, B} > min{ (nM (m)*, (nM (n))z, 0} and
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min{(T:]M (men)oe (n@w)))z, 0} < max{(ﬁM (m))z, @ (n))Z, B}.

M

(1) Now, we prove these pairs of axioms following the three cases below:

Case(i):LetneM,m@neM=meM

(T=1M(m®n))2 =@, ) =1-82= (=M(m))2 —1-82
= max{(n_ (m))% )’} = (n,, (m)* =& >min{(n_(me&n))% (n_(n)*}
> mm{( m@n))z, (nM (n)) , 0} =min{&?, 2, 0}

= max{ (nM(m))2 ) b > m1n{( m@n))z, (nM(n))z, 0} and also

min{([_(m))%. 68} < ([ (m))* <1-8 <max{(§_(m@n))>, [ (n))*}

< max{(T (memn))?, (M, ()%, B} = max{&?, 52, B}

Case(ii):LetneM,m@®n¢M (orn¢M, m®&n eM ) = either m € Morm ¢ M
= (n, (men))? =82 (n, () =1-8% (or (0 (m@n))>=1-8% (n_(n))*=8)
= either (n_ (m))* =82 or (n, (m))* =157
Now, max{(n_ (m))%, $)*} > (n (m))*>1-8> =min{(n (m@n))* (n, (n)*}
> min{(n,, (m@n))’, (n,, (n))? 0}
= max{(n, (m))>, B)*} > min{(n,, (m@mn))*, (n, (n)* 0}
and following similar steps as the preceding steps, we obtain:
min{([_(m))’, 0} <max{(A (me@mn)) @ (n))>
Case(iii):Letn ¢ M, m®n ¢ M = either me Morm ¢ M
= (n (men)*=1-8=(n_(n)* = either (n_ (m))*=8%or (n  (m))*=1-8
Now, max{(n (m))%, )’} > (n, (m))* > 1-8 =min{(n  (m&n))*, (n ()"}
> min{(n,, (m@n))*, (n,, (n))* 0}
= max{(n, (m))>, B)*} > min{(n,, (m&mn))*, (n, (n)* 0}

and following similar steps as the preceding steps, we obtain:
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min{(A_(m))% 0} < max{([_(m@n))* @_(n)> B}

(2) In a similar fashion, we can simply show that:
max { (nM (men)o mew ) B} > min{ (nM (m))z, (nM (n))z, 0} and
min{ ([ ((m&n)omew)))’, 0} <max{[@ (m)° @ m)%p}.

Therefore, (n .7 N ) is a Pythagorean (3, 0)-fuzzy ideal of L.

Conversely, suppose (nM, nM) is a Pythagorean (3, 0)—fuzzy ideal of L.

Then we need to shaw M is ideal of L; in other words:
i meneMandneM = m € M;
(i) m,neM= (m®&n)® (n®w)) meM.

Now, we show the second axiom and similarly it becomes simple to prove axiom (i):

Then we, form,n € M C L, we need to show (m®n)® (n®w) e M, Vm, n,w € L:

2
Letm,neM= (nM(m)) = (nM(n))
2 . 2 2
(n,,(m@&n)© (mew))” >min{(n, (m)", (n, (M)}
2 . 2 2 .

= (N, (men)o mew))” >min{(n, (m)" (n, 1)} =min{s? &} = &

= (nM (men)o (n@w))2 > 52 and by definition (T]M (Mm®n)©® (n @w))2 < 82

= (men)omnhew)’ == men)onhew)eM

Similarly, it is simple to show thatme®neM,neM = m e M.

Therefore, M is ideal of L. -
Corollary 6.4.2. Let 1 be a fuzzy subset and 7 be its complement in LBA L and ) # M C L such that

O, if me M, _ 1-95, if meM,
n,, (m)= and _(m) = where 5, o € [0, 1], 8 > 0.

G/l:fmng M 1_0‘/ifm€Mr

Then M is ideal of L if and only if (nM, ﬁM) is a Pythagorean (3, 0)—fuzzy ideal of L.

Proof. Let M be ideal of L, and 0 < 8 < 8 < 1. Then we need to prove that LB = (n M )

a Pythagorean (3, 0)—fuzzy ideal of L, that is:
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(1) max{(n,, (m))*, B} > min{(n, (m@n))*, (n, (n))". 0} and

min{ (7, (m))*. 0} <max{(A (m&mn)" (A (n)" B}

@ max{(n_((men)omew)’ p}=>min{{n (m)? ( () 6} and
min{({ (m&n)© (new)))* 8} <max{(m (m)* [ )" p}.

(1) Now, we prove these pairs of axioms following the three cases below:

(From Proposition 4.1.1, 1 — 8% = (ﬁM(m))z > (ﬁ (m))2 =(1-82=86%+1— 26):

M

Case(i):LetneM,me@neM=meM
Then (nM (m@n))2 = (nM (n))2 == (nM (m))2 =62 and
(ﬁM(m®n))2:(ﬁM(n))2:62+1—26:> A, (m))> =52 +1-25

= max{(nM(m))z, B)z} > (m) >8= mln{( m@n))z, (nM(n))z}

> min{(n (m&mn))*, (n (n)), 0}
= max{(n_ (m))% B)*} > min{(n_(men))®, (n_(n))% 6} andalso
min{(f_(m))* 0} < (_(m))” <82+1-28 =max{([_(m@n))* @ (n))’}
<max{({ (m@n)’ @ ()% B}
Case(ii):LetneM,m@®n¢M (orn¢M, m®&n eM ) = either m e Morm ¢ M
2

= (nM(m®n))2 = 02, (nM(n)) = §2

(or (nM(m®n))2 =52, (n (n))2 =0?)

= either (n_ (m))*> =82 or (n_(m))* = o>
Now, max{(n_ (m))*, B)*} > (n (m))*> o =min{(n_ (m&n))*, (n_ (n))"}
> min{(n,, (m&n))>, (n,, (n))* 0}
= max{(n,, (m))>, B)*} > min{(n,, (m&mn))*, (n, (n)* 0}

and following similar steps as the preceding steps, we obtain:

2

min{(ﬁ ) 0} < max{( m@n))z, (T_]M (n)) B}
Case(iii):Letn ¢ M, m®n ¢ M = eitherme Morm ¢ M

= (n,,(m@n))’ ==, (n)
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) 2

= either (n_ (m))* = 0% or (1, (m))* =57

Now, max{(n_ (m))%, $)*} > (n, (m))* > 0? =min{(n  (m&n))*, (n  (n))*}
> min{(n,, (m@n)), (n,, (n))* 0}

= max{(n, (m))%, )} = min{(n_ (m@n))* (n

and following similar steps as the preceding steps, we obtain:

B}

2

min{(A_ (m)* 0} <max{(A_(men)’ [ (1)
(2) In a similar fashion, we can show that:

max{(n, (m®n)© (n@w)), B} > min{(n (m))*, (n,, ()" 0} and

min{(A_((m&n)omew)))’, 0} <max{[@ (m))° @ m))" B}, vmn ecL.

Therefore, (1, , ﬁM) is a Pythagorean (3, 0)—fuzzy ideal of L.

Conversely, suppose (nM N M) is a Pythagorean (3, 0)—fuzzy ideal of L.

We claim that M is ideal of M; in other words:
i men,neM=meM;

(i) mneM= (m@&n)omew)) eM.

Now, we show the second axiom and similarly it becomes simple to prove axiom (i):
Letm,neM= (nM (m))2 = (nM (n))2 =52

(n,(me&n)o (TL@W))2 > min{(n (m))z, (n,, (n))z} = min{5?, 5%} = 82

= (nM(m®n) ©) (n@w))2 > 5% but (nM(m®n) ©) (n@w))2 < 82, by the hypothesis

= (nM(m®n) ® (n@w))2 =8 = (men)omew)eM, Vm,n,w € L.

(n,, ()%} = min{8? +1-25, 8% +1 28} = 8% +1 — 25

= (nM(m@)n)@(n@w))z > 6% +1—25and

by definition (nM(m®n) ©) (n@w))2 <82+1-25

= (menomnhew)’=2+1-26= (men)omew) eM

Similarly, it is simple to show that m®n eM,neM = m e M.

Therefore, M is ideal of L.
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Conclusion and Future Works

This section gives a summary of the main ideas and findings of our dissertation. It also suggests
possible future research directions that can extend and improve the concepts discussed, focusing on

algebraic structures under uncertainty and their practical applications.

I. Conclusion

This dissertation attempts to explore comprehensive study of the advanced structures in algebra,
particularly focusing on BCL—-algebras and Pythagorean fuzzy set, through the integration of hyper—
structures, fuzzy subsets and Pythagorean fuzzy sets. The main purpose of this research has been
to extend classical logical algebraic structures by incorporating new mathematical concepts to better

model uncertainty, non—determinism and hesitation.

The research began by revisiting the foundational structures of algebra, especially BCL—-algebras,
which are logical algebras characterized by implication like operations. These algebras serve as an
excellent framework for analyzing logical statements, deductive reasoning and structure preserving
transformations. Although the classical theory of BCL-algebra is well-developed by Y. Liu in 2011
[42], the limitations of binary operations and crisp set membership in dealing with complex or vague
situations are significant. To address this, three major generalizations were explored and combined
which are hyper structures, fuzzy subsets and Pythagorean fuzzy sets. The foundational concepts,
hyper structures, fuzzy subsets and Pythagorean fuzzy sets were originally introduced by F. Marty
in 1934 [49], L. A. Zadeh in 1965 [81] and R. Yager in 2013 [78], respectively. Each of these
frameworks offers additional flexibility and expressiveness in dealing with uncertainty and ambigu-

ity within algebraic systems.

The first major advancement involved the introduction and formal development of Hyper BCL—
algebras. These are generalizations of classical BCL-algebras where binary operations are replaced
by hyper operations which are set—valued mappings that reflect the possibility of multiple outcomes
rather than a single one. In this setting, beginning with introducing hyper BCL-algebra starting by
defining the concepts of (weak, strong) hyper subalgebras, (weak, strong) hyper deductive systems

and (weak, strong) hyper ideals were rigorously defined and studied. The properties of these struc-
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tures were analyzed in detail, including how they relate to their classical counterparts and how they

behave under basic algebraic operations.

After establishing hyper BCL—-algebra and its hyper substructures, the research moved into the realm
of fuzzy logic. Fuzzy set theory, introduced and developed by Zadeh in 1965 [81, 82] allows ele-
ments to belong to sets with varying degrees of membership, providing a better framework for han-
dling uncertainty than classical (crisp) sets. Building upon the hyper BCL-algebra framework , the
dissertation introduced fuzzy (weak, strong) hyper substructures such as fuzzy (weak, strong) hyper
subalgebras, fuzzy (weak, strong) hyper deductive systems and fuzzy (weak, strong) hyper ide-
als. These are sophisticated constructs that allow for a graded understanding of logical implications
within systems that already accommodate multiple outcomes. Several characterizations, lemmas and
theorems were proven to provide structural insights and support deeper classification of these fuzzy

hyper constructions.

However, even fuzzy subsets have limitations because they rely on a single membership function,
this shortcoming was addressed by moving to Pythagorean fuzzy sets, a significant innovation in
this work. Pythagorean fuzzy sets, as introduced and developed by R. Yager (2013) [78, 79], allow
each element to be assigned two independent degrees which are the pair of membership and non—
membership mappings, with the condition that the square sum of these two values does not exceed
one, symbolical expressed as 0 < ((m))? + (t(m))? < 1, for each element of the set under discus-
sion. This condition offers a more flexible and realistic model of hesitation or indeterminacy, which
is often present in practical decision—making and reasoning processes. Thus, the Pythagorean fuzzy

setting captures more types of uncertainty compared to ordinary fuzzy or intuitionistic fuzzy subsets.

Pythagorean fuzzy substructures of BCL—algebras are systematically developed including Pythagorean
fuzzy subalgebra , Pythagorean fuzzy deductive system and Pythagorean fuzzy ideal. In each case,
these structures were rigorously defined, their necessary and sufficient conditions were derived and
their properties were studied. Various theorems and propositions helped to understand how these

structures relate to each other and to their classical or fuzzy analogues.

The Pythagorean fuzzy extension to Pythagorean fuzzy LiuP—algebras (LBAs.) is a particularly
novel contribution of the dissertation. Pythagorean fuzzy LiuB-algebras are relatively new alge-
braic structures that combine features of BCL—-algebras and semi—groups. This dissertation is one
of the first works to rigorously define and analyze fuzzy and Pythagorean fuzzy substructures within
this new Pythagorean fuzzy LiuP—algebras context. Definitions and properties were provided for
Pythagorean fuzzy LiuP—subalgebras, Pythagorean fuzzy deductive systems and Pythagorean fuzzy
ideals. A strong emphasis was placed on analyzing how these structures behave under algebraic
operations, such as intersection, union and implication—like operations defined in Pythagorean fuzzy

LiuB-algebras.
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The final chapter of the dissertation introduces and investigates more fundamental constructions and
advanced relationships between the developed structures. One such concept is the homomorphism
of Pythagorean fuzzy deductive systems, which involves studying how structure-preserving maps
(homomorphisms) affect the behavior of fuzzy and Pythagorean fuzzy substructures. This analysis
includes results on homomorphic images and pre—images, which are essential in understanding how

algebraic properties are maintained under mappings between different algebras.

In addition, the level set representation of Pythagorean fuzzy structures was developed. This in-
volves slicing the fuzzy structure at a specific degree of membership or non—membership to obtain
classical substructures. These level sets bridge the gap between fuzzy logic and classical algebra,

offering a visual and analytical tool for converting uncertain data into more manageable crisp subsets.

Another important contribution is the study of Cartesian products of fuzzy subalgebras whose con-
struction is used to combine two or more fuzzy structures to analyze their joint behavior. The in-
teraction between the components of the Cartesian product was analyzed and results were presented

showing how membership values propagate in the combined system.

The dissertation also introduced and studied a specialized type of fuzzy ideal called the (3, 0)-
Pythagorean fuzzy ideal defined using refined conditions involving thresholds (3, ©). These ideals
provide sharper classification dissertation and enable finer control over the uncertainty sense, espe-

cially in practical settings where certain bounds must be respected.

Along sides of introducing all these new ideas, this dissertation also explains important related con-
cepts such as the complement of fuzzy subsets, the square deviation in fuzzy comparisons and special
functions like the accuracy function, score function and the degree of indeterminacy. These concepts

are discussed in detail under the appropriate sections and subsections of the dissertation.

The results presented in this dissertation are supported by numerous examples, counterexamples and
diagrams, which illustrate the definitions and make the abstract concepts more accessible. Where
applicable, comparative studies between fuzzy, hyper and Pythagorean fuzzy substructures were

conducted to highlight the strengths and weaknesses of each approach.

This dissertation successfully integrates hyper operations, fuzzy subsets and Pythagorean fuzzy sets
into the existing theory of BCL-algebra and newly introduced Pythagorean fuzzy sets. It introduces
new algebraic structures, proves important theoretical results and develops a robust foundation for

future research.
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I1. Future Works

This dissertation has presented some new directions for further studies, especially in the area of al-
gebraic structures under uncertainty. One of the important future works is to develop the theory of
Pythagorean fuzzy hyper structures of Hyper BCL-algebra and hyper LiuP—algebra. Since we have
already seen the usefulness of hyper structures in BCL-algebras, it would be natural and interesting
to define and study hyper subalgebras, hyper deductive systems and hyper ideals in Pythagorean
Juzzy set. This would help us to model systems where the operation may have multiple possible

outcomes, which is common in uncertain or multi—agent environments.

In addition, future studies may focus on bipolar fuzzy subsets applied to both BCL-algebras and
Pythagorean fuzzy set. Bipolar fuzzy subsets use both positive and negative membership functions,
which are useful to represent situations involving both satisfaction and dissatisfaction. This can ex-
pand our understanding of decision-making models and logical frameworks where both acceptance
and rejection play a role.

Another important direction is to develop interval-valued fuzzy structures in BCL-algebra and
Liu®-algebra. These allow each element to be associated not with a single number, but with an
interval that shows the range of possible membership values.

Moreover, studying fuzzy congruence relations on these algebras can give us better classification
and decomposition dissertation. Along with this, building topological fuzzy structures could help to
connect fuzzy algebra with topology, which is useful in logic, analysis and computer science.

More advanced mathematical dissertation such as category theory, graph theory and soft and fuzzy
soft set theory could be used to explore the relationships between all these algebraic structures.

Finally, the potential applications of fuzzy hyper BCL-algebras such as Decision-making and
knowledge representation, Artificial intelligence and soft computing, Knowledge and database sys-
tems, Control systems and decision logic, Algebraic logic and computer science, Information fusion
and pattern recognition, and the real life application of the Pythagoreran fuzzy BCL-algebra
and LiuP-algebra such as Medical diagnosis systems, Multi-agent and expert systems, Robotics
and autonomous systems, Image processing and pattern recognition, Economics and social systems,

Cybersecurity and risk analysis could be adressed as critically as possible.

These future directions will continue to build on the strong foundation developed in this dissertation

and help researchers in Mathematics contribute more to global knowledge in algebra and fuzzy logic.
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