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Abstract

The concept of partial order set, lattice, distributive lattice, almost distributive lattice,
implicative algebra, and lattice implicative algebra are introduced by different authors.

In this project work our aim is to introduce implicative almost distributive lattices as a
generalization of implicative algebras in the class of almost distributive lattices.

The main objective of this project is to understand the concept of implicative almost

distributive lattice.
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Chapter One
1. Introduction and Preliminaries

1.0 Introduction

In chapter one of this project our aim is to understand the concept of partial ordering set,
lattice, distributive lattice, almost distributive lattice, lattice implication algebra and
implicative algebra. In chapter two of this project our aim is to understand the concept of
implicative almost distributive lattice, prove theorems and lemmas of implicative almost

distributive lattice and fill gaps.

1.1 Review Literature

The concept of general lattice theory was introduced by Gratzer, G. [3] in 1978.To establish an
alternative logic for knowledge representation and reasoning, Xu [8] proposed a logical
algebra-lattice implication algebra in 1993 by combining algebraic lattice and implication
algebra. Lattice implication algebra is an important non-classical logical algebra, it has been
studied by researchers. Lattice-valued logic is an important form of many-valued logic which
extends the field of truth-values to lattices. More importantly, lattice-valued logic can represent
the uncertainty, especially the incomparable property of people’s thinking, judging and
decision. In lattice implication algebra, the lattice is defined to describe uncertainties,
especially for the incomparability and the implication is designed to describe the ways of
human’s reasoning. Xu et al. [7] have established the lattice valued propositional logic Lp(X)
and lattice valued first ordered logic Lf(X) and the gradual lattice valued propositional logic
Lvpl and the gradual lattice valued first order logic Lvfl [9] by taking lattice implication algebra
as a truth value field. V. Kulluru and Berhanu Bekele [4] introduced the concept of implicative
algebras and obtained certain properties. Further they proved that implicative algebra is
equipped with a structure of a bounded lattice and proved that it is a lattice implication algebra.
The concept of an almost distributive lattice (ADL) was introduced in 1981 by U.M. Swamy
and G.C. Rao [6] as a common abstraction to most of the existing ring theoretic and lattice
theoretic generalization of Boolean algebra. [1] B.A. Alaba, M. Alamneh, and T. Mekonnen,
introduced the concept of implicative almost distributive lattice (IADLS) as generalization of
implicative algebra in the class of ADLs. They proved some properties and equivalent

conditions in an implicative almost distributive lattice.



1.2 Preliminaries

First, we recall certain definition and properties of lattice, distributive lattice, almost
distributive lattice, lattice implication algebra and implicative algebra that are required in the

next chapter.

1.2.1. Lattices, Distributive Lattices and Almost Distributive Lattices

In this section first we recall some concepts of partial ordering set, lattice, distributive lattice
and almost distributive lattice that will be useful for our work.
Definition 1.2.1.1.[3]: A binary relation “ < on a non-empty set L is called partial ordering

relation if it satisfies the following properties, for any x, y, z €L.

L) X S X i (reflexive)
2) X<yandy <XImplieS X = ¥...oeeviirririiirininiarenineenennns. (anti-symmetric)
3) x<yandy<zimplieS X <Z .....oovviiiiiniiiiiiiiiiienn, (transitive)

A set equipped with this relation (L, <) is called partially order set or poset.

Example:1.2.1.2. Let S be a non-empty set. Then (P(S), € ), where P(S) is the power set of
S is a Poset.

Definition 1.2.1.3.[2, 5]: A poset (L, <) is a lattice if sup {x, y} and inf {x, y} exist in L for all
X,y €L.

Example:1.2.1.4: The set of all natural numbers N = {1, 2 . . .} with the usual order of < is a
poset. By defining sup {x, y} as a bigger of the two elements and inf {x, y} as the smaller of
the two elements of N it follows a lattice.

Now we recall an equivalent definition of Lattice.

Definition 1.2.1.5.[3]: An algebra (L, v, A) of type (2,2) is called a lattice if forall X,y,z € L

it satisfies the following properties.

1) XVY=YyVXaNdXAYSYAX coiiiiiiiiiiiiiiiiieiennns [Commutative law]
2) xvV(yvz)=(xvy)vzandxA(YAZ)=(XAY)Az....... [Associative law]
3) XVIXAY)=XaNd XA (XVY)=Xeeeiiiiiiiiiiiaiaenannn. [Absorption law]

4) XVXZXANA XA X=X ertiniiniitiieiaiaiaieneaiieenennenans [Idempotent law]

Note: a) V and A read as “join” and “meet” respectively and both are binary operations.
b) In (2,2), 2 represent binary operations
c) For x,y eL,xvy=sup{x, y}andx Ay =inf{x, y}

d) If (L, v, A) is a lattice then the element O of L is called zero element or least element of L,



i.e. 0 Ax=0forall x € Land an element 1 of L is called one element or top element of L,

ie.xvl=1forall x € L. If L has 0 and 1 then L is called bounded lattice.

Note that, from the lattice (L, <) of Definition 1.2.1.1 (as a poset) we can obtain (L, A, V) by
defining x Ay =glb {x, y}and x vy = lub {X, y} (as an algebra).
In other words, in lattice (L, A, V), by defining x <y if and only if x A y = x or equivalently x
Vy=y,we have (L, <) is a lattice.
Theorem 1.2.1.6.[5]: In any lattice (L, A, V) the following are equivalent:

1) XA(YVZ)=(XAY)V(XAZ)

2) XVY)AZ=(XAZ)V(YA2Z)

3) XV(YAZ)=(XVY)A(XV2Z)

4) XAy)vVz=(XxVvz)A(yVvz),forallx,y,zelL.
Definition 1.2.1.7.[5]: A lattice (L, A, V) that satisfies one and hence all of the identities in
Theorem 1.2.1.4 is called distributive lattice.
Definition 1.2.1.8.[5, 6]: An algebra (L, v, A, 0) of type (2,2,0) is called an almost distributive
lattice (ADL) with O if it satisfies the following axioms:

1) XVY)AzZ=(XAZ)V(YA2Z)

2) XA(YVZ)=(XAY)V(XA2Z)

3) Xvy)Aay=y

4) (XVY)AX=X

5 XV(XAyY)=X

6) 0Ax=0,forall x,y,z eL.
Examplel.2.1.9. Every distributive lattice (L, v, A) is ADL.
Definition 1.2.1.10.[6]: Let L be a non empty set. Fix xo € L. Forany X,y € L, definex vy =
X, X AY =Yy IifX#Xo; Xo Ay =Xoand xo Vy =Y. Then (L, V, A, Xo) is called a discrete ADL
with Xp as its 0.
If (L, v, A, 0)isan ADL, for any X, y € L, define x <y if and only if x = x Ay or equivalently
X V'y =y, then < 1is a partial ordering on L.
Theorem 1.2.1.11.[6]: Let L be an ADL such that x, y, z € L. Then the following conditions
hold.

1) XVYy=X&©XAy=Yy

2) XVYy=y & XAYy=X

3) XAy=yAx=xwhenever x <y

4) Ais associative



5 XAYAZ=YAXAZ
6) XVY)Az=(YVX)AZ
7) XAy<yandx<xVy
8) Ifx<zandy<z,thenx Ay=yAxandxVy=yVXx
Theorem 1.2.1.12.[6]: In an ADL L, the following are equivalent.
1) L isadistributive lattice
2) The poset (L, <) is directed above
3) xvy=yvxforallx,yeL
4) xAy=yAxforallx,yeL
5 (XAy)vz=(xvz)Aa(yvz)forallx,y,zeL
6) 0={(x,y) €L xL:yAXx=x}Iisanti symmetric
Definition 1.2.1.13: Inan ADL L, (L, <) be aposet, S € L and a € L. Then
1) ais called a lower bound of S ifa <x for all x € S.
2) ais an upper bound of S if x <a forall x € S.
3) ais called the greatest lower bound or infimum of S if a is a lower bound of S and for
any lower bound b of S, we have b < a. In this case we write a = glb of Sora = inf S.
4) ais called the least upper bound or supremum of S if a is an upper bound of S and for
any upper bound b of S, we have a <b. In this case we write a=lub of Sora=sup S.
Definition 1.2.1.14.[6]: An element m of an ADL L is called maximal if for any x € L,

m < x implies m = x.

1.2.2. Lattice Implicative Algebra and Implicative Algebra

In this section we define lattice implicative algebra and implicative algebra.
Definition 1.2.2.1.[8]: A bounded lattice (L, V, A, 0, 1) with an order reversing involution
"> and binary operation " — " is called a lattice implication algebra if for any x,y, z € L, it
satisfying the following axioms.

1) x> (y—2)=y— (x—2)

2) x—>x=1

3) xo>y=y —x

4) x >y=y—ox=1=>x=y

5) x—y)—y=(y—x)—x

6) (XVy) = z=(x—2 A —2)



) XAy)—z=(x—>2)V(y—2)
Definition 1.2.2.2.[4]: An algebra (L, —, ', 0,1) of type (2,1,0,0) is called implicative algebra
if it satisfies the following conditions.
1) x—(y—2)=y—(x—2)
2) 1->x=x
3) x—>1=1
4) x—>y=y —Xx
5) x—y)—oy=(y—x)—x
6) 0'=1forx,y,z€L.
Definition 1.2.2.3.[4]: A relation < on an implicative algebra is defined as follows:
x<yex—y=1,forallx,y€L.
Lemma 1.2.2.4.[4]: In an implication algebra L, the following hold: for all x,y, z € L,
1) x—>x=1
2) 1'=0
3) 0->x=1
4) x o>y=l=y—-ox&X=Yy
5 x—>y=landy—z=1,thenx > z=1
6) x<yeo©z—ox<zoyandy—z<x—>z
N (x—y)—2y)2y=x—y
8 (x—y)—[y—2)—>x—2]=1
9) (X)=x
10) x'=x—0,allx,y, z € L.
We define two binary operations v and A on an implicative algebra L respectively as follows.
XVy=x—-y)=>y=({y—X)—x
XAy=[x—y)—XxT=[(y—x)—y] forallx,y € L.
Theorem 1.2.2.5.[4]: In an implicative algebra L, the following conditions hold:
1) XAy<x,y<xVy
2) x<y,x<zimpliesx<yAz
3) y<x,z<ximplies (y Vz) <x
4) (XVy)—z<x—zand(xVy)—>z<y—>z
5 x> z<(xAy)—ozandy > z<(XAy)—>z
6) (XVy)—z=(x—2)A(y —2)
) (XAY) > z=(x—2)V(y—72)



8) x> (YAZ)=x—-y)A(X—2)
9 x> Vy)=Ex—-y)VE-—2),
Theorem 1.2.2.6.[4]: Let (L, —, ', 0, 1) be an implicative algebra. Then (L, V, A, —, ', 0, 1) is

a lattice implicative algebra.



Chapter Two

2. Implicative Almost Distributive Lattices

In this chapter we introduce the concepts of implicative almost distributive lattices (IADLS) as
a generalization of implicative algebras in the class of ADLs and develop related theory of
IADLs. In this section, we define implicative almost distributive lattice and study some
properties and equivalent conditions of implicative almost distributive lattices.
Definition 2.1.[1]: Let (L, Vv, A, 0, m) be an ADL with 0 and maximal element m. Then an
algebra (L, v, A, —, ', 0, m) of type (2, 2, 2, 1, 0, 0) is called implicative almost distributive
lattice if it satisfies the following conditions:

1) xVy=(x—y)—y

2) xAy=[x—y)—x]’

3) x> (y—2)=y—>(x—2)

4) m—ox=x

5 x >m=m

6) x—oy=y —x

7) 0'=m, forallx,y, z€ L.
Here after the symbol L stands for an IADL (L, V, A, —, ', 0, m) unless otherwise specified.
Example 2.2. Let L be a discrete ADL with zero and at least two elements. Fix m (# 0) € L
to be maximal element and define the binary operation — on L as follows, for any x, y € L,

and "unary operation on L.

0,ifx+#0,y=0
x->y=3 vy, ifx=m
m, otherwise

To show it satisfies IADL we will follow the following:

case L')x#0andy=0,then(x > y) > y=(x—>0)—>0=0—-0=m.
Case2:x=mandy#0,then(x »>y) > y=(M—>y)—>y=y—->y=m.
Case3: x#mandy #0,then(x > y) > y=m—-oy=y.

Thus, we can show the remaining properties by using these three cases. This means that it

satisfies all properties or conditions to be implicative almost distributive lattice.

Then the structure (L, v, A,—, 0, m) is an implicative almost distributive lattice and is called
discrete IADL.



Example 2.3. Let L = {0, x, y, z, m} be a set. Define partial ordered relationon L as 0 < x <
y <z <mand also define x Ay =min {x, y}, x Vy =max {x, y} for all x, y, z € L. Define the
unary operation ' and the binary operation — on L as follows:

a a - X |y Z |m
0 m Olm | m|m |m|m
X 7 X |z mim |m|m
y y y |y Z|m |m|m

X Z | X y |z m | m
m |0 m |0 y |z |m
Table 1 Table 2

Proof: From table 1 we observe that: (x)’ = x for all x in L.
From table 2 for all x, y, z in L we observe that:

i. Xx—y=mifandonly ifx<y

ii. x—-oy=mifandonlyify — x'=m.

iii. m — x =X, which is found in the last row

iv. X — m=m, which is found in the last column.

Now take x,y, z € L withx <y < z. Then
1) xvy=max{x,y}=yand (X —>y)—>y=m-oy=y
Itimpliesthatx vy =(x —>y)—yforallx,y € L.
2) XAy=min{x,y}=xand[X > Yy)—>X]T=(M->X)=(M->2)=(2)=x1t
impliesthat x Ay =[(x — y) — x]' forall X,y € L.
3) X>(y—2z)=x—>m=mandy >(X—2)=y—>m=m.
Itimpliesthat x —» (y > z)=y —> (x > z) forall x,y, z € L.

4) m—x=xforallx € L.
5 x—m=mforall x € L.

6) Xx—>y=mandy — x'=mitimpliesthatx —y =y’ — x'forall x, y € L.
7)  0'=m.

Therefor (L, v, A, —, ', 0, m) is an implicative almost distributive lattice.



Lemma 2.4: Let L be an IADL. Then for any X, y € L, the following conditions hold.

1)
2)
3)
4)
5)
6)

[(x = y)—=ylAm=[(y = x)—=>x]AM
[(x—=y) =X ] Am=[(y—>x)—>y)]Am
X—=>X=m

m =0

(x")" = x (is called involution)

X=x—>0

Proof. Let x, y € L. Using definition of IADL, we verify the following:

1)

2)

3)

4)
5)

(x—=y)=yAm=xXVYy)Am=(yVX)Am=((y — x) — x) A m (by Theorem
1.2.1.12)
(x—=y)=xX)YAm=XXAY)Am=(YAX) Am=((y — x)—y') Am (by Theorem
1.2.1.12)

X — X =(m — x) —» x=m V X = m (by Definition 2.1)

m=m-—-m’'=0 —m' =m — 0=0 (by Definition 2.1)

X) =m->x) =0 - () =x - 0=x"—>m' =m — x=x (by Definition 2.1)

)X =m—ox' =0 -»x' =x—0.

The following theorem refers to direct product of implicative almost distributive lattices and

its proof is direct consequence of definition of IADL.
Theorem 2.5: Let L and H be two IADLs. Then M = L x H is an IADL with point wise

operation.

Proof. Let L and H be two IADLs with maximal element m and m= respectively.
LetM =L x H.
Claim: M is an IADL.

Define point wise operation as follows: for all (a, b), (c, d) € M,

(a,b) > (c,d)=(a—c,b—d), (a,b)v(c,d)=(avec,bvd)

(@ b)A(c,dy=(aAnc,bAad),(ab) =(,b).

Now for all (a, b), (c, d), (e, f) € M, using these definitions and definition of IADL we get,
1) ((a,b)v(c,d)=(avec,bvd)=(a—c)—c,(b—d) —d)=(ab)— (c,d)—(cd)
2) (@b)a(cd)=(arc,bad)=([(a—c)—aT,[(b—d)—bT])

=[(@a—¢)—a,(b—>d)—b]=[@@a—cb—d— @b

=[((a,b) = (¢, d)) — (@, b)]' =[((a,b) = (¢, d)) = (a, b)T
3) (@, b)—((c,d)— (e, ) =(a,b)—>((c—e)(d—-H)=(@a—>(c—e),b—(d—1)

=((c—=(@—e)d—(b—1D)=(c,d)—((a b) = (e1)

9



4) (m, m*) — (a, b) =(a, b)
5) (a, b) > (m, m*) = (M, mx)
6) (a,b)—>(c,d)=(a—c,b—>d)=(c'—a’,d —b)=(c,d)—(a,b)=(c,d)— (a,b)
7) (0,0%) =(m, m*).

Therefore, M is an IADL.
Example 2.6. Every implicative algebra (L, —, ', 0, 1) is an IADL.
In the following example, we give a method of constructing IADL which is neither implicative
algebra nor discrete IADL.
Example 2.7. Let L be an implicative algebra and D be discrete IADL with 0 and at least two
elements. Then M = L x D is an IADL with respect to point wise operation. But M is not
implicative algebra since D is not. Also, M is not discrete IADL since L is not.

> M =1L x D is IADL with respect to point wise operation because it respects the
distributive lattice structure and implicative algebra operations. M inherits distributive
lattice structure from D and L. Hence M is lattice with distributive property.

» M is not implicative algebra because D does not satisfy the necessary implicative
algebra property. It fails to satisfy the implication properties needed for M to be
implicative algebra. If D does not have required implicative algebra properties M
cannot inherit them from D.

» Mis not discrete IADL because L does not have the discrete structure required for such
a lattice. Particularly every element should be comparable (totally ordered). This failure
implies that M inherits this lack of discrete ness from L.

Now we define the following ideas in IADL L:

a) The relation < on L is defined as, for any x,y € L, x <y if and only if x —» y =m.

b) The maximal element m of L is defined as if m < x for any x € L, then m = x.

c) The principal ideal generated by the maximal element m of L is denoted by (m] and defined

as(m]={mAXx:x€eL}.

Now we have the following remark.
1) Foranyx,yEL,XAy=x x<y.
2) The relation < on L is a partial ordering and hence (L, <) is a poset.
Proof Letx,y,z € L.

1) Letx,y€L.AssumeXAy=x.Thenx —»y=(x Ay)— y=m. Therefore, x <y.

10



Conversely, assume x <y i.e.,, X »y=m, then (X Ay) » x=m impliesx Ay <x and x — (X
AY)=X>X)AX>Y)=m—>X—>Yy)=X—>y=mimpliesx <x AYy. Thus X Ay = x (by
using Definition 2.1 and properties in ADL).
2) We prove the relation < on L is a partial ordering relation.
a) x — x=m implies x <X. (by (3) of Lemma 2.4 and Definition (a) above).

Therefore, < is reflexive.
b) Assumex<yandy<x.Thenx »>y=mandy —» x=m
Claim: x =vy.
Sincex<y&© XAY=X=(XVY)AX=YAX(OrXxVvy=y=yVX),
wehavex=m —->x=(y 2 X) 2 X=yVX=XVy=X—=y)—=y=m-—oy=y.
Therefore, < is anti-symmetric.
c) Assume x <y and y <z. Then x —» y=m and y — z = m (by using definition (a) above).
Now by using definition of IADL we get,
X—>z=x—>M—>2z)=x—>(y—2)—>2)=x—(yVz)=x— (zVY) [Since y < z implies
yvz=z=zvyl=x—(z—y)—=y)=z—-y) > Ex—-y)=—y—>m=m
This implies x < z. Therefore, < is transitive.

Thus < is a partial ordering on L (by (a), (b) and (c)). Hence, (L, <) is a poset.

The following theorem is used to prove useful results in IADL. Now we have some results
obtained in IADL.
Theorem 2.8: Let m be a maximal element of L. Then the following conditions hold:
1) 0>x=m
2) xvm=mforallxeL
3) xAm=xforallxelL
4) (m]=L
5 XAy<x—oy
6) y<x—vy
7) XAz<yimpliesz<x —y
8) x<yifandonlyifz—>x<z—yandy »z<x—>z
9) (x—y)—2y)—>y=x—y
10)x - y<(y —2) = (x — 2)
1) (x —>2) = (x> y)=(z— %) = (z—Y)
12)(xVy) =x"AY
1 (XAY) =x'"VY

11



14)x<y,x<zimpliesx <y Az
15)y <x,z<x implies (y V z) <X
16)(xVy)—z<x—zand (xVy) > z<y—>z
1) x > z<(xAy)—zandy —>z<(XAy) >z
18) (X Vy) = z=(x = 2) A(y = 2)
19) (X Ay) = z=(x > 2) V (y = 2)
200x > (yA2)=x—y)A(X—>2)
2)x > (yVz)=(x—>y)V(x—2z),forallx,y,z€ L.
Proof. Let m be maximal elements of L and for any x € L. Then by Definition 2.1 and Lemma
2.4 we have,
1) 0>x=x'>0=X >m=m.
2) m=m—om=(X—>m)—>m=xVm
3) XAm=(x—>m)—x)=(m-—-x')=(X)=x
4) Letx € (m]. Then by definition of principal ideal generated by m we getm A x = x €L.
THerefore, (M] S Lo (1).
Conversely, x € (m] ={x=m A x: x € L} we get x € L and m is maximal element of L implies
X=mAXE (M]. Therefore, L © (M]....ccooiiiiiiiiiiie e (2
Hence, from (1) and (2) we have L = (m].
5) XAY)Sx—=y=FAY) > E—=y)=x=>(xAy) =y =x—>([x—=y)=>Xx)] —Yy)
FX2 (Y 2 X2y 2X)=X 2 X2y 2 2 X) =X X2y > (X —2Y)
=x — m =m (by Definition 2.1), we have X Ay <x —y.
6) y<x—>y=y— (X—y)=x—(y—Yy)(using 3 of Definition 2.1)
=X — m=m. Therefore, y <x —y.
7) XA z<yimplies z<x — Y. Assume X A z <y. Then by using Definition 2.1 and (2), we
get(xAz) > y=[x—>2z)—>x] —>y=m
2>y ->(x—z)—>x')=m
>x—z)—>Fy —x')=m
>xXx—2z)—>xX—y)=m
Therefore, x - z<x —y. Thus,z<x —>z<x —>Yy.
Hence, X Az<y impliesz<x —y.
8) x<yoz—x<z—oyandy—z<x—z
Assume x <y, then x —» y=m.

Now, consider (z = Xx) = (z—y) =X —2)— (Y — 2)
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=y = (X' —2)—7)
=y = (¥ > z)—>2z)Am)
=y = (Z > x)—>x)Am)
=y = ((Z = x)—X)
=@ = x) =y —X)
=x—=2 > Ex—y)=m
Hence, X Sy ImpliIeS Z — X < Z — Yoo (1)
Similarly, consider (y > z) > (x 2> z2)=x—> (y—>2) > 2)=x— ((y > 2) > z) Am)
x> (z—y) > )AM=(Z—y) > (x—>y)=(z—>y)—>m=m.
Hence, X Sy IMPHES Y — Z <X —> oot 2
(&) suppose z — x <z —y, then (z — x) — (z > y) =m.
NoW, X — Y =X — (M —y) =x — (z— X) = (z— y) = y)
=z X) = @Z—y) = K —Y)
=X —=z)=> @y —=2)=> Y —X)
=Yy = (X —=2z)=2) = (Y —X)
=y = (7 =x)=x) = (Y —=X)
=7 =>x)=> (' =x)= (' —X)
=(Z - x)>m=m.
Hence,z > X<z — yIMPHES X = Y. .o e, 3)
Considery - z<x — z,then(y - z) - (x—>2z)=m
Now, X > y=X—->(M—-y)=x—=((y—2) = x—2 —y)
=y—2->Ex—-2)>E—-y)
=x=((y—=2 -2 > Kx—=y)
=x=>((z—=y)—=y) = E—=Y)
=z=y) 22y 2 E—Y)
=(z—y)—m=m.
Hencey — z<X — zIMPlIES X = Y..iiriiiiiii e, 4)

Therefore, from (1), (2), (3) and (4), wehavex <y z—ox<z—yandy > z< x >z

9) (x—=y)—=y)—y=(F—Ex—y)—Ex—y)[since (x—y)—y)=(y —x)—Xx)]

=(x— (y —>y)) — (x —y) [by Definition 1.2.2.3(1)]
=(XxX—m)— x—y)(sincey >y=1)
=m — (x — y) [by Definition 2.1(5)].
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0)x—->y)<@y—2)>Ex—-2)=x—-y) = ((y—2) - (Xx—2)
=x—-y) > E—=>((y—2—2)
=x—y)— ((x— ((y = z) — z)) Am) (by Lemma 2.4)
=x—=2y) 2> Ex—=2(z—y)—Y)
=x—=2y) = (Zz—-y) 2> E—Y)
=z—=y) 2> ((x—y)>E—-y)=(z—y)>m=m.
Therefore, (x —» y) = ((y = z) - (X — z)) =m. Hence, (X = y) < (y — z) = (X — 2).
11)(x > z) > (x > y) =(z — x) — (z — y). By Theorem 2.8 and Lemma 2.4 we have,
x—2) > Ex—-y)=Z —-x)>y =)=y = (7 —x)—X)
=Y = (7 —»x)=>x)Am = Y > (X —2)—>2)=(X —2)—>( —2)
=(z—x)—(z—y).Hence, x =2) > (x—y)=(z—X)—>(z—Y).
12)(xVvy) =x'"AYy
Consider (x Vy) = X' Ay =(x = y) = y) = (Y = Xx) =y
=((x—=y) =y =y —=x)—>y)
=y = x)>y) = (x—>y)—y)
=((x—y)—y)— ((x —y) —y)=m(By Definition 2.1)
HENCE, (X VY ) S X A Y i (1)
Andalso, X A Y — (x VY) = ((x = y) = x") = (x = y) = y)
= (Y = x)>y) =2 (x—>y)—y)
=((x—=y)=y) = (= x)—>Y")
=(x=2Y) =2y =2 —=x)—y)
=(x—y)—y)— ((x > y) —y)=m(Using Definition 2.1)
THEN, X' A Y S (X VY ) ittt e (2)
Therefore, from (1) and (2), we have (X Vy) =X AY"
1) (XAY) =X VY
Consider (X AY) ' = X' VY =(((y = x) = ¥)) = (X' —=y)—Y)
=((Y—=x)—=Y) > (X —y)—Y)
=((Y—=x)—=yY)>(y—=x)—y)=m
HENCE, (X A Y) S X VY i Q)
And also, X' VY — (XAY) = (X = y) = y) = ((y = x) = ¥))
(X =y)=yY) > (y—=x)—Y)
(X =y)=y) > (X —y)—oy)=m
HENCE, X' VY S X A Y ) it (2).



Therefore, from (1) and (2), we have (X Ay)'=X'V Y.
14)x<y,x<zimpliesx <y Az
Assume x <y and x < z, then x — y =m and x — z = m respectively.
Thenx —> (yAZ)=x—[(y—2z) > YT
=[y—=2)—y]l—-X
=y =2 = y]—= (m—x)
=[y—=2)—y]—>(x—2) —X)
=@ —-y)=y]Am— (7 —-x)—>x)Am
=y —2) -z > (¥ - 2) - 2)
=X=2) > (¢ = 2) > 2]—>7)
=X —=2z)—> (' —2) Since([(y »2)—2]->2)=(y —72))
=Y = (X' —z) =) Am)
=Y = ((Z = x)—x))
=@ —=x) = —x)
=(x — z) = (x = y) =m (by using Lemma 2.4). Therefore, x <y A Z.
15) Assume y < x and z <x, then y — x = m and z — x = m respectively.
Then(yVvz) »x=((y—z) —z) > (m—Xx)
=((y—=2—2Am) — (m—x)
=(@—y) =y = (=) =)
=(@—y)—y) = (y = x) —x) AM)
=(z—=y)—=y) = (x—y)—Y)
=x=y) ==y =y =Y
—(x—=y) = (@z—y)
=z—=(x—=y)—Yy)
=z—=((y—=x) =X
=(y—x)—(z—x)=m. Hence,y Vz<x.
16) Consider (xVy) > z2)<(x—>2z)=(XVy) > 2z2) > (x> 2)
—(x=y)=y)—=2)>(x—2)
= (x = y) = y) Am) = (zam)) — (X — 2)
(=X =x)=2) > (x—2)
=z (Y= X) =X = Kx—2)
=x—=2) 2> —-x)>E—2)

==X = E—=2—Kx—2)
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=(y = Xx) > m=m(since (x > z) — (X > z) =m)
Similarly, we have (X Vy) »2)<(y = 2)=(xVYy) = z) = (y — 2)
=—(x=y)=y)—=2) =G —2)
=z (X—=y)—=y) = —2)
=y—=2->Ex=y)=—2
—xX=y) =2 Y—2)—= G —2)
=(X—y) - m=m.
Therefore, (X Vy) > z)<x —zand (x Vy) — z) <y — z hold.
17) Consider (x > z) > (X Ay) > 2)=(XAy) > (x > 2) > 2)
=(XAy) = (x—>2)—>2)Am)
=(XAy) = ((z—x) —X)
=(z—=x) = (xAy) —=x)
=(z—-x) > X > VY))
=z—-x) > K> (X —y)—y))
=z—=x) > (X —=y)—=>E —=Y))
=(z—=x)=>((y—=x)—=F—x)
=(z — x) —» m =m (by using Lemma 2.4).
Therefore, (x — z) - (X Ay) > z)=m. Hence,x - z< (X Ay) — z.
Similarly, we have (y - z) > (x Ay) = 2)=(xXAy) = ((y — 2) —2)
=(XAy) = ((y = 2) —z) Am)
=(XAy) = ((z—y) —>y)
=(z—y)— (xAy)—>y)
=(z—=y) = = xAY))
=z—=y) = > X VY))
=z—=y) = = ' VX))
=z—=y) = ¢ = —x) —=x)
=@z—=y) = =x) = ¢ —x)
=(z — y) »m =m. (by using Lemma 2.4).
Therefore,y - z<(xAy) — z
18) From the above Theorem 1.2.2.5 (2) and Theorem 1.2.2.5 (4), we have
(XVY) 2 ZS (X Z) A (Y 7 Z) et 1)
And it remains to show that the other way (x > z) A(y—>2z)<(xXVy) >z

Now [(x = 2)A(y—2)] > xXVy)—z
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=[(x—>2) > (y—2) > =)= [(x—>y) —y) — 7]
=[(x—>y)>y) =z > [(x—>2) > (y—2) > (x> 2)]
=[x—=>2) > (-] > [(x—y)—y) =2 (x—2)]
=[x=2=>yY—-2] > [x—=2 > (x—=y)—y) —2)]
=ly=>((x=>2) =] > [(x—=y)—=y) = (x—2) - 2)]
=(x=>y)—=2y) 2 [y—=(x=>2) 22— (x—2) —2)]
=(x=2y)=y) = [(((xk—=2)—2)—>y)—y)
=(x=2)=2) =2y =>[(x=Yy)—=y) =Y
=(x—=2)—>2)>y)—>Ex—y)
>Xx > (x—2z)—>2)=x—>2z2) > xX—>2z)=m.
Hence (x—2)A(y—2) > (xVy)—z=1,then(x > 2)A(y—>2)<(xXVy) > z.. (2)
Therefore, from (1) and (2) we have (X Vy) > z=(x — z) A (y — 2).
19) Clearly from the above Theorem 1.2.2.5 (3) and Theorem 1.2.2.5 (5), we have
(X Z) V(Y Z) S XA YY) w2 Zuttitie e e e 1)
And it remains to show that the other way (x Ay) > z<(x — z) V (y — 2).
Now (XAy) —>z—> (X —2)V(y — 2)
=[(y—=x)>Y) =z > [((y—2) > x—2)—> (x—7]
=7 > (=)= Y=y —2) > (x—>2)—> (x> 2)]
=== EZ =YY=y —2)—>E—2)—>E—2)]
=== > (—2)—>E>2)—>Ex—2)]
=y—22)>E—-22) > [((y—>x)—> (Y —2)—> E—2)]
=x=>((y=22) =)= [((y=x) =Y —2)—>Ex—2)]
=x=>((Z=y) =y 2> (=% = —2) > E—2)]
=22y > E-2yY 2 —=2x) = —2) > E—2)]
==z (zoy) > E—Y) > (E—2)]
=y —=x>F—222Ex=2((z—y) 2y = E—2)
=y—=x>F—222Ex=>((y—2)—2) - E—2)]
=y—-x->F—22)-2 (-2 > E—22) > E—2)]
=y—>x)—>@y—2)—-[y—>2—>m]
=y—-x)=>F—z—om=m

Hence XAy) > z—> (x—2)V(y—z)=m,then (X Ay) > z—>(x—>2)V(y—2).. (2

Therefore, from (1) and (2), we have (X A y) > z=(x — z) V (y —2).

20) x > (yAz)=x— ((y = z) — y') (by Definition 2.1(2)).
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=((y = z) = y') — x' (by 6 Definition 2.1).
=((z - y) —y') — x' (by 6 Definition 2.1).
=(z'vy') — x' (by 1 of Definition 1.2.1.1)
=(y' v ') — x’ (commutativity of join)
=(y' — x') A (2 —x’') (by 6 Definition 1.2.2.1)
=x—=yAKX—2
21)x > (yVvz)=(yVvz) —x' (by 6 of Definition 2.1)
=(y'AZ)—X
=(y' > x') vV (z' — x') (by 7 of Definition1.2.2.1)
=(x —y) V (x — z) (by Definition 2.1).
Remark 2.9: By 8 of Theorem 2.8, x <y, implies y’ <x’' for any x, y € L. Such condition is
called order reversing.
Theorem 2.10. In L, the following conditions are equivalent for all x, y € L.
1) L isimplicative algebra
2) XAY<X,y<xVy
3) x Vy isthe least upper bound of {x, y}
4) X Ay is the greatest lower bound for {x, y}
Proof: Letx,y, z,teL.
(1) = (2). Assume L is implicative algebra.
Then (X Ay) = x=[(x > y) > x] = x=x—[(x > y) = x]=(x = y) = X —x)
=(x —y) — m=m. Therefore, x Ay < X.
Similarly, x Ay <y impliesx Ay > y=([(x > y) = X] -y =y —[(x —>Yy) —X]
=x—-y) > =x)=Ex—-y) > E—y)=m
Andx<xVy=x—->xVy)=x—=(XxX—y)2y=xXx—y) > x—y)=m
Therefore, x <x VY.
Similarly, yS(xVy)=y > xVy)=y > (x—>y) > y)=y > (x—>y) > y)Am)
=y — ((y = X) =X) = (y = X) = (y = X) = m. Therefore, y <x VY.
(2) = (3). Assume (2). From 2, we get x <x Vyandy <x VY. Thus X V y is an upper bound
of {x, y}. Let t be any other upper bound of {x, y}. Then x <t and y <t. By Theorem 2.8 and
our assumptions (X Vy) >t=(x—t)A(y —=>t)=mAm=m. Thus, x Vy <t. Hence, X Vy is

least upper bound of {x, y}
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(3) = (2). Since x V y is least upper bound of {x, y}, we have x, y <x Vyandthen X A (X Vy)
=X, YAXVY) =Y. NOWXAY=XA(YAXVY)=YAXAXVY)=YAX.
This implies A is commutative and hence by Theorem 1.2.1.10 L is distributive lattice so that
XAy <X,Yy.
(2) = (4). Assume (2). From 2, x Ay is lower bound of {Xx, y}. Let t be any other lower bound
of {x, y}. Thent — x =m and t — y = m. Now from conditions of Definition 2.1, Lemma 2.4,
and Theorem 2.8, it follows that
t=>XAY)=X VY )=t =X VY )o>m—-t)=X VY )= (t—y) >t
=X VY )= (Y - t) o) =X VY )= (= y) 2 y) =t —y) > (X' VY)—y)
=t =Y) 2 (X2 Y)=Y)=2Y) =t —-y) > (X = Y)= (X = = t) > t)
=Yy -t) > ot )=(toy) > (t—x)=m.
That is, t <x A'y. Hence, X Ay is the greatest lower bound of {x, y}.
(4) = (1). Assume 4 holds. From 4, it follows X Ay <xand x Ay <y.
1) x A x <x implies x < x. Therefore, < is reflexive.
2) Letx<yandy <x. Then x — y =y — x =m. We have x =y. Therefore, < is anti symmetric.
3) Let x <y and y <z Since A associative inLand X Ay=xandyAz=y.
We have, X Az=(XAY) AZ=XA (Y AZ) =X AY =X. Therefore, < is transitive.
Thus, (L, <) is a poset. And also, x Ay <x impliesx Ay = (X Ay) AX =Yy A X. By Theorem
1.2.1.13, L is distributive lattice. Hence, L is an implicative algebra.
Theorem 2.11: For any X, Y, z € L, the following are equivalent.
1) L isimplicative algebra
2) The poset (L, <) is directed above
3) (L, V, A)isadistributive lattice
4) VvV is commutative
5) A is commutative
6) V is right distributive over A
7) The relation 0: = {(x,y) € L X L: y A X =X} is anti symmetric.
Proof. Letx,y,z € L.
(1) = (2): Assume L is an implicative algebra. Then L is a lattice and for all x, y € L, there
exists 1 € L such that x < 1 and y < 1. This implies the poset (L, <) is directed above.
(2) = (3): Assume the poset (L, <) is directed above. For every pair X, yeL, there exists a least
upper bound x vy, and since L is lattice, there is also greatest lower bound x A y. For to be

distributive, we need to show that forall X,y,z € L. X A (Y vZ) = (X AY) v (X A Z). This implies
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(L, v, A) is a distributive lattice. (3) = (4), Assume (L, Vv, A) is a distributive lattice, in
distributive lattice both, both v (join) and A (meet) area commutative by definition. For any
elements X, ye L, we havex Vy =y V Xx.

(4) = (5) if v is commutative, then the lattice properties ensure that A is also commutative.
This follows directly from the duality between operations v and A.

(5) © (6) are clear from theorem 1.2.1.10. (6) < (7) Assume (6), the relation 6 defines a partial
order if it is anti symmetric, that is if x Ay = xand X Ay =y, then X = y. Hene 6 anti symmetric.
We finish the theorem by establishing (7) = (1): Assume (7) and suppose X,y € L. Then (X A
YIAN(YAX)=yAxand (y AX)A(XAY)=XAYso that the elements (X Ay, y A X), (Y A X, X
A'y) belongs to 0, and hence x Ay =y A X. Now, by theorem 2.10, we have (L, <) is a poset in
which, for any X, y € L, X Ay is greatest lower bound (glb) of x and y and x V y is the least
upper bound (lub) of x and y so that L is a lattice and hence a distributive lattice. This implies
(L, <) is directed above by (1). Hence, L is an implicative algebra.

The following is also a characterization of an IADL. If L is an ADL with O, then forany a € L,
the interval [0, a] is a bounded distributive lattice. Hence, we can extend many concepts
existing in the class of distributive lattices to the class of ADLs. The following theorem justifies
the definition of IADL given in Definition 2.1.
Theorem 2.12: Let L be an ADL with 0 and a maximal element m. Then the following are
equivalent.
1) LisIADL
2) [0, a] is implicative algebra foralla € L
3) [0, m] is implicative algebra.
Proof. Let L be an ADL with 0 and maximal element mand a € L.
(1) = (2). Assume that L isan IADL and a € L. We know that [0, a] is a bounded
distributive lattice.
Now, define a binary operation — 2on [0, a] by x —> 2y =(x —> y) Aaforany X,y € [0, a].
Supposec=dand e =f, thenc > ?e=(c >e)Aa=(d—->f)Aa=d—>?3fforallc,d, e fe
[0, a]. Thus — ?on [0, a] is well defined. Let x, y, z € [0, a]:
1) Sincex=xAa,andy A a=y, we have,
x> (y—-%2)=x—>(y—"2]Aa
=x—>((y—2z)ANa]Aa
x> (y—2)]Aa

=ly=kx—2]Aa
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=ly—>((x—2Aa)]Aa
=ly—>x—"2)]Aa
=y—°*(x—"2).
2) a—¥x=(a—>x)Aa=XAa=X.
3) x>%=(x—a)Aa=aNAa=a
4) x>ly=x—-oy)Aa=(y —»x')Aa=y - X
5) x—=y)>fy=(x—"y)—yAra=[(x—>y)Aa)—oy]Aa=[x—y)—>y]Aa
=[y—x)—x]Aa=(y—"x) "X
6) 0=0—-2%0=(0—>0)Aa=aAa=a.
Therefore, [0, a] is an implicative algebra for all a € L.
(2) = (3). Assume [0, a] is implicative algebra, since a = m is an element of L, and we are
given that [0, a] is implicative for all a € L, it follows trivially that [0, m] is implicative. The
condition applies to all a € L, and m is specific element in L. Therefore [0, m] is implicative.
(3) = (1). Assume that [0, m] is an implicative algebra in which the binary operation (—) is
denoted by —» ™. Definex > y=xAm—>"yAmforanyx,y € L. Letx,y,z€L,
1) xVy=xAm->"yAmAm—->"yAm=x—>oy)—oy.
2) XAY=[XAm—>"yAmMAm->"XAm]=[x—y)—xT.
) x>F—z2=xAm->"YAm->"zZAMAM=XAm—->"(YAm—"ZAm)
=y Am—->"XAm->"zAM=yAm->"XAm—->"zZAMAM=y > (X — z).
4) xo>y=xAm->"yAm=(yAm) ->"(xAm))=y —x
5  m—>x=mAm—>"XAm=Xx.
6) x > m=xAm—>"mMAmM=m.
7) 0=0-0=0Am—->"0Am=m.
Therefore, L is IADL
Lemma 2.13: Let x, y € L. Then the following are equivalent.
1) 1<l
2) YAX=X
3) xAt<yAtalltel.
Proof. Letx,y, z € L. We can easily prove using Lemma 2.4 and Theorem 2.8 as follows,
(1) = (2). Since x € (X] < (y], thenx € (y] sothatx =y At for somet € L.
Thus,y AX=yA(YA) =(YAY)At=Yy At=X(since A is associative).
(2)=>@3). IfyAx=x,thenforanyteL, XxAt) > (yAD)=(YAXAL) = (YAL)=
XAYA) > (YA =x—>(YAL)V(yAt— (yAL)) (By 7 of Definition 1.2.2.1)
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=x—>(yAt)vm=m. Thus, X At<yAtL.
(3)=(1). Letxe (X]suchthatx At<yAtallteL. Putt=x,x Ax<yAx<xsothatx=y
A X. Thus, x € (y]. Therefore, (X] < (y].
Theorem 2.14: Let L be an ADL with zero and maximal element m. Then L is an IADL if and
only if the set of principal ideal P I(L) is an implicative algebra.
Proof. Let L be an ADL with zero and maximal element m. Suppose L is an IADL, then since
(0] and (m] are least and greatest element of P I(L), (P I(L), v, A) is bounded. Clearly (P I(L),
C) is a poset under set inclusion . For (x], (y] € P I(L), (X] A (y] = (X A y] = inf {(x], (Y]}
and (X] v (y] = (x v y] = sup{(x], (y1}. Therefore, (P I(L), V, A) is a bounded lattice. Now we
define (x] — (y] = (x — y] for any x, y € L. Using Lemma 2.13 we prove that the binary
operation — on P I(L) is well defined. If (a] = (b] and (c] =(d],thenaAb=b,bAa=a,cAd
=d,dAc=c.
Nowa—c=a—(dAc)=(a—d)A(a—c)=((avb)—d) A(a—c)
=(@a—->dAb—-dA(a—c)s(b—>d)A(a—c)<a—c.

Hence (b — d) A (a — ¢) = (a — c). This implies that (a — c] € (b — d] and similarly we get
(b — d] € (a — c]. Therefore, (a — ¢] = (b — d].
Thus, the binary operation — on P I(L) is well defined. Now we can routinely verify that P
I(L) is an implicative algebra. Let (x], (], (z] € P I(L).

) Gl=> = @) =(x—>y—=2])=y— x—2)]) =] (] -]

2) (m] — (x]=(x]

3) (x] — (m]=(m]

4) - l=¢1- ]

5) ((x] = (y) — (v] = (¥] = x]) = (x]

6) (07=(m].
Conversely, Let L be an ADL with zero and maximal element m. Suppose P I(L) is an
implicative algebra. For all x, y € L, define x — y = z A m where (x] — (y] = (z] for some z €
L. Let (s] = (t], forsomes,te L. ThensAt=tandtAs=s.
NowsAmM=tAsAM=sAtAmM=tAm. Thus, the binary operation — on L is well defined.
Letx,y,z€L.
1) X]V(y]=(x]—(y]) = (y]=(r] = (y] so thatx — y=r Amforsomer €L,

where (x] — (y] =(r] and r — y = v A m for some v € L, where (r] — (y] = (v].

Therefore, (x — y) — y =v A m where ((x] — (y]) — (y] = (v].
2) (1A (1= ((x] = (y]) = x'])’ = ((f] — (x'])" where (x] — (y] = (1] for some r € L and
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3)

4)

5)
6)
7)

((r] = (x'])’ = (v] for some v € L. Therefore, [(x > y) = X']"=V' Am,

Let (x], (y], (z] € P I(L) and PI(L) is an implicative algebra.

x] = ((y] — (z]) = (y] — ((x] — (z]) such that x — r = v A m where (x] — (r] = (v] and
y — z=r1 A m, where (y] — (z] = (r] for some r, v € L. This implies x —» (y > z)=vAMm
where (y] — ((x] — (z]) = (x] — ((y] — (z]) = (v] for some v € L. This also implies

y — (X = z) =v A m where (y] — ((x] — (z]) = (v] for some v € L.

Therefore, x — (y > z) =y — (X — 2).

(x] — (y] = (r] implies x - y=r Am forsomer € L,

Nowy' = x'=((y 2 0) = x—=0)=x—=>((y—=0)—-0=x—y=rAm

where (y'] — (X']=(r]. Therefore, x >y =y’ — X'

(m] — (x] = (x] impliesm — x =X A M =X.

(x] » (m] = (m] impliesx > m=m A m=m.

(0'] = (m] implies 0 — 0 =m A m = m. Therefore, L isan IADL.

Remark 2.15: In L with 0 # m, — can never be associative.

Proof. Suppose — on L is associative and 0 # m.

Leta=Db=c € L. Then, by condition 3 of Definition 2.1, we have

=>(a—a)—a=a—(a—a)

>M—a=a—m

= a =m (This implies m — a =a — m and thus a =m),

Hence, 0 = m, leads to a contradiction.

Therefore, — can never be associative
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Conclusion

In this project we have discussed about the concept of implicative almost distributive lattice
and studied some of their properties. As a result, we have identified gaps between IAs and
ADLs, we have proved theorems which was not proved, give additional examples regarding to
our project. Therefore, we are motivated to extend IAs to implicative ADLs in the class of
ADLs. We have introduced implicative ADLs (IADLs) as a generalization of implicative
algebras in the class of ADLSs.

In this project, the theory of implicative almost distributive lattices (IADLS) is introduced and
we have developed different results related with IADLs. We discussed about necessary and

sufficient condition to IADLs
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