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ABSTRACT

In this project, we introduced the notion of intuitionistic fuzzy PMS subalgebra of a PMS-
algebra. The idea of level subsets of an intuitionistic fuzzy PMS-subalgebra of a PMS-
algebra is introduced. The relation between intuitionistic fuzzy sets and their level sets
i a PMS-algebra is examined, and some interesting results are obtained. We proved

some properties on homomorphism and cartesian product of an intuitionistic fuzzy PMS-

subalgebra of a PMS-algebra.
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Chapter 1

Introduction and Preliminaries

1.1 Introduction

BCK and BCI algebras are algebraic structures in abstract algebra that describe fragments
of the propositional calculus involving implication known as BCI and BCK logics.

The notion of BCK algebra was introduced by Y. Imai and K. Iseki in 1966 [5]. In, 1980
K. Iseki [6] introduced the notion of a BCI-algebra as a generalization of a BCK-algebra
and investigated some of their properties. The main advantage of BCK and BCI algebras
1s that they can be used to study the properties of logical systems with fewer axzioms than
Boolean algebra. Since then many researchers have introduced several new algebras as a
generalization of BCK/BCI-algebras and have been extensively studied the properties of
these generalized algebras. In 2016, Sithar Selvam and Nagalakshmi [14] introduced a

new algebraic structure called PMS-algebra.

In 1874, Georg Cantor [3] introduced the concept of set theory (a classical or crisp set)
as fundamental theory in mathematics and he defined a set to be a collection of definite
and distinguishable objects. Classical set contains elements that satisfy precise properties
of membership. In classical set theory, a subset A of a nonempty set X can be defined by

its characteristic function
1, ifzxeAd
Xa:X —{0,1} as xa(x) =
0, ifxgA

the value "0 is used to represents non-membership and the value'l’ is used to represents

1



memberships of the elements of x in X to set A. Many challenges of uncertainty exist in
the real physical world, such as the inability to predict the property of “belongingness” of
an object with certainty. Uncertainty may emerge as a result of incomplete information
regarding the problem, information that is not completely reliable, or information received

from more than one source.

In 1965 L. Zadeh [16] introduced the concept of fuzzy set as a generalization of clas-
sical sets to handle uncertainty and vagueness mathematically which Cantor set could not
address. Fuzzy sets are sets with boundaries that are not precise. The membership in a
fuzzy set is not a matter of affirmation or denial, but rather a matter of degree of freedom.
Let X be a non-empty set. A fuzzy set A in X is defined as A = {(z,pa(z)) |z € X}
where the functions pa : X — [0, 1] define the degree of membership of the element x in
X to set A. The value ’ 0 7 is used to represent complete non-membership, the value ’ 1
7 is used to represent complete membership, and values in between are used to represent
intermediate degrees of membership. In case, when pa(x) maps X into [0,1], A is a crisp
set and pa(x) is identical to the characteristic function of a crisp set. A characteristic
function is a special case of a membership function. So that a crisp set is a special case

of a fuzzy set.

After the introduction of the concept of fuzzy sets by Zadeh, several researchers stud-
ted on fuzzification of important mathematical structures. The study of fuzzy algebraic
structures was started with the introduction of the concept of fuzzy subgroups in 1971 by
Rosenfeld. A. Rosenfeld [10] used fuzzy set in the realm of group theory and introduced
fuzzy subgroups of a group, and then he fuzzified the group structures and proved a number
of results. Since then many researchers are engaged in extending the concepts/results of
abstract algebra to the broader framework of the fuzzy setting. However, not all the results
on groups and rings can be fuzzified. In 1982, Liu[7] introduced fuzzy sets in the realm
of ring theory. In 1991, O. G. Xi [15] applied the concept of fuzzy sets to BCK algebras.
Sithar Selvam and Nagalakshmi in [1}] introduced the concept of a fuzzy PMS-subalgebra

and fuzzy PMS-ideal of a PMS-algebra and established various properties in detail.

K. T. Atanassov [1] introduced the idea of intuitionistic fuzzy set as a generalization of



fuzzy set by considering both the membership and the nonmembership grades of an object
in a set. As a result, it describes an intuitionistic fuzzy set A, by {(z, pa(z),va(z)) | x € X}
where py : X — [0,1] is a membership function and vy : X — [0,1] is a nonmembership
function. An intuitionistic fuzzy set is more effective than a fuzzy set in dealing with
ambiguity and uncertainty since it assigns a membership and nonmembership degree to
each element of a set. Since its appearance, mathematicians have applied this fundamen-
tal concept to a number of algebraic structures. Biswas [2] studied intuitionistic fuzzy
subgroups of a group using the concept of intuitionistic fuzzy sets. Senapati et al. [11]
wvestigated intuitionistic fuzzification of subalgebras and ideals of BG-algebras. In 2011,
Mostafa et al.[8] introduced the intuitionistic fuzzy KU-ideals in KU-algebra and investi-

gated some related properties.

In this project, we understand intuitionstic fuzzy PMS-subalgebra of a PMS algebra and
explain the idea of level subsets of an intuitionistic fuzzy PMS-subalgebra of a PMS-
algebra and establish the relation between intuitionistic fuzzy sets and their level sets in
a PMS-algebra.. Further we extend some properties on homomorphism and Cartesian

product of an intuitionistic fuzzy PMS-subalgebra of a PMS-algebra.

This project is divided into 2 chapters in which chapter 1 is an introduction and pre-
liminaries. In this chapter we recall the existing literature namely definitions, example
and results concerning PMS algebra, fuzzy set, intuitionistic fuzzy set which is more rele-
vant to the subsequent chapters. Further we recall the definitions, notions, examples and
certain properties of homomorphism and Cartesian product. We gave several characteri-

zations for fuzzy subalgebra of PMS algebra.

In Chapter 2 we introduced the notion of intuitionstic fuzzy PMS-subalgebra of a PMS-
algebra. We established the relation between intuitionistic fuzzy sets and their level sets in
a PMS-algebra and we furnish certain examples of intuitionstic fuzzy PMS-Subalgebra of
a PMS Algebra. Further more we prove some properties on homomorphism and cartesian

product of an intuitionistic fuzzy PMS-subalgebra of a PMS-algebra.



1.2 Preliminaries

Definition 1.2.1. [14] A nonempty set X with a constant 0 and a binary operation '’
15 called PM S-algebra if it satisfies the following axioms:

(i). 0xx =z,

(i1). (y*xz)*(z%xx) =2y, forall x,y,z € X.

Example 1.2.2. Let X = {0,1,2} be the set with the following table.

0 2
01012
2 1
1 0

2 2

Then (X, *,0) is a PMS - algebra.
Remark 1.2.3. In X, we define a binary relation < by x <y if and only if xt xy = 0.

Definition 1.2.4. [1]] Let S be a nonempty subset of a PM S-algebra X, then S is called
a PMS-sub algebra of X if xxy € S, for all x,y € S.

Example 1.2.5. Let X = {0,a,b,c} be the set with the following table.

x| 0|la|b]|c
0| 0|a|b|c
a|l0]|0]|b]c
blclc|O]b
clb|b|cl|O

Then (X, *,0) is a PMS - algebra and S = {0,a} is a PMS-subalgebra.

Example 1.2.6. Let Z be the set of all integers, and let = be a binary relation on Z
defined by x xy = y — x, for all x,y € Z, where '—' the usual subtraction of integers.
Then (Z,x,0) is a PMS-algebra since;

1. 0Oxz=2—-0=uz,

2. (yxx)x(zxx)=(zxx) —(yrxx)=(r—2)—(x—y) =y —2=2*y.

Clearly, the set E of all even integers is a PMS-subalgebra of a PMS-algebra Z, since
rxxy=y—x €K, foralz,yecFE.



Proposition 1.2.7. In any PMS-algebra (X,*,0) the following properties hold for all
x,y,z € X.

1. xxx =0,

2. (yxz)*x =1y,

3. xx(yxx)=yx0,

4. (yxx)xz=(2%x)*vy,

5. (x*xy)x0=yxx=(0*y)* (0xx).

Definition 1.2.8. [16] Let X be a non-empty set. A fuzzy set A in X is defined as A =
{{z,pa(z)) | x € X} where the functions py : X — [0, 1] define the degree of membership
of the element x in X to set A.

Example 1.2.9. Consider a fuzzy set A representing “young people” in a universe of

discourse X (ages of people from 0 to 100). The membership function might be defined

as. .
1, if <20
30 —
pa(z) = L 20 < 2 <30
10
0, if 2> 30

\

This function assigns a membership value of 1 to all people aged 20 or younger, and the

membership gradually decreases for ages 21 to 30, becoming 0 for those over 30.

Definition 1.2.10. [16] Let A and B be two fuzzy sets in the universe of discourse X,

then the operations over fuzzy sets are defined as follows:
1. AC B = pa(z) < pp(x),
2 A=B & puax) = ps(a)
3. panp(x) = min{pa(x), ps(x)},
4. pavp(x) = maz{pa(z), pp(w)},

5. p5(x) =1— pa(x) forallx € X.



Example 1.2.11. Let A and B be fuzzy subsets of X = {a,b,c} defind by:

( (
04, ifr=a 0.5, ifr=a

pa(r) =406, ifz=>b and pup(x)=1403, ifz=>-

0.3, fxr=c 04, ifr=c

\ \

Then ANB and AU B is given by;

(

0.5, ifr=a
04, ifr=a
pans(x) = and  praup(r) = 0.6, ifrx=>-
0.3, ifz=bc
04, ifrx=c
\

Definition 1.2.12. [16] Let {A;}i € I be a collection of fuzzy subsets of X. Then

1. Mierpa, () = inIf pa, () forallz € X
1€

2. Ujerpia,(x) = sup pga, (z) for allz € X
icl
Definition 1.2.13. [/ Let A be a fuzzy set with membership function pa of a set X. For
a fired t € [0,1], the set U(ua,t) = {x € X|pa(x) >t} is called an upper t-level subset
(upper level subset, upper level cut) of A and the set L(pa,t) = {x € X|pa(x) < t} is

called a lower t-level subset (lower level subset, lower level cut) of A.

Note: ‘[f tl S tQ ’ then U(/’LAut2> g U(/'LAatl) and L(/’LAatl) g L(:u/th)'
Definition 1.2.14. [14] A fuzzy set A in a PMS-algebra X is called fuzzy PMS-
subalgebra of X if pa(zxy) > min{pa(z), pa(y)}, for all z,y € X.

Example 1.2.15. Let X = {0,a,b,c} be a PMS - algebra with the following Caley table.

0.8, ifx=0
Define pa : X — [0,1] by  pa(x) = 0.5, ife=0b - Then A is a fuzzy PMS-

04, ifx=a,c



subalgebra of X.

Definition 1.2.16. [1] An intuitionistic fuzzy set (IFS) A in a nonempty set X is an ob-
ject having the form A = {(x, pa(x),va(z)) | x € X}, where the functions s : X — [0,1]
and vy : X — [0,1] define the degree of membership and the degree of non membership,
respectively, satisfying the condition 0 < pa(z) +va(z) <1, for allx € X.

Obviously, each ordinary fuzzy set may be written as {{x,pua(x),1 — pa(z)) | x € X}.
For the sake of simplicity we write A = (ua,va) for an intuitionistic fuzzy set A =

{(z, pa(@),va(2)) [ v € X}

Definition 1.2.17. [1] Let A and B be two intuitionistic fuzzy subsets of the set X,
where A = (pua,va) and B = (ug,vg), then,
AC B < pa(x) <pup(x) and va(x) > vp(x), for allz € X
A=B < us(x) = pug(z) and va(x) = vp(x), for allz € X
AN B = {(z, min{pa(z), up(2)}, max{va(z), vp(x)}) [ v € X}
AU B = {(z, max {jua(z), pp ()}, min {va(z), vp()}) | = € X}
A = {{(z,va(e), pa()) | © € X}
O = {(&, pa(2), 1 — (@) | © € X}
7. OA = {{z,1 —va(x),va(x)) |z € X}

8. NMicrA; = {<‘r7IunieIAi<x>’VUi€IAi(I)> | z € X}, where Nierpia, (x) = 115/%41(@

(
(

S A e v =~

and Uierva, (z) = supva,(x)
iel
9. UierAi = {{@, pi,e, 4,(2), Ve a,(2)) | @ € X}, where Uierpia, () = su})uAi(x)
ic
and Nierva,(z) = 111; va,(z).
1€
Definition 1.2.18. [1] Let A = (pa,va) be an intuitionistic fuzzy set in a nonempty set
X. Fort,s €0,1], the set U (ua,t) = {x € X | pa(z) >t} is called an upper t-level sub-

set of A and the set L (va,s) = {x € X | va(x) < s} is called the lower s-level subset of A.

Let A = (ja,va) be an intuitionistic fuzzy set on X . For s,t € [0,1] with s +t < 1,

(i). the set A = {z € X |t < paz),va(x) < s} is called an (t,s)-level subset of
A. The set of all (t,s) € Im(ua) x Im(va) such that s +t < 1 is called the image of
A = (pa,va).

(ii). the set A .= {z € X |t < pa(z),va(z) < s} is called a strong (t, s)-level subset
of A.



Note that:

A = fr € X | pa(z) > t,va(z) < s}
={z € X | pa(z) =ty Nn{z € X |va(z) < s}

=U(pa,t)N L(va,s).

Definition 1.2.19. [12] Let X and Y be nonempty sets and f : X — Y be a mapping. If
A = (pa,va) and B = (ug,vp) are intuitionistic fuzzy subsets of X and Y respectively.

Then the image of A under f is defined as f(A) = {<y,pf(A) (¥), Vra) (y)> |y € Y}, where

sup pa(z) if f*l(w;é@ if}f va(x) if f—l(y)?é@
pray(y) = W and via(y) = 4 27 .

0 otherwise 1 otherwise
The inverse image of B under f is denoted by f~*(B) and is defined as:

1 B)(@) = {2, uym) (@), v (2)) | © € X},
where pip-1p)(x) = pp(f(2)) and vi-yp) (2) = vp(f(x)), for allz € X.

Definition 1.2.20. [12] An intuitionistic fuzzy subset A in a nonempty set X with the
degree of membership pa : X — [0,1] and the degree of non membership va : X — [0, 1]

1s said to have sup-inf property, if for any subset T C X there exists xo € T such that

pa(xg) = sup pa(t) and va(zy) = inf va(t).
teT teT

Definition 1.2.21. [13] Let A = (ua,va) and B = (up,vp) be any two intuitionistic
fuzzy subsets of X and 'Y respectively. Then the Cartesian product of A and B is defined

as

AXB= {<(:E7y)’MA><B(xay)7VAXB<x7y)> | VS va € Y}7

where fiaxp(x,y) = min {pa(v), up(y)} and vaxp(z,y) = max {(va(z), vs(y))} such that
paxp: X XY = [0,1] and vaxp : X XY —[0,1], forallz € X andy €Y.

Remark 1.2.22. Let X and Y be PMS-algebras, for all (z,y), (u,v) € X x Y, we define
K on X XY by (z,y)* (u,v) = (xxu,y*v). Clearly (X X Y;x,(0,0)) is a PMS-algebra.



Chapter 2

Intuitionistic fuzzy PMS-subalgebra
of a PMS algebra

2.1 Intuitionistic Fuzzy PMS-subalgebras

In this section we introduce the notion of intuitionistic fuzzy PMS-subalgebra and inves-

tigated some of its properties.

Definition 2.1.1. An intuitionistic fuzzy subset A = (pa,va) of a PMS-algebra X is
called an intuitionistic fuzzy PMS-subalgebra of X if:

L. pa(zxy) > min {pa(@), pa(y)},
2. va(r*y) <max{va(x),va(y)}.

Example 2.1.2. Consider X = {0, a,b, c} such that (X, *,0) is a PMS algebra with table

below;

S|
=)
S
S| ||
o

Let A = (pua,va) be an intuitionistic fuzzy set in X defined by,



( (

0.8, ifz=0 0.2, ifz=0

pa(x) =405, ifz=ab and va() =104, ifz=a,b-

0.6, ifr=c 0.3, ifrx=c

\ \
For intuitionistic fuzzy set A in a PMS-algebra X with membership values pa(z) and
non membership values va(x) as defined above, Definition 2.1.1 is satisfied. Therefore,

A = (a,va) is an intuitionistic fuzzy PMS- subalgebra of the PMS-algebra X .

Lemma 2.1.3. If A = (ua,va) is an intuitionistic fuzzy PMS-subalgebra of X, then
1a(0) > pa(z) and va(0) < vy(z) for all z € X.

Proof. Suppose A = (ua,v4) is an intuitionistic fuzzy PMS-subalgebra of X. Since
x*x =0 for every x € X by Proposition 1.2.7(1), we have:

pa(0) = pa(z * )
> min{pa(x), pa(z)}

= pa(x)
and
v4(0) = va(z x x)

< mazx{va(x),va(x)}

= vy(z).
Hence, p1a(0) > pa(x) and v4(0) < va(x) for all z € X. O

Lemma 2.1.4. Let A = (ua,va) be an intuitionistic fuzzy PMS-subalgebra of X, if

xxy < z, then pa(z) > min{pa(y), pa(2)} and va(x) < max{va(y),va(z)}.

Proof. Suppose A = (ua,v4) be an intuitionistic fuzzy PMS-subalgebra of X. Let
x,y,z € X such that z xy < 2. Then by the binary relation < defined in X, we

have (x xy) x z = 0.

10



Thus, by Definition 1.2.1 and Proposition 1.2.7 (4), we have;

Hence, pa(z) > min{pa(z), pa(y)}. Similarly, va(x) < max{va(z),va(y)}. O

Theorem 2.1.5. Let A = (ua,va) be an intuitionistic fuzzy PMS-subalgebra of a PMS-
algebra X and let x € X, then pa(x *y) = pa(y) and va(zxy) = va(y) for each y € X
if and only if pa(x) = pa(0) and va(z) = va(0), where 0 is a constant in X.

Proof. Suppose pa(x *y) = pa(y) and va(z xy) = va(y) for each y € X. Then we
need to show that pa(z) = pa(0) and va(z) = v4(0), where 0 is a constant in X. By
Lemma 2.1.3, pa(0) > pa(z) and v4(0) < vy(z) for each x € X. By Proposition 1.2.7
(2) (xx0) %0 = z. Then

pa(r) = pa((z*0)*0)
> min{pa(z*0),p1a(0)}
=min{pa(0), na(0)}

= pa(0).
Also,

va(z) = va((x*0)x0)
< max{va(zx0),v4(0)}
= maz{va(0),v4(0)}

= VA(O).

Hence, p14(0) > pa(x) and v4(0) < va(x). Therefore, pa(x) = pa(0) and va(x) = v4(0).
Conversely, Suppose pa(x) = ua(0) and v4(z) = v4(0).
Then we need to prove that pa(z *y) = pa(y) and va(x *y) = va(y) for each y € X.

11



By Lemma 2.1.3, pa(x) > pa(y) and va(x) < va(y) for each y € X. Since A is an
intuitionistic fuzzy PMS-subalgebra of X.

Then, pa(z *y) = min{pa(z), pa(y)} = pay) and va(z xy) < maz{va(z),va(y)} =
va(y). Thus, pa(z *y) > pa(y) and va(x xy) < va(y) for each y € X. But, using
Proposition 1.2.7 (2) and 1.2.7 (5) it follws that

1a(y) = pa((y * ) * x)
> min{pa(y * x), pa(z)}
= min{pa((z*y) x0), pa(z)}
> min{min{pa(x*y), pa(0)}, pa(x)}
= min{pa(z xy), pa(z)} = pa(z xy)

and

va(y) = vallyxz) ~ )
< max{va(y*x),va(x)}
= max{va((x xy) *0),va(z)}
< max{maz{va(z*y),va(0)},va(z)}
= max{va(zxy),va(z)}
=va(x*xy). Hence, pa(xxy) = pa(y) and va(x xy) = va(y) for each
ye X. ]

Theorem 2.1.6. Let A = (ja,v4) be an intuitionistic fuzzy PMS-subalgebra of a PMS-
algebra X. If pa(zxy) = pa(0) and va(xxy) = va(0) for allz,y € X, then pa(x) = pa(y)

and va(z) = va(y).

Proof. Let x,y € X such that pa(z *y) = pa(0) and va(z *y) = v4(0).
Claim: pia(z) = pa(y) and va(z) = va(y). Now;

pra(z) = pa((y *y) * )
= pa((zxy) *y)
> min{pa(z*y), pa(y)}
= min{p4(0), pa(y)}

= 11a(y)

12



Conversely,

a(y) = pa((z* ) *y)
= pa((y * z) * )
> min{pa(y * ), pa(z)}
= min{pa((z *y) *0), pa(z)}
> man{min{pa(z *y), pa(0)}, pa(z)}
= min{pa(0), pa(z)}

= pa(x)
Thus, pa(x) = pa(y). By similar argument we have v4(z) = va(y). O

Theorem 2.1.7. The intersection of any two intuitionistic fuzzy PMS-subalgebras of X

1s also an intuitionistic fuzzy PMS-subalgebra of X.

Proof. Let A = (ua,va)and B = (up, vp) be any two intuitionistic fuzzy PMS-subalgebras
of a PMS-algebra X.
Claim: AN B is an intuitionistic fuzzy PMS-subalgebra of X .Then for z,y € X, we have

ang) (@ *y) = min{pa(z *y), pe(z*y)}
> min{min{pa(x), pa(y)}, min{pp(z), us(y)}}
= min{min{pa(z), pp(x)}, min{pa(y), us(y)}}

= mz’n{,u(mg) (x), H(ANB) (y)}

and

Viang) (@ % y) = maz{va(z xy),vp(x *y)}

< mazx{mazx{va(x),va(y)}, max{vg(x),ve(y)}}
= maz{maz{va(z),vp(x)}, maz{va(y), vs(y)}}
)

= maz{vanp) (), vVanB)(Y)}-
Hence, AN B is an intuitionistic fuzzy PMS-subalgebra of X. m
Corollary 2.1.8. If {A; | i € I} be a family of intuitionistic fuzzy PMS-subalgebra of X.

Then NierA; is also an intuitionistic fuzzy PMS-subalgebra of X, where Nierpia,(z) =

inf p1a,(z) and Nierva,(x) = supva,(x).
el i€l
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Remark 2.1.9. The union of any two intutionistic fuzzy PMS-subalgebras of a PMS-

algebra X is not necassarily an intuitionistic fuzzy PMS-subalgebra of a PMS-algebra X.

Example 2.1.10. Let X = {0,1,2,3} be a set with the table below is a PMS-algebra.

x| 0112|383
010|123
112|0|1]2
2111201
31311120

and let A = (pua,va) be an intuitionistic fuzzy set in X defined by

( (

1, ifx =0 0, ifx =0

pa(r) =405, ifz=12 and va(r)=1204, ifz=12

0, ife =3 1, ifr=3

\ \

and let B = (up,vp) be an intuitionistic fuzzy set in X defined by

( (

1, ifz=0 0, ifz=0

pe(r) =406, ifz=13 and wvp(x)=140.2 ifzr=13

0, ifx =2 1, if v =2
Now,

fauB) (1% 0) = paus)(2)

= maz{pa(2), ps(2)}
= maz{0.5,0}

= 0.5........(1),
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faup) (1% 0) = min{paus) (1), iaus) (0)}
= min{max{pa(1), ps(1)}, max{pa(0), np(0)}}
— min{maz{0.5,0.6}, maz{1,1}}
— min{0.6,1}
—06......(2),

viaus) (1% 0) = vaup) (2)
= min{pa(2), up(2)}
=min{0.4,1}

=04......(3),

viaus) (1% 0) = maz{viaus) (1), vaus)(0)}
= maz{min{va(1),vp(1)}, min{pa(0),v5(0)}}
— maz{min{0.4,0.2}, min{0,0}}
— maz{0.2,0}

—=0.2.......(4).

From (1) and (2) we see that paup)(1x0) = 0.5 < 0.6 = min{paus) (1), tus(0)}
and from (8) and (4) we see that vaup)(1x0) = 0.4 > 0.2 = maz{vaup) (1), vaup) (0)}
which is a contradiction. This shows that the union of any two intuitionistic fuzzy PMS-

subalgebras of a PMS-algebra X may not be an intutionistic fuzzy PMS-subalgebra.

Lemma 2.1.11. Let A = (pa,va) be an intutionistic fuzzy set in X. Then the following
statements hold for any z,y € X.

1. 1 —maz{pa(x), pa(y)}t = min{l — pa(z),1 — pa(y)},
2. 1 —min{pa(w), pa(y)} = max{l — pa(r), 1 — pa(y)},
3. 1 —mazx{va(x),valy)} = min{l —va(x),1 —va(y)},

4. 1L—min{va(x),va(y)} = max{l —va(z),1 —va(y)}.

Theorem 2.1.12. An intuitionistic fuzzy subset A = (ua,va) of a PMS-algebra X is an
intuitionistic fuzzy PMS-subalgebra of X if and only if the fuzzy subsets pa and v, are
fuzzy subalgebras of X.
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Proof. Suppose A = (ua,v4) is an intuitionistic fuzzy PMS-subalgebra of X.

Claim: The fuzzy subsets 14 and v, are fuzzy subalgebras of X. Clearly, 14 is a fuzzy
PMS-subalgebra of X directly follows from the fact that A = (ua,r4) an intuitionistic
fuzzy PMS-subalgebra of X. Now for all z,y € X,

vy(xy) =1—va(z*y)
> 1 —max{va(z),va(y)}
=min{l —va(x),1 —va(y)} (by Lemma 2.1.11(3))

= mzn{yz (ZL’), N (y)}

Therefore, v is a fuzzy PMS -subalgebra of X.

Conversely, Suppose p14 and v, are fuzzy PMS-subalgebras of X. So, we need to show
that A = (ua,v4) is an intuitionistic fuzzy PMS-subalgebra of X. Since ps and v, are
fuzzy PMS-subalgebras of X, we have that pa(z *xy) > min{pa(x), pa(y)} and vy (z
y) > min{v,(z),v,(y)}, for all z,y € X. Now it suffices to show that v(x xy) <
max{va(z),va(y)} for all x,y € X.

1 —va(z*y) =vy(zxy)
> min{vy (), vy (y)}
— min{l —va(x),1 — valy)}
=1 - maz{va(z),va(y)}. (by Lemma 2.1.11(3))

= va(x *y) < maz{va(z),va(y)}, for all x,y € X.

Hence, A = (pa,v4) is an intuitionistic fuzzy PMS-subalgebra of X. O

Corollary 2.1.13. If pa is a fuzzy PMS-subalgebra of X, then A = (ua,p,) is an
intuitionistic fuzzy PMS-subalgebra of X.

Proof. Suppose j14 is a fuzzy PMS-subalgebra of X.
Then we want to show that A = (p4, pty) is an intuitionistic fuzzy PMS-subalgebra of X.
Since puy4 is a fuzzy PMS-subalgebra of X, it follows that pua(zxy) > min{ua(z), pa(y)}.
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Then it suffices to show that p(z*y) < max{p, (), n,(y)}.

pa(rxy) =1—pa(r*y)
< 1 —min{pa(x), pa(y)}
=maz{l — pa(z),1 — pa(y)}

= maz{py (), 1) (y)}

= pa(@y) < maz{py(x), py(y)}-
Hence, A = (pa, 1) is an intuitionistic fuzzy PMS-subalgebra of X. O

Corollary 2.1.14. If v, is a fuzzy PMS-subalgebra of X, then A = (v4,va) is an
intuitionistic fuzzy PMS-subalgebra of X .

Theorem 2.1.15. An intuitionistic fuzzy subset A = (ua,va) of a PMS-algebra X is an
intuitionistic fuzzy PMS-subalgebra of X if and only if DA = (a, piy) and QA = (v, va)

are intuitionistic fuzzy PMS-subalgebra of X .

Proof. Assume that an intuitionistic fuzzy subset A = (ua,v4) of X is an intuitionis-
tic fuzzy PMS-subalgebra of X, then pa(z xy) > min{pa(x), pa(y)} and va(zx xy) <
max{va(x),va(y)}. Claim: OA = (ua,puy) and QA = (v,,v4) are intuitionistic fuzzy
PMS-subalgebras of X.

(i) To show that [JA is an intuitionistic fuzzy PMS-subalgebra of X, it suffices to show

that p(x xy) < max{p, (), n,(y)}.for all x,y € X. Let z,y € X, then:

palxxy) =1—pa(zrxy)
<1—min{pa(x),paly)}
=max{l — pa(z),1 — ua(y)}

= max{p;(x), 5 (y)}

= pia(@xy) < maw{py (), pa(y)}, v,y € X,
Hence, [JA is an intuitionistic fuzzy PMS-subalgebra of X.

(i) to show that QA is an intuitionistic fuzzy PMS-subalgebra of X, it suffices to show
that

vi(zxy) > min{vy(x),v,(y)}, for all z,y € X.
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Let z,y € X, then;

vilxxy) =1—va(z*y)
>1—max{v,(z),v,(y)}
=min{l —va(z),1 —va(y)}
= min{vy, (), ps(y)}
= va(zxy) = min{vy (z),v4(y)} Yo,y € X.
Hence, ¢ A is an intuitionistic fuzzy PMS-subalgebra of X.

The proof of the converse of this theorem is trivial. O

2.2 Level Subsets of IF PMS-subalgebras

In this section, the idea of level subsets of an intuitionistic fuzzy PMS-subalgebra of a
PMS-algebra is introduced. Characterizations of level subsets of a fuzzy PMS-subalgebra
of a PMS-algebra are given.

Theorem 2.2.1. If A = (ua,va) be an intuitionistic fuzzy PMS-subalgebra of X, then
the sets X,,, = {x € X | pa(x) = pa(0)} and X, = {z € X | va(xz) = va(0)} are PMS
-subalgebra of X.

Proof. Suppose A = (ua,v4) is an intuitionistic fuzzy PMS-subalgebra of X and let
z,y € Xpu,. Then pa(z) = p1a(0) = pa(y). So,

pa(z xy) > min{pa(z), pa(y)}
= min{ua(0), 1a(0)}

= pa(0).

= pra(@xy) > pa(0).
By Lemma 2.1.3, we get that pa(x *y) = pa(0) which imply that zxy € X,

A

Also, Let 2,y € X,,,. Then va(x) = v4(0) = va(y) and so,

va(z*y) <maz{va(z),valy)}
= max{ra(0),v4(0)}

== VA(O).
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= va(x*xy) < va(0).
By Lemma 2.1.3, we get that v4(x xy) = v4(0) which imply that zxy € X,,,.

Hence, the sets X, and X,, are PMS-subalgebras of X. O

A

Theorem 2.2.2. Let S be a nonempty subset of a PMS-algebra X and A = (pua,va) be

an intuitionistic fuzzy set in X defined by:

p, ifxes r, ifres
pa(x) = and va(z) =

q, ifx ¢S s, ifxégs
for allp,q,r,s € [0,1] withp > q¢r<sand0<p+r<1,0<qg+s<1.
Then A is an intuitionistic fuzzy PMS-subalgebra of X if and only if S is a PMS-subalgebra
of X. Furthermore, in this situation, X,, =S = X,,.

Proof. Let A be an intuitionistic fuzzy PMS-subalgebra of X. Then we want to show that
S is a PMS-subalgebra of X.

Let z,y € X such that z,y € S. Since A = (pa,v4) is an intuitionistic fuzzy PMS-
subalgebra of X, we have: pa(z *xvy) > min{ua(z),pa(y)} = min{p,p} = p and
va(z *y) < max{va(z),valy)} = maz{r,r} =r.

Hence x xy € S. So, S is a PMS-subalgebra of X.

Conversely, suppose that S is a PMS-subalgebra of X. We claim to show that A = (4, 4)
is an intuitionistic fuzzy PMS-subalgebra of X.

Let z,y € X. Now consider the following cases:

Case (i). If z,y € S then x xy € S since S is a PMS-subalgebra of X.

Thus, pa(xxy) =p =min{pa(x), paly)} and va(z *y) = r = max{va(z),va(y)}.

Case (ii). If z € S,y ¢ S, then pa(z) = p, ua(y) = q and va(x) = r,va(y) = s. Thus,
pa(z *y) = g =min{p, ¢} = min{pa(@), pa(y)} = pa(z*y) = min{pa(@), pay)}-

and va(xxy) < s = max{r,s} = maz{va(z),va(y)} implies v (z+xy) < max{va(z), pa(y)}.
Case (iii). If z ¢ S,y € S, then interchanging the roles of x and y in Case (ii), yields
similar results jua(z % y) > min{ua(z). ja(y)} and va(z x ) > maz{va(@). pa(y)).
Case (iv). If z,y ¢ S, then pa(z) = ¢ = pa(y) and va(z) = s = va(y), this implies that
palrxy) > q=min{pa(r), pa(y)} and va(exy) < s =maz{va(z),va(y)}-

Hence, A = (ua,v4) is an intuitionistic fuzzy PMS-subalgebra of X. Furthermore, we

have
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X = {2 € X | ja(x) = pa(0)} = {o € X | pa(e) = p} = S and X,,, = {w € X |
va(x) =v4(0)} ={r € X |va(z) =r}=S. Hence, X,,, =5=X,,. O

Theorem 2.2.3. An intuitionistic fuzzy subset A = (ua,va) of a PMS-algebra X is
an intuitionistic fuzzy PMS-subalgebra of X if and only if the the nonempty level subsets
U(ua,t) and L(va, s) of A are PMS-subalgebras of X for allt,s € [0,1] with0 < t+s < 1.

Proof. Assume that A = (ua,va) is an intuitionistic fuzzy PMS-subalgebra of a PMS-
algebra X such that U(ua,t) # ¢ and L(va, s) # ¢.
Now we claim that U(ua,t) and L(va,t) are PMS-subalgebras of X for all t,s € [0, 1]
with 0 <t+4s < 1. Let z,y € U(ua,t), then we have pa(z) >t and pa(y) > t. Thus,
pa(z *y) = min{pa(x), paly)} = min{t,t} =t.
= xxy € U(ua,t).
Hence, U(pa,t) is a PMS-subalgebra of X.
Also, let x,y € L(va,s), then va(x) < s and v4(y) < s.
So, va(x xy) < max{va(z),valy)} < maz{s,s} = s.
= r*y € L(va,s).
Hence, L(va, s) is a PMS-subalgebra of X.
Conversely, Suppose that U(ua,t) and L(va, s) are PMS-subalgebra of X for all ¢, s € [0, 1]
with 0 <t+s<1.
Claim: A is an intuitionistic fuzzy PMS-subalgebra of a PMS-algebra X. Let x,y € X
such that pa(z) =t and pa(y) =t for t1,t; € [0, 1].
Then « € U(ua,t1) and y € U(pa, ta).
Choose t = min{ty,t2} , then t <t; and ¢ < t,.
= U(pa,t1) CU(pua,t) and U(pa,ta) € U(pa,t).
= x,y € U(pa,t).
Since, U(pa,t) is a PMS-Subalgebra of X, it follows that x xy € U(ua,t).
Thus, pa(xxy) >t =min{ty, to} = min{pa(x), naly)}.
Hence, pa(z *y) > min{pa(x), pa(y)} for all z,y € X.
And also, let 2,y € X such that va(z) = s; and va(y) = sy for s1, 82 € [0,1].
Then, z € L(va,s1) and y € L(va, s1).
Choose s = max{sy, s2} , then s; < s and sy < s.
= L(va, s1) C L(va,s) and L(va,se) C L(va, s).

=T,y € L(VA7S)a
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Since, L(va,s) is a PMS-subalgebra of X, it follows that z xy € L(va, s).

Thus, va(z xy) < s = max{sy, se} = maz{va(z),valy)}.

Hence, va(z *y) < max{va(z),va(y)} for all z,y € X.

Hence, A is an intuitionistic fuzzy PMS-subalgebra of a PMS -algebra X. [

Remark 2.2.4. The PMS-subalgebras U(pa,t) and L(v,s) of X for all t,s € [0,1] ob-
tained in the above theorem are called level PMS-subalgebras of X.

Corollary 2.2.5. An intuitionistic fuzzy subset A = (ua,va) of a PMS-algebra X is
an intuitionistic fuzzy PMS-subalgebra of X if and only if the level subsets U(pa,t) and
L(va,s) of A are PMS-subalgebras of X for allt € Im(ua) and s € Im(vy) with 0 <
t+s<1.

Theorem 2.2.6. Let S be a subset of X and A = (ua,va) be an intuitionistic fuzzy set
mn X defined by:

t, ifxres s, ifxesS
pa(z) = and  va(x) =
0, ifxgs 1, ifx¢gsS
for all t,s € [0,1] such that 0 < t+s < 1. If A = (ua,va) is an intuitionistic fuzzy
PMS-subalgebra of X, then S is a level PMS-subalgebra of X.

Proof. Let A = (a,v4) be an intuitionistic fuzzy PMS-subalgebra of X. Then we need
to show that S is a level PMS-subalgebra of X. Let x,y € S, then pa(x) =t = pa(y)
and va(z) = s = va(y). So, pa(z *xy) > min{ua(x), paly)} = min{t,t} = t and
va(x *y) < max{va(z),va(y)} = maz{s, s} = s. Which implies that z xy € S.

Hence, S is a PMS-subalgebra of X. Also, by Theorem 2.2.3, U(4,1) is a level subalgebra
of X, and U(ua,t) = {z € X : pa(x) >t} =8 = {x € X : va(z) < s}. Thus, Sis
a level PMS-Subalgebra of X corresponding to the intuitionistic fuzzy PMS-subalgebra
A = (pra,va) of X. O

Theorem 2.2.7. If S is any PMS-subalgebra of X, then there exists an intuitionistic
fuzzy PMS-subalgebra A of X, in which S satisfies both the upper level and lower level
PMS-subalgebra of A in X.

Proof. Let S be a PMS-subalgebra of a PMS-algebra X and A = (p4,v4) be an intuition-
istic fuzzy set in X defined by:
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t, ifzesS s, ifzes
pa(z) = and vu(x) =
0, ifxgs 1, ifxgs
for all t,s € [0,1] such that 0 <t + s < 1.
Clearly, U(pa,t) ={z € X : pa(x) >t} =8S. Let z,y € X. To prove that A = (pa,v4)
is an intuitionistic fuzzy PMS-subalgebra of a PMS-algebra X, we consider the following
cases:
Case(i). If z,y € S, then z xy € S. Since S is a PMS-subalgebra of a PMS-algebra X.
pa(z) = pa(y) = pa(@xy) =t and va(x) = va(y) = va(z xy) = s.
Therefore, pa(x *y) = min{pa(z), pa(y)} and va(x xy) = max{va(x),va(y)}.

Case(ii). If x € S,y ¢ S, then we have pa(x) =t, ua(y) =0 and va(x) = s,va(y) = 1.
Thus, pa(z xy) > 0 = min{t,0} = min{pa(x), pa(y)} which implies that pa(z *
y) > min{pa(z), ma(y)} and va(z *y) < 1= maz{s, 1} = mar{va(z), va(y)} mplies
valx xy) < max{va(x),va(y)}.

Case(iii). If z ¢ S,y € S, then interchanging the roles of x and y in Case (ii), yields
similar results pia(z % y) > min{pa(z), ja(y)} and va(exy) < maz{va(z), va(y)}.
Case(iv). If z,y ¢ S then pa(x) =0 = pa(y) and va(z) =1 =wva(y). Then

palx*xy) >0 =min{pa(z), pa(y)} and va(x *xy) < 1 = maz{va(z),va(y)} So, in all
cases we got a(z % y) > min{pa(z), sa(y)} and va(s xy) < maz{va(e), va(y)}for all
z,y € X.

Thus, A is an intuitionistic fuzzy PMS-subalgebra of X. m

Theorem 2.2.8. Let {S;} be any family of a PMS-subalgebra of a PMS-algebra X
such that S C S1 C Sy C ... C S, = X, then there exists an intuitionistic fuzzy
PMS-subalgebra A = (pa,va) of X whose level PMS-subalgebras are exactly the PMS-
subalgebras {S;}.

Proof. Suppose tq > t; >ty > ... > t, and sg < s1 < S3... < 8, where each t;, s; € [0, 1]

with 0 <t; +s; < 1. Let A= (ua,v4) be an intuitionistic fuzzy set defined by:

to, if x €5 S0, if © €5y
palx) = and v4(z) = .
ti, ifJIESi—Si_l,0<i§n Si, ifoSi—Si_1,0<@'§n
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Now, We claim that A = (ua,v4) is an intuitionistic fuzzy PMS-subalgebra of X and
Ulpa,ti) =S; = L(va,s;) for 0 <i < n.

Let z,y € X Then, we consider the following two cases.

Case (i): Let z,y € S; — S;—1. Therefore by the definition of A = (ua,va), we have
pa(x) = t; = pa(y) and va(x) = s; = va(y). Since S; is a PMS-subalgebra of X, it
follows that xxy € S;, and so either xxy € S; —S;_1 or xxy € S;_1 or xxy € S;_1—5;_».
= pa(z) =t; or pa(x) =t;-1 > t; and va(x) = s; or va(z) = si-1 < S;.

In any case we conclude that pa(x*y) > t; = min{pa(z), pa(y)} and va(zxy) <s; =
maz{va(x), va(y)}-

Case (ii): For i > j,t; > t;,s; < s; and S; C S;.

Let x € S; — S;y and y € S; — S;—1 Then, pa(xr) = t;, paly) =t; > t;,va(z) = s; and
valy) =s; < s;.

Then zxy € S;, since S; is a PMS-subalgebra of X and S; C S;.

Hence, pa(zxy) > t; = min{pa(x), pa(y)} and va(z *y) < s; = maz{va(z),va(y)} by
case (i).

Thus, A = (pa,v4)) is an intuitionistic fuzzy PMS-subalgebra of X.

Also, from the definition of A = (pa,v4), it follows that Im(ua) = {to,t1,...,t,} and
Im(va) = {so, 51,8} S0, U(pa,t;) and L(va,s;) are the level subalgebras of A for
0 < i < n, and form the chains, U(pua,ty) C Ul(pa,t1) C ... C U(ua,t,) = X and
L(va, so) C L(va,s1) C ... C L(va,sp) = X, for 0 <7 < n.

Now, U(pa,to) ={z € X | pa(x) >t} = So ={z € X | va(z) < so} = L(va, so).
Finally, we prove that U(ua,t;) = S; = L(va,s;) for 0 < i <n.

Now let z € S; then pa(x) > t; and va(z) < s;. This implies x € U(pua,t;) and
x € L(va,s;). Hence, S; C U(pa,t;) and S; C L(va, s;). Ifx € U(pa, t;) and x € L(va, s;)
then pa(z) > t; and v4(z) < s; which implies that © ¢ S; for j > i. For other-
wise, if € S}, then pu(z) > t; and va(z) < s;, which implies t; > pa(z) > t; and
s; < va(x) < s;j. This contradicts the assumption that x € U(pa,t;) and = € L(va, s;).
Hence, pa(z) € {to,t1,....,tn} and va(z) € {so, s1,..., Sn}. So, x € S, for some k <i. As
Sk C S, it follows that x € S;. Hence, U(pa,t;) C S; and L(va, s;) C S;.

Therefore, U(ua,t;) = S; = L(va, s;) for 0 <i <n. O

Theorem 2.2.9. Let A = (pa,va) be an intuitionistic fuzzy PMS-subalgebra of X ,then
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(i). The upper level PMS-subalgebras U(pa,t1) and U(pa,ts),(with t1 < t2) of an
intuitionistic fuzzy PMS-subalgebra A are equal if and only if there is no x € X such that
t < palz) < to.

(i1). The lower level PMS-sub algebras L(va,s1) and L(va,ss),(with s1 > s2) of an
intuitionistic fuzzy PMS-subalgebra A are equal if and only if there is no v € X such that

s1 > va(x) > so.

Proof. Let A = (j14,v4) be an intuitionistic fuzzy PMS-subalgebra of X. Since the proofs
for both (i) and (ii) are similar, here we prove for only (ii).
Suppose that L(va, s1) = L(va, sq), for s; > s5 . Then we claim that there is no z € X
such that s; > va(x) > so. Assume that there exists x € X such that s; > va(x) > ss.
= x € L(va, s1) but x ¢ L(vy, s2).
= L(va,s2) is a proper subset of L(vy, s1).
This contradicts to the assumption that L(va, s1) = L(va, $2).
Hence, there is no x € X such that s; > v4(x) > so.
Conversely, suppose that there is no # € X such that s; > va(x) > s3. Then we prove
that L(va, s1) = L(va, s2).Since s; > s9, we get L(va, s2) C L(va, s1) ... (1)
Now, x € L(va, s1) = va(z) < s1.
= va(z) < s9, (Since v4(x) does not lie between s; and s3).
=1 € L(va, $2).
Hence, L(va,s1) C L(va, s2) ... (2)
From (1) and (2) we get L(va, s1) = L(va, s2). O

Remark 2.2.10. As the consequence of Theorem 2.2.9, the level subalgebras of an in-
tuitionistic fuzzy PMS-algebra A = (pa,va) of a finite PMS-algebra X form a chain,
Ulpa,to) € U(pa,t) € ... C Upa,tn) = X and L(va,so) C L(va,s1) C ... C

L(va,s,) = X, where tg>1t; > ... >t, and so < s1 < ... < S,.

Corollary 2.2.11. Let X be a finite PMS-algebra and A = (pa,v4) be an intuitionistic
fuzzy PMS-subalgebra of X.

(i). If Im(pua) = {t1,...,tn}, then the family of PMS-subalgebras{U(pa,t;) | 1 <i < n},
constitutes all the upper level PMS-subalgebras of A in X.

(i1). If Im(va) = {s1,..., Sn}, then the family of PMS-subalgebras {L(va,s;) |1 <i < n},
constitutes all the lower level PMS-subalgebras of A in X.
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Proof. Let A = (pa,va) be an intuitionistic fuzzy PMS-subalgebra of X such that
Im(pa) = {t1, ..., to} with t; < t5 < ... < t, and Im(va) = {s1, ..., sp} with
S1 >S9 > ... > Sy
(i). Let t € [0,1] and ¢t ¢ Im(pa). Now, we can consider the following cases.

Case (1). If t <ty, then U(pa,t1) =X =U(pa,t).

Case (2). If t > t,,, then U(ua,t) ={z € X | pa(z) >t} = {2 € X | pa(z) >
tn} =0

Case (3). If t;_1 <t < t;, then U(pa,t) = U(ua,t;) by Theorem 2.2.9 (i), since
there is no x € X such that t < pa(z) < t;.
Thus, for any t € [0, 1] the level PMS-subalgebra is one of {U(pua,t;) | i =1,2,...,n}.

(ii). proof of (ii) is similar to (i). O

Corollary 2.2.12. Let A = (uua,va) be an intuitionistic fuzzy PMS—subalgebra of X with
finite images.

(i). If U(pa, t;) = Ulpa,t;) for any t;,t; € Im(ua), then t; =t;.

(it). If L(va, s;) = L(va, s;) for any s;,s; € Im(va), then s; = s;.

Proof. Let A = (ja,v4) be an intuitionistic fuzzy PMS-subalgebra of X with finite im-
ages. Here we only prove (ii).the prove of (i) can be done similarly.
Assume L(vy, s;) = L(va, s;) for s;,s; € Im(va).
So to show that s; = s; assume on contrary,that is, s; # s;. Without loss of generality
assume s; > s;. Let © € L(va,s;), then va(z) < s; <s;.

= va(x) < s

=1z € L(va, s;).
Let z € X such that s; > va(x) > s;. Then x € L(va, s;) but x ¢ L(va, s;)

= L(va,s;) C L(va, s;).

= L(va,s;) # L(va, s;). which contradicts the hypothesis that L(va, s;) = L(va, ;).

Therefore, s; = s;. O
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2.3 Homomorphism on IF PMS-subalgebras of a PMS-
algebra

Theorem 2.3.1. Let f : X — Y be an epimorphism of PMS-algebras. If A = (pa,va)
is an intuitionistic fuzzy PMS-subalgebra of X with sup-inf property, then f(A) is an
intuitionistic fuzzy PMS-subalgebra of Y.

Proof. Let A = (ua,v4) be an intuitionistic fuzzy PMS-subalgebra of and let a,b €

Y with 2o € f'(a) and yo € f7'(b) such that pa(zo) = sup pa(z), pa(yo) =
zef-1(a)
sup pa(x), and va(zg) = inf  wa(x), va(ye) = inf wva(z), then by Definition
zef-1(b) z€f~!a) z€f~1(b)

1.2.19 and 1.2.20 we have;

pray(axb) = sup  pa(z)
z€f~1(axb)

= pra(o * Yo)
> min{pa(zo), pra(yo)}

=min{ sup pa(x), sup pa(z)}
2€f~1(a) 2ef~1(b)

= min{fipay(a), prpay(b)}
and

vialaxb) = fi_f}fa*b) va(z)

= VA(Z'O * y0>
< mazx{va(xo,va(yo)}
= inf inf
mw{xe}{ll “ va(z), ot va(z)}
= maz{vya)(a), Vya(b)}-
Hence, f(A) is an intuitionistic fuzzy PMS-subalgebra of Y . ]

Theorem 2.3.2. Let f: X — Y be a homomorphism of PMS-algebras. If B = (up,vp)
is an intuitionistic fuzzy PMS-subalgebra of Y , then f~'(B) is an intuitionistic fuzzy

PMS-subalgebra of X.

Proof. Assume that B = (up,vp) is an intuitionistic fuzzy PMS-subalgebra of Y and let
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x,y € X. Then,

py-1y (T *y) = pp(f(z*y))
= pp(f(z) * f(y))
> min{up(f(z)), us(f(y))}

= min{ps-13) (@), pr-1(3)(y) }

and

l/f_l(B)({L'*y) = VB(f(aj *y))
=vp(f(x)* f(y))
< maz{vg(f(z)),ve(f(y))}

= maz{vi-1(p)(2), vi-1(5)(y)}-
Therefore, f~*(B) is an intuitionistic fuzzy PMS-subalgebra of X. O

Theorem 2.3.3. Let f: X — Y be an epimorphism of PMS-algebras and B = (up,vp)
is a fuzzy set in Y . If f~Y(B) is an intuitionistic fuzzy PMS-subalgebra of X, then
B = (up,vp) is an intuitionistic fuzzy PMS-subalgebra of Y

Proof. Assume that f is an epimorphism of PMS-algebras and f~*(B) is an intuitionistic
fuzzy PMS-subalgebra of X. Let y;,y2 € Y . Since f is an epimorphism of PMS-algebras,
there exist x1, xe € X such that f(z1) = y; and f(x2) = y2. Now,

sy * y2) = pp(f(z1) * f(22))
= pp(f(21x 12))
= p1-1(8) (71 % 72)
> min{pp-1(p)(21), fir-1(m)(22)}
= min{ppf(x1), upf(x2)}

= min{pus(y1), uB(y2)}
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and

vp(y1 * y2) = vp(f(z1) * f(x2))
= vp(f(z1 * 22))
= vy-1(p)(T1 % T2)
< maz{vy-1(p) (1), vi-1(5)(22) }
= max{vgf(x1), vaf(rs)}

= maz{vp(y1),vp(y2)}-
Hence, B = (up,vp) is an intuitionistic fuzzy PMS-Subalgebra of Y . H

Definition 2.3.4. Let f : X — Y be a homomorphism of PMS-algebras for any intu-
itionistic fuzzy set A = (ua,va) in Y. We define an intuitionistic fuzzy set AT = (,ui, yf;)
in X by () = pa(£(2)) and vh(z) = va(F(2)), Vo € X.

Theorem 2.3.5. Let f : X — Y be a homomorphism of PMS-algebras. If the intu-

itionistic fuzzy set A = (ua,va) is an intuitionistic fuzzy PMS-subalgebra of Y |, then the

intuitionistic fuzzy set A = (M£7V,];) in X is an intuitionistic fuzzy PMS-subalgebra of

X.

Proof. Let f be a homomorphism of PMS-algebras and let A = (u4,74) be an intuition-
istic fuzzy PMS-subalgebra of Y. Let x,y € X. Then

ph(exy) = palfzxy))

= pa(f(x)* f(y))
> min{pa(f(x)), pa(f(v))}

= min{p}(x), u}y (1)}
and
vi(zxy) =va(flz*y))
=va(f(z) > f(y))
< mazx{va(f(z)),va(f(y))}
f

— maz{(x), V(1))
Hence, A" = (4/,,v}) is an intuitionistic fuzzy PMS-subalgebra of X. O
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Theorem 2.3.6. Let f : X — Y be an epimorphism of PMS-algebra. If AT = (,ui,ufl) is
an intuitionistic fuzzy PMS-subalgebra of X, then A = (ua,va) is an intuitionistic fuzzy

PMS-subalgebra of Y .

Proof. Let AT = (ui, 1/1{;) be an intuitionistic fuzzy PMS-subalgebra in X and let z,y € Y
. Then there exist a,b € X such that f(a) =z and f(b) = y. Now we have,

pra(x *y) = pa(f(a) * f(b))
= pra(f(a b))
= i, (a D)
> min{yy(a), 1 (b)}
= min{pa(f(a)), pa(f(b))}
(

=min{pua(z), paly)}

and

Hence, A = (pa,v4) is an intuitionistic fuzzy PMS-subalgebra of Y . ]

Theorem 2.3.7. Let f : X — Y be an epimorphism of PMS-algebra. Then A/ =
(,uﬁ, Vfl) is an intuitionistic fuzzy PMS-subalgebra of X if and only if A = (pa,va) is an
intuitionistic fuzzy PMS-subalgebra of Y .

2.4 Cartesian Product of IF PMS-subalgebras

Lemma 2.4.1. Let A = (ua,va) and B = (up,vp) be any two intuitionistic fuzzy PMS-
subalgebras of X and Y respectively. Then paxp(0,0) > paxp(z,y) and vaxp(0,0) <
VAXB('rvy)vv(Iay) € X XY
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Proof. Let (z,y) € X xY . Then,

11ax5(0,0) = min{pa(0), up(0)}
> min{pa(r), ps(y)}

= paxs(z,y)

and

vax5(0,0) = mazx{va(0),vp(0)}
< maz{va(z), vs(y)}

= VAxB(l",?J)-
O

Theorem 2.4.2. Let A = (ua,va) and B = (up,vp) be any two intuitionistic fuzzy
PMS-subalgebras of X and Y respectively. Then A X B is an intuitionistic fuzzy PMS-
subalgebra of X XY

Proof. Let (x1,11), (x2,y2) € X x Y . Then,

frax(T1, Y1) * (T2, Y2)) = paxp(@1 * T2, Y1 * ya2)
= min{pa(z1 * z2), (Y1 * y2)}
> min{min{pa(z1), pa(w2)}, min{us(y1), pe(y2)}
= min{min{pa(x1), pp(y1)}, min{pa(es), ps(y2)

= min{piaxs(1, 1), paxp(T2,y2)}

and

vaxp (@1, Y1) * (2, 42)) = vaxp(T1 * T2, Y1 * y2)
= maz{va(ry * r2), ve(y1 * y2) }
> maz{maz{va(x1), va(z2)}, max{ve(y1), ve(y2)}}
= max{maz{va(z1),ve(y1)}, maz{va(zs), ve(y2) }}

= mazx{paxp(r1,y1), Vaxp(Te, y2)}

Hence, A x B is an intuitionistic fuzzy PMS-subalgebra of X x Y . O]
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Theorem 2.4.3. Let A and B be intuitionistic fuzzy subsets of the PMS-algebras X and
Y respectively. Suppose that 0 and 0" are the constant elements of X and Y respectively.
If A x B is an intuitionistic fuzzy PMS-subalgebras of X x Y, then at least one of the
following two statements holds.

(i). pa(z) < pup(0) and va(z) > vp(0'),for all z € X,

(i1). pup(y) < pa(0) and vg(y) > va(0), for ally €Y.

Proof. Let A x B be an intuitionistic fuzzy PMS-subalgebra of X x Y.
Suppose that none of the statements (i) and (ii) holds. Then we can find x € X and

y € Y such that pa(z) > pp(0'),va(z) < vp(0') and up(y) > pa(0),va(y) < va(0).

Then we have;

paxs(x,y) = min{pa(x), up(y)}
> min{up(0'), £a(0)}

= /II/AXB<O7 O/)

and

Vaxp(x,y) = max{va(z), vs(y)}
< max{vg(0'),va(0)}
= I/AXB(O,O/)

which leads to paxp(z,y) > paxp(0,0) and vaxp(z,y) < raxp(0,0"). This contradicts
Lemma 2.4.1. Hence, either (i) or (ii) holds O

Theorem 2.4.4. Let A and B be intuitionistic fuzzy subsets of PMS-algebras X and Y
respectively such that pa(z) < pp(0") and va(z) > ve(0') for all x € X, where 0 is a
constant in Y. If A X B is an intuitionistic fuzzy PMS-subalgebra of X XY, then A is an

intuitionistic fuzzy PMS-subalgebra of X.

Proof. Let x,y € X. Then (x,0'),(y,0) € X x Y. Since pa(z) < pp(0) and va(x) >
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vp(0') for all x € X, then for all z,y € X we get,

pra(z x y) = min{pa(z xy), pp(0'+0')}
= praxp(x xy, 0" % 0)
= paxp((z,0) * (y,0'))
> min{piaxp(x,0), paxp(y,0)}
= min{min{pa(x), pp(0)}, min{pa(y), np(0")}}

= min{ua(x), pa(y)}

and

va(zxy) = max{va(zxy),vp(0 x0)}
= vaxp(*y, 0 *0))
= vaxp((z,0') * (y,0')
< max{vaxp(z,0), vaxp(y,0)}
= maz{maz{va(z),vs(0")}, maz{va(y), vs(0')}}

= max{l/A(!E)7 VA(y)}

Hence, pa(z *y) > min{pa(x), pa(y)} and va(z *y) < max{va(z),va(y)}.
Therefore, A is an intuitionistic fuzzy PMS-subalgebra of X. m

Theorem 2.4.5. Let A and B be intuitionistic fuzzy subsets of PMS-algebras X and Y
respectively such that pp(y) < pa(0) and vp(y) > va(0) for all y € Y, where 0 is a
constant in X. If A x B is an intuitionistic fuzzy PMS-subalgebra of X XY, then B is an

intuitionistic fuzzy PMS-subalgebraof Y.

Proof. Let z,y € Y. Then (0,2),(0,y) € X xY. Since ug(y) < ua(0) and vp(y) > v4(0)
for all y € Y , then for all z,y € Y we get,
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ez xy) =min{ua(0%0), up(z *y)}
= paxp(0x 0,2 y)
= paxs((0,2) x (0, y))
> min{ prax (0, ), paxs(0,y)}
= min{min{p(0), pp(x)}, min{ua(0), up(y)}}

=min{pug(x), us(y)}

and

vp(r *y) = mar{va(0%0),vp(z xy)}
= vax(0% 0,2 % y)
= vaxp((0,2)  (0,y))
< maaz{vaxp(0,2), vaxs(0,y)}
= maz{maz{va(0), vp(z)}, maz{va(0),vp(y)}}

= maz{vg(z),vs(y)}

Hence, pup(xzxy) > min{ug(x), up(y)} and vp(zxy) < max{vg(z),vs(y)}.
Therefore, B is an intuitionistic fuzzy PMS-subalgebra of Y . O

From Theorems 2.4.3 , 2.4.4 and 2.4.5, we have the following:

Corollary 2.4.6. Let A and B be intuitionistic fuzzy subsets of PMS-algebras X and Y
respectively. If Ax B is an intuitionistic fuzzy PMS-subalgebra of X XY |, then either A is

an intuitionistic fuzzy PMS-subalgebra of X or B is an intuitionistic fuzzy PMS-subalgebra
of Y.

Proof. Since A x B is an intuitionistic fuzzy PMS-subalgebra of X x Y,
paxp((z1,y1) * (22,92)) = min{paxp(z1,y1), paxp(z2,y2)} (1)
vaxp((21,y1) * (22, ¥2)) < maz{vaxp(z1,y1), vaxpB(22,92)} (2)

If we put z; = 0 = zo in (1), we get; paxp((0,y1)*(0,92)) > min{paxs(0,v1), paxs(0,y2)}
= paxB(0x 0,91 xy2) > min{paxp(0,y1), paxp(0,y2)}
= ptaxp(0,y1 x y2) = min{paxp(0,y1), paxp(0,y2)}
= min{pa(0), pp(y1 * y2)} = min{min{p(0), pp(y1)}, min{pa(0), pp(y2)}}
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Hence, pip(y1 *y2) = min{up(y1), ps(ye)}-
Also,if we put 1 = 0 = x5 in (2), we get; vaxp((0,y1)*(0,y2)) < max{vaxp(0,11), vax5(0,y2)}
= VaxB(0% 0,41 xy2) < max{vaxp(0,y1), vaxp(0,92)}
= VaxB(0,y1 % y2) < max{vaxp(0,41), v ax5(0,y2)}
= maz{va(0),ve(y1 * y2)} < maz{max{v(0),vp(y1)}, mazr{ra(0),vp(y2)}}.
Hence, vg(y1 xy2) < max{vp(y1),vs(y2)} and B is an intuitionistic fuzz PMS-subalgebra
of Y .
Similarly, we prove that A is an intuitionistic fuzzy PMS-subalgebra of X by putting
y1 = 0=y, in (1) and (2). 0

Theorem 2.4.7. Let A and B be any intuitionistic fuzzy subsets of X and Y respectively.
Then A X B is an intuitionistic fuzzy PMS-subalgebra of X XY if and only if paxp and

Vasp are fuzzy PMS-subalgebra of X XY ,where vy, g is the complement of vaxp .

Proof. Let Ax B be an intuitionistic fuzzy PMS-subalgebra of X xY. Then by Definition

2.1.1 paxp((z1, y1) * (22, 92)) = min{paxp(@1,91), paxp (2, y2)} and
vaxs((z1, Y1) x (72, y2)) < max{vaxp(1,91), Vaxp(2,y2) }, V(z1, 91), (T2, 92) € X x Y.
Hence, paxp is a fuzzy PMS-subalgebra of X x Y by Definition 1.2.14. Now for all

('rlayl)u (1’273/2) c X xY.

Vaxp((@1,91) % (2,72)) = 1 — vax((21, y1) * (22, 92))
> 1 —max{vaxp(x1,11), Vaxp(T2,y2)}
=min{l — vaxp((x1,y1), 1 — vaxp((z2,y2)}

= min{(Va, 5(T1,91), Vix (T2, y2) }

Hence, v, p((71,91) * (22,92)) > min{ (v, p(21,91), Va, 5 (T2, 92) }-

Thus, v, g is a fuzzy PMS subalgebra of X x Y.
Conversely, assume j1axp and v, g are fuzzy PMS-subalgebra of X x Y.
Then we have that paxp((x1,91) * (¥2,92)) > min{(paxp(T1,91), paxp(T2,y2)} and

Vg1, 1) % (22,92)) = min{ (v, g(T1, Y1), Vax (72, y2) } for all (z1,41), (22,92) € X x
Y. So we need to show that vaxp((x1, 1) * (22, y2)) < max{(vaxp(x1,v1), Vaxp(T2,92)}

for all (z1,91), (22,92) € X x Y. Now,
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1 —vaxp((z1,91) * (22, 92)) = va, p((21,91) * (T2, y2))
> min{(VZxB(xlyyl)7 Vng(IQ,in)}
=min{l —vaxp((z1,y1),1 — vaxp((x2,92) }

=1 —maz{vaxp(r1,y1), Vaxp(T2,y2)}

and 50 vaxp((71,y1) * (T2,92)) < mar{(vaxp(w1,y1), Vaxp(T2,y2)}-

Hence A x B is an intuitionistic fuzzy PMS-subalgebra of X x Y . m

Theorem 2.4.8. Let A and B be any intuitionistic fuzzy subsets of X and Y respectively,
then A X B is an intuitionistic fuzzy PMS-subalgebra of X XY if and only if O(A x B)
and O(A x B) are intuitionistic fuzzy PMS-subalgebra of X x Y.

Proof. Suppose Ax B is an intuitionistic fuzzy PMS-subalgebra of X xY". Then paxp((x1, y1)*
(w2,92)) = min{(axs(T1, Y1), paxp(T2,92)} and

VAXB((xlayl) * ($27y2)) < max{(VAXB<:C17y1>7yA><B(x2ay2)} for all (x17y1)7<x27y2) €
X xY.

(i) To prove (A x B) is an intuitionistic fuzzy PMS-subalgebra of X x Y it suffices to

show that fOI' (Ila yl)a (x27 y2) € XXY? u:{xB«wla yl)*<x2a y2)) S mm{(ﬂsz(ﬂfla yl)7 M;}xB(x% y2)}
Now let (z1,91), (22,92) € X XY

Nng((Ihyl) * (952792)) =1- NAXB(($17y1) * (I2, yz))
<1 —min{paxp(x1, 1), paxp(®2,y2)}
= max{l — paxp((®1,91),1 — paxs((z2,y2)}

= max{(MZxB(xla y1)7 :UJZ><B<I2, yQ)}

whence, 1y, 5 (21, y1) * (22,92)) < maz{ (w4, 5(T1,91), 1k p(T2,y2)} follows.
Hence, (A x B) is an intuitionistic fuzzy PMS-subalgebra of X x Y.

(ii) To prove O(A x B) is an intuitionistic fuzzy PMS-subalgebra of X x Vit suf-

fices to show that vy, z((z1,11) * (x2,y2)) > min{ (v, 5(T1,91), Vis 5(T2,y2)}. Now let
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(xlvyl)a (5E2,yg) € X xY, then

Vaxp((Z1,91) % (72,92)) = 1 = vaxp((z1,91) * (72,92))
> 1 —mazx{vaxp(ri,y1), vaxs(T2,y2)}
=min{l — vaxs((z1,91),1 — vaxs((z2,y2)}

= min{(VExB@jla yl)? VZXB(‘T27 y2)}7

whence, vy, z((x1,y1) * (x2,y2)) > min{(vy, g(x1,y1), Vax5(T2,y2)} follows.

Hence, O(A x B) is an intuitionistic fuzzy PMS-subalgebra of X x Y.

The proof of the converse is trivial. n

Definition 2.4.9. Let A = (ua,va) and B = (up,vp) are intuitionistic fuzzy subset of
PMS-algebras X and Y reapectively. Fort,s € [0, 1] satisfying the condition t+s < 1, the
set Ulpaxp,t) = {(z,y) € X XY | paxp(x,y) > t} is called upper t-level set of A x B
and the set L(vaxp,s) = {(z,y) € X XY | vaxp(x,y) < s} is called lower s-level set of
A x B.

Theorem 2.4.10. Let A = (pa,va) and B = (up,vg) be intuitionistic fuzzy subsets of
X and Y reapectively. Then A x B is an intuitionistic fuzzy PMS-subalgebras of X XY
if and only if the nonempty upper t-level set U(paxp,t) and the nonempty lower s-level

set L(vaxp,s) are PMS-subalgebras of X XY for any t,s € [0,1] witht+ s < 1.

Proof. Let A = (pua,va) and B = (up,vp) be intuitionistic fuzzy sub-sets of X and
Y respectively. Let (z1,y1), (22,92) € X X Y such that (z1,41),(22,y2) € U(piaxs,t)
for t € [0,1]. Then paxp(xi,y1) > t and paxp(x2,y2) > t. Since A x B is an
intuitionistic fuzzy PMS-subalgebra of X x Y | we have; paxp((z1,y1) * (22,y2)) >
min{piaxs(T1, Y1), paxs(22, y2)} > min{t, t} =t.

Therefore, (z1,y1) * (2,y2) € U(paxp,t). Hence, U(paxp,t) is a PMS-subalgebra of
X xY.

Also, Let (z1,v1), (x2,92) € X x Y such that (z1,y1), (z2,y2) € L(vaxs, s) for s € [0,1].
Then vaxp(x1, 1) < s and vaxp(T2,y2) < s. Since A X B is an intuitionistic fuzzy PMS-
subalgebra of X XY, we have vaxp((x1, y1)*(22,9y2)) < mar{vaxp(z1,y1), Vaxp(Ta, y2)} <
max{s,s} = s.

Therefore, (z1,y1) * (x2,%2) € L(vaxp,s). Hence, L(vaxp,s) is a PMS-subalgebra of
X xY.
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Conversely, Suppose U(paxp,t) and L(vaxp,s) are PMS-subalgebra of X x Y for any
t,s € [0,1] with t + s < 1. Assume that A x B is not an intuitionistic fuzzy PMS-
subalgebra of X x Y. Then there exist (1, 41), (z2,y2) € X XY such that paxp((z1,y1)*
(22,92)) < min{praxp (w1, 1), paxp(T2,Y2) }-
Then by taking to = 2 (s ((e1,10) * (22,02)) + min{jeacs(@, 0), pas(ea,uo) 1 we
get:

paxs((z1,y1) * (X2, 92)) < to < min{paxp(@1, y1), axs(@2, y2)}-
Hence, (21, y1)x(x2,y2) & U(axn, to) but (z1,y1) € U(praxs, to) and (za,y2) € U(piaxs, to)-
This implies U(paxp, to) is not a PMS-subalgebra of X x Y | which is a contradiction.
Therefore, paxp((z1,y1) * (T2,92)) > min{paxp(1, 1), Laxs(T2,Ys).
Similarly, vaxp((z1,y1) * (22, y2)) < maax{paxp(@1,y1), vaxp(@2, y2)}-

Hence, A x B is an intuitionistic fuzzy PMS-subalgebra of X x Y. O
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Conclusion

In this project, we introduced the notion of intuitionistic fuzzy PMS-subalgebras of PMS-
algebras and some results are obtained. The idea of level subsets of an intuitionistic
fuzzy PMS-subalgebra of a PMS-algebra is introduced. The relation between an intuition-
istic fuzzy sets in a PMS-algebra and their level sets is discussed and some interesting
results are obtained. We discussed the concept of intuitionistic fuzzy PMS-subalgebra
under homomorphism and Cartesian product in a PMS-algebra. We confirmed that the
homomorphic image and the homomorphic inverse image of an intuitionistic fuzzy PMS-
subalgebra in a PMS-algebra are intuitionistic fuzzy PMS-subalgebras. We also proved
that the Cartesian product of the intuitionistic fuzzy PMS-subalgebras of a PMS-algebra
15 an intuitionistic fuzzy PMS-subalgebra of a PMS-algebra. Furthermore, we character-
1zed the Cartesian products of intuitionistic fuzzy PMS-subalgebras in terms of their level

sets.
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