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Abstract

In this dissertation, we investigate the well-posedness and persistence of spatial
analyticity of the solution for nonlinear evolution dispersive higher order KdV-
BBM-type equations which governs waves on shallow water surfaces.

We considered the initial value problem (IVP) associated with a fifth order
KdV-BBM type model that describes the propagation of the unidirectional water
wave. We show that the uniform radius of spatial analyticity o(t) of solution at
time t cannot decay faster than 1/t for large ¢ > 0, given initial data that is
analytic with fixed radius oy. This significantly improve the previous result an
exponential decay rate of o(t) for large ¢ obtained in [28].

We also considered the initial value problem (IVP) associated with generalized
KdV-BBM equation and coupled system of generalized BBM equations, subject
to initial data which is analytic in modified Gevrey space with a fixed radius oy.
It is shown that the uniform radius of spatial analyticity of solutions for both

2/3 as t — oo.

problems can not decay faster than ct™
We proved the global well-posedness result of Kadomtsev, Petviashvili - Ben-
jamin, Bona, Mahony (KP-BBM II) equation in an anisotropic Gevrey space,
which complements earlier results on the well-posedness of this equation in anisotropic
Sobolev spaces. In addition, we analyzed the evolution of the radius of spatial an-
alyticity of the solution and we obtained asymptotic lower bound for the radius of
spatial analyticity of the solution for the KP-BBM II equation. We used the con-
servation law, contraction mapping principle and different multilinear estimates

to obtain the results.

vil



Chapter 1

Introduction

1.1 Background of the Study

Nonlinear evolution equations (NLEEs) are partial differential equations which
contain time derivative has become significant tool for investigating the natural
phenomena of science and engineering. NLEEs appear in an extensive diversity
of applications in solitary wave theory, water waves, propagation of shallow wa-
ter waves, theoretical physics, nuclear physics, plasma physics, chemical physics,
hydrodynamics, fluid dynamics, theory of turbulence, meteorology, optical fibers,
quantum mechanics, coastal engineering, ocean engineering, biomathematics and
such many other applications [8, 50, 72, 73, 77, 91].

Waves are among the most extensive phenomena to be studied and described
by partial differential equations (PDEs). Various fields in science such as optics,
fluid dynamics, especially hydrodynamics and particle physics are the applications
of wave theory and have been actively studied [46]. Waves can occur when a system
of medium is disturbed from its equilibrium state and the disturbance travel or
propagate from one region to another in the system. A wave with speed which is
not affected by its amplitude is usually categorized as linear wave, while the one
with the speed affected by its amplitude is categorized as nonlinear wave. Some
common nonlinear wave equations are the Korteweg-de Vries (KdV), Boussinesq,
Kadomtsev-Petviashvili (KP) and Benjamin-Bona-Mahony (BBM) equations.

Another interesting wave phenomena is the so-called soliton or sometimes
known as solitary wave. Soliton is localized nonlinear wave which maintains its
shape unchanged along the propagation with constant speed [1]. Soliton is one
of the natural phenomena which appear everywhere in daily life. The dynamics
of soliton have changed the daily lifestyle of all people across the world. For ex-
ample, all internet activities, phone conversations are due to soliton transmission,
over transcontinental and transoceanic distances, through optical fiber cables [60].

KdV and BBM equations generate soliton solutions, so does modified regularized
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long wave (MRLW) equation which represents the dispersed wave phenomenon
such as shallow water wave and phonon packet on nonlinear crystal [73].

Propagation of waves on the surface of an ideal fluid under gravitational force
is governed by the Euler equations [31]. But Euler equations frequently look to
be more complex than what is required for the undertaking of the modeling issue
in practice. Consequently, in literature several approximate models are derived,
among them, Boussinesq equations and its regularized version are the most well
known. In [18], the first and the second-order Boussinesq systems were derived
from the original Euler equations using the first and the second-order approxi-
mations respectively. Both systems describe the two-way propagation of waves.
In 1870 s, Boussinesq derived some model evolution equations that are applica-
ble in principle to describe motions. From the Boussinesq systems, several one
way models for long waves were derived. The most famous one way models are
Korteweg-de Vries (KdV) equation, Benjamin-Bona-Mahony (BBM) equations,
Korteweg-de Vries- Benjamin-Bona-Mahony (KdV-BBM) type model equations
and etc.

A dispersive partial differential equation is a type of mathematical equation
that describes how waves of different wavelengths travel at different speeds. Dis-
persive partial differential equations are often used to model phenomena such as
water waves, light waves, sound waves, and quantum mechanics. Some examples of
dispersive PDEs are the Schrodinger equation, which describes the wave function
of a quantum system, the Korteweg—de Vries equation, which describes the propa-
gation of long waves in shallow water, the sine-Gordon equation, which describes
the motion of a pendulum chain with nonlinear coupling. Dispersive PDEs also
model physical systems in which waves of different frequencies propagate through
a medium at different velocities. For instance, as theoretical models in nonlinear
optics [1], quantum many-body systems [38, 39], and water waves [87, 88].

The most illustrative consequence of dispersive effects is a rainbow, which

occurs when light passes through rain droplets and is split into different colors.

Definition 1.1.1. We say that an evolution equation defined on R™*! is dispersive

w(k)

if its dispersive relation & = g(k), is a real valued function, such that g(k) —

400 as k — F00, where plane-wave solutions are of the form:
u(z,t) = ae'™ Y gz e R" t € R, (1.1.1)

with £ is the wave number, w is the angular frequency and a is the amplitude.

9.
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As an example, consider the linearized Korteweg-de Vries (Airy) equation ap-

pears as a model for small-amplitude water waves with long wavelength
U + Ugpe = 0. (1.1.2)

If nonlinear effects uu, add on the Airy equation, it gives nonlinear dispersive
PDE, which is KdV equation.
Substituting the plane-wave solutions (1.1.1) into the (1.1.2), we find that,

w(k) = =k,
and therefore,
w(k) 2
2
k’ Y

which is called the dispersive relation and shows that the frequency is a real valued
function of the wave number.

A simple wave of the form (1.1.1) that satisfies the equation (1.1.2) if and only
w(k)
Tk
), and notice that the wave travels with velocity k.

if w = —k3. If we denote the phase velocity by v = , the solution can be

written u(x,t) = ae*@—vk)t
Thus, the wave propagates in such a way that waves with large wave numbers
travel faster than smaller ones. For the heat equation u; — u,, = 0, we obtain
that w is complex valued and the wave solution decays exponential in time. On
the other hand the transport equation u; — u, = 0, and the one dimensional wave
equation uy; — ug, = 0, are traveling waves with constant velocity.

For developing algorithms or modeling engineering systems, analytical solu-
tions often offer important advantages. Analytical solutions are presented as math-
ematical expressions, they offer a clear view into how variables and interactions
between variables affect the result. Information about the domain of analyticity
of a solution to a partial differential equation can be used to gain understanding of
the structure of the equation, and to obtain insight into underlying physical pro-
cesses [37]. The study of real-analytic solutions to nonlinear PDE has developed
over the last three decades.

Starting with the works of Kato and Masuda [58] for dispersive wave-type
equations, and Foias and Temam [42] for the Navier-Stokes equations, analytic
function spaces have become popular tools to the study of a variety of questions
connected with nonlinear evolution PDEs. In particular, the use of Gevrey-type

spaces has given rise to a number of important results in the study of long time
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dynamics dissipative equation, such as estimating the asymptotic degrees of free-
dom, approximating the global inertial manifolds and a rigorous estimate of the
Reynold’s [70].

The analytic Gevrey space play an important role in various branches of partial
and ordinary differential equations as intermediate spaces between the spaces of
smooth functions C'*° and the analytic functions. In particular, whenever the
properties of a certain operator differ in the C**° and in the analytic framework,
it is natural to test its behavior on the classes of the Gevrey function. A function
in G7*(R) has radius of analyticity at least ¢ at every point on the real line. This
fact leads us to consider the following question. Given uy € G7°(R) for some
initial radius g9 > 0, how does the radius of analyticity of the solution u evolve
in time?. The reason for considering initial data in G°°*(R) space is due to the
analyticity properties of Gevrey functions. The main advantage of using Gevrey
space is that they allow us to compare and contrast different types of differential
operators or mappings that behave differently in smooth and analytic spaces. For
instance, we can use Gevrey classes to show that some differential operators are
stable under perturbations in one category but not in another. We can also use
Gevrey classes to find sharp estimates for the regularity or solvability of certain
differential equations.

Local and global well-posedness results of PDEs are important topics in the
theory of PDEs, as they provide information about the existence, uniqueness,
and regularity of solutions to various types of PDEs, as well as their stability
and continuity with respect to the initial and boundary data. There are many
methods and techniques to establish local and global well-posedness results for
different types of PDESs, such as energy methods, contraction principles, Strichartz
estimates, dispersive estimates, Nash-Moser iteration, and so on. These methods
often rely on exploiting some special structures or properties of the PDEs, such
as symmetries, conservation laws, scaling invariance, or integrability.

A global well-posedness result for a PDE is a mathematical statement that
asserts the existence, uniqueness, and regularity of a solution to the PDE for
all times, given some initial and boundary conditions. A global well-posedness
result usually requires some assumptions on the coefficients, the forcing term, and
the data of the PDE, as well as some compatibility conditions between them. It
also implies the stability and continuity of the solution with respect to the data.
Global well-posedness results are important for understanding the qualitative and

quantitative behavior of solutions to PDEs, as well as their physical and geometric

-
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interpretations.

Local well-posedness result is a weaker notion than well-posedness, which only
requires the existence, uniqueness, and stability of the solution in a small neigh-
borhood of the initial data. This means that the solution may blow up or become
ill-defined after some finite time, or that the solution may depend discontinuously
on the data outside of a small neighborhood.

Usually iterative methods are used to construct local-in-time solutions to non-
linear PDEs, given suitable regularity assumptions on the initial data. These
methods were perturbation in nature (Duhamel’s formula used to approximate
the nonlinear evolution by the linear) and thus do not work directly for large data
and long times. However, for the cases of large data, one can use non-perturbative
tools to gain enough control on the equation to prevent the solution from blowing
up. The most important tool used for doing this is the conservation law.

A conservation law is a principle that states a certain physical quantity does
not change in the course of time within an isolated system. A conservation law
of partial differential equation is a divergence expression which vanishes on so-
lutions of the PDE system. Furthermore, conservation laws have applications in
the study of PDEs such as in showing existence and uniqueness of solutions. The
partial differential equations, which arise in sciences, dynamics, fluid mechanics,
electromagnetism, economics and so forth, express conservation of mass, momen-
tum, energy, electric charge, or value of firm. All the conservation laws of partial
differential equations may not have physical interpretation, but are essential in
studying the integrability of the PDE. The high number of conservation laws for
a partial differential equation guarantees that the equation is strongly integrable
and can be linearized or explicitly solved [2]. Moreover, the conservation laws are
used for analysis, particularly, development of numerical schemes and study the
properties of partial differential equations.

Let us consider PDEs of the form:

OM (z,t, Uy, Upyy - .. ) + Ou N (T, Ugy Ugy, ... ) = 0, (1.1.3)

where M (z,t, Uz, Uszs, ... ) is a density, N(z,t, Uz, Usy, ... ) is the associated flux
and u is the solution of the PDE. Integrating equation (1.1.3) with respect to z,
then if N decays sufficiently at the ends, we have

d
— | Mdx =0 1.1.4
G [z =o (11.4)

which implies that fRM dx is a constant of motion. Conservation laws can be

-5
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associated with this constants of the motion. One of the main ways of proving

global existence of solutions of dispersive PDEs is to use conserved quantities.

1.1.1 KdV and BBM Equations

The Korteweg-de Vries (KdV) and Benjamin-Bona-Mahony (BBM) equations
are two typical examples associated with the effects of dispersion, nonlinearity and
describe the propagation of water waves with small amplitude or soliton in other
liquid medium. The KdV equation is a nonlinear partial differential equation of
third order:

U + Uy + 6UU, + Ugyy = 0, (1.1.5)

where u(z,t) denotes the elongation of the wave at (z,t).

The KdV equation was used as a representation of the evolution of long waves
with a moderate amplitude that propagate in a single direction in shallow water
with uniform depth. Although equation (1.1.5) now bears the name KdV, it was
apparently first obtained by Boussinesq [26]. The study of compressible fluids
in fluid mechanics, the explanation of the characteristics of electron plasmas, the
study of oceanic water waves, and the investigation of mass transport issues related
to chemical compounds are all areas in which the KdV equation is crucial [89].
The KdV equation (1.1.5) is widely recognized as a paradigm for the description
of weakly nonlinear long waves in many branches of physics and engineering.

The KdV equation owes its name to the famous paper of Korteweg and de Vries
[63] published in 1895, in which they showed that small-amplitude long waves on
the free surface of water could be described by the equation

2

3 h
U + cuy + 3—Zuux + %Uumx =0, (1.1.6)

where u(x,t) is the elevation of the free surface relative to the undisturbed depth
h,c = gh/2 is the linear long wave phase speed, and v = 1 — g%, is the bond
number measuring the effects of surface tension and p is the water density.

The Benjamin-Bona-Mahony (BBM) equation also known as the Regularized

Long-Wave equation (RLWE) is the partial differential equation given by
U + Uy + Uy — Uggr = 0. (1.1.7)

This equation was studied by Benjamin, Bona, and Mahony in [10] as a modified
KdV equation for modeling long surface gravity waves of small amplitude propa-

gating unidirectionally in (1 4 1)-dimensions. The authors examined the stability

-6-
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and uniqueness of the solutions to the BBM equation. This contrasts with the
KdV equation, which is unstable in its high wave number components.

The BBM equation is well known in physical applications. It describes the
model for propagation of long waves which incorporates nonlinear and dissipative
effects. It is used in the analysis of the surface waves of long wavelength in liquid,
hydro magnetic waves, cold plasma, acoustic gravity waves in compressible fluids,
and acoustic waves in harmonic crystals [9]. In certain theoretical investigations,
the BBM equation is superior as a model for long waves, from the standpoint of
existence and stability, the equation offers considerable technical advantages over
the KdV equation. In addition to shallow water waves, the equation is applicable
to the study of drift waves in Plasma or the Rossby waves in rotating fluids. Under
certain conditions, it also provides a model of one-dimensional transmitted waves.

The main mathematical difference between KdV and BBM models is best un-
derstood by comparing the dispersion relation for the equivalent linearized equa-
tions. It is obvious that these linkages only result in similar reactions for waves
with low wave numbers and result in radically different reactions for waves with
high wave numbers. This is one of the reasons that the existence and regularity
theory for the KdV equation is more complex than the theory of the BBM equa-
tion. The BBM equation, replaces the third-order derivative in (1.1.5) by a mixed
derivative, —u,,;, which, inturn, results in a bounded dispersion relation. This
boundedness was utilized to prove existence, uniqueness, and regularity results for
solutions of the BBM equation (1.1.7). Further, while the KdV equation has an
infinite number of integrals of motion, the BBM equation has only three [69].

Bona and Smith [24] established another regularized long wave equation by the
addition of linear dispersion term —u,,; with KdV equation, namely, KdV-BBM
equation

3 1
Up + Uy + 5 Uiz + Vlgpy — (6 — V) Uy = 0. (1.1.8)

1.1.2 KdV-BBM Equation and Coupled System of gener-
alized BBM Equations

The starting point of the derivation of higher-order Korteweg-de Vries- Benjamin-
Bona-Mahony (KdV-BBM) type equations are the papers [14] and [18], where
several-parameter variant of the classical Boussinesq coupled system of equations
was derived.

Formal derivations of first and second order Boussinesq systems depend on the

-
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small parameters say «; and ;. In dimensionless scaled variables, the family of

first-order Boussinesq system has the form

N + We + a1 (wn)z + 1 (AWegz — Ogar) = 0, (1.1.9)
Wy + Nz + G WWy + 61 (C"?xxx - dwx:pt) = 07 -

where the constants a, b, c and d satisfy the following relations

i S T
=3 (1= 0%) m, d:5(1—9§)(1—u1),

so that a +b+c+d =3

The second-order Boussinesq system is given by

M+ We + B1 (AWage — Wawt) + BF (01Weaeae + 01700aat)
= —ai(nw), + a1 (b<77w)mz - (CL +b— —) (me) )
Wy + 1y + B1 (Nage — AWagr) + 7 (1Nezaze + 1 Wagat)
= —aqww, + a1 1 (¢ + d)wwaee — ¢ (wwy),, — (Mex), + (¢ + d — Dwpw,,)

(1.1.10)
where the additional constants aq, by, c; and dy satisfy
a; = —5 (92——) (1—)\1> (9%—%)2>\11
b= =3 (67 —1)" (1= ) (1.1.11)

o =%<1—62>(92—l)<1—un>
di = =5 (1= 60" — 5 (1—63) (63 — }) s,

4

with 61 € [0, 1], A1, p1, A11 and pq; are modeling parameters and can take any real

number.
From the second order Boussinesq system (1.1.10), Bona et al. in [14] derived

the unidirectional model, namely, fifth order KAV-BBM equation

Uy + Uz — V1Ugat + YoUgzs + 51uxxa:mt + 52uazwxxa: + %UUI + 7(“2)xzx
—(02), — ). =

where u : R? — R. The parameters 7, 72, 01, 02 and 7 are constants that satisfy

(1.1.12)

the following conditions.

,

(b+d—p),

(a+c+p),

2(bi+di)—(b—d+p)(z —a—d) —d(c—a+p)], (1.1.13)
2(a1+c1) = (c—a+p) (5 —a) +30],

L5 —9(b+d) +9p].
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Chapter 1 1.1. BACKGROUND OF THE STUDY

Such equation describes the unidirectional propagation of water waves.
From the first order Boussinesq system (1.1.9) Bona et al. in [14] derived, the
KdV-BBM equation. The generalized version of KAV-BBM equation is given by

3 1
Uy + Uy + §upux + Vlgpy — (6 — V) Uz = 0, (1.1.14)

where v = 411 [0%()\1 — 1) — %)\1 + ul]. 01, A1 and pu, formally take any real value
and p is positive integer, (see, [14]).

The KdV-BBM equation analyses the evolution of long waves with modest am-
plitudes propagating in plasma physics and the motion of waves in fluids and other
weakly dispersive mediums. Moreover, rogue waves and lumps occur in several sci-
entific areas, such as fluid dynamics, optical fibers, dusty plasma, oceanography,
water engineering, and other nonlinear sciences [64].

To model two-way propagation of waves in physical systems where nonlinear
and dispersive effects are equally important, systems of nonlinear dispersive equa-
tions have been used. There are different nonlinear dispersive system of equations
that describe different phenomena, and their fundamental properties of solutions
are studied in different functional spaces. For instance, the model derived by Gear
and Grimshaw [43] describes the strong interaction of weakly nonlinear long waves,
the Majda-Biello system [66] arises as a model for the interaction of barotropic
and baroclinic equatorial Rossby waves, the Maxwell-Dirac equation describes the
interaction of an electron with its own electromagnetic field that play a major role
in quantum electrodynamics [11].

In particular, the coupled system of generalized BBM equations which arises in
water wave theory, climate modeling and other situations where wave propagation

is important, is given by .

U + Uy — Ut + (P(u, v)) =0,
z (1.1.15)
Vg + Uy — Uggt + <Q(u7 U)) - 07

where u and v are real-valued functions of z € R and t > 0. Here, P and @ are

arbitrary homogeneous quadratic polynomials in the variables v and v given by
P(u,v) = au® + Buv + yv?,

Q(u,v) = Ou* + Iuv + Yo,

with real valued coefficients «a, 3,7, 60, A and .




Chapter 1 1.1. BACKGROUND OF THE STUDY

1.1.3 KP-BBM Equation

Consider the mathematical model equations, namely Kadomtsev-Petviashvili
(KP) equation
Vp + Vg + Vg + VU, + a0, vy, = 0, (1.1.16)

and the regularized version, the Kadomtsev-Petviashvili, Benjamin-Bona-Mahony
(KP-BBM) equation

Up — Uy + Uy + ULy + @y My, = 0, (1.1.17)

where o = +1. These equations occur naturally in many physical contexts as
universal models for unidirectional propagation of weakly nonlinear dispersive long
waves with weak transverse effects. If « = 1 in (1.1.16) and(1.1.17), the equations
are known as the KP II and KP-BBM II equation respectively, while o = —1,
they are the KP I and KP-BBM I equation.

The Kadomtsev—Petviashvilli (KP) equation, arises in various contexts where
nonlinear dispersive waves propagate principally along the x-axis, but with weak
dispersive effects being felt in the direction parallel to the y-axis perpendicular to
the main direction of propagation.

Note that, in case the wave motion does not vary at all with y, (1.1.16) and

(1.1.17) reduce to the Korteweg—de Vries equation

Up + Uy + §uux + éumxx = 07

and the regularized long-wave equation or BBM-equation

Up + Uy + §uux - gua:xt = 07

respectively, which govern the unidirectional propagation of small-amplitude long
water waves in a channel where variation across the channel can be safely ig-
nored [12, 35]. Hence, KP equation is the two-dimensional extensions of the KdV
equation and KP-BBM equation is the two-dimensional extensions of the BBM
equation.

The KP-BBM equation can be used to describe the dynamics of surface gravity
waves in shallow water, such as tsunamis, tidal waves, and storm surges. It can
also be applied to model the propagation of ion-acoustic waves in plasma physics,
where the ions behave as a fluid and the electrons are assumed to be isothermal.

It also used for studying the optical solitons in nonlinear media, where the light

-10-



Chapter 1 1.1. BACKGROUND OF THE STUDY

pulses can maintain their shape and speed due to the interplay of nonlinearity and
dispersion.

In this dissertation, we study the well-posedness result and persistence of
spatial analyticity of the solution to the initial value problems associated with
nonlinear dispersive evolution equations we discussed above. The notion of well-
posedness which is featured here was put forward by the well-known French math-
ematician Hadamard a century ago [48]. In his study, a problem is well-posed sub-
ject to given auxiliary data when there corresponds a unique solution which de-
pends continuously on variations in the specified supplementary data. Hadamard
in [48] pointed out that if the problem is lacking well-posedness properties, it
will probably be useless in practical applications. Auxiliary data brought from
real-world situations typically features at least a small amount of error. The well-
posedness of PDE problems is an important concept in mathematics and physics.
Well-posed problems are important in real practical applications because they en-
sure the stability and regularity of the solutions. If a problem is not well-posed,
it may have no solution, infinitely many solutions, or solutions that are sensitive
to small changes in the data. Such problems are ill-posed and they may have no
real practical applications.

The local well-posedness result can be extended to global well-posedness result
using almost conservation law for the problems we considered. We also study the
persistence of spatial analyticity to the solution of these higher order dispersive
partial differential equations in the class of analytic functions by providing explicit
formulas to lower bounds for the radius of analyticity of the solution.

The persistence of spatial analyticity of the solution means that the solution
remains analytic in space for some time, even if the initial data is only analytic
in a strip around the real axis. The persistence of spatial analyticity for the
solutions of PDE problems depends on several factors, such as the type of the
PDE (elliptic, parabolic, hyperbolic, etc.), the coefficients of the PDE, the initial
data, the boundary conditions, the dimension of space, conservation law etc.

The radius of analyticity of the solution is a measure of how smoothness of the
solution is in the complex domain. It is defined as the largest distance from the
real axis to the nearest complex singularity such that the solution can be extended
as a holomorphic function. Studying the radius of analyticity of the solution can
help us to understand the structure and properties of the equation, as well as the
underlying physical processes.

There are many studies that investigate the radius of analyticity of the solution

-11-
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for different types of equations, such as the Navier-Stokes system [55], Schrodinger
equation [84] and the semi-linear parabolic system [32] etc. These studies use
various methods and techniques to obtain lower or upper bounds for the radius of
analyticity, and to analyze how it changes over time. Some of the results showed
that the radius of analyticity can decay exponentially or algebraically as time
increases, depending on the equation and the initial data.

The study of well-posedness and persistence of spatial analyticity of the so-
lutions of higher order nonlinear dispersive PDEs is challenging because of the
presence of nonlinear and dispersive terms, which can cause the solution to blow
up or lose regularity in finite time. Therefore, in this study we used various tech-
niques and tools to analyze the problems, such as Fourier analysis, multilinear

estimates, contraction mapping principle, and approximate conservation laws.

1.2 Objectives of the Study

In this study, the initial value problems associated with higher order KdV-
BBM type equations, coupled system of generalized BBM equations and KP-BBM
equation are taken into consideration. We investigate the well-posedness and
persistence of spatial analyticity of the solution for these higher order nonlinear
evolution dispersive PDEs. Lower bound for the radius of spatial analyticity of

solutions also established for the problems under consideration.

1.2.1 General Objective

The main objective of this study is to investigate the well-posedness proper-
ties and persistence of spatial analyticity of the solution of nonlinear evolution
dispersive higher order KdV-BBM- type equations in Gevrey space G*(R) and
modified Gevrey space H7*(R).

1.2.2 Specific Objectives

The specific objectives of this study are:

% to obtain local and global well-posedness results of higher order KdV- BBM
type equations and coupled system of generalized BBM equations in Gevrey

space and modified Gevrey space ,

-12-
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R
**
R

**

R
**

to obtain local and global well-posedness results of KP-BBM equation in

modified anisotropic Gevrey space Ho172:51:52(R?),

to improve the exponential lower bound of the radius of spatial analyticity
to algebraic one for the solution of fifth order KAV-BBM equation,

to analyze the evolution of radius of spatial analyticity to the solutions of
nonlinear dispersive coupled systems of generalized BBM equations in ana-

lytic modified Gevrey space,

to construct asymptotic lower bound for the radius of spatial analyticity to
the solution of generalized KdV-BBM equation in modified Gevrey space
H7*(R).

1.3 Significance of the Study

The concept of well-posedness and persistence of spatial analyticity of the

solution is a significant topic in the field of nonlinear partial differential equations.

The problems we considered in this dissertation are mathematical models of waves

on shallow water surfaces. They have many applications in physics, engineering,

biology, and other sciences. The well-posedness of these problems has important

property to ensure the stability and predictability of the problems. The results of

this study may have the following importance:

>

To provide good understanding and insight for models governing physical

process having a wave structure.

To study the well-posedness of other classes of differential equations in dif-

ferent classes of functions.
To identify well-posed problems which arise in practical applications.

To provide background information for postgraduate students and other re-

searchers who work on related area.
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Chapter 2

Preliminaries

It is important to identify the functional spaces in which solutions to PDEs
belong and to define convergence in those spaces in order to establish Theorems
of existence, uniqueness, and continuous dependence. In this chapter, notations,
Definitions, function spaces, and known results are presented that will be used in
the subsequent sections and chapters.

Throughout this study, we use a positive constant C to denote a constant that
may vary from one line to the next. If A and B are two non-negative quantities,
the notation A < B stands for A < CB, A ~ B stands for A < B and B < A.

We also use A <« B to mean A < ¢B for some small constant ¢ > 0.

2.1 Space of Functions

In this section, we introduce some well-known function spaces and the space-
time Fourier transform.
For 1 < p < oo, L? := LP(R) denotes the set of p!"-power Lebesgue-integrable

functions. The norm of a function f € LP(R) is given by

1 o= ( / !flpda:)p.

For the case p = 0o, L>°(R) define with the norm

£ 1| Low iy = ess sup [ f1,

where esssup | f| is the essential supremum of | f| which is defined as the minimal

¢ € R such that |f(x)| < ¢, almost everywhere, that is,
esssup |f| =inf{c e R: |f(z)| < ¢ a.e}.

We also write || f|| »ra) if the dimension d is clear from the context. The LP-space

is defined as

LP(R?) = {f : R? = C : f is measurable and, || f|| »re) < 00}

14



Chapter 2 2.1. SPACE OF FUNCTIONS

Theorem 2.1.1 (Hélder inequality [3]). Suppose that 1 < p < oo and % + % =1.

If f and g are measurable functions on R4, then

1fgllee < WAl llgll o,

that is, if f € LP and g € L, then fg € L',
More generally, if 1 < p,q < 0o and % + % = %, then

1fgller < 1fllze llgllze-

If f:R'xR — R, and 1 < ¢, p < oo, then the mixed space-time Lebesgue
space L{LP := LILP(R? x R) is defined via the norm

q 1
sz = LA GOzl gy = ([ ([ 1t 0pac)at)",

with the usual modification when p or ¢ is 0o, that is,
£l Lo L2 maxr) = sup|l f (-, 1) || L2way,
teR

and

sup /(. )

Hf”LZLgO(RdXR) =
zcRd

L{(E).
An analogous definition is used for the other mixed norms L L{, with the order of
integration in time and space interchangeably. If p = ¢, then we write L L{ = L ,.

The space of square-integrable, measurable functions defined on a measurable
subset Q of Euclidean space is denoted by L?*(€2). In fact, throughout, Q will
always be R |, R? or R? and we will usually not bother to display the set, but just
write L? for L2(RY), d = 1,2, 3.

For any Banach space X and T > 0, C'(0,T; X) is the class of continuous maps
from [0, 7] into X with its usual norm

[ullerx)="sup [lullx.
te[0,7)

If X and Y are Banach spaces, then their Cartesian product X x Y is also a
Banach space with product norm defined by

(s o)l xxy= lJullx vy,

and hence

1w, )llerxxn= sElp]HuHer S[up]l\vlly- (2.1.1)
t

) t€7
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Chapter 2 2.1. SPACE OF FUNCTIONS

Definition 2.1.2. ([68]) Let (X, ||.||x) and (Y, ||.||y) be normed spaces.
A map T : X — Y is called a contraction mapping, if there exists a constant
6 € [0,1) such that

1T(x) = T(y)lly <0lle —yllx,

for all z,y € X.

Theorem 2.1.3. (Banach’s fized point theorem [68]). Let (X, ||.||x) be a Banach
space. If T : X — X is a contraction map, then the fized point equation T (x) = x

has a unique solution.

Banach’s fixed point theorem (also called the contraction principle) is one of the
most important tool used to prove the well-posedness result of nonlinear evolution
equations. It is also called an existence and uniqueness theorem for fixed points

of certain mappings.

Definition 2.1.4. [51] We define a complex-valued smooth, rapidly decreasing
functions

S(Rd) ={u € C“(Rd) : ||ullap = sup |xaﬁﬂu(x)| < 00, }

rER4

for all multi-indices’s a = (ay, a9, 3, ..., aq), 8 = (B, B2, B3, .., B4) € N&, where
Ny := NU{0}. The space of all Schwartz functions on R? is denoted by S(R%).

Definition 2.1.5. [51] The dual space of the Schwartz space S(R?) is called the
space of tempered distributions, denoted by S (R?).
We write

u(¢) = (u, @),
for u € S'(R%), ¢ € S(RY).

Definition 2.1.6. [83] The Fourier transform of f € S (]Rd) is denoted by Ff or

f and defined by
1

(27)% Jra

where - § = Z?d v for ¥ = (21,29, ..., wa) ,§ = (£1,62,.-.,8a) € R¢.
Then, the mapping = : S(R?) — S(R?) is an isomorphism with inverse transform,

(z)e ™4du,

Ff=f(=

given by .
= F(§)e ™t de.
1) = g [ e cae
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The spatial Fourier transform f(z) — f (&) brings into view the oscillation of
a function in space. In the analysis of dispersive PDE, it is also important to
analyze the oscillation in time, which leads to the introduction of the space-time
Fourier transform. If f : R? x R — C is a complex scalar field, we can define its

space-time Fourier transform f :R? x R — C, formally as

3 — 1 —i(z-E+tT)
flen = /R d /R F(zt)e dtd.

Definition 2.1.7. The convolution of the functions f,g € L*(R?) is denoted by
f * g and defined as

(fxg)(x) = » fy)g(z —y)dy.

Note that the following important properties of the Fourier transform

(i) Parseval’s relation

[ 1@ = — [ feheas

(ii) Convolution
T+ 9(6) = 7).
Proposition 2.1.8. [51] F(L*(R?)) = L*(RY). Moreover, F|2gray : L*(R?) —

L*(RY)is a unitary operator and in particular
||]:U||L2(Rd) = ||u||L2(Rd)vu € LQ(Rd)-

Natural spaces to measure the regularity of the initial data in Cauchy problems
are the classical Sobolev spaces H*(RY),s € R. Sobolev spaces are named after
the Russian mathematician Sergei Sobolev. Their importance comes from the
fact that weak solutions of some important partial differential equations exist in
appropriate Sobolev spaces, even when there are no strong solutions in spaces of

continuous functions with the derivatives understood in the classical sense.

Definition 2.1.9. [62] Assume that {2 is an open subset of R? | u € L}, () and

loc

a € Ny be a multi-index. Then v € L, (Q) is the o' weak partial derivative of

u, written D% = v, if

/uDo‘godx: (—1)a|/vg0dx
0 Q

for every test function ¢ € C§°(92).
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Chapter 2 2.1. SPACE OF FUNCTIONS

Definition 2.1.10. [62] Assume that  is an open subset of R?. The Sobolev
space WHP(Q) consists of functions u € LP(£2) such that for every multi-index «
with |a| < k, the weak derivative D®u exists and D*u € LP(2). Thus

WkP(Q) = {u € LP(Q) : D°u € LP(Q), |a| < k}.

If u e WHP(Q), we define its norm

||| w0 < / |Dau‘1’dx) , 1 <p<oo,
|| <k

and for p = oo

||| w0 () Z || D%ul| Lo (0 Z esssgp | D%ul.

la| <k la|<k

The Sobolev space H*() is the space of functions u in L?*(€2) such that the
Dy for any o = 0, 1, ..., k are also in L?(f2), where the derivatives are interpreted

in the sense of distributions. Thus,
H*(Q) = {u€ L?: D* € L? where a = 0,1,2, ..., k}.

The notation W*? is also frequently used instead of H*. One then regards H* as
a member of a more general family of Sobolev spaces WH?.

We write (£) = (1 + \5]2)% and define the Bessel potential operator
J S (RY) = S'RY), (FIu,¢) = (Fu. (€)°0), ¢ € CF(RY),

Definition 2.1.11. [51] Let s € R. We define the L*- based inhomogeneous
Sobolev spaces H® (R) as

H*(R) = {ue S R): JoueL*R)},

and we have

lul

2y = [Tl = [€)°T(E) [2age) = / () la(e) P

Definition 2.1.12. ([40]) Let 5 = sy, 59,...,84 € R%. The anisotropic Sobolev
spaces H® (R?) defined as

d
H* (RY) = {UES’ RN T (1 +14) 5aeL2(Rd)},
=1

where &; denotes the i"* component of the Fourier variable & € R?.
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For 5 = s1, s, € R?, we define anisotropic Sobolev space H**2(R?) via norm

[ Forne 2y = I1{€0) " (€2) 20(&r, €2, ) | T e
(2.1.2)

= /Rz<§1>2sl<§2>282|ﬁ(§1;527t)’2d51d§2,

where 4 denotes the spatial Fourier transform

1

(61, 61) = o=

/ e i(wgﬁy&)u(x,y,t)dxdy.

Theorem 2.1.13. (Sobolev Embedding Theorem [61]). If s > k+3, then H*(R?) is
continuously embedding in C*(R?), the space of functions with k times continuous
differentiable vanishing at infinity. In other words, if f € H*(RY), s > k+ %, then
f € C*RY) and

1 fller@ay < Clf]

Proposition 2.1.14 (Sobolev Lemma). (/7/]). For s > 3, we have

HS(Rd)‘

[ull e < Cllullgs,  ue H?,
for some positive constant C' depending only on s.
Proposition 2.1.15 ([61]). Let s,51,55,5 € R.
1. If0 < s < &, then H* (R%) — H*(RY).

2. H*(RY) is a Hilbert space with respect to the inner product {-,-), defined as
follow. If f,g € H*(RY),then

(k= [+ IR FQT+ P Fa(e)de
3. The Schwartz space, S(R?) is dense in H*(R?), Vs € R.
4. If 51 < s < 89, with s = 0s1 + (1 — 0)sy for 0 <0 <1, then

/] fllira,  f € H(RY),

e < I F119

Hs1

which is known as interpolation inequality.

Proposition 2.1.16 ([45]). Let 1 < p < oc.
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. If 0 < s < %, then the Sobolev space W*P (Rd) embeds continuously in
L7 (RY) for
1 1 s
-———=-. 2.1.3
b g d (2.1.3)

i If 0 < s < %, then the Sobolev space W*P (Rd) embeds continuously in

L1 (Rd) for any % < q < 00.

110, ]f% < s < 00, then every element of WP (]Rd) can be modified on a set of
measure zero so that the resulting function is bounded and uniformly contin-

uous.

Theorem 2.1.17 (H-algebra). The Sobolev space, H*(R) is an algebra for s > 3.
i.e., if u,v € H*(R) then uv € H*(R) and there exists C = C(s) > 0, such that

|uv]| gsy < Ollullasm)lv|as®)-

In mathematics, an analytic function is a function that is locally given by
a convergent power series. There exist both real analytic functions and complex
analytic functions. Functions of each type are infinitely differentiable, but complex
analytic functions exhibit properties that do not generally hold for real analytic
functions. A function is analytic if, and only if, its Taylor series about zy converges

to the function in some neighborhood for every z( in its domain.

Definition 2.1.18. Let f be a real-valued function defined on an open set 2 C R™.
We call f is real analytic at xg if there is a neighborhood of xy within which f can

be represented as a Taylor series

fl@) =2 Cilw —wo)", (2.1.4)

where the coefficients C;, i = 1,2, 3, --- are real numbers and the series is conver-

gent to f(z) for x in a neighborhood of .

A function f(z) is said to be analytic at a point xg if o is an interior point
of some region where f(x) is analytic. Hence the concept of analytic function at
a point implies that the function is analytic in some neighborhood at this point.
Thus, we say f is real analytic in € if it is analytic at every point in ). The
symbol C*(€2) is used to denote the class of functions which are analytic in €2,

whereas C*°(2) denotes functions which have derivatives of all orders. Obviously
CY(Q2) C C=(Q).
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Like holomorphic functions of a single complex variable, analytic functions have
a unique continuation property. Real analytic functions can also be characterized
as restrictions of complex analytic functions. Thus, every real analytic function
can be extended into a subset of the complex plane, and since power series can be

differentiated term by term, the extended function is differentiable.

Definition 2.1.19. Let ¢ > 0, s € R. Then Gevrey space G7*(R) is defined as
the subspace of L?(R):

() = {u e §'(B) : (D)} € L2(R) ).
with the norm
1y = IO FONaey = [ (61T e (2.15)

where D = —i0,, with Fourier symbol £ and (£) = /1 + [£|%.

For o = 0, the Gevrey-space coincides with the Sobolev space H*(R). Observe
that the Gevrey spaces satisfy the following embedding property:

G*(R) € G°*(R), forall >0 >0, s, €R. (2.1.6)
This implies that, there exist a constant C' such that

[ullgers @) < Cllullgesm), Vue GT*(R).

In particular, for ¢/ = 0, we have the embedding G°*(R) C H* (R), for all & > 0
and s,s’ € R, that is

I Y (R) < Cllullgosm)y, Yo >0, s,5 R,

For s1,s9 € R, let § = 51,85 and 01,09 > 0. We define anisotropic Gevrey

space, G7-72%(R?) via norm

[ul|Gor020m2) = He‘”'&‘e”‘&'(£1>Sl<€2>52’&(51,52)\!i2<R2)

(2.1.7)

:/ e2o1l61l 20202l (¢ V251 (€)\2%2 () &,) |2dE, dEs,
]R2

where 4 denotes the spatial Fourier transform.

One of the key properties of the analytic Gevrey space is that every func-
tion in G7*(R) with ¢ > 0, has an analytic extension to the complex strip
Sy ={z=z+iy:x,y € R, |y| <o}. This property is contained in the follow-

ing theorem.
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Theorem 2.1.20 (Paley-Wiener Theorem,[59]). Let 0 > 0, s € R. Then the

following are equivalent:

(1) | € G (R).

(2) f is the restriction to the real line of a function F which is holomorphic in
the strip
Se={z=zx+iy:z,yeR |yl <o},

and satisfying
sup | F'(z + iy)]

ly|<o

Ho(R) < 00. (2.1.8)

Proof : Let us start the proof for s =0

(i). If f € G7*(R) then f is the restriction to the real line of a function F' which
is holomorphic in the strip S,, to show this,

Write

F(z) = \/%7 /R 7o) ae. (2.1.9)

Then by the inversion formula F'|; = f the function F' is well defined and holomorphic in
{2z : |ly| < o}. By Plancherel’s theorem, we have

[ 1@+ e = o= [ 1feFea < |

R 2
feo\ﬂ

o) < 0. (2.1.10)
L2(R

The converse of (i) also true, that means, if f is the restriction to the real line of
a function F' which is holomorphic in the strip S, then f € G2*(R), to show this
Write

fy(x) = F(x +iy).
Then, we want to show that

Fu(€) = F(&)e®. (2.1.11)
By Plancherel’s theorem and (2.1.8), we conclude that the integral [, |f(§)[?e**Vdx
is uniformly bounded in |y| < o , which clearly implies (2).

For A > 0 and z in the strip {z : |y| < ¢}, put

Gia(z) =K\x F = /OO F(z — u)K)(u)du. (2.1.12)

— 00

where K denotes Fejer’s kernel.
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Clearly, G is holomorphic in the strip {z : |y| < ¢} and note that
Dy(x) = Gr(x +iy) = Ky * f,.

Hence
(&) = Knfy (6).

Now, since g, ,(&) has a compact support (contained in [—A, A]), we have

Pr(§) = Gro(€)e™™,

and consequently if |{] < A, (2.1.11) holds. Since A > 0 is arbitrary, (2.1.11) holds
for all ¢ and the proof is complete. 0

The modified Gevrey space, H”*(R) is obtained from the G”*(R) by replacing
the exponential weight e?¢l with the hyperbolic weight cosh(c|£|), equipped with

the norm
1 (7o) = llcosh(al€D(€) FE)II2mys 0 >0, (2.1.13)
where
cosh(ol]) = eolél _|_2€—o£|

Observe that, for large values of & we have, e ¢l ~ 0. From this fact and the

definition of cosh(&), we have

L ole olel

3¢ < cosh(o|¢]) < el (2.1.14)
Thus, the associated H”*(R) and G”*(R)—norms are equivalent. That is

I fllzros @y ~ 1 f lGos m)- (2.1.15)

Paley-Wiener Theorem still holds for functions in H7*(R). Note also that,
GY*(R) = H**(R) = H*(R).

The reason for considering the modified Gevrey space, H7*(R) is due to the
decay rate of exponential weight in G%*(R)-norm. In fact, in Gevrey space, G”*(R)
the desired decay rate-in-time of the radius of analyticity ¢ is obtained from the

algebraic estimate
e?fl —1 < (ale])re’, pefo.1],

which could provide a decay rate of order t~'/# for p € (0,1]. In the new space
H?*(R), the desired decay rate-in-time of the radius of analyticity o is obtained

from the estimate
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cosh(alé]) — 1 < (a|€])* cosh(a|¢]), p € [0,1], (2.1.16)

which could provide a decay rate of order ¢~1/% for p € (0, 1].
The estimate (2.1.16) follows from

coshz —1 <coshzx and coshz—1<az?coshz, z€R.

From the embedding property (2.1.6) and (2.1.15), we have

| fllzrs®y < Cllfll o), o > 0. (2.1.17)

2.2 Cauchy Problems and Well-posedness

A PDE with its domain and all required boundary and/or initial conditions is
called a PDE problem. The condition at initial time ¢ = 0 for a time-dependent
problem are also known as initial conditions. Some boundary conditions are un-
suitable for certain types of PDE in that they can lead to unphysical behaviour.
For example, Cauchy type conditions are unsuitable for the Laplace equation and
Dirichlet conditions are unsuitable for the wave equation. This leads to the notion
of a well-posed problem. Problems which arise in practical applications are usu-
ally well-posed boundary value problems (for PDEs in space only) or well-posed

Cauchy problems (for PDEs in time and space).

Definition 2.2.1. [48] A problem for PDEs is well-posed if and only if
(i) a solution exists (existence),
(7i) for given data there is only one solution (uniqueness), and

(#ii) a small change in the data (boundary data, initial data, source terms) pro-
duces only a small change in the solution(continuous dependence on the
data).

Hadamard, 1902 pointed out that, if the problem is lacking conditions in the

Definition 2.2.1, it will probably be useless in practical applications.

Definition 2.2.2 (Local well-posedness (LWP)). The Cauchy problem with initial
data ug is said to be locally well-posed in H*(R?) if the following conditions are
satisfied:
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(i) For every ug € H*(R), there exists a time 7" > 0, and a solution u in some
Banach subspace X of C([0,7); H*(R)), i.e.,

uwe X CC([0,T); H(R)).

(74) The solution is unique in X.

(7i) The map from data to solution, uy — u defined from H*(R) to X is contin-

uous.

A PDE is said to be locally well-posed if there exists a time interval and a
unique solution that depends continuously on the initial data which belongs to
given class of functions. This means that small perturbations in the initial data

will result in small changes in the solution.

Remark 2.2.3. In Definition 2.2.2,

(7) If the data to the solution map, ug — wu is uniformly continuous, we call
the problem is semilinear. If it is only continuous, the problem is called a

quasilinear problem.
(7) If T is arbitrarily large, we say that the problem is globally well-posed.

(si) If X = C([0,T); H*(R)), the problem is said to be unconditionally well-
posed.
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Chapter 3

Literature Reviews

In this chapter, we investigate previous studies conducted on different nonlinear
partial differential equations that describe the propagation of long waves in shallow
water. The aim of this review is to answer the following research question: Under
what conditions does the solution of the given problems remain spatially analytic
for all time?

Here, we analyze the existing literature on the initial value problems for fifth
order KdV-BBM equation, generalized KdV-BBM equation, coupled system of
generalized BBM equations and KP-BBM equation. We identify previous well-
posedness results and persistence of spatial analyticity to the solution of these

problems, as well as the gaps and limitations of the study.

3.1 Fifth Order KdAV-BBM Equation

Local and global well-posedness of the initial value problem (IVP) associated
to a fifth order KdV-BBM type model was proved in the space of the analytic
functions, so called Gevrey space. They also analyze the evolution of radius of
analyticity in such class by providing explicit exponential upper and lower bound
formulas for the radius of analyticity of the solution.

Consider the IVP for fifth order KdV-BBM equation [14]

Ut + Ug — YUzt + V2Uzza + 51Um:ca:rt + 52“17173:1:6 + %Uum + v(uz)zm
—15(ud)s — §(u?). =0, (3.1.1)
u(z,0) = up(x),

where u is real valued functions of z and t and wug(z) is the initial data at ¢ = 0.

In the case, v = %, the energy of the solution given by
1
Elu(t)] = 3 / (u2 + mul + (51uix>da:, (3.1.2)
R

is conserved [14], that is,

Elu(t)] = E[u(0)] V€ R.
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Chapter 3 3.1. FIFTH ORDER KDV-BBM EQUATION

For the local well-posedness theory of fifth order KdV-BBM equation, it is
important that the coefficients v, and d; appearing, respectively, in front of .
and gy, terms be nonnegative [29]. The problem (3.1.1) is ill-posed if this is
not the case. The special cases where 9; = 0 and ; > 0 is also locally well-posed
[14]. The local theory does not depend upon special choices of the parameters in
the problem other than the positivity of v, and ¢;.

In general, the fifth order KdAV-BBM equation does not have an obvious Hamil-
tonian structure. However, by suitably choosing the parameters, it can be put into
Hamiltonian form. The Hamiltonian structure allows one to infer bounds on so-
lutions that lead to global well-posedness. As seen in [17], lack of Hamiltonian
structure often seems to go along with lack of global well-posedness for arbitrarily
sized data. To obtain a global well-posedness result for initial data with lower-
order Sobolev regularity, the authors in [6, 76] used a high-low frequency splitting
technique. This technique was applied in [13, 15] in the context of BBM - type
equations, to obtain sharper well-posedness results.

For 71,6; > 0, the local well-posedness of (3.1.1) in Sobolev space H*(R) for
s > 0 was studied by the authors in [14]. For v = %, the conservation energy
(3.1.2) was used to prove the global well-posedness for data in H*(R) for s > 2, in
the case v # 4—78, the corresponding energy has no positive sign, and therefore not
useful to prove global well-posedness of (3.1.1). While, for data with regularity
% < s < 2, splitting to high-low frequency technique was used in [14] to get
the global well-posedness result. This global well-posedness result was further
improved in [27] for initial data with Sobolev regularity s > 1. Furthermore, the
authors in [27] showed that the well-posedness result is sharp by proving that the
mapping data-solution fails to be continuous at the origin for s < 1. For similar
results in the periodic case, we refer to [30].

Most recently, an exponential lower bounds on the width of the strip was
presented in [28] via a Gevrey-class technique. The authors studied the property of
spatial analyticity of the solution u(x,t) to (3.1.1) given that the initial data wug(t)
is real-analytic with uniform radius of analyticity oy, so there is a holomorphic

extension to a complex strip
Seo ={x+iy:xz,y e R |y| <op}.

The authors proved that, for short times, the radius of analyticity o(t) of the
solution remains at least as large as the initial radius, i.e, one can take o(t) = oy.

On the other hand, for large times, they proved that o(t) decays exponentially in
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t and they got, exponential lower bounds given by
2 3 3/2 3/2 2
00 exp | =  [[uollgra + 2[|uolf ey ) T = 577 (lluollge + lluolF

2
exp { = (Il + uolf) '}

and exponential upper bound given by

Cogexp {— ||u0||§{2 t} )

Moreover
3/2 2
lu(®)llgm2 < luollgra + /2 (Jluollys + uwollye) -

As stated previously, (3.1.1) is well-posed in Sobolev spaces as well as in the
spaces of analytical functions, the so-called Gevrey class of functions and explicit
exponential lower bound for the radius of analyticity to the solution has also been
obtained. However, the exponential lower bound for the radius of analyticity o(t),
decays more quickly as ¢t approaches infinity, so we are interested to improve the
result from exponential lower bound to algebraic lower bound for o(t).

Particularly, our main interest is to find solutions u(z,t) of the IVP (3.1.1)
with real-analytic initial data uy which admit extension as an analytic function
to a complex strip S,, = {x +iy:x,y € R |y| < oy}, for some oy > 0 at least
for a short time. After getting this result, a natural question one may ask is
whether this property holds globally in time, but with a possibly smaller radius of
analyticity o(t) > 0. In other words, is the solution u(z,t) of the IVP (3.1.1) with
real-analytic initial data uo analytic in S, for all 7. What is the lower bound of
o(t) 7. These questions will also be addressed in chapter four of this dissertation.

The present work, presuming that a specific Sobolev norm of the solution
remains finite, focuses on examining the asymptotic of the breadth o of the strip
of analyticity for large t. Fixed point principle and different multilinear estimates
used to prove the local well-posedness of the solution in analytic Gevrey space.
Several scholars applied the method approximate conservation law to prove the
global well-posedness results for various problems [4, 5, 56, 79, 81, 85, 86].

The approximate conservation law enable us to repeat the local result on suc-
cessive short time intervals to reach any target time 7' > 0, by adjusting the
strip width parameter o according to the size of T, and to analyze the evolution
of radius of analyticity in Gevrey space by providing explicit formulas for lower
bound.
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Chapter 3 3.2. GENERALIZED KDV-BBM EQUATION

3.2 Generalized KdV-BBM Equation

Another interesting initial value problem is generalized KdV-BBM equation

3 1
Up + Uy + éupux + Vlyyy — (6 — V) Uyt = 0, (3.2.1)
subject to
u(z,0) = up(x), (3.2.2)

where u : R? — R, the parameter v is constant that satisfy certain constraints

[14] and p is positive integer. Equation (3.2.1) is generalized BBM equation when
1

6.

The energy of the solution of (3.2.1) is conserved for v < %, that is

v = 0 and generalized KdV equation when v =

Alut) = /R [u? + (é — 2] do = A[u(0)], Vi€ R. (3.2.3)

The KdV-BBM equation can be derived by expanding the Dirichlet—-Neumann
operator [65].

Mancas and Adams in [67] studied the local and global well-posedness of the
solution for KAV-BBM type equation. The locally well-posedness was proved in
Sobolev space H*(R) for s > 1 and p = 1. This local well-posedness is established
using a contraction mapping type argument combined with multilinear estimates.
Forv < %, the conserved energy (3.2.3) was used to prove the global well-posedness
of (3.2.1)-(3.2.2) with initial data in H*(R) for s > 1. The global well-posedness
of (3.2.1)-(3.2.2) is established in Sobolev spaces H*(R), which relies on the local
results with energy type estimates.

The global analytic theory of nonlinear evolution PDE started with the work
of Kato and Masuda [58] and has recently received a lot of attention for the
Korteweg-de Vries (KdV) equation [20, 22, 56, 79, 85]. See also a recent related
result for the quartic generalized KdV equation [82], periodic Benjamin-Bona-
Mahony (BBM) equation [52]. For earlier studies concerning properties of spatial
analyticity of solutions for a large class of nonlinear partial differential equations
21, 22, 41, 44, 53, 54, 59, 71, 81]. But as far as we know, there is currently
no research being done on the persistence of spatial analyticity of the solution
for gKdV-BBM. Motivated by the work of Kato and Masuda, we are concerned
with the persistence of spatial analyticity for the solutions of (3.2.1)-(3.2.2), given
initial data in analytic modified Gevrey space H?*(R) introduced by Foias and

Temam [42]. We focus on the situation where we consider a real-analytic initial
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data with uniform radius of analyticity og > 0, so there is a holomorphic extension

to a complex strip
Seo ={z+iy:z,y eR [y <oo}.

We need to show whether analyticity of the initial data can continue or not to a
solution at all later time ¢ in complex strip S,(;). We examine the well-posedness
result for (3.2.1)-(3.2.2), given data in H* and analyze how o = () evolves in
time. We also find the explicit algebraic lower bound for the radius of analyticity
o(t) by applying approximate conservation law introduced in [80]. The reason for
considering initial data in the space H?**(R) is due to the analyticity properties
of modified Gevrey functions. A function in H7*(R) is a restriction to the real

axis of a function analytic on a symmetric strip of width 2o.

3.3 Coupled System of Generalized BBM Equa-

tions

Consider the initial value problem for coupled system of generalized BBM
equations

Ut + Uy — Uyt + (P(u, v)) =0,

u($7 O) = uO(I)u U(.f, O) = Uo(.f(f),
where v and v are real-valued functions of x € R and ¢ > 0 and ug, vy are the
initial data. P and @) are arbitrary homogeneous quadratic polynomials in the

variables v and v given by
P(u,v) = au® + Buv + yv?,

Q(u,v) = Ou* + Iuv + v,

with real valued coefficients «, 3,7, 0, A and . This type of system arises in water
wave theory, climate modeling and other situations where wave propagation is
important.

The energy obtained from (3.3.1) is given by
E(u,v) = /(au2 + buv + cv?® + du? + euyv, + fo2) dr, (3.3.2)
R

where a, b, c,d,e and f are real numbers that will be determined later.
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Differentiating the energy of the solution &£ (u,v) in (3.3.2) with respect to the
time ¢ and applying integration by parts with the assumption that (u,v) is the
solution of the system, u, v and their derivatives do not make any contribution as

|z| — oo, leads to

d
Eé’(u, v) :/ (2auuy 4+ buw + buvy + 2cvvy + 2dug gy + eUgVy + €UV + 2 [V 05) d
R

= / (2auuy 4+ bugw + buvy + 2cvvy — 2dUtyrr — €UV — EUVEgy — 2 fVVay) dT
R
:2/ u (auy — dugyy) dr + / v (buy — €Ugyy) dT
R R

+ / w (bvy — eUuvyyy) do + 2/ v (cvy — fuge) de
R R

:2/(a — d)uuydzr — Qd/ uP,dx + /(b — e)vupdxr — e/ vP.dx
R R R R

+ /R(b — e)uvdz — e/RuQrdx + 2/R(c — fovdz — Qf/Rvadx.

For simplicity, assume a = d, b = e and ¢ = f. Expanding the spacial derivative
of quadratic polynomials P and @) the terms in the sum above may be rewritten

in the form

d

ES(U, v) = — 2a/ (Zau2ul« + Buvu, + Puv, + 2’yuvvx) dx
R

— b/ (2auvux + Buvv, + Bou, + 277)2%) dzx
R

- b/ (29u2ux + MPv, 4+ v, + 2¢uvvx) dx
R

— 20/ (29uvux + M u, + \uvy, + 2wvzvx) dx
R

= / (—daa — 20b)uudx + /(Q’yb — dape)v*vda
R R

- / [(28a + Ab+ 2ab + 40c)uvu, + (28a + Ab)u’v, ] da
R

- / [(Bb + 2Xc + 4va + 2¢b)uvv, + (Bb + 2Xc)v’u,] dz.
R

In the fifth line, the two integrals tends to zero at infinity (|x| — oo), for smooth
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solutions without further assumptions. The last two integrals in the sum would

vanish, if and only if the following hold.

20a + \b = 2ab + 46c,
Bb 4+ 2Xc = 4va + 29b.

Rearrange these equations

{ 2pa + (A — 2a)b — 46c = 0, (33.3)

dva + (21 — B)b — 2Ae = 0.

Thus, a, b and ¢ must solve the system (3.3.3). For the solution {(a,b,c)} of (3.3.3),

the time derivative of the energy €(u,v) is zero (£&(u,v) = 0), which implies the

energy of the solutions is conserved. This system always has a non-trivial solution.
Set, the coefficient matrix of the system (3.3.3) by

o 26 AN—2a —46
S\ 4y 2—8 —2x )
Then, for s > 0, the BBM system (3.3.1) with initial data in H*(R) x H*(R) has
global solutions in the following two cases (see, [49])
The first case, if rank S = 2 and
4ac =FAX\ — 20)(B — 1) + 29A(\ — 20)% + 2660(5 — 2¢)*
43000 — 20)(8 — 20)
—(BA + 490) (A — 20) (B — 20) + 29\ — 20)? + 280(8 — 20)°
> (ﬁ)‘ - 4’79)2 = b27

which implies 4ac — b* > 0.

The second case, if rank S = 1 and either
(A —2a)* + 830 >0,

or

(200 — B)* +8yA > 0.

If rank S = 2, then a, b, ¢ are given by

a AN —2a) 4+ 260(5 — 2¢)
b | = —2BX + 86
c BB —2¢) +2v(A — 2a)
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The global well- posedness result of (3.3.1) depends on the solution {(a,b,c)}
of the system (3.3.3) [49].

A few particular examples of the choices of coefficients are given below.
If3=v=0=X=0and o,y # 0, then both quantities (A — 2a)? + 836 and
(2¢) — B)? + 8y are strictly positive, and the IVP (3.3.1) is decoupled to BBM
equations.

Up + Uy — Uggr + (u?)y = 0,

U + Uy — Vgt + P (0?), = 0.
By choosing a = 1, b = 0 and ¢ = 1, one obtains a time invariant energy &(z,t) un-
der the flow generated by (3.3.1). In this case, the local and global well-posedness
results hold true.
Ifa=38=7=0=1¢=0,and XA = 1, then both quantities (A — 2a)? + 836

and (2¢) — 3)? 4+ 8y are equal to zero. The IVP (3.3.1) reduced to

Ut + Uy — Uggt T UUy = 07
V¢ + Uy — Uggt + (UU)I - 07
u(z,0) = ug(x),v(z,0) = vo(x),

for which the local and global well-posedness results hold true.
Ifo=308=60=1v¢ =0y=—4and A = 1, then (A — 20)? + 830 and

2
(2¢) — )2 + 8y are negative. The IVP (3.3.1) becomes
Up + Uy — Uggr + Uy — VU, = 0,

Vg + Vg — Vgt + (uv), = 0,
U(l’,O) = Uo(l’),’U(I’,O) = Uo(l‘),

which is not globally well-posed.

Bona et al.[34] improved the global existence results obtained by Ash et al.[7]
for system of KdV equations with quadratic nonlinearities. They established con-
ditions on the coefficients of the quadratic nonlinear terms so that the problem
is globally well-posed in the L?-based Sobolev spaces H*(R) x H*(R) for any
s > —3/4. In [34], the authors also improved the global existence results of the
Gear—Grimshaw system [43] and the Majda—Biello system [66]. The global well-
posedness of the BBM equation in Sobolev space H*(R) for s > 0 was studied
in [13]. In [16], the authors studied the well-posedness results for generalized
BBM-type equations in L? spaces.

The local well-posedness of (3.3.1) does not depend on the coefficients «, £, 7,
0, \ and ¢, but, global in time well-posedness depends on the choices of o, 5,7, 6, A
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and . The local well-posedness of (3.3.1) was proved in [49] in the Sobolev
spaces H°(R) x H*(R) for s > 0. The authors established conditions on the
coefficients a, 3, v, 6, A and 9 so that (3.3.1) is globally well-posed in the L*-
based Sobolev space H*(R) x H*(R) for s > 0. The time derivative of £(u,v) is
zero, for nontrivial solutions {(a, b, c)} of the system (3.3.3) for 4ac —b* > 0, with
assumption a = d,b = e and ¢ = f, ( see, [49]). The invariants of £(u,v) was used
in [33, 49] to prove global well-posedness of (3.3.1) in the space H*(R) x H*(R)
for s > 0, with different choice of the coefficients «, 5,7, 68, A and 1.

The persistence of spatial analyticity for the solution of nonlinear evolution
PDEs introduced in [58] applied to numerous single nonlinear dispersive PDEs,
including the Kadomtsev-Petviashvili equation, KdV type equations, BBM equa-
tion, Schrodinger equation, and Klein-Gordon equation, among others. Moreover,
there have been research on the spatial analyticity of the solutions of nonlinear
dispersive systems, such as the Dirac-Klein-Gordon system in 1d and 2d [78, 81].
However, to the best of our knowledge, the persistence of spatial analyticity of the
solution for nonlinear dispersive systems is not being looked into anymore. Thus,
our focus is on the persistence of spatial analyticity to the solutions of coupled
system of generalized BBM equations, given initial data in modified Gevrey space
H7*(R) x H>*(R).

3.4 KP-BBM Equation

Now, consider the IVP associated with KP-BBM II equation, which was de-
rived by Wazwaz in [90]

Up — U + Uy + Uty + Oy My, = 0, (3.41)
u(z,y,0) = uo(z,y) € H™*(R?), h
where u = u(z,y,t) and (z,y,t) € R3.
The energy obtained from (3.4.1) is conserved, that is
Alu(z,y,t)] = / <u2($, y,t) +ui(z,y, t))da:dy = Alu(z,y,0)], (3.4.2)
R2

for all t € R.

The well-posedness of (3.4.1) were studied in [23]. It has been proven that
(3.4.1) can be solved by iteration, yielding to local and global well-posedness
results. Saut and Tzvetkov in [75] proved the global well-posedness results in

Sobolev space H*(R?) by using the conservation law in (3.4.2).
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The well-posedness of (3.4.1) in Sobolev space H*(R?) is well developed, but
to the best of our knowledge the radius of analyticity of the solution is yet not
studied. Thus, the main concern is to study the persistent of spacial analyticity
of the solution u(z,y,t) to (3.4.1), given a real analytic initial data ug(z,y) in
anisotropic modified Gevrey spaces H°'°2(R?) with uniform radius of analyticity

09, so that there is a holomorphic extension to a complex strip
See ={z+1yeC: |yl <oo}.

The approach we used was first introduced by Selberg and Tesfahun [81] in the
context of the Dirac-Klein-Gordon equations, which is based on an approximate
conservation laws and Bourgan’s Fourier restriction technique.

In applications of PDEs to physical problems, the dependent variable wu is
usually real-valued. However, for several reasons, complex-valued solutions have
attracted interest lately. It should be noted that there are situations where analytic
solutions emanate from non-analytic initial data [36, 57].

In [57], it is proved that for the KdV equation, a certain class of initial data
with a single point singularity yields analytic solutions. However, these results do
not produce explicit estimates on a radius o of spatial analyticity of solutions. On
the other hand, if the initial datum ug is analytic in a symmetric strip around the
real axis, it has recently been established that the solution will remain analytic in
the same strip at least for a small time interval [47].

Jean Bourgain has been the first to observe the local smoothing effect related
to the bilinear estimate and establish the well-posedness result for low regularity.
In [25], he showed global well-posedness for initial data in H® for s > 0. More
precisely, this has been the first well-posedness result in H® with s < 3/2 for
periodic KdV equation. This result improved in [61] and obtained local well-
posedness results in H® for s > —1/2. Well-posedness for the non-periodic gkKdV
equation in spaces of analytic functions, G”*(R) has been proved by Gruji’c and
Kalisch [47]. They showed that for given real initial data that are analytic in a
symmetric strip So) = {# =  + iy : |y| < o} in the complex plane of width 20,
there exists a time 71" such that the corresponding KdV solution is analytic in the
same strip in the time interval [0,T].

Generally, in this dissertation, we deal with the nonlinear evolution dispersive
PDEs discussed above, with real analytic initial data at ¢ = 0, if this data has
a uniform radius of analyticity g, in the sense that there exists a holomorphic

extension to the complex strip of width g, then we ask whether the solution at
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some later time ¢t > 0 also has a uniform radius of analyticity o = o(¢t) > 0, in
which case we have an explicit lower bound for the radius o(?).

In particular, our interest is focused on the solutions of higher order KdV-
BBM type equations, coupled system of generalized BBM equations and KP-BBM
equations which admit an extension as an analytic function to a complex strip
Sety = {v +iy 12,y €R,|y| <o} at least for small values of o. It also focused
on studying the asymptotic property of the width o of the strip of analyticity for
large t, assuming that a certain Sobolev norm of the solution remains finite.

The main tools in the proof of our results are contraction mapping principle,
multilinear estimates and approximate conservation law in Gevrey spaces and

modified Gevrey spaces.
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Chapter 4
Fifth Order KdV-BBM Equation

In this chapter, we study the well-posedness of the initial value problem (IVP)
associated with the fifth order KdV-BBM equation. We prove the local well-
posedness in the space of the analytic functions. We also analyze the evolution of

radius of analyticity of the solution in analytic Gevrey space.

4.1 Problem Statement

Consider initial value problem associated with the fifth order KdV-BBM equa-

tion, given by

Up + Uy — V1Ugat T Volzze + 51uxmx:tt + §2ux:ra:xm + %uux + 7(u2>x:m:
—15(ud)z — 5(u?)e =0, (4.1.1)

u(z,0) = up(x),

where the unknown function u : R — R. The parameters appearing in (4.1.1)

satisfy
1
/71—'_’72:67
= 1(5 18 )
19 1
by — 0 = — — =
2 1 360 6717

1
%+&+%+%=§

with ;1,07 > 0.

The propagation of unidirectional water waves is described by a higher order
model, equation (4.1.1). It was recently introduced by Bona et al. [14] by using
the second order approximation in the two-way model, the so -called abcd - system
derived in [18, 19].
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For v = £, a solution to (4.1.1) satisfies the the following conservation of
energy [14]
1
Elu(t)] = 5/ (u2 + yuZ + 51“3“) dx = E[u(0)],vt € R. (4.1.2)
R

The main result of this work gives an algebraic lower bound on the radius of
analyticity o(t) of the solution as the time ¢ tends to infinity. More precisely, we

have the following global well-posedness result.

Theorem 4.1.1. Assume that 71,61 > 0 and v = 4—78. Suppose that u s the global
solution of (4.1.1) with ug € G**(R) for o >0 . Then

u(t) € GWAR), Vt >0,
with the radius of analyticity o(t) satisfying the asymptotic lower bound

o(t) > as t— 400,

S+ 10

where ¢ > 0 is a constant depending on ||uol|geo2(r)-

Thus, the solution u(t) is analytic in the strip S, at any time .

The first step in the proof of Theorem 4.1.1 is to show that in a short time
interval 0 < t < T, where T" > 0 depends on the norm of the initial data, the
radius of analyticity remains strictly positive. This is proved by a contraction
argument and a multilinear estimate which will be given in the next section.

The next step is to improve the control on the growth of the solution in the
time interval [0, T']. The approximate conservation law will allow us to iterate the

local result and prove Theorem 4.1.1.

4.2 Multilinear Estimates

Various multilinear estimates are now established that will be useful in the
proof of the local well-posedness results. We start by writing (4.1.1) in an equiva-
lent integral equation. Taking the Fourier transform of the first equation in (4.1.1)
with respect to the spatial variable and rearranging terms gives

7

xT

- 1 ~ 1~
(L& +6: €Yty = £(1 =€ +0:6" )+ 1(35 —4y&%)u? — gfug -
The fourth-order polynomial

(&) =1+ &+ 8¢,
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is strictly positive because 71, and d; are taken to be positive.

Now, we define the Fourier multiplier operators ¢(D,.), 1(D,) and 7(D, ) as follow

WD) = FH(0(©F(©). (4:22)

where the Fourier symbols are given by

E(1 — 76?4 026") _
p(€) ’ p(&)’

With this notation, (4.1.1) can be rewritten as

o(§) =

ity = (Do )u+ 7(Dy)u® — gih(Da)u® — Fb(Do)u,
(4.2.3)
u(z,0) = up(x).
Consider first the following linear IVP associated to (4.2.3)
Uy = G(Dy )
by = 9(De)u (4.2.4)
u(z,0) = uo(),

whose solution is given by

u(t) = S(t)uo,

where

—

S(t)ug = e Ot

is defined via its Fourier transform. S(t) is a unitary operator on H*(R) and

G7*(R) for any s € R, since the modulus of e~*?(®* equal to one, so that

||S(t)U0||Hs(R) = ||U'O||HS(R)7 ||S(t)U0||Go,s(R) = ||U,Q||Ga,s(R),Vt > 0. (425)

Duhamel’s formula allows us to rewrite (4.2.3) in an equivalent integral equation

of the form,

t / 1 7 ’ /
u(z,t) = S(t)ug — z/ St —t)(1(Dy)u” — g@/J(Dx)Ug - @lb(Dx)ui) (z,t)dt.
0
(4.2.6)
The following Lemmas gives multilinear estimate for nonlinear terms in the above

integral
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Lemma 4.2.1. For s > 0, there is a constant C = C§ for which
Jo(Da) @o)llans < Clullans [Vl (4.2.7)

where w(D,) is the Fourier multiplier operator with symbol

o(6) = ol

Proof: Using the definition of the G”*-norm and convolution of functions, one

can obtain

(D) (@) |[Zee = [(€)"” QD) (uv) |22

= [[{€)*e” (&) B(€)|I7: (4.2.8)

= /R <5>2862”<5>ﬁ( /R A€~ &)0(EdE ) de.
Now, for s > 0, we have
(€)° < (€ —&)*(&)”,
and

3 < e &=€1) po (&)

Using these facts from (4.2.8), we get

52 S ,20{§—C1)77 s 20(E1) 2
[w(D2) () [ < /R m( /R (€ = €)X EIGE — &) (60) e (&g, ) de.
(4.2.9)

. 2
Then, using OET)Q < ﬁa

the G%° norm, we obtain from (4.2.9) that

the Cauchy-Schwartz inequality and the definition of

1
Do) ) < [ gl ol
R (4.2.10)
< CllullGos vl
and this completes the proof of Lemma 4.2.1. O

Lemma 4.2.2. For any s > 0 and o > 0, there is a constant C' = Cy such that
the inequality
I7(Da)u? || gos < Cllul|go.s (4.2.11)

holds, where the operator T(D,) is defined as in (4.2.2).
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Proof: Since §; > 0, one can easily verify that |7(£)| < w(&) for some constant
C > 0. Using this fact, definition of the G”* norm and the estimate (4.2.7), one

can obtain

17 (D)l e = [1(€)°€” O 7(Da)u?| 12

<) *e” T (&)u = a2

< () e Cw(g)a = a(e) e
< [JullGos-
Lemma 4.2.3. For s > ¢, there is a constant C = C(s) such that
|1( D) || Gos < Clue]|Eso.s (4.2.12)

Proof: Consider first the case = < S < 2 In this case, it appears that

(1 +[€)*¢

1
‘ (1 4+ 7&% 4 6:1€%)

T+

From the definition of Gevrey space norm and the last inequality, we have

(14 [€))*P ()] =

(D2 me = || 1+ Il (@) s (e)

L2

(4.2.13)

HLOO.

Set

USIHg €G<£> é €0<£_€1_£2>60—<§1>60<§2>, we get

O < [ T D g - @) T Rty = PO (4219

R2
1
By (4.2.13) and the fact that HW L is bounded for s < 3, we obtain
from (4.2.14) that
1 (Da)u?llges < [F3E)lzoe < 1 fII7s- (4.2.15)
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From one dimensional Sobolev embedding, we have
[fllzs < Clifll 3 = Cllullges. (4.2.16)
Therefore, for ¢ < s < 2, from (4.2.15) and (4.2.16), we obtain
[ (Da)u?[|gos < [|tflEms- (4.2.17)
5

29

(&) < le‘@. So, using the same procedure as in Lemma 4.2.2, we obtain

For the case s > 5, we observe that G?° is a Banach algebra. Also, note that

1 (Do )uu?llges < Cllullges|lu?llgrs < Cllullge.s-

Lemma 4.2.4. For s > 1, the following inequality holds
19 (Da)uzllges < Cllullge.s- (4.2.18)

Proof: Observe that
P(§) < Cw(ﬁ)rm-

Since s — 1 > 0, the inequality (4.2.7) allows the conclusion

[ (Da)uzliges < Cllw(Da)tiyllges1 < Clluglgos[|usllgr— < [Jullge.

4.3 Local Well-posedness Result in Gevrey Space

In what follows, we use the multilinear estimates in section 4.2 to prove local

well-posedness result in the G7%° space for s > 1.

Theorem 4.3.1. Let s > 1, 09 > 0 and uy € G*(R) be given. Then there exist

a time T = T(||ug||)geos > 0 and a unique solution
u e C([0,T]; G*),
satisfying (4.1.1), and we have
T ~ (14 |Juoll) goo.s- (4.3.1)

Moreover,

[ullrgegoos < lluollgeoss- (4.3.2)

Here we use the notation

LPGT® = L¥EG7*([0,T] x R).

_492-



Chapter 4 4.3. LOCAL WELL-POSEDNESS RESULT IN GEVREY SPACE

Proof: Taking into account the Duhamel’s formula (4.2.6), we define a mapping

V(e ) = S(tug — i /0 S(t—1) (T(Dx)uz - %w(Dm)zﬁ - 4—78¢(Dm)u§> (2.1) dt.
(4.3.3)

Now, we choose the Banach space
X =C([0,T];G*).

equipped with norm

[ullx = sup [lu(®)[ge-
0<t<T

where T is to be determined later.
The strategy is to prove that W is a contraction map in the space X for T sufficiently

small. To this end, consider the ball B, of radius r in X:
B, ={ueX:||ulx <r}.

Then, B, is a closed subset of the Banach space X and hence it is a Banach space.

The goal is to prove the following
(1) ¥ maps B, into B, i.e,

P(u)lx <r, uweX,

(2) W is a contraction map i.e,

W () = W(p)llx < 0llu— pllx,
for all u,u € B, and some 6 € [0, 1).

From (4.2.5), we know that S(t) is a unitary group in G%*(R). Using this fact, we

obtain

1 7
[Wullgns= lfuollges + CT|[7(Dayu? =GPy = oDy . (4.3.4)

In view of the inequalities (4.2.11), (4.2.12) and (4.2.18), we obtain from (4.3.4)
that
|9ullges < lluollrs + CT |l + llullf + llull% | (4.3.5)

Now, consider u € B,, then (4.3.5) yields

[Wul| o < [[tto]|Gos + CT[2r + 721
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If we choose .

= ———
2Cr(2+7r)’
then ||¥u||ge.s< 7, showing that ¥ maps the closed ball B, onto itself.

T = QHUOHGO‘,S’

With the same choice of r and 7" and the same estimates, one can easily show that

¥ is a contraction map on B,

Let u, p € X = C([0,T] : G>*). Then
|9 — Oplges < CT [l = pllxu -+l + llu® + g+ g2 x]
< OT||u — pl|x (27 + 72)
=
—|[|U — .
=9 i x

Thus, ¥ is a contraction map on B, with a contraction constant % So by con-
traction mapping principle (4.1.1) has a unique solution. U

Remark 4.3.2. The following properties follow immediately from the proof of the
Theorem 4.1.1:

(1) The maximal existence time T™* of the solution satisfies

1
T >T = , 4.3.6
SCuluollor(1 + Tuollcor) (43.6)
where the constant C depends only on s.
(2) The solution can not grow too much on the interval [0, 7] since
-, )llgre < = 2ol (43.7)

for ¢ in this interval, where T" is as above in (4.3.1).

4.4 Evolution of Radius of Analyticity

Evolution of radius of analyticity deals with how the size of the region where
a function is analytic changes over time. The radius of analyticity of the solution
of PDEs is a measure of how smooth the solution is in the complex plane. It
is defined as the largest radius of a disk centered at a point where the solution
is analytic. The radius of analyticity can depend on both the initial data and

the time evolution of the solution.The radius of analyticity can be used to study
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the regularity and stability of the solutions of PDEs, that arise from physical
phenomena, such as fluid dynamics, wave propagation, heat conduction, etc.

One of the interesting problem is to investigate how the radius of analyticity
evolves in time for different initial data. If the radius of analyticity shrinks to zero
in finite time, then the solution becomes singular and loses its physical meaning.
On the other hand, if the radius of analyticity remains positive for all time, then
the solution stays smooth and well-defined.

Almost conservation law will allow us to repeat the local result on successive
short-time intervals to reach any target time 7™ > 0, by adjusting the strip width

parameter o according to the size of T™.
Lemma 4.4.1 ([79]). Let 0 < p<1l,0>0and o, B €R, then
eolol ol _ colotBl < (2(,mm{|a|7 |B|}>peo\a|ea|ﬁ|,
Let as fix 71,6, > 0 and v = % in (4.1.1) and set
v(x,t) := Ayu(x,t),

where

Ay = elPal,

Then u(x,t) = A_,v(x,t). Note also that vy := v(x,0) = Asuy.
Applying the operator A, to the first equation of (4.1.1) gives

Vg + Vg — V1 Vzxt + V2Vszx + 5lvwxxact + 52”&::{:zxz + %’UUJ; + 7(U2)$$1‘

(4.4.1)
—35(VD)e — §(0%)s = N(v),
where .
N(v) = <Z + 73§>3IN1(U) — 70, Na(v) = 50, Ns(v) (4.4.2)
with
Ni(v) =v? — A, [(A_Jv)ﬂ,
No(v) =02 — Ao [(Aou2)?], (4.4.3)

N3(v) = v* — Ay [(A_ov)?].
Define the modified energy

£, [v(t)] = % /R (22 4102”4 61 (010)?) i
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Observe that for o = 0, we have v = u, and therefore the energy is conserved, i.e.,
Eolv(t)] = &[v(0)],  for all t.

However, this fails to hold for ¢ > 0. In what follows we will nevertheless prove

almost conservation law

Qwolw

sup &, [v(t)] < & [0(0)] +0C(1+ £ [0(0)])

0<t<T

o[0(0)],

we have for T" as in Theorem 4.3.1.

Thus, in the limit as ¢ — 0, we recover the conservation
Eolv(t)] = &[v(0)].

Indeed, using integration by parts and (4.4.1)-(4.4.3),

L i) = / (v0h0+ 10,000, + 6,000,020 )
R

— / v<(8tv — 71&8921) + 518t(3§v> dx
. (4.4.4)
- / v(&wv + Y2020 + 62050 + %&E(v?) + 703 (v?)
R

O (uy)? — %am(qﬁ)) dz + /RUN(U) de.

The third integral of (4.4.4) is zero due to the following identities

V0V = %(v)2 V20 = (VUpe)e — = (V2)s,

x?

v’ = (VO3 — (0,v020), + %(v%)m

and
V2 (1?) = 2(V Ve )z + V(V2),.

T

Therefore, ;
%&,[v(t)] :/RUN(’U) dz. (4.4.5)

Consequently, integrating (4.4.5) in time interval [0, ¢] yields

£ 0(1)] = &, [v(0)] + /0 /R o(z, )N (v(z, 5)) dads. (4.4.6)

The following Lemma gives the estimate of the inner integral in (4.4.6).
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Lemma 4.4.2. Let N(v) is as in (4.4.2)-(4.4.3). Then we have

/vN(v)dx < Col1+ Joll] ol (4.4.7)
R

for allv € HZ.

Proof: Using (4.4.1)-(4.4.3), Plancherel Theorem and Cauchy-Schwartz inequal-
ity, we get

/’UN(U) dx—/’v §+78§ 0. N1(v) dm—fy/v&,;NQ(v) dx—l/var]\fg(v) dx
R R \4 R 8 Jr

=/ (§+78§)v.8$]\71(v) dx—i—v/amv.Ng(v) dx+1/8zv.N3(v) dx
R \4 R 8 Jr
< H (% +70§>v

1
< [vllmzll9eNi(W) 2 + [0l IN2(0) 22 + gllvll a1 Ns ()22

1
10N ()22 + 192022 | N ()22 + S l10z0]l22 [ Na(0) 2
12

1
< l[ollmzl|0: Ny (W)lzz + vl N2(0)ll 2z + Sllvllaz [ Ns ()2

The estimate (4.4.7) follows from the following estimates

10: N1 (v) ]2z < Collvlls. (4.4.8)
IN2(v)[|z2 < Collvll3,. (4.4.9)
INs ()2 < Collvllps. (4.4.10)

Proof of (4.4.8): By taking the Fourier transform of 0, Ny (v), where N;(v) is as
defined in (4.4.3), we obtain

—

AN =i [ (et - )t dads
e (4.4.11)

iy / P (€1, £,)0(61)0(&) déydé,
£=61+€2

where

Po(€1,€,) =1 — €=TP[ - U(|§1| + 162 — 161 +f2|>]-
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Since 1 — e " < r, for all » > 0, we have

|Po(€1,8)] < of(I&] + [€2]) — 61 + &l

1] + [&2] + &1 + &

< 20min{|§1|, |52|}

By symmetry, we may assume |£;| < |&]. This implies that

€] < 2|&.

Let
V= F;([o]).

Now, using (4.4.12),from (4.4.11), we get

—

|0: N1 (0)(§)] = 40 /5_6 e ISYUCISYRIGEISIXISTS

e / 61V ()16 |V (&) dérdes
E=€1+E&2

Using Plancherel Theorem, Hélder inequality and Sobolev inequality, we get

102 N1(0)(E)l 22 = 10 N1(0) ()l 22 < 4ol|| Da| V- De|V]| 2
< 40 || De| V| 2 1|1 Da V][ 5o
S ollVIikz ~ ollvllz,

as desired.
Proof of (4.4.9): By taking the Fourier transform of Ny(v), we have

No(v)(€) = / (e(’('fl'*'f?) - e“'f)@@l)@(&) dédés
£=€1+&2 (4.4.13)

[ aeP@ 6)6)iE) dadea
§=61+&2
By symmetry |£;| < |&2|, we have

1£162P(61,€,)] < 2U|§1‘2|52|~
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Thus, from (4.4.13), we get

No)(©)] < 20 / &Pl €0l o] (€2) devde,

§=&1+&2

e / 12V () 16l V (&) déyde,
£=&1+E€2

— 20 F{|D.PVIDLVHE).
By applying Plancherel Theorem, Holder inequality and Sobolev inequality we get
[N2(v) ()22 = [[N2(v) ()|l < 20||[De| V.| D V]| 2
< 20| Do [*V || 2 ||| DV || 5o

S oV ~ ool

which shows (4.4.9).
Proof of (4.4.10): Taking the Fourier transform of N3(v), we get

N3(v)(§) = / (62?0(|£j| - eos|)a(&)a(52)a(§3) d§1d&odEs
E=81+82+E3 (4 A 14)

_ / Ko (61, €, €,)0(60)0(6)0(6) dérdEadt,
E=&1+E2+E3

where 3 3
Ko(§1,82,83) =1 — 6951)[_ U(Z 161 = |Z€]|>]
j=1 J=1

Using similar argument as (4.4.12), we estimate

3 3
Kol ) <o) Sl6l -1
i =1
J(Z? 602 = 1525 &1 (4.4.15)
S+ I 6l
< 120 med {|&1], |€al, [€5] }-

where med {[£1], |&], [&5]} = [&]
By symmetry, assume |£;| < [&| < [&5]. Using (4.4.15), from (4.4.14), we set

~49-



Chapter 4 4.4. EVOLUTION OF RADIUS OF ANALYTICITY

M@ =120 [ Bl el PlERE) didade

— 120/ V(&) .16V (&).V (&) dEdédss
E=&1+862+E2

= 120F,{V.D,|V.V}().

Applying, Plancherel Theorem, Holder inequality and Sobolev inequality gives

—

[IN3(0)(E)llzz = [[Ns(v)(€)llz < 120[|V-[ Do V-V |2
< 20|V e 1 Da VI 2 1V ]] 52
S oV ~ ollvllss.
which completes the proof of (4.4.10) O
Therefore, in view of (4.4.6) and (4.4.7), we have the apriori energy estimate
E (1)) < E[0(0) +oTC [+ [0l re] ol s, (44.16)
where
ve LPH? = LH([0,T];R).

Combing the estimate in (4.4.16) with the local existence result in Theorem 4.3.1

gives an almost conservation law to the modified energy.

Lemma 4.4.3. [Almost conservation law] Let ug € G*. Suppose that u €
C([0,T); G72) is the local-in-time solution to the Cauchy problem (4.1.1). Then

sup E,[0()] < & [0(0)] + Co 1+ EX[p(0)] ) £ [0(0)]. (4.4.17)

0<t<T

Proof: By Theorem 4.3.1, we have the bound
[vllzeerz = [JullLgegoz < Clluollgez = Cllvol|m2- (4.4.18)

where T is as in (4.3.1).
On the other hand, for fixed constants ~;,d; > 0, we have

1

o) = 5 [ (o84 nlh)? + )2 ~ (1.4.19)
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which implies that |voz2 = &2 [v(t)].

Then, combining (4.4.18) and (4.4.19) with (4.4.16) yields the desired estimate
(4.4.17). 0

Proof of Theorem 4.1.1: In this subsection, we study the evolution of the radius
of analyticity o(¢) as the time ¢ grows. We have established the existence of local
solutions, and apply the local result repeatedly using almost conservation law to
cover time intervals of arbitrary length.

To prove the Theorem, first we consider the case s = 2, then the general case ,
s € R will essentially reduce to the case s = 2.

The Case s = 2: Suppose that uy = u(z,0) € G°?*(R) for some oq > 0. Then

there exists a unique solution
ufe,t) € ([0.T] G (R)),

of (4.1.1) constructed in Theorem 4.3.1 with existence time T" as given in (4.3.1).
Note that

vy = e7Pely e Hz.

and we have

Eoluo] ~ [, < o0.

Now, following the argument in [84], we can construct a solution on [0,T*] for
arbitrarily large time 7™, by applying the almost conservation law in Lemma
4.4.3, so as to repeat the local result on successive short time intervals of size T
to reach T™ by adjusting the strip width parameter o according to the size of T™.
Doing so, we establish the bound

sup & [v(t)] < 2&,,[v(0)], (4.4.20)

te[0,77]

for o satisfying
c

o(t) > =, (4.4.21)

where ¢ > 0 is a constant depending on ||ug||geo.2 and o¢. By Theorem 4.3.1, there

is a solution u to (4.1.1) satisfying
u(z,t) € G2, Vvt e 0,T),

where
T ~ (1 + |luoll)goo.s-
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Thus, &,[v(t)] < oo for t € [0, 7%], which inturn implies
u(z,t) € G°W2 forall te[0,T.

It remains to prove (4.4.20). Choose n € N so that T* € [nT,(n + 1)T]. Using
induction we can show for any k € {1,2,3,...,n + 1} that

sup &, [0(t)] < & [v(0)] + kCoEL[0(0)] (1+ &2, [0(0)]). (4.4.22)

te[0,kT)

sup & [v(t)] < 2&,,[v(0)], (4.4.23)
te[0,kT)
provided that o satisfies
27 1 1
o [0(0) (1 &z [U(O)]) <1, (4.4.24)

Indeed, for k = 1, from Lemma 4.4.3, we have

sup £,[o(1)] < E,[0(0)] + Co&l p(0)] (1 -+ £2[0(0)))

t€[0,T]

< &, [0(0)] + Co&2,[v(0)] (1+ £ 0(0)]).

For o < oy,

Es[(0)] < Ex,[v(0)].
This inturn implies (4.4.23) holds provided that
Coga[(0))(1+ Ea[0(0)]) < 1.

Now, assume that (4.4.22) and (4.4.23) hold for some k € {1,2,3,....,n} and o
satisfies (4.4.24).

Then, we need to show that (4.4.22) and (4.4.23) hold for k =n + 1.

Applying Lemma 4.4.3, (4.4.23) and (4.4.22) for k = n+ 1, respectively, we obtain

LS Elult)] < ST+ Coe (kD)) (1 + 2 o(kT)))

< & [o(kT)] + Cola v(0)] (1 + E4[0(0))) (4.4.25)
< & [0(0)] + Colh + )& [0(0)] (1 + £ [0(0)]).
Combining (4.4.25) with the induction hypothesis (4.4.22), we obtain

(0] (1+ €4 0)]),

Njw —~

sup & v(t)] < & v(0)] + Co(k+1)E

tel0,(k+1)T)

q
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which proves (4.4.22) for k = n+ 1. This also implies (4.4.23) holds for k =n+1
provided that
1 1
Corllk+1)E[0(0))(1+ €4 [2(0)]) < 1.

However, the later follows from (4.4.22), since

Finally, the condition (4.4.24) is satisfied for ¢ such that

C1

Uzﬁ,

where
T

e 0(0)](1+ (£ [0(0)]))

C1 = )

which gives (4.4.21) if we choose ¢ < ¢;.
The general case s € R: For any s € R, we use the embedding (2.1.6) to get

up € G € G722
From the local result, there is a time 7" = T'(£ [v(0)]) such that
v(it) e G2, 0<t<T.
Fix an arbitrarily large 7. From the case s = 2, we have
o(t) € G212 0 <t < T,

where ag > 0 depends on Ex [v(0)]) and oy.
Applying again the embedding (2.1.6) we conclude that

w(z,t) € GOT s 0<t<T"

This completes the proof of Theorem 4.1.1. U
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Chapter 5

Generalized KdV-BBM Equation
and Coupled System of
Generalized BBM Equations

In this chapter, we study the evolution of the radius of spatial analyticity to
the solutions of generalized KdV-BBM equation and coupled system of generalized
BBM equations, subject to initial data in modified Gevrey space H?%° with a
fixed radius og. It is shown that the uniform radius of spatial analyticity of
solutions for both problems can not decay faster than ct=2/3 as t — co. We used
contraction mapping principle, multilinear estimates and higher order approximate

conservation law in modified Gevrey space to establish the results.

5.1 Problem Statement

Consider the Cauchy problem for generalized KdV-BBM equation

ut+ux+%upux+yuxmz_ (% _V)uxmt 207 pZ 1 (511)
u(z,0) = uo(x),
and for coupled system of BBM equations
U + Uy — Uggr + %(UQ):E =0,
Ut 4 Uy — Vgt + (u0), = 0, (5.1.2)
u(z,0) = ug(x), wv(z,0) =wv(x),
where u and v are real-valued functions of x € R and ¢ > 0.
The energy obtained from (5.1.1) is conserved for v < %, that is
1 2 1 2
Alu(t)] = 5 [u® + (6 —v)ul] de = Au(0)], VteR. (5.1.3)
R
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The Cauchy problem (5.1.2) is the particular case of the coupled system of
generalized BBM equations

Uy + Uy — Uggr + (U + Puv +yv2), =0
Vg + Vg — Vgt + (Qu? + Auv + Yv?), = 0 (5.1.4)
u(@,0) = uo(z), v(z,0)=uwv(x),

Wherea:ﬁ:9:¢:0,7:%,)\:1.

The energy obtained from (5.1.2) also conserved, which is given by
E(u,v) = /(u2 + 0?4+ 02) de = E(u(0), v(0)). (5.1.5)
R

This chapter focuses on analyticity properties of solutions of (5.1.1) and (5.1.2).
For a given real analytic initial data that has analytic extension to complex strip
See = {z +iy,z,y € R, |yl < op}, we need to check whether the solution is
analytic or not in complex strip S, for ¢ — co. We also analyze the evolution
of the radius of spacial analyticity o(t) at each time ¢. The space of functions
we used to study the spatial analyticity of the solution is modified Gevrey space,
H?*(R) which was introduced in [37].

A function in the Gevrey class G7*(R) is a restriction to the real axis of a
function which is analytic in a symmetric strip of width 20. This property is
described in the Paley-Wiener Theorem (see,Theorem 2.1.20).

The modified Gevrey space, H”*(R) is obtained from the Gevrey space, G"*(R)
by replacing the exponential weight /¢l with the hyperbolic weight cosh(c|€]),
equipped with the norm

1 [y = llcosh(al€))(€)* F(€) |2y, @ = 0. (5.1.6)

Observe that, for large values of & we have, e ¢l ~ 0. From this fact and the

definition of cosh(¢), we have

1

56"'5‘ < cosh(a|€]) < ¢l (5.1.7)
Thus, the associated H”*(R) and G”*(R)-norms are equivalent.That is

HfHHU»S(R) ~ Hf||Gms(R)- (5.1.8)

Paley-Wiener Theorem still holds for functions in H%*(R). Note also that,
GY"(R) = H>*(R) = H*(R). The reason for considering the H*(R) is due to its

advantage, since cosh(c|¢|) satisfies the estimate

cosh(al€]) — 1 < (a|€))* cosh(a|€]), p € [0,1]. (5.1.9)
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The estimate (5.1.9) follows from
coshx —1<coshz and coshz—1< xzcoshx, z € R.

From the embedding property (2.1.6) and (5.1.8), we have

/]
By virtue of (5.1.10) and the existing well-posedness theory in H*(R), (5.1.1)

and (5.1.2) have a unique and global in time solution, with initial data u, €
H*(R) and (ug,vg) € H7%(R) x H?*(R) respectively for all oy > 0 and s € R.

Our main results of this chapter are given in the following Theorems.

w®) < Clflaes®, o>0. (5.1.10)

Theorem 5.1.1. Let v < %, oo > 0 and uy € H°'(R). Then, the solution u of
(5.1.1) with initial data vy remains analytic in complex strip Syu) for all t > 0
(u(t) € H'OY(R), vt > O) with the radius of analyticity o(t) satisfying the lower
bound

o(t) > ct™?? as t— +oo,
where ¢ > 0 is a constant depending on ||ug|| goo1w) and og.

Theorem 5.1.2. Let oy > 0 and (ug,vg) € H°'(R) x H°'(R). Then, the solu-
tion (u,v) of (5.1.2) with initial value (ug, ug) is analytic in the space HZ®1(R) x
HeOYR) for all time t — oo, where o(t) satisfying the lower bound

o(t)>ct™3  vt>0,
where ¢ > 0 is a constant depending on ||(ug, vo) || geot r)x Hoo 1 (R) AN Op.

Remark 5.1.3. If (3.3.3) has a non zero solution { (a, b, ¢) } such that 4ac—b* > 0,
then (5.1.4) is globally well-posed in the space H7":1(R) x H*®1(R) for all ¢t — oo.
The radius of analyticity of the solution has the same lower bounds as in Theorem
5.1.2.

The first step in the proof of Theorem 5.1.1 and Theorem 5.1.2 is to show that
in a short time interval 0 < t < T, where T" > 0 depends on the norm of the
initial data, the radius of analyticity remains strictly positive. This is proved by
a contraction mapping argument and a multilinear estimate which will be given
in the next section.

The next step is to prove the approximate conservation law in the time interval
[0, 7], measured in the data norm H?*(R). This approximate conservation law
will allow us to iterate the local results and obtain the results in Theorem 5.1.1
and 5.1.2.
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5.2 Local Well-posedness Results

Before stating and proving local well-posedness of (5.1.1) and (5.1.2), let us
recall bilinear estimate stated and proved in Lemma 4.2.1 of chapter 4. This

estimate will be useful in the proof of the local well-posedness results.

Lemma 5.2.1. For s >0 and 0 > 0, there is a constant C = C(s) such that

lo (D)) oy < Cllullgoogeyllvllgmee. (5.2.1)
and
lo(D2)ullrecey < Cllullgos e, (5.22)

where o(D,) is the Fourier multiplier operator with symbol

€]
1+&

o(€) =

By (2.1.5) and the multiplier estimate lﬂz < 1, the estimate in (5.2.2) holds.

Remark 5.2.2. By virtue of (5.1.8), the estimates in Lemma 5.2.1 hold in H%*.

Local Well-posedness of Cauchy Problem for Generalized KdV-BBM

Equation

In this subsection, we will study the local well-posedness of the Cauchy problem
(5.1.1) in the modified Gevrey space H?*(R). The theory begins by converting
the original initial-value problem into an associated integral equation. By taking
the Fourier transform of (5.1.1) with respect to the spatial variable, we get

& — . 1
wPtl — i€+ (= — )&%, = 0.

Uy + i€u +
Now, for v < %, we have (1 + (% — 1/)52) > (. Then, rearranging the terms gives

(1 - 1/)52)2'@ (- i —

6 2(p+1)
Dividing by <1 + (3 - V)§2>, we get
iy — G()i = Y(Eurt, (5.2.3)
where (1 &) 3¢
—v
¢(¢) 1+ (5 —v)& Ve = 20+ D)[1+ (2 —v)&?]
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Next, we define the Fourier multiplier operators ¢(D,) and ¥(D,) as follows

Oo(D)f(€) = F (o), v =F(v©F©).  (B24)

By the inverse Fourier transform of (5.2.3), equation (5.1.1) can be rewritten in

an operator form as

{ ity — (Dy)u = Y(Dy)Jul*, (5.2.5)

u(z,0) = ug(x).

First, consider the following linear initial value problem associated with (5.2.5)

uy — ¢(Dy)u = 07
i = $(Da)u (5.2.6)
u(,0) = uo(x),
whose solution is given by
u(t) = S(t)uo,
where S(t) = e~#*?(%) and
Sty = e Ot — / e~ (551900) (03 i
R
The operator S(¢) is unitary in H7*(R) for any s € R and hence
HS(t)uoHHU,.s(R) - HU,OHHU,@(R)’ Vt > O (527)
By Duhamel’s principle, the integral form of (5.2.5) is given by
t
() = S(Eug — i / S(t — § V(D) (e, ') ds'. (5.2.8)
0

Theorem 5.2.3. Suppose that v < ¢. Let o9 > 0 and ug € H*'(R) be given.
Then, there exist a time T = T (||ug| goor(r)) > 0, and a unique solution u(t) €
C([0,T); H*®X(R)) of (5.1.1), where

1
= 20710 ([luo]| oo (ry )P

(5.2.9)

where C' is a constant depends on s.
Moreover, the map from ug € H°Y(R) — u € C([0, T]; H*WY(R)) is continuous.
That 1s
Ju(-,t)llx = sup [[u(, )l zewa@) < Clluoll oo ), (5.2.10)
0<t<T
where

X = c([o, ik H"““(R)),

18 Banach space.
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Since S(t) is a unitary group in H%*(R), applying cosh(c|D,|) to the integral
(5.2.8) and taking the H'-norm on both sides yields the energy inequality

¢
sup ||| goa < ||uol| goa +/ |9 ( Dy )uP ™| on ds’, (5.2.11)
0<t<T 0

Now, we use the following Lemma to estimate the nonlinear term in (5.2.11).

Lemma 5.2.4. For o > 0, we have nonlinear estimate

[ (Da)u? || g0 S [lullfyh: (5.2.12)

Ho)1l:

Proof: Note that, ¥(§) < Cw(§) for some constant C' > 0. From (5.2.2) and
(5.1.8), we have
(D2 )u oo S [[u? | oo, (5.2.13)

which is also equivalent to
(D2 oo S 107+ geo. (5.2.14)

Setting U := e°IP=ly in (5.2.14) and applying Plancherel Theorem, leads to

(&= PU oo = ||ePl (e Pyt
| (e e
LE
o—(|5\—z€if \m) M
= € U(&)déy ... dépia
/s_zsz; & 11 Tl
p+1 —
<|/ TE)de . .-y
ey g 11 Tl
= [WPH| 2,
(5.2.15)

where W = F~1(|U]) and |¢| < P+ &, which follows from the triangle inequal-
ity.
Now, by Sobolev embedding, we obtain

WPz = WIS < IR = llulf

Thus, from (5.2.13) and (5.2.15) the estimate (5.2.12) holds.
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Proof of Theorem 5.2.3. Taking into account the Duhamel’s formula (5.2.8),

we define a mapping

t
Pu(e,t) = S(t)ug — i / S(t — § YD) (w, ') ds'. (5.2.16)
0
Consider the closed ball B, in X:
B, = {u € X : sup |lul|goewa < 2Hu0HHJO,1} ,

0<t<T

where

X = C’(O,T; H"(t)’l(R)>.

Using the energy estimate (5.2.11) and Lemma 5.2.4, we obtain

t
sp [Pulgoos) < llnrosgoy + | 1D o
0<t< 0

(5.2.17)

S ||u0||H"01 +CT Sup ||u”1})]—tf1(t)1 (R)”

For u € B,, (5.2.17) becomes

sup [Tl o @) < l[wollmeot () + CT27 [[uo|f g1 g
0<t<T

Now, choose T so small, such that

1

T = .
C(2||uol| oo (w))P

Then, [|[T'u||x < 2||up|| goo.r showing that I' maps B, into itself.
Next, with the same choice of T', we can show that I" is a contraction map on
B.. For u, v € B,, by (5.2.11) and Lemma 5.2.4, we have

sup HFu — F’U
0<t<T

_ p+1 p+1
Hm)l H/ (t — $)Y(0y) (WPt — ") (, 5) ds

X

< COT sup [|u—v|goam v’ +u’ ™ v+ ... + 0P| goa(w
0<t<T

< CT(2|luo||goor)? sup ||u — v|| gor(r)
0<t<T

1
< 5 sup lu = v|| goa(r)-
0<t<

(5.2.18)
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Hence, I' is a contraction map on B,.
Therefore by contraction mapping principle, (5.1.1) has unique solution in X.
Continuous dependence on the initial data can be shown in a similar way using

the difference estimate. This concludes the proof of Theorem 5.2.3.

Local Well-posedness of Cauchy Problem for Coupled System of BBM

Equations

Here, we will prove the local well-posedness of (5.1.2) by converting the system to
an equivalent system of integral equations.
Let us denote vector of dependent variables, vector of initial data and vector

of nonlinearities of (5.1.2) respectively as follows:

o) (3 (2)

Then, the system (5.1.2) can be rewritten as

(5.2.19)

W(z,0) = Wy(z).

By rearranging terms in the first equation of (5.2.19) and taking its Fourier trans-

form, we get

(1= AW, + ,W = -0, M (W)

. D, . D,
ZWt_1+D§ h 1+D3M<W)
iW, — oW = () M(W), (5.2.20)

where D, = —i0, with Fourier symbol £ and ¢(§) is given by

§

©(§) = Tre

Now, define the Fourier multiplier operator ¢(D,) as

(D) f = FH(2(0)]9).

By taking the inverse Fourier transform of (5.2.20), and using the resulting equa-

tion, (5.2.19) can be rewritten as

{ iW, — (D)W = (D) M(W),

(5.2.21)
W(z,0) = Wy(z).
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First, let us solve the linear part of (5.2.21),i.e

{ iWy — (D)W =0, (5.2.22)

W(z,0) = Wy(z).

Set S(t) = e =) be the unitary group in G%*(R). Then S(t)Wy(z) solves
(5.2.22). Using Duhamel’s formula, (5.2.21) can be rewritten as the integral equa-

tion
Wz, t) = S(t)Wo(x) — i/ot St —71)p(Dy)M (W (x, 1)) drT. (5.2.23)
Define the operator K by
KW (z,t)) = S({t)Wo(z) —1 /Ot St —T1)p(Dy)M (W (x,7))dr. (5.2.24)
We have the following local well posedness result.

Theorem 5.2.5. Let oy > 0, s > 0 and the initial data Wy € H?*(R) x H7*(R).

Then, there exist a time T = T(HWOHHUOvS(R)xHUO,s(R)) > 0 and a unique solution
W e X =([0,T); HoO#(R) x H7O*(R))

of the Cauchy problem (5.2.21), and we have

1

T =
AC|Woll mreo-s (ryxrroo-» ()

: (5.2.25)

where C' > 0 is a constant depends on s.
Moreover, the map from Wy € H?*(R)x H?*(R) - W € C([O,T]; H®s(R) x

HU(t)’S(R)) is continuous.i.e.,
W, Olx = DiufTHW(-yt)||Hw(R)wa(R) < ClWolloos®yxmeosry-  (5.2.26)
<t<

This implies for short time interval 0 < ¢ < T, the solution remains analytic in
the initial strip S,, with radius of analyticity o(t) = oy.

Proof: Using similar procedure as in the proof of Theorem 5.2.3, applying the
contraction mapping argument to (5.2.24) and using bilinear estimates (5.2.1) and
(5.2.2), we can prove the local well-posedness in analytic space H*(R) x H"*(R).

Denote

X = C(0.7: 17 (B) x H™(B)).
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equipped with norm

||W||X = Sup ||W||HU,S(R)XHJ,3(R) = Ssup ||u||HU,S(R) + sup ||U||H‘7’S(R)-
te[0,7 te[0,7 te[0,7

Note that, (X, ||.]|x) is a Banach space. To establish local existence via the con-

traction mapping principle the domain for the operator I will be restricted to the
closed subset B,(0) of X, given by

B, ={WeX:|W|x<r}.

Our claim is to show the nonlinear operator K defined in (5.2.24) is a contraction
or not in the closed ball B, for T sufficiently small, which means I maps B, into
B,. i.e,
KW lx <,
and
IK(W) = K(W)llx < d|W — W],

where W, W € X and 9 € [0,1).
Next, we go back to (5.2.24) and its norm

t
KW (2. )l = ISOWallneoqeyesoy + | [ S = o DIMOV (@ )]
0
(5.2.27)
Since S(t) is a unitary operator on H7*(R) x H?*(R) for any s € R, we have

||S(t>W(]HHO’,S(R)XHa,s(R) = ||WOHH0,S(R)XHU,5(]R), \V/t > O (5228)

By virtue of Lemma 5.2.1, we have

t
W (2. )l < [Wallawoayesreee + | [|e(D2)M W (2, ar
0
< Wollsrpoe + T (D) MOV ()|

1
< [Wollosctns + (D) (50 w0)

2 X
1
< ||Wollgesxpes +T sup H(p(DI)<§’02,UU)‘
OStST HU,SXHU,S
1
< |Woll gows x mro-s —i—T[ sup ng(Dx)(§U2) + sup ng(DI)(uv)’
0<t<T Hos o<i<T

HG}

< |Wollgesxmos + TC sup [||v||§,o,s+\|U||Hms(R)||U||Hw]
0<t<T

S ”W()HHJ,SXHJ,S + TC'I"Q.
(5.2.29)
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If we choose

1 1
20T AC||Wollprows spros
Then, ||[KW (x,t)||x < rshowing that & maps the closed ball B,.(0) in C’([O, T)|; H>* X
H "’5) onto itself.
To show the map K : X — X be contraction mapping, let W, W € X =
C(O, T; H>® x H"’s), With the same choice of T" as above, by applying (5.2.2), we

obtain

TZQHWOHHG,SXHG,S7 T:

HICW . ICWHX :H /Ot S(t — 7)[p(D)M(W (2, 7)) — @(Da) M(W (z, 7))] dTHX
< [ eDaswa.m) = oD (.|t

< [ oo [(he) - ()] o

STU@G%K—@—@MU+WN
v

il ) |

+ HQO(DI) (v(u —u) + u(v — TJ)) ‘

1
< C’Tb”v — 5| o |[0 + B[ o

+ llu = @l gos |v)| o 4 ||V = 0| s

< CTr[Hu | g + |0 — @HH(,,S}

S CT'FHW — W”HU,SXU,S.
(5.2.30)
Hence

_ 1 _
IKW = KW |lx < SIW =W st

This shows that K is a contraction on B, with a contraction constant % So by
contraction mapping principle, initial value problem (5.2.19) has unique solution.
To see the continuous dependence of the solution on the initial data, let W

and W be the solutions with initial data Wy and W, respectively, then
HW - WHX S HW() - WOHHU,SXHU,S —|— %HW - WHHO’,SxHO',S’

<2||Wp — WOHHUvstOvS-

-64-



Chapter 5 5.3. ALMOST CONSERVATION LAW

5.3 Almost Conservation Law

Almost conservation law enables us to prove the existence of global solution
by repeating the local result obtained in section 5.2
Almost Conservation Law to (5.1.1): Let u be the solution of (5.1.1).
Define
w(x,t) = cosh(o|D,|)u.

Applying the operator cosh(o|D,|) to the first equation in (5.1.1), we obtain

1
pt1 b _
wy + W, + D) (WP ) F VW (6 V)Wert = f(w), (5.3.1)
where
+1

Flw) = ﬁaw {wpﬂ _ cosh(a]DxD(sech(a]Dsz)p 1 (5.3.2)

The modified energy, given by

1 1
Ay [w(t)] = 5/ [w? + <6 — v)w?2] dz. (5.3.3)
R

For ¢ = 0, we have w = u, and therefore the energy is conserved. i.e.
Ao[w(t)] = Ao[w(0)].

However, this fails to hold for ¢ > 0.
Differentiating A, [w(t)] with respect to t, then applying integration by parts
and using (5.3.1) and (5.3.2), gives

d
GAd0O] = [ (v + (G = v da

— /R (wwt — (% — y)wwmt) dx

_ 3 p+1 _

1 , 3
:_5/]1{[(“] e DG+

By assumption, w and its all spatial derivatives decay to zero as || — occ.

(wP*?), — v(wl),] do + /wa(w) dr.

Consequently, the first integral in the last line is vanished. Therefore

d
& Aolulr)] = /R wf(w) da.
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Integrating over [0, ], gives

A [w(t)] = / / w(z, $)f(w(z, ) dads. (5.3.4)

The following Lemmas are important to prove an almost conservation law to
(5.1.1) and (5.1.2) .

Lemma 5.3.1. Let £ =Y 0 &  for & € R and p is positive integer. Then

<2 Z &11651. (5.3.5)

i#j=1

’1 — cosh [¢] H sech |&;|
The proof is found in [37].
Lemma 5.3.2. Let f(w) be defined as in (5.3.2), then we have

< Cot |lwlbity, (5.3.6)

wa( w)dz

for all w € H(R).

Proof: Using Holder inequality and Sobolev embedding, we get

wa(w) dx| = /R(Dx>w<Dx)_1f(w) dx
< Dol (D2 Fw) 2o (5:3.7)
<l @02 F (@)l z2e).
By the Fourier transform of (D,)~! f(w) where f(w), we obtain
(027 ) (0] = | 5y | [2 - cosbirte) T e )] Hw )i

p+1

3
m/g‘l — cosh(a|§|)]1;[1880h(0|§j|)

p+1

| IS

IN

3 p+1 ~
e A (OIS
(5.3.8)

where
p+1 p+1

€=> ¢, de=1]]ds,
j=1 j=1
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and
p+1

K =1 — cosh(cl€|) Hsech(a|§j|). (5.3.9)

J=1
Note that |K| < 1.
By symmetry, we may assume [& | < |&] < ] < -0 < [&| < [&p4a]- Then by

Lemma 5.3.1, we have

P+1
1 = [1 = cosh(ol¢) [T sechiole
j=1
p+1
< g29PH Z elle;

i£j=1
< C(p)02|§p||§p+l|a

where
C(p) = 2" (p* — p).

For0<pg <1
K] < C0)o?[&pl1Eps] < C(p)o* 1617 Epsa]”.
Choosing § = %, we get
K| < Cn)ozlg| gl (5.3.10)

Now, let
W = F ' (|@]).

From (5.3.8) and (5.3.10), we obtain

F((D) W) (©)| < Clp)o? /6 (H )| [eo|/ |06 ||| (6| a
< C(p)o* /g (ﬁ%» & (&) | Tgy0) e

< Cp)o2 Fu [WP™ - | D, TW - |D,[TW] (€).
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Using Plancherel Theorem , Holder inequality and one dimensional Sobolev em-

bedding, we get

|7 (0 F@) @), < Coet W (D W) sz

LZ(R)

3 _ 3
< C)a 2 WP @l (| Dal s W)l 2 )

3
< CO)oH W5 gy |1 D:l W e
(5.3.11)
3
< CEF W Pty DLW,

3 _
< C)o? [|W |5 o W 131 )

~ C(p)o wllfits,

Then, the desired result (5.3.6) followed from (5.3.7) and (5.3.11). O
In view of (5.3.4) and (5.3.6), we have energy estimate

A [w(t)] < Ay [w(0)] + Co2 T|jw(t ity (5.3.12)

Lemma 5.3.3. [Almost conservation law]. Let wy € H'(R). Suppose that w €
C([0,T]; HY(R)) is the local-in-time solution to the Cauchy problem (5.1.1). Then

sup Aofu(t)] < Afu(O)] + Ol (53.13)
Sup. Ay [w(t)] < Ag[w(0)] + Co? (AU [wo]) T, (5.3.14)

where C' is a positive constant depends on ||wol|mw) , s and p.

Proof: By combining (5.3.12) with the local existence theory, we obtain (5.3.13).
By (5.2.10), we have the bound

lwllge e = HUHL%OHUJ(R)) < Clluollgeormy = Cllwoll (), (5.3.15)
where 7' is as in (5.2.9) and
LEHY(R) = LH! ([O,T] x R).

For v < %, we have

A@dzléhﬁ+@—mwM]m~wmml (5.3.16)
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Hence
l|wol| 1) ~ (Aglwo])?.

Then, using (5.3.15) and (5.3.16), we obtain the desired estimate (5.3.14). O

Almost Conservation Law to (5.1.2): Fora==0=19¢ =0,y = %, A=1,
the solution of (3.3.3) is a = 1,b =0 and ¢ = 1, that satisfy 4ac — b* > 0. In this
case, the energy of (5.1.2)

£ (u(t).v() = / (w2 4+ 07 + o2 +22) do (5.3.17)
R
is conserved. i.e.,

S(u(t),v(t)) - 5<u(0), U(O)), vt > 0.
Let (u,v) be the solution of (5.1.2). Then define
Uy (z,t) = cosh(o|D,|)u(x,t),
vy (z,t) = cosh(o|D,|)v(x,t), o >0,

The modified conserved energy is given by

g, (ug(t),vg(t)> - / (ug 402+ (Dup)? + (8961)0)2) dz. (5.3.18)
R
For ¢ =0, u, = u and v, = v, then

Eo(uo(t),vo(t)) = E(u(t),v(t)) = E(u(0),v(0)). (5.3.19)
However, for 0 > 0, the energy is not conserved.

Theorem 5.3.4 (Almost conservation law). Let o > 0, (u(0),v(0)) € H!(R) x
Ho0Y(R) and suppose that (u,v) € H*®H(R)x H?®-1(R) is the local solution of the
Cauchy problem (5.1.2) that is constructed in Theorem 5.2.5 on the time interval
[0,T]. Then we have the estimate

sup ga(ua(t)7va(t)) < gU(uU(O)aUG(O)) +U%C*Hua(t)HL%’HI(R)HUG(t)HQLgS’Hl(R)-

te[0,7)
(5.3.20)
Moreover, by (5.2.26), we get

tSEéI’}] Eo(us(t),v5(1)) < & (UU(O), U0<0)) + O'%O*Huao (0)”Hl(R)HUUo(O)H?{l(R)’
€0,
(5.3.21)
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Proof: Applying the operator cosh(a|D,|) to the first equation of (5.1.2) with

ug = cosh(a|Da[)u, () = sech(a|¢])uq(£).

and
v, = cosh(o|Dul)o,  D(E) = sech(o|E)T(€).
we have
Oty + Oyl — 002Uy + V,0,v5 = Fi(v,), (5.3.22)
where . ,
ﬂ@gziawﬁ—m%@u%D@%Mﬂngg}. (5.3.23)
Similarly, applying the operator cosh(o|D,|) to the second equation of (5.1.2),
yields
Oy + Opvy — 010704 + 0 (Ugvy) = Fy(Uy, vy ), (5.3.24)
where

F>(uy,v,) = 0y [uava — cosh(o|D,|) (sech(a]DzDua sech(a|Dx\)vU>} . (5.3.25)

Now, differentiating &, (u,, v,) with respect to ¢, then applying integration by
parts and using (5.3.22) and (5.3.24), gives

d
Ea(uslt). ) = |

<2ua(9tua + 20,00V, + 20, U500z Uy + 28zvaat8xva> dx
R

= / <2u08tug + 20,000, — 2ug(9t8§ug — QUgataivg) dx
R

- —Q/R [ug (&cua + U, 0,05 — Fl@a))

+ Uy <8xva + 0:(ugvy) — Fo(u,, U0)>} dx
:_/K@@p+@@@+wm@ﬁ+mumﬁ»m
R
+ / <2uUF1(vU) + 2v, F5(uy, UU)> dx
R

= 2/ u(,Fl(vU)da:—l—Q/UJFz(uU,UU)} dx.
R R
(5.3.26)

Due to integration by parts of smooth functions, the integral in the fifth line is

vanished.
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Now, integrating (5.3.26) over [0, t], we get

Sg(ua,vg) =&, (ug , Ve (0 +2/ /uaFl Uy dmdt—|—2/ /UUFQ ug,v(7 dxdt

(5.3.27)

Let

I, = / ueFy(vg) dz, I = / Vo Fo(Uo, v5)] da.
R R
By Holder inequality, we get
L] = ‘/(D$>uo<Dx)_1F1(vU) da
R

(5.3.28)

< Cl{Da)tio|l 2@ {Da) ™ F1 (o)l 2wy

< Cllusllm@I{Da) ™ Fi(vo)l| 2(z).

By taking the Fourier Transform of (D,) ' Fi(v,), where Fi(v,) is as stated in
(5.3.23), we obtain

118 / cosh(a¢])

~ cosh (o|&1]) cosh(o|&s)) >@\g(fl)@g(£2) df'

F(4D2) " Falea) ) (€ ' ‘

1 cosh(o|€]) N R
= 5/5‘1 a COSh(O‘|€1|)COSh(0‘|€2|)‘ Uy (&) ||0,(&2) ] dE,
(5.3.29)
where
2 2
§=> & de=]]dg
Jj=1 =1
Mi=1- cohiole]) (5.3.30)

cosh(a|&|) cosh(o|&s])
Note that, |M| < 1.
Next, we estimate |M| by applying Lemma 5.3.1, for p = 2.

2
M| = ‘1 — cosh(c[¢]) Hsech(a!fﬂ)‘
=1
2
<do® Y &l
i#j=1
< 80761 |&|
For0<p<1
[ M| < 80%I&1[&] < 80™|&1|”|&a|"-
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By choosing p = ?1, we get
M| < 80%|€1]1]&|1. (5.3.31)
From (5.3.29) and (5.3.31), we have

£ (D Ren)(©)] <3 [l et g

(5.3.32)
3 3. 3
<10 [laf a(enllel o) de
3
Set
V= F 06V =0,(9)]
Then
£ (D7 Fien)) ©)] <10t [l €0l (e s
¢ (5.3.33)
< 402 Fo (|D:| VDLV ().
Using Plancherel Theorem and one dimensional Sobolev embedding
1 1
H*Cc L =-—= 2 <
L, s=g5-o (2<p <o)
we obtain
|7 (0 R )@, < 0 HIDEVIDIV) e
3 3
S 021DV [Ze ey
SANDAVIE, (5:3.34)
3
S o2 HVH?F(R)
~ 02 HUUHHl(R)
From (5.3.28) and (5.3.34), we get
5= | [ woFiten)da| S ot fuallmmlen By (5339
R
Similarly, by Holder inequality, we have
|I,| = /UO—FQ(UO—,UO—) dr| = /(DI>UU(DI>_1FQ(UU,UU) dx
R R
(5.3.36)

< CIKDa)voll 2 [(D2) ™ Fa(to, vo) [l 2

< Cllvel 1 @) 1(Dz) ™" Fa(tg, vo) | 2 ).
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Taking the Fourier Transform of (D,) ' Fy(u,, v, ), where F; as stated in (5.3.25)

] B cosh(olé) N~
£ (D) Bl )(©) | = (07 [ (1= o ey (6 )
cosh(c|€]) - N
/) cosh(a|&;] )cosh(0|§2\)‘ ug(&)‘ va(&)‘ a
< [ |M(&, Uy Uy d
< [ e faoten] oo teo) e
<sot [ faff st lef (e
(5.3.37)
where M is as stated in (5.3.30) and the same choice of p = 3.
M| < o™l l&l < 807|676l
Let
U:‘F:c_l‘aa(fﬂv V:‘F:c_l|6a(€)|
Then
£ (0 B ) (©) | < 50 160176 Il 17 )
(5.3.38)

< 802 F,(|D.|1U|D,| V) ().

By using Plancherel Theorem, Hoélder inequality and one dimensional Sobolev

embedding, we obtain

3 3 3
S 80-§|||Dx|ZU|Dx|ZV) ||L2(R)
L*(R)

Fo((D2) " Fals,0,)(€))

3 3 3
S 02| De 1 Ul| @l De| 1V ]| 2wy

3 3 3 5.3.39
< 02|HDI"‘UHH%(R>”‘Dx“‘VHHz(R) ( )

~

o2 Ul IV | 1wy

3
~ 02 |[ug || m @ llve | m)
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From (5.3.36) and (5.3.39), we obtain

[Io] =

/ Vo Fo (g, vy) dx
R

(5.3.40)

/R (D)o (Do) F(utg, 0y) di

3
S 02 |ug 107 )

Therefore, the inequality in (5.3.20) follows from local well-posedness result, (5.3.27),
(5.3.35) and (5.3.40). O

5.4 Evolution of Radius of Analyticity

This section is devoted to prove the maim Theorems stated in chapter 5 of
section 5.1
Proof of Theorem 5.1.1: Let ug = u(0) € H°'(R) for some oy > 0 and note
that
wy = cosh(og|D,|)ug € H*(R).

By Theorem 5.2.3, there is a solution u to (5.1.1) satisfying
u(t) € HY(R), Vte[0,T],

where T is as in (5.2.9).

For arbitrarily large 7} , we want to show that the solution u to (5.1.1) satisfies
u(t) € H*OL(R), Vt € [0,T)), (5.4.1)

for

&

where ¢ > 0 is a constant depending on ||ug||geo,1 and oy.
From (5.3.15) and (5.3.16), we have

Asfw(t)] < CAg, [wo] < oo,

for all t € [0,T}].
Now, fix T; arbitrarily large. It suffices to show that

sup A [w(t)] < 2A4,,[we], Vte€[0,T]], (5.4.3)

te[0,13]
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for o satisfying (5.4.2), which inturn implies u(t) € H°®-! for all t € [0,T}] as
desired.

To prove (5.4.3), we apply almost conservation law and local well-posedness
result repeatedly on successive short time intervals to reach 7.

Now, choose n € N so that T; € [nT, (n + 1)T]. Using induction, we can show
for any k =n+ 1,n € N that

sup Ay [w(t)] < Ao [w(0)] + kCo (A, [w(0)]) T, (5.4.4)
te[0,kT)
which implies
sup A, [w(t)] < 2A,,[w(0)], (5.4.5)
te[0,kT
provided that o satisfies
QTTZCUS(AUO[w(O)])g <1 (5.4.6)

For k = 1, by virtue of Lemma 5.3.3 and the fact A, [w(0)] < A,,[w(0)] for o < oy,

we have

pt2

sup Ay [w(t)] < A, [w(0)]) + Co? (Ag[w(())]> ’

t€[0,T]

p+2
2

< Ay, [w(0)] + Co? <Ao‘o [w(O)]>

This implies (5.4.5) holds by (5.4.6) provided that o satisfies

Cag<Ago[w(O)])g <1.

Now, assume that (5.4.4) implies (5.4.5) for k = n and o satisfies (5.4.6). Then
our claim is to show that (5.4.4) and (5.4.5) hold for k =n + 1.
Applying Lemma 5.3.3, (5.4.5) and (5.4.4) within time interval nT' <t < (n+1)T,
we obtain

p+2

sup A fw(t)] < Aw(nT)] + Co? (A fw(nT)]) *

te[nT,(n+1)T]
p+2

< A Jw(nT)] + Co? (2_,400 [w(O)]) 2 (5.4.7)

pt+2
2

< Aofw(0)] + Co? (n + 1) (Ag, [w(0)])

Combining (5.4.7) with the induction hypothesis of (5.4.4) for k = n, we obtain
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p+2
2

sup  Agfw(t)] < Ag[w(0)] + Cor (n + 1) (Ag, [w(0)])
te[0,(n+1)T]
This proves (5.4.4) for k = n + 1. Consequently, (5.4.5) holds for k = n + 1

provided that

Co (n+1) (Ao, [w(0)])* <1,
which follows from (5.4.6).
Since
1) 2T,
we have o7
SO0 (A [w(0)]) F = 1.
Thus 9
where
T
Cc1 = T

QC(A,,O [w(O)]) 2

Therefore,

o2 (5)

for ¢ < ¢; which gives (5.4.2), where T is as in (5.2.9). This completes the proof
of Theorem 5.1.1. O

Proof of Theorem 5.1.2: In the course of the proof, we need to apply
repeatedly the local result obtained in Theorem 5.2.5 using the approximate con-
servation law obtained in Theorem 5.3.4 to cover time intervals of arbitrary length.
To construct a solution on [0, 7] for arbitrarily large 7™, consider the following
two possible cases.

The first case is T* = oo, which means that (u,v) € C([0,00); H**(R) x
H°*'(R)). In this case the uniform radius of spatial analyticity of (u, v) persistence
for all time ¢. That is, o(t) = o9 which proves Theorem 5.1.2.

The second case is T* < oo, which means (u,v) € C([0,T*]; H*'(R) x H"!(R))

and
1

=T<T"< .
4C||[Wo| mroos (R) x Hos (R)

To prove Theorem 5.1.2 in the second case, we apply the approximate conservation

law in Theorem 5.3.4, so as to repeat the local result on successive short time
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intervals to reach T™ by adjusting the strip width parameter o according to the
size of T™.

First, we consider the case s = 1. By the embedding (2.1.6) the general case,
s € R will essentially reduce to s = 1.
The Case: s = 1: Let (u(0),v(0)) € H!(R) x H?!(R), for some gy > 0. Then

there is a unique solution
(u,v) € H'OYR) x H'OYR), vt € [0,T],

of (5.1.2) constructed in Theorem 5.2.5 with existence time T as in (5.2.25).

Note that, since
(uooavoo) = 6UO‘DquO X €GO|DZ|UO S H1<]R) X H1<R)7

from (5.2.26) and (5.3.18) we have
Exlty,v,) = / u? 4+ v2 4 (0,u2) + (0,02 dw
" (5.4.8)
S 1(0), (0Dl o0t gy o0 ) < 00

For arbitrarily large 7%, we want to show that the solution (u,v) to (5.1.2) satisfies
(u,v) € H'OYR) x H'OYR), VYt e [0,T. (5.4.9)

and

o(t) = Ti (5.4.10)

where ¢ > 0 is a constant depending on the norm of the initial data (ug,vy) and
ogp-
From (5.4.8), we have

1 (u, U)”?{a(t),l(R)XHou),l(R) <oo, te[0,T7].

Now, fix T™ arbitrarily large. It suffices to show that

901100 e ey < 200) 0O s @y, (3411
c , *

which inturn implies (u,v) € H?®1(R) x HWX(R), for o satisfying (5.4.10). To

prove (5.4.11), we use induction as follows.
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Choose n € N, so that T* € [nT, (n + 1)T]. Using induction, we can show for any

ke {1,2,3,..,n+ 1} that

sup | (u, V)| o @y o2y < 1((0), 00D 101 ()11 (1)
t€[0,kT

+ ko Cul[u(0) [l 0.1 ) 0 (0) | o1 gy

sup ||(u, U)HHfrl (R)x HoL(R) = 2”(“(0)7U(()))||§{voJ(R)xHﬂo,1(R)’
te[0,k T

provided that o satisfies

210 C.[u(0) ] o0 ) 10 (0) 1 o 1 )
<
T (w(0), 0O o0 ) pr701 ()

For k =1, from Theorem 5.3.4 we have

tsfé%n(u ) 3o @y oy < 1(w(0), 0(0) 3o ) ot )
€

+ 0 C[[u(0) | oo ) |10 (0) [ o1 sy

Since o < 0y, we have

1((0), 0 (O)) o1 gy 1ot ) < 11(w(0), 0(ON) 7001 gy 12011 ()

Then, it follows that

o C.[w(0) || 0.1 ) [|0(0) |1y

b<1,
1(u(0), 0 (Ol 77001y 1701 )

which holds by (5.4.14).
Now, combining (5.4.15) and (5.4.16) leads to

sup ||(u, U)HHffl(]R)xHUl(R) < ||<u(0)7U(O))H?{UOJ(R)XHUOJ(R)
te[0,kT)

+ H(u(0>>7)(0))”%{Uo»l(R)xHao,l(R)a

< 2[1(w(0), v () 3701 ) 1701 )

which proves (5.4.13).

Next, assume that (5.4.12) and (5.4.13) hold for some k € {1, 2,3, ...,

we need to show that (5.4.12) and (5.4.13) hold for k =n+1.

(5.4.12)

(5.4.13)

(5.4.14)

(5.4.15)

(5.4.16)

(5.4.17)

n}. Then,
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By applying Theorem 5.3.4, (5.4.13) and (5.4.12), we obtain

sup [ (u(t), v (O | Frou @yxproa gy < N@EKT), v(ET)) 3101 gy x o gy
te[kT,(k4+1)T)

+ 0 Cu[u(kT) || oot [0(KT) | Fap.1

< ||(u(kT)7U(kT)H?{UJ(R)xH“J(R)

+ 0O [[w(0) || o1 ) 10 (0) 37001 )
< 1(@(0), v(0)) || Frowt () x 1ot ()

+ (k + D)aCl|u(0)]| oo ) 0(0) 7701 )
(5.4.18)

Combining (5.4.18) with the induction hypothesis (5.4.12) for k = n, we obtain

sup  [|(u(t), v(t) || Frou yxproa ey < I1(w(0), (0N Fo1 gy otz
te(0,(k+1)T)

(k4 Do Culw0) o0 ) 1000) o oy
(5.4.19)

which proves (5.4.12) for k =n + 1.
Since
k+1<n+1<ﬁ+1<2—T*,
- - T - T
inequality (5.4.13) follows from (5.4.14) for k = n + 1, provided that
(k + D)o Cul[w(0) | oo (i) [0(0) |01 ) _

(w0, o) H?{UOJ(R)xHUOJ(R)

Finally, the condition (5.4.14) is satisfied for o such that

2T 0 C,||u(0)]| groo1 (my [[v(0 )HHvol

=1.
Tl (w(0), v(0) 3001 gy w o0 1 (1)
Thus
(&1
t) = —
J( ) T*’
where

_ Tl (u(0), v(0)) |74, L(R)x H70-1(R)

00*2%HUOHHUOvl(R)HUOHHUOJ(R) '
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Therefore, (5.4.10) holds for ¢ < ¢;, and 7' is as in (5.2.25).
The general case s € R: For any s € R, we use the embedding (2.1.6) to get

(u(0), v(0)) € H7*(R) x H*(R) ¢ H7'(R) x H?'(R).

From the local existence theory for every (u(0),v(0)) € HZ'(R)x H 2 !(R), there
exist

T:T(H(UO,UO)HG%J >0,

(R)xcf’%‘(m)

and a solution
(u(t),v(t)) € C([0,T]; HZY(R) x HZ(R)).
For arbitrarily large 7™, from the case s = 1, we have
(u(t),v(t)) € H>TIHR) x TR, 0<t < T,

where b, > 0 depends on H(u(O),U(O))HH%QJ(R)XH%OJ(R).
Applying again the embedding property (2.1.6), we get

(u(0),v(0)) € H*(R) x H**(R) C HZ'(R)x HZ'(R) ¢ H*'(R)x H#"'(R),

for 0 < ? < 3.
Now, from Theorem 5.2.5, for every (u(0),v(0)) € GF'(R) x G '(R), there exist

T = T<||(U(O)>U<O))||H%»1(R)XH%’1(R)> >0

and

(u(t),v(t)) € H3(R) x H3"Y(R), te[0,T].
For arbitrarily large 7™, again from the case s = 1, we have

(u(t), o(t)) € H T R) x BT UR), e 0,77,

90 1, .-

where b, > 0 depends on ||(uo, UO)HH?J(R)XHT, ®

Applying the embedding property (2.1.6) again and again, we reduce the gen-

eral case to the case s = 1, and conclude that
(u(t), v(t)) € H*TI)HR) x H*TIHU(R), ¢ e [0,T.

This completes the proof of Theorem 5.1.2. U
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Chapter 6
KP-BBM Equation in

Anisotropic Gevrey Spaces

6.1 Problem Statement

Consider a Cauchy problem for Kadomtsev, Petviashvili - Benjamin, Bona,

Mahony (KP-BBM) equation with data in anisotropic Gevrey spaces

- Uzxzx T x 8_1 :07
{ut Uzt + Uz + Uy + O Uyy (6.1.1)

u(z,y,0) = up(z,y) € G7725(R?),

where u = u(x,y,t) € R*™. KP-BBM equation describes the unidirectional
propagation of dispersive long waves with weak transverse effects. It was derived
by Wazwaz in [90].

Recall, conservation law obtained from (6.1.1) is given by

Alu(z, y,t)] = /R 2 (u2(ac, v, 1) +u2(z,y, t))dacdy = Alu(z,y,0)],  (6.1.2)

for all t € R.

In the present chapter, we will study the property of spatial analyticity of the
solution u(z,y,t) to (6.1.1), given that the initial data wuy(z,y) is real-analytic
with uniform radius of analyticity oy, so there is a holomorphic extension to a
complex strip

Seo ={z+iy € C:|y| <op}.

Since the radius of analyticity can be related to the asymptotic decay of the
Fourier transform, it is natural to use Fourier methods to study spatial analyticity
of solution to problem of type (6.1.1).

For 51,80 € R, let § = s1,89 and 01,00 > 0. We define anisotropic Gevrey

space, G717»%(R?) via norm
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||u||é‘71v0215(R2) = ||601|§\602\77| <§>s1 <,'7>821:L(f, m, t) ||%2(R2)

(6.1.3)
= [ ety 2o, .o g,
R2
where 4 denotes the spatial Fourier transform, given by
(&, m,t) = /2 w(z, y, t)e @V dady. (6.1.4)
R

For functions in anisotropic Gevrey G71925(IR?), if one of the variables is fixed,
the resulting function in the other variable will have a holomorphic extension
satisfying the stated bounds in Paley-Wiener Theorem (see, Theorem 2.1.20).

In addition to the holomorphic extension property, anisotropic Gevrey spaces
satisfy the embeddings G71925(R?) «— G172 (R?) for 0 < o} < oy, for i = 1,2

and s1, so € R which follow from the corresponding estimate

1l g o sy S 1l (6.1.5)

In particular, for of = o, = 0, || f|

a9 S | fllgevsenss, HE is anisotropic Sobolev
space.
Our main result yields an estimate on how the width of the strip of the radius

of the spatial analyticity decay with time in the x - direction.

Theorem 6.1.1 (Lower bound for radius of spatial analyticity). Let o1, > 0 and
o9y > 0, and assume uy € H7'0%%%. Then, the solution u to (6.1.1) is globally

well-posed in time, and for any T* > 0, we have
u € C ([0,T%]; H05(R?))
with lower bound for radius of spatial analyticity
ou(t) > et™,
where ¢ > 0, is a constant depending on ||ug||go19.25, 01, and 0.

The method used here for proving lower bounds of the radius of analyticity

was introduced in [81] in the study of the 1D Dirac-Klein-Gordon equations.

Theorem 6.1.2 (Sobolev embedding theorem [45] ). Let 1 < p < oo and 0 < s <
%. Then, the Sobolev space W*P (Rd) embeds continuously in L7 (]Rd) for q such

that
S

=2, (6.1.6)

iR
=
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or for any

d
- < ¢ < o0.
S

Let 0; > 0, for « = 1,2 and define a Fourier multiplier operator

17092 = }"_l(m(f)m(n)ﬂ(g,n,t)), (6.1.7)

where F~! denotes the inverse of Fourier transform, and the symbol

m(€) = cosh(ale]) = 5 (¢7 4 78l

1
m(n) = cosh(oa|n|) = 3 (6‘72"7‘ + e“”'"') , &EneR

The modified anisotropic Gevrey space, H:72%(IR?) is obtained from the anisotropic
Gevrey space, G772 (IR?) by replacing the exponential weight e”'¢le?2"l with the
hyperbolic weight cosh(oy|£]) cosh(oz|n|), equipped with the norm

~

1 F1[ezo1.25my = llcosh(o1[€]) cosh(oa|nl{€)™ ()™ (€, m)l| 12 (e2). (6.1.8)

for J1,09 > 0.

Clearly, we have the bound
L ol ole
56 S m(f) S € ) 5 S R
Then, it follows that
1 01,02
sltllgerma@e < 1772 ull2@e) < llullgores @),

which implies that || 17072ul| 12(rz2) is an equivalent norm with [|ul|ger.1 (r2).

6.2 Local Well-posedness Result

Consider the integral form of (6.1.1), which is given by

1

u(t) = S(t)ug — 5/0 S(t —1)¢ (D,) (u*(1)) dr, (6.2.1)

where

o(D,) =8, (1-8)"",

T
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and S(t) is a Fourier multiplier given by

S(t) = Fo! (a«uew@ﬁw).

x7y

4 .
Since the modulus of GH1H67) (se7) g 1, we have

15(t)ul

msr2) = |[ul|psrey, VEER,5=51,5 € R2.

We need the following bilinear estimate to prove local well-posedness results.

Lemma 6.2.1. For 5 = sq, Sy such that s1,S9,> 0 and 01,05 > 0, we have
(D)t |[Gor.m2.5 g2y < Cllullgns oosra)- (6.2.2)

Proof: Using (2.1.7), we have

lo(Da)t G s rzy = 1(6)* €7 U m)*2 ™M (Do) (w?) (€, ) |2 gy

= [|(&)** e ()2 Mo (&) (@ * @) (€, m) |2 e

(6.2.3)

— / |:<§>2816201\§| <n>2$2€202‘n| 52
R2 (1 + £2)2

2
(/2 u(§ — &, n —m)u(€r,m) dfldﬁl) ]dfdn-
R
Now, for s1,s9 > 0, we have

(O < (E— ) EN, )™ < G —m)(m)*.

and
eIl < e¢71\§—€1|601|§1|7 eo2Inl < 602\77—771\602\771|’

for &,m € R.
Then, it follows that

52 s 201
LR - [m / <<5 _ gyl

(n —m)> eI (¢ — &,n — 771)) (6.2.4)

(<€1>25<m>2862‘“'5162"2'”1'ﬂ2(€1, ) dé, dm)} e dn.
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Since &2/(1+&%)? < 1/(1 + &%), by the Cauchy-Schwartz inequality, we obtain
1
DQE 220-0-5 </ 01,09,8 01,09, —dd
lo(Da)ulGmenee) < [ Nellorsons [ullgoress w77z dE dn

6.2.5
< Cllullgmes s |lullgoross ) (029

< Cllullgoroas(ga)s
which completes the proof of Lemma 6.2.1. 0J

Theorem 6.2.2. Let 0; > 0 and s = s; > 0 fori = 1,2. Then for all initial
data uo(z,y) € G725 (R?), there exist T =T (||uo||goro25r2)) > 0 and a unique
solution u of (6.1.1) in the time interval [0,T] for T > 0 such that

ue C([0,T],G77>5(R?)) .

Moreover the solution depends continuously on the data ug . In particular, the
time of existence can be chosen to satisfy
¢
T = 0 : (6.2.6)
(14 lltollgrriozs(r2))

for some constants co > 0. And the solution u satisfies

sup ||U(t)”001»02,5(]1§2) S 2||U0||G01,02,§(R2). (627)
te[0,T

It is straightforward to prove Theorem 6.2.2. Applying the contraction mapping
principle and multilinear estimate in Lemma 6.2.1 for the integral equation (6.2.1)
and following similar argument as the proof of Theorem 4.3.1 and 5.2.3, leads to

the desired result.

6.3 Almost Conservation Law

In this section, we will prove an almost conservation law of the KP-BBM
equation (6.1.1) in modified an isotropic Gevrey space H°72%(R?). This plays
a key role in the proof of Theorem 6.1.1. The method we used here previously
applied in [37] for the Beam equation.

To proof almost conservation law, let us first state the following lemma.

Lemma 6.3.1 ([37]). Let £ = > 7 & for & € R and p is positive integer.
Then
p p
)1 — cosh [¢] Hsech &l < 2P Z IUSIE (6.3.1)
i=1 i#j=1
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Theorem 6.3.2 (Almost conservation law). Let op > 0, 09 > 0, uy € H717»5(R?)
and 17272 be the Fourier multiplier given by (6.1.7) and u € C ([0, T]; H7*°2%(R?))
be the local solution obtained in Theorem 6.2.2. Then the solution of KP-BBM
equation satisfies

2 3
tSEé%]||U(t)||12qal,0,1,0(R2) S ||u0||H"170’1’0(]R2) + CO‘l ||UJ0||H01,0,1,0(R2) . (632)
S k]

Proof: By the embedding property in (6.1.5) it suffices to consider the case
o9 = 0, since
H72%(R?) s HVO*(R?), 01,05 > 0,5 € R?.

Applying the operator 1°1° to (6.1.1) and set

A\ = 1710,
then (6.1.1) becomes
A = Aaat + Ae + 07 Ay + Ae = F(N), (6.3.3)
where
F(A) = A\, — [790(17n0) A, (6.3.4)

Multiplying (6.3.3) by A and integrating with respect to the spatial variables,
we obtain
/ ()\/\t — Mast + Mo + AT, + )\2)\$>dxdy - / AE(Ndzdy.  (6.3.5)
R2 R
If we apply integration by parts, we may rewrite (6.3.5) as
/ ()\)\t + Ada + My — AT, + )\2)\m>dxdy - / AF(\)dady,
R2 R

which implies that

d1 d 1 1 1
—— A+ A2 dady + — A2 — (0712 —)\3dd:/)\F)\dd.
dtQ/RQ( T )dedy+ o | (A= (070" 4 g dudy = | AF(N)ddy
For A\ and its spatial derivatives vanishing at infinity, we thus obtain
d
— [ (N4 X)) (2, y, t)dady = 2 / AF(N)(z,y, t)dzdy. (6.3.6)
dt R2 R2

Integrating (6.3.6) with respect to time interval [0, ¢], yields

/}R2 ()\2 + )\i) (x,y,t)dxdy = / ()\2 + )‘923) (x,y,0)dzdy
(6.3.7)

R2
t
+2/ / Az, y,7) F(N) (z,y,7) dedydr.
0 Jr2
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Using Holder inequality and Sobolev embedding, we obtain

/ )\F()\)dxdy‘ = / (DIMD) ' F(\)dxdy
R2 R2
_ 6.3.8
< DIz, o) (D) F 2, e (6:38)
< Moy (D) " FV) | 22, r2)-
Taking the Fourier Transform of (D,) ' F()\), we obtain
_ Ry h(o:[¢]) N oY
D) LE(A L . €08 ) ) de d
'.F(( > ( ))(6777)‘ ’<§> 2 §,77< COSh(O'1’£1|)COSh(O’ﬂ{QD) (él:ﬁl) (527”2) 5 n
1 cosh(o1/€]) H
<[ h- M m)| M, m)| de dn,
-2 /577‘ cosh(o1|&;|) cosh(oy|&a]) (&1, 712 §2,12) | A€
(6.3.9)
where
2 2 2
€= & n=>Y_n,  didy= []d&dn;.
j=1 j=1 j=1
Note that L
ST
cosh(o1|&;|) cosh(oy[&2])
By applying Lemma 6.3.1, for p = 2, we obtain
cosh(e[¢]) ‘ ‘ -
— = |1 — cosh(o sech(oq|&;
COSh(O"§1|)COSh(O'1|£2|) ( 1|£|)H ( 1|§J|)
) (6.3.10)
< 407 Z |&11€5] < 8otl&|&.
i#j=1
By choosing 6 = 5 in [0, 1]
80°[61]16] < 80™ ||’ |&)" < Bolé|? [ (6.3.11)

Plugging (6.3.11) in to (6.3.9), we obtain

']—"((Dx>_lF(/\)>(§,77)‘ < %/M 1—

<doy [ [&]7AE, m)|Eal 7N, n)| dedn,
&m

cosh(o[¢])
cosh(oq|&;|) cosh(a|&a|)

H)\ §1,m) (527772)6556177

(6.3.12)
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Set
A= Fo Ml A=A ).

Y

Then

‘f(<Dx>—1F<A>)<5,n>‘ <dor | |Gl R, m) |Gl A(, m) dedg
& (6.3.13)

Using Plancherel Theorem and Sobolev embedding Theorem,

H*(RY) < LP(RY), 2 -

. (1 <p<o0o),

N| —
"=

we obtain

< 4oy
12,,(R2)

(1D A IDI2A) (6 )|

|7 (i r0) )

12, (R2)
1
< a1l Dal2 Al Za g2 e

< oy 1D, |2 A
S 01| Dy ”HéHg(Rz)

S 0-1||A||%IL0(R2)

~ oM o)
(6.3.14)

From (6.3.7),(6.3.8) and (6.3.14), we obtained the desired result (6.3.2)

Sl[lp]Hu(t)HiIf’lvovl,o < HUUH?{GLO,LO +CToy HUOHiIJLO,l,O .
te[0,6

which complete the proof of Theorem 6.3.2 U

6.4 Lower Bound for the Radius of Analyticity

Proof of Theorem 6.1.1: Suppose ug(z,y) € G072 (R?), for oy, 09, > 0.
Then there exist a unique solution of (6.1.1) constructed in Theorem 6.2.2 with

existence time T as in (6.2.6).
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Note that
Ao = cosh(oy,|D,)| cosh(or,|Dy)uo.

and
wc Hol(t),O,l,()(]RQ), Vit € [0,T].

From (6.2.7) and the modified energy, we have

E\t)] = /R (N*(,y,1) + A2(2, 9, 1)) dody < 2||ugl| grig w2950 g2y < 00. (6.4.1)

Now, we can construct a solution on [0, 7*] for arbitrarily large time 7 by applying
the almost conservation law so as to repeat the local result on successive short time
intervals [0, T, [T, 2T, 2T, 3T] etc of size T to reach large time 7™ by adjusting
the strip width parameter o; according to the size of T*. Doing so, we establish
the bound

sup |ull3e1.01002) < 2/(u(0)][01, 00, (6.4.2)
te[0,7%]

for o, satisfying
oi(t) >ct™t, VYt >0. (6.4.3)

Thus, from (6.4.1), we have
||u||§{01(t),0,1,0(R2) < oo, te|0,T7],

which inturn implies v € H):%1L0(R2) for all t € [0, T*]. d
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General Conclusion and Future
Work

General Conclusion

In this dissertation, we examined the existence of local and global well-posedness
results of higher order KdAV-BBM type equations in Gevrey spaces G7*(R) and
modified Gevrey spaces H7*(R). We established the existence of local solutions
using the contraction mapping principal and different multi-linear estimates. The
local well-posedness result can be extended to global well-posedness result using
almost conservation law for the problems we considered. We also study the persis-
tence of spatial analyticity to the solution of these higher order dispersive partial
differential equations in the class of analytic functions by providing explicit for-
mulas to lower bounds for the radius of spatial analyticity of the solution. The
persistence of spatial analyticity for the solutions of PDE problems depends on
several factors, such as the type of the PDE (elliptic, parabolic, hyperbolic, etc.),
the coefficients of the PDE, the initial data, the boundary conditions, the dimen-
sion of space, conservation law etc. We used various techniques and tools to prove
persistence of spatial analyticity of the solution of the problems we considered,
such as Fourier analysis, multilinear estimates, contraction mapping principle,
and approximate conservation laws.

The lower bound of the radius of analyticity of the solution for higher order
KdV-BBM type equations and coupled system of generalized BBM equations in
modified Gevrey spaces H?*(R) also analyzed. The local and global well-posedness
of KP-BBM equation in anisotropic Gevrey space were studied. For existence of
global solution, we apply approximate conservation law to repeat the local result
on successive short-time intervals to reach any large time 7™, by adjusting the
strip width parameter o according to the size of T™.

Studying the radius of analyticity of the solution can be used to prove the
regularity and stability of the solutions of PDEs; since the radius of analyticity of
the solution is a measure of how smooth the solution is in the complex plane. It

is defined as the largest radius of a disk centered at a point where the solution is
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analytic.

Analytical solutions are presented as mathematical expressions, they offer a
clear view into how variables and interactions between variables affect the result.
Information about the domain of analyticity of a solution to a partial differential
equation can be used to gain understanding of the structure of the equation, and
to obtain insight into underlying physical processes. For developing algorithms or
modeling engineering systems, analytical solutions often offer important advan-

tages.
Future Work

In future work, we recommend to examine the well-posedness of problems for
the KdV-BBM equation with initial data vy € G2*(T) that are analytic on the
torus T = R/27Z. It is also interesting to study the global well-posedness of the
coupled system of generalized BBM equations whose nonlinearities are cubic and

nonhomogeneous polynomials.
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