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ABSTRACT 
 

In this project, we apply the combination of Elzaki transform and homotopy perturbation method 

(ETHPM) to solve nonlinear fractional heat -like equations and system of equations. The linear term in 

the equation can be solved by using Elazaki Transform Method (ETM) and the nonlinear term can be 

handled by using Homotopy Perturbation Method (HPM). This method is very powerful and efficient 

technique for solving different kinds of linear and nonlinear fractional differential equations. The 

benefit of the combined ELzaki transform and homotopy perturbation method is more efficient and 

easier to handle nonlinear partial differential equations.  
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CHAPTER ONE 

 INTRODUCTION AND PRELIMINARIES 

1.1 Introduction 
 

The fractional calculus is a name for the theory of integrals and derivatives of arbitrary order, which 

unify and generalize the notions of integer- order differentiation and n- fold integration.  

Fractional differential equations are equations that relate some function with its fractional derivatives. 

Fractional differential equations are generalization of differential equations of integral order. They 

involve fractional derivatives of the form 
  

   
 which are defined for    , where α is not necessary an 

integer. Fractional differential equation of order α in variable t is given by 

  
  (   )   (     (   )   (   )             )                

where   is a positive integer. 

Nowadays, there is an increasing attention paid to fractional differential equation (Podlubuny, 

Fractional Differential Equations, 1999) and their application in different areas. Fractional differential 

equations(FDEs) with specified value of the unknown function play an important role in technology, 

science, economics and engineering application including population model, control engineering 

electrical network analysis, gravity, medicine, etc (Hesameddini, et.al, 2012).  

Heat-like model can describe many physical problems in different fields of science and engineering. 

These physical problems describe some nonlinear phenomena, such as diffusion of alleles in 

population genetics. The fractional heat-like equation has been applied in modeling to describe 

practical sub-diffusive problems in fluid flow process and finance (Yousif & Hamed, 2014). 

In recent years, many researchers mainly had paid attention to studying the solution of nonlinear 

fractional partial differential equations by using various methods. For instance; the Varational Iteration 

Method (Wu, 2011), Adomain Decomposition Method (Duan, et.al, 2012), projected differential 

transform method (Elzaki & Hilal, 2012) and Differential Transform Method (Chang & Chang, 2008).  

Elzaki transform was introduced by Elzaki (2011) as a modification of the classical Sumudu 

Transform. Elzaki derived this transform for solving differential and integral equations. 

The homotopy perturbation method, first proposed by He (1999), is relatively new approach to provide 

an analytical approximation to both linear and nonlinear differential equations without linearization or 

discretization. 



2 
 

The combination of Elzaki transform with the homotopy perturbation method is applicable to construct 

an analytical solution for nonlinear fractional equations. The advantage of this method is its capability 

of obtaining exact solutions for nonlinear partial differential equations (Abdelilah, 2016). 

The purpose of this project is to show application of Elzaki transform - Homotopy perturbation method 

to obtain analytic solution of nonlinear fractional heat – like equations and the corresponding coupled 

systems. 

This project consists of two chapters. The first chapter focuses on facts about fractional differential 

equations, special functions, Elzaki transform and Homotopy perturbation methods. In the second 

chapter, we will discuss the application of Elzaki transform and homotopy perturbation method to 

construct an analytical solution for nonlinear fractional heat-like equation and systems. 

1.2. Special Functions 
 

In this section some basic theory of the special functions are considered. Here recall that definition and 

some properties of the Gamma functions and Mittage-Leffler functions. 

1.2.1 Gamma Function 
 

One of the basic functions of the fractional calculus is Euler's Gamma function (Podlubuny, Fractional 

Differential Equations, 1999), which generalizes the factorial n! and allows n to take also non- integer 

and even complex values. We will recall in this subsection some results on the gamma function which 

are important for the subsequent sections and chapter. 

Definition 1.1: The Gamma function  (z) is defined by the integral 

                                                                         ( )  ∫                                                                             (   ) 

 

 

 

which converges in the right half of the complex plane Re(z) > 0.  

One of the basic properties of the Gamma function is that it satisfies the following functional equation 

 (   )    ( )                                                                                (   ) 

which can be easily proved by integrating by parts: 

 (     )  ∫         

 

 

,      -   
     ∫          

 

 

   ( )  

Obviously,  (l) =1, and using (1.2) we obtain for z = 2, 3, 4, . . .  

     ( )   (   )    ( )    

                                                               ( )    (   )     ( )          

                         ( )   (   )      ( )              

     Continuing the same way leads to 
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                                                             (    )      ( )     (    )                                       (   ) 

Another important property of the Gamma function is that it has simple poles at the point’s z = -n, (n = 

0, 1, 2 . . .). To demonstrate this, let us rewrite 1.1 in the form: 

                                  ( )   ∫           ∫          

 

 

 

 

 

                                                            (   ) 

The first integral in (1.4) can be evaluated by using the series expansion for the exponential function.  

∫           
 

 

 ∫∑
(  ) 

  
      

 

   

 

 

 ∑
(  ) 

  
 ∫                        

 

 

 

   

 

                                                ∑
(  ) 

  (   )

 

   

                                                                                          (   ) 

The second integral in (1.4) defines an entire function of the complex variable z. Indeed, let us rewrite 

as 

                                        ∫           ∫     (   )       
 

 

 

 

                                                    (   ) 

The function     (   )     is a continuous function of z and t for arbitrary z & t   . 

Moreover, if     and therefore      , then it is an entire function of z. 

Bringing together (   ) and (1. ), we get 

 ( )  ∑
(  ) 

  (   )

 

   

 ∫          
 

 

             

 ∑
(  ) 

  (   )

 

   

                   

and, indeed,  ( ) has only simple poles at the points z = - k, k = 0, 1, 2, . . . 

1.2.2 Mittage-Leffler Function 
 

Mittag-Leffler function naturally occurs as the solution of fractional order differential equation or 

fractional order integral equations. In 1903, the Swedish mathematician Gosta Mittag-Leffler (Mittag-

Leffler, 1903) introduced the function   ( ), defined as 

                                                            ( )  ∑
  

 (    )

 

   

                                                                 (   ) 

where z is a complex variable and  ( ) is a Gamma function. The Mittag-Leffler function is a direct 

generalisation of the exponential function to which it reduces for α = 1. For 0 < α <1 it interpolates 

between the pure exponential and a hyper geometric function  (   )   . 
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The generalisation of   ( ) was studied by Wiman in 1905 and he defined the function as 

                               ( )  ∑
  

 (    )

 

   

    (           ( )      ( )   )                       (   ) 

which is known as Wiman’s function or generalised Mittag-Leffler function. 

For particular values of parameters the Mittag-Leffler function coincides with some elementary 

functions and simple special functions. For instance, 

1.   ( )  
 

 
    | |    

2.     ( )    ( )   
  

3.     ( )  
    

 
 

4.     ( 
 )    ( 

 )        

5.     (  
 )    (  

 )       

6.     ( )    ( )      

1.3  Nonlinear Fractional Differential Equation 
 

 

Nonlinear differential equations with integer or fractional order have played a very important role in 

various fields of science and engineering, such as mechanics, electricity, chemistry, biology, control 

theory, signal processing and image processing (Podlubuny, 1999). In all these fields, it is important to 

obtain exact or approximate solutions of nonlinear fractional differential equations. But in general, 

there exists no method that gives an exact solution and most of the obtained solutions are only 

approximations.  

There exists a vast literature on different definitions of fractional derivatives and integrals. The most 

popular ones are the Riemann–Liouville and the Caputo derivatives. But in this project we use Caputo 

derivative.  

Definition 1.2: Let       . Then  

a. A set of functions   ( ) is defined as  

  ( )  *     | (   )   
  (   )        +  

    for real function  (   )   

b. A set of functions   
  ( ) is defined as  

  
  ( )  {     |   

  (   )    ( )             }  

Definition 1.3: The Riemann-Liouville fractional integral of order  ,    0 of a function  (   )  

  ( ),    ≥ −1,     is denoted by    
  (   ) and defined as 
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  (   )  2

 

 ( )
∫ (   )    (   )  
 

 

                

 (   )                                                                

 

where  ( ) is Gamma function. 

Using Definition 1.3, one can derive the following properties of fractional integral operator    
 : 

1.   
   
 
 (   )    

   
 (   )   

2.   
   
 
 (   )    

 
  
  (   )  

3.   
      

 (   )

 (     )
        

Definition 1.4: The Riemann-Liouville fractional derivative of order  ,   > 0     of a function 

 (   )    
 ( )   ≥ −1, is denoted by   

 
 
  (   ) and defined as 

   
 

 

 
 (   )  2

1

 (n α)
  
 ∫ (t s)n α 1u(x s)ds             

t

a

  
  (   )                                                                        

 

where   
  is n

th
 order partial derivative of u with respect to t. 

The Riemann-Liouville fractional derivative operator   
 

 

 
has the following properties. 

1.   
 

 
      

 (   )

 (     )
       

2.   
 

 
 , (   ) (   )-   (   )   

 
 
  (   )   (   )   

 
 
  (   ) 

3.   
   

 
 (   ) 

 
 
    

   
 
  (   ) 

Definition 1.5: The Caputo fractional derivative of a function   (   )    
 ( )   ≥ −1,     

,w.r.t ‘‘t’’, denoted by    
  (   ) and defined as 

        
  (   )  

{
 

 
  
  (   )                                                                                             

 

 (   )
∫(   )       

  (   )  

 

 

                             
       

where   
  is m

th
 order partial derivative of u with respect to t. 

The Caputo fractional differential operator    
  has the following properties. 

     
     , where k is constant. 

     
       

 (   )

 (     )
        

     
    

 
 (   )     

   
 (   )  

     
    

  (   )   (   )  

     
    

  (   )   (   )  ∑
  

  
  
  (   ) 

   

   

 

This project focuses on nonlinear fractional heat-like equation. The fractional heat-like equations take 

the form: 
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  (   )   ( )   

 
 (   )   (        )  

with initial condition  

 (   )   ( )                                                             

where       is a parameter describing the order of the Caputo-fractional time derivative and 

      is a parameter describing the order of the Caputo-fractional space derivative. 

1.4 Elzaki Transform Method (ETM) 
 

In this section, we will present definition and properties of Elzaki transform of a function of two 

variables with respect to one of the independent variable. Conditions for the existence of such 

transform will be considered.  

Like other integral transforms, the Elzaki transform of the function exists if it is piecewise continuous 

and of exponential order. These conditions are only sufficient conditions for existence of Elzaki 

transform of a function. 

Definition 1.6: A function is called piecewise continuous on a given interval if the interval can be 

subdivided into a finite number of subintervals on which a function is continuous on each open 

subinterval   and has a finite limit at end point of each subinterval. 

Definition 1.7: A function f is said to be of exponential order   if there exist positive constants   and 

  such that  

                                  | ( )|                                                                                                    (   ) 

for some      . 

Example 1.1: Function of exponential order. 

1.     is of exponential order of -1. 

2.     is of exponential order   for any       for any    . 

3. Any bounded function like           are of exponential order 0. 

4.    
 
 is not of exponential order   for any       . 

Definition 1.8: For a piecewise continuous function f defined on    if there exist constants       

  and              , such that: 

| (   )|    
| |
                 (  )  ,   )             

then, Elzaki transform of the function f with respect to variable t for fixed x is define as  
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               , (   )-   (   )   ∫  (   ) 
  
   

 

 

   ∫  (    )     
 

 

                             (    ) 

where            . In (1.10) the variable   is used to factor the variable   in the argument of 

function  .  

If   , (   )-   (   ), then the inverse of Elzaki transform of  (   ) is defined as: 

 (   )     
  , (   )-  

 

   
∫  (  

 

 
)       

    

    

                  

                                                                              ∑    [ (  
 

 
)     ]                                                        

where Res (.) is residues of a function . 

Similarly, one can also define the Elzaki transform of the function f with respect to the variable x for 

fixed t.  

Example 1.2: Elzaki transform of elementary functions.  

1.  If f (x, t) = 1, then by  (1.10) , we have 

  ( )   ∫  
  
 

 

 

       
    

[   
  
 ]|

 

 

           

2.  If f (x, t) =       , then 

  ( 
     )   ∫        

  
   

 

 

     ∫  .
    
 

/   
 

 

 

                                                            
    

 

    
 .
    
 

/ |
 

 
 
     

    
   

 

 
      

3. If f (x, t) =    (     )), then  

  ,   (     )-    *
  (     )    (     )

  
+                                                      

  
 

  
[  ( 

 (     ))    ( 
  (     ))] 

     
 

  
    (

  

     
)  

 

  
     (

  

     
) 
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(
    (     )       (     )

      
) 

                            
  

      
(
                           

  
)

 
  

      
(
          

  
   

          

 
)                  

 
                

      
                  

Similarly, 

  ,   (     )-   
  (             )

      
                                                      

4. If f (x, t) =     , then 

           , 
   -   ∫      

  
 

 

 

      ∫    
  
 

 

 

  

     
  
 (    ∑

  

(   ) 
        

 

   

)|

   

   

 

                                       (   )              

Generally, (Salman, 2022)for     
  

           , 
 -        (   )                            

Definition 1.9: For a piecewise continuous function   defined on    if there exist constants    

     and                such that: 

| (   )|    
| |
                 (  )  ,   )  

 then, Laplce transform of the function f with respect to variable t for fixed x is define as 

  , (   )-   (   )  ∫  (   )      
 

 

                                      (    ) 

Theorem 1.1: Let  (   )  be a piecewise continuous and of exponential order with Laplace 

transform  (   ). Then  the Elzaki transform of  (   )  is given by: 



9 
 

 (   )    (  
 

 
)                                                                         (    ) 

Proof: By (1.10), we have  

               , (   )-   (   )   ∫  
  
  (   )  

 

 

   ∫     (    )  
 

 

  

Let      and       , we rewrite the above equation as: 

 (   )    ∫  (    )     
 

 

   ∫   
 
  (   )

 

 

 

 
   

  ∫   
 
  (   )

 

 

     (  
 

 
)           

Also we have that  ( )   ( )    so that both the ELzaki and Laplace transforms must coincide at 

     .  

Definition 1.10: The Laplace transform of the Caputo fractional derivative of the function  (   ) with 

respect to variable t is defined as  

  ,   
  (   )-     (   )  ∑    (   )  

  (   )

   

   

                          (    ) 

Some important properties of Elzaki transform which will be used in the subsequent chapter are 

derived from the definition.  

Property 1: Linearity property  

Let   , (   )-   (   )       , (   )-   (   ). For arbitrary constants a and b, we have  

  ,  (   )    (   )-    (   )    (   )  

Proof: By definition of Elzaki transform and properties of integration, we get 

  ,  (   )    (   )-   ∫ ,  (   )    (   )- 
  
   

 

 

                         

                                                  ∫  (   ) 
  
   

 

 

   ∫  (   ) 
  
       

 

 

 

   (   )    (   )  
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Example 1.3: Consider the function 

 (   )             (    ) 

By property 1, we have 

   (   )   (   )    ,   
        (    )- 

                , -    , 
    -    ,   (    )- 

                  
     

   
 
              

     
  

Property 2: Elzaki transform of integer order derivatives 

 Let   , (   )-   (   ), then we get  

  ,  
  (   )-  

 (   )

  
  ∑

 

   (   )
   

   (   )

   

   

  

and  

  ,  
  (   )-    

  (   )  

Proof: To obtain Elzaki transform of partial derivative with respect to t, we use integration by part and 

mathematical induction as follows. 

  ,    (   )-   ∫    (   ) 
  
   

 

 

     
        

∫    (   ) 
  
   

 

 

    
        

,[  
  
  (   )] |

 

 
 ∫  

  
  (   )  

 

 

-             

 
 

 
   

        
 ∫  

  
  (   )  

 

 

   (   )        

  
 (   )

 
   (   )                                     

To find   (  
  (   )), let    (   )   (   ), then we have  

  ,  
  (   )-    ,   (   )-  

  , (   )-

 
   (   ) 

              
 (   )

  
  (   )      (   )  
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Using mathematical induction, we can extended this property to the n
th

 order partial derivative to get 

  ,  
  (   )-  

  , (   )-

  
 
 (   )

    
 
   (   )

    
      

    (   )     
    (   )

 
 (   )

  
  ∑

 

   (   )
  
   (   ) 

   

   

 

The Elzaki transform of integer order derivative with respect to x is: 

  ,  
  (   )-   ∫   

  (   ) 
  
   

 

 

   
 ( ∫  (   ) 

  
   

 

 

)    
  (   )  

Property 3: Elzaki transform of fractional order derivative 

 If   (   ) is Elzaki transform of  (   ), then Elzaki transform of the Caputo fractional derivatives 

defined as follows: 

  ,   
  (   )-     [ (   )  ∑      

  (   )

 

   

]                   (    ) 

Proof: By virtue of Theorem 1.1 and definition 1.10 we have    

 (   )    (  
 

 
)  

and 

 ,   
  (   )-     (   )  ∑      ,  

  (   )-

   

   

  

Then,  

  ,   
  (   )-     (  

 

 
)   [

 

  
 (  

 

 
)  ∑(

 

 
)
     

  
  (   )

   

   

]           

 
 

  
  (  

 

 
)   ∑( )       

  (   )

   

   

        

             (   )  ∑        
  (   )

   

   

                         

Property 4: Elzaki transform of integrals: 
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 Let   , (   )-   (   )  then the Elzaki transform of  (   )  ∫  (   )   
 

 
is given by 

  , (   )-    (   )  

Proof: By fundamental Theorem of Calculus I, we have 

   (   )   (   ) 

and g (x, 0) = 0. 

Taking into account property 2, applying Elzaki transform with respect to t, gives 

  ,   (   )-  
  , (   )-

 
  (   )    , (   )-  

This implies that 

  , (   )-     , (   )-    (   )  

Property 5: Shifting property: 

Let   , (   -   (   ), then  

  , 
   (   -  (    ) .  

 

    
/    

 

 
  

Proof: Since   , (   -   (   ),  and  

 .  
 

    
/  

 

    
∫  (   ) 

  
 

      

 

 

 
 

    
∫  (   ) 

  
 
(    )  

 

 

 
 

    
 ∫  (   ) 

  
      

 

 

 
 

    
  , 

   (   -  

This implies that 

  , 
   (   -  (    ) .  

 

    
/  

1.5 Homotopy Perturbation Method (HPM) 
 

Two continuous functions from one topological space to another topological space are called 

homotopic (Greek, homos = identical, same, similar and topos = place) if one can be ‘‘continuously 

deformed’’ into the other, and such a deformation being called a homtopy between the two function. 
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Definition 1.11: A homotopy between two continuous function f(x) and g(x) from a topological space 

X to topological space Y is formally defined to be a continuous function      ,   -     such that, 

if     , then  (   )   ( ) and  (   )   ( ) for all      . 

Example 1.4: For continuous real valued functions         with   ( )   ( ), define a function  

    ,   -    by  

 (   )  (   ) ( )     ( )   ,   -  

As H is a composite of continuous functions, it is continuous and satisfies: 

 (   )  (   ) ( )     ( )   ( )  

 (   )  (   ) ( )    ( )   ( )  

Thus, H is a homotopy between  ( ) and  ( )  

The embedding parameter p   ,   -  in a homotopy of functions or equation is called homotopy 

parameter. Perturbation method is a class of analytical methods used for determination approximate 

solutions of nonlinear equations. It leads to an expression for the desired solution in terms of a formal 

power series in small parameter ( ), that quantifies the deviation from the exactly solvable problem. 

Consider, the series 

          
         

Here,    be the known solution to the exactly solvable initial problem and          are the higher 

order terms. For small    these higher order terms are successively smaller. An approximate 

perturbation solution is obtained truncating the series, usually by keeping only the first two terms.    

Definition 1.12: Homotopy perturbation Method (HPM) is the coupling of the perturbation method 

and the Homotopy methods, which has eliminated the limitation of traditional perturbation method. 

Most perturbation methods assume a small parameter. Many methods such as variational method, 

variational iteration method and others are proposed to eliminate the short comings arising in the small 

parameter assumptions. Recently, the applications of homotopy perturbation method have appeared in 

the works of many authors which has become a powerful mathematical tool (Afrouzi, et.al., 2011).   

To illustrate the basic concept of homotopy perturbation method, consider the following nonlinear 

functional equation. 

 



14 
 

                                ( )   ( )                                                                                          (    ) 

with boundary conditions 

                                 (    )                                                                                                   (    ) 

where A is a general operator, B is a boundary operator, f(r) is a known analytic function, and     is a 

boundary of domain  .  

Generally speaking, the operator A can be divided into two parts L and N, where L is linear, while N is 

nonlinear operator. Equation (1.15) can be rewrite as follows: 

                              ( )   ( )   ( )                                                                                       (    ) 

We construct a homotopy  (   )   ,   -    which satisfy 

 (   )  (   ), ( )   (  -   , ( )   ( )   ( )-                                            

Thus  

           ( )   (  )    (  )   , ( )   ( )-                                                          (    ) 

where   ,   - is an embedding parameter and     is an initial approximation for the equation (1.15), 

which satisfies the boundary conditions.  

From equation (1.18) we have: 

             (   )   ( )   (  )                                                                         (    ) 

 (   )   ( )   ( )                                                                            (    ) 

It is obvious that when    , equation (1.18) becomes a linear equation (1.19); when     it 

becomes the original nonlinear equation (1.20). So the changing process of p from zero to unity is just 

that of  ( )   (  )    to  ( )   ( )   . The imbedding parameter p monotonically increase 

from zero to unity as the trivial problem  ( )   (  )     is continuously deformed to the problem 

 ( ) –   ( )     . This is basic idea of homotopy method which is to continuously deform a simple 

problem easy to solve into the difficult problem under the study. According to HPM, we can first use 

the embedding parameter p as a small parameter, and assume that the solution of equation (1.18) can 

be written as power series in p: 
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     ∑   

 

 

   

                                            (    ) 

Considering p = 1, the approximate solution of (1.15) will be obtained as follows 

                
   

∑   
 

 

   

   ∑  

 

   

                                                                (    ) 

The series in equation (1.22) is convergent for most cases. However, the convergent rate depends on 

the nonlinear operator  ( ).  

Let’s rewrite the equation (1. 18) as follows 

                     ( )   (  )   , ( )   (  )   ( )-                                               (    ) 

Substituting equation (1.21) into equation (1.23) leads to: 

                           (∑   
 

 

   

)   (  )   [ ( )   (  )   (∑   
 

 

   

)]                              (    ) 

By linearity property of L, it follows that 

                  ∑   (  )

 

   

  (  )   [ ( )   (  )   (∑   
 

 

   

)]                                         (    ) 

According to Maclaurin expansion  (∑    
  

   ) with respect to  , we have, 

                             (∑   
 

 

   

)  ∑.
 

  
  
  (∑   

 

 

   

)/                                                       (    )

 

   

 

Now, set  

                   (                 )  [
 

  
   

  (∑   
 

 

   

)]

   

                                         (    ) 

where    is called He’s polynomial. Then  

                                             , (   )-  ∑    

 

   

                                                                              (    ) 
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Substituting (1.28) into (1.25), we drive: 

                      ∑   (  )

 

   

  (  )   [ ( )   (  )   (∑    

 

   

)]                                         (    ) 

By equating the term with the identical powers in p, we get 

      (  )   (  )                    

      (  )   ( )    (  )     

       (  )                               

In general,  

                                           (    )                                                                            (    )  

Solving for   ,                we obtain  

                                                 

    
  , ( )-      

  (  )  

     
  (  )                                

and continuing the same manner, we have                                  

                                            
  (  )                                                                                (    )   

In view of (1.31), the solution of (1.15) is given by (1.22). 
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CHAPTER TWO 

APPLICATION OF ELZAKI TRANSFORM-HOMOTOPY 

PERTURBATION METHOD  

2.1 Introduction 
   

There are many integral transforms used in solving differential equations and integral equations. The 

fact that makes the integral transforms is effective to convert differential equations and integral 

equations into simpler or algebraic equations. So the integral transform is useful to allow one to 

convert a problem into a simpler one.  

Elzaki transform is one type of integral transform and it is insufficient to handle the nonlinear 

equations due to nonlinear terms. Various ways have been proposed recently to deal with these 

nonlinearities, one of these combinations of homotopy perturbation method and Elzaki transform. The 

linear term in the equation can be solved by using Elazaki transform method (ETM) and the nonlinear 

terms in the equations can be handled by using homotopy perturbation method (HPM). 

We follow the following steps or procedures to apply Elzaki transform-homotopy perturbation method 

to solve nonlinear equations. 

Step 1: Apply Elzaki transform to differential equation with respect to one of the independent 

variables to get a simpler equation. 

Step 2: Solve the transformed differential equation with respect to transformed variable using 

differential property and given initial condition. 

Step 3: Take the inverse of the Elzaki transform which gives term arising from the known function 

and the prescribed initial condition and inverse of the nonlinear part. 

Step 4: Apply the Homotopy perturbation method to decompose the nonlinear part and solve it. 

Step 5: Set series solution of given differential equation. 

2.2 Description of the Method 
 

In this subtopic, we will describe the idea of Elzaki transform-homotopy perturbation method and 

formulate the desired solution. 

Consider a general nonlinear fractional differential equation with initial conditions of the form: 

                                
  (   )     (   )     (   )                                           (   ) 
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with initial conditions 

   
  (   )    ( )                  

  (   )       , -                (   )     

where    
  denotes the Caputo fractional derivative operator,    is nonlinear fractional differential 

operator, and    is linear fractional differential operator.   

Taking Elzaki transform on both sides of equation (2.1) gives 

                       ,   
  (   )-    ,  ( (   ))-    ,  ( (   ))-                                          (   ) 

Using the differential property of Elzaki transform and initial conditions (2.2), we have 

         , (   )-  ∑       ( )

   

   

     ,  ( (   ))-   
   ,  ( (   ))-                                 (   ) 

Applying the inverse of Elzaki transform on both side of the equation (2.4) gives 

                       (   )   (   )    
  [    ,  ( (   ))-   

   ,  ( (   ))-]                       (   ) 

where G(x, t) represents the term arising from the inverse of prescribed initial condition.  

Next, by the Homotopy perturbation method, we have 

                              (   )  ∑    (   )    

 

   

                                                                                  (   ) 

Then, the nonlinear term can be decomposed as: 

            , (   )-  ∑    

 

   

( )                                                                                         (   ) 

where   (u) are He’s polynomial and given by 

          (                 )  [
 

  
   

   (∑  
 

   

  (   ))]

   

                                   (   )    

Substitute equations (2.6) & (2.7) into equation (2.5), we get 

∑    (   )    (   )   [  
  0    [  (∑    

 

   

)]      [  (∑    ( )

 

   

)]1]        (   )  
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which is coupling of the Elzaki Transform and Homotopy perturbation method using He’s polynomial. 

Comparing the coefficient like powers of p, the following approximations are obtained. 

     (   )   (   )                                                      

     (   )    
  0    [  (  (   ))    ( )]1  

     (   )    
  0    [  (  (   ))    ( )]1  

     (   )    
  0    [  (  (   ))    ( )]1  

Continuing the same way leads to 

                                        (   )    
  0    [  (    (   ))      ( )]1                           (    ) 

Then the solution of (2.1) is given by; 

               (   )     
   

∑    (   )    

 

   

   (   )    (   )    (   )         

 ∑  (   )

 

   

                                                                                                                (    ) 

which is a series solution and converges very rapidly.  

2.3 Application of the Method 
 

In this section, we consider some examples on single nonlinear fractional heat-like equation and 

system of nonlinear fractional heat-like equations.   

2.3.1 Solving Nonlinear Single Fractional Heat-Like Equation 
 

In this subsection, we will consider single nonlinear fractional heat- like equation, specifically 

equations of the form: 

   
  (   )   ( )   (   )   (    )           

with initial condition  

 (   )    ( )  
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Example 2.1. Consider the fractional heat-like equation of the form: 

                      
  (   )                                                               (    ) 

with initial condition 

                                                             (   )                                                                                              (    ) 

Appling the Elzaki transform on both sides of equation (2.12) gives 

                               ,    
  (   )-    ,  

        -                                                        (    ) 

Using differential property of Elzaki transform, (2.14) can be written as: 

                                ,   (   )   
  (   )-    ,  

        -                                    (    )   

By initial condition (2.13), (2.15) becomes: 

                          , (   )-   
       ,  

        -                                        (    ) 

By inverse of Elzaki transform, (2.16) becomes 

                (   )    
  (   )    

  [    ,  
        -]       

                                                 
  [    ,  

        -]                                               (    ) 

Next, by applying homotopy perturbation method, from (2.17) we get 

    ∑     (   )

 

   

       
  0    [  

 ∑  
    
   

 

   

 ∑    ( )

 

   

]1          (    ) 

where   ( ) is He’s polynomial that represents the nonlinear terms. The first few terms of   ( )are 

given by 

        ( )  
   
  

                                                                   

           ( )  
   
  

    
   
  

                                                               

         ( )  
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  ( )  
   
  

    
   
  

    
   
  

    
   
  

              

By the similar way 

                        ( )  ∑
   

  
    

 

   

                                                                

By comparing the coefficient of like powers of p in the equation (2.18), we have: 

      (   )               
    
   

                ( )  
   
  

                                                                           

      (   )    
  [    *  

  
    
   

   +]    
  [    ,  -]    

  ,      -    
  

 (   )
    

 
    
   

     ( )  
   
  

    
   
  

        
  

 (   )
                                                             

       (   )    
  [    *  

  
    
   

   ( )+]    
  [    [  

  

 (   )
]]    

  ,       - 

                         
   

 (    )
          

  
    
   

     ( )  
   
  

    
   
  

    
   
  

       
   

 (    )
   

   

, (   )- 
        

      (   )    
  [    *  

  
    
   

   ( )+]    
  [    *   

   

 (    )
   

   

, (   )- 
+] 

   
  *           

 (    )     

, (   )- 
+      

   

 (    )
   

 (    )   

, (   )-  (    )
 

                      
      

 (    )
*
 (    )

, (   )- 
  +                                                                                                          

It is proceeding in a similar manner.  

Therefore, the series solution is given by: 
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 (   )    (   )    (   )    (   )    (   )                                   

   
   

 (   )
 

     

 (    )
 

     

 (    )
 

   (    )   

, (   )-  (    )
                           

In a particular for    , we have 

 (   )    
  

  
 
    

  
 
     

  
             

  (                   )  

Example 2.2. Consider a nonlinear fractional heat-like equation of the form : 

      
  (   )              

                                                     (    ) 

subject to initial condition 

                                                             (   )                                                                               (    ) 

Appling the Elzaki transform on both sides of equation (2.19) gives 

                             ,    
  (   )-    ,            

   -                                                        (    ) 

By differential property of Elzaki transform, (2.21) becomes 

     ,   (   )   
  (   )-    ,            

   -                                    (    )   

Using initial condition (2.20), from (2.22) we obtain 

                          , (   )-   
        ,            

   -                                        (    ) 

Then applying inverse of Elzaki transform to (2.23) gives 

                      (   )    
  (    )    

  [    ,            
   -]       

                            
  [    ,(        )  (     

 )-]                        (    ) 

Next, by homotopy perturbation method from (2.24), we get 

    ∑     (   )

 

   

        
  0    [∑  (

    
   

 
   
  

   )

 

   

 ∑    ( )

 

   

]1         (    ) 
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where   ( )is He’s polynomial that represents the nonlinear terms. The first few terms of   ( )are 

given by 

           ( )    
   
  

   
                                                                      

           ( )     
   
  

   
   
  

                                                       

  ( )     
   
  

   
   
  

   
   
  

         
        

By continuing the same way 

    ( )  ∑  
     

  
       

 

   

                                                                  

By comparing the coefficient of like powers of p in the equation (2.25), we have: 

      (   )   
  

    
   

 
   
  

     
               ( )    

   
  

   
             

      (   )    
  [    *

    
   

 
   
  

      ( )+]    
  [    , 

 -]    
  ,      - 

                        
  

 (   )
   

    
   

 
   
  

     
 

  

 (   )
   ( )     

   
  

   
   
  

                                      

      (   )    
  [    *

    
   

 
   
  

      ( )+]    
  [    [ 

 
  

 (   )
]] 

                                   
  ,       -    

   

 (    )
         

    
   

 
   
  

     
 

   

 (    )
    ( )     
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      (   )    
  [    *

    
   

 
   
  

      ( )+]    
  [    * 

 
   

 (    )
+] 

       
  ,       -       

   

 (    )
                                                                                   

Proceeding in the similar manner, we obtain 

     (   )   
 

   

 (    )
                      

Therefore, the series solution is given by: 

       (   )    (   )    (   )    (   )    (   )                        

                 
    

 (   )
 

     

 (    )
 

     

 (    )
 

     

 (    )
     ∑

   

 (    )

 

   

      

                         ( 
 )                                                           

In particular for    , we have the solution in the closed form 

         (   )             

2.3.2 Solving System of Nonlinear Fractional Heat-Like Equations 
 

In this subsection, we apply the combined Elzaki transform method with homotopy perturbation 

method for solving systems of nonlinear fractional heat-like equations. Specifically system of 

equations of the following forms. 

,
   

  (   )    ( )      (         )

   
 
 (   )    ( )      (         )

                                  

with initial condition 

 (   )   ( )           (   )   ( )  

Example 2.3. Consider the following system of nonlinear fractional heat-like equations  

                                 ,
   

  (   )        

   
 
 (   )        

                                              (    )  

with the initial conditions 

                                          (   )                (   )                                                                             (    ) 

Applying the Elzaki transform on both sides of (2.26) gives 

                           {
  (   

  (   ))    (      ) 

  .   
 
 (   )/    (      ) 

                                                                 (    ) 
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Using differential property of Elzaki transform, (2.28) can be written as 

                     ,
   ,  ( (   ))   

  (   )-    (      ) 

   [  ( (   ))   
  (   )]    (      ) 

                                     (    ) 

By the initial condition (2.27), (2.29) becomes 

                     ,
  ( (   ))   

       (      )       

  ( (   ))    
       (      )   

                                                   (    ) 

Applying the inverse of Elzaki transform, (2.30) becomes 

                        ,
 (   )      

  ,    (      )-    

 (   )       
  [    (      )] 

                                                        (    ) 

Next, applying homotopy perturbation method leads to 

      

∑     (   )     0  
  [    (∑    ( )

 

   

 ∑    

 

   

)]1

 

   

∑    (   )      0  
  [    (∑    ( )  ∑    

 

   

 

   

)]1

 

   

                                       (    ) 

where   ( )     ( ) are He’s polynomials. That is  

  ( )  (    )                                

  ( )  (    )                               

The first few components of He’s polynomials are given by 

            ( )    
    
   

                                                     ( )    
    
   

                                                      

  ( )    
    
   

   
    
   

                                 ( )    
    
   

   
    
   

                       

  ( )    
    
   

   
    
   

   
    
   

           ( )    
    
   

   
    
   

   
    
   

  

By continuing in the same way, we get 

  ( )  ∑  
      

   

 

   

   ( )  ∑  
      

   

 

   

                                                              

By comparing the coefficient of like powers of p in the equation (2.32), we have 

     ,
  (   )   

  (   )    
            ( )    

    
   

             ( )    
    
   

                                           

   

{
 
 

 
   (   )    

  ,    (  ( )    )-    
  ,    ( )-    

  ,     -   
  

 (   )
     

  (   )    
  [    (  ( ))    ]    

  [    ( )]    
  [     ]   

  

 (   )
  

 

   ( )    
    
   

   
    
   

                    ( )    
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{
 
 
 
 

 
 
 
   (   )    

  ,    (  ( )    )-    
  [    ( 

  

 (   )
)]   

   
  ,      -   

   

 (    )
                               

  (   )    
  [    (  ( )    )]    

  *    (  
  

 (   )
)+

   
  [(  )     ]    

   

 (    )
                         

 

  ( )    
    
   

   
    
   

   
    
   

             ( )    
    
   

   
    
   

   
    
   

      

   

{
 
 
 
 

 
 
 
   (   )    

  ,    (  ( )    )-    
  *    ( 

   

 (    )
)+

   
  ,      -   

   

 (    )
                                  

  (   )    
  [    (  ( )    )]    

  *    ( 
   

 (    )
)+

   
  [      ]   

   

 (    )
                                   

 

Continuing in the same way, we get 

   

{
 
 

 
   (   )   

   

 (    )
             

  (   )  (  )
    

   

 (    )

 

Then, the series solutions   (   ) and   (   ) are given by: 

              (   )    (   )    (   )    (   )    (   )    

  (  
  

 (   )
 

   

 (    )
 

   

 (    )
        )                                

  ∑
   

 (    )

 

   

    ( 
 )                                                     

            (   )    (   )    (   )    (   )    (   )                                       

   (  
  

 (   )
 

   

 (    )
 

   

 (    )
        )            

   ∑
(  )  

 (    )

 

   

     (  
 )                                     

In particular for      , we have the solution in the closed form 
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 (   )   ∑
  

  

 

   

                         

 (   )    ∑
(  ) 

  

 

   

       

Example 2.4. Consider the following system of nonlinear fractional heat-like equations  

                                 ,
   

  (   )      (  ) 

   
 
 (   )      (  ) 

                                         (    )  

with the initial conditions 

                                          (   )      (   )                                                                           (    ) 

Applying the Elzaki transform on both sides of equation (2.33) gives 

                           {
  (   

  (   ))    (    (  ) ) 

  .   
 
 (   )/    (    (  ) ) 

                                                                 (    ) 

Using differential property of Elzaki transform, equation (2.35) can be written as 

                     ,
   ,  ( (   ))   

  (   )-    (    (  ) ) 

   [  ( (   ))   
  (   )]    (    (  ) ) 

                                     (    ) 

By the initial condition (2.34), (2.36) becomes 

                     ,
  ( (   ))   

        (    (  ) )     

  ( (   ))   
         (    (  ) )  

                                                   (    ) 

Applying the inverse of Elzaki transform, (2.37) becomes 

                        ,
 (   )       

  ,    (           )-    

 (   )        
  [    (           )] 

                                                        (    ) 

Next, applying homotopy perturbation method leads to 

      

∑     (   )   
   0  

  [    (∑  
    
   

 

   

 ∑    ( )

 

   

)]1

 

   

∑    (   )   
    0  

  [    (∑  
    
   

 

   

 ∑    ( )

 

   

)]1

 

   

                                       (    ) 

where   ( )     ( ) are He’s polynomials. That is 

  ( )  (       )                       

  ( )  (       )                       

The first few components of He’s polynomials are given by 

  ( )    ( )    
   
  

   
   
  
                                                                                

  ( )    ( )    
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  ( )      ( )    
   
  

   
   
  

   
   
  

   
   
  

   
   
  

   
   
  
      

By continuing in the same way, we get 

  ( )    ( )  ∑(  
     

  
   

     

  
)

 

   

                                                     

By comparing the coefficient of like powers of p in the equation (2.39), we have 

    ,
  (   )   

  

  (   )   
   
        

    
   

    
    
   

        

  ( )    ( )    
   
  

   
   
  

                        

   

{
 
 
 
 
 

 
 
 
 
   (   )    

  [    (
    
   

   ( ))]    
  ,    ( 

 )-

   
  ,      -  

    

 (   )
                          

  (   )    
  [    (

    
   

   ( ))]    
  [    ( 

  )]

   
  [       ]  

     

 (   )
                         

 

    
   

 
    

 (   )
                     

    
   

 
     

 (   )
  

  ( )    ( )    
   
  

   
   
  

   
   
  

   
   
  

    

   

{
 
 
 
 
 

 
 
 
 
   (   )    

  [    (
    
   

   ( ))]    
  [    (

    

 (   )
)]

   
  ,       -  

     

 (    )
                                   

  (   )    
  [    (

    
   

   ( ))]    
  *    (

     

 (   )
)+

   
  [        ]  

      

 (    )
                                  

 

    
   

 
     

 (    )
                  

    
   

  
      

 (    )
  

  ( )    ( )    
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{
 
 
 
 
 

 
 
 
 
   (   )    

  [    (
    
   

   ( ))]    
  *    (

     

 (    )
)+

   
  ,       -  

     

 (    )
                                     

  (   )    
  [    (

    
   

   ( ))]    
  *    (

      

 (    )
)+

   
  [        ]  

      

 (    )
                                       

 

Continuing in the same way, we get 

   

{
 
 

 
   (   )  

     

 (    )
              

  (   )  
      

 (    )
              

 

Then, the series solutions   (   ) and   (   ) are given by: 

              (   )    (   )    (   )    (   )    (   )    

   (  
  

 (   )
 

   

 (    )
 

   

 (    )
        )                                

       ∑
   

 (    )

 

   

     ( 
 )                                                      

 (   )    (   )    (   )    (   )    (   )                                      

    (  
  

 (   )
 

   

 (    )
 

   

 (    )
        ) 

    ∑
   

 (    )

 

   

      ( 
 )                                      

In particular for      , we have the solution in the closed form 

 (   )    ∑
  

  

 

   

                           

 (   )     ∑
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SUMMARY 
 

The main goal of this project is to show the application the combined method (ELzaki transform with 

the homotopy perturbation method (ETHPM)) to construct an analytical solution for nonlinear 

fractional heat-like Equations and corresponding systems, the properties of Elzaki transform simplify 

its computation. The linear term in the equation can be solved by using Elazaki transform method 

(ETM) and the nonlinear terms can be handled by using homotopy perturbation method (HPM).The 

combination of the two methods successfully applied to obtain series solution to nonlinear fractional 

heat-like differential equations and corresponding system. The solution to nonlinear fractional heat-

like differential equation and systems with specified initial conditions, involves Mettag-Liffer 

functions and Gamma functions. 
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