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Abstract

In this poject, we understand the new equational class of algebra which we call MS-almost
distributive lattice (MS-ADL) as a common abstraction of De Morgan ADLs and Stone
ADLs. We observed that the class of MS-ADLs properly contain the class of MS-algebras
and most of the properties of MS-algebras are extended to the class of MS-ADL. The main
objective of this project is to develop a better understanding of the concept of MS-ADLs.
Moreover, in this project we observed some basic properties, state and prove basic theorems,

lemmas and corollaries related to MS-ADL.
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CHAPTER-ONE
INTRODUCTION AND PRELIMINARIES

1.1 Introduction

The term lattice is one of the fundamental algebraic structures used in an abstract algebra as
mathematical disciplines of order theory [4]. It consists of a partially order set P together with
a binary relation “ <” in which every two elements have a unique supremum or a least upper
bound called join(v) and a unique infimum or a greatest lower bound called meet(A). The
lattice structure (L, Vv, A) and the operation called complementation (*) together with the
nullary operations 0 and 1 gives another algebraic structure {B,v, A,x,0,1} is called Boolean
algebra. In {B,v, A,%,0,1}, Vand A are binary operations and * is a unary operation. The
general lattice theory was developed into another abstract structure called Almost
Distributive Lattice (ADL) [13]. The concept of an almost distributive lattice (abbreviated as
ADL) was introduced by U.M Swamy and G.C Rao [13] as a common abstraction of most of
the existing ring theoretic and lattice theoretic generalization of a Boolean algebra and

Boolean rings. An ADL is an algebra with two binary operations “v”” and “A” which satisfies

most of the properties of a distributive lattice with smallest element 0, except possibly the
commutativity of the binary operations “V” and “A” , and the right distributivity of “V ” over
“A”. The class of ADLs with pseudo-complementation was introduced in[16]. Later on,
Swamy et. al.[17] introduced a more general class of ADLs called a Stone ADLs, which
properly contains the class of pseudo-complemented ADLs. An Ockham algebra is a bounded
distributive lattice with a dual endomorphism. The class of all Ockham algebras contain the
well-known classes of algebras; for example Boolean algebras, De Morgan algebras, Kleene
algebras and stone algebras [10]. Blyth and Varlet[11] defined a subclass of Ockham algebras
so called MS-algebras which generalizes both De Morgan algebras and Stone algebras. These
algebras belong to the class of Ockham algebras introduced by Berman[8]. The classes of
MS-algebras form an equational class. Blyth and Varlet characterized the sub-varieties of
MS-algebras in [12]. More recently, in the paper [6], the author defines De Morgan ADLSs as
a generalization of De Morgan algebras. In this project, we define a new equational class of
algebras called MS-ADL as a common abstraction of De Morgan ADL and Stone ADL. The
class of MS-ADL properly contains the class of MS-algebras and most of the properties of
MS-algebras are extended to the class of MS-ADLSs.



1.2 preliminaries
This section contains some necessary definitions and results which will be used in the project.

1.2.1 Partially Ordered Sets and Lattice Theory

Definition 1.2.1.1[4, 5] A partially ordered set (abbreviated as Poset) or simply an ordered
set is an algebraic system (P, <) where P is a non-empty set with a binary relation <on P

which satisfies the following set of axioms:

[P1]: Reflexive law: a < a,forall a € P.

[P2]: Anti-symmetric law: a < b and b < a impliesthata = b forall a,b € P.
[P3]: Transitive law: a < b and b < c impliesthata < c forall a,b,c € P.

If (P, <) is a Poset and every two elements of P are comparable (in the sense that either
x <yory<gx, forall x,y € P), then P is called a totally ordered set (also called a chain).

The binary relation < is called a total order or a linear order.

Example 1.2.1.2 Let S be a non-empty set. Then, (P(S), <) is a Poset. If the quotient
relation a|b defines a divides b, for all a, b € P), then (Z,|) defines a Poset. Also, since
every two pairs of integers are comparable with respect to <, the algebraic system (Z, <) is

a totally ordered set or a chain.

Definition 1.2.1.3[4,7] A lattice is an algebra (L, Vv, A) of type (2, 2) where L is a non-

empty set with two binary operations join(v) and meet(A), satisfying the following axioms:
[L1]: Commutative law: avb=bVvaandaAb=bAaforalla,b €L.
[L2]: Associative law: a V(b VvV c) = (avb)vcand a A(b Ac)=(a Ab)Acforall a,b,c €L.

[L3]: Idempotent law: ava =aandaAa = a forall a € L.

[L4]: Absorption law: aVv(aAb) =aandaAlaVv b) =aforalla,b € L.

A lattice L is a special type of Poset (P, <) in which every pair of elements in L has the least
upper bound or a unique suppremum called join (V) and the greatest lower bound or a unique
infimum called meet (A). Let L be a lattice under the ordering relation <. Then, we define

a < bifandonlyif a A b = a (or equivalently; av b = b) forall a,b € L.



Note that: The lattice operations meet (A) and join (V) are binary operations on L; which

means they can be applied on any two pairs of elements in a lattice L.

Example 1.2.1.4 The natural example of lattice is the power set P(X) of a non-empty set X

with set theoretic operations union and intersection. That is, (P(X), U, N) is a lattice.

Example 1.2.1.5 Let L = {1,2, 3,5, 30} be a set. Define the binary operations v and A on L
by;avb =LCM(a,b)andaAb = GCD(a,b) forall a,b,€ L. Then, (L,v, A) is a lattice.

Definition 1.2.1.6 [7] A lattice (L, Vv, A) is said to be a distributive lattice if join (v) and

meet (A) are distributive over each other. That is;
(DLY): av(bAc)=(aVvb)A(avVc)foralla,b,c € L.
(DL2): an(bvc)=(anb)V(anc)foralla,b,c€ L.
Lemma 1.2.1.7[7] The axioms (DL1) and (DL2) of a distributive lattice are equivalent.

Definition 1.2.1.8 [13] A lattice L is said to be bounded if it has least element 0 and greatest

element 1. That is, a lattice (L,v, A) is said to be bounded if 0 < x and x < 1, forall x € L.

Definition 1.2.1.9 [13] A bounded lattice (L,v, A,0,1) in which (L, v, A) is a distributive
lattice is called a bounded distributive lattice. Let (L,v, A,0,1) be a bounded distributive
lattice and a € L. Then, the complement of a is defined to be an element a’ € L such that

aAha'=0andava =1.

Example 1.2.1.10 Let P(X) be the power set of a non-empty set X. Then, (P(X), u,n,¢,X)

is a bounded distributive lattice.

Definition 1.2.1.11[4, 5] A Boolean algebra is an algebra (B, v, A,’,0,1) where B is a non-
empty set with two binary operations (v and A), one unary operation (complementation) and

two nullary operations (0 and 1) which satisfies the following set of axioms:

[B1]: (B, Vv, A)isadistributive lattice......................... [Distributive law]
[B2]: avOi=a=0vaandaAnl=a=1Aa............. [Identity law]
[B3]: ava'=1andaAa =0............oooiiiiiiin [Complement law]
[B4]: avi=1=1VaandaA0=0=0Aa............ [Null law]



[B5]: (avb) =a’'Ab'and (aAb) =a’'Vvb'............. [De Morgan's law]

[B6]: (@) = @ueeeneiniii [Involution law]

Note that: By a Boolean algebra we mean complemented distributive lattice.
Examplel.2.1.12 The algebraic system (P(X) ,u, n, ', ¢, X) is a Boolean algebra.

1.2.2 Almost Distributive Lattice (ADL)

Definition 1.2.2.1[13] An almost distributive lattice with zero or simply an ADL is an

algebra (L, v, A, 0) of type (2, 2, 0) which satisfies the following axioms; for all a, b, c € L.

[ADL1:aVO0=a..cccccoviiiniiiiiiiiiiiien, (a join 0)

[ADL2]: OAG@=0...ccccoeviiiiiiiiiiiiiiiiii (0 meet a)

[ADL3]: (avb)Ac =(aAc)V(bAC).......... (right distributivity of meet over join)
[ADL4]: an(bvc)=(aAb)V(aAc).......... (left distributivity of meet over join)
[ADL5]: av(bAc)=(avb)A(aVc).......... (left distributivity of join over meet)
(ADL6): (aVD)ADb =b...ccovieiiiiiininnn, (absorption law)

Definition 1.2.2.2[13] Let (L, V, A,0) be an ADL. For any a,b € L, we say that a is less
than or equals to b written as a < b and define a <b if and only if a A b = a (or equivalently
aV b = b). Then, the binary relation < is called a partial ordering on L. Throughout this

paper L denotes an ADL unless otherwise stated.

Definition 1.2.2.3 [13] An ADL (L,v, A,0) is said to be discrete if every non-zero element
is maximal. That is, an ADL = (L,V, A,0) is called discrete if and only if a Ab = b or

aV b = aforall 0 # a € L. Moreover, every discrete ADL is an associative.

Example 1.2.2.4[13] Let X be a non-empty set with a fixed arbitrarily chosen element 0 € X.

If for all a, b € X, we define the binary operations A and Vv on X as follows:

0, ifa=0
b, ifa+0

b, ifa=0

a/\bz{ a,ifa#0

and avb={

Then, (X, Vv, A,0) isan ADL with O as its zero element. This is also called a discrete ADL.



Example 1.2.2.5 [13] Every distributive lattice with zero (0) is an ADL.
Lemma 1.2.2.6 [13] Let (L, V, A,0) be an ADL. Then, the following hold for all a, b, c € L:
(1)) aha=aandaVa=a

(2).an0=0andOVvVa=a

(3).an(avb)=a=(aAb)Va, (aAnb)Vb=b and(bVa)Ab=b
4). (avb)Aha=aandaV (bAa)=a
5).aAnb=a<aVvb=band aAb=b&aVb=a

(6). (aAnb)Ac=aA(bAcC).....(Aisassociative in L)
(MN.anb=0< bAa=0

(8. (avb)va=avb=(bVa)Va

(9).aAb<a aAb <b,a<aVbandb<aVb

(10).av(aAb) =aand (aVb)Ab=Db

(11).fa < b,thenaAb=a=bAaandaVb=b=bVa
(12).aAb =inf{a,b} © aAb=bAa < aV b = sup{a, b}

(13). (anb)Ac=(bAa)Acand (aVb)Ac=(bVa)Ac

(14).If a<cand b <c,thenaAb=bAa andaVb=>bVa.

Definition 1.2.2.7 [13] An ADL, L with 0 is said to be directed above (also called bounded
above) if L has an upper bound. More precisely, an ADL (L,V, A ,0) is called directed above if

for all a € L, there exists an element m € L such that a < m.

Theorem 1.2.2.8 [13] Let (L,V, A, 0) be an ADL. Then, the following are equivalent.
(1). (L,v, A,0)isadistributive lattice.

(2). v is commutative.

(3). A is commutative.



(4). v is right distributive over A in L.

Definition 1.2.2.9[13] Let L be an ADL. Then, an element m of L is called a maximal
element if it is maximal in the partially ordered set (L, <). That is, an element m € L (of an

ADL) is called a maximal element in (L ,<) ifforanyx € L, m < x = m = x.

Notation: For a maximal element m in L, we write L,,, to denote the closed interval [0, m]. It
was observed in [13] that L,, is a bounded distributive lattice. Moreover, the members of L,,

are characterized as follows: L,, ={a Am:a € L}.

Theorem 1.2.2.10 [13] Let L be an ADL and m € L. Then, the following are equivalent:
(1). m is maximal with respect to <. (3). mAx = x, forall x € L.

(2. mvx=m,forall x L. (4). x v m is maximal for all x € L.

Definition 1.2.2.11[13] Let L be an ADL. Then, A non-empty subset | of L is said to be an
idealof Lifavbeland anx €1, forall a,b €1 and for all x € L. A non-empty subset F
of Lissaidtobe afilterofLifaAb € FandxVa € F foralla,b € Fand forall x € L.

Definition 1.2.2.12[13] Let L and L' be any two ADLs. Then, a mapping f: L +— L' is called
an ADL homomorphism if f(aVv b) = f(a) vV f(b), f(aAb) = f(a) A f(b) and f(0) = 0’
foralla,b € L. If f: L +— L' is an isomorphism, then L and L' are called isomorphic. The

notation L = L’ can be read as L is isomorphic to L.

Definition 1.2.2.13[13] An ADL (L ,v, A ,0) is called relatively complemented if the
interval [0, b] is a Boolean algebra for all b € L. A Boolean algebra is the algebra of a

relatively complemented ADL with maximal elements.

Theorem 1.2.2.14[13] An ADL = (L ,v, A ,0) is said to be a relatively complemented if and
only if forall a, b € L there exists a unique element in L denoted by a” such thata A a®? = 0

andava? =aVvb.

Definition 1.2.2.15 [16] Let (L,v, A, 0) be an ADL. Then, a unary operation a — a* on L is

called a pseudo-complementation, if for any a , b € L, it satisfies the following conditions:
[PC-1]: anb=0=a"Ab=0Db

[PC-2]: ana* =0



[PC-3]: (avb)" = a*" A b*

Then, the algebraic system (L ,v, A, *,0) in which every element has a pseudo-complement
is called a pseudo-complemented ADL. By this definition, the unary operation * is called a
pseudo-complementation on L and a* is called a pseudo-complementation of a in L. An

element a of a pseudo-complemented ADL, L is called a dense element of L if a* = 0.

Theorem 1.2.2.16[16] Let L be an ADL and * be a pseudo-complementation on L. Then, the

following conditions hold forall a, b € L.

(1). 0" is maximal. (9).a*Ab*=b"Na"

(2). If a is maximal, then a* = 0. (10). (avb)* = (bVa)"

(3. 0" =0 (11). a* < (anb)*and b* < (a A b)"
4. a*Aha=0 (12). (avb)*<a*and (aVb) <b”
(5). a”" ANa=a (13). 0*Aa=a

(6). a™* =a" (14). a* = 0 & a** is maximal

(7). a<b=b"<a" (15). a* <b* = b <a™

(8). a* <0 (16). a=0=a" =0

Definition1.2.2.17[15, 17] Let L be an ADL and * be a pseudo-complementation on L. Then,
L is said to be a Stone ADL if L is a pseudo-complemented ADL (L,V, A, *,0) with a

maximal element m which satisfies the condition; a* v a*™ = 0* for all a € L.
Lemmal.2.2.18 [17] Let L be a Stone ADL. Then, the following conditions hold:

1). 0"Aa=a (3). (anb)"=a"Vb*

(2). 0*va=0" 4. (aAnb)* =a* Ab*, forall a,b € L.
Proof: (1). Let L be a stone ADL. Then by definition1.2.2.1 of [ADL3] it follows that
0Aa=((@Vva™*)Aha= (a®Aa)V(a™“ANa)=0va=aforalla€L.

(2). Since 0 is the minimal element of L, it follows that 0 < a for all a € L.

= 0Aa=0 ..o by definition1.2.2.1 of [ADL2]



= 0'AA=A.ccoiiiiiiii by definition1.2.2.15 of [PC-1]
=0'Va=0"........ooii by [lemmal.2.2.6 (5)]

(3). Itis known that (a Ab) A (aAb)* =0forall a,b € L ... by definition1.2.2.15 [PC-2]

Let (aAb)" =x. Then,aAbAx =0........ [Since x* A x = 0, by theorem1.2.2.16 (4)]
=S A ADAX=DAX oo, by definition1.2.2.15 of [PC-1]

AlsO, a™ AbAX = DbAX .......cooiiinl. by [theorem1.2.2.16 of (5)]

= a"AbAXx=0=DbAX ..ot by definition1.2.2.15 of [PC-1]

= a*"AbAx=a"AbAx=0.............. by [step (4) and (5) above]
But,(bAa™)Ax= (@ Ab)Ax=0........ by [lemmal.2.2.6 (13)]

= b'Aa"Ax=a"AX ... by definition1.2.2.15 of [PC-1]

= b*V(@ AX)=b" by [lemmal.2.2.6 (5)]

Now,a* v b* = a* Vv [b*V (a** Ax)]

a*Vv[b*Vva*)n (b Vx)]

a*Vv(b*va*)Aa Vv (b*Vx)

= [b*v(a*va)]Aa v(b'Vx)....... by [lemmal.2.2.6 (8)]

= (B'VO)A VD' VX)eoiioiiiin. [Since L is a Stone ADL]
= 0"A[la"V(B"VX)]..oiiiiiiiiieee. [SiNce 07 is maximal]

= a"VDIVX) i [Since 0 is maximal]

Thus,(a*Vb)Ax=[a*V(b*Vx)]|Ax

=@ AX)V[D"VX)AX].oonenn. by definition1.2.2.1 of [ADL3]
S [@"AX]V X by definition1.2.2.1 of [ADLG6]
U by [lemmal.2.2.6 (3)]



Sothat (aAb)*=x =(a*Vb*)Ax
=@ Ax)V(D*AX)........ by definition1.2.2.1 of [ADL3]
=[a*V(@aAb) ] V[b*V(aADb) ] ... [Since x = (a A b)7]
=[av(aAb)]"V[bVv(aAb)]...... by definition1.2.2.15 of [PC-3]
=[(ava)A(aVvb)]"V[(bVva)A(bVb)]....byaxiom [ADL5]
=[lan(avD)]'V[(bVa)ADb] .........eenen... by [lemmal.2.2.6 (1)]
= ATV D by [lemmal.2.2.6 (3)]
Hence, (a Ab)* =a* Vv b*, forall a,b € L.
4). (anb)*=(a"Vb) =a”"Ab™"........ by (3) above and definition1.2.2.15 of [PC-3]

Definition 1.2.2.19 [10-11] An MS-algebra is an algebra (L,v, A ,o, 0, 1) of type (2, 2,1, 0, 0)
such that (L ,v, A,0,1) is abounded distributive lattice and the unary operation x +— x° on L

satisfying the following set of axioms:
[M1]: x <x*° [M3]: (xvy) =x"Ay°
[M2]: (x Ay)° =x°Vy° [M4]: 1° = 0, for all x,y € L.

Definition 1.2.2.20 [4, 5, 7, 9] A De Morgan algebra is an MS-algebra (L ,v, A,0,0,1) of

type (2, 2, 1, 0, 0) such that the unary operation x +— x° satisfying the following condition;
[M5]: x°° = x, for all x € L, which is called the involution law.

Lemma 1.2.2.21 [10,11] Let L be an MS-algebra. Then, the following hold for all a, b € L:

1).0°=1 4. (avb)*=a’Vb”
2.a<b=b"<a (5). (aAb)” =a*” Ab*
B).a=a°

Proof: (1). Let L be an MS-algebra. This implies that (L ,v, A, 0, 1) is a bounded distributive

lattice with least element 0 and greatest element 1............... by definition1.2.2.19.

Thisimpliesthat 1° =0and 0° = 1..........ccooeiiiiiiininnnn.n. by definition1.2.2.19 of [M4]



Hence, 0° = 1.

(2). Suppose that a < b. This implies that a A b = a (or equivalently; a v b = b).

Then, by definition1.2.2.19 of [M2] it follows that a° = (a A b)° = a° V b°.

Hence, b° < a°forall a,b € L........c.coooiiiiiiiiiiiiiiiiiiiiiia by definition1.2.2.2
(3). Let L be an MS-algebra. Then,a < a* foralla e L....... by definition1.2.2.19 of [M1].
So that by lemmal.2.2.21 of (2) above, this implies that a®* < a°.................... (*)

Also, since L is an MS-algebra, by a similar argument of definition1.2.2.19 of [M1], for any

a €L, itfollows that a® < @’ ..o, (%)
Hence, (*) and (**) imply that a**° = a°, forall a € L.

(4). (aVbh)* =(a°Ab°)° =a*Vh™ ........... by definition1.2.2.19 of [M3] and [M2]
(5). (anb)* =(@ Vb)) =a’Ab>”............ by definition1.2.2.19 of [M2] and [M3]

Definition 1.2.2.22[13]. Let A be a non-empty set and 6 be a binary relationon A (6 € A X

A). Then, @ is said to be an equivalence relation on A if 9 satisfies the following axioms:
[1]. Reflexive law: (a,a) € 6 forall a € A.

[2]. Symmetric law: (a, b) € 6 implies that (b,a) € 0 forall a € A.

[3]. Transitive law: (a,b) € 8 and (b, c) € 6 implies that (a,c) € 8 forall a,b,c € A.

Definition 1.2.2.23[13] Let L be an ADL. Then, an equivalence relation 8 on L is said to be a
congruence relationon L if (a,b), (x,y) €0 = (aAx,bAy),(aVx,bVy)e€0,forall

a,b,x,y €L.

Remark: For any congruence relation 8 on L and a € L, we define the congruence class

[alg = {b € L: (a,b) € 6} and it is called the congruence class containing a.
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CHAPTER-TWO

MS-ALMOST DISTRIBUTIVE LATTICES (MS-ADL)

2.1 Definitions, Examples and Theorems on (MS-ADL)
In this section, we define MS-ADLSs and investigate some of their properties with examples.

Definition 2.1.1[6] An MS-almost distributive lattice (abbreviated as MS-ADL) is an algebra
(L,V, A, o,0)of type (2, 2, 1, 0) such that (L ,V, A,0) isan ADL with a maximal element m

and a unary operation x — x° on L which satisfies the following axioms; for all x,y € L.
[MS-Al]: x**Ax =x
[MS-A2]: (xVy)  =x"AYy°
[MS-A3]: (x Ay)* =x°Vy°
[MS-A4]: m°= 0, for all maximal elements m of L.

Definition 2.1.2[6] An MS-ADL (L,v, A, o,0) of type (2, 2, 1, 0) satisfying the condition
[MS-A5]: x°° = x Am, is called a De Morgan ADL, for all maximal element m of MS-ADL.

Example 2.1.3 Let (L,v, A,0) be a discrete ADL with at least two elements. Choose a non-

zero element m € L and define a unary operation x ~— x° on L as follows:

°—{m’ ifa=0 ,forall a € L.

=10, otherwise
Then, (L,V, A, ©,0)isan MS-ADL and it is called the discrete MS-ADL.

Example 2.1.4 Let L = {0,a, b, c}. Define the two binary operations vV and A on L by the

following tables:

\% 0 a b c A 0 a b c
0 0 a b c 0 0 0 0 0
a a b C a 0 a a a
5 5 5 5 5 b 0 a b c
c 0 a b c

c c c c c
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Then, (L, V, A,0) is an ADL which is neither a distributive lattice nor a discrete ADL. But if

we define a unary operation x +— x° on L as follows:

=

(=]

Q

x°
b
0
0
0

Then, (L,V, A, »,0)isan MS-ADL, which is also a De Morgan ADL. Moreover, if we

define another unary operation x +— x* on L as follows:

X x*
0 b
a a
b 0
c 0

Then, (L,Vv, A, *,0) isan MS-ADL but not a De Morgan ADL. Since b and ¢ are maximal
elements of L as given from the table above, by definition2.1.2 of [MS-A5], it follows that
b*™ =bAm =bAc=c+# b.Hence, LisnotaDe Morgan ADL.

Example 2.1.5Let L = {0,a,b,c,d} and define binary operations v and A on L as follows:

% 0 a b c d A 0 a b c d
0 0 a b c d 0 0 0 0 0 0
a a a a c c a 0 a b a b
b b b b d d b 0 a b a b
c c c c c c c 0 a b c d
d d d d d d d 0 a b c d

12



Then, (L,v, A,0)is an ADL with maximal elements ¢ and d, which is neither a distributive
lattice nor a discrete ADL. But if we define a unary operation x +— x° on L as follows:

b x°
0 c
a a
b a
c 0
d 0

Then, (L, V, A, o, 0) becomes an MS-ADL.

Example 2.1.6 Let (L,v, A, °,0,m) be an MS-ADL and X be a non empty set. If L* denotes
the class of all functions from X to L, then (L%, v, A, o,0,,m,) is an MS-ADL where

V, A, o, 0, and m, are defined on L* as follows:

D). FVPE) =FEX)VgX)

2. FAg@ =F(x) Agx)

(3). () = (f(x))°and 0,(x) =0, m,(x) =mforall x € X.
Proof: For each functions f, g € L* and each x € X, we have the following results:
(). f(x) = f(x Ax) = (%) A f(x) = (F(x))°° A f(x)...by definition2.1.1 of [MS-A1]
(i) (F VeI (®) = [f@) Vg@] = FOI)° A (g))" = () A g°(x)
(i) (F A 9)° () = [fFD) Ag)]° = (F(0)) v (9(0) = f () V g°(x)
(V). M () =M =0 = 04 () eeeneeeeeeeeeeeeeeee . by definition2.1.1 of [MS-A4]
Hence, (LX,V, A, °,0,,m,) is an MS-ADL whenever (L,V, A, o,0,m) is an MS-ADL
Lemma 2.1.7 [6] The following conditions hold in an MS-ADL with maximal element m.
(1). 0° is maximal. (5). (aVb)” =a>*Vb>
(2.a<b=b"<a° 6). (aAm)® =a°

13



3). a*=a (7. (anb) = (bAa), forall a,b € L.
4. (anb)” =a” Ab* (8). n° = 0, for all maximal elements n of L.

Proof: (1). Let L be an MS-ADL with a maximal element m. Since 0 is the minimal element
in L, this gives 0 < m. This implies 0 = 0 Am. Put m® = 0... by definition2.1.1 of [MS-A4]

Sothat 0° = (0AM) =0 VM’ oo, by definition2.1.1 of [MS-A3]
Thisimpliesthat m® < 0°.......coooiiiii e, by definition1.2.2.2
Hence, 0° is maximal.

Moreover, if L is a De Morgan ADL with maximal element m of L, then by definition2.1.2 of
[MS-AB] it follows that x°*° = x Am. Put m® = 0 and this givesthat 0 =0 A0 = m° A 0.

Sothat 0° =(mM°A0)° =m> VO ..coooiiiiiiiiiiiinns by definition2.1.1 of [MS-A3]
=(MAM)VO ..o by definition2.1.2 of [MS-A5]
=SmVO . [Since m Am = m]
S MM [Since m is maximal].

Hence, 0° is also maximal whenever L is a De Morgan ADL.

(2). Suppose that a < b. This implies that a A b = a (or equivalently; a vV b = b). Then, by
definition 2.1.1 of [MS-A3] it follows that a®° = (a A b)° = a° vV b°. Sothat b° < a°.

Hence, a < b implies b° < a° forall a,b € L.

(3). Let L be an MS-ADL. Then, a** Aa = a forall a € L.... by definition2.1.1 of [MS-A1]
This implies that (a** A a)® = a°. This gives a**° vV a° = a°.... by definition2.1.1 of [MS-A3]

So that by definition1.2.2.2, This shows that a*** < a°foralla € L.......................... 1)

Also, since L is an MS-ADL with maximal element m, by a similar argument of definition
2.1.1 [MS-A1] this gives that a*** A a® = a° for all a € L. This implies that a® = a*** Aa° =
AM=a  ANa™ ., by [lemmal.2.2.6 (13)]

ooo ooo

a’ANa®”* " Am=a’ANa
So that by definition1.2.2.2, this gives thata® < a*** foralla € L.......................... (2)
Hence, (1) and (2) imply that a**° = a°, forall a € L.
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Moreover, if L is a De Morgan ADL, then a*® = a A m.... by definition2.1.2 of [MS-A5].

Sothata*® = (aAm)° =a°vm® =a°VvO0..... by definition2.1.1 of [MS-3] and [MS-A4]

=a’...... by definition1.2.2.1 of [ADL1]
4. (anb)” =(@ Vb)) =a*ADb>” .......... by definition2.1.1 of [MS-A3] and [MS-A2].
(5). (aV b)” = (a° Ab°) =a” Vb>............ by definition2.1.1 of [MS-A2] and [MS-A3].
6). (anm)y’=a’vm®=a’ V0. by definitionn2.1.1 of [MS-A3] and [MS-A4]
=A% by definition1.2.2.1 of [ADL1]
(7). (@ADb)° = (AADAM) .o, by [lemma2.1.7 (6)]
=(bAaAmM)’ i by [lemmal.2.2.6 (13)]
S(DAA) o, by [lemma2.1.7 (6)]

(8). Let n be the maximal element of L. Clearly, we have n = n v a for all a € L. So that
n=mv0o) =n"A0"=n"A0=0...... by definition2.1.1 of [MS-A2] and [MS-A4]
Hence, n° = 0 for all maximal elements n of L.

Corollary 2.1.8 Let L be an MS-ADL. Then, a° = b° if and only if (a Am)° = (b Am)°.
But if L is a De Morgan ADL, then a®° = b° ifandonlyifaAm = b Amforall a,b € L.

Proof: let L be an MS-ADL with maximal element m such that a® = b°. Then, for any

a,b€eLwehave (aAm)’ =a°=b"=(bAM)° ceeccoerininin.... by [lemma2.1.7 (6)]

Conversely, suppose that (a A m)° = (b Am)°. This is equivalentto a® v m® = b° v m°.

Since m® = 0, this implies that a® v 0 = b° v 0. This gives that a® = b° forall a,b € L.

To prove the second part, let L be a De Morgan ADL such that a® = b°. This implies that
a” =b". SothataAnm=a>*=b=bAm.............. by definition2.1.2 of [MS-A5]

Conversely, suppose a Am = b Am.Then,a®* =a** = (aAm)°=(bAm)° =Db"" =b".

Hence, the equivalences hold forall a ,b € L.
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Theorem 2.1.9 Any relatively complemented ADL with a fixed maximal element m of L can

be made into an MS-ADL by defining the unary operation x — x° on L as follows:
a°=a™, foralla € L.

Proof: Suppose that L is a relatively complemented ADL with maximal elements m. Then,
for each a, b € L there exists a unique element in L denoted by a® such that a A a? = 0 and
aV a? = a v b. Choose a maximal element m € L and define a unary operation a — a° on
L by; a® = a™ forall a € L. Then, by definition1.2.2.8 and lemmal.2.2.6 (13) it follows that

a® ANlaanm)=a’A(aAm)=((@ Aa)Am=(@aAa)Am=0Am=0.
Also,a™Vv(aAnm)=(@"Vva)A(@mvm)=(@"Vva)Am=m=am"Vvm.

Moreover, by definition 2.1.1 of [MS-A2] and [MS-A3] we have (aVv b)™ = (aV b)° =

a’Ab°=a™Ab™and (aAb)" =(aAb) =a’Vbh°=amVvb™foralla b€ L.

Hence, any relatively complemented ADL together with maximal element m and the unary

operation x +— x° is an MS-ADL.

Similarly, one can easily verify that the unary operation x — x* which makes an ADL, L a
Stone ADL that respects all the axioms of MS-ADL. So that every Stone ADL is an MS-
ADL. The following example presents a natural way to obtain an MS-ADL from De Morgan
ADL and Stone ADL.

Example 2.1.10 If D is a De Morgan ADL and S is a Stone ADL, then DxS is an MS-ADL
such that the unary operation o on DXS is defined by; (x,y)° = (x,y™) forall x € D and for

all y € S, where x — x is the unary operation on D and y +— y™ is the unary operation on S.
Theorem 2.1.11 Let D be a De Morgan ADL and S be a Stone ADL. Then,

(1). DxS is a De Morgan ADL if and only if S is relatively complemented.

(2). DxSis a Stone ADL if and only if D is a relatively complemented.

Proof: (1). (=). Suppose DxS is a De Morgan ADL. Then, by definition2.1.2 of [MS-A5]
forevery x e Dand y € S we have (x,y)* = (x,y) A (m,n),where m and n are maximal
elements in D and S respectively. So that by definition2.1.2 of axiom [MS-A5] this gives

that y** = y An, for all y € S. In this case, the maximal element n of S is precisely 0.
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Claim: S is relatively complemented.
Leta,b €S. Put x = a* A b. Then, we have the following results:

(). anx=aA(a@a Ab)=(aANa")Ab=0ADb=0.

(ii). avx=av(@Ab)=(@aVva)A(@VDb)............... by definition1.2.2.1 [ADLS5]
=0Alava’)Aa(aVvhb).......... [Since 0* is maximal in S]
= (ava’)A0*"A(aVDb)........... by [lemmal.2.2.6 (13)]

=[(@an0)Vv(a*A0")]A(aVb).... by definition1.2.2.1 [ADL3]

=(@a*va’)A(aVvb)

=0"A@VD)eiiiiiii [Since S is Stone ADL]

=AVD.iii [Since 0* is maximal]
Hence, S is relatively complemented.

Conversely, suppose that S is relatively complemented. Then, for any a,b € S, there exists a
unique element in S denoted by a? such that a A a®? = 0 and a v a? = a v b. Hence, the
maximal element n = 0* exists in S. Also, since S is a Stone ADL, there is a unary operation

y — y* on S defined by; y*v y*™ = 0" forall y €S. This is equivalent to that y* Ay = 0.

Again, since D is a De Morgan ADL, there is a unary operation x — X on D such that
x = x Am, for all x € D and for all maximal elementm of D. Sothat D X S = (x,y)* =
(x,y) A (m,n), which defines a De Morgan ADL........ by definition2.1.2 of [MS-A5].

Therefore, DxS is a De Morgan ADL, forall x e D and forall y € S.

(2). (=). Suppose that DxS is a Stone ADL. Then, by definition1.2.2.15 of [PC-2] it follows
that (x,y)°A(x,y) =(0,0) forall x e Dand y € S. This gives; x A x = 0 for all x € D.
Thisis equivalentto; x VX = 0............ccoeeeennnn., by definition2.1.1 of axiom [MS-A3].

Claim: D is relatively complemented
Leta,b € D. Put x = a A b. Then, we have the following results:
().aAnx=an(@Ab)=(@@Nna)Ab=0Ab=0.
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(i).avx=av(anb)= (ava)Aa(avb)=0A(ava)A(aVb)
=(ava)A0A(aVb)
=(@aA0)v(a AD)A(aVh)
=(ava)A(aVvb)
=0A(aVvh)
= (aVb)

Therefore, D is relatively complemented.

Conversely; Suppose D is relatively complemented. Then, for any a, b € D there exists a
unique element in D denoted by a®? suchthata Aa? = 0and a v a’? = a v b. Also, since S
is a Stone ADL, there is a unary operation y + y* on S defined by; y* v y** = 0%, for all
y € S. Thisisequivalentto y* Ay =0 .......................... by definition2.1.1 of [MS-A3]

Sothat DX S = (x,y)°A(x,y) =(0,0).ccccciiiiiiin.. by definition1.2.2.15 of [PC-2].
Therefore, DxS is a Stone ADL, for all x € D and forall y € S.

Note that: This theorem confirms that the class of De Morgan ADLSs and the class of Stone
ADLs are proper subclasses of the class of MS-ADLs.

The following theorem shows that a set of necessary and sufficient conditions for which an
MS-ADL to be an MS-algebra.

Theorem 2.1.12 Let (L,v, A, o,0) be an MS-ADL. Then the following are equivalent:
(1). L is an MS-algebra.

(2). The Poset (L, <) is directed above (bounded above).

(3). (L, Vv, A,0) isadistributive lattice.

(4). v is commutative.

(5). A is commutative.

(6). Vv is right distributive over meet A in L.
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(7). The relation 8 ={(a,b) € L X L: b A a = a} is anti-symmetric.
(8). For each a € L, the relation ¢, given by;
(x,y) € ¢, ifandonlyifxva=yvaand x°va=y°Vaisacongruence relation on L.

Proof: (1) = (2). Suppose L is an MS-algebra. Since L is an MS-ADL with maximal
element m, for any a, b € L we have a < m and b < m. This implies L has an upper bound

m with respect to the partial ordering <. Hence, the Poset (L, <) is directed above.

(2) = (3). Suppose the Poset (L, <) is directed above (bounded above by m). Since L is an

MS-ADL, we have a maximal elementm € L suchthata <m and b <mforall a,b € L.
Claim: (L, v, A ,0) is adistributive lattice.
M.an(bve)y=lanbvo)laAm=[(aAb)V(aAc)]Am=(aAb)V (aAcC)
(i).avibac)=lav(bAac)]Am=[(avb)A(aVvc)]Am=(aVb)A(aVc).
Therefore, (L, Vv, A ,0) is a distributive lattice.

(3) = (4). Suppose (L, v, A ,0) is adistributive lattice.

Claim: v is commutative.

avVb=[laAn(bVa)|V[(bADBVa)l....c..eeviviviiininin... by [lemmal.2.2.6 (3)]
=(@VD)A(DV Q)i by definition1.2.2.1 of [ADL3]
=[(avb)AblV[(@aVb)Aa]....c.cocoviriiiiniinann.n. by definition1.2.2.1 of [ADLA4]
=DV Qe by definition1.2.2.1 of [ADLS6]

Hence, Vv is commutative for all a,b € L.

(4) = (5). Suppose V is commutative.

Claim: A is commutative.

aANb=(aAb)V(aAb)=[(anb)Vva]A[(anb)VD].... by definition1.2.2.1 [ADL5]

= lav(aAb)]A[bV (aADb)]...... [Since V is commutative]
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=(aVb)A(@AD)................. by definition1.2.2.1 of [ADLS5]

= [(bva)Ab]A(aAb)Am......... [Since m is maximal]

= [(avb)Ab]J]A(aAb)Am......... [Since V is commutative]
=bANaAbDAM....coii by definition1.2.2.1 of [ADLG6]
=bAaAm

=bAa

Hence, A is commutative.
(5) = (6). Suppose A is commutative.
Claim: v is right distributive over A. Thatis, (a Ab)Vc=(aVc) A (b V).
(anb)vec=[(bhna)Vvc]=[cv(bAa)]Am............... [Since m is maximal]
=[(cvb)A(cva)]Am......... by definition1.2.2.1 [ADL5]
=(cvb)AmA(cVa)Am
=(bvc)An(avec)......... by [lemmal.2.2.6 (13)]
= (ave)A(bVo)........ [Since A is commutative]
Therefore, V is right distributive over A in L.
(6) = (7). Suppose V is right distributive over A. Thatis, (a Ab)Vc=(aVc)A(bVc).
Claim: The relation defined by 8 ={(a,b) € L X L: b A a = a} is anti-symmetric.
By a relation 8 on L is anti-symmetric, we mean (a,b) € 6 and (b,a) € 6 = a = b.

Assume that (a,b) €0 = bAa=aand (b,a) €6 = aAb = b. Thisis equivalent to
aVb=aandbVa=hb. Then, since the relation 8 on L is defined by; b A a = a, we have

a=bANa=bANaAm=aAbAm=bAm=hb...... [Since m is maximal in L].
Therefore, the relation 8 ={(a,b) € L X L: b A a = a} is anti-symmetric.

(7) = (8). Suppose 6 ={(a,b) € L X L: b A a = a} is anti-symmetric.
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Claim: For each a € L, the relation ¢, given by;
(x,y) € pgifandonlyifxVva=yvaand x°Va = y°Vaisacongruence relation on L.

Let L be an MS-ADL with maximal element m. A relation ¢, is called a congruence relation
on L if ¢, is a congruence relation on the ADL, (L, V, A ,0), thatis (a,b), (x,y) € ¢, =
(anx,bAy),(aVx,bVy)€¢p,and (x,y) € p, = (x°,y°) € ¢, ,forall a,b,x,y € L.

Given that the relation 8 = {(a,b) € L X L: b A a = a} is anti-symmetric.
Equivalently; this givesthat b va = b forall a,b € L.

Assume that (x,y) € ¢, = xVa=yVaand x°Va = y°V a. By the same argument

assume that (c,d) € ¢, = cva=dVvaand c°va=d°vaforall x,y,cd € L.

Then, this givesthat (x Ac,yAd) = (c,d) € p,and (xVc,yvd) =(x,y) € ¢,.
Hence, ¢, is a congruence relation on the ADL (L,v, A,0).

Also, if (x,y) € 8, thenyAx =x,forall x,y € L..................... by [theorem2.1.12 (7)]
Sothatx” = (YA X) = (X AY) =Y i DY [lemma2.1.7 (7)]

Moreover, x° = y° implies x*° = y°°. So that for each a € L, we have x° Va = y° V a and

x*°Va=y”Va. Thatis, (x°,y°) € ¢,.

Hence, for each a € L, the relation ¢, given by; (x,y) € ¢, ifand onlyif xVa =y Vva and

x°V a = y°Vaisacongruence relation on L.

(8) = (1). Suppose that for each a € L, the relation ¢, given by;

(x,y) € ¢, ifandonlyifx Va=yVvaand x°Va=y°Vaisacongruence relation on L.
Claim: L is an MS-algebra.

Since, ¢, is a congruence relation on L, for any x, y, c,d € L such that (x,y) € ¢, and
(c,d) € ps,wehave (x Ac,yAd) Ep,,(xVc,yVvd) € ¢, and (x°,y°) € ¢,. This gives
that (x Ac)’Va=(yAd)’Vaand (xVc)°’Va=(yVvd) Va. Also,x**Va =y Va.

This is equivalentto (x°vc®)va=(y°vd’)Vvaand (x°Ac’)Va=(y°Ad°)Va.
Hence, L is an MS-algebra.
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Therefore, (1) = (2) = 3) = 4) = (5) = (6) = (7) = (8) = (1) hold.
Theorem 2.1.13 Let (L,v, A,0) be an ADL. Then, the following conditions are equivalent:
(1). L isan MS-ADL.

(2). L,, is an MS-algebra for all maximal element n of L.

(3). L,, is an MS-algebra for some maximal element m.

Proof: (1) = (2). Suppose that L is an MS-ADL. Let n be a maximal element of L.

Define a unary operation x — x* on L, by; (a An)* = a° An,forall a € L, where o is the

unary operation on L. Consequently, this gives the following results:

(ann)y*=a’An=a"A(aAn)=((@Aa)An=(aAa’) An=0An=0.Thisimplies
thata® An € L,. Hence, (a An)* € L, forall a € L.

Also, leta,b € L suchthat aAn=b An.
Claim: (aAn)" = (b A n)".
For this we consider the following implications:

aAn=bAn= (aAn)°=(bA n)°

=a’'Vvn =b°vVn'........... by definition2.1.1 of axiom [MS-A3]
=a’vV0=b"VO0............. [Since n is maximal].
=a"=b".iiiiii by definition1.2.2.1 of axiom [ADL1]

= a° An = b° An, for all maximal element n of L.
= (aAn)"=(bAn).

Note that: This confirms that the unary operation x — x* is well defined as a mapping.
Moreover, leta,b € L,,. Then, it can be easily verified that L,, together with this unary

operation x — x* is an MS-algebra as follows:
(). (anb)* =[(anb)An]*=(aAb)’An=(a’Vb°)An.
=@ An)Vv(b°An)
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=(@aAn) VvV (bAn)"
=a*Vvb*

@ii).(avb)* =[(avb)An]*=(aVb)’An=a’Ab°An
=(a°An)A(b°An)
= (@A) A AR
=a*Ab"

Particularly, if a = 1, then since the unary operation x + x* on L,, is defined by; (a An)* =
a’An,thisgivesthat 1" = (1An)* =1°An = 0An = 0..... by definition1.2.2.19 of [M4]

Therefore, L,, is an MS-algebra for all maximal element n of L.

(2) =(3). Suppose L,, is an MS-algebra for all maximal element n of L. So that we can
generate a unary operation x — x* on L,, for some fixed maximal element m defined by:

(aAm)* = a° Am,forall a € L, where o is the unary operation on L.
Hence, by (2) L,, becomes an MS-algebra for some fixed maximal element m.
(3) =(2). Suppose that L,,, is an MS-algebra for some fixed maximal element m.

Define a unary operation x +— x* on L by; a* = (a A m)° for all a € L, where o is the unary

operation on L,y,.
Claim: L is an MS-ADL.

Since L,,, has a fixed maximal element m, we have the following results:

aAN(anm)=(@aAN m)’AN(aAm)=a’A(aAm)......... by [lemma2.1.7 (6)]
=@na)Am........ [Since A is associative]
=(aAa’)Am........ by [lemmal.2.2.6 (13)]
=0AmM...coooiiiin, by definition1.2.2.15 of [PC-2]
=0 by definition1.2.2.1 of [ADL2]

Also, forany a, b € L, we have the following characterizations and results:
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(D). (anb)* =[(aAb)Am]°=(aAb)’Vm°............... by definition2.1.1 of [MS-A3]

=(@Vvb’)VO............... by definition2.1.1 of [MS-A4]
=a’VDb°.........o.ooiiiin by definition1.2.2.1 of [ADL1]
=(aAnm)’V(bAm)......... by [lemma2.1.7(6)]
=a"Vvb*

@i).(avb)* =[(avb)Am]°=[(anm)V(bAm)]°....... by definition1.2.2.1 of [ADL3]
=(aAnm)’A(bAmM)°......... by definition2.1.1 of [MS-A2]
=a"Ab”

Hence, L is an MS-ADL, for some fixed maximal element m.

Definition 2.1.14 [11-13] Let L be an MS-ADL. Then, the set of all closed elements of L
denoted by L*° is called the skeleton of L and it is defined by L*° ={x"° : x € L}.

The skeleton L°° of an MS-ADL is a De Morgan algebra under the induced operations on L.
Theorem 2.1.15 Let L be an MS-ADL. Then, the map ¢ : L +— L defined by:
¢(x) = x°° for all x € L forms a closure operator on L.

Proof: Let x,y € L such that x < y. This implies x A y = x (or equivalently, x Vy = y).

Then, ¢(x) = p(x Ay) = (x AY)” =x"Ay” = p(x) Ap(y) and ¢(¥) = p(xVy) =
(xvy) =xvy” = ¢(x)V¢(y). Sothat x <y implies ¢p(x) < ¢p(y) or ¢ is an order
preserving on L. Moreover, forany x ,y € Lwe have ¢(x Ay) = (x Ay)* =x " Ay*” =

d)ANP(Y)and p(xVy) = (xVy)* =x*Vy” = ¢(x)V ¢(y). This shows that ¢ is a
lattice homomorphism and it preserves the unary operation o on L.

Hence, the map ¢: L — L defined by ¢p(x) = x*° for all x € L forms a closure operator on L.

Definition 2.1.16 [13] Let L be an MS-ADL. An element x € L is called dense element if
x° = 0. The set of all dense elements is denoted by D(L) such that D(L) ={x € L : x° = 0}.

Theorem 2.1.17 Let L be an MS-ADL. Then, the set D(L) ={x € L : x° = 0} is afiler of L.
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Proof: Let L be an MS-ADL with maximal element m. Then, by definition2.1.1 of [MS-A4]
it follows that m® = 0. This implies that m € D(L). Hence, D(L) is a non-empty subset of L.

Also, leta,b € D(L) and x € L. Then, by definition2.1.16 we have a® = 0 and b° = 0.
Clam:aAbeD(L)andxVa€D(L).........cc.ccvveviininn... by [definition1.2.2.11]

Since L is an MS-ADL with maximal element m, then by definition2.1.1 of [MS-A3] and
[MS-A2] we have the following results:

(). (aAb)>=a’vb®=0Vv0=0.Thisimpliesthata Ab € D(L).
(ii). (xva)>=x"Aa’=x°A0=0.Thisimplies that x vV a € D(L).
Therefore, the set D(L) ={x € L : x° = 0} isa filer of L.

2.2 Congruence Relations on MS-algebras and MS-ADLs

In this section, we give some important congruence relations which are using to characterize
MS-ADLs and MS-algebras.

Definition 2.2.1[18] Let (L,v, A, ©,0,m) be an MS-ADL. Then, an equivalence relation 6
on L is said to be a congruence relation on L if and only if 8 is a congruence relation on the
ADL (L, v, A,0),thatis (a,b),(x,y) €0 = (aAx, bAy),(aVx,bVy)e€bandifit

satisfies the substitution property:
(x,y)efd = (x°,y°) €0, forala,b,x,y € L.

Note that: An equivalence relation 6 on the MS-ADL (L ,v, A, o,0,m) is a congruence

relation on L if 6 is closed under the binary operations v and A and the unary operation o.

A congruence relation on the MS-algebra (L, v, A, ¢,0,1) is a lattice congruence 8 such that

(x,y)ef = (x°,y°)eOforall x,y € L.

Example 2.2.2 Let L be an MS-ADL and 6 be a binary relation on L defined by; (a,b) € 0

ifand only if a® = b° forall a,b € L. Then, show that 8 is a congruence relation on L.
Proof: First let us show that @ is an equivalence relation on L.

(1). (a,a) € 6,since a° =a° forall a € L.

25



(2). (a,b) € 6 implies (b,a) € 6 since, a° = b° implies b° = a° forall a,b € L.

(3). (a,b) €eBand (b,c) € 6 implies (a,c) € 8 since, a®° = b° and b° = c° implies
a’=c°foralla,b,c € L.

Hence, 6 is an equivalence relation (that is, reflexive, symmetric and transitive) on L.

Also, let (a,b) € 0 implies a® = b° and (c,d) € 6 implies c® = d°. Then, by definition
2.2.1wehave a°Ac®°=b°ANd°and a’° VvV c® =b°vd°. Thisisequivalentto (aVvc)® =
(bvd) and (anc)® = (bAd). Thisimpliesthat (aAc,bAd) € Band(aVc,bVvd)E
0 forall a,b,c,d € L. Moreover, a®° = b° implies that a® = b°°. So that (a°,b°) € 6.

Therefore, 6 is a congruence relation on L.

Definition 2.2.3 [14] Let (L,v, A, °,0,m) be an MS-ADL and n be a binary relation on L.
Then, for each a, b € L, consider that (a,b) € n ifandonlyifaAb =band b Aa = a.

Lemma 2.2.4 Let L be an MS-ADL. Then, 7 is a congruence relation on L.

Proof: (1). (a,a) €n,sinceana=aandaAa=a,foralla €L ... [nis reflexive on L].

(2). (a,b) e nimplies (b,a) ensince[aAb = b and b A a = a] implies that
[bAa=aand aAb =Db] .....ccccoviiiiiiiiiiiiiiiiinn. [ is symmetric on L].

(3). (a,b) enand (b,c) € nimplies (a,c) €n,since [aAb =band bAa = a] and

[bAc=candcAb =b]impliesfaAc=candcAha=a]l........... [n is transitive on L].
Hence, n is an equivalence relation on L.

(). Let (a,b) € nand (c,d) € n. Then, by definition2.2.1 it follows that (a Ac, b Ad) =
(c,d)enand(aVc, bvd) = (a,b) €.

So that n is a congruence relation on the ADL (L, Vv, A,0).

(ii). Let (a, b) € n. Then, by definition2.2.3 we have a Ab = b and b A a = a. So that by
lemma2.1.7 (7) it follows that a° = (b A a)° = (a A b)° = b°. This implies that (a°, b°) € n.

Hence, n is a congruence relation on L.
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Lemma 2.2.5 [18] n is the smallest congruence on L for which the quotient L|» is an MS-

algebra.

Proof: First let us consider a congruence relation 6 on L (as given in example 2.2.2). That is,
(a,b) e ifandonlyifa® = b° forall a,b € L. Let m be the maximal element of L. Then,
by lemma2.1.7 (6) it follows that (a Ab)° = (aAbAmM)° = (bAaAm)® = (bAa)’. This
implies that (a Ab,b Aa) € 8 forall a,b € L. That is, A commutes on L|6. Therefore, L|6 is

an MS-algebra.
Claim:n c 6.
Foranya,b € L,wehave a°=(bAa)°=(aAb)’ =b°............. by [lemma2.1.7 (7)].
Sothat (a A b,b A a) € n. That is, A commutes on L|n. Hence, L|n is also an MS-algebra.

Let(a,b) €En.Then,aAb=bandbAa=a............................ by definition2.2.5.
Also, by lemma2.1.7 (7) this gives that a® = (b A a)° = (a A b)° = b°. This shows that
(bAa,anb)e@foralla,b e L. Hence, ncé.

Therefore, n is the smallest congruence on L for which the quotient L|»n is an MS-algebra.

Definition 2.2.6 [18] Let (L,v, A, °,0,m) be an MS-ADL and & be a binary relation on L.
Then, for each x, y € L consider that (x,y) € @ if and only if x*° = y*.

Lemma 2.2.7[18] Let L be an MS-ADL. Then, & is a congruence relation on L.
Proof: (1). (x,x) € ®,since x** = x> forallx €L.................. [ is reflexive on L].
2. (x,y) €ed=(y,x) €EP,since x** =y = y*° = x*°........ [® is symmetric on L].

(). (x,y)edand (y,z) e d = (x,z) € dsince, x*° =y~ and y*°* = z°° = x*° = z°°

forall X, ¥, Z € Lo [ is transitive on L].
Hence, @ is an equivalence relation on L.

(). Let (x,y) € ® implies x** = y°* and (a,b) € ® implies a® = b°* forall x,y,a, b € L.
Then, by definition1.2.2.23 it follows that x*° Aa*® = y** Ab**and x*° vV a** = y*° V b*°.
This is equivalentto (x Aa)*” = (yAb)*and (x Va)* = (yVvb)™. Sothat (x Aa,y A

b) e dand (xVa,yVbh) € d. Hence, ® is a congruence relation on the ADL (L,v, A,0).
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(ii). Moreover, x°° = y°° implies that x°*° = y°*°. This shows that (x°,y°) € ®.
Therefore, @ is a congruence relation on L.

Lemma 2.2.8[18] @ is the smallest congruence relation on L such that its quotient L|® is a

De Morgan algebra.

Proof: SinceaAm = a° = b*° = b Am, ® isa De Morgan ADL. Also, ® € &. This
implies that L|® is also a De Morgan ADL.

It suffices to show that one of the binary operations (either v or A’) commutes on L|®.
Let a, b € L and m be the maximal element of L. Then, by lemma2.1.7 (6) it follows that
(anb)’=(@AbrAm) =(bAaAm)’ = (bAa)’. Thatis, (aAb)’ = (bAa).

This implies that (a Ab)** = (bAa)™. Sothat (a Ab,b Aa) € ®. Thatis, A commutes on

L|®. Hence, L|® is a De Morgan algebra.

Suppose 8 is a congruence relation on L (as given in example 2.2.2) such that L|6 is a De

Morgan algebra. Thatis, (a Ab,bAa) € 6 foralla,b € L.
Claim: ® c 6.

Let (a,b) € ®. Then, by definition2.2.6 this gives that a** = b°°. This implies a®*° = b°*".
This is equivalentto a® = b°......... by lemma2.1.7 (3). Also, by lemma2.1.7 (7) this gives
thata® = (bAa)°=(aAb)° =b°.Thatis,aAb=bandb Aa = a. Sothat (a,b) € 6.

This shows that ® < 6.

Therefore, @ is the smallest congruence relation on L such that its quotient L|® is a De

Morgan algebra.

The following theorem characterizes MS-ADLs using the congruence relation &.
Theorem 2.2.9 Let L be an MS-ADL. Then, L is a De Morgan ADL if and only if n = &.
Proof: (=). Suppose that L is a De Morgan ADL.

Claim: n = .

Let (a,b) €En.Then,aAb=bandbANa=aforalla,b€eL...... by [Definition2.2.3]
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Since L is a De Morgan ADL with maximal element m of L, this gives that a®®> = a Am
=bANaAm=aAbAm=bAm=>b"................... by definition2.1.2 of [MS-A5].

That is, a®® = b°°. This implies that (a,b) € .
SOthat 1) © Do D
To prove the converse inclusion, let (a,b) € ®. Then, a** = b*°........... by definition2.2.8

Put m = 0°. Since L is a De Morgan ADL, by definition2.1.2 of [MS-A5] it follows that

aAm=a”=b*=bAm.Thatis,aAm = bAm.ThisgivesaAb=bandb Aa = a.
This implies that (a,b) €n. Sothat ® S n......ooiviiiiiii . 2

Hence, the two inclusions (1) and (2) imply that ® = 7.

(). Suppose that ® = 7.

Claim: L is a De Morgan ADL.

Since L is an MS-ADL, it suffices to show that L satisfies the property a*° = a A m, for some
maximal element m of L. Put m = 0°. Then by lemma2.1.7 (6) it follows that a®° = (a A m)°.

Thisimpliesa®™ = (aAm)* =a> " Am” =a” AM..........c........ [Since m** = m = 0°].

This shows that a®®> < m for all a € L. Also, since a**** = a*°, we have (a*°, a) € ® = 1.

That is, (a*°, a) € n. This gives that a A a** = a°° and a®* A a = a.... by [definition 2.2.3]

Sothat aAm = @ AaAm ......cooooviiiiiiiiiii, [Since a*”* Aa = a]
=AAQTAM oo by [lemmal.2.2.6 (13)]
=AM [SinceaAa’” = a*]
I [Since a* < m]

Therefore, L is a De Morgan ADL.

Corollary 2.2.10 Let L be an MS-ADL. Then, L is a De Morgan algebra if and only if & =
A, (the diagonal of L). For an MS-ADL, L to be a Stone ADL it is necessary and sufficient

thata Aa®° = 0.
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Proof: (=). Suppose that L is a De Morgan algebra. Then, forany a, b € L, we have

a”®=aand b®™ =Db......cccoiiiiii by definiton1.2.2.20 of [M5].
Claim: & = A;.

Let (a,b) € ®. Thisimpliesthata® = b .............ccoeeeiiin.. by [definition2.2.6]
Thisimpliesthata =a* =b>* =b...................... [Since L is a De Morgan algebra].

This gives that a = b and a®° = b°. Sothat (a,b) € A;.

ThAt IS, @ C A i 1)
Similarly, let (a,b) € A;,. Then, a = b and a° = b°. Also, a® = b° implies a®® = b*.
Sothat (a,b) € ®. Thatis, A; S @ ccevviiniiiiiii e, 2
Hence, the two inclusions (1) and (2) imply that ® = A;.

(). Suppose that ® = A,.

Claim: L is a De Morgan algebra.

Since L is an MS-ADL, for any a € L, we have a°*** = a®. Sothat (a*°,a) € ® = A,. That

is, (a°°,a) € A;. This implies that a** = a, for all a € L.
Therefore, L is a De Morgan algebra.
To prove the second part, it is known that an MS-ADL, L is a Stone ADL if a® v a*° = 0°

forall a € L. Given that a A a®° = 0. So that by definition2.1.1 of axiom [MS-A3] it follows

that 0° = (aAa®)° = a°va™. Hence, L isa Stone ADL whenever a Aa° = 0.

Definition 2.2.11 let L be an MS-ADL and y“and ¢ be binary relations on L. Then, for

each a € L, consider the following definitions:

Q). (x,y) eyp*ifandonlyifxAa=yAaandx°Aa=y°Aa

(2). (x,y) e p%ifandonlyifaAx =aAyandaAx°=aAy’

By these two definitions, we have the following characterizations and results:
Theorem 2.2.12 For each a € L, Y“and ¢ are congruence relations on L.
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Proof: (1). Let (x,y) € ¢*. Then, x Aa=yAaandx°Aa =y°Aa.

Also, let (¢c,d) € Y*. Then,cAa=dAaand c°Aa =d° Aa..... by [definition2.2.11 (1)]
Sothat(i). xAcha=cAxANa=cAyAa=yAcAa=yAdAa.

Also, xVco)Aha=((xAa)V(cAha) =Y Aa)Vv(dAra)=(yVvd)Aa.

This impliesthat (x Ac, yAd) eyp®and (x V¢, yvd) € Y2

Hence, ¢ is a congruence relation on the ADL (L, Vv, A ,0).

(ii). Let (x,y) € Y% Then,x Aa =y Aaand x° Aa = y° A a. Also, Since L is an MS-ADL

with maximal element m, we have a** Aa = a forall a € L... by definition2.1.1 of [MS-A1]
Claim: x*°* Aa = y°° A a. For this, we consider the following implications:
xha=yha= (xANa)* = ANa)”

— x® A =y Aa”

= xANa”ANa=y"ANa’Aa

= XAa=Y AA.ociiiiiii, by definition2.1.1 of [MS-Al].

= (x%y°) €y
Therefore, ¢ is a congruence relation on L.
(2). Let (x,y) € p*. Then, arnx =aAyandaAx® =aAy’.... by [definition2.2.11 (2)]
Also, let (c,d) € p%. Then,aAc=aAdandaAc’ =aAd°.... by[definition2.2.11 (2)]
Sothat (). aAx Ac=aAyAc=yAaAc=yAaAd=aAyAd.
Also,an(xVc)=(anx)V(aAc)=(aAny)V(and)=aA(yVad).
This impliesthat (x Ac, yAd) € p%and (x V¢, yVvd) € ¢p°.
So that ¢“ is a congruence relation on the ADL (L, Vv, A ,0).
(ii). Let (x,y) € ¢%. Then,aAx =aAyand aAx®° = aAy°.... by [definition2.2.11 (2)]
Also, since L is an MS-ADL with maximal element m, we have a** Aa = a, forall a € L.
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Claim: a A x*° = a A y®°. For this, we consider the following implications:
aAx=aANy= (aAx)” =(@Ay)”

= a® AX™ = a2 Ay
= aha”Ax*=aANa” ANy
=a’AaAx’=a’ANaANy”....... by [lemmal.2.2.6 (13)]
= aAXT =aAY” by definition2.1.1 of [MS-Al]
= (x°,y°) € .

Therefore, ¢ is also a congruence relation on L.

Corollary 2.2.13 If L is a De Morgan ADL, then y* and ¢¢ are congruence relations on L.

Proof: Suppose L is a De Morgan ADL. Putx** =x Amandy* =y Amforall x,y € L
and for all maximal elementmof L............................... by definition2.1.2 of [MS-A5]

Let (x,y) €yY® Then xAa=yAaandx°Aa=y°Aa........... by [definition2.2.11 (1)]
Also, let (x,y) € ¢2. Then aAx =aAyand aAx® =aAy°..... by [definition2.2.11 (2)]
Claim: (). x> Aa=y*Aa. (i).aAx”=aAy”.
Since L is a De Morgan ADL, by definition2.1.2 of [MS-A5] we have the following results:
(). x*Aa=xAmAa=mAxANa=mAyAa=yAmAa=y~’Aa.

Hence, (x°,y°) € Y%

(i),anx=aAxAm=aAyAm=aAy”.
Hence, (x°,y°) € ¢°.
Therefore, if L is a De Morgan ADL, then 1% and ¢¢ are congruence relations on L.

Theorem 2.2.14 The quotient L[¢ is an MS-algebra. If a is maximal, theny¢ = n. The

converse holds whenever a° A a = 0.

Proof: To prove the first part, it suffices to show that n € <.
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Let (x,y) €n.Then,x Ay = yand y Ax = x. Equivalently; x Vy =xand yvx = y.
Also,wehave x° = (Y AX) = (XAY)° =Y i, by [lemma 2.1.7 (7)]

Hence, x A\a=yAxAa=xAyAa=yAaandx°Aa=y°Aa

This implies that (x, y) € ¥¢. Sothatn < y°®.

Therefore, L|y® is an MS-algebra.

To prove the second part, suppose that a is maximal.

Claim: ¢ = 1.

Let (x,y) e p* Then,x Aa=yAaandx°Aa =y’ Aa...... by [definition2.2.11 (1)]

If a is maximal, thenx Aa =y Aaandx°Aa =y° Aaarereducedto x = y and x° = y°.

Putx Ay =yandy Ax = x. Thisimplies that (x,y) €n............... by [definition2.2.3].
This ShOWS that 1% C ..o e, Q

Similarly, let (x,y) € n. Thisgivesthat x Ay =yand yAx = x...... by [definition2.2.3]

Also, x° = (Y AX) = (X AY) = P i, by [lemma2.1.7 (7)]
Then,x A\a=yAxANa=xAyAa=yAaandx’°Aa=7y°Aa...[Since a is maximal]

This impliesthat (x,y) €Y. i by [definition2.2.11 (1)]

ThisShOWS that 17 S b .. e e (2

So that the two inclusions (1) and (2) yield that ¢ = 7.

Hence, if a is maximal, then ¢ = n.

Conversely, suppose that Y = .

Claim: a is maximal.

Given that a° A a = 0. This shows that (a° Aa,0) € Yp* = .

That is, (a° A a, 0) satisfies both the equalitiessx Aa = yAaandx°Aa=y°Aa.
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Sothat we have (a°Aa)Aa=0Aaand (a°Aa)°’Aa=0°Aa...... by definition2.2.11(2).
But(@>Aa)Aa=a’A(anha)=a’ANa................... [Since A is associative]
Sothat aAa=0Aa = a’° =0.
= a is maximal......... by definition 2.1.1 of [MS-A4].
Therefore, % = n implies a is maximal whenever a®° A a = 0.

Remark 2.2.15 The quotient L|¢¢ is an MS-ADL but not necessarily be an MS-algebra. This

can be verified by using the following example.

Example 2.2.16 Let L = {0, a, b} be the discrete MS-ADL (as given in example2.1.3) and
consider the congruence relation ¢ on L. Then, the quotient L|¢¢ is an MS-ADL but not an
MS-algebra.

Proof: Since L is not a distributive lattice, it suffices to show that L|¢¢ is isomorphic to L.
For this, consider the canonical map x — ¢%[x] of L onto L|¢* which is an epimorphism.

We show that this map is an injective map.
Now, for any x,y € L, we have ¢%[x] = ¢p%[y] = (x,y) € ¢%.
= aAx=aAly.

Since L is a discrete MS-ADL, every non-zero element in L is maximal. Thus,aAx =aAy
yields that x = y. This shows that L = L|¢%.

Therefore, L|¢® is not an MS-algebra.

Lemma 2.2.17 Foreach a,b € L, ¢* N ¢p? = VP,

Proof: Let (x,y) € ¢ N ¢?. Then, by definition2.2.11 (2) we have the following conditions:
aANx=aAy, aANx°=aAy’, bAx=DbAy and bAXx°=bAYy".
Sothat(avb)Ax=(aAx)V(bAx)=(aAy)V(bAy)=(aVDb)AYy.

Also, (avb)Ax® =(aAx)V(bAx®)=(any)V(bAY)=(aVDb)Ay°

Hence, ¢ NP S dp®VP e (1)
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To prove the converse inclusion, let (x,y) € ¢%¥2. Then, by definition2.2.11 (2) this gives

the following conditions:

(avb)Ax=(aVb)Ay and (aVb)Ax°=(aVb)AY"°.

Sothat anx = (@aAx)A[(aAx)V(bAx)] =(anx)A[(aVb)Ax]
= (anx)A[(aVb)Ay]
=aAxA(aVvb)Ay

=aA(@Vb)AxAy

Also, any =[(@aAy)V((bAY)IA(aAy)= [(aVbD)AY]A(aAy)
=[(avb)Ax]A(aAy)
=(aVb)AxNaAy

= (aVb)ANaAx Ay

I
Q
>
=
>

=
~—
m
Q
A

Hence, (EQ1) and (EQ2) implythataAx = a A y.

Similarly,aAx° = (aAx)A[(aAx®)V(bAX")] =(aAx*)A[(aVDb)Ax°]
=(@anx*)A[(aVb)Ay]
=aAx°A(@Vb) Ay

=aAN(aVb)Ax°Ny®

Also, aAy® =[(aAy )V (bAYIIA(any) = [(aVD)AYTA(aAy®)
=[(avb)Ax°IA(aAy®)
=(@Vvb)Ax°NaAy’
=(@Vbh)AaAx" Ay
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Thus, (EQ3) and (EQ4) implythata Ax®* = a Ay°. Sothat (x,y) € ¢<.
Now, we remain to show that (x,y) € ¢°.

Since (aVv b) Ax = (b V a) A x, by interchanging a and b each other and by repeating the

above argument, we can show that (x,y) € ¢? as follows:

Let (x,y) € VP, Then, by definition2.2.11 (2) this gives the following conditions:

(bva)yAx=(bVva)Ayand(bVa)Ax°=(bVa)Ay°.

Sothat bAx = (bAX)A[(bAX)V(aAx)]= (bAx)A[(bVa)Ax]
=MbAx)A[(bVa)Ay]
=bAxAN(bVa)ry

=bA(bVa)Ax Ay

Also, bAy=[(bAy)V(aAy)]IAbAy)=[(bVa)Ay]A(bAY)
=[(bVva)Ax]A(bAYy)
=(bVa)AxAbAy

=(bVa)AbAx Ay

Hence, (EQS5) and (EQ6) show that b Ax = b A y.

Similarly, bAx° = (bAx)A[(bAX)V(aAx)] = (bAx)A[(bVa)Ax°]
=(MbAx)AN[(bVa)Ay]
=bAX°A(BVa)Ay®

=bA(MbVa)Ax"AY°
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Also, bAy° =[(bAYy )V (aAy)IADAY)=[(bVa)Ay ]A(bAY®)
=[(bva)Ax’]A(bAY®)
=((bVa)Ax°ANbAy®

=(bVa)AbAX ANy°®

Thus, (EQ7) and (EQ8) show that b Ax° = b Ay°. Sothat (x,y) € ¢>.

Hence, we have @2 C p@ N P oo ).
Therefore, the two inclusions (1) and (2) imply that ¢¢ N ¢p? = V2.

Lemma 2.2.18 In an MS-ADL L, if a is maximal, then ¢ = A, (the diagonal of L).

Proof: (x,y) € ¢*. Then,aAx =aAyanda Ax° =aAy°.... by [Definition 2.2.11 (2)].
If a is maximal,thenaAx =aAyandaAx®° =aAy°arereducedtox = yand x° = y°.
This implies (x,y) € A,. Thatis, ¢® S A oo, (1)
Conversely, let (x,y) € A,. Then, forany x,y € L, we have x = y and x° = y°.
ThisgivesaAx =aAyandaAx®=aAy’................ [Since a is maximal]

This implies that (x,y) € ¢%. Sothat A, S P (2)

Hence, (1) and (2) imply that ¢p¢ = A,.

Therefore, if a is maximal, then ¢¢ = A;.

Note that: The converse of this lemma need not necessarily be true. This can be verified by

using the following example:

Example 2.2.19 In an MS-ADL given in example2.1.5, ¢¢ = A, (the diagonal of L) but a is
not maximal. Because from the given table it can be observed that a® = a. That is; a° # 0.

Hence, a is not maximal.

Lemma 2.2.20 If ¢% = A, ,thena Aa®° = a’. Thatis, ¢* = A, impliesa® < a.
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Proof: It suffices to show that (a A a®,a”) € ¢“. Since L is an MS-ADL with maximal

element m, we have a®* Aa = a,forall€L............... by definition2.1.1 of [MS-A1].
Let (x,y) € ¢%. Then aAx =aAyandaAx°=aAy’....... by [Definition2.2.11 (2)].

So that by definition2.2.11 (2), we have the following results:

().an(@ana)=(aha)Aa’ = alAa’.......c........... [Since A is associative].
(i).an(@ana’) =aA(@ Aa) . .cccceiiiiiiiiiiiiann, by [lemma2.1.7 (7)]
=anN(@°Va)iiiii, by defintion2.1.1 of [MS-A3]
=a”ANaA@°Vva).....oocooeiin... by definition2.1.1 of [MS-A1]
=aAa®A@TVA) e, by [lemmal.2.2.6 (13)]
= ANAA by [lemmal.2.2.6 (3)]

Hence, (a Aa’®,a®) € ¢p.
Therefore, a A a®° = a° whenever ¢% = A;.

Definition 2.2.21 Let L be an MS-ADL and consider 8, be the binary relation on L. Then,

for each a € L, consider that (x,y) € 9, ifandonlyifavx=aVvy andaVvx°=aVy".
By this definition, we have the following characterization and results:

Theorem 2.2.22 Let L be an MS-ADL. If L is v—associative, then the binary relation 6, is a

congruence relation on L.

Proof: Suppose that L is v—associative. Since L is an MS-ADL with maximal element m, by

definition2.1.1 of [MS-A1l] we have a** A a = a, for all a € L. Equivalently; a®* v a = a*°.
Let (x,y) €6,.Then,avVx=aVy andaVx° =aVy ............ by [definition2.2.21]
Also, let (c,d) € 6,. Then,avc=aVvd andaVvc°=avd’....... by [definition2.2.21]
Sothat(i).av(xAc)=(avx)A(avc)=(aVvy)A(avd)=aV (yAd).

Also, av(xvc)=(avx)Vc=(avy)Vc=yVv(avc)=yVv(avd)=aV(yVvd).
This impliesthat (x Ac,yAd) €8, and (xVvVc,yvd)eb, forall x,y,c,d € L.
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Hence, 6, is a congruence relation on the ADL (L, v, A ,0).
(i). Let (x,y) € 0,. Then,avx =aVy andaVx° =aVy’ ...... by [definition2.2.21]
Claim: aVv x** = aVvy°®. Forthis, we consider the following implications:

avVx=aVy= (avVx)” =(@Vvy)™

= a” VX =a VY. by [lemma2.1.7 (5)]
= @Vva)vx=0@°va)vy ....... [Since a** = a®° V a]
=a”V(@avx?)=a*Vv(@avy)........ [Since, L is v—associative]

= aVx*=aVvy”
= (x°,y°) €6,
Hence, 6, is a congruence relation on L.

Lemma 2.2.23 Let L be an associative MS-ADL. If a is zero, then 6, = A;. But 6, = A,
impliesa < a°. Thatis, 8, = A, impliesa Vv a’® = a°’.

Proof: Let (x,y) € 8,. Then,avx =aVy andaVx’ =aVy°...... by [definition2.2.21]
Ifa=0,thenavx=aVvy andaVvx®°=aVy’arereducedtox =y and x° = y°.

So that (x,y) € A,. Hence, if a = 0, then 6, = A;.

To prove the second part, suppose that 6, = A;.

Claim: (ava’,a®) € 6,.

Let L be an MS-ADL with maximal element m such that L is V- associative. So that we have

the following results:
(i).av(@ava’)=(ava)va®=aVva’........... [Since L is v-associative MS-ADL].
(i).av(@ava’) =av(@Aa’)=(@va’)Ar(aVa™”)
=mA(ava’)A(aVvar)
=(ava’)AmA(aVar)

=[(anm)Vv (@ Am)]A(aVa”).
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=(a”Vva)A(aVva™)
=mA(aVar)
=ava’”

Sothat (ava’,a®) € 6,.

Hence, 6, = A, impliesa < a°. Thatis, 6, = A, impliesa Vv a°

40
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Conclusion

In this project, we discussed the concept of an almost distributive lattice (ADL) which is a
generalization of posets and lattice theory. Consequently, a new equational class of algebras
called MS-ADL is understand as a common abstraction of De Morgan ADLSs and Stone
ADLSs. It can also be observed that the class of MS-algebras and most of the properties of
MS-algebras are extended to the class of MS-ADLs. Moreover, we discussed the congruence

relations which characterize MS-algebras and MS-ADLSs.
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