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Abstract

The concept of annihilator ideal is introduced in an Almost Semi lattice (ASL) L
with 0. It is proved that the set of all annihilator ideals of an ASL L with O
forms a complete Boolean algebra. The concept of annihilator preserving
homomorphism is introduced in an ASL L with 0. A sufficient condition for a
homomorphism to be annihilator preserving is derived. Finally, it is proved that
the homomorphism image and the inverse image of an annihilator ideal are

again annihilator ideals.



Chapter One

1.1 Introduction

In[9] Thomas W. Judson Stephen F. Austin State University Theory and
Applications on Abstract Algebra (2011) 302 -313 introduces about the axioms
of a ring give structure to the operations addition and multiplication on a set.
However, we can construct algebraic structures, known as lattice and Boolean
algebras that generalize other types of operations. For example, the important
operations on a set are inclusions, union, and intersection. Lattices are
generalizations of order relations on algebraic spaces, such as set inclusion in
a set theory and inequality in the familiar number systems N, Z, Q, and R.

Boolean algebras generalize the operations of intersection and union.

Let us investigate the example of the power set, P(X), of a set X more closely.
The power set is a lattice that is ordered by inclusion. By the definition of the
power set, the largest element in P(X) is X itself and the smallest element is @,
the empty set. For any set A in P(X), we know that AN X =Aand A U @ = A.
This suggests the following definition for lattices. An element I in a poset X is a
largest element if a <I for all a € X. an element o is smallest element of X if o <

a for all a e X.
Let A be in P(X), Recall that the complement of A is
A'=X\A={x:x e Xand x ¢ A}

We know that A U A’ = X and AN A" = @. We can generalize this example for
lattices. A lattice L with largest element I and smallest element o is

complemented if for each a € X, there exist a’ such thatav a'=Tand an a’ = o.

A complemented bounded distributed lattice is Boolean algebra. For example
the power set, P(X) of a set X is Boolean algebra with the operations union and

intersection that is (P(X),U,N,’,0,1), where ' ,0,1 represents a complement, zero
1



element, and unit element respectively. @ is zero elements of P(X) and X itself is

unit element.

There is only one reasonable way of defining what is to be meant by an ideal in
a lattice. Recall that, Dedekind’s definition of an ideal in a ring R is that it is a
collection J of elements of R which (1) contains all multiples such as ax or ya of
any of its elements a, and (2) contains the difference a-b, and hence the sum
a+tb, of any two of its elements a and b. By analogy, a collection J of elements of
a lattice L is called an ideal if (1) it contains all multiples a N x of any of its
elements, and (2) it contains the lattice sum a U b of any two of its elements a
and b. The analogy is that the greatest lower bound, or lattice meet a N b
corresponds to product in a ring, and the least upper bound or lattice join a U
b corresponds to the sum of two elements in a ring. A Semi lattice is an algebra
that satisfies the three axioms i.e. associative commutative and idempotent
law. An Almost Semi lattice (ASL) was introduced by authors as an algebra (L,0)
of type (2) which satisfies all most all the properties of semi lattice except
possibly the commutative of o. In this paper, the concept of annihilator ideal in
ASL with O is introduced with suitable examples and proved some basic
properties of the annihilator ideal. Also proved that the set A (L), of all
annihilator ideals of an ASL L with O is a complete Boolean algebra. The
concept of annihilator preserving homomorphism is introduced and a sufficient
condition for a homomorphism to be annihilator preserving is derived. It is
proved that the image and the inverse image under a homomorphism of an
annihilator ideal are again annihilator ideals. Finally, it is proved that for any
ideal I of L, there exists a homomorphism f from L in to an ASL Homy(I), of all

homomorphism defined on I such that Ker(f) = I".



1.2 Preliminary

Definition1.2.1 [6] A Semi lattice is an algebra (S, *) where S is a non-empty

set and * is a binary operation on S satisfying:

(I)x*x(y*xz)=(x*xy)*z ( associative law)
2)xxy= y=x*x ( commutative law)
B)x*xx=xforall x,y,z€S (idempotent law)

In other words, a semi lattice is an idempotent commutative semi group. The
symbol * can be replaced by any binary operation symbol, and in fact we use
one of the symbols of A,V,+ or., depending on the setting. The most natural
example of a semi lattice is (p(x), N),or more generally any collection of subsets
of X closed under intersection. A sub semi lattice of a semi lattice (S, *) is a sub
set of S which is closed under the operation *. A homomorphism between two
semi lattices (S, *) and (T, *) is a map h: S — T with the property that h(x *
y) =h(x) * h(y) for all x ,y €S. An isomorphism between two semi lattices is a
homomorphism that is one to one and on to. It is worth nothing that because
the operation is determined by the order and vice versa. Also, it can be easily
observed that two semi lattices are isomorphic if and only if they are

isomorphic as ordered sets.

Definition 1.2.2[3] An algebra (L, o) of type (2) is called almost semi lattice if it
satisfies the following axioms for all x, y, z €L

(AS1))xo(yoz)=(xoy)oz (associative law)
(AS2) xoy)oz=(yox)oz ( almost commutative law)
(AS3) x o x =X (idempotent law)

If L has an element O and satisfies 0 o x = 0 along with the above properties,
then L is called an ASL with O.

Note Every semi lattice (S, o) is an ASL



Example 1.2.1 Let L = {a, b, c¢}. Define a binary operation o on L as below

o a b C
a a a a
b a b C
c a b c

This is an example of an ASL, but not a semi lattice, sinceboc=c#b=cob.

Theorem 1.2.3[3] Let L be an ASL. Define a < b if and only if ao b = a for all a,
b € L. Then < is a partial ordering on L.

Definition 1.2.4[8] A partial order set (also called a poset) is a set P equipped
with a binary relation < which is a partial order on X i.e < satisfies the
following three properties:

(1)IfxeP,thenx<xinP (reflexive property)
2)Ifx,y,ze P,x<yin Pand y <x in P, then x = y (anti symmetric

property)
B)Ifx,y,ze P,x<yinPandy<zin P, then x <z in P (transitive property)

Lemma 1.2.5[3] Let L be an ASL with 0. Then we have the following properties.

(Dao(aob)=aob

(2)(aob)ob=aob

(3)bo(aob)=aob

(4)ao b =Dboawhenevera<b

(5)a is a minimal element of Lifand onlyifxoa=aforallx € L
(6)ao0=0forallae L

(7)aob=0ifand onlyifboa=0

(8)a< bimplies thataox<boxandxoas<xob

Definition1.2.6[4] A nonempty subset I of an ASL L is said to be an ideal if x €
landa€el,thenxoa€l

Definition 1.2.7[4] A proper ideal P of an almost semi lattice L is said to be
prime ideal if for any a, b € L, such that ao b € P, then eitherae Por b € P.

Theorem 1.2.8[4] Let S is a non-empty subset of L. Then (S] = {on -1 si) o x| x
€ L, sie S, where 1<i<n and n is a positive integer } is the smallest ideal of L
containing S.

Corollary 1.2.9[4] Let L is an ASL and ae L. Then (a] = {ao x |x e L} is an ideal
of L, and is called principal ideal generated by a.

Lemma 1.2.10[4] For any a, b in an ASL L we have the following:
4



(1) ae (b]ifand onlyifa=boa
(2) b € (a] if and only if (b] < (a]
(3) (a] < (b] whenever a< b

(4) (boa]=(aob]=(a] N(b]

Corollary1.2.11 [4] Let [ be an ideal of L. Then, forany a, b € L, ao b € I if and
onlyifboael

Definition 1.2.12[3] Let L is a non-empty set. Define a binary operation o on L
byxoy=y, forall x,y € L. Then (L, o) is an ASL and is called discrete ASL.

Definition1.2.13 [3] An element m € L is said to be unimaximal if m o x = x for
allx e L.

Theorem1.2.14 [3] Every unimaximal element in an ASL L is a maximal
element.

Definition1.2.15 [8] A lattice is an algebra (L, A, V) of type (2, 2) satisfying for
allx,y,z € L

()xAx=xand X VX=X (idempotent law)
2)xAy=yAxandxVy=yVXx (commutative law)
B) xA(yAz)=xAy)AzandxV (yVz=(xVy) Vz (associative law)
4)xA(xVy=xandxXV (XAy) =X (absorption law)

The first three pairs of axioms say that L is both meet and join semi lattice the
fourth called the absorption laws say that both operation induce the same
order L. The lattice operations are sometimes denoted by. and +; for the sake of
consistency we will stick such that x A y = x if and only if x V y = y the binary
operations A, V are represents meet and join respectively.

Theorem 1.2.16[8] In any lattice (L,v, A) for any x, y, z € L the following are
equivalent

(LDA) xA(yVZ)=xAY)V(XAZ

(RDA) xVy)Az=(xAzZ)V (VA2

(LDV) xV (yAz)=(xVy) A XYz

(RDV) (xAy)Vz=(xVz)A(yVz)



Definition 1.2.17[8] A lattice (L, v, A) is called distributive lattice if it satisfies
any one of the above four conditions.

Special Notations in Lattice
Here we define some special types of elements in lattices

Zero element: In a lattice L an element O is called the zero element of L if 0 <

a, for every a € L.

Unit element: An element 1 is called the unit element or the all element of L if

a<l1,foreveryacL
. Bounded lattice: A lattice L with O, 1 is called a bounded lattice

Theorem 1.2.18[4] The set J (L), of all ideals of an ASL is a distributive lattice
with respect to set inclusion, where forany [, J eJ (L), IAnd=INJandIVvJ=1

uUdJ.

Theorem 1.2.19[8] Let (P, <) be a poset which is bounded above. If every
nonempty subset of P has glb, then every nonempty subset of P has lub and

hence P is a complete lattice.

Definition 1.2.20[8] A complemented distributive lattice is called a Boolean

algebra.



Chapter Two
2.1Annihilators

In this section, we introduce the concept of an annihilator ideal in an almost
semi lattice (ASL) L with O and prove some basic properties of the annihilator
ideals. Also, we prove that the set A(L), of all annihilator ideals form a complete

Boolean algebra. First we begin with the following definition.

Throughout the remaining of this section, by L we mean an ASL with O unless

otherwise specified.

Definition 2.1.1: For any non-empty subset A of an ASL L with O define A" = {x
e LIxo0a=0, for all a €eA}. Then A*is called the annihilator of A.

Note that, if A = {a}, then we denote A" = {a}" by [a]". In the following we prove

that for any non-empty subset A of L, A" is an ideal.

Theorem 2.1.2: For any non-empty subset A of L, A"is an ideal of L.
Proof: Since ao O = O for all a €A (by definition 1.2.5(6))

Then O € A" hence A"is non-empty,

Letx e A'and t eL. Then x 0 a= 0 for all a € A, (by definition2.1.1)

Now, let b €A, then (xotjob=(tox)ob=to (xob)=

t o 0 =0 (bydefinition1.2.2 (1)and(2))

Therefore x o t € A", (bydefinition2.1.1)

Thus A" is an ideal of L. (by definition1.2.6)

Lemma2.1.3: For any subset Aof L, A N A"= {0}.

Proof: Suppose A is a subset of L and suppose x €A N A",

Then x € A and x € A’, therefore x 0 a = 0, for all a €A, (by definition 2.1.1)
It follows that x = x 0 x = 0. Therefore A N A* = {0}.



Theorem2.1.4: For any ideals I, J of L, we have the following:
(1) T = Nger(al’
2INnd=Jdnin-

B lcd=Jdcr
4rndc (I N Jj*
(5) (I N J)** -1 nJ”

6)I <

(7) I =

B recded cI”

9 INd=0elcdedcl

(10)(Iud)y =rrnJdr

®))

)
)
)
)
) I
)

Proof:

(I) Lett e I'. Thento a =0 for all a € I, hence t € (a] for all a € I, therefore t
€Ngg(al’, thus, I'c Ng o(a]” ------------ (1)

Conversely let t eN,(a], then t €(a]’, therefore t o a = 0, since a e I, then t €

I', this implies N, (al* < I'. --—----—--- 2)
Hence from (1) and (2) I' = Ny (al™

(2) Since intersection of a set is commutative thatis INJ =J N I, Then (I N

J)y=(J NI

(3) SupposelcJand x e J*thenxoa=0forallae J. Hence xoa =0 for all a

e I, thus x € I, and hence J" c I".
(4) SinceI NJ c I, Jd by (3) we get I, J" < (I N J)*, therefore I' N J* < (I N J)".

(5) Let I, J €J (L). Then we have Il N J < I, J. Hence by (3) we get I, J"c (I N J)".
It follows that (I N J)*c I, J”. Thus INJ)"cI" NI --—--—-- (1)

Conversely, let x e " NJ" and y € (I N J)", then for any i € I and j € J, we have

iojeINJ.Hence(yoi)oj=yo (io]j)=0,thereforey oi e J", again, since x



eJ"andyoieJ weget(xoy)oi=xo(yoi)=0, hencexoy eI Since x e
[",wegetxoyelI”". Thusxoy e I" N I"= {0}, hence x oy = O, therefore x € (I N
J)™ thus I"N J* < (I N J)**------- (2)

Hence from (1) and (2) I N J)" =1" N J™.

(6) Suppose x e land y € I'. Then y o a = 0 for all a € I, in particular, y o x = 0,

hence x € I"",thus I < I".

(7) Suppose x € I"and a € I, then x oae I' N I = {0}, hence x 0 a = 0, therefore

x eI™.
This implies I ¢ I"**----------- (1)
Conversely I ¢ I by (6) and I""c I" by (3) ---------------- (2)

Therefore from (1) and (2) I' = I'™".
(8)Suppose I' ¢ J*, now by (3) J*™ < I".
Again by (3) """ < J™ and by (7) I' = '™, thus I c J".

(9)Suppose INJ =(0],letx e land a € J, then we get xoae [ and x 0 ae J,
hence x 0 ae IN J = (0]. Therefore x 0 @ = 0, it follows that x € J', thus I c J".

Conversely, suppose [ cJ*, letx el NJ,thenx e land x € J, sincel c J", x €

J”, it follows that x o x = 0, therefore x = O,thus I N J = (0].

And suppose INJ = (0], let x € J and a €I, then we get x 0 ae J and x 0 a€ |,

hence x 0 ae I N J = (0], therefore x 0 a = 0, it follows that x € I', thus J c I'".

Conversely, supposeJ c I, letx e INJ,thenx eland x € J,since Jc I, x €

I, it follows that x o x = 0, therefore x = 0, thus I N J = (0].

(10)We have I, J c T U J, therefore by (3), we get (I U J)"c I', J°, hence Iu J)'c I



Conversely, let x e ' N J*, thenx € ['and x € J*, hencexoa =0, forallae |
andxob =0, forall b € J, therefore xot=0, forallt e I UJ and hence x € (I

ud)’

Thus I N J* < (1 UJ) -------——--- (2)

Therefore from (1) and (2) I' N J" = (1 U J)".

Corollary 2.1.5 If {I; | ieA} is a family of ideals of L, then (N;c41i)™ = N;cs(1)™

Proof: by theorem 2.1.4(5) (I N J)™ = I""N J, this implies that (I:N 2N I3...)" =
LN LN I3™ ..., therefore (N;jcali)™ = Niea(li)™

Theorem2.1.6: For any X, y € L, we have the following:

1) x<y=[y'c[x

2) X'chl=b"<cX"

3) x e [x]|"

4) X" =[xI

5) (] N [x]"={0}

6) [xoy]'=[yox]

7) XNy cxoyl

8) [xoyl” =[X"NI[y"

9) X =KX

10) [x]"c [y]" if and only if [y]™ < [x]™

Proof:
1) Suppose x,y € Lsuch thatx<yand t e [y], thentoy=0.
Sincex<y,wegettox<toy=0. Lemma 1.2.5(8)
This implies t o x = 0 and hence t € [X]", thus [y]" < [x]".

2) Suppose [x]"c [y];, let s € [y]”, thensoa=0foralla e [y]',hencesoa=0

for all a € [x]", therefore s € [x]",thus [y]|" < [x]*.

10



3) Lett e [x]", thentox=0and sincetox=xo0t=0 (bylemma 1.2.5 (7),
and since [x]|™ is annihilator ideals of [x]*, then x € [x]™.
4) Lett € (x]", thentos =0 for all s € (x], in particular t o x = 0, since X €

(x], hence t € [x]*, therefore (x]* c [x]|*----------- (1)

Conversely, suppose t € [x]|",thentox =0, lets € (x], thenxos =s, now, t
os=to(xos)=(tox)os=00s=0, hencetos=0forall s € (x], therefore

te (x],
Hence [x]|' ¢ (x]|"-------- (2)
Therefore from (1) and (2) [x]" = (x]".

S5) Lett e (x] N [x]", thent € (x] and t € [X]", hencexot=tandtox =0,
hence t = 0, thus (x] N [x]" = {0}.

6) Lette[xoy],thento(xoy)=0andsinceto(xoy)=to(yox)by
definition 1.2.2(2) to (y o x) = 0, then t € [y o x|, this implies [x 0o y] < [y

Conversely lett e [yox]", thento (yox)=0andsinceto (yox)=to (xoy)by
definition 1.2.2(2) to (xoy) =0, then t € [x 0 y]’, this implies [yox] c [x 0y]'-
----(2)

Therefore from (1) and (2) [xoy] = [y o X]".

7) Suppose t €[x]" N [y]’, then t € [x]'"and t € [y]", thereforetox=0and toy
= 0 and hence t o (x 0y) =0, it follows that t € [x o y]’, thus [x]" N [y]'c [x
oyl

8) Letx,y € L, then we have x o y <y and y o x < x, therefore by (1), we get
[y'c [xoy] and [x]"c [y 0 X]" = [x 0 ¥]", hence [X], [y] < [x 0o ¥]’, therefore

by (2), [x 0 y]" < [X], [y]”, and hence [x o y]* < [xX]" N [y]"*---------------- (1)

Conversely suppose t € [X]"N [y]” and s € [x 0 y], then t € [X]™, t € [y]” and

so (xoy) =0, it follows that s 0 x € [y], since t € [y]”, we getto (sox) =0, it

11



follows thatto s € [x]", now,tos=(totjos=to (tos)=0, since t e [x]",

therefore t € [x o y]”, hence [X]™ N [y]" < [X 0 y|"--------==--==--————- (2)
Therefore from (1) and (2) [x o y]™ = [x]™ N [y]™.

9) Lett e [x]"and s € [x]", then t o s = [x]'N [x]*= {0}, hence t € [x]",
therefore [x]" c [X]™"----------------——- (1)
conversely let s € [x]™, then s 0 x = 0 since x € [X]" by (3), thus s € [x]

since s o x = 0, therefore [x]"" ¢ [x]"--------------------- (2)

This implies from (1) and (2) [x]™ = [X]".

10) Suppose [x]'c [y]’, let s € [y]™, then s o a =0 for all a € [y]", hence soa=0

for all a € [x]*, therefore s e [x]™, thus [y]™ c [x]™.

Conversely suppose [y]"” c [x]™, let t € [x]™, then t 0 a = O for all a € [x]™,

b *kk

hence t o a =0 for all a € [y]”, thus t € [y]
[x]™ = [x]" and [y]"" = [y]" by(9),then [x]"c [y]'

, therefore [x]"" < [y]™ and since

Recall that M, is the least element in the distributive lattice J (L) of all ideals
of L which contains precisely all minimal elements in L. In the following, we

define annihilator of a non-empty set in another form.

Definition2.1.7 For any non-empty subset S of L, define [S]'={x e LIxos e
M, for all s € S}.

Theorem 2.1.8 Let L is an ASL with a minimal element, then, for any non-

empty subset S of L, [S]" is an ideal of L.

Proof: Suppose L has a minimal element, since S is non-empty subset of L and
L has minimal element by hypothesis, then [S]" is non-empty, let x € [S]" and t
eL,thenxos eM,foralls € S, lets € S, now, consider (xot)jos=(tox)os =

to(xos)=xo0s,sincexos e M,which is minimal.

Hence (x 0o t) o s €M,, therefore x o t €[S]", thus [S]" is an ideal of L.

12



Corollary 2.1.9 For any non-empty set S of L, [S]" = [(S]]", where (S] is an ideal
generated by S.

Proof: Let x € [S]", x0s € M, for all s € S, then x € [(S]]" since s € S, then [S]" ¢

Conversely let x €[(S]]", then x 0 s € M, for all s € S, then x € [S]", because s €

S, Then [(S]]" € [S]" --------nn-mmmmm- 2)

Therefore from (1) and (2) [(S]]" = [S]" .

Lemma2.1.10 Let L be an ASL with O, then for any a, b € L, we have the
following

(1) x € [a]" = (x] € {(a]}’

(2) [a]” = [b]" = {( ali” = {(b]}"
Proof: (1) Suppose x € [a]'@xo0a=0< (x] N (a] = (0] < (%] € {(a]}".
Conversely let (x] € {(a]}'< (x] N (a] = (0] @ x0a=0 < x € [q]
2) Suppose [a]" = [b]’, then (x] € {(a];’= (x] N (a] = (0]
oxoa=0
X € [a]”
<x € [b]
oxob=0
< (x 0 b] = (O]
< (x] N (b] = (0]
< (x] e {(b]y’
Therefore {(a]}* = {(b]}".
Conversely, suppose {(a]}" = {(b]}", then
x e [a'e (x] € {(aly
& (x] e {(b])"
< (x] N (b] = (0]
< (x o b] = (O]

13



<oxob=0

ox e [b]

Therefore [a]” = [b]".

Corollary2.1.11Let L is an ASL with a minimal element, then for any non-

empty subset of L, (S] N [S]" = M,.
Proof: we have M, is the least element in J (L), therefore M, c (S] N [S]"------ (1)

Conversely, let t € (S] N [S]", thent € (S] and t € [S]" = [(S]], thus t o s € M, for
all s € (S], in particulart =t o t € M,, since t € (S], therefore t € M, and hence

(S] N [S]" < Mo------ (2)
Thus from (1) and (2) M= (S] N [S]".
Now, we define the concept of annihilator ideal in an ASL L with O.

Definition 2.1.12 Let L be an ASL with O, an ideal I of L is called an

annihilator ideal if I = S* for some non-empty subset S of L.

It can be easily seen that if I is annihilator ideal, then I = I"". Note that, the set
of all annihilator ideals of L is denoted by A (L). In the following, we give some

examples of annihilator ideals.

Example2.1.1 Let X be a discrete ASL with O and with at least two elements,
other than 0. Then (X, o, 0') is an ASL with zero 0’ = (0, O, . . ., 0), where o
defined coordinate- wise. Put, I = {0 . . .i,..., 0) | aje X}. Then I is an ideal of X».
Also, I" = {(a1, ao,...,ai-1, 0, ai+1,...,an) | ai e X} and I'" = {(O,...,ai,...,0) | a; eX} =1

Hence I is an annihilator ideal of L.

Example2.1.2 Let (R, +, ., 0) be a commutative ring with unity. For any a € L,
let a® be the unique idempotent element in L such that aR = a°R. For any x, y €

R, define x o y = x0y.

Then (R, +, ., 0) is ASL with O.
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Now, consider I = (x°] and J = (1- x9]. Since x%0 (1- %% = 0, we get that (x°] < (1-
x0" and (1- x9] < (x°]". Now, a € (x°]" implies a 0 x° = 0. So a%° = 0, Now, (1- x9)
=a-ax®=a-0=a, hencea e (1 -x°, thus (x°]"'c (1 -x° =Jd.and J" = (1 - xO]"

= (x9] = I. Hence I and J are the annihilator ideals in L.

Example2.1.3 Let L = {0, a, b, c} and defined o on L as follows:

O |T|Q OO0
eolle]lleolle}ie
o |_ |OQ
o|o|e |O|T
o0 |0|I00

Then (L, o, 0) is an ASL with 0. Consider the set I = {0, a} c L, then I is an ideal
in L, now, I' = {0, ¢} and also I'" = {0, a} = I. Thus I is an annihilator ideal in L.
Similarly consider the set J = {0, ¢} c L, then J is an ideal of L, now J" = {0, a}

and also J” = {0, c} = J, thus J is another annihilator ideal in L.

Example2.1.4 Let L = {0, a, b, c} and defined o on L as follows:

0 0 a b C
0] 0 0
a 0 b
b 0 a b c
C 0 C C

Then (L,o0, O0) is an ASL with 0. Consider the ideal I = {0, c¢}, then I'" = (0]" = L,
therefore I is not an annihilator ideal in L.

In the following, we prove some properties of annihilator ideals.
Theorem2.1.13 For I, J € A(L), we have INJ = (I"'UJ")".

Proof: Since I', J*c I U J*, we get (I'U J*)" < I, J* by theorem 2.1.4(3)

And since I = I"" and J = J*, this implies (I' U J*)*c I, J.

Therefore (I'VU J)" c I N J-------—mmmmmmmmmm e (1)
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Conversely, supposex e INJandy e 'UJ", theny e "ory e J".
SincexelNJdandyel'uJd, xoyelNJdorxoyedNJ.

It follows that x o y = 0.

Therefore x € (I"UJ")" and hence I N J ¢ (I'V J)"---------—--- (2)

Thus from (1) and (2) INJ = (I"u J7)".

Theorem 2.1.14 Let L be an ASL, then for any ideal of L, I¢ = {(a] lae I} is an
ideal of PJ (L), moreover, I is prime if and only if I¢is prime

Proof: Suppose [ is an ideal of L, then I¢ = {(a] lae I}, now, we shall prove that I¢
is an ideal of PJ (L), since I is nonempty, it follows that I¢ is nonempty, let (a]
eleand (t] e PJ (L), thenae I and t € L, therefore ao t € I, hence (a] o (t] = (a0
t] € Ie , thus I¢ is an ideal of PJ (L).

Suppose I is a prime ideal of L, we shall prove that I¢ is a prime ideal of PJ (L),
let (a], (b] €PJ (L) such that (a] o (b] € I¢, then (a o b] € I¢, therefore (a o b] = (t]
for somet € I, sinceaob €(aob]=(t],aob=to (aob), thereforeaob €1,
since I is prime, either ae I or b € I, it follows that (a] € I¢ or (b] € I¢, thus I¢ is a

prime ideal of PJ (L).

Conversely, suppose I¢ is a prime ideal of PJ (L), let a, b € L such thataob €1,
then (a] o (b] = (ao b] € I¢, therefore (a] € I¢ or (b] € I¢, hence (a] = (s] or (b] = (t]
for some s, t € I, therefore a = s 0 ae I and hence I is prime.

Recall that, for any ideal I in L I¢ = {(a] | a € I} is an ideal of an ASL PJ(L) of all

principal ideal in L. Now, we prove the following theorem which expresses the

relation between ideals of L and ideals of PJ (L).

Theorem 2.1.15 Let L is an ASL with O, then I is an annihilator ideal in L if

and only if I¢ is an annihilator ideal in PJ(L).

Proof: Suppose I is an annihilator ideal in L, since I¢ is an ideal,
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Then I¢ c I¢”, by theorem 2.1.4(6)

Let (a]ele™ and b € I', then for any c €I, (b] N (c] = (b o c] = (O]

Hence (b] € I¢*, since (a] €I¢™, we get (a] N (b] = (O].

Therefore (a o b] = (0], which implies that ao b = 0.

Hence a € I'" = I, it follows that (a]e I¢, therefore I¢"c Ie.

Hence I¢ = ™.

Thus I¢ is an annihilator ideal of PJ(L).

Conversely, suppose I¢ is an annihilator ideal in PJ(L).

We have always I ¢ I, by theorem 2.1.4(6)

Let a € I'" and (b] € I¢*, now, for any c € I, (c] € I¢, hence (b] N (c] = (0].
Therefore (b o c] = (0], which implies that b o ¢ = O, therefore b € I".
Now, a € [""and b € I" and hence ao b = O, therefore (a] N (b] = (ao b] = (O].
It follows that (a] € I¢"™ =I¢, thus a € I, hence I"" c I, we get that I = I".

Therefore I is an annihilator ideal in L.

Theorem2.1.16 Let L is an ASL with O, then the set A(L) of all annihilator

ideals of L forms a complete Boolean Algebra, on its own.

Proof: Let[,J €A (L), defineIAd=INJandIvJ=("NJ).
Since I, J e A(L), " =Tand J* =J, hence I NJ)"=I"NJ"=1NJ.
This implies I N J €A (L).

Also, IvJd)"=(I'NJ))" =T NJI)y"=(ITNJI)=Ivd.

This implies [ v J €A (L)

It can be easily seen that with respect to set inclusion, for any I, J, K €A (L).

1) Icl (reflexive)
2) IcJdand J c I ,this implies I =J (anti symmetric)
3) IcJand J c K, this implies I ¢ K (transitivity)

17



Therefore (A(L), <) is a poset.

I N Jis the glb of I, J, now, we have I, J c I U J, by theorem 2.1. 4(10) we get I
NJ =(1UJd) cTl,J and hence I'", J” c (I" N J)7, it follows that I, J c I v J.

Therefore I v J is an upper bound of I, J.

Suppose H €A(L) is an upper bound of I, J, then I, J ¢ H, by theorem 2.1.4(3)
JH < I', J°, therefore H'c I' N J* and hence (I'N J)"c H”. Thus I vJ c H and
hence I v J is a lub of I, J. This implies that (A (L), A, Vv) is a lattice.

Since (0]" = L and L" = (0], it follows that (0], L € A(L). (O] and L are the least

and greatest elements of A(L) , therefore (A(L), A, v ) is a bounded lattice.

LetI €A (L), then I"'eA(L) since I' =I"", also, IN "= (0] and I v I" = (I" N [")" = (I"
N I)" = (0] = L. Thus I'" is a complement of I, therefore (A (L), A, v, *, (0], L) is a

complemented lattice.

LetI, J, K €A(L) , we shall prove that v (JAK)=(IVvJ)A(IVK),Iv(JAK) c(I
v J) A (Iv K), now, we prove that (IvJ)A(IvK)cIv (JAK).

We first prove that (IvJ)AKcIv (JAK),wehaveI N KN [I'N (J N K)] = (0], it
follows by theorem 2.1.49) KN I'NJ N K)"c I".

Andalso KNT'N(J NK)"cJ*, hence KNI'N (J N K)"'<I"N J, therefore [K N
I'rn dNkyn@@rndy) =(0], henceI'N (J N K)'"N [K N (I" N J)*] = (0], thus K N
r'NJY)yc "N J NKT, hence, weget Iv JJAKcIv (J N K), now, (IvJ)N(I
v KjlclIv[dnN(Iv K)J=Iv [IvK)NJclv [Iv (K NJ), therefore A(L)is

distributive lattice

Thus (A (L), A, v, *, (0], L) is a Boolean Algebra
Since (N;c44i)™ = Niea(4)™ = N;c44i for each AieA (L), this implies

(A(L) ,A, v, *, (0], L) is a complete Boolean Algebra
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2.2Annihilator Preserving Homomorphism

In this section, we introduce the concept of annihilator preserving
homomorphism and derive a sufficient condition for a homomorphism to be
annihilator preserving. We prove that the image and inverse image of
annihilator ideal are again annihilator ideals. Finally, we prove that for any
ideal I of L there exists a homomorphism f from L in to Homy(I) such that Ker(f)
=TI

Definition 2.2.1Let L and L’ are two ASLs with zero elements O and 0’
respectively, then a mappingf : L —» L' is called a homomorphism if it satisfies

the following:

(1) flaob) = f(a) o f(b) foralla,b e L
(2) £(0) = 0.

The kernel of the homomorphismf : L - L’ (both L and L' are ASLs with O and
0’ respectively) is defined by Ker (f) ={x € Ll f(x) = 0}, and Ker (f) is an ideal of L.

Lemma 2.2.2 Let L and L' are two ASLs with zero elements O and 0O’

respectively andf : L —» L' is a homomorphism, then we have the following:

(1) If f is onto, then for any ideal I of L, f(I) is an ideal of L'.
(2) For any ideal J of L', f-1(J) is an ideal of L containing Ker (f).

Proof: (1) Suppose f is onto and I is an ideal of L, then f(I) = {f(x) | x € I} is non-
empty.

Let f(x) ef(I) and b € L', since f is onto, there exists a € L such that b = f(a)

now, f(x) ob =f (x) o f(a) = f(x 0 a) €f(I) since x o ae I, thus f(I) is an ideal

of L.
(2) Suppose J is an ideal of L', we have f-1(J) = {x € L| f(x) € J}.

Since J is an ideal of L', O’ = f(0) € J. Hence f-1(J) is non-empty.
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Let x ef-1(J) and a € L, then f(x) € J and f(a) €f(L) < L', therefore f(x o a) =
fx) o fla) € J.

Hence x o0 aef-1(J), thus f-1(J) is an ideal of L, let x eKer (f), then f(x) =0 €
J.

Hence x €f-1(J), therefore f-1(J) is an ideal of L containing Ker (f).

Lemma 2.2.3 Let L and L'are two ASLs with O and 0’ respectively and letf :

L— L' is a homomorphism, then f((a]) < (f(a)] (a € L), moreover, if f is onto,

then f((a]) = (f(a)].

Proof: Let f(x) €f((a]), then x € (a] and hence x = a 0 X, it follows that f(x) =
flao x) = f(a) o f(x), therefore f(x) € (f(a)], thus f((a]) < (f(a)] ----------- (1)

Now, suppose f is onto, let t € (f(a)], since f is onto, there exists x € L such
that f(x) = t, it follows that f(x) = f(a) of(x) = f(a o X) €f((a]), therefore t = f(x)
€f((a]), hence (f(a)] =f((a]) ------------ (2)

Thus from (1) and (2)f((a]) = (f(a)]-

Theorem 2.2.4 Let L and L' are two ASLs with O and 0’ respectively andf :

L— L' be a homomorphism. Then for any non-empty subset A of L, we have
fAY) = (F(A)".

Proof: Let a ef(A") and y €f(A), then there exists b € A" and x € A such that
a = f(b) and y = f(x), now, aoy = f(b) of(x) = f(b o x) =f(0) = 0’, therefore ao y
= 0', hence a € (f(A))", thus f(A") < (f(A))".

Definition 2.2.5 Let L, L' be ASLs with zero elements O and 0’ respectively
and let f : L > L’ be a homomorphism, then f is called annihilator

preserving if f(A") = (f(A))", for any {0} c A c L.

Example 2.2.1Let A = {0, a} and B = {0, b1, by} be two discrete ASLs. Write L =
AxB = {(0, 0), (O, b1), (O, bg), (a, 0), (a, b1), (a, b2)}. Then (L, o, 0) is an ASL with O
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under point-wise operations, where the zero elements in L is O = (0, 0). Let L' =

{0, d, e, f} be another ASL in which the operation o is defined as follows:

o O|0
o|o|o|o|o
Qoo A
olo|lo|lolo
= o olo|

Now, define the mappingf : L — L’ by f((0, 0)) = O, f((a, 0)) = d, f((0, b1)) = f((O,
bo)) = e, f(( a, b1)) = f(( a, b2)) = f. Then f is a homomorphism from L on to L'.

Definition2.2.6 An element a in an ASL with O is said to be dense element if

[a]” = {O}.

It can be easily observed that every unimaximal element is dense. But, dense

element need not be unimaximal. Consider the following example.

Example2.2.1 Let A = {0, a} and B = {a, b1, bo} are two discrete ASLs. Let L = A
x B = {0 0), (0, by), (0, by), (a, 0), (a, b1), (a, b2)}. Define a binary operation o on

L under point-wise:

(0, 0) (0, b1) | (0, b2) (a, 0) (a, b1) | (a, b2)

(0]
0,0 | (6,0 | (0,0) | (0,0 | (0,0) | (0,0) | (0,0)
(0,b1) | (0,0) | (0,Db1) | (0,b2) | (0,0) | (0, b) | (0, b)
(0,b2) | (0,0) | (O,b1) | (O,bg) | (0,0) | (0, b1) | (0, bo)
(@,0) | (0,0) | 0,0) | (0,0) | (a,0) | (a,0) | (a,0)
(@, bi) | (0,0) | (0,b1) | (0,b2) | (@, 0) | (a, bi1) | (a, b)
(@, by | (00) | (0,b1) | (0,b2) | (a,0) | (a, b1) | (a, bo)

Now, let L' = {(0, 0), (O, b1), (O, bo), (a, b1), (a, ba)}, then L' is a sub ASL of (L, o,

0), in L/, (a, bi), (a, b2) are only unimaximal elements, now, ((0, b1)]" = {(O, O)},
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so that (0, b1) is a dense element, but not a unimaximal element in L', because
(O, by) o (a, b1) = (0, by) # (a, b1). Similarly (O, b2) is also a dense element but not

unimaximal element.

Definition 2.2.7 An ASL L with O is said to be dense if [a]" = {O} for alla (# O) €
L.

Theorem2.2.8 Let L and L' are two ASLs with zero elements O and O’
respectively and letf : L — L’ be a homomorphism, if Ker (f) = {O} and f is onto,

then both f and f-! are annihilator preserving.

Proof: Let A be a subset of L such that (0] ¢ A < L, then f(A") < (f(A)" by
theorem 2.2.4---------- (1)

Now, let x € (f(A))", since f is onto, there exists y €L such thatf(y) = x € (f(A))",
hence f(y) o f(a) = O' for all a € A, this implies that f(y o a) = 0’ and hence y o ae
Ker(f) = {0}, it follows that y o a = O for all a € A, therefore y € A", hence x = f(y)

ef(A)

This implies (f(A))* < f(A") ----------------—-- 2)
From (1) and (2) (f(A))" = f(A')

Therefore f is annihilator preserving

Again, let (0] c A c L, it is enough to prove that f-1(A%) = (f-1(A))’, let x € (f-}(A))7,
then x 0 a = 0 for all a ef-1(A), hence x 0 a = O for all f(a) € A, it follows that f(x)
of(a) = f(x o a) = f(0) = 0’ for all f(a) € A, therefore f(x) € A" and hence x f-1(A").

Thus (f-1(A)) Cf-H(AY) ~--nmrmmrmmemmemmemeemen (1)

Conversely, suppose x €f-1 (A") and aef1(A), then f(x) € A" and f(a) € A, hence
f(x 0 a) = f(x) of(a) = 0, thus x 0 a € Ker (f) = {0}, therefore x 0 a = 0, for all a €f-
1(A), hence x €(f1(A))", therefore f-1(A") < (f1(A))" ------------—---- (2)

From (1) and (2) we getf-1(A") = (f-1(A))".

Therefore f-! is annihilator preserving
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Theorem2.2.9 Let L and Lare two ASLs with zero elements 0 and 0’
respectively, letf : L — L be annihilator preserving homomorphism such that
Ker (f) = {0}, then A" = B* if and only if (f(A))" = (f(B))* for any non-empty subsets
A and B of L.

Proof: Suppose A* = B*, then f(A") = f(B).

Since f is annihilator preserving, (f(A))* = (f(B))".

Conversely, assume that (f(A))" = (f(B))", lett € A", thentoa=0forallae A,
hence f(t o a) = f(0) = 0, therefore f(t) o f(a) = O for all a € A, it follows that f(t)
e (f(A))* and hence f(t) € (f(B))*, therefore f(t) of(b) = O for all b € B, hence f(t o
b) = 0, therefore t o b e Ker(f) = {0} forallb € B, we get t o b =0 for all b € B,
therefore t € B".

This implies A" C B -----———---cmeemm - (1)

Conversely let t € B, then t o a = O for all a € B, hence f(t o a) = f(0) =0’
therefore f(t) of(a) = O for all a € B, it follows that f(t) € (f(B))* and hence f(t) e
(f(A))*, therefore f(t) o f(b) =0 for allb € A, hence f (t o b) = 0, thereforeto b €
Ker(f) = {0} for allb €A, we gett o b =0 for all b € A, therefore t € A", hence B" ¢

Therefore from (1) and (2) A* = B".

Theorem 2.2.10 Let L and Lare two ASLs with zero elements 0 and O

respectively and letf : L — L is homomorphism, and then we have the following

(a) If f is annihilator preserving and onto, then f(I) is annihilator ideal of L
for every annihilator ideal I of L.
(b) If f-! preserves annihilators, then f-1(J) is an annihilator ideal of L for

every annihilator ideal J of L.

Proof: (a) Suppose f is annihilator preserving homomorphism which is onto

and suppose I is an annihilator ideal of L, then by lemma 2.2.2(1)f(I) is an ideal
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of L, since f is annihilator preserving, (f(I))* = ((f(I)")* = (f(I))" = f(I*') = f(1),

therefore f(I) is an annihilator ideal of L.

(b) Suppose f-! preserves annihilators, let J be an annihilator ideal of L,
then by lemma 2.2.2(2), f-1(J) is an ideal of L. Since f-! preserves
annihilators, we get (f1(J))" = (/1)) = (F1W)" = F107) = £1(J).

Therefore f-1(J) is an annihilator ideal of L.

Corollary 2.2.11 Let L and L be two ASLs with zero elements 0 and O
respectively and letf : L — L be homomorphism such that f-! preserves

annihilators, then Ker (f) is an annihilator ideal of L.

Proof: Since Ker (f) = f1((0]) and (0'] is annihilator ideal of L, by the above

theorem 2.2.10, Ker (f) is an annihilator ideal of L.

Recall that if I is an ideal of an ASL L with O, then I is a sub ASL with 0. Finally
we prove that if I is an ideal of L, then there exists a homomorphism whose

kernel is the annihilator of I. First we need the following lemma.

Lemma 2.2.12 Let L is an ASL with 0 and I be an ideal of L, then the set
Homy(I), of all endomorphism on I is an ASL under the operation o defined on

Homy(I) by (f o g)(X) =f(x) o g(x) for all x € I.

Proof: Since I is non-empty Hom. (I) is a non-empty set and the identity map
on I belonging to Homy (I). Also, Homy(I) is an ASL under the binary operation
0, now, definef,: I — I by f,(x) = O for all x € I, then f, EHomy (I). Also, for any
f€Homy(l) and x € I, consider, (f, of)(X) = fo(x) 0f(X) = 0 o f(xX) = 0 = f,(x),

therefore f,o f = f,, hence f, is the zero element in Homy (I). Thus Homy (I) is

an ASL with zero elementf,.

Theorem 2.2.13 Let L is an ASL with O, then for any ideal I of L there exists a
homomorphism f from L to Hom. (I) such that Ker (f) = I".
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Proof: Let I be an ideal of L, now, fixr € L and define 6:: I - I by 6:(x) =xor
for all x € I. We shall prove that 6: eHomy (I), since I is an ideal of L, we get 6:(x)
=xorel,andletx,yel,thenf: (Xoy)=(xXxoy)or=(Xoy)o(ror)=xo(yo
(ror)=xo((yor)or)=xo(roy)or)=(xXxo(roy)or=(xorjoy)or=(xor
o (y or1) = 06:(x) 0 6:(y). Also, 0-(0) = 0 o r = 0. Thus 0 is a homomorphism, hence
6r € Homy (I). Now, definef : L —Homy (I) by f(r) = 6: for all r € L, and, now, let
r,s € L, then f(ros) =06r,s, now, foranyx € I, 6:,s(X) =x0o(ros)=(Xxox)o(ro
s)=xo(Xo(ros))=xo(xorJos)=xo(frox)os)=xo(ro(xos))=(xor)o
(x 0 s) = 0:(x) 0 Bs(x) = (0r 0 Os)(x), therefore 6:,s = 0: 0 Os, thus f(r o s) = f(r) of(s).
Also, f(0) = 60. Now, 0o(x) = x 0 0 = 0 = f,(x) for all x € I. Therefore 0o =f,. Thus f
is a homomorphism. Hence Ker (f) is an ideal of L. We now prove that Kerf = I".

Consider,

r € Ker(f)<f(r) = 60, which is the zero element of Homy(I).
<0r = 0o

<0:(x) = 0o(x) for all x € 1

oxor=00x)=0forallx el

crel

Therefore Ker (f) = I".
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3. Conclusion
In this project we discussed the concept of semi lattice, almost semi lattice

and lattice and gave the definition of these mathematical structures, and
also discussed about ideals and annihilator ideals in almost semi lattice
with 0. And proved some properties of annihilator ideals and gave some
examples of annihilator ideals. Also we introduced the concept of Boolean
algebra and the concept of homomorphism of two almost semi lattice are

discussed and some annihilator preserving homeomorphisms are derived.
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