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Abstract

In this project we define skew Heyting almost distributive lattice and characterize it as a skew
Heyting algebra in terms of congruence relation defined on it. Moreover, we also present
different conditions on which an ADL with maximal element m becomes skew HADL and a skew
HADL to become skew Heyting algebra. We define an equivalence relation 6 on a skew HADL and
prove that 0 is a congruence relation on the equivalence class[x]g. SO we generalized that each
congruence class is a maximal rectangular sub-algebra. Further in order to clarify more, we give
three examples that verify skew HADL. The achieved properties reveal that skew HADL
generalizes skew Heyting algebra. Finally, we prove different theorems, corollaries and lemmas
related to skew HADL.
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Chapter one

Introduction and Preliminaries

1.1 Introduction

The foundation of modern theory of skew lattice was laid by Jonathan Leech in 1989. As a
continuation of this studies Karin Cvetko-vah [5] develop Heyting algebra as a bounded lattice
(with join and meet operation written V and A with least element 0 and greatest element 1)
equipped with a binary operation a — b of implication such that c A a < b is equivalentto ¢ < a
— b and it was first investigated by T. Skolem about 1920. Heyting algebra is named after a
Dutch Mathematician Arend Heyting, and was introduced by G.Birkhoof and was developed by
H.B.Curry around the year 1963. The notion of skew Heyting algebra was introduced by Karin
Cvetko-vah [5] as a generalization of Heyting algebra with top element and need not contain

bottom element.

On the other hand the concept of an almost distributive lattice (ADL) was introduced by
U.M.Swamy and G.C.Rao [13] as a common abstraction of existing ring theoretic
generalizations of Boolean algebra and distributive lattices. In the theory of skew lattice, it is
proved that every interval in Heyting algebra is Heyting algebra. This leads to develop Heyting
almost distributive lattice (HADL). For this cause G.C.Rao, Berhanu Assaye and
M.V.Ratnamani introduce Heyting ADLs (HADLS) as a generalization of Heyting algebra in the

class of ADLs, and they characterize an HADL in terms of the set of all of its principal ideals.

After dealing the concept of HADL, B. Assaye, M.Alemneh, and Yeshiwas Mebrat extend an
ADL with maximal element m and without zero. As a result they introduce the concept of skew
Heyting Almost Distributive Lattice with a number of important laws and results satisfied by
skew Heyting algebra.

The project is mainly divided into 2 chapters. In chapter-1, the necessary definitions and results
(from different sources) that used in proving lemmas, theorems and corollaries in the subsequent
chapters are collected. In Chapter-2, we introduce the concept of Skew Heyting Almost

Distributive Lattice (or simply Skew HADL) and derive some important properties of Skew



HADL. In this chapter, we also define an equivalence relation 6 on a skew HADL and shows
that:

e 0is a congruence relation on each equivalence class.

e Each congruence class is a maximal rectangular sub-algebra of the equivalence class.

Moreover, we prove that every interval in a Skew HADL is Skew HADL and a binary operation

— on a skew HADL H can be defined by x > y=(xXVYy)Am) yam — (Y Am).

In general the development of Skew HADL is described in the chart as follows;

Skew
lattice \
Lattice / J
Strongly
Co-strongly distributive skew
distributive skew lattice
X lattice
Distributive
lattice Almost
distributive
X lattice
Bounded
distributive h
lattice Heyting almost
x distributive lattice
Heyting Skew Heyting
algebra " algebra /
Skew HADL




1.2. Preliminaries
In this section the necessary definitions and results on; lattice, almost distributive lattices,
Heyting algebras, Heyting almost distributive lattices, skew lattices and skew Heyting algebras

which will be used in the next section are described.

Definition 1.2.1 ([10]) A none empty set H together with two binary operations v and A
(read “ join” and “meet” respectively) on H is called a lattice if it satisfies the following

identities;

1. Commutative laws
a. XVYy=yVX
b. X AY=yAX
2. Associative laws
a. xv(yvz=xvy)vz
b. XA(YAZ)=(XAY)AZ
3. Idempotent law
a. XVX=X
b. XAX=x
4. Absorption law
a. X=XV (XAY)

b. x=xA(xVYy),forall x,y €H.

Example 1.2.1 (P(A), v, A) is a lattice (under set inclusion <) for any set A, where P(A) is the
power set. The join operation is the set operation of union and the meet operation is the operation

intersection; thatis v,=Uand A=0N.

Remark 1.2.1 If (H, v, A) is a lattice, then an element a of H is called zero element or least
element of H, ifa A x = afor all x€ H. If H has a least element, then it is unique and it is
denoted by 0. Similarly an element a of H is called one element or greatest element of H, if a A

x = x,forall x e H. If H has a greatest element, then it is unique and it is denoted by 1.

Definition1.2.2([3]) A lattice (H, V, A) is called a distributive lattice if the meet and

join operations distribute each other. Thatis; for x,y,z € H the following holds;

1. xV(yAz)=xxV y)A(xVz)



2. xA(yVz)=(xAy)V(xAz)

Definition 1.2.3 ([10]) An algebra (H, V, A, 0, 1 ) with two binary and two nullary

operations is bounded distributive lattice if;

1. (H,V,A)isdistributive lattice
2. xA0=0and xV1=1, for all xeH

Definition 1.2.4 ([6]) An algebra (H, Vv, A) of type (2, 2) is called an almost distributive lattice if

it satisfies the following axioms;

1. xvy)Az=xANzZ)V (Y A2
2. x AN(yvz)=(xAy)V(x A 2)
3. xVy)Ay =y

4. xVy) Ax =x

5. x V(x ANy) = xforallx,y,z € H.

Theorem 1.2.1 ([6, 13]) Let H be an ADL with 0. Then for any w,x,y,z € H, we have the

following.

XVy=x S xANy =1y
XVy=yS xANy =x
XNy =y Ax = xwheneverx <y

A IS associative

“r & w N

XANYyANZ=YyANXxAZ

6. X VYy)ANz=(yVx)Az

7. x ANy <yandx <x V y

8. x AN\(WAx) =y AxandxV (xVy)=xVy=(xVyVy
9. x Ax = xandx V x = x

10.x A0 = 0and0 vV x = x

11w Vv xVyY)IAnz ={(wVXx)V YAz

12.If x < zandy < z,thenx Ay = y Axandx Vy =y V x

13. x is less than or equal to y and written X<y if x Ay =x

Definition 1.2.5 ([7]) If (H, V, A, 0)isan ADL and for any a, b € H define a <b if and only if

a= a A b, then < is a partial order on H.

Theorem 1.2.2 ([8]) Let H be an ADL. Then the following are equivalent;

4



H is a distributive lattice.
V is commutative in H.

A IS commutative in H.

A

V is right distributive over A in H.
Definition 1.2.6 ([9]) An element m in an ADL H is said to be maximal if for each a € H

m < a,impliesthata = m.

Theorem 1.2.3 ([9]) Let H be an ADL. For any m € H the following are equivalent.

1. mis maximal element
2. mVx = mforallx € H

3. mAx = x,forallx € H
Definition 1.2.7 Let (H, v, A, 0) be an ADL with 0 and X, y € H such that x <y. Then the set

[x,y] ={a € H| x <a<y}iscalled an interval in H and every interval in an ADL H is a

bounded distributive lattice under the induced operations v and A.

Definition 1.2.8 ([2, 5]) An algebra (H, Vv, A,—,0,1) of type (2,2,2,0,0) is called a Heyting

algebra if it satisfies the following conditions.

1. (H: v, A 0,1)isabounded distributive lattice

2. x > x =1

3. y<x -y

4. x AN(x > y) =x Ay

5. x> WANz)=(x->yY)AN (x> 2)

6. xVy = z=(x->2)ANy - z),forallx,y,z € H.

Example 1.2.2 Let A be a total order set that has a least element 0 and greatest element 1.Then

Lifx<y

y, otherwise is Heyting algebra.

forall x,y € A and — be a binary operationon Aby x - y = {

Lemma 1.2.1 ([5]) In any Heyting algebra H, forall x,y € H, Xx—>y=(yvXx) >y

Definition 1.2.9 ([2, 6, and 12]) Let (H, V, A, 0, m) be an ADL with 0 and a maximal element

m. Suppose — be a binary operation on H satisfying the following conditions;

1. x > x=m



2. x>y Ay =y

B xAN(x=>y)=xAyAm

4 x> WAz)=(x->y)A K- 2)

5. @xVvy = z=(x—-2)ANly - z),forallx,y,z € H.

Then (H, Vv, A, —,0,m) is called a Heyting almost distributive lattice (HADL)

Remark 1.2.2 (1) Equivalent to the above definition Heyting algebra is an algebra (H, Vv, A, =,
0, 1) such that (H, v, A, 0,1) is a bounded distributive lattice that satisfies the condition x A

y<zifandonlyifx <y - z.

(2) Let H be an HADL and — be a binary operation on H such that x -» y € H for any
X, y € H. Theny < x — yimplies that (x - y) Ay = y, but the converse is not
always true. The converse becomes true whenever H is a lattice, and therefore an
HADL becomes Heyting algebra.

(3) Every Heyting algebra is Heyting almost distributive lattice (HADL).

Theorem 1.2.4 ([2]) Let (H, Vv, A,—, 0, m) be an HADL. Then the following are equivalent.

1. His Heyting algebra.
2. Foranya,b,c € Hha ANc<b & c<a - b

3. b<a - bforalla,b € H.

Lemma 1.2.3 ([6]) Let m be a maximal element of a Heyting almost distributive Lattice

(HADL) H. Then for any x, y, z €H, the following conditions hold:

a x <y=x—y=m.

b. m->x=xAm.

C. x—>m=m

d X=>@-2)]Am=[(xAy)—>z] Am

e. x> —2)]Am=[y—->(x~-2)] Am

Theorem 1.2.5 ([2]) Let H be an ADL with 0 and a maximal element m, then the following are

equivalent;

1. Hisan HADL
2. [0,a]isaHeyting algebraforalla € H
3. [0, m] is a Heyting algebra.



Definition 1.2.10 ([2]) Let H be a none empty set and 6 be a binary relation on H (that is

6 < HxH ).Then 8 is said to be equivalence relation on H if 8 satisfies the following;

I. Reflexive:(x,x)€ 8, Vx €H
i.  Symmetric:(x, y) € 8 impliesthat (y, x) €6,Vvx, y € H
ii.  Transitive:(x, y) € 8 (y, z) € 8 imply that (x, z) € 6,V x, y € H, we write x8y for
(x.y) €6

Definition 1.2.11 ([1]) An equivalence relation & on Heyting algebra H is called a congruence

relation if for all a, b,c,d € H and (a,b) € 6, (c, d) € 6.Then we have the following;

1. (aAnc, bAad)eB
2. (@ave bvdesd
3. (@a—>c¢ b - d)e-.

Lemma 1.2.4 ([2]) Let H be a Heyting algebra, then an equivalence relation 6 on H is a

congruence relation if and only if for any (a,b) € 6,d € H;

1. (andbAnd)eb
2. (avdbvd) edo
3. (@a—>db—->d)e?f
4. (d - a,d - b) €0

Definition 1.2.12 ([5]) A skew lattice is an algebra (S, A, V) of type (2, 2) such that A and v are

both idempotent and associative, and they satisfy the following absorption laws;

L. xANxVy) =x=xV(xXAY)
2. xAyY)Vy =y =(xVy) Ayforalxy € S.

The natural partial order can be defined on a skew lattice S by stating that x < y if and only if
xXVy=y=yVxorequivalentlyxAy = x = y A x,forx,y € S.

Definition 1.2.13 ([12]) A skew lattice is called strongly distributive if for all x,y,z € S it

satisfies the following identities;

L. xA(yVvz)=xAYy)V(xAZ2z
2. XVyY)YANz=(xAN2zZ)V (YA 2Z).

And skew lattice is called co-strongly distributive if it satisfies the identities;
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lxv (yANz)=((xVy AKXV 2)
2.x Ay)Vz=(xV2z)A(V 2).

Definition 1.2.14 ([12]) A skew lattice with top 1 is an algebra (S, Vv, A, 1) of type (2, 2,0) such

that (S; A, V) is skew lattice and xv1=1=1v xor equivalently x Al=X=1AX Vx €S.

Definition 1.2.15 ([2, 5]) An algebra (S, v, A,—,1) of type (2,2,2,0) is said to be a skew

Heyting algebra whenever the following condition satisfies;

1. (S, Vv, A1) isaco-strongly distributive skew lattice with top 1.
2. For any a€ S, an operation —, can be defined on aT= {a V x V a|x € S}
such that (u T: v, A, —4, 1, a) is a Heyting algebra with top 1 and bottom a.

3. Aninduced binary operation — from — is defined on S by

x >y =QVxVy) —oyy

Theorem 1.2.6 ([5]) Let (S: v, A, —,1) be an algebra of type (2,2,2,0) such that(S; v, A, 1) is
a co-strongly distributive skew lattice with top 1.Then (S: v, A, —, 1) is a skew Heyting algebra

if and only if for all X, y, u € S, we have the following axioms;

Dx—>y=(yvxvy)->y

(2)x > x=1

BXA(X—> Y)AX=XAYAX
(ADya(x—>y)=yand(x > y)Ay=y
BG)IX>Uv(iyrz)vu)=(X—>Uvyvu)a(X—(uvzvu))

Remark 1.2.3 (1) A skew Heyting algebra becomes an ADL if it is strongly distributive skew

lattice

(2) Every lattice is skew lattice
(3) If a skew Heyting algebra H contains bottom element, then it isa HADL.



Chapter two

Skew Heyting Almost Distributive Lattices

In this section, we introduce the concept of skew Heyting almost distributive lattices (skew
HADLSs) and, characterize it in terms of skew Heyting algebras and congruence relations defined
on it. Throughout this section H stands for an ADL with a maximal element m but without 0, and

(i) Foranyae H, Ha={xAa|x € H}
(i) For any a € H, —x is the binary operation defined on Ha
(iii) For any b, ¢ € H, p— is the binary operation defined on [b, c].

2.1 Definition and Examples of Skew Heyting Almost Distributive Lattice

As we just defined in chapter one skew Heyting algebra is a generalization of Heyting algebra.

It has a top element and need not to contain bottom element.

Definition 2.1.1 Let H be an ADL with a maximal element m and without 0. Then H is said to be

a skew HADL if to each a € H the algebra (Ha, V, A, —4, @) is a skew Heyting algebra.

Example 2.1.1 Let H be an ADL with a maximal element m and b € H. For any a € H such that

a < b define a binary operation .— on [a, b] by

b,if x<y

", Then Hisaskew HADL.
y, otherwise

Xa—>y:{

Solution:

1. Since H is an ADL with maximal element m, then by Theorem1.2.1 (12) for all x,y €
H
XAy=yAxandxVy=yV X. Hence, both A and v are commutative in an ADL. Then
by Theorem 1.2.2 v is right distributive over A. Hence, H is distributive lattice.
Therefore, Hy is co-strongly distributive skew lattice.
2. Forall x,y,z € [a, b] the following holds;
i.  Since every interval in an ADL is bounded distributive lattice under the operation

v and A implies ([a, b]: v, A) is bounded distributive lattice.

9



. Asx <x,Xa—x=b

. Yy<Xa>Dy cooeeninnn. Sincey <bandy= Xa—vy

XAb=xANYyAb=xAy,ifx <y
x Ny, otherwise

bifx<yAz

y A z, otherwise

iv. xA(xa—>y)={

V. xa—>(y/\z):{

_(bif x<yandx <z
(Xa=y) A (X2 2) _{ y A z, otherwise
In both cases X a— (yAz) = (Xa— y) A (X a— 2)

byif xVy <z
z, otherwise

bjifx<zandy <z

Vi. XV zZ= .
(xVy)a— { z,otherwise

and (xa—>z)/\(ya—>z):{

Now, both cases (X VYY) a—m z= (X a—> 2) A (Y a— 2).
Thus by the above conditions ([a, b]: v, A, a—) is Heyting algebra.

3. The binary operation on Hy induced from .— be defined by
X—=pY=(YVX)y> ¥V .o, [By lemma 1.2.1]
S(YVXVY)y—> Veorinn.. [SinceyvxVy=yVX]
Hence, (Ho: Vv, A, —b, b) is a skew Heyting algebra and therefore H is a skew HADL.m

Example 2.1.2 Let H be an ADL with a maximal element m. For any a € H, the binary operation

ifx <
m,if X<y .Then H is skew HADL.

—a 0N Ha define byx —ay = {y, otherwise

Solution;1. As verified by Example 2.1.1 Ha is co-strongly distributive skew lattice.

2. Forall x,y,z € Ha the following holds;
a. X —aX=m

mAy=y,ifx<y

b. (X —>aY) Ny = ‘y ANy = y,OthBTWise

(x Am=xAyAm,ifx<y

C. XA(X = .
(X =2y) XAy =xAyAm,otherwise

mifx<yAz
y A z,otherwise

mifx<yandx <z

d x—a(yAz) =) y A z,otherwise

and (x—>ay)/\(x—>az):{

Impliesx —a (YA Z)=(X —=ay) A (X —a2)

mifxvVy<z
z,otherwise

e. (xvy)—»az:{

mifx<zandy <z
z, otherwise '

10
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Thus Ha is HADL and in both cases y < x —a Y, then by Theorem 1.2.4 H, is Heyting
algebra.
3. The binary operation —a on H, can be defined by
X—=aYZ(YVX) DYy o, [By lemma 1.2.1]
Z(YVXVY) SyY . [Since (y VX Vy)=(yVX)]

Hence, (Ha: V, A, —4, @) is Skew Heyting algebra.
Therefore H is skew HADL.m
Example 2.1.3 Every Heyting algebra is skew HADL.
Solution; Suppose H is Heyting algebra.

1. Since Heyting algebra is distributive lattice and H is co-strongly distributive skew lattice.
2. Now, forall x,y,u € H and — is binary operation on H. Then the following holds.

. x->y=QVXVy)->y...... [by Lemma 1.2.1]

ii. x->x=1............. [since H is Heyting algebra]

iii. XANX>Y)AX=XxAYAX

iv.  yAlx-y)=yandx->y)Ay=y

V. x->W@Vv@Az)vu)=x->((uvyvu)A(uVzVvu))...[Since

Heyting algebra is distributive lattice]

>x->wWwviArz)vu) =x->wVyVvVuAx->(uVvzvu)
Then by Theorem 1.2.6 (H: v, A, —,1) is skew Heyting algebra.
Therefore, H is skew HADL.m
Remark 2.1.1 (1) An ADL H with maximal element m is co-strongly distributive skew lattice.

(2) Let H be a skew HADL. If we include 0 to H, then for each a € H, Ha = [0, a] is a skew
Heyting algebra. Particularly if a = m, then [0, m] is a skew Heyting algebra. Thus for each b €
[0, m], ([b, m]: Vv, A, b—, b, m) is a Heyting algebra. Now, taking b = 0 makes ([0, m]: V, A, p—,
b, m) is a Heyting algebra and Hence by Theorem 1.2.5 H is an HADL.

(3) From Theorem 1.2.1(12) and Theorem 1.2.2 we can deduce that in a Skew HADL H with
maximal element m;

i. Both v and A are commutative in H.

ii. v and A are distributive to each other in H.

11



2.2 Properties of Skew Heyting Almost Distributive Lattice and Characterize
it by Skew Heyting Algebra

In the above examples we have seen, there are an algebra which satisfies definition of skew
HADL and every Heyting algebra is skew HADL. In this section we give necessarily and

sufficient condition for an ADL with maximal element m to become skew HADL and investigate

some of its algebraic properties.

On the rest of this section, H stands for a skew HADL (H, Vv, A, —, m) unless otherwise

specified.

Theorem 2.2.1 Let (H: v, A, m) be an ADL with a maximal element m. Then (H, Vv, A, —, m) is

a skew HADL if and only if the following conditions hold;

1. Foranyb € H, ([b, m], V, A, b—, b, m) isa HADL
2. A binary operation — on H can be defined by

X—=>y=(xVYy)AM) yrm— (Y Am).

Proof, (1) Let H is a skew HADL. Since H has maximal element(s), for each b €H there exist a
maximal element m such that b< m and we have Hn={b Am 1b € H} = {b Ib € H}, hence, b €
Hm. From the definition of skew HADL for any a € H, Ha is a skew Heyting algebra. In
particular for a = m, Hm is a skew Heyting algebra. Consequently, from the definition of skew
Heyting algebra for any b € Hm, ([b, m], V, A, b—, b, m) is a Heyting algebra so that ([b, m], v,
A, b—, b, m) is a HADL.

(2) Since Hm is a skew Heyting algebra, the induced operation —mn 0N H,, from ,— on
[b, m]isgivenby x ->my=(yVXVYy)y—>y.
Thus it is possible to define a binary operation — on H by x — y = (X A m) —m (Y A m). But,

XAM)>niyAmM=((yAMVXEXAM)V(YAM)yrm— (y Am)...[As Hn is Skew Heyting
algebra]

=((yvxvy) Am)yam— (yAM)............. [Right distributive of A over V]
=(XVvy)Am)yam— (yAm)........ [Sinceinan ADLYV XV y=xVYy]

And hence x —» y=((X VY) AM)yam— (y A m)

12



Conversely, suppose conditions (1) and (2) hold and let a € H. Then Ha is a co-strongly
distributive skew lattice. By (1) for any b € Ha, [b, m] is a HADL. Since H has maximal element
and for some maximal element m in H, a < m so that [b, a] < [b, m]. Theorem 1.2.5 asserts that
([b, a], v, A, b—, b, a) is a Heyting algebra. The maximal element in Ha IS &, thus using (2) it is

possible to define —4 on Ha by

X =2y =((XVYy)Aa)yra— (yAa).

But(XVYy)Aad) yra— (YAQ)=((YVXVY)AQ)yra— (YAQ)...[SinCeyVXVYy=XVY]
S(YVXVY) Yy Ve, [By 2]

Andhence x —ay=(YVXVY)y—>y.

Therefore (Ha, V, A, —4, @) is a skew Heyting algebra so that H is a skew HADL.m

Corollary 2.2.1 For any a € H, [a, m] is a Heyting algebra.

Proof, Since H is skew HADL with maximal element m. For each a€ H, a < m. Hence, a €
H,,. Now, from the definition of skew HADL, H,, is skew Heyting algebra. Then by definition

of skew Heyting algebra for any a € H,,,, ([a, m], V, A =— a, m) is Heyting algebra.m
Lemma 2.2.1 For any b € H, [b, m] is a skew HADL.

Proof, From Corollary 2.2.1 for any b € H, [b, m] is Heyting algebra. Following this for any ¢ €
[b, m], we have [b, c] is a Heyting algebra. Since for all x,y € [b,m] the induced binary
operation p— on [b, m] from ,— on [b, c] is defined as x b= y = (y V X V y) y— y so that [b, c] is

a skew Heyting algebra with top element c. Therefore, [b, m] is a skew HADL.m
Lemma 2.2.2 Let H be skew HADL. Then forany a € H, H, is skew HADL.

Proof, Suppose that H is skew HADL. Then for any a € H, H, is skew Heyting algebra. Take
any b € H,, as b € H, Hy, is also skew Heyting algebra. Therefore H, is skew HADL.m

Corollary 2.2.2 Let H be a skew HADL. If x,y € Hsuch that x < yand a, b € [y, m], then
ax— b=a y— b.

Proof, Let X, y € H such that x <y, Then [y, m] € [x, m], if a, b € [y, m], then by closurity of

binary operation a y— b € [y, m] and hence a y— b € [X, m]. By Corollary 2.2.1 [x, m] and
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[y, m] are Heyting algebras. Since a, b € [X, m], a x— b also belongs to [x, m]. The maximal
element characterization of a x— b and a y— b on the Heyting algebra [x, m] forces the two

elements are equal. m

Lemma 2.2.3 Let H be a skew HADL. Then the following conditions hold;

x =y =Xyam—y)Am
XA(x > yY)=xAyAm
- xVy)=z=x->2)AY > 2)

el A A

x—=>y=(x—-y)Am,forall,x,y,zeH.

Proof, Let H is a skew HADL and x,y,z € H. Since by corollary 2.2.1 for any y € H [y, m]
is Heyting algebra and y A m < y implies[y,m] <[y Am,m], Thus by theorem 1.2.5

[y Am, m] is HADL. Now, we have;

1L (x yrm—=Y)AM=X yam—> YY) AMAM ..o, [Since m A m =m]
=(x yrm= Y AX yam—m)AM [By Lemma 1.2.3(3)]
=((xyam—=>(FAM)AM ..o [Since [y A m, m] is HADL]
=(Xyam— (Myam—Y)Am............... [By lemma 1.2.3(2)]

=(Myam— Xyam—Y)AM . o [By Lemma 1.2.3(5)]
S(XAMyam—Y)AMAM ..o [By Lemma 1.2.3(4)]

=(XAM) yam— Y)A((XAM) yam— M) Am ... [Since [X AM) yam—m=m]
S(XAMyam— (YAM))AM ..o, [By Definition 1.2.9 (4)]

= ((xAm) yam— (y AM)A ((y A m) yam— (y A m))...[Since (y A M)yam—(y Am) =m]

S((XVY)AM)gam— (YAM) oo, [By definition 1.2.9(5)]
=X D Y i [By Theorem 2.2.1(2)]
@DxAx-=>y)=xA{((xVy) Am)yam—= (y A m)}....... [By Theorem 2.2.1(2)]

=mAxA{((xVy Am)ysm— (¥ A m)}... [Since m is maximal element]

=xAmA{((xVY Am)yrm— (YAM)}.coooveinin. [A is commutative in ADL]
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=xAN@VY)YAMmMA{((xVY) Am)yam— (YAM)}....... [Absorption law in ADL]

=x A{((xVvy) Am)A{((x Vy) AN m)yam— (y Am)}}... [Ais associative in ADL]

=xA{((xVYyY)YAmM) AV}l [By Definition of Heyting algebra]
=xA{xVYANAmM}.......... [Associative and commutative laws of A in ADL]
=xA{((XVY)AY)AMFiiiiiiiiiiiiiiiiien, [A is associative in ADL]

= XA AM) [Absorption law in ADL]
=xAyAm

Bxvy »z={((xVy VzAmlerm— (zAm)......... [By Theorem 2.2.1(2)]
={((xVvy)VvzVvz) Amleam—=>(ZAM)...c..ooeviiiin. [Idempotent law in ADL]
={((zvx)vyvz)Am}gam—(zAmM).... [Commutative & associative of vV from

Theorem 1.2.2(11)]

= {((xv 2) AM) zam— (z AMIAL((Y VZ)AM) @ am)— (zA m)}...[Since [z A m, m] is HADL]
= (X DA D 2o [By Theorem 2.2.1(2)]

@ x>y Am=((xVy) Am)yam— (¥ A m)) Am ... [Since H is skew HADL]

={((xVvyY)Am)yam— (yAM}IA((y Am) yam— (y Am))... [By Definition of HADL]

={((xvyY)vVy) Amlyam—= Y AM)eeiiiiiininnnnnn.. [By Definition 1.2.8 (5)]
=((xvyY)y Am)gam— (Y Am)ooiin. [Since (x Vy) Vy=xVy]
T e T [As H is skew HADL]. m

Corollary 2.2.3 Letx,y € H,then (X y—> y) Am=(x > y) Am.
Proof, Let H is a skew HADL and x,y € H. Then
x> y)Am= ((x Vy) Am)yam— (y A m)) A m
={({xvy)Am)yam—= AMIA((y A m) yam— (Y Am)) ... [By Definition 1.2.9(1)]

={((xvy) VYY) Amlyam—m (Y Am)....ccoceen... [Since[y A m,m]is HADL]
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= ((xVvyY)YAm)yam— Y AM) oo, [Since x VY)VYy=XxVY]
=(XAM)yam— YAM)A(Y AM) yam— (y A m)) ...... [Since [y A m, m] is HADL]
=((xAm) yam—Y) A(XAM) yam— M) ALY A m) yam— (¥ A m))

=(XAM)yrm=>y)AmAmM

SMyam— Xyam—=Y) AM e [By Lemma 1.2.3 (5)]
X yam— Myam—=Y) AM s [By Lemma 1.2.3 (4)]
=X yam— (YAM))AM ... [By Lemma 1.2.3(2)]
=Xyam—m Y)AXyam—m)Am........ [Since [y Am, m] is HADL]
=(Xyam—Y)AMAM ... [By Lemma 1.2.3(3)]

SXy—= Y)AM [By Corollary 2.2.2] m

Lemma 2.24 Letx,y,z € Hsuchthatx A m = y A m. Then the following statements
hold,;

1. x>y=m

2. x > z=y - zandz - x =2z -y
Proof, Since H is skew HADL with maximal element m and for x,y € H, x Am = y A m.
Then,(H)x - y=((x Vy) A m)yam—= (y A m)
= ((xAm) VvV (y Am)yam=>(y A m)
=((Am)VyYAM))yim=> Y Am).......... [Sincex Am = y A m]
=W AM))yrm=> (Y Am)ooooi. [Idempotent law]
=m
Therefore, XA m = y A mimpliesx —» y=m.
@Qx->z=(xV2AMgam=>(Z A M) i, [By Theorem 2.2.1 (2)]
= ((xAm)V (zAm)eam= (2 A m)

=((Am)V(zAM))egrm= (Z AmM) ...l [Sincex Am=yAm]
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((y vV z) Am)eam— (z A m)
= Y D e [By Theorem 2.2.1 (2)]

Andsimilarly,z - x = ((zV x) A m)xam—= (x Am) .......... [By Theorem 2.2.1 (2)]
= ((zAm)V (x A m))xam— (x A m)
=((zAm)VyYAmM)yam=> Y Am)...... [Sincex Am =y A m ]
= ((zVy) Am)yam= (y A m)

ZZ O Y [By Theorem 2.2.1(2)] m
Definition 2.2.1([11]) For any congruence relation 8 on an ADL H and a € H, Now define
[a]le={bE H I1(a,b) € 8} and it is called congruence class containing a.

Definition 2.2.2 ([5]) Let D is congruence on a skew lattice S, each congruence class is

rectangular sub algebraif x Ay = y v x for all x, ye D.

Theorem 2.2.2 Let H be an ADL with a maximal element m. If H is a skew HADL and 0
defined by 8 = {(x,y) € H XH|x Ay = yand y A x = x} is a relation on H, then the

following conditions hold;

1. 6 is acongruence relation on H

2. The congruence classes are the maximal rectangular sub algebras of H.

Proof, Suppose H is a skew HADL.

(1) Letx,y,z,a € H, sinceXxA X=X S0 that 0 is reflexive and let xAy=yas H is ADL
XAY =Yy =Yy AX. Hence 0 is symmetric.

Assumethatx @ yandy 8 z.Thenx Ay =y, y A x = x,y ANz = Z.
AndzAy=Yy.
AszAx =zANyAx =y Ax = xand
XANZ=YAXANZ=XAYAZ=YyAz-=z, it follows that x 8 z. Consequently 0 is
transitive and hence it is an equivalence relation. To show that 0 is a congruence relation
it suffices to show 0 satisfies Lemma (1.2.4). Giventhatx 6 yand a € H, Then

bDAa)AN(xANa) =yAxAa.......... [Since H is an ADL]



And(XAa) Ay Aa) =x Ay Aa =7y Aa,andhence(x A a) 6 (y A a).
Also(xVa)A(yVva)=((xVa)Ay)V ((xVa)Aa) ... [Leftdistributive of A over V]
=((xAy)Vv(@aAry)Va
=y Va
And(yvVa)A(xVva) =(VaAx)Vv(yVaAa)
=(WAx)V(aAx)Va
=xVa
Hence, (x V a) 8 (y V a)
Finally, it remains to show that (x —» a) 6 (y = a)and (a = x) 6 (a — y) hold
From the property of ADLs given by Theorem (1.2.1) and the given conditions,

x ANy =yandy A x = x,0ne can observe that

XAm=yAxAm
=XxXANyAm
=y Am
Thus, by (2) of Lemma (2.2.4)a - x=a—-»yandx - a =y — a.

Then,x = a ANy - a=y > aANy = a

[By Lemma 2.2.3(3)]

I
—
<
<

=
)
Q

Andy aAx 2 a=x >aAx = a
=(XVvx)—a
=X - a.

Similarly,a » x Aa > y=a->yAa->y
=(@ava) -y
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=a - Y.
Anda—>yAa—x=a—>XxAa—Xx
=(ava)—-x
=a — X.
Thisimplies(x - a)8 (y = a)and(a = x) 0 (a = y).
Hence 0 is a congruence relation.
(2) Suppose X,y € [z]o, Thenx 0 y. Hence y VX =y V (YAX) =y =X AY.
Therefore, each congruence class is rectangular sub algebra of L.

Let R be the set of all rectangular sub algebras of L. Now take an arbitrary congruence class [X]o
for some x € L. Let T be a rectangular sub algebra of L such that [x]e © T and letr € T. Since x

€ T and T is rectangular sub algebra of L. Nowrv x=xArandXVvr=rAX.

Sinceinan ADL (rAX) Ar=x Arandthus, X Ar=(rAX) Ar=(xVr)Ar=rwhich implies that
rvx=xAr=rand

rAX= XVr=xV(XAr)=x.Hence,r € [x]o

Therefore T < [x]o and now we conclude that [X]e = T. Hence [x]e is a maximal element of R,

i.e. each congruence class is a maximal rectangular sub algebra of L.m

Theorem 2.2.3 Let H be an ADL with a maximal element m andO¢ H. Then H is a skew
HADL if and only if for any a, z € H such that a € H, and w, X, y € [a, z], the following

conditions hold;

1. x<wz—x

2. Xamy)Aw=wifandonlyifyAwWAX=wAX.
Proof, Let H is a skew HADL.

(1) For any z € H, H; is a skew Heyting algebra. Let a € H; and w, X, y € [a, z]. Since [a, z] is
Heyting algebra. Then, X < Wa— X ...ocooviiiininnnn., [By Definition 1.2.8(3)]

(2) Assume that (X a— y) Aw =w. Then,
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WAX=(Xa>y) AW)AX

EXA((Xa™ Y)AW) e [Commutative of A on ADL]
SXAXaD Y))AW) e [Associative of A on ADL]
SXAY) AW.ioiiiin, [Since [a, z] is Heyting algebra]
=Yy AWAX.

On the other hand given thaty Aw A X =w A X, Then
Xa—> (WAX)=Xa> (YAWAX)
=(Xa=y) A (Xa—™> W) A (X a— X)
SXam YDAXaDW)AZ o (*)
But, X a— (WA X) = (X a™ W) A (X a— X)
SXaDW)AZ o (%)
Hence, from (*) and (**) we have (X a—> W) AZ=(Xa— y) A Xa—™ W) A Z
Therefore, (X a—> yY)AW=(Xa> y)A(Xa> W) AW ... [Since W<Xa—> W & (Xa—> W) A W= W]
=(Xam y)A(Xa>™ W) AZ AW ....[Since z is maximum element in [a, z]]
=(XamW)AZAW
ZZAXa>> W)AW
=ZAW
=w
Conversely, let z € H and assume that (1) and (2) hold.

Now for any a € H; take c, d, e € [a, Z]. By (1), ¢ < e a— ¢ such that e 2— ¢ € [a, z] and then

d<ea—ce(ea—c)Ad=d....... [By Theorem 1.2.1 (3 and 13)]
ScAdAe=dAG [By (2)]
SdAeAc=dAeC. [Commutative of A on ADL]
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SAAE<SCiiii [By Theorem 1.2.1(13 and 3)]
Hence [a, z] is a Heyting algebra.
One can define an induced binary operation —»; 0N H; by x =,y =(yVXVYy)y—y
Hence H; is a skew Heyting algebra and therefore H is a skew HADL.m
Corollary 2.2.4 Forany X, Y€ H, (X VYy) Am)yam— (yAm)=mifand only ify A x =x.
Proof, Assume (X Vy) Am) yam— (y Am)=m. Then
X=mAX
={((xVvy)Am)yam— (y Am}AX

=XA{((XVY)AmM) yam— (y Am)} AX...[Idempotent law and commutative of A on ADL]

EXA((XAM) yam— (YAM)AMAX oo, [By Lemma 2.2.3 (3)]
=XAMA((XAM) yam— (YAM)AX oo [Commutative of A in ADL]
SXAMAYAMAX oo, [By Lemma 2.2.3(2)]

SMAYAX o, [Since H 1s an ADL]

ZYAX

Hence y A X = X.
Conversely, suppose y A X = x. Then,
((XvyY)AM)yam— YAM) ={(XVY) AM)yrm— (YAMFIAmM..... [By Lemma 2.2.3(4)]
={xvy) Am)gam=> @ A M} A (Y AM)yram— Y A m))
=(((x VYY) VYY) A m)gam= (y A m)
=((AX)VYI)VY)AM) yam— (y A m)...... [Since y A X = X]
=((yVY)AM)yam=> (Y Am) ............. [As(yAx)Vy =y]
=(yAmM) yam— (yAm)

=m. n
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Conclusion
Skew HADL is defined by using skew Heyting algebra and express in terms of almost
distributive lattice with different conditions. In this project work; ADL, HADL, Heyting algebra

and skew Heyting algebra are used:

e To define skew HADL and related concepts

e To prove heorems, corollaries and lemmas which are expressed in a skew HADL

Finally, we conclude that an equivalence relation 6 on a skew HADL is a congruence relation on
each equivalence class and each congruence class is a maximal rectangular sub-algebra of the

equivalence class.

In this project work, from the development of skew Heyting almost distributive lattice by
B.Assaye, M.Alemineh Yeshiwas Mebrat | have learnt how Mathematical journals are
published?
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