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 Abstract 

In this project we define skew  Heyting almost distributive lattice  and  characterize  it  as  a  skew  

Heyting  algebra  in terms  of  congruence  relation  defined  on  it. Moreover, we also present 

different conditions on which an ADL with maximal element m becomes skew HADL and a skew 

HADL to become skew Heyting algebra. We define an equivalence relation θ on a skew HADL and 

prove that θ is a congruence relation on the equivalence class[𝑥]𝜃. So we generalized that each 

congruence class is a maximal rectangular sub-algebra. Further in order to clarify more, we give 

three examples that verify skew HADL. The achieved properties reveal that skew HADL 

generalizes skew Heyting algebra. Finally, we prove different theorems, corollaries and lemmas 

related to skew HADL. 
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Chapter one 

Introduction and Preliminaries 

1.1 Introduction 

The foundation of modern theory of skew lattice was laid by Jonathan Leech in 1989. As a 

continuation of this studies Karin Cvetko-vah [5] develop Heyting algebra as a bounded lattice 

(with join and meet operation written V and Λ with least element 0 and greatest element 1) 

equipped with a binary operation a → b of implication such that c ∧ 𝑎 ≤ b is equivalent to 𝑐 ≤ a 

→ b and it was first investigated by T. Skolem about 1920. Heyting algebra is named after a 

Dutch Mathematician Arend Heyting, and was introduced by G.Birkhoof and was developed by 

H.B.Curry around the year 1963. The notion of skew Heyting algebra was introduced by Karin 

Cvetko-vah [5] as a generalization of Heyting algebra with top element and need not contain 

bottom element.  

On the other hand the concept of an almost distributive lattice (ADL) was introduced by 

U.M.Swamy and G.C.Rao [13] as a common abstraction of existing ring theoretic 

generalizations of Boolean algebra and distributive lattices. In the theory of skew lattice, it is 

proved that every interval in Heyting algebra is Heyting algebra. This leads to develop Heyting 

almost distributive lattice (HADL). For this cause G.C.Rao, Berhanu Assaye and 

M.V.Ratnamani introduce Heyting ADLs (HADLs) as a generalization of Heyting algebra in the 

class of ADLs, and they characterize an HADL in terms of the set of all of its principal ideals.  

After dealing the concept of HADL, B. Assaye, M.Alemneh, and Yeshiwas Mebrat extend an 

ADL with maximal element m and without zero. As a result they introduce the concept of skew 

Heyting Almost Distributive Lattice with a number of important laws and results satisfied by 

skew Heyting algebra.  

The project is mainly divided into 2 chapters.  In chapter-1, the necessary definitions and results 

(from different sources) that used in proving lemmas, theorems and corollaries in the subsequent 

chapters are collected. In Chapter-2, we introduce the concept of Skew Heyting Almost 

Distributive Lattice (or simply Skew HADL) and derive some important properties of Skew 
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HADL. In this chapter, we also define an equivalence relation θ on a skew HADL and shows 

that: 

 θ is a congruence relation on each equivalence class.  

 Each congruence class is a maximal rectangular sub-algebra of the equivalence class. 

Moreover, we prove that every interval in a Skew HADL is Skew HADL and a binary operation 

→ on a skew HADL H can be defined by  x → y = ((x ∨ y) ∧ m) (y ∧ m) → (y ∧ m). 

In general the development of Skew HADL is described in the chart as follows; 
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1.2. Preliminaries 

In this section the necessary definitions and results on; lattice, almost distributive lattices, 

Heyting algebras, Heyting almost distributive lattices, skew lattices and skew Heyting algebras 

which will be used in the next section are described. 

Definition  1.2.1 ([10]) A  none empty  set  H  together  with  two  binary  operations ∨ and ∧ 

(read “ join”  and  “meet”  respectively)  on  H  is  called  a  lattice  if  it  satisfies  the  following  

identities; 

1.  Commutative  laws 

a. x ∨ y = y ∨ x 

b. x  ∧ y = y ∧ x  

2.  Associative  laws 

a. x ∨ (y ∨ z) = (x ∨ y) ∨ z 

b. x ∧ (y ∧ z) = (x ∧ y) ∧ z 

3. Idempotent law 

a. x ∨ x = x 

b. x ∧ x = x 

4. Absorption law 

a. x= x ∨ (x ∧ y) 

b. x= x ∧ (x ∨ y), for all x, y ∈H. 

Example 1.2.1 (𝒫(A), ∨, ∧ ) is a lattice (under set inclusion  ) for any set A, where 𝒫(A) is the 

power set. The join operation is the set operation of union and the meet operation is the operation 

intersection; that is  ∨, = U and   ∧ = ∩. 

Remark 1.2.1 If (𝐻, ∨, ∧) is a lattice, then an element a of H is called zero element or least 

element of H, if 𝑎 ∧  𝑥 = 𝑎 for all x ∈  𝐻. If H has a least element, then it is unique and it is 

denoted by 0. Similarly an element a of H is called one element or greatest element of H, if 𝑎 ∧

 𝑥 =  𝑥, for all x ∈  𝐻. If H has a greatest element, then it is unique and it is denoted by 1. 

Definition1.2.2([3])  A  lattice ( 𝐻, 𝑉, 𝛬 )   is  called  a  distributive  lattice  if  the  meet  and  

join  operations  distribute  each  other.  That is; for 𝑥, 𝑦, 𝑧 ∈ 𝐻  the following holds; 

1. 𝑥 𝑉 (𝑦 𝛬 𝑧 ) = (𝑥 𝑉  𝑦) 𝛬 ( 𝑥 𝑉 𝑧 )        
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2. 𝑥 𝛬 (𝑦 𝑉 𝑧)  = ( 𝑥 𝛬 𝑦) 𝑉 (𝑥 𝛬 𝑧) 

Definition 1.2.3 ([10]) An  algebra  (H, V, Λ, 0, 1 )  with  two  binary  and  two  nullary  

operations  is  bounded  distributive  lattice  if; 

1.  (𝐻, 𝑉, 𝛬) is distributive lattice  

2. 𝑥 𝛬 0 = 0  and  𝑥 𝑉1 = 1,  for  all  𝑥 ∈ 𝐻 

Definition 1.2.4 ([6]) An algebra (H, ∨, ∧) of type (2, 2) is called an almost distributive lattice if 

it satisfies the following axioms;  

1. (𝑥 ∨  𝑦)  ∧  𝑧 =  (𝑥 ∧  𝑧)  ∨  (𝑦 ∧  𝑧) 

2. 𝑥 ∧  (𝑦 ∨  𝑧) =  (𝑥 ∧  𝑦) ∨ (𝑥 ∧  𝑧) 

3. (𝑥 ∨  𝑦)  ∧ 𝑦 =  𝑦 

4. (𝑥 ∨  𝑦)  ∧  𝑥 =  𝑥  

5. 𝑥 ∨  (𝑥 ∧  𝑦)  =  𝑥 for all 𝑥, 𝑦, 𝑧 ∈  𝐻. 

Theorem 1.2.1 ([6, 13]) Let H be an ADL with 0. Then for any w, 𝑥, 𝑦, 𝑧 ∈  𝐻, we have the 

following. 

1. 𝑥 ∨  𝑦 =  𝑥 ⇔  𝑥 ∧  𝑦 =  𝑦 

2. 𝑥 ∨  𝑦 =  𝑦 ⇔  𝑥 ∧  𝑦 =  𝑥 

3. 𝑥 ∧  𝑦 =  𝑦 ∧  𝑥 =  𝑥 whenever 𝑥   𝑦 

4. ∧ is associative 

5. 𝑥 ∧  𝑦 ∧ 𝑧 =  𝑦 ∧  𝑥 ∧  𝑧  

6. (𝑥 ∨  𝑦)  ∧ 𝑧 =  (𝑦 ∨  𝑥)  ∧  𝑧  

7. 𝑥 ∧  𝑦 ≤ 𝑦 and 𝑥 ≤ 𝑥 ∨  𝑦 

8. 𝑥 ∧  (𝑦 ∧  𝑥)  =  𝑦 ∧  𝑥 𝑎𝑛𝑑 𝑥 ∨  (𝑥 ∨  𝑦)  =  𝑥 ∨  𝑦 =  (𝑥 ∨  𝑦) ∨  𝑦 

9. 𝑥 ∧  𝑥 =  𝑥 and 𝑥 ∨  𝑥 =  𝑥 

10. 𝑥 ∧  0 =  0 and 0 ∨  𝑥 =  𝑥 

11. {𝑤 ∨  (𝑥 ∨  𝑦)} ∧  𝑧 =  {(𝑤 ∨  𝑥)  ∨  𝑦} ∧  𝑧 

12. 𝐼𝑓 𝑥    𝑧 and 𝑦   𝑧, then 𝑥 ∧  𝑦 =  𝑦 ∧  𝑥 and 𝑥 ∨  𝑦 =  𝑦 ∨  𝑥 

13. x is less than or equal to y and written x y  if xyx   

Definition 1.2.5 ([7]) If (𝐻, 𝑉, ∧ , 0) is an ADL and for any a, b ∈ H define a ≤ b if and only if 

a = 𝑎 ∧ 𝑏, then ≤ is a partial order on H.  

Theorem 1.2.2 ([8]) Let H be an ADL. Then the following are equivalent;  
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1. H is a distributive lattice.  

2. V is commutative in H.  

3. ∧ is commutative in H.  

4. V is right distributive over ∧ in H. 

Definition 1.2.6 ([9]) An element m in an ADL H is said to be maximal if for each a ∈ H  

𝑚 ≤  𝑎, implies that 𝑎 =  𝑚.  

Theorem 1.2.3 ([9]) Let H be an ADL. For any 𝑚 ∈  𝐻 the following are equivalent.  

1. m is maximal element 

2. 𝑚 ∨  𝑥 =  𝑚 for all 𝑥 ∈  𝐻 

3. 𝑚 ∧  𝑥 =  𝑥, for all 𝑥 ∈  𝐻 

Definition 1.2.7 Let (H, ∨, ∧, 0) be an ADL with 0 and x, y ∈ H such that x ≤ y. Then the set 

 [x, y] = {a ∈ H | x ≤ a ≤ y} is called an interval in H and every interval in an ADL H is a 

bounded distributive lattice under the induced operations ∨ and ∧. 

Definition 1.2.8 ([2, 5]) An algebra (𝐻, ∨, ∧, →, 0, 1) of type (2, 2, 2, 0, 0) is called a Heyting 

algebra if it satisfies the following conditions. 

1. (𝐻: ∨, ∧, 0, 1) is a bounded distributive lattice  

2. 𝑥 →  𝑥 =  1 

3. 𝑦 ≤ 𝑥 →  𝑦 

4. 𝑥 ∧  (𝑥 →  𝑦)  =  𝑥 ∧  𝑦 

5. 𝑥 →  (𝑦 ∧  𝑧)  =  (𝑥 →  𝑦)  ∧  (𝑥 →  𝑧) 

6. (𝑥 ∨  𝑦)  →  𝑧 =  (𝑥 →  𝑧)  ∧ (𝑦 →  𝑧), for all x, 𝑦, 𝑧 ∈  𝐻.  

Example 1.2.2 Let A be a total order set that has a least element 0 and greatest element 1.Then 

for all 𝑥, 𝑦 ∈ 𝐴 and → be a binary operation on A by 𝑥 → 𝑦 = {
1, 𝑖𝑓 𝑥 ≤ 𝑦  

𝑦, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  is Heyting algebra. 

Lemma 1.2.1 ([5]) In any Heyting algebra H, for all x, y ∈ 𝐻,   x yxyy  )(  

Definition 1.2.9 ([2, 6, and 12]) Let (𝐻, ∨, ∧, 0, 𝑚) be an ADL with 0 and a maximal element 

m. Suppose → be a binary operation on H satisfying the following conditions;  

1. 𝑥 →  𝑥 =  𝑚  
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2. (𝑥 →  𝑦)  ∧  𝑦 =  𝑦 

3. 𝑥 ∧  (𝑥 →  𝑦)  =  𝑥 ∧  𝑦 ∧  𝑚 

4. 𝑥 →  (𝑦 ∧  𝑧)  =  (𝑥 →  𝑦)  ∧  (𝑥 →  𝑧) 

5. (𝑥 ∨  𝑦)  →  𝑧 =  (𝑥 →  𝑧)  ∧ (𝑦 →  𝑧), for all x, 𝑦, 𝑧 ∈  𝐻.  

Then (𝐻, ∨, ∧, →, 0, 𝑚) is called a Heyting almost distributive lattice (HADL) 

Remark 1.2.2 (1) Equivalent to the above definition Heyting algebra is an algebra (𝐻, ∨, ∧, →,

0, 1) such that (𝐻, ∨, ∧, 0, 1) is a bounded distributive lattice that satisfies the condition 𝑥 ∧

 𝑦 ≤ 𝑧  if and only if 𝑥 ≤ 𝑦 → 𝑧. 

(2)  Let H be an HADL and → be a binary operation on H such that x →  𝑦 ∈  𝐻 for any 

x, 𝑦 ∈  𝐻. Then 𝑦   𝑥 →  𝑦 implies that (x →  𝑦)  ∧ 𝑦 =  𝑦, but the converse is not 

always true. The converse becomes true whenever H is a lattice, and therefore an 

HADL becomes Heyting algebra.  

(3)  Every Heyting algebra is Heyting almost distributive lattice (HADL).   

Theorem 1.2.4 ([2]) Let (𝐻, ∨, ∧, →, 0, 𝑚) be an HADL. Then the following are equivalent.  

1. H is Heyting algebra. 

2. For any 𝑎, 𝑏, 𝑐 ∈  𝐻, 𝑎 ∧  𝑐   𝑏 ⇔  𝑐   𝑎 →  𝑏  

3. 𝑏   𝑎 →  𝑏 for all 𝑎, 𝑏 ∈  𝐻. 

Lemma 1.2.3 ([6]) Let 𝑚 be a maximal element of a Heyting almost distributive Lattice 

(HADL) H. Then for any 𝑥, y, z ∈H, the following conditions hold: 

a. 𝑥  ≤  𝑦 ⇒ 𝑥 → 𝑦 = 𝑚. 

b. 𝑚 → 𝑥 = 𝑥 ∧ 𝑚. 

c. 𝑥 → 𝑚 = 𝑚 

d. [x → (𝑦 → 𝑧)] ∧ 𝑚 = [(𝑥 ∧ 𝑦) → 𝑧]  ∧ 𝑚 

e. [x → (𝑦 → 𝑧)] ∧ 𝑚 = [𝑦 → (𝑥 → 𝑧)]  ∧ 𝑚 

Theorem 1.2.5 ([2]) Let H be an ADL with 0 and a maximal element m, then the following are 

equivalent; 

1. H is an HADL 

2. [0, 𝑎] is a Heyting algebra for all 𝑎 ∈  𝐻 

3. [0, m] is a Heyting algebra. 
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Definition 1.2.10 ([2]) Let H be a none empty set and 𝜃 be a binary relation on H (that is 

𝜃 HH  ).Then 𝜃 is said to be equivalence relation on H if 𝜃 satisfies the following;  

i. Reflexive:(x, x) ∈ 𝜃, ∀ 𝑥 ∈ 𝐻 

ii. Symmetric:(𝑥, 𝑦) ∈ 𝜃 implies that (𝑦, 𝑥) ∈ 𝜃, ∀ 𝑥, 𝑦 ∈ 𝐻 

iii. Transitive:(𝑥, 𝑦) ∈ 𝜃 (𝑦, 𝑧) ∈ 𝜃 imply that (𝑥, 𝑧) ∈ 𝜃, ∀ 𝑥, 𝑦 ∈ 𝐻, we write x𝜃𝑦 for 

(𝑥, 𝑦) ∈ 𝜃 

Definition 1.2.11 ([1]) An equivalence relation 𝜃 on Heyting algebra H is called a congruence 

relation if for all 𝑎, 𝑏, 𝑐, 𝑑 ∈  𝐻 and (𝑎, 𝑏) ∈ 𝜃, (𝑐, 𝑑) ∈ 𝜃.Then we have the following; 

1. (a ∧ c,  b ∧  d) ∈ θ   

2. (𝑎 ∨  𝑐, 𝑏 ∨  𝑑) ∈ 𝜃   

3. (𝑎 →  𝑐, 𝑏 →  𝑑) ∈ 𝜃. 

Lemma 1.2.4 ([2]) Let H be a Heyting algebra, then an equivalence relation θ on H is a 

congruence relation if and only if for any (𝑎, 𝑏) ∈  𝜃, 𝑑 ∈  𝐻; 

1. (𝑎 ∧  𝑑, 𝑏 ∧  𝑑)  ∈  𝜃 

2. (𝑎 ∨  𝑑, 𝑏 ∨  𝑑)  ∈  𝜃 

3. (𝑎 →  𝑑, 𝑏 →  𝑑)  ∈  𝜃 

4. (𝑑 →  𝑎, 𝑑 →  𝑏)  ∈  𝜃 

Definition 1.2.12 ([5]) A skew lattice is an algebra (𝑆, ∧, ∨) of type (2, 2) such that ∧ and ∨ are 

both idempotent and associative, and they satisfy the following absorption laws;              

1. 𝑥 ∧  (𝑥 ∨  𝑦)  =  𝑥 =  𝑥 ∨  (𝑥 ∧  𝑦)  

2. (𝑥 ∧  𝑦) ∨  𝑦 =  𝑦 =  (𝑥 ∨  𝑦)  ∧  𝑦, for all 𝑥, 𝑦 ∈  𝑆. 

The natural partial order can be defined on a skew lattice S by stating that 𝑥   𝑦 if and only if  

𝑥 ∨  𝑦 =  𝑦 =  𝑦 ∨  𝑥, or equivalently x ∧  𝑦 =  𝑥 =  𝑦 ∧  𝑥, for 𝑥, 𝑦 ∈  𝑆. 

Definition 1.2.13 ([12]) A skew lattice is called strongly distributive if for all 𝑥, 𝑦, 𝑧 ∈  𝑆 it 

satisfies the following identities; 

1. 𝑥 ∧  (𝑦 ∨  𝑧)  =  (𝑥 ∧  𝑦)  ∨  (𝑥 ∧  𝑧)   

2.  (𝑥 ∨  𝑦) ∧  𝑧 =  (𝑥 ∧  𝑧)  ∨  (𝑦 ∧  𝑧). 

And skew lattice is called co-strongly distributive if it satisfies the identities;  
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1.𝑥 ∨  (𝑦 ∧  𝑧)  =  (𝑥 ∨  𝑦)  ∧  (𝑥 ∨  𝑧)  

2.(𝑥 ∧  𝑦) ∨  𝑧 =  (𝑥 ∨  𝑧)  ∧  (𝑦 ∨  𝑧). 

Definition 1.2.14 ([12]) A skew lattice with top 1 is an algebra (𝑆, ∨, ∧, 1) of type (2, 2, 0) such 

that (𝑆; ∧, ∨) is skew lattice and xx  111 or equivalently xxx  11   𝑥 ∈ S. 

Definition 1.2.15 ([2, 5]) An algebra (𝑆, ∨, ∧, →, 1) of type (2, 2, 2, 0) is said to be a skew 

Heyting algebra whenever the following condition satisfies;  

1. (𝑆, ∨, ∧, 1) is a co-strongly distributive skew lattice with top 1.  

2. For any a ∈ 𝑆, an operation →a can be defined on 𝑎 ↑=  {𝑎 ∨  𝑥 ∨  𝑎 | 𝑥 ∈  𝑆} 

such that (𝑢 ↑: ∨, ∧, →a, 1, 𝑎) is a Heyting algebra with top 1 and bottom a.  

3. An induced binary operation → from →a is defined on S by 

      𝑥 →  𝑦 =  (𝑦 ∨  𝑥 ∨  𝑦) →y y 

Theorem 1.2.6 ([5]) Let (𝑆: ∨, ∧, →, 1) be an algebra of type (2,2,2,0) such that(𝑆; ∨, ∧, 1) is 

a co-strongly distributive skew lattice with top 1.Then (𝑆: ∨, ∧, →, 1) is a skew Heyting algebra 

if and only if for all x, y, u ∈ 𝑆, we have the following axioms;  
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1)2(

)()1(

uzuxuyuxuzyux

yyyxyandyxy

xyxxyxx

xx

yyxyyx
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Remark 1.2.3 (1) A skew Heyting algebra becomes an ADL if it is strongly distributive skew      

lattice 

(2) Every lattice is skew lattice 

(3) If a skew Heyting algebra H contains bottom element, then it is a HADL. 
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Chapter two 

Skew Heyting Almost Distributive Lattices 

 In this section, we introduce the concept of skew Heyting almost distributive lattices (skew 

HADLs) and, characterize it in terms of skew Heyting algebras and congruence relations defined 

on it. Throughout this section H stands for an ADL with a maximal element m but without 0, and 

       (i) For any a ∈ H, Ha = {x ∧ a | x ∈ H} 

 (ii) For any a ∈ H, →a is the binary operation defined on Ha 

 (iii) For any b, c ∈ H, b→ is the binary operation defined on [b, c]. 

2.1 Definition and Examples of Skew Heyting Almost Distributive Lattice  

 As we just defined in chapter one skew Heyting algebra is a generalization of Heyting algebra. 

It has a top element and need not to contain bottom element. 

Definition 2.1.1 Let H be an ADL with a maximal element m and without 0. Then H is said to be 

a skew HADL if to each a ∈ H the algebra (Ha, ∨, ∧, →a, a) is a skew Heyting algebra. 

Example 2.1.1 Let H be an ADL with a maximal element m and b ∈ H. For any a ∈ H such that 

a   b define a binary operation a→ on [a, b] by   

   x a→ y = {
𝑏, 𝑖𝑓 yx 

𝑦, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 , Then  H is a skew HADL.  

Solution:  

1. Since H is an ADL with maximal element m, then by Theorem1.2.1 (12) for all 𝑥, 𝑦 ∈

𝐻  

x ∧ y = y ∧ x and x ∨ y = y ∨ x. Hence, both ∧ and ∨ are commutative in an ADL. Then 

by Theorem 1.2.2 ∨ is right distributive over ∧. Hence, H is distributive lattice. 

Therefore, Hb is co-strongly distributive skew lattice. 

2.  For all 𝑥, 𝑦, 𝑧 ∈ [𝑎, 𝑏] the following holds; 

i. Since every interval in an ADL is bounded distributive lattice under the operation 

∨ and ∧ implies ([𝑎, 𝑏] : ∨, ∧) is bounded distributive lattice. 
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ii. As 𝑥 ≤ 𝑥, x a→ x = b 

iii. 𝑦 ≤ x a→ y  …………Since 𝑦 ≤ 𝑏 and y =   x a→ y  

iv. x ∧ ( x a→ y) = {
𝑥 ∧ 𝑏 = 𝑥 ∧ 𝑦 ∧ 𝑏 = 𝑥 ∧ 𝑦, 𝑖𝑓𝑥 ≤ 𝑦

𝑥 ∧ 𝑦, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

v. x a→ (y ∧ z) = {
𝑏, 𝑖𝑓𝑥 ≤ 𝑦 ∧ 𝑧

𝑦 ∧ 𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
    and  

(x a→ y) ∧ (x a→ z) = {
𝑏, 𝑖𝑓 𝑥 ≤ 𝑦 𝑎𝑛𝑑 𝑥 ≤ 𝑧

𝑦 ∧ 𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  

In both cases x a→ (y ∧ z) = (x a→ y) ∧ (x a→ z) 

vi. (x ∨ y) a→ z = {
𝑏, 𝑖𝑓 𝑥 ∨ 𝑦 ≤ 𝑧
𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 

  and (x a→ z) ∧ (y a→ z) = {
𝑏, 𝑖𝑓𝑥 ≤ 𝑧 𝑎𝑛𝑑 𝑦 ≤ 𝑧

𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

Now, both cases (x ∨ y) a→ z = (x a→ z) ∧ (y a→ z). 

Thus by the above conditions ([a, b]: ∨, ∧,  a→) is Heyting algebra. 

3. The binary operation on Hb induced from a→ be defined by 

 x →b y = (y ∨ x) y→ y …………. [By lemma 1.2.1] 

            = (y ∨ x ∨ y) y→ y………… [Since y ∨ x ∨ y= y ∨ x]  

  Hence, (Hb: ∨, ∧, →b, b) is a skew Heyting algebra and therefore H is a skew HADL.∎ 

Example 2.1.2 Let H be an ADL with a maximal element m. For any a ∈ H, the binary operation 

→a on Ha define by x →a y = {
𝑚, 𝑖𝑓 𝑥 ≤ 𝑦

𝑦, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
   .Then H is skew HADL. 

Solution;1. As verified by Example 2.1.1 Ha is co-strongly distributive skew lattice. 

2. For all 𝑥, 𝑦, 𝑧 ∈ Ha the following holds; 

a. x →a x = m 

b. (x →a y) ∧ y = {
𝑚 ∧ 𝑦 = 𝑦, 𝑖𝑓 𝑥 ≤ 𝑦

𝑦 ∧ 𝑦 = 𝑦, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

c. x ∧ (x →a y) = {
𝑥 ∧ 𝑚 = 𝑥 ∧ 𝑦 ∧ 𝑚, 𝑖𝑓 𝑥 ≤ 𝑦

𝑥 ∧ 𝑦 = 𝑥 ∧ 𝑦 ∧ 𝑚 , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

d. x →a (y ∧ z) = {
𝑚, 𝑖𝑓 𝑥 ≤ 𝑦 ∧ 𝑧

𝑦 ∧ 𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
  and (x →a y) ∧ (x →a z) = {

𝑚, 𝑖𝑓 𝑥 ≤ 𝑦 𝑎𝑛𝑑 𝑥 ≤ 𝑧
𝑦 ∧ 𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

   

 Implies x →a (y ∧ z) = (x →a y) ∧ (x →a z) 

e. (x ∨ y) →a z = {
𝑚, 𝑖𝑓 𝑥 ∨ 𝑦 ≤ 𝑧

𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 and 

 (x →a z) ∧ (y →a z) = {
𝑚, 𝑖𝑓 𝑥 ≤ 𝑧 𝑎𝑛𝑑 𝑦 ≤ 𝑧

𝑧, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
. 
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Thus Ha is HADL and in both cases 𝑦 ≤ x →a y, then by Theorem 1.2.4 Ha is Heyting 

algebra. 

3. The binary operation →a  on Ha can be defined by 

         x →a y = (𝑦 ∨ 𝑥) →y y …………………. [By lemma 1.2.1] 

                  = (𝑦 ∨ 𝑥 ∨ 𝑦) →y y …………… [Since (y ∨ x ∨ y) = (y ∨ x)] 

Hence, (Ha: ∨, ∧, →a, a) is Skew Heyting algebra. 

Therefore H is skew HADL.∎ 

Example 2.1.3 Every Heyting algebra is skew HADL. 

Solution; Suppose H is Heyting algebra. 

1. Since Heyting algebra is distributive lattice and H is co-strongly distributive skew lattice. 

2. Now, for all 𝑥, 𝑦, 𝑢 ∈ 𝐻 𝑎𝑛𝑑 → is binary operation on H. Then the following holds. 

i. 𝑥 → 𝑦 = (𝑦 ∨ 𝑥 ∨ 𝑦) → 𝑦 ……… [by Lemma 1.2.1] 

ii. 𝑥 → 𝑥 = 1 ………….. [since H is Heyting algebra] 

iii. 𝑥 ∧ (𝑥 → 𝑦) ∧ 𝑥 = 𝑥 ∧ 𝑦 ∧ 𝑥 

iv. 𝑦 ∧ (𝑥 → 𝑦) = 𝑦 𝑎𝑛𝑑 (𝑥 → 𝑦) ∧ 𝑦 = 𝑦 

v. 𝑥 → (𝑢 ∨ (𝑦 ∧ 𝑧) ∨ 𝑢) = 𝑥 → ((𝑢 ∨ 𝑦 ∨ 𝑢) ∧ (𝑢 ∨ 𝑧 ∨ 𝑢))…[Since    

Heyting algebra is distributive lattice] 

𝑥 → (𝑢 ∨ (𝑦 ∧ 𝑧) ∨ 𝑢) = 𝑥 → (𝑢 ∨ 𝑦 ∨ 𝑢) ∧ 𝑥 → (𝑢 ∨ 𝑧 ∨ 𝑢) 

Then by Theorem 1.2.6 (𝐻: ∨, ∧, → ,1) is skew Heyting algebra. 

Therefore, H is skew HADL.∎ 

Remark 2.1.1 (1) An ADL H with maximal element m is co-strongly distributive skew lattice. 

(2) Let H be a skew HADL. If we include 0 to H, then for each a ∈ H, Ha = [0, a] is a skew 

Heyting algebra. Particularly if a = m, then [0, m] is a skew Heyting algebra. Thus for each b ∈ 

[0, m], ([b, m]: ∨, ∧, b→, b, m) is a Heyting algebra. Now, taking b = 0 makes ([0, m]: ∨, ∧, b→, 

b, m) is a Heyting algebra and Hence by Theorem 1.2.5 H is an HADL. 

(3) From Theorem 1.2.1(12) and Theorem 1.2.2 we can deduce that in a Skew HADL H with 

maximal element m; 

i. Both ∨ and ∧ are commutative in H. 

ii. ∨ and ∧ are distributive to each other in H. 
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2.2 Properties of Skew Heyting Almost Distributive Lattice and Characterize 

it by Skew Heyting Algebra 

In the above examples we have seen, there are an algebra which satisfies definition of skew 

HADL and every Heyting algebra is skew HADL. In this section we give necessarily and 

sufficient condition for an ADL with maximal element m to become skew HADL and investigate 

some of its algebraic properties. 

 On the rest of this section, H stands for a skew HADL (H, ∨, ∧, →, m) unless otherwise 

specified.  

Theorem 2.2.1 Let (H: ∨, ∧, m) be an ADL with a maximal element m. Then (H,  ∨, ∧, →, m) is 

a skew HADL if and only if the following conditions hold;  

1. For any b ∈ H, ([b, m], ∨, ∧, b→, b, m) is a HADL 

2. A binary operation → on H can be defined by 

   x → y = ((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m). 

Proof, (1) Let H is a skew HADL. Since H has maximal element(s), for each b ∈H there exist a 

maximal element m such that b  m and we have Hm = {b ∧ m⃓𝑏 ∈ 𝐻} = {b⃓b ∈ 𝐻}, hence, b ∈ 

Hm. From the definition of skew HADL for any a ∈ H, Ha is a skew Heyting algebra. In 

particular for a = m, Hm is a skew Heyting algebra. Consequently, from the definition of skew 

Heyting algebra for any b ∈ Hm, ([b, m], ∨, ∧, b→, b, m) is a Heyting algebra so that ([b, m], ∨, 

∧, b→, b, m) is a HADL.  

(2) Since Hm is a skew Heyting algebra, the induced operation →m on 𝐻𝑚 from b→ on 

 [b, m] is given by x →m y = (y ∨ x ∨ y) y→ y.  

Thus it is possible to define a binary operation → on H by x → y = (x ∧ m) →m (y ∧ m). But,  

(x ∧ m) →m (y ∧ m) = ((y ∧ m) ∨ (x ∧ m) ∨ (y ∧ m)) (y ∧ m)→ (y ∧ m) …[As Hm is Skew Heyting    

algebra] 

                             = ((y ∨ x ∨ y) ∧m) (y ∧ m)→ (y ∧ m)…………. [Right distributive of ∧ over ∨] 

                             = ((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m)…….. [Since in an ADL y ∨ x ∨ y= x ∨ y] 

And hence x → y = ((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m)  
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      Conversely, suppose conditions (1) and (2) hold and let a ∈ H. Then Ha is a co-strongly 

distributive skew lattice. By (1) for any b ∈ Ha, [b, m] is a HADL. Since H has maximal element 

and for some maximal element m in H, a   m so that [b, a] ⊆ [b, m]. Theorem 1.2.5 asserts that 

([b, a], ∨, ∧, b→, b, a) is a Heyting algebra. The maximal element in Ha is a, thus using (2) it is 

possible to define →a on Ha by 

 x →a y = ((x ∨ y) ∧ a) (y ∧ a)→ (y ∧ a).  

But ((x ∨ y) ∧ a) (y ∧ a)→ (y ∧ a) = ((y ∨ x ∨ y) ∧ a) (y ∧ a)→ (y ∧ a) … [Since y ∨ x ∨ y= x ∨ y] 

                                        = (y ∨ x ∨ y) y→ y…………………. [By 2] 

And hence x →a y = (y ∨ x ∨ y) y→ y.  

Therefore (Ha, ∨, ∧, →a, a) is a skew Heyting algebra so that H is a skew HADL.∎ 

Corollary 2.2.1 For any a ∈ H, [a, m] is a Heyting algebra. 

 Proof, Since H is skew HADL with maximal element m. For each a ∈ 𝐻, a   m.  Hence, a ∈

𝐻𝑚. Now, from the definition of skew HADL, 𝐻𝑚 is skew Heyting algebra. Then by definition 

of skew Heyting algebra for any a ∈ 𝐻𝑚, ([a, m], ∨, ∧ a→ a, m) is Heyting algebra.∎ 

Lemma 2.2.1 For any b ∈ H, [b, m] is a skew HADL. 

Proof, From Corollary 2.2.1 for any b ∈ H, [b, m] is Heyting algebra. Following this for any c ∈ 

[b, m], we have [b, c] is a Heyting algebra. Since for all 𝑥, 𝑦 ∈ [b, m] the induced binary 

operation b→ on [b, m] from b→ on [b, c] is defined as x b→ y = (y ∨ x ∨ y) y→ y so that [b, c] is 

a skew Heyting algebra with top element c. Therefore, [b, m] is a skew HADL.∎ 

Lemma 2.2.2 Let H be skew HADL. Then for any 𝑎 ∈ 𝐻, 𝐻𝑎 is skew HADL. 

Proof, Suppose that H is skew HADL. Then for any 𝑎 ∈ 𝐻, 𝐻𝑎 is skew Heyting algebra. Take 

any 𝑏 ∈ 𝐻𝑎, as 𝑏 ∈ 𝐻, 𝐻𝑏 is also skew Heyting algebra. Therefore 𝐻𝑎 is skew HADL.∎ 

Corollary 2.2.2 Let H be a skew HADL. If x, y ∈ H such that x   y and a, b ∈ [y, m], then  

a x→ b = a y→ b. 

 Proof, Let x, y ∈ H such that x   y, Then [y, m] ⊆ [x, m], if a, b ∈ [y, m], then by closurity of 

binary operation a y→ b ∈ [y, m] and hence a y→ b ∈ [x, m]. By Corollary 2.2.1 [x, m] and 
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 [y, m] are Heyting algebras. Since a, b ∈ [x, m], a x→ b also belongs to [x, m]. The maximal 

element characterization of a x→ b and a y→ b on the Heyting algebra [x, m] forces the two 

elements are equal.∎ 

Lemma 2.2.3 Let H be a skew HADL. Then the following conditions hold;  

1. 𝑥 →  𝑦 = (x (y ∧ m)→ y) ∧ m 

2. 𝑥 ∧  (𝑥 →  𝑦)  =  𝑥 ∧  𝑦 ∧  𝑚 

3. (𝑥 ∨  𝑦)  →  𝑧 =  (𝑥 →  𝑧)  ∧ (𝑦 →  𝑧) 

4. 𝑥 →  𝑦 =  (𝑥 →  𝑦) ∧ 𝑚, for all, x, y, z ∈ H.  

Proof, Let H is a skew HADL and x, 𝑦, 𝑧 ∈  𝐻. Since by corollary 2.2.1 for any 𝑦 ∈ 𝐻 [𝑦, 𝑚] 

is Heyting algebra and 𝑦 ∧ 𝑚 ≤ 𝑦 implies ],[],[ mmymy  , Thus by theorem 1.2.5 

 [𝑦 ∧ 𝑚, 𝑚] is HADL. Now, we have;  

1. (𝑥  (y ∧ m)→ y) ∧ m =(𝑥 (y ∧ m)→ y) ∧ m ∧ m …………….. [Since m ∧ m = m] 

         = (𝑥  (y ∧ m→ y) ∧(𝑥 (y ∧ m)→ m) ∧ m …………… [By Lemma 1.2.3(3)] 

        = ((𝑥 (y ∧ m)→ (y ∧ m)) ∧ m ………………….. [Since [y ∧ m, m] is HADL] 

        = (x (y ∧ m)→ (m(y ∧ m)→ y)) ∧ m …………….. [By lemma 1.2.3(2)] 

       = (m (y ∧ m)→ (x(y ∧ m)→ y)) ∧ m ………………. [By Lemma 1.2.3(5)] 

       = ((x ∧ m) (y ∧ m)→ y) ∧ m ∧ m ………………… [By Lemma 1.2.3(4)] 

       = ((x ∧ m) (y ∧ m)→ y) ∧ ((x ∧ m) (y ∧ m)→ m) ∧ m … [Since [(x ∧ m) (y ∧ m) → m = m ] 

       = ((x ∧ m) (y ∧ m)→ (y ∧ m)) ∧ m ……………… [By Definition 1.2.9 (4)] 

      = ((x ∧ m) (y ∧ m)→ (y ∧ m))∧ ((y ∧ m) (y ∧ m)→ (y ∧ m))…[Since (y ∧ m)(y ∧ m)→(y ∧ m) = m] 

      = ((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m) …………………………. [By definition 1.2.9(5)] 

      =  𝑥 →  𝑦  ……………………………… [By Theorem 2.2.1(2)] 

 (2) 𝑥 ∧  (𝑥 →  𝑦)  =  𝑥 ∧ {((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)} ……. [By Theorem 2.2.1(2)] 

=  𝑚 ∧  𝑥 ∧  {((𝑥 ∨  𝑦)  ∧ 𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)}… [Since m is maximal element] 

=  𝑥 ∧  𝑚 ∧  {((𝑥 ∨  𝑦)  ∧ 𝑚) (y ∧ m)→ (y ∧ m)}………….. [∧ is commutative in ADL]  
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=  𝑥 ∧  (𝑥 ∨  𝑦)  ∧  𝑚 ∧  {((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (y ∧ m)}……. [Absorption law in ADL]   

= 𝑥 ∧  {((𝑥 ∨  𝑦)  ∧  𝑚) ∧  {((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (y ∧ m)}}… [∧ is associative in ADL] 

=  𝑥 ∧  {((𝑥 ∨  𝑦)  ∧  𝑚) ∧  𝑦}…………… [By Definition of Heyting algebra] 

=  𝑥 ∧  {(𝑥 ∨  𝑦)  ∧  (𝑦 ∧  𝑚)}………… [Associative and commutative laws of ∧ in ADL] 

=  𝑥 ∧ {((𝑥 ∨  𝑦)  ∧  𝑦)  ∧  𝑚)}………………………….. [∧ is associative in ADL] 

=  𝑥 ∧  (𝑦 ∧  𝑚)……………………………………… [Absorption law in ADL]   

 =  𝑥 ∧  𝑦 ∧  𝑚.  

(3) (𝑥 ∨  𝑦)  →  𝑧 =  {((𝑥 ∨  𝑦)  ∨  𝑧)  ∧  𝑚} (z ∧ m)→ (z ∧ m)……… [By Theorem 2.2.1(2)]  

=  {((𝑥 ∨  𝑦)  ∨  𝑧 ∨  𝑧)  ∧  𝑚} (z ∧ m)→ (z ∧ m) ………………... [Idempotent law in ADL] 

= {((z ∨ x) ∨ (y ∨ z)) ∧ m} (z ∧ m)→ (z ∧ m) …… [Commutative & associative of ∨ from 

Theorem 1.2.2(11)] 

= {((x∨ z) ∧m) (z∧ m)→ (z ∧m)}∧{((y ∨z)∧m) (z ∧m)→ (z∧ m)}…[Since [𝑧 ∧  𝑚, 𝑚] is HADL] 

=  (𝑥 →  𝑧)  ∧  (𝑦 →  𝑧)…………………………… [By Theorem 2.2.1(2)]  

(4) (𝑥 →  𝑦)  ∧  𝑚 =  ((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)) ∧ 𝑚 … [Since H is skew HADL]  

    = {((𝑥 ∨ 𝑦) ∧  𝑚) (y ∧ m)→ (𝑦 ∧ 𝑚)} ∧ ((𝑦 ∧ 𝑚) (y ∧ m)→ (𝑦 ∧ 𝑚))… [By Definition of HADL] 

    =  {((𝑥 ∨  𝑦)  ∨  𝑦)  ∧  𝑚} (y ∧ m)→ (𝑦 ∧  𝑚)………………… [By Definition 1.2.8 (5)] 

    = ((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)……………… [Since (𝑥 ∨  𝑦)  ∨  𝑦 = 𝑥 ∨  𝑦] 

     =  𝑥 →  𝑦……………………………………… [As H is skew HADL]. ∎ 

Corollary 2.2.3 Let x, y ∈ H, then (x y→ y) ∧ m = (x → y) ∧ m.  

Proof, Let H is a skew HADL and x, 𝑦 ∈ 𝐻. Then 

(𝑥 →  𝑦)  ∧  𝑚 =  ((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚))  ∧  𝑚  

     = {((x ∨ y) ∧ m) (y ∧ m)→ (𝑦 ∧ 𝑚)} ∧ ((𝑦 ∧  𝑚) (y ∧ m)→ (y ∧ m)) … [By Definition 1.2.9(1)] 

     =  {((𝑥 ∨  𝑦)  ∨  𝑦)  ∧  𝑚} (y ∧ m)→ (𝑦 ∧  𝑚) ……………… [Since[𝑦 ∧  𝑚, 𝑚] is HADL] 
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   =  ((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚) ………… [Since (x ∨ y) ∨ y = x ∨ y] 

   = ((x ∧ m) (y ∧ m)→ (y ∧ m)) ∧ ((y ∧m) (y ∧ m)→ (𝑦 ∧  𝑚)) …… [Since [y ∧ m, m] is HADL] 

   = ((x ∧ m) (y ∧ m)→ y) ∧ ((x ∧ m) (y ∧ m)→ m) ∧((𝑦 ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)) 

   = ((x ∧ m) (y ∧ m)→ 𝑦) ∧ 𝑚 ∧ 𝑚  

   = (m (y ∧ m)→ (x (y ∧ m)→ y)) ∧ m .................................... [By Lemma 1.2.3 (5)] 

   = (x (y ∧ m)→ (m (y ∧ m)→ y)) ∧ m .................................... [By Lemma 1.2.3 (4)] 

   = (x (y ∧ m)→ (y ∧ m)) ∧m ……………… [By Lemma 1.2.3(2)] 

    = (x (y ∧ m)→ y) ∧ (x (y ∧ m)→ m) ∧ m …….. [Since [y ∧ m, m] is HADL] 

    = (x (y ∧ m)→ y) ∧ m ∧ m …………….. [By Lemma 1.2.3(3)] 

       = (x y→ y) ∧ m ……………………… [By Corollary 2.2.2] ∎ 

 Lemma 2.2.4 Let 𝑥, 𝑦, 𝑧 ∈  𝐻 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥 ∧  𝑚 =  𝑦 ∧  𝑚. Then the following statements 

hold;  

1. 𝑥 →  𝑦 =  𝑚 

2. 𝑥 →  𝑧 =  𝑦 →  𝑧 and 𝑧 →  𝑥 =  𝑧 →  𝑦 

 Proof, Since H is skew HADL with maximal element m and for 𝑥, 𝑦 ∈ 𝐻, 𝑥 ∧ 𝑚 =  𝑦 ∧  𝑚. 

Then, (1) 𝑥 →  𝑦 =  ((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚) 

                   =  ((𝑥 ∧  𝑚) ∨  (𝑦 ∧  𝑚)) (y ∧ m)→ (𝑦 ∧  𝑚) 

                  =  ((𝑦 ∧  𝑚)  ∨  (𝑦 ∧  𝑚)) (y ∧ m)→ (𝑦 ∧  𝑚)…….… [Since 𝑥 ∧  𝑚 =  𝑦 ∧  𝑚] 

                 =  (𝑦 ∧  𝑚)) (y ∧ m)→ (𝑦 ∧  𝑚)…………… [Idempotent law] 

                 = m 

Therefore, x ∧  𝑚 =  𝑦 ∧  𝑚 implies x → y = m. 

  (2) 𝑥 →  𝑧 = ((𝑥 ∨  𝑧)  ∧  𝑚) (z ∧ m)→ (𝑧 ∧  𝑚) ………………. [By Theorem 2.2.1 (2)] 

               =  ((𝑥 ∧  𝑚) ∨  (𝑧 ∧  𝑚)) (z ∧ m)→ (𝑧 ∧  𝑚)  

              =  ((𝑦 ∧  𝑚)  ∨  (𝑧 ∧  𝑚)) (z ∧ m)→ (𝑧 ∧  𝑚) …………[Since x ∧ m = y ∧ m] 
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             =  ((𝑦 ∨  𝑧)  ∧  𝑚) (z ∧ m)→ (𝑧 ∧  𝑚) 

             =  𝑦 →  𝑧……………………………. [By Theorem 2.2.1 (2)] 

And similarly, 𝑧 →  𝑥 =  ((𝑧 ∨  𝑥)  ∧  𝑚) (x ∧ m)→ (𝑥 ∧  𝑚) ………. [By Theorem 2.2.1 (2)] 

                          =  ((𝑧 ∧  𝑚) ∨  (𝑥 ∧  𝑚)) (x ∧ m)→ (𝑥 ∧  𝑚) 

                         =  ((𝑧 ∧  𝑚) ∨  (𝑦 ∧  𝑚)) (y ∧ m)→ (𝑦 ∧  𝑚) ……. [Since 𝑥 ∧  𝑚 =  𝑦 ∧  𝑚  ] 

                         =  ((𝑧 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚) 

                         = 𝑧 →  𝑦 ……………………… [By Theorem 2.2.1(2)] ∎ 

Definition 2.2.1([11]) For any congruence relation 𝜃 on an ADL H and a ∈ 𝐻, Now define 

 [𝑎]𝜃= {b∈ 𝐻⃓(𝑎, 𝑏) ∈ 𝜃} and it is called congruence class containing a. 

Definition 2.2.2 ([5]) Let D is congruence on a skew lattice S, each congruence class is 

rectangular sub algebra if x ∧ 𝑦 = 𝑦 ∨  𝑥 for all x, y∈ 𝐷. 

Theorem 2.2.2 Let H be an ADL with a maximal element m. If H is a skew HADL and θ 

defined by 𝜃 =  {(𝑥, 𝑦)  ∈  𝐻 × 𝐻 |𝑥 ∧  𝑦 =  𝑦 and 𝑦 ∧  𝑥 =  𝑥} is a relation on H, then the 

following conditions hold; 

1. 𝜃 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑔𝑟𝑢𝑒𝑛𝑐𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝐻 

2. The congruence classes are the maximal rectangular sub algebras of H.  

Proof, Suppose H is a skew HADL.  

(1) Let 𝑥, 𝑦, 𝑧, 𝑎 ∈  𝐻, since xxx   so that θ is reflexive and let yyx  as H is ADL

xyyyx  . Hence θ is symmetric.  

Assume that 𝑥 𝜃 𝑦 and 𝑦 𝜃 𝑧.Then 𝑥 ∧  𝑦 = 𝑦, 𝑦 ∧  𝑥 =  𝑥, 𝑦 ∧  𝑧 =  𝑧 . 

And z ∧ y = y.  

As 𝑧 ∧  𝑥 =  𝑧 ∧  𝑦 ∧  𝑥 =  𝑦 ∧  𝑥 =  𝑥 and  

x ∧ z = y ∧ x ∧ z = x ∧ y ∧ z = y ∧ z = z, it follows that 𝑥 𝜃 𝑧. Consequently θ is 

transitive and hence it is an equivalence relation. To show that θ is a congruence relation 

it suffices to show θ satisfies Lemma (1.2.4). Given that 𝑥 𝜃 𝑦 and 𝑎 ∈  𝐻, Then 

 (𝑦 ∧  𝑎)  ∧  (𝑥 ∧  𝑎)  =  𝑦 ∧  𝑥 ∧  𝑎 ………… [Since H is an ADL] 

                                     = 𝑥 ∧  𝑎 
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And (x ∧  𝑎)  ∧  (𝑦 ∧  𝑎)  =  𝑥 ∧  𝑦 ∧  𝑎 =  𝑦 ∧  𝑎, and hence(𝑥 ∧  𝑎) 𝜃 (𝑦 ∧  𝑎).  

            Also (𝑥 ∨ 𝑎) ∧ (𝑦 ∨ 𝑎) = ((𝑥 ∨ 𝑎) ∧ 𝑦) ∨ ((𝑥 ∨ 𝑎) ∧ 𝑎) … [Left distributive of ∧ over ∨]  

                                                   = ((𝑥 ∧  𝑦)  ∨  (𝑎 ∧  𝑦))  ∨  𝑎     

                                                    = 𝑦 ∨  𝑎 

And (𝑦 ∨  𝑎)  ∧  (𝑥 ∨  𝑎)  =  ((𝑦 ∨  𝑎)  ∧  𝑥)  ∨  ((𝑦 ∨  𝑎)  ∧  𝑎)  

                                           = ((𝑦 ∧  𝑥)  ∨  (𝑎 ∧  𝑥))  ∨  𝑎  

                                           =  𝑥 ∨  𝑎 

              Hence, (𝑥 ∨  𝑎) 𝜃 (𝑦 ∨  𝑎) 

          Finally, it remains to show that (𝑥 →  𝑎) 𝜃 (𝑦 →  𝑎) 𝑎𝑛𝑑 (𝑎 →  𝑥) 𝜃 (𝑎 →  𝑦) hold.  

         From the property of ADLs given by Theorem (1.2.1) and the given conditions,  

𝑥 ∧  𝑦 =  𝑦 𝑎𝑛𝑑 𝑦 ∧  𝑥 =  𝑥, One can observe that 

                x ∧  𝑚 =  𝑦 ∧  𝑥 ∧  𝑚 

                           =  𝑥 ∧  𝑦 ∧  𝑚  

                           = 𝑦 ∧  𝑚 

Thus, by (2) of Lemma (2.2.4) 𝑎 →  𝑥 =  𝑎 → y and 𝑥 →  𝑎 = 𝑦 →  𝑎. 

 Then, 𝑥 →  𝑎 ∧  𝑦 →  𝑎 =  𝑦 →  𝑎 ∧  𝑦 →  𝑎 

                                           = (y ∨ y)→ 𝑎  ………………..  [By Lemma 2.2.3(3)] 

                                          =  𝑦 →  𝑎  

And 𝑦 →  𝑎 ∧  𝑥 →  𝑎 = 𝑥 →  𝑎 ∧  𝑥 →  𝑎 

                                              = (x ∨ x) → a 

                                             =  𝑥 →  𝑎.  

Similarly, 𝑎 →  𝑥 ∧  𝑎 →  𝑦 = 𝑎 →  𝑦 ∧  𝑎 →  𝑦  

                                                = (a ∨ a) → y 
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                                               =  𝑎 →  𝑦.  

And a → y ∧ a → x = a→ x ∧ a → x 

                                               = (a ∨ a) → 𝑥 

                                              = 𝑎 →  𝑥.  

This implies (𝑥 →  𝑎) 𝜃 (𝑦 →  𝑎) and (𝑎 →  𝑥) 𝜃 (𝑎 →  𝑦).  

       Hence θ is a congruence relation.  

(2) Suppose x, y ∈ [z]θ, Then x θ y. Hence y ∨ x = y ∨ (y ∧ x) = y = x ∧ y.  

Therefore, each congruence class is rectangular sub algebra of L.  

Let R be the set of all rectangular sub algebras of L. Now take an arbitrary congruence class [x]θ 

for some x ∈ L. Let T be a rectangular sub algebra of L such that [x]θ ⊆ T and let r ∈ T. Since x 

∈ T and T is rectangular sub algebra of L. Now r ∨ x = x ∧ r and x ∨ r = r ∧ x. 

Since in an ADL (r ∧ x) ∧ r = x ∧ r and thus, x ∧ r = (r ∧ x) ∧ r =(x ∨ r) ∧ r = r which implies that 

 r ∨ x = x ∧ r = r and 

r ∧ x =  x ∨ r = x ∨ (x ∧ r) = x. Hence, r ∈ [x]θ 

 Therefore T ⊆ [x]θ and now we conclude that [x]θ = T. Hence [x]θ is a maximal element of R, 

i.e. each congruence class is a maximal rectangular sub algebra of L.∎ 

Theorem 2.2.3 Let H be an ADL with a maximal element m and H0 . Then H is a skew 

HADL if and only if for any a, z ∈ H such that a ∈ Hz and w, x, y ∈ [a, z], the following 

conditions hold;  

1. x ≤ w a→ x  

2. (x a→ y) ∧ w = w if and only if y ∧ w ∧ x = w ∧ x. 

 Proof, Let H is a skew HADL. 

 (1) For any z ∈ H, Hz is a skew Heyting algebra. Let a ∈ Hz and w, x, y ∈ [a, z]. Since [a, z] is 

Heyting algebra. Then, x   w a→ x ………………… [By Definition 1.2.8(3)]  

(2) Assume that (x a→ y) ∧ w = w. Then, 
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                        w ∧ x = ((x a→ y) ∧ w) ∧ x  

                               = x ∧ ((x a→ y) ∧ w)…………. [Commutative of ∧ on ADL] 

                               = (x ∧ (x a→ y)) ∧ w)…………. [Associative of ∧ on ADL] 

                               = (x ∧ y) ∧ w…………….. [Since [a, z] is Heyting algebra] 

                                = y ∧ w ∧ x.  

On the other hand given that y ∧ w ∧ x = w ∧ x, Then 

 x a→ (w ∧ x) = x a→ (y ∧ w ∧ x) 

                        = (x a→ y) ∧ (x a→ w) ∧ (x a→ x) 

                         = (x a→ y) ∧ (x a→ w) ˄ z ……………… (∗) 

But, x a→ (w ∧ x) = (x a→ w) ∧ (x a→ x) 

                           = (x a→ w) ∧ z ……………….. (∗∗) 

Hence, from (∗) and (∗∗) we have (x a→ w) ∧ z = (x a→ y) ∧ (x a→ w) ∧ z 

Therefore, (x a→ y) ∧ w = (x a→ y) ∧ (x a→ w) ∧ w … [Since w ≤ x a→ w & (x a→ w) ˄ w = w] 

                                     = (x a→ y) ∧ (x a→ w) ∧ z ∧ w …. [Since z is maximum element in [a, z]] 

                                    = (x a→ w) ∧ z ∧ w  

                                    = z ∧ (x a→ w) ∧ w 

                                    = z ∧ w 

                                    = w 

 Conversely, let z ∈ H and assume that (1) and (2) hold.  

Now for any a ∈ Hz take c, d, e ∈ [a, z]. By (1), c   e a→ c such that e a→ c ∈ [a, z] and then  

 d   e a→ c ⇔ ( e a→ c ) ∧ d = d ……. [By Theorem 1.2.1 (3 and 13)] 

⇔ c ∧ d ∧ e = d ∧ e ………………………[By (2)] 

⇔ d ∧ e ∧ c = d ∧ e………………………..[Commutative of ∧ on ADL] 
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⇔ d ∧ e   c …………………………….. [By Theorem 1.2.1(13 and 3)] 

               Hence [a, z] is a Heyting algebra.  

One can define an induced binary operation →z on Hz by x →z y = (y ∨ x ∨ y) y→ y 

Hence Hz is a skew Heyting algebra and therefore H is a skew HADL.∎ 

Corollary 2.2.4 For any x, y ∈ H, ((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m) = m if and only if y ∧ x = x.  

Proof, Assume ((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m) = m. Then 

 x = m ∧ x 

 = {((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m)} ∧ x 

 = x ∧ {((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m)} ∧ x ... [Idempotent law and commutative of ∧ on ADL]  

= x ∧ ((x ∧ m) (y ∧ m)→ (y ∧ m)) ∧ m ∧ x ……………. [By Lemma 2.2.3 (3)] 

= x ∧ m ∧ ((x ∧ m) (y ∧ m)→ (y ∧ m)) ∧ x ………….. [Commutative of ∧ in ADL] 

= x ∧ m ∧ y ∧ m ∧ x …………………….. [By Lemma 2.2.3(2)] 

= m ∧ y ∧ x ……………………………. [Since H is an ADL] 

 = y ∧ x 

 Hence y ∧ x = x.  

Conversely, suppose y ∧ x = x. Then, 

  ((x ∨ y) ∧ m) (y ∧ m)→ (y ∧ m) = {((x∨ y) ∧ m) (y ∧ m)→ (y ∧ m)} ∧ m ….. [By Lemma 2.2.3(4)] 

                        = {((𝑥 ∨  𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)}  ∧  ((𝑦 ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)) 

                        = (((𝑥 ∨  𝑦) ∨ 𝑦)  ∧  𝑚) (y ∧ m)→ (𝑦 ∧  𝑚) 

                         = ((((𝑦 ∧ 𝑥) ∨ 𝑦) ∨ 𝑦) ∧ 𝑚) (y ∧ m)→ (𝑦 ∧  𝑚)…… [Since y ∧ x = x] 

                         = ((𝑦 ∨ 𝑦) ∧ 𝑚) (y ∧ m)→ (𝑦 ∧  𝑚) …………. [As (𝑦 ∧ 𝑥) ∨ 𝑦 = 𝑦] 

                            = (y ∧ m) (y ∧ m)→ (y ∧ m) 

                              = m.  ∎ 
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Conclusion 

Skew HADL is defined by using skew Heyting algebra and express in terms of almost 

distributive lattice with different conditions. In this project work; ADL, HADL, Heyting algebra 

and skew Heyting algebra are used:  

 To define skew HADL and related concepts 

 To prove heorems, corollaries and lemmas which are expressed in a skew HADL 

Finally, we conclude that an equivalence relation θ on a skew HADL is a congruence relation on 

each equivalence class and each congruence class is a maximal rectangular sub-algebra of the 

equivalence class. 

In this project work, from the development of skew Heyting almost distributive lattice by 

B.Assaye, M.Alemineh Yeshiwas Mebrat I have learnt how Mathematical journals are 

published? 
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