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Abstract
In this project work, the notions of weak Ll-ideals and maximal weak LI-ideals of
lattice implication algebras are introduced, respectively. The properties of WLI-ideals
are investigated. Some relationships and characterizations of WLI-ideals in lattice
implication algebras are studied. Furthermore, this project discussed about the
extension theorems of LI-ideals in lattice implication algebras. And prove that

(1) Every ILI-ideal of a lattice implication algebra is WLI-ideal.

(2) Every lattice ideal in lattice H implication algebra is WLI-ideal.
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Chapter 1

Introduction and Preliminaries
1.1. Introduction

In the field of many-valued logical system, lattice valued plays an important role [5,
7]. Also, Goguen [1], Pavelak [3], and Novak [4] researched on this lattice-valued
logic formal systems. Moreover, in order to research the many-valued logical systems
whose propositional value is given in a lattice, in 1993. Xu [6] proposed the notion of
lattice implication algebras and investigated many useful properties. Since then
logical algebra has been extensively investigated by several researchers [1, 5, 8]. In
[9] Jun, and Xu defined the concept of LI-ideal in lattice implication algebras and
discussed its some properties. For the general development of lattice implication
algebras, the ideal theory plays an important role [11, 12].

In this project, we understand the definitions and examples of WLI-ideals in lattice
implication algebras as an extension of LI-ideals in lattice implication algebras.



1.2. Preliminaries

In this section, we preliminaries which will be useful in our discussions the main text
of the project.
Definition1.2.1: [13, 15] A binary relation = defined on a non-empty set P is called

an ordering relation or partial ordering relation if it satisfies the following axioms:

1) X S o [reflexive]
2) x =yandy =ximpliesx=y .................. [anti-Symmetric]
3) x =yandy <zimpliesx <z ................... [transitive] , for any x, v,z € P.

In this case, (P, <) is called a partially ordered set or simply poset.
Definition1.2.2: [13,15] Let A be a subset of a poset P. An element a=P is an upper

bound for A if and only if x < a for every x A. An element acP is the least upper

bound of A (supremum or sup A) if a is an upper bound of A and a is the least from

all upper bounds of A. Whereas, an element a=P is a lower bound for A if and only if
a =< x for every x € A. An element a is the greatest lower bound of A (infimum or

inf A) if a is a lower bound of A and a is the greatest from all lower bounds of A.
Definition1.2.3: [12, 13] A non-empty set L together with two binary operations
meet (/) and join (v) on L is called lattice if it satisfies the following properties.

Forall x,y,z €L
Li:xay=y A xandx v y=y Vv x (Commutative laws);

Ly:xAlyinz) =(xAv)Azand x vV {yVz) = (xVy) vz (Associative laws)

Ly:xAx =x andx v x = x (ldempotent laws)

LyaxV(xAy) =xA (xVz) (Absorption laws)
Definition1.2.4: [12, 15] A poset (L, <) is lattice if and only if both sup {x, v} and inf
fx,v}existsin L. And wewritesup {x, v} =xvy inf{x,y}=xavforx,ye L

Note that: The two definition of a lattice are equivalent in the following sense:



(a) If L is a lattice by the first definition, then define = on L by x = y if and only if
x =xAvandy = x v y

(b) If L is a lattice by the second definition, then defin the operations v and A by

x V y =sup {x,v}and x A y =inf{x, y} respectively.

Definition1.2.5: [6, 9] A bounded lattice is an algebraic structure

L= (L, A, Vv, 0, 1)suchthat (L, A, V) isa lattice and the constants 0,1 £ L

satisfies the following conditions.

1) forallx € L,xA 1= xandxv 1 =1,

2) forallx € L,x A O =0andx v 0 = =x.
The element 1 is called the upper bound or top of L and the element 0 is called the
lower bound or bottom of L
Definition 1.2.6: [6, 10] Let L be a bounded lattice. A unary operation ° is an order-
reversing involution if it is an involution, that is (x")" = x for all x,y € L, that
inverts the ordering thatis x < y imply y" = x".
Definition1.2.7: [6, 14] An algebra (L,—,",0, 1) of type (2,1,0,0) called implicative

algebra if it satisfies the following properties

) x=>(—-z)=y-(x -z,
2) x 2y =y —x
3) l-x=x
4) x=»1=1
5) (x—=y)2y=( »x)—=x
6) 0"=1forallx, v, z €L
Lemma 1.2.8: [14] Let A be an implicative algebra, then for any element x, y €A we

have:

(1) (=) = x (Involution law).

(2) x = x = 1 (Identity).



3 x'=x—0.

(4) x = yimplies y" = x " (Order-reversing)
Definition1.2.9: [6, 7, 11] A bounded lattice (L.AV,0,1) with order-reversing
involution " and a binary operation — is called lattice implication algebra if it

satisfying the following axioms:

(L) x = (y = 2) =

=

- (x = z),
(L,)x = x = 1,
(Lﬂjx -+ ¥y = }FJ _}er

(Ly)x =y

Il
-
1
=

Il

1implyx = y,

L)x—=> )2y =(—>x)—>x

(L) xVY) = z=(x = 2) Ay = 2),

(L)(xAy) =z = (x = z)V(y = z), forall x,y,z € L.
Definition1.2.10: [6, 9] A lattice implication algebra L is called a lattice H
implication algebra if it satisfies x vy v ((x Ay)—=z)=1forall x,y,z € L.

Lemmal.2.11: [6, 9] In a lattice H implication algebra L, the following holds

Mx = (x =y) = x =y

@x =@ =z =(x-=2y)=(x->2)
(@) & =) »x = x

@Bxvx =1

B)xvy=(x =y)—=y forallx, v,z €L,
Definition 1.2.12: [6, 9] In a lattice implication algebraL, we can define a partial
ordering = on a lattice implication algebra L by x =< v ifand only if x — y = 1.

Lemmal.2.13: [6, 9] In a lattice implication algebra L, the following holds
(D 0—=x =1
(2) 1 =x = x

3) x> 1=1



4) x =+ 0=x—=0

G) (x=y=@F-=2)=(x—=2)

6) =xvy=(x=y)=yandxry=(x =2y)=>y)

(7) x =y implies(y = z) = (x =z)and(z = x) = (z = ¥)

@ x=(@x-=y)-y

(9) (xvy) =x Ay and (x Ay) = x vy (De Morgan’s law) for all
x,v,z €L

Definition1.2.14: [7, 9, 11] Let L be lattice implication algebra. An LI-ideal A is non-
empty subset of L such that for any x,v € L,
(LI1).0 € A,
(L12).(x = y) €A and ye Aimplyx € A.
Theorem 1.2.15: [9] Let A be LI-ideal of a lattice implication algebra L and x £ A. If
v=xtheny e A forall y € L.
Definition1.2.16: [9, 15] Let L be a non-empty set and (L,v.A) be a lattice. A non-
empty subset I of L is called a lattice ideal if:
(1) xel,yeLandy < ximplythaty €1,
(I)) x,y e rimpliesx vy e I

Theorem1.2.17: [9] Let L be a lattice implication algebra. Every Ll-ideal A of L is a
lattice ideal.

Proof Suppose that A is an LI-ideal of L.

Claim A is lattice ideal.

Letyv=xforxed veL then(y—=x) =1"=0c4 imply y € 4 (since A is LI-

ideal)
Suppose vy €4, and (x —v) €4 then x£ 4 (since A is Ll-ideal). Moreover

((xvy) =y) €4 andy e Aimply (x v ¥) € A. Therefore A is a lattice ideal m



Theorem1.2.18: [9] In lattice H implication algebra L, every lattice ideal is an LI-
ideal.

Proof: Let A be lattice ideal of L. Assume that (x =+ yv) '€ Aandy € A.

Note that
yix-y) == (x—-y)) = (x—=y) (by Lemmal.2.11(5))

=((x—=y) »¥) = (x— y) (by Definition 1.2.7 (2))
=(x—=y)—= (v) [bylemmal.2.11]
= (x — v) — y ( by involution)
=x vy (by Lemmal.2.11(5))
It follows from Definition 1.2.16(l2) xvy =y V (x = vy)’
Since x = x Vv y by Definition 1.2.16(11) we have x € 4. and 0 € A. Hence, Ais an LI-

ideal of L.
Definition1.2.19: [7] A non-empty subset 4 of a lattice implication algebra L is said

to be Implicative LI-ideal (ILI-ideal) if it satisfies
(ILI1) 0 € A, and

(ILIZ) (((x = ¥) —=v) —z) €dandz € Aimply

(x =y) €A forx,y,z €L.

Theorem1.2.20: [11] Let A be a non-empty subset of a lattice implication algebra L.
Then 4 is an ILI-ideal of L if and only if it satisfies for all z€ 4 and
vi(x—= ¥) € L{(x—= ¥) — y) = zimplies(x— y) "€ A

Proof. Suppose 4 is an ILI-ideal of L.

Letzedand (x — v) "€L. ((x =¥) = y) = =z

= (x=y) 2y =z=1

= (x> y) = y) »z2) =0€A

Thenwe have (((x = v) "= ¥) "= z) " € Aimplies (x = y) "€ 4 holds.

Moreover 4 is an ILI-ideal of L.m



Definition1.2.21: [7, 8, 10] A subset F of a lattice implication algebra L is called a

filter of L if it satisfies:
(F1) 1le F,

(F)xe Fandx — y € Ftheny e F forall x,y € L.
Theorem1.2.22: [11] Let A be a non-empty subset of a lattice implication algebra L.
Then 4 is a filter of L if and only if A" is an LI-ideal of L.
Proof: Assume that A isafilterof L,then1 € 4,andso 0" = 1 € 4",
Let(x —y) ed’andy € A" forall x,y €L,
let (x =y) =u andy = v forsomeu,v € A.
Thusv = x =x—=v = (x=y)) = (u) =u € A
Since A'is a filter, we have x” £ 4,andsox = (x") "€ 4"
This prove that A" is an LI-ideal of L.
Conversely, suppose that A" is an LI-ideal of L. Then 1 € Asince1'=0 € A4".
Letx,y € Lbesuchthatx £ Aand x — v € A.
Thenx” e d’and (v = x") = (x = y) €4,

as A’ is an LI-ideal, it follows from definition of LI-ideal (LI2) thaty" € A or y €A.

Hence A is a filter of L.



Chapter 2

Weak LI-ideal in lattice implication algebra

In this chapter, we discuss the definition of weak LlI-ideal of lattice implication
algebra which is analogous to LI-ideal of lattice implication algebra and some basic
result, give examples of weak LI-ideals in lattice implication algebra.

2.1 Definitions and examples of WLI-ideal in lattice implication algebra

In this section we discuss the notion of weak LlI-ideal in lattice implication algebra
and examples of weak LI-ideal in lattice implication algebra.

Definition2.1.1: A non-empty subset 4 of a lattice implication algebra L is called a
weak LI-ideals of L if it satisfy the condition
((x =y) = y) EAif(x =y) €4, forallxyeL.

The following example shows that there exists a WLI-ideal in lattice implication
algebra.

Example 2.1.1: Let A = {1,0} be a set where 0 is the smallest and 1 is the largest

element in L.

Now take x = 0,y = 1,then (0 = 1) =0 Aimplies((0—= 1) = 1) =0 € A4,
and also take x = 1,y = 0,then (1 = 0)" =1 €A implies
((L—=0)—=0)y=1€A.

Hence A is WLI-ideal.
Example 2.1.2. Let B = {0} be a set.

Letx=0,y=0,then(0—=0)'=1"=0€B
implies ((0 = 0)" = 0)' =(1'>0) =(0-0) =1 =0 € B. Therefore B is

WLI-ideal.
Definition 2.1.2: [11] Let L be a lattice implication algebra, a non-empty subset A of

L is called a weak filter of L if it satisfy the condition:

If (x = v) € A, thenx — (x = y) € 4, forall x,y € L.



Theorem 2.1.3: Let L be a lattice implication algebra, 4 < L is an LI-ideal of L. Then
AisaWLlI-ideal of L.
Proof: Suppose that A is an LI-ideal of L.
Claim: 4 is a WLI-ideal of L.
Let (x —v) €Aforall x,y € L. Then,
((x=y) =3 =2 x=3) =(x=>y))=>((x=y)=>¥))

(by Definition 1.2.9 of (L3)).

=((x=¥) = ((x—=y»)—=y))  (Involution law)
=((x=¥)—= (= (x »¥)))  (by Definition 1.2.9 of(L3)).
= (v = ((x =) = (x =) (by Definition 1.2.7 of(1)).
=(y' = 1)=1"=0€4,
ie, (x=¥) =2y = (x=y))€EAThus, ((x=2y) »y)edas disan LI-
ideal and (x — )’ € 4.
Therefore A is a WLI-ideal of L.

2.2 Some relationships and characterizations of WLI-ideals in lattice implication

algebras

Theorem 2.2.1: Let L be lattice implication algebra. Every ILI-ideal A of L is WLI-

ideal.

Proof: Suppose that 4 is an ILI-ideal of a lattice implication algebra L, and
(x=>y) eAforall x,y EL.
Claim: 4 is a WLI-ideal of L
Since (((((x =)' =¥) = 0)' = 0)' = (x =¥y))
= (((x =)' = 3) = 0) = (x = »)")" (by Lemmal.2.8(3))
= ((x=»' =)= (x=»"

= ((x = ¥) = ((x = v) =) (byDefinition 1.2.9 of(L3)).



=((x=y > =E=y)
=@ = @x-=y) = (x—=y)
= =1)=0¢€ A
Hence we obtain ((x = )’ = ¥)' € A by A is an ILI-ideal of L. Therefore A is a

WLI-ideal of L.
Theorem 2.2.2: Let A is a non-empty subset of a lattice implication algebra L

and A" = {x": x € 4}, then 4" isa WLI-ideal of L if and only if 4 is a weak filter of L.
Proof: Assume that for any =,y € L,A is a weak filter of L.

Since (x — y) € A, then (x — y)' € A" implies (x = (x = ¥)) € 4’

e, if(y' =x") €4 then((y" = x) =x")'e 4"

Thus,A4" is a WLI-ideal of L.

Conversely, Let 4" is a WLI-ideal of L and (x—y)' €4’ implies
(x—=y) =y)edforall x,y eL.Sincex =y = y' = x' € 4;

(x ==Y =E-=9 >y=0" -0 =x)) €4

Moreover, we get ¥' — x' € 4 implies (yv' = (¥' = x")) € 4 holds.

Hence A is a weak filter of L.

Theorem 2.2.3: Every lattice ideal in lattice H implication algebra L is a WLI-ideal
of L

Proof: Let L be a lattice H implication algebra, A is lattice ideal and
(x=v) edyedforall x,y € L.

Foryv{x—=v) =yvix'vy) =xVvy.

Hence x vy € A.

It follows

yV ((x=y) =y)=yv(((xVvy))Vvy)

=yv((xvy)Vvy)

10



=yVv(x Ay)

=x vy.Sothaty v ((x = v) = v) € A4since

((x=) " =y)=yv((x=y) ="

Therefore ((x = ¥) ' — v)" € Aas A is lattice ideal of L.

Theorem 2.2.4: Let L be a lattice H implication algebra, if

A(t) = {x € L: (x = t)" = 0} for all elements of L, then A(¢t) is a WLI-ideal of L.
Proof: Suppose that (x — )" € A(¢t) forall x,y £ L, then

[[x—:r}r:]' ﬁt)'= 0= [(x —>}r:]‘u't)'= 0,

ie (x »y) AtT =0.Since (((x »¥) »¥) ' =t)' = ((x=y) Vy)=t)

= (((x=y) vy) v i)y

(x=y) " AY)AL

=((x =2y) Ay Ay =0

=0 Ay =0,wehave ((x = ¥) —=v¥) € A(1).
Therefore A(t) is a WLI-ideal of L by Definition 2.1.1
Theorem 2.2.5: Let L be a lattice H implication algebra, if 4 is an LI-ideal of L then
A, ={xeL:(x—=t) € A}isaWLI-ideal forany ¢t € L.
Proof: Assume that (x — y) € 4, forall x,y € L, then ((x = y)" = t)" € A. Since
(((x=y) =y) =2t) =2 ((x=y) = 0)
= ((x=y) =2t) = (((x »y) »y) =)

= (((x =) =y) = (((x =y) —=y) =t) 2t)) = (((x =¥) =y)

= ((x =y) vi))
= (((x=¥) =3 =@x=»)V {((x=>y)=>y)=>1))
=((x=y) =2 (= =NV E = ((x=y)" =)
=((x=y) =2 (= =NV E = ((x=y)" =)

= =DV = =x-=3))

11



=@V == (x=y)))

=0A(((x =) =2D) =)

=0A((x 2y) Vi) Ay =0 EA

Note that if 4 isan LI-ideal of L, then (((x = ¥) = ¥) = t)" € A.

Hence ({(x — v)" = v) € A,.

Theorem 2.2.6: Let L be a lattice implication algebra, {4,:i € I} is the set of WLI-
ideal of L for I is an index set, then U, ., 4, and N; ;; 4; are WLI-ideals.

Proof: let (x = v)' €U., A4, for all x,y €L, then there exists i €1 such that
(x = y) €EA,.

Since 4, is WLI-ideal, which imply that ((x —= y)" = ¥)' € A, forsomei 1.
Hence, we get ((x = v)' = y) € U.,A4;.

By Definition 2.1.1 U, ., 4, is a WLI-ideal of L.

Suppose that (x — v)" € N,y A4; forany x,y € L, then (x — y)' € 4, forany i € I.
Since 4, is a WLI-ideal, we have ((x = v)' = y)' € A. forany i € 1.

Thus we have ((x = ¥)" = ¥)" € N, 4,.

Therefore MN; ;; 4; is a WLI-ideal.

Remark 2.2.7: Let L be a lattice implication algebra, the intersection of a WLI-ideal
of L is also a WLI-ideal by theorem 2.2.6

Suppose A =L, the smallest WLI-ideal containing A is called the WLI-ideal
generated by A and denoted by {4)

Definition 2.2.8: Let L be a lattice implication algebra, a WLI-ideal A of L is called a

maximal WLI-ideal if it is not equal to L, and it is a maximal element of the set of all
WL I-ideals with respect to set inclusion (or the relationship of one set being a subset
of another set)

In what follows, forany a € L,

12



Llﬂ ={((xy > y) 2 y)ixy,y €L (x; » ) =al;

2 ={((xg = ¥) = v ) ixgy, v EL(x; > v,) €ELLE
L} ={((x;—=yy) = vy)ixq, v €L (25— vy) €13
a 3~ ¥ ¥3 3r ¥3 3 3 a

Ld:z ={((xy—=yy) =2y )ixy, vy €L (x, > y,) € Li}i
= {((x, =2 ya) =) ix,, v EL(x, = ¥,) ELYL

It is easy to check.

(=2 v) =) = (((x; = y) = y) = 0);
(=) = y) = y) =[x, = y) = y)"

Hence L c 1= 1. 1* © 13 < 12 c 1! and denoted by T, = N2, L},
Theorem 2.2.9: Let L be a lattice implication algebra, then T_ is a WLI-ideal for any
a e L.
Proof. Suppose that (x, = ;) € T, forany x,,y, € L, thenthereexistsi = 1and it
is the element of the set of {0,1,2,3 ..., ...} such that (x; = ;)" €L,
Hence ((x;—=¥) = ¥) €LZ?, 1e, ((x,=vy) —v) €T, Therefore T, is a
WLI-ideal of L by Definition 2.1.1.
Theorem 2.2.10: Let L be a lattice implication algebra, x,a € L,then x € T_ if and
only if there exist k € N¥,x,,x,_4,%5,%; €L, and y,,v,_4, ¥, v, € L if it satisfies

the follows conditions:

D Gy =) =a
@) (= yd) e Lt and (x, = ) = ((xmy = ¥iey)' = ¥a)'s
Q) (= ¥ ) = w) ==
Proof: Assume that the conditions 1 to 3 hold, then x = ((x, — v,) = ¥,)" € LX?

foreveryk=2,3,4...

=x € NZ,L5 ' =Ta

Therefore x € Ta.

13



Conversely suppose X €T, then there exist k € N* such that x €LY by
T.=N7Z, L, Qe 3x,,y, € Lsuchthatx = ((x, = v, ) = v, )"
Thus, we have(x — ¥)' € LE*. Since there exist x,_,, v,_, € L such
that(xc, = ¥, )" = ((2e_q = Yeoq)' = Viy)' Or 2 = 3, € LT, and so we
get x,_y = ¥y € LE2.
It follows that we can be obtaining sequences x,,x,_;, x,,x;€L and
Vi Vi1, V2. ¥ € L such that three conditions hold. m
Theorem 2.2.11: Let L be a lattice implication algebra, then T, = {a} forany a € L.
Proof: Suppose that a € T_then {a) € T, by Theorem2.2.9
On the other hand, let @ € T_then there exist k € N* such that x, ,x,_,,%,,x, € L
and y,.,v._q, ¥;, ¥y € L satisfy the following conditions.
(1) (x=y) =a;
2 (= y)' e L7t and (x;—»y) = ((xy 2 vi) =2y ) (=230
@) (e =2 y) = 3)' = x.
Moreover, we have (x;, = v,) € {a) (i =2,3...k),
i.e. T, = {a). Consequently, the result is valid.
Theorem 2.2.12: Let L be a lattice implication algebra, 4 = L. Then
(Ay=N, 4 (a).
Proof: Since a € {(a} foralla € 4, wehave A S _,{a).
Thus {4) € N, c4{a).
On the other hand, if va € A4 then (a) € (4).
Hence we obtain N, o, {a} € {(4).

Thus we have (4) = N_ .la) .

14



Corollary 2.2.13: Let L be a lattice implication algebra, A€ L,BS L and A € B.
Then {4} = (B).

Proof: Suppose L be a lattice implication algebra, A = B and x € B. Then x € (B)
(since {B) is the smallest LI-ideals of L containing x € M, z{b}.

By Theorem 2.2.12. (B} = (,.5{b}

=x £{a)forallb € B

=x € {a)foralla € A (since A € B)

= x E [, {a) = (4) by Theorem 2.2.12.

Therefore (B} = {4A)m

15



Conclusion

In this paper, we proposed the notion of WLI-ideals and maximal WLI-ideals in
lattice implication algebras, discussed some of their properties with examples, also the
extension theorem of WLI-ideals in lattice implication algebras are discussed. As a
result, every ILI-ideal of a lattice implication algebra is WLI-ideal and every lattice
ideal in lattice H implication algebra is WLI-ideal. The above work will used to for
future study about the structure of WLI-ideals in lattice implication algebras and

develop corresponding many-valued logic system.
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