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Abstract

In this thesis, we introduce the notion of fuzzy ideals in a more general context in universal
algebras by the use of ideal terms. Fuzzy ideals generated by a fuzzy set are characterized from
the fuzzy point of view as well as from the algebraic point of view. It is shown that the class
of fuzzy ideals of an algebra A of a given type § forms an algebraic closure fuzzy set system
together with the inclusion ordering of fuzzy sets. The commutator of fuzzy ideals in univer-
sal algebras is defined as a common abstraction of the product of fuzzy normal subgroups in
groups, fuzzy ideals in rings, etc. Using this commutator, we define and characterize fuzzy
prime ideals, fuzzy semiprime ideals, maximal fuzzy ideals, the radical of fuzzy ideals and the

space of fuzzy prime ideals in universal algebras.

On the other hand, we deal with fuzzy congruence relations and their classes so-called fuzzy
congruence classes in universal algebras. We characterize fuzzy congruence relations generated
by a fuzzy relation and we give a representation for fuzzy congruence relations using crisp con-
gruences. Mainly, we make a theoretical study on fuzzy congruence classes of algebras in
different varieties. Several Mal’cev type characterizations are given for a fuzzy subset of an
algebra in a given variety to be a class of some fuzzy congruence. Particularly, finite character-

izations are given for fuzzy congruence classes in regular and permutable varieties.

We also introduce the notion of fuzzy cosets in universal algebras by the use of coset terms.
It is shown that, fuzzy ideas and more generally fuzzy congruence classes are the natural exam-
ples of fuzzy cosets. But the converse does not hold in general. We give sufficient conditions
for fuzzy cosets to be a class of some fuzzy congruence relation. Moreover, the theory of fuzzy

cosets is applied to characterize permutable varieties.



vi

In some class of algebras (like groups and rings), each ideal 7 is the zero congruence class
of a unique congruence relation denoted by / % and the map [ — [ % defines a one to one corre-
spondence between the lattice of ideals and the lattice of congruences on that algebra. A class
of such algebras is called ideal determined. In this thesis, we study special fuzzy congruence
classes so-called fuzzy congruence kernels and we give necessary and sufficient conditions (in
a fuzzy sense) for a class of algebras to be an ideal determined. In this view, we study the

structure of quotient algebras induced by fuzzy ideals in ideal determined varieties.
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Introduction

In 1965, L. A. Zadeh [158] introduced the notion of a fuzzy subset of a set X as a function
from X into the unit interval [0, 1]. This idea marked a new direction and stirred the interest
of researchers worldwide. It provided tools and an approach to model imprecision and un-
certainty present in phenomena that do not have sharp boundaries. A lot of work on fuzzy
sets has come into being with many applications to various fields such as computer science,
artificial intelligence, expert systems, control systems, decision making, medical diagnosis,
management science, operations research, pattern recognition, neural network and others (see

[80, 135, 153, 164]).

In 1971, Rosenfeld [136] applied fuzzy sets in group theory and has formulated the con-
cept of a fuzzy subgroup of a group. Since then, many researchers have been studying fuzzy
subalgebras of several algebraic structures; fuzzy subgroups and fuzzy normal subgroups of a
group (see [1, 14, 16, 32, 33, 34, 41, 57, 64, 92, 102, 129, 130]), fuzzy action of groups (see
[5, 47]), fuzzy ideals of a semigroup (see [86, 106, 109, 110]), fuzzy subrings and fuzzy ideals
of a ring see (see [2, 65, 66, 113, 122, 123, 132, 99]), prime and maximal fuzzy ideals of a
ring (see [97, 98, 119, 120, 121, 131, 143]), fuzzy sublattices and fuzzy ideals of a lattice (see
[15, 46, 26, 27]), fuzzy ideals of a pseudo-complemented semi-lattice (see [28]), fuzzy ideals
of a poset (see [29, 30]), fuzzy ideals and fuzzy filters of MS-algebras (see [22, 23, 24, 25]),
fuzzy ideals of BCC-algebras (see [68, 69]), fuzzy ideals of BCI/BCK algebras ([125, 87, 88]),
fuzzy submodules of a module (see [3, 117, 161, 162]), fuzzy subspaces of a vector space (see

[44, 58, 89]), etc.

In this thesis, we introduce and investigate the notion of fuzzy ideals in a more general



context in universal algebras as a common abstraction to most of the existing theories of fuzzy
ideals in different algebraic structures. We apply the general theory of algebraic fuzzy systems
developed in [144, 145] to study the properties of fuzzy ideals that they have in common in
different algebraic structures. In this setting, basic concepts that are connected to ideals like the
generator, the commutator, primeness, semi-primeness, the prime spectrum, maximality and the

radical are extended to the class of fuzzy ideals in universal algebras.

The concept of fuzzy equivalence relations was first defined by Zadeh [159] as a general-
ization of the concept of an equivalence relation. They have been since widely studied as a
way to measure the degree of indistinguishability or similarity between the objects of a given
universe of discourse, and they have shown to be useful in different contexts such as fuzzy
control, approximate reasoning, fuzzy cluster analysis, etc. In literature, fuzzy equivalence
relations appeared in different names such as similarity relations (see [159]), indistinguisha-
bility operators (see [152, 82, 83, 59, 60]), .7 —equivalences (see [61, 62]), etc. Fuzzy con-
gruence relations on algebraic structures are fuzzy equivalence relations which are compatible
(in a fuzzy sense) with all fundamental operations of the algebra. Fuzzy congruences have
been studied in different algebraic structures; in semigroups (see [56, 108, 138, 148, 157]), in
groups and rings (see [91, 94, 107, 112, 128, 137, 163]), in modules and vectorspaces (see
[70, 142]), in lattice structures (see [21, 46, 146]), and more generally on universal algebras
(see [52, 73, 133, 134, 139, 140]). Other important concepts that we study in this thesis are
fuzzy congruence relations and their classes in universal algebras. We give several Mal’cev
type characterizations in a fuzzy setting. We study, the connection between fuzzy ideals and

fuzzy congruence relations in a general context.

This thesis is organized in seven chapters. The first chapter contains basic concepts of
universal algebras and fuzzy set theory collected from literature. The next three chapters are
devoted to the development of the general theory of fuzzy ideals in universal algebras. Whereas

the last three chapters are concerned with the study of fuzzy congruence relations and fuzzy



congruence classes in different equational classes of algebras like regular, permutable and ideal-

determined varieties.

To be more specific: in chapter two, we define fuzzy ideals of universal algebras as a nor-
malized fuzzy set which are 7—closed under each ideal term t(?, 7) in 7 Examples and
several characterizing theorems are given. Mainly, fuzzy ideals generated by fuzzy sets are
fully characterized. Furthermore, fuzzy ideals of fuzzy subalgebras are studied in the chapter.
The main concern of the third chapter is to study fuzzy prime ideals and their generalization by
applying the commutator of fuzzy ideals in universal algebras. We give an internal characteriza-
tion for fuzzy prime ideals of universal algebras analogous to the well-known characterization
of Swamy and Swamy [143] in the case of rings. Those fuzzy ideals (not necessarily 2—valued)
in which every level subset is either the A or prime are also studied in the chapter under a name
generalized fuzzy prime ideals. Moreover, we study maximal fuzzy ideals and their generaliza-

tions in the chapter.

In chapter four, the commutator of fuzzy ideals is applied to define and investigate fuzzy
semi-prime ideals and the radical of fuzzy ideals in universal algebras. The radical of fuzzy ide-
als is described in different ways. Several characterizing theorems are given for a fuzzy ideal
of an algebra A to be fuzzy semi-prime. In addition, the space of fuzzy prime ideals equipped

with the hull-kernel topology is also presented in the chapter.

A. 1. Mal’ceve [118] has proved that a nonempty subset H of an algebra A of some type §
is a class of some 6 € Con(A) if and only if for any a,b € H and any unary polynomial p over
A it holds that

pla) eH = pb) €H

One of the main results in this thesis is that we give a Mal’cev type characterization for fuzzy
subsets of an algebra A to be a class of some fuzzy congruence on A. This result is proved in

Chapter five. In particular, in regular and permutable varieties, a polynomial characterization



is given for fuzzy congruence classes using finite number of finitary terms. Furthermore, some
equivalent conditions are also given for a variety of algebras to posses fuzzy congruence classes

which are also fuzzy subuniverse.

In Chapter six, we define fuzzy cosets in universal algebras and investigate some of their
properties. Fuzzy cosets generated by a fuzzy set are fully characterized. It is shown that fuzzy
ideals and in general fuzzy congruence classes are the natural examples of fuzzy cosets. But
the converse is not true in general. We give a sufficient condition for fuzzy cosets to be a class
of some fuzzy congruence relation. Moreover, we give several characterization for a class of

algebras to be permutable using fuzzy cosets.

The last chapter is about fuzzy ideals and fuzzy congruence relations. A special fuzzy
congruence classes; called fuzzy congruence kernels are studied in the chapter. It is observed
that fuzzy congruence classes are fuzzy ideals but the converse need not necessarily be true.
We obtain a class of algebras in which fuzzy ideals are a kernel of unique fuzzy congruence.
This establishes a one to one correspondence between ideals and fuzzy congruence relations.
Finally, we study the structure of quotient algebras induced by fuzzy ideals in some general

context. We characterize fuzzy prime ideals using their quotient structure.



Chapter 1

Preliminaries

In this chapter, we present basic notions and results that will be used throughout the thesis.

1.1 Universal Algebras

Most of the results in this section are standard and are collected from [48, 50, 74, 78]

1.1.1 Definitions and Examples

For a nonempty set A and n a nonnegative integer we define A’ = {0}, and, for n > 0, A" is the

set of n—tuples (ay,as,...,a,) of elements from A.

Definition 1.1.1. An n—ary operation (or function) on a set A is any function f from A" to A.

In this case, n is the arity (or rank) of f.
An operation f on A is unary, binary, or ternary if its arity is 1,2, or 3, respectively.

Definition 1.1.2. A language (or type) of algebras is a set § of function symbols such that
a nonnegative integer n is assigned to each member f of §§. This integer is called the arity (or
rank) of f, and f is said to be an n—ary function symbol. The subset of n—ary function symbols

in § is denoted by §,.

Definition 1.1.3. An algebra A of type § is an ordered pair (A,§) where A is a nonempty set and

& is a family of finatary operations f on A (or a language of algebras). The set A is called the
y y op guag g
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universe (or underlying set) of A = (A, F) and the fA’s are called the fundamental operations

of A.

In other words, an algebra is just a model for a first order language § whose nonlogical
symbols are finitary operation symbols f with arity n > 0.
If there is no confusion, we prefer to write just f for fA. If § is finite, say § = {fiy-es fu}> we

often write (A, f1, ..., fx) for (A, F), usually adopting the convention:

arity f1 > arity f, > ... > arity fj,

Whenever we deal with a class of algebras, it will be assumed that all the algebras are models
for one language, i.e., that they are of the same similarity type. Thus each class %" of algebras
is attached to a language (or a type) §, and % C Mod(§), where of course Mod(§) denotes the
class of all models (or algebras) of the given type §. When A € Mod(§) and f € § as above,

then f4 is called the interpretation of f in A, and it is a k—ary operation on the set A.

Example 1.1.4. A groupoid is an algebra (G, ) of type (2), i.e., a groupoid is nonempty set G

together with a binary operation -. A semigroup is an associative groupoid.

Example 1.1.5. A group is an algebra (G,-,”!,e) of type (2, 1,0) in which the following iden-

tities are true:

l.a-(b-c)=(a-b)-c

Sometimes groups are written additively in a form like (G, +,—.0).

Example 1.1.6. A ring is an algebra (R, +, ,—,0,1) of type (2,2,1,0,0) in which the following

identities are true:
1. (R,+,—,0) is an abelian group

2.a-(b-c)=(a-b)-c
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3. a-(b+c)=(a-b)+(a-c)

Example 1.1.7. A distributive lattice is an algebra (L,V,A) of type (2,2) in which the follow-

ing identities are true:
l.avb=bVaandaAb=bAa
2. aVvV(bVe)=(avb)VcandaA(bAc)= (aAb)Ac
3. aN(avb)=a=aV (aNb)
4. an(bVc)=(anb)V(aNc)oraV (bNc)=(aVb)A(aVc)

for all a,b,c € L. Moreover, a bounded distributive lattice L is an algebra (L,V, A,0, 1) of type

(2,2,0,0) such that:
1. (L,V,A) is a distributive lattice.
2. 0Na=0andaANl=a

foralla € L.
Example 1.1.8. A Boolean algebra is an algebra (B,V,A,,0,1) of type (2,2,1,0,0) satisfying
the following identities:

1. (B,V,A,0,1) is a bounded distributive lattice

2. aNd =0andaVd =1forall a € B.

Boolean algebras were of course discovered as a result of Boole’s investigations into the
underlying laws of correct reasoning. Since then they have become vital to electrical engi-
neering, computer science, axiomatic set theory, model theory, and other areas of science and

mathematics.

Example 1.1.9. A Heyting algebra is an algebra (H,V,A,—,0,1) with three binary and two

nullary operations such that:

1. (L,V,A,0,1) is a bounded distributive lattice
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2.a—a=1
3. (@a—b)Ab=bandaA(a—b)=alb
4. a— (bANc)=(a—Db)N(a—c)and (aVb) —c=(a—c)N(b—c)forall a,b,c € H.

Heyting algebras were introduced by Birkhoff under a different name, Brouwerian algebras,

and with a different notation (a : b for a — b).

Example 1.1.10. An implication algebra is a groupoid (A, ) satisfying the identities
L. (xy)x=x;
2. (xy)y = (yx)x and
3. x(yz) = y(xz)

Implication algebras play an important role in logic.

1.1.2 Homomorphisms and Congruence Relations

Definition 1.1.11. Let A and B be algebras of the same type §. A mapping & : A — B is called

a homomorphism from A to B if:

h(fA(al,az, ey ly)) = fB(h(al),h(az), woyh(ay))

for each n—ary operation f in § and each sequence ay,a»,...,a, from A.
Definition 1.1.12. A homomorphism 4 : A — B is said to be:

1. a monomorphism, if it is injective (or one-one).

2. an epimorphism, if it is surjective (or onto).

3. an isomorphism, if it is bijective (or a one-to-one correspondence).

We say A is isomorphic to B, written as A = B if there is an isomorophism from A onto B.
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Note that, a monomorphism 4 : A — B may sometimes be called an embedding of A into B

and in this case we say A can be embedded into B.

Definition 1.1.13. Let A and B be two algebras of the same type. Then B is a subalgebra of A if
B C A and every fundamental operation of B is the restriction of the corresponding operation of
A, i.e., for each function symbol f, fB is fA restricted to B; we write simply B < A to say that B

is a subalgebra of A.

Definition 1.1.14. A binary relation 6 on A is an equivalence relation on A if, for any elements

a,b,c € A, it satisfies:
1. (a,a) € O (reflexivity)
2. (a,b) € 6 = (b,a) € 6 (symmetry)
3. (a,b),(b,c) € 6 = (a,c) € O (transitivity)

Sometimes we may write a6b to say that (a,b) € 0. The set of all equivalence relations on A is
denoted by Eq(A), and it is observed that Eq(A) is a complete lattice together with the inclusion

order.

Definition 1.1.15. Let A be an algebra of type §§. A binary relation 6 on A is called an admissible
relation if O satisfies the following compatibility property: for each n—ary f € § with n > 0 and

ai,...,an,by,....by €A, if (a;,b;) € 0 fori=1,...,n, then (f(ay,...,a,), fA(b1,...,b,)) € 6

Definition 1.1.16. Let A be an algebra of type §. By a congruence relation on A we mean
an admissible equivalence relation on A. The set of congruence relations on A is denoted by

Con(A) and it is a complete lattice together with the usual inclusion ordering C.

Definition 1.1.17. Let X be a set of (distinct) objects called variables. Let § be a type of

algebras. The set T (X) of terms of type § over X is the smallest set such that:
. XUFo CT(X)

2. If p1,p2y..eypn € T(X) and f € §, then the "string" f(p1, p2,...,pn) € T(X).
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For n € Z*, we denote by 7T,, the set of all n—ary terms over A. For a binary function symbol "."
we usually prefer to write pj.p; to .(p1, p2). For pinT (X) we often write p as p(xj,...,x,) to
indicate that the variables occurring in p are among xi,...,X,. A term p is n-ary if the number

of variables appearing explicitly in p is < n.

Example 1.1.18. Let § consists of a single binary operation symbol ~ and let X = {x,y,z}. Then
X,Y,2,X Y,y 2,% (y-2), and (x-y) -z

are some of the terms over X.

Definition 1.1.19. Given a term p(xp,...,x,) of type § over some set X and given an algebra A

of type § we define a mapping p : A” — A as follows:

1. If p is a variable x;, then p*(ay,..,a,) = a; for ay,..,a, € A, i.e., p* is the i'" projection

map.

2. If pis of the form f(p1(x1,...,Xn), .-, Pr(x1, ..., Xn)) Where f € §y, then

pA(ala"aan) = fA(pl<a17~-aan)7"‘7pk(alanaan))

In particular, if p = f € §, then p* = f4. We call p” the term function corresponding to

the term p or in the older literature, derived operations.
Theorem 1.1.20. For any algebras A and B of the same type § we have the following

1. Let p be an n—ary term of type §, 0 € Con(A), and suppose (a;,b;) € 0 for 1 <i <n.

Then, (p*(ai,..,an),p" (b1,..,by))) € 6

2. If pis an n—ary term of type §, and h : A — B a homomorphism, then

h(pA(a1 yeyly)) = pB(h(a1), wh(ay))

forall ay,..,a, € A.
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Definition 1.1.21. The polynomial operations of A constitute the smallest set that is closed
under composition and contains the basic operations of A, the projection operations, and the

constant nullary operations on A.

Definition 1.1.22. For each polynomial operation f(xi,...,x,) of A, there exist an (m+n)—ary

term operation p(yi,...,Vm,X1,...,X,) and elements ay, ...,a,, € A, such that

F(x1yeesxn) = play, .., @m, X1, ..o, Xn)

for all xi,...,x, € A. Specifically, if f(x) is a unary polynomial over A, then there exists an

(m+ 1)—ary term p(y1,...,ym,x) and elements ay, ...,a, € A, such that

f(x)=plar,....am,x)

The expression algebraic function is often used in the old literature to refer to what we call a

polynomial operation. For n € Z*, the set of all n—ary polynomials over A is denoted by P,(A).

Suppose that %" is a class of algebras of a given type § and A € JZ. Let p = p(x1,...,x)
and t = t(y1,...,yn) be terms of type §. The formula p ~ ¢ is called an equation. We write
A= p~ttosay that p! =14, ie., p*ay,...,an) = t*(ay,...,a,) for all aj,...,a, € A. When
A = p ~t holds, we say that p ~ ¢ is an identity (or an equation) of A. J#" |= p ~ t means that

AlEp~trforall A€ . If Lis a set of equations of type §, then

Mod(X) ={A € Mod(F):Al=¢€ foralle € ¥}

Classes of the form Mod(X), where X is a set of equations of § are called varieties (or equational
classes). By a theorem of G. Birkhoff [43], a class .# C Mod(gF) is a variety if and only if .#
is closed under the formation of homomorphic images, subalgebras and products. The smallest
variety containing a class % C Mod(§) is identical with HSP(.¢), where H, S and P are the
operators which close classes under homomorphic images, subalgebras and direct products, re-
spectively. We interpret these operators in such a way that the closure of Z" under any of them

contains all isomorphic copies of its members.
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1.1.3 Ideals in Universal Algebras

The results presented in this subsection are taken from [79, 149]. For a positive integer n, we

write @ to denote the n—tuple (ay,az,...,an) € A™.

Definition 1.1.23. A term p(?, 7) is said to be an ideal term in ¥ if and only if p(ay,...,a,,0,0,...0) =

O forall ay,...,a, € A.
Example 1.1.24. Let (G, ,~!,e) be a group. Then
~1

1. p(y) =y ' isan ideal term in y

2. p(y1,y2) = y1.y2 is an ideal term in 7 = (y1,¥2)-

1

3. p(x,y) =xyx~ " is an ideal term in y.

And all other ideal terms in G are the compositions of these terms only.

Example 1.1.25. Let (R,+, ,—,0) be a ring. Then
1. p(y) = —yisanideal terminy
2. p(y1,y2) = y1 +y2 is an ideal term in 3 = (y1,2).
3. p(x,y) = xyis an ideal term in y.

And all other ideal terms in R are the compositions of these terms only.

Example 1.1.26. Let (L,V,A,0,1) be a distributive lattice with zero. Then
1. p(y1,y2) =y1 Vy, is an ideal term in ¥ = (y1,¥2)-
2. p(x,y) =xAyis anideal term in y.

And all other ideal terms in L are the compositions of these terms only.

Definition 1.1.27. A nonempty subset / of A is called an ideal of A if and only if for each

ai,....an €A,by,....by € I and any ideal term p(%,Y) in ¥, p(ar,...,an,b1,....byw) € 1.
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We denote the class of all ideals of A, by I(A). It is easy to check that the intersection of any
family of ideas of A is an ideal. So, for a subset S C A, always there exists a smallest ideal of A
containing S which we call it the ideal of A generated by S and it is denoted by (S). Note that
x € (S) if and only if x = p(ay,...an,by,...,by,) for some ay,...a, € A, and by, ...,b,, € S where
p(¥,) is an (n+ m)—ary ideal term in . If § = {a}, then we write (a) instead of (S). In
this case, x € (a) if and only if x = p(ay,...an,a) for some ay,...a, € A, where p(¥,) is an

(n+1)—ary ideal term in ¥/ .

A nonzero element u in A is said to be a formal unit, if A = (u), i.e., A is generated by u as an
ideal. A cyclic group, a ring with unity, a bounded lattice and an almost distributive lattice with
maximal elements are examples of an algebra having a formal unit. A formal unit (if it exists)
in an algebra is not necessarily unique (e.g., cyclic groups and almost distributive lattices may

have several formal units).

Definition 1.1.28. A class %" of algebras is called an ideal determined if every ideal / is the
zero congruence class of a unique congruence relation denoted by 1%, 1In this case the map

I+ I° defines an isomorphism between the lattice of ideals and congruences on A.

Definition 1.1.29. A term t(?, 7, 7) is said to be a commutator term in 7, 7 if and only if

it is an ideal term in 7 and an ideal term in 7.

Definition 1.1.30. For each I,J € I(A), their commutator [/, J] is defined by:
,J = {t(ﬁ,?,?) - d €A, K e I'" and ? € Jk,t(7,7,7) is a commutator term in 7,7}

The following theorem gives a characterization for the commutator of ideals using the gen-

eral commutator of congruences in ideal determined varieties.

Theorem 1.1.31. In an ideal determined variety, the commutator [I,J] of ideals I and J is the

zero congruence class of the commutator congruence [I o J ‘3].

For subsets H,G of A, [H,G] denotes the product [(H),(G)]. In particular, for a,b € A,

[(a), (D)] is denoted by [a,b]. A proper ideal P of A is called prime (respectively semi-prime) if
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and only if for all 1,J € I(A):
[1,J]CP=1C PorJCP (respectively [I,I] CP=1CP)

It is observed that, for a proper ideal P of A to be prime (respectively semi-prime) it is necessary

and sufficient that:
[a,b) CP=a€ Porb € P (respectively [a,a] CP = a € P)

for all a,b € A.

Definition 1.1.32. A nonempty subset M of A is said to be an m—system (respectively an

n—system) of A if for any a,b € M, it holds that M N [a, b] # O (respectively M N [a,a] # 0).

1.2 L—Fuzzy Sets

This section is concerned to present the basic definitions and results on L—fuzzy sets. We begin

by defining Brouwerian lattices.

1.2.1 Complete Lattices

Definition 1.2.1. A partially ordered set (poset) is a non-empty set P together with a binary

relation < which satisfies for all x,y, z € P the following conditions:
(P1) x <x (Reflexive)

(P2) If x < yandy < x, then x =y (Antisymmetry)

(P3) If x <yandy < z, then x < z (Transitivity)

An upper bound of a subset A of a poset P is an element x € P such that a < x for all a € A.
The least upper bound (or suprimum) of A is an upper bound x of A for which x <y for all upper

bounds y of A. The notion of a lower bound and a greatest lower bond (or infimum) of A are
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defined dually. It is clear from (P2) that a subset of a poset can have at most one suprimum and

one infimum.

Definition 1.2.2. A lattice is a poset L in which any two elements have infimum and supremum.

In this case, the infimum and supremum of x,y € L are denoted by x Ay and x V y respectively.

Remark. Lattices can also be defined as an algebra with two binary operations as given in

Definition 1.1.7.

Definition 1.2.3. A lattice L is said to be complete if each of its subset S has both infimum and

supremum in L.

Definition 1.2.4. Let L be a lattice. An element a € L is said to be compact if for a subset A C L
for which VA exists, a < VA implies a < VF for some finite subset ' of A. L is compactly
generated if and only if every element in L is the supremum of a set of compact elements in L.

A lattice L is called algebraic if it is complete and compactly generated.

Definition 1.2.5. By a complete Brouwerian lattice, we mean a complete lattice L satisfying the

infinite meet distributive law; i.e.,
an(\ By=\ (@np)
BeM BeM

forall @ € L and any M C L.

From now onwards L = (L, A, V,0, 1) is a complete Brouwerian lattice; i.e., L is a complete

lattice satisfying the infinite meet distributive law. For more detail on lattices we refer to [42, 77]

1.2.2 L-Fuzzy Sets

The results in this subsection are collected from [75, 111, 126].

Definition 1.2.6. By an L— fuzzy subset of a nonempty set X, we mean a function y from X
into L, i.e, t : X — L. In this case u is called the membership function and the value p(x) is
thought of as the degree of membership of the element x to the L—fuzzy subset of X defined by

the membership function . The set of all L—fuzzy subsets of X is denoted by LX.
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For the sake of convenience, we drop the prefix L— and simply write fuzzy subset instead

of L—fuzzy subset. We use lower case Greece letters i, v, 1... to denote fuzzy subsets.

Definition 1.2.7. Let u € LX. Then the set Img(u) = {u(x) : x € X} is called the image of
u and it may sometimes be denoted by u(X). A fuzzy subset u of X is called normalized or

unitary if 1 € Img(u).

Definition 1.2.8. Let 1 € LX. Then p is said to have the sup property if for every A C X there

exists a € A such that

p(a) = \/{u1(x) : x € A}

The class L is a complete lattice with the point-wise ordering induced by the ordering of L.
Using this ordering, the notions of inclusion, equality, strict inclusion, union, intersection and

complement of fuzzy subsets are defined in the following way.
Definition 1.2.9. For p,v € LX:

1. u < v (inclusion) if and only if u(x) < v(x) for all x € X.
2. u=v (equality) ifand only if g < vand v < u.
3. [ < v (strict inclusion) if and only if g < v and pu(x) # v(x) for at least one x € X.

4. uNv (intersection) is defined as
(uNv)(x) =pu(x) Av(x) forallx € X

where A is the infimum of elements in L. More generally, if {;}ica is a family of fuzzy

subsets of X, then ();ca i; (the arbitrary intersection) is a fuzzy subset of X defined by:

ﬂ Wi(x) = /\ Wi(x) for all x € X
i€A icA

5. p UV (union) is defined as

(LUV)(x) =pu(x)Vv(x) forall x € X
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where V is the supremum of elements in L. More generally, if {1; };ca is a family of fuzzy

subsets of X, then (J;ca i; (the arbitrary union) is a fuzzy subset of X defined by:

U Wi(x) = \/ Wi(x) for all x € X
icA icA

Definition 1.2.10. Let u € LX. For « € L define fi4 as follows
o ={x€X:pu(x) > o}

U 1s called the a—level set (the x—cut) of u.
Every fuzzy subset A can be describe as follows. The theorem is taken from [93].

Theorem 1.2.11. For any fuzzy subset A of A and each x € A, we have
A(x) :\/{aEL:xeﬂ,a}
Definition 1.2.12. For each H C X, and o € L we define a fuzzy subset oy of X as follows:

1 iftxeH
(0724 (x) =
o otherwise

In particular 1y (resp. Ox) denotes the fuzzy set
Ix(y) = 1( resp. Ox(y) =0) forally € X

and we call it the improper (resp. the empty) fuzzy subset of X.

Definition 1.2.13. [156] For each x € X and 0 # o € L, the fuzzy subset x of X given by:

o ifz=x
Xo (Z) =
0  otherwise



18 Chapter 1. Preliminaries

is called an L—fuzzy point (or a fuzzy point for short) of X. In this case x is called the support
of x¢ and « its value. For a fuzzy subset u of X and a fuzzy point xy of X, we write xo € U

whenever u(x) > a.

We now turn our attention to defining mappings between fuzzy subsets of two sets. So let X
and Y be two non-empty sets and let f be a mapping from X to Y. Then f extends to a mapping

from LX to LY in the following way. For each u € LX, f(u) € LY is defined as:

0 iff'(y)=0
f)(y) =

V{u(x):xe f~1(y)} otherwise

for all y € Y, where f~!(y) denotes f~!({y}). f(u) is referred to as the image of the fuzzy set

u under f. Further, for each v € LY, f~1(v) € LX is defined as:

for all x € X. f~1(v) is the pre-image (or the inverse image) of v under f.

Definition 1.2.14. Let f : X — Y be a mapping. A fuzzy subset u of X is said to be f—invariant

if foreach x,y € Y, f(x) = f(y) implies p(x) = u(y).

1.2.3 Closure Systems in Fuzzy Sets

The results in this subsection are due to Swamy et.al [144] and V. Murali [133] . Let % be a

nonempty collection of fuzzy subsets of a nonempty set X.

Definition 1.2.15. % is said to be a closure system in LX if it is closed under arbitrary intersec-

tion of fuzzy sets, i.e., if for any subcollection & of fuzzy subsets of X in ¢ it holds that

N\ ne€
ey

A closure system of fuzzy sets is also known as the "Moor family" of fuzzy sets.
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Remark. If % is a closure system in X, then it contains the fuzzy subset 1y of X. This
is because the fuzzy set 1x can be expressed as the infimum of an empty collection of fuzzy

subsets of X.

Theorem 1.2.16. If € is a closure fuzzy set system in LX, then (€, <) forms a complete lattice,

where < is the inclusion ordering of fuzzy sets.

Definition 1.2.17. A nonempty collection % of fuzzy subsets of X is called inductive if every

nonempty chain in ¢ has a supremum in €.

Definition 1.2.18. An inductive closure fuzzy set system % in LX is called an algebraic closure

fuzzy set system.
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Chapter 2

L—Fuzzy Ideals

Introduction

The concept of a ring ideal, a lattice ideal and a normal subgroup were extended to the notion
of an ideal in a universal algebra having a constant 0 by A. Ursini [150]. However, the origin of
this concept can be found in papers by R. Magari [116], E. Beutler ([38, 39, 40]), K. Fichtner
[72], H. J. Hoehnke [81] and G. Matthiessen [124]. A remarkable development of the theory
started with papers by A. Ursini ([149, 150, 151]), by P. Agliano ([9, 10, 11, 12, 13]), by H. P.
Gumm and A. Ursini [79] and by G. Janelidze [84].

Loosely speaking, an ideal of an algebra with a constant O is a nonempty set which is
7—closed under each ideal term t(?,?) in 7, where by an ideal term in 7 we mean a
term #( %, y) such that

t(ay,...,an,0,0,...,0) =0

for all ay,...,a, € A.

In this chapter, we introduce the notion of fuzzy ideals in universal algebras having a con-
stant 0. This subsumes the well know structures: fuzzy normal subgroups in groups, fuzzy
ideals in rings, fuzzy submodule in modules, fuzzy subspaces in vector spaces, fuzzy ideals
in lattices with least element 0, etc. Mainly, we give several characterization for fuzzy ide-

als generated by fuzzy sets and show that the class of fuzzy ideals in universal algebras forms
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an algebraic closure fuzzy set system. Fuzzy ideals of fuzzy subalgebras are also defined and
characterized in detail.

Throughout this thesis, unless and otherwise it is mentioned, A € ., where %" is a class of
algebras of a fixed type § and we assume that there is an equationaly definable constant in all

algebras of #" denoted by 0.

2.1 Fuzzy Ideals: Definition and Examples

The following concept of a 7—closed subset of an algebra was introduced recently by R.

Bélohlavek [35].
Definition 2.1.1. A subset H of A is said to be y closed under the (n+ m)—ary term operation
p(X, ) ifforall ay,....an,bi,....bm €A,

bi,....bpy € H :>p(a1,...,an,b1,...,bm) eH

Analogous to this concept, we define the following in a fuzzy setting.
Definition 2.1.2. A fuzzy subset ji of A is said to be y closed under the (n +m)—ary term
operation p(?, 7) if

W(P(a@rseoytn, b1, eeesbi)) > W(B1) A oo A (b)

for all ay,...,a,,by,...,by € A.
We use this concept to define fuzzy ideals.

Definition 2.1.3. An L—fuzzy subset 1 of A is said to be an L—fuzzy ideal of A (or shortly a

fuzzy ideal of A) if and only if the following conditions are satisfied:

1. u(0)=1and
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2. pis Y closed under each ideal term p(%, ) in ¥, i.e., for each (n+m)—ary ideal term
p(?, 7) in Y and each ay,...,an, b1, ..., by € A, it holds that

W(P(@rseoyan, b1, eeesbi)) > W(B1) A oo A (b)

We denote by FI(A), the set of all fuzzy ideals of A. It follows immediately from the definition

that both 1 and 1,4 are the smallest and the largest fuzzy ideals of A respectively.

Remark. The condition (1) in the definition is just to put a restriction ¢ be nonempty in the
fuzzy sense. In fact, one may think that, to be nonempty, it is enough to assume p(0) > 1. But
for our purpose we chose the value of 11(0) to be 1, i.e., the element O certainly belongs to the

fuzzy ideal u.

Example 2.1.4. Let (G, ,~!,e) be a group. A fuzzy subset u of G is a fuzzy ideal of G if and
only if:

1 u(e)=1

2. pxy) > p(x) Ap(y)
3. u(y) = uy)

4. plxyx ") > u(y)

According to [137], i is a fuzzy normal subgroup of G. Rosenfield [136], in his definition does

not assume the condition p(e) = 1.

Example 2.1.5. Let (R,+,,—,0,1) be aring. A fuzzy subset i of R is a fuzzy ideal of R if and

only if:
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4. p(xy) > px) vV uly)

These properties coincide with that of [137]. In other words u is a normalized fuzzy ideal of R

in the sense of [113].

Example 2.1.6. Let (L,V,A,0) be a distributive lattice with least element 0. A fuzzy subset u

of L is a fuzzy ideal of L if and only if:
1. u(0)=1
2. p(xVy) > pu(x) Ap(y)

3. pu(xAy) > p(x)vu(y)

In other words, u is fuzzy ideal of L in the sense of [146].

2.2 Some Characterizations

Definition 2.2.1. Let p(?) be an n—ary term operation on A. For each fuzzy subsets 1y, ..., M,
of A define

pilAx.  xIA—IA

p(nlv"'7nn) =

where, 1(x) = V{1 (x1) A ... ANu(xn) : p(x1,...;x,) = x}. Supremum being taken over all

n—tuples (x1,...,x,) € A" for which p(x1,...,x,) = x.
Theorem 2.2.2. A fuzzy subset [l of A is a fuzzy ideal of A if and only if
1. u(0)=1, and

2. For each fuzzy subsets Ny, ...,M, of A, and each (n+m)—ary ideal term p(?, 7) iny it

holds that: p(nh s T 15 W ,,LL) SHu
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Proof. Suppose that u is a fuzzy ideal of A. Let p(¥,) be an (n+m)—ary ideal term in y

and 7y, ..., M, be arbitrary fuzzy subsets of A. For simplicity, letus put 7 = p(n1,..., Mny Uy Uy ooy ).

For x € A, if there are no (n+m)—tuples (X1, ...,Xn, Y1, -, ym) € A" such that x = p(x1, ..., Xn, V155 Vi)
then M (x) = 0 and hence 7M(x) < p(x). Assume that there are such (n+ m)—tuples. Let
(ai,...,an,b1,....by) € A" be an (n+ m)—tuple such that x = p(ay,...,an, b1, ...,by). Since

p(¥,7)is an ideal term in Y and p is a fuzzy ideal we get:

p(x) > w(bi) A Ap(bnm)

> Mmlar) Ao AMa(an) A (br) Ao A (bim)

This implies that

P = N @) A AT (o) ARG Aot ) 2 POV ooy X, V1o Ym) = X = ()

Thus, 1 < u. Conversely suppose that the above two conditions are satisfied. We show that t is
Y closed under each (14 m)—ary ideal term p(%, ) in . Let p(¥,) be an (n+m)—ary
ideal term in ¥, and let ay,...,an,b1,....bm € A. Put x = play,...,an,by,....by). For each

i,1 <i < ndefine fuzzy subsets 1; of A by:

1 ifz=uaq;
Ni(z) =

0 otherwise

for all z € A. Again put 1 = p(N1,.., M, W, U, ..., ). By condition (2), we have n(x) < p(x),
which implies that p(x) > w(by) A... A u(by,). Therefore u is a fuzzy ideal of A. Hence

proved. 0

The following theorem gives an equivalent condition for fuzzy subsets to be a fuzzy ideal in

terms of their level sets.

Theorem 2.2.3. A fuzzy subset L of A is a fuzzy ideal of A if and only if Uy is an ideal of A for

all a € L.
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Proof. Suppose that u is a fuzzy ideal of A. Forany o € L, letay,...,a, € A and by, ..., b, € U,
Then, p(b;) > o for all 1 <i < m. This implies u(by) A...Au(b,) > a. Let p(?,?) be an

ideal term in 7 Since u is given to be a fuzzy ideal of A, we have

w(play,...,an,b1,...;bp)) > w(b) N... A(by) > @

So, we get p(ay,...,an,by1,...,by) € U and hence each Ly is an ideal of A. Conversely, suppose
that the level subset L 1s an ideal of A for all o € L. In particular liy 1s an ideal for o = 1. So
that 1 (0) = 1. Let p(777) be an ideal term in Y and aj,...,dn, b1, ,,.bm € A. Put @@ = w(by) A
.\ (bp). Then by, ...,by, € Ug. Since each Ly is an ideal of A, we get p(ay,...,an,b1,...,by) €

Ug. So that
w(p(ai,...,an,by,...;by)) > = w(by) A ... A (by)
Therefore 1 is a fuzzy ideal of A. [

The previous theorem confirms that a fuzzy ideal of A is precisely a fuzzy £-subset of A, in

the sense of [144]; where £ is the set of all ideals of A.

Lemma 2.2.4. A subset I of A is an ideal of A if and only if oy is a fuzzy ideal of A, for any

o € L—A{1}, where oy is as given in Definition 1.2.12.

Proof. Suppose that [ is an ideal of A and let & € L—{1}. Then 0 € I and hence 0;(0) = 1. Let
ai,....dn,bi,....;by € A and p(¥, ) be an ideal term in Y. If oy(bj) = o for some j, then
(X[(bl) N A (X](bm) =a< OC[(p(al,...,an,bl, ...,bm))
Assume that o (b;) # a forall 1 < j <m. Then by,...,b,, € I. By our assumption, / is an ideal
of A. So, p(ay,...,an,by,...,by) € I and hence
OC](p(al,...,an,bl, ,bm)) =1> (X[(bl) VAW (X[(bm)

Thus o is a fuzzy ideal of A. Conversely, suppose that oy is a fuzzy ideal of A for some
o € L—{1}. Then o(0) = 1 and hence O € I; that is, I is nonempty. Also, let ay,...,a, € A,
bi,....;by € I and p(¥,y) be an ideal term in . Then oy(b;) = 1 for all 1 < j < m, which

gives, ay(by) A ... Nay(by,) = 1. Being oy a fuzzy ideal, we obtain oy (p(ay,...,an,b1,...,bp)) =
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1. Equivalently, p(ay,...,an,b1,...,by) € I and hence I is an ideal of A. This completes the

proof. ]

Corollary 2.2.5. A subset I of A is an ideal of A if and only if its characteristic mapping X is a
Jfuzzy ideal of A.

Lemma 2.2.6. Let L be a fuzzy ideal of A. If A has a unit element say u, then 1(u) < W(x) for
all x € A.

Lemma 2.2.7. Let U be a fuzzy ideal of A and x € A. Then we have the following:
1. Foreacha €A, ifx € (a), then u(x) > u(a).

2. Forany ay,...,aym €A, if x € ({ay,...,an}), then u(x) > w(ay) A... A\ u(ay,). More gen-
erally, for any nonempty subset S of A, if x € (S), then there exist ay, ...,ay € S such that

p(x) > plar) Ao A p(am).

Proof. 1. Suppose that x € (a). Then x = p(ay,...,a,,a) for some ay,...,a, € A and an

(n+ 1)—ary ideal term p(?,y) in y. Being u a fuzzy ideal, we get

p(x) = u(plar,...,an,a)) > pi(a)

2. Suppose that x € ({ay,...,an}). Then, x = p(by,...,by,ay,...,a,) for some by,...,b, € A

and some ideal term p(%, ) in . So we have the following:

wx)=pu(p(by,....bp,ay,...,am)) > wlay) A... A\ u(an)

Hence proved.

O

Theorem 2.2.8. A fuzzy subset | of A is a fuzzy ideal of A if and only if for each m > 0 and
each by,by,....by, €A, if x € ({b1,...,bw}), then u(x) > w(by) A... A\ (by).
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Proof. One part of this theorem is proved in Lemma 6.1.6. So we proceed to the converse part.
Assume the given condition is satisfied for u. Let us put S, = {b1,...,by,}. If we take m =0,

then S, = 0 and it is known that (@) = {0}. So by our assumption, we have

u(0)> Au) =1
bed

Thus u(0) = 1. Let ay,...,ay,b1,...,by € A and p(?,?) be an ideal term in y. If we put
Sm = {by,...,by}, then one can observe that p(ay,...,an,b1,...,by) € (Sy). It follows from our
assumption that u(p(ay,...,an,b1,...,bp)) > w(by) A... A\ u(by). Therefore u is a fuzzy ideal

of A. Hence proved. O
In the following theorem, we give a more general setting to characterize fuzzy ideals.

Theorem 2.2.9. A fuzzy subset 1L of A is a fuzzy ideal of A if and only if for any subset S of A

w(a) > /\ W(x) forall a € (S)

x€S

Proof. Suppose that u is a fuzzy ideal of A. If S = 0, then (S) = (0) and the condition holds
trivially. Assume that S is nonempty and let a € (S). Then a =t(ay,...,a,,by,...,by) for some
bi,....b,m €85, ay,...,a, € A and some ideal term t(?, 7) in 7 Since u is fuzzy ideal, it follows

that

(a) > p(br) A Aa(bm) >\ u(b)
beS

The converse part follows from the above Theorem 6.1.7 by assuming the condition for finite

sets. O]

2.3 Fuzzy Ideals Generated by a Fuzzy Set

In this section, we characterize fuzzy ideals generated by fuzzy sets in different ways.

Theorem 2.3.1. If {; }ica is a family of fuzzy ideals of A, then Nical; is a fuzzy ideal of A.
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Proof. Letus put & = (;ca Mi; 1.6, foreachx € A

wix) = A wix)

icA

for all x € A. Tt is clear that u(0) = 1. Let ay,...,an,by,...,by, €A, and p(7,7) be an an ideal

term in 7 Consider the following:

u(p(ay,...,an,by,....by)) = /\ wi(p(ay,...;an,by,....bp))
i€eA

> A (abr) A A ()
i€eA

— (/\ u,-(bl)) A A (/\ /Ji(bm)>
icA €A

— u(b) A Ai(b)

Thus u = ;ca Mi is a fuzzy ideal. [

This theorem confirms that, for any fuzzy subset A of A always there exists a smallest fuzzy

ideal containing A which we call it the fuzzy ideal of A generated by A and is denoted by (A).
Lemma 2.3.2. Let u and n be fuzzy subsets of A. Then

1. weFI(A)ifand only if (u) = u

2. p<n=(u)<(mn)

It can be deduced from this lemma that the map u — (u) forms a closure operator on the
lattice A of fuzzy subsets of A, and fuzzy ideals of A are those closed elements of L4 with

respect to this closure operator.
Lemma 2.3.3. For any subset S of A and each oo € L— {1}, (as) = o).

Proof. We show that o) is the smallest fuzzy ideal of A containing 0. Since (S) is an ideal
of A, it follows from Lemma 2.2.4 that o) is a fuzzy ideal of A. It is also clear that ag < ).

Suppose A is a fuzzy ideal of A such that g < A. Then A(s) = 1 for all s € S. More generally,
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A(z) > a for all z € A. Let z be any element in A. If z ¢ (S), then 05 (z) = @ < A(z). Also,
if z € (S), then z = p(ay,...,an,s1,...,5m) for some ay,...,a, € A, s1,...,s, € S and some ideal

term p(?, 7) in . Now consider:
Alz) = A(p(ar,...;an,S1yees5m)) = A(S1)A e Ad(5) =1

So that oy, < A. Therefore o5y = (0is). O
Corollary 2.3.4. Let S be any subset of A and X its characteristic function. Then ()s) = X(s)-

In the following theorem, we characterize a fuzzy ideal generated by a fuzzy set in terms of

its level sets.

Theorem 2.3.5. For a fuzzy subset A of A, let A bea fuzzy subset of A defined by:
Ax) =\{aeL:xe ()}

forall x € A. Then A = ().

Proof. We show that 7 is the smallest fuzzy ideal of A containing A. Let us first show that Ais

a fuzzy ideal.
1. 20)=\V{aeL:0e (Ag)} =1

%
2. Let d €A™, b € A" and p(77 7) be an ideal term in y. Then consider:

Ay"(v) A(b)

I

i=1

AN{NV{a € L:bie (Ag)}}
i=1
= V{N{aeL:1<i<m}:b€ (Ag)}

31

If we put B = A{a; € L:1<i<m}, where b; € (Ag,), then we get A4, C Ag for all
1 <i < m, which gives that

(Aoi) € (Ap)
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forall 1 <i<m. So that by,...,b,, € (Ag). Now it follows from the above equality that;

Ay"(p)

VIN@eL:1<i<m}:bi€ (Ag)}
\/{B EL:bi,...by € (Ag)}

< VA{BeL:plar..,anbi,....bm) € (Ag)}
Ap(a. D))

IN

Therefore A is a fuzzy ideal of A. It is also clear to see that A < 2. Suppose that u is any other

fuzzy ideal of A such that A < u. Then (Ay) C g for all @ € L. Now for any x € A consider:

Ax) = \{aeL:xe (A}
< \{aeL:xepuy}

= u(x) (by Theorem 1.2.11)

Therefore A is the smallest fuzzy ideal containing A and hence A= (A). O

Corollary 2.3.6. For any fuzzy subset W of A and each o € L, {llg) C (). Moreover, if Lis a

chain and L is finite valued or equivalently if 1L has sup property, then the equality holds.

The following theorem gives a better description for oc—level cuts of the fuzzy ideal gener-

ated by a fuzzy set.

Theorem 2.3.7. Let U be a fuzzy subset of A and o € L:

(e =J{ m (Uy) :M C Land o < supM}
yeM

Proof. Let us put

H=J{ ) () : & < suph}

yeM
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If x € H, then x € myeM</-L}’> for some M C L with oo < supM; i.e., x € (ly) for all y € M and

o < supM. By Theorem 2.3.5 we have the following

(u)(x) = \/{B € L:x € (up)}

So that (u)(x) > y for all y € M. This gives (u)(x) > a. Thus x € (1), and hence H C ().

To prove the other inequality, let us take x € (i) . Then

VABeL:xe (ug)} >
If we put M = {8 € L:x € (ug)}, then M C L such that o < supM and x € () for all y € M.
This means that x € (¢ w{ly) and o < supM. Thus x € H, and hence the proof ends. [

In the following, we give an algebraic characterization for fuzzy ideals generated by fuzzy

sets.
Definition 2.3.8. For a fuzzy subset A of A, define A to be a fuzzy subset of A as follows:
A(0)=1andfor0#xeA

) = \{A"(B): b €A™ p(d,b)=x,@ € A" p(¥, ) is an ideal term in ¥}

Theorem 2.3.9. For any fuzzy subset A of A, A = (A).

Proof. By Theorem 2.3.5 it is enough to show that A = . Tt is clear from the definition that

~

A(0) = A(0). For each 0 # x € A, let us define two sets Hy and G, as follows:

H, = {lm(ﬁ) D e Am,P(7,7) =x,d €A",P(X,7) is an ideal term in ¥ }

G, = {oaeLl:xe(Ay)}

Clearly both H, and G, are nonempty subsets of L. Our claim is to show that: \/ H, = \/ G,. If
— —
o € Hy,then ot = A"( b ) = A(b1) A... AA(by,), for some by, ...,b, € A, with p(d, b ) = x for
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some aj, ...,a, € A, where p(%, ) is an ideal term in . That is, 7 € (Ag)™. Sothat x € (Ay),
which gives a € G,. Thus H, C G, and hence \/ H, < \/ G,. To prove the other inequality it is
enough to show that, for each a € G,, there exists B € H, such that a < . Let @ € G,. Then

€ (Ag); that is, x = p(d ) for some b € (Ag)™, and @ € A" where p(¥,7) is an ideal
?

term in y. If we put = A" (b ), then B € H, such that o < f8. This completes the proof. [

Corollary 2.3.10. For each x € A and oo € L — {0}, the fuzzy ideal of A generated by the fuzzy

point xq is characterized as:

¢

1 ifz=0
(xa)(2)=qa ifze (x)—{0}

0  otherwise

\

forall z € A.

Notation. We write F CC A, to say that F is a finite subset of A.

In the following theorem we characterize fuzzy ideals generated by a fuzzy set using finitely

generated crisp ideals.

Theorem 2.3.11. For a fuzzy subset |1 of A, let [T be a fuzzy subset of A defined by:

=\V{A ula ), F CCA}
acF
forall x € A. Thenw = ().

Proof. Tt is enough if we show that [t = li. Clearly, £(0) > A,cr 1(a) for all finite subsets F
of A (since 0 € (F), VF CC A). In particular,

> A\ n(a) =

acl



34 Chapter 2. L—Fuzzy Ideals

Thus £(0) = 1. For each 0 # x € A, let us take the set G, as in Theorem 2.3.9 and define a set

H, as follows:

= { A\ u(a) F),F CC A}

acF

Our claim is to show that:

V{a:aeH}=\/{a:acG,}

One way we show that H, C G,. If a € Hy, then o = A\, tt(a) and x € (F) for some finite
subset F of A. That is, a € Uy for all @ € F and x € (F). So that x € (llg). Then a € Gy
and hence H, C G,. The other way, we prove that, for each o € G,, there exists B € H, such
that o« < . For, let o € Gy. Then x € (Ay); that is, x = P(ﬁ,?) for some b € (Ag)™, and
d € A" where p(¥', ) is an ideal term in y. Let b = (b1,ba,...,by) and B = AL, u(bi).
Then B > a. Moreover, if we put F = {by,bs,...,b,}, then F is a finite subset of A such that

x € (F). Thus B € H, such that & < 3. This completes the proof. O

Theorem 2.3.12. Suppose that {Iy}qcr is a family of ideals of A such that

m Iy = supM
oeM

for all M C L. Then, there is a unique fuzzy ideal 1 of A for which Uy = Iy for all o € L.

Moreover, every fuzzy ideal of A is obtained in this way only.

Proof. We first show that the map o — I, is antitone; in the sense that, for each a,f € L
a<p=1IgCly Let o, € Lsuchthat o« < f. Put M = {a,fB}. Then supM = . By our
hypothesis /g Nlg = Lupm = I. So that Ig C gy and hence the map o — I is antitone. Define

a fuzzy subset u of A by:

=\/{aeL:xely}



2.4. The Lattice of Fuzzy Ideals 35

for all x € A. Clearly u is well defined. Our aim is to show that py = I for all @ € L. The
inclusion Iy C Uy follows easily from the definition of u. To prove the other inclusion, let
X € Ug. Then u(x) > o, i.e.,

V{reL:xel}>a

IfweputM ={yeL:x¢€ I},}, then M C L such that oo < supM and x € I, forall ye M, i.e.,

X € ﬂly

yeM

By our assumption it follows that x € Iy py. Since o < supM and the map o — Iy is antitone
we get x € Iy. Thus Iy, = Uy. This means that u is a fuzzy subset of A for which its a—level
sets are Iy’s. Each I being an ideal of A, it follows from Theorem 2.2.3 that u is a fuzzy ideal.

The uniqueness of u follows from the fact py = Iy for all @ € L. [

2.4 The Lattice of Fuzzy Ideals

As observed in the previous section, the intersection of any family of fuzzy ideals of A is a
fuzzy ideal, i.e., the subfamily FI(A) of the lattice L is closed under arbitrary intersection of
fuzzy sets. So that (FI(A),<) forms a closure fuzzy set system and hence by Theorem 1.2.16
it is a complete lattice, where < is a pointwise ordering of fuzzy sets. The following theorem

summarizes this.

Theorem 2.4.1. The set of all fuzzy ideals of A forms a complete lattice where the infimum and
supremum of any family {; : i € A} of fuzzy ideals of A is given by:

Awi =N and \ p; = (Upk;)
Theorem 2.4.2. (FI(A),<) is an algebraic closure fuzzy set system.

Proof. By Definition 1.2.18, it is enough to show that FI(A) is inductive in LA. Let {;};ca be

a chain in FI(A). Let us put

n=Uu,-

icA
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We show that i is a fuzzy ideal of A. Clearly n(0) = 1. Let ay,...,a,,b1,...,b, € A and
p(?, 7) be an ideal term in 7 First observe that, for each m—tuples iy, ...,i,, € A, there exists

ke {1,2,...,m} such that y;; < w; forall j € {1,2,...,m}. Now consider the following:

Nnb)A..AN(by) = <\/ u,-l(bl)> A A < \/ uim(bm)>

ieA im€A
150y imEA

<V (i, (B1) Ao Aty (b))
ir€A

< \//.Lik(p(al,...,an,bl,...,bm))
ir€A

= n(p(ar,....an,b1, .., bm))

Therefore 7 is a fuzzy ideal of A and this completes the proof. 0

2.5 Homomorphisms and Fuzzy Ideals

Let A and B be algebras of the same type §. A mapping & : A — B is called a homomorphism

from A to B if:

h(fA(al,az, ey y)) = fB(h(al),h(az), woh(ay))

for each n—ary operation f € § and each sequence ay,as,...,a, from A. It is observed that if p

is an n—ary term of type §, then

h(pA(a1 A2y y)) = pB(h(al),h(az), vy h(ay))

forall a,ay,...,a, € A.
Theorem 2.5.1. Let h: A — B be a homomorphism. Then we have the following:
1. If 6 is a fuzzy ideal of B, then h™'(0) is a fuzzy ideal of A

2. If W is a fuzzy ideal of A and h is surjective, then h(W) is a fuzzy ideal of B.
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Proof. Let h: A — B be a homomorphism.

1. Suppose that o is a fuzzy ideal of B and let ay,ay,...,a,,b1,b2,...,b,, € A. Then
h(a1),h(a2),....h(an),h(b1),h(b2),...,h(by) € B. If p(¥,) is an (n+m)—ary ideal

term in 7, then we get:

S(pB(h(ar), k(@) ... h(an), h(B1),h(B2), ovesh(B))) = G (h(B1)) A oo A G (h(Bim))

Now consider the following:

(o) (pMay,...,an,b1,....bp)) = o(h(p*(ay,...,an,b1,....0)))

Therefore 11 (o) is a fuzzy ideal of A.

2. Suppose that 4 is surjective and let i be a fuzzy ideal of A. If uy,us,...,u,,vi,v2, ...,V €
B, then there exist ai,az,...,a,b1,b2,...,by, € A such that h(a;) = u; and h(bj) = v; for

all i, j. If p(¥, ) is an n+m ideal term in ¥, then we get:

h(pA(ai,....an,b1,....by)) = pB(h(ay),...,h(a,),h(by),...,h(by))

= pB(ul,...,un,vl,...,vm)

So that pA(ay,...,an,b1,....bm) € W (pP(uy, ..., un,v1,...,vim)). Now consider the follow-

ing:

h(,u)(pB((ul,...,un,vl,...,vm)) = \/{u cach” ( ((ul,...,un,vl,...,vm))}
> u(pA(al,...,an,bl,...,bm))

> (br) A Ap(bn)
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Since b; is arbitrary in h! (vj) forall j =1,2,...,m, it follows that

v

R (PP (1, oeos g, V1 ooy V) \ou) | Aea| N ulw)

blehfl(vl) mehfl(Vm)
= h(u)(vi) A AR() (Vi)

Therefore h(u) is a fuzzy ideal of B.
O

Theorem 2.5.2. If h: A — B is an onto homomorphism, then the mapping | — h(lL) defines a
one-to-one correspondence between the set of all h-invariant fuzzy ideals of A and the set of all

fuzzy ideals of B.

Proof. By (2) of the above theorem, u — h(u) is well-defined. To show that it is onto, let
o be a fuzzy ideal of B. Put u = h~!(c). Then it follows from the above theorem that i is
an h—invariant fuzzy ideal of A such that A(it) = o. So that the map y +— h(u) is onto. It
remains to show that it one-one. Let u; and u, be an h-invariant fuzzy ideals of A such that
h(u) =h(up). Letx € A. Then h(x) € Band h(u;)(h(x)) =h(uz)(h(x)). Since u; is h-invariant

we have 1 (x) = uy(a) for alla € h~1(x). So,

me) = Vim@:aeh )
= h(m)(h(x))
— h(2)(h(x))
= \V{m®):beh ()

= (x)

Thus @) = Yy and hence the map u +— h(u) is a one-to-one correspondence.
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Theorem 2.5.3. Let h: A — B be a homomorphism, WL and Vv be fuzzy ideals of A. Then
h(uvv) =h(u)Vh(v)

Proof. We show that h(u vV v) is the smallest fuzzy ideal of B containing both A(u) and h(v).
By Theorem 2.5.1, h( V v) is a fuzzy ideal of B. Now let y € B. If k! (y) = 0, then h(u)(y) =

0 <h(uVv)(y). Also if h=!(y) # 0, then consider the following:

hp)y) = Vipe):xer ()}
< V{rvv)(x):xen ()}

= h(uVvv)(y)

So that A(u) < h(u Vv v). Similarly, we can verify that h(v) < h(u V v). Now for any fuzzy

ideal n of B:

W () < 07 ). () <)

u<h'(n),v<h'(n)

h(u) <n,h(v)<n

uvv<h'(n)

L

h(uvv) <h(h='(m) <n

Therefore h(u V v) is the smallest fuzzy ideal of B containing both i(u) and h(v). So that,
h(uvVv)=h(u)Vh(v). O

Theorem 2.5.4. Let h: A — B be a homomorphism, and 1. and v be fuzzy ideals of A. Then

h(AV) < h(p) AR(V)

Moreover, if either U or v is h—invariant, then the equality holds.
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Proof. Let y be any element in B. If 7= !(y) = 0, then h(u)(y) = 0 = h(v)(y) = h(L A V)(p).
Let A~ (y) # 0. Then consider the following:

h(uAv)(y) = \/{(M/\V)(X)ix€h_l(y>}
= \V{rw xeh™ (y)}
< \/{,,L(a)Av(b):a,beh*l(w}
= {m@ :ach ' mIA\{vb):beh ()}
= h(u)(y) Nh(V)(y)

Therefore h(u A v) < h(u) Ah(v). Moreover, assume without loss of generality that u is
h—invariant. Then p(a) = u(b), whenever h(a) = h(b). Now for each y € B, with h=!(y) # 0,

consider the following:

W) ) ARW)) = V() :aeh™ 0} AN{v(d) :ben™ ()}
\/{u(a)AV(b) ra,beh™!(y)}
= V{nw xeh™ ()}
\/{(NAV)(X)ixeh”(y)}
= h(Av)(y)
Therefore h(u A V) = h(u) Ah(V). O

Theorem 2.5.5. Let h : A — B be a homomorphism, and ¢ and 0 be fuzzy ideals of B. Then

(o) vh ' (0) <h ' (cVe)

Moreover, the equality holds whenever h is surjective.

Proof. For each x € A, consider:
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So that i~ !(c) < h~!(o Vv 0). Similarly it can be verified that =1 (8) < h~!(o Vv 8). Therefore
h'(o)vh=1(8) <h (o V). Further, let we assume that h is surjective. To prove the
equality, it is enough if we show that 7~! (o' 0) is the smallest fuzzy ideal of A containing both
h~'(c) and h~'(8). From Theorem 2.5.1 we have that h~! (o V ) is a fuzzy ideal of A. From
the above inequality also we have 4~ ! (o) <h~!(ocVv8) and h1(0) <h (o Vv 8). Now let u
be any other fuzzy ideal of A such that A~ !(c) < w and h~1(8) < u. Then h(h~1(0)) < h(u)
and 2(h='(8)) < h(u). Since h is surjective, it follows that ¢ < h(u) and 8 < h(u). So that,
oV 0 < h(u), which gives A~ (o v 8) < h~!(h(u)). Our aim is to show that k= (o 0) < .
Suppose not. Then there exists a € A such that A~ (o 8)(a) < u(a). If we put z = h(a), then
we get (0V 0)(z) £ h(u)(z), which is a contradiction. Therefore i~ '(6v ) < u and hence

the equality holds. [

Theorem 2.5.6. Let h: A — B be a homomorphism, and o and 0 be fuzzy ideals of B. Then
' (on8)=h"1 (o) Nh1(0)
Proof. For each a € A, consider the following:

h'(cA8)(a) = (oA6)(h(a))
= 0(h(a)) A6(h(a))
= h~!(o)(a) AhH(6)(a)
= (h"'(o)Ah"'(8))(a)

Therefore = (c A8) =h~!(c) ART1(0). O

Theorem 2.5.7. Let h: A — B be a surjective homomorphism. For any h-invariant fuzzy subset

U of A, we have:
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Proof. For any y € B, consider:

AE)G) = Ve :xeh ()}
= V{V{aeL:xe (uy)}:xen'(y)}
= \{@eL:xe (i) and h(x) =y}

= V{aeL:yeh((ua))}

on the other hand

(h(w)(y) =\{aeL:ye (h(n)a)}

Now it is enough to show that

h((fa)) = (h(H)a)

Let z € h({g)). Then z = h(x) for some x € (Uy). There exist ay,...,a, € A, by,...,by € Ug

and an ideal term p(?,?) in 3y such that x = pAay,...,an,by,...,by). So,

Foreach j=1,2,...,m we have

h(p) (h(by)) = \/{p(x) :x € b= (h(b;))}

Since p is h-invariant and each b; € iy, we get
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forall j=1,2,...,m; thatis h(b;) € h(lt)q for all jand z= pB(h(a1),...,h(ay),h(b1), ..., h(by).
This means z € (h(l)q). So that
h((ka)) € (h(H)a)

To prove the other inclusion, let z € (h(it)g). Then z = pB(, V) for some uy,...,u, € B,
ViyeosVm € h(l)o and some ideal term p(%,3) in . Since h is surjective, there exist
ai,...,an,by,...,bym € A such that h(a;) = u; and h(bj) =v; foralli=1,..,nand j=1,...,m.
As each v; € h(l)q, we have h(u)(h(b;)) > c. Since u is h-invariant we get 1(b;) > o; that

is, bj € Ug forall j. Putx = pA(ay,...an,by,...by,). Then x € (ly). Moreover

h(x) = h(pA(al,...,an,bl,...,bm))
= pP(h(ay),....h(an),h(by),...,h(by)))
= pB(ul,...,un,vl,...,vm)

= Z

That is, z = h(x), where x € (g), which gives z € h({U)). Thus (h(tt)e) C h({Uq)). Hence

h({g)) = (h(U)y) and this completes the proof. O

2.6 Fuzzy Ideals of Fuzzy Subalgebras

In this section, we introduce the notion of fuzzy ideals of fuzzy subalgebras in universal algebra.

The following definition is due to V. Murali [133].

Definition 2.6.1. An L—fuzzy subset u of A is called an L—fuzzy subalgebra of A if the fol-

lowing are satisfied:
1. u(f*) = 1 for all nullary operation symbols f in .

2. If fis an n—ary operation symbol with n > 0 and ay,...,a, € A, then

R (@ an) 2 plan) A A p(an)
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It is obvious that subalgebras of A are closed under term functions. In the sense that, if B
is a subalgebra of A, p(xy,...,X,) is an m—ary term and ay,...,a, € B, then p(ay,...,a,) € B.
Similarly, one can verify that fuzzy subalgebras are also closed (in the fuzzy sense) under term

functions. In the sense that, if u is a fuzzy subalgebra of A, p(x1,...,x,,) is an m—ary term, then

n(plar,....am)) = plar) A ... Ap(am)
forall ay,...,a,, € A. Fundamental operations of A can be viewed as an ideal term operation on

A. using this fact, one can easily verify that fuzzy ideals of A are also fuzzy subalgebras of A.

Theorem 2.6.2. A fuzzy subset U of A is a fuzzy subalgebra of A if and only if the level subset

Ug is a subalgebra of A for any o € L.

Lemma 2.6.3. A subset S C A is a subalgebra of A if and only if o is a fuzzy subalgebra of A

for some oo € L—{1}.

Definition 2.6.4. Let u and n be fuzzy subalgebras of A such that ¢ < n. Then u is called

a fuzzy ideal of n if the following holds for each ay,...,a,,b1,...,b,, € A and any ideal term

p(¥,¥)iny,

wip(ay,...,an,b1,...;bwm)) > n(ay) A... AN (an) NL(by) A ...\ u(by,)

Lemma 2.6.5. Every fuzzy subalgebra of A is a fuzzy ideal of itself.

Proof. Let u be a fuzzy subalgebra of A. Let ay,...,a,,b1,...,b, € A and p(?,?) be an (n+

m)—ary ideal term in 7 Since fuzzy subalgebras are closed under term functions, we get

w(p(ai,...;an,by,...;by)) > wla)) A Ap(an) Ae(by) Ao A (b)

Therefore u is a fuzzy ideal of itself. 0

Lemma 2.6.6. Let 1 and M be fuzzy subalgebras of A. Then
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1. e FI(A)ifand only if U is a fuzzy ideal of the fuzzy set 14.
2. Ifu € FI(A) and u < n, then W is a fuzzy ideal of 1.
3. Ifu € FI(A), then uNn is a fuzzy ideal of M.

Theorem 2.6.7. Let 1 and 1 be fuzzy subalgebras of A. Then, U is a fuzzy ideal of 1 if and

only if Uy is an ideal of Ny for all a € L.

Proof. Suppose that u is a fuzzy ideal of . Let & € L. By Theorem 2.6.2, both g and 1 are

subalgebras of A such that uy C ng. Letay,...,a, € Ng, b1,...,bm € Ug. Then
n(ai))N...An(a,) > o and u(by) A...\Nu(by) > a

Let p(¥, ) be an (n+m)—ary ideal term in Y. Since u is a fuzzy ideal of 1, we get

w(p(@,B)) > (@) A Am(an) Au(br) A Ap(by) > a

_)
So that p(7, b) € Ug. Thus ug is an ideal of 1. Conversely, suppose that L is an ideal of
Ng foreach a € L. Letay,...,a,,by,...,b, € A, and p(?,?) be an (n+ m)—ary ideal term in
7. Let us put

o =mn(a) A.. AN (an) A(b1) A A (D)

Then

al,...,ay € na andb],...,bm S Mo

Since g is an ideal of 1, we get

p(@,B) € e

So that

w(p(@,5)) 2 o =1(ar) Ao AT (an) A (1) A A 1 ()

Thus u is a fuzzy ideal of 1. Hence proved. [
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Theorem 2.6.8. Let I and B be subalgebras of A. Then, I is an ideal of B if and only if oy is a

fuzzy ideal of o for all « € L—{1}.

Theorem 2.6.9. Let h: A — B be a homomorphism. Let 1 and 0 be fuzzy subalgebras of A and

B respectively. Then we have the following:
1. If o is a fuzzy ideal of 0, then h™' (o) is a fuzzy ideal of h=1(9).
2. If wis a fuzzy ideal of N and h is surjective, then h(W) is a fuzzy ideal of h(n).

Theorem 2.6.10. Let N be a fuzzy subalgebra of A. If {W;}icy is a family of fuzzy ideals of 1,

then Nicrl; is a fuzzy ideal of 1.

Given a fuzzy subalgebra 1 of A, the above theorem shows that the family FI(n) of all
fuzzy ideals of A forms a closure fuzzy set system together with the inclusion ordering of fuzzy
sets. So, by Theorem 1.2.16 it is a complete lattice. Note that its least element is (o, and the

largest element is 7).
Theorem 2.6.11. (FI(n),<) is an algebraic closure fuzzy set system.

Proof. By Definition 1.2.18, it is enough to show that F1(n) is inductive in L. Let {;};ca be

a chain in FI(n). Let us put

NZUM

ieA
We show that p is a fuzzy ideal of n. Clearly u(0) = 1. Let ay,...,a,,b1,...,b, € A and

p(?, 7) be an ideal term in 7 First observe that, for each m—tuples iy, ...,i,, € A, there exists
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ke {1,2,...,m} such that y;; < u; forall j € {1,2,...,m}. Now consider the following:

1a) Aeee AT (@) ARG A e A(B) = 1(@r) A A (an) A <\/ ul-l(bl)) A ( \ ui,,,<bm>>

i1€EA im€A

- n(al)/\.../\n(an)/\< \/ (,Uil(bl)/\---/\.uiW,(bm)))

[0 nsim €A

< n(a) A...An(ay) A <\/ (uik(bl)/\.-./\uik(bm))>

ir€A
=\ (n(ar) Ao AN (an) A i (b1) Ao A i (b))
ir€A
< \/ .uik<p(a17--'7an7b17"'7bm))
ir€A
= u(p(ay,...,an,bi,...,bp))

Therefore u is a fuzzy ideal of 1 and this completes the proof. [
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Chapter 3

L—Fuzzy Prime Ideals

Introduction

In the theory of groups, the important concepts of Abelian group, solvable group, nilpotent
group, the center of a group and centralizers, are all defined from the binary operation [x,y] =
x~'y~xy. Each of these notions, except centralizers of elements, may also be defined in terms
of the commutator of normal subgroups. The commutator [M,N| (where M and N are normal
subgroups of a group) is the (normal) subgroup generated by all the commutators [x,y| with
x €M,y e N. Similarly, the commutator of ideals / and J of a ring R, written as 1J, is the ideal

of R generated by all products ij and ji, withi € [ and j € J; i.e.,
IJ={xeR:x=X yizi,yi€l,zi € J}

The concept of commutators has also been extended to the class of distributive lattices. This
has a significant role to have a ring theoretic interpretation for the problems in order theory. For
ideals I and J of a distributive lattice L, their commutator [/,J] is an ideal of L generated by

those elements of the form a Ab whereac I and b € J, i.e’

[I,J]={anb:acl,beJ}
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Swamy and Swamy [143] defined the commutator (or the product) of L—fuzzy ideals u and o

of a ring R as follows:

\/{/\ uyi) Ao (zi)) 1 x =X yizi}

for all x € R. They have used this commutator to define L—fuzzy prime ideals of rings.
In this chapter, we define and characterize the commutator of fuzzy ideals in a more general
context, in universal algebras. We use this commutator to study fuzzy prime ideals, fuzzy semi-

prime ideals and the radical of fuzzy ideals in universal algebras.

3.1 The Commutator of Fuzzy Ideals

It is observed in the second chapter that, a fuzzy subset u of A is a fuzzy ideal of A if and only
if every ov—level set of u is an ideal of A. Here we define the commutator of fuzzy ideals using

their level ideals.

Definition 3.1.1. The commutator of fuzzy ideals 4 and o of A denoted by [u, o] is a fuzzy

subset of A defined by:

[u,0](x) =\/{anB:ap €Lxe[uy,0p]}

forall x € A.

For each «, 8 and A in L with A = & A B3, it can be verified that,

€ [Ua,0p] = x € [Uy, 0]

So the commutator of fuzzy ideals can be equivalently redefined as follows:

[w,0](x) =\/{A e L:x € [m,04]}
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For fuzzy subsets 7 and 6 of A, [, 6] denotes the [(n]),(0)]. In particular, for fuzzy points x

and yg of A, [(xq), (vg)] is denoted by [xq,yg].

The following lemmas can be verified easily.
Lemma 3.1.2. For any fuzzy ideals 1 and ¢ of A, [, O] is a fuzzy ideal of A such that: [|L,0] <
uno.
Lemma 3.1.3. For any ideals I and J of A xj1 5y = [X1, X1]-

In the following theorem, we give an algebraic characterization for the commutator of fuzzy

ideals.

Theorem 3.1.4. For each x € A, and fuzzy ideals U and G of A:

(i, o( \/{u ):x:t(ﬁ,?,?),ﬁ EA”,? e A" ¢ e Ak, and

H(X,, 7) is a commutator term in Y, 7}
Proof. For each x € A, let us define two sets H, and G, as follows:

He = {W"(B)ANG (@) :x=1(T, b, 7),d A", b A", T € AF
andt(¥,Y,7Z) is a commutator term in ¥, 7’}

G, = {ae€L:x€ Uy, 0ql}

Clearly both H, and G, are nonempty subsets of L. Our claim is to see that VH, = VGy. If
o € Hy,thena=pu"(b )/\G (), wherex-t(? b, ) for some @ € A", > €A™ T € Ak
and some commutator term 7( ¥, Y, Z) in y, Z. That is, b e (Le)™ and @ € (0g)*. So that

€ [Ug,0q]- Then o € Gy and hence Hy C Gy. To prove the other inequality, we show that for
each o € G,, there exists B € H, such that a < f. Let & € G,. Then x € [lg, Oy]. So that x =
t(ﬁ,?, ) for some @ € A", b e (1e)™, and € € (0q)K, where 1( ¥, Y, Z) is a commutator
term in ', 7. That is, u’"(?) > o and 6¥(¢) > a. If we put B = u™( 7 ) Ac*(¢), then

B > a and B € H,. This completes the proof. [
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Corollary 3.1.5. For each u,0 € FI(A) and each o € L,

(Mo, O € [14,0]q

Theorem 3.1.6. For each i, € FI(A) and each o € L,

U,0q = U{ ﬂ [y, 0yl :M C Land o0 < supM}
yeM

Definition 3.1.7. For each a € A and p € FI(A), we define [a, 1] to be [x(4), 1]-
The following Theorem is an easy consequence of Theorem 3.1.4.

Theorem 3.1.8. Let a € A and u € FI(A). Then for each x € A,

la,n)(x) =\/{a € L:x € [a,1a]}

Theorem 3.1.9. If xq and yg are fuzzy points of A, then the commutator [xq,yg] is characterized

as.
(

1 ifz=0

o, ypl(2) = anB ifze[x,y]— {0}

0 otherwise
\

The following theorem gives a finite representation for the commutator of fuzzy ideals.

Theorem 3.1.10. For each x € A, and fuzzy ideals L and ¢ of A:

w,0l(x) = \V{ A (u@no(b)):x€EF]EFCCA}
acE .beF

Proof. For each x € A, let us take the set G, as in Theorem 3.1.4 and define a set H, as follows:

H = { A\ (u@no®)):x€lE,F|,E,F CCA}
acE beF
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Our claim is to show that VH, = VG,. If a € Hy, then

a= A (u@nro()

a€E beF

where E and F are finite subsets of A such thatx € [E, F|. Thatis, u(a) Ao(b) > aforalla € E
andall b € F. Then E C g and F C 0. So that [E, F] C [Ug, Og]. Thus x € [y, 0¢] and hence
a € Gy. Therefore H, C G,. To prove the other inequality, we show that for each o € G, there
exists B € H, such that @ < 3. Let o € G,. Then, x € [y, Og]. SO x = t(ﬁ,?,?) for some
a EA",Z> = (b1,b3,....by) € (Ue)", and @ = (c1, 2, ...,ck) € (0g)¥, where 1( ¥, Y, 7 ) isa
commutator term in 7, Z. That is,

b

w"(b)=pubi)A....Ap(by) > aand 6X(€) = o(c1)A.... ANG(cm) > @

If we put E = {by,bs,...,by} and F = {cy,c2,...,c}, then E and F are both finite subsets of A

such that x € [E, F]. Moreover, if we take

B= N\ (u(@nro(®)

acE beF
then 8 € H, such that o < 3. This completes the proof. 0

Definition 3.1.11. For each u € FI(A), we define by induction:

Definition 3.1.12. Let u,n € FI(A).

1. u is said to be fuzzy solvable over 7, if u < n for some n € Z.. u is fuzzy solvable if

it is solvable over ¥q).
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2. u is said to be fuzzy nilpotent over 7, if u”* < n for some n € Z,.. u is fuzzy nilpotent if

it is solvable over q).

Lemma 3.1.13. A fuzzy subset 1 of A is fuzzy nilpotent (resp. fuzzy solvable) if and only if Ug,

is nilpotent (resp. solvable) for all o € L.

Definition 3.1.14. An algebra A is called solvable (resp. nilpotent) if A is solvable (resp. nilpo-
tent) as an ideal; i.e., if

A = (0) (resp. A" = (0))

for somen € Z,.

3.2 Fuzzy Prime Ideals

In this section we define fuzzy prime ideals and investigate some of their properties. This
generalizes fuzzy prime ideals of those well known structures: semigroups [63, 141], rings
[119, 131, 143], semirings [63], ternary semirings [95], ["-rings [71], modules [3], lattices [146]

and others.

Definition 3.2.1. A non-constant fuzzy ideal i of A is called fuzzy prime if and only if:
[v,o] <u= eitherv<porc<pu

forall v,o € FI(A).
In the following theorem we characterize fuzzy prime ideals using fuzzy points.

Theorem 3.2.2. A non-constant fuzzy ideal | of A is fuzzy prime if and only if for any fuzzy
points xo and yg of A:

[xa,yp] < 1= either xq € U oryg € U

Proof. Suppose that u satisfies the condition:

[xa,yp] < U = eitherxq € poryg € U
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for all fuzzy points xo and yg of A. Let ¢ and 6 be fuzzy ideals of A such that [6,0] < .
Suppose if possible that o « p and 6 £ u. Then there exist x,y € A such that o(x) £ p(x) and
6(y) £ u(y). If we put & = o(x) and B = 6(y), then x4 and yg are fuzzy points of A such that
X € O butxg ¢ tandyg € 0 butyg ¢ u. So that [xq,yg] < [0,0] < u, butxy ¢ p and yg & .
This contradicts to our hypothesis. Thus either o < p or 8 < u. Therefore u is prime. The

other way is clear. 0

In the following theorem, we give an internal characterization for fuzzy prime ideals of
universal algebras analogous to the well-known characterization of Swamy et al. [143] in the

case of rings.

Theorem 3.2.3. A non-constant fuzzy ideal | is a fuzzy prime ideal if and only if Img(u) =
{1,a}, where o is a prime element in L and the set |1, = {x € A : u(x) = 1} is a prime ideal of

A.

Proof. Suppose that p is a prime fuzzy ideal. Clearly 1 € Img(u) and since u is non-constant
there is some a € A such that p(a) < 1. We show that u(a) = u(b) for all a,b € A — .. Let

a,b € A such that u(a) < 1 and u(b) < 1. Let us define L—fuzzy subsets o and 6 of A as

follows:
1 ifxe(a)
o(x) =
0 otherwise
and
1 ifx=0
0(x) =

u(a) otherwise

for all x € A. Then it can be verified that both ¢ and 0 are fuzzy ideals of A. Moreover, for each

x € A we have: )

1 ifx=0
[0,6](x) = u(a) ifxe[a,a—{0}

0 otherwise

\
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Then [0,0] < u. But o(a) =1 > p(a). So o £ p. Since u is fuzzy prime, we get 6 < U,
which gives 0(b) < u(b); thatis, u(a) < pu(b). Similarly it can be verified that u(b) < p(a).
So that pu(a) = u(b) for all a,b € A — .. Thus Img(u) = {1,a} for some o # 1 in L. Next
we show that the level ideal ., is prime. Put P = p, and let I and J be ideas of A such that
[1,J] C P. Then x5y < xp < u. Thatis, [xs, xs] < u. Since p is fuzzy prime, either ; < p or
xs < u implying that either / C P or J C P. Therefore P is prime. It remains to show that & is

a prime element in L. Let B,y € L such that B Ay < a. Consider L—fuzzy subsets E and 7 of A

defined by:
_ 1 ifx=0
Bx) =
B otherwise
and
3 1 ifx=0
¥x) =

Y otherwise

for all x € A. Then E and ¥ are both fuzzy ideals of A such that [3,7] < u. Since u is L—fuzzy
prime, either E <pory<u. Sothateither B < a or y < a. Hence « is prime in L. Conversely,
suppose that Img(u) = {1,a}, where « is a prime element in L and P = L, is a prime ideal of
A. Let o and 0 be fuzzy ideals of A such that [c, 0] < p. Suppose if possible that, there exist
x,y € A such that o(x) £ u(x) and 0(y) £ p(y). Since u is 2—valued, u(x) = u(y) < 1 so that
both x and y do not belong to P. Since P is prime, there exists z € [x,y] such that z ¢ P; that is,
U (z) = a. Otherwise if [x,y] C P, then eitherx € Pory € P. As z € [x,y], z= t(7, 7, ?)) for
some d € A", 7 e (x), ¢ e (y)k, where 1(, V', W) is a commutator term in V', w. Now

consider the following:

VA
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=
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That is, o(x) AO(y) < a. Since « is a prime element in L it follows that either o (x) < a = u(x)

or O(y) < oo = u(y), which is a contradiction. Therefore p is fuzzy prime. O

Let P be a prime ideal of A and & be a prime element in L. Consider a fuzzy subset op of A
defined by:

1 ifxeP
OCp(x) =
o otherwise

for all x € A. The above theorem confirms that fuzzy prime ideals of A are only of the form op.
This establishes a one-to-one correspondence between the class of all fuzzy prime ideals of A
and the collection of all pairs (P, o) where P is a prime ideal in A and o is a prime element in

L.

Corollary 3.2.4. Let P be an ideal of A and o a prime element in L. Then P is a prime ideal if

and only if op is a fuzzy prime ideal.

Definition 3.2.5. A fuzzy subset A of A is called a fuzzy m—system (resp. a fuzzy n—system)

if for all a,b € A, there exists x € [a, b] (resp. there exists x € [a,a]) such that

A(x) > A(a) AA(D) (resp. A(x) > A(a))

Lemma 3.2.6. A fuzzy subset A of A is a fuzzy m—system (resp. a fuzzy n—system) if and only

if the level set Ay is an m—system (resp. an n—system) for all o € L.

Definition 3.2.7. For a normalized fuzzy subset 1t of A, define a fuzzy subset u¢ of A by:

¢ Nyeatt(y) ifp(x)=1
ue(x) =

1 otherwise

for all x € A. We call u¢, the generalized complement of u.

Theorem 3.2.8. If 1 is a fuzzy prime ideal of A, then U is a fuzzy m—system.
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Proof. Suppose that u is prime. Then Img(p) = {1, a} for some prime element o € L and L,

is a prime ideal. In this case u¢ is of the form

_ o ifx € W,
e (x) =
1 otherwise
for all x € A. Now let a,b € A. If u(a) A u(b) = «, then the result holds trivially. Let
u(a) Auc(b) =1. Then u¢(a) =1 = uc(b), i.e., a ¢ u, and b ¢ u,. Being p, a prime ideal,

we get [a,b] € U.. So there exists x € [a,b] such that x ¢ 1, i.e.,

1) = 1> p(a) A e ()

Therefore u€ is a fuzzy m—system. [

Theorem 3.2.9. Suppose that | is a fuzzy ideal of A such that Img(i) = {1,a} where o is a

prime element in L. If U° is a fuzzy m—system, then L is fuzzy prime.

Proof. By Theorem 3.2.3, It is enough to show that the set y, = {x € A: u(x) = 1} is a prime
ideal of A. It is clear that y, is a proper ideal of A. Let a,b € A such that [a,b] C p,. Then
p(x) =1forall x € [a,b], i.e., u°(x) = o for all x € [a,b]. Since u€ is a fuzzy m—system, there
exists x € [a,b] such that

o= p(x) = p(a) A (b)

So that u¢(a) A uc(b) = a. Since « is prime either u¢(a) = o or u¢(b) = a, i.e., either p(a) =1
or u(b) = 1, which implies either a € y, or b € . So that p, is prime and this completes the

proof. ]

It is natural to question our self that does every algebra in %" has fuzzy prime ideals. Of
course, probably no. In the following theorem we give a sufficient condition for an algebra A to

have fuzzy prime ideals.

Theorem 3.2.10. Let A be an algebra satisfying:
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X € [x,x] forallx € A

Ifa € A, and W is a fuzzy ideal of A such that p(a) < o where o is an irreducible element in L.

Then there exists a fuzzy prime ideal 0 of A such that:

u<6andb(a) <o

Proof. Put§F={oc € FI(A): u < o and 6(a) < a}. Clearly p € § so that § is nonempty and
hence it forms a poset under the inclusion ordering of fuzzy sets. By applying Zorn’s lemma we
can choose a maximal element say 0 in §. Now it is enough to show that 0 is prime. Suppose
not. Then there exist fuzzy ideals ¢ and v of A such that [o,v] < 6 but 6 £ 6 and v £ 6. Put
0 =60Voand 6, =6V v. Then 6; and 6, are fuzzy ideals of A such that 6 < 6; and 6 < 6.

By the maximality of 0 in § both 6; and 6, do not belong to §. Thus

0, (a) f o and 92(61) f o

Since a is A—irreducible element in L, 6;(a) A 6,(a) £ . Again since a € [a,d] it holds
that [0}, 6:](a) > 61(a) A 62(a) and hence [0;,6:](a) £ a, implying that 6(a) £ o. This is a

contradiction. Therefore 6 is prime. [

If A is a non-trivial algebra such that a € [a,q] for all a € A, then it can be deduced from the

above theorem that fuzzy prime ideals exist in A, provided that L has irreducible elements.
Theorem 3.2.11. Let u be a fuzzy ideal of A and A a fuzzy m—system such that uNA < @,
where Q is an irreducible element in L. Then there exists a fuzzy prime ideal 0 of A such that

u<banddoNA<a

Proof. PutF={oc € FI(A):u <o andoNA < a}. Clearly u € § so that § is nonempty and
hence it forms a poset under the inclusion ordering of fuzzy sets. By applying Zorn’s lemma we

can choose a maximal element say 6 in §. Now it is enough to show that 6 is prime. Suppose
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not. Then there exist fuzzy ideals ¢ and v of A such that [o,v] < 6 but 6 £ 6 and v £ 6. Put
6 =0V oand 6, =6V V. Then 6; and 6, are fuzzy ideals of A such that 0 < 6; and 6 < 6,.
By the maximality of 0 in § both 6; and 6, does not belongs to § so there exists a,b € A such
that:

(6:NA)(a) £ o and (6N A) (D) £

This gives 0)(a) £ a,A(a) £ a,6,(b) £ ovand A (b) £ o, which implies that 0; (a) A 62(b) £
and A (a) AA(b) £ a. Since [0, V] < 0, we have [0,6,] < 0. If x € [a,b], then x =¢(¢ 7 UY)
for some @ € A", W € (a)", V € (b)¥ and some commutator term (¥, Y, ) in y, Z. Then

for each x € [a, D] it holds that:
0(x) > [61,602](x) > 61(a) A 62(b)

Also we have 0 (a) A 6,(b) £ o, which gives that 6(x) £ o. Butsince 6 NA < ¢t and « is an
irreducible element in L we get that A (x) < o for all x € [a,b]. This contradicts to that; A is a

fuzzy m—system. Therefore 0 is prime. [

For a non trivial algebra A, to have a fuzzy m—system is a sufficient condition for A to

possess fuzzy prime ideals, provided that L has irreducible elements.

3.3 Generalized Fuzzy Prime Ideals

Definition 3.3.1. A non-constant fuzzy ideal u of A is called generalized fuzzy prime ideal if

and only if each level ideal L, is either A or prime.

Theorem 3.3.2. A non-constant fuzzy ideal U of A is generalized fuzzy prime ideal if and only
if
either U (a /\ w(x) oru(b /\ w(x)

xe[a b xe[a,b}

forall a,b € A.
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Proof. Suppose that 1 is generalized fuzzy prime and let a,b € A such that

a)7 N\ n@)

x€la,b]

Let us put

N nix)=a

x€la,b]
Then pu(x) > o for all x € [a,b] and u(a) ? o, ie., [a,b] C iy and a ¢ Ug. So that g is a
proper ideal of A such that [a,b] C ug. By our hypothesis L is prime and hence b € Ug, i.e.,
1 (b) > o Hence proved.
To prove the converse part, let & € L such that g is a proper ideal. We need to show that g is

prime. Let a,b € A such that [a,b] C tg. Then p(x) > o for all x € [a,b], i.e

A pix)>a

x€la,b]

By our assumption, either u(a) > a or u(b) > a, which implies that either a € g or b € Ug.

Mean that pi is prime and this completes the proof. [

It can be deduced from the previous theorem that, for a non constant fuzzy ideal u of A, to

be generalized fuzzy prime is equivalent to satisfy the condition:

u(@)vud)> N\ u)

x€la,b]
for all a,b € A, provided that Img(u) is a chain.
Theorem 3.3.3. If u is generalized fuzzy prime, then Img(H) is a chain in L.

Proof. Let a,b € A such that p(a) # pu(b). We show that either p(a) < u(b) or u(b) < u(a).
Put o = p(a) Vv u(b). Since p(a) # u(b) the level ideal py does not contain one of p(a), u(b)

so that it is proper. Since U is generalized fuzzy prime U is a prime ideal in A. Now consider
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the following:

x€la,b] = p(x)=p(a)and p(x) = p(b)
= M) = p(a)vub)=a

= XE Mo
Thus [a,b] C ug. Being g prime, either a € py or b € Ug, i.e., either u(a) > a > u(b) or
w(b) > a > p(a). Hence proved. O
Theorem 3.3.4. Every fuzzy prime ideal of A is generalized fuzzy prime.

Proof. Suppose that u is fuzzy prime. By Theorem 3.2.3 u has only two level ideals namely A

and i, = {x € A: u(x) = 1}, which is prime. Then y is generalized fuzzy prime. O

Theorem 3.3.5. Suppose that W is a fuzzy ideal of A such that Img(u) = {1,a}, where ot is a

prime element in L. If W is generalized fuzzy prime, then it is fuzzy prime.

Proof. The proof follows from Theorem 3.2.3. ]

3.4 Homomorphisms and Fuzzy Prime Ideals

Theorem 3.4.1. Let h: A — B be a surjective homomorphism.

1. If U and o are fuzzy ideals of A, then

h([w, o]) = [h(u), h(o)]

2. If o and 0 are fuzzy ideals of B, then

[h~!(0),h"'(6)] < h'([o,6])
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Proof. (1) Let y € B. Since h is assumed to be surjective, the set 2! (y) is always nonempty.

By definition we have:

W) = Vilknl@):xeh ' ()}
= VIV (B) Ak (@) ix =A@, B, )} e h ' (3)}
= \/{,u’”(b)/\n"(7):yzh(tA(7,?»7))}

which gives
%
b

([, n)) () = u™(B) A*(E) (34D

forany by,...,by,c1,...,cr €A, Withy:h(tA(ﬁ,?,?)) for some commutatortermt(777,7
in 7,? and some ay,...,a, € A. Now let y = tB(7,7,W) be any expression of y using
commutator terms, where uy,...,u,,Vvy,...,Vm,Wi,...,wr € B. Since h is surjective there ex-
ist ai,...,an,b1,...,bm,c1,...,ck € A such that h(a;) = u;, h(b;) = v; and h(c,) = w, for all
i=1,2,...,n, j=1,2,..mand r=1,2,....k. Equivalently, each a; € h~'(;), b; € h™1(v;)

and ¢, € h~!(w,). Now consider:

WA (@, B, T)) = Bhar), . h(an), 1(B), ooy h(bu) h(c1),s oo h(er)

= Blug, ot vy Vi Wi W)
= W,V W)
=)

So, by eq. (3.4.1) we get

h([,n]) () = (b)) Ao Ap(bm) An(cr) Ao A (k)
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Since each b; (respectively c,) is arbitrary in A~!(v;) (respectively in A~ (w,)), it follows that

h(lwn) ) > { V u(bl)]A---A{ V u(bm)]A[ V n(m)]A---
(v1) (Vi) (w1)

bien! bn€h=1(vy, cieh™!
A [ \/ T](Ck)]
ceh~(wy)
= R(u)(vi) A AR(E) (Vi) AR(TT) (1) A AR(T) (W)

= h(W)"(V) Ah(n) (W)
This gives

A ) = VA" () AR F) 1y =15,V W)}

= [h(u), h(M)](y)
Therefore [h(1t),h(n)] < h([u,n]). To prove the other inequality, consider
(), hIG) = VAR (V) AR (W) 1y =12 (0, 7, W)}
So that
[A(W),A(MIO) = h()™ (V) AR()* (W) (3:4.2)

forall vi,...,vu, wi,...,wx € B, withy:tB(7,7,W)},for some commutatortermt(?,?,?)
%
iny, 7 and some uj, ..., u, € B. Now lety:h(tA(ﬁ, b ,?)) forsome ay,...,an,b1,....,bm,C1,...,ck €

A and commutator term t(?, v, 7) in y,Z. That is,
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By eq. (3.4.2) we get

(), h(m)](y) = h(u)(h(b1)) A AR() (h(bm)) AR(1)(R(c1)) A . AR(M) (R(ck))

using the fact that 2()(h(a)) > u(a) for all a € A, we get the following:

(A (1), ()] (¥) h()(A(b1)) A . AR() (h(bm)) AR(M) (R(e1)) A AR() (R(ck))

v

v
=
S
>
>
=
S
g
>
=
5
>
>
=
S
z

Since these b;’s and c;’s are arbitrary, it follows that

VA" (BYARK (@) sy = h( (@, B, )}

= h([u,n)()

v

A (1), h(m)](v)

which gives A([u,n]) < [h(u1),h(n)] and therefore the equality holds.

(2) Let x € A be any element. Then

B o) @) = \Au"(B)Aek(@)ix=1(d, B, 7),

where t(X,y,Z) is a commutator term in Y, 7'}

%
Now let x = tA(ﬁ, b ,?); for some commutator term t(?, ¥, ?) iny,7Z and

ai,...,an,b1,....,by,c1,....,ck €A. Then

hx) = W@, T, 7))

= Blhar), ... h(an), h(B1)s s h(B) (1), s h(cE))
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Consider the following:

h'([o,6]))(x) = [0,6](h(x))
= \/{o"(V)AO (W) hix) =®(W, 7, W)}
> (b)) A... NG (h(bp)) AO(h(c1)) A ... A O (h(ck)))
= o) b)) A .. AR (G) (b)) AL (B) (c1) Ao ARTH(0) ()

= (h"!(0))"(b) A (h'(8))4(C)

Since each ay,...,a,,by,...,by,c1,...,ci are arbitrary, we get

YA (0)K(P) :x =T, B, 7))

W ([o,6)(x) = \{(h (o))"
= [n'(0),n"'(6)](x)

Therefore [h~!(c),h~1(0)] < h~([o, 0]). O

Theorem 3.4.2. If h: A — B is an onto homomorphism and | is an h—invariant fuzzy prime

ideal of A, then h(lL) is a fuzzy prime ideal of B.

Proof. Suppose that 1 is an h—invariant fuzzy prime ideal of A. It follows from Theorem 2.5.1
that () is a fuzzy ideal of B. Let o and 6 be fuzzy ideals of B such that [o, 0] < h(u). Then,
h=1([6,0]) < h~!(h(u)). Since u is given to be an A-invariant, we have A~ !(h(1)) = u. So
that, 1~ ! ([0, 8]) < . Also, by (2) of Theorem 3.4.1, we have [h~!(5),h~1(0)] < h~!([o, 8]),
which gives [h~!(c),h~1(0)] < u. Since u is fuzzy prime, either h~'(c) < por A= 1(8) < ,
which implies either 2(h~!(c)) < h(u) or h(h=1(0)) < h(u); that is, either ¢ < h(u) or 6 <

h(w). This means h(u) is fuzzy prime. O

Theorem 3.4.3. If h is a homomorphism from A onto B and © is a fuzzy prime ideal of B, then

h=1(0) is a fuzzy prime ideal of A.

Proof. Suppose that @ is a fuzzy prime ideal of B. By Theorem 2.5.1 A~ 1(0) is a fuzzy ideal of
A. Let u and 1 be fuzzy ideals of A such that [u,n] < h~1(8). Then, 2([u,n]) < h(h~1(0)).
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Since K is surjective, 4(h~1(0)) = 0 and by (1) of Theorem 3.4.1, we have A([i,n]) = [h(u),(n)].
So that [A(u),h(n)] < 6. Since 0 is fuzzy prime, either 2(u) < 6 or h(n) < 6. This provides
that either 4 < h~'(8) or n <h~1(8). Therefore h~'(0) is fuzzy prime. O

Theorem 3.4.4. Ifh: A — B is an onto homomorphism, then the mapping [ — h(lL) defines a
one-to-one correspondence between the set of all h-invariant fuzzy prime ideals of A and the set

of all fuzzy prime ideals of B.

Proof. The above two theorems confirm that y +— A(u) is an onto map from the set of all i-
invariant fuzzy prime ideals of A to the set of all fuzzy prime ideals of B. It remains to show that
it one-one. Let u; and Yy be an h-invariant fuzzy prime ideals of A such that h(u;) = h(us).
Let x € A. Then h(x) € B and h(u;)(h(x)) = h(uz)(h(x)). Since w; is h-invariant we have

1 (x) = uy(a) for all a € h~'(x). So,

mx) = V(@) :aeh ' (x)}
= h(m)(h(x))
= h()(h(x))
= Vi{w®):ben ()}

= Wa(x)

Thus p; = up and hence the map p — h(u) is a one-to-one correspondence. [

3.5 Maximal Fuzzy Ideals

A maximal fuzzy ideal of A is a maximal element in the collection of all non-constant fuzzy
ideals of A under the pointwise partial ordering of fuzzy sets.

Anelement 1 # « in L is called a dual atom if there is no f3 in L such that & < 8 < 1. In other
words ¢ is maximal in L — {1}. In the following theorem, we give an internal characterization

of maximal fuzzy ideals in A.
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Theorem 3.5.1. A fuzzy ideal 1 of A is maximal if and only if Img(u) = {1, a}, where o is a

dual atom in L and the set p, = {x € A: u(x) = 1} is a maximal ideal of A.

Proof. Suppose that u is maximal. Clearly 1 € Img(u) and since p is non-constant there is
some a € A such that u(a) < 1. We first show that u assumes exactly one value other than 1.
Let x,y € A such that u(x) < 1 and u(y) < 1. Put @ = p(x) and B = pu(y). Define fuzzy subsets

uy and “1\3/ of A as follows:

U (z) = p(z) Vo and pg (z) = p(z) vV B

for all z € A. Then it can be verified that both p and [,Lg are fuzzy ideals of A such that u <
and u < /.Lg. By the maximality of u we get that 4 = py and u = ug . Thus o = . Therefore
Img(u) ={1,a} for some o € L —{1}. Next we prove that o is a dual atom. Let 8 € L such

that @ < . Define a fuzzy subset o of A by:

if u(z) =
o(2) 1 p(z)=1

B otherwise

for all z € A. Then o is a fuzzy ideal of A such that 4 < o. By the maximality of u it yields
that 6 = 14; i.e., 0(z) = 1 for all z € A. So B = 1. Therefore « is a dual atom. It remain to
show that p, is a maximal ideal of A. Clearly it is a proper ideal. Let J be a proper ideal of A

such that u, C J. Define an L—fuzzy subset ¢ of A by:

1 ifzeJ
o(z) =

o otherwise

for all z € A. Then o is a non-constant fuzzy ideal of A such that u < ¢. Since y is maximal
we get 4 = 0. So W, =J. Therefore u, is maximal among all proper ideals of A. Conversely
suppose that Img(u) = {1, a}, where o is a dual atom in L and the set 1, = {x €A : u(x) =1} is

a maximal ideal of A. Let o be a non-constant fuzzy ideal of A such that u < . Then 6(x) =1
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for all x € u, and @ < o(x) for all x € A — u,.. We show that 6 = u. Suppose not. Then there
exists x € A such that 6(x) > u(x). Soxe A—pu,. If o(x) =1, thenxc o, ={z€A:0(z) =1}
and u, & o, & A. This contradicts to the maximality of p.. Alsoif o(x) < 1,then o < o (x) < 1.
Again this contradicts to the hypothesis ’a is a dual atom’. Therefore 0 = u. Hence u is

maximal. ]

The above theorem shows that there is a one to one correspondence between the class of all
maximal fuzzy ideals and the set of all pairs (M, &) where M is a maximal ideal in A and « is a

dual atom in L.

Theorem 3.5.2. If A is an algebra in which every maximal ideal is a prime ideal and L has a

dual atom, then every maximal fuzzy ideal is a fuzzy prime ideal.

For instance, if [A,A] = A or if A has a formal unit, then every maximal fuzzy ideal of A is

a fuzzy prime ideal, provided that L has a formal unit.

Theorem 3.5.3. If h : A — B is an onto homomorphism and L is a maximal fuzzy ideal of A,

then h(W) is a maximal fuzzy ideal of B.

Proof. Suppose that u is a maximal fuzzy ideal of A. Clearly, (i) is a fuzzy ideal of B. Let
o be a proper fuzzy ideal of B such that h(u) < o. Then, i~ ' (h(u)) < h~!(o). Since u is
h-invariant, we have u = h~'(h(u)). So that u < h~'(c). By Theorem 2.5.1, h~'(o) is a
fuzzy ideal of A. Moreover, since o is proper, there exists y € B such that o(y) < 1; that is,
o(y) =h(h~'(0))(y) < 1, which gives h~!(c)(x) < 1 for all x € A~ !(y). This means, 7~ ! (o)
is a proper fuzzy ideal of A such that u < h~!(o). Since p is maximal, we get that 4 = h~! (o),

which implies () = h(h~!(c)) = o. Therefore h(u) is a maximal fuzzy ideal in A. N

Theorem 3.5.4. If h is a homomorphism from A onto B and & is a maximal fuzzy ideal of B,

then h~' (o) is maximal in the class of h—invariant fuzzy ideals of A.

Proof. Suppose that ¢ is a maximal fuzzy ideal of B. By Theorem 2.5.1, h~ (o) is a fuzzy
ideal of A. Let u be a proper h-invariant fuzzy ideal of A such that h~'(c¢) < u. Then A(u)

is a proper fuzzy ideal of B such that #(h~' (o)) < h(u), which gives ¢ < h(u). Being ¢ a
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maximal fuzzy ideal, it follows that ¢ = h(u). So that A~ (o) = h(h~'(u)) = u. Thus i~ (o)

is maximal in the class of h—invariant fuzzy ideal of A. [

Theorem 3.5.5. If h: A — B is an onto homomorphism, then the mapping 1 — h(l) defines
aone-to-one correspondence between the set of all h-invariant maximal fuzzy ideals of A and

the set of all maximal fuzzy ideals of B.

3.6 Generalized Maximal Fuzzy Ideals

In this section, A is assumed to have a formal unit say u.

Theorem 3.6.1. Let M be a maximal ideal of A and U be a non-constant fuzzy ideal. Then

xm < W if and only if © = ay for some oe € L—{1}.

Proof. Suppose that yp < . Then (Xp)q C Ug for all o € L. In particular, M C p,, where
e ={x€A: u(x)=1}. Since u is non-constant, u, is a proper ideal. M being maximal,
it holds that M = u,. We show that u attains exactly one value other than 1. Let a,b € A
such that p(a) < 1 and u(b) < 1. If we put a = u(a) and B = u(b), then M is properly
contained in the level ideal uy. Since M is maximal, it follows that gy = A. So that b € ug,
i.e., u(b) > a = u(a). Similarly, by interchanging a and b we can show that u(a) > u(b) and
hence the p(a) = w(b). This confirms that t = oy for some o € L— {0}. The converse part is

straight forward. 0

Definition 3.6.2. A non-constant fuzzy ideal u of A is called generalized maximal fuzzy ideal

if and only if each level ideal g is either A or a maximal ideal in A.

Theorem 3.6.3. Let M be a proper ideal of A and o« € L— {1}. Then M is maximal if and only

if ayy is generalized maximal fuzzy ideal.

Corollary 3.6.4. A proper ideal M of A is maximal if and only if Xy is generalized maximal

fuzzy ideal.
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Theorem 3.6.5. A non-constant fuzzy ideal W of A is generalized maximal fuzzy ideal if and

only if L = ayy for some maximal ideal M of A and . € L—{1}.

Proof. If u = oy for some o € L— {0} and some maximal ideal M, then it is clear from the
definition that oy is generalized fuzzy maximal. Conversely, assume that i is generalized fuzzy
maximal. Then every level ideal of A is either A or maximal. If we put M ={x € A: u(x) =1},
then M is a maximal ideal of A such that y3; < . By Theorem 3.6.1, there exists some a €

L—{1} such that 4 = oy,. Hence proved. O
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Chapter 4

L—Fuzzy Semi-Prime Ideals

Introduction

Several attempts have been made to fuzzify the concept of semiprime ideals in rings (see [66,
98, 96, 104, 109, 160]). Dixit et al. [66] and Zahedi [160] have defined semiprime fuzzy ideal
of a ring R as a fuzzy ideal u, which satisfies the condition, that if 6" < u (6% < ), then
o < u for all fuzzy ideals ¢ of R. These definitions, however, make no reference to the grade
of membership of an element of R. With this view, later Kumbhojkar et al. [104] defined fuzzy
semiprime ideals of a ring R as a fuzzy ideal u, satisfying the condition: u(x?) = u(x) for all
x € R. This helps to see the effect of semi-primeness on the elements of R.

In this chapter, we define fuzzy semi-prime ideals of universal algebras in the sense of [66]
by applying the commutator of fuzzy ideals given in the previous chapter. We show that this
definition is equivalent to that of [104]. In addition, we define the radical of fuzzy ideals in
universal algebras and give several characterizing theorems describing the properties of fuzzy
semi-prime ideals. In the last section, we study the space of fuzzy prime ideals equipped with

the hull kernel topology.
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4.1 Fuzzy Semi-Prime Ideals

Definition 4.1.1. A fuzzy ideal u of A is called fuzzy semi-prime if:
0,6 <p=6<u

forall @ € FI(A).
It is clear that every fuzzy prime ideal is fuzzy semi-prime.

Theorem 4.1.2. A fuzzy ideal 1 of A is fuzzy semi-prime if and only if W, is semi-prime for all

oacl.

Proof. Suppose that t is fuzzy semi-prime and let o« € L. Let I be an ideal of A such that

[1,1] C 1g. We show that I C . Define a fuzzy subset 6 of A as follows:

1 ifx=0
o(x)=qa ifxel—{0}

0  otherwise

\

for all x € A. Then it is easy to check that o is a fuzzy ideal of A. Moreover, for each x € A we

have:

1 ifx=0
[o.0](x) =S a ifxe[1,1]—{0}

0  otherwise

\

It follows from our hypothesis; [1,1] C pq that [0, 0] < . Since u is fuzzy semi-prime, o < U.
Thus the level ideal o, which is precisely / will be included in py and hence piy is semi-prime.
Conversely, suppose that Ly is semi-prime for all & € L. Let ¢ € FI(A) such that [o,0] < u.

Then [0, 0]y < Uy for all @ € L. By Corollary 3.1.5, we have

[6067605] g [676]05 S Ue
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Since each g is semi-prime, it follows that oy C g for all @ € L. Thus o < u and hence p is

fuzzy semi-prime. ]

Theorem 4.1.3. An ideal I of A is semi-prime if and only if its characteristic function Xy is fuzzy

semi-prime.

Proof. Suppose that I is semi-prime. Let it be a fuzzy ideal of A such that [u, u] < x;. We show
that u < x;. Suppose not. There exists x € A — I such that p(x) > 0. Since [ is semi-prime,
[x,x] € I. Choose an element a in [x,x] and a ¢ I. We can verify that [u, t](a) > p(x) > 0, which

is a contradiction. Therefore y; is fuzzy semi-prime. The converse part is straight forward. [

Theorem 4.1.4. A non-constant fuzzy ideal W of A is fuzzy semi-prime if and only if for any
fuzzy point x¢, of A:

X, Xa] S U= xg €U

Proof. Suppose that u satisfies the condition:
[Xo,Xa] SU=Xxq €U

for each fuzzy point x4 of A. We show that u is fuzzy semi-prime. Let o be a fuzzy ideal of
A such that [0,0] < u. Suppose on contrary that ¢ < p. Then there exists x € A such that
o(x) £ u(x). If we put o = o' (x), then xq is a fuzzy point of A such that xo € 0 but xo ¢ U. So
[Xa,Xe] < [0,0] < u, but xy ¢ 1. This contradicts to our hypothesis. Thus ¢ < u and therefore

u is fuzzy semi-prime. The converse part is clear. [

Theorem 4.1.5. A fuzzy ideal U of A is fuzzy semi-prime if and only if:

w(a) > N{u(x) : x € [a,a]} (4.1.1)

forall a € A.
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Proof. Suppose that u is fuzzy semi-prime. We use contradiction. Assume that there exists

a € A such that
u(a) £ Np() :x € a,a]}
Put o = A{(x) : x € a,a]} and define a fuzzy subset 0 of A by:

;

1 ifx=0
0(x)=qa ifxe(a)—{0}

0  otherwise

\

for all x € A. Then 0 is a fuzzy ideal of A such that for each x € A we have:

;

1 ifx=0
[6,60)(x) = o ifx€ [a,a] — {0}

0  otherwise
\

So that [0,6] < u. Since u is fuzzy semi-prime it yields that & < p. This is a contradiction,
because 6(a) % p(a). Therefore the inequality 4.1.1 holds for all @ € A. Conversely, suppose
that the inequality 4.1.1 holds for all a € A. Let 6 be any fuzzy ideal of A such that [6,0] < u.
We show that 6 < u. Suppose not. Then there exists a € A such that 8(a) £ u(a). For each
X € [a,a], we can verify that [0, 0](x) > 6(a). Since [0,0] < u, it yields that p(x) > 6(a) for
all x € [a,a]. So that

u(a) > M) :x € [a,a]} > 0(a)
This is a contradiction. Therefore u is fuzzy semi-prime. 0

Theorem 4.1.6. If h : A — B is an onto homomorphism and W is an h—invariant fuzzy semi-

prime ideal of A, then h(W) is a fuzzy semi-prime ideal of B.

Proof. Suppose that 1 is an h—invariant fuzzy semi-prime ideal of A. It follows from Theorem

2.5.1 that h(u) is a fuzzy ideal of B. Let 6 be fuzzy a ideal of B such that [0,0] < h(u). Then,
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0]) <h~'(h(u)). Since u is given to be h-invariant, we have 2~ !(h(u)) = u. So that,

~1(16,0]) < . Also, by (2) of Theorem 3.4.1, we have [h~1(8),h~1(8)] <h~'(]6, 8]), which

gives [h~1(8),h~1(8)] < u. Since u is fuzzy semi-prime, we get h~'(8) < u, which implies
(

that 2(h=1(0)) < h(u); that is, @ < h(u). This means h(u) is fuzzy semi-prime. O

Theorem 4.1.7. If h is a homomorphism from A to B and & is a fuzzy semi-prime ideal of B,

then h='(0) is a fuzzy semi-prime ideal of A.

Proof. Suppose that 0 is a fuzzy semi-prime ideal of B. By Theorem 2.5.1 h~!(0) is a fuzzy
ideal of A. Let u be a fuzzy ideal of A such that [u, u] < h~1(0). Then, h([u,u]) < h(h=1(0)).
Since & is surjective, 2(h~'(0)) = 6 and by (1) of Theorem 3.4.1, we have A([u, u]) = [A(u), h()].
So that [a(u),h(p)] < 6. Since 6 is fuzzy semi-prime, we get () < 0. This provides that
u < h~1(0). Therefore h~'(8) is fuzzy semi-prime. O

Theorem 4.1.8. If h: A — B is an onto homomorphism, then the mapping | — h(lL) defines a
one-to-one correspondence between the set of all h-invariant fuzzy semi-prime ideals of A and

the set of all fuzzy semi-prime ideals of B.

Proof. The proof is similar to that of Theorem 3.4.4. 0

4.2 The Radical of Fuzzy Ideals

According to [149], the prime radical of an ideal I of A, denoted by /I is the intersection of
all prime ideals of A containing /. Here we define the prime radical of fuzzy ideals using their

level ideals.

Definition 4.2.1. For a fuzzy ideal u of A, its prime radical of u denoted by /i is defined as a

fuzzy subset of A such that, for each x € A:

VE(x) = o if and only if x € \/lg and x ¢ /g for all B £ o in L.

If the algebra we are assuming is a ring, then this definition coincides with that of Kumar

[97].
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Lemma 4.2.2. Let | be a fuzzy ideal of A and x € A. Then

\/ﬁ(x):\/{aEL:xe\/E}

Lemma 4.2.3. The following holds for all u,v € FI(A):

1. \/(Ha) = (V) forall o € L
2. u<u
3 u<s<v= <y
Lemma 4.2.4. For any . € FI(A), /I is a fuzzy ideal of A.

%
Proof. Tt is clear that /1(0) = 1. Let @ eA" b € A" and P(X,Y) be an ideal term in ¥ .

Then consider:

) = /\{\/‘l_t(bi>21§i§m}
= NMVH{aeL:bie g}y 1<i<m}
= VIMaeL:1<i<m}: b€ \/lig}

If we put B = A{o; € L:1<i<m}, then we get Ly C ug for all 1 < i < m. This implies that

VHe; € \/Hp for all 1 <i < m. Then we have the following:

WE"(B) = Mo eL:1<i<m}:bie /ig)
< \{BeL:bie /ug, foralll <i<m}
= V{BeL: b e (\/mp)")
< V{BeL:P(@, ) e /i)

— VE(P(Z, D))

Therefore (/U is a fuzzy ideal of A. U



4.2. The Radical of Fuzzy Ideals 79

Lemma 4.2.5. For any 1 € FI(A), \/IL is fuzzy semi-prime.
Proof. The proof follows from (1) of Lemma 4.2.3 and Theorem 4.1.2. N
Lemma 4.2.6. For any 6 € FI(A), if 0 is fuzzy semi-prime, then /6 = 6.

Proof. Suppose that 0 is fuzzy semi-prime. By Theorem 4.1.2, every level ideal 0 is semi-
prime. By the equivalence in (3.5) of [149], we get /8y = Oy for all @ € L. This confirms that

V6 = 6. O

Corollary 4.2.7. Forany p € FI(A), \/\/IL = /I

Lemma 4.2.8. For any u € FI(A), if 0 is a fuzzy semi-prime ideal of A such that u < 0, then
VE<6.

Proof. The proof is straight forward. [

Corollary 4.2.9. Forany u € FI(A),

VI =N{0: 0 is a fuzzy semi-prime ideal of A, 1 < 0}

Lemma 4.2.10. Forany p,v € FI(A),

Vi vl =vunv=yunvv

Proof. For any x € A, itis clear to see that:

VI VI(x) < VENV(X) < VEE) AVY(X)

It is enough to show that /f1(x) A/V(x) < \/[it, V](x). Let & € L such that \/f1(x) A/V(x) =
a. Then x € (\/il)g = \/He and x € (v/V)q = y/Va. So that x € P for all prime ideals P

containing Ly (respectively vy). Let Q be any prime ideal of A such that [u,Vv]e C Q. Since
(U, V]a = [Ha, Vo], we get that either g C Q or Vo, C Q. So that x € Q. Thus x € /[, V] and
hence /[, V](x) > o = /I (x) A/ V(x). O
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Theorem 4.2.11. If L is a chain and U is a fuzzy ideal of A satisfying the sup property, then
VI =N{0: 0 is a fuzzy prime ideal of A,u < 0}

Proof. Let x € A and a € L. Suppose that /i(x) = a. Then x € \/lig and x ¢ | /Itg for all
B £ a. So that x € P for all prime ideals P of A with ug C P. Let 0 be any fuzzy prime ideal
of A such that u < 6. By Theorem 3.2.3, Img(0) = {1,8}, where B € L — {1} and the set

0. ={x€A:0(x) =1} is a prime ideal of A.
Case(1) If B > a, then it is clear that 8(x) > «.

Case(2) If B < «, then we can verify that 6, = 0, (which is a prime ideal of A) and gy C 64 = 6.

That is, 0, is a prime ideal of A containing . So that x € 6, and hence 6(x) > a.

Therefore

/\{6(x) : 6 is a fuzzy prime ideal of A, 1 < 0} > &

To prove the other side of the inequality, Let
o= /\{G(x) : 0 is a fuzzy prime ideal of A, < 0}

Then 6(x) > « for all fuzzy prime ideals 6 of A with u < 6. Let P be any prime ideal of A
such that uy C P. We show that x € P. If x € g, then it is clear. Assume that x ¢ py. Then
t(x) <o Put B =V{u(y):y¢ P}. Since u has the sup-property, B < a. Let us define a fuzzy
subset Op of A as follows:

1 ifzeP
9p(Z> ==

B otherwise

for all z € A. Then 6p is a fuzzy prime ideal of A such that u < 6p. Thus 6p(x) > a > 3 and
hence Op(x) = 1. So that x € P, which implies that x € ,/llg. This confirms that the equality
holds. [
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Theorem 4.2.12. If the commutator [, | of ideals in A is finitary and [ has the sup-property,

then

V@) =\{ N\ n)inezy)

x€(a)m

forall a € A.

Proof. Let a € L such that \/{ Ase(a) i(x):n € Zy} = a. Then there exists n € Z; such
that (@)™ C pg. If P is any prime ideal containing flg, then (a)) C P. So that a € P. Thus
a € \/Hg and hence \/li(a) > a. To prove the other side of the inequality, let § = /li(a).
Then it follows from Corollary 4.2.9 that, 8(a) > f3 for all fuzzy semi-prime ideals 6 of A with

u < 6. We need to show that

VI A w):nez}>p

x€(a)®

Suppose not. Then

BZ A ux) forallneZ,

x€(a))

That is; for each n € Z, (a)™ ¢ ug. Then the set
§={le s A) :pus CL, (@) ¢1forallneZ,}

is nonempty. Moreover, § together with the usual inclusion order forms a poset satisfying the
hypothesis of Zorn’s Lemma (here we use the condition; [, | is finitary). So that § has a maximal
element, say M. Our aim is to show that M is semi-prime. Take b ¢ M. Then M V (b) ¢ §. By

the property of &, (a)") C MV (b) for some n € Z,.. Then

(@ = (@™, (a)")]
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So that M V [b,b] ¢ § and hence [b,b] £ M. Therefore M is a semi-prime ideal of A such that

pg € M such that a ¢ M. Put

A=v{u(y):yecA—-M}

Since u has the sup-property, 8 < A. Now define a fuzzy subset 6y of A as follows:

1 ifzeM
GM(Z) ==

A otherwise

for all z € A. Then 6 is fuzzy semi-prime ideal of A such that u < 6y. But Oy (a) = A # B,

which is a contradiction. Therefore the equality holds. 0

Theorem 4.2.13. Let yu € FI(A). If the commutator |, | of ideals in A is associative and finitary,

then for each x € A:

VE(x) = \/{a € L:3n € Z, such that (xq)"™ < u}

where x¢, is a fuzzy point of A.

Proof. For each a > 0 and n € Z,, we first show that (x)) C pg if and only if (x¢)™ < u.
It is clear that (x)") C ug if and only if u(z) > o for all z € (x)™. On the other hand we can
verify that:

(

1 ifz=0

)(@) =S o ifze ()™ {0}

0  otherwise
\

for all z € A. Therefore (x)") C g, if and only if (x4)" < p. Now consider the following:

VEE) = \{a€eL:xe g}
— \/{aEL:EInEZ+,(x)(n)§Ma}

- \/{a eL:3ne Z+,(xoc)(n) <u}
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Theorem 4.2.14. If the commutator | , | of ideals in A is finitary, then
VE=U{n el :3IneZ such that n") < u}
Proof. For each x € A, let us define two sets H, and G, as follows:

H, = {a€Ll:xe/Uuq}

G, = {n(x):neL” such that n") < u for some n € Z:}

Clearly both H, and G, are subsets of L. Our aim is to show that H, = G, for all x € A. Let
o € H, (without loss of generality we can assume that o > 0). Then x € /lg. Since the
commutator [ , | of ideals in A is finitary, there exists n € Z, such that (x)" C py. Thus
(xq)"™ < . If we take 1 to be the fuzzy point x4, then 1 € L4, with 1(x) = a such that
n(”) < u for some n € Z,. Therefor & € G,. So that H, C G,. Also let @ € G,. Then there
exists 7 € L such that & = 1(x) and n") < u for some n € Z, . Consider the fuzzy point xg.
Since 1(x) = o, xq € M. So that (xo)"™ < N < u. Then (x4)"™ < u, which implies that

(x)(") C Ug. Thatis, x € \/llg. So that o € Hy. Therefore H, = G,. O

Theorem 4.2.15. If the commutator |, | of ideals in A is finitary, then
VI =U{n € FI(A) : 3n € Z, such thatn™ < u}

Proof. Foreachn € LA and n € Z_., it yields that n(") = (1) (") So that the proof of this theorem

follows from Theorem 4.2.14. ]

4.3 The Fuzzy Prime Spectrum

The space of prime ideals of universal algebras equipped with the hull-kernel topology was first

studied by Agliano in [7]. He was considering algebras in ideal determined varieties. More
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generally, in the paper [6], Agliano defined and studied the space of prime congruences so
called prime spectra in modular varieties.

The space of fuzzy prime ideals called fuzzy prime spectrum of rings were studied by Kumar
[100] and Kumbhojkar [103]. The spectrum of prime L—submodules was studied by R. Ameri
and R. Mahjoob in [31]. In this section, we study the space fuzzy prime ideals of universal
algebras equipped with the hull-kernel topology. For the standard topological concepts we refer
to [90].

We begin by giving the following notations.
1. Y ={P:Pisaprime ideal of A}
2. X ={p : uis afuzzy prime ideal of A}

3. For any subset S C A:

V(S)={PeY:SCP}and D(S)={PcY:SZP}

4. For any fuzzy subset 6 of A:

V(O)={ueX:0<pu}andD(O)={neX:0£u}

It is immediate from the definition that D(14) =X =V (04) and D(04) =0 =V (14).

Lemma 4.3.1. For any fuzzy subset 6 of A,

Proof. Let u € D(0). Then  is a fuzzy prime ideal of A such that 6 < u. Since 6 < (0), it
follows that (6) £ u and hence u € D((6)). Thus D(0) C D((8)). Also, if 1 € D(({6)), then
(0) £ u. If we are assuming that 6 < u, then (0) < p which is impossible. Thus u € D(0)
and hence the equality holds. Similarly, we can verify that V(0) =V ((6)). O
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Lemma 4.3.2. For any two fuzzy subsets 0 and & of A:
1. 6<o=V(o)CV(0)
2. 6<o=D(0)CD(o)

Lemma 4.3.3. If L is a chain and 0 and & are fuzzy ideals of A having the sup property, then

the following are equivalent::

3. V(6y) =V(0g) forall a € L.

4. \/Oy = /O forall o € L.
5. V6=/c

Proof. (1) = (2) is trivial. We proceed to show (2) = (3). Suppose that V(0) = V(o). Let
o € L. Let P be a prime ideal of A such that P € V(6y). Then 6, C P. Put B =V{0(x) : x ¢ P}.

Since 6 has sup property, we get B < a. Let us define a fuzzy subset Op of A by:

1 ifxeP
Op(x) =

B otherwise

for all x € A. Since L is a chain, f3 is a prime element in L and hence 6p is a fuzzy prime ideal of

A. Moreover, 6 < 0p. So that 6p € V(6) = V(o). Thus ¢ < 8p. Now consider the following:

XEOC, = ox)>a
= Op(x)>a>p
= Op(x) =1

= Xx€EP
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Thus 64 C P and hence P € V(0y). So that V(68y) C V(0y). By symmetry, we can also verify
that V(0y) C V(6y) and therefore the equality holds.

(3) = (4). Suppose that V(0y) = V(0g) for all & € L. For each o € L, consider the following:

(6) = N{P:Pisaprime ideal of A such that 6, C P}
= N{P:PcV(6y)}
= {P:PeV(oq)}
= N{P: P is a prime ideal of such that 6, C P}

= (Ca)

(4) = (5). Suppose that 1/(84) = /(0¢) for all & € L. For each x € A, we have

Vo) = \{aeL:xe/(6a)}
= \{aeL:xe/(o4)}
= Vo(x)
Therefore v/6 = /5. (5) = (1) is clear and the proof ends. O
Lemma 4.3.4. For any 1, v € FI(A):
1. D(6Vo)=D(0)UD(o)
2. D(]8,6]) =D(8 Ac)=D(8)NV(c)
3 V(EVY) =V () NV(v)
4. V(LAV)=V(R)UV(v)

Proof. The proof of (3) and (4) is dual to the proof of (1) and (2) respectively. So that we

prove only (1) and (2).
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1. Suppose that 4 € D(6V &). Then u is a fuzzy prime ideal of A such that

OVoLu

If 6 < and o < , then we get 6 V 6 < u, which is impossible. So that either 6 £ u
or ¢ £ u; that is, either y € D(0) or u € D(o) and hence D(6V ¢) C D(6) UD(0). To
prove the other inclusion, let u be a fuzzy prime ideal of A such that either u € D(0)
or i € D(o). Then either 6 £ u or ¢ £ p, which implies that 6 Vo £ u. So that

weD(OVo) Thus D(6)UD(c) C D(6V o) and hence the equality holds.

2. For any fuzzy prime ideal p of A and each 6,6 € FI(A) it holds that

[0,0] <uifandonlyif 6 ANCc < u

This provides that the equality D([0, c]) = D(6 A o). So it is enough to show D([0,0]) =
D(0)ND(o). Let u € D([0,0]). Then p is a fuzzy prime ideal of A such that [0, 0] £ u.
Since [0,0] < 6 and [0,0] < 0, we get O « u and o £ u; that is, u € D(6) ND(0),
and hence D([0,0]) C D(6) N D(o). To prove the other inclusion let 1 be a fuzzy prime
ideal of A such that u € D(6) and u € D(0). Then 0 £ p and o % u. Being u a fuzzy
prime ideal we get [0,06] £ u. So u € D([0,0]) and hence D(6) ND(c) C D([6,0]).

Therefore the the equality holds.

Lemma 4.3.5. For any subset S of A and its characteristic mapping Xs

D(yxs) = {op: where « is a prime element in L and P € D(S)}

Proof. Let us put

& ={ap: where o is a prime element in L and P € D(S)}
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Let o be a prime element in L and P € D(S). Then P is a prime ideal of A such that S ¢ P.

There exists a € S and a ¢ P. So that

ap(a) = @ < 1= xs(a)

This implies that x5 £ ap. Since op is a fuzzy prime ideal, it belongs to D(xs). So . C D(¥s).
To prove the other side inclusion, let 4 € D(xs). Then p is a fuzzy prime ideal of A such that
Xs £ 1. By Theorem 3.2.3, there exists a prime element & € L and a prime ideal P of A such
that i = op. Now from x5 £ i = ap, there exists a € A such that ys(a) % ap(a), which implies

that op(a) < 1 and hence a ¢ P. If a ¢ S, then

0= XS(a) S Otp(a)

which is impossible and hence a € S. Thus S ¢ P and so P € D(S). This gives it = op € ..

Therefore D(xs) C . and hence the equality holds. O

Theorem 4.3.6. The collection

T ={D(0): 0 is a fuzzy ideal of A}

is a topology on X.

Proof. As D(1p) = 0 and D(14) = X, then .7 contains both @ and X. Also for any fuzzy
ideals 6; and 6, of A, it is shown in Lemma 4.3.4 that D(6;) N D(6,) = D(6; A 6;). This
shows that .7 is closed under finite intersections. Further, let {6; : i € I} be any family of
fuzzy ideals of A. We verify that U;c;D(6;) = D(Vic16;). Suppose that u € D(V;c16;). Then
Vier6; £ u which implies that 6; < p for some i € 1. Otherwise if 6; < u for each i € I,
then it would be true that V;c;6; < u, which is impossible. Thus u € U;;D(6;) and hence
D(Vic16;) C UierD(6;). To prove the other inclusion, let 4 € Uje;D(6;). Then p € D(6;) for

some i € I that is, 6; £ u for some i € I. Since 6; < Vics6;, we get Vics6; £ . So that
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U € D(Vier6;). Whence Uje;D(6;) C D(V;e6;) and hence the equality holds. Therefore .7 is

closed under arbitrary union and hence it is a topology on X. [

Definition 4.3.7. The topological space (X,.7) is called the fuzzy prime spectrum of A and it

is denoted by F — spec(A).

Lemma 4.3.8. For any fuzzy points xq,yg of A.

D(xq)ND(yg) = D([xa,yp])

Lemma 4.3.9. Let L be a chain. For any o> 0 in L, D(xq) = 0 if and only if x € \/0.

Proof. Let 0 < a € L. Suppose that D(xy) = 0 and let P be a prime ideal in A. Since L is a

chain, 0 is a prime element in L. Consider the fuzzy subset Op of A defined by:

1 ifzeP
0p(z) =

0 otherwise

for all z € A. Then it is clear that Op is a fuzzy prime ideal of A. By our assumption, Op ¢ D(x)
and heence x4 < Op. So that

0 < ot =xg(x) <0p(x)

This gives x € P. Since P is arbitrary, we can conclude that

x € N{P: P is a prime ideal of A} = /0

Conversely suppose that x € v/0. Then x € P for each prime ideal P of A. Let u be a fuzzy

prime ideal of A. Our aim is to show that x4 € t. Since the set

pe={acA:pu(a) =1}
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is a prime ideal, we get x € u, and hence u(x) = 1> a. So that xo € u. Thus u ¢ D(xy),

which gives D(xq) = 0. O

Lemma 4.3.10. Suppose that A has a unit element say u and L is a chain. For any a > 0 in L,

D(xq) = X if and only if x is a unit.

Proof. Suppose that D(xy) = X. Then xq ¢ u for all g € X. So p(x) < 1 forall u € X. This
implies that, for each prime ideal P of A, x ¢ P. If we are assuming that x is not a unit, then by
applying Zorn’s Lemma we can find a prime ideal P of A containing x which is a contradiction.
Thus x is a unit element in A. Conversely, suppose that x is a unit. Then x ¢ P for each prime

ideal P of A. Now let u be any fuzzy prime ideal of A. Then the set

wo={acA:p(a)=1}

is a prime ideal in A. So x ¢ L., that is, i (x) # 1. If we take a = 1, then the fuzzy point xo ¢ U
and hence 1 € D(xq). Thus D(xq) = X. O
Theorem 4.3.11. Let A,B € ¥ and let h : A — B be a surjective homomorphism.

1. If @ € F — Spec(B), then h~'(u) € F — Spec(A). Hence h induces a map h, from F —

Spec(B) to F — Spec(A), defined by h,(u) = h='(u).

2. The map hy is a homeomorphism from F — Spec(B) to the class of h—-invariant fuzzy

prime ideals of A.

Lemma 4.3.12. The subfamily 2 ={D(xq) :x € A,a € L—{0}} of 7 is a base for 7.

Proof. Let 0 be any fuzzy ideal of A and u € D(6). Then u is a fuzzy prime ideal of A such
that @ £ p1. There exists x € A such that 6 (x) £ u(x). If we put B = 6(x), then § > 0, and the

fuzzy point xg € 6 and xg ¢ u. So that u € D(xg) € D(0). Thus % forms a base for 7. [

Lemma 4.3.13. If A has a unit element u, then for each prime element o, € L, the set

Ag ={neX :Im(u)=A{1,a}}
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is a compact subspace of X.

Proof. Remember that Ay can be made a subspace of X by the relativized topology .7, where
Tau={D(0)NAy:0 € FI(A)}

If weput L* = {ye L:y £ a}, then L* is a nonempty subset of L. Moreover, it is clear to show
that the family

Bo ={D(xy)NAg:x€Aandye L}

constitutes a base for .7,. Suppose that the family
¢ ={D((x;);)NAg:i€Aandye K C L*}

is a basic open cover for Aq. If we take r = V{r : t € K}, then r £ o and the family {D((x;),) N

Ag 11 € A} covers Ay. Now consider the following:

Aa = JID((x1)r)NAd]
i€eA

= AaﬂU[D((xi)r)]
i€eA
= AqND (Uica(xi)y)

= AgN(X =V [Uica(xi),])

which implies that Ay NV [Ujea(xi)] = 0. For any prime ideal P of A, consider the fuzzy
ideal ap of A as given in Definitionl.2.12. It is shown in Corollary 3.2.4 that op is fuzzy
prime and hence ap € Ay. Since Ag NV [Uica(xi),] = 0, it yields that op & V[Ujea(xi),]. So
that, Ujea(x;), £ op. If (x;), € op for all i € A, then Ujea(x;), < op which is impossible. So
there exists j € A such that (x;), ¢ op, implying that r £ ap(x;). Then op(xj) # 1 and hence
op(x;) = o that is, x; ¢ P. Mean that, for each prime ideal P of A, there exists j € A such that

xj ¢ P. Equivalently saying that, every prime ideal P does not contains the ideal ({x; : i € A}).



92 Chapter 4. L—Fuzzy Semi-Prime Ideals

So ({x;j:i€ A}) =A, and hence u € ({x;:i € A}). Then

u=pla,....an,Xi,,....xi,)

for some ay,...,a, €A, iy,ia,...,i,, € A. We show that

s

VIU (i) NAg =0

j=1

Suppose on contrary that there is some

HE V[U (xi;)r] NAg

J=1

which implies that p(x;,) > rforall 1 < j <m. Since r £ o, we get u(x;;) = 1 forall 1 < j <m.

Now consider:

pw) = p(pla,....anXiy,-..,Xi,))
> /\{.u*(xij) 11 < Jj=s m}

= 1

Since p(u) < p(x) forall x € A, it follows that u is constant which is a contradiction. Therefore

m
j=1
Hence the subfamily {D((x;;),) : 1 < j <m} finitely covers Aq and therefore A is compact. [

Theorem 4.3.14. The space X is a Ty space.

Proof. Let u and 6 be fuzzy prime ideals of A such that u # 6. Then either u £ 6 or 6 £ .
Without loss of generality we can assume that u « 6. Then there exists x € A such that f1(x) £

0(x). Let us put & = u(x). Then x4 is a fuzzy point of A such that x, € 4 and x4 ¢ 0; that is,
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U ¢ D(xq) and 6 € D(xy). This means D(x¢) is an open set in X containing 6 but not contain

u. Therefore X is a 7p space. ]
Theorem 4.3.15. Forany u #v € X, v e {u} ifand only if u < v.

Proof. Let L # v € X. Suppose that v € m Then u € U for each neighborhood U of v in X.
Since neighborhoods of v in X are of the form D(8) for some fuzzy ideal 6 of A with 8 £ v, it
is equivalent to say that u € D(8), and hence 6 £ u, for all fuzzy ideals 6 of A with 6 £ v. In

other words, for any fuzzy ideal 0 of A the following holds:

6<u=0<yv

which gives that 4 < v. Conversely, suppose that 1t < v and let U be a neighborhood of v in X.
Then U = D(0) for some fuzzy subset 0 of A with 8 £ v. Since p < v, we get 8 £ u, which
gives that t € D(0) = U. So that, {u} NU # 0. Therefore v € {u}. O

Corollary 4.3.16. For each 1 € X,

Vi) ={u}
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Chapter 5

L—Fuzzy Congruence Relations

Introduction

Given an algebra A of a given type §, the set Con(A) of all its congruence relations forms an
algebraic lattice for which its compact elements are those finitely generated congruences. It
is called the congruence lattice (or the structural lattice) of A. This gives a lattice theoretic
interpretation for A. For some class of algebras, the congruence lattice may be modular or
distributive. One can understand the algebraic nature of the algebra A by studying the properties
of its congruence lattice.

To determine congruences on a given algebra we need to know what are the congruence
classes. Hence also properties of these classes (alias blocks) can be used to indicate the struc-
ture of the corresponding quotient algebra. Moreover, one can find out that in some special, but
often considered algebras it may happen that one (either arbitrary or fixed) congruence class
determines the whole congruence. Among these algebras there are e. g. groups, rings, Boolean
algebras, implication algebras, relatively complemented lattices etc. Having an algebra, one
may be interested in the question which subsets or subalgebras can be classes of suitable con-
gruences. The most general solution was proposed by A. I. Mal’cev in his pioneering paper
[118]. Further investigations can be found in [35, 36, 37, 54, 50].

In this chapter, we study fuzzy congruence relations and their classes; so called fuzzy con-
gruence classes in universal algebras. Fuzzy congruence relations generated by a fuzzy relation

are fully characterized in different ways. The main result in this chapter is that, we give several
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Mal’cev type characterization for a fuzzy subset of an algebra A in a given variety to be a class
of some fuzzy congruence on A. Some equivalent conditions are also given for a variety of
algebras to posses fuzzy congruence classes which are also fuzzy subuniverse. Special fuzzy
congruence classes; called fuzzy congruence kernels are characterized in a more general context

in universal algebras.

5.1 Fuzzy Congruences

In semigroups and vector-spaces, fuzzy congruence relations generated by a fuzzy relation were
studied in [138] and [142] respectively. The main purpose of this section is to characterize fuzzy
congruence relations generated by a fuzzy relation in general universal algebras. By a fuzzy

relation on A, we mean a fuzzy subset of A X A. The following definition is due to [144].
Definition 5.1.1. A fuzzy relation ® on A is said to be:

1. reflexive if: ®(x,x) =1 forallx € A
2. symmetric if: ®(x,y) = @(y,x) for all x,y € A

3. transitive if for each x,z € A: O(x,z) > O(x,y) AO(y,z) forall y € A.

A reflexive, symmetric and transitive fuzzy relation on A is called a fuzzy equivalence relation

onA.

Definition 5.1.2. A fuzzy relation ® on A is said to be compatible, if

®(fA(x17x27 ...,Xn),fA<y1,y2, ,yn)> > @(Xl,)i]) ... /\®(xn7yn)

foreveryn € Z*, f € §, and all x1,x2,...,X,,Y1,¥2,...,Yn € A.

Note that, compatible fuzzy relations on A are those fuzzy subuniverses of A x A, where
A x A is equipped with the product algebra. This fact is often expressed in the way that © is said
to have the substitution property with respect to each fundamental operations f € §. According

to Werner [154], compatible fuzzy relations may also be refereed as admissible fuzzy relations.
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Definition 5.1.3. A fuzzy congruence on A is a fuzzy equivalence relation on A which is com-

patible with all fundamental operations of A.
We denote by FCon(A) the class of all fuzzy congruence relations on A.

Lemma 5.1.4. Ift(xy,...,X,) is an m—ary term operation on A and ® € FCon(A), then it holds
that

O(t(ay,...,am),t(by,...,bp)) > Olay,by) A ... ANO(ap,bpy)
forall ay,...,an,by,....,by € A.

Proof. For the term ¢, let [(¢) be the number of occurences of n-ary operation symbols in ¢ for.

We use induction on [(¢). If /(t) = 0, then either ¢ = x; for some j, whence

n
@(tA(al,...,an),tA(bl,...,bn)) = @(aj,bj) > /\@(ai,b,-)
i=1

or t = f4 for some f € .%,, whence
n
®(ZA(a17"'7al’l)7tA(bl7"'7bl’l)) = ®(fA7fA) =1 Z /\®<ai7bi)
i=1

Now let /(¢) > 0 and assume the result to be true for every term g with I(g) < I(f). Then we

know ¢ is of the form

fA(l‘l (X] , ...,xn), ...,tk(xl, ..,xn)),
as [(t;) < I(t) foreach j = 1,2, ...k, it follows from the induction hypothesis that for 1 < j <k,

n

@(tj(al, ...,a,,),tj(bl, ,bn)) > /\ @(a,',b,')

i=1
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By the compatibility of ®, we get

O(t(ar,....an),t(b1,....by)) = O t1(ar,....an),....te(ar,...an)), fA(t1(b1,-...bn), .o tx (b1,
k
> /\®(IA<ala 7an)atA(b17 ybn))
j=1

V
T>-
@
8
>

For a fuzzy relation ® on A and each o € L, remember that
Oq ={(x,y) EAXA:0O(x,y) > a}
is the a—level relation of ® on A. The following lemma is simple but a useful characterization
of fuzzy congruences using their level relations.

Lemma 5.1.5. Let © be a fuzzy relation on A. Then the following hold:

1. O is a fuzzy equivalence relation on A if and only if Oy is an equivalence relation on A

forall o € L.

2. O is a fuzzy congruence relation on A if and only if @y, is a congruence relation on A for

all o € L.

From the above theorem, one can conclude that fuzzy congruence relations are fuzzy £—subsets

of A X A (in the sense of [144]), where £— is a the class of congruence relations on A.

Theorem 5.1.6. The intersection of any family of fuzzy congruence relations on A is a fuzzy

congruence on A.

Given a fuzzy relation p on A, it follows from the above theorem that, always there exists
a smallest fuzzy congruence relation on A containing p, which we call it the fuzzy congruence
on A generated by p. It is denoted by @, (p). Particularly, for a fuzzy subset A of A, we write

O (1) to denote the fuzzy congruence O (A x ).
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Definition 5.1.7. [133, 134] For any two fuzzy relations ® and ® on A, their composition ® o ®

is a fuzzy relation on A given by:
@od(x,y) = \/{O(x,2) AD(y,2) : z € A}

for all x,y € A. For a positive integer n, by ®", we mean @ o ®o ... o O (n copies).

V. Murali [133, 134] has characterized the supremum of two fuzzy congruence relations as

follows.
Theorem 5.1.8. For any ®,® € FCon(A), we have
OVP=|J(@cdo0)"
n=1

Theorem 5.1.9. The class FCon(A) of all fuzzy congruence relations on A forms an algebraic

closure fuzzy set system under the inclusion ordering of fuzzy sets.

We turn our attention to characterize the fuzzy congruence ®p(p) generated a fuzzy relation
p. Note that we use the notation ®(R) to denote the crisp congruence on A generated by the
crisp relation R. The following theorem gives a natural characterization for ®y(p) using level

relations.

Theorem 5.1.10. Let p be a normalized fuzzy relation on A. Then ®r(p) can be characterized

as:’

Or(p)(x,y) = \/{a€L: (x,y) € O(po)}
forall x,y € A.

Proof. For x,y € A let us define a fuzzy relation I" of A by:

T(x,y)=\/{oeL:(x,y) € O(py)}

Our aim is to show that I" is the smallest fuzzy congruence on A containing p. We first show

that I' is a fuzzy congruence on A. Clearly it is reflexive and symmetric. To prove transitivity,
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let x,y,z € A.

F(x,y)AT(vz) = \{aeL:(xy)€O(pa)}A\/{BEL:(yz)cO(pp)}

= V{aAB:(x,y) €O(py) and (v,2) € O(pp)}

Let a,b € L such that (x,y) € ©(pg) and (y,z) € O(pg). If we put A = a A B, then A € L
such that po, C p; and pg C py,, which gives ©(py) C O(p; ) and O(pg) C O(py ), ie., O(py)
contains both (x,y) and (y,z). By the transitive property of ®(p, ), (x,z) € ®(p;). Now we

have the following:

T(xy)AL(yz) = \/{aAB:(xy)€O(pa)and (v,2) € O(pp)}
< \{reL:(x,2)€0(py)}

= F(X7Z>

Therefore I' is transitive and hence a fuzzy equivalence relation on A. No it remains to show

that I" is compatible. Letn > 0, f € §, and a1, ...,a,, b1, ...,b, € A.

/\F(a,-,bi) = /\ \/{ai €L:(aj,bi) € ®(p06i)}
i=1

= \/{/\ o, . (ai,bi) € ®(p06i>}
i=1

Let ay, ..., &, € L be such that (a;,b;) € O(pg,). If we put

then A € L and ®(py,) C O(p,,) for all i = 1,2,...,n, which gives (a;,b;) € O(p,,) for i =

1,2,...,n. Using the compatible property of ®(p;) we get (fA(ay,...,an), fA(b1,...,by)) €
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O(p; ). Now consider the following:

AT(ai,bi) = \{/\ ai:(ai,bi)€O(pg)}

' i=1

< \/{l € L: (a;,b;) €O(py) fori=1,....n}

< VA eL: (Farman). fA (b1 b)) € O(p3))

= F(fA(al,...,an),fA(b17~-7bn))

Thus I is compatible and hence it as a fuzzy congruence on A. Remember that, any fuzzy subset

u of A can be expressed as follows: for each x € A

px) =\{oeL:xe g}

Similarly, for each x,y € A we have:

p(xy) = \{eeL:(xy)€pa}
< V{aeL:(x,y)€0(pa)}

= I'(xy)

Mean that p < T'. Further, let ¥ be any fuzzy congruence on A such that p <Y¥. Then, for
each o € L, the level relation W, is a congruence on A such that p, C W, which gives that

O(py) CO(Yy) = ¥q. Now for each x,y € A:

T(x,y) = \{aeL:(xy)€0(pa)}
< \/{(X €L:(xy) e¥u}

= Y(x,y)

Thus I is the smallest fuzzy congruence on A containing p. This completes the proof. [
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Using the fact that FCon(A) together with the point-wise ordering of fuzzy sets is an alge-

braic closure fuzzy set system we have another characterization for ®(p) as follows.

Theorem 5.1.11. Let p be a normalized fuzzy relation on A. Then

OLp)) =\ A plab):F cCAxA,(xy) € O(F)}
(a,b)eF

forall x,y € A, where F CC A X A is to say that F is a finite subset of A x A.

Proof. For each x,y € A, let us define two sets Gy, and H, , as follows:

Gey = { N\ plab):FCCAXA,(xy) € OF)}
(a,p)eF

Hyy = {a€L:(x,y) €0(pa)}

Clearly, both G, , and H, , are nonempty subsets of L. By Theorem 5.1.10, it is enough to show

that VG, = VH, . Let @ € Gy . Then there exists a finite subset F of A X A such that

a= N p(a,b)and (x,y) € OF)
(a,b)eF

i.e., p(a,b) > o for all (a,b) € F, which gives F C p. This implies @(F) C O(py). Whence
(x,y) € O(pg). So that & € Hyy. Thus G, C Hy, and hence \/ Gy, < \/H,,. To prove the
other inequality, let & € Hy,. Then (x,y) € ®(py). By Corollary 1.0.3 of [50] we can find a

finite subset F' of py such that (x,y) € @(F). F being contained in py, we get

N plab)>a
(a,b)eF

If we put B = /\(aJ,)er(a,b), then ¢ < 8 and B € G,,, i.e., for each o € H, ,, we can find a

B € Gy, with oo < B. This confirms that VH, , < VG, , and this completes the proof. ]
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Definition 5.1.12. [50] A mapping p : A — A is called a translation of A if there existann € Z™T,

an n—ary operation f € §, ani € {1,2,....,n} and ay,...,a;_1,a4+1,...,a, in A such that

fA(alu 5y Ai—1,X,di41, ---7an) = p(.X')

for all x € A.

The following theorem gives a necessary and sufficient condition for fuzzy equivalence

relations to be a fuzzy congruence by the use of translations.
Theorem 5.1.13. A fuzzy equivalence relation ® on A is a fuzzy congruence on A if and only if

it is compatible with all translations of A, i.e.,

O(p(x),p(y)) = O(x,y)

forall x,y € A and all translations p of A.

Proof. 1f © is a fuzzy congruence on A, then it is clear that it is compatible with all translations
of A. Conversely, suppose that ® is compatible with all translations of A. Letn € Z*, f € F,,

and ay,..,an,by,...,b, € A. Foreachi € {1,...,n} define p; : A — A by

pi(x> :fA(bla“vbi—l?x?aH—l?"'7an)

for all x € A. It can be easily verified that each p; is a translation of A. Moreover, we have the

following:

pi(ar) :fA(al,az,...,a,,)
pu(bn) = fA(b1,by,...,b,) and

pi(bi) = pivi(aitr) fori=1,..,n—1
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Now using the compatibility and transitive property of ® we get the following:

n n—1
N\ Olai,bi) < (/\ ®(pi(ai)api+l<ai+l>)> A®O(pn(an), pn(bn))

i=1 i=1
< O(pi(a1), pa(bn))

= O (a1, ), fA (B b))
That is, ® is compatible with all fundamental operations of A and hence it is a fuzzy congruence
onA. o

Unary polynomials over A can be identified as a translation of A. The following corollary

immediately follows from this fact.

Corollary 5.1.14. A fuzzy equivalence relation ® on A is a fuzzy congruence on A if and only if

it is compatible with all unary polynomials on A.

Definition 5.1.15. [55] A transitive closure of a fuzzy relation p on A is the smallest transitive

fuzzy relation on A containing p.

Note that, if p is a reflexive (symmetric or compatible) relation on A, then its transitive

closure is so respectively.

Lemma 5.1.16. [55] The transitive closure of a reflexive fuzzy relation p on A is given by the

formula

where the power of p is formed with respect to the relational products.
In the following theorem, we give an algebraic characterization for @, (p).

Theorem 5.1.17. If p is a normalized fuzzy relation on A, then ®Or(p) is the transitive closure

of the fuzzy relation A on A defined as follows: for each x,y € A, A(x,x) = 1 and for x #y,

A(x.y)=\/{p(a.b): {x.y} ={p(a).p(b)},p € P(A)}
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Proof. Clearly, A is reflexive and symmetric fuzzy relation on A with p < A. We first show that
A is compatible with all unary polynomials over A. Let x,y € A and g € P(A). If x =y, then
q(x) =q(y) and

A(x,y) =1=2A(q(x),q(y))

Let x # y. Then

Ax.y) =\/{p(a.b) : {x,y} = {p(a),p(b)}.p € Pi(A)}

and

A(q(x),9(y)) = \/{p(c,d) : {q(x),q(y)} = {p(c), p(d)},p € PL(A)}

For any p € Pi(A) and every a,b € A, if x = p(a) and y = p(b), then g(x) = g(p(a)) and
q(y) = q(p(b)). Since the composition of unary polynomials is a unary polynomial, we can

find at € P (A) such that g(x) = t(a) and g(y) = ¢(b). This implies that

A(x,y) < A(q(x),q(»))

Mean that, A is compatible with all unary polynomials over A. If we define @ to be the transitive
closure of A, then it can be verified that & is the smallest fuzzy equivalence relation on A which
is compatible with all unary polynomials over A with A < ®. It follows from Corollary 5.1.14
that @ = @y (A). Our aim is to show that ® = @7 (p). Clearly p < ®. Now let ¥ be any fuzzy

congruence on A with p <. It suffices to show that A < W. For x # y consider the following:

A(xy) = \Hp(a,b): {x,y} ={p(a).p(b)}.p € Pi(A)}
< V{¥(a,b): {x.y} = {p(a),p(b)},p € P(A)}

< ¥(xy)

That is, A < ¥ and this completes the proof. O]
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Corollary 5.1.18. Let p be a normalized fuzzy relation on A. Then

OL(p)(xy) = V{ApWici):3ag,ai,...an €A,p1,....;pn € PI(A),n >0

such that ap = x,a, =y and {a;—1,a;} = {pi(b;), pi(ci)} }

forall x,y € A.

5.2 Fuzzy Congruence Classes

Remember that for a binary relation R on A and S C A, the set R[S] is a subset of A given by:
R[S]={y€A:(x,y) €R for some x € S}

In particular, if S = {a}, then we write R[a] instead of R[S]. If 6 is a congruence on A (in the

usual sense) and a € A, then the set
Ola)j={becA:(a,b) €6}

is called the congruence class of 6 determined by a. Some authors denote this set as [a]6 (or

a/0). Analogous to this classical concept, we define the following.

Definition 5.2.1. For a fuzzy subset 1t of A and a fuzzy relation ® on A we define 11 /® to be a

fuzzy subset of A as follows:

1/0(x) =\/{u@) A O(x,y) : y € A}

for all x € A. Also for each a € A, we define a/® to be x(,,/©.

It is observed that

a/0(x) = O(a,x) forall x € A
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If O is a fuzzy congruence on A and a € A, then we call a/® the fuzzy congruence class of A

determined by ® and a. Sometimes we may write ®, to denote a/®.

It was proved by A. I. Mal’cev [118] that a nonempty subset H of A is a class of some

0 € Con(A) if and only if for each a,b € H and any unary polynomial p on A it holds that:

pla) eH = pb) €eH

Analogous to this well known characterization, we give the following lemma in the fuzzy sense.

Lemma 5.2.2. A normalized fuzzy subset L of A is a class of some fuzzy congruence on A if and
only if
s Ap(y) Au(p(x)) = u(p(y)) Au(x) Auly)

foreach x,y € A and each p € P|(A).

Proof. Suppose that u = a/® for some ® € FCon(A) anda € A. Letx,y € Aand p € P|(A). It

follows from Corollary 5.1.14 that

O(p(x),p(y)) = O(x,y)

Also, by the transitive property of ®, we have

O(x,y) > O(x,a) ANO(a,y) = pu(x) Au(y)
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Consider the following:

pu(p(y)) = ©(a,p@y))
O(a, p(x)) AO(p(x), p(y))
O(a, p(x)) AO(x,y)

O(a, p(x)) Ap(x) Ap(y)

(VAR AV

Vv

1 (p(x)) Ap(x) A p(y)

which gives

px)Ap() Au(p(y) = pu(p(x)) Ap(x) Ap(y)

By symmetry, the equality holds. Conversely, suppose that the condition of the theorem holds.

Let us define a fuzzy relation p on A as follows: for each x,y € A, p(x,x) =1 and for x # y

px,y) =\/{u®) Ap(c):x=p(b),y=plc),p € Pi(A)}

It is clear that p is a reflexive and symmetric fuzzy relation on A such that u x u < p. Moreover,
one can easily verify that p is compatible with all unary polynomials over A. Since u is nor-

malized, we can choose x € A with u(x) = 1. Our aim is to show that x/®(u) = u. Let y € A.

If y = x, then it is clear that x/@p (u)(y) < pu(y). Let y # x. Then x/@r(u)(y) = Or(u)(x,y).

By Theorem 5.1.17 ®p(u) is the transitive closure of p. So it follows from Lemma 5.1.16 that

Or(u)(x,y) =\ p"(x.y)

We show that p"(x,y) < u(y) foralln € Z*. Letn € Z*. It is clear that

p"(x,y) = \/{/\p(x,-_l,xi) X0, X1, ey Xp € A, xo = x and x,, = y}
i=1
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Let xg,x1,...,x, € A such that xo = x and x,, = y. We show that
n
A\ P (xici,x) < ()
i=1
We use induction on n. If n = 1, then x9p = x and x; = y. So that
n
A pxic1.x) = p(x,y) = \/{u(b) Au(c) - x = p(b),y = p(c),p € PL(A)}

i=1

For any a,b € A, and p € P|(A); if p(a) = x and p(b) =y, then it follows from our assumption

(the condition of the theorem) that

p(a) Ap(b) Ap(x) = p(y) Ap(a) Ap(d)

Since p(x) = 1, it holds that

p(a) Ap(b) = u(y) Ap(a) Ap(b)
which gives
(a) Ap(b) < u(y)

Since a,b and p are arbitrary, it follows that

p(x,y) =\/{u®) Ap(c) :x=p(b),y=plc),p € PI(A)} < u(y)

Let n > 0 and assume the result to be true for n — 1; i.e.,

n—1

/\ p(x,'_l,xi) < .u(xn—l)

i=1
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Now consider the following:

./\P(xifhxi) = <n]\lp(xi1axi)> AP (Xn—1,%n)

< Bl AP (1)

= Hla-1) AP (Xn-1,y)

= W) AN{B®B)Ap(e) x-1 = p(b),y = p(c),p € Pi(A)}

= \/{u(u1) Au®) Au(c) : xa—1 = p(b),y = p(c),p € Pi(A)}

If b,c € A such that x,_; = p(b),y = p(c) for some p € P|(A), then by condition of the theorem
we get

P(xn—1) Au(b) A(e) = u(y) A (b) Au(e) < u(y)

which implies that

VA o) A (B) Aple) : x0—1 = p(b),y = p(c),p € Pi(A)} < u(y)

which gives
n

A p(xic1,x) < u(y)

i=1

Since xg, X1, ..., X, are arbitrary in A with xo = x and x,, = y, it follows that

p"(x,y) < u(y)

This is true for all n € Z*, which implies that

(o)

\ p"(xy) <)

1.e.,
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Therefore x/@p (1) < . The inequality u < x/®p () is straightforward and hence the equality

holds. This completes the proof. [

Notation. For each a € A, let us define two sets L,(A) and FL,(A) respectively as follows:

Lo(A) = {0[d]: 6 € Con(A)}

FL,(A) = {a/®:0@ € FCon(A)}
Lemma 5.2.3. Let U be a fuzzy subset of A and a € A. Then u € FL,(A) if and only if the level
subset Lo € Ly(A) forall o € L.

Proof. Suppose that u € FL,(A) and let a € L. Then, by the above theorem, p(a) = 1 and u

satisfies the equality

L) Apy) Au(p(x) = pm(p(y) Ap(x) Au(y)

foreach x,y € A and all p € P;(A). Letx,y € ly. For any p € Pi(A), if p(x) € Ug, then

p(x) Ap(y) Au(p(x) > o

by the above equality we get u(p(y)) > a. So that p(y) € U, i.e., Uy satisfies the Mal’cev

condition and hence it is the class of some 6 € Con(A) and this completes the proof. [l
In the following we give an alternative proof independent of the Mal’cev theorem.

Proof. (An alternative proof for Lemma 5.2.3)
Suppose that u € FL,(A) and let & € L. Then u = a/® for some ® € FCon(A); i.e., for each

X€EA

p(x) = ©(a,x)

It is an easy task to observe that {1, = @ |a], and hence g € L,(A) for all a € L. Conversely,

suppose that 1y € L,(A) for all o € L. Then for each a € L there exists a congruence 6 on A
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such that uy = 6lal. Let us put
0o =N{0 € Con(A) : Uy = 0lal}

Then @ is a congruence on A such that 1y = @ [a] and ¢g C ¢p whenever B < a. Now define

a fuzzy relation ®, on A by:

Ou(r,y) =\{a€L: (x,y) € g}

for all x,y € A. Since each @, is a congruence relation on A and the map o — ¢, 1s an antitone,

one can easily verify that ® is a fuzzy congruence on A. Moreover, for each x € A consider:

a/®u(x) = Oyla,x)
= \{a€L:(ax) € da}
= \{aeL:xepqlal}
= \{aeL:xepu,}

= ux)

Therefore p coincide with the fuzzy congruence class of ®, determined by a. So that u €

FL4(A). n

5.3 Fuzzy Congruence Classes in Regular and Permutable
Varieties

In this section, a finite characterization is given for fuzzy congruence classes in regular and

permutable varieties.
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Definition 5.3.1. An algebra A is called regular if each of its congruences is determined by

every single class, i.e., if for every 0, ¢ € Con(A) and every a € A,

Ola] = ¢la] = 6 = ¢

A class of algebras is called regular if each of its members has this property.
Theorem 5.3.2. An algebra A is regular if and only if each of its fuzzy congruences is deter-
mined by every single fuzzy class, i.e., if for every ®,® € FCon(A) and every a € A,

a/®@=a/>=0=7>o

Definition 5.3.3. An algebra is called congruence permutable (or simply permutable) if any two
of its congruences permute, i.e., if 6 o = ¢ 0 0 for all 6,¢ € Con(A). A class of algebras is

called permutable if each of its members has this property.

The following fundamental theorem gives a simple description for permutable varieties, and

it is due to A. I. Mal’cev (see [118]).

Theorem 5.3.4. A variety is permutable if and only if there exists a ternary term p with

p(x,x,z) = zand p(x,z,z) = x

Definition 5.3.5. The ternary term p described in Theorem 5.3.4 is called a Mal’cev term for

regular and permutable varieties.

A Mal’cev condition on admissible relations was applied by Werner in [154]. In the fol-
lowing theorem we adopt his theorem in a fuzzy setting so that it could be used in the latter

sections.

Theorem 5.3.6. Let A be an algebra in a permutable variety, . Then the following conditions

hold:
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1. Each admissible reflexive fuzzy relation on A is symmetric.

2. Each admissible reflexive fuzzy relation on A is transitive.

3. Each admissible reflexive fuzzy relation on A is a fuzzy congruence on A.
Proof. Given that % is permutable. So, it has the Mal’cev term p(x,y,z).

1. Let ® be an admissible reflexive fuzzy relation on A, and x,y € A. Then we have

x=p(x,y,y) andy = p(x,x,y)

Now consider:

O(x,y) = O(p(x,yy),p(x,x,y))

> O(x,x) AO(y,x) ANO(y,y)

= ®(y7x>

Similarly we can verify that ®(y,x) > @(x,y). Thus O(x,y) = O(y,x) and hence O is

symmetric.

2. Let ©® be an admissible reflexive fuzzy relation on A, and x,y,z € A. Then we have

x=p(x,y,y) andy = p(z,2,y)

Then consider the following:

O(x,y) = O(p(x,y,5),p(z,2,y))
> O(x,z) AO(y,2) AO(y,y)
= 0O(x,z2) ANO(y,2)

= 0O(x,2) AO(z,y)
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Since z is arbitrary in A we get

O(x,y) > \/{@(x, 2)AOB(z,y) 1z €A}

Therefore O is transitive. Hence proved.

3. The proof follows from (1) and (2).

]

In fact, a simple logical arrangement shows that each of the above three conditions are
equivalent to each other. Moreover, one (and hence all) of these conditions is necessary and
sufficient for a variety .#” to be congruence permutable.

The following Mal’cev type characterization was derived independently in [51, 67].

Theorem 5.3.7. A variety J is regular and permutable if and only if there exist n > 1 ternary

terms ty,...,t, and a (3 +n)—ary termt such that
(*) ti(x,x,2) =z foralli=1,2,...,n.
(%) x = 1(x,,2,11(X,9,2), -, In (X, 9, 2)).
(%) y = 1(X,¥,2,2,2y -, 2)

By applying these terms, in regular and permutable varities, a finite characterization was

given by Bélohldvek and Chagda for a subset C of A to be a congruence class.

Theorem 5.3.8. [36, 37] Let £ be a regular and permutable variety, A € & and 0 # C C A.

Then C is a class of some 6 € Con(A) if and only if the following conditions hold:

1. ifti(aj,bj,c) eCforceC, i=1,2,..,n j=1,2,...mand f is an m—ary fundamental

operation, then

ti(fA(al,...,am),fA(bl,...,bm),c) eC

2. ifc,deCiacAandti(a,d,c) € Cfori=1,2,...,n, thenacC
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3. ifc,d €C, thenti(d,c,c) € Cfori=1,2,...,n,
Parallel to this theorem, we state and prove the following theorem in a fuzzy setting:

Theorem 5.3.9. Let % be a regular and permutable variety and A € ¥ . A normalized fuzzy
subset L of A is a fuzzy congruence class of some ® € FCon(A) if and only if the following

conditions hold:

1. For each m—ary fundamental operation f,

u <li(fA(al,---,am)afA(bl,---,bm),C> > ( /\ .u(ti(aj,bj,c))> Ap(c)

ij=1
foralli=1,2,....n

2. Foranya,b,c € A,

3. Forany b,c € A,
u(ti(b,c,c)) = u(b) A p(c)

foralli=1,2,...,n.

Proof. Suppose that u satisfies the conditions (1),(2) and (3). Since u is given to be normal-
ized we can choose and fix an element ¢ € A with p(c) = 1. Now define a fuzzy relation ® on
A by:

O(a,b) = u(ti(a,b,c)) A\...\u(ty(a,b,c))

for all a,b € A. Let us first prove that © is a fuzzy congruence on A. For any a € A:
O(a,a) = u(ti(a,a,c))A...Ap(ta(a,ac))

= u(c)N...Au(e)

= 1
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So O is reflexive. Also let ay,...,an, by, ...,by, € A and let f be an m—ary operation on A. Then

consider the following:

O(f (ar,wam)s [ (brsesbm)) = Ap(E(F (@1, am), f1 (b1, o) €))

v

( /\ N(li(ajabbc))) A(c)
ij=1

n,m

= N\ u((ajbj,c))

i,j=1

= A\ 0(a,b))
j=1

Therefore ® is an admissible reflexive fuzzy relation on A. Since %" is congruence permutable,
it follows from Theorem 5.3.6 that ® is a fuzzy congruence on A. Our aim is to show that

1 = c/0O. For any x € A, consider:

c/O(x) = 0O(x,c)

= p(ti(x,c,0)) Ao Ap(ty(x,c,c))

> u(x)Au(c)( by condition (3))

= ux)

On the other hand, by condition (2) we have

v

p(x)

w(c) A (/\ u(ti(xyc,C)))

i=1

- /\ .u(tl'(x7cvc>)

= ¢/0O(x)

Therefore u = ¢/® (the fuzzy congruence class of ® determined by ¢). Conversely, suppose

that 4 = x/@® for some ® € FCon(A) and x € A. Then py = @y [x] for all o € L.
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1. Letay,...,anm,b1,....,b,, € A and f be an m—ary operation on A. Let us put

o= ( /\ H(ti(ajabjaC))) Al(c)

i,j=1

Then ¢ € ug and ti(a;,bj,c) € ug foralli=1,...,nand j = 1,...,m. This gives
®(ti(aj7ijc)7c) > o

foralli=1,..,nand j=1,....m. By (x*) and (xx*x*) of Theorem 5.3.7, for each j =

1,2,...,m we obtain

aj = t(aj,bj,c,tl(aj,bj,c),...,tn(aj,bj,c))

b; = t(aj,bj,c,c,....c)
Using the compatible property of ®, we get the following for each j =1,2,...,m:

O(aj,bj) = O(q(aj,bj,c,ti(aj,bj,c),....ta(aj,bj,c)),t(aj,bj,c,c,....c))
> O(ti(aj,bj,c),c) N...ANO(ty(aj,bj,c),c)

>

So that

m
)\ ©(aj,bj) >«
j=1

Again using the compatible property of ®, we get,

O(fay,...,am), fA(b1,....bn)) > o
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By (*) of Theorem 5.3.7, t;(fA(b1, ...,bp), fA(b1,....bm),c) = cforalli=1,2,....n. Now

consider the following:

Oi(fA (a1, -.csam), fA(b1, s bm),C)c) = O (a1, .sam), fA(D1s b)) ti(fA (D1 o),

fA(b1,..bp),c))

v

O(f ay,...,am), fA(b1,....,bw))

o

Vv

So that (t;(fA(ay,...,am), fA(b1,...,by),c),c) € Oy, which gives

(2 (@1 @), A (b1 ) €) € O] = e

Thus w(t:(fA(ay,...,am), fA(b1,...,bm),c) > a and hence the result holds.

2. Leta,b,c € A. Put

a = pu(b) Au(c) A (/\ .’»L(ti(avb7c))>
i=1

Then b, c € Uy and t;(a,b,c) € pg forall i = 1,2,...,n. Since Ug is a congruence class of
Oq we get (ti(a,b,c),c) € Og and (b,c) € Og; i.e., O(b,c) AO((ti(a,b,c),c)) > o for all

i=1,2,...,n. By () and (x* ) of Theorem 5.3.7 we obtain

a = t(a,b,c,ty(a,b,c),....tn(a,b,c))

b = t(a,b,c,c,...,c)
So that
O(a,b) > O((t1(a,b,c),c) N...AO((ty(a,b,c),c) > a

Then (a,b) € @y, which gives a € Oy[b] = Oy[c] = Ug. Thus a € ly and hence the result
holds.

3. Let b,c € A. If we put o = u(b) A u(c), then b,c € ug which gives that @(b,c) > a.
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Again by (%) of Theorem 5.3.7, we have ¢ = t;(c,c,c) for all i = 1,2,...,n. For each

i=1,2,...,n, consider the following:

O(ti(b,c,c),c) =0O(ti(b,c,c),ti(c,c,c)) > O(b,c) > o

This completes the proof. ]

The following theorem gives another description for fuzzy congruence classes in regular

and permutable varieties.

Theorem 5.3.10. Let % be a regular and permutable variety and A € % . A normalized fuzzy
subset [l of A is a fuzzy congruence class of some ® € FCon(A) if and only if W is ?—closed

under the following terms:

1. foreachm € Z*, each f € §,y and everyi=1,2,...,n,

Qi(xlv“'rxmvx/la "'7x;n7yay117 <y Y1n, -"7yml7--'aymn) = ti(f(t(xlaxllayvyllv -"7yln>7 ceey

"'7t(xm7x;nay7ym17 "'7ymn))7f(x/17“‘JX;n)ﬂy)

2' q('x7y7yl?y17""yn):t(x7y7yl7y17"'7yn)
3. di(x,y1,y2) = 113152, ¥2)se0dn (X, 31, 2) = ta (1,2, 72)
where t and t;’s are those terms obtained in Theorem 5.3.7.

Proof. 1f p is a class of some ® € FCon(A), then the Y —closedness under the terms listed in
(i) — (iii) follows immediately from the substitution property of ®. Conversely, suppose that u
is 3 —closed under the terms given in (i) — (iii). It suffices to show u satisfies the conditions

(i) — (iii) of Theorem 5.3.9.
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() Let me Z*,f € §n and ay,...,am,b1,...,by,c € A. From Theorem 5.3.7 we have the

following:

ai

as

am

Then foreachi=1,2,...

t(a17b17cvt1(a17bluc>7"'7tn<a17blac))

t(az,by,c,ti(az,by,c),....ta(az,b2,c))

t(amabn’hcvtl (Clm,bm,C), "'7ti’l(aI’n7bH17C))

ti(fA(al,...,am),fA(bl,...,bm),C) = ti(f(t(al,bl,C,tl(al,bl,C),---,tn<al,b1,0)),--.

vy HamybmyCyt1(@my by, €)ooy ty(Amy by €))), f(B1y oo b), €)

= qi(a17 -"7anhb17 "'7bnhy7y117"'7ylna <y Yml, ---7)’mn)

where y = c and each y;; =t;(a;,bj,c) fori=1,...,nand j=1,...,m.

u being 7—closed under each term g;, it follows that

n,m
.U(Qi(alw-wam,bl,--wbma)’a)’ll;~-~»)’1n>~-7)’m1,~~;)’mn)) = < /\ nu’(ylj)> /\ll'L<y)

This is equivalent to

ij=1

u (ti(fA(aly---,am)afA(blv---,bm);c) > ( /\ N(ti(a_,-,bj,c))> Au(c)

ij=1

proving the condition (i) of Theorem 5.3.9.

(1) Leta,b,c € A. By Theorem 5.3.7

t(a,b,c,ti(a,b,c),...,t,(a,b,c))

q(a,y,y' ,y1,-sn)
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where y = b,y = ¢ and y; = t;(a,b,c) for each i = 1,2,...,n. Since u is y —closed under the

term g it holds that
1(q(a, 3,y yi,eevn)) = HO) ARG A A 1)

i=1

which gives

p(a) > p(b) A p(e) A </"\ u(n(a,b,c»)

i=1

Hence proving (ii) of Theorem 5.3.9.

(i11) u being 7—closed under the terms d, ..., d, directly implies, u satisfies the condition (iii)

of Theorem 5.3.9. This completes the proof. 0

5.4 Fuzzy Congruence Classes in Regular Varieties

Now assumption of permutablility is omitted. Three Mal’cev type conditions characterizing
regular varieties were published in 1970 independently by B. Csdkdny [53], G. Grdatzer [76]
and R. Wille [155]. We modified that of B. Csdkdny as follows.

Theorem 5.4.1. A variety ¢ is regular if and only if there existann € Z*, ty,....t, € T3 and
q1,-.-,qn € Ts satisfying the following identities:

n(x,x,z) = ... =ta(x,x,2) = 2,

‘II(II(xa)’aZ)aZa%y?Z) =X
qi(z7ti(x7yaz)7x7yvz) = qH—l(ti-l-l(-x?y?Z)aZ?xava)fori: 1,...,1’1— 1
and q;1<Z,tn(X,y,Z),X,y,Z) =Yy

The following theorem is an independent characterization of fuzzy congruence classes in
regular variety using the terms obtained in Theorem 5.4.1. In fact, it is the fuzzy version of the

theorem of [37].
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Theorem 5.4.2. Let % be a regular variety and A € % . A normalized fuzzy subset L of A is a

class of some ® € FCon(A) if and only if the following conditions hold:

1. IfmeZt, feF,anday,...,an,by1,....,by,c €A, then

,u(ti(fA(al’"'7am)7fA(b17"'abm>7c)) > [.L(C)/\ ( /\ “(ti(aj?ijc))>

ij=1

2. Forany a,b,c,d € A,

—

p(ti(a,d,c)) > u(c) A < (u(ti(a,b,c))Au(ti(b,d,c))))

1

1

3. Forandc,d € A, and eachi=1,...,n,
u(iie.d,d)) > p(e) Ap(d)

4. Foreacha,c €A,

u(@) > ple) A (;’\,,L@.(a,c,c)))
i=1

Proof. First assume U to be a class of some fuzzy congruence on A, i.e., 4 = x/® for some

x € A and some ® € FCon(A), which gives g = @g[x] for all o« € L.

1. LetmeZ", feg"and ay,...,am,b1,...,by,c € A. If we put

a=p(c)A ( /\ u(ti(ajabj’C)))

i,j=1

then ¢ € ug and ti(a;,bj,c) € pg foralli=1,..nandall j=1,...,m. 1, being a class of

the congruence O, we get

O(c,ti(aj,bj,c)) > aforalli=1,..,nand j=1,....,m
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We show that ®(a;,b;) > o forall j =1,...,m. By Theorem 5.4.1, we have

aj = qi(ti(aj,bj,c),c,a;,bj.c)

bj = aqulc;ta(aj,bjc),aj;bj;c)
Now consider the following:

O(aj,bj) = O(qi(ti(aj,bj,c),c,aj,bj,c),bj)
> aAO(qi(c,ti(aj,bj,c),aj,bj,c),b;)
= oAO(q(t2(aj,bj,c),c,aj,bj,c),bj)
> aNahO(g3(c,t3(aj,bj,c),aj,bj,c),bj)

= oaAO(q3(t3(aj,bj,c),c,aj,bj,c),bj)

= a/\G)(qu(tn(aﬁbﬁC)7C7ajaijc)7bj)
> aAO(gn(c,ty(aj,bj,c),aj,bj,c),b;)
= aA@(ijbj)

= o

So that

N\ ©(aj,bj) >«
j=1

Again using the substitution property of ®, we get,

O(fay,...,am), fA(b1,....bn)) > o
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By Theorem 5.4.1, t;(fA(b1,....,bw), fA(b1,...,byw),c) = c forall i = 1,2,...,n. Now con-

sider the following:

O(fA(ar,..cam), fA(b1s o sbm)sc)c) = O@(fA(ar,...am), fA(B1,y...bm),c),
ti(fA(bla"'7bWI)7fA(b17"'abm)7c))

O(fay,...,am), fA(b1,....,bw))

v

Vv

(04
So that (t;(fA(ay,...,am), fA(b1,...,bm),c),c) € O, which gives

li(fA(al,...,am),fA(bl,...,bm),C) € ®OC[C] = Ha

Thus u(t:(f4(ay,...,am), fA(b1,...,bm),c) > a and hence the result holds.

2. For any a,b,c,d € A, let us put

a=u(c)A < /\ Ii(fi(ajaijc)))

i,j=1

Then ¢ € uy and ti(a,b,c),tj(b,d,c) € pg for all i = 1,...,n. Since Uy is a class of the

congruence ®,, we get
O(c,ti(a,b,c)) > a and O(c,t;(b,d,c)) > a

We show that ®(a,b) > a and O(b,d) > o. From Theorem 5.4.1 we can write a and b as

follows:

a = q(t(a,b,c),c,a,b,c)

b = gqu(c,ty(a,b,c),a,b,c)
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Now consider the following:

O(a,b) = O(qi(t1(a,b,c),c,a,b,c),b)
> aNO(qi(c,ty(a,b,c),a,b,c),b)

= Oc/\®(q2(t2(a,b,c)m,a,b,c),b)

= aAO(gu(ty(a,b,c),c,a,b,c),b)
> aAO(gn(c,ty(a,b,c),a,b,c),b)
= ane(b,b)

=

Similarly we can show that ®(b,d) > a. By the transitive property of @ it follows that

O(a,d) > O(a,b) AO(b,d) >

Again by Theorem 5.4.1, we can write ¢ as ¢ = t;(a,a,c). So for each i = 1,...,n we got

the following:

O(c,ti(a,d,c)) = O(ti(a,a,c),ti(a,d,c))

> 0O(a,d)

v

o

So that (c,fi(a,d,c)) € O, which gives f;(a,d,c) € Og[c] = Ug. Thus u(ti(a,d,c)) > a

and hence the result holds.

3. For any c,d € A, let us put u(c) Au(d) = a. Then ¢,d € pg. This is equivalent to

O(c,d) > a
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By Theorem 5.4.1, we can be write ¢ as ¢ =t,(c, c,c). Now for each i = 1,2, ...,n consider

the following:

O(ti(c,d,d),c) = O(ti(c,d,d),ti(c,c,c))

> 0O(c,d)

v

(04

So that (#;(c,d,d),c) € Oq, which gives t;(c,d,d) € Og[c| = tg. Thus u(ti(c,d,d)) > c.

Hence proved.

4. Leta,c € A. If we put

azM@ZM@A(Aum@adg

then ¢ € Uy and fi(a,c,c) € pg for all i = 1,2,...,n. By following the same procedure as
we have done in (2), we can show that ®(a,c) > a. So that (a,b) € ©, which implies

that a € @qy|c] = Ug. Thus p(a) > a and hence the proved.

Conversely, assume the conditions (1) — (4) hold. Since u is given to be a normalized fuzzy
set, we can choose and fix an element ¢ € A with p(c) = 1. Let us define a fuzzy relation ® on
A by:

n

q)(xvy) = /\ H(ti(X,y, C))

i=1
for all x,y € A. Clearly @ is reflexive. Compatibility and transitivity of ® follow from (1) and
(2), respectively. So, one can easily observe that each of the the level relations of & is reflexive,
transitive and compatible. It was proved in [53] that regular varieties are (n+ 1)—permutable.
Again for a variety . to be (n+ 1)—permutable, it is necessary and sufficient that for each
A € %, every reflexive and transitive compatible binary relation on A is a congruence on A (see
[49]). This implies that &, is a congruence on A for all o € L. It follows from Lemma 5.1.5
that ® is a fuzzy congruence on A. Using (3) and (4) one can easily verify that u = ¢/®. Hence

proved.
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]

Theorem 5.4.3. Let u be a normalized fuzzy subset of an algebra A belonging to a regular

variety and assume that for any a,b,c,d € A and eachi=1,2,...,n

“(ti(a7d7c)) > H(ti<aabvc)) /\.u(ti(badvc))

Then W is a class of some ® € FCon(A) if and only if the following conditions hold:

1. ForeachmeZ",f € Fnandeachi,jk=1,2,...,n, Wis 7—closed under the term

dijk(x17"'7xl’Vl7x/17 "'7x;117y7y/7y”7y17 7ym7y/177y:n) = ti(tj(fA(qk<yl7y7x17x/17y)7 seey

/

""Qk(ym’yvxn’l?x}/nvy))va(xll7 "'7xm)7y)atj(fA(q1<(y/17y/7x17x/17y/)a "'7Qk(y;nvyl7x7mx1/fn7yl>)a

2. uis Y —closed under the terms

di(xlaylayZ) = fi()’la)’Za)Q)

Foralli=1,2,...n.

3. Foreach a,b,c,d € A,
u(qi(d,c,a,cc)) = p(c) Ap(d) Ap(n(a,c,c)) A A p(ta(a, ¢ c))

Proof. If u is a class of some ® € FCon(A), then the Y —closedness under the terms listed in
(i) and (iii) follows immediately from the substitution property of ®. We proceed to prove (iif).
By our hypothesis = x/@® for some x € A and ® € FCon(A), which gives tg = Oy x]. Let us
put

o=pulc)ANu(d)Au(ti(a,c,c)) A ... Au(ty(a,c,c))
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Then ¢,d € Uy and ti(a,c,c) € pg for all i = 1,2,...,n. This is equivalent to
O(c,d) NOB(c,ti(a,c,c)) NO(d,ti(a,c,c)) > a
Also observe that

O(c,q1(d,c,a,c,c)) = O(c,qi(c,ti(a,c,c),a,c,c)) NO(q1(c,ti(a,c,c),a,c,c),q1(d,c,a,c,c))
> 0O(c,q1(c,ti(a,c,c),a,c,c)) Ao
= O(c,q2(2(a,c,c),c,a,c,c)) N
> 0O(c,qa2(c,nr(a,c,c),a,c,c)) Ao

= @(C,C[3(f3(a,C,C),C7Cl,C,C)) Ao

> 0O(c,qn(c,tn(a,c,c),a,c,c)) Ao
= O(c,c) N

= o

Thus (¢,q1(d,c,a,c,c)) € Oy, which implies ¢1(d, c,a,c,c) € Oglc] = Ug. Sothat u(qi(d,c,a,c,c)) >
o.. Hence proved. Conversely, assume conditions (i) — (iii) are satisfied. Since u is normalized
we can choose and fix an element ¢ € A with p(c) = 1. Define a fuzzy relation ® on A by: for

each x,y €A,

n

O(x,y) = A\ u(ti(x,y,c))

i=1
Clearly O is reflexive. Transitivity of ® follows from the assumption of the theorem and com-
patibility follows from the conditions (i) and (ii), i.e., ® is reflexive, transitive and compatible
fuzzy relation on A. By using the same argument as in the previous theorem we can show that

O is a fuzzy congruence on A such that u = ¢/0. Hence proved. O
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5.5 Fuzzy Congruence Classes Which are Fuzzy Subuniverses

Remember that a subset B of A is called a subuniverse of A if for all n > 0, ever n—ary operation
fandany by, ..., b, € Bitholds that f4(by,...,b,) € B. Analogous to this, we have the following

definition.

Definition 5.5.1. A fuzzy subset u of A is called a fuzzy subuniverse of A, if for all n > 0, every

n—ary operation f and any by,...,b, € A it holds that

W(fA(br, oy ba) = (b)) Ao A (by)

Theorem 5.5.2. For a variety %, the following conditions are equivalent:

1. At least one class of each congruence of every nonempty A € J is a subuniverse of A.
2. There exists a unary term t with p(t(x),t(x),...t(x)) = t(x) for every term p.

3. At least one fuzzy class of each fuzzy congruence of every nonempty A € & is a fuzzy
subuniverse of A.
Proof. (1) < (2) is proved by B. Csdkdny in [54]. So we proceed to prove (2) = (3). Let
A€ ¥ and ® € FCon(A). For each a € A we show that the fuzzy class #(a)/® of © is a fuzzy
subuniverse of A, where ¢ is the unary term satisfying (2). Let f € § be an n—ary operation,

n >0 and xy,...,x, € A. Then consider the following:

1(a) /(1) A .. At(a)/O(xy) = O(t(a),x1)A... AO(t(a),xy)
< O(fA(1(a), - 1(@), fA (315 )
= O(t(a), fA(x1,. 1))
= 1(a)/O(f" (x1,.-,xn))

Thus #(a)/® is a fuzzy subuniverse of A.
The proof of (3) = (1) follows from the fact that every congruence relation on A can be identi-

fied as a fuzzy congruence relation by its characteristic function. [
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Theorem 5.5.3. For a variety £, the following conditions are equivalent:
1. At most one class of each congruence of A € ¥ is a subuniverse of A.

2. There existsn € Z", pi,...,pn € T and uy, ...,u, € Ty satisfying the following identities:

Pl(ul(x),ul()’)7x>yaxay) =X

pi(x,y, ui(x),u;(v),x,y) = piv1(wip1(x),uir1(),x,y,x,y) fori=1,2,....n—1
(XY, un(x),un(y),x,y) =y

3. At most one fuzzy class of each fuzzy congruence on A € ¥ is a fuzzy subuniverse of A.

Proof. The proof of (1) < (2) is given in [54]. So we proceed to prove (2) = (3). Let A €
2 and ® € FCon(A). Suppose that y; and y, are two fuzzy classes of ® which are fuzzy
subuniverses of A. Let a,b € A such that u; = a/® and u, = b/®. Then y;(a) =1 and
Ua(b) = 1. We first show that ®(a,b) = 1. Since u; and p, are fuzzy subuniverses of A,

we get

i (ui(a)) > pi(a) =1 and o (u; (b)) > 2 (b) = 1

for each i. So that

O(a,ui(a)) =1=0(b,u;(b))
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for all i. Now consider the following:

@(Cl,b) = G)(pl(ul(a)v”1<b>7a7baa7b)7b)
= ®(p1(a7ba”l(a)7u1(b)aa7b)vb)
= O(p2(uz(a),uz(b),a,b,a,b),b)

@(pz(a,b,uz(a),uz(b),a,b),b)

v

v

O(pu(a,b,u,(a),u,(b),a,b),b)
— O(b,b)

= 1

Now for any x € A,

Hi(x) = a/0(x)
= Oax)
> ©(a,b) AO(b,x)
— O(b,x)
= b/0O(x)

= (x)

By symmetry, we can also show that i, (x) > py(x), i.e., 4y (x) = ua(x) for all x € A and hence
Uy = Ho.
The proof of (3) = (1) follows from the fact that every congruence relation on A can ve identi-

fied as a fuzzy congruence relation by its characteristic function. 0

Definition 5.5.4. An algebra A is called idempotent if for each of its fundamental operations f
it holds f(x,x,...,x) = x in A. A class of algebras is called idempotent if each of its members

has this property.
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Theorem 5.5.5. For an algebra A, the following conditions are equivalent:
1. Each congruence class of A is a subuniverse.
2. A is idempotent.
3. Each fuzzy congruence class of A is a fuzzy subuniverse.

Proof. The equivalence of (1) and (2) is proved in [54]. We prove (2) = (3). Suppose that
A is idempotent. Leta € A, ® € FCon(A), n >0, f € §, and x1,...,x, € A. Then consider the

following:

a/Ox)N...Na/O(x,) = O(a,x;)N...\NO(a,x,)
®(fA(a,a,...,a),fA(x1,...,xn))
= O(a, fA(x1,...,x0))

- a/@(fA(xl,...,xn))

IN

Therefore a/® is a fuzzy subuniverse of A. The proof of (3) = (1) follows from the fact
that every congruence relation on A can ve identified as a fuzzy congruence relation by its

characteristic function. O]
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Chapter 6

L—Fuzzy Cosets

Cosets in universal algebra were first introduced by P. Agliano in [8] and later studied by R.
Bélohldvek [35] under a name ’convex sets’. Agliano, in his paper [8], has defined cosets using
coset terms. He gives a natural structure to the set of congruence classes containing a given ele-
ment of the algebra, and relates the properties of this structure to general features of the variety
generated by the algebra. It comes out that such kind of results are better understood if we con-
sider the set of congruence classes containing a given element as a subset of a generally richer
family of subset of the algebra; called ’cosets’ of the algebra-which in fact is endowed with the
very natural structure of an algebraic lattice. It is observed that in many classical cases cosets
are very well-known structures: in the case of groups left-cosets (or right -cosets) determined

by normal subgroups, in rings cosets determined by ideals.

In this chapter, we define L—fuzzy cosets in universal algebras and investigate some of their
properties. We give necessary and sufficient conditions for a class of algebras to be congruence

permutable.

6.1 Fuzzy Cosets

Recall from [8] that, a term t(7,7) is said to be a cost term in Y ift(ay,...,an,b,b....b) = b
for all ay,...,a,,b € A, and cosets of A are those nonempty subsets of A which are 7—closed

under each coset term t(?, 7) in 7 In the following, we define fuzzy cosets.
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Definition 6.1.1. An L—fuzzy subset u of A is said to be an L—fuzzy coset of A (or shortly a

fuzzy coset of A) if and only if the following conditions are satisfied:
1. u(a) =1 for some a € A.

2. Ift(7,7) is a coset term in ¥ and aj,az, ..., an, b1, b2, ...,by € A, then

u(t(alaa%"'7an7b17b27'“7bm)) > H(bl)/\u(bZ) /\/\[J(bm)

In this case, we say that u is a fuzzy coset of A determined by a. For each a € A, we denote by

FC,(A) the set of all fuzzy cosets of A determined by a.

The following theorem gives an equivalent condition for fuzzy subsets to be a fuzzy coset

in terms of their level sets.

Theorem 6.1.2. Let a € A. A fuzzy subset |1 of A is a fuzzy coset of A determined by a if and

only if Ug is a coset of A containing a for all o € L.

Proof. Suppose that u is a fuzzy coset of A determined by a. Then p(a) = 1. So a € g for all

o€ L. Also, forany a € L, let @ € A”,? € (lg)™ and t(%, ) be a coset term in ¥ Since

w(t(d, Z))) > ,um(?) > o, we get 1(d, Z)) € Uq and hence each U is a coset of A containing

a. Conversely suppose that the level subset Ly is a coset of A containing a for all @ € L. In

particular Ly is a coset of A containing a for o = 1. So that pi(a) = 1. Let #(%,) be a coset

termin y and @ € A”,? € A™. Put [,Lm(?) — . Then b € (™) o = (1a)™. Since each Uy
—

%
is a coset we get, t(ﬁ,?) € Ug. Sothat u(t(d, b)) > a = u"(b). Therefore u is a fuzzy

coset of A determined by a. [

This theorem confirms that a fuzzy coset of A determined by a is precisely a fuzzy £-subset

of A (in the sense of [144]), where £ is the set of all cosets of A containing a.

Lemma 6.1.3. Leta € A and H C A. For a € L— {1}, let ay be as given in Definition 1.2.12.
Then, H is a coset of A containing a if and only if o is a fuzzy coset of A determined by a for

some o € L—{1}.
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Corollary 6.1.4. Let a € A. A subset H of A is a coset of A containing a if and only if its

characteristic function Xy is a fuzzy coset of A determined by a.

Lemma 6.1.5. Every fuzzy ideal is a fuzzy coset determined by 0.

Proof. It is enough to show that every coset term is an ideal term. 0

a

Lemma 6.1.6. Let a € A and u € FC,4(A). Then, for any ay,...,an € A, if x € {ay,...,an} ,
then p(x) > p(ay) A... A (an). More generally, for any nonempty subset S of A, ifx € S°, then

there exist ay,...,ay € S such that p(x) > w(ap) A ...\ i(am).

Proof. Suppose that x € {al,...,am}a. Then, x = p(by,...,by,ay,...,ay) for some by,...,b, € A

and some coset term p(%,) in . So we have the following:

wx)=pu(p(by,....bp,ay,...,am)) > wlay) A... A\ u(an)

Hence proved. [
Theorem 6.1.7. Leta € A. Then, u € FC,(A) if and only if for each m > 0 and each by, b3, ...,b,, €

A ifxe{ay,...am} » then u(x) > (b)) A ... A (by).

Proof. One part of this theorem is proved in the above Lemma. So we proceed to the converse
part. Assume the given condition is satisfied for u. Let us put S, = {by,...,by,}. If we take

m = 0, then S,, = 0 and it is known that 0" = {a}. So by our assum tion, we have
y p

ta)> A\ p(b) =1

bel

Thus pu(a) = 1. Let ay,...,a,,b1,...,by € A and p(7,7) be a coset term in ¥ . If we consider

the set S,, = {b1,...,b; }, then one can observe that
p(ay,....an, b1, ....by) € {b1, ... bm}

It follows from our assumption thatu (p(ay,...,an,b1,...;bm)) > W(by) A... A u(by,). Therefore

U € FC,(A). Hence proved. O
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In the following theorem, we give a more general setting to characterize fuzzy cosets.

Theorem 6.1.8. Let a € A. Then, u € FC,(A) if and only if for any subset S of A

u(b) > )\ u(x) forallb e s

x€S

Proof. Suppose that y € FC,(A). If S = 0, then S* = {a} and the condition holds trivially.
Assume that S is nonempty and let b € §*. Then b =t(ay, ...,an, b1, ..., by) for some by, ..., b, €
S, ay,...,a, € A and some coset term t(?, 7) in 7 Since u is fuzzy a fuzzy coset, it follows

that

w(b) > p(br) A Aa(bm) > N p(x)

x€S

The converse part follows from the above theorem by assuming the condition for finite sets. [

6.2 Fuzzy Cosets Generated by a Fuzzy Set

This section is devoted to characterize fuzzy cosets generated by a fuzzy set.

Theorem 6.2.1. Let a € A. If {W;}ica is a family of fuzzy cosets of A determined by a, then

NicaMi 1s a fuzzy coset of A determined by a.

This theorem confirms that, for each a € A and any fuzzy subset A of A with A(a) = 1,
always there exists a smallest fuzzy coset determined by a containing A which we call it the
fuzzy coset of A determined by a generated by A and is denoted by 1. Note also that, for a

subset X of A and a € X, we denote by X" the coset of generated by X.
Lemma 6.2.2. Leta €A, S CAanda € S. Then }5“ = Y.

Proof. We show that Yz« is the smallest fuzzy coset of A determined by a such that ys < yza.
Since S” is a coset of A containing a, it follows from Corollary 6.1.4 that Xze is a fuzzy coset of
A determined by a. It is also clear that ys < y. Let A be any fuzzy coset of A determined by

a such that ys < A. Then A(s) = 1 for all s € S and hence A(a) = 1. Let z be any element in
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A Ifz¢ S then ye(z2) =0 < A(z). Iz € S, then z =1(@,5) for some @ € A", ¥ € §” and

some coset term t(?, 7) in . Now consider:
Az) = At(ar,...,an,S1,-ySm)) = A(s1) AA(2) Ao AA(sp) =1

So that Y < A. Therefore Y = ¥5°. O

For any fuzzy subset A of A, recall from Theorem 1.2.11 that:
Ax)=\/{aeL:xe Ay}

for all x € A. In the following theorem we characterize fuzzy cosets generated by a fuzzy set in

terms of their level sets.

Theorem 6.2.3. Let a € A. For a fuzzy subset A of A with A(a) = 1, let A{ be a fuzzy subset of
A defined by:
Aj(x)=\/{a€L:x€ (Ay) '} forallx € A

Then A{ = 1%

Proof. We show that A{ is the smallest fuzzy coset of A determined by a containing A. Let us
%

first show that A{ is a fuzzy coset. Since A (a) = 1, it is clear that A{(a) = 1. Let deA b e

A™ and t(¥,) be an ideal term in . Then consider:

AD™(B) = NAUb):1<i<m)
= /\{\/{OCiGLIbiEwa}IISiSm}

= VINloeL:1<i<m}:bic(Aa)'}
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Ifweputﬁ:/\{ocieL:lgigm},thenwegetlaig/lﬁ for all 1 <i<m. So that

?) = \/{/\{OC,'GLIlSiSm}:b,‘EWQ}

a

< \/{BeL:b €by,...bme a)'}

}

(AD)™(

a

< \/{[36L:r(7,?)e@
= AN((2, D))

Therefore A{ is a fuzzy coset of A determined by a. It is also clear to see that A < A{. Suppose
that u is any other fuzzy coset of A determined by a such that A < u. Then (la)a C U forall

o € L. Now for any x € A consider:

Af(x) = \/{aeL:xema}
< \{aeL:xepug}

= K

Therefore A{ is the smallest fuzzy coset of A determined by a containing A. Thus A{ = 24 O

Corollary 6.2.4. Let a € A and U a fuzzy subset of A such that i(a) = 1. Then

(Ua)" C (A% q foralla €L
Moreover, if L is a chain and U is finite valued or equivalently if 1L has sup property, then the
equality holds.

Theorem 6.2.5. Let U be a fuzzy subset of A and o € L:

(U)o = U{ ﬂ Wa :M C Land o < supM}
yeM

Proof. The proof is similar to that of Theorem 2.3.7. [
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In the following we give an algebraic characterization of fuzzy cosets generated by fuzzy

sets.

Definition 6.2.6. Let a € A. For a fuzzy subset A of A with A(a) = 1, let us define a fuzzy
subset A of A as follows:

AS(a)=1and fora #x €A

Adx) = \{A™(B): b €A™ (@, B) =x where

d e A",t(?,?) is a coset term in 7}

a

Theorem 6.2.7. Let a € A. For a fuzzy subset A of A with A(a) = 1, we have A§ = A

Proof. By Theorem 6.2.3, it is enough to show that A = A{. For each x # a in A, let us define

two sets H, and G, as follows:

He = (A"(B): B eA"((d,b)=x
where d € A",t(X, ) is coset term in Y}

G, = {aeL:xel_aa}
Clearly both H, and G, are subsets of L. Our claim is to see that:

V{a:aeH}=\/{a:acG,}

— — —
We first show that H, C G,. If & € Hy, then oo = A™( b ), for some b € A™, such that t(ﬁ, b)=
% PR
x for some @ € A" where t(¥,y) is acoset term in ¥ Thatis, b € (Ay)™ and so that x € A

Then o € G, and hence H, C G,. Thus

V{a:aeH} <\/{a:acG,}

To prove the inequality, we show that for each a € G,, there exists € H, such that o < 3. Let

— — —
o € Gy. Then x € A" ; thatis, x=1(d, b ) for some b € (Ag)™, and @ € A" where t( %,y )
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—>
is an ideal term in . If we put B = A"('b ), then we get B € H, and o < B. This completes

the proof. 0
In the following theorem, we give a finite characterization for fuzzy cosets.

Theorem 6.2.8. Let a € A. For a fuzzy subset A of A with A(a) = 1, let us define a fuzzy subset
A& of A by:

A§(a) = 1 and for each a # x € A:

Ax) =\{A\A(p):xeF* FccA}

yeF
Then A4 = 2"

Proof. 1t is enough if we show that A§ = A{. For each a # x € A, let us take the set G, as in

Theorem 6.2.7 and define a set H, as follows:

He = {/\A(a):xexeF" FccA}
ackF

Our claim is to show that:

V{a:aeH}=\/{a:acG,}

We first show that H, C G,. & € H,, implies that & = A,cr A(a) and x € F*, for some finite
subset F' of A. That is, a € Ay for all a € F and x € F“. So that x € l_aa. Then a € G, and
hence H, C G,. Next we show that, for each o € G, there exists 8 € H, such that & < f3. Let
0 € G,. Thenx € A" ; that is, x = 1(d ?) for some b € (Ag)™, and @ € A" where t( ¥, )
is a coset term in y. Let b= (b1,by,...,by) and B = AL, u(b;). Then B > o. Moreover, if
we put F = {by,by,...,b,,}, then F is a finite subset of A such that x € F“. Thus B € H, such

that @ < . This completes the proof. [
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Theorem 6.2.9. Let a € A. Suppose that {Hy } qer is a subfamily of C,(A) such that

m Hy = HsupM
aeM

for all M C L. Then, there is a unique fuzzy coset U of A determined by L for which g = Hyg,

forall a € L.

Proof. The proof is similar to that of Theorem 2.3.12 0

6.3 The Lattice of Fuzzy Cosets

As observed in Theorem 6.2.1, for each a € A the class FC,(A) is closed under arbitrary in-
tersection of fuzzy sets. So that (FC,(A),<) forms a closure fuzzy set system and hence by
Theorem 1.2.16 it is a complete lattice, where < is a pointwise ordering of fuzzy sets. The

following theorem summarizes this.

Theorem 6.3.1. Let a € A. Then the set FC,(A) of all fuzzy cosets of A determined by a forms
a complete lattice where the infimum and supremum of any sub-family {L; : i € A} of FC,4(A) is
given by:

- a

/\Nz‘ = Nu; and \/FLi = (Up)
The least and the largest elements in FC,(A) are X{a} and 14 respectively.

Theorem 6.3.2. (FC,(A),<) is an algebraic closure fuzzy set system.

Proof. By Definition 1.2.18, it is enough to show that FC,(A) is inductive in LA. Let {i;}ica

be a chain in FC,(A). Let us put

WZUM

icA
We show that 1] is a fuzzy coset of A determined by a. Clearly n(a) = 1. Letay,...,a,,b1,....,by, €

A and p(?, 7) be a coset term in 7 First observe that, for each m—tuples iy, ...,i, € A, there
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exists k € {1,2,...,m} such that y;; < y; forall j € {1,2,...,m}. Now consider the following:

nG)A . AN(bn) = (\/ Hil(bl)>/\---/\<\/uim(bm)>

i1€EA im€A

- \/ (uil (b1) A ... A i, (b))

i1 yeerimEA

<V (Wi (b)) A A (b))

ir€A

< \/ .u’ik<p(a17"'7al’l7b17“'7bm))

ir€A

= T](p(al, ...,an,bl, ,bm))

Therefore 7 is a fuzzy coset of A determined by a and this completes the proof. 0

6.4 Fuzzy Cosets and Fuzzy Congruences

Remember that, for each a € A, FL,(A) denotes the set
FL,(A)={a/®:@®¢c FCon(A)}

The following lemma shows that fuzzy congruence classes are fuzzy cosets.

Lemma 6.4.1. For eacha € A,

FL4(A) C FC4(A)

Proof. Let® € FCon(A). We show thata/® € FC,(A). Clearly a/®(a) = 1. Letay,...,an, by, ....by €
A and t(?, 7) be a coset term in . Consider:

Ou(b1)N...\NOy(by) = O(a,by)N...\NO(a,by)
< O(t(ay,...,an,a,a,...,a),t(ay,...,an,by,....,by))
= O(a,t(ay,...,an,b1,...,bn))

= a/O(t(ay,....,an,b1,....,bm))
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Therefore a/® € FC,(A). O
Theorem 6.4.2. Letra € A. If ® € FCon(A) and L € FC,(A), then 1/® € FC,(A).

Proof. Since /@ € FC4(A), we have i(a) = 1. Now consider

u/8@) = \/{u(b)\O(a,b):bcA}
> u(a) A®(a,a)

= 1

Thus p/®(a) = 1. Let t(?,?) be a coset term in y and ay,...,an,b1,...,bm € A. Then, the

proof is similar to that of Theorem 7.2.1 to show that

1/O(a1, oy tny b1y erns b)) > /OB A oo A 11O (b)

Lemma 6.4.3. Let a € A. For each ®,® € FCon(A) we have:
(a/©)/® = a/(@0P)
Proof. For any x € A, consider the following:

(a/0)/@(x) = \/{(a/O)(y)AD(x,y):y €A}
= V{O(a,y) A®(x,y) :y € A}
= Qod(a,x)

= a/(@c®)(x)

Thus, (a/0)/® =a/(@ o D). N
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Lemma 6.4.4. Let a € A. For each ®,® € FCon(A) we have:
a/®\/a/® < (a/®)/P < a/(©®VD)
a

where \/ , denotes the supremum of fuzzy cosets in FC4(A).

Proof. To prove the first inequality let us put A = a/@Ua/®. Then A is a fuzzy subset of A

(not necessarily a fuzzy coset) such that

a/@\/a/q) =1

Let x € A. Then by Theorem 6.2.7

a

— - = —
A(x) = \/{lm(b) : b €A™ 1(d,b)=xwhere d € A",1( ¥, ) is a coset term in Y }
Again from Lemma 6.4.3, we have

(a/0)/®(x) = \/{O(a,y) A D(x,y) : y € A}
Let us define two sets H, and G, as follows:

H, = {lm(?) D GAm,t(ﬁ,?) = x where d € A",1(¥, ) is a coset term in ' }

Gy = {®(a7y)/\q)(xay):y€‘4}

Then both H, and G, are nonempty subsets of L. Our aim is to show that \/ H, <\/ G, for all
x€A. Let ¢ € H,. Then o = /lm(?), for some b € A", such that t(ﬁ,?) = x for some
d € A" where t(¥,) is a coset term in Y. That is, by,....bm € Ag = (a/0)q U (a/®)q.
Without loss of generality, we can assume that by, ...,b; € (a/®)q and by 1,...,by € (a/P)q.
So that

O(a,b1)N...ANO(a,by) > o and P(a, by 1) N... NP(a,b,) > o
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We have x = t(7,b1,...,bk,bk+1, ...,bp) and since t(?,?) is a coset term in ', we get a =

t(ﬁ,a, ey, ... a). Puty = t(?,bl, ...,by,a,a, ...,a) and consider the following:

Oa,y) = G)(t(ﬁ,a,...,a,a,...,a),t(ﬁ,bl,...,bk,a,a,...,a))

> O(a,by)A...\O(a,by)

v

(04

and

®(x,y) = D(d,b1,....bxbes1s s b)) 1(d b1, ..., by, asa, ..., a))

v

(b 1,a) A oo. AN (b a)

A%

o

If we put B = @(a,y) AP(x,y), then B € G, such that & < 3, which gives that \/ H, <\/G,.

Therefore

a/@\/a/cb <(a/@)/®

The last inequality follows from the fact that ® o ® < ® VvV ® and this completes the proof. [

6.5 Characterizing Congruence Permutable Varieties

Definition 6.5.1. A class 7 of algebras is called congruence permutable if the following holds

for each A € # and each 6,¢ € Con(A):
Oop=¢o00

In the following theorem we give an equivalent condition for a variety .#~ of algebras to be

congruence permutable.
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Theorem 6.5.2. A class % of algebras is congruence permutable if and only if
Ood=Po0B

foreach A € % and all ©,® € FCon(A).

Proof. Suppose that /¢ is congruence permutable. Let ®,® € FCon(A). For any x,y € A, let

us define two sets Hyy, and G, , as follows:

Hey = {O(x,) A®(y2) 2 € A)

Gy = {02 AP(x,z):z€A}

Then both H, , and G, , are nonempty subsets of L. Our claim is to show that
\/HW = \/Gx,y forallx,y € A

Let o € Hyy. Then o = O(x,z) A P(y,z) for some z € A. So that O(x,z) > o and P(y,2) > «;
ie., (x,z2) € O, (y,2) € Py and both Oy and P, are congruence relations on A, which gives
that (x,y) € @y 0@. Since £ is congruence permutable, we get (x,y) € Oy 0 ¢g. So there

exists some u € A such that (x,u) € ¢y and (y,u) € O; that is,
Oy u) AD(x,1) > @
Thus \/ Gy, > . Since « is arbitrary in Hy y, we get \/ G, , > a for all o € H, , and hence

\/ Gy > \/ Hyy

Similarly, by interchanging ® and ® we can show that

\/Gx,y < \/Hx,y
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Therefore the equality holds. The converse part of this theorem follows from the fact that every
congruence relation on A can be identified by as a fuzzy congruence on A by its characteristic

mapping. ]

Corollary 6.5.3. A class # of algebras is congruence permutable if and only if
Ood=0VP

foreach A € % and all ©,® € FCon(A).

Theorem 6.5.4. A class % of algebras is congruence permutable if and only if for each A € &~

and each a € A, the map f, : FCon(A) — FC,(A) defined by:

fa(®) =a/0

is a lattice homomorphism.

Proof. Suppose that %" is congruence permutable. For any ®,® € FCon(A), it is clear that
a/(ONDP)=a/ONa/D

So it is enough to show that a/(®V ®) = (a/®)\/,(a/®P). One inequality is given in Lemma
6.4.4. To prove the other inequality, let x € A. Since .# is congruence permutable, it follows

from Corollary 6.5.3 that ® o ® = @V ®. Then we have

a/(OVP)(x) = OVP(a,x)
= QodP(a,x)

= \V{O(a,y) A ®(x,y) : y € A}
For an arbitrary y in A, let us put

o = 0(a,y) NP(x,y)
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So we have a/®(y) > o and ®(x,y) > a. Since, by our assumption, .# is congruence per-

mutable, it has a Mal’cev term p(u, v, w) such that the following equations are valid in .#

plu,u,w) =w = p(w,u,u)

Let us put by = a,by =y and b3 = p(a,y,x). Since we can write a as a = p(a,x,x) we have the

following:

®(a,b3) = @(p(a,x,x),pla,y,x))

D(x,y)

v

v

(04

That is a/®(b3) > o. If we put, for simplicity, u = (a/0®)\/,(a/P), then p is a fuzzy coset of
A determined by a such that

p(br) Ap(ba) Ap(bs) > a

Let us define a (24 3)—ary term (%', ) by:

f(x1>x27)’1;)’2;y3) = p(p(xl 7y17x2)7p(-x1 7y27x2)>)’3)

Then #(x1,x2,y1,y2,y3) is a coset term in y1,y2,y3. To verify this consider

t(x1,x2,,3,y) = p(p(x1,y,%2), p(x1,y,%2),¥) =y

Moreover, consider the following

t(a7x7b17b27b3> - t(a7x7a7y7p(a7y7x))
= p(p(a,a,x),p(a,y,x),p(a,y,x))
= p(a,a,x)

= X
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Since u is a fuzzy coset, we get

p(x) > pw(bi) Ap(b2) Apu(bs) > o

Since ot = O(a,y) AP(x,y) and y is arbitrary in A, we can conclude that

u(x) > \/{0(a,y) N\ ®(x,y) : y € A}

Therefore a/(®V ®) < (a/®)\/,(a/P) and hence the equality holds. Conversely suppose that
the map f, : FCon(A) — FC,(A) defined by:

fa(®) =a/®
is a lattice homomorphism. Then it follows from Lemma 6.4.3 and 6.4.4 that
a/(OV®)=a/(@o®)=a/0\/a/P
a
foralla € A, ®,® € FCon(A). For any a,b € A, consider

OV®P(a,b) = a/(OVD)(b)
= a/(@o®d)(D)

= @o®d(a,b)

Therefore by Corollary 6.5.3, JZ is congruence permutable. [
Theorem 6.5.5. The following are equivalent:

1. FL,(A) = FC,4(A) forall a € A.

2. FL4(A) is a dual ideal of FC,4(A).

Proof. Tt is known that every lattice is a dual ideal of it self. This makes trivial the proof of

(1) = (2). To prove (2) = (1), assume that FL,(A) is a dual ideal of FC,(A). The inclusion
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FL,(A) C FC4(A) is proved in Lemma 6.4.1. To prove the other inclusion let u € FC,(A).

Consider the the zero fuzzy congruence 04 on A defined by:

1 ifx=y
OA (X, y) =
0 otherwise

for all x,y € A. Since pu(a) = 1, we have a/04 < u; that is, a/04 € FL,(A) and u € FC,(A)
such that a/04 < . Since FL,(A) is a dual ideal of FC,(A), we get u € FL,(A). So FC,(A) C
FL,(A) and hence the equality holds.

[

Theorem 6.5.6. If 7 is congruence permutable, then

FLJ(A) = FCy(A)

Proof. Tt is enough to show that FC,(A) C FL,(A). Let u € FC,(A).

Claim. For each unary algebraic polynomial f(x) on A, we show that

) Ap(y) Ap(f(x) = ) Auy) Au(f(y))
for all x,y € A. Put
o = () Ap(y) Ap(f(x)

Then a < pu(x) Au(y) and @ < u(f(x)). Letay,as,...,a, € A and t(x1,x2, ..,X,,y) be a term on
A such that f(z) =t(ay,as,..,a,,z) for all z € A. Since % is congruence permutable, it has a

Mal’cev term p as given in Theorem 6.5.4. Now let us define a term r(xy,x2, .., X, V1, ¥2,y3) by:

I”(X1,X2, -3 Xny Y1 7)’27)’3) = p(yl,t(X] y X2 ..,xn,yz),t()q 1y X2, ~-7xn;)’3))
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Then it can be verified that r(?, Y1,Y2,y3) is a coset term in y;,y2,y3. Moreover,

r(ar,az,....an, f(x),x,y) = p(f(x),p(t(ar,az,...,an,x)), p(t(ar,a2;...,an,y)))

Being u a fuzzy coset and r(?,yl,yz,)@) a coset term in yy,y;,y3, we have the following:

u(f(y) = w(r(ar,az,...,an, f(x),x,y))
> p(f(x)Ap(x) Ap(y)

= «
So that u(f(y)) > a. Since u(x) A u(y) > o, we get u(f(y)) Au(x) Au(y) > o; that is,

L) ARG Ap(y) = pm(f () Apx) A p(y)

The other inequality can be proved by interchanging x and y, and hence the equality holds. By

Lemma 5.2.2, u € FL,(A) and this completes the proof. N

Theorem 6.5.7. If for each ®,® € FCon(A) there exists ¥ € FCon(A) such that

a/®\/a/®=a/¥

forall a € A, then ¥ is congruence permutable.

Proof. Let ®,® € FCon(A). Then there exists ¥ € FCon(A) such that

a/@\/a/CD:a/‘P
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for all a € A. Our aim is to show that ¥ = @ o ®. For any a,b € A consider:

@o®(x,y) = \/{O(x,a) A ®(y,a):acA}
= V{a/0(x)Na/®(y):ac A}
< V{a/¥x)Na/¥(y):a €A}
= V{¥(xa)\¥(y,a) a €A}

< ¥(xy)
Moreover,

Yxy) = y/¥()
= (v/0\/y/®)(x)
y
< y/(@o®)(x) (ByLemma 6.4.3 and 6.4.4)

= Ood(x,y)

Therefore ¥ = @ o ®. Since a/O\/ a/P = a/P\/,a/0, we get @ o d = Po@. Thus, by

Theorem 6.5.2, % is congruence permutable. 0
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Chapter 7

L—Fuzzy Ideals and L—Fuzzy

Congruences

Introduction

Congruences turn out to be useful in order to construct a new, so-called quotient algebra, from
a given one. This construction is an algebraic counterpart to a situation from real life known
in science by the term "abstraction". In this process we neglect those properties of a given
object which cannot be distinguished by a congruence and we form a new and rough structure
having only those properties which have their origin in the structure of congruence classes.
Fuzzy congruence relations and specifically fuzzy ideals are also important to construct quotient
algebras analogous to crisp congruences. The main purpose of this chapter is to study quotient
algebras induced by fuzzy ideals in ideal determined varieties.

In the first section, we deal with fuzzy congruence kernels which are fuzzy congruence
classes determined by 0. It is observed that fuzzy congruence kernels are fuzzy ideals. But the
converse does not holds in general. Section 2 is devoted to the study of those class of algebras
in which every fuzzy ideal is a class of a unique fuzzy congruence relation. Finally, in section 3,

we study the structure of quotient algebras induced by fuzzy ideals in ideal determined varieties.
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7.1 Fuzzy Congruence Kernels

In some special cases it is not possible to characterize every class of every fuzzy congruence on

A but sometimes it is possible to characterize the kernel (the so-called fuzzy congruence kernel).

Definition 7.1.1. An algebra with O is an algebra with a constant unary term 0. A variety with

0 is a variety with a constant unary term (equationally definable constant) 0.

This constant is usually denoted by 0. Sometimes it may also be denoted by 1 or another

symbol.

Definition 7.1.2. Let A be an algebra with 0 and ® a fuzzy equivelence relation on A. Then
0/@ is called the kernel of ®. A fuzzy subset u of A is called a fuzzy congruence kernel if it is

the kernel of some fuzzy congruence ® on A.

Lemma 7.1.3. Every fuzzy congruence kernel is fuzzy ideal.

Proof. Let ® € FCon(A). Clearly 0/0(0) = 1. Let @ € A", B € A" and p(%,) be an ideal

term in 7 Then consider:

0/0(p(@, b)) = ©(0,p(d, b))
= O(p(d.,0),p(T, D))
= 0O(p(ay,az,...,as,0,0,...,0), p(ar,az,...,ay,b1,bs,....by)
> O(ar,a;)N...AO(ay,a,) NO(0,b1) A ... ANO(0,by,)
= 0(0,b))A...AO(0,b,)

= 0/0(b1)A... AO/O(by)

Therefore 0/@ is a fuzzy ideal of A. O

Remark. But every fuzzy ideal is not in general the kernel of some fuzzy congruence

relation. This is verified in the following example.

Example 7.1.4. Let A ={0,a,b,c, 1} be the lattice given in the following diagram:
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Let L be the real interval [0, 1] and u be an L—fuzzy subset of A defined by:

1(0) =1,u(a) =0.7 and pu(b) = p(c) = u(1) =04

Then u is a fuzzy ideal of A. Suppose if possible that u is a kernel of some fuzzy congruence

®onA,ie., u=0/0. Now consider the following:

pc) = 0(0,¢)

This is a contradiction. Thus u is not a kernel of any fuzzy congruence on A.

Definition 7.1.5. An algebra with 0 is called permutable at 0 if (6 o ¢)[0] = (¢ 0 8)[0] for each
of its congruences 0,¢. A class of algebras with O is called permutable at O if each of its

members has this property.

It can be easily verified that A is permutable at O if and only if 0/(®o®) =0/(P o ®) for
each of its fuzzy congruences ®,P.

The following characterization was developed by H.-P. Gumm and A. Ursini [79] :
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Theorem 7.1.6. A variety with 0 is permutable at O if and only if there exists a binary term t
with

t(x,x) =0andt(x,0) =x

Definition 7.1.7. The term ¢ occurring in Theorem 7.1.6 is called subtractive term (or the dif-

ference term).

For any nonnegative integer n and every s € 7,11 let w, denote the (n+ 3)—ary term defined
by

Ws(x1>---7xn+3) = t(S(Xn+1,X1, "'7-xn)7t(s(xn+27x17"'7xn)7-xn+3))

Theorem 7.1.8. Let % be a permutable at O variety, A € & . A fuzzy subset L of A is a fuzzy

congruence kernel if and only if the following conditions hold:
1. u(0)=1and

2. foreverys & Ty, Wis 7—closed under the term wy(x1,...,Xy,Y1,Y2,3), i.€.,

.u'(ws(xlv"'7xn7y17y27y3)) > IJ“(yl) /\,Lt(yz) /\tu<y3)

Proof. Suppose that u = 0/0 for some ® € FCon(A). Clearly, 1(0) = 1 (proving (1)). First

observe that

Wy (X1, ,X4,0,0,0) = £(s(0,x1,...,x,),2(s(0,x1,...,x,),0))

= 1(5(0,x1,..0,%),5(0,x1,....%,))



7.1. Fuzzy Congruence Kernels 159

Now consider the following:

.u((ws(-xlu -~-7xna)’1a)’2»}’3))) - ®<07WS(-X17 ---,xny)’h)’z;)@)))
= @(WS(X1,...,Xn,O,O,O),WS(Xl, ---7xna)’la)’2;)’3>)

> O(x1,x1) A .. AO(X, %) AO(0,y1) AO(0,y2) AO(0,y3)

= u)Auba)Au(ys)

proving (2). Conversely, suppose that u satisfies the conditions (1) and (2). We show that
U satisfies the condition of Lemma 5.2.2. Let a,b € A and p € P;(A). Then there exist an

ne€Z",s€T,y anday,...,a, € A such that

p(x) =s(x,ay,...,a,) forallx € A

By the property of the difference term ¢, we have the following:

p(b) = 1(p(b),0)

By (2), it follows that

u(p(b)) = p(a) Au(b) Au(p(a))

which implies that

p(a) Ap(b) Au(p(b)) > p(a) Ap(b) Au(p(a))
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Similarly, by interchanging a and b, we get

pa) A (b) Ap(pla)) = u(a) A (b) Ap(p(b))

Hence the equality holds. By Lemma 5.2.2 , i is a class of some fuzzy congruence ® on A and
since 1 (0) = 1 it holds that
©u=0/0

Hence proved. O

Lemma 7.1.9. In a permutable at O variety, every fuzzy ideal is a kernel of some fuzzy congru-

ence relation.

Theorem 7.1.10. Let %" be a permutable variety with 0 and | a fuzzy subset of A with 1 (0) = 1.

Define a fuzzy relation ® of A by:

®,U<x7y> = u(p(x,y,O))

for all x,y € A, where p is the Mal’cev term.

1. ®y € FCon(A) if and only if for everym € Z*, f € Fp and all ay, ..., am, by, ...,bym € A, it

holds that:

.u(fA(ah"'?am)va(bh"'7bm)) > ,u(p(al,bl,O)) A /\u(p(am,bm,O))

2. If®y € FCon(A), then it is the largest fuzzy congruence on A with kernel [L.

Proof. 1. If ®, € FCon(A) , then by the substitution property of ®, the condition holds.
If, conversely, u sitisfies the condition of the theorem, the ®, compatible. It is also clear
that ®, is reflexive, i.e., @ is a reflexive and compatible fuzzy relation on A. Since

is permutable, it follows from Theorem 5.3.6 that ©, € FCon(A).
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2. Suppose that @, € FCon(A). First for each x € A observe that,

uu(x) = H<p<x7070))
= ®M(xa0>

= 0/O@y(x)

So that u is the kernel of ®,. Now let ® be any other fuzzy congruence on A with kernel

U, i.e., u=0/®P. Forany a,bc A

Ou(a.b) = ulpa,b,0))
= 0/®(p(a,b,0))
= ®(0,p(a,b,0))
— ®(p(a,a,0),p(a,b,0))

®(a,b)

v

Thus O, is the largest fuzzy congruence on A with kernel u.

]

Example 7.1.11. In the variety of pseudo-complemented semi lattices, fuzzy congruence kernels

are characterized in [28].

7.2 Ideal Determined Varieties

In groups (resp. rings) it is well known that congruence relations are in one-to-one correspon-
dence with normal subgroups (resp. ideals). Where as, this correspondence does not holds in
lattices. it is proved by M. Samhan in [137] that there is a one-to-one correspondence between
fuzzy normal subgroups (resp. fuzzy ideals) and fuzzy congruences of a group (resp. a ring).
In this section, we study those class of algebras for which fuzzy ideals and fuzzy congruence

relations are in one-to-one correspondence. Such a class of algebras is called ideal determined
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variety.

Theorem 7.2.1. If  is a fuzzy ideal of A and © a fuzzy congruence on A, then |L/® is a fuzzy

ideal of A, where |1/@ is as given in Definition 5.2.1.

%
Proof. Let d € A", b € A" and p(¥,) be an ideal term in . Consider

(w/@)"(b) = /\u/@)

_ \/{</\M)A(}”\@xl, >>A}

/\G)(x,,b)) Xlyeey Xy EA}
TNAOMP(E, ®),p(@, D)) : T €A™

INA Il
< <<
= =
E =
>
YN

%
< \V{nOG)A®W,p(d, b)):yeA}
= 1/O(p(a. b))
Therefore 1 /@ is a fuzzy ideal of A. N

Definition 7.2.2. [79] A class % of algebras is called an ideal determined if every ideal / is
the zero congruence class of a unique congruence relation denoted by / % In this case the map

I — 1% defines an isomorphism between the lattice of ideals and congruences on A.

Theorem 7.2.3. A class % of algebras is an ideal determined if and only if every fuzzy ideal |

is the zero fuzzy congruence class of a unique fuzzy congruence relation denoted by O".

Proof. Suppose that % is an ideal determined variety. Let u be any fuzzy ideal of A. Then py
is an ideal of A for all @ € L; that is, for each « € L, there is a unique congruence relation on
A denoted by ( ua)5 for which g is its zero congruence class. Now define a fuzzy relation @

on A as follows:

= \/{a eL:(xy) € (lla)é}
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for all x,y € A. We first show that ®* is a fuzzy congruence relation on A. Clearly it is reflexive

and symmetric. To show that ®* is transitive consider:

O (x,y) AO (y,2) = \{aeL:(xy)e )’ A\{BEL: (2) € (up)°}

— \/{(x/\ﬁ (x,y) € (,ua)(s,(y,z) € (Nﬁ)é}

If we put y= oA B, then we get g C py and pg C py. It follows from the fact I C J = cys

that (g )® C (e )®. Thus,

O (5, ) NO(3,2) = \{anB:(xy) € (a)® (1,2) € (up)°}
VAr: (5), (:2) € (1y)°}

VA{7: (xn,2) € (uy)°}

= O(x,z)

IN

IN

Therefore it is transitive and hence it is a fuzzy equivalence relation. Let x1, ..., x,,y1,...,yn € A

and f be an n—ary operation. Then

N (iyi):1<i<ny = A{\V{aweLl: (xiy) € (a)’}: 1 <i<n}
= V{N{aeL:1<i<n}:(x,y)€ (ua)’}

If weput y=1Inf{o; € L:1<i<n},then we get g, C ty for all i = 1,2, ...,n which implies

that (g, )® C (Ue)%foralli =1,2,...,n. Thus,

N (xi,yi):1<i<n} = \[{A{aeL:1<i<n}:(xy)€ ()’ }
< \/{}/EL:(xi,yi)E(uy)s,‘v’izl,Z,...,n}
< VALY EL: (Fx1, o), f (1, ) € (1y)°}

= O (f(x1,%0), f (V15w Yn))
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Therefore ® is a fuzzy congruence relation on A. Now, we show that the kernel of @ is

precisely u; for,

0/0H(x) = ©(x,0)
= \{aeL: (x,0) € (1)}
= \{aeL: (1)’ = (1a)?[0]}
= \{a€eL: ()’ = pa}
— \/{aeL:xeua}

= u(x)

To prove the uniqueness of such a fuzzy congruence, let us take any fuzzy congruence ® on A
for which 0/® = . Then ®4[0] = g for all @ € L; that is, g is kernel of the congruence
relation ®. By the uniqueness of the congruence (ig)® we get By = (g )® for all o € L and
hence @ = ®. Therefore ® is the unique fuzzy congruence on A for which 0/0* = u. In
this case, the map p — O defines an order isomorphism between the lattice of fuzzy ideals
and the lattice of fuzzy congruence relations on A. We see from Corollary 2.3.4 that every ideal
of A can be identified as a fuzzy ideal by its characteristic mapping. This proofs the converse

part. 0

Lemma 7.2.4. If % is ideal determined and A € &, then
n/®=pvo/e
Proof. Let us first see that 1 /® contains both u and 0/@. For each x € A, consider

1/0x) = \{u()A0(yx):ycA}

> u(y)A®(y,x) forallye A

In particular for y = x; that is, /O (x) > p(x). So that u < u/0. Also, if we take y = 0 we get
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1/0(x) > 0(0,x) =0/0(x) and hence 0/0 < u/@. Thus 1V 0/O < u/0O. To prove the other
inequality, let us put A = pU0/@®. Then A is a fuzzy subset of A such that (1) = u Vv 0/@. For

each x € A, it follows from Theorem 2.3.8 that

W) = VIA"(B): b €A™ (@, b) =x where

= A”,t(7,7) is an ideal term in 7}

Since p, 1t /® and @y are all fuzzy ideals we have

1/0(0)=1=(uVv0/0)(0)
For each 0 # x € A, let us define two sets H, and G, as follows:

He = (A"(B): B e A" P(d,b)=x
where d € A",P(X,) is an ideal term in Y}

Gy = {U()AO(yx):yeA}

Clearly both H, and G, are subsets of L. Our claim is to see that: VH, < VG,. Let @ € H,.
— — —

Then oo = A"( b ), for some b € A™, such that t('d, b ) = x for some @ € A" where (¥, )

is an ideal term in 7 That is, by,...by, € Aq = Ug U (Bp) . Without loss of generality we can

assume that by,...b; € Uy and by, 1,...by, € (0/0)y. So we have
w(bi)A...Au(br) > a and O(bi1,0) A ... AO(b,,0) >
Letus puty = t(7,b1,...bk,0,0,...,0). Then

1(y) > pw(bi) A .. Api(bg) > o and O(x,y) > O(bgs1,0) A ... AO(by,0) > o
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If we put B = u(y) A®(x,y), then B € G, such that a < . This confirms that VH, < VG, for
all x € A. Therefore 1 /0 = pV Qy. O

If ¢ is an ideal determined class of algebras, then the supremum of two fuzzy ideals is easy
to describe. This could be done in the following way. If u and v are fuzzy ideals of A € ¢ and
@V is the unique fuzzy congruence on A for which v = (@), then Lemma 7.2.4 confirms that

®V[u] is the supremum of u and v.

It is proved by the use of Mal’cev condition in [79] that a class .  of algebras is an ideal
determined if and only if for some positive integer m, there are binary terms dy,d>, ...,dy, dpn11
such that:

di\(y,2) =dr(y,2) =, ..., =dn(y,2) =0=y=2z and

dm—i—l()’:)’) =0, dn1 (07)’) =Yy

In this case for an ideal I the congruence / % is characterized as follows:
1° ={(a,b) €AxA:dia,b)el, foralll<i<m}

Similarly for a fuzzy ideal u of A we characterize the unique fuzzy congruence ®* of A as

follows:

OH(a,b) = /\ u(di(a,b))

7.3 Quotient Algebra Induced by Fuzzy Ideals

The various constructions of quotient groups and quotient rings by fuzzy subgroups and fuzzy
ideals respectively was done by different scholars (see [2, 105, 101, 114, 115, 127, 163]).
More generally, quotient algebras of a given type induced by fuzzy congruences were studied
in [139] and [134]. In this section, we study quotient algebras induced by fuzzy ideals in ideal

determined varieties. We begin by defining quotient algebras induced by fuzzy congruence
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relations. Given a fuzzy congruence relation ® on A and x € A, consider the fuzzy congruence

class ®, of A determined by ® and x.
Lemma 7.3.1. Let © be a fuzzy congruence on A. For any x,y € A, the following hold:
1. x/® =y/0® if and only if ©(x,y) = 1.

2. either x/® = y/® or there exists a € L — {1} such that

x/0Ny/0 < o

Definition 7.3.2. Let us define a set A/® by:
A/®={x/@:xe€ A}

Then A/® can be made into an algebra of the same type as A in the following way: If f € §

is nullary, then

Fe=rt/e

If fe§isn—ary,n>0anda,...,a, €A, then
4%(a,/8,....,a,/0) = fA(ai,...,a,) /O
Theorem 7.3.3. Let © be a fuzzy congruence on A. If ©, denotes the level relation:
O, ={(x,y) EAXA:0O(x,y) =1}
Then it is clear that O, is a congruence relation (crisp) on A. Moreover,

A/@=A/O,
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Proof. Defineh:A/® — A/®, by
h(x/@®) = O.[x]

for all x € A. We first show that & is well defined. Let x,y € A such that x/® = y/®. Then by
(1) of Lemma 7.3.1, ®(x,y) = 1, which gives (x,y) € O,; i.e., ®,[x] = O,[y] and hence & is well
defined. To show that % is a homomorphism, let f € § be n—ary, n > 0 and ay,...,a, € A. Then

consider:

h(fA®(a1/®,....an/0®)) = h(f*(ai,...,an)/®)
= O.[fa1,...,an)]

= f%0,[al],...,0.]an])

= fA/G)* (h(al/®)7 7h(an/®>)

Thus A is a homomorphism. It is also clear that & is surjective. It remains to show that 4 is
injective. Let x,y € A such that ®,[x] = @.[y]. Then (x,y) € ®, which means @(x,y) = 1. By

Lemma 7.3.1, we get that x/® = y/®, i.e., h is injective and hence it is an isomorphism. O

Lemma 7.3.4. Let O be a fuzzy congruence on A and A/® its quotient. For any x,y € A, the

following hold in A/®:
1. (x/®)={z/®:z¢€ (x)}
2. [x/0,y/0] ={z/®:z € [x,y]}
Proof. 1. Let us define two sets G and H as follows

= (x/0©)
H = {z/0:z€ (x)}
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Our aim is to show that G = H. Let a/® € G. Then there exist ay,...,a, € A and an

(n+1)—ary ideal term #( %, y) in y such that

a/® = tY9(a,/0,...,a,/0,x/0)

= ay,...,a1,x)/0

If we put b = t*(ay,...,a,x), then b € {x) such that a/® = b/®. Thus ®, € H and
hence G C H. Conversely, let a/® € H. Then a/® = b/® for some b € (x). There exist
bi,...,b, € A and an (n+ 1)—ary ideal term ¢(%,y) in y such that b = rA(by, ..., by, x).

Now consider the following:

a/® = b/O
= t(b1,...,by,x)/O©
= A®0by/0,....b,/0,x/0)
Mean that a/® € (x/®); i.e., H C G and hence the equality holds.
2. Let us define two sets G and H as follows

= [x/0,y/0]

H = {z/0:z€ [x,)]}

Our aim is to show that G = H. Let a/® € G. Then there exist ay,...,a, € A and an

(n+ 1+ 1)—ary commutator term (¥, y,z) in y,z such that

a/® = "%a,/0,...,a,/0,x/0©,y/0)

= @,A(

aj 7"~7an7x7y)

If we put b = t(ay, ...,a,,x,y), then b € [x,y] such that a/® = b/®. Thus a/® € H and
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hence G C H. Conversely, let a/® € H. Then a/® = b/® for some b € [x,y]. There
exist by,...,b, € A and an (n+ 1 4 1)—ary commutator term t(?,y,z) in y,z such that

b=1t4(by,...,b,,x,y). Now consider the following:

a/® = b/O®
= [A(bl,...,bnax7y)/®

= tA/G)(bl /®, ,bn/G),x/@,y/@)

Mean that a/@® € [x/0©,y/0]; i.e., H C G and hence the equality holds.

]

Let # be an ideal determined variety and A € .#". As observed in the previous section, each

fuzzy ideal u of A is the zero fuzzy congruence class of the unique fuzzy congruence relation

on A denoted by G,

Definition 7.3.5. Let %" be an ideal determined variety and A € J#". For a fuzzy ideal u of
A, A/u denotes the quotient algebra of A induced by the fuzzy congruence ®* and call it the

quotient algebra of A induced by u.

For a fuzzy ideal u of A and each x € A, we define U, to be the fuzzy congruence class of

O determined by x. So that we have the following.

Lemma 7.3.6. Let U be a fuzzy ideal of A € & and x,y € A. If ' is an ideal determined, then
the following hold:

1. pe =y if and only if O (x,y) = 1 if and only if u(d;(x,y)) =1 foralli=1,2,...m+1,

where d;’s are those binary terms given in the previous section.

2. either [, = W, or there exists o0 € L— {1} such that

Hx My < O

Analogous to Theorem 7.3.3 we have the following theorem.
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Theorem 7.3.7. Let U be a fuzzy ideal of A € £ . If L, denotes the level set:

po={x €A = o}

Then it is clear that W, is an ideal of A. Moreover,

Alp=A/u,

Proof. The proof follows from Theorem 7.3.3. 0

Our attention now turns to characterize fuzzy prime ideals using their quotient structure. Let

us first define an important concept.

Definition 7.3.8. [149] For any B € ¢, define

where foreachy € Aand I € I(A),

() :)={xeL:[xy]CI}

Theorem 7.3.9. If 1 is a fuzzy prime ideal of A, then

D(A/p) = (0)

Proof. Let i, € D(A/u). Then . € ({(uy) : (Uo)) for some y € A with 1, # o, i.e., [l ly] =
{(Ho). By (2) of Lemma 7.3.4

{uz 2 € [x,yl} = {to}

which gives that u, = o for all z € [x,y], i.e.,

®*(z,0) =1 for all z € [x,y]
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which is equivalent to
m

/\ 1 (di(z,0)) =1 for all z € [x,y]
i=1

Since dy,(z,0) =z, we get u(z) =1 for all z € [x,y], i.e. [x,y] C . Since U, is prime either
X € HUy or y € Uy. So that either u(x) =1 or pu(y) = 1, which gives either u, = o or p, =

Ho. Since [, = o is impossible, we get 1, = o (the zero element in D(A/u)). Therefore

D(A/u) = (0). =

Theorem 7.3.10. Suppose that | is a fuzzy ideal of A such that Img(u) = {1,0} where a is a

prime element in L. If D(A/) = (0), then W is fuzzy prime.

Proof. By Theorem 3.2.3, it is enough to show that p, = {x € A : u(x) = 1} is a prime ideal
of A. Clearly it is is a proper ideal. Let a,b € A such that [a,b] C p,. Then pu(x) =1 for all

x € |a,b]. Then pu(x) =1 for all x € [a, D], i.e., uy = U for all x € [a,b]. By (2) of Lemma 7.3.4

[Ma, p) = {px  x € [a,b]}  (Ho)

Then by our assumption either t, = o or U, = lo, which is equivalent to that either a € U, or

b € 1. Thus p, is prime and hence proved. [
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Conclusion and further recomendations

The notion of fuzzy ideals of universal algebras is introduced as a common abstraction to most
of the existing theories of fuzzy ideals in different algebraic structures by applying the general
theory of algebraic fuzzy systems. In this setting, basic concepts that are connected to ideals
like the generator, the commutator, primeness, semi-primeness, the prime spectrum, maximal-
ity and the radical are extended to the class of fuzzy ideals in universal algebras. On the other
hand, fuzzy congruence relations and their classes in universal algebras are studied in the dis-
sertation. Several Mal’cev type characterizations are given for fuzzy congruence classes in
general algebraic structures. Special fuzzy congruence classes called fuzzy congruence kernels
are also studied in different algebraic structures. Furthermore, the structure of quotient algebras
induced by fuzzy ideals is studied in ideal determined varieties. In addition, the notion fuzzy
cosets in universal algebras is introduced as a generalization of fuzzy ideals ang fuzzy congru-

ence classes. This notion is applied to characterize those congruence permutable varieties.

It is under investigation by the author to extend the notion of relative annihilators, annihilator

ideals, x—ideals and deductive systems in universal algebras to the fuzzy setting.
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