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Abstract

In different literatures, we have found several generalizations of ideals and filters of a
lattice to an arbitrarily partially ordered set which has been studied by different scholars
. In this thesis we introduce several generalizations of L-fuzzy ideals and filters of a
lattice to an arbitrarily partially ordered set whose truth values are in a complete lattice
satisfying the infinite meet distributive law. These are: L-fuzzy closed ideal and filter of
a poset, L-fuzzy Frink ideal and filter of a poset, L-fuzzy ideal and filter of a poset in the
sense of Hala$, L-fuzzy semi ideals and filters of a poset, L-fuzzy V-ideals and V-filters of
a poset and m-L-fuzzy ideals and filters of a poset, where m is any cardinal number. All
the definitions of L-fuzzy ideals and filters of a poset that we introduce in this thesis are
generalizations of the notions of L-fuzzy ideals and filters of a lattice. We also study and
establish some characterizations of them and we prove that the set of all L-fuzzy ideals of
a poset forms a complete lattice with respect to point-wise ordering.

Next, by choosing the L-fuzzy ideals and filters of a poset in the sense of Hala$ as
an L-fuzzy ideals of a poset, we introduce the notion of L-fuzzy prime ideals, prime L-
fuzzy ideals, maximal L-fuzzy ideals and L-fuzzy maximal ideals. We also study and give
sufficient conditions for the existence of L-fuzzy prime ideals and prime L-fuzzy ideals in
the lattice of all L-fuzzy ideals of a poset.

Lastly, we introduce the concept of L-fuzzy semi-prime ideals in a general poset.
Characterizations of L-fuzzy semi-prime ideals in posets as well as characterizations of
an L-fuzzy semi-prime ideal to be L-fuzzy prime ideal are obtained. Also, the relations
between the L-fuzzy semi-prime (respectively, L-fuzzy prime) ideals of a poset and the
L-fuzzy semi-prime (respectively, L-fuzzy prime) ideals of the lattice of all ideals of a
poset are established. We also extend and prove an analogue of Stone’s Theorem for
finite posets, which has been studied by V. S. Kharat and K. A. Mokbel[35] using L-fuzzy

semi-prime ideals.
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Introduction

We have found several generalizations of ideals and filters of a lattice to an arbitrarily
partially ordered set in different literature. Closed or normal ideals of a poset was intro-
duced by Birkhoff [14]. Next, in 1954, the second type of ideals and filters of a poset
called Frink ideals and Frink filters was introduced by O. Frink [25]. Following this P.
V. Venkatanarasimhan developed the theory of semi-ideals and semi-filters in [51] and
ideals and filters for a poset in [52], in 1970. These ideals (respectively, filters) are called
ideals (respectively, filters) in the sense of Venkatanarasimhan or V-ideals (respectively,
V-filters) for short. Next, the concept of ideals of a poset were suggested by Erné [23]
in 1979. They are called m-ideals. These ideals generalize almost all ideals of a poset
suggested by different authors. Latter, Hala$ [28], in 1994, introduced a new type of ideal
and filter of a poset which seems to be a suitable generalization of the usual concept of
ideal and filter in a lattice. We will simply call an ideal (respectively, a filter) in the sense
of Halas.

On the other hand, in 1965, L.Zadeh, in his pioneering paper [54], introduced the
concept of a fuzzy subset of a non-empty set X as a function from X into the unit interval
[0, 1] to describe, study and formulate mathematically those objects which are not well
defined. The theory of fuzzy sets, introduced by L.Zadeh, has evoked tremendous interest
among researchers working in different area of fields. It was a new episode towards the
development of science and engineering.

In 1971, A. Rosenfeld [43] applied the concept of fuzzy subset of a non-empty set to
study the concept of fuzzy subgroup of a given group. The introduction of the concept of a

fuzzy subgroup of a group by Rosenfeld initiated several algebraist to take up the study of



fuzzy sub-algebras of several algebraic structures such as groups, rings, modules, vector-
spaces, lattices,etc. More recently, in posets, Universal Algebras, Ms-Algebras, Pseudo-
complemented semi-lattice, etc. His paper inspired the development of fuzzy abstract
algebra. See ([17], [20], [21, 40],[1], [11], [16],[18], [33], [55] [10, 41, 46, 12, 53],[7, 8,
9], [2, 3, 4], [5, 6],[12].)

In 1967, as suggested by Gougen [26], the unit interval [0, 1] is not suffcient to take
the truth values of general fuzzy statements. K. L. N. Swamy and U. M. Swamy [47] ini-
tiated that complete lattices satisfying the infinite meet distributivity are the most suitable
candidates to have the truth values of general fuzzy statements.

Initiated by the above ideas and concepts, in this thesis, we introduce several gen-
eralizations of L-fuzzy ideals and filters of a lattice to an arbitrary partially ordered set
whose truth values are in a complete lattice satisfying the infinite meet distributive law. In
addition, by choosing one of the generalization of L-fuzzy ideals and filters of a lattice to
an arbitrary partially ordered set, we introduce the notion of L-fuzzy prime ideals, prime
L-fuzzy ideals, maximal L-fuzzy ideals and L-fuzzy maximal ideals. We also study and
give sufficient conditions for the existence of L-fuzzy prime ideals and prime L-fuzzy ide-
als in the lattice of all L-fuzzy ideals of a poset. The notions of L-fuzzy semi-prime ideals
in a general poset is introduced and characterized.

Throughout this work L means a non-trivial complete lattice satisfying the infinite
meet distributive law: x AsupS = sup{xAs:s € S} for all x € L and for any subset S of L
and by an L-fuzzy subset of a non-empty set X we mean a mapping from X into L.

The thesis is broadly divided into five chapters 1, 2, 3, 4 and 5. Chapter 1 is devoted to
collect all the necessary preliminaries and results which will be useful in our discussions
of the main text of the thesis. This chapter consists of three sections. Section 1.1 contains
definitions and results related to partially ordered sets. In section 1.2, we collect defini-
tions and some preliminary results related to type of ideals and filters studied by different
scholars. Section 1.3 is devoted to study L-fuzzy subsets of an arbitrary non-empty set

and we also recall the definition of L-fuzzy ideals and filters of a lattice from literature.



The main text of this thesis is in chapters 2, 3, 4 and 5. Chapter 2 is on L-fuzzy
ideals of a poset. In this chapter we introduce several generalizations of L-fuzzy ideals
of a lattice to an arbitrary poset whose truth values are in a complete lattice satisfying
the infinite meet distributive law and give several characterizations of them. We also
prove that the set of all L-fuzzy ideals of a poset forms a complete lattice with respect
to point-wise ordering. This chapter consists of four sections. Section 2.1 is on L-fuzzy
closed ideal of a poset which is the fuzzy version of the closed or normal ideal of a poset
introduced by Birkoff[14]. Section 2.2 is devoted on L-fuzzy Frink ideal of a poset which
is the fuzzy version of the Frink ideal of a poset introduced by O. Frink[25]. Section 2.3 is
on L-fuzzy ideal of a poset which is the fuzzy version ideals of a poset introduced by Halas
[28] which seems to be a suitable generalization of the usual concept of L-fuzzy ideal of
a lattice. Section 2.4 is devoted on L-fuzzy semi ideals and V-ideals of a poset which is
the fuzzy version of semi-ideals and V-ideals of a poset introduced by Venkatanarasimhan
[51, 52]. Finally, we complete this chapter by introducing m-L-fuzzy ideal which is the
fuzzy version of ideals of a poset introduced by Erné [23]. This L-fuzzy ideal generalizes
almost all the L-fuzzy ideals of a poset introduced in this chapter.

Chapter 3 is focused on the concept of L-fuzzy filters of a poset. It consists of four
sections. In this chapter, we introduce the notion of different types of L- fuzzy filters of
a poset and discuss certain properties of them analogous to those of L- fuzzy ideals of a
poset introduced in Chapter 2.

Chapter 4 is on L-fuzzy prime and maximal L-fuzzy ideals of a poset Q and is subdi-
vided into five sections. In section 4.1, we recall some definitions and crisp concepts of
prime and maximal ideals of a poset from literature that will be extended to the notions
of prime and maximal L-fuzzy ideals of a poset in the further sections of this chapter. In
section 4.3, we introduce the notion of L-fuzzy prime ideals of a poset Q which can be
characterized as the L-fuzzy subsets of a poset Q for which each o-level subset is either
the whole Q or a prime ideal of Q. In section 4.3, we introduce the notion of a prime

L-fuzzy ideal of a poset Q as simply a prime element in the lattice of L-fuzzy ideals of a



poset Q. Prime L-fuzzy ideal of a poset Q is more stronger than L-fuzzy prime ideal of a
poset Q. In section 4.4, we discuss maximal L-fuzzy ideals of a poset Q with zero which
are precisely a dual atom in the lattice of L-fuzzy ideals of a poset Q. In section 4.5, we
define the notion of L-fuzzy maximal ideals of a poset Q as a proper L-fuzzy ideal, for
which each level subset Uy at @ € L is either the whole poset Q or a maximal ideal Q.
Chapter 5 is on L-fuzzy semi-prime ideal. It consists of four sections. In section 5.1,
we recall some definitions and crisp concepts of semi-prime ideals of a poset and a lattice
from literature that will be extended to the notions of L-fuzzy semi-prime ideals of a poset
in the further sections of this chapter. In section 5.2, we introduce the concept of an L-
fuzzy semi-prime ideal in a general poset. Characterizations of L-fuzzy semi-prime ideals
in posets as well as characterizations of a L-fuzzy semi-prime ideal to be L-fuzzy prime
ideal are obtained. Also, L-fuzzy prime ideals in a poset are characterized. In section
5.3, we prove the set of all L-fuzzy semi-prime ideals in a poset forms a compete lattice.
The relations between L-fuzzy semi-prime (respectively, L-fuzzy prime) ideals of a poset
and L-fuzzy semi-prime (respectively,L-fuzzy prime) ideals of the lattice of all ideals of
a poset are established. In section 5.4, we extend and prove Rav’s Prime Separation
Theorem for a lattice, using L-fuzzy semi-prime ideals. Lastly, we also extend and prove
an analogue of Stone’s Theorem for finite posets, which has been studied by V. S. Kharat
and K. A. Mokbel[35] using L-fuzzy semi-prime ideals. Some counterexamples are also

given.



Chapter 1

Preliminaries

In this chapter we collect the necessary preliminaries which will be useful in our discus-
sions of the main text of the thesis. Even though these preliminaries are well known for
those working in lattice theory and fuzzy set theory, it will be convenient for others to
have all these elementary notions and results in the beginning of the thesis for the sake
of ready reference. The proofs of most of the results presented in this chapter are either
straight forward verifications or well known and hence we simply state the results without

proofs.

1.1 Partially Ordered Sets

In this section we recall certain necessary concepts, terminologies and notations of par-
tially ordered sets that will be useful in this thesis. For undefined notations and terminolo-
gies for this section, the reader is referred to Birkhoff [1961][14], Davey and Priestley
[1990][19] and Grdtzer[1998][27].

We begin with the definition of a partial order.

Definition 1.1.1. Let Q be a non-empty set. A binary relation ” < on Q is called a

partial order if for all x,y,z € Q, the following conditions are satisfied.
1. x < x (reflexive);

2. x<yandy < ximply x =y (antisymmetric);
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3. x<yandy < ximply x < z (transitive).

Definition 1.1.2. A non-empty set Q together with the partial order” < on Q, denoted

by (Q,<), is called a partially ordered set or a poset.

Let (Q, <) be a poset and x,y € Q. Then x and y are said to be comparable if x <y or
y < x. Otherwise they are called incomparable or parallel and we write x || y. If x <y and

x # y, then we write x < y.

Definition 1.1.3. A poset (Q,<) is said to be a chain or totally ordered set if any two
elements of Q are comparable. A partially ordered set (Q,<) is called an antichain if

every two distinct elements of Q are incomparable.
Definition 1.1.4. Let (Q, <) be a poset. Define a binary relation” > on Q by:
x>y ifandonlyif y <x forall x,y € Q.

Then > > 7 is a partial order on Q and it is called the dual order of "<" and the poset

(Q,>) is the dual of the poset (Q, <).

If & is a statement about posets and if, in ®, we replace all occurrences of < by >,
we get the dual of .

Now we state a principle that halves the labor of proving some results.

Duality Principle: " If a statement @ is true in all posets, then its dual is also true in
all posets."

When confusion is unlikely, we use simply the symbol Q to denote a poset (Q, <).

Definition 1.1.5. Let Q be a poset. Then an element m € Q is called a maximal element
in Q if there is no x € Q such that m < x. Dually, an element m € Q is called a minimal

element, if there is no x € Q such that x < m.

Definition 1.1.6. A poset Q is said to have a largest or a greatest element if there exists
X0 € Q such that x < xq for all x € Q. Dually, a poset Q is said to have a smallest or least

element if there exists xo € Q such that xo < x for all x € Q.
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If the greatest element exists in a poset Q, then it is unique and is denoted by 1. If the

smallest element exists in Q, then it is unique and is denoted by O.
Definition 1.1.7. A poset Q is said to be bounded if it has 0 and 1.

Definition 1.1.8. A poset Q is said to satisfy the Ascending Chain Condition (ACC), if
every non-empty subset of Q has a maximal element. Dually, we have the concept of

Descending Chain Condition (DCC).

The following is an important axiom of set theory, though its popular name is Zorn’s

lemma. It is used to prove some other equivalent axioms of set theory.

Lemma 1.1.1. (Zorn’s lemma) Let (Q,<) be a poset in which each chain has an upper
bound in Q. Then, (Q,<) has a maximal element. Dually, if (Q,<) is a poset in which

every chain has a lower bound in Q, then Q has a minimal element.

Definition 1.1.9. Let Q be a poset and A C Q. Then an element x € Q is called an upper

bound of A if a < x for all a € A. The set
A'={xeQ:a<xVacA}

of all upper bounds of A is called the upper cone of A.

Dually, an element x € Q is called a lower bound of A if x < a for all a € A. The set
Al={xecQ:x<aVacA}
of all lower bounds of A is called the lower cone of A.

Definition 1.1.10. Let Q be a poset and A C Q. Then an element xo € Q is called the least

upper bound of A, denoted by supA or \/ A, if
xp € A" and xo < x for all x € A*.

Dually, an element xo € Q is called the greatest lower bound of A, denoted by infA or

NA, if
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X0 c Al and x < xq for all x € AL.

For x,y € Q, we write x Vy (read as x join y) in place of sup{x,y} if it exists and x Ay
(read as x meet y) in place of inf{x, y} if it exists.

Let Q be a poset and A, B be subsets of Q and a,b € Q. Then by A* shall mean {A“}
and A’ shall mean {A/}". The the upper cone {a}* is simply denoted by a* and the upper
cone {a,b}" is denoted by (a,b)". Further the set {A UB}" is denoted by {A, B}" and the

set {AU{a}}* is denoted by {A,a}". Similar notations are used for lower cones.
Lemma 1.1.2. Let Q be a poset and A, B be subsets of Q and a € Q. Then

1. ACA" and A C A",

2. IfACB, then A" O B* and A' O B';

3. AUl — At gpg Al — Al

4. {a}' =d and {a'}" = a*.
Lemma 1.1.3. Let Q be a poset and A be a subset of Q. Then

1. if supA exists, then A" = {supA}! and if infA exists, then A™ = {infA}*;

2. if A =0, we have A = (0*)! = O' which is either empty or consists of the least

element 0 of Q alone, if it exists;

3. ifA=0, we have A" = ((Z)l ) = Q" which is either empty or consists of the largest

element 1 of Q alone, if it exists.

4. for any family {A; : i € A} of subsets of Q,

JA¥ € (LJA)™) and | JA[ C (| JA)™

icA i€A ieA i€A

Definition 1.1.11. A poset Q is called a join-semi-lattice, if x\V y exists for all x,y € Q.

Dually a poset Q is called a meet-semi-lattice, if x \ 'y exists for all x,y € Q.
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A poset Q is called a lattice if it is both join-semi-lattice and meet-semi-lattice.

Definition 1.1.12. A poset Q is called a complete lattice if supS and infS§ exist for any

subset S of Q. That is, if Q is closed under arbitrary supremum and infimum.

Definition 1.1.13. [37] A poset Q is called distributive if for all a,b,c € Q,

{(aab)uvc}l = {(a,c)l, (b7c)l}ul'

Definition 1.1.14. An element p of a poset Q is called distributive if for all x,y € Q,

{2 P} = {(p.x)", (p.y)"}".
Dually, we have the concepts of dually distributive element of a poset Q.

Definition 1.1.15. [/9] Let Q be a poset with 0. An element p in Q is called an atom if
there is no x € Q such that 0 < x < p. That is, for any x € Q, 0 <x < p implies either

x =0 or x = p. Dually we have the concept of a dual atom.

Definition 1.1.16. [/9] A poset Q with O is called atomic poset if every non-zero element
of Q contains or dominates an atom. That is, for every 0 # x € Q, there exists an atom

p € Q such that p < x. Dually we have the concept of dually atomic poset.

1.2 Ideals and Filters

In this section, we recall definitions of ideals and filters of a poset which are introduced
by different scholars. The definitions of ideals and filters of a poset that we consider in

this section are generalizations of the notions of ideals and filters of a lattice.

Definition 1.2.1. (i) [/4] A subset I of a poset Q is called a closed or a normal ideal of
Q, if 1" C I (or equivalently, I'' =1, as I C I'!).
Dually, a subset F of a poset Q is called a closed or normal filter of Q, if F™ C F (or

equivalently, F'* = F, as F C F™).
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(ii)[25] A subset I of a poset Q is called a Frink ideal in Q if A" C I, whenever A is a
finite subset of I.

Dually, a subset F of a poset Q is called a Frink filter in Q if A C F, whenever A is
a finite subset of F'.

(iii) [52] A non-empty subset I of a poset Q is called a semi-ideal or an order ideal of
Q,ifa<bandbcIimpliesac I

Dually, a non-empty subset F of a poset Q is called a semi-filter or an order filter of
Q,ifa<bandac F impliesb € F.

(iv) [51] A subset I of a poset Q is called a V-ideal or an ideal in the sense of Venkatan-
narasimhan, if I is a semi-ideal and for any non-empty finite subset A of I , if SupA exists,
then supA € I.

Dually, a subset F of a poset Q is called a V-filter or a filter in the sense of Venkatan-
narasimhan, if F is a semi-filter and for any non-empty finite subset A of F , if infA exists,
then infA € F.

(v) [28] A subset I of a poset Q is called an ideal in Q in the sense of Halas, if
(a,b)"" C I whenever a,b € I.

Dually, a subset F of a poset Q is called a filter in Q in the sense of Halas, if (a,b)" C
F, whenever a,b € F.

(vi) [27] If Q is a lattice, then a non-empty subset I of Q is an ideal in Q if I is an
order-ideal and x\/'y € I whenever x,y € I.

Dually If Q is a lattice, then a non-empty subset F of Q is a filter in Q if F is an

order-filter and x \'y € F whenever x,y € F.

The following definitions of ideal and filter of a poset was sugested by M. Erne in

1979 [23].

Definition 1.2.2. Let Q be a poset and m denote any cardinal number. Then a subset I of
a poset Q is called an m-ideal in Q, if for any subset A of I of cardinality strictly less than

m, written as A C,, I, we have A% C .
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Dually a subset F of a poset Q is called an m-filter in Q, if for any subset A of F of

cardinality strictly less than m, written as A C,, F, we have Alv C F.

All the ideals and filters of a poset, suggested by different authors, can be deduced

from m-ideals and filters of a poset as given in the following remark.
Remark 1.2.1 ([24]). The following special cases are included in this general definition:

1. 2-ideals are semi-ideals containing Q'. Dually 2-filters are semi-filters containing
Q.

2. 3-ideals are ideals in the sense of Halas containing Q'. Dually 3-filters are filters

in the sense of Halas containing Q".

3. w-ideals are Frink ideals containing Q' where o is the least infinite cardinal num-

ber. Dually w-filters are Frink filters containing Q".

Note that the symbol @ for which A Cg I means that A is a finite subset of I.

4. Q-ideals are closed ideals containing Q', where the symbol Q for which A Cq I
shall mean that A is merely a subset of 1. That is, if I has cardinality K then
may be interpreted as a cardinal strictly greater than K. Dually Q-filters are closed

filters containing Q“..

5. V-ideals are 2-ideals which are closed under non-empty finite supremum if it exists
and containing Q'. Dually V-filters are 2-filters which are closed under non-empty

finite infimum if it exists and containing Q".

Definition 1.2.3. Let A be any subset of a poset Q. Then the smallest ideal containing
A is called an ideal generated by A and is denoted by (A]. Dually, the smallest filter
containing A is called a filter generated by A and is denoted by [A). The ideal generated
by a singleton set A = {a} is called principal ideal and is denoted by (a]. Dually, the filter

generated by a singleton set A = {a} is called principal filter and is denoted by |a).
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Note that for any subset A of Q if supA exists then A“ = (supA] and dually, if infA

exists then A™ = [infA).

The followings are some characterizations of ideals generated by a subset A of a poset

Q. We write F CC A to mean F is a finite subset of A.

1. (A]c; =U{B" : B C A} is the closed ideal or normal ideal generated by A where the
union is taken overall subsets B of A. Dually, [A)¢; = U{B™ : B C A} is a closed or

normal filter generated by A.

2. (Alp, = U{F“ : F CC A} is the Frink ideal generated by A, where the union is
taken overall finite subsets F of A. Dually, [A)r, = J{F™ : F cC A} is the Frink

filter generated by A. [22]

3. Define sets C; = J{(a,b)" : a,b € A} and C, = U{(a,b)* : a,b € C,_1} for each
positive integer n > 2, inductively. Then (A]g, = U{C, : n € N} is the ideal gener-
ated by A in the sense of Halas, where N denotes the set of positive integers. Dually,
define sets By = U{(a,b)"" : a,b € A} and B, = U{(a,b)"" : a,b € B,_1} for each
positive integer n > 2, inductively. Then [A)y, = [J{By : n € N} is the filter gener-

ated by A in the sense of Halas, where N denotes the set of positive integers.[29]

4. (Alse = U{d' : a € A} is the semi- ideal generated by A, where the union is taken
overall elements a of A. Dually, [A)s, = J{a" : a € A} is the semi- filter generated

by A.

5. Definesets C! = {xc Q:x<\/F,0#F CCAand \/F exists }and C" = {x € Q:
x<VF,0+#F ccC" ! and \/F exists } for each positive integer n > 2, induc-
tively. Then (A]y = U{C" : n € N} is the V-ideal generated by A, where N denotes
the set of positive integers. Dually, define sets B' = {x€Q: NF<x,0#F CC

Aand \F exists }and B" = {xc Q: A\F <x, 0#F CC B" ! and A\ F exists } for
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each positive integer n > 2, inductively. Then [A)y = [J{B" : n € N} is the V-filter

generated by A , where N denotes the set of positive integers. [44]

Note that if the formula defining a set involves joins (respectively, meets) , it is
understood that the formula holds for all existing joins (respectively, meets), so
that the running variables take all the values for which the corresponding joins

(respectively, meets) exist.

6. If a € Q, then (a] = {x € Q:x < a} =d is the principal ideal generated by a.

Dually, [a) = {x € Q: a < x} = d" is the principal filter generated by a.

7. If Q is a lattice, then (A] = {x € Q:x <supF, F CC A} is the ideal generated by
A in the lattice Q. Dually, [A) = {x € Q:infF <x, F CC A} is the filter generated
by A in the lattice Q. [27]

Throughout this thesis, an ideal (respectively, a filter) will mean a 3-ideal, i.e., an ideal

in the sense of Hala§ (respectively, a 3-filter, i.e., a filter in the sense of Halas ) unless

otherwise stated.
Remark 1.2.2. The following remarks are due to Halas and Rachunek [30].

1. if Q is a lattice then a non-empty subset I of Q is an ideal as a poset if and only if it

is an ideal as a lattice.

2. if a poset Q does not have the least element then the empty subset 0 is an ideal in Q
(since 0" = (0")) = Q' =0 C 0).
Let .#(Q) denote the set of all ideals of Q. It is known that (.#(Q),C) forms a
complete lattice with respect to the inclusion order "C" with least element @ if Q has no 0
or {0} if Q has 0 in which meets coincide with set intersection[30].

We call a poset Q an ideal-distributive if (.#(Q), Q) is a distributive lattice.

Lemma 1.2.1 ([29]). Let .#(Q) be the set of all ideals of a poset Q. Then (.Z(Q),C)
is a lattice, where C is the usual set inclusion ordering. For any 1,J in . (Q), the the

supremum I\ J of I and J in . (Q) is:
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IVJI=(1UJ]=U{C,:neN}

where C1 = J{(a,b)" : a,b € IUJ} and C, = U{(a,b)* : a,b € C,_1}, for each positive

integer n > 2 and the infimum I NJ of [ and J in .7 (Q) is:
INT=1INJ.
Dually we have the following lemma.

Lemma 1.2.2. Let .7 (Q) be the set of all filters of a poset Q and F,G € .F (Q). Then the
supremum FN G of F and G in F(Q) is:

FVG=[FUG)=U{B,:neN},

where By =J{(a,b)" : a,b € FUG} and B, = J{(a,b)" : a,b € B,_}, for each positive

integer n > 2 and the infimum F A G of I and J in F(Q) is:
FANG=FNG.
Definition 1.2.4 ([28]). An ideal I of a poset Q is called a u-ideal, if:
(a,b)*NI#0, forall a,b € I.

Note that an easy induction shows [ is a u-ideal, if A“ N1 # @, for any finite subset A

of 1.

Theorem 1.2.3 ([28]). Let .#(Q) be the set of all ideals of Q and I and J be u-ideals of a

poset Q. Then the supremum I[N J of I and J in .7 (Q) is:
IV =U{(a,b)" :acl,becl}.

It is known that every ideal in join-semi-lattice Q is a u- ideal. Therefore the following

corollary is an easy consequence of the above theorem.

Corollary 1.2.4. Let I and J be u- ideals of a join-semi-lattice Q. Then the supremum

IVJ ofland J in 7 (Q) is given by:
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IVI={x€Q:x<aVb forsomeaclandbecJ}
Dually we have the following
Definition 1.2.5. [28] A filter F of a poset Q is called an l-filter if:
(x,y)'NF #0 forall x,y € F.

Note that an easy induction shows that F is an [-filter if B N F # 0 for every non-empty

finite subset B of F.

Theorem 1.2.5. [28] Let .7 (Q) be the set of filters of a poset Q and F and G be -filters

of Q. Then the supremum F\ G of F and G in .7 (Q) is:
FVG=U{(a,b)":acF,bcG)}.

It is known that every filter in a meet-semi-lattice Q is an [- filter. Therefore the

following corollary is an easy consequence of the above theorem.

Corollary 1.2.6. Let F and G be - filters of a meet-semi-lattice Q. Then the supremum

FVGof F and G in F(Q) is given by:

FVG={xeQ:aNb<x forsomea€ F and b € G}

1.3 L-Fuzzy Subsets

In this section we collect some basic concepts and properties of L-fuzzy subset from a
literature. The purpose of this section is to present basic results of L-fuzzy subsets of a
non-empty set that are needed in the remainder of the thesis.

L. A Zadeh, in his pioneering paper [54], introduced the notion of a fuzzy subset
of a non-empty set X as a function from X into the unit interval [0, 1] to describe,study
and formulate mathematically those objects which are not well defined. Those objects
whose boundaries are not well defined are called " fuzzy objects" Fuzzy objects are often

n

encountered in real life. For example: " the class of cleaver students " in the set of
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students, " the class of beautiful girls " in the set of girls, " the class of real numbers
which are much greater than 1 " in the set of real numbers, and so on. All these do not
constitute sets in the usual mathematical sense. Instead we call them fuzzy sets.

Fuzzy statements usually take truth values in the interval [0, 1] of real numbers, while
the ordinary (or conventional or crisp) statements take truth values in the two element set
{F,T} or {0,1}, where F or O stands for ‘false’ and T or 1 stands for ‘True’. However,
[0,1] is found to be insufficient to have the truth values of certain fuzzy statements.

It was Goguen[26] who first realized that the closed unit interval [0, 1] of real numbers
is not sufficient to have the truth values of general fuzzy statements. For example, let us
consider the statement ‘Bahir Dar University is a good university in Ethiopia’. This is a
fuzzy statement, since ‘being good’ is fuzzy. The truth value of this statement may not
be a real number in [0, 1]. Being good university may have several components; good in
teaching-learning process, good in research activity, good in community service, good in
educational facilities, good in laboratory facilities, etc. The truth value corresponding to
each component may be a real number in [0,1]. If n is the number of such components
under consideration, then the truth value of the statement ‘Bahir Dar University is a good
university’ is a n-tuple of real numbers in [0, 1]; that is, it is an element in [0, 1]". If U is
the set of all universities in Ethiopia and G denotes the collection of good universities in
Ethiopia, then G is not a subset of U, but it is a fuzzy subset of U, since being good is
fuzzy. That is, G can be considered as a function of U into a prospective set like [0, 1]",
for some positive integer n.

It is well known that the interval [0,1] of real numbers is a chain under the usual
ordering of real numbers; while [0, 1]", when n > 1, is not a chain under the co-ordinate
wise ordering. However, [0, 1]" satisfies certain rich lattice theoretic properties; it is a
complete lattice satisfying the infinite meet distributive law. For this reason, K. L. N.
Swamy and U. M. Swamy [47] initiated that complete lattices satisfying the infinite meet
distributivity are the most suitable candidates to take the truth values of general fuzzy

statements. In this section we introduce the notion of an L-fuzzy subset of a set X , where
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L is a given complete lattice satisfying the infinite meet distributive law.

Definition 1.3.1. A complete lattice (L, <) is said to be satisfy the infinite meet distributive

law if foranya € Land S C L,
aAsupS=sup{aAx:xeS}.

Definition 1.3.2 ([26]). Let X be a non-empty set and let L be a complete lattice satisfying

the infinite meet distributive law. An L-fuzzy subset U of X is a mapping from X into L.

The set of all L-fuzzy subsets of X is is denoted by LX.

Note that if L is a unit interval of real numbers, then u is the usual fuzzy subset of X
originally introduced by L. Zadeh [54].
For any « in L, the constant L-fuzzy subset of Q which maps all elements of Q onto

« is denoted by «.

Definition 1.3.3. Ler u be an L-fuzzy subset of a non-empty set X. Then the set {{(x) :

x € X} is called the image of |, and is denoted by Im(l).

Definition 1.3.4. An L- fuzzy subset [l of a non-empty set X is said to have the sup-
property if for every non-empty subset A of X, the supremum of {L(x) : x € A} is attained

at a point of A. That is, there exists an x, € A such that U (x,) = sup{u(x) : x € A}.

Definition 1.3.5 ([39]). Let u and ¢ be L-fuzzy subsets of a non-empty set X. The union
of L-fuzzy subsets L and & of X, denoted by WU o, is an L-fuzzy subset of X defined by:
forallxe X :
(HUOo)(x) = p(x)Vo(x)
and the intersection of L-fuzzy subsets W and o of X, denoted by L N o, is a fuzzy

subset of X defined by: forall x € X,

(kNo)(x) = plx) Ao(x).

More generally, the union and intersection of any non-empty family {u;}ica of L-

fuzzy subsets of X, denoted by (J;ca i and (;c Ui respectively, are defined by:
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(Uica Mi) (x) = supje ti(x) and (Mjep i) (x) = infiea pi(x),
for all x € X, respectively.

Definition 1.3.6 ([26]). For any L-fuzzy subsets | and © in L*, define a binary relation
» C” on LX by:

i C o if and only if u(x) < o(x), forall x € X

It can be easily verified that C is a partial order on the set LX of L- fuzzy subsets of X.
The partial ordering ” C  is called the point wise ordering or inclusion ordering of fuzzy

subsets.

Theorem 1.3.1. [39] Let X be a non-empty set and L be a complete lattice satisfying
the infinite meet distributivity. Then (LX,C) forms a complete lattice, in which, for any
{Ui}iea C LK,

supjep Mi = Ujea Wi and infiep i = e Mi

where ” C 7 is the point wise ordering given in Definition 1.3.6 above.

Definition 1.3.7 ([46]). Let i be an L-fuzzy subset of X. Then for each o € L, the set

Uo = {x: u(x) > a} is called the level subset of L at o or the o.-level subset of L.

Lemma 1.3.2. Let X be a non-empty set and L be a complete lattice satisfying the infinite

meet distributivity. Let j.c € LX. Then
1. o, € Land o0 < B imply pg 2 Ug;
2. uCoe Uy CogforallacL;
3. U=0 & Ug =0Og forall o € L.

The following theorems show some basic properties of level subsets of L- fuzzy sub-

sets of a nonempty set X.

Theorem 1.3.3. Suppose that {u;}icn € LX. Then for any o € L,
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1. (Uieati)a 2 Uica(Mi) as

2. (NicaMi)a = Nieati)a
Moreover, when L is a finite chain, we have equality in (1).

Theorem 1.3.4. Let i € LY and {®;}ica be a non-empty subset of L such that B = \;cp 04

and 00 = \/;cp 0. Then
1 g 2 Uiea Moy

2. po = iea Moy

Lemma 1.3.5 ([36]). Let i be an L- fuzzy subset of a nonempty set X. Then u(x) =

sup{a@ € L:x € Uy}, forall x € X.

Definition 1.3.8 ([50]). For each x in X and 0 # « in L, we define xq € LX as follow:

a ify=x
Xa ()’) =
0 otherwise

foreachy € X and we call it an L-fuzzy point of X.

An L- fuzzy point x4 of X is said to be belongs to an L- fuzzy subset i of X, written
as xq € U, if & < u(x). Evidently, every L-fuzzy subset 1 can be expressed as the union
of all the L-fuzzy points of a non-empty set X which belongs to u

For any non-empty set X and for any element & € L we write & to denote the constant
map of X into L which maps every element of X onto . In particular 0 is called the zero

map of X into L and observe that 0 C p for any u € LX.

Definition 1.3.9. [46] An L-fuzzy subset | of a lattice X with O is said to be an L -fuzzy
ideal of X, if 1(0) =1 and u(avb) = p(a) A u(b) forall a,b € X.

Dually, an L-fuzzy subset U of a lattice X with 1 is said to be an L -fuzzy filter of X, if
u(l)=1and u(anb) = u(a) \u(b) forall a,b € X.
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Chapter 2

L-Fuzzy Ideals

In this chapter we introduce several generalizations of L-fuzzy ideals of a lattice to an
arbitrary poset whose truth values are in a complete lattice satisfying the infinite meet
distributive law and give several characterizations of them. The different types of L-fuzzy
ideals of a poset that we introduce in this chapter are generalizations of the notions of
L-fuzzy ideals of a lattice. We also prove that the set of all each types of L-fuzzy ideals
of a poset forms a complete lattice with respect to point-wise ordering. Throughout this
work L stands for a non-trivial complete lattice satisfying the infinite meet distributive law

and throughout this chapter Q stands for a poset (Q, <) with 0 unless otherwise stated.

2.1 L-Fuzzy Closed Ideals

In this section, we introduce the fuzzy version of the closed or normal ideal of a poset
introduced by Birkoff[14]. We also prove and characterize certain properties of L-fuzzy
closed ideals of a poset. In particular, we prove that the set of all L-fuzzy closed ideals of

a poset form a complete lattice. We shall begin with its definition.

Definition 2.1.1. An L- fuzzy subset L of a poset Q is called an L- fuzzy closed ideal of
Q, if it satisfies the following conditions:

(i) u(0) =1,

(ii) for any subset A of Q, u(x) > inf{u(a) :a € A} Vx € A¥.
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First of all, note that any L-fuzzy closed ideal i of a poset Q is not the constant map
0. We prove the following lemma, which facilitates to identify any (crisp) closed ideal of

QO with an L- fuzzy closed ideal of Q.

Lemma 2.1.1. A subset I of Q is a closed ideal if and only if its characteristic map X is

an L-fuzzy closed ideal of Q.

Proof. Suppose I is a closed ideal of Q. Recall that the characteristic map y; of I from Q

into L is an L-fuzzy subset of Q given by:

1 ifxel
X1(x) =

0 otherwise

for each x € Q. Note that y; # 0 if and only if I # 0.
Since @ C I, we have {0} = 0 = Q! C I and so x1(0) = 1. Again let A C Q and

x € A", Thenif A C I, we have inf{y;(a) :a € A} =1 and x € A¥ C [*/ =]. Thus

xi(x) =1=inf{)s(a) :a € A}.
Again if A ¢ 1, then it is clear that inf{);(a) : a € A} = 0 and so

x1(x) > 0=inf{y;(a) :a € A}.
Hence for any A C Q, we have

x1(x) > inf{y;(a) : a € A}, for all x € A,

Therefore )7 is an L-fuzzy closed ideal of Q.
Conversely, suppose that y; is an L- fuzzy closed ideal. Since y;(0) = 1, we have

0cl,ie., Q' ={0} CI Letxc I'!. Then, by hypothesis, we have
x1(x) >inf{)s(a) :a €1} =1andso y(x) =1

and this implies that x € I. Therefore I/ C I and so I is a closed ideal of Q. 0
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Note that, for any / C Q and o € L , the a—level subset of the characteristic map
xr1:Q— Loflis Qif a =0and/if o # 0. Since Q is always a closed ideal of Q, it
follows from the above theorem that ); is an L- fuzzy closed ideal of Q if and only if the
a—level subset of x; a closed ideal of Q for each & € L.

The following lemma is a generalization of the above Lemma 2.1.1, which character-

ize any L- fuzzy closed ideal of Q in terms of its level subsets.

Lemma 2.1.2. An L- fuzzy subset | of a poset Q is an L- fuzzy closed ideal of Q if and

only if the a—level subset Ly, of U is a closed ideal of Q, for all o € L.

Proof. Let 1 be an L- fuzzy closed ideal of a poset Q and @ € L. Then u(0) =1 > «.
Thus 0 € g, ie., Q' = {0} C ug. Again let x € (ug)*. Then

p(x) > inf{p(a) 1a € po} > a.
This implies that x € ty. Therefore (tg)" C pg. SO U is a closed ideal of Q.
Conversely, suppose that Ly is a closed ideal of Q for all o € L. In particular, t; is
a closed ideal. Since {0} = Q' C uy, we have 0 € ;. and hence u(0) = 1. Again let A
be any subset of Q and put @ = inf{(a) :a € A}. Then p(a) > o, Va € A. Thus A C g

and so we have AY C u* = u,. Therefore
p(x) > a=inf{u(a):a € A} for all x € A,
Hence u is an L-fuzzy closed ideal of Q. ]

Corollary 2.1.3. Let 1 be an L-fuzzy closed ideal of a poset Q. Then | is anti-tone in the

sense that pL(x) > w(y), whenever x < y.

Proof. Let u be an L-fuzzy closed ideal of a poset Q. Let x,y € Q such that x < y.
Put u(y) = a. Then y € uq. Since Uy is a closed ideal of Q and y € ugy, we have
Vo= {1 C (Ug)" = pg. Thusx <y = x €y = x € tig. So (x) > a = pu(y). Therefore

U is anti-tone. [
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Example 2.1.4. Consider the poset ([0,1],<) of closed interval |0, 1] in the real number
system with the usual order "<". Let L= {0, 0,1} where 1 > o > 0. Let u € LI01] defined
by:

;

1 ifxel0,3]

) =9 a ifxel0,4]-10,1]

0 if otherwise
forall x € [0,1].

Then, since py = [0,1], g = [0,3], and py = [0, 3] are all closed ideals of the poset
([0,1],<), by Lemma 2.1.2, we have W is an L-fuzzy closed ideal of the poset ([0,1],<).

Theorem 2.1.5. Let x € Q and o € L. Define an L- fuzzy subset o, of Q by:

1 ifye (4

o ify¢(x],

o(y) =

forall y € Q. Then o is an L-fuzzy closed ideal of Q.

Proof. Since 0 € (x], we clearly have o, (0) = 1. Let A C Q and y € A“. If A C (x], then
y € A C (x]“ = xM = x! = (x]. So a(y) =1 and a,(a) = 1 for all a € A. Therefore
ax(y) =1 =inf{ox(a) : a € A}. If A € (x], then there exists ap € A such that ag ¢ (x].
This implies that inf{(a) :a € A} = a. Thus a,(y) > oo =inf{(a) : a € A}. So in either

cases, we have
o (y) > inf{p(a) 1 a € A}, forall y € A,
Hence . is an L-fuzzy closed ideal of Q. ]

Definition 2.1.2. The L-fuzzy closed ideal o, of Q defined above is called the o-level

principal L-fuzzy closed ideal corresponding to x.

Lemma 2.1.6. The intersection of any family of L- fuzzy closed ideals of a poset Q is an

L-fuzzy closed ideal of Q.
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Proof. Let {y; : i € A} be any L-fuzzy closed ideal of Q. Now we claim that (;ca M
is an L-fuzzy closed ideal of Q. If A =0, then it is clear that, ();cp Wi = 1, which is an
L-fuzzy closed ideal of Q. Assume that A # 0. Since y;(0) = 1, for all i € A, we have

Nica ti(0) = inf{w;(0) : i € A} = 1. Againlet A C Q and x € A*/. Then

(M) = inflpx):i€ A}

i€A
> inf{inf{y;(a) :a €A} :ic A}
= inf{inf{;(a):i €A} :a €A}

= inf{(ﬂ Wwi)(a):acA}

icA
Therefore ();ca Wi 1s an L-fuzzy closed ideal of Q. [l

Definition 2.1.3. Let 1 be an L- fuzzy subset of a poset Q. Then the smallest L- fuzzy
closed ideal of Q containing W is called an L- fuzzy closed ideal generated by W and is

denoted by (U]c-

Theorem 2.1.7. Let %€ .7 (Q) be the set of all L-fuzzy closed ideals of a poset Q and L
be an L fuzzy subset of Q. Then (U]c; =({0 € F€7(Q): uC6}.

Proof. PutX ={6 € ¢ .7(Q) : u C 0}. Then, by Lemma 2.1.6, (Ngcx 0 is an L-fuzzy
closed ideal of Q and it is clear that it C (gcx 0. Let o be any L-fuzzy closed ideal of Q
such that u C o. This implies that o € X and hence (gcx 6 C ©.

This shows that (gcx 0 is the smallest L-fuzzy closed ideal of Q containing tt. There-

fore (U]lc;=N{0 € F€7(Q): uC 6} O

Theorem 2.1.8. Let (A]¢; be a closed ideal generated by subset A of Q and X be its
characteristics function. Then Y1, = (xalci, that is, the L- fuzzy closed ideal generated

by x4 is the characteristic map of the closed ideal generated by A.

Proof. Now we prove ¥4, that it is the smallest L-fuzzy closed ideal of Q containing ¥4.

Since (A]¢y is a closed ideal of Q, by Lemma 2.1.1, we have X(Ale, 1s an L-fuzzy closed
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ideal. Again since A C (A]cy, we have xa C X(4],-
Let u be any L-fuzzy closed ideal of Q such that x4 C p. Then p(a) =1, for all a € A.

Now we claim that x4, € 4. Letx € Q. If x ¢ (A]c;, then
X(A)e(X) =0 < p(x).
If x € (A]¢y, then x € B*, for some subset B of A. and hence
(Al (x) =1 =inf{x4(b) : b € B} <inf{u(b) : b € B} < u(x).
So that x4, (x) < u(x), for all x € Q. Therefore x4, = (Xalci- O

The following theorem is also another characterization of L-fuzzy closed ideal of a

poset Q .

Theorem 2.1.9. An L-fuzzy subset L of a poset Q is an L-fuzzy closed ideal if and only if
for any subset A of Q,

w(x) > inf{u(a):a € A}, for all x € (A]¢y.

Proof. Suppose that u is an L-fuzzy closed ideal of Q. Let A C Q and x € (A]¢;. Then
x € B* for some B C A. Then, since U is an L-fuzzy closed ideal of Q, we clearly have
w(x) > inf{u(b): b € B}
and since B C A, we have
inf{u(b) : b€ B} > inf{u(a) :acA}.
This implies that, for any subset A of Q, we have
t(x) >inf{p(a):a € A} for all x € (A]¢y.

Conversely suppose that p1 satisfies the given condition. Let A C Q and x € A“.. Then,

since A C (A]¢;, by hypothesis, we have
p(x) > inf{u(a):a € A} for all x € A“,

In particular, if A = 0@, then ,by hypothesis, we have
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p(x) > inf{u(a) : a € 0}, for all x € (0)¢;.

But since inf{u(a):a € 0} =1 and (0]¢; = {0}, we clearly have u(0) = 1.

Therefore u is an L-fuzzy closed ideal of Q. ]

The following theorem characterizes any L-fuzzy closed ideal of Q generated by an

L-fuzzy subset of Q in terms of closed ideals generated by its level subsets.
Theorem 2.1.10. Let 1 be an L-fuzzy subset of Q. Then the L-fuzzy subset
[ of Q defined by:

f(x) =sup{ax € L:x € (Ug|c1}, forallx € Q
is an L- fuzzy closed ideal of Q generated by L.

Proof. We show that [l is the smallest L- fuzzy closed ideal containing u.

Let x € Q. Then since Uy C (Ue]cs, We have

n(x)=sup{aeL:x ey} <sup{a €L:x€ (Uglc;} = A(x).

Therefore u C fi.

Again since 0 € Q' C (Ug]cy, for all o € L and in particular O € (p]¢;, we have

f1(0) =sup{a €L:0€ (Ug]cr} > 1,

and so f1(0) = 1. Again let A be any subset of Q and x € A“. Now, if A = 0, then it is
clear that A = {0} and inf{{1(a) : a € A} = 1. Thus we have

inf{fi(a):acA}=1=[(0) = a(x).

Again let A # @ Then we have

inf{fi(a):ac A} = inf{sup{a,:a€ (Uo]ci}:acA}

— sup{inf{aa ta € A} jae (Iioca]Cl}

Put A =inf{o, : a € A}. Then A < @ for all a € A. This implies that (g, ]c; € (U]

for all @ € A. Therefore A C (i ]c; and so x € A C ((uy]cn)™ = (1, )i
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Hence

inf{fi(a):a€A} = sup{inf{o,:acA}:ac (Uglci}
< sup{d € L:x € (Hp]er}

= A(x).

Therefore I is an L-fuzzy closed ideal of Q.
Again let 0 be any L-fuzzy closed ideal of Q such that u C 6. Then py C 6. for any

a € L. This implies that
(Malcr € (Balcr = Oq for any a € L.
So for any x € O, we have
fi(x)=sup{aeL:xe (Ug]c;} <sup{a € L:x€ OBy} =0(x).
Hence fI C 0. Therefore I = (i]¢;. O

In the following we give an algebraic characterization of L-fuzzy closed ideal gener-

ated by an L-fuzzy subset of Q.

Theorem 2.1.11. Let i be an L- fuzzy subset of Q. Then the fuzzy subset [l defined by

1 ifx=0

sup{inf,cq i(a) :A C Qand x € A} ifx#0

is an L-fuzzy closed ideal of Q generated by L.

Proof. 1t is enough to show that fi; = fi, where [1 is the L- fuzzy closed ideal given in
the Theorem 2.1.10 above. Let x € Q. If x =0, then fi(x) = 1 = fi(x).
Let x # 0. Put

Ay = {infyeati(a):AC Qand x € A} and B, = {0 : x € (Ua]c1}-
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Now we claim that supA, = supB,. Let o € A,. Then a = inf,c4 t(a), for some subset A
of Q such that x € A“. This implies that & < p(a), for alla € A. Thus A C g C (Ue]cr-
Since (Uq]c; is a closed ideal, we have x € A C ((ug]cr)" € (Ualcr- So x € (Uacr ie.,
o € B,. Hence A, C B,. Therefore supA, < supBy.

Again let & € By. Then x € (Ug]c. Since (Ug]cr = U{A" : A C pg}, we have x € A,
for some subset A of py. This implies that p(a) > o, for all a € A. Thus inf{u(a) :a €
A} > o. Put B =inf{u(a):a € A}. Then B € A,. Thus for each o € By, we get € A,
such that & < . So supA, > sup By. Hence supA, = supB,.

Therefore i, = fl = (U] O

Theorem 2.1.11 yields the following.

Theorem 2.1.12. The set 7€ .7 (Q) of all L-fuzzy closed ideals of Q forms a complete
lattice, in which the supremum sup;call; and the inifimum infcp W; of any family {W; : i €
A} of L-fuzzy closed ideals of Q respectively are given by:

supicati = (Ujea i) c; where (Uiea Wi) ¢y is given by:

1 ifx=0
(Uw) =
€A ¢l sup{infuea (Uica tti)(a) :AC Qand x € A"} if x#0

for all x € Q and inficp i = (;cp Hi» Where (i Wi is given by:

(QAN:')(X) = inf ;(x) for all x € Q.

Corollary 2.1.13. For any 1 and 0 in € .9 (Q), the supremum [\ 6 and the infimum

1A O of uand 6 ,respectively are: Vv 60 = (LU 0); where (LU 0); is given by:

1 ifx=0
(LU0)ci(x) = :
sup{inf,ca(uUB)(a) :AC Qand x € A"} ifx#0
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forallx e Q. and u NO = uN0O, where LN O is given by:

(LN B)(x) =pu(x)A6(x) for allx € Q.

2.2 L-Fuzzy Frink Ideals

In this section we introduce the fuzzy version of the ideals of a poset introduced by O.

Frink [25].

Definition 2.2.1. An L- fuzzy subset 1L of Q is called an L- fuzzy Firink ideal, if it satisfies

the following conditions:

(i) u(0) =1,
(ii) for any finite subset F of Q, (x) > inf{u(a):a € F} ¥x € F*,

The following lemma characterizes any L- fuzzy Frink ideal of Q in terms of its level

subset whose proof is similar to the proof of Lemma 2.1.2.

Lemma 2.2.1. An L- fuzzy subset W of Q is an L- fuzzy Frink ideal of Q if and only if Ugy

is a Frink ideal of Q, for all o € L.
As the consequence of the above lemma we have the following corollary.

Corollary 2.2.2. A subset I of Q is a Frink ideal of Q if and only if its characteristic map

X1 is an L-fuzzy Frink ideal of Q.

Theorem 2.2.3. Let x € Q and o € L. Define an L- fuzzy subset o of Q by

1 ifye (4]

a ifyé (],

OC)((}’) =

forally € Q. Then oy is an L-fuzzy frink ideal of Q.

Definition 2.2.2. The L-fuzzy Frink ideal o defined in Theorem 2.2.3 above is called the

a-level principal L-fuzzy Frink ideal corresponding to x.
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The following theorem shows that an L- fuzzy Frink ideal of a poset is a natural

generalization of an L- fuzzy ideal of a lattice.

Theorem 2.2.4. Let (Q,<) be a lattice. An L-fuzzy subset 1 of Q is an L- fuzzy Frink

ideal in the poset Q if and only it an L-fuzzy ideal in the lattice Q.

Proof. Let u be an L-fuzzy Frink ideal in the poset Q and a,b € Q. Then, by definition,
©(0) = 1 and since F = {a,b} CC Q and aVVb € F*, we have
p(avb) >inf{u(x):x € F} = u(a) Au(b).
Again since U is anti-tone, we have
u(aVb) < p(a) and p(aVb) < p(b).

So we have u(a) Au(b) < u(aVvb). Therefore u(aVvb) = u(a) A p(b) and hence  is an
L-fuzzy ideal in the lattice Q.

Conversely suppose that u is an L-fuzzy ideal in the lattice Q. Then clearly p(0) = 1.
Againet F CC Q and x € F¥/. Then x is a lower bound of F*. Since supF € F“, we have

x < sup F' and hence we have
w(x) > u(supF) =inf{u(a):a € F}.
Therefore i is an L-fuzzy Frink ideal in the poset Q. [

Lemma 2.2.5. The intersection of any family of L-fuzzy Frink-ideals of a poset Q is an L-

Jfuzzy Frink ideal.

Definition 2.2.3. Let 1 be an L- fuzzy subset of a poset Q. Then the smallest L- fuzzy
Frink ideal of Q containing U is called an L- fuzzy Frink ideal generated by | and is

denoted by (U]F,.

Theorem 2.2.6. Let .7 .F .7 (Q) be the set of all L-fuzzy Frink ideals of a poset Q and |

be an L fuzzy subset of Q. Then (UW|pr=({0 € FF 7(Q): u C 0}
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Theorem 2.2.7. Let (A]p, be a Frink-ideal generated subset A of Q and X be its charac-

teristics functions. Then (Ya)Fr = X(Alp,

Theorem 2.2.8. An L-fuzzy subset | of Q is an L-fuzzy Frink ideal if and only if for any

finite subset F of Q,
u(x) > inf{u(a) :a € F} for all x € (F]F,.

Proof. Suppose that p is an L-fuzzy ideal of Q. Let F CC Q and x € (F]f,. Then x € B

for some B C F. Then, since B CC Q and u is an L-fuzzy Frink ideal of Q, we have
w(x) >inf{u(b): b€ B} >inf{u(a):a € F}.
Thus , for any finite subset F' of Q, we have
(x) > inf{u(a):a € F} for all x € (F|f,.

Conversely suppose that u satisfies the given condition. Now we show that u is an
L-fuzzy Frink ideal. Let F CC Q and x € F*. Since x € F*/ C (F]f,, by hypothesis, we

have
w(x) >inf{u(a):a € F}.
Again since 0 is finite subset of Q, by hypothesis, we have
u(x) >inf{u(a):a € 0}, for all x € (0]F,.

But since inf{u(a):a €0} =1 and (0]r, = {0}, we clearly have (0) = 1. Therefore u
is an L-fuzzy Frink ideal of Q. 0

Now we give a characterization of any L-fuzzy Frink ideal generated by an L-fuzzy

subset of Q in terms of Frink ideals generated by its level subset.
Theorem 2.2.9. For any L-fuzzy subset 1 of Q, define an L-fuzzy subset I of Q by:

fi(x) =sup{a € L:x € (Ug]F,}, forall x € Q.

Then {1 is an L-fuzzy Frink ideal of Q generated by L.
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Proof. We show that fl is the smallest L- fuzzy Frink ideal containing u. Let x € Q.

Then as tg C (Ue]Fr, we have
ux)=sup{ax e L:x€ pug} <sup{a €L:xec (Ug|r}=0(x).

Hence u C fi.

Again since 0 € Q' C (ug|F,, for all & € L and in particular 0 € (u;]r,, we have

f(0) =sup{a € L:0¢€ (Ug]rr} > 1,

and so 1(0) = 1. Again let F CC Q and x € F"/. Then we have

inf{fi(a):ac F} = inf{sup{oy:ac€ (U, |r}:acF}

= sup{inf{aa ac F} rac (N(xa]Fr}

Put A =inf{@,:a € F . This implies that A < a, forall a € F. Therefore (g |rr C (U ]|Fr

foralla € F. Thus F C (i, _|rr and so x € F* C (uy ],. Therefore

inf{fi(a):ac F} = sup{inf{o,:a€F}:ac (Ua,lrr}
< sup{A €L:x€ (W ]r}

~ ).

Therefore fi is an L-fuzzy Frink ideal of Q.
Again let 8 be any L-fuzzy Frink ideal of Q such that 4 C 0. Then g C 6. for any

o € L. This implies that (U] rr C (0g]Fr = Oy for any a € L. So for any x € Q,

fi(x) =sup{ac € L:x € (Ug]rr} <sup{a € L:x € Oy} = 0(x).

Hence I C 6. Therefore I = (U], O

In the following we give an algebraic characterization of L-fuzzy Frink ideals gener-

ated by L-fuzzy subsets. We write ' CC Q to mean that F' a finite subset of Q.
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Theorem 2.2.10. Let i be an L-fuzzy subset of Q. Then the L- fuzzy subset Iy, defined

1 ifx=0
sup{inf,er p(a): F CC Qand x € F¥} if x#0

is an L- fuzzy Frink ideal of Q generated by L.

Proof. Itis enough to show that [f -, = [, where {1 is the L- fuzzy Frink ideal given in the
theorem 2.2.9 above. Let x € Q. If x =0, then fi(x) = 1 = fi(x).
Let x # 0. Put

Ay = {inf,crp(a) : FCC Q and x € F¥} and B, = {a:x € (Ua|F'}-

Now we show supA, = supB,. Let o € A,. Then a = inf,cf i (a), for some finite subset
F of Q such that x € F*/. This implies that o < w(a),foralla € F. Thus F C uy C (Ug]Fr-
Since (U, is a Frink ideal, we have x € F* C (ug|r,. So x € (Ug)Fy i.e., & € By. Hence
A, C B,. Therefore supA, < supB,.

Again let § € B,. Then x € (uglr,. Since (Uglr, = U{F“ : F C U}, we have
x € F* for some finite subset F of pg. This implies that inf{u(a) : a € A} > . Put
o = inf{u(a) : a € F}. Then since x € F*,F cC Q , we have a € A,. Thus for each
B € By, we get a € A, such that @ > 3. So supAy; > supBy. Hence supA, = supB,.

Therefore fiy, = fl = (U]Fy. O
Theorem 2.2.10 yields the following.

Theorem 2.2.11. The set F.% .7 (Q) of all L-fuzzy Frink ideal of Q forms a complete
lattice, in which the supremum sup;call; and the inifimum infcp W; of any family {W; : i €

A} of L-fuzzy Frink ideals of Q are given by:

supjea i = (Uieabi)p,  and  infiea i = MNicp i
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Corollary 2.2.12. For any u and 0 in F.% .7 (Q), the supremum [\ 0 and the infimum

U6 of uand 6, respectively are:

UvVO=(uU6)r and UAO=puno.

2.3 L-Fuzzy Ideals in the Sense of Halas

Now we introduce the fuzzy version ideals of a poset introduced by Hala§ [28] which

seems to be a suitable generalization of the usual concept of L-fuzzy ideal of a lattice.

Definition 2.3.1. An L- fuzzy subset 1 of Q is called an L- fuzzy ideal in the sense of
Halas, if it satisfies the following conditions:

(i) u(0) =1,

(ii) for any a,b € Q, u(x) > u(a) Au(b), for all x € (a,b)™.

The following lemma characterizes any L- fuzzy ideal of a poset in the sense of Halas

in terms of its level-subsets.

Lemma 2.3.1. An L- fuzzy subset |t of Q is an L- fuzzy ideal of Q in the sense of Halas if

and only if Uy is an ideal of Q, for all o € L.

Proof. Let 1 be an L- fuzzy ideal of Q in the sense of Hala$ and o € L. Then since p(0) =
1> o, wehave O € g, ie., Q' = {0} C ug. Leta,b € uy. Thenclearly, u(a) Ap(b) > a.
Let x € (a,b)". Then u(x) > u(a) A u(b) > o. This implies that x € L. Therefore
(a,b)"! C ug. So Ly is an ideal of Q.

Conversely, suppose that i is an ideal of Q, for all & € L. In particular, g, is an ideal
of Q. Since {0} = @' C u;, we have 0 € p; and hence u(0) = 1. Again let a,b € Q. Put
o = p(a) Au(b). This implies that a,b € Uy. Since, by hypothesis, [y is an ideal of
Q we have (a,b)" C L. This implies that u(x) > o = p(a) A u(b) for all x € (a,b)".

Therefore u is an L-fuzzy ideal of Q in the sense of Halas. U
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Corollary 2.3.2. A subset I of Q is an ideal of Q if and only if its characteristic map Xy is

an L-fuzzy ideal of Q in the sense of Halas.

Lemma 2.3.3. If 1 is an L- fuzzy ideal of Q in the sense of Halas, then the following

assertions hold:
1. forany x,y € Q, u(x) > u(y), whenever x <Yy, i.e., U is anti-tone.

2. forany x,y € Q, u(xVy) > pu(x) A u(y), whenever x 'y exists.

The following theorem shows that an L- fuzzy ideal in the sense of Halas of the poset

is a natural generalization of an L- fuzzy ideal of a lattice.

Theorem 2.3.4. Let (Q, <) be a lattice. Then an L-fuzzy subset 1L of Q is an L- fuzzy ideal

in the sense of Halas in the poset Q if and only if it is an L-fuzzy ideal in the lattice Q.

Proof. Let u be an L-fuzzy ideal in the sense of Halas in the poset Q and a,b € Q. Then
u(0) = 1. Since aV b € (a,b)", we have u(aV b) > u(a) A u(b). Since u is anti-
tone, we have u(a) > u(aVvb) and u(b) > u(aVvb). Thus pu(a) Au(b) > u(aVvb). So
p(avb)=pu(a)Au(b). Hence u is an L-fuzzy ideal in the lattice Q.

Conversely, suppose that u is an L-fuzzy ideal in the lattice Q. Let a,b € Q and
x € (a,b)"!. Then x <y, for all y € (a,b)*. Since aV b € (a,b)*, we have x < aV b. Thus

p(x) > u(avb)=pu(a)Au(b). So u is an L-fuzzy ideal in the sense of Halas in the poset
Q. O

Definition 2.3.2. Let i be an L-fuzzy subset of Q. The smallest L- fuzzy ideal in the sense
of Halas of Q containing U is called an L- fuzzy ideal in the sense of Halas generated by

U and is denoted by (U]gq.

Lemma 2.3.5. The intersection of any family of L-fuzzy ideals in the sense of Halas of a

poset Q is an L- fuzzy deal in the sense of Halas.

Theorem 2.3.6. Let 7.7 (Q) be the set of all L-fuzzy ideals in the sense of Halas of a

poset Q and | be an L fuzzy subset of Q. Then (U|pa =({0 € F7(Q):u C 0}
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Theorem 2.3.7. Let (A]p, be an ideal generated by a subset A of Q in the sense of Halas

and xa be characteristics functions of A. Then (Xa] = X(a},-

Proof. Since (A, is an ideal of Q, by Corollary 2.3.2, we have X(Aly, 18 an L-fuzzy ideal
in the sense of Halas. Again since A C (A]p,, we have x4 C X(Alp.- Let 1 be any L-fuzzy
ideal of Q in the sense of Halas such that 4 C u. Now we claim x4}, € . Letx € Q.
If x & (A]Ha, then x4, (x) =0 < pu(x). Let x € (A]nq- Since xa C p, we have A C ;.
This implies that (A]gs € (U1]ge = W1- Thus x € y; and hence p(x) = 1. Therefore

X(Alga(X) = 1= p(x). So that x(4),,, (x) < u(x), for all x € Q. Hence the claim holds. [

The following result is another characterization of an L-fuzzy ideal in the sense of

Halas.

Theorem 2.3.8. An L-fuzzy subset | of Q is an L-fuzzy ideal in the sense of Halas if and

only if forany F CC Q,

1(x) = Naer t(a) forall x € (Fla.

Proof. Suppose that u is an L-fuzzy ideal in the sense of Halas of Q. Let FF CC Q and
put o = inf{(a) :a € F}. Then pu(a) > o for all @ € F and hence F C . Clearly, by
Lemma 2.3.1, Uy is an ideal. Therefore (F]g, C Ug and hence p(x) > o = A cp U(a)
for all x € (F|uq.

Conversely suppose that u satisfies the given condition. Now since 0 is finite and
(0]gq = {0} we have

1(0) > inf{u(a):a € 0} =1 and hence u(0) = 1.

Let a,b € Q such that x € (a,b)". Put F = {a,b}. Then it is clear that x € (a,b)" C C; C

(FHq- Thus, by hypothesis, we have

u(@) > inf{u(y) :y € F} = u(a) Ap(b).

Therefore u is an L-fuzzy ideal in the sense of Halas of Q. 0
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In the rest of this dissertation, by an L- fuzzy ideal of a poset will mean an L-fuzzy
ideal in the sense of Halas.
Now we give a characterization of any L-fuzzy ideal generated by an L-fuzzy subset

of Q in terms of ideals generated by its level subset.

Theorem 2.3.9. For any L-fuzzy subset 1 of Q, define an L-fuzzy subset {1 of Q by:
fi(x) =sup{ax € L:x € (UglHa}, forall x € Q.

Then {1 is an L-fuzzy ideal of Q generated by L.

Definition 2.3.3. Let i be an L-fuzzy subset of Q and N be a set of positive integers.

Define L-fuzzy subsets C“,Cg, - ,Cl - of O, inductively, as follow: for each x € Q,
CH(x) = sup{p(a) A (b)  x € (a,b)"}
and for eachn € N— {1},
Ch (x) = sup{C:" (@) AC! (D) : x € (a,b)"'}.
Lemma 2.3.10. The set {Cly : n € N} forms a chain and Cl is antitone for each n € N.

Proof. Letx € Q and n € N. Then

C'u

ni1(X) = sup{Cy(a)AC} (D) :x € (a,b)"'}

> CH(x) ACH(x) (since x € x' = (x,x)"))

= CH(x),VxeO.

Thus CY € c*

i 1- foreach n € N. So {Cl' : n € N} is a chain.

Let x,y € QO such that x <y.. Then

Ch(y) = sup{C_ (@) AC),(b) 1y € (a,b)"}

< sup{C!' (@) ACH | (b):x€ (a,b)"}=CH(x)

Thus C is antitone for each n € N., O
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Now we give a characterization of an L-fuzzy ideal generated by an L- fuzzy subset

of a poset Q.

Theorem 2.3.11. The L- fuzzy subset [iy, defined by: for all x € Q,

1 ifx=0

.u'Ha(x) =
sup{Ch (x) :neN} ifx#0

is an L-fuzzy ideal generated by .

Proof. Now we claim that [ty is the smallest L-fuzzy ideal containing tt. Now, for any

x € Q, we have

EHa(x> Z C{l('x)
= sup{p(a) Ap(b) : x € (a,b)"}
> u(x) Ap(x) (since x € (x,x)")

= u(x)

Thus u C [y, By definition of [y, i, (0) = 1. Leta,b € Q and x € (a,b)". Ifa=0
or b = 0. then it is clear that x < a or x < b and since C,’f is antitone for each n € N., we

have iy, (a) Nty (D) <Ty,(x). Leta # 0 and b # 0. Then

(@) AHpa(b) = sup{Cli(a) :n € N} Asup{Cli(b) : m € N}

= sup{CH(a) NCE(D) :n,m € N}

IN

sup{C}' (a) AC} (b) : k € N} where k = max{m,n}

IN

C,tﬂrl(x) (Since x € (a,b)")

IN

sup{C¥(x) : n € N}

EHa(x)

So iy, is an L-fuzzy ideal of Q.
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Again let 6 be any L-fuzzy ideal of Q such that u C 6. Now we show that the state-

ment” CY C @ foralln e N is true. Now for any x € Q, we have

Cl(x) = supfu(a) Au(b) :x € (a,b)"}

< sup{@(a)AO(b):x€ (a,b)"} < O(x).

. This implies that C{L C 6. Hence the statement is true for n = 1. Assume C- C 0 for

some n > 1. Now for any x € O, we have

C‘u

ni1(X) = sup{Cy(a)AC} (D) :x € (a,b)"'}

< sup{0(a)AO(b):x € (a,h)"} < O(x).

Thus C# 1 € 0. Thus, by mathematical induction, we have C# C 0 for all n € N. Let
x € Q. If x=0, then we have 11,(x) =1 = 0(x). Let x # 0. Then

Hia(x) = sup{Cl(x) : n € N} < 0(x)
Hence fiy, C 6. Therefore iy, = (1|Ha- O

Theorem 2.3.11 yields the following.

Theorem 2.3.12. The set 7.7 (Q) of all L-fuzzy ideal of Q forms a complete lattice, in
which the supremum sup;call; and the inifimum inficp W; of any family {W; : i € A} in

F I (Q) respectively are:

supicatti = (Uiea .ui)Ha and infiep i = (jea Mi-

Corollary 2.3.13. For any u and 0 € F .7 (Q) the supremum W\ 0 and the infimum
U N6 of uand 0 respectively are:

UveO=(uuo),, and uAN6=pno.
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Theorem 2.3.14. Let x € Q and o € L. Define an L- fuzzy subset o, of Q by

1 ifye(x]

a ifyé(x,

o (y) =

forally e Q. Then o is an L-fuzzy ideal of Q.

Definition 2.3.4. The L-fuzzy ideal o, defined above is called the o-level principal L-

fuzzy ideal corresponding to x.

Definition 2.3.5. An L-fuzzy ideal 1 of a poset Q is called a u-L-fuzzy ideal, if for any

a,b € Q, there exists x € (a,b)" such that i1(x) = u(a) A u(b).

Note that this property is immediately extends from {a,b} to any finite subset of Q.
That is, if u is a u-L-fuzzy ideal then there exists x € F* such that u(x) = inf{u(a):a €

F).

Lemma 2.3.15. An L- fuzzy ideal 1 of Q is a u-L-fuzzy ideal of Q if and only if [y is a
u-ideal of Q, for all o € L.

Proof. Suppose that 1 is a u-L-fuzzy ideal and o € L. Since U is an L- fuzzy ideal, yg, is
an ideal. Let a,b € lgy. Then p(a) A u(b) > a. Since U is a u- L- fuzzy ideal, there exists
x € (a,b)" such that u(x) = u(a) Au(b). So u(x) > a. Hence x € tg N (a,b)* and thus
Uo N (a,b)* # 0. Therefore wy is a u- ideal of Q.

Conversely, suppose that uy is a u- ideal of a poset Q, for all o € L. Then u is an
L-fuzzy ideal of Q. Let a,b € Q and put o = p(a) A u(b). Then ug N (a,b)* # 0. Let

X € UgN(a,b)*. Then x € Uy and x € (a,b)". This implies that
ux)>o=pula)Aub) and a <x, b <ux.

Since U is anti-tone, we have u(a) > p(x) and p(b) > p(x). Thus p(a) Au(b) > u(x).
So there exists x € (a,b)" such that u(x) = u(a) A u(b).

Hence u is a u-L-fuzzy ideal of Q. [



42 Chapter 2. L-Fuzzy Ideals

Corollary 2.3.16. Let (Q, <) be a poset with 1 and let x € Q and o. € L. Then the a-level

principal L-fuzzy ideal corresponding to x is a u-L-fuzzy ideal of Q.

Remark 2.3.1. Not every L-fuzzy ideal is a u-L-fuzzy ideal. For example consider the

poset (Q <) depicted in the Fig. 2.1 below. Define a fuzzy subset L : Q — [0, 1] of Q by:

1(0) =1, p(a) = pu(b) =0.9, u(c) = u(d) = u(1) =0.7.

Then W is an L-fuzzy ideal but not a u- L-fuzzy ideal. This is because a,b € Q and there is
no x in (a,b)" = {1,,c,d} such that u(x) = p(a) A u(b).

1

0

Fig. 2.1
However, if Q is a join semi-lattice, then we have

Theorem 2.3.17. Let (Q,<) be a join-semi-lattice. Then every L-fuzzy ideal of Q is a

u-L-fuzzy ideal of Q.

Proof. Let u be an L-fuzzy ideal of a join-semi-lattice Q. Let a,b € Q. Since Q is a join
semi-lattice, a \V b exists and it is clear that a Vb € (a,b)" and u(a Vv b) = u(a) A u(b).

Therefore u is a u-L-fuzzy ideal of Q. [

Theorem 2.3.18. Let 1 and 0 be u- L-fuzzy ideals of Q. Then the supremum @\ 6 of U
and 0 in F 7 (Q) is given by: for all x € Q.

(1 0)(x) = sup{p(a) AB(b) : x € (a,b)"}.

Proof. Let o be an L-fuzzy subset of Q defined by: for each x € Q,
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o(x) =sup{u(a) AO(b) : x € (a,b)"'}.

We claim that ¢ is the smallest L-fuzzy ideal of Q containing (U 6.

Let x € Q. Then

o(x) = sup{u(a)AO(b):xe (a,b)"}

> 1(x)A6(0), (sincex e (x,0)")

Thus o O u. Similarly, we can show 6 2 0. Sooc DO uU#.

Leta,b € Q and x € (a,b)*. Then

c(a)Ao(b) = sup{u(c)A6(d):ac (c,d)"} Asup{u(e) NO(f):be (e, f)"}
= sup{p(c)AB(d) Ap(e) AO(f):ac (c,d)" b e (e f)"}
< sup{u(c)AO(d)Au(e) AO(f):a,b e (c,d,e, )"}

= sup{u(c) Au(e)ANO(d)AO(f):a,be (c,d,e f)"}.

Since u and 6 are u-L-fuzzy ideals, for each c,e and d, f, there are r € (c,e)* and s €
(d, f)* such that u(r) = u(c) Au(e) and 6(s) = 0(d) AO(f). Since r € (c,e)" and s €
(d,f)", {c,d,e, f}* C {s,r}". Thus a,b € {s,r}*". So (a,b)"! C {s,r}*! and thus x €

{s,r}*". Hence for all x € (a,b)", we have

o(a)No(b)

IN

sup{p(c) Ap(e) AB(d) AO(f) :a.b € (c.d,e, )"}
sup{(r) AB(s): x € (r,s)"}

sup{c(r)Ac(s):x e (rs)"}

IN A

IN

o (x)

Therefore o is an L-fuzzy ideal of Q.
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Let ¢ be any L-fuzzy ideal of Q such that uU 6 C ¢.

Then for any x € Q, we have

o(x) = sup{u(a)AO(b):xe (a,b)}
< sup{p(a) A\ 9(b) :x € (a,h)""}

¢ (x).

IA

Thus o C ¢. Soo = (UUB|g,=uVe. O

It is known that every L-fuzzy ideal in join-semi-lattice Q is a u-L-fuzzy ideal. There-

fore the following corollary is an easy consequence of the above theorem.

Corollary 2.3.19. Let u and 0 be u- L-fuzzy ideals of a join-semi-lattice Q. Then the

supremum WV 0 of W and 0 in F .7 (Q) is given by:

(uVvO)(x)=sup{u(a)NO(b) :x<aVb}, forallxeQ.

2.4 L-Fuzzy Semi Ideals and V-Ideals

Now we introduce the fuzzy version of semi-ideals and V-ideals of a poset introduced by

Venkatanarasimhan in [51, 52].

Definition 2.4.1. An L- fuzzy subset | of Q is called an L- fuzzy semi-ideal or L-fuzzy

order ideal, if it satisfies the following conditions:

2. foranya € Q, u(x) > u(a), forall x € d.

Definition 2.4.2. An L- fuzzy semi-ideal 1 of Q is called an L- fuzzy V-ideal, if for any

non-empty finite subset F of Q, if supF exists, then

(supF) > inf{u(a):a € F}.
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Lemma 2.4.1. An L- fuzzy subset W of Q is an L- fuzzy semi ideal (respectively, V-ideal)

of Q if and only if Wy is a semi ideal (respectively, V-ideal) of Q, for all o € L.

Corollary 2.4.2. A subset I of Q is a semi ideal (respectively, V-ideal) of Q if and only if

its characteristic map Xy is an L-fuzzy semi ideal (respectively, V-ideal) of Q.

Lemma 2.4.3. The intersection of any family of L-fuzzy semi-ideals ( respectively, V-

ideals) is an L- fuzzy semi-ideal (respectively,V-ideal).

Definition 2.4.3. Let 1 be an L- fuzzy subset of a poset Q. The L- fuzzy semi-ideal gener-

ated by U, denoted by (U]se, is the smallest L- fuzzy semi-ideal of Q containing L.

Definition 2.4.4. Let 1L be an L- fuzzy subset of a poset Q. The L- fuzzy V-ideal generated

by u, denoted by (Uly, is the smallest L- fuzzy V-ideal of Q containing L.

Theorem 2.4.4. Let 7.7 .7 (Q) be the set of all L-fuzzy semi-ideals of a poset Q and

be an L fuzzy subset of Q. Then (U]se =({0 € .7 7(Q): uC0}.

Theorem 2.4.5. Let FV .7 (Q) be the set of all L-fuzzy V-ideals of a poset Q and L be
an L fuzzy subset of Q. Then (uly = ({0 € F¥ .7(Q) : u C 6}.

Theorem 2.4.6. Let (A]s, be a semi-ideal generated by a subset A of Q and X4 be the
characteristics functions of A. Then (Xalse = X(a]s,-
Theorem 2.4.7. Let (A]y be a semi-ideal generated by a subset A of Q and Ya be the
characteristics functions of A. Then (Yaly = X(A]

v

In the following two theorems we give a characterization of any L-fuzzy semi-ideal

and L-fuzzy V-ideal generated by an L-fuzzy subset of Q in terms of its level subset.
Theorem 2.4.8. For any L-fuzzy subset 1 of Q, define an L-fuzzy subset [1 of Q by:

fi(x) =sup{a € L:x € (Ug]se}, forall x € Q.

Then [ is an L-fuzzy semi-ideal of Q generated by L.
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Proof. We show [l is the smallest L-fuzzy semi-ideal containing . It is clear that u© C [
and 1(0) = 1. Leta € Q and x € a’. Now, let a € L such that a € (Ug]se. Then since
x € a', we have x € (Ug]se and hence {a : x € d',a € (Ug]se} C {0 :x € (Uase}-
Therefore

fi(a) = sup{er: a € (Ualse} < sup{or:x € (Halse = f(x).

Therefore fi is an L-fuzzy semi-ideal.

Again let 6 be any L-fuzzy semi ideal of Q such that u C 0. Then uy C 6y, for any

o € L and hence (Ugse C (Og]se = 0. So for any x € Q,
f(x)=sup{aeL:xe (Ua]se} <sup{a€L:xe 0y} =0(x).
Hence {1 C 6. This proves that [l is the smallest L-fuzzy semi ideal containing p.

Hence I = (] O

Theorem 2.4.9. For any L-fuzzy subset 1 of Q, define an L-fuzzy subset [l of Q by fi(x) =

sup{a € L:x € (Uglv}, forall x € Q. Then i is an L-fuzzy V-ideal of Q generated by L.

Proof. Clearly, by Theorem 2.4.8 given above, [l is an L-fuzzy semi ideal containing (..

Let @ # F C Q and supF exists in Q. Then we have

inf{{i(a):acF} = inf{sup{az:a€ (Uglv}:acF}

= sup{inf{o,:a€F}:ac (Uglv}

Put A =inf{a, : a € F . This implies that A < ¢, for all a € F. Therefore (Ug]y C (1 ]v

forall a € F. Thus F C (uy,]v and so supF € (u,_Jv. Therefore

inf{fi(a):ac F} = sup{inf{o,:a€F}:ae€ (Uglv}
< sup{A €L:supF € (u]v}

= [Q(supF).
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Therefore I is an L-fuzzy V-ideal of Q.
Again let 0 be any L-fuzzy V-ideal of Q such that u C 6. Then it is easy to show that

fi C 6. Therefore I = (u]y. O

In the following we give an algebraic characterization of an L-fuzzy semi-ideal gen-

erated by an L-fuzzy subset.

Theorem 2.4.10. Let u be an L-fuzzy subset of Q. Then the L-fuzzy subset [Lg, defined
by:
1 ifx=0

sup{p(a):ac Q,xca'} ifx#0

, for all x € Q is an L- fuzzy semi-ideal of Q generated by L.

Proof. Now we claim [lg, is the smallest L- fuzzy semi-ideal of Q containing u. Let

x € Q. Then since x € x', we have

u(x) < supfia(a) : x € o'} < Tig, ().
Therefore y C ,. By definition, fig,(0) = 1. Leta € Qandx € d’. If a =0, then x =0

and hence [ig,(a) = 1 =I5, (x). Let a # 0. Then

Hg(a) = sup{u(y):acy'}

< sup{u(y) s x €y} <Tg (%)

Thus g, is an L- fuzzy semi-ideal of Q. Let 8 be any L- fuzzy semi-ideal of Q such that
<O Letxe Q. If x =0, then 115, (0) = 1 = 6(0). Let x # 0. Then

o () = supfu(a):xcad'}

< sup{6(a):xecd} <06(x)

Hence the claim is true. Therefore g, = (i]se O
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Theorem 2.4.10 yields the following.

Theorem 2.4.11. The set F#./ .7 (Q) of all L-fuzzy semi-ideal of Q forms a complete
lattice, in which the supremum sup;call; and the inifimum infjcp W; of any family {W; : i €

A} of L-fuzzy semi-ideals of Q are given by:

sup;ea li = (Uiea .ui)Se and - infiea i = Nica M-

Corollary 2.4.12. For any u and 0 in ./ .9 (Q), the supremum W\ 6 and the infimum
U6 of uand 6, respectively are:

uve=(uub)s, and uN@=pno.

Definition 2.4.5. Let U be a fuzzy subset of Q and N be a set of positive integers. Define

L-fuzzy subsets CL,CZL, e ,Cﬁ .-+, of Q, inductively, as follow: for each x € Q
Cb(x) =sup{A\gertt(a) :x<VF,0#F CC Qand \/F exists}
and for eachn € N—{1}
Ci(x) = sup{/\aeFCﬁ_l(a) :x<VF,0#F CCQand\/F exists}.

Lemma 2.4.13. The set {C}; : n € N} forms a chain and for each n € N, Cj(x) > C},(y)

whenever x < y.

Proof. Letx € Q and n € N. Then

CZH(x) = sup{ /\ Cpula):x < \/F,(Z)#F CC Q and \/F exists }

acF

> Cy(x) (Since x<x= \/{x} and 0 # {x} cC Q)

Thus Cj*!(x) > Cji(x) for all x € Q and hence Cj; € Cj;*!, for each n € N. So the set

{C}; : n € N} is a chain.
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Let x <y. Then

Cu(y) = sup{ /\ Cﬁ_](a) ty < \/F,G) #F CC Qand \/F exists }

acF

< sup{ A\ Cﬁfl(a) tx < \/F,(Z) #F CC Qand \/F exists}

acF
= Cu(x)

Therefore Cj (x) > Cy;(v) whenever x <y. That is C}; is anti-tone for all n € N. O

Now we give a characterization of an L-fuzzy V-ideal generated by an L- fuzzy subset

of a poset Q.

Theorem 2.4.14. The L- fuzzy subset Ly, defined by: for all x € Q,

1 ifx=0
sup{Cj;(x) :n €N} ifx#0
is an L-fuzzy V-ideal generated by L.

Proof. Now we claim that [Iy, is the smallest L-fuzzy ideal containing i. Let x € Q. Then

since x < x = \/{x} and 0 # {x} CC Q, we have

IN

sup{/\ pa):x < \/F,(/)7£F CC Qand \/F exists }

acF
= C,(x)

p(x)

IN

sup{C};(x) : n € N}

IN
I

Ly (x)

Therefore p C Ty, By definition of [y, we have [y, (0) = 1. Let a € Q and x € @. Then
if a = 0 then x = 0 and hence iy, (a) = 1 = 1y (x). Let a # 0. Then

iy (a) = sup{Cli(a) :n € N} < sup{Ci(x) : n € N} = Iy (x)
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So fty, is an L-fuzzy semi-ideal of Q.

Again let 0 # F CC Q such that sup F' exists.

= /\ sup{C};(a) ::n € N}

acF

= sup{ /\ Cy(a) :neN}

acF
< sup{CﬁH(supF) :n € N} (since supF <supF)

= Hy(supF)

So y, is an L-fuzzy V-ideal of Q.

Again let 0 be any L-fuzzy V-ideal of Q such that 4 C 6. Now we show that C;; C 6

for all n € N. Here we apply mathematical induction. Let x € Q.

Cu ()

IN

IN

IN

sup{ /\ u(a):x <supF, 0 #F CC Q and \/F exists }

acF

sup{ /\ 6(a):x<supF, 0% F CC Qand \/F exists}
ackF

sup{O(supF) :x <supF, 0 £ F CC Q and \/F exists }

0(x)

Hence C }1 C 0. Therefore the statement is true for n = 1. Assume Cﬁ C 0 forsomen > 1.

CﬁJrl <x>

IN

IA

IA

sup{ /\ Cpi(a) :x<supF, 0 #F CC Q and \/ F exists}
acl

sup{ /\ 0(a):x <supF, 0 #F CC Q and \/F exists }

acF

sup{O(supF):x <supF, 0 #F CC Q and \/F exists }

6 (x)

Thus by mathematical induction, we have 8(x) > Cj;(x) Vn € N. . So for any x € Q, we

have 6(x) > sup{C};(x) : n € N} = [iy, (x). Therefore fi,, C 6. N
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Theorem 2.4.14 yields the following.

Theorem 2.4.15. The set F V' .7 (Q) of all L-fuzzy V-ideal of Q forms a complete lat-
tice under point-wise ordering ” C ”; in which the supremum sup;call; and the inifimum

infjea Wi of any family {u; : i € A} in FV 7 (Q) respectively are:

supieatli = (Ujea i)y and infica i = Nica Mi-

Corollary 2.4.16. For any u and 6 € FV .7 (Q) the supremum [\ 0 and the infimum

WU A6 of uand 0 respectively are:

UveO=(uue),and pNO=uneo.

Now we study the relationships among the types of L-fuzzy ideals introduced in this

chapter.
Theorem 2.4.17. The following implications hold.

1. L- fuzzy closed ideal —> L-fuzzy Frink ideal = L-fuzzy V-ideal —> L-fuzzy semi-
ideal,

2. L- fuzzy closed ideal —> L-fuzzy Frink ideal —> L-fuzzy ideal —> L- fuzzy semi-

ideal.

Proof. (L- fuzzy closed ideal) = ( L-fuzzy Frink ideal): It is clear.

(L-fuzzy Frink ideal) = (L-fuzzy V-ideal ) : Let u be an L-fuzzy Frink ideal. Then
p(0) =1. Leta € Q and x € d'. This implies that x < a, and since y is anti-tone, we
have p(x) > u(a). Then p is an L-fuzzy semi-ideal. Let F be a non-empty subset of
Q such that supF exists. Since supF € F*/ and u is an L-fuzzy Frink ideal, we have
p(supF) > inf{u(a) : a € F}. This proves that u is an L-fuzzy V-ideal of Q.

(L-fuzzy Frink ideal) = (L-fuzzy ideal): Let u be an L-fuzzy Frink ideal. Then
u(0)=1.Leta,b € Q and x € (a,b)*. Put F = {a,b}. Since F = {a,hb} CC Q and u is
an L Frink ideal, we have u(x) > inf{u(y) : y € F} = u(a) A u(b). This proves that  is

an L-fuzzy ideal of Q.
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(L-fuzzy V-ideal) = (L-fuzzy semi-ideal) and (L-fuzzy ideal) —> (L-fuzzy semi-

ideal are clear. [

The following examples show that the converse of the above implications do not hold

in general.

Example 2.4.18. Consider the Poset (|0,1],<) with the usual ordering. Define a fuzzy

subset 1 : [0,1] — [0, 1] by:

1 ifx€[0,3)
n(x) =
0 ifxe[31].

Then u is L-fuzzy Frink ideal but not L- fuzzy closed ideal.

Example 2.4.19. Consider the poset (Q, <) depicted in the Fig. 2.2 given below. Define
a fuzzy subset L : Q — [0,1] by: u(0) =1, u(a) = u(b) = 0.8 and u(c) = 0.6.

@ b c
:i‘\T/’)
0

Fig. 2.2

Then W is L-fuzzy V-ideal but not L-fuzzy Frink-ideal. Because, F = {0,a,b} CC Q and

c € F'' ={0,a,b,c} but u(c) = 0.6 # 0.8 = inf{u(x): x € F}.

Example 2.4.20. Consider the poset (Q,<) depicted in the Fig. 2.3 given below. Define
a fuzzy subset pt: Q — [0,1] by: u(0) = p(a) =1, p(d') = u(b') = p(c') = u(d') =
1(1)=0.2, u(b) =0.6, u(c) =0.5 and u(d) =0.7.
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& //\b\) o
a C\ (Jc d
Vo

Fig. 2.3

Then W is L-fuzzy ideal but not L-fuzzy Frink-ideal. Because, F = {0,a,b,c} C Q and

d' € F'' = {0,a,b,c,d'} but u(d') = 0.2 # 0.5 = inf{u(x) : x € F}.

Example 2.4.21. Consider the poset (Q, <) depicted in the Fig. 2.4 given below. Define
a fuzzy subset 1 : Q — [0,1] by: u(0) =1, p(a) =0.8, u(b) =0.9, u(c) =0.2 and

u(l)=0.

a b

Fig. 2.4

Then u is L-fuzzy semi-ideal but u is neither L-fuzzy V-ideal nor L-fuzzy ideal. Since
0+#F ={0,a,b} CCQandsupF =ce€ Q, u(c) =02 %08 =inf{u(x) : x € F}, and
since a,b € Q and ¢ € (a,b)", but (c) =0.2 # 0.8 = pu(a) A u(b).

Theorem 2.4.22. Every u- L-fuzzy ideal is an L- fuzzy Frink ideal.
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Proof. suppose U is a u- L-fuzzy ideal. Then pu(0) = 1. Let F be a finite subset of Q.
If F = 0, then it is clear that F*/ = {0} and u(0) = 1 = inf{u(x):x € F}. Let 0 # F.
Since u is a u- L-fuzzy ideal, then there is y € F“ such that u(y) = inf{u(a):a € F}. Let
x€ F“ . Thenx<s, Vs F“ Sincey € F*, x <y. Thus u(x) > u(y) = inf{u(a) :ac F}.

So
u(x)>inf{u(a):a € F},forall x € F*“.

Hence u is an L-fuzzy Frink ideal of Q. 0

Now we complete this chapter by introducing the following definition of L-fuzzy ideal

of a poset which generalizes all the L-fuzzy ideals of a poset introduced in this chapter.

Definition 2.4.6. Let m be any cardinal number. An L- fuzzy subset WL of Q is an m- L-
fuzzy ideal, if it satisfies the following conditions:

(i) u(0) =1,

(ii) for any subset A of Q of cardinality strictly less than m, written as, A C,, Q,

p(x) > inf{u(a):a € A}, vx € A¥.
Remark 2.4.1. The following special cases are included in this general definition:

1. Q-L-fuzzy ideals are L-fuzzy closed ideals, where Q is a cardinal number greater

than the cardinal number of Q.

2. - L-fuzzy ideals-ideals are L-fuzzy Frink ideals, where @ is the smallest infinite

cardinal number.
3. 3- L-fuzzy ideals are L-fuzzy ideals in the sense of Halas.
4. 2-L-fuzzy ideals are L-fuzzy semi-ideals.

5. L-fuzzy V-ideals are 2-L-fuzzy ideals and if for any non-empty finite subset F of Q,

if supF exists, then p(supF) > inf{u(a):a € F}.
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Chapter 3

L-Fuzzy Filters

In this chapter, we introduce the notions of different types of L- fuzzy filters of a poset and
discuss certain properties of them analogous to those of L- fuzzy ideals of a poset. The
different types of L-fuzzy filters of a poset that we introduce in this chapter are general-
izations of the notion of L-fuzzy filters of a lattice. We also prove that the set of each type
of L-fuzzy filters of a poset forms a complete lattice with respect to point-wise ordering.

Throughout this chapter, Q stands for a poset (Q, <) with 1 unless otherwise stated.

3.1 L-Fuzzy Closed Filters

In this section, we introduce the notion of L-fuzzy closed filters of a poset which is the
fuzzy version of the dual closed or normal ideal of a poset introduced by Birkoff[14].
We also prove and characterize certain elementary properties of L-fuzzy closed filters. In
particular, we prove that the set of all L-fuzzy closed filters of a poset forms a complete
lattice.

Wee start our discussion with the definition of L-fuzzy closed filters of a poset.

Definition 3.1.1. An L-fuzzy subset 1 of Q is called an L- fuzzy closed filter if it fulfills

the following conditions:
1. n(1)=1and

2. for any subset S of Q, N (x) > inf{n(a) :a € S} ¥x € S™.
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In the following we prove that any crisp closed filter of Q can be identified with an L-

fuzzy closed filter of Q.

Lemma 3.1.1. A subset F of Q is a closed filter if and only if its characteristic map XF is

an L-fuzzy closed filter of Q.

Proof. Suppose that F is a closed filter of Q. Since {1} = Q" C F, we have xr(1) = 1.
Again let S be any subset of Q and x € S Then if S C F, we have x € S’ C Fl* = F and

xr(a) =1 forall a € S. Therefore
xr(x) =1=inf{yr(a):a € S}.
Again if S ¢ F, then there is ¢ € S such that ¢ ¢ F and hence inf{xz(a) :a € S} =0. Thus
xr(x) > 0=inf{)r(a):a € S}.
Thus in either cases, we have,
xr(x) > inf{xr(a) : a € S} for all x € S™.

Therefore xr is an L-fuzzy closed filter of Q.
Conversely suppose that yr is an L-fuzzy closed filter. Since yr(1) = 1 we have

1 € F, thatis Q* = {1} C F. Let x € F'*. Then, by hypothesis, we have
XF(X) > inf{)(p(a) rac F} =1.

This implies that y#(x) = 1 and hence x € F . Therefore F/* C F and hence F is a closed

filter of Q. L]

The following result characterizes any L-fuzzy closed filter of Q in terms of its level

subsets.

Lemma 3.1.2. Let 1) be in L. Then 1 is an L- fuzzy closed filter of Q if and only if Ng is
a closed filter of Q, for all o € L.

Proof. Let 1 be an L- fuzzy closed filter of Q and o € L. Then (1) = 1 > « and hence

1 €ng,ie., Q"= {1} C ny. Againletx € (ng)". Then
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N(x) = inf{n(a):a € no} > o

so that x € 1. Therefore (14)™ C 1 and hence 1, is a closed filter of Q.

Conversely suppose that 1 is a closed filter of Q for all @ € L. In particular 1y is a
closed filter of Q. Since {1} = Q" C 1y, we have (1) = 1. Again let S be any subset of
Q and x € §'. Put o = inf{n(a) : a € S}. Then n(a) > « for all a € S. This implies that

S C N and hence x € S C nl* = n,,. Therefore

N(x) > a=inf{n(a):a € S}.

Thus 1 is an L-fuzzy closed filter of Q. [

Note that any L- fuzzy closed filter of a poset Q must be necessarily an iso-tone as

shown in the following Lemma.

Lemma 3.1.3. Let ) be an L-fuzzy closed filter of a poset Q. Then M is iso-tone, in the

sense that 1(x) < n(y) whenever x < y.

Proof. Let x,y € Q such that x <y. Put n(x) = a . Since 1 an L- fuzzy closed filter we
have 1, is a closed filter of Q and hence (1g )™ = nq.
Now n(x) = & = x € Ng = x* = {x}* C (Na)™ = Ng.

Thus x <y =y € x* =y € ng and hence n(x) = o« < N (y). O

Theorem 3.1.4. Let x € Q and o € L. Define an L- fuzzy subset o of Q by

1 ifyelx)

a ifyé[x),

o*(y) =

forall y € Q. Then o* is an L-fuzzy closed filter of Q.

Proof. Since 1 € [x), a*(1) =1.LetSC Qand ye€ S If S C [x), then
y € 8 C [x) = x"" = x* = [x) and a*(s) = 1 for all s € S.

This implies that a*(y) = 1 = inf{u(s) : s € S}.
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If S ¢ [x), then there exists so € S such that sy ¢ [x). This implies that inf{u(s) : s € S} =

o. Thus a*(y) > a = inf{u(s) : s € S}. So in either cases, we have
a*(y) > inf{u(s) : s € S}, forall y € S™.

Hence " is an L-fuzzy closed filter of Q. 0

Definition 3.1.2. The L-fuzzy closed filter o* defined above is called o-level principal

L-fuzzy closed filter corresponding to x.

Lemma 3.1.5. The intersection of any family of L-fuzzy closed filters of a poset Q is an

L-fuzzy closed filter of Q.

Definition 3.1.3. Let 1 be an L- fuzzy subset of a poset Q. Then the smallest L- fuzzy
closed filter of Q containing 1M, denoted by [1N)¢y, is called the L- fuzzy closed filter gen-

erated by 1.

Theorem 3.1.6. Let .76 .% (Q) be the set of all L-fuzzy closed filters of a poset Q and M
be an L fuzzy subset of Q. Then [N)c; = ({0 € F€.F(Q):n C 6}.

Theorem 3.1.7. Let [S)¢; be a closed filter generated by a subset S of Q and s be its

characteristics function. Then xs)., = [Xs)cl-

Proof. Now we claim that x[g) ., is the smallest L- fuzzy closed filter containing ys. Since
[S)¢ is a closed filter of Q, by lemma 3.1.1, we have X[s)¢, 1s an L- fuzzy closed filter.

Again since S C [S)¢;, we clearly have yg C X[S)cr-

Let n be any L-fuzzy closed filter
such that 5 C 1. Then n(a) = 1 for all a € S. Now we claim that y[5)., € 1. Let x € Q.
If x ¢ [S)cy, then x5y (x) =0 < n(x). If x € [S)¢y, then x € T for some subset T of S.

Therefore

Nx) > inf(n(b) :b € T} = 1 = g5, (x).

Hence in either cases, xs).,(x) < n(x) for all x € Q and hence y5)., € 1. Therefore

C

Xis)e = Xs)ci- O
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Theorem 3.1.8. An L-fuzzy subset N of Q is an L-fuzzy closed filter if and only if for any
subset S of Q,

N(x) >inf{n(s) : s € S} for all x € [S)y.

Proof. Suppose that 1 is an L-fuzzy closed filter of Q. Let S C Q and x € [S)¢;. . Then
x € B™ for some B C S. Then, since 1 is an L-fuzzy closed filter of Q, we clearly have
n(x) > inf{n(b) : b € B} >inf{n(s):s € S}.
Thus, for any subset S of Q, we have
N(x) >inf{n(s) : s € S} forall x € [S)¢;.

Conversely suppose that 1 is an L-fuzzy subset of Q satisfying the given condition.

Let S C Q and x € ™. Then, since $" C [S)¢;, by hypothesis, we have
n(x) >inf{n(s):s € S}
In particular, if S = 0, by hypothesis, we have
N(x) > inf{n(s) : s € 0}, for all x € [0)¢;.

But since inf{n(s) :s € 0} =1 and [0)¢; = {1}, we clearly have n(1) = 1.

Therefore 7 is an L-fuzzy closed filter of Q. [

In the following theorem we characterize an L- fuzzy closed filter generated by an

L-fuzzy subset of Q in terms of its level closed filters.
Theorem 3.1.9. Let 1 € L2. Then the L-fuzzy subset ) of Q defined by:

f(x) =sup{a € L:x € Ng)c1}, forall x € Q.

is an L-fuzzy closed filter of Q generated by 1, where [Ng)cy is a closed filter generated

by the set Ng.

Proof. Now we show that 7] is the smallest L-fuzzy closed filter containing 7.

Now for any x € Q, we have
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N(x) =sup{o: x € Mo} <sup{e:x € [No)ar} = 7(x).

Thus 1 C A. It is clear that f)(1) = I Let S be any subset of Q and x € S". Then we have

inf{f)(s):s €S} = inf{sup{cts:s€[Ng)ci}:s €S}

= sup{inf{o,:s€ S} :s€ [Ne)cr}

Put A = inf{o : s € S}. Then A < o for all s € S. This implies that [, )c; C [N, )¢ for

all s € S. Therefore S C [0 )¢y and so x € S C ([n3)cr)™ = [z, )c1- Hence

inf{f)(s):s€ S} = sup{inf{ay:s€S}:s€Ng)cr}
< sup{A €L:x€ [m)a}t

— Q).

Therefore 7] is an L-fuzzy closed filter of Q. Again let 6 be any L-fuzzy closed filter of Q
such that 1 C 6. Then 1y C 6, for any & € L and hence [Ng)c; C [6)c; = Oq.

Thus for any x € Q, we have
f(x) =sup{a € L:x€[Ng)} <sup{a€L:x€ By} =0(x).

Therefore 7] C 6. This proves that f) = [1])¢;. O

In the following we give an algebraic characterization of an L-fuzzy Closed filter of O

generated by an L-fuzzy subset of Q.

Theorem 3.1.10. Let € L2. Then the L-fuzzy subset N, defined by:

1 ifx=1

sup{infycsn(s):x € S SCQ} ifx#1

is an L-fuzzy closed filter of Q generated by 1.
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Proof. It is enough to show that 7, = f} where 7] is an L-fuzzy subset defined in the

Theorem 3.1.9. Letx € Q. If x =1, then J(x) = 1 = f(x). Let x # 0. Put
A, = {infesn(s) : SC Qand x € 5™} and By = {0 : x € [Ne)c1}-

Now we claim that supA, = supBy. Let o € A,. Then & = inf,cgn(s) for some subset S
of Q such that x € §™. This implies that o < 1(s) for all s € S and hence S C g C [Ng)cr-
Thus x € ™ C ([Na)c1)™ = [Na)cr- This implies that o € B, and hence A, C B,.
Therefore supA, < supBy.

Again let @ € B,.Then x € [Ng)c. Since [Ng)cr = U{S™ : S C Ny}, we have x € S

for some subset S of 1. This implies that n7(s) > « for all s € S and hence
inf{n(s):seSt>a

Thus B = inf{n(s) : s € S} € A,. Thus for each o € B, we get B € A, such that a < f3

and hence supA, > sup By. Therefore supA, = sup By and hence 1, = 1. [

The above theorem yields the following.

Theorem 3.1.11. Let € % (Q) be the set of all L-fuzzy closed filters of a poset Q. Then
the pair (# € F (Q), C) forms a complete lattice with respect to the point wise ordering
” C”, in which the supremum sup;cal; and the inifimum inf;cp 1; of any family {n; :i € A}

in €% (Q) are given by:

supicai = (Uiea{Ni})e;  and  infica i = Nica Mi-

Corollary 3.1.12. For any L-fuzzy closed filters 11 and v of Q, the supremum MV vV and

the infimum M AV of N and v in ¥ € .F (Q) respectively are:

NVv=MuUv)y and MAV=1nNV.

3.2 L-Fuzzy Frink Filters

Now we introduce the fuzzy version of a filter (dual ideal) of a poset introduced by O.

Frink [25].
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Definition 3.2.1. An L- fuzzy subset N of Q is an L- fuzzy Firink filter if it satisfies the

following conditions:
1. n(1)=1and
2. for any finite subset F of Q, n(x) > inf{n(a) :a € F} Vx € F/

Lemma 3.2.1. Let 1 € L. Then 1 is an L— fuzzy Frink filter of Q if and only if Ny, is a

Frink filter of Q for all o € L.

Lemma 3.2.2. Let 1 be fuzzy Frink filter of a poset Q. Then 1 is iso-tone, in the sense

that n(x) < n(y) whenever x < y.

Corollary 3.2.3. A subset S of Q is a Frink filter of Q if and only if its characteristic map

Xs is an L-fuzzy Frink filter of Q.

The following theorem shows that an L-fuzzy Frink filter of a poset is a natural gen-

eralizations of an L-fuzzy filter of a lattice.

Theorem 3.2.4. Let (Q,<) be a lattice and 1 € L2. Then 1 is an L- fuzzy Frink filter in

the poset Q if and only if it is an L-fuzzy filter in the lattice Q.

Proof. Let n be an L-fuzzy Frink filter in the poset Q and a,b € Q. Then (1) = 1 and

since F = {a,b} CC Q and aA\b € F™, we have
n(aAb) > inf{n(x) : x € F} = 1(a) AN (D).
Again since 7 is iso-tone, we have
n(anb) <n(a)and n(anb) <n(b).

This implies that n(a Ab) < n(a) An(b) and hence n(a Ab) =n(a) An(b).
Therefore 7 is an L-fuzzy filter in the lattice Q.

Conversely suppose that i) ba an L-fuzzy filter in the lattice Q. Then n(1) = 1. Let
FccQandxe F™_ Then x is an upper bound of F'. Since infF € F!, we have x > inf F

and hence
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N(x) > n@infF) =inf{n(a):a € F}.

Therefore 7 is an L-fuzzy Frink filter in the poset Q. [

Theorem 3.2.5. Let x € Q and o € L. Define an L- fuzzy subset o* of Q by

1 ifyelx)

a ifyé[x),

o (y) =

forally € Q. Then o is an L-fuzzy Frink filter of Q.

Lemma 3.2.6. The intersection of any family of L-fuzzy Frink-filters of a poset Q is an

L-fuzzy Frink filter of Q.

Definition 3.2.2. Let ) € L2. The smallest L- fuzzy Frink filter of Q containing 1 is called

an L- fuzzy Frink filter generated by 1 and is denoted by (1) .

Theorem 3.2.7. Let % .7 % (Q) be the set of all L-fuzzy Frink filters of a poset Q and M
be an L fuzzy subset of Q. Then [N)r, = ({0 € F.Z.%(Q):n C 6}

Theorem 3.2.8. Let [S)r, be a Frink-filter generated by a subset S of Q and ys be its

characteristic function. Then [Xs)rr = X[s);,-

Theorem 3.2.9. An L-fuzzy subset N of Q is an L-fuzzy Frink filter if and only if for any
finite subset F of Q,

N(x) >inf{n(a):a € F} forall x € [F)p

Proof. Suppose that 1 is an L-fuzzy Frink filter of Q. Let F CC Q and x € [F)g,. Then

x € B for some B C F. Then, since 7N is an L-fuzzy Frink filter of O, we have
N(x) >inf{n(a) :a € B} >inf{n(a):a € F}.

Conversely suppose that 1) be an L-fuzzy subset satisfying the given condition. Since

0 CC Qand 1 € [0)p,, by hypothesis, we have
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n(l) >inf{n(a):ac 0} =1.

Therefore (1) = 1. Let F CC Q and x € F™*. Then since F'* C [F),, by hypothesis, we

have n(x) > inf{n(a) : a € F}. Therefore 1 is an L-fuzzy Frink filter of Q. O

The following theorem gives a characterization of L-Fuzzy Frink filter generated by

an L- fuzzy subset of Q in terms of its level subset.

Theorem 3.2.10. Let ) € LC. Define an L- fuzzy subset 1) of Q by:

N(x) =sup{a € L:x € [Ng)r} forallx € Q,

where Mg )Fr is a Frink filter generated by My. Then 1 is an L-fuzzy Frink filter of Q

generated by 1.

In the following we give an algebraic characterization of L-fuzzy Frink filterss gener-

ated by L-fuzzy subsets.

Theorem 3.2.11. Let 1) be an L-fuzzy subset of Q. Then the L-fuzzy subset N, defined by

1 ifx=1

sup{infuern(a): F CC Q, x € F"} if x#1

is an L- fuzzy Frink filter of Q generated by 1.

Theorem 3.2.12. Let .%.% % (Q) be the set of all L-fuzzy Frink filters of Q. Then the
pair (F.F.7(Q),C) forms a complete lattice with respect to point wise ordering > C
”, in which the supremum and the inifimum of any family {n; : i € A} in ¥ FF(Q),

respectively are:

supicai = (Uiea{Nitp, and inficani = NicaNi

Corollary 3.2.13. For any L-fuzzy Frink filters N and v of Q, the supremum 1V vV and

the infimum N AV of N and v in F F F(Q), respectively are:

NVv=MUV)p and nAV=nNV.
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3.3 L-Fuzzy Filters in the Sense of Halas

In this section we introduce the fuzzy version filters of a poset introduced by Hala$ [28]
which seems to be a suitable generalization of the usual concept of L-fuzzy filter of a

lattice.

Definition 3.3.1. 1 € L is called an L- fuzzy filter of Q in the sense of Halas if it fulfills

the following:
1. n(1)=1and
2. foranya,b € Q, n(x) > n(a) An(b) for all x € (a,b)™

Lemma 3.3.1. n € LC is an L- fuzzy filter in the sense of Halas if and only if N is a filter

of Q in the sense of Halas for all o € L.

Corollary 3.3.2. A subset S of Q is a filter of Q in the sense of Halas if and only if its

characteristic map Xs is an L- fuzzy filter of Q in the sense of Halas.

Lemma 3.3.3. If n is an L- fuzzy filter of Q in the sense of Halas, then the following

assertions hold:
1. forany x,y € Q, n(x) < n(y) whenever x <y, i.e., 1] is iso-tone;
2. forany x,y € Q, n(xAy) > n(x) An(y) whenever x \'y exists.

The following theorem shows that an L-fuzzy filter of a poset is a natural generaliza-

tions of an L-fuzzy filter of a lattice.

Theorem 3.3.4. Let (Q, <) be a lattice. Then an L-fuzzy subset N of Q is an L- fuzzy filter

in the sense of Halas in the poset Q if and only if it is an L-fuzzy filter in the lattice Q.

Proof. Let (Q,<) be alattice. Let 1 be an L-fuzzy filter in the sense of Hala$ in the poset

Qand a,b € Q. Then (1) = 1. Since aAb € [aAb) = (a,b)™, we have

n(anb) >n(a) An(b).
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Also since 7 is iso-tone, we have
n(a) = 1(anb) and n(b) = 1(anb).
This implies that
n(a) An(b) = n(aAb) and so n(aAb) =n(a) An(b).
Hence 1 is an L-fuzzy filter in the lattice Q.

Conversely, suppose that 1 is an L-fuzzy filter in the lattice Q. Then n(1) = 1 and
n(aAb) =n(a) An(b) for any a,b € Q. Now let a,b € Q and x € (a,b)"™. Then x >y,
for all y € (a,b)’. Since aAb € (a,b)!, we have x > a A b. Thus

n(x) = n(aAb) =mn(a) An(b).
So 1 is an L-fuzzy filter in the sense of Halas$ in the poset Q. This completes the proof. [
Definition 3.3.2. Let 1 be an L-fuzzy subset of Q. Then the L- fuzzy filter generated by

1N in the sense of Halas, denoted by [N)uq, is the smallest L- fuzzy filter in the sense of

Halas containing n.

Lemma 3.3.5. The intersection of any family of L-fuzzy filters of Q in the sense of Halas

is an L- fuzzy filter of Q in the sense of Halas.

Theorem 3.3.6. Let % .% (Q) be the set of all L-fuzzy filters in the sense of Halas of a

poset Q and 1 be an L fuzzy subset of Q. Then N)ua = ({0 € F.#(Q): u C 6}

Theorem 3.3.7. Let [S)y, be a filter generated by subset S of Q in the sense of Halas and

Xs be its characteristic functions. Then [Xs)Ha = X[s),,-

Theorem 3.3.8. An L-fuzzy subset N of Q is an L-fuzzy filter in the sense of Halas if and

only if for any F CC Q,

() = Awer (@) forall x € [F)a
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In the rest of this dissertation by an L- fuzzy filter of a poset will mean an L- fuzzy
filter in the sense of Halas.
Now we give a characterization of an L- fuzzy filter generated by an L-fuzzy subset of

a poset Q.

Theorem 3.3.9. For any L-fuzzy subset  of Q, define an L-fuzzy subset 1] of Q by:
N(x) =sup{a € L:x € [Nag)Ha}, forall x € Q.

Then 1) is an L-fuzzy filter of Q generated by 1.

Definition 3.3.3. Let 1) be an L- fuzzy subset of Q and N be a set of positive integers.

Define L-fuzzy subsets of Q inductively as follow:
B (x) = sup{n(a) An(b) : x € (a,b)"}
and for eachn > 2 and a,b € Q
B (x) =sup{B] ,(a)AB ,(b):x€ (a,b)"}
Lemma 3.3.10. The set {B,] : n € N} forms a chain and each B,] is isotone.

Proof. Letx € Q and n € N. Then

B (x) = sup{B}(a)AB](b):x€ (a,b)™}
> B"(x) AB"(x) (since x € x* = (x,x)")

= Bl(x),VxeQ.

Thus B, C BZH, for each n € N. So {Bg :n € N} is a chain. Again let x,y € Q such that

x <y. Now

Bl(x) = sup{B! [(a)AB! (b):x€ (a,b)™}

< sup{B]_,(a)AB} |(b):y€ (a,b)"} =B](y)

Hence B)! is isotone for each n € N. [
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Now we give a characterization of an L-fuzzy filterl generated by an L- fuzzy subset

of a poset Q.

Theorem 3.3.11. The L- fuzzy subset Ny, defined by: for all x € Q,

1 ifx=1

sup{Bi (x):n €N} ifx#1

is an L- fuzzy filter generated by M.

Proof. Now we show that 7] is the smallest L-fuzzy filter containing 7. Let x € Q. Then

Mha(x) = sup{B)/(x):neN}
> B (%)
= sup{n(a) An(b) : x € (a,0)"}
> nx)An(x) (since x € (x,x)™)

= 1) Yxe.

Therefore n C Ny,.
Leta,bc Qandx € (a,b). Ifa=1orb=1. then b < xora < x. Since By is isotone

for each n € N, we clearly have N, (a) ANy, (b) <My, (x). Leta # 1 and b # 1. Then

Mha(@) ANpa(b) = sup{B)](a) :n € N} Asup{B,](b) : m € N}

= sup{B)(a) ABJL(b) : n,m € N}

IN

sup{B] (a) AB](b) : k € N} where k = max{m,n}

IN

BI?H (x) (Since x € (a,b)")

IN

sup{B} (x) : k € N}

nHa(x>

So Ny, 1s an L-fuzzy filter of Q.
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Again let 0 be any L-fuzzy filter of Q such that 1 C 8. Now we show that the statement

"B)l C 0 forall n € N” is true. Now for any x € Q, we have

Bl (x) = sup{n(a)An(b):xe (a,b)"}

< sup{0(a)AO(b):x € (a,b)"} < O(x)

This implies that B? C 6. Hence the statement is true for n = 1. Assume B; C 0 for some

n > 1. Now for any x € O, we have

BZH(X) = sup{B](a) AB] (D) : x € (a,b)"}
< sup{0(a)AO(b):x € (a,b)™}

< O(x).

Thus Bg +1 € 6. Thus, by mathematical induction, we have BY C 6 forall n € N. Let

x € Q. If x=1, then we have N, (x) =1 = 6(x). Let x # 1. Then
Mha(x) = sup{Bil (x) :n € N} < 6(x)
Hence Ny, C 0. Therefore Ny, = [N)Ha- O

The above theorem yields the following.

Theorem 3.3.12. Let F.% (Q) be the set of all L-fuzzy filter of Q. Then
(ZFZ(Q), Q) forms a complete lattice with respect to the point wise ordering ” C 7, in
which the supremum and the inifimum of any family {n; : i € A} in F F (Q) respectively

are !

supieafi = (Uiea Ni)y, and inficaNi = Nica Ni-

Corollary 3.3.13. For any L-fuzzy filter n and v of Q, the supremum M\ vV and the

inifimum N AV of N and v in F F (Q) respectively are: for any x € Q,

nVv=Muv)y, and nAVv=nNV.
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Theorem 3.3.14. Let x € Q and o € L. Define an L- fuzzy subset o* of Q by:

1 ifyelx)

a ifydx)

a(y) =

forally € Q. Then o* is an L-fuzzy filter of Q.

Definition 3.3.4. The L-fuzzy filter a* defined above is called oc-level principal fuzzy filter

corresponding to Xx.

Definition 3.3.5. An L-fuzzy filter 1 of a poset Q is called an [-L-fuzzy filter if for any
a,b € Q, there exists x € (a,b)! such that u(x) = w(a) A u(b).
Lemma 3.3.15. An L— fuzzy filter i of Q is an I-L- fuzzy filter of Q if and only if Uy is

an l-filter of Q for all o € L.
Proof. Suppose that u is an /-L-fuzzy filter of Q and a € L. Since u is an L-fuzzy filter,
Ug 1s a filter of Q in the sense of Halas. Let a,b € ly. Then
p(a) > aand u(b) > a and hence p(a) A u(b) > a.
Also since g is an [- L- fuzzy filter there exists x € (a,b) such that
w(x) = u(a) A u(b) and hence pu(x) > a.

Therefore x € g N (a,b)! and hence g N (a,b)! # 0. Therefore i, is an I-filter of a poset
0.

Conversely suppose g is an [- filter of a poset Q for all & € L. Then u is an L- fuzzy
filter. Let a,b € Q and put & = p(a) A w(b). Then ug N (a,b)! # 0. Let x € g N (a,b)’.

Then x € tg and x € (a,b). This implies that
n(x)>o=u(a)Au(b) and x<a, x <b.

Since p is iso-tone we have p(x) < p(a) and p(x) < pu(b) and hence p(x) < u(a) Au(b).
Therefore there exists x € (a,b)! such that u(x) = u(a) A u(b). Therefore u is an I-L-

fuzzy filter. ]
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Corollary 3.3.16. Let (Q, <) be a poset with 0 and let x € Q and o. € L. Then the a-level

principal fuzzy filter corresponding to x is an l-L-fuzzy filter.

Remark 3.3.1. Not every L-fuzzy filter is an I-L-fuzzy filter. For example consider the

poset (Q <) depicted in the Fig. 3.1 below and define a fuzzy subset 1 : Q — [0, 1] by:

n(1)=1,n(c)=n(d) =09, n(a) =n(b) =n(0) =0.2.

Then n is an L-fuzzy filter which is not an - L-fuzzy filter. This is because c,d € Q and
there is no x in (c,d)" = {0,,a,b} such that n(x) = n(c) An(d).

1

0

Fig. 3.1
However, if Q is a meet semi-lattice, then we have

Theorem 3.3.17. Let (Q, <) be a meet-semi-lattice. Then every L-fuzzy filter of Q is an

[-L-fuzzy filter of Q.

Proof. Let 1 be an L-fuzzy filter of a meet-semi-lattice Q. Leta,b € Q. Since Q is a meet-
semi-lattice, a A b exists and it is clear that a Ab € (a,b)! and n(a Ab) = n(a) An(b).

Therefore 7 is an [-L-fuzzy filter of Q. [

Theorem 3.3.18. Let ) and v be I- L-fuzzy filters of Q. Then the supremum N\ V of N

and v in F % (Q) is given by:

MV V) (x) =sup{n(a) Av(b) : x € (a,b)"} for all x € Q.
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Proof. Let o be an L-fuzzy subset of Q defined by 6 (x) = sup{n(a)Av(b):x € (a,h)!*} Vx €

Q. Now we claim o is the smallest L-fuzzy filter of Q containing n U V. Let x € Q. Then

o (x)

sup{n(a)Av(b):x € (a,b)l“}

n(x) Av(1), (since x € (x,1)™)

and hence ¢ O 1. Similarly we can show that ¢ O v. Therefore 6 D nUv.

Leta,b € Q and x € (a,b)™. Then

c(a)No(b) = sup{n(c)Av(d):ac (c,d)l“} Asup{n(e)Av(f):be (e,f)l”}
= sup{n(c) Av(d)An(e) AV(f):a€ (c,d)" b€ (e, )™}

< sup{n(c) An(e) Av(d)AV(f) :a,b € (c.d,e, f)"}

Again since 1 and v are [-L-fuzzy filters, for each c,e and d, f there are r € (c,e)’ and

s € (d, f)! such that n(r) = n(c) An(e) and v(s) = v(d) A v(f). Now

re(ce)andse (d,f)

Thus o(a) Ao(b)

o d

IN A

IN

{e.d e, f}1 C {s,r}

a,be {s,ry*

(a,b)™" C {s,r}

x e {s,ri"

sup{n(c) AN (e) AV(d) AV(f): a,b € (c,d,e, )™}
sup{n(r) Av(s):x € (r,5)"}

sup{c(r) Aa(s):x € (r,5)"}

o(x)

Therefore o is an L-fuzzy filter of Q.
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Let ¢ be any L-fuzzy filter of Q such that n Uv C ¢. Now for any x € Q, we have

o(x) = sup{n(a)Av(b):xe (a,b)"}
< sup{¢(a) A9(b):x € (a,b)"}

< 9(x)
and hence o C ¢. Therefore c = [nUV)gy, =1 V Vv, that is ¢ is the supremum of 1 and
vin ZF.Z(Q). O

It is known that every L-fuzzy filter in meet-semi-lattice Q is an [-L-fuzzy filter.

Therefore the following corollary is an easy consequence of the above theorem.

Corollary 3.3.19. Let n and v be I- L-fuzzy ideals of a meet-semi-lattice Q. Then the

supremum NNV V of N and v in F F(Q) is given by:

(nVvv)(x)=sup{n(a)Av(b):anb <x}, forall x € Q.

3.4 L-Fuzzy Semi Filterss and V-Filters

In this section we introduce the fuzzy version of semi-filters and V-filters of a poset intro-

duced by P.V. Venkatanarasimhan in [51] and in [52].

Definition 3.4.1. 1 in L2 is said to be an L-fuzzy semi-filter or L-fuzzy order filter if it

satisfies the following conditions:

2. foranya € Q, n(x) > n(a), for all x € a".

Definition 3.4.2. An L- fuzzy semi-filter n of Q is called an L- fuzzy V-filter, if for any

non-empty finite subset F' of Q, if infF' exists, then

N(infF) > inf{n(a):a € F}.
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Lemma 3.4.1. An L- fuzzy subset n of Q is an L- fuzzy semi filter (respectively, L-fuzzy
V-filter) of Q if and only if Ny is a semi-filter (respectively, V-filter) of Q, for all a € L.

Corollary 3.4.2. A subset S of Q is a semi filter (V-filter) of Q if and only if its character-

istic map Xs is an L-fuzzy semi filter (respectively, L- fuzzy V-filter) of Q.

Lemma 3.4.3. The intersection of any family of L-fuzzy semi-filters (respectively, L-fuzzy

V-filters) of Q is an L- fuzzy semi-filter (respectively, L-fuzzy V -filter).

Definition 3.4.3. Let ) be an L- fuzzy subset of a poset Q. The smallest L- fuzzy semi-

filter of Q containing 1 is called an L- fuzzy semi-filter generated by N and is denoted by

[;u)Se-

Definition 3.4.4. Let 1) be an L- fuzzy subset of a poset Q. The smallest L- fuzzy V-filter

of Q containing 1 is called an L- fuzzy V-filter generated by N and is denoted by [)y.

Theorem 3.4.4. Let .7 .% (Q) be the set of all L-fuzzy semi-filters of a poset Q and N
be an L fuzzy subset of Q. Then [W)s. = ({0 € ./ F(Q):n C 6}.

Theorem 3.4.5. Let FV .7 (Q) be the set of all L-fuzzy V-filters of a poset Q and 1M be an
L fuzzy subset of Q. Then [n)y =({0 € ¥V .F(Q):n C 6}.

Theorem 3.4.6. Let [A)s, be a semi-filter generated by a subset A of Q and Y4 be the

characteristics functions of A. Then Xa), = [Xa)se-

Theorem 3.4.7. Let [A)y be a semi-filter generated by a subset A of Q and Y be the

characteristics functions of A. Then [Xa)v = Xja),-

In the following two theorems we give a characterization of any L-fuzzy semi-filter

and L-fuzzy V-filter generated by an L-fuzzy subset of Q in terms of their level subsets.

Theorem 3.4.8. For any L-fuzzy subset 1 of Q, define an L-fuzzy subset 1) of Q by:

N(x) =sup{a € L:x € [Ug)se}, forall x € Q.
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Then 1] is an L-fuzzy semi-filter of Q generated by 1.

Proof. We show that 7] is the smallest L-fuzzy semi-filter containing . It is clear that
nCfand f(1) = 1.
Now let a € Q, x € a*. Again let o € L such that a € [ng)s.. Then since x € a* and

a € [Na)se imply that x € [Ng)se- So{@:a € [Ng)se} C{a:x € [Ng)se and hence
fi(a) =sup{a:a € [Ma)set < sup{a:x € [No)se = 1 (x).
Therefore 7} is an L-fuzzy semi-filter.

Again let 6 be any L-fuzzy semi filter of Q such that 1 C 6. Then ng C 64, for any

o € L and hence [Ng)se C [0 )se = 0. So for any x € Q,

f(x) =sup{a €L:x € [Ng)se} <sup{ax € L:x € Oy} = 0(x).
Hence f) C 6. Therefore 1) = [N)se- O

Theorem 3.4.9. For any L-fuzzy subset 1 of Q, define an L-fuzzy subset 1] of Q by fj(x) =

sup{a € L:x € [Ng)v}, forall x € Q. Then 7 is an L-fuzzy V-ideal of Q generated by 1.

In the following we give an algebraic characterization of an L-fuzzy semi-filter gener-

ated by an L-fuzzy subsets.

Theorem 3.4.10. Let 1 be an L-fuzzy subset of Q. Then the L-fuzzy subset Mg, defined
by:
1 ifx=1
sup{n(a):ac€ Q,xead"} ifx#1
, for all x € Q is an L- fuzzy semi-filter of Q generated by 1.
Proof. Now we claim T, is the smallest L- fuzzy semi-filter of Q containing 1. Let

x€ Q. If x=1, then n(x) <1 =7, (x). Let x # 1. Then since x € x*, we have 1(x) <

sup{n(a) :a € Q,x € a"} =N, (x). Therefore n C N,
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Again let a € Q such that x € @“. Now if x = 1, then, by definition of 7g,, we have

MNs.(a) <1 =7, (x). Let x # 1. Since a < x, it is clear that a # 1 and hence

Mse(a) = sup{n(b):be€ Q,ach"}

< sup{n(b):be Q,x € b"} (...since x € a")

= nSe(x)‘

Thus 1, is an L- fuzzy semi-filter of Q. Let 6 be any L- fuzzy semi-filter of Q such that

NnCO. Letxe Q. Ifx=1,thenNg,(1)=1=6(1). Letx# 1. Then

Mse(x) = sup{n(a):aecQ,xeca"}

< sup{6(a):ac Q,x€ad"}

IA

0(x), as 0 is an L- fuzzy semi-filter of Q.

Hence the claim is true. Therefore Mg, = (1N]se- O
The above theorem yields the following.

Theorem 3.4.11. The set F.7.%(Q) of all L-fuzzy semi-filters of Q forms a complete
lattice, in which the supremum sup;can; and the inifimum inf;ca 1; of any family {n; : i €

A} of L-fuzzy semi-filters of Q are given by:

SUp;ca i = (UieA Ni)se and inficam; = Niea Ni-

Corollary 3.4.12. For any 1 and v in . ./ % (Q), the supremum MV v and the infimum

n AV ofn and v, respectively are:
nVvv=MUV)s, and nAV=nnNv.

Definition 3.4.5. Let N be an L- fuzzy subset of Q and N be a set of positive integers.

Define L-fuzzy subsets BL B%.--- B --- . of O, inductively, as follow: for each x € Q
n n

B}I(x) =sup{A\gerN(a) : N\F <x,0#F CC Q and \F exists}
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and for eachn € N— {1},
B} (x) = sup{/\aeFB’,?fl(a) A\F <x,0#F CC Qand \F exists}

Lemma 3.4.13. The set {B}, : n € N} forms a chain and for eachn € N, By (x) < By (y)

whenever x < y.

Proof. Letx € Q and n € N. Then

Byt (x) = sup{ A\ Bj(a): \F <x,0#F CC Qand /\F exists}

ackF
> Bp(x) (Since N\{x} =x<xand {x} cCQ

— B)(x),Vx€Q.

Therefore By, C B;f,“ , foreach n € N. So {B?7 :n € N} is a chain.

Let x <y. Then

By (x) = sup{ /\ B;’I_'(a) : /\F <x,0#F CC Qand /\F exists }

acl
< sup{ \\ B?fl(a) : \F <y,0#F CC Qand /\ F exists}
aclF
= By(y)
Therefore B (x) < By (v) whenever x <'y. That is C}; is isotone for all n € N. O

Now we give a characterization of an L-fuzzy V-filter generated by an L- fuzzy subset

of a poset Q.

Theorem 3.4.14. The L- fuzzy subset Ny defined by: for all x € Q,

1 ifx=1

sup{By(x):neN} ifx#1

is an L-fuzzy V-filter generated by 1.
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Proof. Now we claim that 7y, is the smallest L-fuzzy ideal containing 1. Let x € Q. Then

since A{x} =x <xand 0 # {x} CC Q, we have

IA

sup{ /\ wia): /\F <x,0#F CC Qand /\F exists }

acF
= By(x)

n(x)

IN

sup{By(x) : n € N}

IN

My (%)

Therefore n C 1y,. By definition of 7y,, we have N,(1) = 1. Let a € Q and x € @". Then

ifa=1then x = 1 and hence Ny (a) = 1 =Ny (x). Let a # 1. Then

Ty (@) = sup{B}(a) :n € N} < sup{By(x) :n € N} =Ty (¥)

. So My is an L-fuzzy semi-filter of Q.

Again let @ # F CC Q such that inf F’ exists.

ATy = /\sup{B’,l](a) n €N}

acF acF

= sup{ /\ By (a)::n € N}

ack
B;’]H(ian) (since infF < infF)

IN

IN

sup{By, (infF) : n € N}

ﬁV <1an)

So My is an L-fuzzy V-filter of Q.
Again let 6 be any L-fuzzy V-filter of Q such that ) C 6. Now we show that By, C 6

for all n € N. Let x € Q. Then

B,lv(x) = sup{ A\ n(a) :infF <x, 0% F CC Q and /\ F exists}
acl
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< sup{ /\ 0(a):infF <x, 0#F CC Qand /\ F exists}
ackF

sup{ /\ O(infF) :infF <x, 0 # F CC Q and /\F exists }
ackF

0(x)

IN

IN

Therefore B,11 C 0 Hence the statement is true for n — 1.

Assume B’,’] C 0 for some n > 1.

Byt (x) = sup{ \ Ci(a):x<supF, 0#F CC Qand \/F exists}
acF

sup{ /\ 6(a) :infF <x, 0 #F CC Q and \/ F exists}
acF

sup{O(supF) :x <supF, 0 #F CC Q and \/F exists }

IA

IN

IN

0(x)

Thus, by mathematical induction, we have 6 (x) > By (x) Vn € N.. So for any x € Q, we
have

0(x) > sup{Bj(x) : n € N} =7y (x). Therefore 7y, C 6. ]
Theorem 3.4.14 yields the following.

Theorem 3.4.15. The set 7V .%(Q) of all L-fuzzy V-filter of Q forms a complete lat-
tice under point-wise ordering ” C ”; in which the supremum sup;can; and the inifimum

infjea i of any family {n; :i € A} in F ¥V .F(Q) respectively are:

supicaNi = (UjeaNi)v and infica N = Nica Ni-

Corollary 3.4.16. For any n and v € FV F (Q) the supremum N\ Vv and the infimum

N AV ofn and v respectively are:
nvv=MUvVv)y and NAvVv=nnNv.

Now we study the relationships among types of L-fuzzy filters introduced in this chap-

ter.
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Theorem 3.4.17. The following implications hold.

1. L-fuzzy closed filter =—>L- fuzzy Frink filter —> L-fuzzy V-filter —> L-fuzzy semi-
filter.

2. L- fuzzy closed filter —> L-fuzzy Frink filter —> L-fuzzy filter —> L- fuzzy semi-
filter.

The following examples show that the converse of the above implications do not hold

in general.

Example 3.4.18. Consider the poset (]0,1],<) with the usual ordering. Define a fuzzy

subset 1 : [0,1] — [0, 1] by

1 ifxe (1]
n(x) =
0 ifxe(0,4]

Then 1 is an L- fuzzy Frink filter but not an L- fuzzy closed filter.

Example 3.4.19. Consider the poset (Q, <) depicted in the Fig. 3.2 below. Define a fuzzy
subset v: Q — [0,1] by:

v(il)=v(d)=1,v(a)=v(b)=Vv(c)=v(d)=Vv(0) =02 v(b) =06, v(d') =0.5
and v(d")=0..

Fig. 3.2
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Then v is an L- fuzzy filter but not an L- fuzzy Frink-filter.
This is because F = {1,d',b',c'} CC Qand d € F™ = {1,d,b',c',d} but v(d) = 0.2 }

0.5=inf{v(x):x € F}

Example 3.4.20. Consider the poset (Q, <) depicted in the Fig. 3.3 below. Define a fuzzy
subset 0 : Q — [0,1] by 6(U) =1, 6(L) = 0(M) = 0.8 and 6(N) = 0.6.

U

L M N

Figure 3.3

Then 0 is an L- fuzzy V-filter but not an L- fuzzy Frink-filter.
This is because F = {U,L,M} CC Qand N € F™* ={U,L,M,N} but 9(N) = 0.6 # 0.8 =

inf{0(x):x € F}.

Example 3.4.21. Consider the poset (Q, <) depicted in the Fig. 3.4 below. Define a fuzzy
subsetc: Q — [0,1] by (1) =1, o(a) = 0.8, 6(b) = 0.9 and 6(0) = 0.2.

0

Fig. 3.4

Then o is an L-fuzzy semi-filter but not an L-fuzzy filter. This is because a,b € Q and

0 € (a,b)" but 6(0) =0.2 # 0.8 = 5(a) Ao(b).

Theorem 3.4.22. Every I-L-fuzzy filter of a poset Q is an L- fuzzy Frink filter of Q.
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Proof. suppose that 1} is an [-L-fuzzy filter. Let F' be a finite subset of Q.

Then there exists y € F! such that n(y) = inf{n(a) :a € F}.

Again xe F* = s<xVseF!
= ygx(sinceyEFl)

= M) =ny) =inf{n(a):ackF}

Therefore 7 is an L-fuzzy Frink filter of Q. [

Now we complete this chapter by introducing the following definition which general-

ize all the L-fuzzy filters of a poset introduced in this chapter.

Definition 3.4.6. An L- fuzzy subset 1 of Q is an m- L- fuzzy filter, if it satisfies the

following conditions:

(i) n(0) =1,

(ii) for any subset A of Q of cardinality strictly less than m, written as, A C,, Q,
n(x) > inf{n(a) : a € A}, Vx € A™, where m is any cardinal.
Remark 3.4.1. The following special cases are included in this general definition:

1. Q-L-fuzzy filters are L-fuzzy closed filters, where C is a cardinal number greater

than the cardinal number of Q.

2. - L-fuzzy filters-ideals are L-fuzzy Frink filters, where ® the smallest infinite car-

dinal number.
3. 3- L-fuzzy filters are L-fuzzy filters in the sense of Halas.
4. 2-L-fuzzy filters are L-fuzzy semi-filters.

5. L-fuzzy V-filters are 2-L-fuzzy filters and if for any non-empty finite subset F of Q,
if infF exists, then n(infF) > inf{n(a) :a € F}.



83

Chapter 4

L-Fuzzy Prime and Maximal L-Fuzzy

Ideals

A prime ideal in a poset was introduced by Halas and Rachinek [30] in 1995. Next
in 2006, Erné [22] did a systematic investigation and comparison of various prime and
maximal ideal theorems in partially ordered sets. He proved that the following conditions

are equivalent on poset Q.

1. For each ideal I and each down-directed subset D of Q disjoint from I, there is a

prime ideal containing / and disjoint from D.
2. Each ideal of Q is an intersection of prime ideals.
3. Fora,b € Q with a £ b, there is a prime ideal P with a ¢ P but b € P.
4. Q isideal distributive.

Also, the theory of prime ideals in a poset has been further developed by V. S. Kharat and
K. A. Mokbel [34] in 2009, Joshi and Mundlik [32] in 2013 and Erné and Joshi [24] in
2015.

On the other hand, U. M. Swamy and K. L. N. Swamy [47] introduced the concept of
L-fuzzy prime ideals in rings and U. M. Swamy and D. V. Raju [46] in lattices with truth

values in a complete lattice satisfying the infinite meet distributive law and latter Koguep
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et al. [36] discussed certain properties of prime fuzzy ideals of lattices when the truth
values are taken from the interval [0, 1] of real numbers.

We have already introduced several generalizations of L-fuzzy ideals and filters of a
lattice to an arbitrary poset in chapter 2 and 3, respectively. In this chapter, by choosing,
the L-fuzzy ideals and filters of a poset in the sense of Hala$ as L-fuzzy ideals and filters
of a poset, we introduce and present certain comprehensive results on the notion of L-
fuzzy prime ideals, prime L-fuzzy ideals, maximal L-fuzzy ideals and L-fuzzy maximal
ideals by applying the general theory of algebraic fuzzy systems introduced in [48] and
[49]. We also study the existence of L-fuzzy prime ideals and prime L-fuzzy ideals in the

lattice (.-# .7 (Q), C) of L-fuzzy ideals of a poset.

4.1 Prime and Maximal Ideals

In this section, we recall some definitions and crisp concepts of prime and maximal ideals
of a poset from a literature that will be extended to the notions of L-fuzzy prime ideals,
prime and maximal L-fuzzy ideals of a poset in the further sections of this chapter.

An ideal I (respectively, a filter F') of a poset Q is called proper if / # Q (respectively,
F # Q). Now, we consider the concept of a prime ideal introduced by Halas[28] and

Halas and Rachiinek [30] as given in the following

Definition 4.1.1 ([30]). A proper ideal P of a poset Q is called prime, if for all a,b € Q,

(a,b)! C P impliesa € P or b € P.

The set of all prime ideals of a poset Q is denoted by Z?(Q). A proper ideal I of a
poset Q is prime if it is a prime element in the lattice .# (Q) of ideals of a poset Q, as we

show in the next result.

Theorem 4.1.1. A proper ideal P of a poset Q is prime if and only if for any two ideals

1,J of QwithINJ C P, we have Il C P orJ C P.
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Proof. Suppose that P is a prime ideal and 7 and J be ideals of Q such that /NJ C P. Now
we claim either / C P or J C P. Suppose on the contrary that/NJ C Pand/ ¢ PandJ Z P.
Then three exist elements a € I and b € J such that a,b ¢ P. Then, by the hypothesis,
(a,b)! ¢ P. Since (a,b)! Ca' C1and (a,b)! Cb! CJ, wehave (a,b)’ CINJ C P, which
is a contradiction. Hence the claim is true.

Conversely, suppose that let a,b € Q such that (a,b)! C P. Then (a]N (b] = (a,b)" C P.
Then, by the hypothesis, we have either (a] C P or (b] C P and so, a € P or b € P.

Therefore P is a prime ideal of Q. 0

Definition 4.1.2. [30] A proper filter P of a poset Q is called prime if for all a,b € Q,

(a,b)" C I impliesa € Porb € P.

Dually, a proper filter F of a poset Q is prime if it is a prime element in the lattice

Z (Q) of filters of a poset Q, as we show in the next result.

Theorem 4.1.2. A proper filter P of a poset Q is prime if and only if for any two filters

F,Gof Qwith FNG C P, we have F C P or G CP.

Definition 4.1.3. For an ideal I of a poset Q and a € Q, we define the set
lia={x€Q:(a,x) CI}

Lemma 4.1.3. Let I be an ideal of a poset Q. Then I : a is a semi-ideal of Q for any a € Q.

Proof. Let I be an ideal of a poset Q. Since (a,0)! = {0} C1,0€1:a. Againlet x,y € Q
such that y < x with x € I : a. Then (a,x)! C I which implies (a,y)! C (a,x)" C I. Hence

vel:a. 0

Remark 4.1.1. For an ideal I of Q, I : a need not be an ideal of Q for all a € Q. For

example consider the poset depicted in the Fig. 4.1 given below.
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d c

Fig 4.1

Consider the ideal I = {0,a} of Q, but I : d = {0,a,b,c} is not an ideal as

(a,b)!=e=Q¢1:d

Lemma 4.1.4. [34] Let I be an ideal of a poset Q and a,b,x € Q. Then (a,b)! CI: x if

and only if (x,a,b)! C I.

Proof. Suppose that (a,b)! C1:x. Let z € (x,a,b)’. Then, as (x,a,b)! C (a,b)’, we have
z €1: x. This implies that z € (x,z)! C I. Therefore (x,a,b)! CI.
Conversely suppose that (x,a,b)! C I. Let z € (a,b)". Then it is clear that (z,x)! C

(x,a,b)! C I. This implies that z € I : x. Therefore (a,b)! C1: x. O

Lemma4.1.5. [32] Let I be an ideal of an atomic poset Q and let p be a dually distributive

atom of Q such that p ¢ I. Then I : p is a u-ideal.

The following theorem is on the existence of prime ideals in atomic posets whose

proof is given from V. Joshi, N. Mundlik work in[32].

Theorem 4.1.6. [The existence of prime ideals in atomic posets]

Let Q be an atomic poset and let p be an atom of Q. If p is a dually distributive element
of Q such that p ¢ I for an ideal I, then there exists a prime u-ideal P such that I C P and
p & P. Conversely, for any ideal I such that p ¢ I, if there exists a prime ideal P such that

I C Pand p ¢ P then p is a dually distributive element.
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Definition 4.1.4. A proper ideal M of a poset Q is called a maximal ideal if the only ideal
properly containing M is Q. That is, a proper ideal M of Q is called maximal ideal of if,

for any ideal I of Q, M C I implies that either M =1 or [ = Q.

The set of all maximal ideals of a poset Q is denoted by .Z ax(Q).
Note that the existence of maximal ideals in a poset Q is not guaranteed. Consider the

following example.

Example 4.1.7. Let Q be a chain without largest element. If M is a proper ideal of Q,
then we can choose a € Q — M and another element b € Q such that a < b. Then, it can be
easily checked that (a is a proper ideal of Q containing M properly; that is, M G (a] S Q

and hence M is not a maximal ideal of Q. Therefore Q has no maximal ideals.

However, if a poset Q possesses 1 then, by Zorn’s Lemma, there exists a maximal
ideal in Q.

A maximal ideal of a poset need not be a prime ideal. For, consider the following.

Example 4.1.8. Consider the poset depicted in the Fig. 3.2 given in chapter 3. M =
{0,a,b,c,d} is a maximal ideal because for each x € Q — M there exists y € M such that
(x,y)“' = Q. But M is not a prime ideal, since (a',b')' = {0,c,d} C M and a’ ¢ M and
b ¢ M.

How ever, if the posrt Q is an ideal distributive poset, then every maximal ideal of X

is a prime ideal.

Theorem 4.1.9. Let Q be an ideal distributive poset and M be a maximal ideal of Q. Then

M is a prime ideal.

Proof. Let M be a maximal ideal of Q. Then, by definition, M £ Q. Let a,b € Q such
that (a,b)! C M. Now we claim that either a € M or b € M . Suppose on the contrary that
a¢ M and b ¢ M. Then, by maximality of M, we have MV (a] = Q and M V (D] = Q.
Now (a,b)! € M = (a]N (b] C M. Since Q is an ideal distributive poset, (.#(Q),C) is a

distributive lattice and hence
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M =MV ((a]N(b]) = MV (a)N(MV (b]) = Q

which is a contradiction. Hence the claim is true. Therefore M is a prime ideal of Q. [

4.2 L-Fuzzy Prime Ideals

In this section we introduce the notion of L-fuzzy prime ideals of a poset which is the
fuzzy version of prime ideals which was introduced by Hala$ and Rachiinek [30].
Let us recall from [8] that an L-fuzzy subset t of a poset Q with O is called an L-fuzzy
ideal of Q if u(0) = 1 and for any a,b € Q , u(x) > u(a) A u(b), for all x € (a,b)".
Note that for any « in L, the constant L-fuzzy subset of Q which maps all elements of

QO onto « 1s denoted by «.

Definition 4.2.1. An L-fuzzy ideal | of a poset Q is called proper, if UL is not the constant

map 1. That is, if there exists an element a € Q such that p(a) # 1.

Recall that a proper L-fuzzy ideal u of a lattice X is called an L-fuzzy prime ideal, if
t(anb) = p(a) or u(b) for any a,b € X (See [36]).

Now we introduce the notion of L-fuzzy prime ideal of a poset Q.

Definition 4.2.2. A proper L-fuzzy ideal 1 of a poset Q is called an L-fuzzy prime, if for

any a,b € Q,

inf{u(x):x € (a,b)'} = p(a) or u(b).

The following result characterizes any L-fuzzy prime ideal of a poset in terms of its

level-subset.

Theorem 4.2.1. An L-fuzzy ideal 1 of a poset Q is an L-fuzzy prime if and only if for any

o € L, either Uy = Q or Uy a prime ideal of Q.
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Proof. Suppose that 1 is an L-fuzzy prime ideal of Q and & € L. Since u is an L-fuzzy

ideal, clearly U is an ideal of Q. Suppose that Ly, # Q. Now for any a,b € Q,

(a,b)! C g = ux)>avxe (a,b)
= inf{u(x):x€ (a,b)'} > a
= u(a)>aorud)>a

= ac€Ugorbec lUg.

Conversely, suppose that g = Q or Ug 1s a prime ideal of Q, for each o € L. Let
a,b € Q and put o = inf{pu(x) : x € (a,b)"'}. Then clearly, x € iy Vx € (a,b), that is,
(a,b)! C Ug. Thus, by hypothesis, we have either a € g or b € . This implies that

(@) > o = inf{p(x) :x € (a,b)'}) or p(b) > & = inf{u(x) : x € (a,b)'}.

Also since U is anti-tone, we clearly have

ua) = inf{u(x) : x € (@,b)'} or p(b) = inf{u(x) : x € (a,b)'}.

So u is an L-fuzzy prime ideal of Q. 0
The following result also characterizes an L-fuzzy prime ideals of a poset Q.

Corollary 4.2.2. Let | be a proper L-fuzzy ideal of a poset Q. Then U is an L-fuzzy prime
ideal of Q if and only if Im(W) is a chain in L and for any a,b € Q

inf{p(x) : x € (a,b)'} = p(a) v u(b).

Proof. Let u be an L-fuzzy prime ideal of Q and a,b € Q. Then p(a),u(b) € Im(u).
Put @ = p(a) V u(b). Now we show that (a,b)! C py. Now

x € (a,b) = x<aandx < b= pu(x) > u(a)and u(x) > u(b) =
n(x) = p(a)Vu(b) = o= x € lq.

Thus (a,b)l C Ugq. Again since Uy = Q or a prime ideal of Q, we have either a € Uy

or b € ly. This implies that
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p(a) 2 a=p(a)Vvub) = u) or u(b) = a=pua)Vvub) = ua).

So Im(u) is a chain in L and we clearly have

inf{u(x) : x € (a,0)'} = p(a) V u(b).

The converse is straight forward. O
Lemma 4.2.3. Let u be an L- fuzzy ideal of Q. Then for any a,b € Q,

inf{p(x):x € (a,b)'} = p(anb),
whenever a \ b exists in Q.

Proof. PutX = {u(x) : x € (a,b)'}.

Nowxe(a,b)l = x<aandx<b
= x<aAb

= M(x) = p(anb)

Then w(x) > u(aAb) for all x € (a,b)!. Thus p(aAb) is a lower bound of X. Let « be
any lower bound of X. Then a < u(x), for all x € (a,b)’. Since aAb € (a,b)’, we have

a < pu(aAb). Thus inf{u(x) :x € (a,b)'} = u(anb). O

Corollary 4.2.4. Let (Q,<) be a lattice. Then an L-fuzzy ideal | of Q is an L- fuzzy prime

ideal in the poset Q if and only if it is an L-fuzzy prime ideal in the lattice Q.

Now, given an L-fuzzy ideal of a poset Q and any element in Q, we define the follow-

ing L-fuzzy subset of Q as follow:.

Definition 4.2.3. Let [ be an L-fuzzy ideal of Q and x € Q. Define an L-fuzzy subset | : x
of Q by:

(w:x)(y) = inf{p(z) 1z € (x,y)'} forall y € Q.
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By the Definition 4.2.3, observe that an L-fuzzy ideal y of Q is an L-fuzzy prime ideal

if for any a,b € Q,

(k- a)(b) = u(a) or u(b).
Now we have the following lemma.

Lemma 4.2.5. Let u be an L-fuzzy ideal of Q and x € Q. Then U : x is an L-fuzzy semi

ideal containing [L.

Proof. Now (u :x)(0) =inf{u(z) : z € (x,0)!} =inf{u(z) : =0} = u(0) = 1 Therefore
(1 :x)(0) = 1.

Againleta € Qand y € a'. Now

(m:2)0) = inf{u(w):we ()}
> inf{u(w):we (x,a)'} (Since (x,y)! C (x,a))
— ()@

Therefore u : x is an L-fuzzy semi ideal. Again lety € Q. Since u(z) > u(y) vz € (x,y)’,

we have

(1 :x)(y) =inf{p(z) 12 € (x,3)'} > p(y)

Hence u C u : x. This proves the lemma. [
Note that for any x,y € Q, observe that
(e x)(y) = (1 y)(x)

Remark 4.2.1. For an L-fuzzy ideal U of a poset Q U : x need not be an L-fuzzy ideal of Q
for all x € Q. For example consider the poset (Q, <) depicted in the Fig. 4.2 given below.

Define a fuzzy subset 1 : Q — [0.1] by:

1(0) = 1, (a) = 0.8,u(b) = u(c) = u(d) = u(e) = 0.2
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Then W is an L-fuzzy ideal of Q and : d is a fuzzy subset of Q given by:

(1:d)(0) = (: d)(b) = (1 d)(c) = 1, (:d) (@) = 0.8 and
(u:d)(d) = (u:d)(e) =0.2.
Observe that e € (a,b)" but (1 :d)(e) =0.2 # 0.8 = (1 :d)(a) A(u : d)(b). This implies

that U : d is not an L-fuzzy ideal of Q.

d c

Fig. 4.2
Lemma 4.2.6. Let 1 be an L-fuzzy ideal of a poset Q and x € Q. Then the following hold:
1. (L:x)g = Ug:x forany o € L.
2. inf{(u:x)(y):y € (a,b)'} = inf{u(y) : y € (x,a,b)'}

3. w:x=1ifand only if u(x) = 1.

Proof. (1) Now we have

(H:x)(y) > o

inf{u(w):w e (x,y)'} > a

YE(U:X)a

u(w) > o forall w e (x,y)
W E Ug forall we (x,y)

(xay)l g .uOt

r ¢ ¢ ¢ T 3

yeua:x.

Therefore (U : x)g = Ug : X
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(2) Let A= {u(y):y € (x,a,b)'} and B = {(u : x)(y) : y € (a,b)'}. Now we claim that

infA = inf B. Put ¢ = infA. Then

a < u(z) Vz € (x,a,b) (x,a,b)' C i

(a,b) C o :x= (1t : %)
(1)) > o Wy € (a,b)
inf{(u:x)(y):y € (a,b)'} > a.

infB > infA.

R

To prove the other side of the inequality, let 8 = inf B. Then

B<(u:x)(y) Wye(ab) = (a,b) C(n:ix)p=pp:x
(x,a,b)' C g

u(y)>B vye (x,a,b)
inf{u(y) : y € (x,a,b)'} > B.

infA > infB.

A

Hence the claim is true.

(3)Let p: x=1. Then (i : x)(y) = 1, for ally € Q. Thus, in particular, (i : x)(x) = 1.

() =1 = inf{u():ye (wa)}=1
= u(y)=1Yye (xx)

= U(x)=1. (sincex€ (x,x)l)

Conversely suppose that p(x) = 1. Now since, for any y € Q, (i : x)(y) = inf{u(z)

(x,y)'} > u(x) =1, we have (u : x)(y) = 1 forall y € Q. Therefore p : x = 1.

VS

O]
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The next result is also a characterization of an L-fuzzy ideal to be an L-fuzzy prime ideal

in a poset Q.

Theorem 4.2.7. Let [ be a proper L-fuzzy ideal of a poset Q. Then W is an L-fuzzy prime
ideal of Q if and only if U : a = p for all a € Q such that p(a) # 1.

Proof. Suppose that u is an L-fuzzy prime ideal of Q and let a € Q such that p(a) # 1.
Now we claim that it : a = p. Now for any x € Q, we have (i : a)(x) = u(x) or u(a).
Suppose that (i : a)(x) = p(a). This implies that g : a is a constant map u(a) Then
(1 :a)(x) = u(a) # 1. which is a contradiction to the fact that (i : a)(0) = 1.

Therefore (1 : a)(x) = pu(x) forall x € Q and hence u : a = .

Conversely suppose that the given condition holds. Let a,,b € Q. Now we claim that
(k= a)(b) = u(a) or u(b).
Suppose that (i : a)(b) # p(a). Then inf{u(x) : x € (a,b)'} £ p(a). This implies that
W(a) # 1. Thus, by hypothesis we have u : a = u and hence
(1:a)(b) =u(b).

Therefore u is an L-fuzzy prime ideal of Q. [

Lemma 4.2.8. Let u be an L-fuzzy ideal of an atomic poset Q and let p be a dually

distributive atom of Q such that L(p) # 1. Then W : p is a u-L-fuzzy ideal of Q.

Proof. Since p is an atom in Q, for any x € Q, we have (p,x)' = {0, p} if p < x and {0}

otherwise. Thus, for any x € Q,

1 if X
(1 p)(x) = P

u(p) ifp<x

First let us show that u : p is an L-fuzzy ideal of Q. It is clear that (i : p)(0) = 1. Let

a,bc Qandx € (a,b)". If (u : p)(a) = u(p) or (1 : p)(b) = u(p), we have
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(u:p)@)A(u:p)(b)=p(p) < (u:x)(p) = (1:p)x).
Let (u: p)(a)=1= (u: p)(b). Then p % a and p % b. This implies that (p,a)! = {0} =
(p,b)". Now we claim that p % x. Suppose that p < x. Then p € (a,b)" and since p is

dually distributive, we have

{0.p}=p'={p.(a,0)"} ={(p.a), (p,b)'}"" = {0},
which is a contradiction. Thus p £ x and hence (i : p)(x) = 1. This implies that
(w:p)(a)A(p:p)(b) =1=(u:p)(x).
Thus, for any a,b € Q and x € (a,b)* , we have,
(k:p)(a)A(u:p)(b) < (u:p)(x)
and hence U : p is an L-fuzzy ideal of Q.

Next we show that u : p is a u-L-fuzzy ideal of Q. Let a,b € Q. Now we claim that

there exists x € (a,b)" such that
(:p)(x) = (u: p)(a) A= p)(b).
Let (1 : p)(a) = u(p) or(i : p)(b) = p(p). Then
(1 :p)(a)A(p:p)(b)=p(p)and p<aorp<b.
Now we claim that p < x for some x € (a,b)". Suppose on the contrary that p % x for all

x € (a,b)", ie., p & {p,(a,b)*}. As (p,a)' U(p,b)! = {0,p} and p is dually distributive

we have

p ¢ {p.(a,b)"} ={(p,a)!,(p,b)'}" = {0, p},
which is a contradiction. Hence the calim is true Therefore, in this case, there exists

x € (a,b)" such that (i : p)(x) = u(p) and hence
(u:p)(x) = (1= p)(a) A(u: p)(b).

Let (u:p)(a)=1=(u:p)(b). Then
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(n:p)a)A(u:p)(b)=1andp £a, pZLb.
Now we claim that p £ x for some x € (a,b)". Suppose on the contrary that p < x for all

x € (a,b)". This implies that p € (a,b)"' and (u : p)(x) = u(p). Thus in this case we have

u(p) = (u:p)(p) = (u:p)a)A(p:p)(b) =1
which contradicts to the fact that i (p) # 1. Hence there exists x € (a,b)" such that p £ x.

Thus, in this case, we have (1 : p)(x) = 1= (u: p)(a) A(u: p)(b). Hence in either cases

there exists x € (a,b)" such that

(u:p)(x)=(u:p)a)A(u:p)b)

Therefore u : p is a u-L-fuzzy ideal of Q. [
Now, we prove the existence of L-fuzzy prime ideals in atomic posets.

Theorem 4.2.9. Let Q be an atomic poset p is an atom in Q. Then, if p is a dually
distributive such that 1W(p) # 1 for an L-fuzzy ideal of 1 of Q, then there exists a u-L-
fuzzy prime ideal 0 of Q such that u C 6 and 0(p) # 1. Conversely, for any L-fuzzy ideal
W of Q such that u(p) # 1, if there exists an L-fuzzy prime ideal 0 of Q such that u C 6

and O(p) # 1, then p is a dually distributive element.

Proof. Let & ={oc € F7(Q): uCoandoc(p)+#1}. Since u €., .7 is non empty
set and hence it forms a poset under the point wise ordering ” C ”. By applying Zorn’s
Lemma we can choose a maximal element say 6 in .#. Thus, since 0(p) # 1, by Lemma
4.2.8, 0 : pis au-L-fuzzy ideal of Q. It is easy to observe that £ C 0 : pand (0 : p)(p) # 1.
Thus, by maximality of 6, we have 0 : p = 0. Now we show that 6 is an L-fuzzy prime

ideal of Q. Let a € Q such that 08(a) # 1. Now for any x € Q, we have

(0:a)(x) = inf{B(z):z¢€ (a,x)l}

= inf{(6:p)(z):z€ (a,x)'} (...since 6 = 0 : p)
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= inf{8(z):z€ (p,a,x)'}

= inf{(0:%)(z) :z€ (p,a)'}

= (6:x)(p)or1 (according as p < aorp % a)
= (6:p)(x)orl

= O(x)orl (..since @ =0:p)

This implies that either 8 : a = 0 or 0 : a = 1. Suppose that 8 : a = 1. This implies that
0 (a) = 1, which is a contradiction to the fact that 6 (a) # 1. Hence 6 : a = 6 foralla € Q
such that 6(a) # 1. Hence, by Theorem 4.2.7, 0 is an L-fuzzy prime ideal of Q.
Conversely suppose that for any L-fuzzy ideal u of Q with u(p) # 1, there exists an L-
fuzzy prime ideal 0 of Q such that 4 C 6 and 6(p) # 1. To show p is dually distributive,

it is enough to show that

{p.(a,b)"} C{(p,a)’,(p,b)'}* forany a,b € Q.

If p ¢ (a,b)" then {p, (a,b)"}! = {0} and hence the inclusion follows immediately.

Assume that p € (a,b)". Then {p, (a,b)"}' ={p,0}. Now we claim that p € {(p,a)’, (p,b)' }.
On the contrary, suppose that p & {(p,a)’, (p,b)!}*/. Then there exists x € {(p,a)’, (p,b)' }*
such that p & x. This implies that yx((p) # 1. By the hypothesis, there exists a fuzzy
prime ideal 6 such that y(y C 6 and G(p) # 1. Since (p,a)!, (p,b)! C{(p,a)!, (p,b)' }* C

x' = (x] and p ¢ (], (p,a)! = {0} = (p,b)" and hence
inf{0(y):y € (p,a)’} =1 and inf{0(y):y € (p,b)'} = 1.
Now, since 0 is an L-fuzzy prime ideal with 6(p) # 1, we have 0 : p = 6 and hence
B(a)=(0:p)(a)=1and 8(b) =(6:p)(b) =1.

Again as p € (a,b)", we have 6(p) > 6(a) A 8(b) = 1 which is a contradiction to the fact

that O(p) # 1. Hence the claim is true. O
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4.3 Prime L-Fuzzy Ideals

In this section, we introduce a prime L- fuzzy ideal of a poset Q which is a prime element

in the lattice .7 .7 (Q) of L-fuzzy ideals of Q.

Recall that an element & # 1 in a lattice L is said to be prime if for any ¢,s € L,

t \s < o implies either s < x or ¢t < q.

Definition 4.3.1. Let it and 0 be L-fuzzy subsets of a poset Q. The product of 1 and 0,
denoted by L x; 0, is defined as:

(u*;0)(x) = sup{u(a) AO(b) : x € (a,b)'} for any x € Q.

For any L-fuzzy points x4 and yg of a poset Q, it is clear that, for any z € Q:

AB ifz€ (xy)
(aryg)) =0 T TR

0 otherwise

Lemma 4.3.1. Let x € Q and o € L. Define an L- fuzzy subset («, 0)(x] of Q by

(

1 ify=0

(.00 =q0a ifye(x]-{0}

0 ifyé (.
forally € Q. Then (a,0) ) = (xq-

Proof. We show that (,0)y is the smallest L-fuzzy ideal containing the fuzzy point xg.
Since for any € L, (@,0) () = Q or (x] or {0}, which is an ideal of O, we have
(@,0)(y is an L-fuzzy ideal of Q.

Again since x € (x], we have o < (@,0)(,)(x) and hence xq € (@,0)(y. Again let

U be any L-fuzzy ideal of Q such that xo € . Then a < u(x). Now we show that
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(a,0)y) C . Lety € Q. Now if y & (x], (,0)()(y) =0 < pu(y). Lety € (x]. Then
y<x. If y=0, then (@,0))(y) = 1 = u(y). Againif y # 0, then x # 0 and hence
(0,0)()(y) = & < p(x) < p(y). Thus in all cases, we have
((X,O)(x})(y) < uu(y)’ forally € Q.

So (,0) () € p. Therefore (e,0)( = (xal- O

Now we have the following lemma.
Lemma 4.3.2. Let xq and yg be any L-fuzzy points of a poset Q. Then

(xOC *lyﬁ] = ((X /\Bvo)(x,y)l = (x(X] N (yﬁ]
Now we give the definition a prime L-fuzzy ideal of a poset.

Definition 4.3.2. A proper L-fuzzy ideal | of a poset Q is called a prime L-fuzzy ideal, if

for any L-fuzzy ideals o and 0 of Q,
ocNO6 Cuimpliesoc C wor6 Cpu.

In the following theorem we characterize prime L-fuzzy ideals using L-fuzzy points

of a poset Q.
Theorem 4.3.3. A proper L-fuzzy ideal L of a poset Q is prime L- fuzzy ideal if and only
if for any L-fuzzy points xq and yg of Q:

Xo *1yp © U = either xo € L or yg € U.

Proof. Suppose that 11 is a prime L- fuzzy ideal of Q. Let x4 and yg be L-fuzzy points in

Q such that xg *; yg € ft. Then

Xax1yp S = (Xaxyp] CH

(xa] N (ypl S 1

N
= (] Cpor(yp] Cu
= o< p(x)or B <pu(y)
N

Xog € Oryg €.
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Conversely, suppose that the given condition holds. Suppose that y is not a prime
L-fuzzy ideal of Q.. Then there exist L-fuzzy ideals ¢ and 6 of Q such that 6N C u
and 0 pand 6 ¢ u.

Then there exist x,y € Q such that o(x) £ p(x) and 0(y) £ u(y). If we put o = o(x)
and 8 = 6(y), then we clearly have xo € 0 and yg € 6 and xo ¢ p and yg ¢ p. Then by
hypothesis, we have xq *; yg & .

But, itis clear that xq *; ygCon 0 C u. But this contradicts the fact that xq *; i SZ u.

So u is a prime L- fuzzy ideal of Q. 0

In the following we characterize prime L-fuzzy ideal of a poset Q in terms of prime

ideals of Q and prime elements of L.

Lemma 4.3.4. Let [ be an ideal of a poset Q and 1 # o € L. Then the L-fuzzy subset oy
of a poset Q defined by:

1 ifxel
OC[()C):

o ifx¢l

forall x € Q is an L-fuzzy ideal of Q.

The L-fuzzy ideal oy defined in Lemma 4.3.4 above is called the a-level L-fuzzy ideal

of O corresponding to the ideal /.

Corollary 4.3.5. Let I and J are ideals in Qand 1 Ao € Land 1 # B € L. Then oy C By

ifand only if I C J and o < .

Theorem 4.3.6. Let P be an ideal of a poset Q and 1 # o € L. Then p is a prime L-fuzzy

ideal of Q if and only if P is a prime ideal of Q and  is a prime element in L.

Proof. Suppose that op is a prime L-fuzzy ideal of Q. Now we show that P is a prime
ideal of Q and « is a prime element in L. Since ¢p is proper, we have P # Q and o # 1.

Let a,b € Q such that (a,b)! C P. Now
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(alN(p) S P
X(an(s] < OP
a1 0p) & OP

Oq & Otp or O < Qp

(al] CPor (b]CP

O T

acPorbeP

Thus P is a prime ideal of Q. Again let B,7 € L such that BAY < «.

Now BAy<a = (BAyPrCop
= PrNyr Cop
= PBpCoporyr Cop

= B<oaory<a.

Thus o is a prime element in L.
Conversely, suppose that P is a prime ideal of Q and « is a prime element in L. Clearly,
ap is a proper L-fuzzy ideal of Q. Suppose that op is not a prime L-fuzzy prime ideal of

Q. Then there exist L-fuzzy ideals u and ¢ of Q such that
puno Capandu € op and 6 € ap.
Then there exist a,b € Q such that
u(a) £ ap(a) and o(b) £ ap(b).
This implies that p(a) £ o and o(b) £ ovanda ¢ P and b ¢ P. Since ¢ is prime element

in L and P is a prime ideal of Q, we have p(a) A o(b) £ o and (a,b)! ¢ P. Thus there

exists y € (a,b)! such that y ¢ P. Then it is clear that
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(uno)(y) £ a=ap(y).
So uNo ¢ op which is a contradiction. Thus ap is a prime L-fuzzy ideal of Q. [

Theorem 4.3.7. Let u be an L-fuzzy ideal of Q. Then U is a prime L-fuzzy ideal of Q if

and only if there exist prime ideal of P of Q and prime element o in L such that 1L = op.

Proof. Suppose that u is a prime L-fuzzy ideal of Q. Since U is proper it assumes at least
two values. Since p(0) = 1, 1 is necessarily in Im(u). Suppose that o, B € Im(u) other
than 1. Then there exist a,b € Q such that u(a) = o and u(b) = . Now we claim that
a=f. Now put P = p; = {x € Q: u(x) = 1}. Consider the L-fuzzy ideals ¥, and ap
Now we show x(, Nap C p. Letx € Q. if x ¢ (a, then we have

(1 N0tP) () = 20 () A € () = OA p(x) = 0 < pa(x).
Let x € (a]. Now in this case, if x € P, we have
(X Nap)(x) = x@(x) Aap(x) = INT=1= u(x).
Again if x ¢ P, then we have
(X(a) Notp) (x) = () (x) Aop(x) =T Ao = = p(a) < p(x).
Therefore in either cases, we have (Y4 N otp)(x) < p(x), for all x € Q and so
Xaop S M.
But as u is a prime L-fuzzy ideal of Q, we have
Xa S HorapC U

But as x4 (a) = 1 £ @ = p(a), we have y(, € p. Therefore ap C u. In particular, since
b ¢ P, we get that o = ap(b) < u(b) = B.

In similar fashion, we can show that B < a and hence @ = 3. So u assumes exactly
one value say o other than 1 and hence u = op.

Now we remain show that & is a prime element in L and P a prime ideal of Q.

Let B,y € L such that B Ay < o. This implies that
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Brvyp = (BAY)P C 0p = .

Since u is prime, we have either Bp C u = ap or Yp C 1 = op. This implies that f < o
or Y < . Thus & a is a prime element in in L.

Again to show P is a prime ideal, let a,b € Q such that (a,b)! C P.

(@,b) CP = (an(b]CP
= Ognp) S ap =1

= QgNop Sap=H

Since U is a prime L-fuzzy ideal, we have either
OC(a} g,u:aporoc(b] g[,L:(Xp

This implies that (a] C P or (b] C P. and hence either a € P or b € P. Therefore P is a
prime ideal of Q.

The converse part of this theorem follows from Theorem 4.3.6. [

Corollary 4.3.8. Let L = [0,1]. Then a proper ideal P of Q is prime if and only if its

characteristic map Xp is a prime L-fuzzy ideal of Q.

Note that we write ap for the prime L-fuzzy ideal of Q corresponding to the pair
(Pa) and Z.F7 .7 (Q) for the set of all prime L-fuzzy ideal of Q. Now the following

result follows from the above theorem.

Corollary 4.3.9. There is a one-to-one correspondence between the class P.F .7 (Q) of
all prime L-fuzzy ideals of Q and the collection of all pairs (P, @), where P is a prime

ideal of Q and o is a prime element in L.

Example 4.3.10. Consider the poset (Q, <) depicted in the Fig. 4.3 below. Define a fuzzy

subset 1L : Q — [0,1] by:
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Then p is a prime L-fuzzy ideal of Q.

e

Fig. 4.3

Definition 4.3.3. An L-fuzzy subset ) of Q is said to be an L fuzzy down directed, if for

any a,b € Q, there exists x € (a,b)! such that (x) > 1(a) A1 (b).

Now we prove the following theorem which is analogous to Stone’s Prime ideal The-

orem in distributive lattices[45].

Theorem 4.3.11. Let the lattice (.7 .7 (Q),C) of all L-fuzzy ideals of Q is distributive,
U e ZI(Q)and o is a prime element in L. If 1 is an L-fuzzy down directed subset of
Q such that such that N1 C @, then there exists a prime L-fuzzy ideal 0 of Q such that

wuCOand 6Nn Ca.

Proof. Let ¥ ={oce€.Z7(Q): u Coand cNn Ca}. Since u € .7, .7 is non empty
and hence it forms a poset under the point wise ordering ” C ”. By applying Zorn’s
Lemma, we can choose a maximal element say 6 in .. Now we show that 0 is a prime
L-fuzzy ideal of Q. Suppose not. Then there exist L-fuzzy ideals v; and v; of Q such that

ViNnv, CObutv, € 6 and v, € 6. Put
6 =60Vv) and 6, =0V v,.

Then clearly, 6, and 6, are L-fuzzy ideals containing 6 properly. Thus by maximality of

0, both 6; and 6, do not belong to .. So there exist a,b € Q such that
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(610) (@) £ o and (6 77)(b) £
Let z € (a,b)’. Then it is clear that
(61NN)(z) £ @ and (6,NN)(z) £ .

Since o a prime element in L, we have (6; 1 6:) N 1N)(z) £ ¢. Now

(BinB)NN)(2) L = ((BVV)N(OBVV)NN)(z) £ &
= ((6V(vinw))Nn)(z) £ o

= (0NN)(z) £a (sinceviNv,C0)

which is a contradiction to the fact that 8 "1 C &. So viNv, C 6 implies vi C O or

v, C 6. Hence, 0 is a prime L-fuzzy ideal of Q. 0

Corollary 4.3.12. Let u be in the distributive lattice (F % (Q), <) of all L-fuzzy ideals
of Qand a € Q. If u(a) < o, where o is a prime element in L, then there exists a prime

L-fuzzy ideal 6 of Q such that p C 6 and 6(a) < o
Proof. Apply Theorem 4.3.11 to 4 and n = ¥ O
Theorem 4.3.13. Every prime L-fuzzy ideal of a poset Q is an L-fuzzy prime ideal of Q.

Proof. Let i be a prime L-fuzzy ideal of a poset Q. Then there exists a prime ideal
P of Q and a prime element o of L such that u = ap. Thus clearly u is proper and
Im(u) ={o, 1} is a chain.

Let a,b € Q. Now if (a,b)! C P, then pu(x) = 1, for all x € (a,b)’ and hence
inf{u(x) : x € (a,b)'} = 1. Again since P is a prime ideal, (a,b)’ C P implies either a € P

or b € P and hence, either p(a) = 1 or u(b) = 1. Therefore

p(a)Vvu(b)=1=inf{u(x): x € (a,b)'}.

Again if (a,b)! ¢ P, then there exists y € (a,b)’ such that y ¢ P and thus

u(y) = o =inf{u(x) : x € (a,b)'}.
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Again (a,b)! ¢ P implies a ¢ P and b ¢ P. Thus pi(a) = u(b) = a. So

wla) Vv p(b) = & = inf{p(x) : ¥ € (,b)'}.
. Therefore in either cases, we have p(a) V u(b) = inf{u(x) : x € (a,b)'}.

Thus, by Corollary 4.2.2 , u is an L-fuzzy prime ideal of Q. 0

Remark 4.3.1. The converse of the above theorem is not true. For example consider the

poset (Q <) depicted in the Fig.4.4 below and define a fuzzy subset | : Q — [0, 1] by:

1(0) =1, u(a) = pu(b) = 0.8, u(c) = u(d) = p(e) = u(1) =0.

Then W is an L-fuzzy prime ideal of Q but not a prime L-fuzzy ideal of Q as W assumes

two values other than 1.

Fig. 4.4

4.4 Maximal L-Fuzzy Ideal

In this section, we introduce the notion of maximal L-fuzzy ideal of a poset which is a
dual atom in the lattice of L-fuzzy ideals of a poset Q, that is, a maximal element in the
set of all proper L-fuzzy ideals of a poset Q.

Recall that an element & in a bounded lattice L is said to be a dual atom if there is no

B € Lsuchthatx < f < 1.
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Definition 4.4.1. A proper L-fuzzy ideal | of a poset Q is said to be a maximal L-fuzzy
ideal of Q, if W is a dual atom in the lattice F .7 (Q) of all L-fuzzy ideals of Q under point

wise ordering "C". That is, if there is no proper L-fuzzy ideal 0 of Q such that 1 ?Cﬁ 0.

Lemma 4.4.1. Let i be an L-fuzzy ideal of a poset Q and o € L. Then U is an L-fuzzy

ideal of Q containing \L.

Proof. Clearly p C uU® and (uU®)(0) = 1. Again leta,b € Q and x € (a,b)"'. Then

(MU@)(x) = ux)Vva
> (u(a) Au(b)Va
= (@) vo)A(u(b))Va)

= (nua)(a)A(uua)b).

Thus p U@ is an L-fuzzy ideal of Q containing . 0
Lemma 4.4.2. Let u be a maximal L-fuzzy ideal of a poset Q. Then Im(l) is a chain.

Proof. Let a, B € Im(u). Then there exist a,b € Q such that y(a) = @ and u(b) = B.
Then, by Lemma 4.4.1, g U« is an L-fuzzy ideal of Q. Since ¢ C pU«a and u is a
maximal L-fuzzy ideal of Q, we have either, u = uU® or uUT = 1.

If u = pUe, then we have
B = u(b) = (MU (b) = u(b)va=pVa.
Thus o < B. If u V& = 1, then we have
(U@)(a) =1 = (LUa)(b).

This implies that (a) Va = u(b) Vv a, that is, « = B V o and hence 8 < a.

So Im(u) is a chain. O

Lemma 4.4.3. Let 1 be a maximal L-fuzzy ideal of Q. Then U attains exactly one value

other than 1.
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Proof. Since p is an L-fuzzy ideal of Q, we have 1 (0) = 1. Thus 1 € Imu. Let o, B € Imu
other than 1. Then there exist a,b € Q such that & = p(a) and B = u(b). Then p U and

pU B are L-fuzzy ideals of Q containing p. Again since
(MU (@) = a # 1 =T(a) and (WUB)(B) = B # 1 = T(b)
we have U@ # T and U # 1. Thus, by maximality of i, we have g = pUa = U P.
Thus, in particular, we have
p=ub)=Wua)(b)=ub)va=pve.
and
a=u(a)=(uUp)(a) = p(@)Vp=oavp

Therefore @ = oV B = B. So u assumes exactly one value other than 1. [
The following theorem gives a characterization of a maximal L-fuzzy ideal of a poset.

Theorem 4.4.4. An L-fuzzy subset | of Q is a maximal L-fuzzy ideal of Q if and only if

there exist a maximal ideal M of Q and a dual atom o in L such that L = Q.

Proof. Suppose that u is a maximal L-fuzzy ideal of Q. Put M = {x € Q : u(x) = 1}.
Then, by the Lemma 4.4.3, i assumes exactly one value, say o other than 1.
Therefore 1 = oyy.

Now we show that M is a maximal ideal of Q and « is a dual element in L. Since u is

proper, it is clear that M is proper. Let I be a proper ideal of Q such that M C I. Then
uw=op CoyCl.

By maximality of u, we have that oy = 0. Thus M = 1. So M is a maximal ideal of Q.

Again let B € L such that @ < 8 < 1. Then

,LL:OCMgﬁMCT.
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Thus, by the maximality of u, we have ay; = By. So o = .
Hence « is a dual atom in L.

Conversely suppose that 1 = a7, where M is a maximal ideal in Q and o is a dual
atom in L. Since M is proper, there exists a € Q such that a ¢ M and hence pu(a) =
ogps(a) = o # 1. Therefore p is proper. Let 6 be any proper L-fuzzy ideal of Q such that

ucoc 1. This implies that
M=pu C 6 CQ.

Thus, by the maximality of M, we have M = 0; = {x € Q: 6(x) = 1}.

Letx € Q. If x € M, then pu(x) = 1= 6(x). If x ¢ M, then we have
ux)=o0<0(x)<l.

Since a is a dual atom in L, we have u(x) = a = 0(x). Thus u = opy = 6.

So u is a maximal L-fuzzy ideal of Q. [

Now we have the following corollary; which is an immediate consequence of Theorem

4.4.4.

Corollary 4.4.5. There is a one-to-one correspondence between the class of all maximal
L-fuzzy ideals of Q and the collection of all pairs (M, &), where M is a maximal ideal of

0O and o is a dual atom in L.

Remark 4.4.1. Since the interval [0, 1] of real numbers has no dual atom, so is [0,1]" for

any positive integer n, there is no maximal L-fuzzy ideal of Q if L = [0, 1]".

Example 4.4.6. Consider the poset (Q,<) depicted in the Fig. 4.4 above and the dis-
tributive lattice L in the Fig. 4.5 below. Define an L- fuzzy subset i : Q — L by:
1(0) =p(a) = pub) =u(c) =pu(d) =ule) =1and u(1) = a. Then U is a maximal
L-fuzzy ideal as & = ayy, where . = a is a dual atom in L and M = {0,a,b,c,d,e} is a

maximal ideal of Q.
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0

Fig. 4.5

Since L is a distributive lattice, every dual atom in L is prime and hence we have the

following.

Corollary 4.4.7. If Q is a poset in which every maximal ideal is a prime ideal then every

maximal L-fuzzy ideal of Q is a prime L-fuzzy ideal of Q.

Remark 4.4.2. The converse of the above corollary is not true. Example 4.3.10 is a prime
L-fuzzy ideal which is not a maximal L-fuzzy ideal of the given poset as there is no dual

atom in L = [0, 1].

4.5 L-Fuzzy Maximal Ideals

In this section, we define the notion of L-fuzzy maximal ideals of a poset Q as a proper
L-fuzzy ideal, for which each level subset L, at @ € L is either the whole poset Q or a
maximal ideal Q.

First, we prove the following result which gives a motivation in defining the concept

of L-fuzzy maximal ideals of a poset Q.

Lemma 4.5.1. Let M be a maximal ideal of a poset Q and Xy be its characteristic map.
Let i be a proper L-fuzzy ideal of Q such that Xy C U. Then U assumes exactly two

values.
Proof. Since u(0) = 1,1 € Imu. Since u is proper, there exists a € Q such that u(a) # 1.
Thus u; = {x € Q: u(x) = 1} is a proper ideal of Q. Again xy C p implies that M C

u; C Q. The, by maximality of M, we have M = ;.
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Let o, € Imu other than 1. Then there exists a,b € Q such that @ = u(a) and
B = u(b). Now we claim that o = . Now it is clear to see that M = | C pg € Q and
M =, C ug C Q. Thus, by maximality of M, we have flq = Q = ug. Thus a € g and

b € Ug. This implies that
oo =p(a)>Pand B =pu(b) > aand so ax = .
Therefore u assumes exactly one value other than 1. 0

Definition 4.5.1. A proper L-fuzzy ideal 1 of Q is called an L-fuzzy maximal ideal of Q

if, for each o € L, either Wy = Q or a maximal ideal of Q.

Lemma 4.5.2. Let i be an L-fuzzy maximal ideal of Q. Then ) = {x € Q: pu(x) =1} is

a maximal ideal of Q.

Proof. Since U is proper, (t(a) # 1 for some a € Q and hence p; = {x € Q: u(x) =1} is

a proper ideal of Q. Thus, by definition, y; is a maximal ideal of Q. 0
Theorem 4.5.3. Every L-fuzzy maximal ideal of Q assumes exactly two values.

Proof. Let u be an L-fuzzy maximal ideal of Q. Then, by Lemma 4.5.2, uy ={x € Q:
1(x) = 1} is a maximal ideal of Q. Put M = ;. Then Yy C pu and hence by Lemma

4.5.1, u = oyy for some 1 # a € L. Thus u assumes exactly two values. O

Theorem 4.5.4. A proper L-fuzzy ideal U of a poset Q is an L-fuzzy maximal ideal of Q if

and only if L = oy for some maximal ideal M of Q and 1 # « € L.

Proof. Suppose that u is an L-fuzzy maximal ideal of Q. Put M = uy = {x € Q: u(x) =
1}. Then, by Lemma 4.5.2, M is a maximal ideal of Q. Also, by Theorem 4.5.3, u
assumes exactly two values. Clearly 1 is the value of u. Let o be the only values of u

other than 1. Then for any x € Q,
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and hence U = oy,.
Conversely suppose that 4 = oy, for some maximal ideal M of Q and 1 # o € L.
Now, for any B € L, clearly we have pg = Q or M. Thus, by definition, u is an L-fuzzy

maximal ideal of Q. [

Corollary 4.5.5. A proper ideal M of Q is a maximal ideal of Q if and only if the charac-

teristic map Xy of M is an L-fuzzy maximal ideal of Q.
Since any dual atom o # 1, we have the following corollary.
Corollary 4.5.6. Every maximal L-fuzzy ideal of Q is an L-fuzzy maximal ideal of Q.

Remark 4.5.1. The converse of Corollary 4.5.6 is not true. For example consider L =
[0, 1] and M be any maximal ideal of any poset Q with 0. Then for any 1 # a € L, oy is

an L-fuzzy maximal ideal of Q, but it is not a maximal L-fuzzy ideal of Q.

Corollary 4.5.7. If Q is an ideal distributive poset then every L-fuzzy maximal ideal of Q

is an L-fuzzy prime ideal of Q.

Proof. Let u be an L-fuzzy maximal ideal of Q. Then u = oy, for some maximal ideal
M of Q and 1 # o € L. Since Q is an ideal distributive poset, by Theorem 4.1.9, M is a
prime ideal and hence for any 8 € L, ug is either Q or M. Then, by Theorem 4.2.1, u is

an L-fuzzy prime ideal of Q. O

Note that the converse of Corollary 4.5.7, is note true. For example consider the ideal
distributive posets (Q <) depicted in the Fig. 4.4. Observe that P = (b] is a prime ideal

of Q1 but not a maximal ideal of Q. Define a fuzzy subset u of Q by:

1 ifxeP
p(x) = :
05 ifx¢P

for all x € Q. Then u is a fuzzy prime ideal of Q which is not a fuzzy maximal.
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Chapter 5

L-Fuzzy Semi-prime Ideals

In 1989, Y. Rav [42] introduced and studied semiprime ideals in lattices. Also, he studied
the lattice of semi-prime ideals and he proved the analogue of the prime separation theo-
rem for semi-prime ideals. Also he proved the connections between primness and semi-
primeness in lattices. In 2009, V. S. Khart and K. A. Mokbel, [34] introduced the concept
of a semi-prime ideal in general poset and they obtained characterizations of semi-prime
ideals in posets as well as condition of semi-prime to be prime. They also prove an ana-
logue of Stone’s Theorem for finite posets using semi-prime ideals in [35]. In 2013, K.
A. Mokbel and V. S. Khart [38] obtained several characterization of 0- distributive posets
by using the prime ideals as well as semi-prime ideals of a poset.

In this chapter we introduce the concept of L-fuzzy semi-prime ideal in a general
poset. Characterizations of L-fuzzy semi-prime ideals in posets as well as characteriza-
tions of an L-fuzzy semi-prime ideal to be L-fuzzy prime ideal are obtained. Also, the
relations between the L-fuzzy semi-prime (respectively, L-fuzzy prime) ideals of a poset
and the L-fuzzy semi-prime (respectively, L-fuzzy prime) of the lattice of all ideals of a
poset are established. We extend and prove Rav’s Prime Separation Theorem for a lattice,
using L-fuzzy semi-prime ideals. Lastly, we also extend and prove an analogue of Stone’s

Theorem for finite posets using L-fuzzy semi-prime ideals.
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5.1 Semi-prime Ideals

In this section, we recall some definitions and crisp concepts of semi-prime ideals of a
poset and a lattice that will be extended to the notions of L-fuzzy semi-prime ideals of a
poset in the further sections of this chapter.

Throughout this chapter, an ideal will mean a 3-ideal (i.e., an ideal in the sense of
Halas) unless otherwise stated.

Now, we consider the concept of a semi-prime ideal introduced by V. S. Khart and K.

A. Mokbel, [34] in a poset and by Y. Rav [42] in a lattice, as given in the following.

Definition 5.1.1. [34] An ideal I of a poset Q is called a semi-prime ideal of Q if for all

X,z € 0,
(x,y)! C 1 and (x,2)! C Limply {x,(y,2)"}' C 1.
Dually we have the concept semi-prime filter of a poset Q.

Definition 5.1.2. [42] An ideal I of a lattice X is called a semi-prime ideal of X if for all

x,yv,z€X,
xAy €l and x \z € I together imply x \ (yVz) € 1.
Dually we have the concept semi-prime filter of a lattice X.
For an ideal I and an element a in a poset Q, define a set [ : a by:
Iia={x€Q:(a,x) CI}.
The following are some properties of ideals in a poset using the set defined above.
Lemma 5.1.1. [34] Let I be an ideal of a poset Q. Then the following statements hold:
1. {x,(a,b)"} CIifand only if (a,b)" C1I: x.

2. I:x=Qifandonly ifx € I.
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Definition 5.1.3. [35] Let I be an ideal of a poset Q. An element i € Q is called an I-atom

if the following conditions hold:
1. i¢l
2. forx € Q with x <iimplies x € I.
Dually, we have the concept of F-dual atom for a given filter F of Q.

We state the following concepts that are essentially introduced for lattices by Rav [42].
Let O be a given poset and (.7 (Q), C) be the lattice of all ideals of a poset. Define an

extension of an ideal I of Q, denoted by /¢, as
Ir={Jje7(Q):JCI}

and for an ideal A4 of the lattice (.#(Q), C) of all ideals of a poset Q, define the contraction

of A, denoted by A€, as
Ac=U{J:Ter}.

M. H. Stone [45], in his famous paper, proved the Separation Theorem for prime ideals in

the case of distributive lattices as follows.

Theorem 5.1.2. [45] Let X be a distributive lattice. Let I be an ideal of X and D be a
dual ideal of X such that IND = (. Then there exists a prime ideal P of X such that I C P

and PND = 0.

The following is Y. Rav’s Separation Theorem for semi-prime ideals in Lattice as

stated below.

Theorem 5.1.3. [42] Let X be a lattice containing an ideal I and a filter F such that
INF = 0. If I is semi-prime, then there exists a semi-prime filter G such that F C G and

ING = 0. A dual result holds if F is semiprime.

V. S. Kharat and K. A. Mokbel[35] proved an analogue of the Stone Theorem for a

finite poset stated as follow:
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Theorem 5.1.4. Let Q be a finite poset, I be a semi-prime ideal of Q such that INK =0

for an l-filter K in Q. Then there exists a semi-prime filter F such that K C F and INF = 0.

5.2 L-Fuzzy Semi-prime Ideals

In this section we introduce the concept of an L-fuzzy semi-prime ideal in a general poset.
Characterizations of L-fuzzy semi-prime ideals in posets as well as characterizations of

an L-fuzzy semi-prime ideal to be L-fuzzy prime ideal are obtained.

Definition 5.2.1. An L-fuzzy ideal U of a poset Q is called an L-fuzzy semi-prime ideal if
forall a,b,c € Q,

w(z) > inf{u(x) Au(y) : x € (a,b),y € (a,0)!} Vz € {a, (b,e)}.
Dually we have the concept of L-fuzzy semi-prime filter of Q.

Definition 5.2.2. An L-fuzzy ideal | of a lattice Q is called an L-fuzzy semi-prime ideal
of Q, if forall a,b,c € Q,

u(an(dve))=pulanb)Au(aic).
Dually we have the concept of L-fuzzy semi-prime filter of a lattice Q.

Lemma 5.2.1. An L- fuzzy ideal | of Q is an L- fuzzy semi-prime ideal of Q if and only if

Uq s a semi-prime ideal of Q for all o € L.

Proof. Suppose that u is an L-fuzzy semi-prime ideal and o € L. Then clearly py is an
ideal of Q. Let a,b,c € Q such that (a,b)! C ug and (a,c)! C pg and z € {a, (b,c)*}.
Then p(x) > a Vx € (a,b) and p(y) > a ¥y € (a,b)'. This implies that

inf{u(x) :x € (a,b)'} > aand inf{u(y) : y € (a,c)'} > a.
Therefore inf{ (x) Ap(y) : x € (a,b)!,y € (a,c)'} > a. Since u is an L- fuzzy semi-prime

ideal and z € {a, (b,c)"} we have
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1(z) > inf{p() AR() x € (@b),y € (a,c)} > a.
This implies that z € g for all z € {a, (b,c)*}' and hence {a, (b,c)"} C Uq.
Therefore L1y, is a semi-prime ideal of a poset Q.
Conversely suppose that L is a semi-prime ideal of Q for all & € L. Then, clearly,
U is an L- fuzzy ideal of Q. Let a,b,c € Q and put
a=inf{p(x) Au(y):x € (a,b),y € (a,c)'}.
Then
inf{p(x): x € (a,b)'} > o and inf{u(y):y € (a,¢)'} > .

That is, p(x) > o Vx € (a,b)! and u(y) > a Vy € (a,c)!. This implies that (a,b)! C uq
and (a,c)! C ly. Thus, since Ugq is a semi-prime ideal of Q, we have {a, (b, )"} C uq.

Therefore

u(z) > a=inf{u(x)Au®y):xec (a,b),ye (a,c)} forall z € {a,(b,c)*}

and hence U is an L-fuzzy semi-prime ideal of Q. 0

Corollary 5.2.2. A subset I of a poset Q is a semi-prime ideal of Q if and only if its

characteristic map )y is an L-fuzzy semi-prime ideal of Q.
Recall that if u is an L- fuzzy ideal of Q and a A b exists for a,b € Q, then
inf{u(x) : x € (a,b)'} = u(anb),

Theorem 5.2.3. Let (Q, <) be a lattice. Then an L-fuzzy ideal of Q is an L- fuzzy semi-

prime ideal in the poset Q if and only if it is an L-fuzzy semi-prime ideal in the lattice

0.

Proof. Let u be an L-fuzzy semi-prime ideal in the poset Q and a,b,c € Q. Then, since

an(bVve) € {a,(b,c)*}, we have
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u(ah(bve)) = inf{p(x) ARG ixe (ab) v e (a,0)}
= inf{ux) i x € (a,b) Y Ainf{u®) :y € (a.c)'}

= u(anb)Au(anc).

Again sinceaAb <aA(bVc),aNc<aA(bVc)and U is anti-tone we clearly have
u(an (bve)) <u(anb)Au(anc)

Therefore 1 is an L-fuzzy semi-prime ideal in the lattice Q.
Conversely, suppose that i is an L-fuzzy semi-prime ideal in the lattice Q. Leta,b,c €
Qand z € {a,(b,c)"}. Thenz<aand z <t, forall t € (a,b)*. Since aV b € (a,b)", we

have z < a Vv b. This implies that z < a A (b V ¢) and hence

v

uiz) = plan(bve))

= u(anb)Au(anc)
= inf{u(x):x € (a,b)'} Ninf{u(y) :y € (a,c)'}

— inf{u@) ARD) x € (a,b),y € (a,¢)'}

So u is an L-fuzzy semi-prime ideal in the poset Q. [

Recall that for any L-fuzzy ideal u of a poset Q and x € Q, the L-fuzzy subset u : x

of Q is given by:
(p:x)(y) =inf{u(z) : z € (x,y)'} forally € Q.
and u : x is an L-fuzzy semi-ideal of Q.

Lemma 5.2.4. Let u be an L-fuzzy ideal of a poset Q and x € Q. Then

inf{(1 :x)(y) :y € (a,6)"'} = inf{n(y) 1y € {x,(a,0)"}'}
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Proof. . Let A= {u(y):yc {x,(a,b)*}'} and B= {(u: x)(y) : y € (a,b)"'}. Now we

claim that infA = infB. Put o = infA. Then

{x,(a,b)"} C uq

(a,b)" C pg :x= (1t :x)q
(L:x)(y) > a Wy € (a,b)"
inf{(u:x)(y) 1y € (a,b)"} > a.

inf B > infA.

o < p(y) vy € {x,(a,b)"}!

L

To prove the other side of the inequality, let 8 = inf B. Then

(@) C (1 )p = g
[x(@b)) C g

u(y) > B Vy € {x,(a,b)"y!
inf{u(y) : y € {x, (a,b)"}'} > B.

infA > infB.

B < (u:x)(y) V€ (a,b)"

A

Hence the claim is true.

]

Now we present a characterization of an L-fuzzy semi-prime ideal of a poset Q in

terms of 1 : x where  is an L-fuzzy ideal of Q and x € Q.

Theorem 5.2.5. An L-fuzzy ideal | of a poset Q is an L-fuzzy semi-prime ideal if and only

if W:xis an L-fuzzy ideal for all x € Q, in fact, an L-fuzzy semi-prime ideal for all x € Q.

Proof. Let u be an L-fuzzy semi-prime ideal of Q and x € Q. First let us show that u : x

is an L-fuzzy ideal of Q. Now (i : x)(0) = inf{u(y) : y € (x,0)} = u(0) = 1. Again let
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a,b € Qand z € (a,b)". Then

(w:x)(@)A(u:x)(b) = inf{u(w):we (x,a) Y Ainf{u(u):ue (x,b)'}
= inf{uw)Apu):we (x,a),uc (x,b)'}

< u(v) forallve {x,(a,b)*}

This implies that

(:x)(@A(u:x)(b) < inf{u(v):ve {x (a,b)"}'}
= inf{(u:x)(v):v € (a,b)"}

< (u:x)(z). (Since z € (a,b)")

Therefore i : x is an L-fuzzy ideal of Q for all x € Q.
Now we show that u : x is an L-fuzzy semi-prime ideal of Q. Let a,b,c € Q and

z€{a,(b,c)*}.

Now inf{(i:x)(u)A(k:x)(w):u€ (a,b)',we (a,c)'}
= inf{(1:x)(u) s u € (a,b)'} Ainf{(u:x) (W) s w € (a,0)'}
= inf{u(u):uc (x,a,b)'} Ninf{u(w) : w € (x,a,¢)'}
= inf{(1:b)(u):u € (x,a) } AInf{(p: c)(w) 1w € (x,a)'}
= inf{(k:b)(s) A(k:c)(s) s € (x,a)'}
< inf{(u:b)(s)A (1 :)(s) s € {xa,(b0)"}}
= inf{(u:s)(B)A(:9)() s € {x,a,(b,0)"} = (x,0) N0 (b,e)"}
< inf{(u:s)(s) 5 € {x,a,(b,0)"}'}

= inf{u(s) :s € {x,a,(b,c)"}'}
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Now, since z € {a, (b,c)"}!, we have (x,z)! C {x,a, (b,c)"}! and hence

inf{(p:x) () A(u:x)(w)ru e (a,b),we (a,e)}y < inf{u(s):se {xa (bc)}}
< inf{u(s):se (x,2)"}
= (1:x)(2)

Therefore  : x is an L-fuzzy semi-prime ideal of Q.
Conversely suppose that tt : x is an L-fuzzy ideal of Q for all x € Q. Now we show

that u is an L-fuzzy semi-prime ideal of Q. Let a,b,c € Q and z € {a, (b,c)"}'. Then

inf{u(x) AR(Y) : x € (a,b),y € (ac)'}
= inf{u(x) ix € (a,b)} Ainf{u(y) 1y € (a,¢)'}
= (u:a)(b)N(n:a)(c)

< (u:a)@) forallt e (b,c)"
This implies that

inf{u(x) A () :x € (a,b),y € (a,¢)'} < inf{(n:a)(t):1 € (b,c)"}
= inf{u(r):t € {a,(b,c)"}'}

u(z).

IN

Thus
inf{i(x) AR(Y) :x € (a,b),y € (a,0)'} < p(2) forall z € {a, (b)Y
and hence U is an L-fuzzy semi-prime ideal of Q. [

Recall that a proper L-fuzzy ideal u of a poset Q is called an L-fuzzy prime, if for any

a,b e Q,

inf{u(x) :x € (a,b)'} = u(a) or u(b).
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The following result establishes a connection between L-fuzzy prime ideals and L-fuzzy

semi-prime ideals of a poset Q.
Lemma 5.2.6. Every L-fuzzy prime ideal of a poset Q is an L-fuzzy semi-prime ideal.

Proof. Let u be an L-fuzzy prime ideal of Q. Let a,b,c € Q. Then since U is an L-fuzzy

prime ideal of Q, we clearly have

inf{p(x) :x € (a,b)'} = p(a) or p(b) and inf{u(y):y € (a,)'} = p(a) or pu(c).
Letz € {a, (b,c)"} =a'N(b,c)". Thenz < aand z € (b,c)". Now if

inf{u(x) :x € (a,b)'} = u(a) orinf{u(y) : y € (a,c)'} = u(a), then we have

p(x) > pla) > inf{p(x):xe (a,b) } Ainf{u(y):y € (a,0)'}

= inf{ux) Ap(y):x € (a,b),y € (a,0)}

Again if inf{u(x) : x € (a,b)"} # u(a) and inf{u(y):y € (a,c)'} # u(a) then we have
inf{p(x) :x € (a,b)'} = p(b) and inf{R(y) : ¥ € (a,e)'} = ().

Now since z € (b,c)" and u is an L-fuzzy ideal, we have

n(z) > pb)Aple) = inf{u@x):xe(ab)} A {u):ye(a.c)}

= inf{u() Au®):x € (a,b),y € (ac)'}.

Hence, in either cases, we have

w(z) >inf{u(x)Au@y) :x € (a,b),y € (a,c)'} forall z € {a, (b,c)"}.

Hence u is an L-fuzzy semi-prime ideal of Q. 0

Remark 5.2.1. The converse of the above lemma is not is not true. For example consider

the poset (Q <) depicted in the Fig. 5.1 below. Define a fuzzy subset i : Q — [0,1] by:

1(0) = 1 and p(a) = u(b) = u(1) = 0.5.
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Then W is a fuzzy semi-prime ideal but not a fuzzy prime ideal of Q. This is because

a,b € Q and inf{u(x): x € (a,b)!} = n(0) =1%#0.5= p(a) = u(b).

0

Fig. 5.1

Now before we prove some other characterizations of L-fuzzy semi-primeness and
L-fuzzy primeness in the case of a poset satisfying DCC, we introduce the notion of a

u-atom of an L-fuzzy ideal u of a poset.

Definition 5.2.3. Let 1 be an L-fuzzy ideal of a poset Q and o € L. An element i in Q is

called a [-atom with respect to @, if it satisfies the following conditions:

1. a ¢ u(i)and

2. a < u(x) whenever x < i.

Example 5.2.7. Consider the poset depicted in the Fig 5.3 given below on page 131.
Define a fuzzy subset 1w : Q — [0, 1] by:
1(0)=p(a)=1, u(b) =0.7, u(c) =0.6 and u(d) =0.8,
p(d)=p@)=up()=p@)=p(1)=02.

. Then it is easy to see that | is an L-fuzzy ideal of Q and d' is a p-atom with respect to

o =0.6 in[0,1].

Lemma 5.2.8. There always exists a [L-atom for every proper L-fuzzy ideal U in a poset

Q satisfying DCC with respect to some o in L.
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Proof. Let Q be a poset satisfying DCC and u be a proper L-fuzzy ideal of Q. Then there
exists a € Q such that u(a) # 1. This implies that there exists @ € L such that o £ p(a).
Put/={x€ Q: u(x) > a}. Then Q —1I is a non-empty subset of Q and as Q is satisfying
DCC, Q —I has a minimal element, say 7, such that i < a. Now we claim that i is a (-atom
with respect to a. Since i € Q — 1 we have o £ (). Let x < i. Then, by the minimality

of i, x ¢ O —I and hence u(x) > a. Hence the claim is true. O

Remark 5.2.2. Lemma 5.2.8 gives a guarantee that if & be an L-fuzzy ideal of a poset Q
satisfying DCC and o, £ i (a) for some a € Q and . € L, then there exists a [-atom i in

Q with respect to o such that i < a.

Lemma 5.2.9. Any two distinct [-atoms of an L-fuzzy ideal | of a poset Q with respect

to any o € L are incomparable.

Proof. Let u be an L-fuzzy ideal of Q and i and j be any two distinct y-atoms with
respect to o € L. Then, by definition, we have ot £ (i) and p(x) > o whenever x < i
and a « p(j) and p(y) > o whenever y < j. Now we show that i and j are incomparable.
Suppose not. Then i < j or j < i,i.e., u(i) > a or u(j) > o which is a contradiction to

the fact that o £ p(j) and o £ p(j). Hence i and j are incomparable. O

Remark 5.2.3. From Lemma 5.2.9 above, we can deduce that if i and j are [L-atoms in a

poset Q with respect to some o in L such that i < j then i = j.

Lemma 5.2.10. Let i be an L-fuzzy semi-prime ideal of a poset Q satisfying DCC. Then

W :iis au- L-fuzzy ideal for every p-atom i in Q with respect to 1 in L.

Proof. Letibe a u-atom in Q with respect to 1 in L. Since u is an L-fuzzy semi-prime
ideal, by Theorem 5.2.5, u : i is an L-fuzzy ideal of Q. Now we show that u :iis a u-
L-fuzzy ideal. Suppose on the contrary that u : i is not a u-L-fuzzy ideal. Then there exist

a,b € Q such that

(pzi)(a)A(u:i)(b) £ (u:i)(x) forall x € (a,b)".



5.2. L-Fuzzy Semi-prime Ideals 125

This implies that there exists y € (i,x)! such that

(m:i)(a) A (u:i)(b) « u(y) forall x € (a,b)".
Thus, by Remark 5.2.2, there exists a y-atom, say j, with respect to
o= (u:i)(a) A(u:i)(b) such that j <y. Since j <yandy € (i,x)!, we have j < i and
hence p(j) > p(i). This implies that ot £ pu(i). Again let z <i. Then u(z) =1> a.
Therefore i is also a p-atom with respect to o¢. Also since j <y < i, by Remark 5.2.3,
we have j =y = i. This implies that i € (i,x)" and hence i < x for all x € (a,b)" and so

i € (a,b)". Since u : i is an ideal we have

which is a contradiction to the fact that o £ u(i). Therefore  : i a u-L-fuzzy ideal. [

Theorem 5.2.11. Let U be an L-fuzzy semi-prime ideal of a poset Q satisfying DCC. Then
W : i is an L-fuzzy prime ideal of Q for every p-atom i € Q with respect to 1 in L.

Proof. Let u be an L-fuzzy semi-prime ideal of a poset Q satisfying DCC and i is a u-
atom in Q with respect to 1 in L. Then, by Lemma 5.2.10, u : i is a u-L-fuzzy ideal. Now

we remain to show that y : i is an L-fuzzy prime ideal. Since u(i) # 1, by Lemma 5.2.4,

Wi 1. Hence u : i is proper. Let a,b € Q and suppose that

inf{(1 2 8)(x) : x € (a,b)'} # (i) (a).
Put o = inf{(u : i)(x) : x € (a,b)'}. Since (1 : i)(a) = inf{u(y) : y € (a,i)'} there exists
y1 in (i,a)! such that o £ p(y;). Then, by Remark 5.2.2, there exists a y-atom, say j in
Q with respect to & such that j < yy. It is also clear that i is also a u-atom with respect to
a. Since j <y; <1, by Remark 5.2.3, we must have j = y; =i, and therefore i < q, i.e.,

(i,a)! =i'. Thus we have

inf{(u:i)(x):x € (a,b)'} = inf{u(y):y€ (i,a,b)'}
= inf{u(y):y€(i,,b)'}

= (u:i)).
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This proves that u : i is an L-fuzzy prime ideal for every p-atom i € Q with respect to

1. ]

Theorem 5.2.12. Let 1 be an L-fuzzy ideal of a poset Q satisfying DCC and let | : i is an

L-fuzzy ideal for every p-atom i € Q. Then U is an L-fuzzy semi-prime ideal Q.

Proof. Let u :iis an L-fuzzy ideal for any pu-atom i in Q. Let a,b,c € Q. Now we claim
inf{u(x) Au(y):x € (a,b)!,y € (a,c)'} < u(z) forall z € {a, (b,c)*} . Suppose not. Then
there exists z € {a, (b,c)*} = a' N (b,c)" such that

inf{p(x) Ap(y) s x € (a,b)y € (a,0)'} £ u(z1).
Hence, by Remark 5.2.2, there exists a pt-atom j in Q with respect to o = inf{ g (x) A (y) :
x € (a,b)!,y € (a,c)'} in L such that j < z;. Then, by hypothesis, i : j is an L-fuzzy ideal.

Again, since (j,b)l C (a,b)l and (j,c)! C (a,c)l, we have

a = inf{u(x) Ap(y):x € (a,b),y € (a,0)'}
= inf{u(x) :x € (a,b)'} Ainf{p(y) : y € (a,0)'}
< inf{p(x) :x € (j,b)'} Ainf{u(y) 1y € (j,e)'}
= (u:)B)A (s f)(e)
< (2 ))(J) (since j € (bye)")

= u(/j)

which is a contradiction to the fact that j is a g-atom wit respect to ¢. Therefore u is an

L-fuzzy semi-prime ideal of Q. ]

Definition 5.2.4. [9] A proper L-fuzzy ideal | of a poset Q is said to be maximal L-fuzzy
ideal if 1 is a maximal element in the set of all proper L-fuzzy ideals of Q. That is, if there

is no proper L-fuzzy ideal 8 of Q such that i & 6.

The following result gives another characterization for L-fuzzy semiprime ideals to be

L-fuzzy prime.
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Theorem 5.2.13. Every maximal L-fuzzy semi-prime ideal of a poset Q is an L-fuzzy

prime ideal.

Proof. Let u be a maximal L-fuzzy semi-prime ideal of a poset Q, that is, maximal among
all proper L-fuzzy semi-prime ideals of a poset Q . Let a,b € Q. Then, by Theorem 5.2.5,
U : bis an L-fuzzy semi-prime ideal. Since  C u : b, by maximality of u, we have either
w=u:borp:b=1.1If u:b=1then, by Lemma 5.2.4, u(b) = 1. Thus

inf{p(x) :x € (a,b)'} = (u:b)(a) = 1(a) = 1 = u(b).
Again if u = pu : b, then we have
inf{p(x) : x € (a,b)'} = (4 : b) (@) = p(a).
Thus in either cases we have
inf{p(x) : x € (a,b)'} = (a) or u(b) forall a,b € Q.
Hence u is an L-fuzzy prime ideal of Q. [

As a consequence we have the following corollary.

Corollary 5.2.14. Let 1 be a maximal L-fuzzy ideal of Q. Then U is an L-fuzzy semi-prime

ideal Q if and only if W is an L-fuzzy prime ideal.

The following is a characterization of an L-fuzzy ideal to be L-fuzzy prime ideal in

terms of a y-atom in a poset Q satisfying DCC.

Theorem 5.2.15. Let 1 be an L-fuzzy ideal of a poset Q satisfying DCC. Then U is an

L-fuzzy prime ideal Q if and only if Q has exactly one [L-atom with respect to each o in L.

Proof. Let u be an L-fuzzy prime ideal of a poset Q satisfying DCC. Since U is proper,
by Lemma 5.2.8, there exists a p-atom in Q with respect to some & in L. Now we
claim that Q has exactly one p-atom with respect to & in L. Suppose not. Leti,j € Q
be any distinct p-atoms in Q with respect to o in L. Then, by Lemma 5.2.9, i, j are

incomparable and p(x) > o for all x < i and u(y) > o for all y < j. This implies that
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inf{u(x):x € (i, )} > a. Since inf{p(x) : x € (i,j)'} = u(i) or u(j), we have u(i) > a
or u(j) > o, which is a contradiction. Therefore Q has exactly one p-atom with respect
toain L.

Conversely suppose that Q has exactly one p-atom, say i, with respect to some ¢ in
L. Now we show that {1 is an L-fuzzy prime ideal. Since o £ (i), we have u(i) # 1 and

hence p is proper. Now we show that for any a,b € Q

inf{u(x) : x € (a,b)'} = u(a) or u(b).

Suppose not. Thus there exist a,b € Q such that

inf{u(x) : x € (a,b)'} £ w(a) and inf{u(x): x € (a,b)'} £ u(b).
Then there exist u-atoms i, j € Q with respect to o = inf{(x) : x € (a,b)'} such that
i <aand j <b. Then, by hypothesis, we have i = j and hence i € (a,b)l . Therefore
a = inf{(x) : x € (a,b)'} < u(i) , which is a contradiction to the fact that i is a g-atom

with respect to o = inf{t(x) : x € (a,b)'}. Therefore y is an L-fuzzy prime ideal. O

Lemma 5.2.16. Let i be a proper L-fuzzy ideal of a poset Q satisfying DCC and

A={ieQ:iisap—atom}. Then [t =;cqx U : L

Proof. We show that ;4 it : i C u as the converse inclusion always holds. Suppose that
Nica M i € p. This implies that there exists a € Q such that ((;cq 1t : 1)(a) £ (a). Thus
there exists a p-atom j € Q with respect to @ = ((;ca U : i)(a) such that j < a. Then we

have j € A and hence

(e:d@) < (u:i)(a)

icA
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which is a contradiction to the fact that j is a p-atom with respect to o0 = ((;ca it : i) (a).

Hence (;cq it 1 i € u. Therefore ;e U : i = M. ]

Lemma 5.2.17. The intersection of any non empty family of L-fuzzy prime ideals of Q is

an L-fuzzy semi-prime ideal Q.

Proof. Let {y; : i € A} be a non empty family of L-fuzzy prime ideals of Q. Put u =
Njca Wi Then clearly p is an L-fuzzy ideal of Q. Let a,b,c € Q and z € {a, (b,c)"}'. Now

inf{t(x) Au(y) - x € (a,b)' .y € (a,c)'}
= inf{p(x):x € (a,b)'} Ninf{u(y) : y € (a,0)'}
< inf{ui(x) : x € (a,b)'} Ninf{w;(y) : y € (a,c)'}for each i € A.

= ui(a) or pi(b) Au;(c) for each i € A.

IN

Ui(z) for each i € A.

This implies that

inf{R() ARGt x € (a.b)y € (a,0)'} < (Miea t)(2) = (z) for all 2 € {a, (b,c)"}.

Therefore u = ();ca Wi 1 an L-fuzzy semi-prime ideal Q. [

As an immediate consequence of Theorem 5.2.12, Lemma 5.2.16 and Lemma 5.2.17

in the case of posets satisfying DCC we obtain the following result.

Theorem 5.2.18. Let 1L be a proper L-fuzzy ideal of a poset Q satisfying DCC. Then U is
an L-fuzzy semi-prime ideal of Q if and only if | is expressed as an intersection of L-fuzzy

prime ideals of Q.

In the following we characterize the distributive posets in terms of L-fuzzy semi-prime

ideals in the following results.

Theorem 5.2.19. A poset Q is distributive if and only if X, of Q is an L-fuzzy semi-prime
ideal of Q, for each x € Q.
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Proof. Suppose that Q is a distributive poset and x € Q. Now to show ¥, is an L-fuzzy
semi-prime ideal of Q, by Corollary 5.2.2, it is enough to show that (x| is a semi-prime
ideal of Q. Let a,b,c € Q such that (a,b) C (x] and (a,c)’ C (x]. Let z € {a, (b,c)"}'.

Then z < a and z € (b,c)". This implies that

¢ ={z,(b,0)"} = {(z,b)", (z,0) "}

Since z < a, we have (z,b)! C (a,b)" C (x] and (z,¢)! C (a,c)! C (x].
This implies that (z,a)' U (z,b)! C (x]. Thus z € 7 = {(z,b)',(z,¢)'}* C (x]* = (x] and
hence {a, (b,c)*}} C (x]. Therefore X(x of O is an L-fuzzy semi-prime ideal of Q.

Conversely suppose that x(,j is an L-fuzzy semi- prime ideal of Q for each x € Q.
Then, by Corollary 5.2.2, it is clear that (x| is semi- prime ideal of Q for each x € Q. Let
a,b,c € Q. It is enough to prove that {a, (b,c)*} C {(a,b)’,(a,c)'}*, as the converse
inclusion is always true. Now let x € {a, (b,c)*} and y € {(a,b), (a,c)'}*. We claim that

x <. Indeed, since {(a,b)’, (a,c)'}* Cy! we have
(a,b)! Cy' = (v] and (a,¢)' Sy = ()].

Then. by semi-primeness of (y], we conclude that x € {a, (b,c)*}* C (y]. Hence x < y for

all y € {(a,b)!,(a,c)'}*. Therefore x € {(a,b)’, (a,c)'}* and hence

{a,(b,0)"} S {(a,b), (b,c) }".

This proves that Q is a distributive poset. ]

Note that in a distributive poset every L-fuzzy ideal need not be an L-fuzzy semi-prime

ideal. Consider the distributive poset Q depicted in the Fig 5.2 below
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Define a fuzzy subset u : Q — [0, 1] by:

1(0)=p(a)=1,pu(@)=p@) =pu()=pd)=pu1)=0.2ub) =06, u(c) =0.5
and pu(d) =0.7.

Then p is an L-fuzzy ideal but not an L-fuzzy semi-prime ideal as d’,¢’,b' € Q and d’ €

{d',(p',c)*} but
inf{u(x)Au@y) :xe(d,d),yed,v)}=05£02=u(d).

An immediate consequence of Theorem 5.2.18 and Theorem 5.2.19, we have the fol-

lowing corollary.

Corollary 5.2.20. Let Q is a poset satisfying DCC. Then Q is distributive if and only if

for every x € Q, Xy is representable as an intersection of L-fuzzy prime ideals of Q.

5.3 The Lattice of L-Fuzzy Semi-prime Ideals

In this section we prove that the set of all L-fuzzy semi-prime ideals in a poset forms
a complete lattice. The relations between the L-fuzzy semi-prime (respectively,L-fuzzy
prime) ideals of a poset and the L-fuzzy semi-prime (respectively,L-fuzzy prime) ideals
of the lattice of all ideals of a poset are established.

We begin by proving that the set .#. Z?(Q) of all L-fuzzy semi-prime ideals of a

poset Q forms a complete lattice.

Lemma 5.3.1. Let 7./ P(Q) be the set of all L-fuzzy semi-prime ideals of a poset Q
and | be an L fuzzy subset of Q. Then the L-fuzzy semi-prime ideal generated by [ is
(={6ecF772(0):nco}

Theorem 5.3.2. The set .. P (Q) of all L- fuzzy semi- prime ideals of Q forms a com-

plete lattice, in which the supremum sup;call; and the inifimum inf;ca Wi of any family
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{l; : i € A} of L-fuzzy semi-prime ideals of Q respectively are given by:

SUEM =0 €7 I(Q): Uiealti € 0} and liglii = NicAld;.
ic

Definition 5.3.1. Let Q be a given poset and .7 (Q) be a lattice of all ideals of Q. Then an
extension of an L-fuzzy ideal | of Q, denoted by U¢, is an L -fuzzy subset .7 (Q) defined
by:

pué(l) =inf{u(x) :x €1}, forall I € #(Q).
Lemma 5.3.3. Let u be an L-fuzzy ideal of a poset Q and o € L. Then (U€)q = (U )¢
Proof. Since U is an L-fuzzy ideal of a poset Q and o € L iy is an ideal of Q. Recall that

(L) ={l€ 7(Q):IC ug}. Now since

Ie (o) < 1S Uy
< pla)>a, forallael
< pé(I)=inf{u(a):acl}>a

& T (U

we have (Ug )¢ = (L) q- O

Lemma 5.3.4. Let i be an L-fuzzy ideal of a poset Q. Then U is an L-fuzzy ideal of the
lattice 7 (Q).

Proof. Now u¢((0]) =inf{u(x):x € (0]} = u(0) = 1. LetI,J € .#(Q). Then
ué(I) = inf{u(x):xel}

> inf{u(x):xeIVJ} (.since I CIVJ)

= pe(IvJ)
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and similarly we have u¢(J) > u¢(IvJ). Thus u¢(I) Auc(J) > u¢(IvJ). Again to show

the other inequality put o = u¢(I) A u¢(J). Now

a=u’(HAulJ) = o<ul)=inf{u(x):xcl} and

o < pe(J) = inf{u(y) sy 1}

o <u(x) forallxel and a < u(y) forallyeJ
I C g and °J C Yy

TUJ C lg

IVJC lg

Ve () = (U)a

T T

pe(IVJ) z o= pe ) Auc(J)

Therefore u¢(IvJ) = u¢(I) A uc(J). Hence u¢ is an L-fuzzy ideal .7 (Q). O

In order to study the relations between the L-fuzzy semi-prime ideals of a poset Q and
the L-fuzzy semi-prime ideals of the lattice .# (Q), we consider the following sets that are
studied in [29]. For any ideals 7 and J of a poset Q, define subsets of Q by:

C(1,J) =U{(a,b)" :a,bc TUJ} and C,y 1 (1,J) = U{(a,b)" 1 a,b € C,(I,J)}
for each n € N, inductively.

It is easy to observe that the set {C,,(1,J) : n € N} forms a chain and each C,,(1,J) is a
semi-ideal or a down set of Q.

We use the following Lemma in the result followed by it which is a relation between

the L-fuzzy semi-prime ideals of a poset Q and the L-fuzzy semi-prime ideals of the lattice

J(0Q).
Lemma 5.3.5. [29] Let Q be a poset and 1,J € .7 (Q). Then

1vJ=U{{C:(I,J) :ne N}
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Theorem 5.3.6. Let 1 be an L-fuzzy semi-prime ideal of a poset Q. Then ¢ is an L-fuzzy
semi-prime ideal of the lattice .7 (Q).
Proof. LetI,J,K € .#(Q). Now we prove that
ue(INJ)Apc(INK) =uc(IN(JVK).
Since p¢ is an L-fuzzy ideal of .7 (Q) and INJ CIN(JVK)and INK CIN(JVK) we
clearly have
uc(INJ)yAp¢(INK) > us(IN(JVK)).
Again to show the other inequality it is enough to show that for eachn € N
pe(INI)Apc(INK) < u(x) forall x e INC,(J,K),
in view of Lemma 5.3.5
1. Letn=1and x € INC(J,K). Then x € I and x € (a,b)" for some a,b € JUK.
If a,b € J or K, then obviously u¢(INJ) Au¢(INK) < u(x). So, let us suppose,

without loss of generality, that € J and b € K. Then (x,a)’ CINJ and (x,b)! C

INK. By L-fuzzy semi-primness of t, we have

pe(INJ)Au¢(INK) = inf{u(y):yeInJ}Ainf{u(y):yeINK}
< inf{u(y) :y € (x,a) } Ainf{u(z) 1z € (x,b)'}

= inf{u(y) Au():y€ (v.a) 2 € (x,b)'}

IA

p(x) .... (since x € {x, (a,b)"}").

Thus the statement is true for n = 1.

2. Suppose that u¢(INJ) Au¢(INK) < u(x) forall x € INC,(I,J) holds for some
n € N. We will prove that it also holds for n+1. Now x € INC,(1,J) implies that
x €I and x € (a,b)" for some a,b € C,(1,J). This implies that (x,a)’, C INC,(I,J)

and (x, p) CInc, (1,J). Thus, by induction hypothesis, we have
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ue(INJ)Au(INK) < u(y) forall y € (x,a)’
and
HEI) Ape(J) < p(z) forall z € (x,b)’

and since u is L-fuzzy semi-prime and x € {x, (a,b)"}’ we have

WU ARCUNK) < inf{u() AR():y € (xa) 2 € (x,b)

IN

1(x).

Therefore u¢(INJ) Au¢(INK) < u(x) for all x € INC,(1,J) for each n € N.

Thus we have
peInJ)Apc(InNK) <inf{u(x):xeINJVK)} =pu‘(IN(JVK)).
Therefore u¢(INJ)Au¢(INK) = u(IN(JVK)) and hence u is an L-fuzzy semi-prime
ideal of the lattice .7 (Q). O

Definition 5.3.2. Let Q be a given poset and . (Q) be the lattice of all ideals of Q. Then
a contraction of an L-fuzzy ideal ® of 7 (Q), denoted by ®°, is an L-fuzzy subset of Q

given by:
P (x) = sup{P(I) : x € I}, for all x € Q.

Lemma 5.3.7. Let ® be an L-fuzzy ideal of the lattice . (Q) of all ideals of Q. Then ®¢

is an L-fuzzy ideal of the poset Q.

Proof. Now since
P(0) = sup{P():0€1l}

> ®((0]) ...(since 0 € (0])

= 1
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we have ®°(0) = 1. Again let a,h € Q and x € (a,b)"'. Now

P (a) ND(b) = sup{®P(I):acI}Asup{P(J):beJ}
= sup{®()ADPJ):acl,be]}

= sup{®(IVJ):acl,beJ}

IN

sup{®(IVJ):x€ (a,b) CIVJ}

IN

e (x)

Therefore ®¢ is an L-fuzzy ideal of the poset Q. [
Lemma 5.3.8. Let ® be an L-fuzzy ideal of .7 (Q) with sup property and o € L. Then
(D)o = (Pa)

Proof. Let @ be an L-fuzzy ideal of .# (Q) with sup property and & € L. Now

x € (®Pg)° x € Iy for some Iy € Py
®(Ip) > o and x € Iy

D (x) =sup{P(I):x€l} > D(lh) >

¢“ou

x € (P)q

Thus we have (®y)° C (P°)q.

To show the other inclusion, let x € (®¢)y. Then ®¢(x) = sup{P(I) : x € I} > . Since
® is an L-fuzzy subset of .#(Q) with sup property, there exists Iy € .#(Q) with x € Iy
such that ®(Iy) = sup{®(/) : x € I} > . This implies that Iy € $, and x € [ and so

x € (Pg)¢. Therefore () y C (Pg)¢ and hence (D) g = (Pgy)°. O

Theorem 5.3.9. Let Q be a finite poset and let ® be an L-fuzzy semi-prime ideal of .7 (Q)

with sup property. Then ®¢ is an L-fuzzy semi-prime ideal of a poset Q.
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Proof. Clearly ®¢ is an L-fuzzy ideal of Q ,by Lemma 5.3.7. Now we show that & is an

L-fuzzy semi-prime ideal Q. Let a,b,c € Q and z € {a, (b,c)"}!. Now put
= inf{®°(x) AD(y) : x € (a,b)},y € (a,c)'}.
Then it is clear that
®°(x) > a for all x € (a,b)! and ®°(y) > a for all y € (a,c)'.

This implies that (a,b)! C (®)y = (Pg)¢ and (a,c)! C (®°)y = (Pg)¢. Since Q is finite
and (©y)¢ =U{I: I € Dy}, there exist I}, 1, -+ I, and Jy,Jp,- -+ ,Jp, in Py such that

I € D

(@ (b LnJ

II<=

and

(alN(c 6 \H}J € Dy,.

Since @, a semi-prime ideal of .#(Q), we have (a] N ((b] V (c]) € ®y. Now

z€{a,(b,0)} = z€(an((b]V(c]) € Pa
= e (@) = (¥)a
= () >«

= ®°(z) > inf{®°(x) AD(y) : x € (a,b),y € (a,¢)'}

Hence ®°¢ is an L-fuzzy semi-prime ideal of a poset Q. 0

Remark 5.3.1. The finiteness conditions in the statement of the Theorem 5.3.9 is neces-

sary. For example consider the infinite poset depicted in the Fig. 5.3 and its ideal lattice

J(Q) in Fig. 5.4 below.
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Let L =[0,1]. Then consider the L- fuzzy subset ® of .7 (Q) given by:

1 if I'=(yi]
1.
D)= 1-2" jr7—(yli=23. ...,
() 1+i lf (yl]l IS
0 if otherwise

forall I € Z(Q). which is an L-fuzzy semi-prime ideal of .#(Q). Then its contraction,

€, is given by:

1 if x=y
1
51
D¢ (x) = —12—+i ifx=yji=2.3,
0 if otherwise

for all x € Q. But ® is not an L-fuzzy semi-prime ideal of a poset Q as a € a' N (a, b)”l =

{a,(b,c)"} but ®°(a) = 0 # § = inf{P°(x) AN®°(y) : x € (a,b)",y € (a,c)'}.
However, if Q is a meet semi-lattice, then we have

Theorem 5.3.10. Let Q be a meet semi-lattice and ® be an L-fuzzy semi-prime ideal of

S (Q) with sup property. Then ®€ is an L-fuzzy semi-prime ideal of Q.

Proof. Let ® be an L-fuzzy semi-prime ideal of .#(Q). Leta,b,c € Q and z € {a, (b,c)*}.

Since Q is a meet semi-lattice it is clear that
inf{®°(x) A®°(y) : x € (a,b),y € (a,c)'} = ®(anb) N® (aNc).
Now put & = ®°(a Ab) AP(aAc). Then we have
P(aAb) > aand P(aNc) > a .
This implies that
anb e (P)g = (Pg)  and aAc € (D) g = (Pg)¢

Thus there exist I,J € ®y such thata Ab € I and a A c € J. This implies that
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(alN(b] = (aNb] CT€ Dy and (a]N(c] = (aNc] CJ € Dy.

Since @ a semi-prime ideal of .#(Q), (a| N ((b] V (¢]) € . Now

Ze{a,(b,c)“}l = z€(a|N((b]V(c]) € Dy
= ce (@) = (@)

= PU() > a=D(anb) NP (aNc)

Therefore ®¢ is an L-fuzzy semi-prime ideal of a meet semi-lattice Q. [

In the next two theorems, we investigate the relationships between L-fuzzy prime ideal

of a poset Q and L-fuzzy prime ideal of the lattice .7 (Q).

Theorem 5.3.11. Let 1 be an L-fuzzy prime ideal of a poset Q. Then u¢ is an L-fuzzy
prime ideal of the lattice .7 (Q).

Proof. Let u be an L-fuzzy prime ideal of a poset Q. Now we show that u¢ is an L-fuzzy

prime ideal of the lattice .# (Q). Since u is proper, there exists a € Q such that u(a) # 1.
As (a] € #(Q) and p¢((a]) = inf{u(x) : x € (a]} = pu(a) # 1, u° is proper. Again let
1,J € Z(Q). We need to show that
pe(InJ) = pe(I) or u(J).
Indeed, on the contrary if both u¢(INJ) # u¢(I) and u¢(INJ) # u(J), then there exist
a€landb € J such that u¢(INJ) % w(a) and pu¢(INJ) £ w(b). Since (a,b)! C1NJ and
hence u¢(INJ) < inf{u(x): x € (a,b)'}, we have
inf{p(x) :x € (a,b)'} £ p(a) and inf{p(x) : x € (a,0)'} £ p(b),

which contradicts the fact that u is an L-fuzzy prime ideal of a poset Q. Therefore u¢ is

an L-fuzzy prime ideal of the lattice .7 (Q). O

Theorem 5.3.12. Let Q be a finite poset and ® be an L-fuzzy prime ideal of ¥ (Q) with

sup property. Then @€ is an L-fuzzy prime ideal of Q.



5.3. The Lattice of L-Fuzzy Semi-prime Ideals 141

Proof. Suppose that ® is an L-fuzzy prime ideal of .#(Q) with sup property, where Q
is a finite poset. Then, since & is proper, there exists Iy € .#(Q) such that ®(Iy) # 1.
Since Q is finite and hence satisfying ACC, there exists a € Q such that Iy = (a]. Let
X ={l€ #(Q):acl}. Thenitisclear that X is a finite set and (@] € X and hence
P(a) =sup{P(I): 1 € X} = D((a]) # 1 Thus ®° is a proper L-fuzzy ideal of Q.

Let a,b € Q and put & = inf{®°(x) : x € (a,b)'}. This implies that

®°(x) > a for all x € (a,b)'.
Thus we have (a,b) C (®°)y = (Pg)¢. Since Q is finite and (Pg)¢ = J{I : I € Dqy},
there exist I, /1>, - - - , I, such that
(@ (8] = (a,b)' €U i S VI i € Do

Since P a prime ideal of .7 (Q), we have either (a] € ®q or (b] € Py. Consequently
a€ (Py) = (P)gorb e (Py) = (P) and therefore

®(a) > a = inf{®°(x) : x € (a,b)'} > ()
or

®°(h) > a = inf{®°(x) : x € (a,b)'} > &°(b),
that is, inf{®°(x) : x € (a,b)'} = ®°(a) or ®°(b). Hence ®¢ is an L-fuzzy prime ideal of
a poset Q. [
Remark 5.3.2. The statement of Theorem 5.3.12 is not necessarily true if the poset Q is
not finite. Consider the infinite poset Q depicted in Fig.5.3 and its ideal lattice 1d(Q) in
Fig. 5.4 on page 149. Observe that the L- fuzzy subset ® of .7 (Q) into L = |0, 1] defined
by:
1 if I'=(yi]

l
(1) = 1—% ifI=(y],i=2,3,

0 if otherwise
\

foralll € Z(Q). is an L-fuzzy prime ideal of .7 (Q).



142 Chapter 5. L-Fuzzy Semi-prime Ideals

Also see that € is given by:

1 if x=yp
1.
71
q)c(x): l_ﬁ ifx:yivi:273v'“
i
0 if otherwise

for all x € Q. is an L-fuzzy ideal of Q but not L-fuzzy prime ideal , as inf{®°(x) : x €

(a,b)'} = 3 and neither equal to ®°(a) nor ¢ (b).
However, if the poset is a meet semilattice, then we have

Theorem 5.3.13. Let Q be a meet semi-lattice and ® be an L-fuzzy prime ideal of .7 (Q)

with sup property. Then ®€ is an L-fuzzy prime ideal of Q.

Proof. Suppose that ® is an L-fuzzy prime ideal of .# (Q) with sup property where Q is a
meet semi-lattice. Now we claim that ®¢ is an L-fuzzy prime ideal of Q. Leta,b € g and

put o = inf{®°(x) : x € (a,b)'}. This implies that
ab € (a,b)! C (®)g = (Py)".
Then there exists I € (Pg)¢ such that a Ab € I. This implies that
(@N (] = (aAb] C I € Dy

and hence (a] N (b] € ®y. Now, by primeness of ®y, we must have (a] € ®y, or (b] € Dy

and so a € (®g)¢ = (P)g orb € (Py)¢ = (D). Therefore

DP(a) > o0 = D (aNb) > P(a) or D°(b) > a =P (aAb) > D°(D),
i.e. ®(aAb) = D(a) or ®°(b). Hence @€ is an L-fuzzy prime ideal of Q. O
Lemma 5.3.14. Let i be an L-fuzzy ideal of a poset Q. Then 1 = L.

Proof. Let 1 be an L-fuzzy ideal of a poset Q. Now we claim that u® = u. Let x € Q.
put  ={l€ 7(Q):xel}. As (x] € .7, S5 is non empty and it is clear that (x] C I for
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all I € .%,and hence

() x) = (u))

= sup{u‘(l):xel,l € 7(0)}

Therefore u* = u. [

5.4 Separation Theorems

In this section, extend and prove an analogue of Stone’s Theorem for finite posets which
has been studied by V. S. Kharat and K. A. Mokbel[35] using L-fuzzy semi-prime ideals.
Some counter examples are also given. Now we obtain an L-fuzzy filter tr in a poset Q
with the help of an L-fuzzy filter ®f in the lattice . (Q) of all L-fuzzy ideals of Q and

study the L-fuzzy semi-primeness connection between them.

Definition 5.4.1. Let Q be a poset with 1 and ®f be an L-fuzzy filter of 7 (Q). Define an

L-fuzzy subset ur of Q by:
ur(x) = @p((x]) forallx € Q.
We have the following Lemma.

Lemma 5.4.1. Let Q be a poset with 1. Let UF is the L-fuzzy subset of Q given as in the

Definition 5.4.1 above. Then Ur is an L-fuzzy filter of Q .

Proof. Clearly ur(1) = 1. Leta,b € Q and x € (a,b)™. This implies that

(a]N(b] = (a,b)! C x! = (x]. Now
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ur(a) ANup(b) = @p((a]) NPr((D])

Therefore UF is an L-fuzzy filter of Q. 0

In the case of finite posets we have the following.

Lemma 5.4.2. Let Q be a finite poset and ®r be an L-fuzzy filter of 7 (Q) and ur be an

L-fuzzy filter given as in Definition 5.4.1 above. Then the following statements hold.
1. ®p((a]V (b]) =inf{ur(x):x € (a,b)"} for any a,b € Q.
2. if ®r is an L-fuzzy semi-prime filter, then Uf is an L-fuzzy semi-prime filter.
Proof. 1. Leta,b € Q. Letx € (a,b)*. Then a < x and b < x and so (a] C (x] and
(b] C (x]. This implies that (a] v (b] C (x| for all x € (a,b)" and hence (a] V (b] C
Nee(apy«(x]. Again let # € Nye(qp)e(x]. Thent < x for all x € (a,b)". This implies

that ¢ € (a,b)* C (a] Vv (b]. Therefore (a] V (b] = Nee(a,py« (x]. Since (a,b)" is finite

and @ is an L-fuzzy filter of .# (Q) we have

Pr((av () = @r( () ()
x€(a,b)*

= inf{®r((x]) :x € (a,b)"}

= inf{ur(x):x € (a,b)"}

Hence (1) holds.
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2. Leta,b,c € Qand z € {a, (b,c)'}*. Then it is clear that (a] C (z] and (b] N (c] C (2.

Thus we have (a] V ((b] N (c]) C (2]

inf{pr(x) A pr(y) 1 x € (a,b)",y € (a,c)"}
= inf{ur(x) 1 x € (a,0)"} Ninf{pr(y) 1 y € (a,¢)"}

= ®r((a] v (b)) N®r((a] V(c])--- (by 1)

= @p((a] v ((6]N(c]))

IN

Hence (2) holds.

Dr((2]) = pr(2)

O

Remark 5.4.1. We give an example to show that the assertion of Lemma 5.4.2 is not

necessarily true if we drop the finiteness condition. Consider the dual of the infinite poset

Q that is depicted in Fig 5.3, say Q¢ and its ideal lattice & (Qd) which is the dual of the

ideal lattice .7 (Q) depicted in Fig 5.4. Consider the L- fuzzy filter ®F of .7 (Q%) into

L = [0, 1] which is given by:

Pr (1)

1 if I=(y1]

0 if otherwise

35 ifI=(y) fori=2,3,-
l

forall I € .7(Q%). Observe that the L-fuzzy subset up of Q% into L = [0, 1] which is given

by:

r (x)

\

1 if x=yp

141

0 if otherwise

or all x € Q is an L-fuzzy filter of Q. But
f y

1-
7l
S ifx=y fori=2,3,--
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Pr((a]V (0]) = Pr(({y1,2,-}]) =0 # 3 = inf{up(2) : 2 € (a,0)"}.
Moreover, @ is an L-fuzzy semi-prime filter of & (Qd ). But U is not an L-fuzzy semi-
prime filter, as a € a" = {a, (b,c)'}* and

=02 % =inf{ur(x) App(y) s x € (a,b)",y € (a,¢)"}.
However, in the case of join semi-lattices we have

Corollary 5.4.3. Let Q be a join semi-lattice with 1, ®f be an L-fuzzy filter of .7 (Q) and
Ur be an L-fuzzy filter defined as in in Definition 5.4.1. Then the following statements

hold.
1. ®p((a]V (b)) =inf{ur(x) : x € (a,b)*} = up(a Vv b) for any a,b € Q.
2. if ®r is an L-fuzzy semi-prime filter, then U is an L-fuzzy semi-prime filter.

Proof. 1. Leta,b € Q. Then it is clear that (a] V (b] = (a vV b] and hence
Dr((a] v (b]) = Pr((aVb]) = pr(aVb) = inf{ur(x) 1 x € (a,b)"}

2. Leta,b,c € Qand z € {a,(b,c)'}". Then it is clear that (a] C (z] and (b]N(c] C (z].
Thus we have (a] V ((b] N (c]) C (z]. Now

inf{ur (x) Aurp(y) : x € (a,b)",y € (a,c)"}
= inf{ur(x) :x € (a,b) } Ainf{ur(y) -y € (a,¢)"}
= pr((aV (b)) Apr((avc])
= Pr((aV (b)) APr((aVc])
= Pr((a]V (b)) ANPr((a]V (c])
= Pr((a]V((6]N(c])

Dr((z]) = ur(2)

IN

Hence (2) holds.
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Definition 5.4.2. Let ¢ be an I-L-fuzzy filter of a poset Q with 1, Define an L-fuzzy subset
Q of Z(Q) as follows:

Q(I) =sup{o(x):x e} forall'’l € #(Q).
We establish the following result.

Lemma 5.4.4. Let 6 be an I-L-fuzzy filter of a poset Q with 1 and Q be an L-fuzzy subset

of 7 (Q) as given in Definition 5.4.2 above. Then Q is an L-fuzzy filter of .7 (Q).

Proof. Let o be an [-L-fuzzy filter of a poset Q. Then clearly Q((1]) = 1.

LetI,J € .Z(Q). Then

QINQJ) = sup{o(x):xel}Asup{o(y):yeJ}
= sup{o(x)Ao(y):xel,yelJ}

< sup{fo(x)Ao(y): (xy) CINT}

Since o is an [-L-fuzzy filter of Q and x,y € Q, there there exists z € (x, y)l such that

0(z) = o(x) Ao(y). Therefore
QUANQJ) <sup{o(z):z€INJ}=Q(INJ)

Again

Q(INJ) = sup{o(x):xelnJ}

Therefore Q(INJ) C Q(I). Similarly we can show that Q(7/NJ) C Q(J) and hence
Q(INJ) CQ(I) NQ(J). Therefore

QUINT) =Q() AQJ)
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and hence Q is an L-fuzzy filter of .# (Q). O

We prove the following Lemma, which is analogous to Rav’s Separation Theorem for

semi-prime ideals in Lattice Theory.[42]

Lemma 5.4.5. Let o be a prime element in L, U be an L-fuzzy semi-prime ideal and
O be an L-fuzzy filter of a lattice X such that uN o C A. Then there exists an L-fuzzy

semi-prime filter o* such that o C o and pnot C @.

Proof. Let u be an L-fuzzy semi-prime ideal and o be an L-fuzzy filter of the lattice X

such that u No C o. Now put
I={xeX:ux)£alandK={xeX:0(x) £ a}.

Then, clearly / is a semi-prime ideal and K is a filter of X such that /N K = 0.

Therefore by Rav’s Separation Theorem for semi-prime ideals in Lattice, there exists a
semi-prime filter F' such that K C F and I N F = (. Then, note that the L-fuzzy subset of
of X defined by:

(GF)(x)— 1 ifxeF
o ifx¢F

for all x € X is an [-fuzzy semi-prime filter. Now we claim that ¢ C ¢/ and uNo’ C @.
Let x € X. Now if x € F, then o(x) < 1 = ¢ (x) and, if x ¢ F, then x ¢ K, so that
o(x) < o= of (x). Hence o C . Again if x € F, then x ¢ I, so that u(x) < a. Thus
(uNo®)(x) =nE) Ao’ (x) = p) Al =p(x) < a=a(x)
and if x ¢ F, then
(uNo®)(x) <) Aa < o=a(x).

Hence unN ol C @. Therefore the claim is true. OJ
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Now we extend an analogue of Stone’s Theorem for finite posets which has been
studied by V. S. Kharat and K. A. Mokbel[35] using L-fuzzy semi-prime ideals as given

in Theorem 5.4.6 below.

Theorem 5.4.6. Let Q be a finite poset and o be a prime element in L. Let 1 be an L-fuzzy
semi-prime ideal and o be an l-L-fuzzy filter of Q for which Lt N\ o C «&. Then there exists

an L-fuzzy semi-prime filter ¥ of Q such that o C of and un of Cw.

Proof. Suppose that u is an L-fuzzy semi-prime ideal and o is an [-L-fuzzy filter of a
finite poset Q such that u No C &, where « is a prime element in L. By Theorem 5.3.6,
ue is an L-fuzzy semi-prime ideal of .#(Q). Since o is an [-L-fuzzy filter, the L-fuzzy
subset Q of .Z(Q) given in Definition 5.4.2 is an L-fuzzy filter of .#(Q). (See Lemma
5.4.4. Now we claim that u® N Q C @. Suppose not. Then there exists I € .#(Q) such

that u¢(7) £ o and Q(I) £ a. This implies that
p(x) £ a forall x € I and o(x) £ o for some x € 1.

This contradicts the hypothesis tt N ¢ C @. Hence the claim holds.

Now, since .7 (Q) is a lattice, by Lemma 5.4.5, there exists an L-fuzzy semi-prime filter,
say @ of #(Q) such that Q C & and u® NP C @. Consider the L-fuzzy subset up of
Q given in definition 5.4.1 which is an L-fuzzy semi-filter of Q. (See Lemma 5.4.1). Put

o = ur and observe that o C of'; for, if x € Q, then

o(x) <sup{o(y) :y € (x]} = Q((x]) < Pr((x]) = pr(x) = 0" (x).
Further, we must have N o’ C @. Otherwise if uN o’ ¢ @, there exists x € Q such
that p(x) £ a and oF (x) = pr(x) £ . This implies that u¢((x]) £ a and ®r((x]) £ «,

which is a contradiction to the fact that u* N ®r C @. This proves the theorem. L]

Remark 5.4.2. The statement of Theorem 5.4.6 is not necessarily true if we remove the

finiteness conditions or if G is not an an l-L-fuzzy filter. .
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1. Consider the poset Q% that is dual of the infinite poset Q depicted in Fig. 5.3. Define

an L fuzzy subset . : Q¢ — [0,1] by:

0 ifx=y;fori=1,2,3,---
m(x) =
1 if otherwise

for all x € Q%. Let © be an L-fuzzy subset of Q% given by:

.
1 if x=y
o(x)=1q1-— ! ifx=y; fori=2,3,---

1+42i o
0 if otherwise
\

forall x € Q.

Observe that 0 is a prime element in L = [0,1], w is an L-fuzzy semi-prime ideal
and o is an I-L-fuzzy filter of Q% for which uN o C 0. But there does not exist an

L-fuzzy semi-prime filter o for which 6 C of and uno’ CO0.

2. Consider the finite poset depicted in Fig. 5.5 below. Define L fuzzy subsets | :

Then W is an L-fuzzy semi-prime ideal and & is an L-fuzzy filter, which is not an

I-L-fuzzy filter of Q. Observe that 0 is a prime element in L =[0,1] sucht uNo =0
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but there does not exist an L-fuzzy semi-prime filter 6* for which 6 C ¥ and un

of =0.

Figure 5.5

However, in the case of join semi-lattices we have

Theorem 5.4.7. Let Q be a join semi-lattice and o € L be a prime element. Let |l be an
L-fuzzy semi-prime ideal and ¢ be an l-L-fuzzy filter of Q for which uN o C a. Then

there exists an L-fuzzy semi-prime filter 6© of Q such that 6 C oF and uno’ <a.

The following Lemma is from [35], which is immediately follows from the definition

of distributive poset.

Lemma 5.4.8. Let Q be a finite poset such that 7 (Q) is a distributive lattice, then Q is

distributive.

Remark 5.4.3. The converse of Lemma 5.4.8 is not true in general. The poset Q depicted
in Fig 5.5 is distributive but % (Q) is not so. For, let I = (d'], J = {0,a,b,c} and K = (']
and observe that IN(JVK)=1INQ=1#J=JV{0,a,b} = (INJ)V (INK).

The following theorem is the extension of the celebrated theorem of M. H. Stone [45]

on prime ideals of distributive lattices to L-fuzzy prime ideals.

Theorem 5.4.9 ([46]). Let X be a distributive lattice and o be a prime element of L. If 1
be an L-fuzzy ideal and o be an L-fuzzy filter of X such that W N o C «, then there exists

a L-fuzzy prime ideal of up such that u C up and upNo C «.
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Now, we extend Theorem 5.4.9 for a finite poset whose ideal lattice is distributive.

Theorem 5.4.10. Let Q be a finite poset such that .Z(Q) is a distributive lattice and
o € L be a prime element. Let L be an L-fuzzy ideal and © be an I-L-fuzzy filter of Q for
which N o C &. Then there exists an L-fuzzy prime ideal Yy of Q such that u C u; and

uno Ca.

Proof. Suppose that u is an L-fuzzy ideal, o is an [-L-fuzzy filter of a finite poset Q of
which . (Q) is distributive such that uNo C @, where « is a prime element in L. Observe

that u€ is an L-fuzzy ideal of .# (Q) and also the L-fuzzy subset of .# (Q) defined by:
Q(I) =sup{o(x):x eI} forall’l € #(Q)

is an L-fuzzy filter of .#(Q) by Lemma 5.4.4. Note that u* N Q C @ as in the proof of
Theorem 5.4.6. Since .# (Q) is a distributive lattice, by Theorem 5.4.9, there exists an L-
fuzzy prime ideal ®p of .#(Q) such that u¢ C ®p and ®pNQ C @. By Theorem 5.3.12,
(Pp)€ is an L-fuzzy prime ideal of Q, where (Pp)¢(x) = sup{Pp(I) : x € I} for all x € Q.

Further u C (®p)© as for any x € Q

(Dp)°(x) = sup{Pp(Il):xcl}

v

Pp((x])--- asx € (x]

= inf{u(y):y e (} = px).

Also, we must have (Pp)°No C a. Otherwise, if (Pp)°No ¢ @, then there exists x € Q
such that (Pp)“(x) £ @ and o(x) £ a. This implies that u°((x]) £ o and ®p((x]) £ o,

which is a contradiction to the fact that u* N®p C @. OJ




153

Chapter 6

Conclusion and suggestions for further

research work

6.1 Conclusion

In this study, we have introduced several generalizations of L-fuzzy ideals and filters of
a lattice to an arbitrary poset whose truth values are in a complete lattice satisfying the
infinite meet distributive law and we have given several characterizations of them.

Next we have studied the notions of L-fuzzy prime ideals, prime L-fuzzy ideals, max-
imal L-fuzzy ideals, L-fuzzy maximal ideals by choosing the L-fuzzy ideal and filter of a
poset in the sense of Hala$ as an L-fuzzy ideal and filter of a poset. We have also studied
and have given sufficient conditions for the existence of L-fuzzy prime ideals and prime
L-fuzzy ideals in the lattice of all L-fuzzy ideals of a poset.

Lastly, we have introduced and characterized the concept of an L-fuzzy semi-prime
ideal and filter in a general poset. We have also obtained characterizations of an L-fuzzy
semi-prime ideal to be L-fuzzy prime ideal. We have also established the relations be-
tween the L-fuzzy semi-prime (respectively, L-fuzzy prime) ideals of a poset and the L-
fuzzy semi-prime ideal (respectively, L-fuzzy prime) of the lattice of all ideals of a poset.
Moreover we have extended and proved an analogue of Stone’s Theorem for finite posets

which has been studied by V. S. Kharat and K. A. Mokbel[35], using L-fuzzy semi-prime
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ideals of a poset. Further,the fuzzy version of a generalization of Stone’s Separation The-

orem for posets has obtained in respect of prime L-fuzzy ideals of a poset.

6.2 Suggestions for further research work

We ought to mention here our further direction of research as follows.

e The space of prime L-fuzzy ideal and maximal L-fuzzy ideals of a poset and their topo-
logical properties like compactness, connectedness and separation axioms.

e [-fuzzy Baer ideal for posets and its characterization.

e The concept of a radical and primary L-fuzzy ideal of a poset as a generalization of
prime L-fuzzy ideals of a poset.

e [-fuzzy congruences of a poset and its characterization in terms of L-fuzzy ideals of
a poset and their correspondence between the lattice of L-fuzzy ideals into the lattice of
L-fuzzy congruences of a boolean poset.

e [-fuzzy annihilator ideal of a poset.
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