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ABSTRACT

Mechanisms are means of Power Transmission as well as motion transformers. A Four-
bar Mechanism consists mainly of four planar links connected with four revolute joints.
Input usually given as rotary motion of a link and output can obtain from the motion of
another link or a coupler point. Kinematic and Dynamic Analyses presented in this thesis.
Path generation method has applied to generate planar four-bar mechanism. The task of
analyses refers to a problem in which a coupler point desired to generate a given path.
coupler point has traces a set of predefined points, the position of coupler point at each
stage using analytical methods to approximate a linkage dimensions required to achieve a
set of prescribed path points in order to study the Kinematic (velocity and acceleration)
and Dynamic equation requirements and to satisfy the detailed steps in formulating the
Planar four-bar mechanism solutions. MATLAB coding has written to find the solution
of Velocity and Acceleration, and Dynamic force at various positon of the four bar
mechanism producing by the linkages joints. Modelling of Planar Four-Bar Mechanisms
Is accomplished using the CATIA V5R21 in order to simplify the process and simulate
the desired path is generated by coupler point. For the input example of predefined point
Px & Py the coupler path point generated. velocity and acceleration graphs of the coupler
point CATIA V5R21 and reaction force on the pin joints for prescribed input point has
simulated with MATLAB R2016b. the coupler point can have used to generate

prescribed points of practical applications.
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NOMENCLATURE
X X - Position of Drive Crank Pivot
Vor Y - Position of Drive Crank Pivot
Ty Drive Crank Length
T3 Connecting Rod Length
A Follower Crank Length
n Ground Pivot Length
T Trace Point Length
B Trace Point Angle
0, Ground Pivot Angle
0, Drive Crank Angle
0, Connecting Rod Angle
0, Follower Crank Angle
S length of the shortest link
| length of longest link
p&Q lengths of the two remaining linksw,
W, Velocity of link 2
W3 Velocity of link 3
Wy Velocity of link 4
a, Angular acceleration of link 2
as Angular acceleration of link 3
Qy Angular acceleration of link 4
Fi5,F55, Fy3, Fu3,F, and Fs, joint forces acting on links
F,&T, Inertia force and inertia moment of links
m Mass of link
T, Torque of external load
T, Inertia moment of link 3
T, Driving torque
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CHAPTER ONE
INTRODUCTION

1.1. Background of the Study

Mechanism is a combination of rigid or resistant bodies so formed and connected that
they move up on each other with defined relative motion. One of the main objects of
designing a mechanism is to develop a system that transforms motion in a specific way to
provide mechanical advantage. Typical problem in mechanism design is coordinating the
input and output motions.

In Kinematic analysis, a particular given mechanism is investigated based on the
mechanism geometry plus possibly other known characteristics (such as input angular
velocity, angular acceleration, etc.). Kinematic synthesis, on the other hand, is the process
of designing a mechanism to accomplish a desired task.

There are three main tasks in kinematic synthesis; function generation, path generation
and motion generation.
> Function Generation: where the functional requirement is the relative motion

between links, which are generally connected to ground pivots (Figure 2), or
where a specific input position f(c) crank will result in a specific output position

g(c) follower;
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Figure 1: Function generation
> Path Generation: where the functional requirement is the output path of a trace

point, which is typically on a coupler link (Figure 3).

Figure 2: Path generation

> Motion Generation: where the functional requirement is the entire motion, path

and angle of a trace point on a coupler link (Figure 4).

Trace point path

Yared Abraha Page 2
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Figure 3: Motion generation

As mentioned before Path generation is an example of constraint condition which
describes desired position and orientation for a certain point on the mechanism with
respect to the fixed coordinate system. According to the given path of the point on the
coupler, the construction parameters can obtained by writing objective functions of the
mechanism [17]. But without the possibility of controlling a structural (linkage
mechanism) error on a path out of those points [18].

In this study, path generation kinematic synthesis carried out for the planar four-bar
mechanism to obtain the construction parameters of mechanism. In order to define the
position of the four-bar mechanism with respect to the fixed frame, an extra loop closure
equation formulated to achieve solutions. Nonlinear system of equations has written for
each independent loop. Precision points are determined by using Chebyshev spacing [17].
The first question in solving this problem is usually: What kind of a mechanism (if any)
can used to perform this function. In addition, the second question is: How does one
design such a mechanism? There are various methods of performing kinematic analysis
of mechanisms, including graphical, analytical, and numerical. The choice of a method
depends on the problem at hand and on available computational means [26].

The objective of kinematics analysis is to develop various means of transforming motion
to achieve a specific kind needed in applications. For example, an object is to be moved
from point to point along some path [26].

The objective of dynamics analysis is to study the behavior of a given machine or
mechanism when subjected to dynamic forces. For the above example, when the
mechanism already known then external load is applied and its motion is studied. The
analysis of forces induced in joints by the motion is part of this work.

One of the most useful and most common mechanism is the four bar linkage a sketch
shown in figure.4 Link 1(ry) is the frame or ground, and is generally stationary; Link 2

() is the driver, which may rotate completely or may oscillate; link 3 (73)is called the

coupler and link 4 (r)is follower or output link motion.

Yared Abraha Page 3
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The motion or path of a trace point on a coupling link can expressed as a function of the

dimensions of the mechanism and the angle of the input link (Figure 5).

P

Xa

Global ongin

Figure 4: planar Four-bar mechanism variables
Path = F (r,0,) [1.1]

r = (xo' Yo, T2 ,T3,T'4,T'1,Tp,91,ﬁ)
Where 6, = Drive Crank Angle

X, = X Position of Drive Crank Pivot
Vo, = Y Position of Drive Crank Pivot
r, = Drive Crank Length
r3 = Connecting Rod Length

r, = Follower Crank Length

r, = Ground Pivot Length

r,= Trace Point Length

Yared Abraha Page 4
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6, = Ground Pivot Angle
p = Trace Point Angle

The following angles may easily derive during the analysis of the position and motion of
the four-bar mechanism.

65 = Connecting Rod Angle

6, = Follower Crank Angle

For planar motion there are three independent variables (degrees of freedom) associated
with each link in a plane: these can be taken as the X position of the center of gravity, the
Y position of the center of gravity, and the angle of the link. The degrees of freedom
(DOF) of a four bar linkage with four pin joints can found by applying Kutzbach
Criterion:

DOF = 3(n—-1) — 2xf, — f, [1.2]
n = Number of links,
f; = Sum of the number of pin joints, slider joints or pure rolling joints,
f, = Number of roll-slide joints
Therefore, the degrees of freedom of a four-bar planar mechanism are:
DOF = 3(4—1) —2x4-0=1 [1.3]

The importance of having one degree of freedom is that by defining the motion of one
of the links, which is typically a link attached to ground (i.e. the drive crank) driven by a
device (e.g. motor, solenoid, hydraulic cylinder, etc.), the motion of the entire mechanism
Is defined. When synthesizing mechanisms, the output function, path, or motion can

solved based upon a specified input.

1.2. Problem Statement of study

Design a four bar Linkage which will move a path on its coupler link, Find the lengths

and angles of the four links, the coupler link dimensions and determine of kinematic and
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dynamic conditions for the prescribed position. Additional Today, there is a need to
reduce cost and save time for early stages of design namely for preliminary design.
Therefore, a program, which synthesizes mechanism according to user inputs and does
trial-error for numerous requirements and conditions, will be advantageous especially for
pick and place industries products and loader that have lots of requirements and

conditions.

1.3. Objective

1.3.1 General objective

The main objectives of this thesis are kinematic and dynamic analysis of Planar Four-
Bar Linkage for Path Generation.

1.3.2. Specific objective

Four-Bar Mechanism that shown in Figure.l will be analysis where a coupler point
desired to generate a given path defining the input prescribed point for coupler point is
the first task for Kinematic and Dynamic Analysis in this thesis work. The desired path
must be found and simplified with a suitable algebraic method to study the Motion,
(velocity and acceleration) of the links in order to satisfy the kinematic requirements and
detailed steps in formulating the Dynamic equation [17]

Formulation of Dynamic Force problem is the key to calculate the joint reactions, i.e.,
the constraint forces and moments due to the presence of kinematic joints that couple the
links, involves length, velocity and acceleration calculations such as matrix of
simultaneous equations for solving of the dynamic performance of a linkage. The

reactions at joints have calculated using the Newtonian approach [16].
1.4. Methodology

1.4.1. Formulation of Kinematic and Dynamic Equations

In this thesis work, position of the four-bar mechanism with respect to the fixed frame is

carried out for the planar four-bar mechanism to obtain path generation kinematic

Yared Abraha Page 6
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synthesis the construction parameters of mechanism. In order to define the velocity and

acceleration of the coupler prescribed point of the planar four-bar linkage.

Dynamic formulation for linkages has presented for the determination of constraint
forces and moments at the joints. Based on this analytical matrix formulation, the four-
bar linkage has chosen to illustrate this approach. First, closed-loop linkage is opened by
virtually cutting the joints of the independent closed loops. For example, four-bar linkage
has only one closed-loop and opened by virtually cutting a joint Then, the uncoupled
Newton—Euler equations of motion for the resulting open system written from the free-
body diagrams in the Cartesian coordinates used to reduce the dimension of the equations
motion.

This leads to a set of linear equations in terms of the constraint forces of the cut joint
plus the driving torque for known motion of a mechanism. The number of constrained
equations of motion depends on the number of unknown forces and moments associated
with the cut-joints and driving torques in the opened system. These constrained equations
solved first for the unknown forces and moments associated with the cut joints and
driving forces (torques).

For a planar four-bar linkage, to find the values of linkage length, velocity or
acceleration, and dynamic force analysis at various positon of the four bar mechanism
MATLAB coding has written. to simplify the modeling process and simulate the desired
path which generated with the coupler point CATIA V5R21 is used to accomplished the

process in less time.
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CHAPTER TWO

LITERATURE REVIEW

The previous work done in kinematic synthesis that is of interest in this thesis falls into
two categories; namely, optimal synthesis and synthesis involving the dynamics and

forces of the linkage. An overview of relevant works follows.

Tong, Y “Four-Bar Linkage Synthesis for A Combination of Motion and Path-Point
Generation” This paper developed techniques to design planar four-bar linkages for tasks
common to pick-and-place devices that include a combination of motion and path
requirements. Geometric Constraint Programming (GCP) techniques used, Location and
orientation triangles were constructed and constrained to satisfy the target positions and
precision points. Numerical techniques also presented. Using continuation methods,
solutions for the polynomial system of synthesis equations obtained for tasks that have a
finite number of solutions. Iteration methods were also discussed for a combination of
tasks that have a single parameter set of solutions Examples were presented that illustrate
linkage synthesis for the 4-position, 2-point case, 4-position, 1-point case and the 3-
position, 3-point case [1].

Galal Ali Hassaan “Synthesis of Planar Mechanisms, Part lii: Four-Bar Mechanisms for
Three Coupler-Positions Generation” this paper trying to approaching almost accurate
and reliable in synthesizing 4-bar planar mechanisms for 3-specific positions of its
coupler. The assumptions are only one dimension (rl) giving easy and straight forward
design of the 4-bar mechanism. The coupler traces exactly the desired 3-positions and A
MATLAB code is written to solve & satisfying for the output equations [2].

Wen-Yi Lin “A GA-DE ‘‘Hybrid Evolutionary Algorithm for Path Synthesis of Four-
Bar Linkage’’ In This paper the proposed method is verified by studying four cases (for
more than five target points) by using A new real-coded evolutionary algorithm for

application to path synthesis of a four-bar linkage. Findings show that much more
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accurate solutions for three cases obtained with the method of A GA-DE hybrid
evolutionary algorithm combining differential evolution (DE) with the real-valued
genetic algorithm (RGA). Which called “GA-DE hybrid algorithm.” applied to the
problem of four-bar linkage synthesis additional Problem formulation start solving with
Position equations of the tracing point [3].

H. Zhou, Kwun-Lon Ting °’Adjustable Slider-Crank Linkages for Multiple Path
Generation’’ in this paper Adjustable slider—crank linkages with a simple adjustment of
the position of the slider guider multiple paths has generating A difficulty is to select the
corresponding comparison points on the two desired and generated paths over a number
of points. The optimal synthesis model is set up based on the position structural error of
the slider guider introduced to reflect the overall difference between the desired and the
generated paths [4].

H. Zhou a, Edmund H.M. Cheung °* Adjustable Four-Bar Linkages for Multi-Phase
Motion Generation’” in this paper an optimal synthesis method of adjustable four-bar
linkages for multi-phase motion generation is put forward. the position of a driven side-
link fixed pivot is adjusted to generated multi-phase motion by the same four-bar linkage
and The closed-form synthesis procedures of driving and driven side-links are presented
through adjusting the position of the driven side-link fixed pivot to generated multi-phase
motion with the same four-bar linkage. The closed-form synthesis solutions for the
driving and driven side links have derived and results of two-synthesis example’s [5].

Yu Hongying, Tang Dewei, Wang Zhixing ‘‘Study on a New Computer Path Synthesis
Method of A Four-Bar Linkage’’. In this paper, a two-DOF (degree of freedom)
auxiliary mechanism is adopted to transform coupler-points of the given path to a
coupler-angle function curve The method effectively solves the approximate path
synthesis problem for the more than 9 coupler-points given set of software is developed
to realize the design and visualization of path synthesis for a four-bar linkage [6].

S.K. Acharyya M. Mandal *’* Performance of EAs for Four-Bar Linkage Synthesis’’ In
this paper applies three evolutionary algorithms namely GA, PSO and DE to three cases
of path synthesis of four-bar Mechanisms to minimizing the error between desired and
Yared Abraha ~ Ppage9
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obtained coupler curve. A comparative study has done among different algorithms to
reach the goal functions. This observed that the DE shows fast convergence to the
optimal result and very low error of adjustment to target points [7].

Monish P. Wasnikl, M. K. Son pimple, Undirwade ‘‘Optimal Synthesis of a Path
Generator Linkage Using Non-Conventional Approach’’ This paper, studies the solution
methods of optimal synthesis of a Path Generator Linkage using Non — Conventional
Approach. by using Harmony Search Method and a common kind of goal function which
is used to find the appropriate dimension and to minimize the error and find mechanism.
With accurate Solution without consider input angle as design variable. Three cases are
explained: (1) 6 points (15 variables) (2) 10 points (19 variables). The first case is a path-
synthesized problem with given six target points arranged in a vertical line without
prescribed timing [8].

Ren-Chung Soong * and Sun-Li Wu‘‘Design of Variable Coupler Curve Four-Bar
Mechanisms’” This paper presents a method for designing a variable coupler curve four-
bar mechanism with one link replaced by an adjustable screw-nut link and driven by a
servomotor. The different desired couple of curves can generate by controlling the
angular displacement of the driving link and changing the length of the adjustable link
[9].

Hong Zhou ‘‘Dimensional Synthesis of Adjustable Path Generation Linkages Using
the Optimal Slider Adjustment’’ This paper, presents A precisely continuous desired path
can be generated by an adjustable four-bar linkage. The linkage feasibility conditions and
path generation flexibilities has analyzed with two demonstrated example the slider is
used to adjust the pivot location of the driven side link. In which one is for adjustable
crank-rocker linkage to generate a rectangular path, and another one is for adjustable
double-crank linkage to generate a pentagon path. The synthesis model established in the
paper based on the required optimal adjustment of the adjustable P joint when the desired
continuous path is generated precisely. The global optimal synthesis solution searched
using a real-coded GA [10].
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Hong-Sen Yan, Ren-Chung Soong ‘‘Kinematic and Dynamic Design of Four-Bar
Linkages by Links Counterweighing with Variable Input Speed’’ Integrates kinematic
and dynamic design with variable input speeds is introduced. In this paper work a novel
method for four-bar linkages, that satisfies kinematic design requirements and also attains
trade-off of dynamic balance, by properly designing the speed trajectory of the input link,
the disk counterweight of moving links, and link dimensions of the given or desired
mechanisms, the expected output motion characteristics and dynamic balancing
performance are obtained. Demonstrate the design procedures for this proposed approach
with by four examples. The input motion characteristics designed with Bezier curves with
undetermined control points [11].

N. Nariman-Zadeh, M. Felezi <> Pareto Optimal Synthesis of Four-Bar Mechanisms
for Path Generation’’ optimally design four-bar mechanisms hybrid multi-objective
genetic algorithms (GAs) are used. It was demonstrated that two effective four-bar
mechanisms in terms of both tracking error and transmission angle error could be found
among the non-dominated Pareto fronts compromising those conflicting objective
functions for Pareto optimum synthesis of four-bar linkages considering the minimization
of two objective functions simultaneously. The important conflicting objective functions
that have been considered in this work are tracking error (TE) and transmission angle’s
deviation from 90 (TA). The obtained Pareto fronts demonstrate that trade-offs between
these two objectives can be recognized so that a designer can optimally compromise for
the selection of a desired four-bar linkage [12].

Mekonnen Gebreslasie and Alem Bazezew ‘’ Synthesis, Analysis and Simulation of a
Four-Bar Mechanism Using MATLAB Programming’’ in this paper kinematic synthesis
and analysis of four-bar mechanisms for the motion-generation problem of three and four
precision points is presented. The dimensional synthesis is based on the complex number
method approach while analysis of the motion characteristics is carried out by solution of
a set of vector loop equations derived from the synthesized mechanism. Newton-Raphson

iteration algorithm has used to solve the non-linear system of equations. In addition, A
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MATLAB computer program written to implement the solutions to problems described
[13].

Gordon R. Pennock, Ali Israr ©> Kinematic Analysis and Synthesis of an Adjustable
Six-Bar Linkage’’ This paper investigates the kinematics of an adjustable six-bar planar
linkage used as a variable-speed transmission mechanism where the input crank rotates at
a constant speed and the output link consists of an overrunning clutch mounted on the
output shaft. The analysis uses a novel technique in which kinematic coefficients are
obtained with respect to an independent variable. Then kinematic inversion is used to
express the kinematic coefficients with respect to the input variable of the linkage. This
technique decouples the position equations and provides additional insight into the
geometry of the adjustable linkage. A control arm can adjust the angle that the output link
oscillates, for each revolution of the input crank. The paper shows how to determine the
angle of oscillation of the output link for a specified position of the fixed pivot and
investigates the extreme positions of the output link corresponding to the extreme
positions of a point on the coupler link. For this reason, the paper includes a study of the
geometry of the path traced by a coupler point and determines the location of the ground
pivot of the control arm, which will cause the output link to remain stationary during a
complete rotation of the input crank [14].

H. Zhou, Edmund H.M. Cheung ‘‘Analysis and Optimal Synthesis of Adjustable
Linkages for Path Generation’’ In this paper, through adjusting the position of the driven
side-link fixed pivot to generate different paths with four-bar linkage Structural error of
the driven side-link and optimal synthesis model is set up based on the link-length.
difference between desired and the generated paths, can avoid difficulty by selecting
corresponding comparison points on the two paths [15].

Himanshu Chaudhary, S. Kumar Saha, ‘‘Balancing of Four-Bar Linkages Using
Maximum Recursive Dynamic Algorithm’’ This paper presents dynamic balancing of
four-bar linkages and solving methodology based on the maximum reclusiveness of the

dynamic equations for the evaluation of bearing forces [16].
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Mehmet ismet Can Dede, Duygu Comen, ‘‘Kinematic Synthesis of Path Generation of
Planer Mechanism’’ In this paper Kinematic synthesis of planar mechanisms is studied.
Path generation method applied to generate planar four-bar mechanism. in which a
coupler point is desired to generate a given path. Independent loop closure equations
written for each constraint of the mechanism to obtain the objective functions and
nonlinear systems of equations are solved to finding the construction parameters of the
mechanism, which satisfies the desired path [17].

Radovan R. Bulatovic ,Stevan R. Djordjevic, ‘‘Optimal Synthesis of a Four-Bar
Linkage by Method of Controlled Deviation’” This paper describes the procedure of
optimal synthesis of a four-bar linkage by the method of controlled deviations, the
coupler point in relation to the projected path can be followed at any moment. The
method is illustrated on the example of rectilinear motion of the coupler point, although
the method applied when the path of the point is any algebraic curve [18].

Han Jianyou, Qian Weixiang, Zhao Huishe, ‘‘Study On Synthesis Method of A-Formed
4-Bar Linkages Approximating A Straight Line’” This paper presents an analytical
synthesis of 4-bar linkages approximating to generate coupler curve with approximate
straight line through three pairs of coincident points using displacement—matrix method.

Results of given examples are proved that the relative formulas are correct [19].
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CHAPTER THREE
FOUR-BAR MECHANISM AND ITS CLASSIFICATIONS

An important property of a classification system would be the aid it could furnish a
designer in finding the forms and arrangements best suited to satisfying certain
conditions. The planar four- bar mechanism, which consists of four pin-connected rigid
links gains its importance as a basic mechanism because it is one of the simplest of all
mechanisms to produce. The four-bar linkage derives its renown from the fact that the
members of a three bar linkage are incapable of relative motion and a linkage composed
of more than four bars has indeterminate motion with a single input. Though it may
assume many forms, often with little resemblance to the usual representation, a four-bar
linkage consists of two members in pure rotation about fixed axes, called the driving and
follower crank; a coupler in combined motion, which joins the moving ends of the
cranks; and a fixed frame, which establishes the relative position of the stationary crank

centers.

3.1 Chebyshev Linkage

Chebyshev Linkage is a four-bar double rocker mechanism where the coupler rotates
through 360. Below Figure shows a schematic diagram of the Chebyshev linkage. In
Chebyshev's Linkage, either the crank or the coupler can use as the input link. The output
obtained from the middle of the coupler. The limiting positions of the crank in relation to

the frame for this mechanism are shown. in Figure 5 &6.

Yared Abraha Page 14



Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

'

Figure 5: Limiting Angle of Chebyshev Linkage

Limiting Angle of Chebyshev Linkage
By cosine law: for 6, = 0

(ry — 7'3)2 = 7'22 + 7'12 — 21,1108 (O pnin)

Omin = cos (1% + 112 — (1, — 13)?) /21,1y }
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Figure 6: Another Limiting Angle of Chebyshev Linkage
(ry +13)% =12 + 12 — 2 % 1,17.c0S(Oay)
Omax = oS~ H(1? + 12 — (1, +13)%) /21,7y }
3.2 Grashof Criteria
Classifications and the Grashof Criteria
There are two main classes of four bar mechanisms based on the rotational and
dimensional limitations of its links called Grashof's criterion, which are:
Grashof Linkages, which is comprised of:
e crank rocker mechanism
e double rocker mechanism
e Rocker-Crank (drag link) mechanism

e Crank-Crank (crossover-position or change point) mechanism

Yared Abraha Page 16



Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

Non-Grashof Linkages, which includes
Double rocker mechanisms (second kind triple rocker mechanisms).
e Inward/Inward Triple rocker
e Outward/Inward Triple rocker
e Inward/Outward Triple rocker
e Outward/Outward Triple rocker
3.2.1 Grashof Linkages
A Grashof linkage is a planar four-bar linkage with (see fig: 5 for 8, = 0)
s+l <p+q
Where
s = length of the shortest link
| = length of longest link
p & q = lengths of the two remaining links.
For linkages of this type continuous relative motion between the shortest link and its
adjacent links is possible.
1. Crank-Rocker
This type of Grashof linkage obtained when the shortest link is the input link( r,). The

input link has full motion. The output link has a limited range of motion that defined as

follows:
Lower limit: 6, = 180 +6, — 6,"
Upper limit: 6, = 180 +6, — 0,
Where
Omin = 0, = acos[(r12 +rt = (s — 1)’ )]
min T T (2 X1, X 1)
And

(ry? +r,°- (rs+ ry)? )]

Omax = 64 =acos[ (Zxr x 1)
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Figure 7: Grashof Crank-Rocker

2. Double Rocker
This type of Grashof linkage is obtained when the shortest link is the floating link (r5).

Note that the complete relative motion between the shortest link and its adjacent links are
still possible. Both the input and output links have limited ranges of motion that defined

as follows:
Input link
Lower limit: 8, =0, + 6,
Upper limit: 0, =06, + 6,
Where
P (r? +1% — (r3 —14)%)
Omin = 0, = acos | (2 X1 x 1) ]
And
o (ri? +12 = (r3+14)%)
Omax = 0, = acos | (2 X1 x 1)) ]
Output Link
Page 18
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Lower limit: 6, =180 + 6, — 4,"
Upper limit: 6, =180 + 6, — 6,
Where

(ry?2 +r2 — (rz3 —ry)?)
(2 Xr; X ry)

0, = acos

and

(ry? +r,2 = (rz3+ 1rp)? )]

0, = acos |

(2 X1 X 1y)

Figure 8: Grashof Double Rocker
3. Rocker-Crank
This type of Grashof linkage obtained when the shortest link is the output link (r4). The
output link has full motion. The input link has a limited range of motion that defined as
follows:
Lower limit: 0, =6, — 6,
Upper limit: 0, =6,— 06,
Where
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’ (1'12+I'22—(I'3—I'2)2)
6, = acos
(2 Xr; Xry)
and
(r;? +r? = (rz3+1;)%)
6, = acos | ]

(2 X11 X 14)

£
Figure 9: Grashof Rocker-Crank
4. Crank-Crank
This type of Grashof linkage obtained when the shortest link is the ground link( r;).
Both the input and output links have full motion. Fig: (10)

Figure 10: Grashof Crank-Crank
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3.2.2 Non-Grashof Linkages
A non-Grashof linkage is a planar four-bar linkage with
s+1>p+q
Where
s = length of the shortest link
| = length of longest link
P and g = lengths of the two remaining links.
For linkages of this type continuous relative motion between any, two of its links is not
possible.
1. Inward/Inward Triple rocker: input inward limited, output inward limited
When
rf +r,<rz +ry
The input link (r,) of the linkage is said to be inward limited.
When
rf +r,<rz +ry
The input link (r,) of the linkage is said to be inward limited.
When
rf +r,<r, +r3
The output link (r,) of the linkage is said to be inward limited.
When a link is inward limited there are limits on the possible values of the angle of the
link that the actual angle must remain outside (the link is limited when moving in the
inward direction).

The limits angle defined as follows.

Input Link
Lower limit 0, =6,— 6,
Upper limit: 0, =6, +360— 6,
Where
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(1'12 +I‘22 - (1‘4— 1'3)2 )

0, = acos 2 X1 x 0)
Output Link
Lower limit: 0, =6,— 180+86,
Upper limit: 0, =06, + 180 -0,
Where

(1‘12 +I‘42 - (1'2— 1'3)2 )

(2 Xr; X ry)

Figure 11: Non-Grashof Inward/Inward Limited Triple Rocker
2. Outward/Inward Triple rocker: input outward limited, output inward limited
When
rf +r,<rz +r,
The input link (r,) of the linkage is said to be outward limited.
When
rf +r,<r, +r3
The output link (r,) of the linkage is said to be inward limited.
When a link is outward limited there are limits on the possible values of the angle of the

link that the actual angle must remain inside (the link is limited when moving in the

outward direction).
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When a link is inward limited there are limits on the possible values of the angle of the
link that the actual angle must remain outside (the link is limited when moving in the
inward direction).

These limits angle defined as follows.

Input Link

Lower limit: 0, =6,—6,"

Upper limit: 0, =60,+6,"
Where

6," = acos (ry® +ry" = (et 13)” )
(2 Xr; X ry)

Output Link

Lower limit: 0, =6,—180+6,

Upper limit: 6, =6, +180—-40,
Where

(r12 +r42 — (ry — 1'3)2 )

0," = acos

(2 Xr; X ry)

Figure 12: Non-Grashof Outward/Inward Limited Triple Rocker

3. Inward/Outward Triple rocker: input inward limited, output outward limited

When

Yared Abraha Page 23



Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

ry +rp,<rz +ry
the input link (r,) of the linkage is said to be inward limited.
When

ry +ry,=2r, +r;
The output link (r,) of the linkage is said to be outward limited.

When a link is inward limited there are limits on the possible values of the angle of the
link that the actual angle must remain outside (the link is limited when moving in the
inward direction).

When a link is outward limited there are limits on the possible values of the angle of the
link that the actual angle must remain inside (the link is limited when moving in the

outward direction).

These limits angle defined as follows.

Input Link

Lower limit: 0, =6;,+80,

Upper limit: 6, =6,+180+40,"
Where

6," = acos (ry® +1r? = (ry—13)%)
(2 Xr; X ry)

Output Link

Lower limit: 6, =6,+180-4,"

Upper limit: 6, =6,+180+40,"
Where

(r12 ‘*‘1'42 — (rp+ r3)2 )
(2 Xr; X ry)

6, = acos
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Figure 13: Non-Grashof Inward/Outward Limited Triple Rocker
4. Outward/Outward Triple rocker: input outward limited, output outward limited

When

ry +r,=2r3 +r,
The input link (r,) of the linkage is said to be outward limited.

When

ry +ry,=2r, +r;
The output link (r,) of the linkage is said to be outward limited.

When a link is outward limited there are limits on the possible values of the angle of the
link that the actual angle must remain inside (the link is limited when moving in the
outward direction).

These limits angle defined as follows.
Input Link
Lower limit: 0, =6,—6,"
Upper limit: 6, =6, +86,"
Where
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0 n_acosl(r12 +1,% = (14 + 13)? )]
) =

(2 Xr; X 1y)
Output Link
Lower limit: 6, =6, +180—-6,"

(ry? +r2 — (ry+ r3)? )]

Where

0, = acos [

(2 Xr; X ry)

Pl

Figure 14: Non-Grashof Outward/Outward Limited Triple Rocker

S shortest link | | = longest link
pand q links of intermediate links

Table 1: General Classification of Mechanism

Type of Mechanism Shortest Link Relationship Between Links
GRASHOF Any s+l<p+yq
Crank rocker Driver crank s+l <p+q
Drag link Fixed link s+l <p+tq
Double-rocker Coupler s+l <p+q
Crossover-position Any s+l =p+q
NON-GRASHOF
Triple-rocker Any s+l >p+q
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CHAPTER FOUR

KINEMATIC ANALYSIS OF FOUR BAR MECHANISMS

In the design of mechanisms, one must know the direction of motion, velocity,
accelerations .and the forces of each machine member at various positions during the
operating cycle. When this information is available, the designer can then select the
optimum size, material, and design the machine members to meet the specifications. The
needed information has obtained from the kinematic analysis of the motion of the
machine members.

This work deals with the analysis of four-bar linkage mechanisms that have planar
rigid-body motion. Based on an evaluation of a defined mechanism's geometry kinematic

synthesis is the process of designing a mechanism to accomplish a desired task.
4.1 Position Analysis of Planar Four-bar Mechanisms

The connecting rod of a four-bar mechanism Is also known as the Coupler, and the points

belonging to it are called Coupler points.

h
P
Rpf
C
0 o RCB
B — 3
v
Rp Rep
Rga
21
A DA D x.
b i

Figure 15: Four-bar linkage
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Consider the four-bar linkage shown in Fig. 16. Here we may wish to find the position of
the coupler point P, which corresponds to some given crank angle 8, the loop-closure
equation is

Rpa + Rcp = Rpa + Rep 4.1
In addition, the position of point P given by the position-difference equation

Rp = Rga + Rpp 4.2
Although it appears that this equation has three unknowns, it can be reduced to two once
the loop-closure equation (4.1) is solved by noticing the constant angular relationship
between Rpp andRp.

0s=0;+a 43
Fori=1,2,3

0s; = 03; + a
The graphical solution for this problem is started by combining the two known terms of

Eq. (4.1), thus locating the positions of points B and D as shown in Fig. 2-14

(b)

Figure 16: position analysis of the four-bar linkage
S=RDA_RBA=RCB_RCD 44
The analysis of the four-bar linkage is a classic problem with solution dating back over

a century Note from the figure that s is the diagonal distance BD. The law of cosines can
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be written for the triangle BAD and again for the triangle BCD. In terms of the link

lengths and angles defined in the figure, we have

S = \/rf + 13 — 2ryr, cos 6, 4.5

S, = \/rfi + rgi — 2r4;Ty; COS 0,;

(15 +rf—S8?

4.6
2131,

y = X cos”

2 2 2
_ T3+ 1y — S

y; = X cos
2131y

Where, the plus-or-minus signs refer to the two solutions of the transmission angle y and
y' respectively. The law of cosines can be written again for the same two triangles to find
the angles ¢ and ¢

2 2 _ 2
(1 +S8°—r3

¢ = cos™ 2. S 4.7
¢; = cos™ ! i 4_2‘::251_ i
=T

Where it is noted from the figure that the magnitudes of ¢ and ¥ are both less than 180°
and that ¥ is always positive while sin ¢ is of the same sign as sin 8, From these we
find the unknown angles 85 and @4.
0,=180°—¢p Fy 4.9
64 = 180° — ¢, F 1),

93 = 94 -y 410
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We start by writing the loop closure equation in complex polar form. Using the notation
of Fig. 17, we have

ryel% + ryel% = r eif1 4 r,eifs 411
rziejezi + rgiej93i — rliejgli _|_ r4iej84i
Where x; chosen as the real axis. Using Euler's formula, we separate the real and

Imaginary parts of the equation
r,cosf, +rycosf; =r; +r,c0s6, 4.12
I'y; COS O,; + I3; €OS O03; = 1y; + Iy; COS By,
r,sinf, + rysinf; =r,sinf, 4,13
I'y; Sin 6,; + 1r3; Sin O3; = 1y; Sin Oy,

Where, angles 85 and 8, are the two unknowns. Next, we rearrange these equations to

isolate the 65 terms
I'3; COS O3; = 1q; + Iy; COS B,; — Ty; COS By;
I3; SinfB3; = 1ry;Sin@,; — 1y; SinO,;
Square and add the two equations
r3; =15 + 13 + 1% + 2r);r,; €0S O4; — 21;T5; €OS By; — 2ry;T4; c0S(By; — 65;) 4.14
This eliminating the unknown 64

We can combine a -number of the known quantities of this equation and reduce its
complexity by noting from the figure that
S*¥ =1, — I'y; COS Oy; 415

SYt = —r,; sin O, 4.16

Yared Abraha Page 30



Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

2 .2 2 .2
_, T3 14 — 1y — Iy + 211315, c0s 0y 417

y; = COS
2r3;Ty;

where this last equation is equivalent to Egn. (4.5) and (4.6) above. After making these

substitutions and rearranging, Eq. (4.14) reduces to
S* cosBy; + SV sinf,; —r3;cosy; + 1y =0 4.18

When dealing with both sine and cosine of the same unknown angle in a single
equation, it is sometimes helpful to substitute the half-angle identities from trigonometry
0 - 1 — tan?(6,;/2) . 2tan(64/2)
COSPa =177 tan?(6,;/2) ST =T tan?(6,;/2)

Substituting these into Eq. (4.18), clearing fractions, and rearranging terms, we obtain a

4.19

quadratic equation
. 0,; 6, .
(ry; — r3; cosy; — S*Y) tan? > + 257 tanT + (ry; —rz;cosy; +S*) =0 4.20

From which we obtain two solutions

. 0h  — SYEF \J(SYD)2 — 12, + 2ry;1,; cosy; — r2; cos? y; + (S¥0)2 121
W= Iry; — I'3; COSY; — SXt '

When we substitute from Eqn. (4.15), (4.16) and (4.17), this reduces to

. Oy — SY ¥ rgy/1 — cos?y; 422
W= ry; — I'3; COSY; — S* '

Therefore

. — . 2
_ Iy; Sin 6,; + r3; sin“ y;
0,; = 2tan™? 4.23
y; — I'3; COSY; — I'y; — I'y; COS B;

The solution for the other unknown, the angle 85, can found by a completely analogous
procedure. lIsolating the 6, terms of Eqgn. (0) and (p) the same procedure as before
squaring and adding eliminates 6, and leaves a quadratic equation which can be solved

for @5 the solution is
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. . 2
_ —TIy;sinfy; 1y siny;
0;; = 2tan™! 4.24
I3; — I'y; COSY; + Iq; — I'y; COS O,;

Having solved the basic four-bar linkage, we now seek an expression for the position of

the coupler point P. From Fig. 17, in complex polar notation we write

R, = Rpel¥% = r,el% + rgel@s+a) 4.25

R,; = Rp;eifsi = r,elf2i 4 r el@sita)

pi

we obtain

Rp;(cos B¢; + j sin b;)
= r,;(cos 0, + jsin ;) + rs;(cos(05; + a) + jsin(65; + a)  4.26

On equating the real terms and the imaginary terms separately, we obtain two real
equations corresponding to the horizontal and vertical components of the two-
dimensional vector equation
Rpyi €S B¢; = ryc08 6,; + r5; cos(fs; + ) 4.27
Rpy; sin ¢; = ry; sin B; + rs; sin(63; + a) 4.28
By squaring and adding Eqn. (4.27) & (4.28), 6 is eliminated and a solution is found for
Rp

Ry = \/rgi +1g; + 2ry;1rs; cos(83; + a — 65;) 4.29

The angle 8, found from
L T2 Sin 6y + r5;sin(f;; + a — 6,;)

4.30
r,; €os B,; + rg; cos(B5; + a — 6,;)

O¢; = tan™

Since R, and 6, are the two unknowns. The solutions can found directly.

4.2 Velocity Analysis of Planar Four-bar Mechanisms

Velocity analysis begins with formulating the loop-closure equation for the four-bar
mechanism shown below. Taking the time derivative of the position analyze relation, we

obtain the velocity relation.
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N

Figure 17: Angular Velocity Analysis

Iy + T3 =Tq; + 1y 4.31
d
i03; 04 — 1 oif 0,0 —
—— (r3;€'73 —rye74 =€Vl —ryel¥2i) = 0
dt
W3;T3;0030 — @, ;1,004 = —w,;1r,;elf2! 4.32

To derive analytical solutions for w5 and w, we will assume the link lengths
(r,, r3, 14,14, the angular positions 6,, 8,, 85,6, and the angular velocity of link 2 w, is
known. Multiplying Eqn. (4.32) by e+ and taking the imaginary part, we get.

W3;I3; Sin(93i —0y) = —Wy;ly; sin(0,; — 04;) 4.33

_ Wyl sin(04; — 65;)
w3; =

- 4.34
I3; Sin(B4 — 931)

Similarly, the following formula for w, can be derived multiplying Eqn.(4.32) by (e~1%)

_ Wyl sin(03; — 05;)
Wy =

4.35

Ty Sin(93i - 941)
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4.3 Acceleration Analysis of Planar Four-bar Mechanisms

Acceleration analysis begins with formulating the loop-closure equation for the four-bar
mechanism shown below. Taking the time derivative of the velocity analyze relation, we

obtain the acceleration relation.

Figure 18: Angular Acceleration Analysis

2

j03; j04; — j0; jO20y —
W(rsie] 3t — 1y =1y;e)7 —1pe0720) = 0

Time derivatives of the above relation, we can obtain the acceleration relation

Jasir3; €93 — w3;rs el

, 6.4 2. 64 — 6, 2. jf
—J T4 €7 + 4"y €7 = japr€0720 + Wy "1y 4.36

To derive analytical solutions for a; and a, we will assume the link
lengths(r,,rs,1r4,1,), the angular positions (64,6,,65,68,) the angular velocities

(w1, w4, w5, w,) and at least one angular acceleration is known. After multiplying

Eqn.(4,36) by e+ taking the real part and simplifying, we get
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<—r2i“25in(94i —0,) + rziw2i2005(94i - 92i))
+13;03;2¢05(04; — 03;) — rywy;°

- 4.37
r3; sin(fy; — 63;)

Similarly, the following formula for a, can be derived by multiplying Eqn.(4.36) by
e—i63
Ipi0p;SIN(B3; — O5;) — Ip;w,;°cos(03; — 605;)

2 2
+ I4;w,;°c08(03; — 04;) — I'3;w3;

- 4.38
Iy Sin(63; — 04;)

Uy =

Having found the angular velocity of link 3 we can compute the linear velocity of point P

on the link as shown below. Starting from positing vector
R, = Rpel% = r,el%i 4 r el@sit@)
R, = W, el + Zlei(Bsi)
The Velocity of point p as follows;
I7Rp = iW, w,; €02 + iZ, @, i) 4.39
The real and imaginary components are then
Real
VRpx = —W, w,; sin0,; — Z,w3; Sin Os;
Imaginary
VRpx = W, w,; cos 8,; + Z,w3; cos OB5;

The magnitude and direction of VRP are.

Viep = JVRpxz + (iVipy)~

)
(Vi)

To find acceleration at point p, differentiating velocity equation with respect to time.

Ogp = tan

d _ 2 . -9 . 2 . '9 .
drp = (—wz® — lay )W, €% + (w3, + i) Z, €%

The real and imaginary components are then
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Real
Arpx = —Wi (5% €0s By + ay; sin 0y;) — Z; (w3;° cos Os; + a3, sin O5;)
Imaginary
Arpy = =W (wy;® sin B,; — ay; cos ;) — Z; (w3;* sin Bs; — a; cos B;)

The magnitude and direction of dg, are.

Arp = \/aRpr + (iapr)Z

-1 (arpy)

Op, = tan™ ——=
P (aRpX)
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CHAPTER FIVE
DYNAMIC ANALYSIS OF PLANER FOUR BAR LINKAGE

5.1 Dynamic Force Analysis

Figure 19: Four-Bar Linkage Dynamic Force Analysis

Three static equilibrium equations is evaluated in terms of

Forces in the X and Y directions and

Moment about the center of gravity of the link can write for each link.
Linkages dynamic force free body diagram
Link 2
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Figure 20: Crank linkage direction of force.

Three static equilibrium equations is evaluated in terms of forces in the X and Y

directions
Y-
Fiox +F3px + Fyox = 0 5.1
Y-
—Myg + Fipy + Fipy + Fypy = 0 5.2

Moment about the center of gravity of the link 2

3w, =0

Equations (5.3), can be expressed as

TS + _rgz F12 + (rz —rgz)F32 + ng =0 53

TS - rgz COS(GZ + 62) F12y + ngsin(ez + 62)F12x
+ [r; cos(6,) — 142 cos((0, + 62)]F32y — [, sin(6,))
- Tg2C05(92 + 62)]F32x + ng =0

Where
14, =Ty, x €1(®2%92) Position vector from joint A, to center gravity of link 2
» F, & F;, F,; and F,3F;, and F5, are the joint forces acting on link 2.
* Fy; & Ty, are the inertia force and inertia moment of link 2.
* m, Massof link 2 & T driving torque
Link 3

Fay

Figure 21: Coupler linkage direction of force
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Three static equilibrium equations is evaluated in terms of forces in the X and Y

directions

Y=o

S k=0
_m3g + F23y +F4_3y+ Fg3y - 0 5.5
Moment about the center of gravity of the link 3

ZMg3=o=0

—Tg3 F23 + (T'3 —Tg3)F43 + Tg3 == O 56
Equations (5.6), can be expressed as

Fzgx +F43x + Fng = 0 54‘4‘

1T43€08(03 + 83)F3), + 1435in(6; + 83)Fp3y + [r5 cos(8;) — 143 cos((63 + 53)]F43y
— [r35in(03)) — 7y3c08(05 + 63)|Fasy + Tyz = 0

Where
143 =1y % e(3%93) position vector from joint A, to the center of gravity link3
 F,3; & F,;are the joint forces acting on link 3.
* Fy3 & T4, arethe inertia force and inertia moment of link 2.
« mgz massoflink 3and Ty; inertia moment of link 3
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Figure 22: rocker (follower) linkage direction of forces

Three static equilibrium equations is evaluated in terms of forces in the X and Y

directions
F34_x +F14_x+ Fg4x=0 5.7

_m4g + F34_y +F14_y + Fg4_y = 0 58

Moment about the center of gravity of the link 4

3wy, =0

Equations (9), can be expressed as

(—744) Fra + (ry —744)Faq + Tgo+Ty = 0 5.9

744C0S(0y + 84)Fray + Tg4aSin(0, + 84)Frax
+ [r4 cos(6,) — 154 cos((0, + 64)]F34y — [rysin(8,))
— 743€0S(04 + 84)|Fzax + Tga + Ty = 0
Where
<7
gravity link 4,

4 = Tyq * €1%+%99) Position vector from joint B, to the center of

* F,,& F;, are the joint forces acting on link 4
* Fyu & Ty, are the inertia force and inertia moment of link 4.
« m, Massoflink4and T, torque of external load
Equations (1-9) can write as nine linear equations in terms of nine unknowns.
They can expressed in a symbolic form
—(Fiox +F520) = FgZx
_(Flzy + F32y) = Fyoy —myy
—[Ts + (_ng)* Fip + (7"2 - gz)*F32] = Ty2
— (Fyax + Fazyx) = Fyax
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_(F23y + F43y) = Fy43y —mgy
_[(_Tg3) * Fp3 + (7”3 - Tg3) * Fyz] = g3
— (F34x + Fiax) = Fg4x
—(Fz4y + Flay) = Fgay — My,
_[(_ng;) * Fiy + (7”4 - Tg4) * Fay] = Tga + Ty
From Eqn. (4) & (7)
Fuzx — Fiax = Fg4x
From Eqn. (5) & (8)
Fi3y — Fiay = Fgay — Myy
When
Fijx = —=Fix ~ And  Fj, = —Fy,
They can expressed in a symbolic form
Ax = b 5.10
x = the transpose of (Fiax, Fi2y) Fasx: Fazys Faaxs Fay, Fiax, Fiay, Ts ) and is a vector
consisting of the unknown forces and input torque,
b

myug, Tge + T1) and is a vector that contains external load plus inertia forces and inertia

the transpose Of (ngx, ngy - ng, ng, Fg3x, Fg3y - m3g, Tg3, Fg4x, Fg4y -

torques.
By rearrange terms in equations put all known constant terms on the left side and then put

them in matrix form

Let
M = 1,sin8, — r4,c050, N = —r; cos 0, + 14,c0s50,
L =13sinf3 — 1rg3cos b, S = —13c080;5 + 145086,
Q = —1,sin@, + 154 cos b, T =r,cos8, + 1y, cosb,
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F, R
e 1 0 -1 0 0o 0o O 0 g [fax
gZYT 29 0 1 0 -1 0 0 0 0 0 F12y
92 T425inf, —ry,c0s0, M N 0 o0 0 0 0| [F23x
Fyax 0 0 1 0 -1 0 O 0 of|Fesy
Fg3y _m3g = < 0 0 0 1 0 -1 1 0 0 F34x
Tys 0 0 Tg3Sinf; —rg3sinf;, L § 0 0 0 |Faay

1 0 1 0 0
Fyax 0 0 0 0 Fiax

0 0 0 1 0 1 0
Fg4y—m4g 0 0 Q T Tg44Sinb, —1y,8in0, 0 Fuay
_ Tg4+T1 | 0 0 0 0 g4 4 g4 4 | T, |
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CHAPTER SIX

THREE POSITION ANALYTICAL EXAMPLE

6.1. Kinematical Analysis of Planar Four-bar Mechanisms

6.1.1 Linkage Dimension Analysis

Assumed prescribe points from fixed point 0,

Figure 23: Three-positioning analytical synthesis

X - axis distance from 0,

Y- axis distance from 0,

r 40 120
D, 50 300
D 80 270
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Input Assume

9p31 == tan_l[

(pz = 350 a, = 50
(pg = 500 as = 100
1 Y2 _17300-120
021 = tan 1[xy—z_3:] = tan 1[—50_40 ] = 86.8°=
y3 - yl -1 270 - 120 0
=t —— ] =751
e R T

8,1 = 180° + 6,5, = 266.8° = 4.656 rad

631 == 1800 + 9p31 == 25510 == 4’45 T'ad

Par = (V2 — ¥1)2 + (x, — x,)2 = /(300 — 120)2 + (50 — 40)2 = 180.3

P31 =+ (73 — ¥1)? + (x5 — x,)2 = /(270 — 120)2 + (80 — 40)2 = 155.2

Rad Rad Rad
cos @, | -0.904 cos a, 0.284 cos &, -0.97
cosgp; | 0.965 COS a3 -0.8391 COS 034 -0.81
sin¢g, | -0.4282 sin a, -0.9589 sin 8, 0.233
sin 5 | -0.2634 sin a; -0.544 sin 83, -0.59
Wix1(cosp, —1 —sing, cosa,—1 —sina, Daq * COS Oyq
Wiy|)cosgp; —1 —sing; cosa; —1 —sina;g P31 * COS O34
VAP sing, cos@,—1 sina, cosa,—1 P21 * Sin &y
Ziy sing; cos@p;—1 sina; cosaz—1 P31 * Sin &34
Wix]( -1.904 0.4282 -0.7163 —0.9589 —-175.3
Wiy —.035 0.2634 -1.839 -—0.544 —125.3
Ziy1)—0.4282 -1904 -0.9589 -0.7163 42
Z1y —0.2634 -.035 -0.544 -1.839 —91.56
This is in the form of
R =[A]7'(P)

Yared Abraha

Page 44



Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

—0.5 0.2619 -0.0746 —0.0951
(4] = 0.067 0.1429 -0.496 0.3027
0.048 -0.4758 —0.051 —0.203

0.0558 0.1006 0.03518 —0.4758

[Wix] —-0.5 0.2619 -0.0746 —0.0951 ) /—175.3
Wiy| _) 0067 01429 -0496 03027 ([-1253
Zix 0.048 —0.4758 —0.051 —0.203 42

1z,,] \0.0558 0.1006 0.03518 —0.4758) \-91.56
Wiy = 0.5 % 175.3 — 0.2619 * 125.3 — 0.0746 * 42 + 0.0951 * 91.56
Wy, = —0.067 * 175.3 — 0.1429 x 125.3 — 0.496 * 42 — 0.3027 * 91.56

Ziy = —0.048 ¥ 175.3 + 0.4758 * 125.3 — 0.051 x 42 + 0.203 * 91.56
Z1y = —0.0558 x 175.3 — 0.1006 * 125.3 — 0.03518 * 42 + 0.4758 * 91.56

From this
W, = 60.41 Zi, =676

W, =R, = /Wlxz + W,,* = 98.82

w.
6,, = tan~! (W—ly) = —52.3% = —2.997 rad
1x

922 == 921 + 350 == _1730 - _03 T'ad
923 = 921 + 500 = _230 = _004 Tad

Z, =R, = /zlxz +Zy,° =70.5

671 = 05 = tan™! (22) = 16.48° = 0.287 rad

1x
Bs, = Osy + @ = 42.99 + 5° = 21.5° = 0.375 rad
053 = 651 + a3 - 4290 + 100 == 3150 - 054‘9 T'ad

In addition, dimension determine of the left dyad or linkages.
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[le] cos¢p, — 1 —sin¢g, cosa, — 1 —sina, * C0S 0,
Uly cos¢p; — 1 —sing;  cosaz — — sin az p3 * COS 03
S1, sin ¢, cosp, — 1 sin a, cosa, —1 * Sin 6,
S1y sin ¢ cosgp; — 1 sin a5 cosaz — 1 * Sin 83
Assume Out Put Link Rotate Respect to Input Link Rotation
¢, =15° And ¢, = 30°
Rad Rad Rad
cos ¢, -0.76 cos a, 0.284 cos 8, -0.97
COS @5 0.99 COS Q4 -0.8391 cos §5 -0.81
sin ¢, 0.65 sin @, -0.9589 sin &, 0.233
sin ¢ -0.13 sin a, -0.544 sin &, -0.59
le ~176 -065 —0716 095897 [—175.3
Uly —0.8457 0988 —1.839 0.9589| _ [—125.3
0.6503 —-176 —-0.959 -0.716 42
—-0.988 —0.8457 —-0.544 —-1.839 —91.56
This matrix can written
Dx[C]=P
D=[C]"*«P
Us, —0.3457 0.0617 0.2874 —0.26 11—175.3
Uy _|—-03226 0.2745 —0.3481 0.1105 [[-125.3
S1, 0.1385 —0.4399 -0.274 —0.0504 42
Sy, 0.2931  —0.0292 0.0867 —0.439911-91.56

Uy, = 0.3457 « 1753 — 0.0617 x« 125.3 + 0.2874 = 42 + 0.26 * 91.56
Uy, = 0.3226 * 175.3 — 0.2745 % 125.3 — 0.3481 * 42 — 0.1105 * 91.56

S;, = —0.1385 * 175.3 + 0.4399 * 125.3 — 0.274 * 42 + 0.0504 * 91.56
S;, = —0.2931 % 175.3 + 0.0292 * 125.3 + 0.0867 * 42 + 0.4399 * 91.56
U, = 8875 S;, = 23.95
Uy, = —2.6 S, = —38

U =R, = /lez +U,,> =888
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Uy
6,, = tan~! U—y = —1.68° = —0.0293 rad

1y
942 = 941 + ¢2 = 13320 = 0232 T‘ad
943 == 921 + ¢3 - 28.320 - 0.49 T'ad

S]_ = /Slxz + Slyz = 2425

S1
Y5y = tan™? S—y = —-9.02° = —0.157 rad
1x
lpgz = l/)51 + az = _4020 = _007 rad
Y3 = Y5, + a3 = 0.98° = 0.02 rad

Link 3 V; (R) is defined in terms of vectors Z, and S;.

V,=2,-5,
W, = R, = 98.82 0,, = —52.3° = —2.997 rad
U, =R, =888 0,, = —1.68° = —0.0293 rad
Z, =R, =705 0, =0, = 16.48° = 0.287 rad
S, = 24.25 e, = —9.02° = —0.157 rad

Vl = R3 = \/le + 512 - 22151 COS(QZl - lps:l) == 486

931 - tan_l(Wl)
Angle < Z,1;

p = cos™ ! (

f = cos™1(0.985) = 9.969° = 0.174 rad
0, = 0, — B = 16.5° — 9.969° = 6.81°
0, = 0, — B = 21.5° — 9.969° = 11.81°
0:5 = 05 — B = 26.5° — 9.969° = 16.51°

The ground link defined by equation

Go=W,+V,—U

Go=W,+V,—U

V12+2,%-52 _1 (48.6%+70.52-24.25
—— ) = cos
YA 2%70.5+48.6
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el = W,e(02) 4, ei03) — [, @I (0n)
Real Part:-
G, cos6, =W, cos8, +V,cos0; — U, cos b,
Imaginary Part:-
G,sinf;, = W;sin6, + V,sinf; — U, sinf,

Square and add above equations to find.

G — W12 + V12 + Ulz + 2W1V1 COS(QZ - 93)
1 - 2W1U1 COS(GZ - 64) - 2V1U1 COS(63 - 84)
98.822 + 48.6% + 88.82
G = +2 % 98.82 * 48.6 * cos(—52.3%° — 6.819)
1=

—2 % 98.82 * 88.8 * cos(—52.3°—(180 + 1.689))
—2 % 48.6 * 88.8 * cos(6.81% — (180 + 1.689))

G, =V20012.8 + 4931.3 — 1203.94 — 4225.74
G, =V19514.42
G, = R, = 139.69
6.12 Velocity Analysis of Planar Four-bar Mechanisms
Let link 2 input w, =0.05 rad/s
Link 3 wy;

_ Wyl sin(B4; — 0;;)
W3 =

I3 Sin(93i - 94i)

~ 0.05%98.82 « sin(—1.68 + 52.3)

W31 = e e v sin(68l + 1.68)  C044rad/s
0.05 * 98.82 * sin(13.32 + 17.3)

W32 = e sn(118l —1332) _ J073rad/s
0.05 * 98.82 * sin(28.32 + 2.3)

W33 = = 0.106 rad/s

48.6 * sin(16.51 — 28.32)

Link 4 Wy
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W, = w, 1y Sin(By; — 6;)
" 73 Sin(0,; — 03;)
0.05 * 98.82 * sin(=52.3 — 6.81)
@41 = T 88 8% sin(—1.68 — 6.81)
0.05 * 98.82 * sin(—17.3 — 11.81)
88.8 * sin(13.32 — 11.81)

0.05 % 98.82 * sin(—2.3 — 15.51)

- — —0.0699 rad
Was 88.8 * sin(28.32 — 16.51) rad/s

= 0.0379rad/s

Wyy = = 0.042 rad/s

Y

Vaa

Figure 24: Position vector loop showing velocity vector [25]

The relative velocity or velocity difference equation
Va+Vga—Vp=0
Where
Vi = wyryet?2t = w,r,(cos 0,; + j sin 0,))
V4, = 0.05 % 98.82(cos(—52.3) + j sin(—52.3))

Vi1 = (—2.21 — j4.42) = in vector

Vi = \/sz + Vyyy? =494 m/s

V,, = 0.05 % 98.82(cos(—17.3) + j sin(—17.3))
V4, = (0.105 — j4.94) = in vector
Vo =494 m/s
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V43 = 0.05 * 98.82(cos(—2.3) + j sin(—2.3))
V43 = (—3.29 — j3.68)
Vi3 =494 m/s

Vi = V4, = V43 = 494 m/s Constant input

Vi/a = w3ir3€'%3 = w3r3(cos 3; + j sin 03;)

Vg1/a1 = 0.044 x 48.6(cos 6.81 + j sin 6.81)

Vg1/a1 = 1.848 + j1.075
Vg1/a1 = 2.14m/s

Vp2/az = 0.073 *48.6 * (cos(11.81) + jsin(11.81)
Vp2/a2 = (2.58 — j2.435)
Vi2jaz = 3.55m/s

Vpsjaz = 0.106 * 48.6  (cos(16.51) + jsin(16.51)
Vps/as = (—3.58 —j 3.7)
Vgsjaz = 5.15m/s

Vg = wymrye'® = w1y (cos 6, + j sin6,)

Vg1 = 0.0379 x 88.8 * (cos(—1.68) + jsin(—1.68)
Vg1 = (—0.366 — j3.345)
Vg, =3.36m/s

Vg, = 0.042 * 88.8 * (cos(13.32) + j sin(13.32))
Vg, = (2.72 4+ j2.55) = 3.73 m/s

Vg3 = —0.0699 = 88.8 * (cos(28.32) + sin(28.32))
Vgs = (6.2 +j0.283)
Vgz = 6.21m/s

Acceleration Analysis of Planar Four-bar Mechanisms

2

j03; j0ai — j0; j0,0N —
F(r:ge] 3l_r4e] 4i _rle] L_rze] 2 ) = 0
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<_r2“23in(94i —0,) + rzw2i2005(94i - 921‘))
+1303;2c05(03; — 0,;) — rawy;”
I3 sin(03; — 64;)

a3; =

Assume a, = 0.02 rad/s?

(—98.82 % 0.02 * sin(—1.68 + 52.3) + 98.82 * 0.05%cos(—1.68 + 52.3))
+48.6 * (0.044)?cos(6.81 + 1.68) — 88.8 * (0.0379)?

%31 = 48.6 * sin(6.81 + 1.68)
a3; = —0.163 rad /s>
(—98.82 % 0.02 * sin(13.32 — 17.3) + 98.82 * (0.05)%cos(13.32 — 17.3))
= +48.6 * (0.073)%cos(11.81 — 13.32) — 88.8 * (0.042)?
32 48.6 = sin(11.81 — 13.32)
a3, = 0.037 rad/s?
(—98.82 % 0.02 * sin(28.32 + 2.3) + 98.82 * (0.05)2cos(28.32 + 2.3))
= +48.6 * (0.106)2cos(16.51 — 28.32) — 88.8 * (—0.0699)2
33 —

48.6 * sin(16.51 — 28.32)
33 = 0.0464 rad/s?

Similarly, the following formula for a, can be derived by multiplying Eqn.(4.36) by
e—i93

Iyl Sin(By; — 05;) — rywy;*cos(0y; — 63;)
+ r,w,;2c05(0,; — 05;) — r3ws;”

Uy =
4l I, sin(60,; — 03;)
98.82 * 0.02 * sin(—52.3 + 6.81) — 98.82 x (0.05)2605(—52.3 + 6.81)
I + 88.8 x (0.0379)?%cos(—1.68 + 6.81) — 48.6(0.044)2
4 88.8 * sin(—1.68 + 6.81)
ay, = 0.025 rad/s?
98.82 x 0.02 * sin(—17.3 + 11.81) — 98.82 * (0.05)2cos(—17.3 + 11.81)
T + 88.8 * (0.042)?%cos(13.32 + 11.81) — 48.6(0.073)?
42 —

88.8  sin(13.32 + 11.81)
a4y = —4.65 Tad/s*\
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98.82 % 0.02 * sin(—2.3 + 16.51) — 98.82 * (0.05)?cos(—2.3 + 16.51)
+88.8 * (—0.0699)2c0s(28.32 + 16.51) — 48.6(0.106)?

Uy3 =

88.8 * sin(28.32 + 16.51)

a43 = 0.0259 rad/s?

Figure 25: Position vector loop showing acceleration vector [25]
The relative acceleration or acceleration difference equation
Ap+Agu—Ap =0
Ay = (A5 + AR) = ayrel® — wyPre7% = 1y (ay; — w,*) (cos By + jsin 6;;)
Az = 98.82 % (0.02 — (0.05)*)(cos(—52.3) + j sin(—52.3))
Ay, = (—0.774 — j1.54) = vector solution

Ay = \/AAMZ + Ay = 1.73 rad/s?
Agzp = 98.82 % (0.02 — (0.05)*)(cos(—17.3) + j sin(—17.3))
Ay, = (0.0367 + j1.73) = 1.73 rad /s>
Agpz = 98.82 % (0.02 — (0.05)%)(cos(—2.3) + j sin(—2.3))
Ags = (=1.152 — j1.29) = 1.73 rad /s>
Ag/a = (AE?/A + AZ/A) = ay13e/%1 — wg;Pryel Y
= r3(az; — w3;°)(cos B3; + j sin 63;)

Apz1/a31 = 48.6 * (0.163 — (0.044)*)(cos(6.81) + j sin(6.81))
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Agsr/ass = (6.766 + j3.94) = 7.83 rad/s?
Agsz/azz = 48.6 % (0.037 — (0.073)%)(cos(11.81) + j sin(11.81))

Agsz/azz = (112 — j1.056) = 1.53 rad/s?
Agzs/azs = 48.6 % (0.0464 — (0.106)?)(cos(16.51) + j sin(16.51))

Agsjas = (1.2 — j1.23) = 1.72 rad/s?

Ap = (AL + A) = a, 1,704 + w,%rye/% = 1, (ay; — wy;?)(cos O, + j sin B,;)

Aga = 888 % (0.025 — 0.0379 2)(cos(—1.68) + j sin(—1.68))

Agsy = (~0.228 — j2.08) = 2.1 rad /s>
Apsy = 888 % (—4.65 — 0.0422)(cos 13.32 + j sin 13.32)

Ags, = (—301.12 — j400.15) = 5,00 rad /s>
Apas = 88.8 % (0.0259 — (—0.0699)2)(cos 28.32 + j sin 28.32)

Apys = (—1.864 — j — 0.085) = 1.87 rad/s>
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6.13 Velocity and acceleration analysis of coupler point
Having found the angular velocity of link 3, we can compute the linear velocity of point
P on the link as shown below. Starting from positioning vector
R, = Rpeifs = r,elf2i + rsej(93i+a) = W, el%i + Zlei(Gsi)
The Velocity of point p as follows;
Vap = iW w02 + iZ; 3,6/ 050)
The real and imaginary components are then
Real part
VRpx = —W, w,; sin0,; — Z,w3; sin Os;
VRpxl = —98.82 % 0.05 * sin(—52.3) — 70.5 * 0.044 = sin 16.48 = 6.58 dis/s
Vipxz = —98.82 * 0.05 * sin(—17.3) — 70.5 » 0.073 * sin 21.5 = —7.367 dis/s
Vapxs = —98.82 * 0.05 * sin(—2.3) — 70.5 * 0.106 * sin 31.5 = 3.06 dis/s
Imaginary
Vpr = W, w,; cos 8,; + Z;w3; cos Bs;
Vapy = 98.82  0.05 * cos(~52.3) + 70.5 * 0.044 * cos 16.48 = — 4.43 dis/s
Vpr = 98.82 * 0.05 * cos(—17.3) + 70.5 « 0.073 = cos 21.5 = — 4.43 dis/s
Vpr = 98.82 * 0.05 * cos(—2.3) + 70.5 x 0.106 = cos 31.5 =4.15 dis/s

The magnitude and direction of Vg, are.

Vep = \/VRpr + (Vrpy)”

6., = tan
Rp (Vpx)

Vepr = \/ Vapsi® + (iVipy1) = /6.58% + (—4.43)% = 7.93 dis/s
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(Vipy1) (6.58)
=< =tan™" = —56.05°
Veper) 0 (—443)

eRp]_ = tan

Vipz = \/ Vipxz® + (iVprz)z = /(~7.367)% + (—4.43)? = 8.596 dis/s

-1 (VprZ) _ an‘l (—7.367)
(VRpr) (_4‘-43)

Orp2 = tan = 58.98°

Vaps = \/VRpr + (iVpr3)2 = /3.06% + 4.152 = 5.156 dis/s

- (VprB)_ _ (3.06)
1 Vepes) ‘@)

To find acceleration at point p, differentiating velocity equation with respect to time.

= 36.4°

QRp3 = tan

dpp = (—wz? — iy )Wyel%2 + (—w3? + iaz;)Z, €%
The real and imaginary components are then
Real
Arpx = —Wi (W% cos Oy; + ay; sin 0,;) — Zy (w3;° cos Os; + a3, sin Os;)
drpx1 = —98.82 % (0.05% cos(—52.3) + 0.02 sin(—52.3))
— 70.5(0.044% cos 16.48 + 0.163 sin 16.48) = —2.207 dis/s?
drpxz = —98.82 * (0.052 cos(—17.3) + 0.02 sin(—17.3))
—70.5(0.073% cos 21.5 + 0.037 sin 21.5) = —0.954 dis/s?
drpxz = —98.82 % (0.05% cos(—2.3) + 0.02 sin(—2.3))
— 70.5(0.106% cos 31.5 + 0.0464 sin 31.5) = —2.55 dis/s?
Imaginary
drpy = —W; (wy;” sin B; — ay; cos 6;) — Z; (w3;® sin B; — a3; cos ;)
drpyr = —98.82(0.05% sin(—52.3) — 0.02 * cos(—52.3))
— 70.5(0.044% sin 16.48 — 0.163 * cos 16.48) = 12.31 dis/s?
drpyz = —98.82(0.05% sin(—17.3) — 0.02 * cos(—17.3))
— 70.5(0.073%sin 21.5 — 0.037 * cos 21.5) = 4.25 dis/s?
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Arpys = —98.82(0.052% sin(—2.3) — 0.02 * cos(—2.3))

—70.5(0.106% sin 31.5 — 0.0464 * cos 31.5) = 4.45 dis/s?

The magnitude and direction of dg, are.

Arp = \/aRpxz + (iapr)z

(g1 = \/aR,,xlz + (iagpy1)” = +/(2207)2 + (1231)2 = 1251 dis/s?

. (agpy1) . (12.31)
0r,; = tan~! =tan ! ———— = —79.84°
kel (arpx1) (—2.207)

asz = \/aRpxzz + (iaprz)Z = \/(_0954‘)2 + (425)2 = 4355 diS/SZ

(agpys)  _ (425)

=tan™! — ——— = —77.35°
(agpxz) (—0.954)

9Rp2 = tan

aRp3 = \/aRpx32 + (iapr3)2 = \/(_255)2 + (445)2 = 3.31 diS/SZ

(arpy2) (4.45)
~12 Y2 tap? = —60.2°
(arprz) (=255

Orp3 = tan
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6.2 Dynamic Force Analysis
Link 2

Length of Link 2W; = r, =98.82 cm
Wlx = TZx == 6041
le = sz = _782
m, = 8.38 kg
Acceleration of link 2 at center of gravity
Acgz =13 6 (A — wp;?)(cos By + j sin 65;)
Ace =49.42 % (0.02 — 0.05%)(cos(—52.3) + j sin(—52.3))
cm
Acg=0.53-70.682 = 0.862—- @—52.3°
S
Mass moment of inertia about its CG=r, = 49.42 cm
[t > 8.38%98.827
927 g12 12
Moment about the center of gravity of the link 2

=682 kg — cm?

5 rad 5
Tyo = Igp xay; = 695 kg — cm” = 0.025—2 = 0.139kg.cm/s

Fyox = Myg * Acgay = (8.38 % 0.53) = 4.44 kg.cm/s*
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F,

g2y = Mag * Acgay = 8.38 % (—0.682) = —5.72 kg.cm/s*

Link 3

F23y

Lengthof Link2 Z; =r; =70.5cm
le == rpx == 676

Zly == pr = 20
my; = 7.89 kg
Acceleration of link 3 at center of gravity (C.G)
7= Fpy o = rp cos§8)+r3 _ 70.5*(:05(9?;969)+48.6 — 3935 cm
B rpcos(B) 70.5*sin9.969
Y =Tpyce = 3 = 3 = 4.06 cm

rp cG — 3955CTn @ 5890

= —1"2 (w212 COS 921 + af21 Sln 021) - rp cG ((l)312 COS 951 + a3i Sln 851)
drpx = —98.82 * (0.05% cos(—52.3) 4 0.02 sin(—52.3))
— 39.55 (0.0442 cos 16.48 + 0.163 sin 16.48)
dpcex = —0.5 cm/s?

C_ipr = —1, (w51 % Sin By1 — aty4 COS Oy1) — Ipce (w31° sin Bsy — azq cos Bs;)
&pr = —98.82(0.052 sin(—52.3) — 0.02 cos(—52.3))
—39.55(0.0442 sin(16.48) — 0.163 cos(16.48))

drpy = 7.56 cm/s?

5 cm 0

N
apCGx
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Mass moment of inertia about its CG= r, = 39.55 cm
ly3 = 4715 kg — cm?

Moment about the center of gravity of the link 3
Tyz = lgz * a3 = 19.74 kg — cm®  0.163 rad /s* = 3.22kg — cm*/s?

g
Fy3x = M3y * Acga, = 7.89 kg * (—0.5)em/s* = —3.945 kg cm /s?
Fy3y = M3, * Aggs, = 7.89 kg * 7.56 cm/s* = 59.65 kg cm /s?

Link 4

Length of Link 2U; = r, = 88.8 cm@ —1.68°
T4 = 23.95

T'4y == _3-8
Weight= 7.57 kg
Acceleration of link 4 at center of gravity
Aca = Tace(aq — 041°)(€OS 04y + j SiNOyy)
Acgs = 44.4 % (0.025 — 0.0379 %) (cos(—1.68) + j sin(—1.68))
cm
Acgs = 1.045—-0.031 = 1.045— @—1.68°
S
Mass moment of inertia about its CG=r, = 44.4 cm

s Mty 2 757 % 88.82 1974 K 5
9+~ "1 T 12 g—cm
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Moment about the center of gravity of the link 4
5 rad 5
Tga = lgy x ayy = 19.74 kg.cm” = 0.1635—2 = 3.22kg.cm*/s

Fyax = My * A gay = 7.57 kg * 1.045 cm/s* = 7.91 kgem/s?

Fy4y = My * Ay = 7.57 kg * (—0.031cm/s?) = —0.235 kgem/s?

M = 1,5in8, — 1,,c0560, = 98.82 * cos(—52.3) — 49.41 cos(—52.3) = 30.2 cm

N = -1, cos 0, + 15,c050, = —98.82 * cos(—52.3) + 49.41 cos(—52.3) = —30.2 cm
L = r3sin@; — ry3 cos(6; + 63) = 70.5sin(6.81°) — 39.55 cos(6.81 + 5.89°) = 30.58 cm
s = —73 €08 05 + 13 c0s(03 + 83) = —70.5 cos(6.81) + 39.55cos(6.81 + 5.89°) = —31.42 cm
Q = —1,sin 0, + 1y, cos 6, = —88.8sin(—1.68°) + 44.4 cos(—1.68) = 47 cm

T = 1,050, + 154 cos 6, = 88.8 cos(—1.68) + 44.4 cos(—1.68) = 133.14 cm
T425in0, = 49.41sin(-52.3) = —39.1 cm

—742€050; = —49.41 cos(—52.3) = —30.21 cm

143 sin(f3 + 8) = 39.55 * sin(6.81 + 5.89°) = 8.5cm

—T43 sin(0; + 83) = —39.55 * sin(6.81 + 5.89°) = —8.69 cm

1445in0y = 44.4 x sin(—1.68) = —1.3 cm

—T445in6, = —44.4 x sin(—=168) = 1.3 cm

T, = 100kg.cm/s?> Expected output torque

[ 4447 1 0 -1 0 0 0 0 0 0\ ?ZX
—5.72 0 1 0 -1 0 o 0 0 o]
0.139 —39.1 —-30.21 30.2 -=30.2 0 0 0 0 -—1]|F2sx
—3.945 0 0 1 0 -1 0 0 0 0 |]|Fay
59.65 [=¢ © 0 0 1 0 -1 1 0 0 p|Fau
3.22 0 0 85 —869 3058 —3142 0 0 0 ||Fay
791 0 0 0 0 1 0 1 0 01|F,,
_ 0 0 0 0 0 1 0o 1 o]l|f
2'02335 Lo 0 0 0 47 13314 -13 -13 0 1T:y

b = Ax
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(1 0 0 08102 019397 0.0223 -0.185 0.0086 0.0066 Y
0 1 0 —0.122 1124 0.0143 -1.109 0.0152 0.0117
0 0 0 08103 01939 0.0223 -0.185 0.0086 0.0066
0 0 0 —0.1215. 1.12428 0.0143 -1.109 0.015 0.0117
A1=X5 o0 0 0 -0.1897 0.1939 0.0223 —0.185 0.0086 0.0066
0 0 0 0.06811 —0.0696 —0.00801 0.076 0.0065 0.005
0 0 0 01897 —0.1939 —0.02232 1.185 —0.0086—0.006
0 0 0 —0.068 0.06968 0.0080 —0.076 0.993 —0.005
\_39.1 -3021 -1 -3538 —35.69 -0.630 3515 —0536—0412
x=A1x
?2" (1 0 0 08102 0.193 0.0223 —0.185 0.0086 0.006 \[ 4.44
Flzy 0 1 0 —0.122 1124 0.0143 —1.109 0.0152 0.011 || —5.72
23x 0 0 0 08103 0.193 0.0223 —0.185 0.0086 0.006 || 0.139
Fa3y 0 0 0 —012 112 0.0143 —1.109 0.015 0.0117 {|—3.945
Fi4x =4 0 0 0 —0.189 0.1939 0.0223 —0.185 0.00860.0066 ;| 59.65
F3ay 0 0 0 0.068 —0.06 —0.008 0.076 0.0065 0.005 3.22
Fiux 0 0 0 01897 -0.19 -0.022 1.185 —0.00-0.006 |} 7.91
Fia, 0 0 0 —0.068 0.069 0.0080 —0.076 0.993 —0.005 {{—0.235
| 7| ‘391 -3021 -1 -3.538 —-35.69 —0.630 3515 —0.536-041271 103 |
?2" - 12.10 7
12y 54.29
Fasx 7.66
Fy3y 60.01
F34.x = 11.60
Fs4y —3.33
F..| |—3:698
Fiay 3.095
| p | '-1882-

F12 - \/Flz_xz + F12y2 == 5562 N @7740

Fpy = JF23x2 + Fp3,” = 60.5 N@82.7°

F3 = |Fa4y’ + Fa,° = 12.1 N@—16.02°

F14 = F14x2 + F14y2 = 482 N@_3990
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CHAPTER SEVEN

RESULTS AND DISCUSSIONS

7.1 Results

The results found analytical and CAD starting from estimated for the three prescribed
path points configurations of planer four bar linkage, the result are approximately the
same.

Assume value to generate point “p’’ p, & p, Horizontal and vertical projection of a
coupler point with respect to coupler link.

p, = [0 40 50 80] X - axis distance relative to origin 0,

py = [0 120 300 270] Y- axis distance relative to origin 0,

Table 2: four bar linkage configuration of generated analytical and MATLAB solution in
(cm)

Linkage length
linkages Analytical solution MATLB solution
Fixed link (bar) G; =r; | 139.69 135.9278
Input link (W; = 1y) 98.82 96.6465
Coupler link (V; = 13) 48.6 56.9016
Output link (U; = 1) 88.8 86.8353
coupler point (Z; =n,) | 70.5 78.4478
Link (S;) 24.25 26.5453

Table 3: Output rotational angle of linkages

Inpu;a(?[lr‘] Z;eisnc;;ibed Output linkage rotational angle
For i Px Py 0,; 0; 0, B<;(coupler point)
1 40 120 —52.39 6.81° —1.68° 16.48°
2 50 300 —17.3° 11.81° 13.32° 21.5°
3 80 270 —2.3° 16.51° 28.32° 31.5°
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Table 4: Output angular velocity and acceleration of linkages

w, = 0.05rad/s ,a, = 0.02 rad/s?,

. . Output linkage angular acceleration
Output linkage angular velocity (rad/s) (rad/s?)
For w3; = ws; (coupler Wyi asi Q4 = As;
[ point)
1 0.044 0.0379 0.163 0.025
2 0.073 0.042 0.037 —4.65
3 0.106 —0.0699 0.0464 0.0259
. . i Output linkage linear acceleration
Output linkage linear velocity (c.m/s) (c.m/s?)
V3i = Vpijai | Vai = Vai vgi(coupler | as; = Apj/ai | a4i = Api | as; (coupler
point) point)
1 2.14 3.36 7.93 7.83 2.1 12.51
2 3.55 3.73 8.596 1.53 - 4.355
3 5.15 6.21 5.156 1.72 1.87 3.31
For
Table 5: Joint forces acting on links (MATLAB solution)
For 6, = =52
Link 2 link 3 Link 4 Link 1
Joint force Fi,= F 3= F 3, F 1y
1.6698e+02 | 89.1775 = 1.0691e = 1.7009e + 02
+ +14.4128i + 02 — 2.3391e + 01i
2.6902e+01 — 1.4376e
i + 01i
Force angle | theta_F ,, theta_F ,; = | theta_F s, theta_F 1, =
= 10.6805 = —28.4777 1.1544e + 02 +
55.1681 + + 14.7750i + 17.2606i 5.0517e — 01i
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2.1100i
For 6, = —17.3
Link 2 link 3 Link 4 Link 1
Joint force F i, = F 5= F 3, =494.0204 | F ,, =397.5791
651.3817 570.4392
Force theta_F 1, =|theta_F ,; = thetap,, = thetap , =—65.7822
angle 101.3288 98.8030 106.4203
For 6, = —2.3
Link 2 link 3 Link 4 Link 1
Joint force Fi,= F o= F 5, F i
3.7321 3.0139 — = 2.4012 = 1.3769 — 2.5541i
— 1.6919i | 1.7245i — 2.5369i
Force theta_F ,, theta_F ,3 = thetag ,, thetarp , =
angle = 87.9010 —89.0367 = —82.1424 —83.5237 — 1.0964i
— 21.8406i — 25.0178i —10.7902i

Yared Abraha

Page 64




Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

CATIA V5R21 Result

Figure 26: generated path point result one

Figure 27: generated path point result tow
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Figure 29 : generated path point result four
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— Mechanism. 1\Joints\Revolute. 13Angld

Figure 31: Angular speed and angular acceleration of coupler linkage point
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"Speed-Acceleration. 1iLinear Acceleratior

= Mechanism.1\Joints\Revolute.3\Angle

. | -',7

Figure 32 linear speed and linear acceleration of coupler linkage point
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Figure 33: planaer four bar link generated path ( MATLAB® R2016b)
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CONCULISION

In this work, mechanisms and in particular planar four bar linkages have been studied
and their components and classifications are introduced that are capable of producing a
different output path. The objective of this work is kinematic and dynamic analysis of
planar for bar linkage for path generation and to remind or support a designer with
analytical & CAD tools and knowledge to design a four-bar mechanism to produce a
different path of coupler curve that would meet the design criteria. Position analyses of
all the links in a four-bar mechanism have done using the loop closure equation in
complex polar form method. Analytical example has done at three positions and an
application model built upon MATLAB code developed to evaluate the performance of
the various conditions. position, velocity, acceleration and dynamic force in each pin
joint reaction due to self-weight of linkages and using the calculated or generated linkage
dimension easily in analytical and MATLAB have simulated in CATIA to determine the

kinematic motion and generated path of planer four bar linkage.
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Part A
clc;
Px0=[0 40 50 80]; % input any path point you want to generate
PyO=[0 120 300 270];
bet2=35; alph2=5; phi2=15;
bet3=50; alph3=10; phi3=30;

thp2l=atan2 ((Py0(2)-Py0(1)), (Px0(2)-Px0(1)));
thp3l=atan2 ((Py0(3)-Py0(1)), (Px0(3)-Px0(1)));
p21=sqrt((Py0(2)-Py0(1))A2+(Px0(2)-Px0(1))A2);
p31=sqrt((Py0(3)-Py0(1))A2+(Px0(3)-Px0(1))A2);
delta2l = 180+thp21*(180/pi);
delta3l = 180+thp31*(180/pi);

Awz=[ (cos(bet2)-1) -sin(bet2) (cos(alph2)-1) -sin(alph2);...
(cos(bet3)-1) -sin(bet3) (cos(alph3)-1) -sin(alph2);...
sin(bet2) (cos(bet2)-1) sin(alph2) (cos(alph2)-1);...
sin(bet3) (cos(bet3)-1) sin(alph3) (cos(alph3)-1)];

P=[p21l*cos(delta2l);p31l*cos(delta3l);p2l*sin(delta2l);p31l*sin(delta3l)];

disp(P)

%R=[R2x;R2y;RpX;Rpy];

W1l=Awz\P;

Wix=w1l(1l,1);

wly=w1(2,1);

Z1x=w1(3,1);

Zly=w1(4,1);

Wl=sqrt(wWl(l,1)A2+w1(2,1)A2);% = wl

Z1=sqrt((Zz1ly)A2+(Wly)A2);% = z1

r2=wl;

rp=z1;

theta2l=atan2((wly), wlx);

Bus=[(cos( phi2)-1) -sin( phi2) (cos(alph2)-1) -sin(alph2);...
(cos(phi3)-1) -sin(phi3) (cos(alph3)-1) -sin(alph2);...
sin( phi2) (cos( phi2)-1) sin(alph2) (cos(alph2)-1);...
sin(phi3) (cos(phi3)-1) sin(alph3) (cos(alph3)-1)];

U=Bus\P;

Ulx=u(1,1);

Uly=U(2,1);

S1x=U(3,1);

Sly=u(4,1);

Ul=sqrt (U1xA2+UlyA2) ;% =
thetad4l=atan2(Uly,Ulx);

theta3=atan2 ((Wly-Uly), (Wlx-Ulx));

theta5=atan2(zly,z1x);

beta = theta5-theta3;

S1l=sqrt(S1xA2+S1yA2);

psil=atan2(Sly,S1x);
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V1=sqrt(z1A2+S1A2- 2*z1*Sl*cos(theta5-psil));

Gl=sqrt(WlA2+V1A2+U1A2+2*Wl*V1*cos (theta2l-theta3)...
-2*W1l*Ul*cos(theta2l-thetad4l)-2*v1*Ul*cos(theta3-thetadl));

rl = G1;

r4d = ul;

r3 =vl ;

% ASSUMED VALUE TO BE GENARATED BY POINT " P " IN Px0 AND Py0 DIRECTIION
Px=rp*cos(beta) ;%-----------—-————-————- horizontal projection of coupler point wrt coupler
Py=rp*sin(beta) ;% vertical projection of coupler point wrt coupler

Y — - Cu: Xx coordinate for coupler point wrt crank-coupler point
et et Cv: y coordinate for coupler point wrt crank-coupler point
cycles = 1.5;%———---————————————m number of crank rotations

Incriment = 35;%------——-—-—-——————-- divide a rotation into this number

% let

P =X(1:4);

check = P;

[L, TocL] = max(check);
check(locL) = [];
[s, TocsS] = min(check);
check(locs) = [1;
if S==x(4) && sum(check)>(L+S)
TITLE = 'This is a Double-Crank Mechanism';
elseif (S==X(1)]]|S==X(3)) && sum(check)>(L+S)

TITLE = 'This is a Rocker-Crank Mechanism';
elseif s==X(2) && sum(check)>(L+S)

TITLE = 'This is a Double-Rocker Mechanism';

flag = 1;

elseif sum(check)==(L+S)
TITLE = 'This is a Change Point Mechanism';
elseif sum(check)<(L+S)

TITLE = 'This is a Double-Rocker Mechanism';
end
theta2l = Tinspace(0,2*pi,Incriment);% ---—------—-—————-———- Input angle thetal
dig = 10;% -————------"---—--—— - divide links into this number
R1 = X(1);
rl = linspace(0,R1,dig);
R2 = X(2);
r2 = linspace(0,R2,dig);
R3 = X(3);
r3 = linspace(0,R3,dig);
R4 = X(4);
r4 = linspace(0,R4,dig);
Pu = X(5);
cu = linspace(0,Pu,dig);
Pv = X(6);

cv = linspace(0,Pv,dig);
th1=-30%(pi/180);
d = sqrt(R2A2 + R1A2 - 2*R2*R1l*cos(theta2l-thl));% ----------—- diagonal distance between

Yared Abraha Page 74



Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

% crank-coupler point and rocker-frame point
th5 = acos((R4A2+d.A2-R3A2)./(2*R4*d)) ;% --————---—-——- angle between rocker and diagonal Tink (d)
IMAG = imag(th5);

LOCATION = IMAG==0;

LOCATION1 = find(IMAG==0);

LOC = LOCATION;

n = length(LOCATION);

nl = Tength(LOCATION1);

Check = 0;
direction = 1;
for i=1:n-1
if Loc(i+1)~=LoCc(i)
if check==0
direction = Loc(i);
end
Check = check+1;
end
end
Rotate = 0;

if isempty(LOCATION1)
error('unvalid linkage');
elseif direction==0 && Check==2
LOC1l = find(LOCATION==1);
th2 = [theta2l(Locl) theta2l(fliplr(Locl))];
elseif nl==n
th2 = theta2l;
elseif direction==1 && Check==2
Rotate = 1;
Tocl = LoC(1l:end-1);
loc2 = LOC(2:end);
[value, deadpoint] = find((loc2-Tocl)~=0);
deadp = deadpoint + [0 1];
LoC2 = [deadp(2):n 1l:deadp(1)];
th2 = [theta2l(Loc2) theta2l(fliplr(Loc2))];
elseif Check==4
Rotate = 1;
locl = LOC(1l:end-1);
Toc2 = LOC(2:end);
[value, deadpoint] = find((loc2-Tocl)~=0);
deadpl = deadpoint(1:2) + [1 0];
deadp2 = deadpoint(3:4) + [1 0];
if DIREC ==
LOC3 = deadpl(l):deadpl(2);
else
LOC3 = deadp2(1):deadp2(2);
end
th2 = [theta21(Loc3) theta2l(fliplr(L0oC3))];
end
if Rotate ==
d = sqrt(R2A2 + R1A2 - 2*R2*R1*cos(th2-thl));
h5 acos ((R4A2+d.A2-R3A2)./(2*R4*d)) ;% --angle between rocker and diagonal Tink (d)
5 [th5(1:end/2) -th5(end/2+1:end)];

t
th

end
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Xa = R2*cos(th2);% -----—-—-—---——"—"——-—~——— x coordinate for the crank-coupler point

Ya = R2*sin(th2);% -----—-——————"—"—-—-— -~ y coordinate for the crank-coupler point

a = Rl - R2*cos(th2-thl);% ----—-———---—"-=—————————- horizontal distance between rocker-frame point
and

% projection of crank-coupler point

b = R2*sin(th2-thl);% -----—-——---—-—"——————— vertical projection of crank-coupler
point

th6é = atan2(b,a);% --———————-—-———"——————————~———- angle between frame and diagonal Tink (d)

th4 = pi+thl - th5 - th6;% -----————----—-—————————— angle the rocker makes with horizon

Xb = R4*cos(th4) + Rl*cos(thl);;% ---—-——--———---—————————= horizontal distance between frame-crank
point and

% projection of coupler-rocker point

Yb = R4*sin(th4)+R1*sin(thl) ;% ----------"-"-"—"-—"—"——~——~———~—~—~—~—- vertical projection of coupler-rocker
point

th3 = atan2((Yb-va), (Xb-Xa)) ;% --------—-------—- angle the coupler makes with the horizon

PX = Xa + Pu*cos(th3) - Pv*sin(th3);% --------—- horizontal projection of coupler

% point wrt coupler

Py = Ya + Pu*sin(th3) + Pv*cos(th3);% --------—- vertical projection of coupler wrt coupler

increments = length(th2);
for i=l:increments
barlx(i,:) = r2*cos(th2(i));
barly(i,:) = r2*sin(th2(i));
bar2x(i,:) = linspace(Xa(i),xXb(i),dig);
bar2y(i,:) = linspace(ya(i),Yb(i),dig);
)
)

bar3x(i,: R1*cos(thl) + r4*cos(th4(i));
bar3y(i,: R1*sin(thl)+ r4*sin(th4(i));

CoupIx1(i,:) = linspace(Xa(i),Px(i),dig);
Couplyl(i,:) = linspace(ya(i),Py(i),dig);
Coup1x2(i,:) = linspace(Px(i),Xb(i),dig);
Couply2(i,:) = linspace(Py(i),Yb(i),dig);

end
for k=1:cycles
for i = 1l:increments

plot(barlx(i,:),barly(i,:),'b',bar2x(i,:),bar2y(i,:), 'k"',...
bar3x(i,:),bar3y(i,:), 'k',Couplx1(i,:),Couplyl(i,:),'r',...
coupIx2(i,:),Couply2(i,:),'r")

hold on

plot(0,0, 'sk',R1*cos(thl) ,R1*sin(thl), 'sk', 'MarkersSize',18)

plot(0,0, 'ok',R1*cos(thl) ,R1*sin(thl), 'ok', '"MarkerFacecolor', 'k")

plot(Coupix1l(i,end),Couplyl(i,end), 'ok', 'Markersize',8,...
'MarkerFacecolor','y")

if Rotate == 1 && i<=increments/2
plot(Couplx1(l:i,end),Couplyl(l:i,end), " 'c*", "lTinewidth',2)

elseif Rotate ==
plot(Couplx1(l:increments/2,end),Couplyl(l:increments/2,end), 'b--0", 'Tinewidth',1)
plot(Couplxl(increments/2:1i,end),Couplyl(increments/2:i,end),'--g', 'Tinewidth',1)

end

clc

fprintf('th2 = %5.2f, th3 = %5.2f, d = %7.2f\n',th2(),th3(i),d())

fprintf('th4 = %5.2f, th5 = %5.2f\n"',th4(i),th5(4))

fprintf('Px = %5.2f, Py = %5.2f\n',Px(i),Py(i))

hold off

M(k) = getframe(gcf);
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end
end
disp('calculated output Tinkage length=")
disp('fixed Tlink (rl)=")

disp(R1)

disp('input Tink (r2)=")

disp(R2)

disp('coupler Tink(r3)=")

disp(R3)

disp('out put 1link (r4)=")

disp(rR4)

disp('path point position(rp) and angle beta="')
disp(rp)

disp('angle beta=")
disp(beta)

%TAKING INPUTS FROM PRIVEIOUSE LINKAGE SOLUTION FOR THE FOUR-BAR MECHANISM
% % mass of Links (kg)

'0/0/0/0/0/0, '0/0/0/0/0, 0/0/0/0/0/0, OO%%%OC
mr2 = 8.38;% mass of link 2
mr3 = 7.89;%;% mass of Tink 3
mrd =7.57;%% mass of 1ink 4
% Link moments of inertia (kg-mA2)

0/0/0/0

0/0/0/0/0/0, 0/0/0/0/0, 0/0/0/0/0/0, OO%%%OC 6%%%
kr2 = R2;% -——--————==——"—————————- radius of gyration of 1link Ao,A
kr3 = R3;% —-———-——————————————————— Tink A,B
krd4 = R4;% —-——-—---——-—-———————————- 1ink B,Bo
% Position Vector for Center of Gravity Magnitudes (m)
%9676676) %6766 %96%6676) %6%96%6% 0606767660636 7606062626606 76%66%6
rg2 = R2; %----————---——————- Tink Ao,A from the fixed pivot Ao
rg3 = 39.55;%--------—-"-"-"-"-"-"--———- Tink A,B from the pivot B
rg4 = R4;% —-——--————————-—————— Tink B,Bo from the fixed pivot Bo
%deviation angle
deltar2 =0;% --------—-————————- deviation angle of Link Ao,B from the Position Vector. of pivot A
deltar3 = 5.89;% ----—————————- Link A,B from the p.v. of pivot B(wrt A)
deltar4 =0;% -------——————————- Link B,Bo from the p.v. of pivot B(wrt Bo)
thetar2 = -17.3;%------———————————- angle between Ao,A and Ao,Bo
omegar2 = 0.1;% --————----——————- Assumed angular velocity of 1link Ao,A
alphar2 = 0.05;% -----—---—--————- Assumed angular acceleration of the 1link Ao,A
Tl = 100;%----—-———————=====—=——= initial load torque

%CONVERTING DEGREES TO RADIANS AND CHECKING FOR FEASIBILITY
%thetar2 = pi*thetar2/180;

K = ((R2*R2) - (R3*R3) + (R4*R4) + (R1*R1))/2;
P = K - (R2*(R1-R4)*cos(thetar2)) - (R4*R1l) ;
Q = -2*R2*R4*sin(thetar2);

R = K - (R2*(R1+R4)*cos(thetar2)) - (R4*R1);
flag=0;

if ((Q*Q - 4*P*R)<0)
disp('wrong values of the 1ink lengths');
flag=1;

end
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%CALCULATION OF OTHER ANGLES
while(fTag==0)
thetar4l = 2*atan( ((-1*Q) + sqrt(Q*Q - 4*P*R))/(2*P));
thetar42 = 2*atan( ((-1*Q) - sqrt(Q*Q - 4*P*R))/(2*P));
if(thetar41<=0)
thetar4l = 2*atan( ((-1*Q) + sqrt(Q*Q - 4*P*R))/(2*P)) + pi;

end

if(thetar42<=0)
thetar42 = 2*atan( ((-1*Q) - sqrt(Q*Q - 4*P*R))/(2*P)) + pi;

end

thetar31l = asin( ((R4*sin(thetar41l)) - (R2*sin(thetar2)))/R3) ;
thetar32 = asin( ((R4*sin(thetar42)) - (R2*sin(thetar2)))/R3) ;

00000000%%%%%00000000%%%%00 00%%%%00 ao%%%oc a0(%(%(%(%60 000000000000000%
% CALCULATION OF ANGULAR VELOCITIES %
00000000000000 26766767 oo%%%%oc oO(%(%(%OO 000000000000000000000000000%%

omegar3l = (-1*R2*omegar2*sin(thetar4l

omegar32
omegar4l
omegar4?2

thetar2))/(R3*sin(thetar4l - thetar3l));
(-1*R2*omegar2*sin(thetar42 thetar2))/(R3*sin(thetar42 - thetar32));
(-1*R2*omegar2*sin(thetar31l - thetar2))/(R4*sin(thetar4l - thetar3l));
(-1*R2*omegar2*sin(thetar32 - thetar2))/(R4*sin(thetar42 - thetar32));

disp('angulr velocities =")

disp(omegar3l)

disp(omegar4l)

6%6060676%60636 760663676 %96%6%6) %96%6766%6 %960606%6 26760696066 66067606%60676%660676%6696%6
% CALCULATION OF ANGULAR ACCELERATIONS %
6%6060676%60636 760663676 %6367 9606067660626 76%60636 7606063676606 76 7660676066676 066 76760667676 06%6 676636 %969
alphar3l = ((-1*R2*alphar2*sin(thetar4l - thetar2))...

+ (R2*omegar2*omegar2*cos(thetar4l - thetar2))...
+ (R3*omegar3l*omegar3l*cos(thetar4l - thetar3l))...
- (R4*omegard4l*omegar4l))/(R3*sin(thetar4l - thetar3l));

alphar32 = ((-1*R2*alphar2*sin(thetar42 - thetar2))...

+ (R2*omegar2*omegar2*cos(thetar42 - thetar2))...

+ (R3*omegar32*omegar32*cos(thetar42 - thetar32))...

- (R4*omegar42*omegar42))/(R3*sin(thetar42 - thetar32));
alphar4l = ((-1*R2*alphar2*sin(thetar3l - thetar2))....

+ (R2*omegar2*omegar2*cos(thetar3l - thetar2))...

+ (R3*omegar3l*omegar3l)...

- (R4*omegard4l*omegar4l*cos(thetar4l - thetar31)))/(R4*sin(thetar4l - thetar3l));
alphar42 = ((-1*R2*alphar2*sin(thetar32 - thetar2)) + (R2*omegar2*omegar2*cos(thetar32 -
thetar2))...

+ (R3*omegar32*omegar32) - (R4*omegar42*omegar42*cos(thetar42 - thetar32)))/(R4*sin(thetar4?2
- thetar32));

disp('angulr acceleration =")

disp(alphar3l)
disp(alphar4l)
0/0/0/0 0/0/0/0/0 0/0/0/0/0/0 UAYAU%
% AX = b % WHERE X=[

F12x,F12y,F23x,F23y,F34x,F34y,Fl4x,Fl4y,Ts ]

0/0/0/0, 0/0/0/0/0, 0/0/0/0/0/0, %A%A%%% b=|: ngX,ngy_ m29,ng,Fg3X,Fg3y -

m3g,Tg3,Fg4x,Fgdy - m4g,Tg4+T1l ]
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% CALCULATION OF THE ELEMENTS OF THE 'b' MATRIX

Fg2x = -1*mr2*rg2*(alphar2*cos(thetar2 + deltar2 - (3.1415926/2))...
+ omegar2*omegar2*cos(thetar2 + deltar2));

Fg2y = mr2%9.81 - mr2*rg2*(alphar2*sin(thetar2 + deltar2 - (3.1415926/2))...
+ omegar2*omegar2*sin(thetar2 + deltar2));

Tg2 = mr2*kr2*kr2*alphar2;

Fg3x = -1*mr3*rg3*(alphar3l*cos(thetar3l + deltar3 - (3.1415926/2))...
+ omegar3l*omegar3l*cos(thetar3l + deltar3));

Fg3y = mr3*9.81 - mr3*rg3*(alphar3l*sin(thetar3l + deltar3 - (3.1415926/2))...
+ omegar3l*omegar3l*sin(thetar3l + deltar3));

T93 = mr3*kr3*kr3*alphar3l;

Fg4x = -1*mr4*rg4*(alphar4l*cos(thetar4l + deltar4 - (3.1415926/2))...
+ omegar4l*omegard4l*cos(thetar4l + deltar4));

Fgdy = mr4*9.81 - mr4*rg4*(alphar4l*sin(thetar4l + deltar4 - (3.1415926/2))...
+ omegar4l*omegar4l*sin(thetar4l + deltar4));

Tg4 = mr4*krd4*krd4*alphard4l - T1;

%CALCULATIONS OF THE ELEMENTS OF THE 'A' MATRIX

A3l = rg2*sin(thetar2 + deltar2);
A32 = -1*rg2*cos(thetar2 + deltar2);
A33 = R2*sin(thetar2) - rg2*cos(thetar2 + deltar2);
A34 = rg2*cos(thetar2 + deltar2) - R2*cos(thetar2);
A39 = 1;
A63 = rg3*sin(thetar3l + deltar3);
A64 = -1*rg2*cos(thetar3l + deltar3);
A65 = R3*sin(thetar31l) - rg3*cos(thetar3l + deltar3);
A66 = rg3*cos(thetar3l + deltar3) - R3*cos(thetar3l);
A95 = rg4*cos(thetar4l + deltard4) - R4*sin(thetar4l);
A96 = R4*cos(thetar4l) - rg4*cos(thetar4l + deltar4);
A97 = rg4*sin(thetar4l + deltar4);
A98 = -1*rg4*cos(thetar4l + deltar4);
B = [Fg2x Fg2y Tg2 Fg3x Fg3y Tg3 Fg4x Fgdy Tg4];
A=[10-1000000;...

010-100000;...

A31 A32 A33 A34 0000 1;...

0010-10000;...

00010-1000;...
0 0 A63 AG4 A65 A66 0 0 0;...

000010100;...

000001010;...

0 0 0 0 A95 A96 A97 A98 0];

%CALCULATION OF OUTPUT THE SOLUTION
X = (inv(A))*B';
thetall2 = (atan(x(2,1)/x(1,1)))*180/pi;

if(x(1,1)<0)
thetall2 = (atan(X(2,1)/Xx(1,1)) + pi)*180/pi;
end

thetal23 = (atan(Xx(4,1)/X(3,1)))*180/pi;
if(X(3,1)<0)

thetal23 = (atan(X(4,1)/X(3,1)) + pi)*180/pi;
end
thetal34 = (atan(Xx(6,1)/X(5,1)))*180/pi;
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if(x(5,1)<0)
thetal34 = (atan(X(6,1)/xX(5,1)) + pi)*180/pi;
end
thetall4 = (atan(x(8,1)/x(7,1)))*180/pi;
if(x(7,1)<0)
thetalld4 = (atan(X(8,1)/x(7,1)) + pi)*180/pi;
end
%DISPLAY OF RESULTS
disp("A=");
disp(A);
disp('X = [F12x F12y F23x F23y F34x F34y Fl4x Fl4y Ts] ');
disp(X);
disp('F12 = ');
disp(sqrt(X(1,1)A2 + X(2,1)A2));
disp('theta_F12 = ");
disp(thetall?2);
disp('F23 = ');
disp(sqrt(X(3,1)A2 + X(4,1)A2));
disp('theta_F23 = ");
disp(thetal23);
disp('F34 = ');
disp(sqrt(X(5,1)A2 + X(6,1)A2));
disp('theta_F34 = ');
disp(thetal34);
disp('F14 = ');
disp(sqrt(X(7,1)A2 + X(8,1)A2));
disp('theta_Fl14 = ');
disp(thetalld);
flag=flag+1;
end

-176.1190
-128.1635
38.4980
-87.6020

th2 .62, th3 = 0.78, d = 129.75
th4 = 3.01, th5 = 0.70

Px = -86.38, Py = -83.84

th2 = 4.80, th3 = 1.12, d = 112.41
th4 = 2.88, th5 = 0.70

PX = -68.26, Py = -110.28

th2 = 4.99, th3 = 1.39, d = 94.63
th4 = 2.78, th5 = 0.70

Px = -43.99, Py = -127.50

th2 = 5.17, th3 = 1.63, d = 76.91
th4 = 2.69, th5 = 0.70

Px = -17.24, Py = -136.67

th2 = 5.36, th3 = 1.82, d = 60.18
th4 = 2.58, th5 = 0.70

Px = 8.74, Py = -137.98

th2 5.54, th3 = 1.93, d = 46.38
thd = 2.44, th5 = 0.70

I
~
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Px = 28.61, Py = -130.85

th2 = 5.73, th3 = 1.78, d
th4 = 2.15, th5 = 0.70

Px = 30.16, Py = -109.60

th2 = 5.91, th3 = 1.22, d = 43.06
th4 = 1.66, th5 = 0.70

Px = 14.80, Py = -56.86

39.44

th2 = 6.10, th3 = 0.63, d = 55.11
th4 = 1.30, th5 = 0.70

Px = 20.23, Py = 5.97

th2 = 6.28, th3 = 0.21, d = 71.16

th4 = 1.16, th5 = 0.70
Px = 38.13, Py = 52.25
th2 = 0.00, th3 = 0.21, d = 71.16
th4 = 1.16, th5 = 0.70

Px = 38.13, Py = 52.25

th2 = 0.18, th3 = -0.10, d = 88.68
th4 = 1.17, th5 = 0.70

Px = 55.09, Py = 85.30

th2 = 0.37, th3 = -0.36, d = 106.51
thd = 1.27, th5 = 0.70

Px = 68.63, Py = 110.36

th2 = 0.55, th3 = -0.61, d = 124.04
thd = 1.44, th5 = 0.70

Px = 80.37, Py = 129.30

th2 = 0.74, th3 = -0.99, d = 140.90
thd = 1.74, th5 = 0.70

Px = 98.62, Py = 138.69

th2 = 0.74, th3 = -1.48, d = 140.90
th4 = 2.07, th5 = 0.70

Px = 130.22, Py = 117.04

th2 = 0.55, th3 = -1.95, d = 124.04
th4 = 2.28, th5 = 0.70

Px = 158.02, Py = 70.91

th2 = 0.37, th3 = -2.26, d = 106.51
thd = 2.40, th5 = 0.70

Px = 168.46, Py = 30.72

th2 = 0.18, th3 = -2.52, d = 88.68
thd = 2.49, th5 = 0.70

Px = 169.57, Py = -6.60

th2 = 0.00, th3 = -2.75, d = 71.16
th4 = 2.58, th5 = 0.70

Px = 163.90, Py = -40.39

th2 = 6.28, th3 = -2.75, d = 71.16
th4 = 2.58, th5 = 0.70

Px = 163.90, Py = -40.39

th2 .10, th3 = -2.92, d = 55.11
th4 = 2.69, th5 = 0.70

Px = 154.30, Py = -69.12

th2 = 5.91, th3 = -2.97, d = 43.06
th4 = 2.87, th5 = 0.70

Px = 146.82, Py = -89.13

th2 = 5.73, th3 = -2.68, d

1]
[o)}

39.44
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thd = 3.24, th5 = 0.70
Px = 152.06, Py = -86.50
th2 = 5.54, th3 -2.05, d = 46.38
thd = 3.72, th5 = 0.70
Px = 148.94, Py = -53.08
th2 .36, th3 = -1.52, d = 60.18
th4d = 4.00, th5 = 0.70
Px = 118.82, Py = -27.28
th2 = 5.17, th3 -1.14, d = 76.91
th4d = 4.08, th5 = 0.70
Px 81.14, Py = -17.92
th2 = 4.99, th3 = -0.86, d = 94.63
th4 = 4.04, th5 = 0.70
Px 43.68, Py = -16.43
th2 = 4.80, th3 = -0.61, d = 112.41
thd = 3.92, th5 = 0.70
PXx = 6.70, Py = -17.82
th2 = 4.62, th3 = -0.34, d = 129.75
thd = 3.72, th5 = 0.70
Px = -31.94, Py = -21.24
calculated output Tinkage Tength=
fixed Tlink (rl)=
135.9278

Il
[@,]

input Tink (r2)=
96.6465

coupler Tink(r3)=
56.9016

out put link (ré4)=
86.8353

path point position(rp) and angle beta=
78.4478

angle beta=
2.2061

angulr velocities =
0.2250

-0.0574

angulr acceleration =
0.1648

-0.0666

X = [F12x F12y F23x F23y F34x F34y Fl4x Fl4y Ts]
1.0e+04 =

-0.0128
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0.0639
-0.0087
0.0564
-0.0140
0.0474
0.0163
-0.0363
2.5845

F12 =
651.3817

theta_F12 =
101.3288

F23 =
570.4392

theta_F23 =
98.8030

F34 =
494.0204

theta_F34 =
106.4203

F14 =
397.5791

theta_F14 =
-65.7822
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Part B
THREE-POSITION MOTION GENERATION BY ANALYTICAL SYNTHESIS

Figure 24 shows n four bar linkage in one general position with a coupler point located at
its first precision position P; . Second and third precision positions (points P, and P;) are
also shown. These are to be achieved by the rotation of the input rocker. link 2. through
as yet unspecified angles ¢, and ¢5. Note also that the angles of the coupler link 3 at
each of the precision positions are defined by the angles of the position vectors Z; Z, and
Z5. The linkage shown in the figure is schematic. Its dimensions are unknown at the
outset and are to be found by this synthesis technique. Thus, for example. The length of
the Position vector Z; as shown is not indicative of the final length of thai edge of link 3
nor are the lengths or angles of any of the links shown predictive of the final result.

For convenience. we will place the global coordinate system X,Y at the first precision
point P,. We define the Other two desired precision positions in the plane with respect to
this global system as shown in Figure 24. The position difference vectors P,;. drawn

from P, to P,. and P5,. drawn from P, to P5. have angles &, and &5, respectively.

Figure 34:Three-positioning analytical synthesis

The position difference vectors P,, and P, define the displacements of the output motion
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of point P from point 1 to 2 and from 1 to 3, respeclivcly. The dyad W, Z; defines the
left half oflhe linkage. The dyad U, S,, defines the right half of the linkage. Vectors Z;
and S, , are both embedded(pin connected) in the rigid coupler (link 3), and both will
undergo the same rotations. through angle a, from position 1 to position 2 and through
angle a5 from position 1 to position 3. The pin-to-pin length and angle of link 3 (vector
1) is defined in terms of vectors Z; and S;.
V,=27,-5,
The ground link is defined by equation
G=W,+V,-U;

A we did in the two-position case. we will first solve for the left side of the linkage
(vectors W, and Z;) and later use the same procedure to solve for the right side (vectors
U, and S;). To solve for W, and Z; we need to now write two vector loop equations. one
around the loop which includes positions P; and P, and Ihe second one around the loop
which includes positions P, and P;.We will go clockwise around the first loop for motion
from position 1 to 2.starting with W,, and then write the second loop equation for motion
from position 1 to 3 starting with Wj.

Wy, + Zy— Pyy— Z; — W, =0

Wy + Zy— Pyy— 2, — W, =0 1
Substituting the complex number equivalents for the vectors.

wel (02+02) 4 70/6s%a2) _ 1) @02 — z0J95 — yelf2 =

wel (02493) 4 70/0s%as) _ 1 @I035 — z0/95 — ywelf2 = 0 2
Rewriting the sums of angles in the exponents as products of terms.

welb20/92 4 ze/950i%2 — . e/%2 — zeI05 — Yelf2 = (

w(e/%2e/P2 — e/92) 4 z(e/05e/% — /%) = p,, /%2
welb2e/93 4 zeJPel® — p, e/%3 — 70795 — yelf2 = 0 3a
w(e/%2e/%3s —wel%2) + z(e/%e/% — ze/%) = p,,e/%

Rearranging:

WeJQZ(e]q’Z — 1) + ZejGS(ejaZ — 1) e p21ej62
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wel%2(e/?3 — 1) + ze/9 (/% — 1) = p;,e/% 3b
The magnitude w of vectors W, W,, and W5 is the same in all three positions because it
represents the same line in a rigid link. The same can be said about vectors Z,, Z,, and Z,
whose common magnitude is z.
The scalar equations can be revealed by substituting Euler's identity and separate the real
and imaginary.
et/ = cos@ +jsin@
Real part:
wcos B, (cosp, —1) —wsin b, sin@, + zcos ¢ (cosa, — 1)
—z sin O sin @, = p,; cos 4§, 4a
wcos B, (cos@p; —1) —wsin b, sinp; + zcos ¢ (cosas; — 1)

—z sin O sin a3 = p3; COS §; 4b

Imaginary part (with complex operator j divided out):
wsin 8, (cos@, —1) —wcos8,sing, + zsin¢ (cosa, — 1)
—z cos B sina, = p,; sind, 4c
wsin 8, (cos@s; —1) —wcos 8, sin@; + zsin¢ (cosa; — 1)
—Z cos B sin a3 = p3; sin §; 4d
There are twelve variables in these four equations 4 w. 8,, @,, @3, z, 0<, a5, A3, D21, P31,
d,.and 63 We can solve for only four. Six of them are defined in the problem statement,
namely a,, as, P21, P31, 02.and 85. Of the remaining six. w.8,, @, @3, 2,605 we must
choose two as free choices (assumed values) in order to solve for the other four. One
strategy is to assume values for the two angles. ¢, and ¢3, on the premise that we may
want to specify the angular excursions of link 2 to suit some driving constraint. (This
choice also has the benefit of leading to a set of linear equations for simultaneous
solution.)
This leaves the magnitudes and angles of vectors W and Z to be found
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(W. 03, 93, 93,,2,05).
x and y components of the two unknown vectors W and Z. Can be writen in polar
coordinates.

W, =wcosb,: Z; = zcos0s:

W1y=wsin82: Zly=zsin95: 5
Substituting equations 5 in to 4 we obtain:
W, (cosp, — 1) — W, sing, + Zy (cosa, — 1) — Zy, sina, = py; COS 6, ©6ba

W (cosgp; — 1) — Wy, sin @3 + Zy (cosas — 1) — Zy, sinaz = ps; COS 6; 6D

le( cos@, — 1) —W;_sing, + Zly(cos a, —1) —Z; sina, =py;cosd, 6¢C
Wy, (cosps — 1) =W, singz +Z; (cosaz —1) —Z; sinaz = p3 sind; 6 d
These are four equations in the four unknowns W, , lezlxand Zy, By setting the

coefficients which contain the assumed and specified terms equal to some constams. we

can simplify the notation and obtain the following general fomula of Matrix equation..

cosp, — 1 —sin @, cosa,—1 —sina, Wi, P21 COS 6,
cosps; — 1 — sin @3 cosa; —1 —sinaj y Wi, | |psisinés
sin @, cosp, — 1 sin a, cosa, — 1 Zy, ~ |pyq cos b,
sin @5 cosgp; — 1 sin a5 cosaz — 1 Zy, P31 Sin &3
Wi, cosp, — 1 —sin ¢, cosa, —1 —sina, 1! [P c0sb,
Wiyl |cosgps — 1 — sin @3 cosa; —1 —sina; P31 Sin 03
Zi, | sin @, cosp, — 1 sin a, cosa, — 1 P21 €COS &5
Zy, sin @3 cospz — 1 sin a; cosaz —1 P31 Sin O3

Equations 5 and 7 solve the three-position synthesis problem for the left-hand side of the
linkage using any pair of assumed values for ¢, and ¢ .
For the righi-hand side of the linkage to find vectors U and S. Figure 24 also shows the

three positions of the US dyad. and the angles o, ¢, ¢3, ¥, a,, and as. which define
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those vector rotations for all three positio;
The vector loop equations are:
U, +S—P,y— 85 —U; =0
U3 + S3— P;;— S —U; =0 8
Substituting the complex number equivalents for the vectors.
uel(0+2) § sei+az) _ . oid2 _ gel¥ — o =
wel(O+$3) 4 sei+as) _p. 0ids _ gel¥ _ yeid = 9
Rewriting the sums of angles in the exponents as products of terms.
uel’e/b2 + se/Vel% — p, e/% — se/¥ —uel® =0
u(ef”ej¢2 - eja) + S(ejwejaz — ejll)) — p21ef52
uel%e/¥s + se/Vel® — p, el — sl — el =0 10a
ue(/%e/?s — i) + s(e/Vel® — e/¥) = p,,e/%s
Rearranging:
uel?(e/%2 — 1) + se/¥(e/* — 1) = p,,e/%

Separate the real and imaginary.
Real part:
ucosag (cos¢p, —1) —usinosing, + scosy (cosa, — 1)
—ssiny sin a, = p,4 c0s 6, 1la
ucosog (cosg; —1) —usinosing; +scosy (cosaz — 1)
—s siny sin a3 = p3, cos 3 11b
Imaginary part (with complex operator j divided out):
usino (cos¢, — 1) —ucosaosing, + ssiny (cosa, — 1)
—scosysina, = p,;sind, 11c
usino (cos¢; — 1) —ucososing; + ssinyp (cosaz; — 1)
—5 cos Y sin @z = p3; Sin O3 11d

x and y components of the two unknown vectors U and S.

Yared Abraha Page 88



Kinematical and dynamic analysis of planar four bar linkage for path generation 2017

U, =ucosag: §; = scosy:

U1y = usino: 51y = ssinyY: 12
Substituting equations 5.23 into 5.22 we obtain:
Uy, (cosgp, — 1) — Uy, sin ¢, + 51, (cosa, — 1) — Sy, sinay = py; cos 6, 13e

U, (cosps; — 1) — Uy, sin ¢$3 + Sy (cosaz —1) — 51y sin a3 = p34 cos O3 13 f

U1y( cos¢p, — 1) — Uy sing, + 51y (cosa, —1) —§; sina, = p,;cosé, 13¢g
U1y( cos¢pz — 1) — Uy singp; + S1,, (cosaz —1) —§; sina; = p3;sind; 13 h
These are four equations in the four unknowns U, , Ulyslxand Sy, We can simplify the

notation and obtain the following solutions.

cos¢p, — 1 —sing, cosa,—1 —sina, [le] P, * COS O,

cos¢ps — 1  —singgs cosa;—1 —sinaz y Uy | [pg * COS 03 14
sin ¢, cosgp, — 1 sin a, cosa, —1 {Slxj ~ | p, *siné,
sin ¢ cosgp; — 1 sin a; cosasz — 1 Sy, P * Sin &5

Equations 14 can be solve using the approach of equations 7.
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